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Abstract—Dithering techniques, through the addition of a
(random) signal before the Analog to Digital Converter (ADC),
are widely used in acquisition chain designs for their ability
to shape the quantization noise, e.g., to improve the estimation
and detection of the sampled signal. In this paper, we stray
away from this additive dithering scheme—that often induces
a complex and high-cost implementation—and adopt a phase
dithering technique applicable to 1-bit quantization of radar
signals. Our approach leverages already existing radar architec-
ture of Frequency Modulated Continuous Wave (FMCW) radars
and can be efficiently implemented. We first study theoretically
the efficiency of our scheme by linking it to Phase-Only (PO)
acquisition, a coarse quantization scheme that only records the
signal phase. We then show, through extensive Monte Carlo
simulations, that phase dithering is an interesting alternative to
the additive random dithering for low-measurement regimes.

1. INTRODUCTION

The recent years have seen the advent of smaller form
factor radars [1]. These low-footprint sensors have opened
the way for numerous new applications (from healthcare [2]
to automotive safety [3]) and, more generally, for a more
ubiquitous way of sensing the environment around us. This
creates new challenges in acquiring and processing the data
generated by this new breadth of applications, which often
have higher sensor density. One way of reducing the amount
of data to transmit and process is to lower its resolution
using coarser Analog to Digital Converters (ADCs). Recently,
1-bit acquisition schemes, whereby the signal is only recorded
using binary value (e.g., =1 or low and high), have been
heavily investigated in multiple applications such as wireless
communications [4], [5], as well as radar sensors [6]—[8].

Given a (discretized) scene x € CY, the measurement
vector y collected by a (linear) sensor—associated with a
sensing matrix ® € CM*N__can often be modelled as
y = Q(Px) € C, where the quantizer Q : CM — C, for some
codebook C (with |C| = M2B for a B-bit scalar quantizer),
digitizes the signal r := ®x generated by the sensor. Combin-
ing the model ® (often represented by a Fourier transform for
FMCW radars) with the quantized measurements y, enables
the estimation of x through reconstruction algorithms. In
applications where 1-bit quantization is considered, i.e., with
binary real and imaginary components, the quantizer reads
9(:) = Op(+) := signR(-) +isign I(-). Using this type of bi-
nary acquisition aims to lower the requirement on the hardware

The authors thank T. Fromenteze, M. E. Davies, M. Drouguet, D. Van-
hoenacker, and C. Craeye for their insightful comments. TF’s work was
supported by FNR CORE SURF Project, ref C23/1S/18158802/SURF and
European Research Council (ERC, SpeckleCARS, 101052911), LJ’s work by
FRS-FNRS (QuadSense, T.0160.24).

ISBN: 978-9-4645-9361-7

2692

2JCTEAM, UCLouvain.

by either lowering its cost or its power consumption [9], [10].
Although the implementation is extremely simplified, applying
crudely this binary quantizer often comes at a cost in terms
of performance as shown in [6], [11]-[13]. Indeed, in [13]
for Bernoulli matrices and in [6], [11] for Fourier matrices,
authors showed that applying this extremely low-resolution
quantizer on noiseless data can result in ambiguous scenarios,
preventing high-quality reconstructions. One such scenario
arises when two different sparse vectors, once quantized, are
sent exactly to the same bits, removing any possibility of
distinguishing them after quantization. Fortunately, using an
additive dithering before quantization often solves this issue,
even in highly quantized settings. Mathematically, this can be
modelled by a vector £ € C™ that is added to the signal before
the quantization; the quantizer becomes QT (-) := Q(- + &)
(see [11], [14], [15] and others). Several schemes have been
considered to generate such a dithering. Authors in [16]-[18]
proposed to generate it according to the previous measure-
ments (following a XA quantizer principle [17, Sec. 6]) in
order to extract the most information possible out of those
coarse 1-bit measurements. While this tailored process induces
a steep performance gain in the signal reconstruction, it also
implies a feedback loop between the reconstruction and the
1-bit acquisition that can be quite expensive, be it in cost or
power, to implement.

Authors in [15] proposed a randomly generated dither,
generated uniformly at random inside the quantization bin,
not depending of the reconstruction algorithm. They were able
to show that by leveraging the effect of this dither on the
quantized data, one can upperbound the /5-reconstruction error
of the Projected-Back Projection (PBP) algorithm [15].

Implementing this dither in practice, however, comes with
several challenges. Indeed, in the case of binary quantization,
the random uniform dither has to span the dynamic of the
measured signal, i.e., ||7||s. Therefore, (i) this uniform ran-
dom variable must be generated in hardware at a reduced cost
or power consumption compared to high-resolution ADCs,
without using high-resolution DACs (Digital to Analog Con-
verters); (ii) we need an estimate of the signal’s dynamic, a
strong assumption in radar signals given the high variability
of their received powers [19]; and (iii) since certain signal
reconstruction algorithms (such as the quantized iterative hard
thresholding [20]) require knowing the sampled dithering to
enforce the consistency of the estimated signal with the quan-
tized measurement [21], [22], the dither must be controlled (for
reproducibility) or measured before or during the acquisition,
which imposes further constraints on the hardware.

Given these issues, and still considering the need of ran-
domized schemes to mitigate the quantization error, we set out
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to find another way of dithering signals coming from FMCW
radars. We introduce a phase dithering that modifies the phases
of the measured signals before the 1-bit quantization according
to unitary vector with a random phase.

The contributions of this paper are the following: (i) we
show that using phase dithering in the context of 1-bit quan-
tization is a viable trade-off between reconstruction perfor-
mances and complexity of implementation in hardware; (ii) we
demonstrate that this dithering scheme has reconstruction
performances bounded by what is achievable by Phase-Only
(PO) acquisition scheme [23]-[25]; (iii) finally, we confirm
these results and show that phase dithering compares favorably
to other dithering schemes at low-measurement regimes.

This paper is structured as follows. Sec. I explains the dif-
ficulty of implementing an efficient dithering procedure in the
context of radar systems. Sec. II introduces the sensor whose
model is leveraged to obtain an efficient and cost-effective
dither, i.e., FMCW radars. Sec. IIl introduces the phase
dithering studied in this paper and highlights its advantages
compared additive dithering in terms of practical implementa-
tion. Sec. IV links phase dithering of 1-bit observations to PO
acquisition and studies its limits in terms of uniform recovery
guarantees of Fourier based measurements. The results of
Monte-Carlo simulations are presented in Sec. V. Finally,
conclusions and future works are presented in Section VI.

Notations: We denote matrices and vectors with bold sym-
bols, e.g., ® € CM*N g < CN, and scalar values with
light symbols. We will often use the following quantities:
[d] := {1, -+ ,d} with d € N; the complex number i such that
i = —1; R{\} (or A®) and S{\} (or A¥) are the real and
imaginary part of A € C, respectively, and \* is its complex
conjugate; A™ is the conjugate transpose of A; supp x is the
support of & € C%; (x,y) = Zle x;yF is the scalar product
between two vectors x,y € C4; the £y-norm of « (p > 1) is
defined as ||z, = (2?21 l2:[P)Y/P, with [|&]|oo = max; |z;].
The Hadamard product is ®, and the angle operator (applied
componentwise onto vectors) reads Z(ce'?) = ¢ for ¢ > 0
and ¢ € [—m,7]. An K-sparse & vector belongs to the set
SR = {u € CV,|lul]lp < K}. We define signg as the
Phase-Only operator, which removes the amplitude out of each
component of the complex signal, signs(A) = ‘—i\‘l for A € C.

II. FMCW RADAR SIGNAL MODEL

In this section, before introducing the low-resolution ac-
quisition model, we first focus on the model of the sensor
from which the signals will be collected. In this paper, we
consider a Frequency Modulated Continuous Wave radar with
one transmitting and one receiving antenna.

The carrier frequency pattern f.(¢) of an FMCW radar can
be characterized as a saw-tooth function (see Fig. 1):

fe@) = fo+ T%(t mod T5,),

with fj the central frequency, 7, the chirp duration, and B the
spanned bandwidth. Considering, for now, a simple ranging
problem where the scene is made of only one target located
at a range R from the radar which has one receiving antenna.

fo+ B 1

fo

Fig. 1: Representation of the frequency content of the transmitted (plain, blue)
and received (dash dotted, red) chirps with a delay 7

The received signal is a time-delayed version of the frequency
modulated transmitted signal s(t),

() = as(t — 1),

and is represented in Fig. 1 (see the red curve). The delay 7 is
simply the round-trip between the radar and the target and can
be thus expressed as 7 = %. The variable o € C represents
the amplitude of the received signal, this encompasses the
Radar Cross Section (RCS) of the target but also all the other
losses (e.g., path losses, and gains in the acquisition chain).
For the simplicity’s sake in the rest of our presentation, the
complex value o will refer to a global constant amplitude that
may change from one line to the other in the description of
the reception and demodulation processes. Indeed, each of the
these stages is associated with its respective complex gain. It is
interesting to note that in Fig. 1, the delay 7 in the time domain
between s(t) and r(t) can also be observed as a frequency shift
%7‘ in the frequency domain.

FMCW radars use coherent demodulation, where, to recover
this frequency shift, the received signal ' (t) is demodulated
using the transmitted signal s(t) itself. In essence, using
this demodulation process, we are now only recording the
changes that are imparted by the environment. The architecture
required to perform this coherent demodulation is presented
in Fig. 2, where the I and ) channels represent the real and
imaginary part of the demodulated received signal () respec-
tively. The process represented in Fig. 2, can be expressed

Analog

Digital

DSP

Quantization

& Processing
Fig. 2: Representation of a IQ coherent demodulation for an FMCW radar
with one transmit and one receive antenna

mathematically simply as 7(t) = r?F(¢)s*(t). Leveraging the
linear change in frequency of the transmitted signal allows us
to express the received signal r(t) in base-band, i.e., we have

r(t) = aexp (—i2n7f.(t)). (D

In words, (1) shows that the coherent demodulation expresses
the time difference 7 coming from the target as a frequency
shift between the transmitted and received signals. This fre-
quency shift linked to the range is represented in Fig. 1.
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It is interesting to note that this frequency shift T T i
often several orders of magnitude below the bandwidth B.
This fact motivates the use of the coherent demodulation as
the sampling frequency is now linked to T—T instead of B.
The range resolution dz can be simply expressed as dp =
thanks to the property of the Fourier transform.

Considering a simple additive model, the received base-band

signal from a scene with K targets can be expressed as

r(t) = Zk Lorexp (— |27r2R" fe(t),

where o and Ry are the received powers and ranges from
each of the K targets measured in the scene. If the duration
of the acquisition is restricted to ¢t € [0,T.], the problem
of estimating the ranges of these K targets is tantamount to
estimating the frequency content of r(¢) (e.g., by associating
each peak in the frequency domain to a specific range).
Discretizing the ranges over an N sample grid (with sam-
pling period dr) and sampling r as r[j] := r( N_]) j € [N],
provides the following linear model r = ¥z, where = € X%
(i.e., z; equals «y if the j-th pixel contains the k-th target,
and is O otherwise), W is the N x N discrete Fourier matrix.
We can reach a compressive sensing scheme [26]

= <
2B

r=&xcCM, 2)

by (randomly) subsampling Wz over M < N frequencies, i.e.,
® := PV with a subsampling matrix P € {0, 1} *¥_ Since
we consider quantized signals, we allow for oversampling,
M > N, by accumulating G = [M/N| FMCW ramps, and
subsampling the last one over M —(G—1)N < N frequencies,
e, ®' =", ... ¢ (P®)T]T

III. PHASE DITHERING

In this paper, instead of dithering the amplitudes of the
received signal in (2) in the real and imaginary domain, we
propose to dither their phases by multiplying the signal with a
unitary signal & with a random phase, i.e., £ ~iq. €427,
j € [M]. Defining Qy(-) := sign®R(-) + isign(-), the
proposed quantization process can be represented as:

y:=0Q% r=®x) =co(rof) o, cu:=7.

This way of dithering solves the first issue brought up by
the previous section regarding the additive scheme. It is indeed
amplitude independent and can be thus applied without the
knowledge of the dynamic of the signal ||y||oo. Furthermore,
dithering the phase can be achieved using different and already
existing architectures. Using a non zero-if demodulation archi-
tecture [27] such as in Fig. 3. One needs to generate the dither
&*(t), the radar transmits the original signal s(¢) and then the
received RF signal 7 (t) is demodulated by s(¢)&*(¢). The
coherent demodulation process then becomes

rao(t) = () (s(D)E° (1) = r(t)E(1);

sampling the time signal 7,0 (¢) finally gives r ® &.

Another way of randomly modifying the phase of the
received signal is to modify the signal after its coherent de-
modulation. In Fig. 4, the base-band signals are multiplied by

Analog
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Fig. 3: Example of FMCW radar architecture with non zero IF demodulation
and 1-bit quantization

the real and imaginary parts of the dither £*(¢) = £®(¢)+i €'(¢)
and combined in the following way,

r(t) x &(t) = r(t) x £5(t) — () x £'(t)
+ i (rf ) x €@ + (@) x & @).

This process can be easily implemented with off-the-shelf
components; it only requires base-band components operating
thus at low frequencies. These are both inexpensive and require
low power compared to their RF counterparts.
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Fig. 4: Possible FMCW radar architecture with phase dithering and 1-bit
quantization.

I'V. RECONSTRUCTION GUARANTEES AND CONNECTIONS
WITH PHASE-ONLY ACQUISITION

We now study the reconstruction guarantees of the proposed
quantization scheme using a specific algorithm, the projected
back projection (PBP). It produces the following estimate, & =
Hi (®*y), where Hy (+) is a hard thresholding zeroing out
all but the K largest components (in amplitude) of its input.

Let us assume that * € S¥. Given phase dithered 1-bit
data y = Q©(®x), the backprojected vector a = %@*y
(with & = Hx(a)), the support S := supp(z) of the back-
projection estimate, and 7 := supp(x)US, the reconstruction
error can be bounded by ||z — &|l2 = ||z — asll2 < ||l —
at|2 + |lar — asl|2. Since as = Hg(a) is the best K-
term approximation of both a and a7, we have ||z — |2 <
2|l — a7||2 and this last term can be further split into

|z — |2 < Epo + &g 3

with Epo = 2||@ — (@ signe(P)).,[|2 accounting for
the error achieved by PBP on Phase-Only measurements
signg (®x), and &, = 2 ||(®” (signg (®x) — Q°(®x))) [l
the quantization distortion induced by 1-bit measurements
compared to the PO measurements.

The error Epg is known to decay as O(y/K /M) when M
increases [25] if the matrix ® satisfies the (£, (2)-RIP with
p = 1 and level 2K—i.e., ||Pul, is close to ||ull2 up to
small distortion § = O(y/K/M) for all 2K -sparse vectors
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u, which is the case, with high probability (w.h.p.), if ® is
an Gaussian random matrix. Extending this error bound for
Fourier-based sensing matrix is an open question; but provably
efficient reconstruction methods exist for real signals x [28].
Regarding the second error term in (3), &;, one can show
that if ® satisfies the (f3,02)-RIP of level 2K with small
distortion, which is verified w.h.p. for Gaussian and partial
random Fourier matrices ® [26], and if the dithered phases
are drawn uniformly at random on [0, 27), then, given v > 0,
w.h.p., E, <~y provided M > M, with My = O(y?K) up
to log factors [29]. Without proving this last bound here, this
fact is related to the following property: in expectation, a phase
dithered 1-bit quantized vector matches its PO observations.

Proposition 1. For a € C™ and & ~i;.q. Y927 j € [M],
we have E¢Q%(a) = signg(a).

Proof. Since Q° is applied componentwise onto vectors, it
suffices to show the result for scalars. Given a = |ale!?, and
the dither £ = €' with u ~ U(0,27), E¢[Q%(a)] is given by
52 0277 Q(lale®TW)eudu, or L2e'? 027T Q(e')e~ 1 udu,
the integrated function being periodic in u. However, the
function g(u) := Q(e'")e”'" respects g(u + §) =
g(u) since Q(iz) = i1Q(z). Therefore, E¢[Q%(a)] =
4520 Oﬂ/2 Q(el™)e *du, and since Q(e'*) = v/2¢'T in
this integration range, the result follows from the fact that
s /2 —iu -7
c@:zandfo e~ iudy =/2e" ' %, O

This last proposition shows a clear difference with the
additive dithering scheme. While this one cancels out the
quantizer in expectation (over a certain domain, depending on
the quantizer range and resolution [15]), in expectation, phase
dithered one-bit quantization can only recover signal’s phase.
One of its strengths—being independent of the amplitude—
induces a weaker reconstruction guarantees. As shown by (3),
the PBP error in the proposed 1-bit scheme is bounded by
both the performances of the PO acquisition (€pp) and the
information loss between PO and quantized observation (&;).
However, as explained below, this fact should not discount
this novel dithering scheme, and the hardware simplifications
it brings, as a viable alternative to its additive counterpart.

V. SIMULATIONS

We now assess the developed phase dithered scheme by
carrying out Monte-Carlo simulations. 100 runs are performed
for each set of parameters. At each run, a s-sparse vector is
generated. The support is set according to a uniform distri-
bution, the amplitudes of each non zero component are then
generated as random uniform variables and given a random
phase. The resulting s-sparse vector is then normalized. The
linear measurements are generated by the multiplication of
these sparse vectors by a matrix made of elements of a
Fourier transform. We define the dimensions of the sparse
vector x € CVN with N = 256 and we vary the number
of measurements as m = puN with g € [276 2%]. When
1 < 1 we sub-sample the Fourier transform, which, in the
FMCW radar model amounts to sub-sampling the elements
of one demodulated chirp. When p > 1, whole repetitions of
the Fourier matrix are taken, corresponding thus to multiple

consecutive chirps. Five different acquisitions are compared:
the classic linear acquisition (@), the one bit-acquisition with
additive dithering Q* (), the phase only acquisition sign¢
(©), and 1-bit acquisition with phase dithering Q° (®).
These 1-bit schemes with dithering are also compared with
the deterministic 1-bit acquisition Q@ ({). Those quantized
data are then processed with two different algorithms, namely
PBP and QIHT.

Fig. 5 compares the different acquisition schemes using the
PBP algorithm. One can first see that the additive dithering
behaves as expected by the theory and has a /5 error that
decreases as O(M _%) (see [15]). While this behaviour guar-
antees an arbitrarily low reconstruction error for a number
of measurements M large enough, for a low number of
measurements (e.g., M < 4N) it is clearly outperformed by
the other low-resolution schemes. The random phase dithering
achieves a reconstruction quality that is better than the additive
dithering for any number of measurements presented in Fig. 5.
Indeed, for i < 1 it follows closely the non-dithered curve (Q)
before outperforming it and resolving to the performances of
the Phase-Only acquisition. This is consistent with Prop. 1.
The only caveat to these performances is that for higher values
of M, the additive scheme reaches the performances of the
linear classic acquisition without quantization, thus possibly
reaching a perfect reconstruction while the phase dithered
scheme will still be bounded by the PO performances. It is
important to note that, increasing the number of measurements
has also a price in terms of data transfer, thus, the quality of
the reconstruction of the phase dithered scheme combined with
the relative low values of M required for its success makes it
an appealing alternative.

1010g,0 (o — 727 [12)

103;2(%)

Fig. 5: Comparison of different reconstructions using PBP between different
quantization schemes for s = 10: 1-bit with additive dither (€ in red); 1-bit
without dither (0 in ); 1-bit with phase dither (® in blue); Phase-
Only acquisition (© in green); without quantization (@ in gray); the dotted
curve (in gray) represent O(Mfé ).

In Fig. 6, we now study the performances of an iterative
algorithm, namely QIHT [21]. One can observe that the PO
acquisition used in conjunction with QIHT algorithm yield
high quality reconstructions. Consequently phase dithering,
whose performances is bounded by PO reconstruction, out-
performs the additive dither for any number of measurements
below 2*N. Indeed, it follows the deterministic quantization
and then continues to exhibits a rate of O(M 1) while the
deterministic quantization plateaus at x4 > 1. It is interesting
to see that his rate of O(M ~!) has also been observed in other
1-bit settings but with stronger theoretical guarantees [30]. We
clearly see that, while the phase dithered case does not have as
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strong guarantees as the additive dither, it still has impressive
performances and allows good reconstruction while keeping
the number of measurements low, especially given the fact
that it requires less complex hardware to apply the dither.

—~ 0]
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8 10
2 —15 |
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—20 \ P
—6 —4 —2 0 2 4

Ing(%)

Fig. 6: Comparison of different reconstructions using QIHT between different
quantization schemes for s = 10: 1-bit with additive dither (€ in red); 1-bit
without dither (O in ); 1-bit with phase dither (® in blue); Phase-
Only acquisition (© in green); wilthout quantization (@ in gray); the dotted
curve (in gray) represent O(M ™2 ), the black dotted curve O(M~1).

VI. CONCLUSION

In this paper, we showed that using phase dithering with
1-bit quantized radar measurements is a viable trade-off
between performances, hardware complexity and theoretical
guarantees. Indeed, this work stems from the fact that using
an additive dither increases dramatically the complexity of
the hardware, negating the gains of the low resolution 1-
bit acquisition. The phase dithering of radar signals can be
implemented efficiently and relies on already existing hard-
ware architectures. The developed theory showed that the
reconstruction error of this scheme is linked to the one of the
Phase-Only acquisition process. Next, the simulations showed
that the proposed phase dithered 1-bit scheme provides a good
trade-off between the number of measurements needed and
the sensitivity to the sparsity level of the signal. A future
publication will study an actual 1-bit radar prototype based
on the proposed phase-dithered architecture.
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