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It doesn’t matter how beautiful your
theory is, it doesn’t matter how smart

you are. If it doesn’t agree with
experiment, it’s wrong.
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Abstract

Silicon photodetectors are commonly used for visible and near-infrared
photodetection. They are relatively easy to manufacture and can be pro-
duced in large quantities at relatively low cost, making them well suited
for use in a wide range of devices. However, the ability of silicon-based
photodetectors to detect infrared radiation beyond 1.1 µm is limited by
their indirect band gap of 1.12 eV. Strain engineering has been proven to
reduce the band gap of semiconductors, but its application to improve op-
toelectronic performance has been lacking. In this work, a thorough study
of the optical and electrical properties of highly strained silicon is proposed
to evaluate its potential for infrared photodetectors. First-principles calcu-
lations using density functional theory is performed to obtain the strain-
induced changes in the silicon band structure for all major strain configu-
rations. Uniaxial strain along the [110] direction is found to be promising
for reducing the band gap, with a reduction of about 200 meV at 2%-strain,
while being compatible with high-strain fabrication schemes. The band
gap reduction is experimentally validated by photoluminescence measure-
ments on silicon beams strained up to 1% with silicon nitride actuators.

In the second chapter, the variations in electron mobility in n-type sil-
icon resistors have first been studied experimentally for uniaxial strain
along [001] using a four-point bending scheme. The experimental results
highlight the important increase in the longitudinal resistivity, with a 50%
increase at 1%-strain, while showing the limitations of existing theories
to predict the mobility of strained silicon. First-principles calculations are
performed to retrieve the mobilities of strained silicon by solving the Boltz-
mann transport equation, considering electron-phonon interactions. The
method is used for [001] and [110] uniaxial strains. The theoretical cal-
culations show the limitation of existing theories for the electron mobil-
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ity while calculating, for the first time with this level of theory, the hole
mobility of strained silicon. A significant increase in hole mobility up to
1340 cm2V−1s−1 and 1761 cm2V−1s−1 as been found for uniaxial strain of
2% along [001] and [110], respectively. The electron mobility shows an in-
crease up to 2200 cm2V−1s−1 for uniaxial strain along [001] of 2%, but is
negatively impacted by [110] uniaxial strain with a longitudinal and trans-
verse mobilities of 1221 cm2V−1s−1 and 168 cm2V−1s−1, respectively.

The Bethe-Salpeter equation and the EPW code is used to predict
fully theoretically the complex refractive index and absorption coeffi-
cient of highly strained silicon, taking into account the electron-phonon
interactions, without the need for a semi-empirical model containing
experimental biases. The results for the absorption coefficient show a
significant increase with [110] uniaxial strain, following the band gap
reduction. As the band gap is reduced to 0.66 eV at 4%-strain, the wave-
length of light that can be absorbed is extended to 1.88 µm. The absorption
coefficient calculated theoretically at 1.2 µm goes from 1.5 × 10−2 cm−1

to 168 cm−1 at 4%-strain. The absorption results are compared with the
absorption coefficient of conventional infrared materials such as Ge, SiGe
and InGaAs, showing the potential of strained silicon to compete with
them.

Finally, the first-principles results are used in combination with tech-
nology computer aided design (TCAD) simulation to investigate the poten-
tial of strained silicon for infrared photodetection, showing equivalent per-
formances to standard infrared materials but with the necessity of achiev-
ing high levels of strain. The increase of the absorption coefficient for [110]
uniaxial strains is found to directly enhance the infrared sensitivity of the
device, while the mobility variations impact the time response of the detec-
tor. A sensitivity of 0.8 AW−1 at 1400 nm is finally predicted theoretically
for a 100µm-long photodiode strained up to 4%.

This work demonstrates for the first time the potential of using strained
silicon for near and shortwave infrared applications, although the fabrica-
tion of such devices remains a challenge.
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Introduction

Silicon has long been a key material in the electronics industry, playing a
critical role in the development of efficient and reliable electronic devices.
Its dominance in semiconductor technology is due to its good electronic
properties, as well as its abundance, low cost and compatibility with
large-scale manufacturing processes [1]. Silicon photodetectors benefit
from these advantages while having a relatively low environmental
impact compared to other materials such as germanium (Ge) [2] or indium
gallium arsenide (InxGa1−xAs) [3]. However, the performance of silicon-
based photodetectors is fundamentally limited by their indirect band gap
of 1.12 eV at room temperature, which restricts their ability to efficiently
detect light beyond wavelength of 1.1 µm [4]. This poses a significant
challenge to extend the use of silicon detectors into the infrared (IR)
region, which is critical for applications such as telecommunications [5],
chemical sensing [6] or atmospheric observation [7]. To overcome these
limitations, a promising approach is the use of strain engineering to
modify the electronic band structure of silicon and thereby enhance its
optical and electrical properties.

The aim of this thesis is to carry out a comprehensive study of the op-
tical and electrical properties of strained silicon in order to assess its po-
tential for IR photodetection. Theoretical and experimental approaches are
used in this work. First-principles calculations based on density-functional
theory (DFT) are used to investigate the strain-induced changes in the band
structure, carrier mobility and absorption properties of silicon. Where pos-
sible, experimental validation is provided to validate the theoretical re-

For the sake of English correction only, an AI writing tool (DeepL) has been used in this
thesis.
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| Introduction

sults. Finally, technology computer-aided design (TCAD) simulations are
used to investigate the improvement of a photodetector using strained sil-
icon.

Photodetector for infrared applications

IR wavelengths are defined from 0.7 µm to 1000 µm and cover applications
from optical communications at lower wavelengths to thermal imaging at
higher wavelengths. The first IR region, defined between 0.7 µm and 1.4
µm, is called the near infrared (NIR) and typical applications are optical
communications in the O-band at 1310 nm [8], night vision [9] and gas
detection such as carbon dioxide [10]. Beyond this range, the shortwave
infrared (SWIR) from 1.4 µm to 3 µm includes optical communications in
the C-band at 1550 nm [11], chemical observation for industrial or food
monitoring [12], and atmospheric observation [13]. Thermal imaging [14]
at high temperatures begins in the midwave infrared (MWIR), between 3
µm and 8 µm, which includes military applications such as missile guid-
ance [15]. Longwave infrared (LWIR) from 8 µm to 15 µm and far in-
frared (FIR) from 15 µm to 1000 µm are mainly used for thermal imag-
ing. LWIR includes room temperature measurements such as human body
monitoring around 10 µm [16] or industrial monitoring such as gas leak
detection [17], e.g., NH3 monitoring at 9 µm [18]. FIR sensors are used
for thermal observation below 200 K, for example in astronomical obser-
vation [19]. This range is also used for chemical and biomedical character-
isation as the energy levels are typically those of molecular vibrations [20].
Table 1 summarises the infrared regions, typical applications and materials
used for intrinsic photon detectors.

There are two main types of IR detector. Thermal IR sensors detect
radiation by absorbing heat, which causes a temperature change in the
sensor material. These sensors typically operate in the MWIR and LWIR
ranges. They have slower response times because they rely on gradual
heating but do not require external cooling. Although less sensitive than
photon sensors, thermal IR sensors are widely used in thermal imaging
cameras [22]. In contrast, photon IR sensors work by directly detecting in-
frared photons by optoelectronic absorption in the material. These sensors
are faster and more sensitive, but often require cooling to reduce noise, es-
pecially at higher wavelengths where the thermal energy becomes similar
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Infrared Range Material Typical applications

Near 0.75 - 1.4 µm Si, Ge, Optical communication
(NIR) In0.53Ga0.47As Gas sensing (CO2)

Night vision

Shortwave 1.4 - 3 µm InAs, GaSb Optical communication
(SWIR) In0.79Ga0.21As Chemical observation

Atmospheric observation

Midwave 3 - 8 µm PbSe, InSb High-temperature imaging
(MWIR) Defense and military

Longwave 8 - 15 µm InAs1−xSbx, Room-temperature imaging
(LWIR) Pb1−xSnxTe Industrial monitoring

Far 15 - 1000 µm Hg1−xCdxTe Chemical characterization
(FIR) Low-temperature imaging

Table 1 Infrared spectrum definitions in terms of wavelength [21] and
most widely used materials for IR intrinsic photon detector.

to the band gap. This work focuses on photon sensors operating mainly
at lower wavelengths, i.e., NIR and SWIR, as strain engineering allows
silicon absorption to be extended in these regions. Different types of IR
photon detectors can be designed such as intrinsic, extrinsic, free carrier
and quantum (dots and wells). These detection mechanisms are illustrated
in Fig. 1. Intrinsic photodetectors rely on band-to-band transitions where
photons excite electrons from the valence band to the conduction band [23,
24]. These detectors operate primarily in the NIR and SWIR regions. They
offer high sensitivity and fast response times. Extrinsic photodetectors use
doped semiconductors in which impurities introduce energy levels within
the band gap, allowing detection at longer wavelengths than intrinsic de-
tectors [25, 26]. These detectors typically operate in the LWIR range us-
ing doped silicon. Free-carrier photodetectors work by interacting with
free electrons or holes in a material, causing a change in conductivity [27,
28]. These detectors are most effective in the FIR range, typically using
highly doped semiconductors or metals. They are less sensitive than other
types, but offer a wide detection range. Quantum photodetectors, includ-
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ing quantum dots and quantum wells, exploit the quantum confinement
effect, where the dimensions of the semiconductor structures control the
energy levels, typically from the SWIR to the LWIR range [29, 30].

(1) Intrinsic
(2) Extrinsic

(1) (2)

(3)

valence

conduction

(4)

(3) Free carrier
(4) Quantum 

Fig. 1 Illustration of the detection mechanisms for photon-type IR de-
tector. The mechanisms of carrier generation due to incident photon (red
arrow) are (1) intrinsic detection based on band-to-band transition, (2) ex-
trinsic detection based on impurity-to-band transition, (3) free carriers and
(4) quantum detections.

Typical materials used for intrinsic photodetection are indicated in ta-
ble 1. Silicon is the most commonly used material in the NIR , but only
up to 1.1 µm [31], making it unsuitable for optical communications or CO2
sensing. To reach higher wavelengths, In1−xGaxAs is widely used [32]. An
equal proportion of indium and gallium allows the detector to detect up
to 1.6 µm light, while a larger proportion of indium, e.g., 80%, can lead
to absorption up to 2.6 µm [33, 34]. Cooling is required at higher wave-
lengths to avoid thermal generation leading to high noise. Compounds
with antimony (Sb) such as InAs1−xSbx are used for MWIR and LWIR [35,
36], the higher the Sb content the lower the band gap of the alloy. For even
higher wavelengths, tellurium (Te) compounds are preferred, especially
Hg1−xCdxTe for FIR [37]. Ge and In1−xGaxAs, while offering an extended
wavelength range for NIR and SWIR applications, rely on scarce materials
that require environmentally damaging extraction processes [38, 39, 40]. In
contrast, silicon is abundant, less toxic and benefits from established pro-
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duction methods, making it a more sustainable and economical option for
many applications despite its limited wavelength range [4]. The microfab-
rication process still has a significant environmental impact, but the cost of
extracting rare materials is avoided [41, 42, 43].

Strained silicon as promising material for IR detection

Since the discovery of the piezoresistive effect in 1925 in metals [44] and
in 1954 for silicon and germanium [45], strain has been widely used to in-
crease the mobility of silicon devices in today’s technology [46]. Despite
this knowledge, the studies on strained silicon have remained stuck at low
stress levels due to the brittleness of silicon wafer, which struggle to tol-
erate stress above 500 MPa [47, 48]. These low strains, below 0.3%, have
been found to be sufficient to obtain a significant increase in the mobility
of the silicon, but too low to observe the optical enhancement of interest
for infrared detection. The potential to tune the band structure with strain,
thereby reducing the band gap and increasing infrared detection, was first
highlighted by theoretical studies. However, theoretical studies [49] at
the end of the nineties were based on parameters obtained experimentally
at low strains, leading to large errors at higher strains. It was not until
the end of the 2000s that a fully theoretical model based on DFT [50, 51]
was able to treat the strain-induced change in band structure with pre-
cision [52, 53]. At the same time, the first experimental work was done
to show the band gap reduction with strain in silicon using photolumi-
nescence measurements [54, 55]. Only recently, Katiyar et al. [56, 57] has
demonstrated the change in IR absorption in a silicon using thin devices
of tens of nanometers but without any explanation or exploitation of this
phenomenon for photodetection. All these previous works have shown
the potential for extending light absorption into the infrared, although ac-
curate prediction of the change in the material properties at large strain
and demonstrations of strained silicon devices are still lacking. Evidences
from previous work leads us to think that with sufficient strain, it should
be possible to develop a new generation of silicon-based photodetectors
that could operate at higher wavelengths where expensive materials such
as Ge and In1−xGaxAs are usually preferred. The main objective of this
work is to investigate the feasibility of such solution, first by looking at the
impact in optoelectronic properties with strain, then by studying the sen-
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sitivity improvement we could expect for a photodetector using strained
silicon.

Reaching high strain in silicon

To tune the optoelectronic properties of silicon, high strains up to a few
percents are required [49, 58, 54]. In recent decades, many improvements
have been made to achieve significant strain levels thanks to advanced mi-
crofabrication schemes [59, 60, 61, 62]. Several experimental methods for
stressing semiconductor-based devices have been proposed in the litera-
ture. We group all these methods into four types as shown in Fig. 2.

Fig. 2 Illustration and specification of the different types of strain tech-
niques existing. The straining system, strained material and substrate are
shown in purple, yellow and brown, respectively. The specificity of each
solution is written in italic.

Chemical strain is mostly based on ion implantation inside a thin-film
material layer to form strain clusters due to the addition of an external
specimen in the material lattice [63, 64, 65]. This technique allows strain
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up to 1%, but tends to introduce a large number of defects incompatible
with photodetection applications [66, 67]. Substrate-induced strain allows
wafer-scale deformation using the mismatch between the lattices of two
materials [68, 69]. Devices can also be directly strained by bending the sub-
strate using external actuation. On-chip techniques rely on stressors that
use the internal stress of the deposited material to strain the device [60, 70].
Finally, pressure can be applied to a membrane to strain devices, but this
requires external control of the environment [71, 72]. Substrate-induced
strain techniques show the advantages of a simple fabrication scheme, but
are only used for biaxial strain and smaller deformations have been re-
ported in the literature. Pressure-based setup allows fine control of the
strain applied to the material, with significant strain being achieved (up
to 4% biaxial strain [56]). Both uniaxial and biaxial strains can be gener-
ated by positioning devices at the side or centre of the membrane. How-
ever, the need for external actuation by a pressure system and the complex
fabrication process limit its applicability for long-term strained devices.
This solution is then more commonly used for test or research purposes.
The most promising techniques to achieve high strain are on-chip tensile
techniques using stressors or electrically actuated [73, 74, 40], which can
achieve fracture strain in silicon of about 17 % [61, 75], close to the theoret-
ical limit [76]. However, it requires a complex fabrication process and no
electronic devices have yet been demonstrated at this high level. On-chip
techniques at lower strain are now being used with silicon nitride strain-
ers to achieve high-mobility transistors in complementary metal-oxide-
semiconductor (CMOS) technology [77, 78, 79], but the achievable strain
using simple strainers without free-standing structure is limited.

The nanoscale dimensions are key to reducing the number of defects
in the strained structures and thus allowing higher strains to be achieved
without failure. As shown in Fig. 3, there is a trend of increasing frac-
ture stress and strain as the volume of the sample decreases. It has been
shown that the defect and the quality of the interface are critical to avoid
crack propagation which can lead to fracture [80]. The reduction in volume
leads to a reduction in the size of the defect, but also to better control of the
sample fabrication using microfabrication techniques. The higher fracture
strain is obtained with silicon nanowires that have a small volume [73, 74,
81, 75, 82, 83]. As shown by Zhang et al. [61], nanowires grown using a
bottom-up approach have better quality and can withstand much higher
strain than samples made using etching techniques. Bottom-up fabricated
samples are thus able to approach the fundamental limit of silicon, pre-
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Fig. 3 Literature comparison of the fracture strain obtained in microfabri-
cated samples with regards to the silicon volume. Fracture strain of silicon
nanowires are indicated with colored circles while the one obtained from
thin-films samples are shown with square. Loading has been done along
[110] (full colored marker), [100] (right colored marker) and [111] (left col-
ored marker) crystal directions.

dicted to be between 17% and 23% [84, 76]. Although the fracture strain
of thin-film samples is typically lower [85, 86, 87, 88], they still manage to
reach a few percent deformation [60, 59]. In addition, Katiyar et al. [56]
has recently shown the potential of thin-film silicon to achieve high strain
levels. All reported studies that achieve high fracture strains are based
on a uniaxial strain configuration, with the exception of work by Katiyar et
al. [56] that compresses a polyimide membrane to achieve 4% biaxial strain.

In this work, lab-on-chip samples following the fabrication scheme of
Passi et al. [60] are processed to study the band gap reduction in strained
silicon with photoluminescence measurements. The fabrication was done
by Dr. Marie-Stéphane Colla in UCLouvain cleanroom (Winfab). Unfortu-
nately, only 1% of strain has been achieved due to the failure of the silicon
nitride stressors. In addition, silicon strain gauges from Kyowa company
are employed to retrieve the variation of the electron mobility with strain.
The samples were able to withstand up to 1%-strain before fracture despite
the large volume of silicon.
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Research objectives and outline of the work

The main objective of this work is to evaluate the potential of strain en-
gineering to improve the optoelectronic performance of silicon photode-
tectors for IR detection. The motivation behind this is the substitution of
materials used in NIR and SWIR detectors, such as Ge and InxGa1−xAs,
with strained silicon. Indeed, silicon has a reduced environmental impact
while being low cost and compatible with the current CMOS fabrication
scheme. We focus on the theoretical study of material properties and de-
vice performance, while validating the theoretical results experimentally
where possible. A graphical summary of the outline of the thesis with the
associated research questions for each chapter is given in Fig. 4.

In order to answer the main research question of how to improve the
IR sensitivty of photodetector using strained silicon, three secondary re-
search questions about the material properties need to be answered. The
first is to know the effect of strain on the fundamental properties of silicon
and which strain configuration would be best for optical absorption. The
first chapter gives the answer by performing first-principles simulations
to find the strain configuration that leads to the lower band gap, which is
the most important property when talking about light absorption. In addi-
tion to these important results, the effect of strain on effective masses and
phonon energy is also calculated for the following chapters. Both uniaxial
and biaxial strain are considered in the three main crystal orientations of
silicon, i.e., ⟨100⟩, ⟨110⟩ and ⟨111⟩. This work intend to fill the gap in the
literature of the lack of non-exhaustive study of the fundamental proper-
ties of strained silicon. Uniaxial tensile strain along the [110] direction is
chosen as the best strain configuration. Indeed, uniaxial tensile strains are
the best for achieving high strain levels, while the [110] direction is the one
that leads to the most significant band gap reduction under uniaxial strain.
An experimental validation of the band gap reduction for this strain direc-
tion is then carried out using photoluminescence measurements on sam-
ples that have been strained with silicon nitride actuators.

As strain has a significant effect on both electrical and optical proper-
ties, they are investigated in the second and third chapters respectively.
The second chapter answers the question of the changes in electron and
hole mobilities due to strain. It is the first time that ab initio theory has
been used to predict the phonon-limited mobilities in strained silicon with-
out any semi-empirical parameters. The theoretical calculations allow us
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Fig. 4 Graphical summary of the outline of the thesis. The fundamental
properties of strained silicon are studied in first chapter (I). The second
(II) and third (III) chapters analysed the electrical and optical properties of
silicon under uniaxial tensile strain, respectively. The device performances
of an IR photodetector using strained silicon is finally studied in the fourth
chapter (IV). The principal research question of each chapter is indicated
in italic.
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to accurately explain the effect of strain on the scattering mechanism, such
as inter- and intravalley scattering for the electrons and inter- and intra-
band scattering for the holes. The results are confirmed experimentally for
the electrons using n-doped silicon samples measured under a four-point
bending scheme.

The third chapter answers the question of how the optical properties
of silicon change with strain. The complex refractive index is the key pa-
rameter to be studied, describing both the propagation and absorption of
light in the material. The Bethe-Salpeter equation (BSE), which takes into
account the electron-hole interaction, is used to obtain the real part of the
refractive index, which describes the propagation of light. It also gives the
absorption coefficient through its imaginary part, but only for direct ab-
sorption. Indirect absorption, which is responsible for infrared absorption,
is then calculated using the EPW code that takes into account the electron-
phonon interactions. The first-principles results are compared with a semi-
empirical model, which has the advantage of fast calculation but lacks ac-
curacy due to the use of inaccurate semi-empirical parameters.

The fourth and final chapter answers the main research question of
this thesis by predicting the sensitivity enhancement of IR sensors using
strained silicon. In practice, the optical and electrical properties calculated
for highly strained silicon are used in TCAD finite element software to
study detectors based on pin photodiode configurations. Different light
couplings such as normal, transverse and longitudinal to the photodiode
structure are analysed. The importance of sufficient thickness to absorb
IR light and maximise the effect of strain is highlighted. In particular, the
sensitivity of such strained devices is studied as a fundamental parameter
that depends on the strain. Finally, our results are compared with typical
detectors using other infrared sensing materials such as InxGa1−xAs and
Ge, showing the potential but also the necessity of high strain to achieve
efficient IR photodetectors in silicon.
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Fundamental properties of

strained silicon

Silicon is a well-known material that has been used in the electronic and
optoelectronic industries for decades. The relatively high mobility of the
carriers, its ability to be produced with few defects and its ability to be
doped to tune its properties, together with its abundance and low cost,
make silicon the basis of semiconductor chips. Its fundamental electronic
properties, such as the band structure (with band gaps and effective
masses), have been carefully studied both theoretically [49, 51, 89] and
experimentally [90, 91]. However, studies of the effect of strain on these
properties, especially at high strain levels, remain scarce. This is due to the
complexity of preparing and observing highly strained samples. In addi-
tion, semi-empirical models with fitting parameters struggle to accurately
predict the effect of strain, and more advanced theoretical simulations
such as DFT without fitting parameters are then required. The aim of this
chapter is to analyse the fundamental properties of highly strained silicon
by considering the most common strain configuration, i.e., uniaxial and
biaxial strain along the [001], [110] and [111] crystal directions. Indeed,
the literature lacks a systematic approach to calculate the band structure
properties in strained silicon for all strain configurations of interest.
Theoretical calculations are used to predict the band gap reduction in
order to find the most promising strain configuration for IR detection.
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Additional analysis of effective masses and phonon energy are also carried
out. Uniaxial tensile strain is the most promising way to achieve very high
strain levels, and among these configurations, strain along the [110] crystal
directions shows the highest band gap reduction. This strain was then
chosen as the study case for the remainder of this work, which is aimed at
improving IR photodetection. Finally, the band gap reduction for uniaxial
strain along the [110] crystal direction is experimentally investigated with
photoluminescence (PL) measurements on silicon beams strained with
silicon nitride actuators.

1.1 Computation scheme

This section explains the computational scheme used to carry out the the-
oretical analysis. The basic crystal structure of silicon is recalled and we
explain how to compute the new silicon lattice under six strain configura-
tions, i.e., uniaxial or biaxial along the [001], [110] and [111] crystal direc-
tions.

1.1.1 Relaxed silicon

The silicon unit cell is made of two inter-penetrating face-centered cubic
(FCC) crystal structure with a two-atom primitive cell as displayed in Fig.
1.1. The three Bravais lattice vectors are given by

a =
a0

2

 0
1
1

 , b =
a0

2

 1
0
1

 , c =
a0

2

 1
1
0

 , (1.1)

where a0 = 0.543 nm is the experimental lattice parameter [92].
The two atoms of the primitive cells are located at positions x1 and x2:

x1 =

 0
0
0

 , x2 =

 0.25
0.25
0.25

 . (1.2)

The reciprocal space containing all possible electron states in silicon
has a body-centered cubic (BCC) lattice. Since experimental observation
of the full electronic states is difficult, numerous theoretical frameworks
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Fig. 1.1 Representation of FCC crystal structure of silicon. The lattice
vectors of the primitive cell are indicated as well as the two atoms (in blue)
of the primitive cell.

have been developed to study the electronic properties of semiconduc-
tors. Most of these computation schemes are semi-empirical, meaning that
some tuning parameters are needed that are often deducted from experi-
mental observation. The most popular methods are the k·p method [90,
93], the empirical pseudopotential method (EPM) [94, 49] and the tight-
binding (TB) method [95, 96].

In order to avoid fitting parameters and the associated uncertainty,
DFT [97, 98] has been extensively used to calculate the band structure
of materials in a reliable way, but with additional computational cost.
The idea behind DFT is the use of the simple three-dimensional electron
density to describe the electron interactions in a system. It allows efficient
calculations most of the time but still suffer from the approximation of
the exchange-correlation functional. This causes large delocalization error
that leads to an important underestimation of the band gap and static
correlation error that prevents a correct calculation for degenerated or
near-degenerate states such as in strongly correlated material [99].

Figure 1.2 shows the TB band structure calculated for silicon using the
parameters from Ref. [100], considering sp3-bonded atoms. In this model
the valence bands are in good agreement, while the introduction of an ex-
cited state s* allows the lowest energy conduction bands to be described.
This rough model uses seven empirical parameters to fit the band struc-

| 15



1 | Fundamental properties of strained silicon

L Γ X U,K Γ
-15

-10

-5

0

5

10

E
ne

rg
y 

(e
V)

TB (sp3s*)
DFT (GGA)

Fig. 1.2 Band structure obtained using first-principles computations. The
DFT using generalised gradient approximation (GGA) (blue curves) is
compared to the sp3s* TB theory (black curves).

ture. The method gives a satisfactory shape for the valence bands and the
lower part of the conduction band, but lacks precision for advanced cal-
culations. More recent models that include d-orbitals give better results
but increase the number of fitting parameters [101]. This method was
then extended to predict the band structure variations of strained group
IV semiconductors such as silicon and germanium [102]. Additional semi-
empirical parameters were introduced to deal with the band structure vari-
ations with strain. Semi-empirical methods are useful to avoid computa-
tional costs, but they lack the ability to predict the evolution in an unstud-
ied case, as they always need to be calibrated against experimental or ab
initio data.

For this reason, DFT calculations are preferred, although basic imple-
mentations using the local density approximation (LDA) or the GGA un-
derestimate the band gap of the material as they do not feature the dis-
continuity in the derivative of the exchange correlation energy [103, 104].
Many-body perturbation theory (MBPT), based on the Green’s functions
formalism (GW) [105, 106], is used to correct the band gap underestima-
tion in GGA.

As shown in Tab. 1.1, the 0.61 eV band gap predicted using DFT with
the parameters discussed in section 1.1.2, between the maximum of va-
lence bands at Γ and the minimum of conduction bands along ∆-path, is
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corrected close to the experimental value of 1.12 eV using single-shot GW
calculations (G0W0). The direct band gap at those position are respectively
going from 2.55 eV and 3.30 eV up to 3.17 and 3.89 eV.

DFT G0W0 Exp. [107]
Eg,Γ∆ 0.61 1.13 1.12
Eg,Γ 2.55 3.17 3.2
Eg,∆ 3.30 3.89 4.0

Table 1.1 Relevant band gaps of silicon, obtained with DFT and cor-
rected with GW calculation. Experimental data are also provided. All the
values are expressed in eV.

1.1.2 Calculation parameters

In this work, the band structure is calculated from first principles using
DFT, the band gap correction using single-shot GW, and the phonon ener-
gies using density-functional perturbation theory (DFPT), as implemented
in ABINIT [108, 109]. Scalar-relativistic norm-conserving pseudopotential
with non-linear core correction from PSEUDO DOJO [110] in the GGA of
Perdew-Burke-Ernzerhof (PBE) [111] is used.

Convergence results are shown in appendix A, starting with the lattice
parameter a0 for which a value of 0.5469 nm was found with a planewave
cutoff of 20 Ha and a k grid of 12 × 12 × 12. The calculated lattice param-
eter is a bit higher than the experimental value of 0.543 nm [92]. The cal-
culation parameters are kept to study the atomic relaxation in the strained
structure.

For the band parameters calculated using DFT, the Kohn-Sham (KS)
wavefunctions are obtained by performing a self-consistent field (SCF) cal-
culation on a coarse 12× 12× 12 k grid using a Monkhorst-Pack grid [112]
with a planewave cutoff of 20 Ha. A non-self-consistent field (NSCF) cal-
culation is then performed along the important paths of the reciprocal
space with fine resolution to retrieve the band gaps and effective masses.
This leads to a convergence below 0.1 meV for the fundamental band gap,
as shown in appendix A. The same grid of 12 × 12 × 12 k points with a
planewave of 20 Ha provides convergence below 0.05 meV for the phonon
energy calculating with DFPT.

MBPT, based on the Green’s functions (GW) formalism, is used to cor-
rect the well-known band gap underestimation in GGA. In practice, quasi-
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particle energies and amplitudes are computed on a 12 × 12 × 12 k-point
grid, the same as DFT calculations. Convergence study for the G0W0 have
been done by looking at the quasi-particle correction at Γ. As shown in
appendix A, a planewave cutoff of 8 Ha is sufficient while a cutoff of 6 Ha
and 100 bands for the calculation of the screening interactions lead to con-
vergence below 10 meV.

1.1.3 Primitive cell of strained silicon

Considering elastic deformation, the relation between the stress compo-
nents σij and the strain ones εkl can be described using the components
Cijkl of the compliance tensor:

σij = Cijklεkl . (1.3)

In silicon, only three distinct components are used for the 81 terms of
the fourth rank tensor and the compliance matrix C in Voigt notation be-
comes [113]

C =



C11 C12 C12
C12 C11 C12
C12 C12 C11

C44
C44

C44


, (1.4)

where C11 = 165.77 GPa, C12 = 63.93 GPa, and C44 = 79.62 GPa [114].

In order to calculate the stress-strain relationships in an arbitrary di-
rection, it is then necessary to rotate the tensor so that one of the axes is
aligned with the crystal direction of interest. In this work the stress condi-
tions along three crystal directions ([001], [110] and [111]) are studied.

The Young’s modulus Yijk defines the relationship between the stress
applied in a particular direction [ijk] and the deformation caused in that
direction. It can be expressed in terms of the Cijkl components. This leads
to the following expressions for the moduli in the three directions stud-
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ied [115]:

Y001 = (C11−C12)(C11+2C12)
(C11+C12)

,

Y110 = 2
(

C11
C2

11+C11C12−2C2
12
+ 1

2C44

)−1
,

Y111 = 3
(

C11−C12
C2

11+C11C12−2C2
12
+ 1

C44

)−1
.

(1.5)

The strain tensors under stress applied in the three main crystal direc-
tions are given by

E001 =

 ε∥
ε∥

ε⊥

 ,

E110 = 1
2

 (ε⊥ + ε∥) (ε⊥ − ε∥)

(ε⊥ − ε∥) (ε⊥ + ε∥)

2ε⊥

 ,

E111 = 1
3

 (ε⊥ + 2ε∥) (ε⊥ − ε∥) (ε⊥ − ε∥)

(ε⊥ − ε∥) (ε⊥ + 2ε∥) (ε⊥ − ε∥)

(ε⊥ − ε∥) (ε⊥ − ε∥) (ε⊥ + 2ε∥)

 ,

(1.6)

where Eijk is the strain tensor for biaxial or uniaxial stress applied in the
[ijk] crystal direction. ε⊥ stands for the strain component oriented per-
pendicularly to the crystal plane (ijk) while ε∥ is the associated transverse
strain, i.e., parallel to the crystal plane (ijk).

The Poisson ratio describes the relationship between the perpendicular
and parallel strain components:

ε∥ = −νijk ε⊥, (1.7)

where νijk is the Poisson ratio for the stress applied in the [ijk] direction.
For uniaxial configuration, the stress is applied perpendicular to the crys-
tal interface, i.e., in the direction of the ε⊥ component. Conversely, for
biaxial stress, the stress is applied parallel to the crystal interface, i.e., in
the direction of the ε∥ component.
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The Poisson ratios for uniaxial stress are given by [115]

νuni
001 = C11+C12

C12
,

νuni
110 = 2C11C44+(C11+2C12)(C11−C12)

4C12C44
,

νuni
111 = C11+2C12+2C44

C11+2C12−2C44
,

(1.8)

while the ratios for biaxial stress are given by

νbi
001 = 2C12

C11
,

νbi
110 = C11+3C12−2C44

C11+C12+2C44
,

νbi
111 = 2(C11+2C12−2C44)

C11+2C12+4C44
.

(1.9)

In a deformed crystal, the new set of lattice vectors (a′, b′ is c′) are given
by

(a′ b′ c′) = (I + Eijk) · (a b c), (1.10)

where I is the unit matrix.
In addition to the deformation of the crystal structure, the displacement

of the two silicon atoms in the strained cell must be taken into account.
Indeed, the positions of the two Si atoms must be recalculated to find the
new equilibrium that minimises the total energy of the strained system.
An internal structural relaxation for the two atoms of the strained unit cell
is performed for each strain level, finding the positions that minimise the
total energy of the cell.

The results of atomistic relaxation are shown in Fig. 1.3a and Fig. 1.3b
for uniaxial and biaxial loading respectively. Only the atomic displace-
ments corresponding to a stress applied in the [110] and [111] directions
are calculated. In the [001] case, no internal relaxation occurs due to the
absence of shear strain [116]. Both atoms have the same absolute displace-
ment with respect to their relaxed positions, but in opposite directions. For
uniaxial strain along [110], the structural displacement is directed along the
lattice vector c, giving an atomic displacement along this vector of about
0.087 % per unit strain (in percent) (negative for x1 and positive for x2). The
components for the other lattice vectors involve the same displacement but
in the opposite direction. In the case of [111] the displacement is 0.051 %
per unit strain (in percent) and is similar along the three vectors (positive
for x1 and negative for x2).
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a.

b.

Fig. 1.3 Positions of the atoms x1 and x2 in relative coordinates inside the
primitive cell under (a) uniaxial and (b) biaxial strain applied in the [110]
(dashed lines) and [111] (dotted lines) crystal direction. The indices a, b
and c refer to the lattice vectors.

1.2 First-principles results

In this section, the effect of strain on the band structure (energy and effec-
tive masses) and the phonon energy is studied with DFT for uniaxial and
biaxial strain along the [001], [110] and [111] crystal directions.
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1.2.1 Band gap reduction

One of the most important effects of strain on the band structure is the
change in band edge energy, resulting in a reduction in the fundamental
band gap. In silicon, the electron valleys, written ∆-valley, are defined at
the minima of the conduction bands and are six-fold degenerated along the
⟨001⟩ directions. When strain is applied to the crystal, the degeneracy of
the six electron valleys is lifted for uniaxial and biaxial strain applied along
the [001] and [110] directions, as shown in Fig. 1.4, while strain applied

HH LH

SO

a.

b.

X001 Γ X100

ΔEc

Eg,Δ4

Eg,Δ2

c.

[100]
stress

Poisson 
effect

kx
ky

kz

kx
X100

X001

Δ4 Δ2

DOS

Fig. 1.4 (a) Illustration of the deformation of the silicon conventional cell
under a strain along the [100] crystal direction and (b) its impact on the
extrema of the valence bands (HH in orange, LH in dark green and SO in
light green) and conduction bands (blue for the ∆4-valleys and red for the
∆2-valleys). The DOS of the three conduction bands and the two valleys are
indicated next to the band structure. Dashed brown curves are used for the
unstrained case. (c) Equipotential surface of the six electron-valleys and
the lift of the degeneracy between the ∆2-valleys (in red) along the [100]
symmetry direction and the ∆4-valleys (in blue) oriented in the transverse
directions.
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along the [111] direction maintains the degeneracy. The band structure is
calculated from first principles using DFT for relaxed and strained silicon
as implemented in ABINIT [108, 109]. A NSCF is then performed along a
specific path in the Brillouin zone for fine resolution of the electron valley
position and energy.

a.

b.

[001] [110] [111]

Γ X Γ2

[001] [110] [111]

increasing
strain

Fig. 1.5 Valley displacement along its longidutinal direction for (a) uni-
axial and (b) biaxial strain along the [001] (continuous lines), [110] (dashed
lines) and [111] (dotted lines) crystal directions. The position of the valley
located towards the [100] (∆x) and [001] (∆z) symmetry point are shown in
red and blue, respectively.

Before we can determine the different band gaps and effective masses
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for each strained structure, we need to accurately calculate the position of
the ∆-valleys when strain is applied [52, 117]. In fact, the strain caused the
electron valleys to move in the reciprocal space. In the absence of strain, the
six valleys are located at about 84% in the Γ-X symmetry path. Figures 1.5a
and 1.5b show the valley displacement along its longitudinal axes for uni-
axial and biaxial strain, respectively. The [001] strain configuration caused
a limited change in the valley position, resulting in less than a few percent
displacement even at high strain. On the other hand, the ∆z-valleys, de-
fined as the ∆-valleys along the [001] path, reach the limit of the reciprocal
space for an uniaxial strain of 3.1% along the [110] direction, while a biaxial
strain of 2.4% is sufficient. As shown in the inset of Fig. 1.5a, the position
of the valley, defined as the minimum of the conduction bands, reaches the
limit of the first Brillouin zone with increasing strain along the [110] and
[111] crystal directions.

The variations of the band edges are shown in Fig. 1.6a and Fig. 1.6b
for uniaxial and biaxial strain, respectively. For tensile strain, the maxi-
mum of the valence bands shows little variation and the spin-orbit band is
shifted away from the HH and LH bands. The minimum of the conduction
bands shows a higher rate of reduction, especially for uniaxial strain along
the [110] direction or biaxial strain along the [001] direction. Conversely,
compressive strain leads to a significant increase in the valence band max-
imum, while showing less variations for the conduction band minimum.
Biaxial strain tends to cause a greater reduction in the band gap, especially
for biaxial compressive strain along [110] and biaxial tensile strain along
[001]. Uniaxial tensile strain is the most promising strain configuration to
achieve high fracture strain, as seen in the introduction. For strain along
[001], ∆z-valleys show a reduced gap of 0.36 eV at 4%-strain, while the gap
of ∆x-valleys increases by 0.36 eV. The opposite behaviour is observed for
[110] strain with a lower gap energy down to 0.12 eV at 4%-strain for the
∆z-valleys and 0.54 eV for the ∆x-valleys. In addition to the reduction of
the band gap, a splitting between the HH and LH valence bands up to
72 meV can be observed for a strain of 4% oriented along the [110] direc-
tion. The degeneracy is maintained under [111] strain and the ∆6-valleys
show the smaller energy variations with respect to strain with 0.38 eV at
4%.

It is worth mentioning that the accuracy of DFT remains uncertain
when the band gap starts to be small or negative (semi-metal) due to the
stronger electron interactions that are not treated properly in standard
DFT [99]. The accuracy of the effective masses can be greatly affected by
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[001] [110] [111]

Eg

a.

b.

Eg

[001] [110] [111]

Fig. 1.6 Band edge variations for (a) uniaxial and (b) biaxial strain along
the [001] (continuous lines), [110] (dashed lines) and [111] (dotted lines)
crystal directions. The energy of the valley located towards the [100] (∆x)
and [001] (∆z) symmetry point are shown in red and blue, respectively.
The energy of the maximum of the heavy hole (HH), light hole (LH) and
spin orbit (SO) bands located at Γ are shown in orange, dark green and
light green, respectively. The fundamental band gap of silicon Eg can be
computed by taking the difference between the band edges of lower energy
among the conduction bands and the one with higher energy among the
valence bands.
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the small band gap and the resulting strong interactions.

a.

b.

[001] [110] [111]

Fig. 1.7 Indirect band gap variations of silicon under (a) uniaxial and (b)
biaxial strain along [001] (continuous line), [110] (dashed line), and [111]
(dotted line) crystal directions. The results are obtained using DFT and are
compared to literature for which the data have been offset to match the
0.61 eV band gap found in our calculations.

Figure 1.7 shows the evolution of the band gaps, defined as the differ-
ence between the minimum energy of the electron valleys and the maxi-
mum of the valence bands at Γ. The band gaps are calculated with respect
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to the valley along [100] and [001], i.e., ∆x and ∆z, which are no more de-
generated for strain applied in the [001] and [110] directions.

Uniaxial Biaxial
(meV) -2% 2% -2% 2%

[001] −42.5 −119.0 −235.6 2.6
∆x [110] −200.7 −28.0 −110.2 −144.1

[111] −182.0 −86.0 −189.8 −109.1

[001] -271.5 102.3 78.8 −306.6
∆z [110] −150.8 −202.9 −326.5 −90.0

[111] −182.0 −86.0 −189.8 −109.1

Table 1.2 Band gap shift in meV due to strain of the ∆x-valley (along
[100]) and ∆z-valley (along [001]). The results are shown for a tensile and
compressive strain of 2%. The largest shifts for each valley type are given
in bold.

Table 1.2 summarises the band gap reduction of the ∆x- and ∆z-valleys
for all strain configurations studied for compressive and tensile strains of
2%. For uniaxial strain, the highest reduction of −271.5 meV is achieved
for the ∆z-valleys under compressive strain, while tensile strain along the
[110] direction only leads to a reduction of −202.9 meV at 2% strain. Biaxial
strain of 2% shows higher strain reduction of −326.5 meV and −306.6 meV
for compressive strain along [110] and tensile strain along [001], respec-
tively. The calculation of the band structure of strained silicon with respect
to strain is not new, but most of past works have focused on biaxial strain,
as easily achieved using SiGe substrate [118]. Theoretical works based on
EPM of Fischetti and Laux [49] are shown for biaxial strain along [001]
direction. This method relies on perturbation coefficients determined ex-
perimentally at lower strain levels, resulting in an inaccurate prediction
of the band gap variations. Later, Niquet et al. [102] used TB methods to
predict the evolution for strain applied in three directions, i.e., [001], [110]
and [111], and validated their predictions using DFT. Other works, such as
those by Yu et al. [53] and Bouhassoune et al. [117], obtained similar results
using DFT for biaxial strain along the [001] and [110] crystal directions, re-
spectively. Furthermore, Bouhassoune predicts the evolution of band gaps
for uniaxial tensile strain along the [110] direction. Results based on, or
calibrated with, DFT are in good agreement with ours, but we can see that
the results of Fischetti and Laux [49] show a significant deviation, demon-
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strating the limitations of the method used with inaccurate parameters.
Figure 1.8 shows the few experimental results of band gap reduction in

highly strained silicon available in literature. They have all been obtained
using PL measurements for which the luminescence peaks can be related
to the band gaps of the material [119]. Munguía et al. [58, 120, 121, 122]
studied [001] biaxial strain using a SiGe substrate to stress the top silicon
layer. On the other hand, Wang et al. [54, 55, 123] have studied uniaxial
compressive strain using silicon beams along [001] and [110] crystal di-
rections encapsulated in silicon nitride stressors. Similarly, the strain was
measured using Raman spectroscopy, while the band gap was determined
using PL measurements. These experimental works show good agreement
with the trend obtained from our DFT calculations. However, the variabil-
ity between samples (at different strain levels) makes it difficult to obtain a
clear trend experimentally.

Fig. 1.8 Band gap reduction obtained experimentally using photolumi-
nesence measurements. DFT results are indicated for tensile biaxial strain
along [001] crystal direction (continuous line) and for compressive uniax-
ial strain along [001] (dashed line) and [110] (dotted line) directions. The
theoretical results are offset to match the zero-strain band gap of silicon at
1.17 eV refered in the experimental works.

It is clear from the results in Fig. 1.7 that the highest reduction of the
band gap, which is critical to enhance the absorption in the infrared re-
gion, is obtained for biaxial compressive strain along [110]. For tensile
loading, uniaxial strain along [110] and biaxial along [001] lead to the most
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important reduction. In this work, the band gap reduction are not the
only concern and the ability to develop a manufacturing process capable
of achieving high strain is critical for further development. For this rea-
son, compressive strain, which can lead to bulking or delamination of the
sample, is avoided [124]. Biaxial tensile strain is more easily achieved us-
ing membrane fabrication [56] or SiGe substrate [52]. However, the high-
est strain levels achieved in microfabricated specimens were obtained in
uniaxial tensile loading using silicon nanowires [61, 75] or thin-film tech-
nology [60]. For this reason, tensile uniaxial strain has mainly been inves-
tigated in this work, and [110] shows the highest reduction.

Fig. 1.9 Comparison of the indirect band gap (continuous lines) and the
direct band gap located at Γ (dashed lines) computed using PBE functional
(blue) and corrected by G0W0 (red) calculations for uniaxial strain applied
in the [110] direction.

LDA and GGA are well known to underestimate the band gap of semi-
conductors [125], leading to a zero-strain band gap of 0.61 eV for silicon.
MBPT based on GW is then used to correct the KS calculations. Since MBPT
calculations are more expensive than DFT, single-shot quasi-particle cor-
rection G0W0 is performed only for uniaxial strain along the [110] direc-
tion. The 0.52 eV correction obtained in the relaxed case was found to be
hardly insensitive to strain, as shown in Fig. 1.9. The slight change in the
primitive cell due to strain does not significantly affect the quasi-particle
correction.
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1.2.2 Effective mass

The curvature at the band edges is important for macroscopic properties
such as absorption or mobility. To analyse this curvature, the directional
effective mass has been calculated for the valence and conduction bands
for uniaxial and biaxial strain along the [001], [110] and [111] crystal direc-
tions. As a reminder, the effective mass is calculated by taking the inverse
of the second derivative of the eigenenergies along a given direction [126],
i.e.,

m∗
n,ijk = h̄

(
∂2En(kijk)

∂k2
ijk

)−1

, (1.11)

where h̄ is the reduced Planck constant, n is the band indice, kijk is the
norm of the wavevector along direction [ijk] and En is the energy of band
n at that k point.

The calculation scheme is similar to that used to find the band gap
reduction with strain. The band structure is first calculated from first
principles using DFT for relaxed and strained silicon as implemented in
ABINIT [108, 109]. A NSCF is then performed along a specific path in
the Brillouin zone for fine resolution of the electron valley position and
energy. Fine resolution is essential to obtain accurate second derivatives.
The effective masses of the electrons are calculated at the minima of
the ∆-valley, while those of the holes are calculated at the maximum
of the valence bands in the centre of the reciprocal space, i.e., at Γ. For
the electrons, only two components need to be calculated as the shape
of the valley is ellipsoidal. In the absence of strain, the transverse and
longitudinal effective masses are calculated to be 0.200 me and 0.969 me

respectively. For the holes, the HH band is highly anisotropic as we found
effective masses of 0.269 me, 0.539 me and 0.678 me in the [100], [110] and
[111] directions, respectively. The LH band has smaller effective masses in
the different directions with values of 0.184 me, 0.137 me and 0.130 me in
the [100], [110] and [111] directions, respectively. Finally, the SO band has
a round and isotropic shape with the same effective mass of 0.224 me in all
directions.

In Table 1.3, we compare our calculated effective masses with previ-
ous literature in the absence of strain. Both theoretical and experimental
works are summarised. Experimental results have been obtained by cy-
clotron resonance from p-doped silicon for the valence effective masses [91,
90, 128] and n-doped silicon for the conduction ones [127, 90]. Theoret-
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ical results have been obtained using first-principles calculations such as
DFPT [132] or DFT [53, 130, 131, 133]. The theoretical calculations show
good agreement with the experimental values, except in the [100] direction
of the HH band.

The variations of the longitudinal and transverse effective masses for
the valleys oriented along [100] (∆x) and [001] (∆z) are calculated for uni-
axial and biaxial strain in the [001], [110] and [111] crystal directions and
are shown in Fig. 1.10. Under uniaxial and biaxial strain along the [001] di-
rection, the variations of the electron effective masses show a linear trend
for both the longitudinal and transverse components. The increase (resp.
decrease) of the longitudinal component and the decrease (resp. increase)
of the transverse component lead to an elongation (resp. compression) of
the ellipsoid equipotential surface of the ∆-valleys. The longitudinal com-
ponent of the ∆z-valleys shows highly non-linear variations for [110] and
[111] strain. For [111] strain, the six ∆-valleys are equally affected. The evo-
lution of the effective masses under uniaxial (resp. biaxial) strain is more
important for [110] (resp. [111]) strain. A non-linear trend is also visible
to a lesser extent for the transverse component. The large increase in the
longitudinal component of the ∆z-valleys for [110] and [111] strain can be
explained by the movement of the electron valleys. Indeed, as the strain
increases, the valleys move close to the edge of the first Brillouin zone. By
symmetry, the valleys of the second Brillouin zone also moves, but in the
opposite direction. At higher strains, the valleys from the first and second
Brillouin zones start to overlap, resulting in an almost flat band curvature,
leading to a high effective mass.

The calculation of the effective masses is much more sensitive to the
theoretical method chosen. For example, the values obtained by Fischetti
and Laux [49] using EPM show significant difference to the values we ob-
tained using DFT. The semi-empirical method first used parameters to fit
the band structure and then extrapolated with additional parameters to
account for the effect of structural deformation induced by strain. The de-
termination of this second set of parameters is much more precarious as
there is very little data available to validate it. Bouhassoune et al. [117]
use DFT calculations to find the effective electron mass under [110] uniax-
ial and biaxial strain. The trend of the evolution of the effective masses is
in good agreement with our calculations. The main difference is the zero-
strain effective mass, which is slightly higher in our calculations. This can
be related to the range of k points used to perform the effective mass cal-
culations. Indeed, as the bands are not perfectly parabolic, taking a larger
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range to perform the second derivative tends to reduce the calculated effec-
tive mass. Although the use of DFT or DFPT to calculate it is well known
and is proven to give accurate results. No work has been found with an ex-
haustive calculation of the effective masses in strained silicon for all major
configurations as done here.

a.

b.

e
e

[001] [110] [111]

Fig. 1.10 Effective masses variations of the electron valleys with (a) uni-
axial and (b) biaxial strains along the [001] (continuous lines), [110] (dashed
lines) and [111] (dotted lines) crystal directions. The transverse effective
masses (mt,x/z) and longitudinal effective masses (ml,x/z) for valleys lo-
cated towards the [100] (∆x in blue) and [001] (∆z in red) symmetry path.
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Under strain conditions, the curvature of the HH and LH bands shows
sharp variations due to the broken symmetries of the crystal. Figure 1.11
shows the discontinuity with an illustration of the wave function density
at the centre of the band between a strain free structure and one strained at
0.03% under uniaxial strain along the [001] direction.

The HH effective mass goes from 0.539 me to 0.203 me in the [110] direc-
tion, while that calculated along the [111] direction goes from 0.678 me to
0.223 me. The effective mass of the LH band goes from 0.137 me to 0.235 me

in the [110] direction and from 0.130 me to 0.214 me for the one calculated
in the [111] direction. The discontinuity is also found in the electronic den-
sity, with a high density located between the silicon atoms in the relaxed
structure.

[110][111]

Heavy-Hole

Light-Hole

re
la

xe
d 

Si

re
la

xe
d 

S
i

strained S
i

strained S
i

Γ

Fig. 1.11 Band curvature of the heavy-hole and light-hole valence bands
for the relaxed silicon structure and for the uniaxially strained at 0.03% in
the [100] direction. The electronic density at Γ is represented in the conven-
tional cell next to the curve for the relaxed case (black) and for the strained
case for the heavy-hole (orange) and light-hole (green).

Figures 1.12, 1.13 and 1.14 show the hole effective masses for HH, LH
and SO bands, respectively, under uniaxial and biaxial strain along the
[001], [110] and [111] crystal directions, respectively. Contrary to the elec-
tron effective masses, the strain causes a significant variation in the shape
of the valence bands, as shown by the significant change observed in the
effective masses calculated in different directions. Uniaxial strain along
[110] and [111] causes the shape of the HH band to align with the strain
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direction, as indicated by the dominance of the [110] and [111] effective
masses, respectively. It is important to note that very fine k-point resolu-
tion is required to observe the discontinuity and sharp variations caused
by the broken symmetry due to strain. In fact, taking a coarse k-point grid
leads to an averaging effect as observed in other works [134, 49, 135]. Since
the valence bands are not parabolic, using a large range to calculate the
effective mass leads to an overestimation of it, which explains why our re-
sults are lower than those obtained in the literature. Zhang et al. [135] used
the k · p method to compute the effective masses for biaxial strain in the
[001] and [110] directions. While their results are close to ours in the [001]
case, the values obtained for [110] strain are much higher. The EPM used
by Fischetti and Laux [49] for biaxial strain in the [001] directions achieved
good agreement with our results, but with a small overestimation. The-
oretical values from Inaoka et al. [131] for the HH band are available for
silicon undergoing high strain in the [100] direction. Similar to our results,
they found a significant reduction from 0.55 me to 0.24 me for the effective
mass along the [110] direction when silicon is strained at 1%. The effective
masses of the LH band show less variation than the HH band, but can still
reach about 0.8 me under [111] uniaxial or [110] biaxial strain. Ohyama and
Otsuka [129] show experimentally the important difference between the ef-
fective masses of the LH band in the [100] and [001] directions of 0.199 me

and 0.256 me respectively under 0.1% strain. Ma et al. [134] calculate the
effective masses for the HH and LH bands using k · p theory for uniaxial
strain along [110], but their results differ significantly from those obtained
using DFT. Again the k · p methods have been used by Hu et al. [136] for
the HH and LH under biaxial strain along [110]. Their results are in better
agreement with ours.

Finally, there are only a few works in the literature using DFT that pro-
vide reliable calculations of the effective masses of the valence bands. The
situation is even more critical for the SO band, for which no results have
been found. However, this band has little effect on the macroscopic proper-
ties such as mobility or absorption due to spin-orbit splitting. The effective
masses of the SO are degenerate in the absence of strain, i.e., the shape
of the band is spherical. Under [001] strain, the degeneracy is lifted and
the shape of the band is compressed (resp. stretched) following the strain
directions for uniaxial (resp. biaxial) tensile strain, as evidenced by the de-
crease (resp. increase) of the [001] effective mass and the increase (resp.
decrease) of the [100] one. A similar but larger trend is seen under [110]
and [111] strain conditions, able to reach 0.8 me in [110] direction.
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e
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Fig. 1.12 Effective masses as a function of uniaxial and biaxial strain
computed at the maxima of the HH band. Theoretical results from
Refs. [49], [134], [136] and [135] are indicated with black dots, up trian-
gles, down triangles and diamonds, respectively.
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Fig. 1.13 Effective masses as a function of uniaxial and biaxial strain
computed at the maxima of the LH band. Theoretical results from
Refs. [134] and [136] are indicated with black up and down triangles, re-
spectively.
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Fig. 1.14 Effective masses as a function of uniaxial and biaxial strain
computed at the maxima of the SO band.
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1.2.3 Phonon energy

The change in the crystal cell due to strain affects the lattice vibrations of
silicon, i.e., the phonons. It is then important to calculate the variations of
the phonon modes with strain, especially since the mobility and absorp-
tion depend on the electron-phonon interactions. In addition, the energy
variations of the optical modes in silicon are used to determine the strain
of samples using Raman spectroscopy.

In the harmonic approximation, the frequencies ωνq of the phonon
mode ν with wavevector q associated with the displacement uα(lκ) in
direction α of the atom κ with mass Mκ in unit cell l are obtained by
solving the following eigenvalue problem:

∑
κ′β

Dq,αβ(κκ′) γνq(κ
′β) = ω2

νq γνq(κα), (1.12)

where γνq(κα) are the phonon eigenvectors [137] and the dynamical matrix
Dq,αβ(κκ′) is given by the second derivative of the potential energy U with
respect to the displacement uα(lκ) of the atoms κ in unit cell l and κ′ in unit
cell l′ for perturbation along the Cartesian directions α and β:

Dq,αβ(κκ′) =
1√

Mκ Mκ′
∑

l

∂2U
∂uα(lκ) ∂uβ(l′κ′)

eiq·(x(lκ)−x(l′κ′)), (1.13)

where x(lκ) is the equilibrium position of the atom κ in unit cell l.
In this work, DFPT as implemented in ABINIT [108, 109] is used to com-

pute the eigenvalues corresponding to the energy of the phonon modes in
strained silicon. A 12 × 12 × 12 Monkhorst-Pack k-point grid is used to
perform the SCF calculation of the total energy, which is used as the start-
ing point for the perturbation calculation.

Figure 1.15 illustrates the effect of strain on the phonon bands. The two-
atom lattice of silicon gives rise to six phonon modes. There are three opti-
cal modes, one longitudinal optical (LO) and two transverse optical (TO),
with maximum energy at Γ and three acoustic modes, one longitudinal
accoustic (LA) and two transverse accoustic (TA), with zero energy at Γ
due to the acoustic sum rule [138]. The phonon dispersion under uniaxial
strain along the [001] direction has been calculated for 0%-, 1%- and 2%-
strain. A first observation is the low dependence of the dispersion curves
with strain. Indeed, hardly any variations are seen for the acoustic modes,
where the maximum changes for longitudinal and transverse modes occur
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at the symmetry point X. The energy of the optical modes shows higher
variations but remain small.

Fig. 1.15 Phonon band structures for [001] uniaxial strain of 0% (blue),
1% (orange) and 2% (red). Each band structure is represented between the
X100 symmetry point along the [100] direction, i.e., the same as the strain
direction, and the X001 symmetry point along the [001] direction. The LO
and TO modes are shown in the upper panel while the LA and TA modes
are shown in the lower panel. The components of the dielectric tensor ε∞
and Born effective charge Z∗ are indicated for each strain level.

Figure 1.16 shows the variations at the edge of the Brillouin zone in the
[100] (X100) and [001] (X001) directions. In the absence of strain, the energy
of the LA and LO modes is 50.7 meV, while that of the TA and TO modes
is 17.5 meV and 57.2 meV, respectively. Limited variations with respect to
the Γ position are observed, especially for the TA modes at lower energies.
Higher variations of nearly 1 meV/% are observed at X001 under [001],
[110] and [111] uniaxial and biaxial strain.
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Fig. 1.16 Variations of the energies of the phonon modes at X100 and X001
for uniaxial and biaxial strain along [001] (continuous line), [110] (dashed
line) and [111] (dotted line) crystal directions. At these symmetry points,
the transverse modes are degenerated and the energy of the LA mode is
equal to the TO modes. The energy of the TA, TO and LO modes are shown
in red, blue and orange, respectively.

The three optical modes are degenerated at Γ in the absence of strain at
an energy of 63.7 meV. Under strain, the degeneracy is lifted by breaking
the crystal symmetries. Ganesan et al. [139] provide a theoretical model to
predict the strain shift of the frequencies of the triply degenerated optical
modes in crystals with a diamond structure. In this phonon deformation
potential (PDP) theory, the first-order perturbation of the dynamical matrix
is calculated as :

DIα,Jβ = D(0)
Iα,Jβ + ∑

ij

∂DIα,Jβ

∂εij
εij + ..., (1.14)

where εij are the components of the strain tensor. For silicon, it has been
shown that only three parameters (p, q and r) are needed for the first
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derivatives:
∂Dxx

∂εxx
= p,

∂Dxx

∂εyy
= q,

∂Dxy

∂εxy
= r, (1.15)

while the other derivatives are zero. The frequency shifts can then be com-
puted by solving the following characteristic equation:

∣∣∣∣∣∣
pεxx + q(εyy + εzz)− λqν 2rεxy 2rεxz

2rεyx pεyy + q(εxx + εzz)− λqν 2rεyz
2rεzx 2rεzy pεzz + q(εxx + εyy)− λqν

∣∣∣∣∣∣ = 0,

(1.16)
with λqν = h̄ω2

qν − h̄ω2
0 where h̄ωi is the energy of phonon mode ν and

h̄ω0 is the energy in the absence of strain at Γ.
Table 1.4 summarises the sets of PDP parameters found in the litera-

ture. The discrepancy between the parameters is usually due to the strain
configuration and the samples used to determine the coefficients. For ex-
ample, loading along the [001] crystal directions is insensitive to the coef-
ficient r, which deals with the shear component of the strain tensor. The
values found in the table have been obtained experimentally by Raman
spectroscopy [140, 141, 142, 143] for silicon uniaxially strained along the
[001] direction to determine p and q, while [111] uniaxial strain is then
used to determine r. Only the values from Peng et al. [144] have been cal-
culated by fitting results for uniaxial strain along the [001], [110] and [111]
crystal directions.

p/h̄ω2
0 q/h̄ω2

0 r/h̄ω2
0

Anastassakis et al. [140] −1.25 −1.87 −0.66
Chandrasekhar et al. [141] −1.49 −1.97 −0.61
Nielsen et al. [142] −1.63 −1.89 −0.6
Anastassakis et al. [143] −1.85 −2.31 −0.71
Peng et al. [144] −1.56 −1.98 −0.96

Table 1.4 Silicon phonon deformation potentials in relative units re-
ported in the literature and obtained experimentally.

Figure 1.17 shows the energy variations of the optical modes at Γ under
biaxial and uniaxial strains along [001], [110] and [111] crystal directions.
The results obtained using the PDP model with coefficients from Peng et
al. [144] are shown. These coefficients have been chosen for comparison as
they have been fitted simultaneously to the experimental measurements
with [001], [110] and [111] loading. Measurements have only been per-

42 |



First-principles results | 1.3

formed for uniaxial strain, leading to correct agreement at low uniaxial
strain, but failing at higher strains due to the non-linear evolution. The
discrepancy is worse for biaxial strain, showing the limitations of using a
single set of coefficients for all strain configurations.

Fig. 1.17 Variations of the phonon energies of the optical modes at Γ
for uniaxial and biaxial strain along [001] (continuous line), [110] (dashed
line) and [111] (dotted line) crystal directions. The two transverse optical
modes, denoted TO1 and TO2, are shown in red and orange, respectively.
The longitudinal mode, denoted LO, is shown in blue. The black lines rep-
resent the linear model using phonon deformation potential theory with
coefficients calculated by Peng et al. [144].

| 43



1 | Fundamental properties of strained silicon

1.3 Experimental validation of the band gap reduction

As shown in the introduction, uniaxial tensile strain is the most promis-
ing candidate to achieve high strain while limiting the fracture probability.
Among the uniaxial tensile strains, the one along the [110] crystal direction
shows the highest band gap reduction. In this section, PL measurements
are therefore performed to validate the first-principles prediction for the
band gap reduction under uniaxial strain along the [110] direction.

1.3.1 Fabrication of deformed silicon microbeams

An on-chip tensile testing technique has been used to stretch silicon mi-
crobeams without external actuation [145, 62]. The concept of this tech-
nique is to use the high internal stress present in silicon nitride to pull on
the silicon microbeam [60, 146, 70, 147, 148]. The illustration of the fabrica-
tion process of the on-chip tensile testing is shown in Fig. 1.18.

The samples used in this work have been manufactured in UCLouvain
cleanroom (Winfab) by Dr. Marie-Stéphane Colla. The fabrication process
starts with a p-type 700µm-thick silicon-on-insulator (SOI) substrate with a
685nm-thick top Si layer n-doped about 1015 cm−3 and a 1µm-thick buried
oxide (BOX) that will serve as a sacrificial layer. First, the top Si layer
is patterned thanks to a photolithography step followed by a CHF3/SF6
plasma etching to shape to the microbeam specimens (Figs. 1.18 a to c).
A 20nm-thick dry thermal oxide layer is then grown at 950°C on the pat-
terned top-Si and locally etched away after photolithography using BHF
solution in order to open area where the actuator is in contact with the
top Si microbeams (Figs. 1.18 d to e). Finally, the actuator layer made of
low pressure chemical vapour deposited (LPCVD) silicon nitride film is de-
posited at 800°C on top of the partly oxidized top-Si and patterned using
CHF3/O2 dry etching (Figs. 1.18 f to h). The 20nm-thick oxide on the top
Si serves as an etch stop layer during this processing step, thus avoiding
the degradation of the Si beams. For characterization purposes, as in this
work, it is needed to remove the bulk Si substrate under the microbeams
of interest using deep reactive ion etching following a previous study[149].

The back-etching step begins with a thinning of the whole substrate
by mechanical polishing to reduce the substrate thickness down to 250
µm. Then, a 300nm-thick Al layer is evaporated and patterned using pho-
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Fig. 1.18 Overview of the fabrication process of strained silicon mi-
crobeams. The silicon beams are patterned first (a→c), followed by the
silicon nitride patterning (d→h). The back etching and release of the struc-
tures are performed at the end of the process (i→k).

tolithography followed by H3PO4 etching. This Al layer acts as a hard
mask during deep reactive ion etching (Fig. 1.18 i). The front face of the
wafer containing the microbeams is protected by a resin AZ 502 D from
Merck. The Bosch process [150] is used for the deep Si etching. The cyclic
etching is performed by alternating 12 seconds-long SF6 etching steps and
13 seconds-long C4F8 deposition steps. 500 cycles have been applied to
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fully open the windows in the substrate. The buried oxide sacrificial layer
is acting as an etch-stop layer and ensures that the microbeams are not
affected by the back-etching process (Fig. 1.18 j).

b.

a.

Si SiO2Si (substrate) Si3N4

5 μm 

HF release

[110]

[110]

Fig. 1.19 Scanning electron microscopy (SEM) micrograph of a deformed
microbeams structure (a). Stress is applied after the silicon oxide (SiO2)
etching with a hydrofluoric acid (HF) solution concentrated at 49% (b). The
silicon beams are pulled under tension due to the internal stress in the
silicon nitride (Si3N4) actuator.

The last step is the release of the entire structure using hydrofluoric
acid (HF) concentrated at 49% in order to remove the sacrificial buried ox-
ide lying under the specimen and actuator beams (Figs. 1.18 k). After the
release, the Si3N4 beam is pulling on the Si microbeam that is deformed
under tension. The strain in each Si beam can be calculated from the rel-
ative displacement of the freestanding structure thanks to a series of fixed
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and moving cursors [145] or by Raman spectroscopy as in this work.

1.3.2 Description of the samples

Hundreds of elementary strained structures with varying dimensions can
be produced on one die. The length of the silicon nitride actuator beams
is varied from 50 to 500 µm to access to different strain levels inside the
Si microbeams that have a constant length of 50 µm. The width of the
actuator beams is equal to 10 µm while the Si microbeams are 2µm-wide.

Fig. 1.20 Illustration of the silicon microbeams strained with silicon ni-
tride actuators with a width of 10 µm and lengths ranging from 50 µm to
500 µm. The thickness, width and length of the silicon beams are 0.685 µm,
2 µm and 50 µm, respectively.

An illustration of the final structures is shown in Fig. 1.20 while the
measured structures are listed in Tab. 1.5. The length of the silicon nitride
actuator and the strain are indicated for each sample. The strain is mea-
sured through Raman spectroscopy. Eleven measurements are taken along
the silicon beams to increase the accuracy and calculate the standard devi-
ation of the measurements. The method is explained in section 1.3.3.
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Number Actuator length Raman peak Standard deviation Strain
(/) (µm) (cm−1) (cm−1) %
0 0 519.65 0.007 0.22
1 50 518.42 0.048 0.47
2 75 518.08 0.068 0.54
3 100 518.91 0.012 0.37
4 125 518.56 0.012 0.44
6 175 517.79 0.036 0.6
7 200 519.04 0.015 0.34
8 225 516.79 0.074 0.81

13 375 516.82 0.043 0.8
14 400 516.33 0.022 0.9
15 425 516.26 0.036 0.92
16 450 516.06 0.047 0.96
18 500 516.17 0.026 0.93

Table 1.5 List of the measured samples with the strain determined
through Raman spectroscopy. The ratio between the Raman shift and
strain is -485 cm−1 [70]. The standard deviation is calculated with 11 mea-
surements points along the strained silicon beams.

1.3.3 Strain determination by Raman spectroscopy

Strain could be determined with SEM imaging by measuring the displace-
ment of the cursors, as shown in Fig. 1.19. However, the microfabrication
process lead to various cracks in the silicon nitride layer and at the anchor
of the structure. This caused a displacement of the cursor unrelated to the
strain of the samples. For this reason Raman spectroscopy is preferred to
determine the intensity of the strain field in our samples.

Raman spectroscopy is a well-known non-invasive method to extract
the magnitude of the elastic strain field in a semiconductor from the vibra-
tional modes of the crystal [151]. In silicon, the degeneracy of the three
optical phonon peaks (about 520.7 cm−1) is lifted under strain. The in-
tensity of the strain field can then be determined directly from the peak
positions if the correct relations between strain and peak shifts are known,
as discussed in section 1.2.3. The labRAM HR system from Horiba with a
514 nm-laser is used to perform backscattered Raman spectroscopy. The
system is shown in Fig. 1.21 and is based on a confocal microscope with a
filter and an attenuator in the incident light path, while a spectrographic
grating coupled with mirrors to spatially discriminates the energy of the

48 |



Experimental validation of the band gap reduction | 1.3

Fig. 1.21 Raman spectroscopy set-up to determine the intensity of the
strain field in the deformed silicon samples. A 514 nm laser is guided onto
the sample and the scattered signal is collected through a beamsplitter and
diffraction grating to be analyzed on a charge-coupled device (CCD). The
spectrum is then analyzed by fitting Lorentzian peaks to extract the posi-
tion of the LO and TO phonon modes that depend on the magnitude of the
elastic strain.

scattered light on a CCD. The measurements are done in the WELCOME
facilities from UCLouvain. According to the Raman selection rule, only the
LO mode should be excited with the laser polarised in the [110] direction
above the (001) crystal plane [152]. However, the high numerical aperture
(NA) of the microscope objective (MPLAPON100x from Olympus) leads to
the observation of the TO mode thanks to the tilted components of the light
beam hitting the material. In fact, with a numerical aperture of 0.95, it is
possible to collect incident light with an angle of incidence of up to 70°.
The spectrum can then be fitted with Lorentzian functions to obtain the
positions of the Raman peaks [153]. Fig. 1.22 shows the Raman spectra of
five samples strained from 0.22% to 0.80%. The Lorentzian fit represent-
ing the two phonon modes (TO and LO) is highlighted, while the vertical
position is set according to the strain of the samples. The strain level has
been calculated from the position of the TO peaks with a strain shift co-
efficient of −485 cm−1 [154]. Eleven measurement points are taken along
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Fig. 1.22 Raman spectrum of several deformed microbeams. The mea-
surement data (continuous blue lines) are fitted using two Lorentzian func-
tions representing the contribution of the TO mode (dashed lines) and LO
mode (dotted lines). The spectra are normalized with regards to the inten-
sity of the TO peaks while the vertical position of each spectrum is related
to the strain of the sample. This strain level has been determined using the
linear relationship (continuous orange line) between the peak position of
the TO modes (oranges dots) and the strain.
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each silicon beam to determine the uncertainty of the measurements. Fig-
ure 1.23 shows the histogram of the Raman peaks from which the standard
deviations are resumed in Tab. 1.5.

Fig. 1.23 Histogram of the position of the Raman peaks for eleven mea-
surement points along the silicon microbeams for each strained sample.
The inset on the right shows the position of the Raman measurements
along the beam (green dots).

1.3.4 Photoluminescence measurements

Transmission/reflection measurements are usually preferred to determine
the absorption and the band gap of a material [155]. However, due to the
microscopic dimensions of our samples, standard equipment are unable to
perform accurate measurement on a micrometric spot. For this reason, PL
measurements through microscope objective have been chosen to retrieve
the band gap of our samples.

The FluoMic and FluoTime 300 from Picoquant are used to generate the
luminescence spectrum of the strained samples as shown in Fig. 1.24. A
532 nm pulsed laser passing through an attenuator is focused on the sam-
ple with an MPLN50x objective from Olympus. The spot size of about
20 µm diameter results in almost complete illumination of the deformed
samples. The pulse duration is 25 ps with a repetition rate of 3 MHz. The
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Fig. 1.24 Diagram of the PL set-up used to determine the band gap of
the deformed microbeams. A 532 nm laser has been used with confocal
backscattering configuration. The signal emitted by the sample is collected
through the same objective as the input laser beam. A monochromator
coupled to a NIR photodetector is used at the end to retrieve the lumines-
cence spectrum.

backscatter system collects the emitted light through the same objective.
A beam splitter separates the input laser line from the emitted spectrum,
which is directed to a monochromator. The monochromatic output light
is finally analysed by a NIR photodetector with a photomultiplier tube
(MPT). The full spectrum is then obtained by tuning the monochroma-
tor between 900 nm and 1300 nm with 1 nm steps. The integration time
for each point of the spectrum is set to 15 s. The photoluminescence mea-
surements are done at IMO-IMOMEC, the joint department of imec and
UHasselt, on the site of EnergyVille in Genk with the help of researchers
Mr. Romain Scaffidi and Dr. Guy Brammertz.

The luminescence spectrum ΦL(E) is fitted and calibrated using the
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Fig. 1.25 Data processing scheme to remove the background signal (red)
from the raw measurements (black) before the fit with the PL model (blue).

band gap fluctuation model [156, 157]:

ΦL(E) ∝ erfc

(
Ēg − E
√

2σg

)
E2exp

(
−E − µ

kBT

)
, (1.17)

where E is the photon energy, µ is the chemical potential, kB is the thermal
energy, σg is the band gap fluctuation, Ēg is the mean band gap. This model
allows to tackle the band gap fluctuation that originates from local disorder
in the crystal coming from doping, interfaces, defects, and so on [158].

A first fit is performed on the sample to separate the background signal
from the luminescence signal. A second fit is then made on the signal from
which the background have been subtracted to obtain the final band gap
value. The correction and fitting steps are shown in Figure 1.25. The back-
etched configuration of the microfabricated samples avoids a background
signal from the silicon substrate and thus improves the quality of the mea-
surements. Thirteen beams were characterised with strain levels between
0.2% and 0.95%, resulting in a band gap reduction between 22 meV and 91
meV.

In order to estimate the uncertainty due to the data processing, a sta-
tistical approach is chosen where corrections were made on each of the
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Fig. 1.26 Histogram of the band gap evaluation comparing the effect of
background correction on each of the thirteen silicon beams against the
background signal of the others.

thirteen Si beams with the background signal from the other. For each
deformed beam, the PL measurements are thus fitted after removing the
background signal from the other beams. Indeed, important uncertainty
is induced by the large diameter (20 µm) of the laser spot and the dis-
placement of the microscope objective between the measurements of each
samples. Figure 1.26 shows the histogram of the band gap evaluation to
compare the effect of the background correction.

The results of the data processing are shown in Fig. 1.27. The coordi-
nates of each point refer to the mean value of the band gap and strain level
determined for each Si beam. The vertical bars represent the PL uncer-
tainty of the band gap due to the background corrections. The size of the
bars is equal to three times the standard deviation of the extracted band
gap values after the background corrections. The Raman shift at eleven
points along each beam is extracted to calculate the uncertainty in the
strain represented by the horizontal bars. The width of the bars is equal
to three times the standard deviation coming from the strain calculated at
each point of the test beams. The values of the standard deviations are re-
sumed in Tab. 1.5. The inset of Fig. 1.27 shows normalised luminescence
spectra with the peak position highlighted for several deformation levels
and compared with the theoretical results. The first-principles results for
the tensile strain applied along the [110] directions have been presented
and show good agreement with the experimental results. The largest band
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Fig. 1.27 Results of the band gap determination from Raman and PL
measurements (orange dots). The vertical and horizontal bars around the
experimental results are the strain and band gap uncertainties coming from
the Raman and the luminescence measurements, respectively. Data are
compared to the calculation results obtained by DFT (orange line). The
inset represents the PL spectrum fitted on experimental data after the post-
processed step to remove the interference signal. The band gap position
for different strain levels is indicated on the spectrum (orange dot) as well
as the first-principles prediction (orange line).

gap reduction found experimentally is about 91 meV at 0.95 %, whereas a
reduction of 93 meV was predicted at this level of deformation. The results
extend a previous experimental determination using PL spectroscopy [55],
where a band gap reduction of 100 meV was found for a compressive strain
of about 1% along the [001] direction. A previous study showed a band gap
reduction of 69 meV for a compressive strain of ∼0.6% applied in the [110]
crystal direction [123]. A higher band gap reduction of 239 meV was ob-
tained with a biaxial strain of 1.54% applied to a (001) silicon layer using
the SixGe1−x stressor [120, 121].

This demonstrates experimentally the physical insight given by the
first-principles simulations to characterise the band gap reduction in
highly strained silicon. In addition, the results of PL and Raman measure-
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ments confirm the use of strain engineering to tune the optical behaviour
of deformed materials.
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1.4 Chapter Summary

The fundamental properties of silicon have been studied in this chapter
considering all major strain configurations. DFT allows accurate predic-
tions of the band structure variations, especially with respect to the band
gap and effective masses. The theoretical calculations provide, for the first
time, an exhaustive study of biaxial and uniaxial strain along the [001],
[110] and [111] directions and show the potential of uniaxial tensile strain
along [110] to achieve a band gap reduction of −202.9 meV at 2% strain.

Biaxial compressive strain along [110] and tensile strain along [001]
show −326.5 meV and −306.6 meV respectively at 2%-strain. However,
uniaxial tensile strain is the preferred strain mode to achieve high strain
without fracture. The results of the effective masses for the conduction
band and the three valence bands fill the existing gap in the literature while
demonstrating the important variations of the band shape with strain. In
addition, the effect of strain on the phonon energy has been demonstrated,
with important implications for Raman spectroscopy. The first-principles
approach has the ability to account for the nonlinearity of the strain ef-
fect without being restricted to any strain configuration, in contrast to the
existing phonon deformation potential (PDP) theory. Finally, photolumi-
nescence (PL) measurements were performed on silicon beams strained up
to 1% along [110] using silicon nitride stressors to experimentally study the
band gap reduction and validate the theoretical calculations. By combin-
ing the results of the first-principles study with the experiments, this work
confirms the theoretical understanding of band structure tailoring under
stress conditions, making silicon an interesting material for infrared appli-
cations.
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Key messages of the chapter

■ Density-functional theory (DFT) allows in-depth study of the
effect of strain on the band structure of silicon and related pa-
rameters without semi-empirical bias. This allows a complete
study in any strain configuration of interest, bypassing the ex-
perimental complexity of having and observing large strained
samples.

■ Except for small bandgap materials, simple approximations
such as generalised gradient approximation (GGA) and local
density approximation (LDA) are sufficient to study band gap
variations theoretically, without the need for more complex
calculations such as GW.

■ Density-functional perturbation theory (DFPT) allows the cal-
culation of the phonon band structure and the calculation of
the energy variations used in Raman spectroscopy to deter-
mine strain in silicon samples. The theoretical results high-
light the non-linearity of the variations at larger strains, show-
ing the limits of the standard PDP theory traditionally used.

■ Biaxial strain along [110] in compression and along [001] in
tension are the strain configurations that give the highest band
gap reduction, but are more difficult to achieve in practice
than uniaxial tensile strain.

■ Tensile uniaxial strain along [110] crystal directions leads to
a band gap reduction of −96 meV at 1%- strain, which we
have confirmed experimentally using photoluminescence (PL)
measurements on strained silicon beams that show a reduc-
tion of −91 meV at 0.95%.
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strained silicon

The relatively low mobility of silicon compared to other semiconductors
such as GaN [159, 160], InGaAs [161, 162] and Ge [163] limits its use in
high-speed devices essential for optical [164, 165] and microwave [166, 167]
communications. Strain engineering is a proven technique to enhance the
performance of semiconductors, in particular to increase the mobility of
their charge carriers at low additional cost [168]. Mobility enhancement
in strained devices is a well-known mechanism that has already been ex-
ploited to develop semiconductor strain gauges or high mobility silicon
transistors [169, 170]. Although several theoretical methods have been de-
veloped to predict the improvement or degradation of mobility at high
strain [49, 171, 172], none of them has been experimentally validated.

In this chapter, piezoresistive measurements of electron mobility up to
1% have been performed on n-doped silicon samples uniaxially strained
in the [001] crystal direction. The experimental data are used to discuss
the existing theoretical models. Due to the lack of accuracy of the semi-
empirical models and the difficulty of observing the hole mobility exper-
imentally, we have then calculated theoretically the phonon-limited elec-
tron and hole mobilities of highly strained silicon. The first-principles cal-
culations explicitly account for the electron-phonon scattering, including
momentum and phonon modes, and solve the Boltzmann transport equa-
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tion (BTE) to find the phonon-limited mobility. The method is demon-
strated for uniaxial strain along the [001] crystal direction, before being
used to calculate the mobility components for uniaxial strain along the
[110] directions.

2.1 Piezoresistive measurements

Various theoretical models have been developed to predict the mobility,
starting with an empirical linear model [45] valid at low strain, and later
based on semi-empirical analysis using the calculated band structure of
strained silicon [49]. Experimental work observing the mobility enhance-
ment at high strain remains scarce [173, 174]. Therefore, advanced the-
oretical models for high uniaxial strain have rarely been experimentally
validated [171, 175, 172, 53]. In this section, we review the existing semi-
empirical models and measure the electron mobility variations up to 1%-
strain in the [001] direction using n-doped silicon samples.

2.1.1 Semi-empirical models

The first model developed to tackle the change in resistivity of silicon un-
der strain condition is the linear empirical one from Smith [45]. It allows
to predict the variations under any low-strain field based on a tensor rep-
resentation. The piezoresistive tensor [πij] links two second-order tensors :

the stress tensor [σi] and the relative resistivity variation tensor [∆ρi
ρ0

]. This
makes [πij] a four-order tensor such as

∆ρ1
ρ0

∆ρ2
ρ0

∆ρ3
ρ0

∆ρ4
ρ0

∆ρ5
ρ0

∆ρ6
ρ0


=



π11 π12 π13 π14 π15 π16
π21 π22 π23 π24 π25 π26
π31 π32 π33 π34 π35 π36
π41 π42 π43 π44 π45 π46
π51 π52 π53 π54 π55 π56
π61 π62 π63 π64 π65 π66





σ1
σ2
σ3
σ4
σ5
σ6


. (2.1)

The Voigt [113] notation is used to express the four-order piezoresistive
system as a second-order one.
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The basic unit of the silicon structure is a FCC cell. By its symmet-
ric operations, it can be verified that there are only three non-zero inde-
pendent components for the piezoresistive coefficient tensor [45]. They
are π11 = π22 = π33, π12 = π21 = π13 = π31 = π23 = π32 and
π44 = π55 = π66 The piezoresistive tensor in the crystallographic coor-
dinate system of the crystal can then be expressed as

[παβ] =



π11 π12 π12
π12 π11 π12
π12 π12 π11

π44
π44

π44


, (2.2)

with π11 = −1022 TPa−1, π12 = 534 TPa−1 and π44 = −136 TPa−1

for n-type silicon and π11 = 66 TPa−1, π12 = −11 TPa−1 and π44 =

−1381 TPa−1 for p-type silicon [45].

The change in resistivity ∆ρ
ρ0

for a conductor oriented in direction (i j k)
can be expressed as

∆ρ
ρ0

=
(

i j k
)


∆ρ1
ρ0

∆ρ6
ρ0

∆ρ5
ρ0

∆ρ6
ρ0

∆ρ2
ρ0

∆ρ4
ρ0

∆ρ5
ρ0

∆ρ4
ρ0

∆ρ3
ρ0




i

j

k

 ,

=
(

i2 j2 k2 jk ik ij
)



∆ρ1
ρ0

∆ρ2
ρ0

∆ρ3
ρ0

∆ρ4
ρ0

∆ρ5
ρ0

∆ρ6
ρ0


.

(2.3)

The change of resistivity in a particular [ijk] direction is finally given by

∆ρ
ρ0

= [π11σ1 + π12(σ2 + σ3)] i2 + [π11σ2 + π12(σ1 + σ3)] j2

+[π11σ3 + π12(σ1 + σ2)] k2 + 2π44[σ6 ij + σ5 ik + σ4 jk]
. (2.4)
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For specific strain direction, the resistivity variations is usually
expressed as

∆ρ

ρ0
= πlσl + πtσt, (2.5)

where σl and σt are the arbitrary stresses applied along the conductor or
transverse to it, respectively. πl and πt are the effective piezoresistive coef-
ficient in the longitudinal and transverse directions, respectively. Table 2.1
gives the expression of the coefficients for stress applied in the [001], [110]
and [111] crystal directions.

[001] [110] [111]

πl π11
π11+π12+π44

2
π11+2π12+2π44

3

πt π12
π11+π12−π44

2
π11+2π12−π44

3

Table 2.1 Longitudinal and transverse piezoresistive coefficients for
stress applied in the [001], [110] and [111] crystal directions. The trans-
verse directions considered are respectively the [100], [1̄10] and [1̄10] ones.

Later, semi-empirical models were developed taking into account the
scattering mechanism, but mainly for the electron. In fact, the calcula-
tion of hole scattering rates in the valence bands is more tedious due to
the proximity between the LH and HH bands, while exhibiting important
shape variations under stress conditions. Conversely, the electron valley
in the conduction band retains its shape for [001] strain. Analytical ex-
pressions for the intra- and interscattering rates are easier to develop for
conduction bands with ellipsoid shape.

In these models the electron mobility tensor µn is the weighted sum of
the mobility of each electron valley µn,∆i :

µn = ∑
i

p∆i µn,∆i , (2.6)

where p∆i is the occupancy of the valley ∆i.
Figure 2.1 shows the occupancy of the valley under [001] uniaxial

strain. As the valley splits, the electron population migrates from the
∆2-valleys (along [001]) to the ∆4-valleys (along [100] and [010]). At
1%-strain, hardly any of the electron population remains in the ∆2-valleys,
leading to saturation of the mobility enhancement. The occupancy of the
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Longitudinal strain, ɛzz (%)

Δ4-valleys

Δ2-valleys

Fig. 2.1 Occupancy of the ∆2-valleys (red) and ∆4-valleys (blue) under
uniaxial strain along [001] crystal direction. The reciprocal space with the
equipotential surface of the valleys is also shown.

lower energy n∆4 valleys is given by [171]

n∆4 =
2 NC,∆4 exp(∆EC/kBT)

NC,∆2 + 2 NC,∆4 exp(∆EC/kBT)
, (2.7)

where NC,∆i is the density of states in the valley ∆i, ∆EC is the energy split
between the valleys, kB is the Boltzmann constant and T is the temperature.

The valley mobility can be computed as [176]

µn,∆i = e
〈
τn,∆i

〉
m−1

∆i
, (2.8)

where e is the electron charge,
〈
τn,∆i

〉
is the mean time between collision

and m−1
∆i

is the inverse of the effective mass tensor of the valley ∆i. The
effect of strain affects the effective masses as seen in chapter 1, but also the
scattering rate. The intravalley scattering shows little strain dependence,
as the strain only slightly changes the shape of the valley. On the contrary,
most of the effect is seen on the scattering between different valleys (inter-
valley scattering). Fischetti and Laux [49] calculated the electron and hole
mobility for silicon and germanium under [001] biaxial strain using EPM
for the band structure and an analytical model for the mobility and scat-
tering rates up to 5%. More recently, Ma et al. [172] performed a similar
analysis for uniaxial strain along the [001] direction using the k·p method
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and Boltzmann transport theory. Both of these works used first principles
to calculate the scattering rates as a function of electron state (and hence
energy) before calculating the mean scattering rates. In contrast, Dhar et
al. [171] provides a simpler model based on analytical relations and fitting
parameters to model the evolution of electron mobility with strain.

zz

Fig. 2.2 Literature comparison of the theoretical computation of the elec-
tron mobility under uniaxial strain along [001] crystal direction.

Figure 2.2 shows the results of the work found in the literature for uni-
axial strain along [001] direction. The linear low strain model of Smith [45]
is in good agreement for strains below 0.1% with the results of Ungers-
boeck et al. [175], which extends the model developed by Dhar et al. [171].

In their model, the mean scattering rate ⟨τn,∆i ⟩ is expressed as

⟨τn,∆i ⟩ = ⟨τ−1
n,equiv⟩+ ⟨τ−1

n,neq,∆i
⟩+ ⟨τ−1

n,I ⟩ (2.9)

where ⟨τ−1
n,equiv⟩ is the mean scattering rate due to intravalley scattering

and intervalley scattering between equivalent electron valleys, ⟨τ−1
n,neq⟩ is

the mean scattering rate for intervalley scattering for non-equivalent valley
that depends on the energy split between valleys due to strain ∆EC,∆i , and
⟨τ−1

n,I ⟩ is the mean scattering rates due to impurity scattering.

A mobility enhancement factor f is introduced to link the scattering
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rates from equivalent and non-equivalent valleys:

f =
mc

mt

(
1 +

⟨τ−1
n,neq,∆i

⟩

⟨τ−1
n,equiv⟩

)
, (2.10)

where mc and mt are the conductivity and transverse effective mass of sili-
con in the absence of strain. This mobility enhancement is used as a semi-
empirical parameter to fit our measurements in section 2.1.2.

In the semi-empirical model, the strain only impact the scattering rates
of non-equivalent valleys ⟨τ−1

n,neq,∆i
⟩ due to the energy splitting between ∆2

and ∆4-valleys. The change in the scattering rates is calculated as

⟨τ−1
n,neq,∆i

⟩ = h∆i ⟨τ
−1
n,neq,∆i

⟩
∣∣∣
εzz=0

, (2.11)

with

h∆i =
g(

∆−
ij

kBT ) + g( ∆−
il

kBT ) + exp( h̄ωopt
kBT )[g(

∆+
ij

kBT ) + g( ∆+
il

kBT )]

2[g(−h̄ωopt
kBT ) + Γ( 3

2 )]
, (2.12)

where ∆±
ij = ∆Eij

C ± h̄ωopt, ∆Eij
C is the energy split between valleys ∆i and

∆j, h̄ωopt is the energy of the phonon involves in the scattering. The plus
(+) and minus (−) signs stand for the absorption or emission of the phonon.

The function g(z) is defined as

g(z) =

{
exp(−z)

√
π

2 z > 0,
exp(−z) Γ( 3

2 ,−z) z ≤ 0,
(2.13)

where Γ( 3
2 ,−z) is the incomplete Gamma function.

The valley mobility is finally expressed as

µn,∆i =
βµn,l

1 + (β + 1)h∆i + β(
µn,l
µn,li

− 1)
m−1

∆i
, (2.14)

where β = f mt/mc, µn,l is the electron mobility without impurity scatter-
ing and µn,li with it.
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2.1.2 Experimental observation

Reliable experimental observations of mobility variations at high uniaxial
strains remain scarce. To fill this gap, n-type silicon strain gauges oriented
along the [001] crystal direction have been tested to their limits, reaching
almost 1%-strain before fracture. The gauges comes from the commercial
KSNB series provided by Kyowa with a length of 2 mm oriented along [001],
a width of 250 µm and thickness of 20 µm. The sensing silicon beam is
encapsulated in polyimide while gold wires are used to connect the gauge
to metallic pads.

Figure 2.3a illustrates the experimental setup used to obtain the resis-
tance variations with strain. The four-point bending machine shown in
Fig. 2.3c is used to strain the silicon gauge up to 1%. The four point scheme
allows an accurate and constant strain between the two lower bars where
the samples are placed. An image of the polyimide-encapsulated silicon
resistor is shown in Fig. 2.3b. Strain is measured using a reference strain

Polycarbonate strip

Aluminium gauge

Multimeter

a. 250 µmb.

c.

Semiconductor
analyzer

Silicon sample

Fig. 2.3 (a) Illustration of the experimental set-up made of a four-point
bending machine used to apply tensile strain on the silicon sample glued
on a polycarbonate strip. The silicon resistance is retrieved using a semi-
conductor analyzer while an aluminium strain gauge, measured with a
digital multimeter, is used to determine the strain applied to the samples.
(b) Microscope picture of the silicon sample (dark) encapsulated in poly-
imide (orange) and connected with gold wire-bonding. The silicon beam
is 2 mm in length, 250 µm wide and 20 µm in thickness. (c) Picture of the
experimental set-up for strain about 0.2%.

gauge from Micro-Measurements and a DMM7510 from Keithley. The alu-
minium reference strain gauge and the silicon devices are bonded to the
same side of a 1mm thick polycarbonate strip. The polymer allows high
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levels of strain while retaining elastic properties that limit plastic defor-
mation of the substrate. The current of the silicon rods is measured over
a voltage range of −0.5 V to 0.5 V with steps of 20 mV using a HP 4145B
semiconductor analyser. Two different samples are bent perpendicular and
parallel to the current measurements to obtain the transverse and longitu-
dinal mobility evolutions respectively.

The resistance variations are corrected with the dimensional variations
to obtain only the resistivity:

ρn = Rn
wt
l

, (2.15)

where Rn is the measured resistance, ρn is the resistivity, l is the length,
w is the width and t is the thickness of the device. The zero-strain resistance
at room temperature is 126.8 Ω, leading to a resistivity of 0.0315 Ω cm. A
doping concentration about 5 × 1017 cm−3 is calculated using the relation
between resistivity and doping developed by Masetti et al. [177].

Under the assumption of constant ionization of the dopant at room-
temperature [178], the resistivity variations is directly proportional to the
mobility variations:

∆ρn

ρn,0
= −∆µn

µn
, (2.16)

where ρn,0 is the resistivity in the absence of strain.
Finally, the longitudinal (long.) and transverse (trans.) variations of the

electron mobility are given by(
∆µn
µn

)
long.

= −∆Rn
Rn

+ (1 + 2νuni
001) εzz,(

∆µn
µn

)
trans.

= −∆Rn
Rn

− εzz,
(2.17)

with the longitudinal strain εzz and the Poisson’s ratio νuni
001 = 0.28 [115].

As explained in chapter 1, the uniaxial stress applied along the [001]
crystal direction lifts the degeneracies of the six electron valleys. The en-
ergy of the two ∆2-valleys oriented along the strain direction increases by
91.7 meV at 2%-strain. The energy of the other four, called ∆4-valleys, de-
creases with strain by 129.5 meV at 2%-strain. On the other hand, the max-
imum of the valence bands located at the Γ symmetry point shows little
variation, decreasing by 10.6 meV at 2%-strain.

In Fig. 2.4, we show our measured change in transverse and longitu-
dinal resistances, calculated by linear regression from the slopes of the
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Fig. 2.4 Resistance of the n-doped silicon beam oriented perpendicular
(green squares) and parallel (blue dots) to the bending. The pictures show
the configuration of the two samples on the four-point bending machine
used to strain the devices. The unstrained resistance is about 127 Ω for
both samples (126.87 Ω for the transverse configuration and 126.80 Ω for
the longitudinal one).

current-voltage measurements.
The longitudinal component shows a monotonic decrease but saturates

at higher strain. At low strain, the occupancy variations between the ∆2
and ∆4-valleys play an important role, but as strain increases, most of
the electron population is already in the lower energy valleys, i.e., the ∆4-
valleys. In the longitudinal direction, only the small transverse effective
mass plays a role in the mobility, leading to the strong enhancement of
the mobility. The transverse component shows non-monotonic variations,
starting with an increase in resistance up to 0.15%, to finally decrease close
to the initial value of the resistance. In this case, both the longitudinal and
transverse effective masses are important and lead to a mobility value at
higher strain close to the relaxed one. As shown with Eq. (2.16), the rela-
tive mobility variations are directly related to the relative resistivity vari-
ations. The relative variations are then scaled by the electron mobility for
undoped silicon in the absence of strain, i.e., 1420 cm2V−1s−1 [177], to ob-
tain the results shown in Fig. 2.5. The use of the zero-strain mobility as scal-
ing factor allows to compare the experimental results with the theoretical
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ones although the impurity concentrations are different. Indeed, the rel-
ative mobility variations with strain are much less affected by the doping
concentration when below 1019 cm−3, as explained by Kanda [179], even
though the impurity concentration reduces significantly the mobility [180,
181].

Fig. 2.5 Mobility variations computed from the resistance measurements
for the longitudinal (green dots) and transverse (orange squares) com-
ponents. The figure displays the analytical model from Ungersboeck et
al. [175] for undoped silicon as a dash-dotted line. The continuous and
dotted lines represent the fitted model for doped (5 × 1017 cm−3) and un-
doped silicon, respectively.

The variations are compared with the analytical model developed by
Dhar et al. [171] and used by Ungersboeck et al. [175]. This semi-empirical
model is explained in section 2.1.1. As parameter, they considered a
transverse mobility factor f of 70%, also known as enhancement factor,
which resulted in a greater reduction in the transverse component than
that observed experimentally. We used the model of Dhar et al. [171] (see
Eq. (2.14)) with the enhancement factor as a fitted parameter. We found a
factor of 110% which is close to previous experimental work [182]. The an-
alytical model is then used to determine the undoped behaviour as shown
in Fig. 2.5. A significant improvement up to almost 1000 cm2V−1s−1

in the longitudinal component is observed at high strain, which was
underestimated in the previous study.
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2.2 First-principles computations

Only recently have first-principles calculations of the BTE become
available within the electron-phonon wannier (EPW) code [183, 184],
PERTURBO [185], PHOEBE [186] or ABINIT [187, 108], which made it
possible to predict mobility in semiconductors fully theoretically [188].
These new techniques can now be used to calculate the mobility variation
in a deformed crystal from first principles, without the empirical bias.
In this section, the mobility for holes and electrons is calculated from
first principles for silicon strained up to 2 % in the [100] direction. The
mobility for uniaxial strain along [110] is then calculated based on the
same methodology. The method presented is general and can be used for
any strain type and direction for any semiconductor where the mobilities
are limited by electron-phonon scattering. In particular, the use of ab initio
calculations proves to be particularly important for holes, for which the
proximity of the valence bands and the important modification of their
shapes under strain conditions limit the accuracy that can be obtained
by an analytical approach. In addition, the calculations allow the study
of intrinsic phenomena at large strains, which cannot be achieved exper-
imentally due to the challenge of obtaining low-doped [189] or highly
strained samples.

2.2.1 Boltzmann transport equation

In the low-field limit, the carrier mobility µαβ is defined as the ratio be-
tween the electrical conductivity σαβ and the product of the electron charge
e by the carrier density nc:

µαβ =

∣∣∣∣ σαβ

e nc

∣∣∣∣ , (2.18)

where α and β are Cartesian directions. The conductivity is obtained by
iteratively solving the BTE [188], which involves directly calculating the
scattering rates τ−1

nk and the electronic velocity vnk of a state with band
index n and electron momentum k.

The mobility in Eq. (2.18) depends on the carrier density nc and the
electric conductivity at low electric field σαβ =

(
∂Jα/∂Eβ

)
|E=0, defined as

the ratio between the mean current density Jα in the Cartesian direction
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α and the electric field Eβ in the Cartesian direction β [190]. The carrier
density nc for the electron or hole can be computed as [188]

ne,h =
1

Vcell
∑
n

∫ d3k
ΩBZ

[
f 0
nk(µ, T)− f 0

nk(εF, 0)
]

, (2.19)

where the band index n runs over the valence bands for the holes and over
the conduction bands for the electrons, ΩBZ is the volume of the Brillouin
zone, µ is the chemical potential, T is the temperature, εF is the Fermi en-
ergy, f 0

nk(µ, T) = 1/{(exp[(εnk − µ)/kBT] + 1} is the Fermi-Dirac distri-
bution evaluated at the band energy εnk in the absence of electric field.

The conductivity can be expressed as

σαβ = − e
Vcell

∑
n

∫ d3k
ΩBZ

vnk,α∂Eβ
fnk, (2.20)

with Vcell the volume of the primitive cell, vnk,α = h̄−1∂εnk/∂kα the com-
ponent of the band velocity with crystalline moment k and band index n
and ∂Eβ

fnk =
(
∂ fnk/∂Eβ

)∣∣
E=0 where fnk is the electronic occupation dis-

tribution at the band energy εnk.

This last term can be computed recursively solving iteratively the
BTE [133, 191]:

∂Eβ
fnk = evnk,β

∂ f 0
nk

∂εnk
τnk +

2πτnk
h̄ ∑

mν

∫ d3q
ΩBZ

× |gmnν(k, q)|2
[
(nqν + 1 − f 0

nk)δ(εnk − εmk+q + h̄ωqν)

+(nqν + f 0
nk)δ(εnk − εmk+q − h̄ωqν)

]
∂Eβ

fmk+q, (2.21)

with the scattering rate

τ−1
nk =

2π

h̄ ∑
mν

∫ d3q
ΩBZ

|gmnν(k, q)|2[
(nqν + 1 − f 0

mk+q)δ(εnk − εmk+q − h̄ωqν)

+(nqν + f 0
mk+q)δ(εnk − εmk+q + h̄ωqν)

]
, (2.22)

where nqν = 1/
[
exp(h̄ωqν/kBT)− 1

]
is the Bose-Einstein distribution

evaluated at the phonon energy h̄ωqν and gmnν(k, q) is the e-ph matrix el-
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ement for the scattering of an electron from state ψnk into state ψmk+q with
a phonon of mode ν and wavevector q. The matrix elements are given
by [192]

gmnν(k, q) =
〈
ψmk+q

∣∣∆qνVKS |ψnk⟩ , (2.23)

where ψnk is the KS Bloch state and ∆qνVKS is the first-order variation of
the self-consistent KS potential defined as [193]

∆qνVKS =
1√

2ωqν
∑
pκα

∂VKS

∂τκα

eκα,ν(q)√
Mκ

eiq·Rp , (2.24)

where eκα,ν(q) is the α-th Cartesian component of the phonon eigenvector
for the atom κ in the unit cell, Mκ its atomic mass, Rp are lattice vectors
identifying the unit cell p, and τκα the ion position in the unit cell.

The main source of complexity is the resolution of Eq. (2.21) with the
dependence between the linear response ∂Eβ

fnk of state |nk⟩ with the ones
of states |mk + q⟩. The momentum relaxation time approximation (MRTA)
assumes only a component of the linear response in the direction of the
band velocity and partially incorporates the effect of scattering. It leads to

∂Eβ
fnk

∣∣∣
MRTA

≈ evnk,β
∂ f 0

nk
∂εnk

τ̃nk (2.25)

where τ̃nk can be explicitely calculated as [194]

τ̃nk = ∑
m

∫ d3q
ΩBZ

(
1 −

vnk · vmk+q

|vnk|2

)
τ−1

nk→mk+q. (2.26)

The self-energy relaxation time approximation (SERTA) completely ne-
glects the rate for backscattering so that ∂Eβ

fnk can be calculated as [133]:

∂Eβ
fnk

∣∣∣
SERTA

≈ evnk,β
∂ f 0

nk
∂εnk

τnk (2.27)

The calculation parameters followed the ones used by Brunin et al. [187]
who developed the electron-phonon code to calculate the phonon-limited
mobility within ABINIT [108]. In practice, the scattering potentials were
first computed from DFPT on a coarse 9 × 9 × 9 q-grid. They were then
Fourier interpolated onto a fine 150 × 150 × 150 q-grid using dielectric
tensors [195] and quadrupoles [187, 196] for the long-range electrostatic
contributions. The KS wavefunctions are obtained by performing a SCF
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on a coarse 18 × 18 × 18 k-grid before a NSCF calculations on a fine 150 ×
150 × 150 k-grid. To reduce the computational cost, the e-ph calculation is
performed only at the k points with energies within a window of 200 meV
above or below the band edges, i.e., close to the extrema of the valence and
conduction bands. The spin orbit coupling (SOC) was taken into account in
the calculation of the electronic properties, but neglected for the vibrational
properties, dynamical quadrupoles and e-ph scattering potentials [197].

Fig. 2.6 Scheme to obtain the phonon-limited mobility based on DFT and
DFPT to calculate the mobility by solving the BTE. The grid for each cal-
culation step is indicated.

As a reminder, a direct effect of crystal deformation under uniaxial ten-
sile strain is the modification of the band structure, in particular the varia-
tion of the band edges. In silicon, the six electron valleys are located along
the symmetry path from Γ towards X, while the top of the valence bands
is located at Γ. The SO valence band is slightly separated (∼47 meV) from
the HH and LH valence bands due to SOC. Under uniaxial stress in the
[001] direction the degeneracy of the conduction band minima is lifted and
the two valleys (∆2) along the symmetry path longitudinal to the stress di-
rection increase in energy while the four others (∆4) decrease, as shown in
Fig. 2.7a. This effect increases the electron population at the conduction
minima and decreases it in the higher energy valleys. The variations of the
band edges due to stress applied in the [001] direction with and without
SOC taken into account are shown in Fig. 2.7b. In the case of the valence
bands, the strain slightly separates the HH and LH bands up to 28 meV
at 2%, while pushing the SO band down by 200 meV at 2% deformation.
Apart from a reduction in the band gap of 17 meV, the edge variations of
the electron valleys are not strongly affected by the inclusion of SOC in the
calculation.
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Fig. 2.7 (a) Impact of stress along the [100] crystal direction on the ex-
trema of the valence bands and conduction bands. The lift of the degener-
acy between the ∆2-valleys (red) and the ∆4-valleys (blue) is shown. The
density of states (DOS) of the three valence bands and the two valleys are
indicated next to the band structure. Dashed brown curves are used for
the unstrained case. (b) Band edges variations of the ∆4-valleys (blue), ∆2-
valleys (red), HH band (orange), LH band (dark green) and SO band (light
green) with the strain with spin-orbit coupling taken into account (contin-
uous line) and without (dashed line). The energy is scaled to the valence
band maximum at zero strain while the band gap (Eg) is obtained from the
energy difference between the band edges.
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Fig. 2.8 Effective masses as a function of strain computed at the maxima
of the valence bands along the [100], [001], [110] and [111] crystal directions
for (a) the HH band (orange), (b) the LH band (dark green), and (c) the SO
band (light green) with SOC included. (d) Effective masses computed at
the minima of the conduction bands along the longitudinal and transverse
directions for the ∆4-valleys (blue) and ∆2-valleys (red). (e) Valence DOS
effective mass with the contribution of the three valence bands and (f) the
conduction DOS effective mass with the contribution of the two types of
valleys. The values in the absence of strain are discontinuous for the ef-
fective masses in the [001], [110], and [111] directions of the HH and LH
bands and are not shown here.
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The directional effective masses for the three valence bands (HH, LH
and SO) have been calculated using the second derivatives of the band
energy along the [100], [001], [110] and [111] crystal directions and are
shown in Figs. 2.8a, 2.8b and 2.8c, respectively. The high anisotropy of the
HH band is reduced under uniaxial tensile strain as the effective masses
in the [110] (resp. [111]) direction show a strong reduction from 0.539 me

(resp. 0.678 me) to 0.203 me (resp. 0.223 me) at 0.03%-strain. The LH band
shows a sharp increase in the presence of strain, going from 0.137 me to
0.235 me for the masses calculated in the [110] direction and from 0.130 me

to 0.214 me for those calculated in the [111] direction. The values in the
absence of strain are discontinuous for the effective masses in the [001],
[110] and [111] directions of the HH and LH bands due to the removal of
band degeneracy. The strain breaks the isotropy of the effective masses
calculated for the SO band, which has the same value of 0.224 me in the ab-
sence of strain. The electron effective masses are calculated only along the
[100] and [001] directions, as the electron valleys have a regular ellipsoidal
shape which is preserved under this strain condition. The directional ef-
fective masses for the ∆2- and ∆4-valleys show small linear variations with
strain compared to the hole effective masses, as shown in Fig. 2.8d. The
decrease (resp. increase) of the longitudinal component and the increase
(resp. decrease) of the transverse component of the ∆4-valleys (resp. ∆2-
valleys) are the sign of an elongation (resp. compression) of the ellipsoid
shape formed by the equipotential surfaces, as shown in Fig. 1.4a.

The DOS effective mass of a band is computed by integrating the DOS
and is defined as the one giving the same density of states as if the band
was parabolic. In the case of the valence band, it is obtained through [198,
199] √

π

2
1

2π2

(
2 mv

h̄2 kBT
)3/2

=
∫ Ev

−∞
g(E)e−

Ev−E
kBT dE, (2.28)

where Ev is the energy of the valence band maximum and g(E) is the den-
sity of states integrated on a dense 150× 150× 150 k-grid for each strained
configuration. The energy integral allows the degeneracy lift due to strain
to be taken into account to obtain a global DOS effective mass. The evo-
lution of the DOS effective masses is shown in Fig. 2.8e for the holes and
Fig. 2.8f for the electrons. In silicon, the DOS effective mass of the holes is
dominated by the top band (HH) with the largest mass, which decreases
from 0.723 me to 0.498 me at 2%-strain, while the other two valence bands
are pushed away by strain. In the case of the electrons, the conduction
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band is almost perfectly parabolic, and this is held under uniaxial strain
along [001], so that mc is very close to the geometric mean of the trans-
verse and longitudinal components of the electron effective mass tensor,
mt and ml , respectively [200],

mc,∆i = (ml,∆i
mt1,∆i mt2,∆i )

1/3, (2.29)

where ∆i denotes a single electron valley. These longitudinal and trans-
verse electron effective masses can be determined as second-order deriva-
tives of the electronic energies obtained from NSCF calculations of the
band structure on a dense mesh. As strain increases, the ∆2-valleys be-
come higher in energy than the ∆4-ones and their contribution to the global
DOS effective mass decreases. In the absence of strain, the global conduc-
tion effective mass gathers contributions from all 6 valleys equally and is
1.116 me. At 1%-strain the global DOS effective mass is equal to that of the
∆4-valleys, i.e., 0.860 me.

2.2.2 Scattering rate and velocity

Figure 2.9a shows the phonon-limited scattering rates τ−1
nk calculated for

all k points with energy states near the minimum of the conduction band
or the maximum of the valence band for a 0%-, 0.3%- and 1%-strain and
for a temperature of 200 K, 300 K and 400 K. As the temperature increases
from 200 K to 400 K, the maximum scattering rates in the absence of strain
increase by 72% for the electrons and 52% for the holes with increasing
temperature. The phonon band structure is only slightly altered by strain,
resulting in a negligible effect on the scattering variations. An increase
of 76% for the electrons and 54% for the holes is observed at 1%-strain
as the temperature increases from 200 K to 400 K. This means that the
increase in scattering with temperature is strain independent. In silicon,
electron scattering can be divided into two categories: intravalley scatter-
ing, where long-wavelength phonons (q →0) scatter the electrons within
a single valley (∆2- or ∆4-valleys), and intervalley scattering, where elec-
trons scatter from one valley to another due to short-wavelength phonons
(large q). Similarly, hole scattering is described by intraband scattering,
where phonons scatter a hole within a single band (LH, HH or SO), and
interband scattering, where holes are scattered from one band to another.
Figure 2.9b shows the scattering rates at 300 K for the different strain levels.

For a deeper understanding, the intravalley scattering contributions
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Fig. 2.9 (a) Scattering rates for k points with an energy within 0.2 eV of
the band edges under 0%, 0.3%, and 1%-strain along [001] at 200 K (blue
dots), 300 K (orange dots) and 400 K (red dots). The black lines are the
scattering rates density at the three temperatures. (b) Scattering rates for
all relevant k points at 300 K under strain ranging from 0% (blue) to 2%
(red). The panels show the hole (left) and electron (right) scattering rates.
The intravalley contribution of the electron scattering rates at 0%-strain
dominates for energy below 53 meV (see Fig. 2.10) and is highlighted (grey
area), while the intervalley scattering is seen at higher energies. The mini-
mum and maximum of the conduction and valence bands are indicated by
Ec,0 and Ev,0, respectively.
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Fig. 2.10 (a) Electron intravalley scattering rates for k points with an en-
ergy within 0.2 eV of the band edges under 0% (dark blue), 0.3% (light
blue) and 1%-strain (red) along [001] at 300 K. The strain-induced valley
splitting between the ∆4 and ∆2-valleys is indicated. (b) Hole intraband
scattering rates for all relevant k points under 0% (dark blue), 0.3% (light
blue) and 1%-strain (red) at 300 K. The scattering rates for the HH, LH and
SO bands have been computed. The mean intravalley and intraband scat-
tering rates using 2 meV energy bins are shown with dashed lines, while
the intervalley curves are obtained by subtracting the intravalley contri-
bution from the total scattering rate. The minimum and maximum of the
conduction and valence bands are indicated by Ec,0 and Ev,0, respectively.
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have also been calculated explicitly by considering only higher wavelength
phonon modes with a norm of |q| < 0.06 bohr−1. Figure 2.10a shows the
intravalley scattering rate for electrons. The mean scattering rate has been
calculated by averaging over 2 meV energy bins. The intervalley scatter-
ing rate is calculated by subtracting the intravalley contribution from the
total scattering rate previously obtained. The intravalley contribution is
dominant below 53 meV for 0%-strain, in agreement with the results of
Yang et al. [3]. In particular, the calculations show the independence of in-
travalley scattering with strain, as both the phonon band structure and the
shape of the valley do not change significantly. In contrast, for energies
above 53 meV, intervalley scattering becomes the dominant process, but
it is reduced by the splitting of the electron valleys with strain. Therefore,
the energy limit between intra- and intervalley scattering increases linearly
with strain and reaches 63 meV at 1%-strain. At higher strains, all electrons
occupy the ∆4-valleys, reducing the intervalley scattering by about a third.
For the holes, the scattering rate is dominated by the intraband scattering
of the HH band as shown in Fig. 2.10b. Additionally, the interband con-
tribution has been calculated by subtracting the intraband scattering from
the previously calculated total scattering. It is evident that the intraband
scattering of the HH band significantly exceeds the LH and SO contribu-
tions at all energies. It can be observed that the intraband scattering at low
strain is significantly affected by the variations of the band shapes around
the Γ-point. Furthermore, the splitting between the HH and LH bands,
which reaches a separation of 28 meV at 1%-strain, causes a reduction in
the interband scattering. However, this has only a limited effect on the
total scattering rate.

The components of the electronic velocity vnk,α are shown in Fig. 2.11
as a function of state energy for different strain configurations. The sep-
aration of the ∆4-valleys and the ∆2-valleys leads to a separation of the
longitudinal component of the velocity vnk,z (oriented along the direction
of the applied stress) and the transverse components vnk,x and vnk,y.
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Fig. 2.11 Band velocities along the three Cartesian directions for all rel-
evant k points under 0%-, 0.3%- and 1%-strain along [001] direction. The
velocities in the x, y, and z directions are indicated with blue, orange, and
red dots, respectively. The minimum and maximum of the zero-strain con-
duction and valence bands are indicated by Ec,0 and Ev,0, respectively. The
continuous and dashed lines represent the velocity density of the longitu-
dinal (vnk,x) and transverse (vnk,y, vnk,z) components, respectively. They
have been computed using linear-tetrahedron method [201] with steps of
25 meV.

2.2.3 Phonon-limited mobility

The room-temperature electron and hole mobilities attained at longitudi-
nal strain levels up to 2% are shown in Fig. 2.12. Under the applied strain
conditions, the mobility tensor is no longer isotropic and gives rise to lon-
gitudinal and transverse mobilities. As can be seen, first-principles calcu-
lations are able to reproduce the non-linear behaviour of the mobility with
increasing strain, especially at larger strain levels for the electron mobility
which saturates around 1%-strain at 2249 cm2V−1s−1 for the longitudinal
and 1321 cm2V−1s−1 for the transverse component, while the zero-strain
mobility is 1366 cm2V−1s−1. We find a minimum in the transverse electron
mobility at 0.3%-strain with a value of 1195 cm2V−1s−1. In relaxed silicon
the longitudinal and transverse components are identical and the six elec-
tron valleys contribute to the mobility. For mobility in a given Cartesian
direction, the two valleys along that direction contribute with their low
longitudinal curvature and velocity, while the other four contribute with
their high longitudinal curvature and velocity. The reduction at low strain
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Fig. 2.12 Phonon-limited mobilities calculated theoretically as a function
of the longitudinal strain in the transverse (green for the electrons and or-
ange for the holes) and longitudinal (blue for the electrons and red for the
holes) directions of the applied stress in the [001] crystal direction. The
mobility variations for the electrons obtained experimentally in this work
are shown with white dots. The relative variations of the resistivity of n-
doped silicon samples have been scaled by the zero-strain mobility to re-
trieve the mobility variations, i.e., 1366 cm2V−1s−1. The linear model using
the piezoresistive coefficients from Smith [45] is indicated with the dashed
black lines while the computation of the electron mobilities from Ma et
al. [172] and Ungersboeck et al. [175] are represented by dotted and dash-
dotted lines.

is explained by the significant depletion of electrons from the ∆2- to the ∆4-
valleys due to energy splitting. The difference in valley occupancy leads
to the distinction between the longitudinal and transverse components. In
addition, the longitudinal mobility is oriented along the transverse axis of
the ∆4-valleys, with low curvature resulting in a significant increase in mo-
bility. On the other hand, the two equivalent transverse mobilities are ori-
ented both longitudinally to two ∆4-valleys and transversely to the other
two. The calculation of this component combines both low curvature from
the transverse axis and high curvature from the longitudinal axis, resulting
in a pronounced reduction in mobility, particularly at lower strain levels.
This is in contrast to the relaxed value, which includes two transverse cur-
vatures and a longitudinal valley curvature oriented along the transport
direction. The reduction in the intervalley scattering tends to increase the
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mobility. However, at lower strains this is masked by the depletion of elec-
trons in the lower energy valleys. At about 0.3%, more than 80% of the
electron population is found in the ∆4-valleys, and the increase due to the
reduced scattering rates begins to be visible for the transverse mobility.
At levels above 1%, the vast majority of the electrons are localised in the
∆4-valleys and no longer interact with the ∆2-valleys, resulting in stable
intervalley scattering with strain.

We measured the change in resistivity of the transverse and longitudi-
nal components on an n-doped (about 5 × 1017 cm−3 doping) sample in
section 2.1 and found excellent agreement, see white circles in Fig. 2.12.
As a reminder, the strain was applied to the devices using a four-point
bending set-up which produces a constant strain field on the sample [189].
Strain levels up to 1% were accurately measured using an aluminium strain
gauge as a reference, bonded next to the silicon sample. The experimental
results show the same trend as the first-principles calculations, with satu-
ration of the electron mobility for the longitudinal component starting at
about 0.5%, but with reduced intensity. The transverse mobility decreases
similarly to the calculations but reaches a minimum just before the 0.3%-
strain minimum to finally reach a reduction of about −3.4% at a strain of
1%. The enhancement (resp. reduction) found experimentally is 51% at
1%-strain (resp. −7% at 0.3%-strain) for the longitudinal (resp. trans-
verse) component. The doped sample shows smaller variations compared
to the theoretical values of 65% and −12.5% for the longitudinal and trans-
verse mobilities, respectively. Since the carrier mobility decreases with in-
creasing doping [202], we expect a greater increase in mobility with strain
when using a less doped sample, even closer to the theoretical predic-
tion. The calculated hole mobility at zero strain is about 609 cm2V−1s−1,
in agreement with previous calculations [187, 203], and shows little en-
hancement initially, but increases strongly for strains above 0.4% to reach
1340 cm2V−1s−1 and 1330 cm2V−1s−1 for the longitudinal and transverse
components respectively at 2%.

Table 2.2 compares the results of our theoretical calculations with other
semiconductor materials such as Ge [204] and In0.53Ga0.47As [205, 206]. It
can be seen that strain along [001] direction significantly improves the hole
mobility, bringing it closer to that of Ge at 1840 cm2V−1s−1. For the elec-
trons, the important improvement in mobility up to 2230 cm2V−1s−1 at
2%-strain remains small compared to Ge mobility of 3780 cm2V−1s−1 or
In0.53Ga0.47As mobility of 13800 cm2V−1s−1.

Theoretical calculations by Ungersboeck et al. [175] and Ma et al. [172]
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s-Si Si Ge In0.53Ga0.47As

electron 2230 1450 [180] 3780 [204] 13800 [205]

hole 1340 450 [181] 1840 [204] 220 [206]

Table 2.2 Electron and hole mobility in cm2V−1s−1 for typical semicon-
ductor material. The values of strained silicon (s-Si) has been taken from
our theoretical calculations for the longitudinal component at 2%-strain
along the [001] crystal direction.

for the electron mobility were able to predict the non-linear behaviour as
shown in Fig. 2.12, but failed to predict the hole mobility due to the triple
contributions of the valence bands (HH, LH and SO) in addition to the high
variations of the effective masses of these bands with strain [207, 208]. For
these reasons, a first-principles scheme such as the one presented here is
essential.

The effect of SOC on the mobility enhancement for the holes at 300 K
is shown in Fig. 2.13. The zero-strain value initially shows a deviation of
around −5% between calculations with and without SOC taken into ac-
count. Rhe longitudinal component reaches a minimum value around 0%

hole (long.)

hole (trans.)

zz

Fig. 2.13 Mobilities with longitudinal strain at 300 K (bottom panel) for
the holes in the longitudinal (red) and transverse (orange) components
with (continuous lines) and without (dashed lines) the SOC taken into ac-
count, and the relative difference induced by the coupling (top panel).
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to finally decrease to −15% as the strain increases at 2%. A deviation of
about −6% is observed for the transverse component when the SOC is not
taken into account. The curves for the transverse mobility are similar with
and without taking the coupling into account, but with an deviation fac-
tor, while the discrepancy between the longitudinal mobilities varies with
strain. Taking coupling into account first removes the degeneracy of the SO
band, as shown in Fig. 1.4c. Furthermore, the linear strain dependence in
the absence of SOC of the SO and LH bands, −97 meV/% and −7 meV/%
respectively, shows a non-linear trend at low strain when SOC is consid-
ered. The variations of these bands with SOC eventually reach the same
linear variations at high strain as without SOC. The variations of the HH
bands do not show significant differences and maintain a linear variation
of about −7 meV/% with and without SOC. The calculations with and
without SOC showed no significant difference for the electron mobilities,
since the coupling does not affect the shape and the splitting of the elec-
tron valleys [133]. In addition, the strain dependence of the valley minima
around −66 meV/% for the ∆4-valleys and 44 meV/% for the ∆2-valleys
remain unchanged when the coupling is taken into account, as shown in
Fig. 1.4c.

Solving the BTE instead of using an empirical model gives more confi-
dence in the evolution of electron mobility with strain. In fact, the studies
of Ungersboeck et al. [175] and Ma et al. [172] seem to underestimate the
enhancement factor at high strain for the longitudinal component, but we
find the same mobility for the transverse component, as shown in Fig. 2.12.
In addition, the low strain variations predicted from first principles show
excellent agreement with the linear model from Smith [45]. The analyti-
cal prediction of the electron mobility can be achieved because the vari-
ation comes mainly from the energies of a conduction band. In fact, the
band curvature and hence the effective masses do not change significantly
with strain. The main phenomenon to be considered is the energy shift
between the ∆4- and ∆2-valleys, which can be easily calculated using DFT.
Once all the electrons are in the lower energy valley, the mobility com-
ponents stabilise. The difference in the mobility shift of the longitudinal
and transverse components is due to the difference in the longitudinal and
transverse effective masses of the lower-energy valleys [172]. Other strain
configurations with four-fold degenerated valleys lead to similar plateaus
for both components. Strain configurations such as uniaxial compressive
and biaxial tensile strain in the [001] direction or uniaxial tensile and biax-
ial compressive strain in the [110] direction show only double degenerated
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lower energy valleys which lead to larger mobility shifts, especially for the
transverse component [175, 171, 53].

hole (long.)

hole (trans.)

elec. (trans.)
elec. (long.)

300 K

SERTA

MRTA

zz

Fig. 2.14 Relative difference of the phonon-limited mobility computed
under SERTA (top) and MRTA (bottom) compared to the iterative Boltz-
mann transport equation for the electrons (blue for the longitudinal com-
ponent and green for the transverse one) and the holes (red for the longi-
tudinal component and orange for the transverse one).

The mobilities obtained by solving iteratively the BTE can be compared
to the MRTA or the SERTA [209, 210]. The comparison between the SERTA,
MRTA and BTE results is shown in Fig. 2.14. As expected, MRTA shows
a globally lower deviation (below 3%) compared to SERTA, which shows
a deviation of up to 7% (resp. 3%) for the electron (resp. hole) mobility in
the longitudinal direction. The deviation with respect to the BTE results is
more important for the electrons under SERTA, especially for the longitu-
dinal contribution. The SERTA results for the hole mobility remain closer
to the BTE results, especially for the transverse contribution. At low strain,
the MRTA shows very small variations which increase with strain but re-
main below 1% for the transverse components and below 3% for the longi-
tudinal components. We note that this is specific to non-polar silicon, but
much larger differences between SERTA, MRTA and BTE can be observed
in other systems [210, 203, 193].

The temperature dependence of the mobilities at low strain is shown in
Fig. 2.15. The mobility variations show a typical T−1.5 decrease [211], going
from 3562 cm2V−1s−1 (resp. 1780 cm2V−1s−1) at 200 K to 601 cm2V−1s−1

(resp. 261 cm2V−1s−1) at 400 K for the electrons (resp. holes). We have
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Fig. 2.15 Phonon-limited mobilities as a function of temperature. The
the results at zero strain and 0.03% are shown in the longitudinal direction
(blue for the electrons and red for the holes) and transverse direction (green
for the electrons and orange for the holes).

studied the effect of temperature together with the different strain levels as
shown in Fig. 2.16.

The effect is quite weak, but we find that lower temperature samples
show a smaller variation of longitudinal electron mobility with strain. The
maximum value at 2%-strain of the longitudinal mobility increases by
50.3%, 63.1% and 70.1% and the transverse mobility decreases by 12.5%,
4.3% and 0.3% at 200 K, 300 K and 400 K respectively. Nevertheless,
the electron mobilities still show a saturation effect for strains greater
than 1%, and this limit is mainly related to the valley splitting. As strain
increases, the electron population spreads over a larger energy range. The
valley splitting required to have all carriers in the lower energy valleys
therefore increases with temperature. In contrast to the electrons, the
strain decreases the hole mobility with temperature, from an enhancement
at 2%-strain of 155.7% at 200 K to 98.7% at 400 K for the longitudinal
component and from 118.4% at 200 K to 107.2% at 400 K for the transverse
component. With decreasing temperature, the hole population decreases
in the upper HH band and partially in the LH band, which remain close
to each other even at higher strains, as shown in Fig. 2.7. An important
parameter for the increase (resp. decrease) of the high strain mobilities for
the electrons (resp. holes) with temperature is the increase (resp. decrease)
of the scattering rate variations with strain. The scattering rates to be
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Fig. 2.16 Relative variations of the phonon-limited mobilities with re-
spect to the longitudinal strain for the electrons (blue for the longitudinal
component and green for the transverse one) and the holes (red for the lon-
gitudinal component and orange for the transverse one) for a temperature
of 200 K (dotted lines), 300 K (continuous lines), and 400 K (dashed lines).
The zero-strain mobility is taken as a reference to compute the relative vari-
ations.

considered are only those near the band edge where the carriers remain.
With increasing temperature, the scattering rates further away from the
band edges start to contribute to the mobility. Figure 2.17 shows the maps
of electron and hole mobility as a function of temperature and uniaxial
strain applied along the [001] crystal direction. The mobility curves in
steps of 500 cm2V−1s−1 clearly show the non-monotonic evolution for
the transverse mobility and the saturation of the longitudinal component.
Both hole mobility components show similar maps with small variations
at low strain followed by a significant increase. The maps confirm that
the relative mobility evolution with strain is almost independent of
temperature for all components.
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Fig. 2.17 Maps of the electron (top panels) and hole (bottom panels) mo-
bility according to the temperature and the uniaxial strain applied along
the [001] crystal direction. The longitudinal (long.) mobility, i.e., along the
[001] direction, and the transverse (trans.) mobility, i.e., along the [010] di-
rection, are shown in the left and right panels, respectively. A logarithmic
color scale is used while contours every 500 cm2V−1s−1 are shown with
black solid lines.
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2.2.4 Piezoresistive coefficients

Importantly, the linear behaviour of the mobility at low strain gives di-
rect access to the piezoresistive coefficients. In the case of silicon, the π44
piezoresistive coefficient determines the resistivity variations under shear
strain. The shear coefficient is important for the holes and has been well
studied with values ranging from 1018 TPa−1 to 1381 TPa−1 at 300 K for
lightly doped samples [45, 212, 213, 207, 214]. The π44 coefficients for the
electron are less important than π11 and π12 with values ranging from
−123 TPa−1 to −200 TPa−1 at 300 K for lightly doped samples [215, 45,
213]. Here this coefficient is not accessible with uniaxial strain along the
[100] crystal direction. The two piezoresistive coefficients π11 and π12 for
the holes have been much less studied, while few works [45, 213, 215] man-
age to obtain the coefficients for the electrons at low impurity concentra-
tion due to the challenge of producing low-doped samples. They can be
calculated from the slope of the longitudinal and transverse mobility vari-
ations for holes and electrons respectively at low strain levels. In practice,
the slope has been calculated from the mobility variations between 0%-
strain and 0.03%-strain. The values of the hole (or electron) coefficient are
148 TPa−1 (resp. −989 TPa−1) for π11 and −72 TPa−1 (resp. 502 TPa−1) for
π12. The electron coefficients calculated from the experimental results are
−632 TPa−1 and 403 TPa−1 for the longitudinal and transverse contribu-
tions, respectively.

The piezoresistive coefficients are less sensitive to temperature than
the mobility, as shown in Fig. 2.18. They decrease from −1265 TPa−1

(resp. 170 TPa−1) at 200 K to −816 TPa−1 (resp. 128 TPa−1) at 400 K for
the longitudinal coefficient and from 676 TPa−1 (resp. −84 TPa−1) at 200 K
to 411 TPa−1 (resp. −55 TPa−1) at 400 K for the transverse coefficient for
the electrons (resp. holes). Up to now the prediction of the temperature de-
pendence of π11 and π12 has only been done relatively [179], i.e., without
calculating the exact value of the coefficients.

Previous experimental measurements of the piezoresistive coefficients
for p-type and n-type silicon at low strain levels, i.e., below 0.1%, are sum-
marised in Table 2.3. Th first ones applied strain by hanging a weight di-
rectly on a silicon sample [45, 215] or on a cantilever with silicon resis-
tance [213]. The stress applied on the samples (below 170 MPa) is then
calculated from mechanical relation between the weight and the deformed
structure. Later, four-point bending has been preferred [216] and strain has
been measured with metallic strain gauge, as done in this work. The coef-
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π12

π11

π12

π11

Fig. 2.18 Piezoresistive coefficients as a function of temperature. The
coefficients are computed by finite difference between the results at zero
strain and 0.03% in the longitudinal direction (blue for the electrons and
red for the holes) and transverse direction (green for the electrons and or-
ange for the holes). Experiments by Smith [45] and Tufte and Stelzer [215]
are indicated with white diamonds and black squares, respectively. The
theoretical model from Kanda [179] has been scaled using the piezoresis-
tive values computed at 300 K, and is indicated with dotted lines.

ficients extracted from the first-principles results are in good agreement for
electrons, but differ slightly for holes. We suspect that the impurity scatter-
ing resulting from the fabrication and doping processes introduces a bias
to the experimental measurements [218, 219] in addition to the reduction
of the measured coefficients [215, 213] as shown in Table 2.3. It has been
shown that, despite the significant effect of doping on the zero-strain mo-
bility [178, 180, 181, 177], the relative changes due to strain are much less
sensitive to the level of doping when it is maintained at low or moderate
levels [215, 179]. In addition, the small variations associated with the non-
linear behaviour of the hole mobility introduce greater uncertainty into the
experimental measurements at low strain [213].
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n-Si p-Si Doping

π11 π12 π11 π12 (cm−3)

Smith [45] (exp.) −1022 534 66 −11 5 · 1014

Matsuda et al. [213] (exp.) −840 430 - - 4 · 1016

Tufte and Stelzer [215] (exp.) −1077 - - - 5 · 1016

Cho et al. [216] (exp.) −691 390 29 −6 1018

This work (exp.) −632 403 - - 5 · 1017

Matsuda et al. [213] (th.) −970 480 - - undoped

Dorey and Maddern [217] (th.) - - 213 −108 undoped

This work (th.) −989 502 148 −72 undoped

Table 2.3 Piezoresistive coefficients for the holes (p-Si) and electrons (n-
Si) of silicon determined experimentally (exp.) or theoretically (th.) in
TPa−1.

2.2.5 Impact of the doping

The semi-empirical model from Masetti et al. [177], that extends the work
from Caughey and Thomas [220], is used to study the impact of impurities
concentration on the phonon-limited mobility, and so the piezoresistive
coefficient:

µli = µ1 +
µl − µ1

1 + (Ni/C1)γ1
− µ2

1 + (Ni/C2)γ2
, (2.30)

where µli is the mobility taking into account the impurity scattering, µl
are the phonon-limited mobility computing using first principles and Ni
is the impurity density. µk, Ck and γk are fitting parameters where k = 1
stands for moderated doping and k = 2 is for high-doping dependence.
The values of the parameters from Masetti et al. [177] that are used in this
work are summarised in Tab. 2.4.

Using Eq. (2.30) the electron and hole mobilities have been calculated
taking into account the impurity densities Ni and the results are shown in
Fig. 2.19. The phonon-limited mobility at 300 K in the absence of strain
calculated from first principles has been used, i.e., 1366 cm2V−1s−1 for the
electrons and 609 cm2V−1s−1 for the holes. The hole mobility at zero strain
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µl µ1 µ2 C1 C2 γ1 γ2
(cm2/Vs) (cm2/Vs) (cm2/Vs) (cm−3) (cm−3) (-) (-)

n-Si 1417 52.2 43.4 9.68e16 3.43e20 0.68 2.00
p-Si 470.5 44.9 29.0 2.23e17 6.10e20 0.719 2.00

Table 2.4 Semi-empirical parameters at 300 K used by Masetti et al. [177]
to compute the mobility taking into account the impurity scattering in n-
doped and p-doped silicon.

is overestimated by the theoretical calculation in this work, similarly to pre-
vious study [133]. The mobility results are compared with those of Masetti
et al. [177], which assumes an undoped mobility µl of 1417 cm2V−1s−1 for
the electrons and 470.5 cm2V−1s−1 for the holes. Experimental measure-
ments from Irvin [221], Mousty et al. [222] and Thurber et al. [180, 181]
are shown with dark and white markers for p-type and n-type silicon, re-
spectively. These experimental results were used by Masetti et al. [177] to
determine the parameters of the semi-empirical model at moderate dop-
ing.

Fig. 2.19 Electron (blue) and hole (red) mobility according to the im-
purity density. The continuous and dashed curves are respectively com-
puted analytically based on the model developed by Masetti et al. [177] and
adapted with the lattice mobility µl of 1366 cm2V−1s−1 for the electrons
and 609 cm2V−1s−1 for the holes, calculated theoretically at 300 K. The
experimental results from Irvin [221], Mousty et al. [222] and Thurber et
al. [180, 181] are shown with dark and white markers for p-type and n-
type silicon, respectively.
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Fig. 2.20 Electron and hole mobility (left panels) according to the impu-
rity density and the piezoresistive coefficients (right panels). The mobility
results are shown for 0.2% uniaxial strain along the [001] direction (color
curves) and without strain (grey curves). The piezoresistive coefficients
have been computed by taking the finite difference between the mobility
at 0% and 0.03%-strain. The longitudinal mobility and coefficient for the
electrons (resp. holes) are shown in blue (resp. red) while the transverse
ones are shown in green (resp. orange). The results are computed at 200 K
(dotted lines), 300 K (solid lines) and 400 K (dashed lines). The theoretical
results for the piezoresistive factor from Kanda [179] scaled by the coeffi-
cients at zero impurity are shown, as well as the experimental results from
Tufte et al. [215] for the longitudinal coefficient of the electron mobility.

The results of the mobility and the piezoresistive coefficient with the
impurity density at 200 K, 300 K and 400 K are shown in Fig. 2.20. The mo-
bility results are shown for 0.2% uniaxial strain along the [001] direction.
The piezoresistive coefficients have been calculated by taking the finite dif-
ference between the mobility at 0% and 0.03%-strain. They are found to be
independent of the impurity concentration up to 1017 cm−3, while the mo-
bility starts to decrease at much lower densities. The theoretical results for
the piezoresistive factor from Kanda [179] scaled by the coefficients at zero
impurity are shown. They show a variation for the piezoresistive coeffi-
cient at even higher impurity densities, in contrast to the experimental re-

94 |



First-principles computations | 2.2

sults of Tufte et al. [215] for the longitudinal coefficient of electron mobility.
Our results show good agreement with the experimental data at low and
moderate impurity concentration, but the experiments still show a higher
longitudinal coefficient at high doping.

The impact of doping can also be directly integrated in the
Eph4mob [187] calculations from ABINIT [108] within the rigid band
approximation. However, semi-empirical model has been preferred here
to avoid additional calculation cost (each doping level bring a new set of
calculations) and also to maintain coherence with TCAD software that
uses model from Masetti et al. [177].

2.2.6 Mobility for uniaxial strain along [110] direction

Fig. 2.21 Phonon-limited mobilities at 300 K as a function of the [110]
uniaxial strain in the transverse (green for the electrons and orange for
the holes) and longitudinal (blue for the electrons and red for the holes)
directions of the applied stress. The results for uniaxial strain along [001]
from section 2.2.3 are shown with dotted lines. The experimental linear
model using the piezoresistive coefficients from Smith [45] for [110] strain
is indicated with the dashed black lines.

The method calculating theoretically the phonon-limited mobility has
been used to retrieve the electron and hole mobilities under uniaxial strain
along [110] for undoped silicon. Indeed, this strain configuration leads to
the highest band gap reduction among the uniaxial strain directions stud-
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ied. It has therefore been chosen to improve the optical properties of silicon
for the detection of IR light.

Figure 2.21 shows the results obtained for [110] uniaxial strain up
to 4%. The longitudinal and transverse direction are respectively along
the [110] and [1̄10] crystal directions. The results for the hole mobilities
are monotonic with an important increase for the transverse component
and a decrease for the longitudinal one. The zero-strain mobility of
608 cm2V−1s−1 decreases and stabilises down to 328 cm2V−1s−1 at
1%-strain for the longitudinal component. On the opposite, the transverse
component increase up to 1490 cm2V−1s−1 at 1% and even reaches
2825 cm2V−1s−1 at 4%. The longitudinal component for the electron
mobility shows a non-monotonic trend, reaching a maximal value of
2071 cm2V−1s−1 at 1%-strain, while the transverse one show first small
changes before dropping down to 168 cm2V−1s−1 at 4%-strain. The
mobility variations obtained for uniaxial strain along [110] is significantly
different than the variations calculated in section 2.2.3 for [001] uniaxial
strain, as shown in Fig. 2.21.

Fig. 2.22 Scattering rates for all relevant k points at 300 K under strain
ranging from 0% (blue) to 2% (red). The panels show the hole (left) and
electron (right) scattering rates. The minimum and maximum of the con-
duction and valence bands are indicated by Ec,0 and Ev,0, respectively.

Figure 2.22 shows the results for the scattering rates τnk calculated on a
150 × 150 × 150 grid at each k point 200 meV away from the band edges.
For the holes, it has been shown previously that the scattering is dominated
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by the intraband HH. With increasing strain, this scattering decreases,
leading to an increase of the transverse component for the hole mobility.
This is enhanced by the increase in effective mass along [1̄10] due to strain,
as shown in chapter 1. On the contrary, the longitudinal component de-
creases due to the large reduction of the effective mass along [110], which
counteracts the scattering reduction.

For the electrons, the scattering and especially the intravalley scatter-
ing, which dominates at lower strain, increases with strain. Figure 2.23
shows the band structure under [110] uniaxial strain, showing the flat-
tening of the ∆2-valleys with strain that increases the intravalley scatter-
ing. Furthermore, the valleys move closer to the edge of the Brillouin
zone, increasing intervalley scattering between equivalent ∆2-valleys. This
tends to decrease the mobility. The ∆2-valleys along [001] decrease with
strain, while the ∆4-valleys along [100] and [010] increase. This causes the
electrons to migrate to the lower energy ∆2-valleys, so that the transport
mechanism along [110] (longitudinal) and [1̄10] is mainly influenced by the
transverse mobility. The initial increase or plateau in the electron mobility
can thus be explained by the reduction in the influence of the ∆4-valleys
and the associated large longitudinal effective mass.

Fig. 2.23 Band structure for silicon strained at 0% (blue), 1% (grey) and
2% (red) along [110] (solid lines) and [001] (dashed lines).
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2.3 Chapter Summary

In this chapter the mobility variations due to strain have been studied
both experimentally and theoretically in silicon. The lack of experimen-
tal work on electron mobility under [001] uniaxial strain was filled by
measurements on an n-type silicon resistor using a four-point bending
scheme to obtain the resistance variations with strain up to 1%. The re-
sults showed the limitations of the linear model of Smith [45] to describe
the mobility evolution at high strain, while demonstrating the underesti-
mation and lack of accuracy of recent models which take the non-linearity
into account. A detailed study of the effect of strain on the phonon-limited
mobility was then carried out using state-of-the-art first-principles calcu-
lations. They take into account the electron-phonon interactions and solve
iteratively the Boltzmann transport equation (BTE) to retrieve the mobil-
ity. This allows an in-depth understanding of the effect of strain by look-
ing at the band structure variations and scattering rates. Under uniaxial
strain along [001], the mobility is no longer isotropic and the longitudi-
nal component of the electron mobility shows an important increase up
to 2249 cm2V−1s−1 at 1%-strain, mainly due to the reduction of the inter-
valley scattering. On the contrary, the transverse component first shows
a decrease due to the migration of the electrons in the lower energy val-
ley, as the reduction of the intervalley scattering causes the increase of the
mobility starting from 0.3%-strain to finally stabilise at 1321 cm2V−1s−1 at
1%-strain. Our results show for the first time the important increase of the
hole mobility, which contradicts the intuition given by the small variations
observed at low [001] strain. The longitudinal and transverse components
even reach 1340 cm2V−1s−1 and 1330 cm2V−1s−1, respectively, close to the
zero-strain mobility of the electrons. For [110] strain, the transverse com-
ponent for the hole mobility shows a strong increase of 1761 cm2V−1s−1 at
2%-strain, while the longitudinal one decrease down to 328 cm2V−1s−1 at
1%-strain with little evolution beyond this point. The increase in intraval-
ley scattering tends to reduce the electron mobility at high strain, giving
1221 cm2V−1s−1 and 168 cm2V−1s−1 for the longitudinal and transverse
components at 2%-strain, respectively. The theoretical method using first
principles could be easily generalised to any semiconductor material and
for any strain configuration, allowing a more fundamental understanding
of the mobility.
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Key messages of the chapter

■ Four-point bending measurements up to 1%-strain on n-type
silicon beams show the limitations of the linear model, which
can only describe the mobility at low strain, while other semi-
empirical models underestimate the electron enhancement ob-
tained with strain. Furthermore, such models exist only for
the electron mobility and not for the holes.

■ Modern first-principles approaches are now capable of accu-
rately predicting the phonon-limited mobility in strained sil-
icon. Although the computational cost is still high, the cal-
culations could lead to new discoveries in strain engineering,
such as the strong enhancement of the hole mobility for uni-
axial strain along [001] and the dominance of heavy hole (HH)
intraband scattering.

■ The origin of the piezoresistive effect is a combination of
several phenomena. At low strain, the migration of elec-
trons in the lower energy valleys and their respective effec-
tive masses dominate the mobility variations with strain. At
higher strains, the evolution of the intravalley scattering plays
an important role, but is kept constant under uniaxial strain
along [001], since no variations in the valley shapes are in-
duced. On the other hand, uniaxial strain along [110] signifi-
cantly increases the intravalley scattering due to the important
change in the valley shapes, reducing the electron mobility.

■ Even though the impurity density strongly reduces the mobil-
ity, the relative sensitivity to strain is maintained at low and
moderate doping levels, i.e., below 1017 cm−3.
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Optical properties of

strained silicon

The optical absorption of silicon and bulk materials has been extensively
studied, particularly in the field of photovoltaic cells [223, 224]. However,
the effect of strain on optical properties remains largely unexplored, es-
pecially at higher strains. Only recently have first-principle studies for
phonon-assisted absorption succeeded in accurately predicting the indi-
rect absorption in silicon [225, 226]. The reason for the lack of theoretical
work is mainly due to the high complexity of the electron-phonon inter-
actions. The computational cost is high due to the double sum in the first
Brillouin zone to predict all possible transitions between the initial and fi-
nal states. Semi-empirical work has the advantage of being much cheaper
than ab initio methods, but lacks the physical consistency and robustness
to predict complex behaviour [227, 228, 229]. In this chapter, a complete
set of first-principles calculations is performed to obtain the optical prop-
erties of highly strained silicon in the [110] crystal direction. The dielec-
tric function and refractive index are first studied under the Bethe-Salpeter
equation (BSE) formalism, taking into account the electron-hole interac-
tions. The EPW code is then used to obtain the absorption coefficient of
strained silicon by explicit calculation of the electron-phonon interactions.
Finally, the results are compared with the semi-empirical model developed
by Tsai [230], which uses the fundamental parameters calculated in chap-
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ter 1.

3.1 First-principles computation scheme

The theory behind the first-principles calculation is summarised in this sec-
tion. We begin by describing the optical properties to be calculated, i.e., the
dielectric function, the complex refractive index and the absorption coef-
ficient. The BSE method used for the refractive index and the dielectric
function is described in detail, taking into account the electron-hole inter-
action. Finally, the theoretical calculations for indirect absorption that takes
into account the electron-phonon interaction using the EPW code and the
analytical model of Tsai [230] are explained.

3.1.1 Description of the optical properties

The explanation to describe the dielectric function are explained in details
by Onida et al. [105], including the BSE formalism. Only the main relations
of interest for understanding the theoretical background are included here.

Standard KS ground-state calculations only consider single-particle
system that can not predict correctly the response to perturbations such as
light. To consider it, many-particle interactions have to be considered with
electron-hole interactions, caused by the electron-hole pairs created by the
light excitation. The response of the crystal system to an external potential
can be expressed using the dielectric matrix ε(r, r′; ω) such as

Vtot(r; ω) =
∫

dr′ε−1(r, r′; ω)Vext(r′; ω), (3.1)

with Vtot(r; ω) the screened (total) potential modified according to the ex-
ternal potential Vext(r; ω). The total potential is thus the sum of the exter-
nal potential and the one due to the polarization of the system under the
external stimulus (light). The dielectric function ε(r, r′; ω) is thus used to
analyse the response of the material to an external potential of angular fre-
quency ω. The dielectric function in real space for an electron system can
be expressed as [231]:

ε(r, r′; ω) = δ(r, r′)−
∫

dr′′v(r − r′′)Π(r′′, r′; ω), (3.2)
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where v is the bare Coulomb interaction and Π(r′′, r′; ω) is the polariz-
ability operator introduced. A simple approximation of Π(r′′, r′; ω) is the
random-phase approximation for which independent particles are consid-
ered and their transition is independently added up [232].

In a solid, a macroscopic dielectric function εM(ω) has to be used for
experimental observation and is defined in a periodic crystal as:

εM(ω) ≡ lim
λ→0

1
ε−1

G=0,G′=0(λ; ω)
, (3.3)

where εG,G(λ; ω) = ε(λ+ G,λ+ G′; ω) is the Fourier transform to recip-
rocal space of ε(r, r′; ω), G is a reciprocal lattice vector, and λ is the photon
momentum.

The complex refractive index γ is defined as the square root of the di-
electric function, i.e., γ =

√
εM. The real part of the index, written n, de-

scribes the propagation of the wave in a medium, while the imaginary part,
written κ, describes the absorption of the medium. Their expressions are
given by

n(ω) =

√√
ε1(ω)2 + ε2(ω)2 + ε1(ω)

2
,

κ(ω) =

√√
ε1(ω)2 + ε2(ω)2 − ε1(ω)

2
,

(3.4)

with ε1(ω) and ε2(ω) the real and imaginary part of the dielectric function
εM(ω), respectively. ε1(ω) and ε2(ω) are given relatively to the vacuum
permittivity ε0. The refractive index γ(ω) describes the propagation and
absorption in real space (x) of an electromagnetic field E(x, t) [233]:

E(x, t) = E0ei( 2πγ(ω)
λ x−ωt), (3.5)

where E0 is the amplitude of the wave, ω its frequency and λ its wave-
length. By developing explicitly the expression with the real and imagi-
nary part of the index, the attenuation part is clearly visible in the shape of
a real exponential terms:

E(x, t) = E0e−
α(ω)

2 xei( 2πn(ω)
λ x−ωt). (3.6)
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In which the absorption coefficient α can finally be described as:

α(ω) =
4π

λ
κ(ω). (3.7)

3.1.2 BSE method for direct transitions

A two-particle equation is needed to account for electron-hole interactions
in the response function, such as the BSE, which is found using Green’s
function theory [234]. It requires first the calculation of quasi-particle cor-
rection and screened interactions W from the many-body interaction (via
GW). Then, the kernel K mixing the independent transitions [235, 105] is
calculated. Formally, this is described by the two-particle Hamiltonian
H2p
(n1n2),(n3n4)

for particles going from states (n1n2) to states (n3n4) due to
light excitation:

H2p
(n1n2),(n3n4)

= (εn2 − εn1)δn1n3 δn2n4 + ( fn1 − fn2)K(n1n2),(n3n4)
, (3.8)

where K(n1n2),(n3n4)
is the Kernel describing the two-particles interactions,

εni is the energy of state ni, and fni is Fermi occupation numbers. For the
sake of clarity, the indices nki, describing a possible state, are indicated
with indices ni. Furthermore, the double states (ninj) are always composed
of one empty and one occupied states.

The Kernel K(n1n2),(n3n4)
is expressed as

K(n1n2),(n3n4)
= δn1n2 δn3n4 vn1n3 − δn1n3 δn2n4Wn1n2 (3.9)

where Wn1n2 is the screened interactions calculated using MBPT (GW). The
exchange term taking into account the screened electron-hole interaction is
associated to the modified Coulomb interaction vn1n3 defined as

v(λ) =

{
0 if λ = 0,

4π

|λ+G|2
otherwise (3.10)

The macroscopic dielectric function is then given by

εM(ω) = 1 − lim
λ→0

v(λ) ∑
(n1n2)

∑
(n3n4)

⟨n1|e−iλ·r|n2⟩
[

H2p − Iω
]−1

(n1n2),(n3n4)

× ( fn4 − fn3) ⟨n4|eiλ·r′ |n3⟩., (3.11)

104 |



First-principles computation scheme | 3.1

1995/
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Fig. 3.1 Dielectric function in unit of vacuum permittivity ε0 computed
theoretically with random-phase approximation (RPA), random-phase ap-
proximation with quasiparticle correction using GW (GW-RPA), and con-
sidering electron-hole interaction with BSE. The real and imaginary parts
of the dielectric function are shown with solid and dashed lines, respec-
tively. Experimental data from Green and Keevers [236] for the real and
imaginary components are indicated with black and white dots, respec-
tively.

In practice, the first-principles scheme to calculate the dielectric func-
tion starts by a ground-state DFT calculation. Then a GW calculation is
performed to correct the eigenvalues. Finally, we solve the Bethe-Salpeter
equation (BSE) using GW eigenvalues, KS orbitals and static RPA screen-
ing for the electron-hole interactions, as implemented in ABINIT [108]. Fig-
ure 3.1 shows the results of the first-principles calculation of the dielectric
function under the different approximations for silicon in the absence of
strain. As expected, the RPA calculation underestimates the optical thresh-
old due to the underestimation of the band gap in the DFT calculation.
The quasi-particle correction using GW addresses this problem, but does
not improve anything further. In contrast, the BSE calculations show an
important correction of the optical spectrum, especially for the imaginary
part, showing the strong excitonic character of the silicon spectrum. Ex-
cellent agreement was obtained with experimental data from Green and
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Keevers [236]. A common problem using BSE is the difficulty in achiev-
ing global convergence to the full spectrum, leading to reduced accuracy
beyond 4.5 eV [237].

3.1.3 EPW method for indirect transitions

The indirect band gap of silicon allows light to be absorbed by interband
transitions for photon energies greater than the fundamental band gap
of 1.13 eV at 300 K (wavelengths less than 1.1 µm) [238]. Such indirect
transitions require additional momenta provided by lattice vibrations, i.e.,
phonons [225]. This phonon-assisted process dominates the absorption
spectrum of silicon in the energy region between the fundamental and di-
rect band gaps. For energies larger than the direct band gap, the absorption
increases rapidly and is dominated by direct interband transitions. De-
spite the importance of the subject, there are only few theoretical calcu-
lations of the indirect absorption spectrum of silicon [225, 226, 230, 239],
mainly because of the complexity of the interactions between electrons
and phonons [209]. Only recently, first-principles calculations of phonon-
assisted absorption have been able to quantitatively describe the absorp-
tion spectrum of silicon [225, 226]. However, while these first-principles
calculations give accurate results, the computational cost is very high.

While the BSE method correctly treats the electron-holes interactions,
it is only valid for direct transitions and failed to correctly predict the ab-
sorption of indirect band gap semiconductors. The EPW code has been de-
veloped to calculate electron-phonon interactions and related properties,
including optical properties [240, 183]. In EPW, Wannier functions are
used to calculate the electron-phonon interactions on a dense mesh in the
first Brillouin zone [241, 242]. The electronic properties are calculated using
standard DFT calculations, while DFPT is used for the phonon properties.
In practice, the imaginary part of the dielectric function is calculated for all
possible phonon wavevectors q and electron wavevectors k as follows

ε2(ω) = 2
4πe2

Vcell

1
ω2

∑
mnν,β=±1

∫ dk
ΩBZ

∫ dq
ΩBZ

∣∣λ ·
[
S1,mnν(k, q) + S2,mnνβ(k, q)

]∣∣2
× Pnmνβ(k, q)δ(εmk+q − εnk − h̄ω + βh̄ωqν), (3.12)
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where e is the electron charge, λ is the polarisation vector of light with
photon energy h̄ω, and β is equal to 1 for phonon absorption and −1 for
phonon emission. Vcell and ΩBZ are the volume of the primitive cell and
the first Brillouin zone, respectively. S1,mnν and S2,mnνβ represent the two
possible paths for the transition of an electron ψnk with energy εnk into the
state ψmk+q with energy εmk+q, with a phonon of mode ν and wavevec-
tor q of energy h̄ωqν. S1,mnν considers a path starting with the excitation
of the electron at the same wavevector k, followed by a relaxation to the
new position k + q. On the contrary, S2,mnνβ first considers the phonon
interactions followed by the excitation at higher energy.

They are computed as

S1,mnν(k, q) = ∑
j

gmjν(k, q)pjn(k)
ε jk − εnk − h̄ω + iη

,

S2,mnνβ(k, q) = ∑
j

pmj(k + q)gjnν(k, q)
ε jk+q − εnk + βh̄ωqν + iη

,
(3.13)

where gmnν(k, q) is the electron-phonon matrix element, η is the broaden-
ing parameter, pij(k) is the dipole matrix element.

The occupancy Pnmνβ(k, q) is given by

Pnmνβ(k, q) =
(

nqν +
1 + β

2

)
f 0
nk(1 − f 0

mk+q)

−
(

nqν +
1 − β

2

)
(1 − f 0

nk) f 0
mk+q, (3.14)

where nqν = 1/
[
exp(h̄ωqν/kBT)− 1

]
is the Bose-Einstein distribution

evaluated at the phonon energy h̄ωqν and f 0
nk is the electronic occupation

distribution at the band energy εnk.
Very recently, Tiwari et al. [243] has developed a new global framework

to calculate both direct and indirect absorptions by including electron-
phonon correlation via quasidegenerate MBPT.

3.1.4 Analytical model for the absorption coefficient

Tsai derived a theoretical model to calculate the indirect absorption coeffi-
cient based on the second-order time-dependent perturbation theory [230].
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The model considers all possible types of intervalley scattering processes
for the indirect transitions but is based on parabolic band approximation.
These transitions are highlighted in Fig. 3.2 with the band structure of re-
laxed silicon. Such indirect light absorption occurs either by absorption of
a photon (represented by blue arrows) followed by absorption or emission
of a phonon (represented by red wavy arrows), or vice versa. For each

g,

g,

g,

g,

Fig. 3.2 Electronic band structure of silicon. Two possible absorption
routes for the indirect light absorption are represented by blue (photon
absorption) and red (phonon absorption or emission) arrows. The phonon
energy is h̄ωqν. The intermediate states are highlighted by green and blue
areas, and the important band gaps for indirect transitions between differ-
ent k points are represented by vertical arrows. The zero energy is located
at the valence band maximum.

valley of the conduction band where the electrons might be scattered, two
intermediate states are considered. The first one (in green in Fig. 3.2) is lo-
cated at Γ in the conduction band, and the second one (in blue in Fig. 3.2) is
located in the valence band, at the high-symmetry k-point (denoted by ∆
in the following) where the minimum of the electron valley is located. For
a given transition connecting two valleys through a phonon of wavevector
q and mode ν, the absorption coefficient derived by Tsai is given by [230]
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αqν(ω) =
ANval

h̄ω h̄ωqν

[
nqν(h̄ω − Eg + h̄ωqν)2

|Eg1 − h̄ω − iη|2 H(h̄ω − Eg + h̄ωqν)

+
(nqν + 1)(h̄ω − Eg − h̄ωqν)2

|Eg1 − h̄ω − iη|2 H(h̄ω − Eg − h̄ωqν)

+
nqν(h̄ω − Eg + h̄ωqν)2

|Eg2 − h̄ω − iη|2 H(h̄ω − Eg + h̄ωqν)

+
(nqν + 1)(h̄ω − Eg − h̄ωqν)2

|Eg2 − h̄ω − iη|2 H(h̄ω − Eg − h̄ωqν)

]
,

(3.15)

where Nval is the number of degenerate conduction valleys, Eg is the
indirect band gap (fundamental or not, depending on the valley consid-
ered), Eg1 and Eg2 are the direct band gap energies providing interme-
diate states (e.g. Eg,Γ and Eg,∆ in Fig. 3.2), η is a damping factor, and
nqν = 1/

[
exp(h̄ωqν/kBT)− 1

]
is the Bose-Einstein distribution evaluated

at the phonon energy h̄ωqν. The material-dependent proportionality con-
stant A is defined as

A =
e2m3/2

c m3/2
v EpD2

qν

96π2h̄3mecε0nrρL
, (3.16)

where e is the electron charge, me is the free electron mass, c is the speed
of light in vacuum, ρL is the material density, nr is the refractive index,
Ep is an energy parameter for the electron-photon interactions, D2

qν is
the phonon deformation potential, and mc and mv are the DOS effective
masses of the conduction and valence bands, respectively.

There are different indirect transitions to consider in silicon, corre-
sponding to different valleys of the conduction band. Each of them gives
a different contribution to the total absorption coefficient,

αtot = ∑
ν

αν, (3.17)

where αν is the absorption for each phonon mode ν. In relaxed silicon, the
only contribution to the absorption of infrared light (λ > 750 nm) comes
from the transitions in the ∆-valleys, where the conduction band minimum
of silicon lies. The indirect band gap Eg,Γ∆ is 1.13 eV and the valleys are
six-fold degenerate. In the case of relaxed silicon, only the contributions
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Parameters Value
nr 3.42
ρL 2.328 g/cm3

mc 0.32 me
mv 0.89 me
T 300 K
Ep 6 eV
η 1.1 eV

EΓ 3.2 eV
EΓ∆ 1.13 eV
E∆ 4 eV

DTA 4.1 × 108 eV/cm
DTO 1.2 × 109 eV/cm
DLO 2.2 × 109 eV/cm

Table 3.1 Physical parameters used to compute the indirect absorption
coefficient of relaxed silicon. Values of nr is taken from [230] while the
values for the deformation potential Dqν are taken from [245]. Ep and η are
fitted parameters computed based on the zero-strain absorption coefficient.

from the six degenerate ∆-valleys need to be included, and only three gaps
need to be considered in Eq. (3.15): the direct band gaps at Γ and ∆ (Eg,Γ
and Eg,∆, respectively) and the fundamental gap Eg,Γ∆, see Fig. 3.2. For
the indirect transitions different phonon modes ν have to be considered.
In silicon there are 6 modes that should be considered. Following Rid-
ley [244], Tsai [230] included only the TO and TA modes. However, it has
been shown by Vandenberghe et al. [245] that the deformation potential
for the LO mode is far from negligible, while the LA mode can be safely
ignored. Therefore, we also include the contribution of the LO mode and
use these deformation potentials, evaluated at the q point connecting the
valence band maximum to the conduction band minimum (q = ∆), given
in Tab. 3.1.

Figure 3.3 shows the absorption spectrum obtained for silicon in the
absence of strain using the parameters from Tab. 3.1. Ep and η have been
determined by fitting the zero-strain coefficient, giving values of 6 eV and
1.1 eV, respectively. Close to the band gap of 1.13 eV, the results show
the importance of considering the contribution of the LO mode for a bet-
ter description of the absorption shape. Indeed, this mode dominates the
absorption coefficient spectrum close to the band gap and should not be
neglected, especially in the region of interest for NIR applications. The
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results are compared with those obtained from our EPW calculations and
show good agreement with it. The analytical model has the advantage
of reducing the computational cost compared to the EPW method, but re-
quires semi-empirical parameters such as Ep and η, making it more dif-
ficult to accurately predict new configurations for which not all parame-
ters are known. To evaluate this model, the data from Green and Keev-
ers [236] for the absorption coefficient of silicon is also shown in Fig. 3.3.
This data set is usually used as a reference for silicon absorption to com-
pare and check the validity of different absorption models.

The DOS effective mass mv for the valence bands is defined as the one
which gives the same DOS as if the band were parabolic. In the case of the
valence band it is obtained by [198, 199]

√
π

2
1

2π2

(
2mv

h̄2

)3/2
(kBT)3/2 =

∫ Ev

−∞
g(E) exp

(
−Ev − E

kBT

)
dE, (3.18)

where Ev is the energy of the valence band maximum and g(E) is the den-

TO
TA
LO

Fig. 3.3 Absorption coefficient computed analytically using parameters
found by DFT (solid colored line) and coefficient computed theoretically
using EPW code (blue dots). The contributions of the TO (grey), TA (or-
ange) and LO (red) modes to the absorption coefficient are shown by filled
area. The theoretical curves are compared with the absorption coefficient
measured experimentally by Green and Keevers [236] (dark continuous
line).
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sity of states obtained on dense meshes for each strained configuration. A
similar expression applies to the conduction band. Even for the electron,
the DOS effective mass has to be calculated using the integrative method,
since the valleys are no longer parabolic under high uniaxial strain along
the [110] direction.

3.1.5 Computation scheme

Fig. 3.4 Computation scheme for the real (ε1) and imaginary (ε2) part of
the macroscopic dielectric function using first principles. KS wavefunc-
tions (ψKS

nk ) and eigenvalues (εKS
nk) are first computed and corrected using

GW method before being used in BSE calculations, taking into account the
electron-hole interaction for the dielectric function. The real part of the
dielectric function is then used along KS eigenvalues corrected by a scis-
sor shift (quasi-particle correction at band gap position) to find the imagi-
nary part of the dielectric function with EPW code, taking into account the
electron-phonon interactions.

Figure 3.4 shows the calculation scheme for the dielectric function.
The KS wavefunction ψKS

nk with energy εKS
nk is computed using DFT

ground-state calculations as implemented in ABINIT [108, 109]. We use
norm-conserving pseudopotentials from PSEUDODOJO [110], in the GGA
of PBE [98]. The results are then corrected using MBPT (GW), yielding
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new set of energy εGW
nk . A first dielectric function taking into account

the electron-hole interaction is calculated using the BSE, but only for
the direct transition. The electron-phonon interactions are calculated
with the EPW code to treat the indirect transition of the absorption. In
practice, the phonon contribution is calculated using DFPT. The EPW code
then computes the electron-phonon matrix gmnν(k, q), which is used to
calculate the imaginary part ε2 of the dielectric function. The energy of the
conduction bands from the ground-state calculation is shifted by a scissors
shift calculated from the GW calculation to correct for the underestimation
of the band gap with GGA.

The KS wavefunction and the quasi-particle correction are calculated
on a 12 × 12 × 12 k-grid with a cutoff energy of 20 Ha for the BSE cal-
culation. The optical calculations were then performed considering the
three higher occupied states and the first four conduction bands with an
energy cutoff of 6 Ha for the dielectric matrix. Appendix A detailed the
convergence study for the BSE calculations with regards to the number of
k points, the energy cutoff for the screening matrix, the bands considered
to calculate the possible transitions between the valence and conduction
bands and the complex shift that mimics the experimental broadening of
the absorption peaks.

For the EPW calculations, the parameters are taken based on the study
from Noffsinger et al. [225] who developed the main framework for the
absorption calculation in silicon considering electron-phonon interactions.
The phonon calculations were performed on a 6 × 6 × 6 q-grid. The
electron-phonon interactions are finally calculated on a 30× 30× 30 k-grid
using Wannier-Fourier interpolation in the EPW code. The convergence
study with regards to the number of k-point is shown in appendix A.
The study is carried out for uniaxial strain along [110] crystal direction
as uniaxial tensile strain is the most promising way to achieve high
deformation and [110] is the direction that shows the highest band gap
reduction to increase the light absorption.

3.2 First-principles results

The results of the first-principles calculations for uniaxial strain along [110]
directions are described in this section. First, the refractive index and di-
electric function calculated using the BSE method are discussed, followed
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by the results of the absorption coefficient using the EPW code and the
analytical model of Tsai [230].

3.2.1 Refractive index and direct absorption

The results of the dielectric function calculated using BSE are shown in
Fig. 3.5.

Fig. 3.5 Real (ε1) and imaginary (ε2) components of the dielectric func-
tion in unit of vacuum permittivity (ε0) for uniaxial strain up to 4% along
the [110] crystal direction. Results for computation with the light momen-
tum λ along the [100] and [001] direction are shown.

In the absence of strain, the real part (ε1) and the imaginary part (ε2)
are in excellent agreement with the experimental data of Green and Keev-
ers [236]. For energies below the direct band gap (3.4 eV) the imaginary
part of the dielectric function is close to zero, since no direct transitions
from the valence to the conduction band are possible. Similarly, the exci-
tonic peak in the real part of the dielectric function is maximal around 3.25
eV. It then decreases with energy to reach 11.9 ε0 at zero energy, close to the
experimental value [246]. According to Eq. (3.11), the macroscopic dielec-
tric function is calculated for a certain light polarisation λ. In the absence
of strain, the functions computed for [100] and [001] polarisation are sim-
ilar. As strain breaks the crystal symmetries, the calculations along these
two directions give different results. For uniaxial strain along [110], the
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calculations along [100] and [010] remain similar, but the one along [001]
differs, as shown in Fig. 3.5. With increasing strain, the maximum value
of ε1 decreases from 42.25 ε0 at 0%-strain to 30.66 ε0 (resp. 35.46 ε0) at 4%-
strain for the calculation along [100] (resp. [001]). The zero energy value
shows much smaller variations, going from 11.91 ε0 at 0%-strain down to
11.83 ε0 (resp. 12.51 ε0) at 4%-strain for calculation along [100] (resp. [001]).
The reduction of the direct band gap due to strain is clearly visible in the
imaginary part ε2, as the absorption edge is shifted to a lower energy. With
increasing strain, the direct band gap in the centre of the Brillouin zone
(Γ) is reduced from 3.17 eV at 0%-strain to 2.64 eV at 4%-strain, causing a
shift of the excitonic peak at lower energy for the real part of the dielectric
function and a shift at lower energy for the rising edge of the imaginary
part.

Fig. 3.6 Maps of the real ε1 (left) and imaginary ε2 (right) part of the
macroscopic dielectric function computed with BSE method according to
strain up to 4% along [110] crystal direction and the energy.

Figure 3.6 shows the maps of the components of the dielectric function
with respect to strain and energy. The reduction of the amplitude of the ex-
citonic peak and its position is clearly visible for ε1. At lower energies, the
vertical contour shows the low dependence of the permittivity on strain.
For ε2, the small variations at higher strain can be seen with the rising
edge going from 3.25 eV down to 3.05 eV at 4%-strain. Furthermore, the
reduction of the main peak at 3.45 eV is clearly visible, going from 39.21 ε0
down to 31.31 ε0 at 4%-strain.
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κn
( 

/ )

Fig. 3.7 Real n (left) and imaginary κ (right) part of the refractive index
computed with BSE method for strain along [110] crystal direction. The
real part of the refractive index with strain at zero-energy (n0) and at max-
imum position (nmax) are shown in the insets of the left panel. The experi-
mental results from Green and Keevers [236] are indicated.

The complex refractive index γ is then calculated using Eq. (3.4) to ob-
tain the real part n and the imaginary part κ. The results of n and κ are
shown in Fig. 3.7. Similar to the dielectric function, the excitonic peak is
shown for the real part, with a maximum value nmax decreasing from 6.77
at 0%-strain to 5.55 at 4%-strain, and its position shifting from 3.4 eV to
3.06 eV. At lower energies the strain dependence is much smaller, with the
zero-energy index decreasing from 3.47 at 0%-strain to 3.44 at 4%-strain.
The imaginary part of the index shows an edge shift at lower energy due
to the direct band gap reduction under strain, showing the increase in light
absorption at lower energy.

Finally, the absorption coefficient α is calculated from the extinction co-
efficient κ using Eq. (3.7). The results of the absorption calculation with BSE
method, i.e., considering only direct transitions without electron-phonon
interactions, are shown in Fig. 3.8. As expected, the lower energy limit of
the direct absorption decreases with strain due to the reduction of the di-
rect band gap. Conversely, a reduction in absorption is observed at higher
energies. Experimental data from Green and Keevers [236] are shown as
black dots. The higher energy data are in good agreement as the direct
transition dominates the absorption, but at lower energy the indirect tran-
sition is not treated by the BSE calculation.
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Fig. 3.8 Absorption coefficient for direct transition computed with BSE
method for strain along [110] crystal direction. The experimental results
from Green and Keevers [236], including indirect transitions, are indicated
with black dots. The grey area highlight the region where direct absorption
dominates.

3.2.2 Indirect absorption

The results of the band gaps and effective masses required for the ana-
lytical model from Tsai [230] are shown in Fig. 3.9. Under uniaxial strain
along the [110] crystal direction, the broken symmetries lift the degeneracy
of the ∆-valleys into the ∆2-valleys (including the two valleys along [001])
and the ∆4-valleys (including the four valleys along [100] and [010]). The
lowest indirect band gap Eg,Γ∆4 is significantly reduced by −202.9 meV at
2%-strain, while the reduction of the other indirect band gaps Eg,Γ∆2 shows
a reduction of only −28 meV at 2%. A similar trend is observed for the di-
rect band gap at the ∆x- and ∆z-valleys, where the gap reduction is mainly
due to the movement of the conduction band energy. The lowest direct gap
is at Γ and shows a reduction down to 2.67 eV for a strain of 4%.

To calculate the DOS effective masses, the integrative method based
on Eq. (3.18) is used. Indeed, the significant effect of strain on the band
shape makes it difficult to use existing analytical models for the DOS. The
valence DOS effective mass is reduced from 0.89 me at 0%-strain to 0.44 me

at 4%-strain and is mainly influenced by the states of the HH band. The
conduction DOS effective mass shows little variation for the higher energy
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Fig. 3.9 Effective masses and band gaps calculated using DFT. The in-
direct and direct band gap under uniaxial strain along the [110] direction
are shown in the top left and right panels, respectively. The gaps are com-
puted for valleys along the [100] direction (∆x) and [001] direction (∆z) of
the reciprocal space. The DOS effective masses for the two types of valleys
(mc,∆x and mc,∆z ) are shown in the bottom left panel as well as the global
effective mass for the conduction bands (mc). The DOS effective masses
for the valence bands (mv) are shown in the bottom right panel with the
contribution of each valence band (HH, LH and SO).

valleys but increases from 0.32 me at 0%-strain to 0.42 me at 2%-strain for
the lower energy valleys due to the valleys reaching the end of the Brillouin
zone as explained in chapter 1.

Figure 3.10 shows the results of the phonon energies with strain, as
needed to calculate the absorption using the analytical model of Tsai [230].
It has been shown that the TO, TA and LO modes show strong electron-
phonon coupling for such interband transitions, while the LA mode plays
a negligible role [245]. Only the phonons with a wavevector q connecting
the valence band maximum at Γ to the conduction band minimum near X
should be considered. At zero strain the energies found for the TO, LO,
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Fig. 3.10 Phonon energy under uniaxial strain along the [110] direction.
The energies of the modes are calculated at the [100] (X100) and [001] (X001)
position of the reciprocal space.

TA and LA modes are 57.24 meV, 50.73 meV, 17.46 meV and 50.73 meV,
respectively. Under uniaxial strain along the [110] direction, the phonon
modes at X symmetry points along the [100] and [010] paths show the same
evolution with an energy increase up to 17.82 meV at 4%-strain for the
two TA modes. The TO modes and the longitudinal modes (LO and LA)
reach an energy of 56.73 meV and 49.38 meV at 4%-strain, respectively. For
the X symmetry point along [001], the LO and LA modes split to reach
51.27 meV and 47.88 meV at 4%-strain, respectively. The TO1 and TO2
modes split to reach 54.82 meV and 58.16 meV at 4%-strain, respectively.
Finally, the TA1 and TA2 modes split to reach 17.29 meV and 17.68 meV
at 4%-strain, respectively. The changes in phonon frequencies are overall
negligible compared to the band gap reduction, and these changes have
only a small impact on the absorption coefficient of strained silicon.

The results of the absorption coefficient are shown in Fig. 3.11. As strain
increases, the absorption curves are shifted towards lower energy, follow-
ing the band gap reduction. Conversely, the reduction in the DOS caused
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0%
1%2%
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4%

Fig. 3.11 Absorption coefficients computed analytically based on first-
principles parameters (dashed lines) and computed theoretically using
EPW (dots) for uniaxial strain along [110] direction at 300K. The results
are compared with the absorption coefficient measured experimentally in
absence of strain by Green and Keevers [236] (dark continuous line).

by the valley splitting leads to a reduction at higher energies. This makes
the absorption enhancement much smaller for light with energy above 1.5
eV. The absorption results obtained by the analytical model and the EPW
code are in good agreement for the lower absorption region (at lower en-
ergy), but the analytical model failed to correctly predict the strain effect
at higher energy. This is mainly due to the limits of the parabolic band
assumption used in the model, as well as the difficulty of accurately pre-
dicting the DOS effective masses involved in calculating the coefficient A
in Eq. (3.16). At higher energies, the variations in the absorption coefficient
are then much less pronounced and a greater discrepancy is observed be-
tween the analytical model and the EPW results.

Figure 3.12 shows the map of the absorption coefficient as a function
of [110] uniaxial strain and light energy, calculated using the analytical
model. The contour is shown at 1 cm−1, 10 cm−1, 100 cm−1 and 1000 cm−1.
At lower strains it can be observed that the increase in absorption due to
the band gap reduction is counterbalanced by a reduction in the DOS, as
indicated by the vertical evolution of the contours. This mechanism is more
pronounced at higher energies. At higher strains, the DOS is stable and a
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Fig. 3.12 Map of the absorption coefficient according to uniaxial strain
along [110] crystal direction and the light energy using analytical model.
Contour lines for absorption coefficient of 1, 10, 100 and 1000 cm−1 are
shown in black.

clear dependence is observed, mainly due to the band gap reduction.
The evolution of the absorption coefficient with strain at a given photon

energy is shown in Fig. 3.13a. These results clearly show that the increase
in absorption is mainly observed at lower energies. Indeed, the absorption
coefficients for 0.75 and 1.00 eV show a clear increase with strain, going
from 5.44 × 10−3 cm−1 to 26 cm−1 and 1.5 × 10−2 cm−1 to 168 cm−1 from
0% to 4%-strain respectively. The coefficients for the 1.25 eV and 1.50 eV
energies are much more stable, ranging from 52 cm−1 to 500 cm−1 at 0%-
strain and from 582 cm−1 to 1241 cm−1 at 4%-strain.

| 121



3 | Optical properties of strained silicon

Fig. 3.13 (a) Absorption coefficient for uniaxial strain along [110] direc-
tion for photon energy of 0.75, 1, 1.25 and 1.5 eV. (b) Energy limit under
uniaxial strain along [110] direction for absorption coefficient of 0.1, 1, 10
and 100 cm−1. The continuous lines are the results from the analytical
model while the dots have been computed using EPW code.
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As an important metric, we conclude that strain can significantly im-
prove the absorption only up to a certain level. The evolution of the energy
cutoff at certain absorption coefficients is shown in Fig. 3.13b. For values
up to 100 cm−1 the relative variation of the energy limit is similar regard-
less of the absorption value, with the limits decreasing with strain from
1.05 eV to 0.52 eV at 0.1 cm−1 and from 1.29 eV to 0.92 eV at 100 cm−1. In
both panels of Fig. 3.13 the analytical model is in good agreement with the
EPW calculations.

Fig. 3.14 Comparison of the absorption coefficient of strained silicon
(dots) obtained with the EPW code and other semiconductor material
such as relax silicon (Si) [236], germanium (Ge) [247], indium gallium ar-
senide (In0.5Ga0.5As [248], In0.8Ga0.2As [33]) and silicon-germanium alloy
(SixGe1−x) [249] with proportion x of 0.2, 0.5 and 0.8.

Figure 3.14 shows a comparison of the absorption coefficient obtained
for strained silicon using the EPW code and typical semiconductors used in
NIR and SWIR applications. Indium Gallium Arsenide (In0.5Ga0.5As) [248]
has a band gap of 0.78 eV and can then absorb light up to 1.58 µm. It is also
a direct band gap material, which leads to higher absorption as no phonon
is needed to excite an electron from the valence band to the conduction
band. By increasing the indium content, the band gap is reduced and the
absorption in the infrared increases. In0.8Ga0.2As is able to absorb light
up to 2.5 µm due to its band gap of 0.5 eV [33]. Germanium (Ge) [247]
has an indirect band gap of 0.66 eV and a direct band gap of 0.8 eV. The
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indirect and direct absorption can be clearly observed, following typical
square [224] and square-root [250] relationships, respectively. Finally, the
silicon-germanium alloy (SixGe1−x) [249] shows an increase in absorption
with germanium content. It is clear from the curves in Fig. 3.14 that silicon
suffers from indirect absorption. Although the absorption in strained sil-
icon is much better than in relaxed silicon, a significant strain is required
to achieve better absorption than the other semiconductor materials. 2%-
strain is sufficient to match the performance of Si0.7Ge0.3, while at least
3%-strain is required to absorb beyond the In0.53Ga0.47As limit. Finally, 4%-
strain is required to exceed the performance of Ge in the low-absorption
region.
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3.3 Chapter Summary

The effect of uniaxial strain applied along [110] on the optical properties of
silicon has been studied in detail using first principles. The Bethe-Salpeter
equation (BSE) method allows the calculation of the refractive index tak-
ing into account the electron-hole interactions. The results for the real part
of the index show the important variations of the excitonic peak around
the 3.2 eV energy, while the zero-energy values show hardly any varia-
tions with strain. This method failed to predict the indirect absorption, as
the phonon-assisted phenomena are not taken into account. The electron-
phonon interactions and thus the indirect absorption are then calculated
using the electron-phonon wannier (EPW) code. The results for the absorp-
tion coefficient show a significant increase with strain, following the band
gap reduction. As the band gap is reduced from 1.13 eV to 0.66 eV at 4%-
strain, the light wavelength that can be absorbed is extended to 1.88 µm.
The absorption coefficient at 1.2 µm goes from 1.5e-2 cm−1 to 168 cm−1 at
4%-strain. The EPW results are then compared with an analytical model
for which the parameters such as the band gap energies, the DOS effective
masses and the phonon energies are calculated by DFT and DFPT. The
model shows the advantage of fast computation compared to fully calcu-
lated results. It relies on fitting parameters that have to be determined
from experimental or first-principles results, which limits the prediction of
new configurations. Nevertheless, the analytical method provides a fast
estimate of the absorption in strained silicon, although it tends to underes-
timate the absorption enhancement. The absorption results are finally com-
pared with the absorption coefficient of conventional IR materials such as
Ge, SiGe and InGaAs, showing the potential of strained silicon to compete
with them, but mainly in the low-absorption range.
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Key messages of the chapter

■ The real part of the dielectric function and the refractive in-
dex can be accurately calculated with Bethe-Salpeter equa-
tion (BSE), taking into account the electron-hole interactions,
while the imaginary part must be tackled with a calculation
that takes into account the electron-phonon interactions, such
as electron-phonon wannier (EPW). This first-principles cal-
culation allows an accurate determination of the absorption
coefficient of a new material or strain configuration without
the need for semi-empirical bias.

■ An analytical model can be used to describe the absorption co-
efficient of strained silicon, but it relies on the parabolic band
assumption. However, semi-empirical values are required,
usually determined by fitting the zero-strain coefficient, but
this limits the use of the analytical model for new materials
for which no clear experimental data are available.

■ The strain has an important effect on the excitonic peak,
around 3.4 eV, in the real part of the dielectric function and
the refractive index, while showing a limited effect at lower
energies. On the contrary, the enhancement of the absorption
coefficient takes place mainly at lower energy, i.e., below the
zero-strain band gap energy at 1.12 eV.

■ Strain is a promising technique for silicon to compete with tra-
ditional IR materials (Ge or InGaAs), but indirect absorption
limits the enhancement for the low-absorption regime.
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Infrared performances of

strained silicon photodiode

Germanium (Ge) and Indium Gallium Arsenide (InxGa1−xAs) photode-
tectors are the most commonly used devices to detect IR light beyond the
range available for standard silicon detectors. This final chapter examines
the benefits that highly strained silicon brings to IR photodiodes, focus-
ing on the improvement of the device sensitivity. Previous chapters have
shown the effect of strain on carrier transport and light absorption in sili-
con. The improvement in material properties still needs to be investigated
in practical devices to confirm the potential of strained silicon for IR pho-
todetectors. The first section recalls the important theory about the pho-
todetector, including the effect of the dimensions on the light absorption
and the working principles of a photoconductor and a photodiode. The
second section performs a TCAD simulation to calculate the responsivity
of a photodiode using strained silicon and discuss the performance we can
expect with strain up to 4%.

4.1 Optical absorption in a semiconductor layer

The efficiency of light absorption is significantly influenced by the absorp-
tion coefficient of the material, which determines the required thickness
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of the device. In particular, materials with lower absorption coefficients
require thicker layers to absorb a sufficient amount of incident light. A
typical light-absorbing device is composed of several layers, such as a sub-
strate to provide mechanical support, an active layer where the photogen-
erated carriers are generated, metallic electrodes to collect these charges,
an antireflective coating (ARC) to minimise the loss of light due to reflec-
tion at the surface, and so on. The transfer matrix method (TMM) [251] is
widely used to analyse and optimise light propagation through these lay-
ers. This method provides a systematic approach to studying the transmis-
sion, reflection and absorption of light. This helps to select the dimensions
and materials of photodetectors. The TMM method is explained in detail
in Ref. [252]. For any interface m of the stack, a transfer matrix Mm−1 is
defined as the relation between the wave in layer m − 1 and layer m, con-
sidering component of the wave moving forward E+

m and the component
moving backward E−

m :

(
E+

m−1
E−

m−1

)
=

(
1 rm

rm 1

)
1
tm

(
eiϕm−1 0

0 e−iϕm−1

)
︸ ︷︷ ︸

Mm−1

(
E+

m
E−

m

)
(4.1)

where rm is the Fresnel coefficient of interface m, tm is the transmission
coefficient.

The propagation constant ϕm−1 is defined as

ϕm−1 = tm−1
2π

λ
γm−1i, (4.2)

where tm−1 is the thickness of layer m − 1, γm−1 is its complex refractive
index and λ is the wavelength of the light.

The Fresnel coefficients for p- and s-polarised light are given by

rm,p =

∣∣∣∣nm−1 cos θt − nm cos θi
nm−1 cos θt + nm cos θi

∣∣∣∣ , rm,s =

∣∣∣∣nm−1 cos θi − nm cos θt

nm−1 cos θi + nm cos θt

∣∣∣∣ ,

(4.3)
with θi and θt, the angles of incidence and transmitted light, respectively.
For unpolarised light, the refractive coefficient rm is taken as the average
of the p- and s-polarised coefficients.

Figure 4.1 illustrates the multiple transmission and reflection happen-
ing in a 3-layers stack that can be handled by the TMM. The global trans-
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mission and reflection of a N-layer stack is obtained by considering the
transfer matrix of the full stack:(

E+
0

E−
0

)
= M0M1...MN−1MN︸ ︷︷ ︸

Mtot

(
E+

N+1
E−

N+1

)
, (4.4)

where E+
0 and E−

0 are the wave amplitudes of forward- and backward-
propagating light in the initial medium (often considered as the air), re-
spectively, and E+

N+1 and E−
N+1 are the amplitudes in final medium.

Fig. 4.1 Illustration of the light transmission and reflection in a stack of 3
layers. The first and last region (m = 0 and m = 4) are usually considered
as air. Each layer is defined by its thickness tm and its complex refractive
index γm while rm+1 is the Fresnel coefficient at each interface between
two layers. The component of the wave propagating forward (blue) and
backward (red) in each layer are indicated by E+

m and E−
m , respectively.

TMM shows high interference due to the consideration of perfectly flat
interfaces and layers with coherent interface, leading to perturbations at
higher wavelengths that are not observed experimentally [253]. To avoid
this problem, a layer with incoherent interfaces can be defined using the
squared norms instead of the complex amplitudes of the Fresnel coeffi-
cients and phase propagation terms [254]. The total transmission T is then
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simply defined as the ratio between the amplitude of the forward propa-
gating wave in the last medium E+

N+1 and in the initial medium E+
0 , while

the total reflection R is defined as the ratio between the backward propa-
gating wave in the initial medium E−

0 and the forward propagating com-
ponent E+

0 . The expressions for R and T are thus

R =

∣∣∣∣Mtot,21

Mtot,11

∣∣∣∣2 , T =
nN+1

n0

1

|Mtot,11|2
, (4.5)

with n0 and nN+1 the real part of the refractive index for the initial and last
medium, respectively, Mtot,ij the component of the transfer matrix.

The total fraction of the power absorbed in the stack, A, is then given
by

A = 1 − R − T (4.6)

4.1.1 Absorption in a single layer

Strain has been shown to increase the absorption coefficient of silicon, par-
ticularly in the infrared. Although the absorption coefficient increases,
strained silicon still suffers from low indirect absorption and requires suf-
ficient thickness to observe the benefit of straining the material. We first
used the TMM to study the effect of strain on the absorption of a silicon
layer with rough incoherent interfaces. The fraction of incident power ab-
sorbed in a single silicon layer is shown in Fig. 4.2 for thicknesses from
1 µm to 100 µm under uniaxial strain along the [110] direction of 0%, 1%
and 2%. The complex refractive index values have been obtained using
BSE methods and the EPW code as described in chapter 3. The fraction of
absorbed power does not show a specific increase for a thickness of 1 µm,
as most of the light absorbed is at lower wavelengths, for which the ab-
sorption coefficient does not show a significant improvement with strain.
As the thickness increases, the layer begins to absorb light of higher wave-
length and this absorption increases with strain. The fraction of absorbed
power for a 1µm-wavelength goes from 4.5% to 12.4% for a 20µm-thick
device under 2%-strain, while it goes from 19% to 41% for a 100µm-thick
device. The inset of Fig. 4.2 shows the fraction of absorbed power with
respect to the angle of incidence of unpolarised light at for a 50µm-thick
device. The fraction is not affected by the angle as long as it remains below
a certain threshold around 70°.

Figure 4.3 shows maps of the fraction of absorbed power at 0%- and 2%-
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Fig. 4.2 Fraction of absorbed power in a single silicon layer with regards
to the wavelength of a normal-incidence light with thicknesses from 1 µm
to 100 µm. The results are shown for uniaxial strain along [110] crystal
direction of 0% (solid line), 1% (dashed line) and 2% (dotted line). The
inset shows the results for light with an incidence angle from 0° to 90° at
wavelengths of 800 nm, 900 nm and 1000 nm for a 50µm-thick device.

strain as a function of the light wavelength and the thickness of a silicon
layer surrounded by air. The contours of the maps show that sufficient
thickness is required to absorb light in the IR region. The contours show no
significant change at lower wavelengths, but shift at higher wavelengths as
the thickness of the strained silicon layer increases.

4.1.2 Absorption with antireflective coating

To improve light absorption in an optoelectronic device, an ARC and a
reflective layer can be used at the front and back interfaces, respectively.
The first coating reduces reflective losses by matching the real part of the
refractive index of the following layer, i.e., silicon. The reflective layer at
the back reduces transmission losses by reflecting the fraction of light that
reaches the end of the absorbing layer.

The optimal single-layer ARC material should have a refractive index
close to the geometric mean of the indexes of the first and second layers.
For the air-silicon interface, this leads to a refractive index of about 2, for
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0% 2%
a. b.

Fig. 4.3 Maps of the fraction of absorbed power for a single silicon layer
with regards to the light wavelength and device thickness for (a) 0% and
(b) 2% uniaxial strain along [110] crystal direction. The contours of 10%,
20%, 40% and 60% absorbed power are indicated with black lines.

which silicon nitride is a suitable material that can be easily processed in
CMOS technology [255, 256]. In the case of an ARC layer, coherent inter-
faces are considered as this layer exploits the interferences to reduced the
optical reflection. The thickness of the ARC (tARC) required to minimise
reflection at a given wavelength (λARC) is given by [257]

tARC =
λARC
4nARC

(4.7)

where nARC is the refractive index of the ARC.
In this work, a non-stoechiometric layer of silicon nitride (SiNx) with a

refractive index of 2 [258] is considered for the ARC. The target wavelength
is 1000 nm, i.e., around the absorption limit of relaxed silicon, resulting in
an ARC thickness of 125 nm.

Figure 4.4 shows the fraction of absorbed power in a silicon layer coated
with an ideal antireflective layer on the front and a reflective layer on the
back. Results for thicknesses from 1 µm to 100 µm are shown for 0%, 1%
and 2%-strain. The ideal ARC on the top surface allows the efficiency to be
brought close to 100% for devices of sufficient thickness. In addition, the
reflective coating reduces the transmission loss at the rear of the device.
The effect is limited for thick devices at lower wavelengths as the light is
absorbed before reaching the back, but it increases the absorption for thin
devices or at higher wavelengths.

The fraction of absorbed power for a 1µm-wavelength of light goes
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from 8.8% to 24.25% for a 20µm-thick device under 2%-strain, while it goes
from 36.85% to 74.75% for a 100µm-thick device.

Fig. 4.4 Fraction of absorbed power in a silicon layer with ideal ARC at
the front and reflective layer at the back with regards to the wavelength of
a normal-incidence light with thicknesses from 1 µm to 100 µm. The results
are shown for uniaxial strain along [110] crystal direction of 0% (solid line),
1% (dashed line) and 2% (dotted line). The inset shows the results for light
with an incidence angle from 0° to 90° at wavelengths of 800 nm, 900 nm
and 1000 nm for a 50µm-thick device.
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4.2 Photodetector theory

This section reviews the relevant theory to understand the operation of a
photodetector. This includes an explanation of the effect of the dimension
on the light absorption, followed by theoretical modeling of the photogen-
erated current in a photoresistor and a pin photodiode. Responsivity and
detectivity are then explained and a comparison is made between typical
IR photodetector.

4.2.1 Photogenerated current in a photoconductor

Fig. 4.5 Illustration of a photoresistor hit by an incoming photo flux Φ
producing a photogenerated current Iph under bias voltage V. The photo-
generated charge profile S(y) is indicated as well as the quantum efficiency
ηe defined as the area under the photogenerated charge profile curve. The
length, width and thickness of the device are respectively indicated by l, w
and t.

The photogenerated current expresses the number of carriers generated
by the incident light and collected at the electrodes. The general expression
for the steady-state photocurrent is [259]

Iph = eηe Ae f f Φg, (4.8)

where e is the electron charge, Ae f f is the effective area collecting the light,
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Φ is the photon flux per unit area and g is the photoconductive gain de-
pending on the configuration and type of photodetector.

The external quantum efficiency ηe is the first metric of importance in
an optoelectronic device. It is defined as the ratio of the number of collected
carriers to the number of incident photons. For a simple photoconductor,
such as the resistor shown in Fig. 4.5, ηe can be calculated by integrating
the photogenerated charge profile S(y) along the dimension of light prop-
agation. For a single layer device S(y) is given by [260]

S(y; t) = ηi
(1 − r1)α

1 − r1r2e−2αt (1 + r2e−αt)e−αy, (4.9)

where ηi is the internal quantum efficiency, t is the thickness of the device
along the direction of the light propagation, α is the absorption coefficient,
r1 and r2 are the reflection coefficients at the first and second interfaces,
respectively. The quantum efficiency ηe is then analytically expressed as

ηe =
∫ d

0
S(y; t)dy = ηi

(1 − r1)

1 − r1r2e−2αt (1 + r2e−αt)(1 − e−αt). (4.10)

In a photoconductor, the photogenerated current is written as [261]

Iph = e(∆nµn + ∆pµp)
wt
l

V, (4.11)

where e is the electron charge, ∆n and ∆p are the excess electron and hole
concentrations, µn and µp are the electron and hole mobilities, w is the
width, t is the thickness, l is the length of the device and V is the applied
voltage.

The excess carrier concentration can be found by solving the continuity
equation under constant illumination [262]:

∂∆n
∂t

= Gn − Un,
∂∆p
∂t

= Gp − Up, (4.12)

where Un = ∆n/τn and Up = ∆p/τp are the electron and hole recombi-
nation rates per unit volume for radiative recombination [263] with excess
carrier lifetime τn and τp, and Gn = Gp = Φηe/t is the generation rate
per unit volume, uniform along the length of the photoresistor. In steady-
state, the generation is equal to the recombination, and the excess carrier
concentrations are then given by
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∆n =
τnηeΦ

t
, ∆p =

τpηeΦ
t

. (4.13)

The photogenerated current in a photosensitive resistor is finally ex-
pressed as

Iph = eηeΦwl
(

τn

τtr,n
+

τp

τtr,p

)
(4.14)

where τtr,n/p = l2

µn/pV is defined as the transit time of the electrons (n) and
the holes (p).

The photoelectric gain in this case is expressed as

g =

(
τn

τtr,n
+

τp

τtr,p

)
. (4.15)

4.2.2 Photogenerated current in a photodiode under transverse illumina-
tion

Fig. 4.6 Illustration of a pin photodiode hit normally (norm.), longitu-
dinally (long.) and lateraly (lat.) by an incoming photon flux Φ, produc-
ing a photogenerated current Iph under bias voltage V. The length, width
and thickness of the device are respectively indicated by l, w and t. The
length of the p-doped, intrinsic and n-doped regions are wp, wi and wn.
The length of the depletion region in the p-doped and n-doped regions are
written by lp and ln, respectively. The total depletion length is written lD.

The most popular photodetector is made of a pin diode, as shown in
Fig. 4.6. The low dark current of the photodiode greatly improves its de-
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tectivity for low-intensity light compared to a photoconductor. The detec-
tor is composed of p- and n-doped regions with a large intrinsic region in
between, providing a large depleted area for collecting light. In addition,
the large depletion region increases the speed of the detector by reducing
the junction capacitance. In this case, the response time of the detector
is mainly limited by the carrier transit time. Light can be collected lon-
gitudinally or transversly to the junction, but the device parameters must
be adapted for each case. For transverse light, distincion is made between
normal and lateral incidences, as shown in Fig. 4.6. The normal photodiode
has the advantage of simple fabrication, but the small depth achievable of
the depletion region limits its efficiency, especially for longer wavelengths.
On the other hand, the longitudinal photodiode usually has a better effi-
ciency, but a trade-off has to be made between a large length to collect most
of the light, but not too large to avoid high response time. The lateral con-
figuration eliminates this trade-off as the current flow is perpendicular to
the light propagation.

In the three photodiode configurations, the photogenerated current can
be calculated as the sum of the currents from the depletion and the two
quasi-neutral region (QNR) [264]:

Iph = (JQNR,n + JD + JQNR,p)wt, (4.16)

where JQNR,n and JQNR,p are the minority carrier diffusion current densi-
ties in the n-doped and p-doped quasi-neutral regions, respectively, JD is
the drift current density from the depletion region, and w and t are the
width and thickness of the device, respectively. The depletion and dif-
fusion mechanisms in the diode are illustrated in Fig 4.7. The generation
charge profiles are also given for transverse and longitudinal illuminations.

Under uniform illumination, i.e., normal and lateral light configura-
tions, and without recombination loss, JD is similar to a photoresistor with
unitary photoconductive gain:

JD =
eΦ
t

lD

∫ t

0
S(y; t)dy, (4.17)

with lD the length of the depletion region.

JQNR,n and JQNR,p are obtained by computing the excess carriers at
the edge of the depletion region using the ambipolar equation in the
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Fig. 4.7 Photodiode under transverse and longitudinal illumination,
causing a photogenerated charge profile S(y; t) and S(x; l) along the y and
x axis of the device, respectively. The profile of the excess minority carriers
(∆np and ∆pn) in the two quasi-neutral region (QNR) are indicated in red
and blue for the p-doped and n-doped region, respectively.

QNR [265]: {
∂∆n
∂t = Dn

∂(∆n)2

∂2x − Un + Gn
∂∆p
∂t = Dp

∂(∆p)2

∂2x − Up + Gp
(4.18)

where Dn and Dp are the diffusion coefficients, the recombination rates are
given by Un = ∆n/τn and Up = ∆p/τp, and the generation rates G =

Gn = Gp = Φηe/t.
These equations are solved by considering a long diode with only

photogenerated excess carriers far in the QNR, i.e., ∆np(−∞) = Gτn and
∆pn(∞) = Gτp, and no carriers at the edge of the depletion region, i.e.,
np(−lp) = 0 and pn(ln + wi) = 0. In steady-state, the excess electron
density in the p-doped region ∆np(x) and the excess hole density in the
n-doped region ∆np(x) are given by{

∆np(x) = Gτn − (Gτn + np0)e(x−lp)/Ln

∆pn(x) = Gτp − (Gτp + pn0)e−(x−ln−wi)/Lp
(4.19)

where Ln =
√

Dnτn and Lp =
√

Dpτp are the diffusion lengths for the
electrons and holes, lp and ln are the depletion lengths, np0 and pn0 are
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the initial minority carrier densities in the p-doped and n-doped regions,
respectively.

The diffusion current densities in the p-doped and n-doped regions are
then given by

JQNR,p = eDn
d(∆np)2

d2x

∣∣∣∣
x=−lp

= eDn
Ln

(Gτn + np0)

JQNR,n = eDp
d(∆pn)2

d2x

∣∣∣
x=wi+ln

=
eDp
Lp

(Gτp + pn0)

(4.20)

where np0 and pn0 are the initial minority carriers density in the QNRs.
The total current, neglecting the dark current, is finally given by

Iph = eΦηe(Lp + lD + Ln)w (4.21)

4.2.3 Photogenerated current in a photodiode under longitudinal illumi-
nation

For the longitudinal pin diode, the generation is no longer uniform along
the device length G(x) = Gn(x) = Gp(x). In this case, the p-region of
the photodetector must be much thinner than the penetration depth 1/α to
avoid photogeneration in the first QNR, which could reduce the efficiency.

To calculate the current density, the ambipolar equation (4.18) has to be
solved with the generating term G(x), expressed as

G(x) = ΦS(x + wp; l). (4.22)

where G(−wp) = S(0; l) is the generation at the beginning of the photode-
tector.

The expression of the drift current density JD in the depletion region is
given by

JD = e
∫ wi+ln
−lp

G(x; l)dx,

= e G(−wp)
α e−α(wp−lp)

(
1 − e−αlD

)
.

(4.23)

Note that the photogenerated charge profile S(x; l) is now computed
along the length l of the device, and no more along its thickness t. The
amount of photogenerated carriers are obtained by integrating the profile
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along the depletion region of length lD = lp + ln + wi where lp, ln and
wi are the length of the depletion region in the p-doped, n-doped and the
width of the intrinsic region, respectively.

For short diodes, the diffusion current JQNR,p in the p-type region can
be computed by assuming no excess photogenerated carrier density at the
electrode (ohmic contact) and no excess photogenerated carrier density at
the edge of the depletion region [266], i.e., ∆np(−wp) = 0 and ∆np(−lp) =

0. Furthermore, if the width wp of the p-type region is much smaller than
the diffusion length Lp, we can assume no recombination in the QNR, i.e.,
Up = 0 for x < −lp. In this case, the excess carrier density ∆np in the
quasi-neutral p-doped region can be written as:

∆np(x) =
G(−wp)

α2Dn

(
1 −

x + wp

wp − lp

(
1 − e−α(wp−lp)

)
− e−α(x+wp)

)
. (4.24)

The diffusion current density in the p-region is then given by

JQNR,p = e
G(−wp)

α2(wp − lp)

(
1 − (α(wp − lp) + 1)e−α(wp−lp)

)
. (4.25)

For the diffusion current density JQNR,n in the n-type region, it is no
longer necessary to assume a length wn of the region much smaller than
the diffusion length Ln. We can assume no excess carriers far into the QNR
and no carriers at the edge of the depletion region, i.e., ∆pn(∞) = 0 and
pn(wi + ln) = 0.

The excess minority carrier concentration is then given by

∆pn(x) =
G(−wp)τp

1 − α2L2
p

e−α(x+wp)

−
(

pn0 +
G(−wp)τp

1 − α2L2
p

e−α(wp+wi+ln)

)
e−(x−wi−ln)/Lp . (4.26)

In this case, the diffusion photocurrent is

JQNR,n = e
G(−wp)

α

αLp

1 + αLp
e−α(wp+wi+ln). (4.27)

The total photocurrent is finally calculated as the sum of the two diffu-
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sion current of the QNR and the drift current from the depletion region:

Iph = ewt
G(−wp)

α

(
1 − e−α(wp−lp)

α(wp − lp)
− e−α(wp−lp)e−αlD

1 + αLp

)
. (4.28)

The quantum efficiency is then expressed as

ηe = ηi
(1 − r1)

1 − r1r2e−2αl (1 + r2e−αl)

(
1 − e−α(wp−lp)

α(wp − lp)
− e−α(wp−lp)e−αlD

1 + αLp

)
.

(4.29)

For low absorption coefficients, the light does not contribute to the cur-
rent density of the p-type QNR and the photocurrent is expressed as

Iph = ewd
G(−wp)

α

(
1 − e−αlD

1 + αLp

)
. (4.30)

In addition, the photogenerated current becomes close to the ideal limit
with a depletion length lD long enough compared to the penetration depth
1/α:

Iph = eηiΦwt(1 − r1). (4.31)

Figure 4.8 shows the comparison in quantum efficiency ηe, effective
area Ae f f and photoconductive gain g for the three types of devices: a
photoresistor, a pin photodiode illuminated transversely (normal or lat-
eral) and a pin photodiode illuminated longitudinally. A photoresistor is
the simplest device, but suffers from a significant dark current, making it
unsuitable for low light applications, although the sensitivity of the pho-
togenerated current could be similar to that of a photodiode. On the other
hand, a photodiode has a very low dark current, which makes light detec-
tion at low intensities much easier. In the normal or lateral configuration,
the pin structure is uniformly illuminated and the effective area collecting
light is defined by the depletion length and the diffusion length. In other
words, the area deep in the QNR plays no part in the photogenerated cur-
rent. Bringing light longitudinally into the pin structure does not suffer
from this limitation, but requires careful design of the first QNR to avoid
the generation of carriers that recombine before being collected. Due to fab-
rication constraints that limit the depth of the doped region, normal con-
figurations are preferred for short wavelength detection, while transverse
and longitudinal illumination are required for low absorption coefficient
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at higher wavelengths.

Fig. 4.8 Summary of the photoconductive gain g, the effective area Ae f f
and the quantum efficiency ηe used to calculate the photogenerated current
Iph for a photoresistor, a photodiode hit transversly by light and a photo-
diode hit longitudinally by light.

4.2.4 Responsivity

The responsivity Ri measures the effectiveness of a photodetector in con-
verting incident optical power into an electrical signal. It is defined as the
ratio between the photocurrent Iph from the photodetector and the incident
optical power Popt and is expressed as

Ri =
Iph

Popt
=

Iph

ΦAe f f h̄ω
, (4.32)

where Φ is the photon flux per unit area, h̄ω is the photon energy and
Ae f f is the effective area collecting the incoming light. Higher values of
responsivity indicate that the photodetector can generate more electrical
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signal for a given amount of light, which translates into higher sensitivity.
The link with quantum efficiency is easily made by considering the number
of incident photons instead of the optical power, resulting in

ηe = Ri h̄ω (4.33)

20%

40%

80
%

10
0% 60%

Fig. 4.9 Responsivity of typical semiconductor photodetectors at 300 K
with regards to the light wavelength in visible and infrared region, adapted
from [260]. The curves for the quantum efficiency levels are indicated with
gray dotted lines every 20%.

Figure 4.9 shows the comparison of responsivity for photodiodes made
from typical semiconductor materials for visible and near infrared appli-
cations. As expected, silicon performs well up to 1 µm. Above this wave-
length, InGaAs or Ge photodiodes are commonly used. At even higher
wavelengths, InGaAs detectors with higher indium content are chosen. In
the visible, NIR and SWIR only photodiode or CCD detectors are used.
Photoconductors are preferred at higher wavelengths where their lack of
sensitivity is outweighed by their wide detection range and ease of fabri-
cation. While responsivity measures the sensitivity of the photodetector,
the detectivity D is a measure of the ability to detect weak signals in the
presence of noise. It takes into account the noise that is inherent in any de-
tector, whether it is thermal variation, shot noise or dark current. A higher
value of the detectivity indicates that the photodetector is more effective at

| 143



4 | Infrared performances of strained silicon photodiode

distinguishing weak optical signals from the noise floor. Although other
semiconductors can also achieve high quantum efficiency, silicon photode-
tectors offer competitive detectivity due to their low noise and optimised
performance [267]. Their cost effectiveness and low dark current make
them suitable for many applications. Figure 4.10 shows the detectivity of
a typical photodetector, including InGaAs and Ge photodiodes at higher
wavelengths.

Fig. 4.10 Detectivity of typical semiconductor photodetectors at 300 K
with regards to the light wavelength in visible and infrared region, adapted
from [260]. The background-limited infrared photodetector (BLIP) limit is
indicated in gray area. PN and PIN stand for photodiode detector while
CCD stands for charge-coupled device.

In this work, we assume that the main effect of strain is the increase
in sensitivity, but the effect on noise has yet to be demonstrated. A basic
assumption would be that the detectivity shows the same increase as the
responsivity, without considering any changes in noise level due to strain.
For this reason, only the responsivity is examined in the following section.

4.3 TCAD simulation of a photodiode

This section shows the results of TCAD simulations for pin photodiodes
made of strained silicon. We start by introducing the photodiode design
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and the light configurations considered. The results show the responsivity
improvement due to strain but also the variations in the time response.
Finally a comparison is made with standard IR photodetector.

4.3.1 Photodiode design

Figure 4.11 shows the structure of the pin photodetector studied. Among
the photodetector types discussed in the previous section, pin detectors
show the highest responsivity and detectivity, thanks to the advantages of
having an intrinsic region to absorb light over a large area, while reducing
the junction capacitance for better time response.

Fig. 4.11 Illustration of the pin photodiode simulated using TCAD tool.
The device is formed by two doped region (p-type in red and n-type in
blue) about 1018 cm−3 surrounding an n-type low-doped region (in yellow)
about 1013 cm−3, close to the intrinsic concentration in silicon. The depth of
the doped junctions is of 1 µm, same as the electrode width. The length of
the intrinsic region (wi), the thickness (t) and the width (w) of the device are
design parameters. The three types of light configuration, i.e., longitudinal,
lateral and normal, are shown by green arrows.

Three light configurations will be analysed and discussed in the follow-
ing sections, namely light incident on the photodetector normally, laterally
and longitudinally, as shown in Fig. 4.11. The first configuration is mainly
used at low wavelengths, while the other two can be used for IR detection,
but the time response would be different following lateral or longitudinal
light coupling.

The simulation has been carried out using finite element TCAD simu-
lation as implemented in Silvaco Atlas. The longitudinal component of the
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mobility of silicon strained up to 4% in the [110] direction has been calcu-
lated using ABINIT software [108, 187], with the methodology described
in chapter 2. The model of Masetti et al. [177] is then used to calculate the
impurity dependent mobility as implemented in Silvaco Atlas. The absorp-
tion coefficient obtained with EPW code in chapter 3 is used to describe the
change in light absorption as silicon undergoes uniaxial strain in the [110]
crystal direction.

Fig. 4.12 Comparison between the three types of light configurations hit-
ting a pin photodetector. The configurations are compared with respect to
the ease of light coupling, the responsivity and the time response. Green,
orange and red fonts are for positive, nuanced and negative behaviors.

The photodiode can be illuminated in three different directions: (i) nor-
mal to the top surface, (ii) longitudinal to the current flow in the device
and along the pin structure, and (iii) lateral to the pin structure and the
current flow. Figure 4.12 shows an illustration and comparison of the three
configurations. The normal configuration is the simplest, both in terms of
fabrication and light coupling. It works well at high absorption, when a
few microns are enough to absorb most of the light power. However, the
responsivity is poor at higher wavelengths because there is a limit to the
depth of the depletion region when the device is biased using top elec-
trodes. For this reason, the longitudinal configuration is preferred for IR
absorption. Longitudinal photodetectors are usually fabricated vertically

146 |



TCAD simulation of a photodiode | 4.3

with a high-doping region and electrodes on the top and bottom of a stan-
dard bulk silicon wafer. However, this fabrication scheme is incompatible
with high strain techniques that require limited silicon thickness or sus-
pended structures. For an equivalent length along the light propagation
path, the longitudinal and lateral configurations have the same responsiv-
ity. However, light propagation is independent of the gap between the
electrodes in the lateral configurations, making the time response of such a
device independent of responsivity. In addition, the high depletion length
required to absorb IR light in the longitudinal configuration results in a
high bias voltage, which can be challenging. Finally, it is important to note
that the light coupling and electrode contact should be compatible with the
advanced fabrication scheme to strain the device. As most high-strain sam-
ples are obtained using suspended nanowires or beams, the longitudinal
configuration appears to offer the most straightforward integration with
the highly doped region placed at the anchor of the suspended structure.

The devices studied in this work are formed by a low n-doped region at
1013 cm−3 [268, 23], forming the so-called intrinsic region, surrounded by
p-doped and n-doped regions at 1018 cm−3. The width of the two highly
doped regions is set to 1 µm, while the depth of the doped region is set
to 1 µm. In fact, deep doped regions above a few microns are difficult to
find due to the physical limitations of the ion implantation process [269].
The p- and n-doped regions are covered with a transparent metal layer to
form a contact that is assumed to be ohmic. A negative bias is applied to
the anode of the photodiode to operate in the reverse mode. The bias is
set to achieve complete depletion of the intrinsic region. Theoretically, the
depletion in the intrinsic (low-doped n-type) region of the p+i junction is
given by

ln =

√
2ε

e
NA

NI(NA + NI)
(ϕ0 − V), (4.34)

where ε is the permittivity of silicon, NA is the acceptor concentration of
the p-doped region, NI is the donor concentration of the intrinsic region,
V is the bias voltage and ϕ0 = kBT/q ln(NANI/n2

i ) is the built-in poten-
tial. The intrinsic concentration ni is 1.38× 1010 cm−3 at 300 K [126]. When
the acceptor concentration is several orders of magnitude higher than the
concentration of the low-doped region, the depletion length no longer de-
pends on the highly doped region. The voltage required for complete de-
pletion of the intrinsic region is called the punch-through voltage VPT and
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is thus given by

VPT = ϕ0 −
ew2

i
2ε

NI , (4.35)

where wi is the length of the intrinsic region.
Figure 4.13 shows the punch-through voltage as a function of the length

of the intrinsic region wi for an donor concentration NI of 1012, 1013 and
1014 cm−3. The voltage to be applied is directly proportional to the doping
concentration. A low value is then desired to limit the voltage to be ap-
plied, but high silicon purities leading to 1012 cm−3 are not easily achieved.
For this reason we choose a value of 1013 cm−3 for the intrinsic region. At
this doping level, the intrinsic region wi is already depleted up to 10 µm
without external bias, while an additional voltage up to about −75 V is
required to achieve full depletion of a 100µm-thick intrinsic region wi. The
dots in Fig. 4.13 indicate the voltage required for the values of wi studied
in this work, i.e., 1, 5, 10, 20, 50 and 100 µm.

Fig. 4.13 Minimum bias voltage needed for a full depletion of the intrin-
sic region, called punch-through voltage VPT , with regards to the length of
this region wi. The results have been computed for doping concentration
of 1012 cm−3 (dark blue), 1013 cm−3 (light blue), and 1014 cm−3 (orange).

4.3.2 Strained photodiode under normal illumination

Figure 4.14 shows the calculated responsivity for a photodiode under nor-
mal illumination without ARC for several thicknesses t. The length of the
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intrinsic region wi is 20 µm and the device operates under a reverse bias of
−3 V for a full depletion between the electrodes. The device has a width w
of 1 µm while the thickness t varies from 1 µm to 50 µm. It is clear that the
sensitivity increases with strain, showing an absorption tail up to 1.8 µm
for thicker devices. However, thick devices such as the 50µm-device do not
show better performance than the 20µm-device.This is due to the limited
depth of the depletion region as illustrated by the inset of Fig. 4.14. In this
configuration with metallic contacts on top of the device, the achievable
depth of the depletion region is limited. This causes the loss of the photo-
generated carriers for light at higher wavelength that penetrates deep into
the material, i.e., beyond the depletion region. These carriers generated
outside the depletion region tend to recombine before being collected.

Fig. 4.14 Responsivity according to the light wavelength for a pin pho-
todiode illuminated normally to its top surface made of silicon strained at
0% (solid), 2% (dotted) and 4% (dashed). The device is 1µm-wide and the
length of its intrinsic region wi is 20 µm. Results have been obtained for
a thickness t of 1, 5, 10, 20 and 50 µm. The dotted grey lines indicate the
quantum efficiency levels every 20%.

Compare to the calculation of the optical power absorbed in a silicon
layer with TMM, the TCAD simulations tackle the electrical losses due to
the recombination mechanisms. TMM only studies the fraction of opti-
cal power that is absorbed and the generation photocarriers, but excludes
the study of the transport mechanism and the collection of the carriers at
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the electrodes. For limited thickness with a full-depletion across the depth
of the silicon layer, the results for the absorption power calculated using
TMM in Fig. 4.2 is similar to the TCAD results of the quantum efficiency as
nearly all the photogenerated carriers are collected. However, for thicker
devices the quantum efficiency is significantly reduced by the recombina-
tion mechanism outside the depletion layer and differs from the TMM re-
sults.

10 µm 50 µm20 µm

1400 nm1200 nm1000 nm

800 nm

Fig. 4.15 Responsivity according to the strain for a pin photodiode illu-
minated normally to its top surface by a light at 800 nm, 1000 nm, 1200 nm
and 1400 nm. The results are obtained for device with thickness of 10 µm
(solid), 20 µm (dotted) and 50 µm (dashed).

Figure 4.15 shows the variation of responsivity with strain for light with
wavelengths of 800, 1000, 1200 and 1400 nm. The figure shows the results
obtained for devices with a thickness t of 10, 20 and 50 µm. As expected,
strain allows higher wavelength light to be absorbed, but the responsiv-
ity of the 50µm-thick device shows limited improvement at lower wave-
length such as 800 nm. It is even less sensitive at 50 µm than 20 µm due
to the additional distance of the back interface which reflects part of the
light reaching the end of the device. A significant improvement is made
for light at 1000 nm, close to the detection limit of relaxed silicon, with the
responsivity going from 0.03 AW−1 to 0.2 AW−1 for a 20µm-thick device
at 4%-strain. Even in this case, this corresponds to a quantum efficiency
of only 25%, far from the ideal responsivity of 0.8 AW−1 we might expect.
However, it should be noted that the device starts to absorb 1200 nm and
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1400 nm light for strains above 1% and 2%, respectively. Indeed, the ab-
sorption coefficient goes above 0.5 cm−1 for 1200nm-light at 1%-strain and
for 1400nm-light at 2%-strain, as shown in Fig. 3.11.

In order to take advantage of the improvement in absorption coefficient
due to strain in the IR region, the longitudinal and lateral configuration
must be considered, as light with normal incidence on the device has been
found to be unsuitable for high wavelength detection, even at 4%-strain.

4.3.3 Strained photodiode under longitudinal and lateral illumination

A longitudinally illuminated photodetector allows the full length of the
depletion region wi to be used to absorb IR light. However, complete de-
pletion of the intrinsic region is required to absorb light to the end of the
device. Figure 4.16 shows the responsivity of a photodiode with an in-
trinsic region of 50µm-long illuminated in the longitudinal direction. The
width w and thickness t of the device are both 1 µm.

0% 2%

1100 nm

1000 nm

900 nm

800 nm

Fig. 4.16 Responsivity according to the bias voltage for a 50µm-long pin
photodiode illuminated longitudinally for a strain of 0% (solid lines) and
2%-strain (dashed lines). The results are shown for light with a wavelength
of 800 nm (dark blue), 900 nm (light blue), 1000 nm (orange) and 1100 nm
(red).

The calculated punch-through voltage is −18.4 V but the responsivity
gets close to its peaks at lower voltage thanks to the diffusion process that
helps to absorb light, even outside the depletion region.For doping level
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of 1018 cm−3, the diffusion lengths for the minority carriers in the n-doped
and p-doped region are about 20 µm [270] and 40 µm [271], respectively.

The strain provides a significant increase in responsivity at higher
wavelengths, while lower wavelengths such as 800 nm are not better
absorbed. Indeed, the responsivity is already close to its maximal value
without ARC about 0.4 AW−1 at 0%-strain as the absorption coefficient is
high enough to absorb most of the light along a length of 50 µm.

The responsivity results for the photodiode illuminated longitudinally
are shown in Fig. 4.17 for a length of the intrinsic region wi between 1 µm
and 100 µm. The results for a length of 20, 50 and 100 µm have been ob-
tained for bias voltages of −3, −20 and −75 V, respectively, while a bias
voltage of −1 V has been chosen for the other values. The results were
obtained without ARC, so the maximum quantum efficiency achieved is
about 65%, which limits the maximum value of responsivity. The increase

Fig. 4.17 Responsivity according to the light wavelength for a pin pho-
todiode illuminated longitudinally, made of silicon strained at 0% (solid),
2% (dotted) and 4% (dashed). The device has a width w and a thickness t
of 1 µm. Results have been obtained for a length of the intrinsic region wi
of 1, 5, 10, 20, 50 and 100 µm. The dotted grey lines indicate the quantum
efficiency levels every 20%.

in absorption in the NIR with increasing thickness t is clearly visible, even
in the absence of strain. In fact, a thickness of 1 µm is not sufficient to
reach the maximum efficiency of 65%, whereas a 10µm-thick device starts

152 |



TCAD simulation of a photodiode | 4.3

to reach this efficiency. For the 50µm- and 100µm-thick devices, the edges
of the responsivity begin to approach the ideal limit of silicon at a wave-
length of 1.1 µm. As the strain increases, this limit is pushed at higher
wavelengths. This phenomenon is also visible for thinner devices, but the
responsivity remains low in these cases. At 2%-strain, a 100µm-long device
can absorb light up to 1.3 µm, pushing the 1.1µm-limit of relaxed silicon.
At 4%-strain, the responsivity limit is pushed beyond 1.8 µm, with signif-
icant absorption in the NIR. A quantum efficiency of around 20% is even
achieved at 1.5 µm, the preferred band for optical communications.

20 µm 50 µm 100 µm

800 nm

1200 nm
1000 nm

1400 nm

Fig. 4.18 Responsivity according to the strain for a pin photodiode il-
luminated longitudinally by a light at 800 nm, 1000 nm, 1200 nm and
1400 nm. The simulated results are obtained for a length of the intrinsic
region of 20 µm (solid lines), 50 µm (dotted lines) and 100 µm (dashed
lines).

Figure 4.18 shows the increase in responsivity with strain for wave-
lengths of 800, 1000, 1200 and 1400 nm and for device with intrinsic length
wi of 20, 50 and 100 µm. The responsivity increases with the length as
more carriers are generated in the device. This is particularly critical at
wavelengths where silicon has a low absorption coefficient. At 800 nm,
the responsivity does not show a significant improvement between 50 and
100 µm, as the device is already long enough to absorb most of the light at
50 µm.

Strain also has no significant effect at 800 nm as the absorption coef-
ficient is not significantly improved. At higher wavelengths, strain has a
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significant effect, as seen for the 1000 nm wavelength, where the responsiv-
ity reaches about 0.5 AW−1 at 4%-strain. At 2%-strain, 1400nm-light starts
to be absorbed and a responsivity of about 0.3 AW−1 is reached at 4%.

a.

b.

1400 nm

1200 nm

1000 nm

800 nm wi = 100 µm

0%
2%

Instantaneous
current

wi = 10 µmτ

Fig. 4.19 Time response of a pin photodiode illuminated longitudinally
by a light at 800 nm, 1000 nm, 1200 nm and 1400 nm for a length of the
intrinsic region wi of (a) 10 µm and (b) 100 µm. The delay τ is defined when
the photocurrent reaches half its initial level. The instantaneous current,
indicated in grey lines, is the current following the light ramp taking 1 ns
to turn off. The results are shown for silicon undertaking uniaxial strain of
0% (solid lines) and 2% (dotted lines).

Figure 4.19 shows the time response of the longitudinal photodiode un-
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der light pulses of 800, 1000, 1200 and 1400 nm, which are switched off in
1 ns. The increase in responsivity due to strain can be seen through the
increase of the initial current value, while the time constant τ has been
calculated at half the current amplitude. Results are given for a length of
the intrinsic region wi of 10 µm and 100 µm. As expected, the smaller the
length, the lower the responsivity, especially at higher wavelengths, but
the smaller the time constant. The time response increases threefold be-
tween a length of 10 µm and 100 µm, from 0.3 ns to 1 ns at 1000 nm.

10 µm 100 µm

800 nm 900 nm 1000 nm
1100 nm

Fig. 4.20 Time response with regards to strain of a pin photodiode illu-
minated longitudinally by a light at 800 nm, 900 nm, 1100 nm and 1200 nm
for a length of the intrinsic region of 10 µm (solid lines) and 100 µm (dashed
lines). The delay τ is defined when the photocurrent reaches half its initial
level.

The general trend of mobility reduction causes the time response
to increase with strain, as shown in Fig. 4.20. With increasing strain,
the phonon-limited hole mobility decreases monotonically from
608 cm2V−1s−1 to 300 cm2V−1s−1 at 4%-strain, while the electron
mobility shows a sharp increase from 1366 cm2V−1s−1 to 2071 cm2V−1s−1

at 1%, followed by a decrease to 1204 cm2V−1s−1 at 4%, as shown in
section 2.2.6 of chapter 2. For a 10µm-thick device the time response goes
from 0.3 ns to 0.4 ns for light of 1000nm-wavelength. For longer devices,
the trend is less clear. Indeed, a first effect is to increase the absorption
coefficient, which reduces the distance the light has to travel to generate
carriers. This can be seen at high strain and at higher wavelengths, i.e.,
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beyond 900 nm, as the time response decreases between 2%- and 4%-strain
due to the absorption enhancement caused by strain. At lower strains, the
enhancement of the electron mobility cause the time response to decrease
at 1%-strain for 100µm-device before rising again at 2%-strain due to the
non-monotonic behavior of the electron mobility. For 10µm-device, the
decrease in hole mobility causes the increase of the time response.

Fig. 4.21 Quantum efficiency ηe and time response τ according to the
length aligned with the light propagation of a pin photodiode illuminated
longitudinally and laterally by a light at 800 nm (dark blue), 1000 nm (light
blue), 1200 nm (orange) and 1400 nm (red). The results are shown for sili-
con strained at 0% (solid lines), 2% (dotted lines) and 4% (dashed lines).

The responsivity of a photodetector with light incident laterally to the
device is the same as in the longitudinal configuration, as long as the de-
vice is properly designed with complete depletion of the intrinsic region.
This is shown in the quantum efficiency results in Fig. 4.21. With increas-
ing length, the efficiency increases if the absorption wavelength limit is
higher than the light wavelength. Thus, 1200nm- and 1400nm-light are not
absorbed in the absence of strain, but the 100µm-long device can reach effi-
ciencies of 30% and 48% at 4%-strain, respectively. For lower wavelengths,
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such as 800 nm, there is no improvement for a length of 100 µm because
the it is sufficient to absorb all the light entering the device even in the ab-
sence of strain. The 35% loss in this case is due to optical reflection at the
air-silicon interface.

The main difference between the lateral and longitudinal configura-
tions is the dependence of the time constant on the length. The time con-
stant for the longitudinal configuration increases with the length of the
device, whereas it remains constant for the lateral configuration. The re-
sults shown in this configuration are obtained for a length of 10 µm for
the intrinsic region, giving a time response of about 0.3 ns in the absence
of strain. Strain only slightly increased the time constant up to 0.36 ns
due to the reduction in hole mobility. Furthermore, strain reduces the time
constant for the longitudinal photodetector, as the increase in absorption
coefficient allows carriers to be generated closer to the contact region. This
is particularly evident at wavelengths of 1000 nm and above, with a reduc-
tion from 1 ns in the absence of strain to 0.7 ns.

4.3.4 Strained photodiode with antireflective coating

Figure 4.22 shows the results obtained for a photodetector illuminated
longitudinally with ARC at the front interface and a metallic reflective
layer at the back, allowing total reflection at the end of the device. Sim-
ilar to previous calculations, devices with intrinsic region lengths wi of 1,
5, 10, 20, 50 and 100 µm and a width w and thickness t of 1 µm are con-
sidered. The antireflective layer significantly increases the responsivity of
the devices, allowing a quantum efficiency of up to 90% at 900 nm in the
absence of strain for a 100µm-long device. The efficiency is even closer to
100% at 1050 nm under 4%-strain, while an efficiency of 40% is maintained
at 1500 nm. 2%-strain is sufficient to extend the 20% efficiency limit from
1050 nm to 1180 nm. The effect of the reflective layer at the back is simi-
lar to increasing the length of the device, as light propagating to the end
is reflected back into the device. This has a significant effect, but only at
wavelengths where most of the light is not absorbed along the length.
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Fig. 4.22 Responsivity according to the light wavelength for a pin pho-
todiode illuminated longitudinally with ARC at its front interface and re-
flective layer at its back. The results are obtained for silicon strained at 0%
(solid), 2% (dotted) and 4% (dashed). The device has a width and a thick-
ness of 1 µm. Results have been obtained for a length of the intrinsic region
of 1, 5, 10, 20, 50 and 100 µm. The dotted grey lines indicate the quantum
efficiency levels with steps of 20%.

The improvement in responsivity due to strain at 800, 1000, 1200 and
1400 nm is shown in Fig. 4.23. The 800 nm light does not show a clear
improvement as the length is sufficient for the light to be fully absorbed.
However, it can be seen that the strain can help the 20µm-device to reach
a responsivity closer to that of the 50µm and longer devices. For 1000 nm,
the low responsivity of 0.08 AW−1 (resp. 0.3 AW−1) in the absence of
strain reaches 0.5 AW−1 (resp. 0.78 AW−1) under 4%-strain for a 20µm
(resp. 100µm) device. The strain allows the photodiode to absorb light of
1200 nm and 1400 nm from 1% and 2%-strain respectively. Responsivities
of 0.8 AW−1 and 0.6 AW−1 are even achieved at 1200 and 1400 nm respec-
tively for 4%-strain devices with a length of 100 µm.
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Fig. 4.23 Responsivity according to the strain for a pin photodiode illu-
minated longitudinally with ARC at its front interface and reflective layer
at its back. The results are obtained for device with a length of the intrin-
sic region of 20 µm (solid lines), 50 µm (dotted lines) and 100 µm (dashed
lines), illuminated by a light at 800 nm, 1000 nm, 1200 nm and 1400 nm.

The responsivity results obtained for 100µm-long devices with and
without ARC are compared with typical responsivity results of other
semiconductor photodetectors as shown in Fig. 4.24. At very high strains
it is clear that strained silicon is a promising candidate for the NIR and
even SWIR. However, it is a challenge to achieve high strain levels while
producing a photodetector with the correct design, as explained in the
introduction of the thesis. 2%-strain appears to be more accessible but
offers only a limited increase in responsivity for 100µm-long devices. The
results obtained for our photodiode in the absence of strain show a lower
responsivity compared to the pin detector in the literature. A length of
100 µm already requires a bias voltage of −75 V in the longitudinal config-
uration for a full-depletion of the intrinsic region. In the literature, thicker
devices are usually used exploiting the full thickness (up to 800 µm) of the
bulk silicon wafer, for which the sharp reduction in responsivity is only
limited by the band gap of the material. However, this could push the
response limit down to the strain-reduced band gap, 0.93 eV at 2%-strain
and 0.65 eV at 4%-strain, giving a wavelength limit of 1.33 µm and 1.90 µm
respectively.

In the case of devices longer than 100 µm, we stress that the lateral
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Fig. 4.24 Comparison of the responsivity of typical semiconductor pho-
todetectors at 300 K and the results obtained for pin photodetector made of
silicon strained at at 0% (solid), 2% (dotted) and 4% (dashed), with (blue)
and without (green) ARC illuminated longitudinally. The curves for the
results from the litterature are adapted from [260]. The dotted grey lines
indicate the quantum efficiency levels with steps of 20%.

Fig. 4.25 Possible implementation for pin photodiode under lateral and
longitudinal illuminations based on suspended silicon beams strained us-
ing silicon nitride actuators as developed in [147].

configuration is necessary to keep the bias voltage low enough, but the
exact fabrication process of such long devices, which are strained in one
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direction while maintaining contact in another along their entire length,
remains unclear. Possible structures are shown in Fig. 4.25 even though
the manufacturing process has yet to be established. The metallic contact
for the longitudinal configuration are made at the anchor of the suspended
silicon beams, while the contacts run all along the beams for the lateral
configuration.
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4.4 Chapter Summary

Using the mobility of strained silicon calculated in chapter 2 and the ab-
sorption coefficient calculated in chapter 3, this chapter investigates the
potential of a silicon photodetector under uniaxial strain along [110] for
IR light. Although strain increases silicon absorption, the transfer matrix
method (TMM) has been used to determine the effective absorption that
could be achieved in a silicon slab. It has been shown that a sufficient thick-
ness, about tens of microns, is required to take advantage of the absorption
enhancement in the IR region. Before examining a pin photodiode con-
figuration in detail, the working principles of photoconductors and pho-
todiodes have been recalled. Technology computer-aided design (TCAD)
simulations have been carried out for three light couplings, normal to the
photodetector surface, longitudinal to the pin structure and lateral to it. It
has been shown that normal coupling works only at lower wavelengths,
but fails to properly absorb IR light due to the limited depth of the deple-
tion region. The longitudinal configuration shows high IR responsivity but
reduces the time response of the photodetector for long devices. The lat-
eral configuration allows similar responsivity without the disadvantage of
increasing the time response of the photodetector. However, the need for
light coupling perpendicular to the contact region increases the difficulty
of integration into high strain schemes that rely on suspended structures.
For a similar material length across the light propagation, both configura-
tions show similar responsivity, with a clear increase in IR for 100µm-long
devices. Efficiency of 20% is even achieved with 4%-strain at 1.5 µm, close
to the typical O-band for optical communications. The responsivity can be
pushed even higher by using silicon nitride antireflective coating (ARC)
to achieve 35% quantum efficiency at 1.5 µm. Finally, the responsivity
achieved by the strained silicon pin photodetector is compared with the
typical responsivity of InGaAs and Ge photodiodes, showing its potential
to compete with them.
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Key messages of the chapter

■ Transfer matrix method (TMM) allows the study of the dimen-
sion of a silicon layer on the absorption, essential to analyse if
the increase of the absorption coefficient leads to an effective
increase of the absorbed power. A thickness of at least 10 µm
is needed to see a clear variation of the absorption in the IR.

■ Photoconductors and photodiodes can exhibit similar respon-
sivity if designed correctly, but the large dark current of the
former configuration limits its ability to detect low light in-
tensities. In addition, normal coupling of the light to the pin
photodiode only works for lower wavelengths in the visible
range, as the depth of the depletion region is limited.

■ Technology computer-aided design (TCAD) simulations high-
light the effect of strain on the responsivity and time response
of pin photodiodes. The increase in absorption coefficient
directly affects the increase in responsivity in the IR region,
while the change in electron and hole mobility only affects
the time response. Furthermore, in the longitudinal configura-
tion, the increase in absorption coefficient decreases the time
response as the carriers are generated closer to the first elec-
trode.

■ Lateral coupling of the light to the pin structure relaxes the
trade-off between time response and responsivity in the lon-
gitudinal configuration. However, the need for contacts along
the full length of the structure is difficultly compatible with
high-strain fabrication schemes such as free-standing struc-
tures, as the latter have limited access to create contacts.

■ A clear improvement in responsivity has been theoretically
demonstrated for 100µm-long devices, although a high strain
of 4% is required to compete with conventional IR photode-
tectors. Lower strains could give similar performance if the
device length is increased even further, but careful considera-
tion needs to be given to the fabrication scheme using highly
strained structures. The performance can be further improved
with antireflective coating (ARC) using silicon nitride.
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In this work, the potential of strained silicon for infrared (IR) photodetec-
tion has been investigated. Indeed, the relatively high band gap of sil-
icon of 1.12 eV limits its use in optical applications at wavelengths be-
yond 1.1 µm. These include typical near infrared (NIR) and shortwave
infrared (SWIR) applications such as CO2 monitoring or optical communi-
cations, for which germanium (Ge) or indium gallium arsenide (InGaAs)
photodetectors are preferred. However, these materials involve additional
extraction and environmental impacts compared to standard silicon wafer
processing. They are also more expensive than large-scale silicon manu-
facturing processes. The motivation behind this work is therefore to find a
solution for IR sensing that is compatible with the traditional silicon pro-
cess. The answer we bring is based on strain engineering as a promising
tool for enhancing the optoelectronic properties of semiconductors. Strain
has long been known to affect the electrical mobility of semiconductors.
This has been used as a standard method to improve the performance of
silicon transistors in modern electronics. Although theoretical works have
roughly shown that strain can affect the band structure of silicon and thus
the band gap, it was not until the late 2000s that experimental works us-
ing photoluminescence (PL) demonstrated a significant reduction. At the
same time, density-functional theory (DFT) was used to accurately predict
the change in band structure for different strain configurations. Since then,
no work has made the most of this discovery in an electronic device but
recent studies by Katiyar et al. [56, 57]. They demonstrate experimentally
the ability of silicon to absorb higher wavelengths using photoresistor or
metal-silicon-metal Schottky devices, but little is known about the physi-
cal properties and their use for standard pin photodetectors. The research
behind our work is therefore based on several assessments of the lack of
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material and device study using strained silicon, which we have addressed
in the chapters of this thesis.

■ In chapter 1, we investigated the lack of exhaustive study about the
band structure variations for all major strain configurations, i.e., uni-
axial and biaxial strain along [001], [110] and [111], allowing the band
gap reduction and the variations of the effective masses to be as-
sessed.

■ In chapter 2, the lack of experimental measurements and the inac-
curacy of existing theoretical models for electron mobility have been
filled. Furthermore, the hole mobility for strained silicon, which was
previously unattainable due to the complexity of the valence bands
mechanisms, has been calculated rigorously for the first time.

■ In chapter 3, we address the absence of experimental and theoretical
studies for the optical properties of strained silicon, and more specif-
ically for the absorption coefficient.

■ In chapter 4, we theoretically explore the use of strain engineering in
a standard pin photodiode to increase its sensitivity in the infrared
(IR).

Specific findings

Chapter 1: Fundamental properties of strained silicon

In this chapter we have studied the fundamental properties of silicon for
major strain configurations. Using density-functional theory (DFT) we
have accurately predicted how the band structure responds to strain, par-
ticularly in terms of the band gaps and effective masses. This allows us to
answer the main question of this chapter, which is to find the strain con-
figurations that leads to the largest band gap reduction, while at the same
time studying the effect of strain on effective masses and phonon energies.
To the best of our knowledge, this is the first time that a detailed analysis
of both biaxial and uniaxial strain along the [001], [110] and [111] direc-
tions has been carried out. In addition, this work provides detailed calcula-
tions of the effective masses for the conduction band and the three valence
bands, showing how strain can significantly alter the band shapes. The
effect of strain on the phonon energy is also demonstrated, with relevant
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implications for Raman spectroscopy. Unlike traditional phonon deforma-
tion potential (PDP) theory, the first-principles approach captures the non-
linear effects of strain and is not limited to specific strain configurations.
The band gap findings show that biaxial compressive strain along [110]
and tensile strain along [001] yields the most important band gap reduc-
tions of −326.5 meV and −306.6 meV at 2%-strain, respectively. As large
fracture strain is more difficult to achieve using biaxial strain, uniaxial ten-
sile configuration has been chosen as the most promising candidate for
highly strained silicon. In this case, a band gap reduction of −202.9 meV
at 2%-strain is found for strain along [110]. We finallly performed photo-
luminescence (PL) experiments on silicon beams strained up to 1% using
silicon nitride stressors to confirm the theoretical predictions .

Chapter 2: Phonon-limited mobility in strained silicon

The variations in electron mobility in n-type silicon resistors have first been
studied experimentally for uniaxial strain along [001] using a four-point
bending scheme. The experimental results highlight the important increase
in the longitudinal resistivity, showing a 50% increase at 1%-strain, while
the transverse resistivity remains similar at high strain. Furthermore, a
semi-empirical model allows to recover the response of undoped silicon,
showing an enhancement close to 70% for the longitudinal component.
These results highlight the underestimation of the existing model, in ad-
dition to the large non-linearity of the strain dependence. First-principles
calculations have been performed for uniaxial strain along [001] and [110]
to go into more detail behind the physical explanation and prediction of
the phonon-limited mobility. The calculations, which take into account
electron-phonon scattering, allow the intrinsic mobility of strained semi-
conductors to be studied over a wide range of temperatures or strains, by-
passing the need for low-doped samples or complex experimental set-ups.
It has been shown that the electron mobility is first dominated by the mi-
gration of the carriers in the lower energy valleys, causing an important
increase up to 2249 cm2V−1s−1 for the longitudinal component under [001]
uniaxial strain. On the contrary, uniaxial strain along [110] impact signif-
icantly the shape of the electron valleys, increasing the intravalley scat-
tering and causing a drastic reduction in mobility at high strain down to
168 cm2V−1s−1 for the transverse component. First-principles calculations
allow, for the first time, the prediction of hole mobility in strained silicon
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by overcoming the difficulty of the proximity of the three valence bands. It
is shown that the intraband scattering of the heavy hole (HH) band domi-
nates the hole mobility. Furthermore, the large variations in band shape, as
evidenced by the variations in effective masses, cause important changes
in the hole mobility at large strains. The transverse and longitudinal com-
ponents reach 1330 cm2V−1s−1 and 1340 cm2V−1s−1 for [001] strain of 2%,
while they reach 1761 cm2V−1s−1 and 315 cm2V−1s−1 for [110] strain of
2%, respectively.

Chapter 3: Optical properties of strained silicon

The serious challenge of performing optical measurements on highly
strained samples to observe optical properties such as refractive index
and absorption coefficient has been overcome by first-principles calcula-
tions. The Bethe-Salpeter equation (BSE) method is first used within the
Abinit code to calculate the dielectric function and the refractive index,
taking into account the electron-hole interactions. The results show the
low dependence of the zero-energy refractive index with strain, while
the excitonic peak around 3.4 eV is strongly reduced. As this method
does not consider electron-phonon interactions, which are essential for
phonon-assisted absorption in silicon, the electron-phonon wannier (EPW)
code has been employed to calculate the absorption coefficient of silicon
strained along [110]. Furthermore, an analytical method is used for
comparison, which showed the advantage of reduced computational cost,
but based on semi-empirical parameters, which limited the accuracy of
the method. Following the band gap reduction, the absorption coefficient
shows a clear improvement in the IR region thanks to the strain. The
effect is particularly significant in the low absorption regime, beyond
the 1µm-limit of relaxed silicon. At 1.2µm-wavelength, the absorption
coefficient is found to rise from 0.5 × 10−2 cm−1 to 168 cm−1 at 4%-strain.

Chapter 4: Infrared performances of strained silicon photodetector

The final chapter presents a study of the impact of strain on the infrared
sensitivity of a photodiode. This is achieved through the use of TCAD
simulations in conjunction with first-principles calculations of the mobility
and absorption coefficient in strained silicon along [110]. We have high-
lighted the advantage of pin photodiode under longitudinal and lateral
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light coupling to detect light at longer wavelengths. It has been shown
that mobility variations mainly impact the time response of the photode-
tector. In contrast, the enhancement of the responsivity in the IR region
is primarily attributable to the improvement of the absorption coefficient.
Sufficient length along the light propagation is however needed to benefit
from the absorption increase. A 20%-efficiency has been demonstrated at
1.5 µm under a strain of 4%, showing the potential for the typical O-band
used in optical communications. Sensitivity can be further enhanced by
using silicon nitride antireflective coating (ARC) to achieve 35% quantum
efficiency at 1.5 µm. Finally, the sensitivity of the strained silicon pin pho-
todetector is compared with the conventional sensitivity of InGaAs and
Ge photodiodes, demonstrating its potential to compete with these estab-
lished technologies.

Limitations and perspectives

The in-depth theoretical study carried out in this thesis highlights for the
first time the potential of strained silicon for IR photodetection. Our re-
sults are largely based on advanced first-principles calculations, which
allow an intrinsic understanding of the physical effects. In general, all
the methodology developed in this work can be extended to most semi-
conductors. Indeed, the first-principles calculations, which take into ac-
count electron-phonon interactions for both optical and electrical proper-
ties, could easily be used to calculate the strain dependence of other semi-
conductors. The only limitation so far would be the boundary between
direct absorption, which must include electron-hole interactions, and indi-
rect absorption, which includes electron-phonon interactions. Novel meth-
ods as presented by Tiwari et al. [243] implement an unified theory, but this
remains a recent topic . Nevertheless, the basis of any study of strain to im-
prove detection at higher wavelengths starts with density-functional the-
ory (DFT) to calculate the band gap variations. In addition, we have shown
in this work the complementarity of using technology computer-aided de-
sign (TCAD) simulation to directly calculate the effect of the changes in
material properties with strain at the device level.

We consider particularly important to emphasise the complementar-
ity between experimental measurements and theoretical calculations. In-
deed, theory is essential to understand the physical observations that can
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be made, and experiments are essential to validate the theory and to bring
to light unknown phenomena. We claim that this work has refined our
understanding of the potential of strained silicon. However, the fabrica-
tion of a demonstrator to prove our theoretical results remains to be done.
In this work, achieving strains above 1% was a major concern. Although
the microfabrication scheme developed by Passi et al. [60] is able to reach
at least 3%-strain, the thicker silicon beam of our samples compared to
the thickness of the silicon nitride actuator caused premature fracture be-
fore 1%. A second way of trying to achieve high strain was the use of
commercial silicon strain gauges. These gauges achieve a similar fracture
strain of 1%, which is remarkable compared to the simplicity of the fabri-
cation process of such devices. The difficulty to do optical measurements
on microscopic samples or combining them with straining system was an-
other concern. Indeed, most commercial equipment are based on large area
measurements for optical transmission and reflection to study the optical
absorption or the band gap variations. To solve this issue, we start to de-
sign and fabricate a homemade system to perform optical measurement
through microscope objectives. However, issues remain about the sensi-
tivity of the spectrometers and their ability to observe the small variations
of the absorption coefficient due to strain.

Highly strained silicon has been shown to be achievable using uniaxial
strain, but we have shown the limitation imposed by the need for lateral
light coupling to detect longer wavelengths. A possible solution could be
edge or grating couplers, which are widely used in photonics to collect
light. In addition, silicon nitride shows the potential for multiple use as a
stressor, waveguide or antireflective coating, in addition to being compat-
ible with the standard silicon process. Even if the operating principle of
the strained photodetector were to be experimentally proven, an accurate
assessment of the manufacturing and its compatibility with current pro-
cesses would be required. Furthermore, the strain and light coupling sys-
tem would limit its use to applications where the fill factor is not a key pa-
rameter. This would therefore exclude all imaging applications, but would
point to applications where a single high performance device is required,
such as optical communications. An additional limitation is the indirect
band gap of silicon, which will always limit the absorption coefficient of
the photodetector compared to a direct band gap material such as InGaAs.
Furthermore, silicon can suffer from a relatively low electron mobility that
limits the maximal speed achievable by the device.

Much work remains to be done, but we hope that the results or the
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methods used in this work will open up new avenues for the development
of strain engineering as a powerful tool for tuning the properties of semi-
conductor devices.
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A Convergence study

Figure A.1 shows the convergence of the relaxation calculation to find the
lattice parameter of relaxed silicon. The lattice converges at 0.5469 nm for
a planewave cutoff of 20 Ha for a k-points grid of 8 × 8 × 8.

Fig. A.1 Lattice parameters with regards to the k-point grid and the
planewave cutoff from 10 Ha (blue) to 30 Ha (purple).

The convergence study for the band gap calculation using DFT is
shown in Fig. A.2 for relaxed silicon and strained at 1% along the [110]
direction. The calculation are done with SOC taken into account and
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under PBE GGA functional. A k-point grid of 10 × 10 × 10 for the SCF
calculation is sufficient while 20 Ha for the planewave cutoff leads to good
convergence below 0.1 eV.

Fig. A.2 Indirect band gap calculated using DFT and PBE GGA func-
tional with regards to the k-point grid and the planewave cutoff from 15 Ha
(blue) to 30 Ha (green). The convergence results are shown for relaxed sili-
con (solid lines) and strained at 1% along the [110] direction (dashed lines).

The phonon energy are calculated using DFPT. The convergence study
is performed for the energy of the optical modes at Γ. A good convergence
is achieved for a k-point grid of 10 × 10 × 10 with a planewave cutoff of
20 Ha, as shown in Fig. A.3.
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Fig. A.3 Phonon energy for the optical modes at Γ calculated using DFPT
with regards to the k-point grid and the planewave cutoff from 15 Ha
(blue) to 30 Ha (green). The convergence results are shown for the three op-
tical modes (LO, TO1 and TO2) of relaxed silicon (solid lines) and strained
at 1% along the [110] direction (dashed lines).

Single-shot G0W0 is performed to correct the band gap underestima-
tion by taking into account the screened and coulombian many-body in-
teractions. The calculations first include standard SCF ground-state step,
followed by a NSCF run to retrieve the KS eigenvalues and eigenfunctions.
Convergence for the quasi-particle correction is studied for the planewave
cutoff and the k-point grid, as shown in Fig. A.4. Then, the screening inter-
actions are calculated with number of bands and the cutoff for the screen-
ing interactions (dielectric matrix) as convergence parameters. Finally the
quasi-particle correction is calculated based on the calculation of the self-
energy matrix element Σx on 100 bands and a cutoff energy equal to the
planewave cutoff.
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Fig. A.4 Quasi-particle correction calculated with single-shot G0W0 with
regards to the planewave cutoff, the number of bands and cutoff energy
for the calculation of the dielectric matrix (screening) and the k-point grid.

The first steps of the calculation to retrieve the dielectric function tak-
ing into account the electron-hole interactions within BSE framework are
similar to GW. A first SCF run is performed before a NSCF step on a large
range of bands. Then, the screening matrix is calculated with the same pa-
rameters found for the single-shot G0W0 with 6 Ha for the cutoff and 100
bands. The last steps is the BSE run with Haydock iterative method based
on wavefunctions from a NSCF calculations with a shifted k-grid of (0.11,
0.21, 0.31) to fasten the convergence by breaking the symmetry of the k-
grid. Figure A.5 shows the convergence study with regards to the k-grid
on which the calculations are done, the cutoff to calculate the dielectric
matrix in the screening step. Finally, the number of bands to calculate the
transitions involves in the BSE run are studied along the complex shift that
mimics the experimental broadening of the absorption peaks. A good con-
vergence is achieved for a 12 × 12 × 12 k-grid by considering seven bands
for the BSE transitions (the three top valence bands and the four bottom
conduction bands). A complex shift of 100 meV is chosen as broadening
parameter while the dielectric cutoff of 6 Ha is kept even though BSE cal-
culation shows faster convergence than G0W0 run for this parameter. The
convergence results are compared to the experimental data from Green and
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Keevers [236].

Fig. A.5 Dielectric function calculated with BSE method by varying to
the number of k points, the energy cutoff for the screening matrix, the
bands considered to calculate the possible transitions between the valence
and conduction bands and the complex shift that mimics the experimental
broadening of the absorption peaks. The real (solid lines) and imaginary
(dashed lines) part of the dielectric function are compared to experimental
results from Green and Keevers [236]. The imaginary and real parts are
shown with white and black dots, respectively.
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The convergence results with regards to the interpolated k-grid of the
EPW calculation are shown in Fig. A.6. The phonon calculations were per-
formed on a 6 × 6 × 6 q-grid. The electron-phonon interactions are finally
calculated on a 30 × 30 × 30 k-grid using Wannier-Fourier interpolation in
the EPW code.

Fig. A.6 Absorption coefficient calculated with EPW method by varying
to the number of k points. The theoretical results are compared to experi-
mental results from Green and Keevers [236] (black solid lines).
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