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ABSTRACT: Understanding the nonlinear dynamics of an
unentangled polymer melt from the bead-spring chain model
requires knowledge of the variation of spring stiffness, monomeric
friction, and Brownian intensity. In this work, these nonequilibrium
(NE) parameters are quantified in the model simulation systems of
unentangled melt under steady-flow conditions. We focus on a
particular version of the model with undefined NE parameters.
Some expressions to relate the NE parameters with the rheological
and structural properties are pointed out. The spring stiffening
parameter r, is proven to be easily accessible in the planar flows.
The distribution of the stiffening effect along the polymer contour
is identified. The alignment-induced reduction of monomeric
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friction is confirmed in the simulation systems, but the anisotropic feature of friction is also emphasized. The constraint on the
cooperative variation of spring stiffness and friction is proven to be an important property of extensional flow. The variation of
Brownian intensity is found to be decoupled with the variation of friction, which means the violation of the fluctuation—dissipation
(FD) theorem. The NE parameters of the simulation systems are further compared with those from the experimental systems.

1. INTRODUCTION

It is widely recognized that the bead-spring chain model, also
known as the Rouse model, provides a basic framework to
understand the dynamics of polymers from the molecular
level.' ™ This model is celebrated for its extreme simplicity and
also for the powerful ability to predict the essential dynamic
properties in the linear viscoelastic (LVE) regime. With some
necessary modifications, it is possible to obtain a quantitative
agreement with experimental data from this model. For
example, by incorporating a preaveraged hydrodynamic effect,
the Zimm model* successfully predicts the scaling dependence
on the molecular weight of the diffusion constant, rotational
relaxation time, and specific viscosity of dilute solution
systems. The most amazing part about the Rouse model is
that the dynamics of the short polymer melt below a critical
molecular weight are well described by this model in its
original form. That is, the interchain interaction that causes
topological constraint is smoothed out into a mean-field effect
in the free-draining limit when the polymers are not strongly
overlapped. Although this point has not been fully understood,
the Rouse model is always regarded as the starting point in
investigating the dynamic phenomena of unentangled polymer
melts.

Now that the linear dynamics are well explained by the
Rouse model, we would expect that this model can further help
us to understand the nonlinear dynamic phenomena in the
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unentangled melt. However, this is proven to be not so
straightforward because the dynamics can be influenced by the
variation of nonequilibrium (NE) parameters, including spring
stiffness, monomeric friction, as well as the intensity of
Brownian force.”~’ Among these parameters, the variation of
spring stiffness is naturally considered because the elasticity of
a polymer chain is nonlinear under a large deformation. The
spring force between adjacent beads will increase with the
elongation and diverge as the bond approaches its maximum
before the bond is mechanically degraded. This point has been
well understood in the research on the force—extension
relationship in polymers.” For a freely joined chain, the
relationship between elastic force and chain end separation can
be analytically expressed as the inverse Langevin function.’
However, in most cases, the stiffening of spring is described by
the finite extensible nonlinear elastic (FENE) law proposed by
Warner'” due to its mathematical simplicity.

The inclusion of nonlinear stiffening of spring has greatly
improved the predictions on nonlinear phenomena compared
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to the original model and is enough to explain some nonlinear
phenomena, for example, shear thinning.11 However, solely
incorporating this effect still fails to reach a quantitative
description for the rheological data. In particular, in the recent
experiments on the extensional rheology of unentangled
polystyrene (PS) and poly(p-tertbutylstyrene) (PtBS)
melts,'” it has been confirmed that the steady-state extensional
viscosity shows thickening followed by thinning as the strain
rate increases, while the Rouse model with only the FENE
stiffening effect predicts a monotonic thickening. To reach a
quantitative agreement, the monomeric friction in this model
needs to be considered as a decreasing function of the flow
rate. Modification of friction has been suggested by many early
works, and many empirical functional forms for nonlinear
friction have been proposed.'*™'® For example, in the Giesekus
model, the mobility tensor is described as a linear function of
the extra stress tensor." Since the friction in the Rouse model
represents a mean-field interchain interaction when this model
is applied in melt systems, it is considered that the distortion of
the surrounding polymers will alter the apparent values of
friction. This effect can also be an important factor in the
entangled system, especially when comparing the extensional
rheology of melt and solution systems with the same LVE
profile. ”'® It is found that the entangled solution system
shows a thinning followed by thickening behavior with an
extensional rate, while a monotonic thinning is found in the
melt system. To explain this feature, in a model used by
Ianniruberto,"? the friction is considered to be a function of the
average order parameter combining the ordering of the
polymer and solvent molecules. The latter is considered to
be always disordered. All these modeling works have proved
the fact that including the variation of friction in the original
models can always lead to a better description of rheological
data. However, the central question, of how should we
understand friction from interchain interaction in a predictive
manner, remains unclear and is worthy to discuss further.
The Brownian force term is included in the Rouse equation
of motion to account for the incessant collision from other
molecules. It is expressed as a stochastic force, and the
magnitude of its time correlation function is the Brownian
intensity. In the equilibrium state, the Brownian force is not
seen as an independent factor because its intensity is related to
the frictional coeflicient based on the fluctuation—dissipation
(FD) theorem. Thus, the frictional coefficient alone has
already represented all the effects from the surrounding
polymers in the Rouse description for melts. However, the
validity of the FD theorem in the NE state has been
questioned. In addition, some evidence has been raised by
Watanabe and his co-workers”*’ that the Brownian intensity
needs to be considered as an independent variable to reach a
self-consistent description of the observed properties. For
example, the first decay rate of extensional viscosity instantly
after the cessation of flow is found to increase with flow rate,
which contradicts the prediction based on the validity of the
FD theorem. Another piece of evidence arises from their very
recent rheo-dielectric experiment of unentangled poly-
(butylene oxide) (PBO) under shear.”” Based on the variation
of dielectric signals, the authors found that, within the
experimental resolution, the flow gradient direction compo-
nent (yy) of friction decreases with the shear rate, while the
Brownian intensity hardly changes upon an increase of the
Weissenberg number up to 2. That is, the Brownian and
frictional forces are no longer correlated by the FD theorem.
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These results prove that the Brownian intensity variation is an
indispensable factor to describe all these properties in a closed
form.

In most cases, the NE parameters are treated as an “input” in
the theoretical model to predict the properties observed in an
experiment. In fact, their values can also be derived from the
known properties so that they become an “output” of the
model. Quantifying the features of these NE parameters will
enable us to recheck the assumptions involved in the model
and identify the key factors that determine their variations. The
goal is to build a connection between the coarse-grained
mechanical model and the atomistic interactions. In this way,
the original model will have more predictive power, and we can
get a better understanding of the nonlinear dynamic
phenomena from the molecular level. In this work, we plan
to quantify the variation of spring stiffness, monomeric friction,
and Brownian intensity from the standard molecular dynamics
(MD) simulation system of unentangled melt under fast flows.
The advantage of working on a simulation system is the
accessibility of a large range of properties so that we can use
theoretical expressions that involve fewer assumptions. The
standard simulation system is based on the classic work by
Kremer and Grest (KG).”' The KG chain system has been
intensively investigated by the community, and a full dataset of
both rheological properties and microscopic properties is
available in both published literature* > and our lab.
However, the variation of the NE parameter in this system
under the framework of the nonlinear Rouse equation has not
been reported yet.

The rest of this work is organized as follows. In Section 2,
the details of the NE MD simulation are explained. In Section
3, the basic model equations with undefined NE parameters
are introduced. At the beginning of Section 4, the LVE data of
the simulation systems are discussed before investigating NE
properties. Then, some theoretical expressions that indicate the
variation of NE parameters in the steady-flow condition are
derived. After that, these expressions are applied to the
simulation data of NEMD, and the numerical results of NE
parameters are presented. The conditions of extensional and
shear flows are discussed separately. To distinguish the two
types of flows, the Deborah number (De) will be used for the
reduced flow rate of extensional flow, while the Weissenberg
number (Wi) is for shear flow. The conclusions of this work
are summarized in Section 3.

2. MD SIMULATION

In this section, the details of the simulation systems are
explained. In the KG chain system,”’ the pairwise interaction
between monomers is the 6—12 Lennard-Jones (LJ) potential
truncated and shifted at a cutoff distance of r, = 2!/ 6o'LJ, where
oy is the monomer diameter. The energetic parameter is €y =
1.0 kT, where kyT is the reduced energy. The monomers in a
polymer chain are connected via the FENE potential:
2
Uppng(r) = —%ln[l — (r/Ry)*] for r < Ry, where k = 30
ey/oyy; and Ry = 1.50 oy The bending potential is not
included. The number density of the monomer is set as 0.85/
o'LJ.3 In this work, we will investigate the systems of chain
length N, = 10, 20, and 50. Previous studies have suggested
that the entanglement length for this chain model is around
68,”” so the present simulation systems are all in the
unentangled regime. Each simulation box contains 400 chains,
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which is enough to exclude the finite-size effect. All the
simulations are performed in the LAMMPS platform.”®

To apply different types of flows in the simulation system,
specific periodic boundary conditions (PBC) need to be used.
For shear flow, the Lees—Edwards “sliding brick” PBC is
used.”” The Kraynik—Reinelt (KR) PBC is used to simulate
extensional deformation up to a large strain value.”® The
original KR PBC can only be used for planar extension. A later
extension of this method has allowed performing uniaxial
extension’** by introducing an extra rotational motion for the
whole simulation box. The NEMD simulations are performed
within the canonical (NVT) ensemble. In the LAMMPS code,
the following SLLOD equation of motion together with a
Nosé—Hoover thermostat is used for updating MD steps™””*

f=—"+nrK
m; (1)
B =E-pK- " @
E= U(NH)(E - 1]
T (3)

where K is the flow velocity gradient tensor with Kj; = dv;/dr;.
F, is the total force from the nonbonded and bonded
interactions. p; is the peculiar momentum with respect to the
streaming velocity. T is the instant kinetic temperature, and T,
is the target temperature. v™ is an adjustable parameter that
describes the rate of coupling of particle motion to the heat
bath. A recommended value of this parameter is 1/ N9 ~ 100
X At® where At = 0.003 — 0.006 is the timestep of
simulation. This choice of /™) can prevent the temperature of
the simulation system from being either too rigid or too
unstable. Considering this usage of thermostat in NEMD, the
equilibrium MD simulation is also performed under the same
thermostat. While a typical KG chain simulation is carried out
with a Langevin thermostat.”’ No significant difference is
found in the simulation data from the two thermostats, as can
be seen from the comparison with a previous simulation study
by Likhtman et al** in Figure 3a. In the EMD simulation, the
basic LVE properties are collected and the linear relaxation
modulus G(t) is measured from the time correlation function
of stress based on the Green—Kubo relationship.*®

The steady-state properties in NEMD are collected from at
least three independent simulation runs. The systems are
stabilized for a sufficiently long time after the onset of flows to
make sure that only the time-independent features are
recorded. The reduced viscosity data are presented in Figure
1. These data show the typical features of the experimental
systems.'> Some other rheological and structural data can be
found in Section A of the Supporting Information. To prove
the validity of these simulation data, we also present direct
comparisons with previous NEMD simulation works on the
same system”***?7%% in Section B of the Supporting
Information. These simulation works have used different
thermostats. However, in general, our simulation data agree
with them quantitatively, except for some minor differences.
Therefore, the simulation data for evaluating NE parameters in
the following sections are well validated.

3. THEORETICAL MODEL

The above NEMD simulation data will be investigated from
the bead-spring chain equation with undefined NE parameters.
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Figure 1. Steady-state values of the reduced shear viscosity and the
reduced extensional viscosity under the planar extension of the
simulation systems.

The basic model equations will be explained in this section.
However, before introducing the model, the standing point of
this work needs to be clarified. The mean-field bead-spring
chain model is an oversimplification of the complicated
multibody interactions in a real polymer melt system. To
describe such a system as realistically as possible, the model
should have NE parameters that fluctuate locally. However,
this type of model can only be investigated via Brownian
dynamics (BD) simulation and does not generate analytical
expressions. To develop an analytical model, new approx-
imations like decoupling and delocalization (preaveraging
along the chain contour) need to be used. For example, in the
bead-spring chain models with Warner’s FENE spring law, the
FENE, FENE-P, and FENE-PM chains are distinguished based
on the usage of the approximations,” where “P” means the
Peterlin approximation.”® However, solvability always comes
with the loss of reality.”' The systematic errors caused by
decoupling and delocalization have been investigated in early
studies.*”***’ It has been shown that these approximations can
lead to pronounced disagreement under time-dependent flows,
but they are more acceptable when investigating the steady-
state properties. In this work, we wish to make a trade-off
between the reality and the solvability of the model. We will
focus on the model with decoupled NE parameters to preserve
enough solvability. However, the spring coefficient is still
treated as a localized quantity (depending on the spring index).
This means that the working hypothesis of this model is on the
same level as the FENE-P model. It is expected that such a
model is closer to the realistic side, compared to the version
with an additional delocalization approximation. This point
will be discussed in Section 4.2. It is also noteworthy that in
the early BD simulation by van den Brule,” the spring
coefficient is the only NE parameter. Rechecking the
systematic errors from decoupling and delocalization when
the variations of friction and Brownian intensity are also
included in the model, is an important task in our future work.

3.1. Basic Equations of the Model. Based on the above
point, we start from the Langevin equation that describes a
bead-spring chain (N + 1 beads connected by N springs)
subject to an arbitrary flow in the following form
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¢ (] 70

- K~rn(t)} ==Ky D Zyt(t) + Fy(t)

4)
where r, (n = 0,1,..,N) is the position of the n th bead. &, is the
frictional coefficient of this bead in the tensor form, which
includes the flow-induced anisotropic effect. It is allowed to
change with time and flow, without 1mposmg a specific
functional form. Under the equilibrium state, C( = {0, where
0 is the unit tensor. In the theoretical model, £, stands for the
“effective” friction from atomistic interactions. In the
simulation system, the use of a thermostat can impose an
“Intrinsic” friction due to the coupling with the heat bath. The
two concepts need to be distinguished. However, in a dense
liquid, the latter is overwhelmed by the former. x; is the
equilibrium spring coefficient. Z,, is the element of the
connectivity matrix Z that describes the spring coeflicient
between the nth and mth segments for n # m. For linear
chains, Z is a tridiagonal matrix in the form of

LN — 4o

—a a,+a; —a
0 0 1 0
7 =

~ aN-1 9N-1 (s)

where a, stands for the relative spring coefficient of the bond
u, = t,,, — 1, So, the instance value of the spring coefficient
for this bond is xya,. Evidently, a (eq) = 1 for each n. In the
notation of this work, the stiﬂhess of every single bond can
change with flow independently. That is to say, the variation of
the spring coefficient is included in the whole connectivity
matrix and the distribution of stiffness is allowed. Fy, is the
Brownian force that represents the random collisions from the
surrounding molecules. In a general form, its first- and second-
moment averages can be expressed as

<FBn(t)> =0
(Fg(t)Fg, (') = Ci(n — m)Cy(t — t')B, (6)

where the stochastic nature of Brownian force is retained, but
its positional and time correlations are described by the
functions C; and C,, respectively. This means the random force
could be a “colored” noise. The Brownian force intensity is
represented by the tensorial quantity B,. These expressions
under equilibrium are C{*¥ = §,,, C(eq) 5(t — t'), and B{*9
= 2kgT¢0.

As explained in the first paragraph of this section, on the
most realistic side, all the NE parameters, including ¢, a,, and
B,, should be localized and fluctuating quantities. C, and C, in
the Brownian force could also have finite correlations. For
solvability without losing too much reality, the fluctuations in
these NE parameters are smoothed out so that they become
decoupled quantities. The Brownian force is still described as a

“white” noise, which means C, = C{*¥ and C, = C?. The n-
dependent nature of spring coefficient variation g, is retained
for discussion because we found that this feature is necessary
for explaining the simulation data. However, at the same time,
delocalized expressions of §, and B, will be used. The main
reason is that we have not found clear evidence that describing
the two quantities as n-dependent is necessary. The above
approximations are summarized as follows

a, is replaced by (a,) (7)

1
is replaced by {,r, =
é‘n P Yy z:O ¢ N +

(8)
C,(n — m)C,(t — t')B, is replaced by
8,80t — 1) =
2kyTCo0,,0(t — t )y = (B,)
o B N+1 ZO (9)

where r; and ry are the variations of friction and Brownian
intensity in their reduced form. If eq 4 follows the FD theorem,
ry = 1. However, rp could also decouple from the variation of
friction, and then the quantity rz-r; ' represents the magnitude
of the violation of the FD theorem.

More analytical expressions can be generated with the above
approximations. Because Z is a symmetric matrix with its
components a, having real (not imaginary) values, Z can
always be diagonalized, no matter the n dependence of g, as

6
0
T™'zT !
O (10)
where 6, is the eigenvalue of real numbers and
= [vo, v1~-~, vN] are the eigenvectors of Z. The symmetry

of Z ensures the eigenvectors to satisfy the orthogonal
condition

N

P _
Z Vi Vs = 1,0y
n=0

(11)
where
N+1
I,=N+1,I = forp =12, ., N
0 + b 5 or p (12)
This choice of I, makes v} return to a pure cosine function

without a prefactor in the equilibrium state. In a later section,
we will show that the enhanced spring coeflicient 4, could still
be estimated from a specific structural property even if the
functional form of a, is not specified. Based on that, the
diagonalization of Z could then be conducted numerically.

As taking the normal transformation, r, and Fg, can be
rewritten as

n(t) = D, E()u(t)

p=0 (13)

Fol®) = X £, (0010
p=0 (14)

In the above expression, the eigenvectors also change with
time because the functional form of Z is unknown. Then, the
evolution function for the normal coordinate &, should be
written as

0= ()
G| —— + - KE®
= —kf,5,(t) + £, () (15)
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In the above expression, the n-dependent time derivative of
the eigenvector still exists. This means, in a rigorous sense, a
linearized time-evolution function of &, does not exist if Z
does not follow a fixed form. This issue has been mentioned in
the early studies on the FENE-P chain model.**** However,
under decoupling approximation, the time derivative term dvf/
ot will vanish in the steady state. After ignoring the second
term in the left of eq 1S5, the dynamic equation for the
ensemble-averaged dyadic of the normal coordinate,

A ( = <"P‘-P>) will be in the form of

K0
Ay = ——L (55 + (17 5,15,))
%
Zkt
" {r{ Tyerr I
Lo (16)

where A,y = dA,/df — KA, — A, KT is the upper convective
time derivative as deﬁned in the textbook Equation 16 is in a
similar form as the expressions used by Watanabe and his co-
workers,” but more flexibilities are allowed. It is convenient to
evaluate the NE parameters as outputs from eq 16, but it is not
suitable to use eq 16 as a predictive model because it is not
rigorously closed. The procedure to solve the normal
coordinate equation in the closed form has been explained
by Wiest and Tanner.*

The rheological properties are related to the expression of
the configurational tensor of the spring unit (u,u,). After A, is

solved from eq 16, (u,u,) will be calculated as

N
w) = D Ak — o))
p=1

(17)
The stress tensor 6(t) can be expressed as
N-1
6= CZ KOan<unun>
n=0
N-1 N
2
= CKOZ Z Apan(vf+l - )
n=0 p=1
(N + 1)cky
= > Z A0,
p=1 (18)

where ¢ is the number density of polymer chains. The third
equivalence is then obtained by expanding Z-v¥ = 0. At the
same time, we can also have the change of structural
properties, including the mean-squared radius of gyration
tensor (R;) and the end-to-end distance tensor (R?). Their
components are

N
1
<Rg2a/i> = NZ <[rn(t) - rcm](t[rn(t) - rcm]/}>
n=0
1 N
= EZ Apraﬁ
p=1 (19)
N p<N
2 2 2
<Ra/i> = Z Ap,(z/i(vlz\,l - Vé,) =4 Z Ap,(zﬂ(v(g,)
p=1 p=odd (20)

The second equivalence in eq 20 holds because all the
eigenvectors ¥ with p equal to an even number are all
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symmetrical, while the odd number modes are antisym-
metrical.

3.2. Comparison with the Dynamic Equation by Bird
et al. (1987). It is important to note that a different form of
dynamic equation with anisotropic effects has already been
proposed by Bird et al. in their textbook,” derived from the
kinetic theory of distribution function in phase space. In their
expression, the Brownian force term is modified because the
velocity distribution could also be anisotropic. Although in
some cases, the phase-space theory can lead to similar
expressions as the Langevin equation method used in this
work, they stand for different ways to describe NE flow
phenomena.”® In the distribution function approach, the
Brownian force is a deterministic quantity. In addition, this
approach has already assumed the validity of the FD theorem
as well as a definition of thermodynamic potential k3T In
where 1y is the distribution function in the configurational
phase. In contrast, the Langevin equation approach is more
flexible. Furthermore, the Brownian force in the form of eq 6
only assumes that the interactions from the surrounding
polymers on a test chain are seen as a stochastic force, whose
intensity will be determined in a self-explaining manner. These
points have been discussed by Watanabe and his co-workers
recently.7 In this work, we wish to find a self-consistent
description for quantities that can be identified in simulations
or experiments, in a polymeric system of specific chemistry, so
the flexibility in the Langevin equation approach is more
favored.

3.3. Level of Coarse Graining. In the Rouse equation, the
number of beads N is explicitly presented in most of the
expressions. So, the structure represented by a “bead” and
“spring” unit should be clearly defined. In fact, this is a choice,
which depends on the CG level. As illustrated in Figure 2a,

CG=1

CG=2 CG=N,

Figure 2. Description of a polymer chain under different CG levels.

“spring” in the Rouse model can represent different numbers of
monomer units. The more the polymer is coarse-grained, the
more are the units contained in the spring. In the most coarse-
grained level, the whole polymer is represented as an elastic
dumbbell. In the Rouse equation, the intrachain excluded
volume interaction is screened out. As a result, in order to
model the K—G chain system properly, the CG level should be
larger than the Flory ratio C,, = (R*)/I?, where [ is the length
of the bond, based on the concept of Kuhn segment. For the
long-time dynamics under an equilibrium state, the predicted
rheological properties, in fact, do not depend on the CG level
except for a leftover of the order of 1/N, which is the idea of
dynamic scaling." Indeed, at different CG levels, the spring
length and bead friction can be rescaled based on the unvaried
polymer dimension and the center-of-mass diffusion constant.
In the case of nonlinear flows, it has also been suggested that
this scale-insensitive feature should be retained in the variation
of NE parameters as long as the polymer is properly coarse-
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Figure 3. Comparison of the simulation data of the (a) linear relaxation modulus G(t) and (b) linear envelope of viscosity growth function #*(t)
with the prediction of the Rouse model, with and without the inclusion of glassy contribution. In (a), the modulus data of the same chain length

reported by Likhtman et al.*>* is presented for comparison.

grained.5 However, to achieve this, both the bead-spring chain
and the spring itself should have enough flexibility. Whether or
not this argument works in the present simulation system will
be checked in a later section. In the simulation systems to be
analyzed in this work, the Flory ratio is C,, & 1.70. If not
specified, we will work on the level of CG = 2. That is, the
spring length will be measured between the second
neighboring monomers.

4. RESULTS AND DISCUSSION

4.1. Rouse Model for LVE Properties. Before going into
the NE properties, we first checked the predictions of the
original Rouse model for LVE properties. In Figure 3, we
compare the data for the linear relaxation modulus G(t) and
the linear envelope of the viscosity growth function 7*(t),
which is calculated as 7*(t) = [4G(#)df. The LVE function in
the simulation system is obtained from the time correlation
function of the stress component based on the Green—Kubo
relationship, as explained previously. To predict the LVE
function from the theoretical model, the equilibrium friction ¢,
is calculated from the center-of-mass diffusion constant D_,.
Based on the Einstein relationship, it should be
& = ksT/I[(N + 1)D,,]. The equilibrium elastic coefficient
Ko can be estimated from the mean-squared end-to-end
distance (R?), that is, &, = 3kzT/({R*)/N). From the
comparison in Figure 3, it can be seen that the long-time
relaxation behavior of the simulation system can be well
described by the original Rouse model. However, in the short
timescales, the prediction is not so satisfying. The inconsistent
part is more clearly shown in the transient viscosity function.
The reason is that the dynamics below the scale of a spring is
not described in the Rouse equation. In order to reach a
quantitative agreement with the simulation data, a so-called
glassy relaxation mode needs to be included, that is,

G(t) = Gglassy(t) + GRouse(t) (21)

The necessity to include glassy relaxation has also been
confirmed in experimental systems,”” and it has been found
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that this mode is more sensitive to the variation of temperature
than the Rouse mode. In the work by Ianniruberto et al,,'° the
glassy contribution is also treated separately from the Fraenkel
chain modeling. In this work, the glassy relaxation function is
described as Gglassy(t) = G(O) exp(_t/rglassy) (GRouse(O) is
negligibly small compared to G(0)). The glassy relaxation time
Tgassy 18 fitted to make the theoretical curve for n*(t)
quantitatively agree with simulation data. Using the more
flexible KWW function can give a better description of glassy
relaxation, but the simple exponential decay expression already
works well for our purpose. It is found that 7y, ~ 0.035 can
lead to a good agreement in the three simulation systems with
N, = 10, 20, and 50.

Now that we have identified the existence of the glassy mode
in the linear dynamic regime, it is clear that this mode should
also contribute to nonlinear rheology but is not described by
the nonlinear Rouse model. This contribution is negligible for
weak flows, but under fast flow conditions, the glassy mode has
a non-negligible effect on the overall stress. As a result, we
should define an effective stress that excludes the effect of
glassy mode, that is,

(eff)

o = ) — o)

aff af (22)

Compared to the Rouse mode, the glassy relaxation time is
quite small. In the flow regime we have explored, the glassy
mode is well below the onset of nonlinearity (Wiglassy <0.01),
so its contribution to stress can be calculated from the linear
relaxation function. For shear flow, the glassy mode has a finite
VISCOSItY Hgassy = / o Gglassy(t)dt. Its contributions to the first
and second normal-stress differences are negligibly small. For
extensional flow, the contribution of glassy mode to extension
viscosity can be obtained from the corresponding Trouton
ratio (3 for uniaxial extension and 4 for planar extension).
However, compared to shear flow, the influence of glassy mode
on extension viscosity is more negligible due to the thickening
effect. In the rest of this work, only the effective stress exclusive
of glassy mode contribution will be used for calculating NE
parameters.
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4.2. Variation of NE Parameters under Steady
Extensional Flow. 4.2.1. Theoretical Expressions under
Steady Extensional Flow. In this section, we quantitatively
analyze the variation of spring stiffness, monomeric friction,
and Brownian intensity when an unentangled Kremer—Grest
melt is subject to steady extensional flows. In this case, the
velocity gradient tensor for shear-free extensional flows can be
expressed in the form of

&£ 0 0
K=|0 —mé 0
00 (m - l)é‘ (23)

when m = 1/2, the flow type is uniaxial extension, while m =1
stands for the planar extension. For convenience, the x
component is always set as the extension direction, while the y
component is the most contracted direction, so that m > 1/2.
Under pure extensional flows, all the off-diagonal components
are zero, so the dynamic equation of eq 16 can be solved easily.
The corresponding steady-state solution is

(sf) ( ) 2'kBT rB,xx 1
p,(l(l *
(N + 1)’<09p r{,xx 1 - ZTp,(l(IK(l(l (24)

where the superscript (sf) represents steady flow. The effective

*
relaxation time 7 is defined as

pan
¥ _ Co”g ,aa
p,aax —

2K09p (25)

Calculating the observable properties requires summing the
contribution from all the eigenmodes. For rheology, the
component of stress is
13,

= [N + Wlu(l(l’ S (Wlu(l(l) N) Z)]

r{,(m (26)

D = ckyT——

(X{l

where the dimensionless quantity Wi, ( = 72 aaboKaa/ Ko) is a

function of frictional variation. The extension component
Wi, * is positive and stands for the effective Weissenberg
number of a spring unit with only the variation of friction. The
contraction component Wi, * is negative, and Wi,..* is zero in
the case of planar extension.

The notation S_ is the summation terms in the calculation,
that is,

N
S (x,N,Z) =) — x <6,
p=1"7 (27)

1

When the connectivity matrix Z takes the equilibrium form,
S_ can be solved analytically but has different forms for a
positive and negative value of x. These expressions can be
found in the Supporting Information of ref 5. There is an
upper limit for the independent variable x in eq 27 when it is
used for the extension component because each term of A}(,Sf?,C
should not be negative due to its physical meaning. In the
quasi-linear model where all NE parameters are kept constant,
a negative value of AI(J ) simply means the polymer will deform
infinitely from the start of flow and there is no steady-state
solution for the dynamic equation. Because 6, is the smallest
eigenvalue, Wi, * = 0, is a critical point for extensional flow.
In a realistic system with nonlinear mechanisms, this critical
point describes the constraint for the cooperative variation of
friction and spring coefficient to reach the steady state. This

means the chains decrease their relaxation time under flow in a

way that the effective Weissenberg number never exceeds

unity.” Compared to the extensional component, the solution

in the contraction direction does not have such a constraint.
The tensile stress ot is expressed as

sf s/ s/
Ué ) — GJS;) _ Gy(yf)
= ckyT| 22w S (Wit N, Z)
Te xx
By
-~ —Wuyy _(wij, N, Z)
Ty
x B,
+ cNkgT o _ DBy
Yo Yoy

(28)

Generally, an extra cross-stress ol = o) — 0';0 can also be
defined and has a similar expression as o,

Then, the reduced extensional viscosity can be expressed as

e _ o

Mo (2m+2)n,

1 (W
= XX~ — 1
(m + 1)Sy(N, Z9) s,

N, Z)

uxx’

NK() B xx rB,yy

+ mrBny_(Wz N,Z) +

uyy? :
84’0 Te S

(29)
where 7, is the zero-shear viscosity. When m # 1/2, the
reduced cross-viscosity is in the form of

e _ ol
Neo  (4m —=2)n,

1
 (2m — 1)S,(N, Z9) (m=1)

rs,..S_ (Wi, N, Z) + mr ,S_ (quyy, N, Z)
Niy| 18,22 _ VBﬂ
Eo\Teee  Tryy (30)

The Trouton ratios of 7y, and 7, are (2m + 2) and (4m —
2), respectively.

When it comes to structural properties, the mean-squared
radius of gyration and end-to-end distance are in the form of

k T "B aa
R2 )=-—>2__ >%g N, Z
Fgoa) (N + 1)Ko 77 04 Wity N, 2) (31)
2 Sk T 'B, (odd,v)
<Raa> 2N S (Wluaa’ N! Z)
(N + I)Ko 17 aa (32)
where the new summation function S°%") is defined as
PN P\2
SO, N, Z) = ) Wy iy
pooda G = (33)
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Figure 4. (a) Value of the structural ratio (R2,)/(R2 ) is closely related

gaa

to the polymer configuration. (b) Scatters stand for the evolution of

(R2)/ (Rgm) and (R w/ (R ) with the flow rate in the NEMD simulation of planar extension. The two horizontal dashed lines stand for the

physically permitted maximum value of this structural ratio from the uniform stiffening approximation and the fully extended state. The solid line is

obtained from the nonuniform stiffening picture.

Similarly, 6, is also the critical point in the function sloddw),

These polymer dimensions in the reduced form are

2 _ <Rgaa> _ rB aa S (Wlu(l(l’ N, Z)
gaa -
<Rgaa>0 ¢ aa S_(O; N, Z(eq)) (34)
2 _ <Ruwc> TB aa SOdd V(me N, Z)
s <Raa>0 e aa Sfdd'V(O; N, Z(eq)) (35)

From these expressions for rheological and structural
properties, we can already find some connections between
them. Indeed, comparing the expressions of lgaaz with the

reduced viscosities, we can rewrite eqs 29 and 30 as

7]E 2
Moo m + g 1z, oy C oy
+ NK() rB,xx _ rBﬂ
(Wl + l)S_(O, N! Z(eq))éCO rf,xx ré,yy (36)
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rIC m—1 2
’7_(;0 - 2m — lllgzzré‘,zz + 2m /187}’ Coyy
+ NKO rB,xx _ rBﬂ
@m — 1)S_(0, N, Z*Nél | e 12
form # 1/2

(37)

If the violation of the FD theorem is thought to be a trivial
factor compared to the variation of polymer dimension and
friction, that is, the underlined terms in eqs 36 and 37 are
negligibly small compared to the other terms, these expressions
can be further simplified. For uniaxial (m = 1/2) and planar (m
= 1) extensions, they are

242

.. . ’75 g ¢ Agyyré 2y
uniaxial extension: —
'7Eo 3 3 (38)
2
) My Aglfa lgyyr( B
planar extension: — & 1)
Mo 2 2
c 2 ..
— = igyyrg‘yy (ii)
Nco (39)
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This means we can identify the variation of friction from
viscosity and radius of gyration without having any knowledge
about the stiffening effect. In the above expressions, the two
equations for extensional viscosity (eqs 38 and 39) would
probably be valid because the polymer deformation in the
extensional direction Agxxz will be a large value. In this case, the
underlined term in eq 36 will be trivial. On the other hand, the
cross-viscosity #c/#c, and chain deformation /Igyyz are both
decreasing functions of flow. This means the influence from
Brownian intensity variation will probably be non-trivial.
Equations 38 and 39 also suggest that it is possible to directly
estimate the variation of friction from the experimentally
accessible data. The flow-induced anisotropic change of
polymer dimension can be measured from the small-angle
neutron scattering experiment, as reported by Hassager and co-
workers.* As long as the measurement is carried out in
unentangled samples, the above expression could be directly
tested. In addition, the above expressions also suggest that the
variation of friction should be independent of the CG level
because the bead number N is not explicitly included.

4.2.2. Variation of Nonlinear Parameters with a Uniform
Spring Coefficient. The steady-state solutions are more
analytically expressed if the stiffness of each spring a4, is
assumed to be uniform along the chain. This assumption has
been included in the work by Watanabe and his co-
workers.”*?**’ This treatment of a, means another version
of the general model

L X
a, is replaced by T Z (a,)
n=0

In this case, the change in the connectivity matrix can be
described by a single averaged stiffening parameter, that is, Z =
r 2V, The eigenvalues and the eigenvectors of Z are then
analytically expressed as

N (40)

pr

0,(n2Y) = 0V = 45 sin®| ———
p( k ) K’p K Z(N + l)

1/2
WP (nZ0) = pP(Z2Y) = Cos[}’ﬂ(ﬂ +1/ )}

N+1 (41)

The summation functions used to calculate the rheological
and structural properties can also be simplified. That is,

S_(x, N, r.2Y) = S_(x/n, N, ZV) /n,

$©4(x, N, 1 Z°Y) = SCY(x/n, N, Z°Y) /e (4)

However, in a further analysis, it is found that this uniform
stiffening picture with anisotropic friction is not compatible
with our simulation data. We notice this point when we take
the ratio of the mean-squared end-to-end distance and the
radius of gyration. From their expression in eqs 31 and 32, we
have

(R,

aa

(Rgua)

gaa

odd,v X
) _ 88CM(wiy,, N, 2)
s_(wi

uaa’ N’ Z)

(43)

which is an expression independent of the variation of
Brownian intensity. Physically, this ratio (R2,)/(R2, ) has a

goa
specific link with the configuration of the polymer. As
illustrated in Figure 4a, for a flexible polymer under an
equilibrium state, this value should be equal to 6. This value is
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obtained when we set Wi,,,,* = 0 and Z = Z(*¥ in eq 43. When
the polymer is fully stretched, the configuration will approach

the rigid rod limit and (R2,)/(R2 ) should be close to 12. If

g(l(l
the polymer is more compacted than its equilibrium state, this
ratio will be smaller than 6.°° As a result, under extensional

flow, we would expect (R2)/(R?

gxx
with the increase of flow rate, while (Ryzy)/ (Rgzyy) would

decrease from 6.

When the uniform stiffening approximation is used, the right
side of eq 43 is a function of r;,,/r,, which represents the
variation of the effective relaxation time. This means it is

) to change from 6 to 12

possible to obtain /. by inputting (R>,)/ (Rgzaa) into eq
43. However, the variation of (R2,)/ <R§W
regimes because of the critical point in its expression. The

value in the critical point, (RZ,)/(R2, Y(Wi

gaa uaa

) is limited in some

— 6,), is not

only a mathematical limit but also stands for the potential a
chain can be stretched to if the dynamics of the system are
described by our basic equation. Under equilibrium or weak
flows, the deformation of the polymer is below this potential
because the polymers can still resist the perturbation via their
own configurational fluctuation. When the uniform stiffening
matrix Z = r, Z is substituted into eq 43, the upper limit of

<Rja>/ <Rgzaa> is

2
<R(m

SSEDdd,v)(x, N, Z(eq)) B
S_(x, N, 29)

<Rg2(la> x_’el(eq)

(44)

The corresponding value is thus smaller than that for the
fully extended state. This means the model with uniform
stiffening does not allow the appearance of the fully extended
state, no matter the rate of extension and the functional forms

of the NE parameters. However, when we check this ratio in
our simulation system, it is found that the value of

(RL)/ (Rgzxx) increases with flow rate and exceeds the value
of 8 at only a moderate flow rate. In this case, if the value of
Tt/ T is read from eq 43 when (RZ)/(RZ,) > 8, the limit of

gxx
the critical point will be violated and a negative value of A, .

will be found. Except for the extensional component, the
variation of (Ryzy> /(R;W> in the contraction direction shows a
nonmonotonic style, which is also unexpected. The incon-
sistent result regarding (R2,)/ (R’

gm> suggests that a model that
assumes a uniform distribution of spring coefficient does not
accurately reflect the actual data from simulations and that a
more nuanced model, taking into account the variability of
stiffness along the polymer contour, is needed.

4.2.3. Variation of NE Parameters with a Nonuniform
Spring Coefficient. Now we will discuss the more general case
with a nonuniform spring coeflicient. Before exploring the
behavior under an arbitrary flow rate, we first check the
distribution of stiffness in the fully extended state. An
important aspect of this fully extended limit is that the steady
state of the polymer will be governed by the balance between
the elastic force and frictional force. In comparison, the
fluctuation due to thermo noise will be a trivial factor. Such an
argument was first suggested by Frenkel many years ago>' and
also mentioned by some other researchers afterward.”>~>* In
stage III of Figure 5, the nth spring on the left side of the chain
needs to balance the frictional force acting on all the beads to

https://doi.org/10.1021/acs.macromol.2c02458
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Figure S. Illustration of polymer configuration under extensional flow.
In the linear flow regime of stage I, the springs are not stiffened but
only oriented. In stage II with a higher flow rate, the spring closer to
the chain center is more elongated and oriented than the outer one. In
the fully extended limit of stage III, the orientation is the same along
the chain contour, but the distribution of tension is highly
nonuniform.

its left. The right half is a symmetric case. In this limit, all the
springs have been stretched near the maximum, so the length
of each bond is the same. As a result, the tension in the nth
spring is written as

“ N
F Elas rod . 2 .
i ) ré(',xx)COHmaxg ( 2 1)
i=0

where rgmd)

"o is the relative friction in this rod limit and u,,, is
the maximum length of the bond. From eq 45, it can be seen
that to maintain the balance in the fully extended state, the
inner bond should bear more tension than the outer bonds.
According to this distribution of tension, the elements in the

connectivity matrix Z°Y can now be expressed as

(N N
z (— — z) forn < —
(rod) 2 2

a(rod) _ TC,xx COE i=0

N
forn < —
2 (49)

n
N—
Ko n

N . N
Z(——l) forn > —
2 2

i=0 (46)

Based on the above expression, the eigenvalue problem of
29 can be solved, at least numerically.

Then, we recalculate the maximum of the structural ratio
(R2)/ (R;,u) by considering Z"°Y into eq 43 and obtain a

value as illustrated in Figure 4. It is found that this value is very

close to the rigid rod limit (~12). This means that this fully
extended state under an extremely high extensional rate will be
well explained by the current model as long as the stiffness is
described by Z%. In our simulation system, this fully
extended limit is, in fact, not reached. In a realistic
experimental system, chain rupture is usually observed before
full stretching. As a result, the situation described by eq 46 is a
theoretical limit. However, before this limit, it should be
possible to observe the transition from uniform to nonuniform
stiffening. Then, including this nonuniform stiffening effect will
allow us to discuss the NE parameters in a more realistic
model.

To trace the stiffening under arbitrary flow rate, here we
suggest to focus on planar extensional flow. Planar extension is
more difficult to achieve in the experiment compared to
uniaxial extension but easier to be implemented in the
simulation. In our simulation systems, it is found that both
the extensional stress and the polymer elongation are very
close in the two types of extensional flows. Thus, we expect
that the variation of the NE parameters should also be similar.
For planar extension, the flow is applied only in the xy plane
and the zz component is not directly affected. Thus, a simple
analytical solution of the zz component can be obtained. That
is,

2k, T 15,

AR =
(N + Db, 1 .. (47)
Then, according to the expression of the spring configura-

tional tensor in eq 17, the length of the nth spring in this
direction will be

N
2 2
<unz> = <unun>zz = Z A;f?z(vf+1 - Vrfg)
p=1
e kT 1
rC,zz KO an (48)

The above expression shows a simple relationship among
(u,.), a,y and ry_./7; ... In the other words, if the value of r ../

8
le-2
3e-3
6 le-3
3e—4
m: £=+0 —
44 _ -
//////
////
//
24 //
0 T T T T T
0.0 0.1 0.2 0.3 0.4 0.5
n/N

(a)

Nm
, m 10
10" 7 ® 20
A 50 A
A
Ao
||
¢
— o
)
Py 12
A
.Al
10° e B BAG A.OP
107 10° 10’ 10?
De

(b)

Figure 6. () Distribution of spring stiffness under different extensional rates in the simulation system of N,, = S0, derived from the spring length
component in the flow-free direction. (b) Variation of the corresponding stiffening parameter r, as defined in eq S0.
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;.. has been given and (u,.”) is characterized in the simulation
system, we will have an estimation for the stiffening of
individual springs. From a naive speculation, because the z
direction is not interrupted by flow, the FD theorem in this
direction could be only violated weakly. That is, rp,,/r¢,, & 1.
If this assumption is taken, a very simple expression for the
stiffening of each spring is obtained, that is,

2
~ <unz>0
e
(14,2

The validity of this expression will be checked later.
According to the above expression, the spring length
distribution in the simulation system is measured under an
arbitrary flow rate and then the full information of stiffening is
obtained. The corresponding result is shown in Figure 6a. The
data show clearly that the spring coefficients grow with the
increase in flow rate and the stiffening effect is not uniform
along the polymer contour. The relative stiffness in the middle
part of the polymer is stronger than the outer springs, which is
similar to the case of full extension.

A larger value of the spring coefficient is a natural result of a
stronger elongation of the spring. However, the nonuniform
elongation does not start from the linear flow regime. In the
weak flow regime, the polymer can adjust its configuration with
only the effect of reorientation. However, at this stage, the
distribution of orientation is not uniform. Similarly, the middle
springs will be more oriented. With the increase in flow rate
nonlinear stretching will be turned on and coupled with the
reorientation effect. This evolution of polymer configuration
with the flow rate is illustrated in Figure 4. This picture is
consistent with earlgr works on polymer configurations under
extensional flow”>>® and is also supported by the research on
the dragging reduction effect of polymer additives. It is found
that the polymer chain is always degraded from the middle,
even in the transient-flow condition.””*® The idea proposed in
this section provides a way to understand this phenomenon
quantitatively. It should be noted that the model with uniform
spring coeflicients also suggests a stronger stretch and tension
in the chain middle. However, our result shows that a
distribution of the spring coefficient could emerge naturally, so
it is unnecessary to preaverage this stiffening parameter in our
cases.

The eigenvalue problem of Z is then solved numerically for
each set of a,. We can also redefine the stiffening parameter as
the change of the smallest nonzero eigenvalue of the
connectivity matrix. That is,

_ 6@
0,(2"*9) (50)

The results of r, obtained in the simulation systems with
different chain lengths are presented in Figure 6b. It can be
seen that the data falls into a master curve, and r, shows an
apparent scaling exponent with the extension rate as r, ~ Del’2,
This scaling exponent is determined by the chemistry of the
simulation system (L] pairwise potential and FENE bond
potential). However, presently the explicit relationship
between the scaling exponent and the force field is not clear.
Especially, if the long-chain melt is diluted by some short
oligomers, the flow-rate dependence of r, should be stronger
due to the suppressed friction reduction mechanism. We
further quantified the stiffening effect under different CG
levels, based on the concept explained in the previous section.

(49)

K
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From Figure 7, it can be seen that the stiffening parameter
indeed depends on the definition of a spring. The more coarse-
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Figure 7. Variation of the stiffening parameter measured from
different CG levels in the simulation system of N,, = S0.

grained the polymer chain, the larger the value of r, observed.
At the same time, it is also found that the overall trend of
stiffening is very similar and the stiffening parameters are quite
close under some CG regimes. This means the scale-insensitive
feature does exist in the variation of stiffness, which supports
the statement that the Rouse model is physically sound under
fast flow.’

After all the stiffening factors have been identified, it
becomes much easier to find the variations of the rest of the
NE parameters. Before that, we first rechecked the inconsistent

part related to the structural ratio <R;a>/<R§aa>. After
substituting the connectivity matrix Z determined by
a, ~ (u2),/{u>) into eq 43, we recalculated the maximum
allowed value of (R2,)/(R2

qua) @8 shown in Figure 4. It can be

seen that the value of max((R;(I)/(RgZaa)) obtained from the

nonuniform stiﬂening matrix is no longer a constant but
increases with the flow rate after the turn-on of nonlinear flow.
Thus, the simulation data is better described, compared to the
uniform stiffening picture. However, under fast flows, these

values of max((R;a>/<Rg2aa>) are still smaller than the
2

simulation data of (R>.)/ (Rgu

some inconsistency even if the n-dependent feature of a, is
included. The possible reason could be either the basic
approximations of the model as explained in eqs 7—9 or the
assumption of rp,./r;,, ~ 1 used to evaluate a,.

Although the inconsistency between (R,,’) and (Rg(mz) is
not fully resolved, the variation of friction and Brownian
intensity can still be calculated in a self-explaining manner as
long as the two structural properties are not involved
simultaneously. Here, the values of ry.y 77, 75w and 1y,
are solved from two reduced viscosities (77y/7z, and nc/ncog
and two reduced chain dimensions (Ag,” and /1Ryy2). The
variations of friction in both the extension and contraction
directions are presented in Figure 8. The friction of the
contraction component r;,, can be calculated directly from the
data of n¢/nc and iﬁyy These two properties suggest that r;,

), which means there is still
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Figure 8. Variation of friction in the (a) extensional and (b) contraction direction. The solid scatters are solved from #75/f5o, 1c/Mcor Arecs /1Ryy2,
and (u,,”) under planar extension. The dashed lines are estimated from eq 39. The dotted lines are from eq 38, using the simulation data under the
uniaxial extensional flow. In (a), the reductions of friction from the order-parameter function for PS proposed by lanniruberto et al.'® but using the

simulation data as the input are plotted for comparison.

should increase with the flow rate when the flow is not too
strong, as shown in Figure 8b. However, this trend of growth
does not continue into the strong flow regime. For the friction
in the extensional direction, it is found unambiguously that r, .
is a decreasing function of the flow rate, as presented in Figure
8a. Moreover, similar to the variation of spring stiffness in
Figure 6b, the data for simulation systems of different chain
lengths can be well shifted into a master curve. The apparent
scaling relationship is 7, ~ De™"2. We compared these results
with the friction obtained from eq 39 that directly relates
viscosity, polymer dimension, and friction under planar
extension, shown as the dashed lines in Figure 8. It is found
that the values of the extensional component r,,, from two
groups of expressions are very close to each other, while for the
contraction component r;,, they agree with each other only in
the weak flow regime. Moreover, if we estimate the friction r,
under uniaxial extensional flow by ignoring the change of .,
in eq 38, the data also agree quite well with planar extension.
These results prove that the variation of Brownian intensity is
indeed a less important factor in the extension behavior.

The friction reduction data of the simulation systems in
Figure 8a are further compared indirectly with those derived
from the experimental systems. In the work by Ianniruberto et
al,'® the extensional rheology data of PS reported by
Matsumiya et al.'” are reproduced by the BD simulation of
the Fraenkel chain model. In their BD simulation, the variation
of the friction is described by the scalar function:

re=[1+ (s/sc)z]_("/z), where s is the bond order parameter

and s, & 0.1 is a critical value for the onset of friction
reduction. n is a fitting parameter and fixed to be 1 in one of
their later studies.”” To compare with their data, we measure
the values of s in the simulation system under CG = 1 and
input them into the above expression for r,. In this indirect
comparison with the experimental system in Figure 8a, it is
found that the friction reduction data agree quite well. In the
previous discussions, it has been explained that the variations
of NE parameters are determined by the chemistry of the

system and they can also be influenced by the model
assumptions. Compared to the bead-spring chain model, the
Fraenkel chain model describes the polymeric system from a
finer scale and includes the finite extensibility effect implicitly.
However, in both the BD simulation by Ianniruberto et al.'®
and the present work, the variations of friction are described as
a decoupled and delocalized quantity. In addition, the tensorial
feature of friction is not so significant for the extensional
flow."”” In this sense, the agreement found in Figure 8a
indicates the fundamental similarity between the KG chain
system and PS in their response to the fast flows.

To explain the scaling behavior of r;,,, the variation of the
effective relaxation time of the extension component r;./7, is
plotted in Figure 9. Based on the scaling behavior of r, and
Iz clearly, ro /1, scales with flow rate as r;,,/r, ~ De™". This
scaling behavior is expected before we calculate r, and 7,
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Figure 9. Variation of the effective relaxation time r.,./r, in the
extensional direction.
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Figure 11. (a) Distribution of spring stiffness under different shear rates in the simulation system of N,, = 50. The presented shear rates are the
same as the extensional rate in Figure 6. (b) Variation of the stiffening parameter in simulation systems of different chain lengths. In (b), the r, of
the PBO sample reported by Matsumiya et al.”® is presented for comparison.

separately from the rheo-structural properties. Under a fast
extensional flow, the polymer chain is fully subjected to the

flow, so its effective relaxation 7, ( =1 ./ r7Y) will be

close to the flow characteristic time 1/¢. Mathematically, it
means the steady-state solution of A, will always be found
near its critical point Wi, * = 6,. A similar argument has been
proposed by Watanabe and Matsumiya in the FENE dumbbell
model.® This characteristic behavior in the extensional flow
also provides a cross-check on the stiffening parameter. As
explained previously, the frictional variation parameter r,,, can
be derived from eqs 38 or 39 without involving the stiffening
parameter, and the apparent scaling exponent is also —1/2.
Based on the preassumed variation of effective relaxation time,
the stiffening parameter r, is supposed to scale with the flow
rate as r, ~ De'/%. When deriving the stiffening data in Figure
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6, we have assumed no violation of the FD theorem in the
flow-free direction, that is, r5,,/r;,, & 1. The consistency
between the two independent estimations on r, suggests that
the related assumption is valid. This proof further explains that

the disagreement related to the structural ratio (Rix) / (R;xx)

should mainly originate from the model assumptions for NE
parameters. Considering that (Rix) / (R;xx) is a subtle structural
property, it is no wonder that the value predicted by the
coarse-grained model will be sensitive to the model
assumptions.

With the variation of friction, the values of rp,/rr 4, can
then be derived from the expression of the chain dimension in
eq 35. The corresponding result is presented in Figure 10. The
result shows that the Brownian intensity is weaker than the
friction in both extension and contraction directions, so the
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Figure 12. Comparing the simulation result of the function (a) (1/%,)/(I'/T;) and (b) (%/%¥,)/(A/A,) with the predictions with and without

nonzero off-diagonal friction.

simulation data indeed suggested the violation of the FD
theorem. In addition, this violation does not occur
simultaneously in different directions. The variation of rg ./
It x is found shortly after the onset of nonlinear flow, while for
the contraction component, a significant change in rg,/r;,,
occurs only in the strong flow regime. The variation of rp ./
rexe under a large flow rate is numerically very sensitive
because the involved function is divergent in the critical point.
A small fluctuation in the raw data can lead to a significant
change in the result. However, this point does not hurt our
previous discussions. As it has been demonstrated, the
variation of Brownian force will be overwhelmed by the
variation of stiffness and friction.

4.3. Variation of the NE Parameter under Steady
Shear Flow. In this section, the variation of NE parameters
under shear flow will be investigated. In the simple shear flow,
the only nonzero element in the flow gradient tensor is
K,, = 7. Unlike pure extensional flows, when the dynamic

equation of eq 16 is solved for shear flow, the full-form
expressions for the solutions will be very complicated if all the
off-diagonal components in the friction and Brownian intensity
tensors are considered. It indicates that more approximations
may be required for the solvability of the model. To identify
the variation of NE parameters under shear flow, it has been
proposed to incorporate more properties expected for
rheological and structural information. For example, Watanabe
and his co-workers proposed to measure the in situ dielectric
properties of the sample with type-A dipole, in the presence of
shear flow, using the facility developed in their lab.***
However, here, since we are working on a simulation system,
more structural properties are available, which allows us to
highlight some important information. In this section, we still
focus on the rheo-structural properties to derive the
corresponding NE parameters.

4.3.1. Variation of the Spring Coefficient under Shear
Flow. As explained previously, the dynamics in the flow-free
direction under any planar flow are only influenced by the
stiffening of the spring. Therefore, we can carry out a similar
analysis in the sheared system as we did in the planar
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extension. That is, to evaluate the variation of each spring
coefficient from the vorticity (zz) component of spring length
according to eq 49. The distribution of spring stiffness under
different shear rates is shown in Figure 1la. Meanwhile, the
corresponding stiffening parameter r,, as defined in eq 50, is
shown in Figure 11b. From Figure 11a, it is clear that the shear
flow can also result in a nonuniform stiffening effect. That is,
the spring closer to the chain center is more stiffened.
However, compared to the case of extension of the same flow
rate, the stiffening under shear is much weaker and its
distribution is also more uniform. This weaker stiffening effect
is expected because the polymer is much less elongated, as can
be seen from the simulation data in Figure S2 of the
Supporting Information. In Figure 11b, the stiffening
parameter of the simulation system is further compared with
the r, of the PBO sample reported by Matsumiya et al,”
which is derived from the dielectric loss in the velocity gradient
direction ¢&;. Besides, the other NE parameters of the PBO
system reported in that study, including the variations of the
friction r ., and the Brownian intensity g, are also presented
in Figures 14 and 15, respectively. According to Figure 11b,
the experimental data of PBO show a detectable increase in the
spring coeficient at a small Weissenberg number. In contrast, a
similar value of r, is observed in the simulation system with a
much larger Wi. In deriving the NE parameters of the PBO
sample, the authors™ used a similar model as the present work.
Thus, the differences in the NE parameters in the weak flow
regime should mainly originate from the chemistry of the two
systems

4.3.2. Variation of NE Parameters without Off-Diagonal
Friction. To identify the NE parameters in the shear plane
from rheo-structural properties, we still need the solutions of
the dynamic equation. However, the complexity of the solution
for shear flow is highly influenced by the off-diagonal
component friction. In some works, the off-diagonal friction
is assumed to be negligibly small,”" while there are also some
simulation works that suggest that this term could be a non-
negligible factor.”>”** We start from the simpler expressions
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without off-diagonal friction and check the validity of model
prediction. These solutions are

(Sf) 2k TCO}/ rB!y}’rC’xx

pxy( )_

(N + 1)7(292 (ré‘,xx + ré',yy) (51)
(A5 — AN (7)
2T T Ty | 2k TS
(N + D\ e ey ) (N + Digby
"B:yy"é,xx
(rp e + 12y) (52)
Zk T B,y
- - o)
(N + I)KO rgyy (53)

where the first term on the right of eq 52 is negligibly small
compared to the second term when the bead number N is large
enough.”® To check the validity of these expressions, we can
test some predictions from them. For example, based on the

form of eq 51, if we define a new structural property as
r= (R;xy) /7, which is very similar to the definition of shear
viscosity 7 = o,,/7 but replaces the shear stress by the shear

component of the radius of gyration, we will have the following
expression

> 1/(6FY) X 1/6,
S1/(6%) X1/6,

Similarly, we can also define a structural function based on

n/n,
/T,

@) =

(54)

the solution of the first normal difference as
A= ((Rgzxx) - (Rgzyy»/yz, which can be compared with the

first normal stress coefficient ¥,. Then, we will have the
following relationship

/(059 ¥ 1/6;
S /(09 X 1/6; (55)

Both eqs 54 and 55 are only functions of spring stiffness,
which has been already identified from the vorticity direction.
The four rheological and structural properties are all accessible
from simulation, so we can directly compare simulation results
with the predictions of eqs 54 and S5, as shown in Figure 12.
The comparison shows that the prediction is not so satisfying.
The predicted values are always smaller than those directly
observed in the simulation. A possible solution to fill this gap is
to include nonzero off-diagonal components in the frictional
tensor, which will be discussed in the following.

4.3.3. Variation of NE Parameters with a Nonzero Off-
Diagonal Friction. To proceed with the analysis based on a
nonzero off-diagonal friction, we checked the full expression of
the solution in the shear plane. Here, we still assume that the
friction tensor is symmetrical, that is, 7;,, = ;. In the full
expressions, it is found that the determinant of the friction
tensor, 1z ey, — rgxyz, appears frequently. We further noticed
that the solutions will be analytically trackable if 7, is ignored
in the determinant but retained in the rest of the expressions.
At the same time, the off-diagonal component in the tensor

‘Pl/lPlO (Z) —
A/A,

{rg 1-rB}, which describes the violation of FD theorem, is still
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set to zero. Such a treatment in the tensorial equation provides
more flexibility in the model to describe the simulation data

but retains enough solvability at the same time. The
corresponding expressions are
(460 (7) = —2aT AEE
Py (N + I)Kogp (Tg‘xx + réf,yy) (kogp/go - }H‘ny)
(56)
Al
4%, - A9)(7)
_ 2kBT rB,xx rB,yy
(N + Dk, [\ r0e 7oy
7r§,xy(_rB,yy + rB,yer,xx/rC,yy + rB,xx + rZ,yy/rZ,xx)
(ré’,xx/r{,yy)(koep/CO - yré‘,xy)
]/ ré‘,xxrB,yy
(k g, /Co)(”g T 1 yy)(k g, /Co Y”g,xy)
(57)
() _ 40 2T || By
(A D)= || — -1
A (N + Dxef, |{ 7z,
Ve By
(ré xx + r{ yy)(k 0 /CO yrﬁ:,xy)
(58)

The first two terms on the right of eq 57 are negligibly small
compared to the last term, based on a similar argument as eq
52. In case ry,, is set to zero, eqs 56—58 return to eqs 51—53.
Thus, these expressions are more general than those with a
zero 7, It can also be seen that in all three expressions, the
off-diagonal friction appears as the product with the shear rate,
that is, y7; ,,. This means r;,, needs to be an odd function of

the shear rate so that the rheo-structural properties are
invariables when the direction of the shear flow is inversed.
This is in agreement with the argument explained by Watanabe
and his co-workers”’ (Appendix B of their paper).

When the off-diagonal friction is included in the solutions,
we can rewrite the functions (7/n,)/(I'/I;) and

(/%) /(A/A,) in the forms of

n/n, _XUEE X1/, - i)
r/ro( o 2) = S 1/6%Y X 1/16,6, — Wi,)]
(59)
W o S /(609 X 1/16,6, — Wiis,)]
A by X 1/(65V) X 1/16,(6, — Wig,)]
(60)
where Wluxy V1 b0/ Ko is similar to its definition under

extensional flow. Compared to the expressions with r;,, = 0 in
eqs 54 and S5, the new expressions in eqs 59 and 60 are not
only functions of spring stiffness but also the off-diagonal
friction. Now that we already have full knowledge about the
stiffening matrix Z, it is then possible to identify the values of
Wi, from the simulation result of (n/n,)/(T/Ty) or

(B/¥,)/(A/A). In Figure 13, we plot the best-fitted values
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Figure 13. Variation of the off-diagonal friction based on the
expression of (17/1,)/(I'/T;) in eq $9.

of ¢, for the function (17/1,) /(I'/I}). The new predictions for

the two functions are presented in Figure 12 as solid circles.
The result shows that after including a negative value of the
oftf-diagonal friction in eq 59, the simulation data of
(n/ )/ (T/T;) will be quantitatively explained. When this

off-diagonal friction is inputted into eq 60, the new prediction
for (‘B/%,)/(A/A,) is improved as well. So, the existence of
nonzero off-diagonal friction could be the appropriate
explanation for the failure of eqs 54 and 55. In the classic
definition of friction, a nonzero value of r,, is unphysical
because it implies a drifting velocity of the whole system.
However, in the polymer melt, the change in the atomistic
interactions can lead to a nonzero value of r,,, phenomenally.
In addition, the previous NEMD simulation studies’>*® have
suggested that the xy component of the diffusivity tensor or the
mobility tensor (the inverse of the frictional tensor) under
shear flow is positive. The negative r;, reported in this work
agrees with these studies. It proves that the theoretical
expressions in eqs 56—58, which involve additional approx-
imations regarding the off-diagonal elements in the tensorial
equations, do not lead to qualitative disagreement. Compared
to the nonzero r;,, in the simulation system, the dielectric data
of PBO suggest a negligibly small value of r,,, because the
mode distribution in the dielectric loss &) is nearly unchanged
in the measured range of flows.”’

For the variation of friction in the flow direction r;,,, we
refer to the solutions of the shear component in eq 56 and the
first normal difference in eq 57. It is found that the structural
function I' and the first normal-stress difference coefficient ¥,
have very similar analytical forms. The ratio of the two
functions shows

/%
I/T,

1’ =
Cxx (61)

This expression does not require information on either the
spring stiffness or the off-diagonal friction. The corresponding
result is shown in Figure 14. It is found that the decrease of ¥,
is more significant than I', so r,,, is a decreasing function of
the flow rate. Moreover, the simulation data fall into a curve
with an apparent scaling exponent of —1/4 in the fast flow
regime. Based on the experimental data,” rex of PBO remains
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constant in the weak flow regime. A similar comparison of the
friction reduction data as Figure 8a is also presented in Figure
14. By inputting the simulation data of the order parameters
into the scalar function for PS used by Ianniruberto and
Marrucci,” it is found that the corresponding magnitude of
friction reduction is very close to that from eq 61. However,
the previous discussions have suggested the importance to
describe friction as a tensorial quantity and the BD simulation
by Ianniruberto and Marrucci®® assumes the validity of the FD
theorem. Thus, more evidence is required to explain the
semiquantitative agreement in Figure 14.

]
10° H X 'M
= omg t‘.,,
A -1/4
ul
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§. ‘QA
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[\ Matsumiya et al. 2022
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Figure 14. Variation of friction in the shear flow direction r,,,. The
corresponding values are derived from eq 61 in the simulation
systems, the rheo-dielectric data in the PBO sample,”® and the order-
parameter function for PS used by Ianniruberto and Marrucci.*’

Equations 56 and S8 further suggest a relationship between
the shear stress and the second normal-stress difference. That
is,

re 1
(ay(;0 - 02(50) _ 2 yaéysﬂ = ckpT 2y

e 2y (62)

Because the frictions r;,, and r;,, are already known, the
above expression enables us to identify the violation of the FD
theorem ry /7, in the flow gradient direction. In addition, eq
62 also explains the two possible origins of the second normal-
stress difference: the nonzero off-diagonal friction and the
variation of ry,,/r.,. By inputting the stress data and the
identified frictions into eq 62, it is found that ry, /7.,
decreases from its equilibrium value, as shown in Figure 15.
The result shows that both the possible origins contribute to
the phenomena of the second normal-stress difference. The
decrease of rB,yy/ Ty with the shear flow rate is similar to what
we have found in the extensional flow. However, a different
trend is found in the experimental system.”’

Theoretically, it is possible to find some other NE
parameters based on the expressions in eqs 56—58. However,
we found it difficult to obtain unambiguous results in further
calculations. If the NE parameter is evaluated from an indirect
expression, its uncertainty will be amplified and it is more
sensitive to the basic model assumptions. Referring to some
other measurements other than the pure rheo-structural
properties, like the dielectric relaxation as ref 20, would be a
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Figure 15. Magnitude of violation from the FD theorem in the flow
gradient direction r,,/r;,,. It is estimated from eq 62 in the
simulation. The experimental data are from Matsumiya et al.*’

better solution for further discussions. From the experimental
side, very recently, it was suggested by Watanabe and his
coworkers that measuring the rheological response to the
superposed oscillatory strain is also a helpful approach for the
study of NE parameters (10.1021/acs.macromol.3c00005).

5. CONCLUSIONS

In this work, we demonstrated how the rheological and
structural properties under flow conditions are related via the
bead-spring chain model by referring to the NEMD simulation
data of the standard chemistry. To do this, the original
dynamic equation of the classic Rouse model was modified
with all the possible NE factors, including spring stiffness,
monomeric friction, and Brownian intensity, but their
functional forms were not predefined. We focused on a
particular version of the most general model. In this model,
solvability is achieved, but the ability to reflect reality is also
retained. Based on the theoretical expressions from this model,
the variations of NE parameters indicated by the observed
rtheo-structural data were quantified for both shear and
extensional flows. Our result showed that to put these
properties into a full picture, variations of all the NE
parameters are required. By comparing with other versions of
the general model, it was also suggested that some features in
the NE parameters of the model are indispensable in
explaining some aspects of the real system.

During the analysis, we pointed out that the full information
of the spring stiffness can be easily identified if we focus on the
planar flows and measure the variation of spring length in the
flow-free direction. The following features of the spring
stiffening effect are confirmed: (i) the increase of the spring
coefficient with the flow rate is not uniform along the polymer
contour in both shear and extensional flow and the springs
closer to the chain center are more stiffened than the outer
ones. This distribution of the spring stiffness is necessary for
explaining the transition of the polymer configuration from the
random coil to the full stretch; (ii) the stiffening parameter is
scale-insensitive in a sound range. For the variation of the
monomeric friction, we proposed some simple explicit
expressions to evaluate its value. The mechanism of align-
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ment-induced friction reduction was confirmed in our
simulation system. The anisotropic feature of the frictional
tensor was also emphasized. Especially, the oft-diagonal
component of the frictional tensor could be a nontrivial factor
in relating the rheo-structural properties under the shear flow.
To describe the simulation data in a closed form from our
current model, we confirmed that the variation of Brownian
intensity should be decoupled from friction, which suggests the
violation of the FD theorem. It was also suggested that this
nonlinear effect is trivial compared to the spring stiffening and
the reduction of friction in the extensional deformation of
polymer systems. In the comparisons with the experimental
systems, it was found that the NE parameters in the simulation
systems do not agree with those from PBO quantitatively, but
the friction reduction can be well described by the order-
parameter function used for the unentangled PS melts.

Although in this work, the NE parameters are quantified
only in the simulation system of specific chemistry and this
system is not directly linked to any real experimental systems,
the theoretical approach can be applied to any other systems.
For some simple polymeric systems, like polyethylene, the
simulation methods are well developed and the experimental
data are well reproduced.”® Thus, a quick test is easily
accessible. Collecting the data of NE parameters from different
systems will undoubtedly push forward the understanding of
nonlinear flow behaviors.
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