Chapter 3: Numerical resolution

The systems of equations proposed to model geomorphological flow have
been described in chapter 2. Owing to their mathematical complexity, those
differential systems cannot be solved analytically. Then, a finite-volume
approach is adopted to discretise the Saint-Venant — Exner and the two-layer
model equations described in chapter 2, which can be written under the
general formulation

9G(U)

dU JF(U)
i HU) S = 3.1

The system is solved in two steps, the first solving the hyperbolic part of the
system and the second one the source terms. The initial value of the main
unknowns, at time ¢, is U;. The solution U,, obtained from the hyperbolic
resolution (step 1), is used as starting point for the source terms treatment

(second step), giving the final solution Us at time ¢ + dr:
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First, the hyperbolic left-hand side of (3.1) is integrated using the Godunov
scheme developed by Harten, Lax and van Leer (1983). This method allows
to solve the conservative part of the system (3.2), it was extended by
Fraccarollo et al. (2003) to take into account the non-conservative products
H(U) dG (U)/dx (pressure on the sloped interface) as additional terms
(called lateralised terms) of the fluxes. This is distinct from some other

methods, which include them in the source terms.
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Then, the source treatment (3.3) is exposed for both models. Once more, as
far as the two-layer model is concerned, a splitting strategy has to be adopted
(Capart, 2004 and Spinewine 2005). The contents of this chapter are not new
theory, most of the following developments can be found in the literature.
Nevertheless, the HLL solver, its extensions and the source treatment are

exposed in a unified way, in an attempt to be as clear as possible.

3.1. Hyperbolic solver

Neglecting the non-conservative product H(U) dG (U)/dx and the source
terms S(U), the two layer equations (3.1) are reduced to a conservative form
AU IF(U) _

ot ox

0 (3.4)

As demonstrated previously by other authors (see for example Soares, 2002),
an integrate form of the reduced conservative system (3.4) can be obtained

by using Stokes theorem, which states that for every vector V

j _Vdr = j , TotVdQ (3.5)

where Q is the integration domain and I its contour.
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Figure 3.1. Computational cell, integration domain
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The computational domain is discretised in finite volumes (Fig.3.1), in such
a way that the general variables appearing in (3.5) are in the present case

U dx 0
V=| -F dl’ =| dt d=| 0
0 0 dxdt
0
0
rotV = 0 =0 (3.6)
ok v | 0
ox ot

The system (3.4) is integrated along the space-time contour of a

computational cell.

jr(de—th): 0 (3.7)

In a first-order approach, it is assumed that, for a fixed time n, each
component of the vector U, containing the main variables, has a constant
value in each cell i. The average value of the fluxes crossing an interface
during a time interval dt is denoted by the superscript * (Fig 3.1).

U:l dx—U?J’_ldx—F:,’_l/z dt+Fi*_1/2 dt=0 (38)
This relation allows to calculate the solutions of the unknowns U; at time
n+1 from the values of U; at time n and the fluxes F* across the interfaces
neighbouring the cell i.

dt (= *
Ut =] +E(F'—1/2 _Fi+l/2) (3.9)

4 1

To solve the general expression of the finite-volume scheme (3.9), the

numerical fluxes F* at each computational cell have to be calculated.
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3.1.1. Flux prediction HLL

Various methods are proposed in the literature to predict the fluxes at the
interface of the computational cells (for example the predictors proposed by
Roe (1981) or Braschi and Gallati (1992)). The HLL solver detailed here
was proposed by Harten, Lax and van Leer (1983) (see also Harten, 1983).
The problem to solve is discretised in computational cells (Fig. 3.2). The
variable vector U has a constant value in each cell, the constant states are

separated by interfaces crossed by a flux F*.

Xi1 X; Xi+1
Figure 3.2. Computational cells

At each cell interface, there is a Riemann problem (Fig 3.3): a discontinuity
between two constant states Uy (in the right cell) and Uy, (in the left cell).

Information concerning the discontinuity propagates along the characteristic
curves in the x-f plane. Along these curves, the partial differential equations
(3.4) become ordinary differential equations called the compatibility
relations. If the time step is short enough, the characteristic curves can be
approximated by straight lines with constant slope A;, which are the n
eigenvalues of the system (3.4). The eigenvalues A; are ranked from the
smallest one i=1 to the largest one i=n. The area disturbed by the
discontinuity after a time dr (at time n + 1) is determined by the extreme
characteristics, with the minimum slope upstream

S; =min(A;,0) (3.10)

and with the maximum slope downstream

Sz =max(},,0) (3.11)
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Figure 3.3. Riemann problem

The variation of U in this transition area, in time n+1, is a continuous curve
linking the two constant states Ug and Uy, it is approximated by a constant
intermediate state U*.

— 1 *R
U*_WIXLU(x’t"+I)dx (312)

where x; = S, dt and xz = S dt are the limits in space of the constant state U*
(Fig. 3.4). This approximation, proposed in the HLL method, results in
considering three constant states at time n+ 1 separated by two

discontinuities corresponding to the extreme characteristics.
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X
U if T<s
L dt L
Ulxt,,) =1 U* if SLsdissR (3.13)
t
X
U if >
R dt R

The time and space steps df and dx have to satisfy the classical CFL
(Courant-Friedrichs-Lewy) condition (Hirsch, 1997)

dt < dx (3.14)

max (Sp,abs(S;))

It implies the size of the space step dx has to be greater than the transition
area after a time dt in the upstream cell (x; = S;df) and in the downstream
cell (xg = Sgdr).
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Figure 3.4. Integration domain

The system (3.4) is integrated, along the space-time contour [x;, xz 1, [£,, t,+1]

bounding the grey surface sketched on Figure ( 3.4), using (3.7).

IXRU (x,tn+1)dx=IxRU (x,tn)dx+jt”“F(U(xL,t))dt
X, Xr, t,
(3.15)
_ :"H F(U(xg,.t))dt
If the definitions F; =F (U;) and Fz=F (Ug), with U, =U (x;, t,) and
Ur = U (xz, t,), it becomes

IXRU(X,tn+1)dx:xRUR—xLUL +dt(FL—FR) (316)

XL
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The left hand-side member of (3.16) can also be written

[ U (.t )x = (g = §, )dr U (3.17)
XL

Comparing (3.16) to (3.17), an expression of the constant intermediate state
U* is obtained

_SpUg =S, U, +F, -Fp

U* (3.18)
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Figure 3.5. Integration domain

The flux at the interface F*, calculated as an average value on df, is deduced
from the integral expression (3.7) along the space-time contour [x;, 0], [,,
t.+1] (Fig. 3.4).

1¢0
F*=F, -S,U; —EIXLU(x,tn+l)dx (3.19)

Knowing that

1.0 S, dtU*
— | Ut )dx=—"L"— 3.20
dt? x S dt (3:20)
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expression (3.19) becomes

F*=F, +5,(U*-U,) (3.21)

and, using (3.18)
_SgF, =S, Fp +5.Sp(Up-U,)
SR=SL

F*

(3.22)

The flux at the interface F* could also be identically deduced from the
integral expression (3.7) along the space-time contour [0, xgl, [,, #,+/] (Fig.
3.4). This general expression (3.22) can be simplified, depending on the
signs of the extreme characteristic slopes S; and Sg.

F, if 5,20

SgFL =S Fr+ S, Sp(Uz-U,)
Sr—=SL

Fp if  S,<0

F*=

if §;,<0<Sp, (323)

It can be checked that for pure hydrodynamic Saint-Venant equations, the
expression of the interface flux F* (3.23) is identical to the one proposed by
the Pavia scheme (Braschi and Gallati, 1992). In this particular case the

extreme eigenvalues are Ay, = u - ¢ and Ay, = u + ¢ inducing

S; =min(A,,,.0)=min( — ¢, 0)
Sz =max(X,,,,,0) = max(u + c, 0) (3.24)

As sediments are added, the eigenstructure of the equations becomes more

elaborate, with multiple eigenvalues.
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When these eigenvalues have an analytical solution, as it is the case for the
two-layer one-velocity model (2.106-2.109), the expressions of the extreme

eigenvalues are directly used to find S, and Sk.

/ h2 +rh?
S; =min| u,, — g”’—rs,O
h,, +r1h;
h2 +rh?
Sr =max| u, + 50 3.25
R m Vghm+rm (©.25)

When no simple analytical expression is available, as it is the case for the
Saint-Venant — Exner (2.21-2.22) or the two-layer two-velocity model (2.73-
2.77), S; and Sg have to be calculated on the basis of simplified expressions

or numerical evaluations of the eigenvalues.

In the case of the Saint-Venant — Exner system, several alternatives are
proposed. The first approach consists in neglecting the effect of sediments
into the information propagation. As exposed previously (chapter 2,
section 2.2.2), for all flow regimes the maximum eigenvalue could be
approximated by the hydrodynamic maximum eigenvalue u + c. The
minimum eigenvalue could be approximated by the hydrodynamic minimum
eigenvalue u - ¢ for subcritical flows (Fr, < 1) and by zero (as it is very
small) for supercritical flows. It leads to the expressions of S; and Sg (3.25)
in the hydrodynamic case. A second possibility is to use the more precise
approximated analytical expression (2.139) taking into account the
contribution of sediments and giving

1 2 1 g dgq dgq
S; =Apin =— |u—c— |(u—c)* +4 S—h—>
£ = min z[“ ‘ \/(“ o) + (u+c)(1—£0)(u u ahn

Sp =N =U+C (3.26)

As the extreme eigenvalues A, and A, are respectively always negative

and always positive, there is no need to compare them with zero. Another
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solution, more expensive in computational time, consists in evaluating the
extreme eigenvalues by the numerical resolution of the characteristic
polynomial at each computational cell and at each time step. The choice of
the expression of S; and Sk may have an important influence on the results.
As illustrated on a practical example in chapter 7 section 7.2.2.4, the
simplified approach based on the hydrodynamic case may generate
instabilities. Indeed, the coupling introduced by the use of the third
eigenvalue is necessary.

In the case of the two-layer two-velocity model, the numerical calculation of
the eigenvalues is too expensive in computational time due to the important
sizes of the matrix to treat and approximations of the extreme eigenvalues

are preferred.
Capart and Young (2002) proposed the following estimations for S; and Sg.

S = min(min(uw,us )—+ g(h, +hy), 0)
Sr =max(max(uw,us)+ g(hw + hy ), 0) (3.27)

The main advantage of the HLL solver is that only the extreme positive and
negative celerities Sz (maximum speed of a wave propagating downstream)
and S;(maximum speed of a wave propagating upstream) are needed. In case
of complex systems dealing with sediments, the eigenstructure is based on
multiple eigenvalues, a part of the information is propagated along the
intermediate characteristics. Considering only the extreme celerities thus
constitutes an approximation aiming at simplifying the resolution. As
proposed further for the case of a three-eigenvalue system, it would be

possible to take the intermediate celerity into account.

3.1.2. Lateralised Flux, LHLL method

The HLL method was extended by Fraccarollo et al. (2003) to take into
account the non-conservative products H(U) dG (U)/dx (pressure on the
sloping interface) of equations (3.1) as additional terms of the fluxes. This is
distinct from some other methods, which include them in the source terms.
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This extended hyperbolic solver allows to solve both the two-layer model
and the Saint-Venant — Exner equations (neglecting the source terms) written
under the formulation

dG(U)

U IF(U)
—+——+HU)——Z=0 3.28
o T Tox THU— (3.28)

The non-conservative products H(U) dG (U)/dx in the equation systems
developed in chapter 2 are equal to zero for continuity equations and
different from zero for momentum equations. The non-conservative products
are taken into account as additional parts (called lateralised part) of the
fluxes. Two computational cells separated by an interface are considered
(Fig. 3.6), there is a constant state U, in the cell on the left of the interface

and a constant state Uy in the cell on the right.

Figure 3.6. Lateralised flux, variables

The flux through the left side of this interface Flis artificially not
equivalent to the flux through the right side of the interface F % In other
words, the flux flowing out of the cell located upstream (left) at the interface
is not identical to the one flowing into the cell located downstream (right).
The non-conservative products H(U) dG (U)/dx, discretised on dx, are
introduced as the artificial difference between F “and F ¥ .

Fr-FR=H(Gr-G,) (3.29)

where H* is the arithmetic average between the values of H in the
neighbouring cells.

*_HL+HR
2

H (3.30)
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where HL =H (UL), HR =H (UR), GL =G (UL) and GR =G (UR)
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Figure 3.7. Integration domain

The flux at the left side of the interface F ~is deduced from the integral
expression (3.7) along the space-time contour [x;dt, 01, [¢,, t,+,] (Fig. 3.7a)

FL=F +5,(Ux-U,;) 3.31)
The flux at the right side of the interface F Ris deduced from the integral
expression (3.7) along the space-time contour [0,xzdt], [t,, t,+;] (Fig. 3.7b)

FR=F,+5,(U*-Upy) (3.32)
If U* is isolated from (3.31) and introduced in (3.32), an expression linking
the fluxes corresponding to both sides of the interface Fland FRis
obtained

F*=Fg+S5,(U, —UR)+§_R(F*L _FL)

L

(3.33)

The expression of the flux at the right side of the interface (3.33) is
substituted in (3.29) to give the expression of the flux at the left side of the

interface, only depending on the left and right cells states
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_SgF, —§,Fg +8,5x(Ug -U,)

FL
SR_SL
S H;, +H
-—L L "R(Gr-G,) (3.34)
Se—S;, 2
=F*-— oL HL+HR(GR—GL)
Se—S;, 2
By the same way
* S H;, +H
FR-p= R L R(Gr-G,) (3.35)

CSp-S, 2

These general expressions can be simplified, depending on the signs of the
extreme characteristic slopes, from which S; (3.10) and Sk (3.11) (if A; >0
then S, = 0 and if A,, < O then Sk = 0):

F, if A, 20

SgFL =S Fr +5.Sx(Uz -U;)

F= koor (3.36)
H, +H
S MtBrg.G,) if A <0<,
Se—S;, 2
H, +H
Fp+—L-—R(Gr-G,) if  A,<0

2
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_HL +HR(

F, 5

Gr-G;) if A, 20

SgFL =S Fr+8,Sp(Up-U,)

. Se—S
FR= koL (3.37)
_ Sk BitMeg G, it A <0<h,
Se—S; 2
Fp it A, <0

If the non-conservative product H (U) oG (U)/dx is zero, the expression of
the fluxes (3.36) and (3.37) is reduced to the simpler expression (3.23)
obtained previously for the conservative form. To take the eventual non-
conservative product into account by the way of the lateralised fluxes, the
general expression of the finite-volume (3.9) has to be modified to become

dt (= *
U?H =U; +E(Fi—li/2 _Fi+li/2) (3.38)

3.1.3. Intermediate eigenvalue, HLLC method

In the HLL solver, only the extreme celerities are taken into account, the
effect of the intermediate celerities is neglected. If the equation system has
more than two eigenvalues, different constant states delimited by the
characteristic lines should be taken into account (Fig. 3.8). The way to take
into account the intermediate eigenvalue is exposed by Toro (1997) in the
particular case of a system with three eigenvalues. In this case two constant
states U;* and U,* and the intermediate eigenvalue S* have to be considered
(Fig. 3.9).
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Figure 3.8. Riemann problem, multiple eigenvalues
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Figure 3.9. Riemann problem, 3 eigenvalues

Identically to the unique constant state U* in the common HLL approach
(3.12), the two constant states U;* and U,* can be defined

vl L [ UGt )dx (3.39)
(S*—8; )dt? =
U, = _ j ;‘R U(x,t,,, )dx (3.40)
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where x; = S;dt, xg = Sg dt and x* = S*dt are the limits in space of the
constant states U;* and U,* (Fig. 3.9). The variation of U around the

discontinuity is simplified as

X
U if —<S§
L dt L
* . X
Ul if SL <—<L 8%
Uk ty) =1 di (3.41)
U if  s¥<<s
2 dt R
X
U if 2>
R dt R

In the expression of the single constant state U* (3.12), the left-hand side

integral can be split
1
Crp—— NP A

(Sgp—S;)dt?
(3.42)

1 x* X
5y Ot e [ Ul )
R L

A relation between the different constant states is obtained by introducing
(3.39) and (3.40) in (3.42)

(S*-8,)UT +(Sg —S*)U;

U =
(Sg—S.)

(3.43)

If the intermediate celerity is positive, the flux at the interface F* (Fig.3.10a)

is deduced from the integral expression (3.7) along the space-time contour

[-xL’ 0]7 [tm tn+]]-

F*:FL+SL(U}‘—UL) (3.44)
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Figure3.10. Integration domain

If the intermediate celerity is negative, the flux at the interface F* (Fig.
3.10b) is deduced from the integral expression (3.7) along the space-time
contour [0, xg], [£s, tus1].

F*:FR+SR(U§—UR) (3.45)

Independently of the sign of the intermediate celerity, two equations (3.43)
and (3.44) or (3.45) are available to find the three unknowns F* U;* and
U,*. An additional relation has to be introduced, for example an assumption
on the constant states U;* or U,*. Inspired from this reasoning, Goutiere et
al. (submitted) proposed a formulation, taking the intermediate eigenvalue
into account, for the sediment flux of the Saint-Venant — Exner model, this
formulation will be presented in chapter 7, section 7.3.2.3.

More recently, Rosatti and Fraccarollo (2006) proposed a new solver,
allowing to take the intermediate eigenvalue into account. They apply this
new solver to the two-layer model assuming that the velocities are identical
in both layers. In the present thesis, for the two-layer model, only the

extreme characteristics are taken into account.
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3.2. Source terms

Once the hyperbolic part of the system is solved , the effects of the source
terms have to be taken into account and the following system (3.3) has to be

solved.

ou 3
( S j . =S (U 2—>3) (3.46)

The initial state U, corresponds to the solution obtained for the hyperbolic
part of the problem, state 2 corresponds to time ¢ and state 3 corresponds to
time ¢+ dt. The source terms treatment is quite easy in the case of simple
equation systems like Saint-Venant — Exner. This resolution becomes more
elaborate in the case of the two layer models. Capart (2000) proposed to split
the problem in several appropriate components, Spinewine (2005) exposed
this method in detail in the case of the two-velocity / two-concentration
model.

3.2.1. Saint-Venant — Exner

The system to solve (3.46) is expressed in the case of the Saint-Venant —
Exner equations (2.21-2.22)

3 h 0

-7
—|u|=|— 3.47
a| p G4D

Zp 0

where the friction shear stress T (2.12) is based, for example, on the Manning

formulation (2.13), which gives in the case of a unit-width flow

2.2

pP,,nu

where the variables /, u and the volumetric mass p,, correspond the mixture
(sediment and water). The two equations of the system (3.47) corresponding
to 0h/dt =0 and 0z, /0t =0 indicates that the total depth 4 and the bed
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level z;, are not varying during the source terms treatment. The erosion and
deposition process based on a transport formula take place during the
hyperbolic resolution. The only variable changing with the source terms
treatment is the velocity u, it is obtained by solving the remaining equation.

u -1 _ nu?

E‘E‘ PE

(3.49)

The initial state U, corresponds to the known solution resulting from the
hyperbolic treatment (state 2), the solution after the source treatment
corresponds to the final state Uj; (state 3). The system (3.47) can be
discretised in order to find the solution at the final state U;. Knowing the
intermediate state U,, the system can be solved easily using the explicit Euler

scheme

2.2
nou;

Pyrar =Ny Upyqr =U; +dt E Zp, t+dt = bt (3.50)
t

or using an implicit formulation, resolving a second-degree equation to find
Urydr

2.2
N Uy gy

Povar =My Uprg = Uy +dt B
t

Zp, trdt = b, ¢ (331)

3.2.2. Two-layer models

3.2.2.1. Two-layer source terms

The two-layer model equations were developed under various assumptions
in chapter 2, the system to solve is depending on these assumptions. In the
more complete case, taking into account different velocities in the water and
in the transport layer and considering a change in concentration when
sediment are in movement (Spinewine, 2005), according to (2.83-2.85) the

system (3.46) to solve becomes
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hw €
P) hs €, — €
g 7y |= —e (3.52)
hwuw u,es — Tws/pw
hsus - (pw/ps') u,e, + (Tws —Tp )/ps'

Under more restrictive assumptions on the sediment concentration,
considering the sediment concentration in the bed and in the transport layer
is identical (Capart and Young, 2002) (see 2.88-2.92), ¢, is equal to zero in
(3.52). When, in addition, the velocity is assumed to be identical in both
layers (Fraccarollo and Capart, 2002) (see 2.106-2.109), the system (3.46) to
solve becomes

hm €p

h
AR % (3.53)
at lp —€p

Up _Tm/(pw (hm +rhs ))

When the ratio between those velocities is constant (2.100-2.102), the

system (3.46) to solve becomes

hW eS
h e, —e

9 s =P (3.54)
at Zp —€p
(pwhw+aps'hs)uw —Tp

3.2.2.2. Checking energy dissipation

The complex expression of the source terms does not allow to solve each of
these systems in a single step. As exposed by Capart (2004) and Spinewine
(2005), a splitting strategy has to be adopted. The system has to be replaced
by the succession of several sub-systems easier to solve. A special care must

be given to the choice of these sub-systems. In order to obey a physical
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behaviour, each of these systems has to ensure a dissipation or at least a
conservation with time of the mechanical energy (kinetic and potential

energy) contained within the system.
NE +E,)

<0 3.55
» (3.55)

where the kinetic energy E; and the potential energy E, per unit surface in

horizontal plane are respectively

E, = I;W%m(z)uz(z)dz (3.56)
E,= .[;wm(z)g zdz (3.57)

Capart (2004) developed the expression of the energy variation with time in
the case of the two-velocity model assuming identical concentrations in the
transport layer and in the bed (see 2.88-2.92).

2 ! 2 v 2 2
AE, +E,) a(%Pwhwuw + 3P hyu; ) a(%Ps 82, +%nghw)

= 3.58
ot ot " ot (3:58)

According to (3.52), where ¢, =0 (C, = Cp), 9z, /at =dz, /at +0h, /at =0
and 0h,, /0t =0, and then the energy variation becomes
2 ' 2
A, +E,) alip,hul+Lp, hu?)

= 2 : 3.59
ot ot (3:59)

The derivative is developed

a(Ek + EP ) — U,Py (u ahw auwj_i_ hwuwpw auw

Yoot Yoot
+uSpS (us ahs +h ausj_i_hsusps aus

+h
ot 2 2 ot
(3.60)

2 or ot 2 ot
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Once more according to (3.52), where e, = 0 (C; = Cp),

oh,, dug,  Ohgug oh, OJhgu
—=0 and & = —u =
ot ot ot ot ot

> —ugep (3.61)

if introduced in (3.60), the energy variation with time becomes

a(Ek + EP ) — uwpw ahwuw + hw aMw + usps' ahsus + hs aus
ot 2 ot ot 2 ot ot
w w W W%,
Py Py Py by SP
(3.62)

where the derivative are replaced by expressions depending on the shear
stresses and the erosion rate using equations (2.91) (2.92) where the

simplifications (3.61) have been introduced.

Substituting the expression of e, depending on the shear stresses T, and T,
(2.35)

d T,—1T
ep=—L=t""b (3.63)
ot Py 'us
the expression of the energy variation (3.62) is simplified
oNE, +E,) 1
ot £ :_E(Ts +Tb)us _Tw(uw _us) (3.64)

The energy dissipation is verified as all the right-hand terms of expression
(3.64) are negative. In order to introduce the erosion rate e, in (3.64), T is
replaced by a function of e, and T,, using the expression linking e, to the
shear stresses T, and T, (3.63). Thus (3.64) becomes

AE +E,)

1
ot :_E(sz +ebps'us )us _Tw(uw _us) (3.65)
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If, this time, T, is replaced by a function of e, and T,, using (3.63), (3.64)
becomes

o\E, +E
(kTp) = —%(2% —eppugu, —7,(u, —u;)  (3.66)

Even if all the dissipative phenomena appearing in the source terms are
closely linked, under these formulations (3.65) and (3.66), an attempt to
divide the problem is made. The term containing T, corresponds to the loss
of energy due to the friction between the water layer and the transport layer,
T, or T, corresponds to the loss of energy due to the friction between the
transport layer and the bed. Energy dissipation due to the mass and
momentum exchanges occurring during the erosion or deposition process
corresponds to the term containing e, In erosion (e, > 0), in expression
(3.65), each term, corresponding to a specific phenomena, dissipates energy.
Identically, in deposition (e, < 0) each right-hand term of (3.66) dissipates
energy. We shall see the relevance of such considerations in the expression

of the source terms (section 3.2.2.3).

The reasoning initially proposed by Capart (2004) and reproduced here, was
extended by Spinewine (2005) to the less restrictive model allowing a

change in concentration between the transport layer and the bed.

The variation of energy with time becomes

oE, +E
(kTp) = _%(Ts + T )us _%(Tws +Tsw)(uw _us)+ (pb'_ps')ghseb

(3.67)

This expression is similar to (3.64) with an additional term taking into
account the change in concentration. In the case of deposition (e, < 0), all the
terms are negative and the dissipation of energy is trivially verified, but in
the case of erosion (e, > 0), the additional term induces a rise of energy. This
rise of energy is linked to the swelling of the transport layer due to the fact
that the concentration in sediment is lower when they are in movement.

According to Spinewine (2005), the dissipative effect of the first and the
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second terms of (3.67) largely counterbalance the energy gain due to the
additional term. He has shown through different test cases, where erosion

occurs, that the energy dissipates.

As proposed by Capart (2004) when the concentration in the transport layer
is assumed to be the same than in the bed, (3.65) and (3.66), the erosion rate
e, and now, in addition, e; can be introduced in the expression of the
variation of energy with time in the case of distinct concentrations (3.67).
Relation (2.39) expressing the link between e, and the shear stresses T, and
Ty, 18 Teminded

_ aZs Tws =T

- ST 3.68
“ ot pw(uw_us) ( )

Using this expression (3.68), T, is replaced in (3.67) by a function of e, and
T,s and using (3.63), T, is replaced by a function of e, and 7,. The energy
variation (3.67) becomes
AE +E,) 1 '
o —5(2% +eppy iy ug
(3.69)

1 \J 1
_E(zﬂcws ~Pw (uw U )es )(uw — Uy )+ (pb —Ps )ghseb
For erosion (e, >0, e;<0), each term of (3.69) induces an energy
dissipation, except the last one as mentioned previously. Nevertheless, the
sum of the terms linked to geomorphic changes (those containing e, and e,)

should be negative.

1 . 1 ) ' '
_Eebps usz +Epw(uw _us) eg + (pb P )ghseb <0 (3.70)

All the flows treated in the present work respect this condition. Only flows
corresponding to very low sediment Froude number Fr, (important #A;
corresponding to low u;) could violate this condition. In this case, numerical

instabilities may be more susceptible to appear.
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Using expression (3.68), T, is replaced in (3.67) by a function of e, and T,
and using (3.63), T, is replaced by a function of e, and ;.

The energy variation (3.67) becomes
AE +E,) 1
T = —5(2’% —epPp Uy )”s
(3.71)

1
- E(zrsw +Py (uw —U )es )(uw —Ug )+ (pb '_ps v)ghseb

In deposition (e, < 0, e; > 0), all the terms of (3.71) are negative. Then, under
this formulation, the problem can be divided without any risks of numerical
instabilities. Nevertheless, a problem remains as the friction between the two
layers is expressed through t,,, for which, as mentioned in chapter 2,
section 2.1.2.1, no expression is available. To avoid the problem, Spinewine
(2005) made an assumption considering that T, can be calculated the same
way than 7, (2.80) , which is not the case when e, is not equal to zero (see
(3.68)). An alternative possibility should be to write expression (3.67) as a
function of t,,. Using expression (3.68), T,, is replaced in (3.67) by a
function of e; and t,,, and, using (3.63), T, is replaced by a function of e, and

T,. The energy variation (3.67) becomes

oE, +E
ot > s bFs “s Mg
(3.72)
1
_E(ers _pw(uw —Ug )es )(uw Uy )+ (pb'_ps')ghseb

In this expression, not all the terms induce an energy dissipation. In this
case, the sum of the terms linked to geomorphic changes (those containing e;

and e;) should be negative.

1 1 1 1 1
Eebps usz +5pw(uw U )Zes + (pb —Py )ghseb <0 (3.73)

Condition (3.73), under deposition (e, < 0, e; > 0), is not respected for a wide

range of flows, making the source treatment more sensitive to numerical
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instabilities. Then, as far as deposition is concerned, none of the previous
formulations (3.71) with T, or (3.72) with t,, is completely satisfactory.
These energy formulations have an incidence on the source terms
expression. For the test cases treated in this thesis, both expressions of the
source terms deduced from both proposals (3.71) and (3.72) are tested and
compared. Both give similar results without leading to numerical
instabilities. Nevertheless, an analysis should be done on more cases before a
generalisation can be made. In the next section, the source terms in

deposition are expressed on the basis of (3.72).

3.2.2.3. Splitting of source terms

In order to simplify the resolution, the systems to solve during the source
treatment (3.46) are divided into several sub-systems, the source terms are

decomposed into three components

S(U)=s,,(U)+s,, (U)+S, (V) (3.74)

Each of these component is representative of a physical phenomenon
dissipating energy. S;,, (U) is associated to friction between the water layer
and the transport layer, S;, (U) is associated to friction between the transport
layer and the fixed bed and S, (U) is associated to the mass and momentum
exchanges between the bed and the transport layer. Each step is solved by an

implicit or an explicit equation, using the solution of the previous system:

(2—2)
(aa—ljj =S/, U)®) or =8 fw (v)®@ (3.75)
(2'=2") ) '
(aa_ljj =S, (V) or =5, (U)? (3.76)
(2'>3)
(aa—ltjj =S, (U ) or =8 . (U )2 (3.77)
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where state 2 is the solution obtained by the hyperbolic solver, states 2’ and
2” represent intermediate steps between state 2 and final state 3 at time
t + dt. These three source operators depend on the assumptions of the model
and are expressed on a different way either there is an erosion or a
deposition. In order to be numerically stable, each source resolution step has
to dissipate energy. Then, expressions (3.69) and (3.72) are closely linked to
the source operators, which are different in erosion and in deposition.
Indeed, to ensure the physical principle of energy dissipation of each
component, the source terms should be expressed as functions of e, e, T, and
T,s To ensure energy dissipation is induced by each of the source operator,
Spinewine (2005) proposed to express the source terms as functions of e, e
T, and T,, on the basis of (3.71), making the assumption that t,, = T,,. To
avoid this assumption, in this thesis, the source terms in deposition are
expressed as functions of e, e; T, and T,,. Under this formulation, the energy
dissipation of the geomorphic source operator is not ensured; nevertheless,

no numerical instability is induced.

Table (3.1) recapitulates the system to solve for each source operator in
erosion and deposition in the complete case of the two-velocity two-
concentration model (Spinewine 2005). In deposition, T, has to be expressed
as a function of ¢, and 7, using expression (3.63). As previously exposed, the
only difference with Spinewine (2005) concerns the geomorphic operator in

deposition.

Table (3.1) can be adapted to the two-velocity one-concentration model. The
only differences concern the geomorphic operator. As there is no longer
difference in sediment concentration between the bed and the sediment
transport layer, the interface z, does not move during the erosion and
deposition processes inducing e, = 0. Moreover, the volumetric mass in the

bed p,’ is identical to the volumetric mass in the transport layer p;’.

When, in addition, the velocities in both layers are identical, the two friction
operators reduce to one as there is not any more friction between the two
layers. The friction and geomorphic operators (Fraccarollo and Capart, 2002)
are given in case of erosion and deposition in Table ( 3.2). When a constant
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ratio is imposed between the velocity in each layer, even if the friction
between the two layers is maintained, only two source operators are required
(Table 3.3).

Erosion |z's| > |Tb| Deposition ‘Ts‘< ‘%‘
e, >0 e, <0
0 0
0 0
Water 0
friction Sh=|_Tws S = 0
P 0
operator S, w T,
ws _F
Py’ :
0 0
0 0
Sediment 0 0
friction S fs =] _Tws S fs
operator S P, 0
T
T ws __S'
Py’ :
e e
€p ~ € €p ~ €
Geomorphic| ¢ _ —€p S = )
operator S, 8 e, 8 e,
—p—w'uwes —p—w'uwes+p—b'useb
p N p N N

Table 3.1. Source operators two-velocity two-concentration model (inspired
from Spinewine, 2005)
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Erosion |’Cm| > |Tb|

Deposition |’cm| < |’c b|

e, >0 e, <0
0 e,
- 0 _
Friction S. = S, = b
operator S, f (‘)C ! ey
_ b
0 iy 71, P+ Dty
0 e,
0
Geomorphic S = S =|~ €p
operator S, 8 2 8 ey

Py +7hy)

Table 3.2. Source operators one-velocity one-concentration model
(Fraccarollo and Capart, 2002)

Erosion |‘Cs| > |’Cb|

Deposition |‘C s| < |‘C b|

e, >0 e, <0

0 e

Friction S. = 0 S, = €p — €
operator S, f 0 f e
- T 0
0 e

Geomorphic S = 0 S — €p — €
operator S, 8 0 8 e

— T op g 'uye

Table 3.3. Source operators constant velocity ratio model
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Each sub-system can be solved on an explicit or an implicit way. In case of
an explicit resolution, the source operators are simply evaluated at the initial
time and considered to be invariant during the time step. In the case of an
implicit resolution the source operators are expressed as functions of the
main unknowns U at the final time. None of these two approaches is exact,
the source operators should be evaluated at an intermediate time
corresponding to the integral average value in time of the main unknowns U.
As the time steps are small due to the CFL conditions, no significant
difference is observed between the two methods. The case of the implicit
resolution is more complicated to implement than the explicit one. During
each source operator treatment, some variables or functions of the variables
are invariants with time, when the components of the source operators are
equal to zero, they are useful to simplify the expressions in order to obtain a
solution. The resolution proposed by Capart (2004) is adapted to the more
complete case of the two-velocity two-concentration model previously
detailed by Spinewine (2005).

Water friction operator

The water friction operator is the same in erosion and deposition (Table 3.1).

The system to solve is

(2-2) (2-2) (2-2)
(ah_WJ =0 (ahs j =0 (aij =0
ot ot ot

(ahwuwj(z—ﬂ') T (2) (ahvugj(zez') T, (2)
Oylhyy — | tw Plls = | (3.78a-¢)
ot Py ot p,'

where state 2 is the solution of the hyperbolic solver and state 2’ is the

solution obtained by the treatment of the water friction source operator. In
the following reasoning, state 2 corresponds to time ¢ and state 2’

corresponds to time ¢ + dt.
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According to (3.78a-c), h,, h, and z, are invariant in time during the
resolution of the water friction source operator.

hw, t+dt = hw,t hs, t+dt = hs,t Zp,t+dt = Zb,t (3.79)
Removing the time invariant A, and &, from the partial derivatives (3.78d-e)
and subtracting (3.78d) to (3.78e) gives
T T

ou _al/l —__tws _ _‘ws (3.80)
at at pwhw pshs

w N

if Tys =PwCpy (uw —Ug )2 is substituted, it can be written

- C
a(l’tw us):_ Sw (hwpw I 1} (uw_us)Z
hsps

3.81
ot h ©.81)

w
Taking into account that /,, and A, do not vary with time, the relative velocity
(u,, - Us),1q; 18 implicitly calculated by the resolution of the following second

order equation.

C h,, .p
(uw —u )z+dr = (uw —u )t —dp L | ey (uw - U, )r2+dr (3.82)
hw,t hs,tps

Moreover, adding (3.78d) to (3.78¢) multiplied by the ratio p '/ p, gives
oh,u,, +p_s'ahsus
ot p,, Ot

-0, (3.83)

which implies A, u,, +p,'/p,, hut, is an invariant with time for the water
friction operator.

(hwuw +p—shsusJ =(hwuw+p—shsusJ (3.84)
Pw t+dt Pw t

The velocities u,,, 4 and u,,4 are deduced from a redistribution of the
relative velocity (u,, - u);+q; around the mean velocity, using the relative

velocity (u,, - Uy).+q, Obtained from (3.82) and the invariant expression
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(3.84).The state ¢ + dt is equal to the state 2°, which is the departure values
of the following step (sediment friction operator) in the source treatment.

Sediment friction operator

The system to solve is different in case of erosion and deposition (Table3.1).
Four of the five equations of the sediment friction operator are common to

erosion and deposition.

(27—27) (2'>2") (2'-2")
(37 @
ot ot

M (2'—2")
(Mj =0 (3.85a-d)
ot

The fifth equation is in case of erosion

(ahsus j(Z'—)Z") ( T, J(ZH)
Us % (3.86¢)
ot

and in case of deposition

(ahvuv jw («;Y jz"
ot ps'

where state 2’ is the solution of the treatment of the water friction source
operator and state 2’ is the solution obtained after the treatment of the
sediment friction source operator (respectively corresponding, in the
following reasoning, to time ¢ and r+dt). According to (3.85a-d), h,, h;, 2
and h,u, are invariant in time during the resolution of the sediment friction
source operator. Taking into account the invariance of ki, with time, in the
erosion equation (3.86e) can be written
ohyu ou Ty

=h S —__0 3.88
ot S ot P, (3.88)




Numerical resolution 101

with T, =7, +180(p,'—p,,)gh, not varying with time, u, .4 is directly
deduced in case of erosion

T +1 '— h
us,t.,.dt :us,t —dt( crit g(p(ps pw)g s,t) (389)

hs,t ps'

By the same way, in deposition, equation (3.86f) can be written

ohgu du T,
=h — =% (3.90)
ot ot P,

where T, =p,'C s | u s| ug, then u,.4 can be deduced, in case of
deposition, as the solution of the second order equation

2
C fs Us r+dr

(3.91)
hs,t

Ug tvdr = Usy — dt

The state ¢ + dt is equal to the state 2°°, which is the departure state of the
following step (geomorphic operator) in the source treatment.

Geomorphic operator in erosion

The system to solve is different in case of erosion and deposition. In the case
of erosion it writes

(2"—3) (2"—3)
(o) (] e

ot ot

(2">3) (2"—3)
aZ_b _(_ 3 ahwuw — (3)
) el [P e

(ahsus j(z"%) _[ P, jm
Lty = =Py e (3.92a-¢)
ot P,
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where state 2°” is the solution of the treatment of the sediment friction source
operator and state 3 is the solution obtained by treatment of the geomorphic
source operator, ending the source terms treatment (respectively
corresponding, in the following reasoning, to time ¢ and ¢ + df). Subtracting
(3.92a) multiplied by u,, from (3.92d) gives
oh,u,, oh

—u,—2L=h,—%=0 (3.93)
ot ot ot

It implies the velocity in the water layer u,, is invariant with time during the
geomorphic operator treatment in erosion. Using the relation between e, and
e, (2.29), an expression of e; can be deduced from (3.92b)

e, =PbPs ohy (3.94)

Py '_pw ot

Substituting (3.94) in (3.92¢) and putting all the terms in the left hand side
yields to the definition of a second invariant with time

9 hy (us _p_w'Pb';Psuwj =0 (3.95)
ot Ps' Pp—Puw
Using the relation between e, and e, (2.29), (3.92b) can be written
oh -
s e, —e, =PePw (3.96)
ot Ps '_p w

Using the definition of the erosion rate e, (3.63), (3.96) is expressed

hs,t+dt = hs,t +dt Py ._ Py 1
Ps —Pw Pplhssrar

(Ts,t+dt = Tpt+dt ) (3.97)

where T4 (2.81) depends on uy,,4 and Ty 44 (2.82) on Ay, 4 , the relation
(3.97) linking A4 and uy,,, combined with invariant (3.95) also linking
hy rvar and ug .4 allows to find a three order relation depending on A 4

ahs3,t+dt + bhs2,t+dt + Chs,t+dt +d=0 (3.98)
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where the coefficients a, b, ¢ and d depending of A, u,, and u,, The
sediment transport depth £, 4 can be deduced either from the implicit third
degree equation (3.98) or by the simpler explicit relation (3.99) based on the
explicit Euler scheme.

pb —Pw 1 (’C

t _Tb,t)
ps pw pbus,t

hs,t+dt = hs,t +dr———

Usr — (Tcrit + (ps '_pw )g 8¢ hs,t ))
(3.99)

L.l I S (YT
Ps pwpbust

s,t

The invariant (3.95) linking u; .4, to A4, allows to calculate the velocity in
the sediment transport layer u;,,, (using the results obtained for A, 4).

h " '
Uy pyar = p st (ust —u, pw pb —Ps j‘l_uw,tp_w,pb, Ps (3.100)
s, t+dt ps pb Py Ps Pp—Pyw
Substituting e; from (3.94) in (3.92a) gives
Ohy, __PyPs" (3.101)
ot Py '_pw ot ’
which allows to calculate the updated water depth A, .4
Pr—Ps’
hw,t+dt = hw,t - . (hs,t+dt _hs,t) (3.102)
Pp—Pyw

Adding the relations (3.92b) multiplied by (p,'-p, )/(p,"—pP, ) and

(3.92¢), a new invariant with time is obtained.

a[ps Ps Pw +zbj=O (3.103)
ot Pp —Pw
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The bed level after the erosion process z,,,.4, can be calculated introducing
the previously calculated sediment transport depth /4., in the invariant
expression (3.103).

Ps'—P
Lpht+dt = Zbyt _ﬁ(hs,t+dt - hs,t) (3.104)

b w

When the transport layer is too thin (&, very small), the shear stress applied
on the bed is not T, (2.81) applied by the transport layer, but 7, (2.80)
applied by the water layer. In this case the velocity in the thin transport layer
is supposed to be the same than the velocity of water, it implies the
expression of /.4 (3.98) or (3.99) changes. The values obtained at ¢ + dt

correspond to the final state 3.

Geomorphic operator in deposition

The system to solve in this case is

(2"—3) (2"—3)
(o) e (B e

ot ot
(2"-3) (2"-3)
9z (o \B) Oy _ (3)
(arj =) ( o J = bove,)
(2'53) . )
(ahsus j — [_p_W'uwes +p_b,usebj (3.105a-e)
ot Py Ps

As it is the case for erosion (3.93), the water velocity u,, is an invariant for
the geomorphic source operator in deposition. Contrarily, the invariant
(3.95) during the erosion process is no longer available in deposition due to

the additional term depending on u; in equation (3.105e).

The transport layer depth £, 4 is calculated the same way than in erosion
(3.99). Only the explicit expression can be used because u;,.4, appearing in

the implicit one, is not known as the invariant (3.95) does not exist anymore.
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Once hy,4 is calculated, the water depth A, .4 and the bed level z,,.4 are
evaluated the same way than in erosion, using (3.102) and (3.104).

The major change between erosion and deposition consists in the calculation
of the velocity in the transport layer u;,, . Expressing e, as a function of e
(2.29) and then replacing e, by 0h,,/dr (3.105a) in (3.105¢) gives

ahsus :(_p_wu _pb'(ps'_pw)u jahw
ot ps' " ps'(pb'_ps') *) or

(3.106)

which allows to calculate u,,4

(hs,tus,t + (_ pw, Uyt — pb(ps_pw,;”s,ﬁdtj (hw,t+dt - hw,t )j

Py p,'(Py'—Ps

hs,t+dt

Ugtrdr =

(3.107)

The values obtained at ¢ + dr correspond to the final state 3.

These results slightly differ from Spinewine (2005), because the assumptions

made to express the source terms are not the same.

3.3. Merging of both hyperbolic and source terms
resolutions

At each time step, the system to solve is divided in two parts. The hyperbolic

part is treated before the source terms.

(1-2) 1) M
(a_uj LU O L1 L) N,
at ax ax
(2-3)
(aa_ltjj -s(u)® (3.109)

U corresponds to the initial time ¢, U® corresponds to the intermediate

state obtained after the resolution of the hyperbolic system and U? is the
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final solution at time #+df. The problem is discretised in time (time step dr)
and in space (space step dx), the solver is applied to the cell numbered i (Fig.
3.11) between time 7 (U") and r+dt (UY).

Z A

Figure 3.11. First order in space discretisation

First, the hyperbolic part is solved:

|

Ul =00+ L%, 6 3110
X

14 1

*R . . . L A .\
where F;’j,,is the flux entering the cell i and F;{,,is the flux exiting the
cell i. These fluxes are calculated with (3.36) and (3.37), which take into
account the non-conservative products generally related to the bed-slope. As
constant states are assumed in each computational cell, the variation of the

bed level along the channel is concentred at the cell interfaces.

Secondly, the source terms are calculated
U =u? +s(U,)? ar (3.111)

As exposed previously, the resolution of the source terms is divided in

several steps.

3.4. Second order accuracy

The second-order accuracy in space is based on the MUSCL approach
proposed by van Leer (1979). It consists in assuming linear states within

each of the computational cells instead of constant states (Fig. 3.12).
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i — . |
i e ! !
i . | . i . : . . —i
i Xi i1 X
—
\ dx
\ I SU,
lateralised| —_—

: fluxes
expression

fluxes i 3G(U) | lateralised
Y I —" | S
U1—1/2,LUi—1/2,R U; Ui+l/2,L Ui+l/2,R
Figure 3.12. Second order in space discretisation

The state U; corresponds to the middle of the cell i. Using the gradient dU;
corresponding to the slope of the linear state in the computational cell i, the
states Uy ;112 and Ug .1, are respectively defined on the left side of interface
i+1/2 and on the right side of interface i-1/2.

1
UL,i+1/2 =U; _Ean

Ugii2 =V, +%3U,~ (3.112a-b)

where the gradient dU; is defined using the slope limiter operator minmod

oU; = minmod(U,,; -U,,U; -U, ) (3.113)
a if |d<[p| and ab>0
with ~ minmod(a,b)={ b if |a| > |b| and ab>0

0 if ab<0
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The general expression of the finite-volume (3.110) becomes

1

u? =y +£(F;—If/2 _Fi*+L1/2)(1) _ﬂH(Ui)(l) oG(U,)) @114
dx dx
where dG(U;)= G(UR,i—l/Z)_G(UL,iH/Z) (3.115)

To calculate the fluxes through the interface i+1/2, the states on the left
U, is12 and on the right Ug 1, of the interface are taken into account in
(3.36) and (3.37) instead of the states U; and U, respectively at the middle
of the left and right cells. Contrarily to the first order method, only a part of
the non-conservative product related to the slope is taken into account in the
lateralised fluxes (discontinuity at the interface Fig. 3.12). The
complementary part of non-conservative product, due to the variation of the
bed level in the cell dG(U,) (Fig. 3.12) has to be introduced in the finite-
volume expression (3.114). The minus sign before this term is linked to the
definition (3.115) of the variation dG(U;) in the cell. There is no change in
the source terms treatment between the first and second order in space

methods.

The second-order accuracy in time is obtained by the decomposition of the
time step into four steps using a predictor-corrector process (Fraccarollo et
al., 2003).

First the source terms are integrated on half a time step

&

U =ur +8(u; (3.116)

The second step is a predictor step for the hyperbolic operator

* * 1
7T 7 M 1) IR CRIY)
2dx 2dx

The third step is a corrector of the previous step for the hyperbolic operator

* * 2
UP=uP + % (Fi—lf/z - Fi+L1/2)( = % (ng)an('l)) (3.118)
X X
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The last step is the second part (completing the first step) of the source terms
treatment

n+l ﬂ

Ut =0 =UP +8(U)) ;

(3.119)

In the previous expression, a second-order precision in space is added to a
second-order precision in time. In the case of a first-order precision in space,

the terms containing the bed level variation dG(U;) are equal to zero.








