A Scalable Engineering Combination M)
Therapies for Evolutionary Dynamic Shethie
of Macrophages

Moctar Kande, Raphaél M. Jungers, Diaraf Seck, and Moussa Balde

Abstract The study of human immunodeficiency virus (HIV) has been the subject
of massive scientific research in recent years. Some works have focused on the
evolution of the virus mutations developed against the immune system or the
combination design therapy. But most of these models are too complex to analyze
in details and to design an optimal combination therapy. The main objective of this
paper is to analyse the stability and optimal control of a HIV combination therapy
nonlinear model, which takes into account the mutations and latent cells. We use a
L1 controller that stabilize the evolutionary dynamics of HIV disease. Because of
the positive nature of the system, this problem can be solved with a scalable iterative
algorithm that finds the best medication.Therefore, following recent work of V.
Jonsson and R. Murray we introduce a similar algorithm to solve the combination
therapy design problem. We obtain efficient results for this nonlinear model and
thereby show that optimal control theory can be applied on more complex and
realistic models.
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1 Introduction

The Human Immunodeficiency virus (HIV) is still one of the main public health
problem across the world, with more than 1 million deaths in 2018, and 379 million
people living with HIV. It has been progressively understood that mutations and
latent cells are the main factors that complicate the treatment of people infected with
HIV. Recently, several mathematical models have been proposed, some describe the
interactions between viruses and the immune system or antiretroviral therapy, in
order to understand the evolution of mutations during the infection of the body by
the HIV virus [1-5]. HIV mutations make ineffective the anti-HIV monotherapy,
this phenomenon has received considerable attention in the biology and biomedical
communities. The resistance of HIV to a monotherapy has led to use a combination
of therapies to combat the progression of the disease, especially against mutations.
An effective combination of therapies can stop the evolution of mutations, but it can
not cure the disease. In addition, a combination of therapies can cause very harmful
side effects (neurological disorders, acute diarrhea, metabolic disorders) if the dose
is exceeded, therefore it is necessary to optimize the combination therapy to find the
best dose possible. In this context, optimal control techniques have allowed a better
understanding on the application of the therapy [6-9]. It is also necessary for people
infected with HIV to take antiretroviral therapies for life, because if they stop the
treatment the disease may be reactivated because of the existence of latent cells,
such as macrophages. Latently infected cells are classically defined as cells that
contain integrated HIV DNA and are transcriptionally silent, but upon activation are
capable of producing infectious virus. Macrophages play a crucial role in innate and
adaptative immunity in response to microorganisms. They are an important cellular
target during HIV-1 infection and the infected cells are considered as a long-term
active reservoir, which play an important role in the final stages of the infection, the
AIDS phase.

In recent years, enormous progress has been made in the mathematical modeling
of the evolution of HIV and the application of combination therapies [1, 6-8, 10—
12]. However, interactions between viruses and the immune system are poorly
understood, as they are very complicated to be modeled. The models of mutations
are complicated to analyze, both theoretically and numerically because of the
number of equations and parameters they present [1, 4]. In addition, most existing
models are not able to reproduce the three stages of infection (initial acute infection,
a long asymptomatic period and AIDS phase) through numerical simulation, but
they just reproduce the first two. Recently, in 2007 Hadjiandreou and al have
proposed the first HIV ODE model time invariant parameters that can represent
the clinical course of HIV. The model proposed by Hadjiandreou and al was
very sensitive to the variation of parameters, it is in this sense that Esteban A.
Hernandez-Vargas and Richard H. Middleton [13] have studied a simplified model
of Hadjiandreou and al. Their model besides being robust to the variation of the
parameters can also reproduce the three stages of the evolution of HIV.
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The main objective of this paper is the study of the macrophages model proposed
by Esteban A. Hernandez-Vargas and Richard H. Middleton and more precisely
the stability analysis of the proposed model. Then we add the mutations and the
combination therapies, which are modeled as a Hill function. Finally we apply
the optimal control techniques to our nonlinear model, which take in account the
mutations, CD4+ T cell, macrophages and the combination therapies. We use a
L1 controllers that stabilize the evolutionary dynamics of HIV disease. Because
of the positive nature of the system, this problem can be solved with a scalable
iterative algorithm that finds the best medication.Therefore, following recent work
of V. Jonsson and R. Murray [10-12] we introduce a similar algorithm to solve
the combination therapy design problem. The model proposed by V. Jonsson and
R. Murray besides being simple, is linear and just takes into account the evolution
of mutations. Despite the complexity of our nonlinear model, with the theory of
optimal control we obtain efficient and realistic results.

2 Mathematical Models

In this part we present the mathematical model proposed in [14] and study the
behavior of the model around its equilibrium points.This model has five state
variables: uninfected C D4 + T cells (T'), infected C D4 + T cells (T*), uninfected
macrophages (M), infected macrophages (M*) and viral load (V). In this model,
we assumed that the C D44-T cells and macrophages, that are the main targets of the
virus are produced respectively by the thymus at a constant rate S7 and Sy, and both
can die respectively at the rate 67 and 8. CD4 + T cells become CD4 4 T cells
infected at a speed k7T V and the macrophages at a speed kyy M V. Infected C D44-T
cells and infected macrophages, respectively, have the following mortality rates 57+
and 87+ and the viral load is produced at the rates Py T* and Py M* by the infected
CD4+ T cells and infected macrophages and the rate of degradation of the virus is
dy. So we get the following system of differential equations:

T =sr—krTV —6rT,

T* =krTV —87+T",

M =sy—kyMV —8yM, 2.1

M* = kyMV — Sy M*,

V = prT* + puyM* — Sy V.
The values ;T, Sy 5;4 s 51 and represent, respectively, the lifespan of
uninfected C D4+ Tcells infected CD4+T cells, uninfected macrophages, infected
macrophages and the virus.
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2.1 Stability Analysis of the System

The model (2.1) was proposed and studied by Esteban A. Hernandez-Vargas in
[14]. In the analysis of the stability of the model we will use a different approach,
which will be based on the basic reproductive ratio of the epidemic noted Ry (see
Definition 2.1). We will carry out a detailed study on the stability of the system
around its equilibrium points.

2.1.1 Existence of the Equilibrium Points

To determine the equilibrium points we must solve the following equation:

T =0 st —krTV — 87T =0
T =0 krTV — 87+T* =0
M =0 < { sy —kyMV —8yM =0 after calculation, we obtain the
M*=0 krMV — 8y« M* =0
vV =0 prT*+ puM* —8yV =0

following results:

T — ST *_kTST \%
krV +681° St krV + 687’
M= SM >|<_kMsM \%
_kMV—l—ST, o S kmV +8m°

where V is the solution of the polynomial

prkrst 1% pmkysm 1%
—8yV =0,
o+ krV + 61 Smx  kmV +m
this equation is in the form
aV3 +bVi4cV =0
and admits three solutions
—b b2 —4 —b— /b2 -4
Vo=0, Vi= +V ac, Vo = v ac,
2a 2a

where

a = dr+Sp+Svkrkpm,
b = 87+Sp+Sy (kmdr + krdm) — prkrstkmdm — pmkmsmkrdr+,
¢ = 8r+8pS8ydr8m — prkrsTdMmdm+ — pmkmsmST+dr.
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In conclusion the system (2.1) admits three equilibrium points that we will
(T21 Tz*v M27 M;s V2)'

Remark X represents the equilibrium point without infection and it exists when
Vo = 0, in other words, when the viral load is zero. We have

S R)
To(r) = 5T + Arexp(=871), Mo(t) = SM + har exp (—u1),
T M

TO* = O, Mg( = O.
So when Vo = 0, lim To(r) = 5" and lim Mo(r) = 3.
1—>o0 T t—o0 M
The equilibrium points X and X exist if and only if we have respectively V| >
0 and V, > 0, because we can not have a negative viral load for biological reasons.

Definition 2.1 The basic reproductive ratio of the epidemic noted Ry is the total
amount of healthy cells that an infected C D4 + T cell and an infected macrophage
cell can infect during HIV evolution.

In our model an infected CD4 + T cell that has a life expectancy 5;* produces
kT pr virions, which have a life expectancy 51\/ will infect some of the st healthy

cells, which have a lifetime of 51T . So, an infected CD4 + T cell can infect R; =
prkrst
Spxd7dy
pPmkmSm
S+ 8m 8y

healthy cells and an infected macrophage, by analogy can infect Ry =

. Finally, the basic reproductive ratio of the epidemic,

k k
Ro=R, + Ry = PTKTST Pm MSM.
S7+81d0y Spm+Opmdy

Proposition 2.2 [f there is an infection (V > 0), the system (2.1) has a single
equilibrium point and this point exists if and only if ¢ < 0 so, if and only if

_ prkrst | pmkmsm

Ro > 1.

o St+678y  Sp+Smdy

Proof We assume there is infection (V > 0) and that ¢ < 0, it is clear that —b +
Vb% —4ac > 0 and —b — ~/b? — 4ac < 0 whatever the value taken by b, because
a > 0. So only the point X exists (Vi > 0).

If ¢ > 0 we have,

prkrst  pmkmsm
= < 1.

T 8878y SpSmdy

If b takes positive values, then we get Vi < 0 and V2 < 0, so neither X nor X,
exists.
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If b < 0, from the expression of b noted above the following condition is obtained

prkrst km pmkmsm kr
Or+078v kyr + kr ‘fsf‘Tl Sm* MmOV kr ~|—kM§AT4

This result is in contradiction with the fact ¢ > 0, because we have Ry < 1.

Now let’s suppose that ¢ = 0, it means that Ry = 1, so we have 8” T](‘ST‘;T
T*0T 0oV

g:*g’zg‘{/ < 1. We obtain from the equation aV3 +bV2 4+ ¢V =0,V = ;b,

< 1 and

V= b prkrstkudys | pmkmsmkrdre  Sr+dm+dy (kpdr 4 krdm)
St+dpSvkykr St+dp+dvkykr ST+ dpxSvkakr

_ prkrst St | pmkmsm _ dm O dm
S7+81d0y kr Spm*Opmdy ky kr ku

<8T+8M_ST_8M

“kr  ky  kr  ky

<0.

Remark If Ry = [ T*l;;;f/ +? Aﬂg":ﬁs"é < 1, it means that ¢ > 0, b is necessarily

nonnegative (b > 0) and there is not infection.

Finally, if there is an infection (V > 0) only the equilibrium point X; define by

_ 2_ .
V) = h+\éz 4a¢ such as ¢ < 0, that exists. o

2.1.2 Stability of Equilibrium Points

We will study the stability of the uninfected equilibrium point Xo = (T, T,
Moy, M(’)k, Vo) and the infected equilibrium point X| = (77, Tl*, My, M;‘, V1), where

To="", Tr=0, M=, Mf=0, V=0,
ST SM
T ST « _ krst W

= , I7 = s
kr, Vi + 67 ! S+ kr Vi + 981

k V
My — Mo MF = MSM 1 .
kyVi + 67 Smx kmyVi+dm

We start with the first equilibrium point Xj.

Proposition 2.3 The compact set
F={(T,T* M,M*, V) eR>:0< T +T* < B
0<M+M*< g%, V < K, K > 0} is a positive invariant set for the system (2.1).
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Proof Let ®; be the flow of the system (2.1), the compact set I is a positive
invariant set for the system (2.1) if VY = (y1, y2, y3, ¥4, ¥5) € I', we have
®,(Y) e forVr > 0. So we have,

V1 =s7 — kry1ys — dry1,
Y2 = kry1ys — dr+y2,

V3 = Sm — kmysys — Smys,
Ya = kmyzys — Sm+ya,

Y4 = pry2 + pmys — 8vys.

Y1 4+ Y2 = s — dry1 — 8r=y2 < st — 817 (y1 + y2), because the mortality rate of
infected cells is higher than the mortality rate of uninfected cells (§7+ > dr), so if
we pose Y1 = y; + y2 we get Yl < st — 7Y, Finally we find Y1 < ;; + (Y1(0) —
;; )exp(—é8rt), we can assume that when # = 0, the number of infected CD4 + T
cells is negligible and the concentration of uninfected CD4 + T cells is less than
st/81. So we get, Y1(0) < g; and Y =y +y < g; By analogy, we also have
Yo=y3+y < ;Z , since the viral load is bounded, so there exists areal K > 0
such that y5 < K. We conclude that ®,(Y) € I', hence I' is a positive invariant set
for the system (2.1). |

Theorem 2.4 The uninfected equilibrium point X is globally asymptotically stable
in T if Ry < 1 and is unstable if Ry > 1.

Proof Before proving the theorem (2.4) let us recall the Lyapunov-Lasalle theorem.

Theorem 2.5 Let @ C D C R" be a compact positively invariant set with respect
to the system dynamics (1). Let V : D —> R" be a continuously differentiable
function such that V(x (1)) <0in Q. Let E C 2 be the set of all points in Q2 where
V(x) = 0. Let H C E be the largest invariant set in E. Then every solution starting
in Q approaches M ast —> o0.

Let’s put

Fr, 15 Mm%, vy =T e PV oy oy,
8T 8M

F(T,T*, M, M*, V) is a Lyapunov function for the nonlinear system (2.1) and we

~ _ rprkrT pmkuM : ST SM
have F = [6T*8v + SypxSy 116y V, since T < sy and M < sy then we get

7 prkrst pmkmsm : : : . r
F <5570y T sywonsy — HovV.Itis obvious that if Ryp < 1 we obtain F < 0.

Now we suppose that H is the set of solutions of the system where I = 0, we
can see that all paths in I" approach the largest positively invariant subset of the
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set H thanks to the Lyapunov-Lasalle Theorem. So, when V = 0 we have on the
boundary of T,

T = +AT exp (—=drt), M(t) = +)»M exp (—dmt),
. SM
lim T(t) =, lim M(@) = .
1—00 Sy t—o0 Sm
T =0, M* =0.

Hence all solution paths in I" converge asymptotically towards the uninfected
equilibrium point Xj.

To demonstrate the instability of the uninfected equilibrium point, we must
calculate the Jacobian matrix of the system (2.1). This Jacobian Matrix evaluated
to the point Xy is defined as follows

—5r O 0 0 —krTyH
0 =8 0 0 kT
0 0 -8y 0 —kuMy
0 0 0 =68, kuMo
0 pr O pum —dv

J(Xo) =

Let Py(xy) (x) = det (J(Xo) —xI5) be the characteristic polynomial of J(X¢). After
calculation we get

Pjxp)(x) = =01 +x)(6p + x)A(x)
where A(x) is in the following form
Alx) = 4 ax? + Bx + vy,

o= 8; + 5;,1 + Sy,
,3 — 5* 5* _|_8>k 8‘/ + SX/ISV _ PT(éfTTST _ PMéCAI;ISM’
y = 5* 5* Sy TkTTYTtS* _ [’MkMVM(S

Fmally, the uninfected equlhbrlum pomt X is asymptotically stable if and only
if all the roots of the polynomial P x,)(x) have a real negative part and that is
possible if the Routh—Hurwitz stability criterion is satisfied for the polynomial A (x).
The roots of A(x) have a negative real part if and only if we have « > 0, y > 0 and
aff —y > 0, wecanremark that y > 0 <= Ry < 1.

Hence if Ry > 1 the uninfected equilibrium point Xy is unstable. O

Theorem 2.6 The infected equilibrium point X exists if Ry > 1 and when it exists,
it is unstable.



Viral Dynamic Modelling 209

Proof The characteristic polynomial
Pyx,)(x) = det (J(X1) — x1s)

of the Jacobian matrix J(X) evaluated to the infected steady state X; is in the
following forms,

Pyx;)(x) = Ho(x) + Hy(x) + Ha(x),
Pyx)x) = x>+ Ax* + Bx3+ Cx* + Dx + E,
Ho(x) = — (85 +x)(km V1 + 8p + x)(kr Vi + 87 + x) x

(83 +x)(v +x),

Hi(x) = pukp M85 + x)(6p + x)(kr Vi + 81 + x),
Hy(x) = prkrTi (83 + x) (87 + x)(kpy Vi + 8y + x).

A necessary condition of the Routh—Hurwitz stability criterion is satisfied if A >
0,B>0,C>0,D>0and E > 0. From the expression of Hp(x) we can easily
calculate

A=—7 + 8y +8v +8r +3m+krVi+kuVi),

A is negative because all the parameters values are assumed positive and also V| >
0.This proves the instability of the infected steady state X1, when Rp > 1. O

Numerical analysis of this model has been well studied by A. Hernandez-Vargas
and Richard H. Middleton in [13]. They have shown the ability of this model to
reproduce the clinical data of HIV evolution and the impact of macrophages on
exploding viral load in the last phase of infection. They also prove that this model
is not sensitive to a variation of the parameters. However, this model does not
significantly reproduce the last phase for viral load. So, to have the three stage of
the evolution of HIV, they add the proliferation of CD4 + T cells and macrophage
cells in model (2.1), modeled as a kinetic function of Michaelis—Menten.

2.2 Mutations and Therapy

In this part, we will add the mutations and the combination of therapies to the
model (2.1). Despite the fact that the model (2.1) describes the evolution of HIV
fairly well, it remains too simplified. Because it does not take into account the
mutations of the virus. These mutations are due either to the reaction of the immune
system or to reaction against therapy.

2.2.1 Model of Mutations

Uninfected C D4+T cells (T') and uninfected macrophages (M) are still considered
and we add the cell proliferation terms using Michaelis—Menten kinetics in the
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following form CpT TJ:/V and Ciy J:/V respectively for uninfected CD4 + T cells and
uninfected macrophages. We introduce the mutations as follows: Uninfected C D4+
T cells and uninfected macrophages can be infected by all different viral strains. It
is assumed that a strain i is obtained during the replication of this same strain with a
probability g;;, or it is obtained from the mutation of the strain j with a probability
gij- Thus, a viral strain i can infect CD4 + T and macrophages respectively at
rates k7 and kjs. The bilinear terms in the equations of infected CD4 + T cells
and infected macrophages become k77 »"'_ i; Vj andky M 3" i V. We will
note a CD4 + T cell infected by the strain i (7;*), macrophages infected by i (M]")
and V; represents the density of the viral strain i. We obtain the following modified
systems, no cells proliferation model with mutations

T =st —krTV — 67T,

Tr =krT Y1 4jiVi—8r+T7,

M =sy —kyMV —8yM, 2.2)
Mi* =kyM Z?=1 qji Vj — SM*M,'*v

Vi =prT} + puM; —3dvVi.

and cells proliferation model with mutations

T =sr+ )T —krTV =517,

Tr =krT 35, qjiVi =T,

M = sy + C%VVM—kMMV—sMM, (2.3)
Mi* =kuM 27:1 qji V./ - SM*Mi*’

Vi = prT + puM; =Sy Vi.

These systems contain (3n 4 2) equations, where n is the number of strains. But if
wepose T* =31 | T*, M* =37 T*and V = Y7, V; in the system (2.2) we
go back to the system (2.1). A theoretical analysis of the evolution of the mutation
system (2.3) is very complex. However the numerical analysis will also allow us to
understand the evolution of this system, in particular the evolution of the total viral
load and CD4+ T cells.

2.2.2 Numerical Analysis of the Mutation Model

We will use the values of the parameters used in [14] for the numerical analysis of
the model of mutations. For the initial conditions, it will be assumed that all strains
are born with the same concentration V;(0) = 1073 copies/ml, CD4 + T cells in
the initial state are equal to 1000 cells/mm?>, uninfected macrophages are equal to
150 cells/mm? and infected C D4 + T cells and infected macrophages are assumed
equal to zero.
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Fig. 1 Evolution of uninfected (7') and total infected CD4 + T cells 7*, uninfected macrophages
M and the total viral load V of the nonlinear system (2.3)

The uninfected CD4 + T cells, in the presence of strains, tend more rapidly
to 200 cells/mm? in the mutation model than the simplified model presented in
[13]. Mutations accelerate the appearance of the last phase of HIV infection,
which is AIDS. Figure 1 shows the three phases of HIV evolution, initial acute
infection, a long asymptomatic period and AIDS phase. We can observe the long
life of macrophages in the evolution of uninfected macrophages. Modeling the
proliferation of CD4 + cells and macrophage cells as a form Michaelis—Menten
kinetics allows the system (2.3) to have a certain level of robustness in relation
to the variation of the parameters st, Sy, kT, ky, 81, Spm, 81+, S+ and Sy [14].
An increase in parameter values pr and py leads to a rapid decrease in CD4 +
cells below 200 cells/mm? and enables to reach more quickly the last phase of HIV
infection. We can notice in Fig. 4 the system (2.3) is more sensitive to the variation
of the parameter pj than to the parameter pr (Figs.2 and 3).

In the Fig. 4, we checked the changes that the viral load suffered if we increase
the values of the parameters pr and pj from 1 to 4%. The mutation system is not
sensitive to the variation of the parameter pr all the time, on the other hand a slight
variation of the value of pys leads to an explosion of viral load more quickly. But
it can be noted that the system (2.3) is robust to the variation of py for the first 6
years as can be seen in Fig. 4.
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and the total viral load V for pr = 0.01,0.02, ...0.1
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Fig. 4 The variation of the parameters pr and pys for the verification of the robustness of the
system (2.2) in the viral load

In the following, we assume the uninfected C D4 + T cells and the uninfected
macrophages are constants. Indeed, for a short period of time, the number of healthy
T cells and macrophages remain mainly constant so they are the same as the initial
condition because uninfected C D4 + T cells and uninfected macrophages decrease
really slowly during the latency period [13, 14]. So, the system (2.2) and (2.3)
become the following linear system

TY =krT Y 5_qjiVj — 81=T}",
M} =kuM3T_yq;iVi —u-M], 2.4)
Vi =prT+ puM; —éyVi.

2.2.3 Combination of Therapies

In this part, we add the therapy to the model (2.4). We assumed that the combination
of therapies is modeled as a Hill function in the following form [10, 11],

n

- = : = k
Yik () = f(Kix) o+ K
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f(Kix) is a function of K;j, which is the association constant for the virus/antibody
binding reaction £; + V; — £;V;, for each neutralization reaction representing
the rate at which a neutralizing macromolecule ¢ (assumed to remain at constant
concentrations) neutralizes mutant i. To obtain a linear pharmacodynamics it will
be assumed that n = 1 and K;; >> {}, so we have

— . — Ek
Vi () = f(Kix) = K’

1

The Hill equation has been used in pharmacology to model nonlinear drug dose-
responses, such as the concentration dependent effects of drugs on cell viability
or virus neutralization. We notice that the Hill function is a biological analog to
actuator saturation, in that there is a law of diminishing returns in terms of the effect
of ever increasing drug concentrations on the system [15]. We obtain the model of
the following combination of therapies,

T,* =krT Y i_1q;iVj— 81T},
M = kM Y251 4;iVi — Su- M} 2.5)
Vi = prTF+ puM; —8vVi— Y5, & Vi,

Therapy is added to the strain equation, because it acts on the different viruses
present in the system and m represents the different therapies possible to combine.
This linear system (2.5) can be rewritten as following

X _ST*In Onxn kTTQ
X = Onxn —0m+Iy kmMQ X, (2.6)
pTIn pMIn _SVIn - K”L

where X = (), Ty,... T, , M{, M5 ...M;, Vi, Va,... Vu), QO = lqjili<i j<n-
0y xp is the null matrix of order n x n, I, is the identity matrix of size n and Y L =
diag(ZkW;l Iéljk Inxn-

3 Optimal Control

In what follows we will apply the optimal control techniques used by V. Jonsson
and R. Murray [10-12], using the theory of positive systems [16, 17], on our model
of the combination of therapies, especially on the system (2.6). V. Jonsson and R.
Murray, in their work to design treatment protocols to prevent mutations escape
from monotherapy. They worked on three articles, in the first article they developed
a suboptimal algorithm for the systematic design of feedback strategies to stabilize
the evolutionary dynamics of a generic disease model, such as HIV and cancer, using
an Ho approach. The lack of scalability of their H . algorithm led them to publish a
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second article, in which they propose a scalable solution to the combination therapy
problem by reformulating it as a second order cone program (SOCP). In the first
and second article they supposed that the effect of drugs is linear, in the third they
modeled the effect of drugs as a piecewise linear function and they developed a
new algorithm to find a suboptimal controller. However, the model they used is too
simple and does not represent well the evolution of HIV infection, because their
model only takes into account the concentration of mutations. Thus, Eloise Ganhy
and Cassandra de Cock de Rameyen in their master thesis under the supervision
of Raphael M. Jungers [18], introduced a new model of mutations that takes into
account CD4 + T cells and they applied the control techniques used in [10, 11].
Their model represents better HIV infection than the model proposed by V. Jonsson
and R. Murray and they obtained good results except on the gain of closed-loop
system, which takes very large values, despite a low dosage of drugs. In addition,
their model represents only the first two phases of HIV infection and does not
present the last phase, the AIDS phase. Their model converges towards the latent
phase, despite the presence of mutations and C D4 + T cells. In this part we will
recall all the theory that will be needed in the design of algorithms and the resolution
of our optimal control problems.

The set of nonnegative real numbers is denoted by R . The inequality X >
0, (X > 0) means that all elements of the matrix or vector X are positive
(nonnegative). X > 0 means that X is a symmetric and positive definite matrix.
The matrix X is Hurwitz if all eigenvalues have negative real part and the matrix
X is Metzler if all off-diagonal elements are nonnegative. We define 1, as being
the vector of all ones of dimension n.

Definition 3.1 ([17])

1. Given matrices A € R™" B ¢ R" " (C € R"*" and D € R":*"« a Linear
Time Invariant dynamical system (L7 ) can be described as

{)'c(t) = Ax(t) + Bu(t) (3.1

z(t) = Cx(t) + Du(t)

where x (¢) is the state, u(¢) is the input and z(¢) is the output. The transfer matrix
of system (3.1) is given by:

G(s)=C(sI — A~ 'B+ D,
G (s) is defined in the resolvent of the matrix A and the corresponding impulse
response is g(t) = Ce’ BA(t)+ D5(t), where 6 (t) is the Heaviside step function
and 6(¢) the Dirac delta function.

2. The maximum norm of vector x € R" is given by

Ixlloo = max (|x1], [x2], ..., |xal) .
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3. The induced matrix norm for M € R"*™ is given by

[Mw|,
IMllp—ina = sup
weRm\(o} [Wlp

where |w|p = (Jwi|? + |w2|? + ... + |wy,|?). If M has nonnegative entries, we
have ||M ||co—ina < y if and only if M1, < y1,.
4. The p norm of an element w of some Lebesgue space L7[0, co) is given by

00 ,
lwil, = Z/O wilPdr)
k

5. For a r x m matrix transfer function G(s) = C(sI — A)~!B + D, the induced
norm of the corresponding impulse response g(t) = Ce’ BO(t) + D8 (t) is

g * wllp
gl p—ina = sup
w o wlp

forw € £5,[0,00) and g % w € L;, [0, co) the convolution of g and w.
Theorem 3.2 ([16]) The LTI system defined in (3.1) is internally positive if and
only if

(1) Ais Metzler
(2) B,C,D >=0.

Theorem 3.3 ([16, 17]) Let g(t) = Ce*'BO(t) + DS(t) where CeA'B > 0 for
t > 0and D > Owhile A is Hurwitz. Then ||g |l p—ind = |G(O)|| p—ina for p =1, 2
or 0.

Theorem 3.4 ([16, 17]) Let g(t) = CeA' BO(t) + D8(t), then the following
statements are equivalent:

(1) A Hurwitz and ||glloco—ind < Y-

(2) 3& e R’} \ {0} such that
A B & 0
(CD><1n)<<V1n). G-

Moreover, if & satisfies (8), then —& < x(t) < & for all solution to the equation
X = Ax + Bw with x(0) =0 and ||w|co < 1.
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Consider the following linear time-invariant generalized plant:

XxX=Ax+Bw+ Eu
z=Cx+ Dw+ Gu 3.3)
y=Fx+Hw

where x is the state, z the regulated output, w the disturbance, u the control input
and y the measured output. The closed-loop system can be described as

{x =(A+ELF)x+ (B+ELH)w 3.4)
z=(C+GLF)x+ D+ GLH)w '
L is defined as being the static controller such that u = Ly. We denote the closed-
loop transfer matrix from w to z by T;,. We have T, (s) = (C + GLF)[s] —
(A+ELF)]""(B+ ELH)+ (D + GLH),V s € C\{spec(A + ELF)}, where
spec(A + ELF) is the set of eigenvalues of the matrix A + ELFE.

Definition 3.5 Given a scalar y > 0, a controller is said to be a £ controller if the
following conditions hold:

(1) (A + ELF) is asymptotically stable.

— Izl
(2) 1Tzwlloo—ind = SUPQ< |0 <00 ”wuo; <YV

Theorem 3.6 ([16,17]) Let D be the set of m x m diagonal matrices with entries in
[0, 1]. We consider the system described by (3.4). Suppose that A+ ELF is Metzler
andC + GLF >0, B+ ELH >0,D+ GLH >0V L € D. Let gr.(t) be the
impulse response of (C + GLF)[sI — (A + ELF)|""(B+ELH)+ (D + GLH).
If F, H > 0 then the following two conditions are equivalent:

(1) There exists L € Dwith A+ ELF Hurwitz and ||gL||lco—ind < ¥-
(2) There exists & € R}, u € R} with

AE+Bl,+ Eu <0
CE+ D1, +Gu<vyl, 3.5)
FE+Hl,>pn

Moreover, if &, u satisfy (3.5.2), then (3.5.1) holds for every L with u = L(F§ +
H1,).

Remark 1f the diagonal elements of D are restricted to R, instead of [0, 1], then
the condition F§ + H1, > pis replaced by F§ + H1, > 0.
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3.1 Algorithm and Numerical Results

We will apply the optimal control tools seen previously on our linearized
model (2.6), which can be rewritten as a generalized plant with a controller L:

{x:(A—i—ELlF)x—i-Bw (3.6)
z =Cx
where
—81x1y  Onxn kTTQ 0n><n
A= Onxn —OmxIy kMMQ s E=|0,xn |
prln  pmln —dviy I

0 0 1,

mnxn Omnxn L

L1=lIJL,F=(Onxnonxnln),legm,C:[0 },weRi"an

arbitrary positive disturbance and
x=(TF TS, . TF My, My MYV, Vo, V)T
Lemma 3.7 System (3.6) is internally positive.

Proof We can easily notice that the matrix A + EL|F is Metzler and B,C > 0
and if we refer to the Theorem 3.2 we conclude that the system (3.6) is internally
positive. O

Based on the work done by V. Jonsson and R. Murray [10, 11], we will define
our optimal control problem according to a scalable £ controller solution.

Problem Let G to be the closed-loop transfer function of the system (3.6), the
control task for a scalable solution £ is to find a controller L1 = V(I ® £) that
leads to a stable G satisfying |G ||co—ind < ¥, for some robustness level y > 0.

3.1.1 Initial Problem

Exploiting the internal positivity of the system (3.6) we can formulate an iterative
algorithm slightly different from the one presented by V. Jonsson and R. Murray
for finding effective antibody concentrations, but which always yields a stabilizing
controller.

Proposition 3.8 There exists € > 0 such that the solution to the convex program:

min  ||€]oo
LeRY

s.t.  (A+ELF)g+el <0 (3.7
Li=v(I®0
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is a stabilizing controller for system (12), where (A + EL1F)y is a diagonal matrix
comprised of the diagonal elements of A+ EL1F.

Proof Let A+ EL\F =(A+EL F)q+ (A+ EL\F);j, where (A+ ELF)q is
the diagonal elements of the matrix A+ EL1 F and (A + EL; F);; are the elements
off-diagonal of the matrix A+ EL1 F, so the matrix M = (A+EL1F);; € R3nx3n
with (A + EL1F);j > 0ifi # jand (A+ EL F);; = 0if i = j. By the Perron
Frobenius theorem, there exists » > 0 such that the spectral radius p(M) = r <
max; y (A+ EL1F)j.Lete =max; ) (A+ EL1F);jand M = €l — (e — M).
We note that —(e/ — M) < 0. So we have the closed loop dynamics A + EL1 F =
(A+EL1F)g+€el —(el —M) < (A+EL1F)y + €l <0, yielding the desired
stability. O

3.1.2 A Suboptimal £; Controller

The system (3.6) must satisfy the conditions of Theorem 3.6 to keep its stability and
have a certain level of robustness y.
The matrix A + E L F is Metzler, because we have

=871y 0y, kTTQ
A+ ELF = 0, —Sm+Il, kyMQ )
pTIn pMIn _5V1n - K”L

Ly € D is a positive diagonal matrix and B, C and F > 0. Stability and robustness
are achieved for our model if there exist & € Ri", uw e Ri” such as

At +Bl,+ En <0
C¢+D1,+Gu<vyl,
FE+H1, > u

which can be rewritten as

(A+ELIF)+13, <0
C& < ylynt
FE>0

because we assume that D € R, therefore the condition F§ 4+ H1,, > u is replaced
by F¢ + H1, > 0. We have u = L(F§ + H1,),since D =0,G =0and H =0,
we have u = LF§& and F§& > 0. Even more, minimizing the term C& is simply
minimizing the term CV where V is the virus population, this is justified by the fact
that if £ satisfies Theorem 3.4, then —& < x(¢) < & for all solutions to the equation
X = Ax + Bw with x(0) =0 and ||w|le < 1.

In conclusion, for any given value of the regularizers A1 € R4 \ {0} and A, €
R4 \ {0}, we can find by solving the following non-convex program in order to
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compute the antibody:

SeRg’},i?eRﬁ IC&lloo + A1l€l1 + A21€1l2
st (A+ EL F)§ + 13, <0
1CE o0 <y
Li=v(I®L
§>0.

The antibody concentrations £ that yield an optimal co —induced closed loop norm.

This problem is bilinear because of the product Lix and there are no known
convex reformulations of this problem. As is standard for bilinear problems, we
propose to search for a solution by alternatively considering one variable constant
and optimizing on the other. This allows us to state the following iterative algorithm,
based on the two following convex programs:

Program 1
SeR%l}JI/leM ’
s.t. (A+ELF)§+4+13, <0
IC&lloo < ¥
Li=v(I®Y
§>0.

The output of this program is a value of & € Ri" and y, when the value of ¢ is fixed.
It will be noted P1, when £ is fixed to £'.

Program 2
yeer,i?eM ICElloc 4 A1lI€ll1 + A2[1€]12
s.t. (A+EL1F)§+13, <0
IC&lloo < ¥
Li=v(I®¢
§>0.

The output of this program is a value of £ € R, and y when the value of § is fixed.
It will be noted P2¢ j, 5, when & is fixed to &'.
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Algorithm 1 £; Algorithm

1) Set e > 0.

Initialisation

2) Solve for initial stabilizing controller £':
Solve (3.7) to obtain a controller €.
Set (¢',y) = Ply.
Set (6/, y) = P2§/,0.0.

3) Find (A}, A, £) that minimize y:
while y’ — y > e do
i)Set (§',y) = Ply.
i) Set(¢', y) = P2 5, 2,
iii) Set y' = y.

3.1.3 Implementation and Results

The initial problem and Program 1 are linear and can be solved by the function
(linprog.m) in matlab using an interior-point method, we choose to use CVX
modeling system for a performance in time and the Program 2 is a second order
cone program. we have implemented our programs with the CVX toolbox combined
with the SDPT3 solver. CVX is a software package that runs in Matlab. It transforms
Matlab into a modeling language to solve a disciplined convex programs (DCP). A
disciplined convex programs describe objective and constraints using expressions
formed from a set of basic conventions (linear, affine, convex, concave functions),
a restricted set of operations or rules (that preserve convexity). CVX supports a
number of standard problem types, including linear programs (LP) and quadratic
programs (QP), second-order cone programs (SOCP), and semidefinite programs
(SDP) [19].

The algorithm implemented in SDPT3 is a primal-dual path-following algorithm.
At each iteration, we first compute a predictor search direction aimed at decreasing
the duality gap as much as possible. After that, the algorithm generates a Mehrotra-
type corrector step with the intention of keeping the iterates close to the central path.
However, we do not impose any neighborhood restrictions on our iterates. Initial
iterates need not be feasible the algorithm tries to achieve feasibility and optimality
of its iterates simultaneously. It should be noted that in our implementation, the
user has the option to use a primal-dual path-following algorithm that does not use
corrector steps [20].

We applied the algorithm on the linearized system and then we will compare the
behavior of the nonlinear systems of mutations (2.2) and (2.3), and the linearized
system of mutations (2.4).

Our linearized system of mutations is stable, if and only if the matrix (A+EL1 F)
is Hurwitz, in other words, if and only if all real part of the eigenvalues of the matrix
(A + EL1F) are negative. By construction, the matrix (A + E L1 F) is Metzler, all
elements in the off-diagonal of this matrix are nonnegative and we have for some
€ >0,A+ELF < (A+ELF)g+¢€l.ByProposition (3.8), (A+ELF)g+€l <
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0, then we have necessarily A + EL1 F < 0 that conclude the stability of the matrix
(A+ELF).

3.1.4 Parameters for the Implementation in Matlab

A main goal of our experiments is to compare the results obtained from the
combination of therapies applied to our model to the results obtained by V. Jonsson
and R. Murray [10, 11]. Thus, we take the same efficiency of the association constant

31C50; . . .
Kij = 3t in(2)— 17650,-‘,' to calculate the matrix W, where (IC50) is the half maximal

inhibitory antibody concentration and these values are shown in [11]. The Q matrix
is used to compute the matrix A, and ¢ = nlau(l — u)k = 1.443.107° (where

u = 3 x 1073 mutations/nucleotide base pair/replication cycle is the mutation rate
for HIV reverse transcriptase, k =~ 3000 is the size of the genome in residues and
ng = 19 is the number of amino acids that can be mutated to), is the probability that
one specific amino acid mutates in another one [10]. Units of concentrations are
respectively copies/ml, cells/mm?>, wg/ml for the virus, cells and the drug dose
and time is measured in days. Since the first line represents the mutation of the wild
type, only one mutation is needed and ¢ = 1 — (n — 1)q. For the rest of the mutants,
two mutations in a row are required hence the g> and 8 = 1 — g — (n — 1)g?,

aq ...... q

q B q* - q*
0=\ :4q?

. . . -q2

qq*-q* B

For initial conditions, it is assumed that an HIV-infected person starts taking
therapy at the beginning of the latency phase, because HIV is detected in people
infected after the first phase of infection, which is described by a strong immune
system reaction against the virus. So, we will assume that the Initial conditions for
our model coincide with the infected equilibrium point X, (see Sect.2). In other
words, we assume that all infected CD4 + T cells, infected macrophages and viral
strains have respectively the same concentration at the equilibrium point X, and
their sum is equal to the infectious equilibrium. The endemic equilibrium point
depends on the parameter values. Thus, the values of the parameters are taken
as we reach a concentration of CD4 + T cells which is approximately equal to
200 cells/mm?.

In the application of the therapy, we will take into account five drugs and eighteen
mutations and we will observe the concentration of drugs obtained according to the
application of regularizers.
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3.1.5 Experimental Results

After implementation in matlab we have the following results:

1. Solving the initial problem with € = 0.1, we obtain a concentration of drugs £ =
(0.1811.1078,0.1808.1078,0.1748.10%,0.1817.1078, 0.1810.10~%) pg/ml,
which can stabilize our linearized and non-linearized system (2.3) for eighteen
mutations (It can be noted that this quantity is very small compared to the
quantity which stabilizes the model proposed in [10, 11]). More precisely this
quantity of drug makes the viral load go to zero in a few weeks for our linearized
model and stabilize the nonlinear system (2.2) to a small amount of concentration
of the viral load and cell concentration remain at the initial conditions. We can
see that in the Fig.5 for the linearized system and Fig.6 for the nonlinear
system (2.2). These drugs can only control the system (2.3) for some period of
time before the virus load explode and CD4+T cells go progressively to zeros,
as one can observe in Fig.7

2. We solve our algorithm combined with program1 and 2 without regularizations,
A1 = A2 = 0, and no condition on the sum of the drugs £ for eighteen mutations.

We get £ = (7.4481, 7.4481,7.4287,7.4481, 7.4481) wg/ml, this concentra-
tion of drug is very high and can stop the evolution of mutations more quickly
compared to the initial concentration. The drug concentration obtained without a
regulator can eliminate the mutations of the linearized and non-linearized system

900 T T

Total virus concentration
CD4+ T cells concentration

800 |

700 |- b
600 |- b
500 |- b
400 b
300 |- b

200

100 \ .

0 1 2 3 4 5 6 7 8 9 10
Times (Months)

Viral and CD4+T cells Concentration

Fig. 5 Concentration of the total viral load and CD4+ T Cells for the linearized system for the
concentration of drugs £ = (0.1811.1078,0.1808.10%,0.1748.107%, 0.1817.10~%,0.1810.10~%)
pg/ml, without noise
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Fig. 6 Concentration of the total viral load and CD4+ T Cells for the nonlinear system (2) for the
concentration of drugs £ = (0.1811.1078,0.1808.10~%, 0.1748.10~8,0.1817.10~8,0.1810.10~%)
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Fig. 7 Concentration of the total viral load and CD4+ T Cells for the nonlinear system (3) for the
concentration of drugs £ = (0.1811.1078,0.1808.10~%, 0.1748.10~8,0.1817.10~8,0.1810.10~%)

in a few days. However, in terms of the application of combination therapies such
a concentration of drugs is not applicable in an HIV-infected person, because
the side effects can be fatal. For this concentration, we found a some level of
robustness y = 73.5431 of the linearized system.
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3. L1 and L; regularizations: A1y = Xy = 0.5, our suboptimal algorithm gives
the following results: £ = (0, 0, 4.2309, 3.7649, 0) and y = 155.3237. For the
regularizers A1 = A2 = 0.5, the concentration of combination of drugs obtained
is sparse and is small compared to the drugs obtained with no regularizations, but
it can still eliminate the mutations of the linearized and both nonlinear systems.
With this concentration, the linearized system is more sensitive to noise than
without regularizers.

4. L; regularization: A1 = 0.5 and A» = 0, we obtain the following drugs
concentration £ = (0,0, 4.2309, 3.7649, 0) and y = 155.3237. These results
are the same results obtained with the combined L and L; regularizations.

5. L, regularization: A1 = 0 and Ap = 0.5, we obtain the following results: £ =
(15.9292,15.9292, 14.4098, 15.9292, 15.9292) and y = 73.5601. The drugs
concentration obtained with the L, regulator is greater than the concentration
obtained with the combined L and L, regularizations, on the other hand, they
have almost the same value of y. This means that the linearized system has the
same level of robustness for the concentration of drugs obtained in both cases,
with the regularization L, and no regularizations (Fig. 8).

The concentration of combination of drugs obtained in each case is large, to get
small drug concentrations, we add an additional constraint on the sum of drugs in
the algorithm () i £; < 1) to force it to find another local minimum (Fig. 9).

; 4
el ; ; ; ; ;

Virus concentration

4 5 6 7 8 9 10
Times (years)

Fig. 8 Evolution of each strain viral for the linearized system for the concentration of drugs
£ = (0.1811.107%,0.1808.10-8,0.1748.10~8 0.1817.10~8, 0.1810.10~%) with a disturbance w,
whose values are taken in a uniform distribution between 0 and 1. For this concentration of drugs,
the linear system is sensitive to the noise
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Fig. 9 Evolution of the concentration of the total virus (blue) and (red) the concentration of
CD4+T cells the concentration of drugs £ = (0, 0, 4.2309, 3.7649, 0). With this concentration
of drugs in the nonlinear system (2.3) the concentration of the virus go the zero and the CD4+T
cells come back at the initial condition

1. No regularizations, A1 = A» = 0 we obtain £ = (0, 0, 0.8180, 0.1820, 0) and
y = 1662.

2. Ly and L, regularizations: A1 = Ay = 0.5, ¢
y = 1862.

3. L regularization: A1 = 0.5, 2, = 0, £ = (0,0, 0.6894,0.1669,0) and y =
1862.

4. L regularization: A, = 0.5, A1 = 0, £ = (0.0517,0.0401, 0.6832, 0.1240,
0.0517) and y = 1905.

(0,0, 0.6894, 0.1669, 0) and

We observe that we have a smaller quantity of drugs but on the other hand we have
abigger y. For these amounts of drugs the linearized system is more sensitive to the
noise and it can be noted that in all the previous cases the concentration of the drugs
can stabilize the evolution of the mutations for all the linearized and non-linearized
systems (Fig. 10).
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Fig. 10 Evolution of the concentration of the total virus (blue) and (red) the concentration of
CD4+T cells the concentration of drugs £ = (0, 0, 0.6894, 0.1669, 0). We can remark that with
this concentration of drugs in the nonlinear system (2.2) the concentration of the virus go the zero
and the CD4+T cells come back at the initial condition

4 Conclusion and Perspectives

In this work, we have pushed further the system-theoretic analysis of the HIV
evolution in the human body. We started with the model presented by Esteban A.
Hernandez-Vargas, which is one of the models that better represents the evolution
of HIV, we studied stability of the system according to the values of the basic
reproduction rate Ry. We then added mutations and therapy to the above model,
and we used optimal control techniques for positive systems in order to propose
a slighty different scalable iterative algorithm that finds the best combination of
drugs and that can minimize the induced £ norm. We obtained satisfying results but
our solution was more sensitive to noise than results obtained by Vanessa Jonsson
and al. We observe that, with a small value of drug doses, the linearized version
and system (2.2) and (2.3) behave differently. The nonlinear system converges to
a nonzero equilibrium while the linearized reaches zero. With no regularization
and no condition on the sum of drugs we obtained high drug concentrations and
strong robustness to disturbances compared to the results obtained by applying
regularizations. However, the concentration of drugs obtained in both conditions
can eliminate the viral load, and in the nonlinear system CD4+T cells come back to
the initial condition.

We believe that our new model is interesting because control techniques give
efficient results and this model considers a more realistic HIV dynamics (Fig. 11).
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Fig. 11 Evolution of the concentration of the total virus (blue) and (red) the concentration of
CD4+T cells the concentration of drugs £ = (0, 0, 0.6894, 0.1669, 0). We can remark that with
this concentration of drugs in the nonlinear system (2.3) the concentration of the virus go a nonzero
equilibrium and the CD4+T cells come back at the initial condition

This work was an initial attempt at making use of nonlinear optimal control
techniques in an involved model taking into account mutations and therapy. Yet,
our models do not take into account the response of the immune system, it would be
interesting to add the response of the immune system in our models of mutations.
In addition, the doses of drugs are assumed to be constant but in reality this is not
possible, this assumption could be adjusted by considering a drug dose that varies
over time.
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