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Kohn anomalies are kinks or dips in phonon dispersions which are pronounced in low-dimensional
materials. We investigate the effects of nonadiabatic phonon self-energy on Kohn anomalies in one-
dimensional metals by developing a model that analyzes how the adiabatic phonon frequency, electron
effective mass, and electron-phonon coupling strength influence phonon mode renormalization. We
introduce an electron-phonon coupling strength threshold for low-temperature system instability, providing
experimentalists with a tool to predict them. Finally, we validate the predictions of our model against
first-principles calculations on a 4 Å-diameter carbon nanotube.
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Kohn anomalies (KAs) are softening of phonon modes in
particular portions of the Brillouin zone (BZ) [1]. In Kohn’s
seminal work, the origin of this phenomenon was attributed
to the screening of lattice vibrations by the excitation of
electrons at the Fermi surface (FS). Soon after this
theoretical prediction, KAs were observed by inelastic
neutron scattering in lead [2]. Subsequently, they were
seen in other metals [3–5], superconductors [6,7], and
various other materials [8,9]. For a long time, the common
belief was that electron and lattice dynamics were inde-
pendent and that phonon instabilities were due solely to
electronic effects [10]. However, this is only true for pure
one-dimensional (1D) metals where the electronic response
function diverges for the q vectors connecting points
in the FS, called perfect FS nesting. In quasi-1D, two-
dimensional (2D), and three-dimensional (3D) materials,
the electronic response function does not exhibit such
divergence [11]. For 2D and 3D systems, the situation is
complicated by the fact that phonon softening occurs at q
vectors which are incommensurate with perfect FS nesting
vectors [12]. It was therefore suggested that the origin of
KAs lies in the electron-phonon coupling (EPC), since
electronic and lattice instabilities always occur simulta-
neously. FS nesting contributes to creating instabilities, but
is not the only driving force.
In this framework, recent computational efforts have

focused on improving the accuracy of phonon dispersion in
metals. One method incorporates anharmonic corrections to

the phonon dispersion relations [13], while another
accounts for nonadiabatic (NA) effects due to EPC
[14–16], supporting the idea that EPC lies at the heart of
these instabilities. However, the impact of NA effects on 1D
systems remains unclear, which complicates the assessment
of phonon mode softening. Another open question is to
identify the physical conditions that drive the instability.
In this Letter, we develop a 1D model to show that a

minimum EPC strength is required to yield an imaginary
phonon frequency, demonstrating that even a 1D metal can
remain dynamically stable under conditions of perfect FS
nesting when a nonadiabatic description is adopted. This
threshold depends only on the adiabatic phonon frequency
ωqν and the electron effective mass m�; it decreases as ωqν

decreases andm� increases. As such, the threshold provides
a simple predictive tool for identifying low-temperature
structural instabilities experimentally. Finally, we perform
first-principles calculations on a 4 Å-diameter carbon nano-
tube and find good agreement with our model.
In first-principles computations, phonon frequencies are

usually calculated using density functional perturbation
theory (DFPT) [17,18] within the adiabatic approximation.
They are obtained by diagonalizing the DFPT dynamical
matrix DDFPT, which is the sum of the bare dynamical
matrix Db and the static-adiabatic phonon self-energy
ΠA [14],

DDFPT
qνμ ðω ¼ 0; σÞ ¼ Db

qνμ þ ΠA
qνμðω ¼ 0; σÞ; ð1Þ

where q is the phonon wave vector, ν and μ are phonon
modes, ω is the vibrational dynamical variable, and σ is a
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large electronic temperature, which acts as a smearing
parameter. Here the σ is not intended to represent a physical
temperature, but it is a numerical parameter used to ensure
convergence in metallic systems. Going beyond DFPT to
obtain the dynamical matrix D requires one to compute the
nonadiabatic phonon self-energy ΠNA,

Dqνμðω; TÞ ¼ Db
qνμ þ ΠNA

qνμðω; TÞ; ð2Þ
where T is the electronic temperature. The bare dynamical
matrix can be difficult to compute in a pseudopotential
ab initio framework [14] such that it is advantageous to
compute D from DDFPT by subtracting the static-adiabatic
phonon self-energy and adding the dynamical nonadiabatic
one:

Dqνμðω; TÞ ¼ DDFPT
qνμ ð0; σÞ − ΠA

qνμð0; σÞ þ ΠNA
qνμðω; TÞ: ð3Þ

The dynamical NA phonon self-energy can be computed
with two screened vertices as [14,19–22]

ΠNA
qνμðω; TÞ ¼

2

ℏ

X
mn

Z
dk
ΩBZ

×
h
gmnμ
kq ð0; σÞ

i�
χmn
kqðω; TÞgmnν

kq ð0; σÞ; ð4Þ

where gmnν
kq ð0; σÞ are two screened EPC matrix elements,

ΩBZ is the Brillouin-zone volume, m and n are electron
band indices, k is an electron wave vector, and χmn

kqðω; TÞ is
bare electronic susceptibility given by

χmn
kqðω; TÞ ¼

�
fmkþqðTÞ − fnkðTÞ

εmkþq − εnk − ℏðωþ iηÞ
�
; ð5Þ

where f is the Fermi-Dirac (FD) distribution function, εnk
the DFT electron eigenvalues, and η an infinitesimal
quantity.
Here, we develop a 1D model with a parabolic electronic

band εk crossing the FS and a single-phonon mode ν aiming
to study the behavior of the phonon self-energy due to EPC.
More details about this model can be found in Sec. S1 of
Supplemental Material [23]. In this model, we assume a
constant EPC jgQj and a parabolic dispersion εk ¼
ℏ2ðk2 − K2Þ=2m�. Here, K ¼ kF is the Fermi wave vector
that establishes the KA at q ¼ Q ¼ 2K. In the model, we
exclude the indices n,m, and ν when they are not pertinent,
for the sake of clarity. The assumption of a constant jgQj is
justified because the temperature dependence in Eq. (4)
arises only from the FD distribution in Eq. (5); the validity
of this approximation is discussed in Sec. S2 of
Supplemental Material [23]. Therefore, this dependence
has a contribution only from a small region around the
Fermi level, where the EPC can be approximated as a
constant. Since this approximation worsens at higher
temperature, we focus on the low-temperature regime.

Using first-order perturbation theory, the NA correction
results in a renormalization of the phonon frequency which
can be evaluated by retaining the diagonal elements of the
self-energy ΠNA only, as only one phonon branch is
included in the model [14,20]:

Ω2
QðTÞ ¼ ω2

Q þ γ2QðΩQ − iγQ; TÞ þ 2ωQ

×
h
ReΠNA

Q ðΩQ − iγQ; TÞ − ReΠA
Qð0; σÞ

i
; ð6Þ

where ΩQ is the renormalized phonon frequency, ωQ the
high-temperature adiabatic frequency that acts as the DFPT
one, and γQ the phonon linewidth due to the EPC that can
be expressed as

γQðΩQ − iγQ; TÞ ¼ −
ωQ

ΩQ
ImΠNA

Q ðΩQ − iγQ; TÞ: ð7Þ

Equations (6) and (7) are solved self-consistently and we
choose an initial value γQ ¼ 1 meV.We confirm the robust-
ness of the self-consistent solution for a broad range of initial
guesses for γQ, see Sec. S3 of Supplemental Material [23].
The adiabatic self-energy ReΠA

Qð0; σÞ is computed through
Eq. (4) with ω ¼ 0 and T ¼ σ. Additional details are
provided in Sec. S4 of Supplemental Material [23].
Equation (6) differs from Eq. (139) of Ref. [20] because
we use the alternative but equivalent definition of NA from
Ref. [14]. Here, we define as NA everything that goes
beyondDb [Eq. (2)] so thatwe can explicitly defineΠNA

qνμ and
ΠA

qνμ at two different temperatures, σ and T [Eq. (3)]. The
approximation of considering the diagonal term only in
Eq. (6) is exact in the model, as only one phonon branch is
considered, but it is an approximation which usually gives
good results also for real materials [20]. However, there are
cases where this approximation fails, e.g., for semiconduc-
tors with narrow band gap [25].
In Fig. 1, we show the normalized solution to Eq. (6),

defined as Ω̃Q ≡ ðΩQ=ωQÞ, as a function of the normalized
EPC matrix element:

jg̃Qj≡ jgQj
jgQj0

; ð8Þ

where jgQj0 is the value of jgQj such that Eq. (6) is verified
for ΩQ ¼ 0. The results presented in Fig. 1 are obtained at
T ¼ 0 K for which the integral in Eq. (4) can be computed
analytically with a constant jgQj, as shown in Sec. S4 of
Supplemental Material [23]. The smearing parameter is set
to σ ¼ 6000 K, approximately corresponding to 40 mRy,
as this is a reasonable value used in DFT calculations for
metals. In Fig. 1, different colors indicate different values of
ωQ, ranging from 10 to 200 meV, while the shaded area in
the inset represents variations of m� between 0.2 and 5.0.
We limit the analysis to values of 0.2 < m� < 5.0 because
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perturbation theory is expected to fail when the bands
become too flat or too dispersive. Additionally, we limit ωQ

to values smaller than 200 meVas this is an upper bound for
phonon frequencies in materials. The figure shows that the
Ω̃Q − jg̃Qj relation closely follows a circular arc with a
black dashed line. In the inset, the deviation from the
perfect circular shape is shown as a function of jg̃Qj for
different values of ωQ and m�. The shape of the Ω̃Q-jg̃Qj
curve is affected by ωQ and m� in two different ways: a

larger ωQ brings the curve closer to a circular arc, but
amplifies the influence of the effective mass.
Since the value of jgQj required to obtain ΩQ ¼ 0

remains finite even at T ¼ 0 K, we can consider jgQj0 as
a lower bound for the EPC vertices leading to system
instability. Therefore, being able to estimate the value of
this threshold and compare it with the measured value of
jgQj is a tool to determine the stability of the system
experimentally. For this purpose, we approximate

jgQj0 ≈ g0 ¼ αþ β
ωδ
Q

ðm�Þζ ; ð9Þ

with α ¼ 7.278 meV, β ¼ 5.186 meV1−δ, δ ¼ 0.763, and
ζ ¼ 0.518, where the units of α and β ensure dimensional
consistency. The parameters are computed by fitting Eq. (9)
on jgQj0 for different values of m� and ωQ. The approxi-
mation is validated in Sec. S5 of Supplemental Material
[23], where the percentage difference between g0 and jgQj0
is shown as a function of ωQ and m�. Moreover, the
agreement between the prediction of the model and the
solution of Eq. (6) is discussed in Sec. S4 of Supplemental
Material [23]. We find an overall good agreement but it
worsen as ωQ approaches 0 meV and when the electronic
band becomes flat or too dispersive. Since g0 depends only
onωQ andm�, it can be easily evaluated and compared with
the experimental value of jgQj.
When jgQj > g0, the renormalized frequency can

become imaginary below a certain temperature. In contrast,
when jgQj < g0, the frequency at q ¼ Q always remains
positive even if a dip also appears in the renormalized
bandstructure. This can be shown analytically at T ¼ 0 K
where the integral in Eq. (4) yields [23]

Z
dkχkqðΩQ − iγQ; 0Þ ¼

m�

2q
log

2
64 ðΩ2

Q þ γ2QÞ2��
q2

m� þΩQ

�
2 þ γ2Q

���
q2

m� −ΩQ

�
2 þ γ2Q

�
3
75: ð10Þ

Its substitution into Eq. (6) provides the value of
ΩQðT ¼ 0Þ > 0. For T > 0 K, an analytical solution is
no longer available for the integral of Eq. (4) but it can be
computed numerically. In general, lower temperatures
enhance the importance of the phonon frequency renorm-
alization. However, as the temperature increases, ΩQ first
decreases, reaching a minimum before rising again to
approach the adiabatic frequency at high temperature.
Interestingly, when jgQj ≪ g0, ΩQ reaches a minimum
value at the temperature

Tmin ¼ ωQ

4.6kB
; ð11Þ

which does not depend on m� as shown in Sec. S6 of
Supplemental Material [23]. We also remark that when
jgQj → g0, the renormalization effect is more pronounced.
Therefore, for any 1D system, g0 constitutes a threshold for
the EPC strength above which the system becomes unstable
at low temperature. It depends solely on ωQ and m� and
Eq. (9) suggests that the threshold increases with larger ωQ
and smaller m�. Therefore, we expect a system to be prone
to instability if the adiabatic frequency is low and the
effective mass large.
We evaluated the validity of our model by comparing it

with first-principles calculations on the (3,3) carbon nano-
tube (CNT) and the boron and strained gold monoatomic
chains. We use Quantum ESPRESSO [26–28] and EPW [29–31]

FIG. 1. Normalized phonon frequency ΩQ as a function of the
normalized EPC matrix element jg̃Qj, defined in Eq. (8) at 0 K.
Various values are reported for ωQ: 10, 50, 100, 150, and
200 meV in blue, red, green, purple, and orange, respectively,
with m� ¼ 1. The black dashed line is the reference circular arc.
The inset shows the deviation from this perfectly circular curve.
The color code is the same and the shaded area account for
different m� ranging between 0.2 and 5.0.
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to compute the DFT electron bandstructures, the DFPT
phonon frequencies, the EPC matrix elements, and the
phonon self-energies. The local density approximation
(LDA) is used with a plane-wave basis set of 100 Ry and
a norm-conserving pseudopotential from Pseudo-Dojo [32],
with stringent accuracy. The CNT is modeled in a hex-
agonal unit cell with the z axis aligned with the tube axis,
and a 13 Å-vacuum along the off-axis directions to prevent
spurious interactions between periodic replicas. Reciprocal
space sampling is converged for each smearing temper-
ature, with k grids ranging from 1 × 1 × 102 to 1 × 1 × 104,
and q grids from 1 × 1 × 50 to 1 × 1 × 200. Electron bands
and EPC matrix elements are interpolated using maximally
localized Wannier functions [33,34] as implemented in
EPW. Equation (4) is calculated using a broadening para-
meter η ¼ kBT=100 with uniform grids ranging from
1 × 1 × 104 for T ¼ 1500 K to 1 × 1 × 106 for T ¼ 50 K.
The (3,3) CNT [35,36] is a one-dimensional metal that

can be synthesized using zeolite templates [37]. Its elec-
tronic bands structure shows a Dirac cone atK ≃ 0.575Γ-X.
This band structure suggests a perfect FS nesting at
2ð1−KÞ≃0.85Γ-X. The electron and phonon band structu-
res, computed with σ ¼ 10 mRy and a cold smearing [38],
are shown in Figs. 2(a) and 2(b), respectively. The phonon
band structure shows a dip for three phonon modes at the
expected position: the radial breathing mode (RBM) with

an adiabatic ωQ ¼ 35.28 meV, the in-plane longitudinal
and transverse optical mode [A1ðTÞ and A1ðLÞ] with ωQ ¼
130.11 and 143.42 meV, respectively. The DFPT frequen-
cies, computed with a Fermi-Dirac smearing, are depicted
in Figs. 2(d), 2(f), and 2(h), with a dotted line for the
corresponding mode with σ ¼ T, while the solid lines are
computed through Eq. (6). Lowering the smearing param-
eter σ as a proxy for the temperature in the DFPT
calculation, we observe that for the RBM the frequency
becomes imaginary at ∼220 K. For the A1ðLÞ and A1ðTÞ
modes, the trend of the DFPT frequencies as a function of
temperature suggests a transition to an imaginary frequency
at low temperature, but this is not yet observed in our
calculations at ∼80 K. This suggests that in DFPT, the
transition temperature for these modes is very low, prob-
ably of the order of a few K, making its computation out of
reach. The effective mass at the Fermi level is m� ≈ 2.3 for
the π band and m� ≈ 1.82 for the π� band. Their compu-
tation is detailed in Sec. S7 of Supplemental Material [23].
Thus, we considerm� ¼ 2 as the effective mass to compare
with the model. In Figs. 2(c), 2(e), and 2(g), the EPC matrix
elements for the three modes involved in the renormaliza-
tion are presented as a function of the wavevector k. Let us
first detail the predictions of our model based on the
computed values of g0 for each mode. Using Eq. (9),
54.5 meVare found for the RBM, 129.0 meV for the A1ðLÞ

FIG. 2. The (a) electronic and (b) phonon band structures of the (3,3) carbon nanotube. The EPC matrix elements for A1ðTÞ (c), A1ðLÞ
(e) and RBM (g). The dotted line is g0 computed with Eq. (9). The renormalized phonon frequency for the three modes (d), (f) and (h).
The solid line is computed with Eq. (6) while the dashed line is the DFPT reference. In the plot, imaginary frequencies are indicated as
negative.
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mode and 137.5 meV for the A1ðTÞ mode, respectively.
Comparing these values with jgnmν

KQ j, we conclude that
(i) the RBM is expected to soften as jgnmRBM

KQ j ≫ g0, (ii) the

A1ðLÞ mode needs further investigation as jgnmA1ðLÞ
KQ j ∼ g0,

and (iii) the A1ðTÞ mode should experience a negligible

renormalization as jgnmA1ðTÞ
KQ j ≪ g0. Although jgnmν

kQ j
assumes larger and smaller values than g0, an appropriate
comparison is to assess whether jgnmν

kQ j is larger or smaller
than g0 at the Fermi level, as detailed in Sec. S2 of
Supplemental Material [23]. Furthermore, using Eq. (11),
we predict that the renormalized frequency for the A1ðTÞ
mode should reach a minimum at 366 K. In Figs. 2(d), 2(f),
and 2(h), the renormalized phonon frequency at q ¼ Q are
shown as a function of temperature with a solid line for the
A1ðTÞ mode, the A1ðLÞ mode, and RBM, respectively.
Renormalized frequencies are computed using Eq. (6) and
ωQ with a cold smearing [38]. First, as expected, the RBM
softens, with a transition temperature of approximately
525 K, refining the estimates of Refs. [35] and [39]. Next,
we find that the A1ðLÞ mode softens but remains positive
throughout. The model of Eq. (11) predicts that the phonon
frequency should reach a minimum around 330 K and then
rises to a finite value at low temperature. Finally, as
predicted, the A1ðTÞ mode also softens but does not
become imaginary. The temperature at which the renor-
malized frequency reaches a minimum is around 350 K,
and the renormalization effect is even smaller. These
observations validate the predictions of our model.
Moreover, we can examine the effect of the adiabatic
phonon frequency on the renormalization. Since the effec-
tive mass at the Fermi level is constant in the system, a
lower adiabatic frequency appears to promote instability.
Thus, while the RBM has a relatively low g0 and does
soften, the A1ðLÞ and A1ðTÞ modes have higher frequen-
cies, leading to a larger g0, which prevents softening.
Furthermore, since jgnmRBM

KQ j ≫ g0, the transition occurs
above room temperature, suggesting that the (3,3) CNT
should experience a phase transition at room temperature in
agreement with Ref. [35]. These small-diamater CNTs have
been experimentally observed to be prone to instability at
low temperature as detailed, for instance, in Ref. [40] for
the (3,0) CNT.
To further validate our model, we computed the boron

and strained gold chains, detailed in Sec. S8 of
Supplemental Material [23], and further confirmed the
results obtained from the theoretical model. For the
longitudinal mode of the boron chain, the DFPT phonon
frequency is 138.15 meV, the electron effective mass 0.67
and jgnmLA

KQ j ¼ 50 meV. Using the values of ωQ and m� we
obtain g0 ¼ 240 meV. Consequently, we do not expect the
renormalized phonon frequency to become imaginary.
Since jgnmLA

KQ j ≪ g0, we also expect the renormalized
frequency to show a minimum at a temperature
Tmin ¼ 350 K. For the longitudinal mode of the strained

gold chain, the DFPT frequency is 5.19 meV. The electron
effective mass is 3, leading to g0 ¼ 12.5 meV. Given that
jgnmLA

KQ j ∼ 70 meV, we expect the renormalized phonon
frequency to become imaginary. In both cases, Eq. (6)
confirms the predictions of the model.
In conclusion, we have developed a simple model to

demonstrate how instabilities due to KA are promoted by a
low ωQ and a large m�. Using these physical quantities, we
identify a threshold for the EPC strength above which the
system becomes unstable at sufficiently low temperature.
This threshold, g0, can be compared with measured or
computed EPC to easily estimate the stability of a system.
We validate the results of this model through first-principles
calculations on the (3,3) CNT, which confirmed our
theoretical predictions. Furthermore, both the model and
first-principles calculations indicate that although FS nest-
ing alone is not sufficient to determine stability, it remains a
necessary condition as the Kohn anomaly appears at a wave
vectorQ ¼ 2kF. This Letter emphasizes the dependence of
Kohn anomalies on the intrinsic physical properties of one-
dimensional systems and lays the groundwork for extend-
ing the model to two- and three-dimensional systems. The
main challenge for such extensions is the complexity of
solving the χkq integral analytically in 2D and 3D.
Moreover, finding realistic models to describe the 2D/3D
Fermi surface accurately is nontrivial. If achieved, it would
offer insight into whether similar conditions govern KA
behavior in higher-dimensional materials.
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