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1 | INTRODUCTION

Sparse linear prediction methods suffer from decreased
prediction accuracy when the predictor variables have
cluster structure (e.g., highly correlated groups of vari-
ables). To improve prediction accuracy, various methods
have been proposed to identify variable clusters from
the data and integrate cluster information into a sparse
modeling process. But none of these methods achieve
satisfactory performance for prediction, variable selec-
tion and variable clustering performed simultaneously.
This paper presents Variable Cluster Principal Compo-
nent Regression (VC-PCR), a prediction method that
uses variable selection and variable clustering in order to
solve this problem. Experiments with real and simulated
data demonstrate that, compared to competitor meth-
ods, VC-PCR is the only method that achieves simulta-
neously good prediction, variable selection, and cluster-
ing performance when cluster structure is present.

KEYWORDS

dimensionality reduction, latent variables, nonnegative matrix
factorization, sparsity, variable clustering

A common objective of transcriptomics is to predict health (cancer status, time to death, etc.)
from genomic variables. For the sake of knowledge discovery and interpretability, it is also very
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important to identify the variables that are most important for predicting the health variable
(i.e., perform variable selection). However, for complex diseases, it is common for clusters of genes
(i.e., gene pathways) to contribute to the disease jointly, rather than on an individual basis (Ma,
Song, & Huang, 2007). In these settings, the task of identifying clusters of predictive variables is
as important as prediction and variable selection.

Transcriptomics data pose two major challenges to predicting, selecting variables, and
clustering variables performed simultaneously, that is, in a single attempt. First, the data is
high-dimensional, that is, there is a large number of variables (e.g., genes) with respect to the
number of observations. In this case, spurious correlations between relevant and irrelevant vari-
ables are common, and as a result, models tend to select too many variables. This overselection
results in false positives (Daye & Jeng, 2009), that is, irrelevant variables that are identified
as relevant. The second challenge stems from the underlying cluster structure among predic-
tor variables: genes within a given pathway generally share similar functions and have highly
correlated expression profiles. This high correlation between predictor variables is known to
increase the variance of model coefficients, thereby decreasing prediction accuracy (Park, Hastie,
& Tibshirani, 2007).

To address these challenges, various methods have been proposed for estimating a sparse lin-
ear model that directly accounts for cluster structure among predictor variables. These methods
mostly fall into one of two categories: embedded methods, which simultaneously cluster variables
and estimate a sparse model, or two-step methods, which cluster variables and then estimate a
sparse model based on these clusters. However, in our observation, none of these existing meth-
ods are able to satisfactorily perform the task of simultaneous prediction, variable selection, and
variable clustering. Embedded methods tend to be computationally expensive and are generally
limited to regression settings, whereas two-step methods tend to identify clusters that are “dilut-
ed” with irrelevant variables (Yengo, Jacques, & Biernacki, 2014). Methods from both categories
tend to treat the task of variable clustering as a means to improve prediction accuracy rather than
as an objective in itself. However, correctly identifying variable clusters (e.g. gene pathways in
transcriptomics) is often instrumental to the interpretation of the model, as it allows researchers
to better understand disease mechanisms, as well as develop targeted treatments. For conve-
nience of the reader, we have put an in-depth comparison of various methods in Section A of the
Appendix.

The goal of this paper is to address these limitations. In this spirit, we propose a method
called Variable Cluster Principal Component Regression (VC-PCR) that is motivated by the
transcriptomics setup but is designed in a much more general fashion. Unlike existing meth-
ods, it addresses three objectives simultaneously: (i) accurate prediction of the response in
high-dimensional regression, (ii) selection of the most relevant predictor variables, and (iii) iden-
tification of predictive variable clusters. The first step of VC-PCR consists of supervised variable
selection and clustering, which is performed using a weighted version of a method that we call
Sparse Orthogonal Semi-Nonnegative Matrix Factorization (SOS-NMF). As with the embedded
approaches, supervising the variable clustering allows VC-PCR to identify homogeneous, predic-
tive clusters. Moreover, irrelevant or “inactive” variables can be removed from the analysis during
the clustering step, improving clustering performance and the recovery of the underlying model.
In the second step of VC-PCR, a matrix of latent variables is calculated based on the cluster assign-
ments from the first step, and a classical linear model is estimated to relate these latent variables to
the response. Similar to existing two-step methods, the two-step approach employed by VC-PCR
is more computationally efficient than embedded methods and can be easily applied to different
prediction tasks (regression, classification, survival analysis, etc.). However, unlike other two-step
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FIGURE 1 Schematic representation of variable cluster principal component regression (VC-PCR). A
response (green column) and predictors (light blue columns) are used to generate cluster assignments for the
predictors. In the cluster assignments bar, predictors in the same cluster are shown in the same color, and
predictors assigned to none of the clusters are shown in white. Membership degrees are also estimated for each
predictor, with values ranging from no membership (white) to high membership (black). These membership
degrees are used to calculate latent variables for each cluster. Then, a linear model is estimated based on these
latent variables in order to predict the response.

methods, VC-PCR harnesses the advantages of supervision during variable clustering. VC-PCR is
summarized in a schematic representation in Figure 1.

Numerical experiments with real and simulated data show that VC-PCR performs better than
competing methods in terms of model error, variable selection and clustering. These compet-
ing methods are not designed to achieve all three goals simultaneously, meaning that, unlike
for VC-PCR, good clustering performance comes at the cost of poor variable selection and/or
prediction performance. A weighted VC-PCR, with weights the coefficients for a Ridge regres-
sion model, achieves the best variable selection and clustering performance across all simulation
settings tested, and it has the best prediction performance for sparse models in settings where
variables have predictive cluster structure.

2 | NOTATION

Matrices are denoted with bold-faced capital letters (e.g., X, ®), vectors with bold-faced lower-case
letters (e.g., X, 0) and scalars with lower-case letters (e.g., x, 6). Row and column vectors of a matrix
are indicated by subscripts. For example, if the columns of X are indexed by the letter j, then the
Jjth column vector is denoted x;. If the rows are indexed by the letter i, then the ith row vector is
denoted x;. A single element from a matrix is denoted using a lower-case letter with a subscript for
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4 Wl LEY MARION ET AL.

the row index and a subscript for the column index (e.g., x;). Observations are indexed with the
letteri : 1, ... ,n, variables with the letter j : 1, ... , p, and clusters with the letter k : 1, ... , K.

The Frobenius norm of an n X p matrix X is ||X||r, where ||X||12E = Z?:12f=1xi2j- The £, norm of an

nx 1vectorxis ||x||; = 1/ X1, %7, and the #; norm of xis [|x|l; = }.i_, |x;|. The indicator function
I[x] returns 1 if x is true and 0 otherwise.

Let X (n X p) be the matrix of predictor variables and y (n X 1) be the response vector. We
assume that the columns of X are mean-centered and have a sample variance of 1, that is,
mean(x;) = 0 (sample mean), var(x;) = 1 (sample variance) and ijxj =n — 1, Vj. For regression
problems, the vector y is mean-centered and scaled to unit sample variance, and for two-class
classification problems, the vector y is binary.

For regression problems, we assume that the response is a linear function of the predictor
variables plus an error:

yi=xb+e, ®

where b (p X 1) contains the model coefficients relating the predictors to the response, x; (p X 1)

. . L iid
contains the values of the predictors measured for observation i and ¢; ~ N (0, 62). For two-class
classification problems, the elements in y are binary (e.g. y; = 1 if a patient has a given disease

and y; = 0 otherwise). We assume that y; Y Bernoulli(x;), where

exp(x b)

m=Pyi=1)= @)

1+ exp(x'b)’

3 | VARIABLE CLUSTER—PCR

Our proposed method, VC-PCR, consists of two steps. In the first step, variables are clustered,
generatinga matrix V (p x K) of cluster membership degrees. Each element vy in Vis nonnegative
and represents the estimated degree to which variable j belongs to cluster k. In the second step,
V is used to calculate a set of latent variables, My, ... , Rig, one for each variable cluster, and a
linear regression or classification model is estimated based on these latent variables. This second
step is similar in spirit to Principal Component Regression (PCR), hence the name “VC-PCR.”

The first step of VC-PCR (variable clustering) is performed using a method that we call
SOS-NMF. This method is summarized in Section 3.1. The two steps of the VC-PCR algorithm are
explained in Sections 3.2 and 3.3, and the full algorithm and a discussion of its hyperparameters
are presented in Section B of the Appendix.

3.1 | Sparse orthogonal semi-NMF

SOS-NMF is the unsupervised method that we developed to perform dimensionality reduction,
variable selection and variable clustering on both nonnegative matrices and matrices with posi-
tive and negative elements. The objective of SOS-NMF is to decompose X into the product of two
matrices: U (n X K), a matrix of K unit-variance latent variables, and V (p x K), a sparse, nonneg-
ative matrix with orthogonal columns. Thanks to the orthogonality and nonnegativity of V, each
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vector v; (i.e., row of V) can have at most one nonzero value. As a result, variable clusters can be
inferred from V: Cy := {j | v > 0}. Moreover, the nonzero elements of V indicate the degree to
which a variable belongs to its assigned cluster, where larger values indicate larger membership
degrees. The variable selection is possible because we do not assume that the row sums of V must
be positive.

The solution to our proposed SOS-NMF problem is

p
X = OVT[7 + 4211l
j=1

s.t. v > 0, Vj, k (3
s.t. var(ug) =1, Vk

argmin _1
uv  2(n-1)

s.t. V has orthogonal columns,

where 4 is a nonnegative hyperparameter controlling the sparsity in V.

3.1.1 | Intuition

The orthogonality and nonnegativity constraints make V a naturally sparse matrix. The #; penalty
in Equation (3) encourages V to be even sparser, with some vectors v; being set to zero (see, e.g.,
section 2.2 in Lederer, 2022). As a result, some variables (e.g., noise variables) may be assigned to
none of the clusters and removed from the analysis. This is desirable because noise variables make
it difficult to correctly cluster variables (see Vigneau, 2016; Marion, Govaerts, & von Sachs, 2020).

A given variable j is assigned to cluster k (i.e., vy > 0) if its correlation with latent variable
k is sufficiently large. As 4 increases, the correlation threshold for cluster assignment increases,
resulting in the removal of more and more variables from the analysis. Another necessary condi-
tion for being assigned to cluster k is having positive correlation with latent variable k. As a result,
variables in the same cluster tend to be positively correlated.

Each latent variable vector uy is proportional to the weighted sum of the variables j assigned to
cluster k, where the weights are the cluster membership degrees vj.. This weighted sum makes it
possible to give greater importance to the variables that are the most representative of the cluster.

3.1.2 | Optimization
The solution for SOS-NMF can be found by alternating between the optimization of U for fixed
V and of V for fixed U. The derivation of these solutions can be found in the Appendix. For fixed
V, the solution for an unconstrained U is U = XV(V'V)~1. We can account for the unit-variance
constraint on the latent variables uy by calculating the final solution U as follows for all k:

U = A /sd(Tiy). )

Let Cx := {j | vix > 0}. For fixed U, if j € Cy, then

Vi = cor(u, X;) — A. 5)
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6 Wl LEY MARION ET AL.

The problem then becomes one of determining when j € Cy. There are two necessary conditions
for variable j to belong to cluster k: (i) cor(uy,x;) > 4 and (ii) k = arg max cor(uy, X;).

3.2 | VC-PCR:cluster memberships

First, a matrix of cluster memberships V must be estimated. As one of our objectives is to predict a
targety, we propose making the clustering step dependent on the target. We do this by integrating
information about the target into the SOS-NMF problem using a weight matrix W.

Let W (p X p) be a diagonal matrix whose entries wj; encode (i) the prior relationship between
variable j and the target y (e.g., positive vs. negative association), as well as (ii) the importance
of variable j in the prediction task. For example, the weights could be the coefficients for a Ridge
regression model (see Section B for other suggestions). When each variable j is weighted by wy;,
the solution to SOS-NMF becomes

p
1
———IXW - UV|]7 + ) [Ivillx
2(n—-1) le (6)

such that vy > 0 Vj, k; var(ux) =1 Vk; V has orthogonal columns,

arg min
uv

where A is a nonnegative hyperparameter controlling the sparsity in V. We call this problem
Weighted SOS-NMF.

3.2.1 | Intuition

The weight matrix W allows the clustering to be supervised by the targety. For example, variables
that have a similar importance for the prediction problem (i.e., similar weights in absolute value)
are more likely to be clustered together. In addition, variables with smaller weights (in absolute
value) are more likely to be removed by the #; penalty.

In contrast to the original SOS-NMF problem, variables may be assigned to cluster k even
if they are negatively correlated with latent variable k. Suppose there are two variables j and #
such that cor(uy, X;) = —cor(ux, X¢) = p and wj; = —wy, = v. If variable j is assigned to cluster k,
then variable # will be as well. The higher the absolute correlation between variables, and the
more similar their weights (in absolute value), the more likely it is that they will be clustered
together.

3.2.2 | Optimization

The solution for Weighted SOS-NMF can be found by using XW as the input to SOS-NMF rather
than X. For fixed V, the solution for an unconstrained U is U = XWV(V'V)~L. The solution for
each unit-variance latent variable u; can be calculated by scaling 1 (see Equation 4). For fixed
U, a given variable j is assigned to cluster k if two conditions are met: (i) wjjcor(uy, X;) > 4 and (ii)
k = arg max, wjcor(u,, x;). For all j € Cy, the solution ﬁjk = wjcor(u, X;) — A.
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MARION ET AL. Wl L E Y 7

3.3 | VC-PCR:ordinary least squares

Once the matrix V of cluster memberships is estimated, we calculate a latent variable matrix
M= f (X, V) and estimate a linear model predicting y based on M. Note that the latent variable
matrix U from the first part is not used in this part. This is because U is a function of XW, a
modified version of X. We are interested in relatlng the original matrix X to the target y, therefore,
the latent variable matrix M is calculated M = XV.

The prediction problem requires solving

argmin L(M, y; a), (7)

where a (K x 1) is a vector of model coefficients and L(ﬁ, y;a) is a loss function that depends on
the modeling task. For linear regression tasks, the loss function L(M, y; a) = ||y — Mall% and acan

be found using Ordinary Least Squares: a = (ﬁTﬁ)‘lﬁTy. Estimating a sparse regression model
is not necessary because variable selection is already performed in the first part: variables are
removed from the analysis thanks to the sparsity penalty in Equation (6). For classification tasks
with binary y;, the likelihood-based loss function L(ﬁ,y; a) = —Zi":lyi log(z;) + (1 —y;) log(1 —
7;), where

exp(f; a)
m=Py=1)= — (8)
1+ exp(m; a)

The model coefficients a can be found using Logistic Regression. Again, sparse regression is not
necessary here because variable selection has already been performed.

For both regression and classification tasks, a vector b (p x 1) of coefficients for the original
variables in X can be calculated as a function of V and a. The predicted value J; is a function
of r’ﬁiTﬁ = xl.T\A/ﬁ. Therefore, the coefficients b relating the original variables to the target can be

calculated as b = Va.

4 | EXPERIMENTS

Experiments with real and simulated data are performed in the regression setting to illustrate the
performance of the proposed method, VC-PCR, with related methods from the literature. Perfor-
mance in terms of model error and complexity is evaluated for all methods and datasets. Variable
selection and clustering performance is also evaluated for the simulated datasets, for which the
true model support and variable clusters are known by design.

41 | Methods compared

Cluster Elastic Net (CEN) (Witten, Shojaie, & Zhang, 2014) is chosen to represent the
coefficient-grouping methods because of its computational efficiency compared to the other
methods in this category. Split Regularized Regression (SRR) (Christidis, Lakshmanan, Smu-
cler, & Zamar, 2020), the only ensemble method that can be used to cluster variables, is also
included. Of the different two-step approaches, Cluster Representative Lasso (CRL) (Bithlmann,
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8 Wl LEY MARION ET AL.

Riitimann, van de Geer, & Zhang, 2013) is tested because it is the most similar to the proposed
method. For CRL, three clustering algorithms are tested: hierarchical agglomerative clustering
(HAC) based on Ward’s criterion (CRL-hclust), HAC based on canonical correlation, as seen in
Biihlmann et al. (2013) (CRL-hclustCC), and K-means clustering (CRL-kmeans). For VC-PCR,
three choices of weight matrices W are tested: a diagonal matrix of Lasso regression coeffi-
cients (VC-PCR-Lasso), a diagonal matrix of Ridge regression coefficients (VC-PCR-Ridge) and
an identity matrix (VC-PCR-Identity). This last choice serves as a benchmark for assessing the
added-value of variable-weighting in VC-PCR.

4.2 | Evaluation criteria

The performance of each method is evaluated with respect to different characteristics: the model
error and the model complexity, and for the simulation study also the recovery of the model sup-
port and the underlying clusters. The model error is quantified with the Mean Squared Error of
Prediction (MSEP). Given a vector § (n.s X 1) of predicted response values,

Ppogt

LY 01 - 902 ©)

Niest i=1

MSEP =

The model complexity is quantified as the number s of active variables in the model. For methods
that estimate one coefficient b; per variable j (e.g., CEN, SRR, etc.),

p
s =bllo = Y 1Ib; # 0]. (10)

j=1

For methods that estimate one coefficient @y per cluster k (e.g., CRL, etc.),
K
s= Y Delld # 01, (1)
k=1

where Py is the number of variables in 6‘k.

The Matthews Correlation Coefficient (MCC) (Matthews, 1975) is used in the simulation study
to quantify the recovery of the true model support and underlying clusters. Compared to other
existing criteria for evaluating binary classification, MCC is considered to be less biased and is
more robust to class imbalance (Chicco, 2017; Chicco & Jurman, 2020; Chicco, Totsch, & Jur-
man, 2021). Given the number of true positives (TP), true negatives (TN), false positives (FP), and
false negatives (FN),

(TP)(TN) — (FP)(FN)

MCC = >
/(TP + FP)(TP + FN)(IN + FP)(TN + FN)

(12)

with values in [—1, 1], where a score of 1 represents perfect classification and a score of 0 is
equivalent to random classification.

When evaluating model support recovery, variables with nonzero coefficients are assigned
to the “positive” class and variables with null coefficients are assigned to the “negative class.”
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MARION ET AL. Wl L E Y 9

Cluster recovery is evaluated for all unique pairs of variables. Pairs of variables assigned to the
same cluster are in the “positive class” and all other pairs of variables are in the “negative” class.

4.3 | Simulated data

The simulated datasets vary with respect to three factors: the type of correlation structure among
predictors (the configuration), the magnitude of correlation between correlated predictors (p) and
the number of observations (n). The simulated data are generated as follows. For each observation
i:1,...,n,avectorx;is generated from the distribution N,(0, ¥) and a model error ¢; is generated
from N(0, 6%), where X is the covariance matrix for X and o2 is the model noise variance. The
response y; is calculated as y; = xl.Tb + &;, where b is the vector of true model coefficients. The
number of observations n € {25, 50} and p, the number of variables, is fixed to 200.

The vector of true coefficients is fixed for all experiments, meaning that the set of relevant or
“active” variables S := {j | b; # 0} is the same for all datasets. The true vector of coefficients is

b=q,..,10,..,0,-1,...,-1,0,...,0,1,...,1,0, ... ,0,-1, ... ,=1,0, ... ,0,0, ... ,0)".

5 5 5 5 5 5 5 5 160

(13)

Thus, four blocks of variables are active in the model.
Various different covariance matrices X are used to asses how correlation structure among
predictor variables impacts performance. The theoretical variance of all variables is set to one.

Active variables are split into R sets Gy, ... , Gg such that for each pair of variables j,Z € S,j # ¢,
drs.t.j, ¢ € Gy,
oe=14" pest (14)
0 3Jr#+rstjedG,?eiGy,

where p € {0.3,0.6}. As a result, variables belonging to different sets G, and G, are uncorrelated
and variables belonging to the same set have a correlation of p.

Previous works in the literature have tested different types of correlation structure for inactive
variables, but they have not compared these different types in a single study. For inactive variables
(i.e. bj = 0), we test three common configurations:

1. Some inactive variables are correlated (correlation of p) with both active variables and other
inactive variables (setup seen in Witten et al., 2014)

2. Some inactive variables are correlated (correlation of p) with each other but not with active
variables (setup seen in Shen, Huang, & Pan, 2012)

3. Inactive variables are uncorrelated with all other variables (setup seen in Sharma, Bondell, &
Zhang, 2013)

These three configurations are summarized in Figure 2 for the setting where p = 0.6. While
the true cluster assignments and coefficients are the same for all configurations, the correlation
structure, as seen in the heatmaps of the covariance matrices, varies from one configuration to
the next.

It is common practice to consider that all inactive variables belong to the same cluster. More-
over, two active variables j and # are assumed to be in the same cluster if their absolute correlation

D PUe LWL L 841 385 *[7202/60/£2] U0 ARIGIT BUIIUO A8IM *(1PN) UANOT 20 @nbljoyled UM YD US 81:08U101[q1E AQ 8SEZT UBKS/TTTT OT/I0P/LI0Y" 3| 1M ARe.qpuIIUO//:SAIY W01} papeo|umod 0 *r/S6.97T

folmA

35UB0 |7 SUOWILOD AR 3|qedtjdde au Ag peusnob ae sapne YO ‘8sN Jo SajnJ 10j AiqiT auluQ A3|1AA UO (SUORIPUOD-P!



10 MARION .
¥ L WILEY ik
Config1 Config 2 Config 3
Clusters X ] o o
b [ = = = 1 [ == = EEEE

-1 0 1 -1 0 1 -1 0 1

FIGURE 2 Experimental configurations for the simulation study. For each configuration, the first and
second horizontal bars depict the true cluster assignments and coefficients for the p = 200 variables. The square
box below is a heatmap of the covariance matrix, . The colors for the coefficients and covariance heatmap
represent continuous values (see the legend), and the colors for cluster assignments are arbitrary, representing
categories, that is, the different clusters k € {1, ... ,K}.

TABLE 1 Summary of simulation parameters.

Type Parameter Values Meaning

Varying Config {1,2,3} Type of correlation structure

Varying p {0.3,0.6} Correlation between correlated variables
Varying n {25,50} Number of observations

Fixed p 200 Number of variables

Fixed K 5 Number of true variable clusters

Fixed SNR 10 Model signal-to-noise ratio

is large and their coefficients are similar in absolute value. Therefore, in this experimental set-up,
there are K = R + 1 true variable clusters Cy, one cluster for each set G, of active variables and
one cluster for the set of inactive variables. The true clusters are the same for each configuration,
as seen in Figure 2.
For each configuration, the variance of the model error, 62, is fixed such that all configurations
have the same model signal-to-noise ratio (SNR). The SNR is defined as
b'Thb

SNR = ===, (15)

O¢

In addition to the true model coefficients and clusters, several parameters are fixed for all
simulation settings. These fixed parameters, as well as the three varying parameters, are summa-
rized in Table 1. A total of 3 X 2 x 2 = 12 different datasets, one for each unique combination of
simulation parameters, is generated.

D PUe LWL L 841 385 *[7202/60/£2] U0 ARIGIT BUIIUO A8IM *(1PN) UANOT 20 @nbljoyled UM YD US 81:08U101[q1E AQ 8SEZT UBKS/TTTT OT/I0P/LI0Y" 3| 1M ARe.qpuIIUO//:SAIY W01} papeo|umod 0 *r/S6.97T

folmA

35UB0 |7 SUOWILOD AR 3|qedtjdde au Ag peusnob ae sapne YO ‘8sN Jo SajnJ 10j AiqiT auluQ A3|1AA UO (SUORIPUOD-P!



MARION ET AL. Wl L E Y 1

For each dataset and method, all but one of the hyperparameters is tuned using the
cross-validation strategy explained in Section C.2 (using especially MSEP), and the average
out-of-sample performance is calculated for each value of the remaining hyperparameter. The lat-
ter hyperparameter is the one that most impacts model complexity: 6 for the CRL and embedded
methods and A for the VC-PCR methods. For methods requiring cluster initializations, perfor-
mance is further averaged over all random initializations. The exact numerical implementation
and other details of the experiments are provided in the Appendix.

For each configuration of the simulated data, sample size n and correlation level p, the model
error, cluster recovery and support recovery are assessed for models with different complexities s
(see Equations 10 and 11). Figure 3 depicts the performance results for the setting where n = 50
and p = 0.6. The average out-of-sample performance is plotted with respect to s, where each point
in the lines corresponds to a different value of the fixed hyperparameter (6 or A). The vertical black
line corresponds to the true number of active variables, 20. For VC-PCR-Lasso, the plotted line
does not cover the entire domain of model sizes s. This is because VC-PCR-Lasso depends on two
sparsity parameters: § for the Lasso regression used to generate the weight matrix for Weighted
SOS-NMF and 4 for the sparsity penalty in Weighted SOS-NMF. For the plots depicted in Figure 3,
only one of these hyperparameters is fixed, while the other is tuned using cross-validation. Clearly,
hyperparameters yielding larger models are never selected.

For the setting where n = 50 and p = 0.6 (Figure 3), VC-PCR-Ridge outperforms the other
methods tested for all of the configurations and performance criteria. For VC-PCR-Ridge, the
best solutions in terms of clustering and support recovery are models with a complexity s close
to the true number of active variables. Moreover, unlike the other two-step methods (i.e., CRL),
the model error for VC-PCR-Ridge is robust to the type of configuration. VC-PCR-Lasso demon-
strates a similar level of robustness to configuration type, but its performance is slightly inferior
to VC-PCR-Ridge. In contrast to these two methods, the model error for VC-PCR-Identity greatly
depends on the configuration type. In addition, the clustering and support recovery are much
worse. This demonstrates the added-value of using nonuniform weights in Weighted SOS-NMF,
the first step of VC-PCR.

As explained in more detail in the Appendix A, the superiority of VC-PCR compared to the
presented competing methods—which do not really supervise via clusters—can be explained as
follows. CEN (Witten et al., 2014) which simultaneously optimizes the regression coefficients and
cluster assignments and is hence computationally attractive, turns out to have severe difficul-
ties to simultaneously maximize the quality of variable selection and variable clustering: as the
penalized solution becomes sparser, less importance is also given to the variable clustering task,
resulting in weaker clustering performance for sparser models, regardless of the true underlying
model complexity.

CRL in all of its versions (Biihlmann et al., 2013) (as a two-step method) is computationally
fast but limited by the fact that their clustering step is unsupervised. As a result, clusters may
contain both relevant and irrelevant variables, which is undesirable.

Finally, for SRR (Christidis et al., 2020), as one embedded method inherently different from
CEN, like for many of the coefficient-grouping methods, cluster assignment is more of a side
effect than a principal objective. Moreover, the best solutions in terms of prediction error tend to
be complex models with extensive cluster overlap. As a result, variables are assigned to clusters
with less certainty, and the clustering performance is less optimal.

The prediction, variable selection, and clustering performance of VC-PCR generally improves
as the sample size n or the correlation p between correlated variables increases. VC-PCR-Ridge
achieves the best variable selection and clustering performance for all configurations, sample
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FIGURE 3 Average out-of-sample performance for n = 50 and p = 0.6, plotted with respect to the average
model size s. Each point in the plotted lines corresponds to a value of the hyperparameter (HP) § or 4; all other
HPs were tuned using k-fold cross-validation. The vertical line indicates the true number of active variables, 20.
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sizes and correlation levels tested. This top performance occurs for models with a complexity
close to the true complexity, s = 20 variables. The prediction performance of VC-PCR is most
impacted by the correlation p between variables, with weaker performance occurring when there
is weak correlation between variables (i.e., weak clustering structure). If p is sufficiently high
(0.6 in this study), VC-PCR-Ridge has better prediction performance than other methods for all
sample sizes, configurations and model complexities tested. This suggests using VC-PCR to test
hypotheses about the data’s cluster structure: if prediction error is not improved using VC-PCR,
then the variables analyzed may not contain predictive cluster structure.

4.4 | Application to a typical genomics data set

We also show that our method can be readily applied to genomics data. We consider the Liver
dataset from Ghazalpour et al. (2006), which was retrieved from https://horvath.genetics.ucla.edu
/html/CoexpressionNetwork/Rpackages/WGCNA /Tutorials/. The 3600 predictor variables in the
original dataset are liver gene expression levels for 135 mice that were subjected to a Western
diet over a period of 16 weeks. The response variable is the weight of the mice divided by their
length. Given that this dataset has been analyzed many times already, we do not add another deep
analysis but rather aim to illustrate how our method can benefit gene analyses in general.

We perform two simple preprocessing steps that are very common in this type of application:
variable screening and normalization. First, all genes with missing values are excluded, as well as
one outlier observation (“F2_221") and all observations with missing weights or lengths. Among
the remaining observations, n = 50 are randomly selected for analysis. The normalized predictor
matrix containing these observations is denoted X and the normalized response vector is denoted
y. The variables are then further filtered based on Partial Least Squares (PLS) applied to X and y
with the number of components m = 5. The resulting loadings matrix for X, denoted Q (p x m),
is used to assess the potential importance of variables: for each component r : 1, ... , m, the first
40 variables j with the largest absolute loadings, |g;-|, are selected as candidate predictors. The
variables with the largest loadings in absolute value are the ones that are most important for recon-
structing X, therefore, they contain the most important information from the original dataset.
For a given component r, the selected variables tend to be highly correlated, whereas for differ-
ent components, the selected variables tend to be less correlated, although some correlation and
selection overlap is observed. In total, p = 195 unique predictors are selected for the final matrix
X. The sample correlation matrix for X (presented in absolute value) is shown in Figure 4. Note
that PLS is not used for preprocessing; the matrix X is simply a subset of the original dataset. Of
course, the results of the analysis are affected by these preprocessing steps. The goal of this specific
preprocessing is simply to mimic what is usually done in the field (namely variable screening)
and to look for structures that match the framework discussed in this paper (potentially relevant
clusters) so that we can assess how our method performs when the data fit this framework.

For the Liver dataset, the true model support and variable clusters are unknown, so it is not
possible to calculate the MCC for variable selection and clustering. Figure 5 depicts the average
out-of-sample prediction error (MSEP) plotted with respect to the average model complexity (s).
As with the simulated data, VC-PCR-Ridge has the best prediction performance for sparse models
(about 20 or fewer variables).

Note finally that our analysis presumes a predictive cluster structure. Our method is not
suitable for data where such a structure is not at all realistic, or when the preprocessing is not com-
mensurate with such structures. More research seems to be in order in these cases. The results in
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(HP) 6 or 4; all other HPs were tuned using k-fold cross-validation.

this section simply support our claim that if there are relevant clusters, our method can perform
very well.

5 | DISCUSSION AND CONCLUSIONS

This paper presented a method for prediction and supervised variable clustering, VC-PCR.
VC-PCR first identifies variable clusters and performs variable selection via Weighted SOS-NMF.
The weights used for Weighted SOS-NMF—which encode the prior relationship between the
predictors and the response—make it possible to supervise both the clustering and the variable
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selection. VC-PCR then uses the cluster membership degrees to generate latent variables, and a
linear model is estimated to relate the latent variables to the response.

Unlike known two-step methods, the clustering in VC-PCR is supervised. As a result, the iden-
tified clusters tend to be more homogeneous: active and inactive variables are less likely to be
mixed together. VC-PCR is computationally more efficient than embedded methods, and it can
be easily applied to a variety of tasks (regression, classification, survival analysis, etc.).

Across all considered configurations, VC-PCR with Ridge-regression weights (VC-PCR-Ridge)
yielded the best variable selection and clustering performance. For data with predictive cluster
structure, especially in sparse cases, VC-PCR also achieved superior predictions. Unlike related
methods from the literature, VC-PCR is able to simultaneously improve prediction, variable
selection and clustering performance.

A potential direction for further research is the incorporation of prior knowledge, such as
known biological pathways. This, however, would require further investigations.
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APPENDIX A. RELATED WORK

This section presents methods related to the proposed SOS-NMF and VC-PCR methods.
In Section A.1, several NMF methods are summarized and compared to SOS-NMF. In
Sections A.2-A.4, three different classes of prediction methods are described and compared
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to VC-PCR: coefficient-grouping methods (Section A.2), ensemble methods (Section A.3) and
two-step methods (Section A.4).

A.1 NMF methods

SOS-NMF is most closely related to the problem of NMF. While certain methods exist for
addressing aspects of the SOS-NMF problem, no method satisfactorily addresses all aspects
simultaneously (i.e., sparsity, orthogonality and semi-nonnegativity). This section explores the
relationship between SOS-NMF and several closely related NMF methods from the literature.
Comparisons to other NMF methods (Semi-NMF, Ding, Li, & Jordan, 2008; Orthogonal NMF
Ding, Li, Peng, & Park, 2006; and Sparse NMF (Kim & Park, 2007)) can be found in the Appendix.
The objective functions and constraints associated with the NMF methods studied in this paper
are summarized in Table Al.

Sparse Orthogonal NMF (SONMF) (Dai et al., 2018) constrains V to be sparse, nonnegative
and orthogonal. In contrast to SOS-NMF, however, the input Z to SONMF must be nonnegative,
making SONMF less flexible. Moreover, the scale of the columns of V is constrained, rather than
the scale of the columns of U. These scaling differences have important implications for the esti-
mation of V. For SOS-NMF, the solution for v; can be solved independently for each variable j
because the scale of each vector vy is not fixed. For SONMF, the solution for v; depends on all
other entries in V due to the orthonormality constraint. As a result, the solution for each vector
v; cannot be found independently, and the scale of vy for variables j € Cy depends on the size of
cluster k. The more variables that are assigned to cluster k, the more likely it is that these vari-
ables will have low memberships vy, to satisfy the constraint ngk = 1. This unfairly penalizes
large clusters, as the sparsity penalty makes small values vj, shrink to zero.

SOS-NMF is also related to Nonnegative Sparse Principal Component Analysis (Zass &
Shashua, 2007). In contrast to SOS-NMF, the columns of V in NSPCA are only quasi-orthogonal,
unless y = co. This means that variables may be assigned to multiple clusters (i.e., v; may have
multiple nonzero entries). For the special case where y = co, NSPCA differs from SOS-NMF with
respect to the scaling constraints on U and V: SOS-NMF constrains the scale of U whereas NSPCA
constrains the scale of V (see the Appendix for more details). This difference in scaling has impor-
tant practical implications. By constraining the scale of V and encouraging its sparsity, NSPCA
unfairly penalizes large clusters (see the explanation above). Moreover, to the best of our knowl-
edge, no optimization strategies have been proposed for solving the NSPCA problem when y = oo,
referred to here as Orthonormal NSPCA.

Although it was not originally presented as an NMF method, Clustering around Latent Vari-
ables K + 1 (CLV K + 1, local mode) (Vigneau, 2016) can be rewritten as an NMF problem that
is similar to SOS-NMF. In contrast to SOS-NMF, the cluster memberships vj, are constrained
to be binary, making them less informative. In addition, the sparsity penalty is weighted by the
standard-deviation of the input variables. As a result, cluster assignments only depend on the
correlation between the latent variables and the input variables. This means that modifying the
scale of the input variables, as is proposed for clustering-part of VC-PCR (see Section 3.2), does
not affect the relative importance of variables during clustering. Therefore, unlike for SOS-NMF,
prior weighting cannot be used to supervise the variable clustering.

A.2 Coefficient-grouping methods
Most of the supervised variable clustering methods in the literature rely on a regression frame-
work, identifying variable clusters by pushing regression coefficients towards each other in
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(absolute) value. These coefficient-grouping methods (which are listed in Table A2 for the sake of
completeness) generally optimize a least-squares criterion with two penalties: a sparsity penalty,
which encourages null coefficients, and a grouping penalty, which encourages coefficients for cer-
tain variables to take the same (absolute) value. The objective function for these methods usually
takes the form

J(b) = %lly — Xb|2 + Penalty(b; 5) + Penalty,(b; 4), (A1)

where A > 0 and 6 > 0 are hyperparameters, Penaltyg(b) is a sparsity penalty and Penalty;(b) is
a coefficient-grouping penalty. With the exception of CEN (Witten et al., 2014), these methods
identify variable clusters after the vector of coefficients b is estimated: all variables with the same
estimated coefficient (in absolute or real value, depending on the method) are assigned to the
same cluster.

Some of the coefficient-grouping methods rely on prior graphs. If the graph is not known in
advance, a fully connected graph containing all p(p — 1)/2 possible edges may be used. However,
this strategy can be inefficient, even for relatively small p, as the computational time can increase
exponentially with the number of edges (Yang et al., 2012). Nongraph-based methods that penal-
ize sums over all pairs of variables also suffer from efficiency problems. Thus, computation time
is one of the major challenges for coefficient-grouping methods.

While in the same spirit as other coefficient-grouping methods, CEN (Witten et al., 2014)
approaches the problem of supervised variable clustering in a unique way. The grouping penalty
for CEN contains the objective function for K-means, where the points to cluster are the variables
weighted by their respective regression coefficients. At each iteration of the CEN algorithm, pairs
of variables in the same cluster have their coefficients pushed toward each other in absolute value,
especially if they have high absolute correlation.

CEN differs from the other methods with respect to two important aspects. First, the grouping
penalty does not require summation over pairs of variables, simplifying the calculations neces-
sary. Second, CEN simultaneously optimizes the regression coefficients and cluster assignments,
rather than defining the clusters after estimating the coefficients.

Let the variable partition C := {C1, ... ,Ck}. The objective function for CEN is
J(b,C) = %lly - Xb||§ + Penalty(b; 6) + Penalty;(b, C,X; A)
1 g < 1
= Sy =XbI +8 Y Ibjl + 4 ¥ lIxiby = — 3" xeby |3, (A2)
= k=1 jeC, Pkjee,
S —
centroid k

where py is the number of variables in cluster k.

For fixed b, the CEN problem reduces to minimizing the grouping penalty function with
respect to C. This is equivalent to clustering the coefficient-weighted variables x, b1, ... ,Xpb,
using K-means. As we will demonstrate below, this weighted K-means problem is closely related
to our proposed Weighted SOS-NMF problem. Let H (p X K) be a binary matrix with orthogonal
columns, and let Cy, := {j | hj = 1}. Given a vector b of regression coefficients, the CEN solution
for Cy, ..., Ck can also be found by estimating H and inferring the clusters from it. The solution
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for H is given by

H = arg min ||Xdiag(b) — Xdiag(b)H(H H)'H" ||2
H

s.t. H € {0,1}PK (A3)

s.t. H has orthogonal columns,

where diag(b) is a diagonal matrix whose diagonal is composed of the vector b of coefficients. The
CEN solution for Cj, ... , Ck can be found by setting 6‘;{ ={j ﬁjk =1}, Vk.

Clearly, the problem in Equation (A3) is similar to the Weighted SOS-NMF problem, with a
few exceptions: (i) the cluster membership matrix H is binary and (ii) the vector b used to weight
the variables in X is the minimizer of Equation (A2) for fixed C, not a fixed input. For fixed C and
bs, ¢ # jandj € Cy, the minimizer E of Equation (A2) is

Soft(e/x;+ = Y bex[x¢.6)

J

k

~ £eC L4

b = , (A4)
Ty, Ap=1)
X; x;(1 + I )

where e; =y — Zf;éj x¢bs and Soft(z, 6) = sign(z)(|z] — 6)+-

As A decreases, the vector b becomes sparser. However, less importance is also given to the
variable clustering task, resulting in weaker clustering performance. Therefore, unlike Weighted
SOS-NMF, CEN generally achieves better clustering performance for less sparse models, regard-
less of the true underlying model complexity. This makes it difficult for CEN to simultaneously
maximize the quality of variable selection and variable clustering.

A.3 Ensemble methods and SRR
Another approach to the supervised variable clustering problem is to simultaneously estimate
K models, one for each cluster, then predict the target based on the average coefficient vector
across clusters. SRR (Christidis et al., 2020) takes this “ensemble-method” approach. Rather than
estimating a single vector of coefficients, SRR estimates multiple sparse coefficient vectors and
encourages these vectors to be as diverse as possible. Although SRR does not explicitly search
for variable clusters, they may be inferred from the coefficient vectors: a variable belongs to a
given cluster if its coefficient in the corresponding coefficient vector is nonzero. This approach
can identify overlapping clusters and does not force coefficients of variables in the same cluster
to tend towards the same value.

The objective function for SRR is

K p P
1
T(by, ... .by) = ;{%ny—xmﬁ +8 la;wm HO-@ X+
= , j= j= (A5)
+ADT Y byl Iy }

g#k j=1
The matrix B=[b; --- bg] is essentially a cluster membership matrix, where variable j
belongs to cluster k if bj # 0. Variables can belong to multiple clusters, but “hard” clusters
Ci, ... ,Ck can also be defined such that Cy := {j | k = argmax,|b;-|}. Maximal diversity is
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achieved when the rows of B contain only one nonzero element and thus each variable belongs
to a single cluster (i.e., |bj||bjg| = 0 Vj, k, g).

The final vector of regression coefficients used for prediction is an average across all
vectors by:

Zbk. (A6)

Like many of the coefficient-grouping methods, cluster assignment is more of a side effect
than a principal objective of SRR. Moreover, the best solutions in terms of prediction error tend
to be complex models with extensive cluster overlap. As a result, variables are assigned to clusters
with less certainty, and the clustering performance is less optimal.

A.4 Two-step methods

The methods described in Sections A.2 and A.3 are embedded methods because model estimation
and clustering are performed simultaneously. As a result, the tasks of clustering and modeling are
inherently dependent. For two-step methods, these tasks are separated: first, clusters are identi-
fied using an unsupervised clustering technique (Step 1), then a model is estimated based on the
outputs of the clustering algorithm (Step 2).

One advantage of two-step methods is their computational efficiency compared to embedded
methods. It is also easier to adapt them to different types of prediction tasks, such as regression,
classification and survival analysis. Indeed, the outputs of the clustering algorithm can simply be
used as inputs to existing prediction algorithms. However, unlike VC-PCR, most two-step meth-
ods perform clustering without any supervision by the target. As a result, they cannot distinguish
variables that are relevant for prediction from irrelevant ones. This is a significant limitation for
these methods, as relevant and irrelevant variables may be mixed into the same cluster, thereby
diminishing subsequent prediction performance.

Different unsupervised clustering algorithms have been proposed for the first step of the
two-step approach, the most common being K-means (used by e.g., Ma et al., 2007) and HAC
(used by e.g. Biihlmann et al., 2013; Park et al., 2007). A variety of different strategies for the
second step have also been proposed. These strategies are summarized below.

For CRL (Biihlmann et al., 2013; Park et al., 2007), Lasso is used to estimate a sparse model
in the second step, where the cluster centroids m,, ... , Mg from first step are the predictors. The
Lasso solution is given by

argmin L(M, y: a) + 5||a||1, (A7)
a

where L(ﬁ, y;a)isaloss function, a (K x 1) contains the model coefficients and § is a nonnegative
hyperparameter for the Lasso penalty.

Performing regression or classification based on the K cluster centroids, rather than the p
variables in X, can be advantageous because K is typically much smaller than p. This decreases
the dimensionality of the problem, making it less prone to the curse of dimensionality.

For Cluster Group Lasso (CGL) (Bithlmann et al., 2013), Group Lasso (Yuan & Lin, 2006) is
used in the second step. The variables in X, rather the cluster centroids, are used as predictors,
and the clusters C1, ... , Cx are used to define the groups used in the grouping penalty. The Group
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Lasso solution is given by

K

argmin L(y,X,b) + /IZ Z bjz, (A8)
b k=1 \| :~~
JeC

where L(y,X,b) is a loss function, b (p x 1) contains the model coefficients, 4 is a nonnegative
hyperparameter for the Group Lasso penalty and Cy is the k™ cluster identified in the first step.
For each cluster Cy, the Group Lasso penalty results in either the selection of all of the variables
in the cluster (i.e., they all have nonzero coefficients) or none of them (i.e., they all have null
coefficients).

An alternative to CRL and CGL is to estimate independent Lasso models for each cluster
identified in Step 1. This strategy, which allows for feature selection within clusters, is used for
Supervised Group Lasso (SGLasso) (Ma et al., 2007). SGLasso also performs a third step where
these sparse clusters are used to define the groups in Group Lasso (Yuan & Lin, 2006). The Group
Lasso step is necessary for selecting the clusters that are important for predicting the response.

All of the previously mentioned methods are limited by the fact that their clustering step is
unsupervised. As a result, clusters may contain both relevant and irrelevant variables, which is
undesirable.

APPENDIX B. ALGORITHM AND HYPERPARAMETERS

This section summarizes the VC-PCR algorithm and offers guidance with respect to the choice of
the hyperparameters A and K, as well as the weight matrix W.

B.1 Algorithm
The entire VC-PCR algorithm is summarized in Figure B1. At the beginning of the algorithm, V
is initialized based on an initial partition Cj, ... , Cg of K variable clusters, where v = ]I[i € Ck].

B.2 Choice of weights

As mentioned in Section 3.2, the entries w;; in W should indicate (i) the prior relationship between
variable j and the target y (e.g., positive vs. negative association) and (ii) the importance of variable
j in the prediction task. We propose two potential weighting schemes based on the coefficients of
Lasso and Ridge models. Given X, y and a hyperparameter 6, a vector of coefficients w is estimated
by solving

arg min L(X,y; w) + Penalty(w; 6), (B1)

where L(X,y; w) is a loss function and Penalty(w; 6) is a penalty function. For Lasso coefficients,
this penalty is 62;’21 |w;| and for Ridge coefficients, the penalty is 52;’211/1)].2.

When Lasso weights are used, prior variable selection is performed, as variables with Lasso
coefficients equal to zero are essentially excluded from the variable clustering task. The remaining
variables are weighted by a value that reflects their relative importance in the prediction task, as
well as the direction of their correlation with the target. Ridge weights encode similar information
but do not preselect variables: in most cases, all variables are given a nonzero weight. However,
variables with high absolute correlation are more likely to have similar weights in absolute value.
This encourages SOS-NMF to cluster these variables together.
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Require: A predictor matrix X (n x p) with mean-centered, unit-variance columns, a target vector y (n x 1) (binary for classification, centered
and scaled for regression), a diagonal weight matrix W (p x p), an initial partition Cy, ..., Cx and a hyperparameter A > 0
Ensure: A sparse cluster membership matrix \7, a latent variable matrix M and model coefficients a
> Initialization

1: for each cluster k € 1,...,K do

2: for each variable j € 1,..., p do
3: vik =1[j € Cel;

4: end for each

5: end for each

> Cluster memberships
6: while not converged do
> Update latent variable matrix

7: if there are columns of zeroes in V then
8: remove columns of zeroes from V;
9: end if

10: U=XWV(VTV);
11: for each cluster kin 1,...,K do

12: U = Oy /sd(g);
13: end for each

> Update cluster membership matrix
14: for each variable j in1,..., p do
15: k = argmax, wj;cor(ug, x;);
16: vig = (wjicor(ug, ;) = A)4;
17: end for each
18: end while
19: V=V

> OLS

20: M = XV,

21: Calculate a by solving Eq. (7);

FIGURE Bl \Variable cluster principal component regression (VC-PCR).

BB.3 Choice of hyperparameters
The hyperparameters are discussed later in Section C.2.

APPENDIX C. DETAILS ON THE EXPERIMENTS

C.1 Implementation

The experiments were programmed in R. Weighted SOS-NMF, VC-PCR, and SRR were imple-
mented using in-house code. CEN was performed using code provided by the authors. Lasso and
Ridge regression was performed using the function glmnet from the glmnet package. For the
CRL methods, Ward’s hierarchical clustering and K-means clustering were performed using the
functions hclust and kmeans from the st ats package. Hierarchical clustering based on canonical
correlation was performed using the function hclustvar from the ClustOfVar package.

Of the methods compared, CRL with K-means clustering (CRL-kmeans) and hierarchical
clustering based on Ward’s criterion (CRL-hclustCor) were the fastest methods (faster than
VC-PCR by a factor of 16 and 7, respectively). This is likely due to the fact that the kmeans function
from the stats package is partly coded in C and the hclust function is partly coded in Fortran.
Compared to VC-PCR, CEN was four times slower, CRL with hierarchical clustering based on
canonical correlation (CRL-hclustCC) was seven times slower and SRR was several 100 times
slower.
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C.2 Hyperparameter selection
The methods compared in this study depend on the choice of several hyperparameters. The
VC-PCR algorithm, as well as the embedded method SRR, depends on three hyperparameters: K,
the number of clusters in the initial partitions, 6, the hyperparameter used to estimate the weights
in W, and 4, which determines the degree of sparsity in V. In practice, these hyperparameters are
tuned using k-fold cross-validation, using a criterion such as the MSEP for regression problems
or the Matthews Correlation Coefficient (MCC) (Matthews, 1975) for classification problems. For
larger data, k-fold cross-validation might become computationally challenging. We would then
expect methods such as AV (Lederer, 2022, Chap. 4) to be more appropriate. We now discuss the
selection of these hyperparameters in a bit more detail.

For the sparsity hyperparameter 4, the smallest value leading to V = 0 can be determined
based on the first iteration of the while loop in Figure B1. Let “z(cl) be the kth latent variable at the

first iteration. All elements vj are equal to zero if 4 is greater than or equal to wjjcor(ujcl), x;), for
all j, k. Therefore, the largest value of 4 to consider is

Amax = m%x wjjcor(u]({l),xj). (C1)
Js

For SRR, the fourth hyperparameter « is fixed to 1, resulting in a Lasso penalty (see Equation A5).

For the hyperparameters 6 and A, 10 values are tested for each method. For the simulated
dataset, three values of K are tested: {4, 5,6} (the true value is 5). For the real dataset, five val-
ues of K are tested: {10, 20, 40, 50, 60}. Some methods, such as CRL-kmeans, CEN and VC-PCR,
require an initial set of clusters for each value of K. Five random initializations are tested for these
methods, and the resulting performance is subsequently averaged (see Section S1).

Concerning (k-fold) cross-validation to select hyperparameters via evaluation of the average
out-of-sample performance, we note that this involves k-fold cross-validation at two levels: an
inner and an outer loop. The dataset is split into 10 outer folds. Then, for each iteration m of
the outer loop, the samples in outer fold m are set aside and fivefold cross-validation (the nested
inner loop) is performed on the remaining samples. The latter samples are normalized before
analysis: the target and predictors are centered and scaled to unit variance. The hyperparameters
yielding the model with the smallest average MSEP across the inner folds are then selected and a
final model is trained using all samples in the inner folds, which are also normalized. The perfor-
mance of this model is evaluated using the samples in outer fold m, which were not used during
model selection or estimation. These samples are normalized using the same parameters used to
normalize the samples that trained the model. After iterating through all of the outer folds, the
average out-of-sample performance is then calculated.
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