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Abstract We consider the existence of finite Stationary Sunspot Equilibria (k-SSE) in the simple
Overlapping Generations (OLG) model for the *‘negative outside money’’ case. Necessary
and sufficient conditions found are so weak that a large class of economies has £-SSE un-
der standard assumptions on preferences.

ACERCA DE LOS EQUILIBRIOS «SUNSPOT” EN ECONOMIAS
DE GENERACIONES SOLAPADAS
Resumen En este articulo se estudia la existencia de Equilibrios con “Manchas Solares” Estacio-
narios de orden k (denominados k-SSE, del inglés Stationary Sunspot Equilibria of order
k) en el modelo mds sencillo de una economia de generaciones sucesivas cuando la “can-
tidad de dinero externo” es negativa. Las condiciones necesarias y suficientes para su
existencia encontradas son tan débiles que una amplia clase de estas economias tiene k-
SSE bajo hipétesis usuales sobre las preferencias.

1. INTRODUCTION

Most of the results of the Sunspot Equilibria literature using the framework of the sim-
ple Overlapping Generations (OLG) Model [Samuelson (1958), Gale (1973)] are concerned
with the case where the *‘stock of outside money”’ is positive —or Samuelsonian Case in the
terminology of Gale (1973)-, i.e. agents want to transfer wealth from the first period of
their lives to the second one in the form of money savings.

Characterizations of the existence of finite Stationary Sunspot Equilibria (henceforth
k-SSE) with positive money holdings in the simple 1-commodity OLG model with a two-
period lived representative agent, are given in Azariadis (1981) and Spear (1984) (for
2-SSE), Azariadis and Guesnerie (1986) and Grandmont (1986) (for k-SSE in general),
among others. The conditions given in this literature may be satisfied or not by a “‘non pat-
hologic’” economy of the class considered and, consequently, robust examples can be
shown of simple OLG economies either with or without k-SSE.

In contrast with the previous results, we consider in this article the possibility of k-SSE
in these simple OLG economies such that, in the resulting allocation of resources, agents
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want to transfer wealth from the second to the first period of their lives —like in the Clas-
sical Case of Gale (1973). This ‘‘negative’’ money case has been quite naturally considered
in the deterministic OLG models, but very rarely studied in the sunspot equilibria literature.
One can think of an extreme case in which agents have a non-zero endowment only in the
second period of their lives but, nevertheless, we can suppose that some institutional me-
chanism —some kind of ‘‘negative money’’ or ‘‘intergenerational debt’’, like in Burnell
(1989a)—, allows agents to attain non autarkic allocations of resources. In his article, Bur-
nell states a result about the existence of SSE with “negative” money in a one-commodity
OLG economy as a straightforward consequence of the sufficient characterization provided
by Spear (1984). Furthermore, in Burnell (1989b) he uses an argument based on the Poin-
caré-Hopf Index Theorem to give a sufficient condition for the existence of SSE in the ¢’ne-
gative’’ money case in an n-commodity OLG economy. Nevertheless, all these results con-
sider only simple 2-SSE, i.e. Sunspot Equilibria fluctuating between just two states.

On the contrary, we give in this article a necessary and sufficient condition for the exis-
tence of £-SSE in the simple OLG model with “negative” money, whatever the number of
states k = 2 between which the equilibrium fluctuates is. Moreover, we shall show that,
whenever agents have a non-zero endowment only in their second period of life, the condi-
tion found is satisfied by any economy of this class with very general preferences for the
representative agent. -

This result will be established here by a straightforward transposition of the argument
used in Grandmont (1986) into this case. Actually, the result does not depend upon some par-
ticular assumptions needed for this particular argument to work, like the additive separability
of the utility function in the consumptions of different periods. It could be shown as a conse-
quence of the more general invariant compact argument of Chiappori and Guesnerie (1991).

In section 2 we present the standard simple OLG model in its deterministic version. In
section 3, its immediate generalization to a “world with sunspots” is considered. In section
4 we provide a characterization of the economies of this class with k-SSE and “negative”
money and we interprete it in terms of the offer curve of the representative agent. An illus-
trative example of why &-SSE are more likely to appear in the Classical Case than in the
Samuelsonian Case can be found there also. Some concluding remarks follow in the last
section 5, and finally the Appendix collects proofs and some technicalities.

2. THE DETERMINISTIC ECONOMY

Consider the simple OLG model of a pure exchange economy: there is an infinite se-
quence of identical agents living for two consecutive periods each one, in such a way that at
every period the current generation consists of an “old” agent and a “young” one. The deci-
sion-making problem of these agents, in a world without uncertainty, is to decide their con-
sumption levels in their two periods of life, under the budgetary constraint imposed by the
value of their endowments in the competitive market. This simple model of a sequential
economy and its competitive equilibria can then be summarized by an infinite numerable
sequence of optimization programs indexed by t € Z

s t
max Uy(c;)+Uy(c; )
GG+l

subject to p,(cf—wy)+p,, (¢, —w) <0 [1]

ot 2
and (¢, ¢, ) € R
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the solutions of which, c§ (p,p,,) and c§ +1PpP,, ) —the optimal consumptions of the agent
““born’’ at any period ¢— parameterized by a sequence of strictly positive prices {p}pt€ Z,
must satisfy the materials balance condition

VI € Z’ C;-I (Pt_],pt) + C;(Pt,pﬂ_]) = WO + w] [2]
that expresses the feasibility of the allocation of resources.

The utility function is usually assumed to satisfy some properties that are sufficient for
guaranteeing that these solutions cﬁ(pt, p,,) and ci 1P, are well defined functions of
the perfectly foreseen prices {p,},, t € Z, e.g.

Hypothesis H.1. The utility function UO(cﬁ) +U, (cg 1) is such that

(HVie {0,1},U;()isa strictly monotonically increasing and strictly concave func-
tion \ defined on R, and C* on R, and

(2) the marginal rate of substitution Uj(ct)/U{(cl,,) tends to O (respectively to +)
whenever the consumption bundle approaches to a point on the axis of abscissae
(respectively the axis of ordinates) dictinct form the origin.

A typical example of preferences satisfying the second condition in hypothesis H.1 is
that of monotone preferences with indifference curves not intersecting the axes. That is to
say, with such preferences, any consumption bundie with strictly positive consumptions in
both periods is strictly preferred to a bundle on the axes. We shall speak of ‘‘interior in-
difference curves’’ to make reference to this situation 2. An example of preferences fitting
this case are those represented by a Cobb-Douglas utility function, which enter this frame-
work by writing them as their monotone transformation given by the log-linear function

Incy+1nc, ,V(c, R?
U(co,cl)=’nco nc, ,V(c,c)€ Ry,

—oo ' ,if cy=00rc;=0.

This assumption, made also in Peck (1988) and Spear (1984), is quite natural in the
context of an OLG model. It does not seem to be a too demanding assumption to claim that
the agents prefer not to starve at any period because of a null consumption. '

In fact, the second condition of hypothesis H.1 above will be satisfied by any utility
function which verifies the Inada condition ’
Vie (0,1} , im Uj(x) =+e
x -0+

like, for instance,
U(cy,c)) = \/cO + \/cl.
Let us remark that, in this case, indifference curves are not ‘‘interior’” in the sense we men-

tioned above, but they reach the axes —although in a tangent way. Nevertheless, we shall
speak of preferences with “‘interior indifference curve’” for short to make reference to pre-

1 Usually a real-valued function, but perhaps a function taking values in the extended real line RU {—oc} —as in the example
below.

2 Actually, the continuity of preferences implies that the axes constitute by themselves the indifference “curve” associated to
the lowest utility level.
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ferences satisfying the second condition of hypothesis H.1. Actually, this assumption is un-
necessarily strong —as we shall see later— but it will simplify the exposition quite a lot in
what follows.

In the budget constraint, w, and w, are the endowments of the representative agent in
his two periods of life. We shall assume that they are nonnegative in general, but both of
them cannot be equal to zero simultaneously, i.e. (wy, w,) € R2 - {0}. Usually, the budget
constraint is written in an equivalent form

t
P Hm S pw,
t
Prp1Cl SPpp Wty (3]

(chci) €ERZand m, e R

which helps the monetary interpretation of the model. In this case m, —the required transfer
of wealth between periods in order to attain the consumption bundle (c;, ¢!, is read, when
positive, as the amount of “money” held by agents from their “young” to their “old” age.
Let us assume that there exists in general a “monetary”” mechanism allowing agents to trans-
fer any desired amount of wealth across periods —in any direction in time— at a given rate
determined by the relative prices of the commodities. In this sense, agents are allowed to
hold “positive” as well as “negative” amounts of money.

It can be easily seen (cf. Appendix) that the perfect foresight equilibria of this economy
without uncertainty result in allocations of resources { (c;*,c; +1* )}, t €Z, which consist of a
sequence of consumption bundles lying on the offer curve ~the locus of points (cl,ct, ) sa-

tisfying the equation
Wolep) +Wilcp,) =0 ‘ ‘ [4]

where Vie {0,1}, W, (x) = (x - w))U 7(*)— and verifying some “dynamics” imposed by the
feasibility condition. This dynamics can be expressed by a backward difference equation in
the equilibrium second period consumptions

] * Lo .
o = wotwy -0, ) [5]
whenever at equilibrium agents hold a “positive” quantity of money, or by a forward diffe-
rence equation in the equilibrium first period consumptions

Y = wotw, -yl [61

if the agents want to be indebted in their first period of life at equilibrium (see the proof in
the Appendix). The functions ¢ (-) and w(-) are respectively Wg! (-W () and w+! (~Wy(-)
but these dynamics can actually be very easily visualized on the offer curve —-see figures 1
and 2 below.
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Figure 1 ' ‘ Figure 2

o

Remark. With the assumed hypotheses about the utility function of the representative agent,
if the endowments are both strictly positive, then the offer curve is indeed a smooth curve
that does not intersect the axes. It will just hit tangently one of the axes, precisely at the en-
dowments point, whenever w,, or w; —but not both- is equal to zero. This will be a usefull
property in the characterization of economies with £-SSE given later.

3. THE ECONOMY WITH SUNSPOTS

Let us suppose now that there exists an observable extrinsic random signal ® —let us call
it a “sunspot”— taking at each period one out of & possible values @/, @Z...., &k, and follow-
ing a k-state first order Markov chain that is known by the agents of the economy. All the
agents also know that the fundamentals of the economy —namely, their endowments and
preferences in this case— do not depend on the realizations of this random signal.

Nevertheless, if the agents believe that the equilibrium prices will be perfectly correla-
ted to the observed sunspots —i.e., according to their beliefs, the price p, should be at equili-
brium equal to some value pi whenever the current observed sunspot is @i—, then they will
make their consumption decisions rationally using the information about the future evolu-
tion of the economy revealed by the sunspot via the assumed perfect correlation between
sunpots and prices. That is to say, agents will choose a (conditional) expected utility maxi-
mizing current consumption and plan of sunspot-contingent future consumptions, subject to
the budgetary constraints imposed by the monetary mechanism. In particular, the optimiza-
tion program faced by an agent “born” in a period in which the observed sunspot signal ta-
kes the value wi will be the following one, if their “sunspot theory” were true,

i adl ik
CO’(’I ,...,C]

subject to Vj € {1, 2...., kJ2, pi(ci-w,)+p/(cf —w ) <O (7]

. k ..
max  Uy(cp) +Z7rl.jU](c‘])
j=1

3 j.e., fundamentals of the economy are the same for every possible state of the world (a complete history of realizations of
the signal).
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and (c},ci!,...c%) eR, xRk

where T is the typical element of the Markov matrix II governing the stochastic process
followed by the sunspot signal, ¢y, is the first period consumption of the agent, and ¢¥ is his
second period consumption contingent to observation the sunspot value @’ in that period.
Prices p!,p?,...,p¥ are the sunspot-contingent foreseen prices, according to the agent belicfs.

A k-SSE consists then of k prices p/, p?,..., p* such that the solutions of the previous op-
timization programs —when i takes all the values in {/, 2,..., k}~ satisfy the following con-
dition about the feasibility of the allocation of resources, whatever the resolution of the ex-
trinsic uncertainty is,

Vhl€{1,2,.,k}, ¥ + clh = wytw,. 18]
It immediately follows from these feasibility conditions that the sunspot-contingent con-

sumptions in the second period of a k-SSE do not depend on the value taken by the sunspot
signal in the first period of life of the representative agent, i.e.

Vh 1€ (1,2, k},cli*=chx [9]

Let us see now a simple characterization of the economies of this class that have k-SSE
in which the agents transfer wealth from their second period of life to the first one.

4. ECONOMIES WITH SUNSPOT EQUILIBRIA AND “NEGATIVE” MONEY

The solution of the optimization program of an agent believing in the perfect correlation
between sunspots and prices, and “born” when the sunspot @' is observed, is charaterized
by the condition (see the proof in the Appendix)

. k . l
Wylch)+XmW(c)*)=0 [10]
j=1

where the functions W, and W, are those defined in the section 2.

Then the allocation of resources of a k-SSE consists Of a k-tuple of sunspot-contingent
nonnegatlve consumptlons in the first period CO , c?) " * and a k-tuple of consumptions
in the second one cf , c% - * such that

Vie(l,2,., k},WO(LO*)+Z77: W (ch*)=0

and Vh, €(1,2,..., k}, +c’;* = wytw,; [11]
since then |

(1) each bundle (co , C] , ci*, *) for all possible i € {1, 2,..., k}, is the solution of
the utility maximization problem of an agent “born” when the observed sunspot
s1gnal is w! and for a system of sunspot-contingent strictly positive prices p, p=..
pF satisfying

; %
A [12]
poctewy
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and

(2) the allocation of resources is feasible in any state of the world —a complete history
of sunspot observations.

Let us now state the following proposition.

Proposition. In a simple OLG economy satisfying hypothesis H.I on preferences, there
exist k-SSE in which agents are indebted in their first period of life if, and only if, the offer
curve of the representative agent is such that there exit two positive values cm and cM sa-
tisfying

Vie{mM}, c®<wy+w,- y(c) <cM [13]

Where Wyt W — v (:) is the function characterizing the forward perfect foresight dynamics
in the Classical Case.

A corollary of this proposition is the following one:

Corollary. If moreover agents have a non zero endowment only in their second period of
life —i.e. wy=0 and w; >0, then all the economies of this class have keSSE.

The proof of this proposition and its corollary is given in the Appendix. The main point
of the proposition —like in Grandmont (1986)— is that we just need to check a very simple
geometrical condition on the offer curve of the representative agent to know something
about the existence of k-SSE on this class of economies. In particular, for the case of k-SSE
with indebted agents, we have to see if there exists an interval containing the images of its
own extremes by the function implicitely defined by the offer curve between the first and
second period consumptions. The characterization of k-SSE in the Samuelsonian Case in
Grandmont (1986) led to a similarly simple condition, but there is nonetheless a difference
worth to be noticed. While the value of the marginal rate of substitution between first and
second period consumptions at the endowments point —the slope of the offer curve at
(wy,w;)— did not suffice to determine the existence or not of k-SSE in the Samuelsonian
Case (a sufficiently “backward bent” offer curve was also required), on the contrary, the va-
lue of this slope is enough by itself to determine the existence or not of k-SSE in the Clas-
sical Case. '

In a simple OLG economy like the one described above —i.e. with “interior indifference
curves”—, whenever the slope of the offer curve at the endowments point (w,, w;) is greater
than one in absolute value there will exist k-SSE, and the corresponding allocations of re-
sources are such that agents are borrowing in their first period of life against their future
wealth. This can be easily seen (¢f. Figure 3) from the fact that —with such preferences— the
offer curve never reaches the axes, and consequently the interval (c™,cM) asked for in the
proposition exists surely —just take its lower extreme greater than w,, and the upper one
smaller than w,+w; but as close to them as necessary respectively.

The corollary follows from the fact that, for economies with “interior indifference cur-
ves”, if w,=0 then the offer curve starts from the endowments point (0,w,) on the ordinate
axis with vertical slope, and this implies immediately the fulfilment of the condition [13]
given in the proposition. Hence, there is no “sunspot-proof” economy with such prefe-
rences and non-zero endowments only in the second period, in contrast with what happens
in the symmetric case of non-zero endowments only in the first period. In that case, both
“non-pathological” economies with and without £-SSE can be exhibited. Nevertheless, let
us remark that in this case the “interior indifference curves” assumption is unnecesarily
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strong indeed, since any pattern of preferences giving an offer curve starting from the
axis with a slope smaller than —1 and never reaching the abscissae axis will do for having
k-SSE.

Figure 3
a1 :
|
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Example. Let us assume that preferences of the representative agent are described by the
utility function | . v( )e R2
ncy+lnc; ,V(cyc; e
U(CO’CI) - [ 0 1 . 01 ++
—oo Jifcy=0o0rc; = 0.

The corresponding offer curve is in this case easy to characterize, since the marginal
rate of substitution between present and future consumptions at any point (c,, ¢ ;) 18 given by
the ratio —c 1/¢o- It can be shown that, for any given endowments (wo, w; ), the offer curve is
a monotonous decreasing convex smooth curve going through (w,, w,) with slope —w;/w,

and the coordinate axis as asymptotes.

An immediate statement we can make about this economy is that it will not have k-SSE
if wy>w,, but on the contrary there will exist <-SSE whenever w,<w;. This follows di-
rectly from the characterization of the existence of k-SSE in terms of the geometry of the
offer curve . If w,>w,, neither the necessary and sufficient condition given in Grandmont
(1986) nor the one given here is satisfied —the offer curve is not “sufficiently backward-ben-
ding”, indeed it is not bent backwards at all (see figure 4).

Figure 4
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On the contrary, if wy<w,, the necessary and sufficient condition [13] given in the pro-
position above is fulfilled, as it can be seen in figure 5.

Figure 5

c1

) -

‘5. CONCLUDING REMARKS

In this article we have shown that in very general simple OLG economies, Stationary
Sunspot Equilibria with finite support (k-SEE) —i.e. Rational Expectations Equilibria per-
fectly correlated to some extrinsic random signal fluctuating between a finite number of sta-
tes— such that agents get indebted when “young”, do exist much more “easily” than in the
Samuelsonian Case with “positive money”.

As it was noticed in the Introduction, this result is in fact a consequence of the Invariant
Compact argument of Chiappori and Guesnerie (1991) which guarantees the existence of
k-SSE in stochastic dynamical systems like

Z(xt’”ml )=0

—where ., is a probability distribution representing the expectations on x, - whenever,
for the associated deterministic system

Z(xt,xt”):O

~like the dynamics [6] ctfﬂ* = wy+w,; — y(ci*) above— there exists a compact interval of
values x, in the state space of the system such that the values x, ; for which the determinis-
tic dynamics holds belong to the same interval. Notice that the existence of such a compact
interval is equivalent to the geometrical condition imposed on the offer curve by the propo-
sition given above. Nevertheless, the constructive strategy we have used to show the exis-
tence of k-SSE with “negative” money follows more closely from the economic nature of
the model, and makes aware of the possibility of this phenomenon in a simpler way than the
more abstract —and hence more general— argument of Chiappori and Guesnerie (1991).

Another interesting conclusion we can draw from the existence of k-SSE with “negative”
money is the following one. Since these k-SSE are by no means related to the existence of an
indeterminate steady state nor to the existence of deterministic cycles, then all the reasoning
developped by Grandmont (1986) for stabilizing competitive business cycles —and hence
k-SSE also, in the Samuelsonian Case that he considers— ceases to apply to this case, and the
fiscal and monetary policies he designs would fail to eliminate the k-SSE in the Classical Case.
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APPENDIX
The offer curve and the optimal consumptions

The consumption bundle which solves the representative agent’s optimization program
in the economy without uncertainty can also be characterized by the solution of the equiva-
lent program

P
max Uy(ch+U, (wI—ITiI (ci-wp))

C

t

. p
t t+]

subject to O<ct<w0+7tw] [A1]
since the strict monotonicity of the utility function implies that the budgetary constraint
will hold with equality at the solution, and the indifference curves contained in the strictly
positive orthant Ri , guarantee an interior solution. Hence the first period consumption cﬁ*

solving this equivalent program is characterized by the condition
p; P
U,(ct*y - ——U\(w, ———(c!*~w,))=0 [A2]
o Prr o 127y, ! 0
and the corresponding optimal second period consumption is

: Py

*
Copl =W —

(ct*—w,). [A3]

The conditions [A2] and [A3] can be rewritten as follows respectively, after rearranging
terms and multiplying by p,, ;.

, , P
P, U™ —p, Uy (w, — ptf(cf*‘wo)):(’ [A4]
Pyl (C§+I*_W1) = _pt(ci*_WO)‘ | [AS]

Consequently, the values c;* distinct from w,, satisfying the condition [A4] are the same
that those satisfying the following condition

’ p ‘
Praa(ct"=woUy(ci®) = pci*=wp) Uy (w; ~ ﬁ (c;*=wp)) =0 [A6]
what can be rewritten as follows, according to the condition [A5],
(" =wp) Up(er")=(cty = w Ui (et )=0. [AT]
This is exactly the expression [4] of the main body the article
Wo(ci*) + Wl(c§+1*) =0 [4]

by the definition of the functions W;(-).

Similarly, the (expected) utility maximizing current consumption and contingent se-
cond period consumptions of an agent “born” when the observed sunspot is @ can also be
characterized by the solution of the equi\lzcalent program

. i .
max Uy(ch)+ Y. m;U,w,; L(ch - wp)
Ch j=1 p/ )
subjectto 0<cy<  min {w0+ﬂ w, } [A8]
jeil2,.... k} ,
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because of the strict monotonicity of the utility function and the fact that indifference curves
are contained in the strictly positive orthant ]Ri . also. The previous reasoning can be redo-
ne step by step to arrive to the expression

. : k . .
(i —w) Up(ep*) - -21”"" (*—wpU,;(ch*) =0 - [A9]
j=17
what is once more exactly equivalent to the expression [10] of the main body of the article

k
Wo(er™ "'j;l”ijWJ(CfH*) =0 (10]
according to the definition of the functions W;(:).

The functions W;(-).

In main part of the article, we have made use of the functions defined as follows
Vie{0,1},W,(x)=(x-w) U (x).

Just one property of this function is used in the reasoning hereafter: W;(-) is strictly increas-
ing —and hence its inverse does exist— in the interval (0, w)), ie.

vxe©,w), W (x)= Uix) + (x—w;) Uj (x)>0. [A10]

The Proof.

Proof of the proposition. Assume that, for a simple OLG economy like the one described in
section 2, a k-SSE in which agents are indebted in the first period exists. Its allocation of re-
sources is then characterized by a k-tuple of sunspot-contingent consumptions in the first
first period cJO*, c%*,..., c’5* and a k-tuple of consumptions in the second one c}*, c%* e c’j*

such that .
Vi€ {l,2,....k}, Wy(ch )+ X mW,(c)*) =0 [A11]
j=1

and Vhe (1, 2,....k}, B+ =wytw, [A12]
as we have just seen at the beginning of this Appendix.

Hence there exist two distinct values crI and ¢%* among the sunspot-contingent second
- period consumptions cf*, c%*,..., c’j* such that

Vie(l,2,.., k), W) <-Wych") < W, (e [A13]
But since the second period consumptions are those of a k-SSE in which agents get in-
- debted —i.e. they consume more than their endowment in the first period—, then they must

satisfy all .
Vie{l,2,..,k},0<cy*<w

what implies, from the strictly increasing behaviour of the function W;(-) in the interval
(0,w;) —see [A10] above-, that for all the members of the inequalities [A13] above the pre-
image WI’I (-) is well defined and the following inequalities then hold

Vie(l,2,...k}, ¥ <ylchnH< ey,
where y(-) is WX (W, ().
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Taking into account the feasibility conditions [A12] on the allocation of resources,
these inequalities can be rewritten as

Vie{l,2,...k}, ¢l <wyw,—wich®) <clf,
which implies the condition [13] we were looking for if ¢y and ¢ are renamed as ¢ and
cM respectively. .
Conversely, if there exist two positive values ¢ and ¢ in the interval Wy, wo+w;)
satisfying
Vie{mM},Mm< w0+w1—t//(ci) <cM

then, by continuity of the function w(-), we can choose an arbitrary finite number k of dis-

tinct “first period consumptions” cé*, c%*,..., cg* clustered around both ¢ and M and clo-

se enough to them 4 for the following condition to hold for some ¢y and ¢} among them,
Vie{l,2,...,k}, cy < w0+w]—l//(c6*) <cy.

Hence, besides these first period consumptions c{)*, cf)*,. e c’(‘)*, there exist also a k-tu-
ple of second period consumptions cf*, c%*,. e c’l‘* such that

Yhell, 2,.., k}, c%* + c?* =Wyt w,.
and .
Vie{l, 2, k), W (c) <=W,(ch*) <W,(c%).

after rearranging terms and composition with function W 7 (). It is then immediate the exis-
tence of a Markov matrix IT such that the conditions :

. k .
Vie{l, 2,...,k}, Wo(cb*)+j§1nle1(cJI*) =0
and Vhe{l,2,..., k}, c’g)*+c]11* =Wyt w;.

characterizing a k-SSE are satisfied. O
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