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SUMMARY

In this paper we consider a time-to-event variable 7' that is subject to random right censoring,
and we assume that the censoring time C' is stochastically dependent on 7" and that there is a
positive probability of not observing the event. There are various situations in practice where
this happens, and appropriate models and methods need to be considered to avoid biased esti-
mators of the survival function or incorrect conclusions in clinical trials. We consider a fully
parametric model for the bivariate distribution of (7', C'), that takes these features into account.
The model depends on a parametric copula (with unknown association parameter) and on para-
metric marginal distributions for 7" and C'. Sufficient conditions are developed under which the
model is identified, and an estimation procedure is proposed. In particular, our model allows to
identify and estimate the association between 1" and C', even though only the smallest of these
variables is observable. The asymptotic behaviour of the estimated parameters is studied, and
their finite sample performance is illustrated by means of a thorough simulation study and the
analysis of breast cancer data.

Some key words: Copulas; Cure models; Dependent censoring; Identifiability; Inference; Survival analysis.

1. INTRODUCTION

Survival analysis examines and models the time it takes for events to occur. The typical event,
in the medical area and in clinical trials, is death, from which the name survival analysis is de-
rived. As data can only be collected over a finite period of time, the time-to-event may not be
observed for all individuals. This is the case for example if a patient leaves a clinical trial pre-
maturely or if they are still alive at the end of the study. In such a case, the time of death (time to
event) for that individual is unknown. This phenomenon, called censoring, creates some unusual
difficulties in the analysis of survival data that cannot be properly handled by standard statistical
methods. Most of the time, for the sake of simplicity, independent censoring is assumed, but this
can lead to bias when there is actually dependent censoring, that is, when the survival time and
the censoring time are stochastically dependent on each other. This happens, for example, when
the event of interest is the time to death from a particular disease, and censoring occurs when
a patient leaves the study due to deteriorating health. In this situation, the survival and censor-
ing times are likely to be positively dependent. Conversely, if a patient leaves the clinical trial
because their health has improved significantly, we can expect that the survival and censoring
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2 M. DELHELLE AND I. VAN KEILEGOM

times are negatively dependent. Several authors have dealt with dependent censoring using dif-
ferent approaches. Some have used bivariate distributions, such as Emoto and Matthews (1990)
with their bivariate Weibull model. Others have used copulas to model the dependence, but with
the drawback of assuming that the copula is fully known (including the dependence parameter),
see for example Rivest and Wells (2001), who did a sensitivity analysis. Recently, a number of
authors showed that in some cases the dependence parameter can be identified. We cite, among
others, the papers of Deresa and Van Keilegom (2020), in which the model is based on parametric
transformations of the survival and censoring times as well as on a bivariate normal distribution
for the errors, Czado and Van Keilegom (2023), who use a parametric copula with unknown
dependence parameter, or Deresa and Van Keilegom (2023), in which the authors combine a
parametric copula and the Cox proportional hazards model in order to obtain a semiparametric
model.

Traditional survival analysis assumes that all individuals in the population are susceptible to
the event of interest, i.e. each individual has either already experienced the event or will experi-
ence it in the future. However, in many situations it may happen that a fraction of the individuals
(long-term survivors) will never experience the event and are considered to be event free. For ex-
ample, if we observe patients with breast cancer, some of them will fortunately never die of their
cancer and can thus be considered as cured individuals. Or, if we assign patients to a treatment to
assess its effect on disease recurrence, some individuals will never experience a recurrence and
can also be considered cured or immune. Models that deal with such data are called cure models.
In the literature on cure regression models a popular one is the mixture cure model, which models
the survival function by assuming that the underlying population is a mixture of two subpopula-
tions: the subpopulation of susceptibles (i.e. those who will experience the event and have finite
survival time) and the subpopulation of non-susceptibles (i.e. those who are event free and have
an infinite survival time). There is an abundance of literature on cure models. Among the many
existing references, we refer to the books by Maller and Zhou (1996) and Peng and Yu (2022) as
well as the review papers by Amico and Van Keilegom (2018) and Peng and Taylor (2014), and
Chapter 4 of the book by Legrand (2021) for an overview on the topic of cure models in survival
analysis.

Several authors have already demonstrated the importance of taking into account the presence
of a cure fraction and dependent censoring to avoid biased results (some of the references that
mention this are Li et al. (2007), Rondeau et al. (2011) and Huang and Wolfe (2002)). Although
these two features have been studied separately by many authors, the situation where both char-
acteristics are present has not received a lot of attention in the literature so far. However, it is
clear that there are many situations where we have both dependent censoring and a cure frac-
tion. For example, in certain cancer trials some patients will fortunately never die of their cancer
and/or may leave the study for health-related reasons. Or, in a study on unemployment, some
individuals may never find a job and/or may leave the study because of reasons related to their
job search (e.g. they might go back studying or move to a region where chances of finding a
job are better, in which case they are censored). To the best of our knowledge, there are only a
few articles that deal both with dependent censoring and the presence of a cure fraction, see Li
et al. (2007), Othus et al. (2009), Bernhardt (2016) and Liu et al. (2017). Some of them make
prior assumptions on the dependence structure (Li et al. (2007)) or on the cure threshold that is
supposed to be known (Bernhardt (2016), where the dependence between the survival and the
censoring time is not general but restricted to a dependence on the cure threshold). Moreover,
for these two as well as for Liu et al. (2017), there is no proof of the identifiability of the model,
which is an important characteristic of any statistical model. The paper by Othus et al. (2009)
does establish the identifiability of the model, but it requires the presence of covariates in the
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two parts of their mixture cure model. Also note that Liu et al. (2017) studies interval censoring
instead of right censoring, which we are considering.

All this motivates us to study the conditions under which a model that allows for a cure frac-
tion and dependent censoring can be identified without strong prior assumptions and without
requiring covariates. To do so, we will propose a fully parametric mixture cure model that allows
for possible dependent censoring. The model builds further on the model of Czado and Van Kei-
legom (2023) by allowing for a cure fraction. This extension to cure models is however far from
trivial, as it leads to an additional parameter in the model (namely the cure fraction), which turns
out to be a disturbing element in the model when showing identifiability, as will be explained
in Section 3. A major advantage of our model is that the copula that models the dependence
between 7" and C' is not assumed to be known. We will show that the model is identified under
rather general conditions, and that it provides asymptotically normal estimates of (among others)
the strength of the dependence and the cure fraction.

2. THE MODEL

Let T" be the survival time, and C' be the censoring time. Both variables are supposed to be
non-negative and continuous. Due to random right censoring, we observe Y = min(7', C') and
A = I(T < (). We also assume that there is a positive probability 1 — p that the event of interest
does not occur, i.e. 1 —p = P(T = 0o) > 0. Note that we can write 7' = UB + oco(1 — B),
where U is the event time for the susceptible (uncured) individuals, and B = (T < o0).

With these notations we can write the (improper) survival function of 7" as follows:

Sr(t) = P(T > 1) =1—p+pSu(t), e))

where Sy (t) = P(T > t|T' < o0) is the proper survival function of the susceptibles, called the
latency, and p = P(T < o0) is called the incidence. We can equivalently write our model as
Fr(t) = pFy(t), with Fr =1 — Sy and Fiy = 1 — Sp. Let Fo(t) = P(C < t) be the (proper)
distribution function of C, which we assume to have support [0, c0). The support of U, on the
other hand, is bounded; details of this are given in Section 3. We assume that Fy; and F- belong
to parametric families of distributions:

Fy e {Fyp, :0v € Oy} and Fg € {Fry. :0c € O¢}

for certain finite dimensional parameter spaces O and O¢.

To model the possible stochastic dependence between 1" and C, we will use copulas which
are a very useful mathematical tool for modelling the dependence between random variables.
They allow to write the bivariate distribution Frr ¢(t,c) = P(T < t,C < c) as a function of the
marginal distributions:

Fro(t,c) = C{Fr(t), Fe(o)}, 2)

where the copula C is a bivariate distribution defined on the unit square with uniform marginals.
In addition to the parametric models for 7 and F(, we also assume that the copula belongs to
a parametric family:

Ce{Cy:0€ 0B},

for a finite dimensional parameter space O. So, the parameters in our model are (6, 6/, ¢, p)T €
A=0x0y x0¢ x (0,1).
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4 M. DELHELLE AND I. VAN KEILEGOM

Common copula families are the Archimedean copulas and the elliptical copulas, of which the
Gaussian copula is a special case. Archimedean copulas can be written as

Clu,v) = o () + p(v)}, w0 € [0,1],

where ¢ is called the generator of the copula and is a continuous, convex and strictly decreasing
function from [0, 1] to [0, o] such that (1) = 0, and !~ is the pseudo-inverse of ¢. On the
other hand, the Gaussian copula is defined as

Clu,v) = Py {(IJ_I(U), @_l(v)} ,

where ® is the distribution function of a standard normal random variable and ®y is the distri-
bution of a bivariate standard normal random vector with correlation #. For more background on
copulas, we refer to the monograph by Nelsen (2006).

Next, we introduce some notation that will be used to develop the likelihood of our model.
We use lower case letters to denote densities, so fir € {fug, : v € Ou} and fo € {fco. :
Oc € ©¢}. We also need the following partial derivatives of the copula, commonly called the
h-functions:

hoc(ulv) = %C(u,v) and  hop(vlu) = %C(u,v).
This allows to write the conditional distributions as
Frio(tle) = P(T < t|C = ¢) = hyje{Fr(t)|Fe(e)},
and
Foyr(ct) = P(C < [T =t) = hopp{Fo(c)|Fr(t)}

It follows that

fra1) = 2PV <38 =1) = pfo)lL ~ her{Fe)lpFo )]
and

Fraa(0:0) = SCPY < 9.8 =0) = fo()l1 ~ hric{pFy () Felu)]

Finally, in the above formulas parameters can be added whenever confusion is possible, like e.g.
friaa(y,1) = pfue, W) = heyro{Fooe (W) IpFue, ()}, where a = (6, 60y, ¢, p).

3. IDENTIFIABILITY

The proof of the identifiability of the model is presented in this section. We will first develop
high-level conditions under which the model is identifiable (Theorem 1), and then show when
these high-level conditions are satisfied (Theorem 2). The proofs are partially given in the Ap-
pendix, and partially in the Supplementary Material.

We assume throughout the paper that the support of U is bounded. This is a classical assump-
tion in the literature on cure models. The right endpoint of the support of U is often called the
cure threshold, which is nothing more than the time after which individuals who are still alive
are known to be cured. We denote it by 7 = inf{y : Fyyg, (y) = 1}.

Recall that the identification based on the observable variables is a fundamental step that
consists in showing that different values of the parameters give different distributions. In other
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words, having identical densities for the observed variables must imply that the parameters are
also identical. In our case, identifying our model is equivalent to showing that if

[pfuey (y) {1 - hC\T,a(y)}]6 [feoe W) {1 = hricay)}] 0
= [ploa 0 (1~ hema®)] [foa ) (1= bnea)] . ®

for all y, then p = p,0 = 0,0y = Oy and O = . Here, we have used the abbreviated notation
hera(y) = herolFoec (Y)pFue, (v)}, similarly for hpic o (y), and a = (6, 0y, Oc,p)T.

The following theorem gives us sufficient conditions on the marginal densities and the copula
under which our model is identified. Contrary to the case where there is either only dependent
censoring or only a cure fraction, proving the identifiability of a model in which both features are
present, is not an easy task. This is because one feature is masking or disturbing the appearance
of the other, which makes it difficult to identify both the cure fraction 1 — p and the copula
parameter 6.

THEOREM 1 (IDENTIFICATION CONDITIONS). Assume that for 0y, 0y € Oy and Oc, Oc €
O¢,
i 1000 (y)

=1<= 6y =0y, (4)
y—0 fU,éy(y) v v

lim fcoo(y) fcoc ()

:1<:>QC:9~C and lim :1<:>(90:9~0. (®)]
y—0 faéc (y) Yy—oo fqéc Y)
Assume also that either
lim Arica(y) =0 Ya€A or lim hpeoa(y) =0 Va€ A, (6)
y—0 ’ Yy—+00 ’
and that
lim hera(y) =0 Va € A @
y—0 ’
Finally assume that
hT|C,0{P|FC,GC (y)} = hT|C,(§{ﬁ|FC,9c (y)} Yy > 7 impliesp =pand 0 = 0. ®)

Then model (1) is identified.

Note that condition (4) is an adaptation of Theorem 1 in Czado and Van Keilegom (2023).
In particular, since a right truncated distribution is used for U, only the limit when y tends to
zero is considered in condition (4). This complicates the proof, since we have to get around
the fact that the limit when y tends to infinity cannot be used. Another complication is the
fact that contrary to Theorem 1 in Czado and Van Keilegom (2023), our condition (4) deals
with the variable U instead of 7T'. This is because for 1" the property is not valid for a large
class of models. In the case of the exponential density e.g., limy—0 fr.0,.p(v)/ fT,éU,p(y) =

limyo{pfu0, (¥)}/{Pfy 5, W)} = (pby)/(P0r), and if this limit equals 1 it does not follow
that p = p and 0y = 0~U. Therefore we impose condition (4) on the density of U instead of T,
and we identify p thanks to condition (8).

It is also worth noting that in condition (6) only one of the two limits needs to be zero. In fact,
as can be seen from the proof, the identifiability of the model is shown by taking either the limit
when y tends to 0 or oo, and the choice between these two limits is made according to which
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6 M. DELHELLE AND I. VAN KEILEGOM

limit in (6) equals zero (since for some copulas, only one of the two limits is zero). Also note
that in (5) we require both properties to hold. However, this could be slightly weakened, as it is
enough to impose (5) for the limit for which (6) holds.

Let Clayton(«) be the Clayton copula rotated by « degrees and restricted to the case where the
copula is strict, so # > 0. Note that Clayton(90) and Clayton(270) can be used to model negative
associations. More information on rotated copulas can be found in the dedicated section in the
Supplementary Material. We now have the following result.

THEOREM 2 (IDENTIFIABILITY). The following holds:

(a) Condition (4) is satisfied for the families of truncated log-normal, log-logistic, Weibull and
Gamma densities.

(b) Condition (5) is satisfied for the families of log-normal, log-logistic, Weibull and Gamma
densities.

(c) Conditions (6), (7) and (8) are satisfied for the Frank, Joe, Clayton(90), Clayton(180) and
Clayton(270) copulas, independently of the marginal distributions. For the Gumbel and
Gaussian copulas we need, respectively, the following additional conditions:

log{Fc.(y)}

>0 VY(0,0y,00)" € © x Op x O, 9
O Tog (P, ()] (6.80,80)" € © x O x B¢ ©

and

},ii% (@7 {Frp.(y)} — 097 {pFug, ()} = —00 V(0,00.0c,p)" € A (10)

where the set © in the case of the Gaussian copula is either a subset of [—1,0) or [0, 1].

Note that the limit in (10) is always equal to —oo for # < 0. The combination of these two the-
orems shows that our model is identified for the Frank, Gumbel, Joe, Clayton(90), Clayton(180),
Clayton(270) and Gaussian copulas combined with numerous densities for the marginals. Since
the proof of Theorem 2 requires lengthy calculations that are moreover different from one copula
family to another, some parts of the proof are given in the Appendix whereas others can be found
in Appendix A of the Supplementary Material. They can be used as a starting point for showing
the identifiability conditions for other copulas and marginal distributions, not given here.

Note that we did not mention the (non-rotated) Clayton copula in the previous theorem. The
reason is simply that the proof does not work for the Clayton copula. In fact, conditions (6)
and (7) never hold together for this copula. However, this does not mean that the model is not
identifiable when a Clayton copula is used, since the conditions are sufficient but not necessary
(see also Theorem 4 in Czado and Van Keilegom (2023) for the case without cure fraction).

4. PARAMETER ESTIMATION AND ASYMPTOTIC RESULTS

In this section we will present the estimation of the parameters of our model using a maximum
likelihood approach. We will also comment on the consistency and asymptotic normality of the
parameter estimators. Assume that we have an i.i.d. sample D = (Y;, A;)i=1....». The likelihood
of our model is given by

-----

L(a; D) = [ [ (pfue, (Vi) [1 = horo {Fese (V) pFue, (Yi)}])
=1
< [ (fe.oe (Y3) [ = by {pFus, (Vi) Feoe (Yi)}])
=1

1-A;
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The log-likelihood is then

l(o; D) = Z Ailog (pfue, (i) [1 — here {Fooe (Yo)lpFue, (Yi)}])
=1

n
+ Y (1= Ai)log (fop (Vi) [ = hrico {pFua, (V) Fooe (Yo)}])
i=1
and we can define the estimators of the parameters by

PO T
a= <9, 0y, Hc,ﬁ) = argmax {(a; D).
acA
The following result shows that the estimated parameters are consistent, asymptotically normal,
and even efficient.

THEOREM 3 (ASYMPTOTIC PROPERTIES). If conditions 1 to 4 of Theorem 8.17 in Mittel-
hammer (2013) hold, then

(éa éU? éC7ﬁ) i) (‘91 0[], 007p) :
If in addition conditions 1 to 3 of Theorem 8.18 in Mittelhammer (2013) are satisfied, then

ﬁ{(@%ﬁ(hﬁ) - (979U7907p)} LN (0,118,600, 90,p)) ,

where I7 " is the inverse Fisher information matrix.

5. SIMULATION STUDY

In this section we will investigate the finite sample performance of our estimation procedure o
for several copulas and for Weibull marginal distributions for U and C. Although our theoretical
results require that the support of U is finite, we will work both with truncated and non-truncated
Weibull distributions for U, and we will show that the performance is good in both cases.

We will investigate the quality of the estimators of the most important parameters in our model,
namely the parameters of the distribution of U, the incidence p, and Kendall’s tau 75, which is
easier to interpret than the copula parameter 6, since it lies between -1 and 1 and it measures the
strength of the dependence between 1" and C. Knowing 6 or knowing 75 is equivalent, and it
can be shown that 7 is given by

1 1
TK = 4/ / C(u,v)e(u,v)dudv — 1,
0o Jo

where c¢(u, v) is the copula density.

To maximise the likelihood, we need to choose appropriate starting values. They are chosen =210
in the following way. For the parameters of the Weibull distributions for U respectively C, we
select the maximum likelihood estimators under the Weibull model using only the uncensored
respectively censored observations, to which we add 9 perturbations by multiplying these estima-
tors by 9 random values Uy, . . ., Ug from a4/ (0.5, 1.5) distribution. For the incidence, we take as
starting value the proportion of subjects whose survival time (censored or uncensored) is smaller s
than or equal to the largest uncensored survival time, and we add again 9 perturbations which
are this value raised to the power Uy, . . ., Ug (to ensure that the perturbed proportions are within
the interval [0, 1] by construction). Finally, for Kendall’s tau, we use a grid 0.1,0.2,...,0.9 (and
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also negative values in cases where it makes sense). Combining these values for Kendall’s tau
220 With the previously obtained perturbed parameters, we end up with at least 90 vectors of starting

values.
n = 200 n = 1000

Copula TK TK p 9U1 9U2 TK P QUI 9U2
Clayton(90) | -0.20 | Bias -0.02 -0.01 -0.01 0.02 | 0.02 0.01 -0.00 0.01
SD 022 010 008 0.10]| 0.13 0.06 003 0.05

SD 020 010 0.09 0.0 | 0.17 0.07 004 0.05

RMSE | 023 0.10 008 0.10| 0.13 0.05 0.03 0.04

-0.50 | Bias 0.08 0.06  0.02 0.04 | 002 0.02 0.01 0.01

SD 0.21 0.12 0.12 0.2 | 009 0.06 006 0.05

SD 0.15 013 0.16 013 | 009 0.06 0.06 0.05

RMSE | 023 0.13 0.13 012 | 009 0.06 005 0.04

-0.80 | Bias -0.00 003 0.04 002 0.00 002 0.03 0.00

SD 006 014 016 012 003 0.09 0.10 0.06

SD 0.07 0.24  0.28 0.13 0.02 0.10 0.12 0.05

RMSE | 006 0.14 0.17 0.13 | 003 0.09 0.11 0.05

Frank 0.20 | Bias -0.07  -0.02 -0.01 0.00 | -0.01 -0.00 0.00 -0.01
SD 0.31 0.08 0.08 0.09 | 0.11 0.03 0.03 0.04

SD 022 0.07 008 0.09 | 0.11 0.03 0.03 0.04

RMSE | 032 0.09 0.08 0.09 | 0.11 0.03 0.03 0.04

0.50 | Bias -0.26 -0.04 -0.00 -0.00 [ -0.03 -0.00 0.01 -0.01

SD 052 0.11 0.07 009 | 020 004 0.03 0.04

SD 0.17 005 006 0.08 | 009 0.02 003 0.04

RMSE | 058 0.11 0.07 009 | 020 004 0.03 0.04

0.80 | Bias -0.05 0.00 0.01 0.01 0.00 0.01 0.01 -0.01

SD 023 005 008 0.09]| 004 0.02 003 0.04

SD 0.08 003 005 0.07] 002 0.01 0.02  0.03

RMSE | 024 0.05 008 0.09 | 004 0.00 003 0.04

-0.50 | Bias 033 006 -003 008 | 006 0.02 -000 0.01

SD 049 013 0.12 013 | 022 0.08 007 0.06

SD 020 0.12 0.13 0.10 | 0.08 0.07 0.06  0.05

RMSE | 059 0.14 0.13 0.5 | 023 0.08 007 0.06

Gaussian 0.20 | Bias -0.04 -0.02 -0.01 -0.01 | -0.08 -0.02 0.00 -0.02
SD 042 0.11 0.07 009 | 027 007 003 0.05

SD 0.41 0.14 0.10 0.16 | 019 0.05 0.03 0.04

RMSE | 042 0.11 0.07 009 | 028 007 003 0.05

0.50 | Bias -0.17  -0.03 0.00 -0.01 | -0.07 -0.01 0.01 -0.01

SD 046 0.10 0.07 0.0 | 0.21 0.05 0.03 0.04

SD 026 009 009 010 0.12 0.03 003 0.04

RMSE | 049 0.11 0.07 009 | 023 004 0.03 0.04

0.80 | Bias -0.16 -0.02 -0.00 0.02 | -0.08 -0.01 -0.00 0.01

SD 040 006 006 0.09 | 014 0.02 002 0.04

SD 0.14  0.05 0.07 0.08 0.06 002 0.03 0.04

RMSE | 043 0.06 006 0.09| 0.16 0.03 003 0.03

-0.50 | Bias 035 007 -003 005]| 014 0.03 -0.01 0.02

SD 059 0.14 0.14 0.12 | 040 0.09 0.08 0.06

SD 0.46  0.08 0.16 0.14 | 0.14 0.06 0.05 0.05

RMSE | 069 0.15 0.14 013 | 043 0.09 0.08 0.07

Table 1. Bias, standard deviation (SD), estimated SD and RMSE of the estimators of Ti, p = 0.8,
and the scale (0y71) and shape (0y2) of U, for several copulas and values of i and n, and in
the case of non-truncated Weibull distributions.
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We will start with the case where the model is correctly specified, there is a cure fraction, and
the survival and censoring times are dependent. We will then examine what happens if the copula
is misspecified, and finally we will use our dependent censoring model for data that are subject
to independent censoring, in order to see if the model is able to detect it.

It is interesting to note that for each of the simulations described below, we run 1000 repeti-
tions. We then remove the optimisation results corresponding to 1% of the smallest and 1% of
the largest estimated values of Kendall’s tau (which is the most difficult parameter to estimate).
We then average the remaining 980 results for each of the model parameters to obtain our final
estimators.

For the case of non-truncated distributions, we generate data from model (1)-(2) in the fol-
lowing way. For the distribution of U we consider a Weibull distribution with scale and shape
parameters equal to 0.5 and 1, respectively, while the distribution of C' is a Weibull with scale
and shape parameters both equal to 1. For each of the copulas considered, different strengths of
the dependence are used, with a Kendall’s tau of 0.2, 0.5, 0.8 for the Gaussian, Joe, Gumbel and
Clayton(180) copulas, to which we add the value —0.5 for the Frank copula that allows for pos-
itive and negative dependence and, in case of the Clayton(90) and Clayton(270) copulas, which
model negative dependence, we take a Kendall’s tau of —0.2, —0.5 and —0.8. The incidence in
the model is p = 0.8,0.6 or 0.4, and the sample sizes considered are n = 200, 500, 1000 and
2500. We restrict ourselves here to showing the results for n = 200 and 1000, and for p = 0.8.
All results can be found in the Supplementary Material. Table 1 shows the empirical bias, stan-
dard deviation and root mean squared error (RMSE) as well as the standard deviation estimated
via the inverse Fisher matrix for several copula families that are all correctly specified, while
Table 2 shows the results when the data are generated from the independence and the Gumbel
copula, and the model is estimated based on a Joe and Frank copula, respectively. We can see that
globally the bias and RMSE are very satisfactory, even when the copula is misspecified or when
there is no dependence between the survival and censoring times. This seems to indicate that the

Copula Copula n = 200 n = 1000

data gen. | estim. TK TK P Ouv1  Ouz TK P Ou1 Ova

Indep. Joe 0.00 | Bias 0.17 0.07 0.02 0.02 0.05 0.03 0.02 -0.00
SD 0.19 0.08 0.08 0.09 0.07 0.04 0.04 0.04
SD 0.14 007 008 0.10| 005 004 004 004

RMSE | 025 0.0 008 009 | 008 005 004 0.04
Gumbel | Frank | 0.20 | Bias | -0.10 -0.05 -0.02 0.0 | -0.12 -0.04 -001 -0.01
SD 020 006 007 0.10| 009 003 003 005
SD 021 007 007 008 | 0.0 003 003 004
RMSE | 022 008 008 0.0 015 005 003 0.04
050 | Bias | -0.13 -005 -0.02 002 | -0.13 -0.04 -0.02 001
SD 0.17 005 006 009 | 007 002 003 004
SD 0.18 005 006 008 | 008 002 002 004
RMSE | 022 007 007 009 | 015 004 003 0.04
080 | Bias | -0.14 -0.03 -0.01 0.06 | -0.13 -0.04 -0.02 005
SD 012 004 007 0.10| 006 002 002 005
SD 0.11 004 005 008 | 006 002 002 004
RMSE | 0.18 005 007 0.2 014 004 003 007

Table 2. Bias, standard deviation (SD), estimated SD and RMSE of the estimators of T, p = 0.8,
and the scale (0y71) and shape (0172) of U, for several values of Ti and n, and in the case of non-
truncated Weibull distributions. The data are generated from an independence and a Gumbel
copula, while the fitted model is based on a Joe and a Frank copula, respectively.
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model is also identifiable in the case of non-truncated distributions. Note that the results for the
parameters of Fo are not shown in the tables due to space limitations, but they can be found
20 in the Supplementary Material. The tables also show that in most cases the empirical standard

Copula T TR p Our  Oua
Clayton(90) | -0.20 | Bias 0.02 00l 001 0.00
SD 0.13 005 005 005
SD 0.16 007 006 006

RMSE | 0.13 0.05 0.05 0.05
-0.50 | Bias 0.04 0.02 0.03 0.00
SD 0.12 0.06 0.08 0.05
SD 0.12 0.06 0.08 0.05
RMSE | 0.13 0.06 0.08 0.05
-0.80 | Bias 0.16 0.09 030 -0.07

SD 0.00 000 000 0.00
SD 0.06 005 027 0.06
RMSE | 0.16 009 030 007
Frank 0.20 | Bias -0.00 -0.00 0.02 -0.01
SD 0.11 004 005 005
SD 0.12 004 006 005

RMSE | 0.11 0.03 0.05 0.05
0.50 | Bias -0.14  -0.03 0.01 -0.02
SD 039 0.08 0.07 0.05
SD 0.10 0.04 0.05 0.05
RMSE | 041 0.08 0.07 0.05
0.80 | Bias -0.01  -0.01 0.02 -0.00
SD 0.06 0.04 0.08 0.05
SD 0.06 0.03 0.08 0.05
RMSE | 006 0.04 0.08 0.05
-0.50 | Bias 0.05 0.02 0.04 -0.00

SD 0.19 007 010 006
SD 0.09 005 0.10 0.5
RMSE | 0.19 007 0.0 0.05
Gaussian 0.20 | Bias -0.06 -0.01 0.00 -0.01
SD 027 007 005 005
SD 020 006 006 0.05

RMSE | 027 008 005 005
050 | Bias | -0.13 -0.02 001 -0.01
SD 039 009 007 005
SD 0.15 005 006 005
RMSE | 041 009 007 005
0.80 | Bias | -0.12 -0.03 000 0.0l
SD 034 007 009 006
SD 0.10 005 008 0.05
RMSE | 036 008 009 005
20.50 | Bias 021 006 002 001
SD 045 0.3 009 0.06
SD 0.15 0.06 0.09 0.5
RMSE | 050 0.5 009 006

Table 3. Bias, standard deviation (SD), estimated SD and RMSE of the estimators of Ti, p = 0.6,
and the scale (0y1) and shape (0y2) of U, for several copulas and values of T and n = 1000,
and in the case of a truncated Weibull distribution for the variable U.




Copula based dependent censoring in cure models 11

deviations and the estimated standard deviations are close to each other, although for 7x there
are sometimes some discrepancies between these two standard deviations, probably caused by
the fact that this is the most difficult parameter to estimate, given that we never observe both T
and C for a given subject. Finally note that the results for the Gaussian copula are for the case
where the parameters satisfy the identification condition (10). It should be noted, however, that
we have carried out simulations with parameters that do not satisfy this condition, and we also
obtain satisfactory results.

For the case of a truncated Weibull model for U, we keep all other model settings as for the
non-truncated case and we consider p = 0.6, in order to see how the model performs with a fairly
high cure fraction, similar to that of the real (Veridex) data analysed in this paper. The results are
given in Tables 3-4 for a sample size of 1000. We truncate 5% of the upper tail. We can see that
for this sample size the bias and the RMSE are generally small, except in certain cases (certain
combinations of copulas and dependencies, e.g. the Clayton(90) copula with a Kendall’s tau of
—0.8), where the bias is less satisfactory but the RMSE is still small.

Copula Copula

data gen. | estim. TK TK P Ou1 Oyo
Indep. Joe 0.00 | Bias 0.06 0.02 0.04 -0.00
SD 0.08 004 0.07 0.05
SD 007 004 007 0.05

RMSE | 029 0.2 219 0.1
Gumbel | Frank | 020 | Bias | -0.10 -0.03 -0.02 -0.00
SD 0.09 003 004 005
SD 0.11 004 005 0.05
RMSE | 024 008 025 0.1
050 | Bias | 0.14 -0.04 -003 002
SD 0.09 003 004 005
SD 0.11 004 004 005
RMSE | 027 009 122 0.2
080 | Bias | 0.7 -0.07 -004 006
SD 0.12 004 006 006
SD 0.10 004 006 006
RMSE | 042 0.3 407 0.14

Table 4. Bias, standard deviation (SD), estimated SD and RMSE of the estimators of T, p = 0.6,
and the scale (0y1) and shape (0y2) of U, for several values of i and n = 1000, and in the
case of a truncated Weibull distribution for the variable U. The data are generated from an
independence and a Gumbel copula, while the fitted model is based on a Joe and a Frank copula,
respectively.

TK TK
Copula 000 020 050 080 -020 -050 -0.80 | 000 020 050 0.80 -020 -0.50 -0.80
Clayton(90) 43.60 42778 43.06 55.14 51.24 50.54
Frank 4730 46.86 38.00 45.48 60.68 65.10 69.00 54.12
Gaussian 71.58 76.58 83.46 60.98 81.08 87.66 96.84 65.30
Indep. 46.78 58.04
Gumbel 46.78 46.64 40.28 59.66 63.58 67.44

Table 5. Censoring rates for several combinations of copulas and values of Tx in the case of
non-truncated Weibull distributions and an incidence level of p = 0.8 (left) and in the case of a
truncated Weibull distribution for the variable U and an incidence level of p = 0.6 (right).
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It is interesting to note that what might explain, at least in part, the fact that some combinations
of copulas and levels of dependence give less good results is the censoring rate. Table 5 shows
the percentages of censoring for the models considered in Tables 1-4, while Appendix B of the
Supplementary Material contains similar tables for all the models. For example, in the table
corresponding to the non-truncated distributions with p = 0.4 (see Appendix B), we observe that
some cases with less good results, such as Gumbel and Clayton(180) with 75 = 0.8, correspond
to very high censoring rates, which could explain the less good performance of the model in these
situations. The same observation applies to the Gaussian copula, which sometimes gives poorer
results than other copulas, but also has higher censoring rates. Another hypothesis to explain
the less satisfactory results that are sometimes obtained for small sample sizes is the fact that
the maximum likelihood estimator may not always exist in the case of truncated distributions,
see e.g. Mittal and Dahiya (1989) and Ghosh (2010). However, this problem is typical for small
samples and disappears when n increases.

6. ILLUSTRATION ON VERIDEX DATA

We now illustrate our model and estimation procedure using data (also known as the Veridex
data) on 286 lymph-node-negative breast cancer patients who were treated between 1980 and
1995. We refer to Wang et al. (2005) for more information on this dataset. The event of interest
is the development of distant metastasis and the time to this event is expressed in days. A priori,
some patients may remain metastasis-free, and so it is logical to expect a cure rate in these data.
Furthermore, Figure 1 clearly shows a long plateau with many censored observations, which is a
strong indication of the presence of cured individuals (see Amico and Van Keilegom (2018)).

1.0

0.8

Survival probability
0.4

0.0

I T T T T I
0 1000 2000 3000 4000 5000

Time to event (in days)

Fig. 1. Kaplan-Meier curve for the Veridex data.

The data are also possibly subject to dependent censoring. Indeed, as is explained in Wang
et al. (2005), 83 (29%) patients died after a previous relapse, and we can suspect that the time
to death and the time to distant metastasis are related, since they both depend on how the cancer
evolves over time. Furthermore, in the graph of the Kaplan-Meier estimator in Figure 1, we
see that all censored observations are very large and that many of them (namely those in the
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plateau) correspond to individuals who are cured. This suggests that large censoring times tend
to be associated with large survival times. So we have another reason to think that there is a
dependence between survival and censoring times.

For all these reasons, it would be very interesting to apply our model to these data. After
changing the unit of the event time to months (instead of days), brief descriptive analyses of
the data were carried out and our model and estimation procedure were applied for different
combinations of copulas and marginal distributions.

The results for truncated distributions for U are given in Table 6, and those for non-truncated
distributions are in Table 7, where truncation is done after the last uncensored observation. Each
time we take the survival and censoring distributions from the same family (for simplicity, to limit
the number of models to fit). The tables contain the estimated values of 7x, p and the parameters
of the laws of U and C, together with their estimated error based on the inverse Fisher matrix. We
also include in these tables the estimated median of U, the value of the negative log-likelihood
and the AIC given by AIC = —2{(c; D) + 2k, where k is the number of parameters in the
model. The tables show that truncation does not seem to have a major impact on the estimated
parameters for the selected model (in the sense that the results with and without truncation are
similar). This seems to indicate that the truncation has no real effect on the results and that our
model is stable.

A closer look at the AIC for the different models shows that the model that best fits these data
is a Joe copula model with a truncated log-normal margin for U and a non-truncated log-normal
margin for C'. For the latter model, we observe that the estimated dependence is quite high, with
a Kendall’s tau of 0.62, confirming the usefulness of our model for these data. We also observe
that the estimated incidence is 0.39, which is very close to what the Kaplan-Meier curve gives
us (0.38), and that the estimated incidence is quite stable across all fitted models. Note that the
Joe copula has a positive upper-tail dependence, which confirms that large survival times are
associated with large censoring times, as was already suggested by Figure 1.

Next, in order to confirm the presence of dependent censoring in these data, we perform a
likelihood ratio test with a type I error of 5%. We do this by comparing the model containing
the Joe copula with the model assuming independent censoring, where in both models we use
a truncated log-normal margin for U and a non-truncated log-normal margin for C. The test
statistic is

ALr = —2 (logLik;,; — logLik ;,.) = —2(—1474.1 4+ 1469.5) = 9.2,

which should be compared with the quantile X%,o.% = 3.84. Since A\ g > Xio.%’ we conclude
that the dependent censoring model is preferable to the independence model.

Now that the model has been selected, we can estimate, for example, the median survival time
of the uncured individuals, or any other quantity that might be of interest in practice. For the
selected model we obtain a median of 29.36 months, which is 1.25 months longer than for the
independence copula. We have numerically verified, by bootstrapping, whether the difference
between these two medians is statistically significant, at a significance level of 5%. To do this,
we drew 1000 bootstrap samples from the original sample with replacement, and calculated
each time the difference between the median survival times for uncured individuals in the case
of the independence and the Joe copula. We then computed a 95% confidence interval for this
difference using the formula —1.25 + 24,9756 p, where 6 p is the estimated standard deviation of
the difference of the two median estimators, based on the 1000 bootstrap samples. We obtained
(—2.09, —0.41). Since this interval does not include 0, we can conclude that the two estimators
are significantly different, and so accounting for dependent censoring in the data can make a
difference in practice for medically relevant questions.
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Copula Margins TK D v Ov2 Oc1 O0c2 Medy  -logLik AIC
Independ. Weibull 038  39.72 1.52  115.08 461 29.64 1477.6 2965.1
(0.03) (3.87) (0.15) (1.95) (0.25)
Gamma 0.38 18.86 1.98 6.03 1742 29.07 1472.6 2955.1
(0.03) (444) (0.31) (0.63) (1.78)
Log-normal 0.38 0.95 3.57 0.25 463 28.11 14741 29582
(0.03) (0.12) (0.19) (0.01) (0.02)
Frank Weibull -0.36 038  39.16 1.53  123.55 481 29.38 14745 2961.0
(0.10) (0.03) (3.65) (0.15) (3.39) (0.29)
Gamma 0.43 039 2034 1.92 692 13.84 29.82 1470.8 2953.6
(0.13) (0.03) (5.21) (031) (1.04H (239
Log-normal 0.43 0.39 0.98 3.65 0.27 453 29.00 1470.7 2953.3
(0.10) (0.03) (0.13) (0.23) (0.02) (0.03)
Gumbel Weibull 0.73 0.40 43.73 1.46 99.39 3.16 31.14 1473.0 2958.0
(0.05) (0.03) (597) (0.15) (245 (0.23)
Gamma 0.51 039 2043 1.92 7.16 1326 29.86 1471.6 29553
(0.15) (0.03) (5.28) (0.31) (1.35) (2.87)
Log-normal 0.48 0.39 0.98 3.65 0.27 452 2894 14722 2956.5
(0.12) (0.03) (0.13) (0.22) (0.02) (0.03)
Joe Weibull 0.77 039 43.61 146 99.55 321 3098 14752 2962.4
(0.05) (0.03) (5.89) (0.15) (2.28) (0.22)
Gamma 0.63 0.39  21.20 1.89 733 1275 30.21 14704  2952.8
(0.08) (0.03) (5.63) (0.31) (1.09) (2.08)
Log-normal 0.62 0.39 1.00 3.69 0.27 4.51 2936  1469.5 2950.9
(0.07) (0.03) (0.14) (0.24) (0.02) (0.03)
Clayton(90) | Weibull -0.53 0.38 38.93 1.54  125.79 491 2929 1473.0 2958.0
(0.08) (0.03) (3.56) (0.15) (2.90) (0.31)
Gamma -0.63 037 18.14 2.01 9.10 1325 28.70 14724 2956.8
0.09) (0.03) 4.11) (031) (1.84) (2.30)
Log-normal | -0.72 0.38 0.93 3.53 0.32 479 27770 147277 2957.5
(0.06) (0.03) (0.12) (0.17)  (0.03) (0.03)
Clayton(180) | Weibull 0.77 0.39  43.65 1.46 99.52 3.21 3099  1475.1 29622
(0.05) (0.03) (591) (0.15) (2290 (0.22)
Gamma 0.63 039 2121 1.89 730 12.80 30.21 14705 2953.0
0.09) (0.03) (5.63) (031) (1.12) (2.15)
Log-normal 0.61 0.39 1.00 3.69 0.27 451 29.38 1469.7 29514
(0.08) (0.03) (0.14) (0.24) (0.02) (0.03)
Clayton(270) | Weibull -0.02 038 39.72 1.52  115.74 4.61 29.63 1477.6 2967.1
(0.14) (0.03) (3.88) (0.15) (4.67) (0.25)
Gamma -0.30 0.38  18.56 1.99 8.19 1398 28.92 14719 2955.8
(0.19) (0.03) (4.30) (0.31) (2.05 (2.75)
Log-normal | -0.49 0.38 0.93 3.54 0.31 477 27.81 14714 29547
(0.13)  (0.03) (0.12) (0.18)  (0.03) (0.05)
Gaussian Weibull 0.69 0.40  43.68 1.47  99.52 3.16 31.19 14729 29579
0.06) (0.03) (5.92) (0.15) (2.60) (0.25)
Gamma -0.57 037 18.13 2.01 9.78 1241 2871 1471.6 29552
(0.12) (0.03) (4.100 (0.31) (2.09) (2.23)
Log-normal | -0.67 0.38 0.93 3.53 0.33 479 2772 14709 2953.8
(0.08) (0.03) (0.12) (0.17)  (0.03) (0.03)

Table 6. Results for the Veridex data in the case of truncated distributions for U. For each
combination of copulas and margins, the first row gives the estimated value, while the second
row gives the standard error based on Fisher’s information.
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Copula Margins TK D Ou1 Ov2 Oc1 O0ce Medy  -logLik AIC
Independ. Weibull 038 36.54 1.64 115.08 462 29.24 14803 2970.6
(0.03) (2.38) (0.13) (1.95) (0.25)
Gamma 0.38 14.77 2.25 6.03 1743 2842 1476.1 2962.1
0.03) (247) (031) (0.63) (1.79)
Log-normal 0.40 0.81 3.34 0.25 463 28.13 1480.3 2970.6
(0.03) (0.07) (0.10) (0.01) (0.02)
Frank Weibull 0.67 0.41 39.78 1.53 9991 323 3132 14765 2965.0
(0.06) (0.03) (3.78) (0.15) (2.38) (0.23)
Gamma 0.48 040 16.87 2.10 7.14 1330 30.05 1473.5 29589
0.12) (0.03) (344 (031) (1.08) (2.27)
Log-normal 0.49 0.44 0.88 3.47 0.27 452 3202 14749 2961.8
(0.09) (0.04) (0.10)0 (0.14) (0.02) (0.03)
Gumbel Weibull 0.74 0.41  40.55 1.53 99.19 3.14 3192 14748 2961.5
(0.05) (0.03) (4.08) (0.15) (2.43) (0.23)
Gamma 0.55 040 17.14 2.09 750 1252 3025 14742 29604
(0.12) (0.03) (359 (031) (1.32) (2.49)
Log-normal 0.54 0.45 0.89 3.47 0.28 451 3220 14763 2964.6
(0.10) (0.05) (0.10) (0.15) (0.02) (0.03)
Joe Weibull 0.69 0.38 4040 1.57  103.56 3.66 3201 1479.3 2970.6
0.09) (0.03) (3.96) (0.16) (2.61) (031
Gamma 0.66 041 1845 2.02 7.52 1236  31.23 1472.3 2956.7
(0.07) (0.03) (416) (0.31) (1.11) (1.98)
Log-normal 0.65 0.47 0.93 3.55 0.28 450 34.83 14723 2956.7
(0.06) (0.05) (0.11) (0.18) (0.02) (0.02)
Clayton(90) | Weibull -0.52 0.38  35.80 1.68 125.69 492 2877 1476.1 2964.2
(0.08) (0.03) (2200 (0.13) (2.90) (0.3D)
Gamma -0.00 0.38  14.80 2.24 6.05 1738 2843 1476.1 2964.1
(0.04) (0.03) (0.09) (0.08) (0.08) (0.13)
Log-normal | -0.00 0.40 0.81 3.34 0.25 4.62 28.17 1480.3  2972.6
(0.02) (0.03) (0.01) (0.03) (0.01) (0.02)
Clayton(180) | Weibull 0.76 0.40  39.05 1.53 99.79 322 30.73 1476.8  2965.6
(0.05) (0.03) (3.39) (0.14) (227) (0.21)
Gamma 0.66 041 1842 2.02 7.53 1235 3122 14725 2957.1
(0.08) (0.03) (4.16) (0.31) (1.12) (2.01)
Log-normal 0.65 0.47 0.93 3.55 0.28 450 3475 14727 2957.3
(0.07) (0.05) (0.11) (0.18) (0.02) (0.02)
Clayton(270) | Weibull -0.01 0.38  36.53 1.65 115.50 461 2923 1480.3 2972.6
(0.14) (0.03) (2.38) (0.13) (454 (0.25)
Gamma -0.26 0.38 14.38 2.28 7.79 1451  28.15 1475.7 2963.4
0.21) (0.03) (234 (031) (2.06) (3.00
Log-normal | -0.41 0.39 0.78 3.30 0.30 474  27.08 1478.8 2969.6
(0.15)  (0.03) (0.07) (0.09) (0.03) (0.05)
Gaussian Weibull 0.70 0.41 40.06 1.55  99.30 313  31.64 14750 2962.0
0.06) (0.03) (3.79) (0.14) (2.58) (0.25)
Gamma 0.32 039 1581 2.17 6.62 1478 29.24 14757 29634
0.28) (0.03) (3.12) (032) (149 (4.16)
Log-normal | -0.64 0.39 0.76 3.27 0.32 479  26.39 1479.2  2970.5
(0.09) (0.03) (0.06) (0.08) (0.03) (0.03)

Table 7. Results for the Veridex data in the case of non-truncated distributions for U. For each
combination of copulas and margins, the first row gives the estimated value, while the second
row gives the standard error based on Fisher’s information.
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7. DISCUSSION AND FUTURE RESEARCH

We believe that this work is an important step forward in the field of cure models with depen-
dent censoring, as it allows data to be analysed without making any prior assumptions about the
cure rate or the strength of the dependence. Moreover, it provides estimates of these quantities,
which could be of great interest in the biomedical field, for example.

In the future it would be useful to extend the model by allowing for covariates. This can be
done by adding covariates to the marginal distributions of U and C, to the cure rate, and/or by
letting the copula parameter depend on covariates. It would also be of interest to extend the paper
to semiparametric margins for U. This has been done in the absence of a cure fraction by Deresa
and Van Keilegom (2023), who worked with a semiparametric Cox model under dependent cen-
soring. It is unclear for the moment under which conditions the model would be identified if
the Cox model would be replaced by e.g. a logistic/Cox mixture cure model. Some of these
extensions are currently in preparation.
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SUPPLEMENTARY MATERIAL

The Supplementary Material consists of two parts: Appendix A contains the proof of Theorem
2 for densities and copulas not treated in this document, whereas in Appendix B the results of
additional simulations are shown.

APPENDIX
Proof of Theorem 1. Suppose that (3) holds for all y and for 6 € {0,1}.If 6 = 0 we have

feoe W) [L = hricolpFue, (W Feoe W)Y = foi. W) (1 = Py atdFy s, O Fq 4, ()},
(A.11)
for all y, and hence it follows from (6) that (where a = 0 or a = 00)

lim fcoo(y)

=1.
y—a fqéc (v)

Thanks to equation (5) we obtain 0o = 0};. Hence, equation (A.11) becomes
hrico{pFue, (W) Fooe (W)} = by g{DFy 6, (W) Fo6c (¥)}- (A.12)
In particular, if y > 7 = inf{y : Fyy(y) = 1}, we have
hricolplFeoc (W)} = hyyog{blFoec ()}
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which, by (8), implies that p = p and § = 0.

Next, we consider the case 6 = 1 for which we have the relation

pfuey W) [1 = hemel Fooe W) IPFue, W)Y = pfyg, W) [1 = horel Foee (W) PFy g, (v)}]-

It follows from (7) that

lim fU,BU (y)
v=0 frr5.(y)

=1,

and thanks to equation (4) we obtain 0y = éU, which shows the result.

17

O

Proof of Theorem 2(a). We will show that condition (4) holds for the truncated log-logistic
and Weibull densities. The proofs for the truncated log-normal and Gamma densities are similar,
and can be found in Appendix A of the Supplementary Material.

We start with the truncated log-logistic density, which is given by

I B . (t\P-1
fU,a,B(t) = (O Sﬁf = T) - (a) 52
7 {1+ ()7}

and hence we have that

2
Bi—1 ¢ B2
B (L 1+ (5)"
i Zas () _ <a> { o2 o T?

2
t—0 fU,az,ﬂz(t) t—=0 {1 " (t)ﬁl} % .

aﬁl + 7—61
;P21 aﬂ2 + 782 51
. (&)
B2 B2 B 581
_ B1 Qy T O t7 '%i_l;%tﬁl_62> (A.13)

= 52 afl 7-/81 a§2+7_62

since lim;_,q {1 + (t/a)ﬁ} = 1. The limit in (A.13) can only be equal to one if 51 = (32, which

we denote now simply by 5. We then have

foonm(t) _af of +7°

Jim 2ot
50 fUas,p(t)  of

of + 18

It is easily seen that this limit is equal to one if and only if a1 = as.
We next consider the truncated Weibull density, which is given by

gt {= (5"}

I0<t<T),

fura(t) =

and hence,

e {-(5)'

1—exp<—
fummn (8) kA p{

&P

lim

since lim;_,o exp{—(t/A\)*} = 1.

A

=

t=0 fU,kz,/\Q(t) B kg)\lfl 1 — exp {_ <T>k1} -0

)"}
- lim tkl_kQ,

365

375
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The latter can only be equal to one if k&1 = ko = k (say). It follows that
\F

N ‘exp{‘ (%) }
Nk k

A —exp{— (/\ll) }

The derivative with respect to A of the function g(A) = A*[1 — exp{—(7/\)*}] equals

k Tk
() =k 1 —expd = () 01+ (5) -
g\ exp 3 +(3
This derivative is strictly positive since e~ *(1 + x) < 1 for > 0. Hence, the function g(\) is
strictly increasing and equation (A.14) implies that A\; = Ao. O

Proof of Theorem 2(b). Condition (5) has been shown in Theorem 2 in Czado and Van Kei-
legom (2023) for the log-normal, log-logistic and Weibull densities. The case of the Gamma
density can be treated in a similar way and can be found in Appendix A of the Supplementary
Material. O

Proof of Theorem 2(c). We will show that conditions (6), (7) and (8) are satisfied for the Frank
and Gumbel copulas. The verification of these conditions for the Joe, Gaussian, and Clayton(c)
copulas with o = 90, 180 or 270 is given in Appendix A of the Supplementary Material.

The Frank copula function is given by

Co(u,v) = _1 log {1 n (6_9“ _ 1) (6_9” _ 1) } |

0 e 9 —1

=1. (A.14)

for 0 € (—o0,00)\{0}. Hence, it is easily seen that

e—@v (e—eu _ 1)
e? —14 (e v —1)(e 0 —1)

0
hrico(ulv) = %Ce(uav) =

and similarly for hoypg(v|u).
The verification of (6) and (7) is obvious, since it is clear that limy_m{e_ep c.oc W) _ 1} =
limyﬁg{e_epFUﬂU(y) — 1} =0, and hence

ii_% hrica(y) =0 = 3135 heira(y),

for all 8,6, 0y, p.
To show (8), we define the function gg,(y) = 1/hrice{p|Fc(y)}. We need to show that if

90p(y) = ggﬁ(y) for all y > 7, then p = p and 6 = #. Some simple algebra shows that

eOFc(y) (679 _ 1) + (6791) — 1) {1 — eGFc(y)}
e —1 '

g@,p(y) =

Then, gp ,(y) = (d/dy)ge »(y) equals

)y = @)W (e —1) — (e 1) fo(y)e’
g@,p(y) = ]

B efc,(y)eeFC(y) (679 — efep)
N e~ —1 '
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It follows that for any y1, y2 > T,

gém(yl) _ fely) . HFe(y)—Fe(y2)}

9op(y2)  fo(ye)

Now, since gg,(y) = g5 f,(y) for all y > 7, we also have that

and hence eH{FeW)—Fe(y2)} = H{Fow)—Fo(y2)} , which implies that § = 6. Some straightfor-
ward algebra now shows that p = p.
Next, we consider the Gumbel copula, which is given by

Cy(u,v) = exp [— {(— logu)? 4 (—log v)e}é] ,

for § € [1,00), and hence

=

(—logv)?~! . exp [— {(~logu)? + (—logv)?} }
v {(~logu)? + (~logv)?} 7

and similarly for A7 g(v|u). For the verification of (6), we consider the limit when y tends to
infinity. Since

I

0
hrice(ulv) = o -Co(u,v) =

lim ([~ log {pFua, (1)}’ + [~ log {Feao (v)})’) = (~logp)’.

Yy—00

and limy, o log{ F,9. (y)} = 0, it follows that lim, o hpjc.a(y) = 0. For (7), we have

lim hC|T,a (y)
y—0

—og 9o, (' - exp { ([ 10g {pFa, ()} + [ log {Fae)}) |

= lim o—1
" PFuay (y) ([~ 108 {pFua, (1)} + [~ log {Foa )})’)
w1 exp { —(uf + 000
= lim — P{ 4+ yzl}

= lim
y—0

where u, = —log{pFr e, (y)} and v, = —log{Fc . (y)}. If limy_ovy,/u, > 0, then the above
limit equals 0, and so (7) is satisfied.
Finally, for (8) note that hpjcg{p|Fc(y)} can be written as

f=

{~log Fo(y)}’'™"  e790sW)
Fo(y) ggﬁp(y)%l

hricolplFe(y)} =

i

400
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where gy, (y) = (—logp)’ + {~log Fc(y)}’. Since hriop{plFc(y)} = hyy g{BIFo(y)} for
all y > 7, we have that

1 1

i e 90.p(W)P e 95,50
{~log Fo(y)}'~" - = —. (A.15)
900(Y) T g; (y) 0

Now suppose 0 > 0 (the case 6 < 0 can be considered similarly). Then, taking the limit to in-
finity on both sides of (A.15) gives 0 = p/(—log)?~?, since limy o gop(y) = (—logp)?,
which is a contradiction. This shows that # = 6. It now follows from (A.15) that p = p, since

1 o—
e~ 90007 / gguv(y)T1 is an increasing function of p for fixed # and y. O
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Appendix A: Proof of Theorem 2 (continued)

Proof of Theorem 2(a). We give here the proof of equation (4) for the truncated log-normal
and Gamma densities.
We start with the truncated log-normal density, which is given by

2
_ 1 Jlog(®)—p
I0<t<r) eXp{ 2{ 7 }}

fopo(t) = tov2r 1 [1 +erf {%H |

where erf(y) = (2/y7) [ e~**dt, and hence we have that

lim fUalh,Ul (t)
120 fU,15,05 (1)

2
1 1 ) log(t)—p og(T
i - — - exp {_2{ = 1} } % [l—ﬁ—eTf{%H
= lim .
t—0 o 2] 1 log(7)—p
w2127r exp{ 1{1g((t7)2 ua}} 2[1+erf{ \/§1H

1 + 67’f log( T) Mz _ 2 . 2
22 1 { } im exp [; {log(t) uz} B % {log(t) m} ]
2 1

o1 1+€rf{10g7) ul} t—0 o o

log(1)—p
o, [1+erf{°g ;2}}

o1 1+erf{1°g7) m}

- L p2 L i
X tlgr(l)exp {log( )2 (202 20%) log(t) (U% ) + 5 ( 72 (0.1)

Since lim;_,0log(t) = —oo, the limit in (0.1) can only be equal to one if E = % and g—g = g—%
The first equality leads to o1 = o3 (since o1, o2 > 0 by definition) which injected in the second
one, gives (1 = Ua.

Let v(s,y) = foy t*~le~tdt be the lower incomplete gamma function. We next consider the

truncated Gamma density, which is given by

I0<t<7) thl.ea

Jore(t) = . —,
r'(k)ok ﬁ (k. 3)
and hence,
1 k-1, _6L 1
—Juko () L TO)er ! c T(k2) (2, 92)
}111(1) Fka0a () }111(1) 1 —r 1 b T
- fU7k2,92( ) - F(k2)6‘§2 Lthka=1. 078, NG ’Y( L g,

052 (ky, L 11
_ iLw lim t"1 %2 . exp {t < - > } . (0.2)
071 v(k1, 5o) 20

The latter can only be equal to one if ky = ky = k (say). Moreover, since lim;_,q exp {t(é — é)} =
1, the limit in (0.2) is equal to one if 65 - v(k, 7)) = or - v(k, 7-)- Computing the derivative with
respect to 6 of the function 6%y (k, %) gives us k6" ! ff th=1.e~tdt — %ke_%. We can verify nu-

merically that this derivative is strictly positive and the function 6%~ (k:, %) is strictly increasing.

The above equality implies that 6; = 65. O

Proof of Theorem 2(b). We will show that condition (5) is verified for the Gamma density
which is given by

1
fore(t) = =——— N



For the limit as ¢ goes to zero the proof is even simpler than the one for the truncated Gamma
density above. Indeed, since lim;_,q e~ = 1 the limit is

k
lim Jew.o(t) (*) = 9272 . L (k2) - lim ¢F1 =k,
=0 for,0,(t) 0% T(k1) =0

The latter can only be equal to one if k1 = ko = k (say). It follows that

ok T(k) 05\ "
22N e (2) =10, =0,
ok T(k) 0, P

We next consider the case in which ¢ goes to infinity:

k
tim JCk0 () 02" L)y ke (a3, (0.3)
oo fC,kz,@z(t) 811 F(kl) t—00

The limit in (0.3) can only be equal to one if ky = ko and 1/6; = 1/65, which is obviously
equivalent to 61 = 0. O

Proof of Theorem 2(c). We will show that conditions (6), (7) and (8) are satisfied for the Joe,
Gaussian and rotated Clayton copulas.
The Joe copula is in the family of Archimedean copulas and is given by

L
[

Colw) =1={(1=w)’ +(1-0) = (1=’ (1=v)"}", (0.4)
for 6 € [1,00). Hence it is easily seen that

(R R I G A
hT|C,9(u|U) = QCO(UWU) = { } o-1 > (0'5)

o {0-w'+1-v)’-(-w1-v}"

and similarly for hejp,g(viu).
The verification of (6) and (7) is obvious, since it is clear that lim, ,o{1 — pFy e, (v)?} =
limy0{1 — Fo . (y)?} = 1, and hence

lim hpco{pFu,o, (¥) | Feoc (y)} = 0 = lim hoyro{ Fooe (v)[pFue, ()}
y—0 y—0

for all 6,0¢, 0y, p.
To show (8), note that hy|cg{p|Fc(y)} can be rewritten as

0—1
heicolplFo(y)) = — 1= Foly

(1900 1= {1 = Folw)}’])

where gg, =1— (1 — »)’.
The derivative hip o o{p|Fc(y)} = (d/dy)hrice{p|Fc(y)} equals

h/T|C,9{p|FC(y)}

—feW)gop (0 — 1) {1 — Fo(y)}' {1 —gop {1 = Fo®)}’ (1 - g0 [1 - 11— FC(y)}obl}

- 6—1

(1 —9op {1 -{1- FC(:U)}OD '



Considering the case 7 < y < 0o, we have that

hép|c,9{p|FC(y)}
hricoiplFo(y)}

— fo(y) (0= 1) {1 — Fo(y)) ™" {1 — g0 (1= o)}’ (1— 900 [1 - {1 - Fc(y)}GD_l} :
Since hric,o{p|Fc(y)} = hy o s{blFc(y)} for all y > 7, we have that

fi ico PO neplrifew)
v hrico{plFc®)} v hyje o PIF®)}

which, since limy o {1—Fo(y)} =0, yields § —1=0—1<6=4.
Injecting 6 = 6 in Wy o{p|Fe(y)}/ hric.o{plFe(y)} = Wy o 101 Ec (W)} hyie a{BlFo(y)} and

some straightforward calculations shows that p = p.
Next we consider the Gaussian copula which is in the family of elliptical copulas and which is
given by
Co(u,v) = P { O (u),d ' (v)},

with @ € (—=1,1), @1 the inverse cumulative distribution function of a standard normal and @,
the cumulative distribution of a bivariate standard normal random vector with correlation 6.

The calculations of the conditional distributions given below extend those given in Czado and
Van Keilegom (2023) to the case with a cure fraction. If the dependence between T' and C' is
modelled by a Gaussian copula, then by definition

P(T <t,C<c)=Co{Pr(t),Fo(c)} =@ [ {Fr(t)}, @ " {Fr(c)}] .
This leads to
Pl HFPr(t)} <t,@ H{Fc(o)} < ¢ =P [T < Fr'{®(t)},C < FG'{®(c)}] = P (t,¢).
Hence @~ {Fp(T)}|® H{Fc(C)} ~ N (09 {Fc(C)},1 — 6?) and the conditional distribution is

hrico {pFu )| Fe(y)} = Fric(yly)
=P [ H{Fr(T)} <@ HpFy(y)}e {Fu(C)} = @ {Fu(y)}]
_ o {‘b‘l{pFu(y)} - 9@‘1{Fc(y)}]
V1—62 '

With a similar reasoning we obtain the other conditional distribution:

Y Fo(y)} - 9@‘1{pFU(y)}}
Vi '

For the verification of (6), note that ®~1(1) = oo and ®~!(0) = —oo, and hence we can easily
see that limy o hpjco {pFu(y)|Fo(y)} = 0 for 6 > 0 and limy,_0 hpjc,e {pFu(y)|Fo(y)} = 0 for
6 < 0. This shows that (6) is satisfied if © is an open interval including the true 6 but not including
zero. Similarly, for the verification of condition (7), note that limy .o hciro {Fo(y)pFu(y)} =0
if and only if limy o [2 7 {Fc(y)} — 02~ {pFu(y)}] = —oo, which is always satisfied for 6 < 0,
whereas for > 0 the limit depends on the marginal distributions Fyy and Fe.

To show (8), since ® is strictly increasing, we need to show that if gy ,(y) = gé’ﬁ(y) for all

y > 7, then p = and 6 = 0, where gy ,(y) = (@1 (p) — 09~ {Fc(y)}] /V1— 62. Computing the
derivative gj ,(y) = (d/dy)go,»(y) and using that gj ,(y) = g} _(y). yields 0/v/1—02=0/\1- 62,

which is equivalent to 6 = 6 since the function z — /v 1 — x? is strictly increasing. Taking this
into account, we have gg ,(y) = go,5(y) which directly gives p = p.

hoyro {Fo(y)lpFu(y)} = @ [



We will end this section with the proofs in the case of three rotations of the Clayton cop-
ula. To do this, we first need a bit of theory about copula rotations. We will consider copulas
Cs{Fr(t), Fc(c)} where f is the angle of rotation of the copula. First of all recall the following
equalities:

Coo(u,v) =v —C(1 —u,v), coo(u,v) =c(l —u,v); (0.6)
Crsoft,0) = u+0—1+C(L—u,1—0), exsolu,v) = el — w1 v); (0.7
Coro(u,v) =u—C(u,1 —v), caro(u,v) =c(u,1 —v). (0.8)

Since Cgg, C1s0 and Ca7g are also copulas, we can use the formulas derived in Section 2 of the
paper, and the formula of the likelihood given in Section 4. Since the Clayton copula is given by

Co(u,v) = (u=? +0v7% — 1)7% for 0 € (0,00), the Clayton(90) copula equals

=

Coo,0(u,v) = v — {(1 —u) 0 — 1}7

for 6 € (0,00). Hence it is easily seen that

0 v\l 7
h%olcﬁ(uw) = %CQO’Q(UQ’U) =1- {1 —o? 4+ (1 — u) } ,

and similarly for h{5 . (v|u).

The verification of conditions (6) and (7) is obvious, since it is clear that lim, .o Fc o, (y) =
limy, 0 Fu,6, (y) = 0, and hence

?’1,13}) hylc.e{pFuos (W) Fooe(y)} =0 = ?}IE}) héiro{Feoe W) pFue, ()},

for all 6,0¢, 0y, p.
To show (8), we compute h%o‘lc,e{mFC(y)} = (d/dy)hgplcﬂ{pwc(y)}, which equals

_20+1

1-Fo(y)’ + {FC(y)}G] 8

1-p

—(0+1) fe) {Few))' " {1-1-p 7’}

If K o{plFo ()} = Iy 5P| Fe(y)} for all y > 7, a fortiori hijc o {p|Fo(y)} = by 5{pIFo(y)}-
Simplifying this equality and then taking the limit as y goes to infinity of both members gives

O+ -p 1-0-p "} =@+ Da-pP 1=}

Combining this with the fact that lim, . hgTolcﬂ{p|FC(y)} = limy oo h%olaé{ﬂFc(y)} (i.e.
(1 -p)?*t = (1 - p)?*1) yields (0 + 1){(1 —p)? — 1} = (6 +1){(1 — )’ — 1}. Then multi-
plying each side of the equality by (1 —p) (1 — p), using the equality between limits once again,
and doing some simple algebra leads to

1-n{0a-p"+1-n"}
01-p)'+01-p’—6+6"

Suppose now that 6>0 (the caseﬂ < 6 can be considered similarly). The above equality can be
inserted into (1 — p)?*! = (1 — p)?*! which leads to

- (Fa-p +a-p")\ "
0(1—p)’+(1-p)'—0+0

(1—-p)*' =



and some simple calculations yields
0 6+1
(H(I—p) +(1-p)’ —9+9)

(0-p )"

(1-p)"" =

As (1 —p)é_e <1 we have {§(1—p)’ +(1—p)? -0+ 9~}0+1 < {5(1 -p)f+(1 —p)9}9+1. Since
the function z — xl/(f“) is strictly increasing, we obtain 1 < (1 — p)e which is a contradiction.
This shows that 6 = 0. It now follows from limy oo h7c o {p[Fo(y)} = limy—o h;’,olce{p|Fc(y)}
that p = p.

Next, we consider the Clayton(180) copula:

1
6

Cigo,0(u,v) =u+v — 1+ {(1 —u) (-0 - 1}7 ,

for 6 € (0,00), and hence

1—u

0 =) -
thS‘%,G(uw) = %Cwo,e(uav) =1- {1 —(1-0)"+ ( ) } ’

and similarly for h¢37 ;(v|u). The verification of (6) and (7) is similar to the case of Clayton(90).

Indeed, lim, o Fc o, (y) = limy_,0 Fu 6, (y) = 0 and hence
?}E}% h%%ﬂ{pFUﬂU (y)‘FCﬁc( )} =0= hm hC\T G{FC 90( )‘pFUﬁU (y)}’

for all 0, 9(;, Ou,p.
It hiie o Pl Fe (W)} = hyld 5{bIFo(y)} forally > 7, a fortiori hyie, o {p|Fo(y)} = hyil, 5{pIFo ()}
Let g(y) =1 — Fo(y). Calculatlng the derivative and making some simplifications gives

_(26+1)

0+ g’ {1-01-p*} [1 —9)"+ {gli(yzz}q 9

= @+ 09 1= -9 [1- o0+ {32}]

Taking the derivative once again and simplifying leads to

e
0+ D) {1- =)} llg@)% t=r ]
1-p)°’-1
e U=n)f _(1—p)’+1

9(y)
_ (2§j—1)

Dividing this equality by the previous one and solving the resulting equality with basic algebra

gives ¢ = 0. Inserting this into the initial equality hzi, o {p|Fo(y)} = thS‘% ;AbIFc(y)} gives p = p.



Finally, we consider the Clayton(270) copula:

ES
[

Caro,0(u,v) = u — {Uf@ +(1-v)" - 1}

for 6 € (0,00). Hence,

0y~
0 1—w
00 ult) = o, v) = {1 -0+ (222) } ,

u

and similarly for h27%. (v|u). For the verification of (6) and (7), once again, since lim, o Fc g (y) =
C|T,0 Yy e

limy 0 Fu0, (y) = 0, we directly obtain
?}13% hie o{pFu.e, ()| Fope (y)} =0 = ;li% Wi ol Fooc (W) IpFue, (1)},

for all 8,0¢,0y,p. To shows (8) we need to proceed in a similar way as for Clayton(180). With

the same notation as above, i.e. g(y) =1 — Fo(y), we compute and simplify h2T7|g79{p|Fc(y))} =

hy1e. 5 {B1Fe(y))):

_(26+1)
2]

[4
”*”ﬂw“iﬂ—p”)k‘gwﬁ+{%?}]

(29'+1)

=(0+1)g(y)’* (1 — 13*‘5) [1 — gy’ + {gg)}"] 5 : (0.9)

Taking, once more, the derivative at both sides of this equality and simplifying the result leads to

_ (26+1)

0 [
O+1)(1—p ) g(y)’? [1 —g()’ + {g(y)} 1

p

x [ (0—1)+{1—Fo(y)}’ (20 +1)

~ ~ 0 0
0+ 1)(1— 50)g(y)P-2 [1 )+ {g(y)} 1

X (é . 1) {1 - Fe(y))’ (25+ 1)

511
= 150 ) . (0.10
o] o). o
Considering the case 7 < y < oo, we can divide (0.9) by g(y) x (0.10), and then take the limit
as y goes to infinity. Solving the so-obtained equality should then lead to p = p and 6 = . This is

indeed the case, since solving this equality directly leads to 6 = 6 and some simple algebra based
on h%%ﬁ{mFC(y)} = h2T7|%79{]5|FC(y)} shows that p = p.

—_
|
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<
<
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+
—
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Appendix B: Additional simulations

1 Non-truncated distribution for the variable U

1.1 Incidence of 0.8

1.1.1 Percentage of censoring

Copula / 7 0.00 | 0.20 | 0.50 | 0.80 | -0.20 | -0.50 | -0.80
Frank 47.12 | 47.30 | 46.86 | 38.00 45.48
Gumbel 46.78 | 46.78 | 46.64 | 40.28

Joe 46.78 | 48.30 | 48.76 | 42.00

Clayton(90) 47.02 43.60 | 42.78 | 43.06
Clayton(180) | 47.58 | 47.30 | 48.94 | 40.82

Clayton(270) | 46.40 49.00 | 47.40 | 45.06
Gaussian 66.70 | 71.58 | 76.58 | 83.46 60.98

1.1.2 Sample size 200

Copula | 7 TK p  Ouyi Ouya  Ocr Oco
Frank 0.00 | Bias 0.03 -0.00 -0.01 0.01 0.05 -0.00
SD 0.27 0.08 0.08 0.10 0.35 0.10
SD 0.23 0.07 0.08 0.09 0.31 0.09

RMSE | 0.27 0.08 0.08 0.09 036 0.09
0.20 | Bias -0.07 -0.02 -0.01 0.00 0.20 -0.02
SD 031 0.09 0.08 0.09 064 0.10
SD 0.22 0.07 0.08 0.09 039 0.08
RMSE | 0.32 0.09 0.08 0.09 067 0.10
0.50 | Bias -0.26 -0.04 -0.00 -0.00 0.95 -0.05
SD 0.52 0.11 0.07 0.09 2.08 0.15
SD 0.17 0.056 0.06 0.08 0.79 0.08
RMSE | 0.58 0.11 0.07 0.09 229 0.16
0.80 | Bias -0.05  0.00 0.01 0.01 0.22 0.02
SD 023 0.06 0.08 0.09 150 0.10
SD 0.09 0.03 0.06 0.07r 056 0.08
RMSE | 024 005 0.08 0.09 151 0.11
-0.50 | Bias 033 0.06 -0.03 0.08 -0.18 0.11
SD 049 013 0.12 013 032 0.17
SD 0.20 0.12 0.13 0.10 0.20 0.12
RMSE | 0.59 0.14 0.13 0.15 037 0.20




Copula TK TK p  Oyr  Oya  Oc1  Oco
Gumbel 0.00 | Bias 0.24 0.07 0.01 0.01 -0.18 0.05
SD 0.24 0.08 0.08 0.09 0.18 0.09

SD 0.18 0.06 0.08 0.08 0.15 0.09
RMSE | 0.34 0.10 0.08 0.09 026 0.10

0.20 | Bias 0.05 0.0l 0.00 -0.00 -0.01 -0.00
SD 0.19 0.07 0.09 010 0.19 0.07

SD 0.13 0.06 007 005 0.12 0.07
RMSE | 0.19 0.07 0.08 0.09 0.19 0.07

050 | Bias | -0.03 -0.00 0.0l -0.01 _0.05 0.00
SD 0.20 0.06 0.07 0.9 0.23 0.08

SD 0.17 0.06 0.07 0.09 0.16 0.08
RMSE | 0.20 0.05 0.08 0.09 023 0.08

0.80 | Bias | -0.06 -0.00 0.0l 0.0l 0.09 0.04
SD 0.19 0.05 0.07 0.09 028 0.11

SD 0.10 0.05 0.07 009 013 0.10
RMSE | 0.20 0.04 0.07 0.09 029 0.11

Joe 0.00 | Bias 0.17 007 002 002 -0.14 0.7
SD 0.19 0.08 0.08 0.09 016 0.09

SD 0.14 0.07 0.08 010 012 0.09
RMSE | 0.25 0.10 0.08 0.09 022 0.12

0.20 | Bias 0.0l 00l 00l 00l 002 0.00
SD 0.13 007 010 0.10 0.18 0.07

SD 0.12 0.06 0.07 009 0.14 0.07
RMSE | 0.13 0.06 0.9 0.10 0.18 0.07

050 | Bias | -0.02 _-0.00 0.0l 0.00 0.04 001
SD 0.15 0.05 008 010 0.18 0.07

SD 0.11 0.05 0.07 0.09 0.12 0.07
RMSE | 0.15 0.05 0.08 0.09 0.19 0.07

080 | Bias | -0.06 -0.00 -0.00 0.03 0.06 0.04
SD 012 005 0.09 010 021 0.08

SD 0.06 0.04 0.06 0.09 0.10 0.08
RMSE | 0.14 0.05 0.09 0.10 022 0.09
Clayton(90) | 0.00 | Bias 0.18 -0.06 -0.02 -0.00 026 -0.03
SD 0.24 010 0.09 0.09 057 0.11

SD 0.17 0.08 0.07 008 032 0.06
RMSE | 0.30 0.11 0.09 0.09 0.63 0.11
2020 | Bias | -0.02 -0.01 -0.01 002 0.11 -0.01
SD 0.22 010 0.08 010 0.38 0.12

SD 0.20 0.0 0.09 0.10 0.32 0.10
RMSE | 023 0.0 008 0.10 0.39 0.11
2050 | Bias 0.08 006 002 004 -0.03 0.4
SD 022 0.12 012 012 028 0.15

SD 0.16 0.13 0.16 0.13 025 0.13
RMSE | 023 013 013 012 028 0.15
2080 | Bias | -0.00 003 004 003 001 001
SD 0.06 0.14 016 0.12 0.16 0.11

SD 0.07 024 028 013 0.17 0.11
RMSE | 0.06 014 017 013 0.16 0.11




Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(180) | 0.00 | Bias 0.18 0.06 00l 003 -0.16 007
SD 0.20 0.08 0.08 0.10 0.16 0.09

SD 012 006 007 007 012 0.01
RMSE | 0.27 0.10 0.08 0.10 023 0.11

0.20 | Bias 0.0l 0.00 00l 000 002 -0.00
SD 0.14 006 008 010 0.17 007

SD 013 007 008 009 015 007
RMSE | 0.14 006 008 0.10 018 0.07

0.50 | Bias | -0.02 -0.00 0.0I _0.00 0.04 0.00
SD 0.15 005 0.08 010 0.18 007

SD 011 005 007 009 009 007
RMSE | 0.15 0.05 008 0.10 0.18 0.07

080 | Bias | -0.05 -0.0L -0.00 0.03 0.06 0.03
SD 013 005 0.07 010 021 0.08

SD 0.06 0.04 0.06 009 0.10 0.08
RMSE | 0.14 0.04 008 0.10 022 0.08
Clayton(270) | 0.00 | Bias 016 -0.03 001 -0.00 029 -0.05
SD 021 007 009 010 048 0.12

SD 0.21 0.07 008 007 054 0.15
RMSE | 0.26 0.08 0.08 009 056 0.13
020 | Bias | -0.12 001 007 0.02 017 -0.10
SD 0.00  0.00 0.0 0.00 0.00 0.00

SD 027 011 011 011 044 0.15
RMSE | 0.12 0.00 0.07 000 017 0.09
2050 | Bias 0.06 0.00 -001 004 -002 005
SD 024 013 014 012 028 0.17

SD 032 014 016 011 030 0.18
RMSE | 025 0.3 0.14 0.13 028 0.17
2080 | Bias | -0.00 003 003 003 001 001
SD 006 015 016 012 015 0.11

SD 0.08 038 062 017 016 0.11
RMSE | 0.06 0.15 0.17 013 0.15 0.11
Gaussian 0.00 | Bias 0.07 0.00 -0.02 -0.00 007 -0.03
SD 042 0.1 0.08 0.09 048 0.10

SD 038 0.1 0.09 0.09 043 0.11
RMSE | 043 0.11 0.08 0.09 049 0.10

020 | Bias | -0.04 -0.02 -0.01 -0.01 019 -0.05
SD 042 0.1 0.07 009 061 0.10

SD 041 014 010 016 053 0.14
RMSE | 0.42 0.11 0.07 0.09 064 0.11

050 | Bias | -0.17 -0.03 0.00 -0.01 043 -0.04
SD 046 010 007 010 1.06 0.11

SD 026 0.09 0.09 0.10 0.57 0.10
RMSE | 049 0.11 0.07 0.09 115 0.12

080 | Bias | -0.16 -0.02 -0.00 0.02 042 0.04
SD 040 0.06 0.06 009 1.34 0.12

SD 0.14 0.05 0.07 009 047 0.11
RMSE | 043 0.06 006 009 141 0.12
2050 | Bias 035 007 -003 005 -0.16 007
SD 059 014 014 012 036 0.16

SD 046 0.08 016 0.14 025 0.15
RMSE | 0.69 0.15 014 013 039 0.17
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Copula Copula
data gen. | estim. TK TK D 01 02 Oc Oco
Gumbel Frank 0.20 | Bias -0.10 -0.05 -0.02 0.00 0.17 -0.04
SD 0.20 0.06 0.07r 0.10 0.25 0.07
SD 0.21 0.07 0.07r 0.09 0.29 0.07
RMSE | 0.22 0.08 0.08 0.10 0.30 0.08
0.50 | Bias -0.13 -0.05 -0.02 0.02 0.16 -0.01
SD 0.17 0.05 0.06 0.09 0.19 0.07
SD 0.18 0.05 0.06 0.08 0.21 0.07
RMSE | 0.22 0.07 0.07 0.09 0.25 0.07
0.80 | Bias -0.14 -0.03 -0.01 0.06 0.16 0.09
SD 0.12 0.04 0.07 0.10 0.16 0.11
SD 0.11  0.04 0.05 0.08 0.15 0.10
RMSE | 0.18 0.05 0.07 0.12 0.22 0.14
Frank Gumbel 0.20 | Bias 0.15 0.06 0.03 -0.01 -0.11 0.03
SD 0.26 0.08 0.08 0.09 0.22 0.08
SD 0.21  0.07 0.09 0.08 0.17 0.10
RMSE | 0.30 0.10 0.09 0.09 0.25 0.08
0.50 | Bias 0.10 0.06 0.06 -0.05 -0.07 -0.00
SD 0.25 0.08 0.09 0.10 0.25 0.10
SD 0.15 0.06 0.06 0.09 0.14 0.08
RMSE | 0.27 0.10 0.11 0.10 0.26 0.09
0.80 | Bias 0.02 0.03 0.03 -0.03 -0.00 -0.01
SD 0.12 0.05 0.09 0.09 0.20 0.10
SD 0.08 0.05 0.08 0.08 0.12 0.09
RMSE | 0.12 0.05 0.09 0.09 0.20 0.09
Gaussian | Frank 0.20 | Bias -0.38 -0.06 0.16 -0.14 0.56 -0.03
SD 0.00 0.00 0.00 0.00 0.00 0.00
SD 0.17 0.08 0.12 0.07 0.33 0.09
RMSE | 0.38 0.06 0.16 0.14 0.56 0.03
0.50 | Bias -0.19 -0.04 0.01 0.02 021 0.02
SD 0.22 0.05 0.07 0.10 0.26 0.08
SD 0.20 0.06 0.07 0.08 0.30 0.08
RMSE | 0.29 0.07 0.07 0.10 0.34 0.08
0.80 | Bias -0.23 -0.04 -0.01 0.05 027 0.17
SD 0.15 0.05 0.07 0.11 0.20 0.13
SD 0.13 0.04 0.05 008 019 0.11
RMSE | 0.28 0.06 0.07 0.12 034 0.21
Frank Gaussian | 0.20 | Bias 0.04 0.00 -0.01 -0.02 0.16 -0.05
SD 0.47 0.12 007 0.09 0.75 0.11
SD 0.32 0.09 0.07 0.09 0.49 0.10
RMSE | 047 0.12 0.07 0.09 0.76 0.12
0.50 | Bias -0.08 0.00 0.01 -0.05 0.55 -0.09
SD 0.59 0.13 0.08 0.09 1.53 0.12
SD 0.21 0.07 0.07 0.09 0.65 0.10
RMSE | 0.60 0.13 0.08 0.10 1.63 0.15
0.80 | Bias -0.00  0.01 -0.00 0.01 0.10 -0.04
SD 0.24 0.05 0.05 0.08 0.8 0.08
SD 0.15 0.04 0.06 0.09 0.77 0.11
RMSE | 0.24 0.04 0.05 0.08 0.87 0.09
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1.1.3 Sample size 500

Copula TK TK p Oy1 Oya 01 Oco

Frank | 0.00 | Bias 0.00 -0.00 -0.00 0.00 0.03 -0.01

SD 0.18 0.06 0.05 006 022 0.06

SD 0.17 0.5 0.05 0.06 021 0.06

RMSE | 0.18 0.05 004 006 022 0.06

020 | Bias | -0.03 -0.01 _0.00 -0.00 0.08 -0.01

SD 0.21 0.05 0.05 0.06 039 0.07

SD 0.14 0.04 0.04 005 020 0.05
RMSE | 0.05 0.04 0.06 040 0.06

050 | Bias | -0.14 -0.02 -0.00 -0.01 047 -0.03

SD 0.40 0.08 0.05 0.06 139 0.11

SD 0.12 0.3 0.04 005 033 0.05

RMSE | 0.42 0.08 004 005 147 0.11

080 | Bias | -0.00 0.0l 0.0l -0.00 0.1 0.0l

SD 0.06 0.03 0.05 006 0.08 0.06

SD 0.07 0.02 0.04 005 0.09 0.06

RMSE | 0.06 0.03 004 006 008 0.06

20.50 | Bias 0.15 004 -0.0I 003 -008 005

SD 0.35 0.0 010 0.09 024 0.12

SD 012 0.09 0.9 007 0.14 0.09

RMSE | 0.38 0.11 0.09 009 025 0.13

Cumbel | 0.00 | Bias 0.14 005 00l 00l -0.13 0.04

SD 0.16 0.06 0.06 0.06 0.13 0.06

SD 012 005 005 005 011 0.06

RMSE | 0.21 0.08 0.05 0.05 018 0.07

020 | Bias | -0.01 -0.00 0.00 -0.01 0.04 -0.01

SD 0.13 0.05 0.5 006 016 0.05

SD 0.11 0.04 004 005 012 0.04

RMSE | 0.13 004 004 006 0.16 0.04

050 | Bias | -0.04 -0.01 0.0l -0.0l _0.05 0.00

SD 0.15 0.04 0.04 006 017 0.05

SD 010 0.03 0.04 005 010 0.05

RMSE | 0.16 0.04 0.04 006 0.18 0.04

080 | Bias | -0.04 -0.00 0.00 0.00 0.04 003

SD 0.08 0.03 0.04 0.06 010 0.07

SD 0.06 0.03 0.04 006 008 0.06

RMSE | 0.09 0.03 004 005 011 0.07
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Joe 0.00 | Bias 0.09 005 003 00l -0.10 0.05
SD 0.11 0.06 0.06 006 012 0.07

SD 0.07 0.05 0.05 006 0.09 0.06
RMSE | 0.14 0.07 0.06 005 0.15 0.08

0.20 | Bias | -0.01 -0.00 0.00 -0.00 0.03 -0.01
SD 0.10 0.04 0.05 0.06 0.14 0.05

SD 0.08 0.04 0.04 005 010 0.04
RMSE | 0.10 0.04 0.05 0.06 0.14 0.04

0.50 | Bias | -0.03 -0.00 0.0l -0.01 _0.03 0.00
SD 0.10 0.03 0.05 0.06 0.11 0.04

SD 0.07 0.03 0.04 005 007 0.04
RMSE | 0.11 0.03 0.05 006 0.12 0.04

0.80 | Bias | -0.07 -0.01 -0.02 0.02 0.05 0.03
SD 0.05 0.03 0.06 0.07 0.07 0.05

SD 0.04 0.02 0.03 005 0.06 004
RMSE | 0.08 0.03 0.06 007 008 0.06
Clayton(90) | 0.00 | Bias 011 -0.04 -0.00 -0.01 0.11 -0.01
SD 0.16 0.07 0.05 006 024 0.06

SD 0.18 0.08 0.05 0.06 0.18 0.06
RMSE | 0.19 0.08 0.05 0.06 026 0.06
20.20 | Bias 002 -004 -0.10 005 005 0.6
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 0.14 0.06 0.03 006 0.14 0.06
RMSE | 0.00 0.03 0.09 004 005 006
2050 | Bias 005 003 00l 002 -002 002
SD 0.16 0.09 0.08 007 018 0.10

SD 0.14 0.08 0.9 007 017 0.09
RMSE | 0.17 0.10 0.08 0.08 0.19 0.10
20.80 | Bias 0.00 003 004 00l 001l 0.0
SD 0.04 012 013 008 010 0.07

SD 0.04 012 014 007 010 0.07
RMSE | 0.03 0.2 0.4 0.08 0.10 0.07
Clayton(180) | 0.00 | Bias 0.09 004 00l 00l -0.09 0.04
SD 0.10 0.05 0.05 006 0.11 0.06

SD 0.09 0.05 004 006 010 0.07
RMSE | 0.13 0.06 0.05 006 0.14 0.08

020 | Bias | -0.01 _-0.00 0.00 -0.00 0.03 -0.01
SD 0.11 0.04 0.05 0.06 014 0.05

SD 0.09 0.04 004 005 012 005
RMSE | 0.11 0.04 004 006 014 0.05

050 | Bias | -0.03 -0.0l _0.00 -0.0l _0.03 0.00
SD 0.11 0.03 0.05 006 0.13 0.04

SD 0.07 0.03 0.04 005 007 004
RMSE | 0.11 0.03 0.04 006 0.13 0.04

0.80 | Bias | -0.05 -0.0l -0.0l _0.02 004 002
SD 0.05 0.04 0.06 0.07 0.07 0.05

SD 0.04 0.2 0.03 006 006 0.04
RMSE | 0.07 0.03 0.06 0.07 0.08 0.05
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(270) | 0.00 | Bias 0.12 -0.02 00l -0.01 0.2l -0.04
SD 0.17 0.05 0.05 0.06 0.32 0.08

SD 0.17 0.06 0.06 0.07 0.33 0.09
RMSE | 0.21 0.04 005 006 038 0.09
20.20 | Bias 0.0l -0.0I -0.00 0.00 0.03 0.00
SD 0.19 0.06 0.06 0.06 0.26 0.09

SD 0.19 0.6 0.06 007 027 0.10
RMSE | 0.19 0.06 0.05 0.06 026 0.09
20.50 | Bias 0.03 0.00 -0.00 0.0l -0.0I 0.02
SD 0.16 0.0 0.09 0.07 0.17 0.10

SD 0.16 0.10 0.11 0.07 0.18 0.10
RMSE | 0.16 0.09 0.09 008 0.17 0.10
0.80 | Bias | -0.00 0.03 0.03 001 000 0.01
SD 0.04 013 014 0.8 0.09 0.07

SD 0.05 020 020 009 010 0.07
RMSE | 0.04 0.3 0.4 0.08 0.09 0.07
Caussian 0.00 | Bias 0.05 000 -0.0I -0.00 0.03 -0.02
SD 031 0.08 0.05 0.06 033 007

SD 0.30 0.08 0.05 0.06 0.32 0.08
RMSE | 0.31 0.08 0.04 006 033 008

020 | Bias | -0.07 -0.02 -0.00 -0.0l _0.16 -0.03
SD 033 0.08 0.05 0.06 046 0.07

SD 0.24 007 0.05 005 034 0.07
RMSE | 0.33 0.08 0.04 006 048 0.08

050 | Bias | -0.12 -0.02 __0.00 -0.0I 026 -0.02
SD 0.36  0.08 0.05 006 0.75 0.08

SD 0.16 0.04 0.04 005 030 0.06
RMSE | 0.38 0.08 0.04 006 080 008

0.80 | Bias | -0.09 -0.0l -0.00 0.0l 0.15 0.5
SD 0.21 0.03 004 006 0.61 0.08

SD 0.09 0.3 004 006 0.17 0.08
RMSE | 0.23 0.03 0.03 005 063 0.09
20.50 | Bias 029 006 -002 004 -0.14 005
SD 054 011 011 0.09 031 0.12

SD 0.20 0.7 0.06 0.06 0.16 0.10
RMSE | 0.61 0.3 0.11 0.10 0.33 0.13
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Copula Copula
data gen. | estim. TK TK p b1 Oua o1 O
Gumbel Frank 0.20 | Bias -0.12 -0.05 -0.02 -0.00 0.17 -0.04
SD 0.12 0.04 0.05 0.07 0.15 0.04
SD 0.14 0.04 0.04 0.05 0.17 0.04
RMSE | 0.17 0.05 0.04 0.06 0.23 0.06
0.50 | Bias -0.13 -0.05 -0.02 0.02 0.16 -0.01
SD 0.10 0.03 0.04 0.06 0.11 0.04
SD 0.11  0.03 0.04 0.05 0.13 0.04
RMSE | 0.17 0.05 0.04 0.06 0.19 0.04
0.80 | Bias -0.13 -0.03 -0.02 0.06 0.15 0.08
SD 0.08 0.03 0.04 0.07 0.10 0.07
SD 0.07 0.02 0.03 0.05 0.10 0.06
RMSE | 0.15 0.04 0.04 0.09 0.18 0.10
Frank Gumbel 0.20 | Bias 0.09 0.05 0.03 -0.02 -0.08 0.03
SD 0.21 0.06 0.05 0.06 0.19 0.05
SD 0.13 0.04 0.05 0.05 0.11 0.05
RMSE | 0.23 0.08 0.06 0.06 0.20 0.06
0.50 | Bias 0.09 0.06 0.07 -0.06 -0.07 -0.00
SD 0.22 0.06 0.06 0.06 0.21 0.07
SD 0.16 0.06 0.06 0.07 0.12 0.08
RMSE | 024 0.09 0.09 0.08 0.22 0.07
0.80 | Bias 0.02 0.02 0.02 -0.03 -0.01 -0.01
SD 0.06 0.03 0.06 0.05 0.08 0.05
SD 0.05 0.03 0.04 0.05 0.07 0.05
RMSE | 0.05 0.04 0.06 0.06 0.08 0.05
Gaussian | Frank 0.20 | Bias -0.10 -0.03 0.00 -0.00 0.12 -0.01
SD 0.15 0.04 0.05 0.06 0.18 0.05
SD 0.16 0.05 0.04 0.06 0.19 0.05
RMSE | 0.18 0.05 0.04 0.06 0.21 0.04
0.50 | Bias -0.20 -0.04 0.00 0.02 0.20 0.03
SD 0.13 0.03 0.04 0.06 0.14 0.05
SD 0.13 0.03 0.04 0.05 0.15 0.05
RMSE | 0.24 0.05 0.04 0.07 0.24 0.05
0.80 | Bias -0.22 -0.04 -0.02 0.05 0.25 0.16
SD 0.10 0.03 0.04 0.07 0.13 0.08
SD 0.09 0.02 0.03 0.06 0.12 0.07
RMSE | 0.24 0.04 0.04 0.08 0.28 0.18
Frank Gaussian | 0.20 | Bias 0.0r 0.01 -0.00 -0.03 0.06 -0.03
SD 0.37 0.09 0.05 0.06 0.56 0.08
SD 0.22 0.06 0.04 0.05 0.29 0.06
RMSE | 0.38 0.09 0.04 0.06 0.56 0.09
0.50 | Bias -0.03 0.01 0.01 -0.06 0.43 -0.09
SD 0.54 0.12 005 0.06 1.41 0.10
SD 0.12 0.04 0.04 0.06 0.38 0.06
RMSE | 054 0.11 0.05 0.08 1.47 0.13
0.80 | Bias 0.00 0.01 -0.01 0.01 0.01 -0.03
SD 0.11 0.03 0.04 0.05 0.27 0.06
SD 0.10 0.04 0.05 0.09 0.12 0.07
RMSE | 0.11 0.03 0.03 0.04 0.27 0.06
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1.1.4 Sample size 1000

Copula TK TK p Oy1 Oya 01 Oco
Frank | 0.00 | Bias | -0.00 -0.00 0.00 -0.00 0.02 -0.00
SD 012 004 003 005 014 0.04

SD 0.12 0.04 0.03 004 014 004
RMSE | 0.13 0.03 003 004 014 0.04

020 | Bias | -0.01 -0.00 0.00 -0.01 0.0 -0.00
SD 011 003 003 004 011 003

SD 011 003 0.03 004 011 003
RMSE | 0.11 0.03 003 004 0.10 003

050 | Bias | -0.03 -0.00 0.0l -0.01 _0.09 -0.00
SD 0.20 0.04 003 004 060 0.06

SD 0.00 0.02 003 004 012 0.04
RMSE | 0.20 0.04 0.03 004 061 0.05

0.80 | Bias 0.00 0.01 001 -0.0I 000 0.00
SD 0.04 002 003 004 006 0.04

SD 0.02 001 0.02 003 004 003
RMSE | 0.04 0.00 003 004 005 0.04
2050 | Bias 006 0.02 -000 001 -004 0.02
SD 0.22 0.08 0.07 006 016 0.08

SD 0.09 0.07 006 005 011 0.06
RMSE | 0.23 0.08 007 006 0.16 0.08
Gumbel | 0.00 | Bias 0.02 -0.00 0.00 0.08 -0.08 -0.04
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 055 024 008 004 064 027
RMSE | 0.03 0.00 000 008 008 0.04

020 | Bias | -0.03 -0.0I _0.00 -0.0I 0.5 -0.01
SD 011 0.04 003 004 014 0.04

SD 0.08 0.03 0.03 004 009 0.03
RMSE | 0.12 0.03 003 004 015 0.04

050 | Bias | -0.03 -0.00 0.01 -0.01 0.03 0.01
SD 0.00 0.3 0.03 004 0.09 0.03

SD 0.08 0.02 003 004 007 0.04
RMSE | 0.10 0.03 003 004 009 0.03

080 | Bias | -0.04 -0.01I -0.00 0.00 0.04 0.03
SD 0.06 0.02 0.03 004 007 0.04

SD 0.04 002 003 004 005 0.04
RMSE | 0.07 0.00 0.03 0.03 0.08 0.05
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Joe 0.00 | Bias 0.05 0.03 002 -0.00 -0.06 0.03
SD 0.07 004 004 004 0.09 005

SD 0.05 004 004 004 007 0.04
RMSE | 0.08 0.05 004 004 010 0.06

020 | Bias | -0.03 -0.01 _0.00 -0.01 _0.04 -0.01
SD 0.08 0.03 0.03 005 011 0.04

SD 0.06 0.03 0.03 004 007 0.03
RMSE | 0.08 0.03 003 004 012 003

050 | Bias | -0.03 -0.00 0.01 -0.01 0.2 0.01
SD 0.06 0.02 0.03 0.05 006 0.03

SD 0.05 0.02 0.03 004 005 0.03
RMSE | 0.07 0.0 0.03 004 006 003

080 | Bias | -0.09 -0.02 -0.03 0.03 007 0.04
SD 0.04 0.2 0.03 005 006 0.04

SD 0.02 0.01 0.02 003 004 003
RMSE | 0.10 0.03 0.04 0.05 0.08 0.05
Clayton(90) | 0.00 | Bias 007 -0.02 -0.00 -0.01 0.05 0.00
SD 010 0.04 003 004 010 0.04

SD 0.13 0.06 0.04 004 011 0.04
RMSE | 0.11 004 0.03 004 010 0.03
20.20 | Bias 0.02 0.0l -0.00 00l 0.00 0.00
SD 0.13 0.06 0.03 005 013 0.04

SD 0.17 0.07 0.04 005 015 0.05
RMSE | 0.13 0.05 0.03 004 013 0.04
2050 | Bias 002 002 00l 00l -001 001
SD 0.09 0.06 0.06 0.05 013 0.07

SD 0.09 0.6 0.06 0.05 012 0.07
RMSE | 0.09 0.06 0.05 004 013 0.07
20.80 | Bias 0.00 003 003 000 0.00 0.00
SD 0.03 0.09 010 0.06 0.07 0.05

SD 0.02 010 012 0.05 0.07 0.05
RMSE | 0.03 0.09 0.11 005 007 0.04
Clayton(180) | 0.00 | Bias 0.06 0.03 00l 000 -0.07 0.03
SD 0.08 0.04 0.04 0.04 0.0 0.05

SD 0.07 0.04 0.04 004 0.09 0.05
RMSE | 0.10 0.05 0.04 004 011 0.05

020 | Bias | -0.03 -0.01 _0.00 -0.01 0.5 -0.01
SD 0.09 004 003 005 012 0.04

SD 0.06 0.03 0.03 004 008 0.03
RMSE | 0.10 0.03 003 004 013 0.04

050 | Bias | -0.03 -0.00 0.0l -0.0l _0.02 0.00
SD 0.07 0.02 0.03 004 006 0.03

SD 0.05 002 003 004 005 0.03
RMSE | 0.07 0.0 003 004 007 003

0.80 | Bias | -0.06 _-0.0l -0.03 0.02 005 0.02
SD 0.03 0.2 0.03 005 005 0.04

SD 0.02 001 0.02 004 004 003
RMSE | 0.07 0.03 004 005 007 0.04
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(270) | 0.00 | Bias 0.10 -0.01 0.0l -0.01 0.15 -0.04
SD 0.13 0.03 0.03 004 023 0.06

SD 0.28 0.04 0.04 005 039 0.10
RMSE | 0.16 0.03 0.03 004 027 0.07
20.20 | Bias 0.0l -0.00 -0.00 0.00 0.01 0.00
SD 0.16 0.04 0.04 004 020 0.08

SD 0.17 004 004 004 022 0.08
RMSE | 0.16 0.04 004 004 020 008
20.50 | Bias 0.0l -0.00 -0.00 0.0 -0.00 0.01
SD 0.10 0.07 0.06 0.05 012 0.07

SD 0.10 0.07 0.07 005 012 0.07
RMSE | 0.10 0.07 0.06 0.05 0.12 0.07
20.80 | Bias 0.00 0.03 0.04 -0.00 -0.00 0.00
SD 0.03 011 012 0.6 0.07 0.05

SD 0.03 0.7 0.08 005 0.07 005
RMSE | 0.03 0.1 0.12 005 007 0.04
Caussian 0.00 | Bias 0.00 -0.00 -0.00 -0.0 0.05 -0.02
SD 0.25 0.07 0.03 004 028 0.06

SD 0.22 0.06 0.04 004 025 0.06
RMSE | 0.25 0.07 0.03 004 028 0.06

020 | Bias | -0.08 -0.02 0.00 -0.02 0.14 -0.03
SD 0.27 0.07 0.03 005 0.36 0.06

SD 0.19 0.05 0.3 004 025 0.05
RMSE | 0.28 0.07 0.03 005 039 0.06

050 | Bias | -0.07 -0.0l 0.0l -0.0l _0.10 0.00
SD 0.21 0.05 0.03 004 038 0.05

SD 0.12 0.03 0.03 004 0.16 0.04
RMSE | 0.23 0.04 0.03 004 040 0.04

0.80 | Bias | -0.08 -0.0l -0.00 0.0l 0.1 0.05
SD 014 0.02 0.02 004 032 007

SD 0.06 0.02 0.03 0.04 0.9 0.05
RMSE | 0.16 0.03 0.03 003 034 008
20.50 | Bias 0.14 003 -001 002 -0.07 0.3
SD 0.40 0.09 0.08 0.06 0.23 0.09

SD 0.14 0.06 0.5 0.05 013 0.07
RMSE | 0.43 0.09 0.08 007 024 0.09
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Copula Copula
data gen. | estim. TK TK D 01 02 Oc Oco
Gumbel Frank 0.20 | Bias -0.12 -0.04 -0.01 -0.01 0.18 -0.05
SD 0.09 0.03 0.03 0.05 0.11 0.03
SD 0.10 0.03 0.03 0.04 0.12 0.03
RMSE | 0.15 0.05 0.03 0.04 0.21 0.05
0.50 | Bias -0.13 -0.04 -0.02 0.01 0.16 -0.01
SD 0.07 0.02 0.03 0.04 0.08 0.03
SD 0.08 0.02 0.02 0.04 0.09 0.03
RMSE | 0.15 0.04 0.03 0.04 0.18 0.03
0.80 | Bias -0.13 -0.04 -0.02 0.05 0.15 0.08
SD 0.06 0.02 0.03 0.05 0.07 0.05
SD 0.06 0.02 0.02 0.04 0.07 0.05
RMSE | 0.14 0.04 0.03 0.07 0.16 0.09
Frank Gumbel 0.20 | Bias 0.04 0.04 0.04 -0.02 -0.04 0.03
SD 0.17 0.05 0.04 0.04 0.17 0.04
SD 0.10 0.04 0.03 0.04 0.10 0.04
RMSE | 0.18 0.06 0.05 0.04 0.17 0.05
0.50 | Bias 0.08 0.06 0.06 -0.06 -0.07 0.01
SD 0.17 0.05 0.04 0.04 0.17 0.05
SD 0.06 0.03 0.04 0.04 0.06 0.03
RMSE | 0.19 0.07 0.07 0.07 0.18 0.04
0.80 | Bias 0.01 0.01 0.01 -0.03 -0.00 -0.01
SD 0.04 0.02 0.03 0.03 0.06 0.04
SD 0.03 0.02 0.03 0.03 0.04 0.03
RMSE | 0.04 0.03 0.03 0.04 0.06 0.04
Gaussian | Frank 0.20 | Bias -0.11 -0.03 0.01 -0.01 0.11 -0.01
SD 0.11  0.03 0.04 0.04 0.12 0.03
SD 0.11  0.03 0.03 0.04 0.12 0.03
RMSE | 0.15 0.04 0.03 0.04 0.17 0.03
0.50 | Bias -0.20 -0.04 0.01 0.01 0.20 0.03
SD 0.09 0.02 0.03 0.05 0.10 0.03
SD 0.09 0.02 0.03 0.04 0.10 0.03
RMSE | 0.22 0.04 0.03 0.04 0.22 0.04
0.80 | Bias -0.22 -0.04 -0.02 0.04 0.24 0.16
SD 0.07  0.02 0.02 0.05 0.09 0.06
SD 0.06 0.02 0.02 0.04 0.08 0.05
RMSE | 0.23 0.04 0.03 0.06 0.26 0.16
Frank Gaussian | 0.20 | Bias 0.09 0.02 0.00 -0.02 -0.02 -0.01
SD 0.27 0.07 0.03 0.04 0.36 0.06
SD 0.17 0.04 0.03 0.04 0.20 0.04
RMSE | 0.29 0.07 0.03 0.04 0.36 0.05
0.50 | Bias 0.05 0.03 0.02 -0.06 0.17 -0.07
SD 0.42 0.09 0.04 0.04 1.03 0.08
SD 0.10 0.03 0.03 0.04 0.20 0.04
RMSE | 042 0.09 0.04 0.07 1.05 0.10
0.80 | Bias -0.00 0.00 -0.01 0.02 0.02 -0.02
SD 0.06 0.02 0.02 0.04 0.08 0.04
SD 0.02 0.01 0.02 0.03 0.04 0.03
RMSE | 0.05 0.00 0.03 0.04 0.08 0.04

19



1.1.5 Sample size 2500

Copula TK TK p Oy1 Oya 01 Oco
Frank 0.00 | Bias -0.01 -0.00 0.00 -0.00 0.01  -0.00
SD 0.08 0.02 0.02 0.03 0.08 0.02

gf) 0.08 0.02 0.02 0.03 0.08 0.03

RMSE 0.08 0.03 0.00 0.03 0.08 0.03

0.20 | Bias -0.01 0.00 0.00 -0.00 0.01 0.00
SD 0.06 0.02 0.02 0.03 0.06 0.02

S/f) 0.07 0.02 0.02 0.02 0.06 0.02

RMSE 0.06 0.00 0.00 0.03 0.06 0.00

0.50 | Bias 0.00 0.00 0.01 -0.01 0.00 0.00
SD 0.05 0.01 0.02 0.03 0.05 0.02

S/f) 0.06  0.01 0.02 0.02 0.05 0.02

RMSE 0.05 0.00 0.00 0.03 0.04 0.00

0.80 | Bias 0.00 0.01 0.01 -0.01 -0.00 -0.00
SD 0.03 0.01 0.02 0.03 0.04 0.03

S/f) 0.01 0.01 0.01 0.02 0.03 0.02

RMSE 0.03 0.00 0.03 0.03 0.04 0.03

-0.50 | Bias 0.00 0.00 0.00 0.00 -0.00 0.00
SD 0.04 0.04 0.04 0.03 0.06 0.04

S/f) 0.05 0.04 0.04 0.03 0.07 0.04

RMSE 0.04 0.04 0.03 0.03 0.06 0.03
Gumbel | 0.00 | Bias 0.05 0.02 0.01 -0.00 -0.05 0.02
SD 0.07 0.03 0.02 0.03 0.07 0.03

S/]\) 0.05 0.03 0.02 0.02 0.06 0.03

RMSE 0.08 0.03 0.03 0.03 0.09 0.03

0.20 | Bias -0.04 -0.01 0.00 -0.01 0.05 -0.01
SD 0.09 0.03 0.02 0.03 0.11 0.03

S/]\) 0.05 0.02 0.02 0.02 0.06 0.02

RMSE 0.09 0.03 0.00 0.03 0.12 0.03

0.50 | Bias -0.03 -0.00 0.01 -0.01 0.03 0.01
SD 0.05 0.01 0.02 0.03 0.05 0.02

S/]\) 0.05 0.01 0.02 0.02 0.04 0.02

RMSE 0.06 0.00 0.00 0.03 0.05 0.03

0.80 | Bias -0.04 -0.01 -0.01 0.00 0.04 0.02
SD 0.04 0.01 0.02 0.02 0.04 0.03

S/]\) 0.02 0.01 0.01 0.02 0.03 0.02

RMSE 0.05 0.00 0.00 0.03 0.06 0.03
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Joe 0.00 | Bias 0.02 0.0l 0.0l -0.00 -0.03 0.02
SD 0.04 0.03 0.03 003 006 0.03

SD 0.03 0.02 0.02 002 005 0.03
RMSE | 0.04 0.03 0.03 003 006 003

0.20 | Bias | -0.02 -0.00 0.0l -0.02 0.03 -0.00
SD 0.05 0.2 0.2 0.03 0.07 0.02

SD 0.04 002 002 002 004 0.02
RMSE | 0.05 0.00 0.03 003 007 003

050 | Bias | -0.03 -0.00 0.0l -0.02 0.02 0.01
SD 0.04 0.0l 0.2 0.03 004 0.02

SD 0.03 0.0l 0.2 0.02 003 0.02
RMSE | 0.04 0.00 0.00 003 004 0.00

0.80 | Bias | -0.12 -0.02 -0.04 0.03 0.08 0.04
SD 0.03 0.0l 0.02 004 004 0.04

SD 0.0l 001 001 002 002 0.01
RMSE | 0.12 0.03 0.04 0.05 0.09 0.05
Clayton(90) | 0.00 | Bias 0.05 -0.02 000 -0.0I 0.03 -0.00
SD 0.07 0.03 0.02 003 006 0.02

SD 0.09 0.04 0.02 0.03 007 0.02
RMSE | 0.08 0.03 0.00 003 006 0.00
20.20 | Bias 0.0l _0.00 -0.00 0.00 0.00 0.00
SD 0.10 0.04 0.02 003 009 0.03

SD 0.13 0.05 0.03 004 010 0.03
RMSE | 0.10 0.04 0.03 003 008 003
2050 | Bias 0.00 000 000 000 -0.00 0.00
SD 0.05 0.04 0.03 003 008 0.04

SD 0.05 0.04 0.03 003 008 0.04
RMSE | 0.04 0.03 0.03 003 007 003
20.80 | Bias 0.00 003 003 -0.0I -0.00 0.00
SD 0.02 0.07 0.08 004 004 0.03

SD 0.02 0.06 0.06 004 004 0.03
RMSE | 0.00 0.08 0.08 003 004 003
Clayton(180) | 0.00 | Bias 0.04 002 00l 000 -0.04 0.02
SD 0.05 0.03 0.02 003 006 0.03

SD 0.05 0.03 002 003 007 0.04
RMSE | 0.06 0.03 0.03 003 008 0.04

020 | Bias | -0.03 -0.01 _0.00 -0.02 0.04 -0.01
SD 0.06 0.02 0.02 003 008 0.03

SD 0.04 002 002 002 005 0.02
RMSE | 0.07 0.03 0.00 003 009 003

050 | Bias | -0.03 -0.00 0.0l -0.0l _0.02 0.1
SD 0.04 0.0l 0.2 0.03 004 0.02

SD 0.03 0.01 0.02 002 003 002
RMSE | 0.05 0.00 0.00 003 004 0.00

0.80 | Bias | -0.09 -0.02 -0.04 0.3 007 003
SD 0.02 0.0l 0.02 004 004 0.03

SD 0.0l 0.0l 0.0l 002 0.03 002
RMSE | 0.09 0.00 004 004 008 0.04
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(270) | 0.00 | Bias 0.08 -0.01 0.0l -00l 0.1 -0.03
SD 0.10 0.02 002 003 015 0.04

SD 0.13 0.2 0.02 003 019 005
RMSE | 0.13 0.00 0.03 0.03 019 0.05
20.20 | Bias 0.0l -0.00 -0.00 0.0 -0.01 0.01
SD 0.12 0.3 0.03 003 0.14 0.06

SD 0.16 0.03 0.03 003 017 0.07
RMSE | 0.12 0.03 003 0.03 014 0.05
20.50 | Bias 0.00 0.00 0.00 0.00 -0.00 0.00
SD 0.05 0.04 0.04 003 0.07 0.04

SD 0.06 0.04 0.04 003 007 004
RMSE | 0.05 0.04 004 0.03 006 0.04
20.80 | Bias 0.00 0.03 0.03 -0.00 -0.00 0.00
SD 0.02 0.8 0.09 004 0.04 003

SD 0.02 012 013 004 0.04 0.03
RMSE | 0.00 0.09 009 0.04 004 0.03
Gaussian 0.00 | Bias -0.01 -0.00 -0.00 -0.01 0.04 -0.01
SD 0.18 0.05 0.02 003 019 0.04

SD 0.16 0.04 0.02 003 017 0.04
RMSE | 0.18 0.05 000 0.03 0.19 0.04

0.20 | Bias | -0.06 -0.01 0.0 -0.01 _0.08 -0.01
SD 0.17 0.04 0.02 003 020 003

SD 0.14 0.04 0.02 002 016 0.03
RMSE | 0.18 0.04 003 0.03 021 0.03

050 | Bias | -0.04 -0.00 0.01 -0.01 0.04 0.01
SD 0.09 0.2 0.02 003 0.08 002

SD 0.07 0.2 0.02 002 0.07 0.02
RMSE | 0.10 0.00 0.00 0.03 0.09 0.03

0.80 | Bias | -0.08 -0.01 -0.01 _0.02 0.09 0.05
SD 0.07 0.01 0.0l 002 0.08 005

SD 0.04 001 0.2 002 004 003
RMSE | 0.11 0.00 000 0.03 012 0.07
20.50 | Bias 0.05 0.0l 000 001 -0.03 001
SD 024 0.06 0.05 004 0.14 006

SD 0.07 0.04 0.04 003 0.08 004
RMSE | 024 0.06 005 0.04 0.14 0.05
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Copula Copula
data gen. | estim. TK TK p b1 Oua o1 O
Gumbel Frank 0.20 | Bias -0.12 -0.05 -0.02 -0.01 0.17 -0.04
SD 0.05 0.02 0.02 0.03 0.07  0.02
SD 0.06 0.02 0.02 0.02 0.07 0.02
RMSE | 0.13 0.04 0.03 0.03 0.18 0.04
0.50 | Bias -0.13 -0.05 -0.02 0.01 0.15 -0.01
SD 0.04 0.01 0.02 0.03 0.05 0.02
SD 0.05 0.01 0.01 0.02 0.06 0.02
RMSE | 0.14 0.04 0.03 0.03 0.16 0.03
0.80 | Bias -0.13 -0.04 -0.02 0.05 0.14 0.07
SD 0.04 0.01 0.01 0.03 0.05 0.03
SD 0.03 0.01 0.01 0.02 0.04 0.03
RMSE | 0.13 0.03 0.03 0.06 0.15 0.08
Frank Gumbel 0.20 | Bias 0.01 0.03 0.04 -0.02 -0.02 0.03
SD 0.16 0.05 0.02 0.03 0.16 0.03
S/f) 0.06 0.02 0.02 0.02 0.05 0.02
RMSE 0.16 0.05 0.04 0.03 0.16 0.04
0.50 | Bias 0.09 0.06 0.06 -0.05 -0.08 0.01
SD 0.08 0.02 0.02 0.03 0.06 0.03
S/]\:) 0.06 0.02 0.02 0.03 0.04 0.03
RMSE 0.12 0.05 0.06 0.05 0.10 0.03
0.80 | Bias 0.00 0.01 0.00 -0.02 0.00 -0.01
SD 0.03 0.01 0.02 0.02 0.04 0.03
SD 001 001 001 002 002 0.02
RMSE 0.03 0.00 0.00 0.03 0.03 0.03
Gaussian | Frank 0.20 | Bias -0.11  -0.03 0.01 -0.01 0.11 -0.01
SD 0.07 0.02 0.02 0.03 0.07 0.02
S/]\) 0.07  0.02 0.02 0.02 0.08 0.02
RMSE | 0.13 0.03 0.03 0.03 0.13 0.03
0.50 | Bias -0.21 -0.04 0.01 0.01 0.20 0.03
SD 0.06 0.01 0.02 0.03 0.06 0.02
S/]\) 0.06 0.01 0.02 0.02 0.06 0.02
RMSE | 0.21 0.04 0.00 0.03 0.21 0.03
0.80 | Bias -0.22 -0.04 -0.02 0.04 0.24 0.15
SD 0.04 0.01 0.01 0.03 0.06 0.03
S/]\) 0.04 0.01 0.01 0.02 0.05 0.03
RMSE 0.23 0.04 0.03 0.05 0.25 0.16
Frank Gaussian | 0.20 | Bias 0.11  0.03 0.00 -0.02 -0.08 0.00
SD 0.17 0.04 0.02 0.03 0.20 0.03
SD 0.11 0.03 0.02 002 011 0.02
RMSE | 0.20 0.05 0.00 0.03 0.21 0.03
0.50 | Bias 0.11  0.04 0.02 -0.06 0.03 -0.05
SD 0.30 0.06 0.03 0.02 0.77  0.06
SD 0.06 0.02 0.02 0.03 0.09 0.03
RMSE | 0.32 0.08 0.03 0.06 0.77 0.08
0.80 | Bias -0.01 0.00 -0.02 0.02 0.02 -0.02
SD 0.03 0.01 0.02 0.03 0.04 0.03
SD 0.02 0.01 0.01 0.02 0.03 0.02
RMSE | 0.03 0.00 0.03 0.03 0.04 0.03
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1.2 Incidence of 0.6

1.2.1 Percentage of censoring

Copula / 7 0.00 0.20 0.50 0.80 -0.20 | -0.50 -0.8
Frank 60.24 | 62.84 | 67.58 | 74.00 55.62
Gumbel 60.04 | 61.38 | 65.70 | 71.06
Joe 59.86 | 62.74 | 67.10 | 75.22
Clayton(QO) 60.40 56.98 | 52.86 | 52.22
Clayton(180) | 60.98 | 61.84 | 68.06 | 71.74
Clayton(270) 59.86 59.60 | 56.54 | 53.60
Gaussian 75.26 | 81.30 | 88.16 | 97.26 65.72
1.2.2 Sample size 200
Copula | 7 TK p Oyt Oy  Oc1  Oco
Frank 0.00 | Bias 0.04 0.02 -0.01 0.02 0.02 -0.01
SD 030 0.11 0.10 0.11  0.27 0.08
S/]\) 0.25 0.10 0.10 0.10 0.22 0.08
RMSE | 0.31 0.11 0.09 0.11 0.27 0.08
0.20 | Bias -0.10 -0.02 -0.02 0.00 0.16 -0.03
SD 0.38 0.12 0.11 0.12 0.47  0.10
S/]\) 0.24  0.09 0.10 0.10 0.24 0.07
RMSE 0.39 0.12 0.11 0.12 0.50 0.10
0.50 | Bias -0.34 -0.06 -0.01 -0.02 0.40 -0.04
SD 0.58 0.16 0.17  0.12 0.69 0.12
S/]\) 0.20 0.09 0.11 0.10 0.23 0.07
RMSE | 0.67 0.17 0.17 0.12 0.80 0.13
0.80 | Bias -0.24 -0.04 0.03 0.03 0.16 0.03
SD 050 0.18 0.29 0.14 037 0.09
SD 016 0.1 010 012 013 0.07
RMSE | 0.55 0.18 0.29 0.14 0.40 0.09
-0.50 | Bias 032 0.12 0.02 0.07r -0.16 0.08
SD 0.47 0.16 0.15 0.13 0.26 0.14
S/]\) 0.21 0.12 0.19 0.11 0.16 0.11
RMSE | 0.57 020 0.15 0.15 0.31 0.16
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Copula TK TK p Ouir Oyz b1 Oc2
Gumbel 0.00 | Bias 0.23 0.11 0.06 0.01 -0.13 0.02
SD 024 012 013 011 014 0.07

SD 021 011 012 010 0.13 0.07
RMSE | 0.33 0.17 0.14 011 019 0.08

0.20 | Bias 0.06 0.04 0.03 -0.00 -0.0I -0.01
SD 024 011 013 012 0.15 0.07

SD 021 011 013 010 0.13 0.07
RMSE | 024 012 0.13 012 015 0.07

050 | Bias | -0.50 -0.14 0.34 -0.24 0.40 0.08
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 0.02 007 031 009 0.11 0.07
RMSE | 050 0.14 034 024 040 0.08

0.80 | Bias | -0.18 -0.07 -0.02 0.04 0.09 0.06
SD 0.28 0.2 0.6 0.15 0.16 0.09

SD 020 0.6 022 013 012 0.09
RMSE | 033 014 0.15 015 0.18 0.11

Joe 0.00 | Bias 0.18 0.1 0.08 002 -0.11 0.04
SD 020 0.13 016 011 0.14 0.07

SD 0.15 0.11 015 010 0.12 0.07
RMSE | 027 0.17 0.18 0.11 0.17 0.08

0.20 | Bias 0.03 0.03 003 001l 0.0l 000
SD 0.17 0.0 0.6 012 0.14 0.07

SD 0.16 0.10 0.4 010 0.13 0.07
RMSE | 0.17 011 0.16 0.12 0.14 0.06

050 | Bias | -0.03 0.00 0.02 001 0.03 0.01
SD 019 0.12 017 013 0.14 0.07

SD 0.16 0.1 0.16 011 0.11 0.07
RMSE | 020 0.1 0.18 0.13 0.14 0.07

0.80 | Bias | -0.14 -0.05 0.00 0.04 0.06 0.05
SD 021 0.15 026 0.16 0.13 0.08

SD 0.14 0.11 0.04 013 0.10 0.07
RMSE | 025 0.5 026 0.16 0.14 0.09
Clayton(90) | 0.00 | Bias 0.23 -0.06 -0.03 -0.00 0.22 -0.03
SD 0.27 0.09 011 011 042 0.10

SD 040 0.18 0.7 014 026 0.07
RMSE | 035 0.1 0.11 0.11 047 0.10
020 | Bias | -0.06 -0.00 -0.01 0.02 011 -0.02
SD 024 0.0 010 0.11 0.29 0.10

SD 0.24 011 010 0.09 0.23 009
RMSE | 025 0.0 0.10 0.11 031 0.10
20.50 | Bias 0.10 0.06 003 004 -0.03 003
SD 0.23 0.3 013 0.12 023 0.12

SD 032 016 0.15 012 021 0.10
RMSE | 025 0.4 013 012 023 0.13
20.80 | Bias 0.0l 0.06 011 001 -0.00 002
SD 0.09 016 028 014 014 0.12

SD 022 020 044 016 0.15 0.11
RMSE | 0.08 0.7 030 0.14 014 0.12
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Copula TK TK p Our Oya  Oc1  Oca
Clayton(180) | 0.00 | Bias 052 026 002 0.5 -0.34 0.05
SD 0.00 0.00 0.0 0.00 0.0 0.00

SD 013 0.06 006 0.10 006 0.07
RMSE | 052 026 0.00 0.15 034 0.04

0.20 | Bias 0.03 0.03 003 00l -0.00 -0.00
SD 019 011 016 012 014 0.06

SD 017 0.10 013 008 013 0.6
RMSE | 0.19 0.1 0.16 0.12 0.14 0.06

050 | Bias | -0.03 0.00 0.2 00l 0.02 0.00
SD 020 0.12 016 0.13 013 007

SD 020 0.12 0.16 0.13 0.13 0.07
RMSE | 0.20 0.11 016 0.13 013 0.07

080 | Bias | -0.12 -0.05 -0.00 0.04 0.05 0.04
SD 0.20 0.14 025 0.16 012 0.08

SD 013 0.12 0.13 0.14 0.09 0.07
RMSE | 0.23 0.15 025 0.16 013 0.09
Clayton(270) | 0.00 | Bias 016 -0.03 -0.00 0.00 023 -0.05
SD 021 008 010 011 037 0.11

SD 024 0.08 011 009 040 0.11
RMSE | 026 0.08 0.10 0.11 044 0.12
2020 | Bias | 0.0 -0.00 -0.00 0.02 005 -0.00
SD 022 009 011 011 030 0.12

SD 023 0.9 012 009 031 0.12
RMSE | 022 0.9 0.11 011 030 0.12
2050 | Bias 006 0.04 003 004 -003 0.4
SD 023 014 019 012 023 0.15

SD 023 016 024 011 022 0.14
RMSE | 0.24 0.5 019 0.13 023 0.16
20.80 | Bias 000 006 011 002 000 001
SD 007 017 030 014 013 0.10

SD 0.07 035 068 014 012 0.10
RMSE | 0.07 0.8 032 014 013 0.10
Gaussian 0.00 | Bias 0.03 0.03 -00L 000 007 -0.04
SD 042 0.5 010 0.11 038 0.09

SD 038 014 011 011 034 0.10
RMSE | 042 0.5 010 0.10 0.38 0.10

020 | Bias | -0.09 -0.00 -0.01 -0.01 0.7 -0.05
SD 045 0.15 012 011 045 0.09

SD 036 014 011 011 034 0.10
RMSE | 0.46 0.15 011 0.11 048 0.10

050 | Bias | -0.33 -0.05 -0.00 -0.00 0.36 -0.04
SD 055 0.17 016 0.12 061 0.10

SD 032 013 020 012 031 0.10
RMSE | 0.64 0.8 016 0.13 070 0.11

080 | Bias | -0.44 -0.12 -0.06 006 029 0.06
SD 055 0.14 027 0.15 044 0.10

SD 023  0.09 024 011 022 0.09
RMSE | 070 0.18 0.27 0.17 053 0.11
2050 | Bias 042 0.4 001 0.06 -0.18 0.6
SD 0.60 0.19 016 0.12 032 0.13

SD 036 0.4 0.8 0.11 021 0.13
RMSE | 0.73 024 016 0.13 036 0.14
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Copula Copula
data gen. | estim. TK TK p b1 Oua o1 O
Gumbel Frank 0.20 | Bias -0.07 -0.03 -0.02 0.01 0.08 -0.02
SD 0.25 0.09 0.11 0.12 0.18 0.06
SD 0.25 0.09 011 010 021 0.07
RMSE | 0.26 0.09 0.11 0.12 0.19 0.07
0.50 | Bias 030 031 0.67 -0.18 0.06 -0.01
SD 0.00 0.00 0.00 0.00 0.00 0.00
SD 0.00 0.12 042 0.08 0.09 0.06
RMSE | 030 0.31 0.67 0.18 0.05 0.00
0.80 | Bias -0.24 -0.06 0.00 0.08 0.12 0.07
SD 0.32 0.17  0.30 0.16 0.20 0.10
SD 0.20 0.07 0.10 0.11 0.15 0.08
RMSE 0.40 0.18 0.30 0.17  0.23 0.12
Frank Gumbel 0.20 | Bias 0.15 0.09 0.07 -0.02 -0.07 0.00
SD 0.28 0.14 0.13 0.11 0.17  0.07
S/f) 0.32 0.14 0.16 0.11 0.16 0.10
RMSE 0.31 0.16 0.15 0.11 0.18 0.07
0.50 | Bias 0.05 0.08 0.12 -0.05 -0.01 -0.00
SD 0.27 0.16 0.19 0.11 0.16 0.08
SD 034 033 031 015 016 0.12
RMSE 0.27 0.17 0.22 0.13 0.16 0.08
0.80 | Bias -0.09 -0.03 0.02 -0.00 0.04 0.03
SD 0.23 0.13 0.22 0.13 0.14 0.09
S/f) 0.17 0.16 0.25 0.12 0.10 0.08
RMSE 0.25 0.13 0.22 0.13 0.14 0.09
Gaussian | Frank 0.20 | Bias -0.04 -0.00 0.00 0.01 0.06 -0.01
SD 0.28 0.11 0.11 0.12 0.21 0.07
S/]\) 0.24 0.09 0.11 0.10 0.21 0.07
RMSE 0.29 0.10 0.11 0.12 0.21 0.07
0.50 | Bias -0.15 -0.02 0.02 0.03 0.11 0.02
SD 030 0.13 0.14 0.13 0.20 0.08
SD 024 009 011 011 019 0.07
RMSE | 0.33 0.13 0.14 0.13 0.22 0.08
0.80 | Bias -0.32 -0.07 0.01 0.09 0.17 0.10
SD 038 0.18 0.28 0.16 0.23 0.10
S/]\) 0.23 0.10 0.15 0.13 0.17  0.09
RMSE 0.50 0.19 0.28 0.18 0.29 0.14
Frank Gaussian | 0.20 | Bias -0.03 0.01 -0.01 -0.03 0.14 -0.05
SD 0.47 0.16 0.11 0.11 0.49 0.10
SD 1.08 0.60 0.22 037 0.50 0.31
RMSE 0.47  0.16 0.11 0.11 0.51 0.10
0.50 | Bias -0.28 -0.03 0.00 -0.05 0.36 -0.07
SD 0.63 0.19 0.19 0.11 0.67 0.10
SD 0.27 0.5 017 0.0 0.28 0.10
RMSE 0.69 0.19 0.19 0.12 0.76 0.12
0.80 | Bias -0.06 -0.15 -0.15 0.16 0.05 0.04
SD 0.00 0.00 0.00 0.00 0.00 0.00
SD 0.16 0.09 0.07 0.14 0.09 0.08
RMSE | 0.06 0.15 0.15 0.15 0.05 0.03
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1.2.3 Sample size 500

Copula TK TK p Oy1 Oya 01 Oco
Frank 0.00 | Bias -0.00 0.00 0.00 -0.00 0.03 -0.01
SD 0.20 0.07 0.07 0.08 0.17 0.05

gf) 0.18 0.07 0.06 0.07 0.15 0.05

RMSE 0.20 0.07 0.06 0.08 0.18 0.04

0.20 | Bias -0.06 -0.01 -0.00 -0.01 0.07 -0.01
SD 0.25 0.08 0.07 0.08 0.28 0.06

S/f) 0.17 0.07r 0.06 0.06 0.14 0.04

RMSE 0.25 0.08 0.06 0.08 0.29 0.06

0.50 | Bias -0.19 -0.03 -0.00 -0.02 0.22 -0.02
SD 0.46 0.13 0.11 0.08 0.53 0.09

S/f) 0.15 0.07 0.07 0.06 0.13 0.05

RMSE 0.50 0.13 0.11 0.08 0.58 0.09

0.80 | Bias -0.05 0.02 0.08 -0.01 0.04 0.01
SD 0.22 0.14 0.26 0.10 0.16 0.05

S/f) 0.09 0.07 0.10 0.07 0.06 0.05

RMSE 0.23 0.14 0.27 0.10 0.16 0.05

-0.50 | Bias 0.13 0.06 0.02 0.03 -0.06 0.04
SD 0.32 0.12 0.11 0.09 0.20 0.10

S/f) 0.14 0.09 0.11 0.07 0.12 0.08

RMSE 0.35 0.14 0.11 0.09 0.21 0.10
Gumbel | 0.00 | Bias 0.14 0.07 0.04 -0.00 -0.08 0.02
SD 0.16 0.08 0.08 0.07 0.11 0.04

S/]\) 0.15 0.08 0.08 0.06 0.10 0.05

RMSE 0.21 0.11 0.09 0.07 0.13 0.04

0.20 | Bias -0.01 0.00 0.01 -0.01 0.02 -0.01
SD 0.16 0.07 0.07 0.08 0.12 0.04

S/]\) 0.18 0.08 0.07 0.06 0.14 0.05

RMSE 0.16 0.07 0.07 0.08 0.12 0.04

0.50 | Bias -0.06 -0.01 0.02 -0.02 0.04 0.00
SD 0.22 0.10 0.09 0.09 0.13 0.05

S/]\) 0.17 0.09 0.09 0.07 0.10 0.05

RMSE 0.22 0.09 0.09 0.09 0.14 0.05

0.80 | Bias -0.47 -0.19 0.02 -0.15 0.21 0.11
SD 0.00 0.00 0.00 0.00 0.00 0.00

S/]\) 0.18 0.08 0.12 0.06 0.10 0.06

RMSE 0.47 0.19 0.03 0.15 0.21 0.11
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Joe 0.00 | Bias 0.10 0.07 006 -0.00 -0.07 0.3
SD 012 009 010 007 010 005

SD 011 0.08 0.09 006 009 0.05
RMSE | 0.16 0.1 0.11 0.07 0.12 0.05

020 | Bias | -0.01 0.0l 0.02 -0.01 0.02 -0.01
SD 0.12 007 008 008 010 0.04

SD 011 0.07 0.08 006 0.09 0.04
RMSE | 0.13 0.07 0.08 008 010 0.04

050 | Bias | -0.05 -0.0L 0.01 -0.0L 0.03 0.00
SD 017 009 015 009 011 0.04

SD 010  0.07 0.09 007 007 0.04
RMSE | 0.18 0.09 015 009 011 0.04

0.80 | Bias | -0.18 -0.08 -0.02 000 0.07 0.04
SD 023 012 024 012 013 0.05

SD 0.08 0.07 0.09 008 0.06 005
RMSE | 0.30 0.14 024 0.12 0.14 0.07
Clayton(90) | 0.00 | Bias 013 -0.04 -0.01 -0.01 0.09 -0.01
SD 018 0.07 007 007 019 0.6

SD 0.18 0.08 0.06 006 012 005
RMSE | 0.22 008 0.07 007 021 005
2020 | Bias | -0.00 0.0I 0.00 000 0.03 -0.00
SD 018 0.08 007 007 015 0.05

SD 0.26 0.1 0.04 005 015 005
RMSE | 0.18 0.08 0.07 007 015 0.05
2050 | Bias 007 004 002 002 -002 001
SD 018 0.09 008 007 016 0.08

SD 0.14 008 008 007 014 0.10
RMSE | 0.19 0.10 0.08 008 0.16 0.8
20.80 | Bias 0.00 003 005 000 000 001
SD 004 0.10 017 009 009 0.07

SD 0.04 0.12 021 008 0.09 0.06
RMSE | 0.03 0.10 0.18 008 0.09 0.07
Clayton(180) | 0.00 | Bias 0.09 0.06 004 001 -007 0.02
SD 0.11 0.07 0.08 007 009 0.04

SD 011 0.07 0.08 0.07 0.09 0.05
RMSE | 0.14 0.09 009 007 011 0.05

020 | Bias | -0.02 000 0.01 -0.01 0.02 -0.01
SD 013 0.06 007 008 011 0.04

SD 012 0.07 0.08 006 010 0.04
RMSE | 0.13 0.06 0.07 008 011 0.04

050 | Bias | -0.06 _-0.01 _0.01 -0.01 0.04 001
SD 017 008 011 009 011 0.04

SD 0.10 0.07 0.0 007 0.07 004
RMSE | 0.18 0.08 011 009 011 0.04

080 | Bias | -0.16 -0.07 -0.04 001 0.06 0.04
SD 023 010 016 011 012  0.05

SD 0.07 008 012 009 005 005
RMSE | 027 0.3 0.16 0.11 0.13 0.06
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(270) | 0.00 | Bias 0.13 -0.03 -0.00 -0.01 0.17 -0.04
SD 0.16 0.05 0.06 007 024 007

SD 0.21 0.6 0.07 0.07 029 0.09
RMSE | 0.20 0.06 0.06 0.07 029 008
20.20 | Bias 0.0l -0.00 -0.0I 0.01 0.1 0.00
SD 0.18 0.07 0.6 0.07 021 0.09

SD 023 007 007 012 024 0.10
RMSE | 0.18 0.06 0.06 007 021 008
20.50 | Bias 0.04 -0.01 -0.0I 009 -0.12 0.04
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 012 0.9 0.09 008 011 0.08
RMSE | 0.04 0.00 0.00 009 013 003
20.80 | Bias 0.00 0.03 0.05 0.00 -0.00 0.1
SD 0.04 011 019 0.9 0.08 0.06

SD 0.05 0.7 030 0.09 0.08 0.06
RMSE | 0.04 0.2 0.9 0.09 008 0.06
Caussian 0.00 | Bias | -0.00 0.0l -0.0l -0.0l 0.06 -0.03
SD 031 0.0 0.06 0.07 027 0.06

SD 029 0.0 0.06 0.07 024 0.07
RMSE | 0.31 0.10 0.06 0.07 028 0.07

020 | Bias | -0.10 -0.02 -0.0l -0.02 0.13 -0.03
SD 035 0.1 0.07 008 0.33 0.06

SD 0.26  0.09 0.07 006 022 0.06
RMSE | 0.36 0.11 0.06 0.08 035 0.07

050 | Bias | -0.26 -0.05 -0.00 -0.02 026 -0.02
SD 048 0.3 0.09 0.08 049 0.08

SD 0.23 0.1 0.09 0.07 019 0.07
RMSE | 0.54 0.14 0.09 008 0.56 0.08

080 | Bias | -0.35 -0.11 -0.06 _0.02 022 0.6
SD 047 010 0.08 010 0.36 0.07

SD 0.16 0.06 0.06 0.08 0.13 0.06
RMSE | 0.59 0.15 0.0 0.10 0.42 0.09
20.50 | Bias 035 011 -0.00 004 -0.15 005
SD 056 0.7 0.09 0.08 027 0.10

SD 0.22  0.09 0.08 0.07 014 0.09
RMSE | 0.66 020 0.9 0.09 031 0.11
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Copula Copula
data gen. | estim. TK TK D 01 02 Oc Oco
Gumbel Frank 0.20 | Bias -0.10 -0.04 -0.02 -0.00 0.09 -0.02
SD 0.15 0.06 0.06 0.08 0.11 0.04
SD 0.17 0.06 0.06 0.06 0.13 0.04
RMSE | 0.18 0.06 0.06 0.08 0.14 0.04
0.50 | Bias -0.13 -0.05 -0.03 0.02 0.08 0.01
SD 0.17 0.07 0.07 0.09 0.11 0.05
SD 0.16 0.06 0.06 0.07 0.10 0.04
RMSE | 0.21 0.08 0.08 0.09 0.13 0.04
0.80 | Bias -0.20 -0.14 -0.10 0.13 0.10 0.06
SD 0.00 0.00 0.00 0.00 0.00 0.00
SD 0.10 0.05 0.056 0.08 0.06 0.04
RMSE | 0.20 0.14 0.10 0.13 0.10 0.05
Frank Gumbel 0.20 | Bias 0.08 0.06 0.06 -0.03 -0.04 0.01
SD 0.22 0.10 0.08 0.07 0.13 0.05
SD 0.17 0.09 0.08 0.06 0.11 0.05
RMSE | 0.23 0.12 0.10 0.08 0.14 0.04
0.50 | Bias 0.05 0.07 0.12 -0.07 -0.01 -0.01
SD 0.24 0.13 0.15 0.07 0.14 0.06
SD 0.15 0.10 0.12 0.07 0.08 0.06
RMSE | 024 0.15 0.19 0.10 0.14 0.05
0.80 | Bias -0.09 -0.04 0.01 -0.03 0.04 0.02
SD 0.22 0.10 0.18 0.09 0.11 0.06
SD 0.10 0.10 0.14 0.07 0.06 0.05
RMSE | 0.23 0.11 0.18 0.09 0.12 0.07
Gaussian | Frank 0.20 | Bias -0.08 -0.02 0.00 -0.00 0.07 -0.01
SD 0.18 0.06 0.06 0.08 0.13 0.04
SD 0.18 0.07 0.06 0.07 0.13 0.04
RMSE | 0.19 0.06 0.06 0.08 0.15 0.04
0.50 | Bias -0.18 -0.04 0.01 0.02 0.11 0.03
SD 0.20 0.08 0.07 0.09 0.12 0.05
SD 0.13 004 0.06 006 011 0.04
RMSE | 0.26 0.09 0.07 0.09 0.16 0.05
0.80 | Bias -0.31 -0.13 -0.11 -0.01 0.21 0.16
SD 0.00 0.00 0.00 0.00 0.00 0.00
SD 0.22 0.06 0.06 0.07 0.13 0.09
RMSE | 0.31 0.13 0.10 0.00 0.21 0.16
Frank Gaussian | 0.20 | Bias -0.04 0.00 -0.01 -0.03 0.10 -0.04
SD 0.40 0.12 0.07r 0.07 0.38 0.07
SD 0.25 0.10 0.07 0.06 0.21 0.06
RMSE | 040 0.12 0.07 0.08 0.40 0.08
0.50 | Bias -0.22 -0.03 -0.00 -0.07 0.27 -0.06
SD 0.58 0.16 0.12 0.07 0.58 0.08
SD 0.19 0.11 0.09 0.07 0.16 0.06
RMSE | 0.62 0.16 0.12 0.09 0.64 0.10
0.80 | Bias -0.20 -0.10 -0.07 -0.01 0.11 0.01
SD 0.38 0.09 0.11 0.10 0.28 0.06
SD 0.11 0.06 0.09 0.06 0.09 0.05
RMSE | 043 0.13 0.13 0.09 0.30 0.06
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1.2.4 Sample size 1000

Copula TK TK p Oy1 Oya 01 Oco
Frank 0.00 | Bias -0.00 0.00 0.00 -0.01 0.01  -0.00
SD 0.13 0.05 0.04 0.06 0.10 0.03

gf) 0.13 0.05 0.04 0.05 0.10 0.03

RMSE 0.13 0.04 0.04 0.05 0.10 0.03

0.20 | Bias -0.01 0.00 0.01 -0.01 0.01 0.00
SD 0.12 0.04 0.04 0.05 0.08 0.03

S/f) 0.13 0.05 0.04 0.05 0.09 0.03

RMSE 0.11 0.04 0.04 0.05 0.08 0.03

0.50 | Bias -0.06 -0.00 0.02 -0.02 0.07 -0.01
SD 0.28 0.08 0.07 0.06 0.30 0.06

S/f) 0.12 0.06 0.05 0.05 0.08 0.04

RMSE 0.28 0.08 0.07 0.06 0.31 0.05

0.80 | Bias -0.00 0.04 0.07 -0.03 0.00 0.01
SD 0.06 0.10 0.16 0.07 0.04 0.03

S/f) 0.06 0.06 0.07 0.05 0.04 0.03

RMSE 0.06 0.10 0.18 0.08 0.04 0.03

-0.50 | Bias 0.04 0.02 0.01 0.01 -0.03 0.02
SD 0.18 0.08 0.07 0.06 0.12 0.07

S/f) 0.09 0.06 0.07 0.05 0.09 0.06

RMSE 0.19 0.08 0.07 0.05 0.13 0.07
Gumbel | 0.00 | Bias 0.09 0.05 0.04 -0.00 -0.06 0.02
SD 0.11  0.06 0.05 0.05 0.08 0.03

S/]\) 0.10 0.06 0.05 0.04 0.08 0.03

RMSE 0.14 0.07 0.06 0.05 0.10 0.03

0.20 | Bias -0.03 -0.00 0.01 -0.02 0.03 -0.01
SD 0.13 0.05 0.05 0.06 0.10 0.03

S/]\) 0.11 0.05 0.05 0.04 0.08 0.03

RMSE 0.13 0.05 0.04 0.06 0.10 0.03

0.50 | Bias -0.07 -0.02 0.01 -0.03 0.04 0.01
SD 0.16 0.06 0.06 0.06 0.09 0.04

S/]\) 0.13 0.06 0.06 0.05 0.07 0.04

RMSE 0.17 0.06 0.05 0.07 0.10 0.03

0.80 | Bias -0.16 -0.07 -0.03 -0.00 0.07 0.05
SD 0.23 0.08 0.07 0.07 0.11 0.06

S/]\) 0.10 0.07 0.08 0.06 0.06 0.04

RMSE 0.28 0.11 0.07 0.07 0.13 0.08
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Copula TK TK p Oyr Ouz  Oc1 Ooe

Joe 0.00 | Bias 0.06 0.04 004 -0.0l -0.05 0.02

SD 0.09 0.06 0.06 005 007 0.04

SD 0.07 0.05 0.06 004 006 0.04

RMSE | 0.10 0.07 0.08 005 0.09 0.04

0.20 | Bias | -0.03 -0.00 0.01 -0.02 0.3 -0.01

SD 0.10 0.05 0.6 006 0.09 0.03

SD 0.08 005 005 004 006 0.03

RMSE | 0.10 0.05 0.05 006 0.09 0.03

050 | Bias | -0.05 -0.0I 0.0l -0.03 0.03 0.01

SD 0.12 006 0.09 007 007 003

SD 0.07 0.05 0.6 005 005 0.03

RMSE | 0.13 0.06 0.09 008 0.08 0.3

080 | Bias | 022 -0.09 -0.02 -0.02 008 0.05

SD 022 012 025 010 011 0.05

SD 0.05 0.04 0.06 006 0.04 003

RMSE | 0.31 0.15 025 0.10 013 007

Clayton(90) | 0.00 | Bias 0.08 -0.03 -0.01 -0.0l 004 0.0

SD 011 004 004 005 007 003

SD 0.16 0.07 0.04 005 009 0.03

RMSE | 0.13 0.05 0.04 005 0.08 0.03

20.20 | Bias 002 0.0l 000 000 0.00 0.00

SD 014 006 004 005 009 0.03

SD 0.14 006 005 005 010 0.04

RMSE | 0.14 0.06 0.04 005 0.09 0.03

2050 | Bias 003 002 001 001 -001 001

SD 012 0.06 006 005 011 0.6

SD 011 0.06 0.06 005 010 0.06

RMSE | 0.12 0.06 0.05 005 011 005

20.80 | Bias 0.00 002 003 -0.00 000 0.01

SD 0.03 006 011 006 0.06 0.05

SD 0.03 007 012 006 0.06 0.05

RMSE | 0.03 0.06 011 006 0.06 0.04

Clayton(180) | 0.00 | Bias 007 0.04 004 -0.00 -0.06 0.2

SD 0.09 005 006 005 007 0.04

SD 0.07 0.05 0.06 004 006 0.03

RMSE | 0.11 0.07 0.06 005 0.09 0.04

020 | Bias | -0.04 -0.01 0.01 -0.02 0.03 -0.01

SD 011 005 0.05 006 009 0.03

SD 0.09 0.05 0.06 005 007 003
RMSE | 0.05 0.05 0.06 009 0.03

050 | Bias | -0.06 _-0.01 _0.01 -0.02 0.03 0.01

SD 0.13 0.06 0.08 007 008 0.03

SD 0.08 005 0.06 005 005 0.03

RMSE | 0.14 0.06 008 007 008 0.3

080 | Bias | -0.18 -0.08 -0.02 -0.01 0.07 0.04

SD 022 012 023 010 011 0.05

SD 0.04 005 007 006 003 003

RMSE | 0.28 0.14 023 009 013 0.6
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(270) | 0.00 | Bias 0.06 -0.03 0.0 006 0.12 -0.02
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 0.21 0.05 0.04 005 025 0.08
RMSE | 0.05 0.03 0.00 005 011 0.00
20.20 | Bias 0.02 0.00 0.00 0.00 -0.00 0.00
SD 0.15 0.05 0.04 0.05 016 0.07

SD 019 0.06 0.05 005 019 0.08
RMSE | 0.15 0.05 0.04 0.05 0.16 0.07
20.50 | Bias 0.0l 0.0l 0.0l 0.00 -0.00 0.00
SD 0.09 0.6 0.07 0.05 0.10 0.06

SD 0.09 0.07 0.08 005 010 0.06
RMSE | 0.09 0.06 0.07 005 009 0.06
20.80 | Bias 0.00 0.02 004 -0.00 -0.00 0.00
SD 0.03 0.08 0.3 0.06 0.06 0.04

SD 0.04 0.0 0.17 0.06 0.06 0.04
RMSE | 0.03 0.08 0.13 006 005 0.04
Caussian 0.00 | Bias | -0.03 -0.00 -0.0lL -0.0l 0.6 -0.02
SD 0.25 0.08 0.05 006 021 0.05

SD 0.22 0.08 0.5 0.05 019 0.05
RMSE | 0.25 0.08 0.04 005 022 0.05

020 | Bias | -0.10 -0.02 -0.00 -0.03 0.1l -0.02
SD 0.28 0.08 0.05 0.06 025 0.05

SD 0.21 0.07 0.05 004 017 0.04
RMSE | 0.30 0.09 0.05 0.06 028 0.05

050 | Bias | -0.21 -0.04 0.00 -0.03 0.19 -0.01
SD 0.40 0.1 0.07 0.06 039 0.07

SD 0.16 0.07 0.05 005 0.12 0.04
RMSE | 0.45 0.1 0.06 0.06 043 0.06

080 | Bias | -0.30 -0.11 -0.06 0.0l 0.7 007
SD 039 0.09 0.5 007 028 007

SD 0.14 0.07 0.6 0.06 0.009 0.05
RMSE | 0.49 0.14 0.08 0.07 032 0.09
20.50 | Bias 024 008 000 003 -0.11 0.04
SD 048 0.5 0.06 006 023 0.09

SD 0.17 0.06 0.07 0.05 011 0.07
RMSE | 0.53 0.17 0.06 0.07 025 0.09
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Copula Copula
data gen. | estim. TK TK p b1 Oua o1 O
Gumbel Frank 0.20 | Bias -0.11  -0.04 -0.02 -0.01 0.09 -0.02
SD 0.10 0.04 0.04 0.06 0.08 0.03
SD 0.12 0.04 0.04 0.05 0.09 0.03
RMSE | 0.14 0.05 0.04 0.06 0.12 0.03
0.50 | Bias -0.14 -0.05 -0.03 0.01 0.08 0.01
SD 0.11 0.04 0.05 0.07 0.07 0.03
SD 0.12 0.04 0.04 0.05 0.07 0.03
RMSE | 0.18 0.07 0.05 0.07 0.10 0.03
0.80 | Bias -0.11  -0.02 0.01 0.04 0.04 0.04
SD 0.14 0.12 0.16 0.10 0.06 0.05
SD 0.10 0.06 0.06 0.06 0.05 0.04
RMSE | 0.18 0.12 0.16 0.10 0.08 0.06
Frank Gumbel 0.20 | Bias 0.05 0.04 0.06 -0.03 -0.03 0.01
SD 0.17 0.07r 0.06 0.05 0.11 0.03
SD 0.13 0.06 0.06 0.04 0.08 0.03
RMSE 0.18 0.08 0.08 0.06 0.11 0.03
0.50 | Bias 0.05 0.07 0.12 -0.07r -0.01 -0.00
SD 0.18 0.10 0.11 0.05 0.10 0.05
SD 0.12 0.08 0.09 0.05 0.06 0.04
RMSE 0.19 0.13 0.16 0.09 0.10 0.04
0.80 | Bias -0.08 -0.04 0.01 -0.04 0.04 0.02
SD 0.16 0.08 0.12 0.06 0.08 0.05
SD 0.08 0.07 0.08 0.05 0.05 0.04
RMSE 0.18 0.09 0.12 0.08 0.09 0.05
Gaussian | Frank 0.20 | Bias -0.09 -0.02 0.01 -0.01 0.07 -0.00
SD 0.12 0.04 0.05 0.06 0.09 0.03
S/]\) 0.13 0.05 0.04 005 0.10 0.03
RMSE | 0.15 0.05 0.04 0.06 0.11 0.03
0.50 | Bias -0.18 -0.05 0.01 0.01 0.11 0.03
SD 0.14 0.05 0.05 0.07 0.08 0.03
S/]\) 0.13 0.05 0.04 0.05 0.08 0.03
RMSE | 0.23 0.07 0.05 0.06 0.14 0.04
0.80 | Bias -0.17 -0.03 0.03 0.04 0.08 0.07
SD 0.20 0.13 0.16 0.10 0.10 0.07
S/]\) 0.10 0.04 0.05 0.05  0.05 0.04
RMSE 026 0.13 0.16 0.10 0.12 0.09
Frank Gaussian | 0.20 | Bias 0.03 0.02 0.01 -0.03 0.02 -0.02
SD 0.29 0.09 0.05 0.05 0.26 0.05
SD 0.19 0.07 0.05 004 014 0.04
RMSE | 0.29 0.09 0.05 0.06 0.26 0.05
0.50 | Bias -0.20 -0.02 0.00 -0.07 0.25 -0.06
SD 0.56 0.15 0.10 0.05 0.55 0.07
SD 0.13 0.07 0.04 005 011 0.04
RMSE | 0.59 0.15 0.09 0.09 0.61 0.09
0.80 | Bias -0.20 -0.11 -0.08 -0.02 0.09 0.02
SD 0.33 0.07 0.05 0.07 0.23 0.0
SD 0.15 0.09 0.08 0.07 0.07 0.06
RMSE | 0.38 0.13 0.09 0.07 024 0.05
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1.2.5 Sample size 2500

Copula TK TK p Oy1 Oya 01 Oco
Frank 0.00 | Bias -0.00 0.00 0.01 -0.01 0.00 -0.00
SD 0.08 0.03 0.03 0.04 0.06 0.02

gf) 0.08 0.03 0.03 0.03 0.06 0.02

RMSE 0.08 0.03 0.03 0.03 0.06 0.00

0.20 | Bias -0.01 -0.00 0.01 -0.01 0.01 0.00
SD 0.08 0.03 0.03 0.04 0.05 0.02

S/f) 0.08 0.03 0.03 0.03 0.05 0.02

RMSE 0.08 0.03 0.03 0.04 0.05 0.00

0.50 | Bias -0.00 0.01 0.02 -0.02 0.00 0.00
SD 0.08 0.04 0.04 0.04 0.04 0.02

S/f) 0.08 0.03 0.03 0.03 0.04 0.02

RMSE 0.08 0.03 0.04 0.04 0.04 0.03

0.80 | Bias 0.01 0.04 0.07 -0.03 0.00 0.00
SD 0.04 0.07 0.10 0.05 0.03 0.02

S/f) 0.03 0.04 0.04 0.03 0.02 0.02

RMSE 0.04 0.08 0.12 0.06 0.03 0.00

-0.50 | Bias 0.00 0.00 0.00 0.00 -0.00 0.00
SD 0.05 0.03 0.04 0.03 0.06 0.04

S/f) 0.05 0.04 0.04 0.03 0.06 0.04

RMSE 0.04 0.03 0.04 0.03 0.05 0.03
Gumbel | 0.00 | Bias 0.06 0.03 0.03 -0.01 -0.04 0.01
SD 0.07 0.04 0.03 0.03 0.06 0.02

S/]\) 0.07 0.04 0.03 0.03 0.05 0.02

RMSE 0.09 0.04 0.04 0.03 0.07 0.03

0.20 | Bias -0.04 -0.01 0.01 -0.03 0.04 -0.00
SD 0.10 0.04 0.03 0.04 0.08 0.02

S/]\) 0.08 0.04 0.03 0.03 0.06 0.02

RMSE 0.11 0.04 0.03 0.04 0.08 0.00

0.50 | Bias -0.06 -0.01 0.01 -0.03 0.03 0.01
SD 0.09 0.04 0.03 0.04 0.05 0.02

S/]\) 0.07 0.04 0.03 0.03 0.04 0.02

RMSE 0.10 0.03 0.03 0.04 0.05 0.03

0.80 | Bias -0.14 -0.06 -0.02 -0.01 0.06  0.05
SD 0.12 0.05 0.03 0.04 0.06 0.04

S/]\) 0.06 0.04 0.04 0.03 0.03 0.03

RMSE 0.18 0.08 0.04 0.04 0.08 0.06
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Joe 0.00 | Bias 0.04 003 003 -001 -0.03 001
SD 0.06 0.04 004 003 005 003

SD 0.05 0.03 0.04 003 005 0.03
RMSE | 0.07 004 0.04 003 005 003

0.20 | Bias | -0.03 -0.00 0.0 -0.03 0.03 -0.00
SD 0.07 003 0.04 004 006 0.02

SD 0.05 0.03 004 003 004 0.02
RMSE | 0.08 0.03 0.03 004 006 0.00

050 | Bias | -0.05 -0.01 _0.02 -0.04 0.02 001
SD 0.06 003 0.04 005 004 0.02

SD 0.05 0.03 004 003 003 002
RMSE | 0.08 0.03 0.04 005 004 0.00

0.80 | Bias | -0.18 -0.06 0.05 -0.09 0.07 0.06
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 0.00 0.00 0.00 0.00 0.00 0.00
RMSE | 0.18 0.06 0.04 009 007 0.06
Clayton(90) | 0.00 | Bias 0.06 -0.02 -0.00 -0.02 0.2 0.00
SD 0.07 0.03 003 003 004 0.02

SD 012 005 0.03 003 006 0.02
RMSE | 0.09 0.03 0.03 003 004 0.00
20.20 | Bias 0.0l 0.0l 000 -0.00 0.00 -0.00
SD 010  0.04 003 003 006 0.02

SD 011 005 0.03 003 006 0.02
RMSE | 0.10 0.04 0.03 003 0.06 0.00
2050 | Bias 0.0l 0.0l 000 000 -0.00 0.00
SD 0.05 0.3 0.03 003 006 0.03

SD 0.06 0.03 004 003 007 0.04
RMSE | 0.05 0.03 0.03 003 006 003
20.80 | Bias 0.00 00l 00l -0.00 0.00 0.00
SD 0.02 004 007 004 004 003

SD 0.02 004 005 004 004 003
RMSE | 0.00 0.04 0.07 004 004 0.03
Clayton(180) | 0.00 | Bias 004 003 002 -001 -003 001
SD 0.06 0.03 0.3 003 005 0.03

SD 0.05 0.03 0.03 003 005 0.02
RMSE | 0.08 0.04 004 003 006 0.03

020 | Bias | -0.04 -0.01 0.00 -0.03 0.04 -0.01
SD 0.08 0.04 003 004 007 002

SD 0.06 0.03 0.03 003 005 0.02
RMSE | 0.09 0.03 003 004 008 0.00

050 | Bias | -0.06 _-0.02 _0.01 -0.03 0.3 0.01
SD 0.07 0.03 004 004 004 0.02

SD 0.05 0.03 004 003 003 0.02
RMSE | 0.09 0.03 003 005 004 003

0.80 | Bias | -0.18 -0.09 -0.03 -0.03 0.6 0.05
SD 013 0.09 018 007 006 0.03

SD 0.03 0.03 004 004 002 002
RMSE | 0.22 0.2 018 007 0.09 0.05
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(270) | 0.00 | Bias 0.08 -0.02 0.00 -0.01 0.10 -0.03
SD 0.09 0.03 0.03 0.03 0.12 0.04

S/]\D 0.14 0.03 0.03 0.03 0.17 0.05
RMSE | 0.13 0.03 0.03 0.03 0.15 0.04
-0.20 | Bias 0.02 0.00 -0.00 0.00 -0.01 0.01
SD 0.11  0.04 0.03 0.03 0.12 0.05

S/]\D 0.13 0.04 0.03 0.03 0.13 0.06
RMSE | 0.11 0.03 0.03 0.03 0.11 0.05
-0.50 | Bias 0.00 0.00 0.00 0.00 -0.00 0.00
SD 0.05 0.04 0.04 0.03 0.05 0.04

S/]\) 0.05 0.04 0.05 0.03 0.06 0.04
RMSE | 0.04 0.04 0.04 0.03 0.05 0.03
-0.80 | Bias 0.00  0.01 0.02 -0.00 -0.00 0.00
SD 0.02 0.05 0.07 0.04 0.04 0.03

SD 0.02 005 0.8 004 0.04 003
RMSE | 0.00 0.04 0.08 0.04 0.03 0.03
Gaussian 0.00 | Bias -0.04 -0.01 -0.00 -0.01 0.04 -0.01
SD 0.18 0.06 0.03 0.04 0.15 0.04

S/l\) 0.16 0.06 0.03 0.03 0.14 0.04
RMSE | 0.19 0.06 0.03 0.04 0.15 0.03

0.20 | Bias -0.07 -0.01 0.01 -0.02 0.06 -0.01
SD 0.18 0.06 0.03 0.04 0.14 0.03

S/l\) 0.14 0.05 0.03 0.03 0.11 0.03
RMSE | 0.19 0.05 0.03 0.04 0.15 0.03

0.50 | Bias -0.15 -0.04 0.00 -0.02 0.12 0.01
SD 0.27 0.07 0.04 0.04 0.27  0.05

S/l\) 0.10 0.04 0.03 0.03 0.07 0.03
RMSE | 0.31 0.08 0.04 0.04 030 0.04

0.80 | Bias -0.31 -0.12 -0.07 0.01 0.16 0.07
SD 0.35 0.08 0.04 0.04 0.26 0.05

S/l\) 0.09 0.05 0.05 0.04 0.05 0.04
RMSE | 0.47 0.14 0.08 0.04 0.31 0.09
-0.50 | Bias 0.08 0.03 0.01 0.01 -0.04 0.02
SD 0.28 0.09 0.04 0.04 0.14  0.06

S/l\) 0.10 0.04 0.04 0.03 0.07 0.05
RMSE | 029 0.09 0.04 0.04 0.15 0.06
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Copula Copula
data gen. | estim. TK TK p b1 Oua o1 O
Gumbel Frank 0.20 | Bias -0.11 -0.04 -0.02 -0.02 0.09 -0.02
SD 0.06 0.03 0.03 0.04 0.05 0.02
SD 0.07 0.03 0.02 0.03 0.06 0.02
RMSE | 0.13 0.04 0.03 0.04 0.10 0.03
0.50 | Bias -0.14 -0.05 -0.03 0.00 0.08 0.01
SD 0.07 0.03 0.03 0.04 0.04 0.02
SD 0.07 0.03 0.02 0.03 0.05 0.02
RMSE | 0.16 0.06 0.04 0.04 0.09 0.00
0.80 | Bias -0.08 -0.01 0.01 0.02 0.03 0.03
SD 0.10 0.09 0.10 0.07 0.04 0.04
SD 0.04 0.02 0.03 0.03 0.03 0.02
RMSE | 0.13 0.09 0.10 0.07 0.04 0.04
Frank Gumbel 0.20 | Bias 0.03 0.03 0.05 -0.04 -0.02 0.02
SD 0.14 0.06 0.04 0.03 0.09 0.02
SD 0.08 0.04 0.04 0.03 0.05 0.02
RMSE | 0.14 0.07 0.06 0.04 0.09 0.03
0.50 | Bias 0.04 0.06 0.11 -0.07 -0.01 0.00
SD 0.11  0.05 0.05 0.03 0.05 0.03
SD 0.08 0.05 0.05 0.03 0.04 0.03
RMSE | 0.11 0.08 0.11 0.08 0.05 0.03
0.80 | Bias -0.07 -0.04 -0.01 -0.04 0.03 0.02
SD 0.07 0.04 0.04 0.04 0.04 0.03
SD 0.06 0.04 0.05 0.03 0.04 0.03
RMSE | 0.10 0.05 0.03 0.05 0.04 0.03
Gaussian | Frank 0.20 | Bias -0.10 -0.02 0.01 -0.02 0.07 -0.00
SD 0.08 0.03 0.03 0.04 0.06 0.02
SD 0.15 0.03 0.03 0.03 0.06 0.02
RMSE | 0.13 0.03 0.03 0.04 0.09 0.00
0.50 | Bias -0.20 -0.05 0.01 0.00 0.11 0.03
SD 0.08 0.03 0.03 0.04 0.05 0.02
SD 0.08 0.03 0.03 0.03 0.05 0.02
RMSE | 0.21 0.06 0.03 0.04 0.12 0.03
0.80 | Bias -0.12 -0.01 0.03 0.02 0.05 0.06
SD 0.15 0.11 0.12 0.07 0.06 0.05
SD 0.07 0.02 0.02 0.03 0.04 0.02
RMSE | 0.19 0.10 0.12 0.08 0.08 0.08
Frank Gaussian | 0.20 | Bias 0.06 0.02 0.01 -0.03 -0.02 -0.00
SD 0.19 0.06 0.03 0.03 0.15 0.03
SD 0.12 0.04 0.03 0.03 0.08 0.02
RMSE | 0.19 0.06 0.03 0.04 0.15 0.03
0.50 | Bias -0.25 -0.04 -0.01 -0.07 0.29 -0.06
SD 0.55 0.14 0.09 0.03 0.58 0.07
SD 0.08 0.04 0.04 0.03 0.07 0.03
RMSE | 0.61 0.14 0.08 0.08 0.64 0.09
0.80 | Bias -0.18 -0.11 -0.08 -0.01 0.07 0.03
SD 0.22 0.05 0.03 0.05 0.16 0.04
SD 0.07 0.04 0.04 0.03 0.04 0.03
RMSE | 0.29 0.12 0.09 0.04 0.17 0.04
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1.3 Incidence of 0.4

1.3.1 Percentage of censoring

Copula / 7 | 0.00 | 0.20 | 0.50 | 0.80 | -0.20 | -0.50 | -0.80
Frank 7378 | 77.28 | 83.04 | 91.70 67.36

Gumbel 73.54 | 76.30 | 80.90 | 90.18
Joe 73.90 | 75.52 | 80.60 | 88.66

Clayton(90) | 73.04 70.62 | 66.88 | 65.36
Clayton(180) | 73.38 | 76.42 | 81.06 | 87.70

Clayton(270) | 73.70 71.66 | 67.80 | 65.26

Caussian 83.66 | 89.30 | 94.90 | 99.86 73.08

1.3.2 Sample size 200

Copula | 7x TK p  Oyr Oya  Oc1  Oco

Frank | 0.00 | Bias 0.02 0.04 -0.0l 0.04 004 -0.02

SD 0.40 0.15 0.3 0.14 024 0.08

SD 028 012 0.14 013 0.17 0.07

RMSE | 040 0.16 0.13 0.14 025 0.08

0.20 | Bias | -0.11 _0.03 0.02 0.02 0.10 -0.03

SD 0.47 0.8 0.36 0.14 0.28 0.0

SD 029 0.14 045 0.13 0.17 0.07

RMSE | 048 0.19 037 0.14 029 0.09

050 | Bias | -0.41 -0.02 0.02 0.00 0.20 -0.03

SD 0.63 024 052 0.17 030 0.0

SD 0.26 0.14 043 0.14 014 0.07

RMSE | 0.75 024 052 017 035 0.09

0.80 | Bias | -0.51 -0.10 -0.04 0.07 0.09 0.02

SD 0.65 025 0.63 024 0.15 007

SD 0.26 0.33 1.42 021 010 0.06

RMSE | 0.83 0.27 064 025 0.18 0.08

20.50 | Bias 033 0.15 0.06 0.08 -0.12 005

SD 049 020 0.17 0.15 022 0.11

SD 021 012 024 012 014 0.09

RMSE | 059 025 0.18 0.17 025 0.12
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Copula TK TK p  Oyr  Oya  Oc1  Oco
Gumbel 0.00 | Bias 0.28 0.16 0.12 0.02 -0.10 0.00
SD 029 0.19 025 014 0.12 0.07

SD 031 020 039 013 0.14 0.07
RMSE | 040 025 028 014 015 0.07

0.20 | Bias 0.12 0.1 0.11 -0.00 -0.03 -0.02
SD 030 0.9 030 015 0.13 0.06

SD 032 021 078 0.13 0.15 0.07
RMSE | 032 022 032 015 013 0.06

050 | Bias | -0.07 _0.03 0.07 0.00 0.03 0.00
SD 030 019 0.33 017 0.12 0.7

SD 0.37 034 058 017 013 0.09
RMSE | 031 019 034 017 012 0.07

0.80 | Bias | -0.30 -0.10 0.07 0.06 0.05 0.04
SD 033 021 074 024 0.09 0.07

SD 0.33  0.68 4.21 023 0.09 0.07
RMSE | 045 023 074 025 0.10 0.08

Joe 0.00 | Bias 026 0.17 0.16 005 -0.09 0.02
SD 0.26 020 029 013 0.12 0.07

SD 020 018 0.37 0.13 0.11 0.07
RMSE | 0.37 027 033 014 0.15 0.7

0.20 | Bias 011 011 0.1l 004 -0.02 -0.00
SD 0.26 020 029 015 0.12 0.07

SD 021 016 046 014 011 0.06
RMSE | 028 0.23 031 015 012 0.06

050 | Bias | -0.0l _0.07 _0.07 0.07 0.0l 0.0
SD 024 022 042 017 0.10 0.07

SD 0.23 020 078 016 0.10 0.06
RMSE | 024 023 042 019 010 0.07

080 | Bias | -0.22 -0.07 0.03 0.07 003 004
SD 025 025 075 023 0.09 0.07

SD 0.23 021 233 020 0.09 0.06
RMSE | 0.33 026 075 024 0.09 0.08
Clayton(90) | 0.00 | Bias 0.30 -0.05 -0.02 000 0.16 -0.03
SD 031 0.09 023 014 026 0.09

SD 030 010 0.18 0.17 0.16 0.07
RMSE | 043 010 023 014 031 0.10
2020 | Bias | -0.10 -0.00 -0.00 0.02 009 -0.02
SD 0.27 0.09 016 0.14 022 0.09

SD 033 0.3 0.18 012 0.16 0.07
RMSE | 0.29 0.08 0.16 0.14 024 0.09
2050 | Bias 0.09 005 004 004 -0.01 0.01
SD 024 010 016 014 017 0.10

SD 026 012 017 011 015 0.09
RMSE | 026 0.11 017 014 017 0.09
-0.80 | Bias 0.05 006 013 003 -002 003
SD 019 015 041 015 014 0.12

SD 0.13 0.17 082 0.14 012 0.10
RMSE | 0.19 016 043 015 014 0.13
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Copula TK TK p  Oyr Oyz  Oc1 Oco
Clayton(180) | 0.00 | Bias 055 031 009 021 -022 -0.02
SD 0.00 0.00 0.00 000 0.00 0.00

SD 0.15 0.12 0.10 0.14 0.07 0.06
RMSE | 055 031 009 021 022 0.00

0.20 | Bias 034 019 002 021 -0.16 -0.02
SD 0.00 0.00 0.00 000 0.00 0.00

SD 0.15 0.12 0.1 0.15 0.07 0.06
RMSE | 034 0.8 000 021 0.16 0.03

050 | Bias | -0.01 _0.07 _0.07 0.06 0.0 0.00
SD 024 021 038 0.16 010 0.07

SD 023 0.24 107 015 0.10 0.07
RMSE | 024 022 039 018 010 0.06

0.80 | Bias | -0.10 -0.09 -0.17 0.5 -0.05 0.04
SD 0.00 0.00 0.00 000 0.00 0.00

SD 021 0.17 0.7 020 0.08 0.07
RMSE | 0.09 0.09 017 015 004 0.03
Clayton(270) | 0.00 | Bias 0.16 -0.03 -00l 00l 016 -0.05
SD 019 007 017 013 024 0.09

SD 0.26  0.08 0.15 0.14 028 0.10
RMSE | 0.25 008 017 013 029 0.10
2020 | Bias | -0.0I 0.0l __0.00 0.03 0.03 -0.00
SD 021 008 015 013 021 0.11

SD 0.25 0.0 0.18 0.14 023 0.12
RMSE | 0.21 008 015 014 021 0.11
0.50 | Bias 004 004 006 004 -002 003
SD 021 014 029 014 017 013

SD 0.15 0.16 048 0.13 0.16 0.12
RMSE | 021 014 029 015 017 0.13
2080 | Bias | -0.00 004 0.13 0.02 -0.00 0.01
SD 008 0.14 046 0.15 010 0.09

SD 009 024 1.05 0.15 010 0.09
RMSE | 0.08 0.14 047 015 0.10 0.09
Gaussian 0.00 | Bias 0.02 0.06 0.02 0.01 0.05 -0.04
SD 045 0.19 025 0.13 027 0.8

SD 037 016 025 012 022 0.09
RMSE | 045 020 025 013 027 0.09

020 | Bias | -0.30 -0.03 055 -022 008 0.04
SD 0.00 0.00 000 000 000 0.00

SD 022 014 064 010 013 0.06
RMSE | 0.30 0.03 055 022 008 0.04

050 | Bias | -0.57 -0.03 1.05 -023 023 0.06
SD 0.00 0.00 000 000 000 0.00

SD 027 022 137 012 015 0.06
RMSE | 057 003 1.05 023 023 0.06

080 | Bias | -0.63 -0.18 041 009 0.11 003
SD 053 0.8 258 027 014 0.07

SD 043 056 13.13 0.23 0.14  0.08
RMSE | 0.82 026 261 029 018 0.08
2050 | Bias 045 020 006 006 -0.16 005
SD 060 024 019 013 026 0.11

SD 035 0.17 036 013 017 0.11
RMSE | 0.75 031 020 014 030 0.12
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Copula Copula
data gen. | estim. TK TK D 01 02 Oc Oco
Gumbel Frank 0.20 | Bias 0.01 0.06 0.06 0.02 0.02 -0.02
SD 0.34 018 042 015 0.15 0.06
SD 030 0.15 050 0.13 0.16 0.06
RMSE | 034 0.18 042 015 0.15 0.07
0.50 | Bias | -0.12 0.03 0.08 0.04 0.05 0.01
SD 035 022 054 017 013 0.07
SD 030 0.15 049 0.15 0.13 0.07
RMSE | 037 022 055 017 014 0.07
0.80 | Bias | -0.35 -0.05 0.04 0.12 0.06 0.04
SD 0.44 026 067 024 011 0.07
SD 0.88 020 1.25 022 0.18 0.07
RMSE | 056 027 068 027 0.13 0.08
Frank Gumbel 0.20 | Bias 0.16 0.12 0.13 -0.01 -0.04 -0.01
SD 0.30 020 032 014 013 0.07
SD 028 021 045 013 012 0.07
RMSE | 033 023 034 014 013 0.07
0.50 | Bias | -0.03 0.05 0.12 -0.04 0.02 0.0l
SD 029 021 046 0.16 0.11 0.07
SD 0.30 028 077 0.15 0.11 0.08
RMSE | 029 021 047 017 011 0.07
0.80 | Bias | -0.23 -0.15 -0.01 _0.02 0.03 0.03
SD 029 0.17 1.07 024 0.09 0.07
SD 0.44 054 940 022 010 0.07
RMSE | 037 023 1.08 024 0.09 0.08
Gaussian | Frank 0.20 | Bias 0.03 0.07 0.08 0.03 0.01 -0.01
SD 0.35 0.18 042 0.15 0.15 0.06
SD 030 0.16 075 0.14 0.15 0.06
RMSE | 035 0.19 043 0.16 0.15 0.06
0.50 | Bias | -0.11 _ 0.05 0.12 0.06 0.06 0.01
SD 0.37 022 058 018 0.13 0.07
SD 028 0.16 067 015 0.12 0.06
RMSE | 038 023 059 019 0.14 0.07
0.80 | Bias | -0.38 -0.08 0.04 0.18 0.06 0.05
SD 0.46 026 068 028 0.10 0.07
SD 028 0.4 219 0.27 0.09 0.06
RMSE | 059 028 068 033 012 0.08
Frank Gaussian | 0.20 | Bias -0.10 0.04 0.03 -0.01 0.10 -0.04
SD 049 021 042 013 029 0.09
SD 039 0.9 025 0.13 0.22 008
RMSE | 050 021 042 0.13 030 0.09
0.50 | Bias | -1.28 -0.22 -0.17 0.30 0.73 -0.17
SD 0.00  0.00 000 000 000 0.00
SD 0.08 003 004 017 019 0.07
RMSE | 1.28 022 0.17 030 073 0.17
0.80 | Bias | -0.51 -0.20 0.07 0.02 0.09 0.02
SD 053 0.13 208 024 015 0.07
SD 031 031 934 019 011 0.07
RMSE | 0.73 024 208 024 018 0.07
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1.3.3 Sample size 500

Copula TK TK p Oy1 Oya 01 Oco
Frank | 0.00 | Bias 002 003 001 001 001 -0.01
SD 027 010 011 010 014 0.04

SD 023 0.09 010 008 0.12 0.04
RMSE | 027 0.11 010 009 014 0.04

020 | Bias | -0.04 002 0.01 -001 0.04 -0.01
SD 032 012 015 0.10 0.18 0.05

SD 022 010 012 009 011 0.04
RMSE | 032 0.13 015 0.10 018 0.05

050 | Bias | -1.30 -024 -0.17 008 052 -0.11
SD 0.00 0.00 0.00 0.00 0.0 0.00

SD 0.04 002 004 010 0.09 0.04
RMSE | 1.30 024 017 008 052 0.11

080 | Bias | -028 -0.00 0.7 -0.00 0.05 0.02
SD 051 029 077 014 011 0.05

SD 020 0.5 030 0.12 0.06 0.04
RMSE | 059 029 079 014 012 0.05
2050 | Bias 016 007 004 003 -006 0.03
SD 036 0.14 012 0.10 016 0.07

SD 015 008 016 008 010 0.06
RMSE | 039 0.16 013 0.10 018 0.8
Gumbel | 0.00 | Bias 018 0.10 0.08 0.0 -0.06 0.0
SD 023 0.4 013 009 010 0.04

SD 032 022 014 013 011 0.07
RMSE | 029 0.7 015 009 011 0.04

0.20 | Bias 002 004 005 -002 000 -0.01
SD 023 013 015 010 0.10 0.04

SD 022 012 014 008 010 0.04
RMSE | 0.23 0.3 015 0.10 010 0.04

050 | Bias | -0.50 -0.16 -0.00 -0.17 0.11 -0.00
SD 0.00 0.00 0.00 0.00 0.0 0.00

SD 0.03 003 010 007 006 0.04
RMSE | 050 0.16 0.00 0.17 010 0.00

080 | Bias | -0.32 -0.14 -0.06 -0.02 0.05 0.04
SD 033 0.4 034 018 0.08 005

SD 030 023 095 011 007 005
RMSE | 046 020 035 0.18 0.09 0.06

44



Copula TK TK p Oyr Ouz  Oc1 Ooe
Joe 0.00 | Bias 0.16 0.11 0.14 -0.00 -0.06 0.02
SD 0.18 015 0.20 0.09 0.09 0.04

SD 011 0.13 024 0.08 0.06 0.04
RMSE | 024 019 024 0.09 010 0.04

0.20 | Bias 0.03 0.06 0.08 -0.00 -0.00 -0.01
SD 019 015 021 010 0.09 0.04

SD 017 0.11 022 0.09 0.08 0.04
RMSE | 0.19 0.16 023 0.10 0.08 0.04

050 | Bias | -0.03 _0.06 0.08 0.0l 0.0l -0.00
SD 0.22 020 030 011 0.08 0.04

SD 016 0.4 027 010 0.07 0.04
RMSE | 022 021 031 011 008 0.04

0.80 | Bias | -0.20 -0.06 -0.00 0.02 0.03 0.03
SD 024 026 048 0.5 0.07 0.05

SD 023 0.22 080 0.12 006 0.05
RMSE | 0.31 026 048 0.15 0.08 0.05
Clayton(90) | 0.00 | Bias 019 -0.04 -0.02 -0.02 008 -0.01
SD 0.24 0.06 010 0.09 0.16 0.06

SD 0.27 0.08 010 0.10 0.14 0.04
RMSE | 0.30 0.07 0.10 0.09 0.18 0.05
2020 | Bias | -0.03 000 000 000 003 -0.01
SD 021 0.06 0.9 0.09 012 0.05

SD 0.28 0.0 0.09 0.08 012 0.05
RMSE | 0.21 0.06 0.09 009 0.13 0.04
2050 | Bias 0.07 003 003 002 -0.0I 0.00
SD 0.20 0.08 0.0 0.09 0.12 0.06

SD 0.18 0.07 010 0.08 0.11 0.06
RMSE | 0.21 0.08 0.0 0.09 0.12 0.06
20.80 | Bias 001 00l 002 00l -0.00 001
SD 0.05 0.05 010 0.08 0.07 0.06

SD 0.04 004 012 008 0.07 0.06
RMSE | 0.05 0.04 0.10 0.08 008 0.06
Clayton(180) | 0.00 | Bias 0.15 009 0.10 0.0l -0.06 0.01
SD 019 014 015 0.09 0.08 0.04

SD 016 012 016 010 0.09 0.05
RMSE | 024 0.17 018 0.09 010 0.04

0.20 | Bias 0.03 005 006 -0.00 -0.00 -0.01
SD 020 015 018 0.10 0.09 0.04

SD 017 011 020 0.08 0.08 0.04
RMSE | 020 0.15 0.19 0.10 0.09 0.04

050 | Bias | -0.01 __0.07 _0.09 0.0l 0.0l -0.00
SD 021 022 029 011 0.08 0.04

SD 0.18 0.4 0.28 009 0.07 004
RMSE | 021 023 031 011 008 0.04

080 | Bias | -0.17 -0.16 -0.18 0.03 -0.04 0.02
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 035 0.19 024 014 0.07 006
RMSE | 0.17 0.16 0.18 0.03 0.04 0.03
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(270) | 0.00 | Bias 0.12 -0.03 -0.0I -0.01 0.12 -0.04
SD 0.14 005 010 0.09 0.16 0.06

SD 0.20 0.06 0.09 0.08 021 0.07
RMSE | 0.19 0.05 0.10 0.09 020 0.07
20.20 | Bias 0.0l _0.00 -0.00 0.0L 0.00 0.00
SD 0.17 0.06 0.09 0.08 0.15 0.07

SD 0.20 0.07 0.09 0.08 0.17 0.09
RMSE | 0.17 0.05 0.09 008 0.15 0.08
20.50 | Bias 0.0l 0.0l 002 001 -0.0I 001
SD 0.12 007 013 0.08 010 0.07

SD 0.13 0.08 0.5 008 0.11 0.08
RMSE | 0.12 0.07 0.13 008 0.10 0.08
080 | Bias | -0.00 0.0 0.03 0.00 -0.00 0.00
SD 0.05 0.05 013 0.09 0.06 0.06

SD 0.05 0.06 019 009 0.06 0.06
RMSE | 0.04 0.05 0.14 0.09 0.06 0.05
Caussian 0.00 | Bias 003 004 002 -00l 002 -0.02
SD 035 014 011 0.09 0.18 0.05

SD 032 012 010 0.08 0.18 0.06
RMSE | 0.35 0.14 0.1 0.09 0.18 0.05

020 | Bias | -0.10 _0.02 _0.02 -0.03 0.08 -0.03
SD 039 016 015 010 022 0.06

SD 031 014 015 0.08 0.17 0.06
RMSE | 041 0.6 0.15 0.10 023 0.06

050 | Bias | -0.41 -0.06 -0.0l -0.03 0.19 -0.02
SD 053 018 027 011 025 0.07

SD 0.26 0.3 024 0.09 012 0.05
RMSE | 0.67 0.19 027 0.12 032 0.07

080 | Bias | -0.57 -021 -0.04 0.0 0.10 0.04
SD 047 011 1.24 020 011 0.05

SD 0.28 017 835 0.13 007 0.04
RMSE | 0.74 024 124 020 0.14 0.06
20.50 | Bias 041 018 005 004 -0.15 0.4
SD 056 024 010 0.09 0.22 0.09

SD 028 0.2 012 008 012 008
RMSE | 0.70 029 0.1 0.09 027 0.10
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Copula Copula
data gen. | estim. TK TK D 01 02 Oc Oco
Gumbel Frank 0.20 | Bias -0.06 0.00 0.01 -0.00 0.04 -0.01
SD 023 010 0.14 0.11 0.10 0.04
SD 023 0.0 012 0.09 012 0.04
RMSE | 0.24 0.10 0.14 011 011 0.04
0.50 | Bias | -0.11  0.02 0.05 0.01 0.04 0.00
SD 027 017 032 012 009 0.05
SD 023 012 030 0.09 0.09 0.04
RMSE | 029 0.17 032 012 010 0.04
0.80 | Bias | -0.28 0.01 024 0.05 005 0.04
SD 039 031 084 016 008 0.05
SD 030 0.17 029 0.12 0.07 0.04
RMSE | 048 031 088 0.17 0.10 0.06
Frank Gumbel | 0.20 | Bias 0.10 0.08 009 -0.03 -0.03 -0.00
SD 026 0.16 0.16 0.10 0.10 0.04
SD 0.06 0.14 0.18 0.08 0.04 0.05
RMSE | 028 0.18 0.19 0.0 0.10 0.04
0.50 | Bias | -0.05 _0.02 0.08 -0.07 0.02 0.0l
SD 027 0.16 028 011 0.09 0.05
SD 025 020 033 009 008 0.05
RMSE | 027 0.7 029 0.13 0.09 0.04
0.80 | Bias 0.00 -0.14 -021 022 002 003
SD 0.00  0.00 000 000 0.00 0.00
SD 0.13 0.11 0.09 014 0.05 0.04
RMSE | 0.00 0.14 021 022 000 0.03
Gaussian | Frank 0.20 | Bias -0.03 0.02 0.04 -0.00 0.03 -0.01
SD 026 012 014 0.11 011 0.04
SD 024 010 013 0.09 011 0.04
RMSE | 0.26 0.12 0.5 0.11 0.11 0.04
0.50 | Bias | -0.12  0.02 0.09 0.02 0.05 0.02
SD 029 0.17 032 012 010 0.05
SD 027 0.4 030 0.0 0.0 0.04
RMSE | 0.32 018 033 013 011 0.05
0.80 | Bias | -0.31 -0.00 0.29 0.10 0.06 0.04
SD 041 032 096 019 0.08 0.05
SD 0.56 0.14 042 014 011 0.04
RMSE | 051 032 1.00 021 0.09 0.06
Frank Gaussian | 0.20 | Bias 0.62 0.38 0.14 0.04 -0.19 -0.05
SD 0.00  0.00 000 000 0.00 0.00
SD 0.17 018 0.11 012 0.05 0.04
RMSE | 0.62 038 0.14 003 0.19 0.05
0.50 | Bias | -0.43 -0.07 -0.03 -0.07 0.20 -0.03
SD 0.56 0.18 047 0.0 027 0.07
SD 025 0.12 031 008 012 0.06
RMSE | 0.71 020 047 0.13 033 0.07
0.80 | Bias | -0.43 -0.22 -0.23 -0.06 0.07 0.02
SD 0.43 007 020 017 011 0.05
SD 0.25 009 087 011 0.07 0.05
RMSE | 0.61 023 030 018 0.13 0.05
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1.3.4 Sample size 1000

Copula TK TK p Oy1 Oya 01 Oco
Frank 0.00 | Bias 0.11 0.05 0.04 0.14 -0.07 -0.05
SD 0.00 0.00 0.00 0.00 0.00 0.00

gf) 0.16 0.07 0.05 0.07 0.07 0.03

RMSE 0.11 0.04 0.04 0.14 0.08 0.05

0.20 | Bias -0.00 0.01 0.03 -0.02 0.01  -0.00
SD 0.18 0.08 0.09 0.08 0.09 0.03

S/f) 0.17 0.08 0.08 0.06 0.07 0.03

RMSE 0.18 0.08 0.09 0.08 0.08 0.03

0.50 | Bias -0.06 0.04 0.08 -0.04 0.04 -0.00
SD 033 0.15 026 0.08 0.14 0.04

S/f) 0.16 0.12 0.29 0.07 0.06 0.03

RMSE 0.33 0.16 0.27 0.09 0.14 0.04

0.80 | Bias -0.87 -0.31 -0.33 0.01 0.19 0.09
SD 0.00 0.00 0.00 0.00 0.00 0.00

S/f) 0.28 0.01 0.03 0.09 0.07 0.03

RMSE 0.87 0.31 0.33 0.00 0.19 0.09

-0.50 | Bias 0.05 0.03 0.03 0.01 -0.02 0.01
SD 0.18 0.08 0.08 0.06 0.10 0.06

S/f) 0.11  0.05 0.07 0.06 0.08 0.05

RMSE 0.19 0.08 0.08 0.06 0.10 0.05
Gumbel | 0.00 | Bias 0.11  0.06 0.06 -0.01 -0.04 0.01
SD 0.14 0.07 0.08 0.07 0.06 0.03

S/]\) 0.16 0.09 0.10 0.06 0.07 0.03

RMSE 0.18 0.09 0.10 0.07 0.08 0.03

0.20 | Bias -0.02 0.01 0.03 -0.03 0.02 -0.01
SD 0.19 0.09 0.09 0.08 0.08 0.03

S/]\) 0.18 0.12 0.09 0.06 0.07 0.04

RMSE 0.19 0.09 0.09 0.08 0.08 0.03

0.50 | Bias -0.12  -0.02 0.01 -0.04 0.04 0.01
SD 0.24 0.12 0.12 0.10 0.08 0.04

S/]\) 0.17 0.13 0.05 0.06 0.04 0.04

RMSE 0.27 0.12 0.13 0.11 0.09 0.03

0.80 | Bias -0.37 -0.16 -0.11 -0.06 0.06 0.04
SD 034 0.12 0.15 0.16 0.07 0.04

S/]\) 0.20 0.15 0.19 0.08 0.04 0.04

RMSE 0.50 0.20 0.18 0.16 0.09 0.05
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Joe 0.00 | Bias 0.10 0.06 0.09 -0.0l -0.04 0.01
SD 0.12 0.9 013 007 006 0.03

SD 0.09 0.07 011 006 0.05 003
RMSE | 0.15 0.10 0.15 0.07 0.07 0.03

0.20 | Bias | -0.03 0.01 _0.04 -0.02 0.02 -0.01
SD 0.14 0.09 015 008 0.07 0.03

SD 012 007 012 006 0.06 0.03
RMSE | 0.14 0.09 0.16 0.08 0.07 0.03

050 | Bias | -0.07 _0.03 0.07 -0.03 0.2 0.0
SD 0.20 017 032 010 0.07 0.03

SD 0.11 010 0.15 0.06 0.04 0.03
RMSE | 0.22 0.17 033 0.10 0.08 0.03

0.80 | Bias | -0.80 -0.26 -0.23 -0.23 0.20 0.1
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 0.0l 0.01 0.04 005 004 003
RMSE | 0.80 0.26 023 023 020 0.11
Clayton(90) | 0.00 | Bias 0.11 -0.02 -0.00 -0.02 0.03 0.00
SD 0.14 0.04 0.07 007 0.06 003

SD 0.25 0.08 0.07 007 0.08 003
RMSE | 0.18 0.04 007 0.07 0.07 0.03
20.20 | Bias 020 0.10 0.06 -0.03 -0.06 -0.01
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 0.02 0.04 0.06 008 0.04 003
RMSE | 020 0.09 0.06 0.03 0.06 0.00
20.50 | Bias 0.04 002 002 000 -0.0I 000
SD 0.14 0.05 0.07 006 0.09 0.04

SD 0.14 0.06 0.07 006 0.08 0.04
RMSE | 0.14 0.05 0.07 0.06 008 0.04
20.80 | Bias 0.00 0.00 0.0l 0.00 -0.00 001
SD 0.03 0.03 0.06 006 0.05 004

SD 0.03 0.03 0.06 006 0.05 0.04
RMSE | 0.03 0.03 006 0.05 0.05 0.04
Clayton(180) | 0.00 | Bias 0.10 0.05 008 -0.0l -0.04 001
SD 0.11 0.07 010 007 0.06 0.03

SD 0.13 0.08 0.1 005 007 003
RMSE | 0.14 0.09 0.13 007 007 003

020 | Bias | -0.14 -0.0l -0.0l -0.07 0.06 -0.02
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 0.15 0.06 0.09 005 0.09 003
RMSE | 0.14 0.00 000 0.07 0.06 0.00

050 | Bias | -0.07 _0.02 0.04 -0.02 0.02 0.00
SD 021 016 026 010 0.07 0.03

SD 0.09 010 0.15 0.06 0.03 0.03
RMSE | 022 0.16 026 0.09 008 0.03

080 | Bias | -0.25 -0.11 -0.10 -0.03 0.04 0.03
SD 0.28 020 030 0.14 0.07 0.04

SD 0.11 0.08 0.29 0.07 004 0.03
RMSE | 0.38 023 032 0.14 008 0.04
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(270) | 0.00 | Bias 0.10 -0.02 -0.00 -0.02 0.10 -0.03
SD 0.12 0.04 0.07 006 012 0.05

SD 019 0.05 0.06 006 0.18 0.06
RMSE | 0.15 0.04 0.06 0.07 0.15 0.05
20.20 | Bias 0.0l _0.00 0.00 0.0 -0.00 0.00
SD 0.14 0.05 0.06 006 0.12 0.06

SD 0.16 0.05 0.06 0.06 0.14 0.07
RMSE | 0.14 0.04 0.06 0.05 0.12 0.5
20.50 | Bias 0.00 0.00 0.0l 0.0 -0.00 0.00
SD 0.08 0.04 0.08 0.06 0.07 0.05

SD 0.08 0.05 0.09 0.06 0.07 0.05
RMSE | 0.08 0.04 0.08 0.05 0.07 0.05
080 | Bias | -0.00 0.00 0.02 -0.00 -0.00 0.00
SD 0.03 0.03 0.08 0.06 0.04 0.04

SD 0.04 0.04 0.09 006 0.04 004
RMSE | 0.03 0.03 008 006 004 003
Caussian 0.00 | Bias | -0.0l _0.02 0.0l -0.02 003 -0.02
SD 0.27 0.0 0.08 0.07 015 0.04

SD 0.25 0.9 0.08 0.06 014 0.05
RMSE | 0.27 0.10 0.08 0.08 0.15 0.04

020 | Bias | -0.10 -0.00 0.0l -0.04 007 -0.02
SD 032 0.1 0.09 008 0.17 0.04

SD 024 0.0 0.09 006 0.12 0.04
RMSE | 0.33 0.1 0.09 0.09 0.18 0.04

050 | Bias | -0.40 -0.07 -0.03 -0.05 0.7 -0.01
SD 047 0.4 018 0.09 023 0.06

SD 021 011 012 0.06 0.09 0.04
RMSE | 0.61 0.16 0.18 0.10 028 0.05

080 | Bias | -0.13 -0.18 -021 0.15 __0.08 0.5
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 0.21 0.0 0.08 0.10 0.04 0.04
RMSE | 0.13 0.8 021 0.15 0.08 0.05
20.50 | Bias 032 014 004 003 -0.12 0.4
SD 050 021 0.08 0.07 020 0.07

SD 0.19 0.08 0.08 0.06 0.09 0.06
RMSE | 0.59 025 0.09 007 023 008
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Copula Copula
data gen. | estim. TK TK p b1 Oua o1 O
Gumbel Frank 0.20 | Bias -0.08 -0.01 -0.00 -0.02 0.04 -0.01
SD 0.14 0.06 0.08 0.08 0.07 0.03
SD 0.17 0.07r 0.07 0.06 0.08 0.03
RMSE | 0.16 0.05 0.08 0.08 0.08 0.03
0.50 | Bias -0.11  -0.00 0.03 -0.01 0.03 0.01
SD 020 0.13 0.20 0.10 0.06 0.04
SD 0.17 0.09 0.13 0.06 0.06 0.03
RMSE | 0.23 0.13 0.20 0.10 0.07 0.03
0.80 | Bias -0.23  0.08 042 0.01 0.04 0.03
SD 034 032 088 0.14 0.06 0.04
SD 0.20 0.11 043 0.08 0.05 0.03
RMSE | 041 033 098 0.14 0.08 0.05
Frank Gumbel 0.20 | Bias 0.07 0.06 0.08 -0.04 -0.02 0.00
SD 0.21 0.12 0.12 0.07 0.08 0.03
SD 0.22 0.13 013 0.06 0.09 0.04
RMSE 0.23 0.13 0.14 0.08 0.08 0.03
0.50 | Bias -0.06 0.01 0.07 -0.09 0.02 0.01
SD 0.24 0.14 020 0.08 0.07 0.04
SD 021 015 021 006 006 0.04
RMSE 0.24 0.14 0.22 0.12 0.08 0.03
0.80 | Bias -0.28 -0.19 -0.20 -0.10 0.04 0.03
SD 0.32 0.08 0.10 0.15 0.06 0.04
SD 0.10 0.11 0.16 0.08 0.04 0.03
RMSE 0.42 0.21 0.22 0.18 0.07 0.04
Gaussian | Frank 0.20 | Bias -0.05 0.00 0.03 -0.02 0.03 -0.00
SD 0.17 0.07r 0.09 0.09 0.07 0.03
S/]\) 0.18 0.07 0.08 0.06 0.08 0.03
RMSE | 0.18 0.07 0.09 0.09 0.08 0.03
0.50 | Bias -0.12  0.00 0.06 0.00 0.05 0.02
SD 0.23 0.14 0.18 0.10 0.07 0.04
S/]\) 0.18 0.10 0.13 0.07 0.06 0.03
RMSE 026 0.14 0.19 0.10 0.09 0.04
0.80 | Bias -0.26  0.08 054 0.04 0.05 0.04
SD 0.38 034 1.09 0.16 0.06 0.04
S/]\) 0.13 0.13 0.67 0.09 0.04 0.03
RMSE 0.47 0.35 1.21 0.16 0.08 0.05
Frank Gaussian | 0.20 | Bias -0.04 0.01 0.01 -0.04 0.04 -0.02
SD 034 0.12 0.10 0.07 0.18 0.05
S/l\) 0.22 0.04 010 0.06 0.11 0.04
RMSE | 0.34 0.12 0.10 0.08 0.18 0.04
0.50 | Bias -0.41 -0.09 -0.06 -0.09 0.18 -0.03
SD 0.52 0.14 0.20 0.08 0.25 0.06
SD 0.18 0.10 0.14 0.06 0.08 0.04
RMSE 0.66 0.16 0.21 0.12 0.31 0.06
0.80 | Bias -0.37 -0.22 -0.24 -0.10 0.05 0.03
SD 0.33 0.06 0.07 0.15 0.08 0.04
SD 0.23 0.09 0.12 008 0.05 0.04
RMSE | 0.50 0.23 0.25 0.18 0.09 0.04

o1



1.3.5 Sample size 2500

Copula TK TK p Oy1 Oya 01 Oco
Frank 0.00 | Bias 0.01 0.01 0.02 -0.02 -0.00 -0.00
SD 0.10 0.04 0.04 0.05 0.05 0.02

gf) 0.11  0.04 0.04 0.04 0.05 0.02

RMSE 0.09 0.04 0.04 0.05 0.04 0.00

0.20 | Bias 0.00 0.01 0.03 -0.03 0.00 0.00
SD 0.10 0.04 0.06 0.05 0.04 0.02

S/f) 0.11 0.05 0.05 0.04 0.05 0.02

RMSE 0.09 0.04 0.06 0.05 0.04 0.00

0.50 | Bias 0.01 0.04 0.08 -0.04 0.00 0.00
SD 0.12 0.09 0.13 0.06 0.04 0.02

S/f) 0.12 0.08 0.08 0.04 0.04 0.02

RMSE 0.11 0.09 0.15 0.07 0.03 0.00

0.80 | Bias -0.01 0.25 0.70 -0.08 0.01 0.01
SD 0.11 0.27 0.76 0.09 0.03 0.02

S/f) 0.06 0.09 0.07 0.04 0.02 0.02

RMSE 0.11 0.37 1.04 0.12 0.03 0.00

-0.50 | Bias 0.01 0.00 0.01 -0.00 -0.01 0.00
SD 0.06 0.03 0.04 0.04 0.05 0.03

S/f) 0.06 0.03 0.04 0.03 0.05 0.03

RMSE 0.06 0.03 0.04 0.03 0.04 0.03
Gumbel | 0.00 | Bias 0.07 0.03 0.04 -0.02 -0.03 0.01
SD 0.09 0.04 0.05 0.05 0.04 0.02

S/]\) 0.10 0.05 0.06 0.03 0.05 0.02

RMSE 0.11 0.05 0.07 0.04 0.05 0.00

0.20 | Bias -0.05 -0.00 0.02 -0.04 0.02 -0.00
SD 0.12 0.05 0.05 0.05 0.06 0.02

S/]\) 0.12 0.05 0.06 0.04 0.05 0.02

RMSE 0.13 0.04 0.05 0.06 0.06 0.00

0.50 | Bias -0.14 -0.04 0.01 -0.06 0.04 0.01
SD 0.16 0.07 0.07 0.07 0.05 0.02

S/]\) 0.14 0.07 0.08 0.04 0.04 0.02

RMSE 0.21 0.08 0.07 0.09 0.07 0.03

0.80 | Bias -0.44 -0.19 -0.14 -0.10 0.07 0.05
SD 0.32 0.10 0.09 0.12 0.06 0.03

S/]\) 0.12 0.09 0.10 0.05 0.03 0.02

RMSE 0.54 0.21 0.17 0.15 0.09 0.05

92



Copula TK TK p Oyr Ouz  Oc1 Ooe
Joe 0.00 | Bias 0.06 0.04 006 -0.02 -0.03 001
SD 0.08 0.04 0.06 004 004 0.02

SD 0.04 004 006 003 003 0.02
RMSE | 0.10 0.05 0.08 004 004 0.03

020 | Bias | -0.04 -0.00 0.02 -0.04 0.02 -0.00
SD 0.10 0.04 0.06 005 0.05 0.02

SD 010 0.05 0.07 004 004 0.02
RMSE | 0.11 0.04 0.06 006 0.05 0.00

050 | Bias | -0.10 -0.03 0.0l -0.05 0.3 0.01
SD 0.14 008 013 007 005 002

SD 0.07 0.05 0.09 004 003 0.02
RMSE | 0.17 0.08 013 009 0.05 0.00

080 | Bias | -0.30 -0.20 -0.16 -0.17 0.04 0.03
SD 0.00 0.00 0.0 0.00 0.0 0.00

SD 0.03 0.02 0.05 004 0.02 002
RMSE | 030 020 016 0.17 0.04 0.03
Clayton(90) | 0.00 | Bias 007 -0.0L 000 -0.03 002 0.00
SD 0.09 003 004 004 003 002

SD 0.19 0.06 0.05 004 005 0.02
RMSE | 0.11 0.03 0.04 005 0.03 0.00
20.20 | Bias 002 001 002 -0.0I -0.00 -0.00
SD 011 0.04 004 004 004 0.02

SD 0.14 005 0.04 004 005 002
RMSE | 0.11 0.04 004 004 004 0.00
2050 | Bias 002 001 001 -0.00 -0.01 0.00
SD 0.08 003 004 004 005 003

SD 0.08 0.03 004 003 005 003
RMSE | 0.08 0.03 0.04 003 005 003
20.80 | Bias 004 003 002 -004 006 -0.00
SD 0.00  0.00 0.0 0.00 0.00 0.00

SD 0.02 0.02 004 003 004 003
RMSE | 0.04 003 0.00 004 006 0.00
Clayton(180) | 0.00 | Bias 0.00 0.02 005 -0.04 -0.04 -0.02
SD 0.00 0.00 0.00 0.00 0.0 0.00

SD 0.08 0.04 006 003 005 0.03
RMSE | 0.00 0.00 0.04 003 003 0.00

020 | Bias | -0.06 -0.01 _0.01 -0.04 0.03 -0.00
SD 010 0.04 0.05 005 005 0.02

SD 012 0.05 0.08 004 0.06 0.02
RMSE | 0.12 0.04 005 006 005 0.00

050 | Bias | -0.12 -0.04 -0.0I -0.05 0.3 0.01
SD 0.16 0.06 0.07 007 005 0.02

SD 0.07 0.05 0.08 004 0.03 0.02
RMSE | 0.20 0.07 0.08 008 006 0.03

080 | Bias | 020 -0.19 022 0.03 001 0.2
SD 0.00 0.00 0.0 0.00 0.00 0.00

SD 012 005 0.07 006 0.03 002
RMSE | 0.20 0.19 022 0.03 0.00 0.00
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(270) | 0.00 | Bias 0.07 -0.0l 0.00 -0.03 0.07 -0.02
SD 0.08 0.03 0.04 004 008 0.03

SD 0.11 003 004 004 011 0.04
RMSE | 0.11 0.03 0.04 005 0.10 0.03
20.20 | Bias 0.02 0.0l 000 0.00 -0.01 0.01
SD 0.10 0.04 0.04 004 0.09 0.04

SD 0.11 0.04 004 0.04 009 0.05
RMSE | 0.10 0.03 0.04 003 008 0.04
20.50 | Bias 0.00 0.00 0.0l 0.0 -0.00 0.00
SD 0.04 0.03 0.05 004 004 0.03

SD 0.05 0.3 0.05 004 004 0.03
RMSE | 0.04 0.03 005 003 004 003
20.80 | Bias 0.00 0.00 0.0l 0.00 -0.00 0.00
SD 0.02 0.2 0.5 0.04 0.03 0.02

SD 0.02 0.2 0.05 004 0.03 002
RMSE | 0.00 0.00 0.04 004 003 003
Gaussian 0.00 | Bias | -0.04 -0.00 0.0l -0.02 0.03 -0.01
SD 019 0.06 0.05 005 010 0.03

SD 0.18 0.06 0.05 004 0.10 0.03
RMSE | 0.19 0.05 0.04 005 0.11 003

020 | Bias | -0.10 -0.02 0.0l -0.04 0.05 -0.01
SD 0.21 0.06 0.06 006 011 0.03

SD 0.17 0.06 0.06 0.04 0.09 0.03
RMSE | 0.23 0.06 0.05 007 012 003

050 | Bias | -0.36 -0.09 -0.03 -0.05 0.14 0.01
SD 038 0.09 0.09 006 0.18 0.04

SD 0.15 0.06 0.07 004 0.06 0.03
RMSE | 0.52 0.13 0.09 008 023 0.04

0.80 | Bias | -0.55 -0.23 -0.18 -0.09 0.08 0.05
SD 033 0.07 007 013 006 0.03

SD 0.17 0.04 0.07 0.04 0.05 0.02
RMSE | 0.64 024 019 0.15 010 0.06
20.50 | Bias 021 0.09 004 002 -0.09 003
SD 0.41 0.8 0.06 005 0.16 0.06

SD 0.10 0.05 0.04 004 005 0.04
RMSE | 0.46 020 0.07 005 0.18 0.06
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Copula Copula
data gen. | estim. TK TK p b1 Oua o1 O
Gumbel Frank 0.20 | Bias -0.09 -0.02 -0.00 -0.03 0.04 -0.01
SD 0.09 0.04 0.05 0.05 0.04 0.02
SD 0.10 0.04 0.04 0.04 0.05 0.02
RMSE | 0.12 0.04 0.04 0.06 0.06 0.00
0.50 | Bias -0.13 -0.03 0.01 -0.02 0.04 0.01
SD 0.13 0.07 0.09 0.07 0.04 0.02
SD 0.12 0.06 0.06 0.04 0.04 0.02
RMSE | 0.18 0.08 0.09 0.07 0.05 0.03
0.80 | Bias -0.12 0.15 044 -0.02 0.03 0.02
SD 024 025 0.60 0.10 0.04 0.03
SD 0.15 0.08 0.22 0.05 0.04 0.02
RMSE | 0.27 029 0.74 0.10 0.05 0.03
Frank Gumbel 0.20 | Bias 0.03 0.03 0.06 -0.05 -0.01 0.01
SD 0.15 0.07 0.07 0.05 0.06 0.02
SD 0.13 0.07 0.07 0.04 0.05 0.02
RMSE 0.15 0.07 0.09 0.07 0.06 0.00
0.50 | Bias -0.06 -0.02 0.06 -0.10 0.02 0.01
SD 0.16 0.08 0.09 0.06 0.05 0.02
SD 012 0.09 012 0.04 0.04 0.03
RMSE 0.17 0.08 0.10 0.11 0.05 0.03
0.80 | Bias -0.39 -0.23 -0.16 -0.18 0.04 0.05
SD 0.00 0.00 0.00 0.00 0.00 0.00
SD 0.13 0.04 0.09 0.04 0.03 0.02
RMSE 039 0.23 0.16 0.18 0.04 0.05
Gaussian | Frank 0.20 | Bias -0.07 -0.01 0.03 -0.03 0.04 -0.00
SD 0.10 0.04 0.05 0.06 0.04 0.02
S/]\) 0.11 0.05  0.05 0.04 0.05 0.02
RMSE | 0.12 0.04 0.06 0.06 0.05 0.00
0.50 | Bias -0.15 -0.03 0.05 -0.01 0.05 0.02
SD 0.16 0.09 0.10 0.07 0.05 0.02
SD 0.13 0.07 0.07 004 004 0.02
RMSE | 0.22 0.09 0.11 0.07 0.07 0.03
0.80 | Bias -0.18 0.13 054 0.01 0.04 0.04
SD 0.31 028 0.77 0.11 0.05 0.03
S/]\) 0.14 0.07 036 0.05 0.03 0.02
RMSE | 0.36 031 094 0.11 0.06 0.04
Frank Gaussian | 0.20 | Bias -0.02 0.00 0.01 -0.05 0.01 -0.01
SD 0.22 0.06 0.06 0.05 0.12 0.03
SD 0.16 0.06 0.06 0.04 0.07 0.02
RMSE | 0.22 0.06 0.05 0.07 0.11 0.03
0.50 | Bias -0.37 -0.10 -0.08 -0.10 0.15 -0.01
SD 0.45 0.09 0.10 0.06 0.22 0.05
SD 0.07 0.06 0.06 0.04 0.02 0.03
RMSE 0.58 0.13 0.13 0.11 0.27 0.04
0.80 | Bias -0.39 -0.23 -0.25 -0.14 0.05 0.04
SD 0.24 0.05 0.04 0.12 0.05 0.03
SD 0.15 0.04 0.06 0.04 0.04 0.02
RMSE | 0.46 0.23 0.25 0.18 0.06 0.04
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2 Truncated distribution for the variable U

2.1 Incidence of 0.6

2.1.1 Percentage of censoring

Copula / 75 | 0.00 | 0.20 | 0.50 | 0.80 | -0.20 | -0.50 | -0.80
Frank 58.62 | 60.68 | 65.10 | 69.00 54.12
Gumbel 58.48 | 59.66 | 63.58 | 67.44

Joe 58.04 | 61.04 | 64.62 | 71.60

Clayton(90) 58.66 95.14 | 51.24 | 50.54
Clayton(180) | 59.58 | 60.10 | 65.70 | 68.32

Clayton(270) | 58.06 58.16 | 55.00 | 52.36
Gaussian 75.02 | 81.08 | 87.66 | 96.84 65.30

2.1.2 Sample size 200

Copula | 7 TK p  Our Oy Oc1 O
Frank 0.00 | Bias 0.03 0.01 0.15 -0.01 0.03 -0.01
SD 0.29 0.10 1.76 0.11  0.29 0.08
SD 0.24 0.09 1094 0.12 0.23 0.08

RMSE | 029 0.09 177 0.11 0.29 0.08

0.20 | Bias -0.10 -0.02  0.10 -0.03 0.18 -0.03
SD 037 0.10 0.73 0.12 0.53 0.10
SD 023 0.08 426 0.12 0.26 0.07
RMSE | 0.39 0.10 074 0.12 0.56 0.10

0.50 | Bias -0.42 -0.09 0.10 -0.05 0.58 -0.05
SD 0.60 0.13 116 0.12 0.88 0.13
SD 0.20 0.07 588 0.12 0.29 0.08
RMSE | 0.73 0.15 116 0.13 1.05 0.14

0.80 | Bias -0.30 -0.08 0.22 -0.01 0.26 0.02
SD 0.55 0.11 220 0.13 0.56 0.10
SD 0.14 0.06 386 0.12 0.17 0.08
RMSE | 0.63 0.14 221 0.13 0.61 0.10

-0.50 | Bias 0.09 -0.03 0.02 0.10 -0.00 -0.06
SD 0.00 0.00 0.00 0.00 0.00 0.00
SD 0.13 0.07r 0.15 0.13 0.15 0.08
RMSE | 0.09 0.03 0.00 0.10 0.00 0.06
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Copula TK TK p  Oy1 Oz Oc1  Oco
Gumbel 0.00 | Bias 0.00 002 003 004 022 -0.02
SD 0.00 0.00 000 0.0 000 0.00

SD 0.03 004 011 011 0.12 0.07
RMSE | 0.00 0.00 003 003 022 0.00

0.20 | Bias 005 001 014 -0.03 -0.0I -0.01
SD 023 009 054 011 015 0.07

SD 025 0.09 238 012 0.19 0.08
RMSE | 0.23 008 056 011 015 0.07

050 | Bias | -0.03 -0.01 _0.18 -0.04 0.03 0.00
SD 024 009 101 011 015 0.08

SD 024 009 505 012 017 0.08
RMSE | 024 0.09 1.03 012 015 0.08

080 | Bias | -0.07 -0.17 -0.11 0.14 0.19 0.08
SD 0.00 0.00 000 0.0 000 0.00

SD 011 006 009 014 0.10 0.08
RMSE | 0.06 0.17 0.11 014 0.19 0.08

Joe 0.00 | Bias 018 0.07 031 -002 -0.11 0.04
SD 023 010 217 011 0.15 0.08

SD 013 007 1216 0.12 012 0.07
RMSE | 029 0.2 219 011 018 0.08

0.20 | Bias 003 001 020 -0.02 000 0.00
SD 017 008 095 012 014 0.07

SD 015 007 308 012 013 0.07
RMSE | 0.17 0.08 097 011 0.14 0.06

050 | Bias | -0.02 -0.01 023 -0.02 0.02 001
SD 017 007 120 012 012 007

SD 0.15 0.07 624 012 0.11 0.07
RMSE | 0.17 0.07 1.22 012 013 0.07

080 | Bias | -0.05 -0.06 082 -0.04 0.03 003
SD 016 007 524 013 011 0.08

SD 0.14 007 3516 0.4 0.10 0.08
RMSE | 0.17 0.09 531 013 0.11 0.09
Clayton(90) | 0.00 | Bias 020 -0.06 0.07 -0.03 021 -0.03
SD 026 008 032 011 044 0.10

SD 023 009 068 009 021 008
RMSE | 0.33 0.0 032 011 049 0.11
2020 | Bias | -0.03 -0.00 0.08 -0.01 0.09 -0.01
SD 024 009 033 011 030 0.10

SD 025 011 109 0.10 024 0.09
RMSE | 024 0.09 034 011 032 0.10
20.50 | Bias 015 006 026 001 -0.06 0.04
SD 025 012 103 012 024 0.13

SD 032 014 493 012 022 0.11
RMSE | 029 013 1.06 012 025 0.13
20.80 | Bias 024 006 147 001 -0.13 0.14
SD 037 020 499 014 024 022

SD 0.04 0.06 3508 015 0.12 0.11
RMSE | 044 020 520 014 028 0.25
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Copula TK TK p  Our Oua  Oc1 Oc
Clayton(180) | 0.00 | Bias 0.18 0.07 022 -000 -0.12 004
SD 020 0.09 076 012 0.14 0.07

SD 0.14 008 254 0.14 012 0.08
RMSE | 027 0.11 080 012 018 0.08

0.20 | Bias 0.02 0.0l 015 -0.0I 0.00 -0.00
SD 0.18 0.08 055 012 014 0.06

SD 0.16 0.07 192 0.12 013 0.07
RMSE | 0.18 0.08 057 012 014 0.06

050 | Bias | -0.03 -0.01 _0.17 -0.02 0.02 0.0l
SD 0.17 0.07 099 012 012 0.07

SD 0.16 0.07 390 012 012 0.07
RMSE | 0.18 0.08 1.00 0.2 0.12 0.07

0.80 | Bias | -0.07 -0.06 0.64 -0.03 0.04 0.03
SD 017 007 414 014 012 0.09

SD 0.12 0.06 3070 0.14 0.09 0.07
RMSE | 0.19 010 419 0.14 012 0.09
Clayton(270) | 0.00 | Bias 0.15 -0.03 016 -0.03 023 -0.05
SD 020 0.07 08 011 039 0.11

SD 0.25 0.07 286 0.10 044 0.12
RMSE | 0.25 0.07 090 012 045 0.12
-0.20 | Bias 0.00 -00I 023 -002 004 0.00
SD 022 008 142 012 030 012

SD 0.21 0.07 637 009 031 013
RMSE | 0.22 008 143 012 031 0.12
0.50 | Bias 0.09 00l 059 -0.00 -0.05 0.06
SD 024 011 441 012 025 0.16

SD 0.22 0.0 3887 0.12 023 0.14
RMSE | 026 0.1 445 012 025 0.17
2080 | Bias | -0.04 -0.16 -0.17 021 0.0l -0.08
SD 0.00 0.00 000 000 000 0.00

SD 0.08 0.04 005 014 014 0.09
RMSE | 004 0.15 016 020 000 0.08
Gaussian 0.00 | Bias 0.05 0.02 0.09 -0.02 0.06 -0.04
SD 042 013 038 011 038 0.09

SD 036 011 091 012 034 0.10
RMSE | 042 013 039 011 039 0.10

020 | Bias | -0.11 -0.02 __0.10 -0.04 021 -0.05
SD 044 012 054 011 051 0.10

SD 034 010 234 012 037 0.09
RMSE | 046 0.13 055 012 055 0.1

050 | Bias | -0.40 -0.08 0.08 -0.03 0.50 -0.05
SD 059 013 048 012 076 0.12

SD 029 0.09 179 0.12 034 0.09
RMSE | 0.71 015 049 012 090 0.13

080 | Bias | -0.49 -0.11 __0.06 00l 046 0.03
SD 0.65 012 099 012 067 0.12

SD 022 0.07 400 012 027 0.11
RMSE | 0.82 0.6 1.00 0.12 081 0.12
0.50 | Bias 052 014 017 004 -022 007
SD 064 019 1.04 012 034 014

SD 030 0.10 520 0.1 021 0.12
RMSE | 0.82 023 1.05 0.12 041 0.16
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Copula Copula
data gen. | estim. TK TK p Oy Ouz b1 b
Gumbel Frank 0.20 | Bias -0.08 -0.03 0.06 -0.02 0.09 -0.02
SD 0.23 0.08 0.24 0.11 0.19 0.06
SD 014 005 050 012 011 0.06
RMSE 0.24  0.08 0.25 0.11 0.21 0.07
0.50 | Bias -0.14 -0.05 0.13 -0.01 0.10 0.01
SD 0.23 0.08 1.22 0.12 0.17 0.08
S/]\) 0.33 0.09 27.01 0.12 0.34 0.08
RMSE 0.27  0.09 1.22 0.12 0.19 0.08
0.80 | Bias -0.28 -0.09 0.31 0.02 0.15 0.09
SD 0.32 0.09 4.06 0.13 0.24 0.10
S/]\) 0.21 0.06 26.15 0.13 0.18 0.09
RMSE 0.42 0.13 4.07 0.14 0.29 0.13
Frank Gumbel 0.20 | Bias 0.16 0.05 0.18 -0.04 -0.08 -0.00
SD 0.30 0.11 0.58 0.11 0.18 0.08
S/f) 0.22  0.08 0.74 0.11 0.15 0.07
RMSE 0.33 0.12 0.61 0.12 0.19 0.08
0.50 | Bias 0.09 0.03 0.28 -0.07 -0.03 -0.01
SD 0.26 0.10 1.14 0.11 0.16 0.09
SD 022 009 756 011 012 0.09
RMSE 0.27  0.10 1.18 0.13 0.17  0.09
0.80 | Bias -0.02 -0.03 0.21 -0.03 0.01 0.01
SD 0.16 0.07 1.34 0.11 0.11 0.09
SD 0.16 0.08 10.18 0.2 0.1 0.09
RMSE 0.16 0.08 1.36 0.11 0.11 0.09
Gaussian | Frank 0.20 | Bias -0.05 -0.01 0.13 -0.01 0.06 -0.01
SD 0.27  0.09 0.61 0.12 0.22 0.07
S/]\) 0.20 0.08 3.45 0.12 0.20 0.07
RMSE | 0.28 0.09 0.62 0.12 0.23 0.07
0.50 | Bias -0.18 -0.04 0.15 -0.00 0.13 0.03
SD 0.28  0.09 0.81 0.13 0.21 0.07
S/]\) 0.24  0.08 6.62 0.12 0.20 0.07
RMSE | 0.33 0.10 0.83 0.13 0.25 0.08
0.80 | Bias -0.36  -0.10 0.22 0.03 0.22 0.12
SD 0.37  0.10 2.49 0.14 0.29 0.11
S/]\) 0.25 0.06 12.36 0.13 0.25 0.10
RMSE 0.51 0.14 2.50 0.14 0.36 0.16
Frank Gaussian | 0.20 | Bias -0.04 -0.00 0.07 -0.05 0.16 -0.05
SD 0.48 0.13 0.35 0.11 0.53 0.10
SD 0.33 0.10 1.00 0.11 0.34  0.09
RMSE 0.48 0.13 0.35 0.12 0.56 0.11
0.50 | Bias -0.35 -0.07 0.06 -0.07 0.51 -0.09
SD 0.68 0.15 0.21 0.11 0.83 0.11
SD 0.24  0.08 0.26  0.11 0.32  0.09
RMSE 0.77  0.16 0.22 0.13 0.97 0.14
0.80 | Bias -0.31 -0.08 0.05 -0.03 0.30 -0.03
SD 0.65 0.12 0.29 0.11 0.62 0.09
SD 0.15 0.06 0.86 0.11 0.19  0.09
RMSE | 0.72 0.15 0.29 0.12 0.69 0.09
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2.1.3 Sample size 500

Copula TK TK p Ouy1 Oy Oc1 Oco
Frank 0.00 | Bias -0.01 -0.00 0.02 -0.01 0.03 -0.01
SD 0.19 0.06 0.11 0.07 0.19 0.05

S/]\:) 0.17 0.06 0.14 0.07 0.16 0.05

RMSE 0.19 0.06 0.11 0.08 0.19 0.05

0.20 | Bias -0.07 -0.02 0.02 -0.01 0.10 -0.01
SD 0.26 0.07 0.09 0.0 0.35 0.07

gf) 0.16 0.06 0.09 0.07 0.15 0.04

RMSE 0.27 0.07 0.09 0.07 0.37 0.07

0.50 | Bias -0.29 -0.06 0.00 -0.03 0.38 -0.04
SD 0.52 0.11 0.11 0.07 0.72 0.10

gf) 0.14 0.05 0.09 0.07 0.15 0.05

RMSE 0.60 0.13 0.11 0.08 0.81 0.11

0.80 | Bias -0.08 -0.04 0.04 -0.01 0.06 0.02
SD 0.28 0.07 0.14 0.08 0.26 0.05

gf) 0.09 0.04 0.14 0.08 0.07 0.05

RMSE 0.29 0.08 0.14 0.08 0.26 0.05

-0.50 | Bias 0.17 0.05 0.08 0.01 -0.09 0.05
SD 035 0.12 037 0.09 0.21 0.10

gf) 0.15 0.07 0.72 0.08 0.13 0.08

RMSE 0.38 0.13 0.38 0.09 0.23 0.11
Gumbel | 0.00 | Bias 0.12 0.04 0.07 -0.00 -0.08 0.02
SD 0.15 0.06 0.20 0.07 0.11 0.04

S/]\) 0.14 0.06 0.69 0.07 0.10 0.05

RMSE 0.19 0.08 0.21 0.07 0.13 0.04

0.20 | Bias -0.00 -0.00 0.03 -0.01 0.01 -0.01
SD 0.14 0.06 0.09 0.07 0.11 0.04

S/]\) 0.15 0.06 0.10 0.07 0.12 0.04

RMSE 0.14 0.05 0.09 0.07 0.11 0.04

0.50 | Bias -0.02 -0.01 0.04 -0.02 0.02 0.00
SD 0.17 0.06 0.10 0.07 0.10 0.06

S/]\) 0.16 0.06 0.10 0.07 0.10 0.05

RMSE 0.17 0.06 0.10 0.08 0.10 0.05

0.80 | Bias -0.05 -0.03 0.04 0.00 0.03 0.02
SD 0.14 0.06 0.13 0.08 0.08 0.07

S/]\) 0.13 0.06 0.14 0.08 0.08 0.06

RMSE 0.15 0.07 0.13 0.08 0.09 0.07
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Copula TK TK p  Oyr Oyz  Oc1 Oco
Joe 0.00 | Bias 0.00 0.04 008 -00l -0.07 003
SD 0.11 0.06 0.12 0.07 010 0.05

SD 0.00 0.05 014 007 009 0.05
RMSE | 0.14 0.07 014 007 012 005

0.20 | Bias | -0.00 -0.00 0.04 -0.01 0.01 -0.00
SD 0.11 0.05 0.10 007 009 0.04

SD 011 0.05 012 007 009 0.04
RMSE | 0.11 0.05 011 0.07 0.09 0.04

050 | Bias | -0.0 -0.01L _0.04 -0.01 0.0l 0.00
SD 0.10 0.04 0.10 007 007 0.04

SD 0.10 0.05 0.12 008 007 0.04
RMSE | 0.10 0.04 011 0.07 0.07 0.04

0.80 | Bias | -0.01 -0.04 0.08 -0.02 001 001
SD 0.06 0.04 021 008 006 0.05

SD 0.07 0.04 028 0.08 006 0.05
RMSE | 0.06 0.05 023 0.08 0.05 0.04
Clayton(90) | 0.00 | Bias 0.11 -0.04 002 -002 008 -0.00
SD 0.18 0.06 0.0 007 020 0.06

SD 031 012 0.10 0.10 0.16 0.05
RMSE | 0.21 0.07 010 008 021 0.05
-0.20 | Bias 002 00l 003 -0.00 002 -0.00
SD 0.17 0.07 010 007 014 0.05

SD 0.20 0.08 009 006 014 0.06
RMSE | 0.17 0.07 010 007 014 0.05
0.50 | Bias 018 012 014 001 -0.6 0.19
SD 0.00 0.00 000 000 000 0.00

SD 0.13 0.07 012 008 010 0.08
RMSE | 0.18 0.2 013 000 0.16 0.19
-0.80 | Bias 020 006 092 -000 -0.11 0.11
SD 033 019 509 010 021 0.18

SD 0.03 0.03 4438 0.08 0.08 0.09
RMSE | 039 020 518 0.10 024 0.21
Clayton(180) | 0.00 | Bias 0.08 0.03 007 -000 -0.06 002
SD 0.10 0.05 0.11 007 009 0.04

SD 010 0.05 011 005 009 0.05
RMSE | 0.13 006 013 007 011 0.05

020 | Bias | -0.01 -0.00 0.04 -0.01 0.01 -0.00
SD 011 0.05 0.0 007 0.10 0.04

SD 012 0.05 011 007 010 0.04
RMSE | 0.11 0.5 011 007 0.10 0.04

050 | Bias | -0.02 _-0.01 __0.04 -0.01 0.0l 0.00
SD 0.10 0.04 011 008 007 004

SD 0.10 0.05 0.13 0.07 007 0.04
RMSE | 0.10 0.04 012 0.08 0.07 0.04

080 | Bias | -0.02 _-0.04 007 -0.0I 0.0l 0.1
SD 0.07 0.04 019 009 006 0.05

SD 0.07 004 022 008 006 0.05
RMSE | 0.07 0.06 021 009 0.05 0.04
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Copula TK TK p  Oyr Oyz  Oc1 Oco
Clayton(270) | 0.00 | Bias 0.13 -0.03 003 -002 0.17 -0.04
SD 0.16 0.05 009 007 025 007

SD 0.17 0.05 0.0 008 027 0.08
RMSE | 0.20 0.05 009 007 030 0.08
0.20 | Bias 0.0l -0.00 003 -0.0I 0.0l 0.00
SD 0.18 0.06 009 007 021 0.09

SD 024 006 0.11 008 026 0.11
RMSE | 0.18 0.05 009 007 021 0.08
20.50 | Bias 0.04 000 010 -0.00 -0.03 0.02
SD 0.15 007 121 008 015 0.10

SD 0.14 0.07 418 0.08 0.15 0.09
RMSE | 0.15 0.07 1.21 008 0.15 0.10
0.80 | Bias 0.00 -0.06 027 -0.0I -0.00 0.01
SD 0.05 0.05 1.8 009 008 0.06

SD 0.05 0.03 1091 0.08 0.08 0.06
RMSE | 0.04 008 1.83 009 008 0.06
Caussian 0.00 | Bias 0.00 000 001 -001 005 -0.02
SD 030 0.09 008 007 027 0.06

SD 0.27 0.09 009 007 024 007
RMSE | 0.30 0.09 0.08 0.07 027 0.07

020 | Bias | -0.07 -0.02 0.0l -002 0.11 -0.03
SD 033 0.09 008 007 033 006

SD 0.25 0.08 009 007 023 0.06
RMSE | 0.34 0.09 0.8 0.07 035 0.07

050 | Bias | -0.24 -0.05 0.0l -0.02 0.30 -0.03
SD 049 0.1 0.0 007 060 0.09

SD 0.21 0.06 009 007 020 0.06
RMSE | 055 0.2 0.0 0.08 067 0.09

0.80 | Bias | -0.26 -0.06 _0.00 0.0 023 0.02
SD 052 010 012 008 051 007

SD 0.14 0.06 011 007 013 0.07
RMSE | 058 0.2 012 0.08 056 0.08
2050 | Bias 0.37 0.10 0.02 0.3 -0.16 0.05
SD 057 016 013 008 028 0.1

SD 0.25 0.08 016 007 0.15 0.10
RMSE | 0.68 0.19 013 008 033 0.12
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Copula Copula
data gen. | estim. TK TK D 01 02 Oc Oco
Gumbel Frank 0.20 | Bias -0.09 -0.03 -0.00 -0.00 0.09 -0.02
SD 0.14 0.05 0.07r 0.07 0.11 0.04
SD 0.16 0.06 0.08 0.07 0.13 0.04
RMSE | 0.16 0.06 0.08 0.07 0.14 0.04
0.50 | Bias -0.14 -0.05 -0.01 0.01 0.09 0.01
SD 0.14 0.05 0.07 0.07 0.10 0.05
SD 0.15 0.05 0.08 0.07 0.11 0.05
RMSE | 0.20 0.06 0.07 0.08 0.13 0.04
0.80 | Bias -0.18 -0.10 -0.10 0.10 0.11 0.06
SD 0.00 0.00 0.00 0.00 0.00 0.00
SD 0.09 0.04 0.04 0.08 0.06 0.05
RMSE | 0.18 0.10 0.10 0.10 0.10 0.06
Frank Gumbel 0.20 | Bias 0.09 0.03 0.07 -0.03 -0.05 0.01
SD 0.23 0.08 0.10 0.07 0.14 0.05
SD 0.16 0.06 0.12 0.07 0.11 0.05
RMSE | 024 0.08 0.13 0.08 0.14 0.05
0.50 | Bias 0.11 0.04 0.12 -0.06 -0.04 -0.02
SD 0.20 0.08 0.12 0.07 0.12 0.06
SD 0.17 0.07 0.14 0.07 0.10 0.06
RMSE | 0.23 0.08 0.17 0.09 0.13 0.06
0.80 | Bias 0.03 -0.01 0.07 -0.03 -0.01 -0.01
SD 0.07 0.05 0.11 0.06 0.06 0.05
SD 0.09 0.06 0.14 0.07 0.06 0.06
RMSE | 0.08 0.04 0.13 0.07 0.06 0.05
Gaussian | Frank 0.20 | Bias -0.08 -0.02 0.02 -0.00 0.07 -0.00
SD 0.16 0.06 0.07r 0.07 0.13 0.04
SD 0.16 0.06 0.09 0.07 0.13 0.04
RMSE | 0.18 0.06 0.08 0.07 0.14 0.04
0.50 | Bias -0.19 -0.04 0.03 0.01 0.12 0.03
SD 0.17 0.06 0.08 0.08 0.12 0.05
SD 0.16 0.05 0.09 0.08 0.12 0.05
RMSE | 0.25 0.07 0.08 0.08 0.17 0.05
0.80 | Bias -0.27 -0.08 0.01 0.04 0.15 0.11
SD 0.26 0.07 0.16 0.10 0.18 0.08
SD 0.16 0.05 0.12 0.08 0.11 0.06
RMSE | 0.38 0.11 0.15 0.10 0.23 0.13
Frank Gaussian | 0.20 | Bias -0.01 -0.00 0.01 -0.03 0.09 -0.04
SD 0.39 0.10 0.09 0.07 0.41 0.08
SD 0.24 0.07 0.09 0.07 0.21 0.06
RMSE | 0.39 0.10 0.09 0.08 042 0.08
0.50 | Bias -0.18 -0.03 0.02 -0.07 0.32 -0.08
SD 0.62 0.14 0.12 0.06 0.72 0.09
SD 0.17 0.06 0.10 0.07 0.18 0.06
RMSE | 0.65 0.14 0.12 0.09 0.79 0.12
0.80 | Bias -0.01 -0.02 0.03 -0.02 0.03 -0.04
SD 0.29 0.07 0.10 0.06 0.27 0.05
SD 0.09 0.05 0.10 0.06 0.07 0.05
RMSE | 0.29 0.07 0.10 0.06 0.27 0.06
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2.1.4 Sample size 1000

Copula TK TK p Ouy1 Oy Oc1 Oco
Frank 0.00 | Bias -0.00 -0.00 0.01 -0.00 0.01  -0.00
SD 0.13 0.04 0.05 0.05 0.10 0.03

S/]\:) 0.13 0.05 0.06 0.05 0.11 0.03

RMSE 0.13 0.04 0.05 0.05 0.10 0.03

0.20 | Bias -0.00 -0.00 0.02 -0.01 0.01 0.00
SD 0.11  0.04 0.05 0.05 0.09 0.03

gf) 0.12 0.04 0.06 0.05 0.09 0.03

RMSE 0.11 0.03 0.05 0.05 0.09 0.03

0.50 | Bias -0.14 -0.03 0.01 -0.02 0.19 -0.02
SD 0.39 0.08 0.07 0.05 0.53 0.07

gf) 0.10 0.04 0.05 0.05 0.09 0.04

RMSE 0.41 0.08 0.07 0.05 0.56 0.08

0.80 | Bias -0.01 -0.01 0.03 -0.00 0.01 0.01
SD 0.06 0.04 0.08 0.05 0.04 0.04

gf) 0.06 0.03 0.08 0.05 0.04 0.04

RMSE 0.06 0.04 0.08 0.05 0.04 0.03

-0.50 | Bias 0.05 0.02 0.04 -0.00 -0.03 0.02
SD 0.19 0.07 0.10 0.06 0.13 0.07

gf) 0.09 0.05 0.10 0.05 0.10 0.06

RMSE 0.19 0.07 0.10 0.05 0.13 0.08
Gumbel | 0.00 | Bias 0.09 0.03 0.04 -0.00 -0.06 0.02
SD 0.10 0.04 0.06 0.05 0.08 0.03

S/]\) 0.11 0.05 0.06 0.05 0.08 0.04

RMSE 0.13 0.05 0.07 0.04 0.10 0.03

0.20 | Bias -0.01 -0.00 0.01 -0.01 0.02 -0.00
SD 0.11  0.04 0.05 0.05 0.09 0.03

S/]\) 0.12 0.05 0.06 0.05 0.10 0.03

RMSE 0.11 0.04 0.05 0.04 0.09 0.03

0.50 | Bias -0.01 -0.01 0.02 -0.01 0.01  0.00
SD 0.11  0.04 0.06 0.05 0.06 0.04

S/]\) 0.12 0.04 0.06 0.05 0.07 0.04

RMSE 0.11 0.04 0.05 0.05 0.06 0.03

0.80 | Bias -0.02 -0.02 0.02 0.00 0.01 o0.01
SD 0.08 0.04 0.08 0.06 0.05 0.05

S/]\) 0.09 0.05 0.09 0.06 0.05 0.05

RMSE 0.08 0.04 0.08 0.05 0.05 0.04
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Copula TK TK p Oyr Oy2  Oc1  Oco
Joe 0.00 | Bias 0.06 0.03 004 -0.00 -0.05 0.02
SD 0.08 0.04 007 005 007 0.04

SD 0.07 0.04 007 005 006 0.04
RMSE | 0.09 0.04 0.08 0.05 0.08 0.04

020 | Bias | -0.01 -0.00 0.02 -0.00 0.01 -0.00
SD 0.00 0.04 006 005 007 0.03

SD 0.08 0.04 006 005 007 0.03
RMSE | 0.08 0.04 0.06 0.05 0.08 0.03

050 | Bias | -0.01 -0.01 0.02 -0.00 0.00 0.00
SD 0.07 0.03 0.06 005 0.05 0.03

SD 0.07 0.03 006 005 005 0.03
RMSE | 0.06 0.03 0.06 0.05 004 0.03

0.80 | Bias | -0.01 -0.03 0.03 -0.01 _0.00 0.01
SD 0.04 0.03 009 006 004 0.03

SD 0.05 0.03 009 0.06 004 0.03
RMSE | 0.04 0.04 0.09 005 003 0.03
Clayton(90) | 0.00 | Bias 0.07 -0.03 000 -0.0I 004 0.00
SD 0.11 0.04 005 005 008 0.03

SD 0.14 0.06 007 006 0.09 0.03
RMSE | 0.13 0.04 0.05 0.05 0.08 0.03
20.20 | Bias 0.03 00l 001 000 -0.00 0.00
SD 0.13 0.05 005 005 009 0.03

SD 0.16 0.07 0.06 006 0.10 0.04
RMSE | 0.13 0.05 0.05 0.05 0.09 0.03
20.50 | Bias 0.04 002 003 000 -0.02 001
SD 012 0.06 008 005 012 0.06

SD 0.12 0.06 008 005 011 0.06
RMSE | 0.13 0.06 0.08 0.05 0.12 0.06
20.80 | Bias 0.16 009 030 -007 -0.14 0.16
SD 0.00 0.00 0.00 0.00 0.0 0.00

SD 0.06 0.05 027 0.06 0.07 0.07
RMSE | 0.16 0.09 0.30 0.07 0.14 0.15
Clayton(180) | 0.00 | Bias 0.07 003 004 -0.00 -0.05 0.02
SD 0.08 0.04 006 005 007 0.04

SD 0.07 0.04 008 0.05 006 0.03
RMSE | 0.10 0.04 0.08 0.05 0.09 0.04

020 | Bias | -0.00 -0.00 0.02 -0.00 0.0 -0.00
SD 0.09 0.04 006 005 007 0.03

SD 0.09 0.04 006 0.05 007 0.03
RMSE | 0.09 0.03 0.06 005 008 0.03

050 | Bias | -0.01 -0.00 0.02 -0.00 0.00 0.00
SD 0.07 0.03 006 005 005 0.03

SD 0.07 0.03 006 0.05 005 0.03
RMSE | 0.07 0.03 006 005 004 0.03

080 | Bias | -0.01 -0.03 0.03 -0.0I _0.00 0.00
SD 0.05 0.03 008 006 004 0.03

SD 0.05 0.03 0.09 006 004 0.03
RMSE | 0.04 0.04 0.09 005 004 0.03
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(270) | 0.00 | Bias 0.10 -0.02 0.02 -0.02 0.13 -0.03
SD 0.12 0.04 0.06 005 0.18 0.06

SD 0.15 0.04 0.07 004 022 007
RMSE | 0.16 0.04 0.05 005 022 0.06
2020 | Bias | -0.00 -0.02 -0.04 009 0.06 -0.00
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 0.14 0.04 004 005 017 0.07
RMSE | 0.00 0.00 0.03 0.09 006 0.00
20.50 | Bias 0.02 0.00 004 -0.0I -0.01 0.01
SD 0.09 0.05 0.9 005 0.10 0.06

SD 0.10 0.05 0.0 006 0.10 0.06
RMSE | 0.09 0.05 0.0 0.05 0.10 0.06
20.80 | Bias 0.02 -0.09 -0.09 0.5 -0.05 0.02
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 0.04 0.03 005 007 0.06 005
RMSE | 0.00 0.08 0.09 0.15 004 0.00
Gaussian 0.00 | Bias | -0.02 -0.0lL 0.00 -0.0l 005 -0.02
SD 0.24 007 0.06 0.05 022 0.05

SD 0.21 0.07 0.6 0.05 019 0.05
RMSE | 0.24 0.07 0.05 0.05 022 0.05

020 | Bias | -0.06 _-0.0l _0.00 -0.0I 0.8 -0.02
SD 0.27 007 0.05 005 026 0.05

SD 0.20 0.06 0.06 0.05 0.17 0.04
RMSE | 0.27 0.08 0.05 0.05 027 0.05

050 | Bias | -0.13 -0.02 0.0l -0.0I 0.6 -0.02
SD 039 0.9 0.07 0.05 045 0.07

SD 0.15 0.5 0.06 0.05 012 0.05
RMSE | 0.41 0.09 0.07 0.05 047 0.07

0.80 | Bias | -0.12 -0.03 0.00 0.0l 0.10 0.02
SD 034 0.07 0.09 006 033 0.05

SD 0.10 0.05 0.08 0.05 0.07 0.05
RMSE | 0.36 0.08 0.09 0.05 034 0.05
20.50 | Bias 021 0.06 002 001 -0.10 003
SD 045 0.3 009 006 0.23 0.09

SD 0.16 0.06 0.09 0.05 0.11 0.07
RMSE | 0.50 0.15 0.09 0.06 025 0.09
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Copula Copula
data gen. | estim. TK TK p b1 Oua o1 O
Gumbel Frank 0.20 | Bias -0.10 -0.03 -0.02 -0.00 0.09 -0.02
SD 0.09 0.03 0.04 0.05 0.08 0.03
SD 0.11  0.04 0.05 0.05 0.09 0.03
RMSE | 0.13 0.04 0.04 0.04 0.11 0.03
0.50 | Bias -0.14 -0.04 -0.03 0.02 0.09 0.01
SD 0.09 0.03 0.04 0.05 0.07 0.03
SD 0.11  0.04 0.04 0.05 0.07 0.03
RMSE | 0.17 0.05 0.05 0.05 0.11 0.03
0.80 | Bias -0.17 -0.07 -0.04 0.06 0.07 0.06
SD 0.12 0.04 0.06 0.06 0.07 0.05
SD 0.10 0.04 0.06 0.06 0.06 0.04
RMSE | 0.20 0.08 0.08 0.09 0.10 0.08
Frank Gumbel 0.20 | Bias 0.07 0.03 0.06 -0.02 -0.04 0.02
SD 0.16 0.06 0.07 0.05 0.10 0.03
SD 0.13 0.05 0.07r 0.05 0.08 0.03
RMSE | 0.17 0.06 0.09 0.05 0.11 0.03
0.50 | Bias 0.15 0.06 0.11 -0.06 -0.07 -0.03
SD 0.14 0.06 0.08 0.05 0.07 0.05
SD 0.13 0.05 0.09 0.05 0.07 0.05
RMSE | 0.20 0.08 0.14 0.08 0.10 0.05
0.80 | Bias 0.05 0.01 0.06 -0.03 -0.01 -0.02
SD 0.05 0.04 0.07 0.04 0.04 0.04
SD 0.06 0.04 0.10 0.05 0.04 0.04
RMSE | 0.06 0.03 0.09 0.05 0.04 0.04
Gaussian | Frank 0.20 | Bias -0.08 -0.02 0.01 -0.00 0.06 -0.00
SD 0.11  0.04 0.05 0.05 0.09 0.03
SD 0.12 0.04 0.05 0.05 0.10 0.03
RMSE | 0.14 0.04 0.05 0.05 0.11 0.03
0.50 | Bias -0.19 -0.05 0.01 0.02 0.11 0.03
SD 0.11  0.04 0.05 0.05 0.08 0.03
SD 0.12 0.04 0.05 0.05 0.08 0.03
RMSE | 0.22 0.06 0.04 0.05 0.14 0.04
0.80 | Bias -0.24 -0.07 -0.02 0.06 0.12 0.10
SD 0.19 0.06 0.09 0.07 0.12 0.06
SD 0.11 0.04 0.06 0.06 0.06 0.04
RMSE | 0.31 0.09 0.09 0.09 0.17 0.12
Frank Gaussian | 0.20 | Bias 0.0r 0.02 0.01 -0.02 -0.01 -0.02
SD 0.27 0.07 006 0.05 0.26 0.05
SD 0.18 0.06 0.06 0.05 0.14 0.04
RMSE | 0.28 0.08 0.06 0.05 0.26 0.05
0.50 | Bias -0.02 0.01 0.03 -0.07 0.15 -0.08
SD 0.53 0.12 0.09 0.05 0.60 0.07
SD 0.13 0.05 0.07 0.05 0.10 0.05
RMSE | 053 0.12 0.09 0.08 0.62 0.10
0.80 | Bias 0.06 0.01 0.03 -0.02 -0.03 -0.04
SD 0.05 0.04 0.07 0.04 0.04 0.03
SD 0.06 0.04 0.08 0.04 0.04 0.04
RMSE | 0.08 0.04 0.08 0.04 0.04 0.05
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2.1.5 Sample size 2500

Copula TK TK p Oy1 Oya 01 Oco
Frank 0.00 | Bias 0.04 -0.00 -0.00 -0.00 0.03 0.03
SD 0.00 0.00 0.00 0.00 0.00 0.00

gf) 0.08 0.03 0.03 0.03 0.06 0.02

RMSE 0.04 0.00 0.00 0.00 0.03 0.03

0.20 | Bias -0.00 -0.00 0.00 -0.00 0.00 0.00
SD 0.07 0.03 0.03 0.03 0.05 0.02

S/f) 0.08 0.03 0.03 0.03 0.05 0.02

RMSE 0.07 0.03 0.03 0.03 0.05 0.00

0.50 | Bias -0.04 -0.01 0.00 -0.00 0.05 -0.00
SD 0.20 0.04 0.04 0.03 0.26 0.04

S/f) 0.07 0.02 0.03 0.03 0.05 0.02

RMSE 0.20 0.04 0.03 0.03 0.27 0.03

0.80 | Bias -0.00 -0.01 0.01  -0.00 0.00 0.00
SD 0.04 0.03 0.05 0.03 0.03 0.02

S/f) 0.03 0.02 0.04 0.03 0.03 0.02

RMSE 0.03 0.03 0.05 0.03 0.03 0.00

-0.50 | Bias 0.01 0.00 0.02 -0.00 -0.01 0.00
SD 0.05 0.03 0.05 0.03 0.06 0.04

S/f) 0.05 0.03 0.05 0.03 0.06 0.04

RMSE 0.04 0.03 0.05 0.03 0.05 0.03
Gumbel | 0.00 | Bias 0.05 0.02 0.02 0.00 -0.04 0.01
SD 0.07 0.03 0.04 0.03 0.06 0.02

S/]\) 0.07 0.03 0.04 0.03 0.06 0.02

RMSE 0.09 0.03 0.04 0.03 0.07 0.03

0.20 | Bias -0.01 -0.00 0.01 -0.00 0.01 -0.00
SD 0.08 0.03 0.03 0.03 0.06 0.02

S/]\) 0.08 0.03 0.03 0.03 0.06 0.02

RMSE 0.08 0.03 0.03 0.03 0.06 0.00

0.50 | Bias -0.00 -0.00 0.00 -0.00 0.00 0.00
SD 0.06 0.03 0.03 0.03 0.04 0.02

S/]\) 0.07 0.03 0.03 0.03 0.04 0.02

RMSE 0.06 0.03 0.03 0.03 0.04 0.03

0.80 | Bias -0.01 -0.01 0.01 0.00 0.00 0.00
SD 0.05 0.03 0.05 0.04 0.03 0.03

S/]\) 0.05 0.03 0.05 0.04 0.03 0.03

RMSE 0.04 0.03 0.05 0.03 0.03 0.03
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Joe 0.00 | Bias 0.04 0.0l 002 -0.00 -0.03 001
SD 0.05 0.03 004 003 005 003

SD 0.05 0.03 004 003 005 003
RMSE | 0.06 0.03 0.04 003 005 0.03

0.20 | Bias | -0.00 -0.00 0.00 -0.00 0.00 0.00
SD 0.05 0.02 004 003 004 002

SD 0.05 0.03 004 003 004 0.02
RMSE | 0.04 003 0.03 003 004 0.00

0.50 | Bias | -0.00 -0.00 0.0l -0.00 0.00 0.00
SD 0.04 002 0.03 003 003 002

SD 0.04 002 004 003 003 002
RMSE | 0.04 0.00 0.03 003 003 0.00

0.80 | Bias | -0.00 -0.02 0.0I -0.00 0.00 0.00
SD 0.03 002 0.05 004 003 002

SD 0.03 0.02 0.05 004 0.02 002
RMSE | 0.03 0.03 004 003 003 0.00
Clayton(90) | 0.00 | Bias 0.05 -0.02 -0.00 -0.0l 002 0.00
SD 0.07 0.03 003 003 004 0.02

SD 011 0.04 003 004 006 0.02
RMSE | 0.08 0.03 0.03 003 004 0.00
20.20 | Bias 001 0.0l 000 0.00 -0.00 -0.00
SD 010  0.04 003 003 006 0.02

SD 011 004 0.04 004 007 002
RMSE | 0.09 0.04 0.03 003 006 0.00
2050 | Bias 001 0.00 001 -0.00 -0.01 0.00
SD 0.05 0.03 004 003 006 0.03

SD 0.08 0.04 0.05 003 008 0.04
RMSE | 0.05 0.03 0.04 003 006 0.03
20.80 | Bias 0.05 003 004 000 -002 001
SD 0.00  0.00 0.0 0.00 0.00 0.00

SD 0.02 003 006 004 004 003
RMSE | 0.04 003 0.03 000 0.00 0.00
Clayton(180) | 0.00 | Bias 004 002 002 000 -004 001
SD 0.06 0.03 004 003 005 003

SD 0.06 0.03 0.04 003 005 0.03
RMSE | 0.07 0.03 004 003 006 0.03

0.20 | Bias | -0.00 -0.00 0.00 -0.00 0.0 -0.00
SD 0.06 0.03 0.03 003 005 002

SD 0.06 0.03 004 003 005 0.02
RMSE | 0.05 0.03 003 003 004 0.00

050 | Bias | -0.00 -0.00 0.0l -0.00 0.00 0.00
SD 0.04 002 003 003 003 002

SD 0.05 0.02 004 003 003 0.02
RMSE | 0.04 0.00 003 003 003 0.00

080 | Bias | -0.01 -0.02 0.0I -0.00 0.00 0.00
SD 0.03 0.02 004 003 002 002

SD 0.03 0.2 0.05 0.04 0.03 0.02
RMSE | 0.03 0.03 004 003 003 0.00
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Copula TK TK p Oyr Ouz  Oc1 Ooe
Clayton(270) | 0.00 | Bias 0.00 -0.02 -0.04 002 -0.07 0.00
SD 0.00 0.00 0.00 0.00 0.00 0.00

SD 0.16 0.03 0.03 003 016 0.05
RMSE | 0.00 0.00 003 0.00 0.07 0.00
20.20 | Bias 0.02 0.00 0.00 0.00 -0.0I 001
SD 0.11 0.03 0.03 003 012 005

SD 0.16 0.04 0.04 004 0.16 0.06
RMSE | 0.11 0.03 003 0.03 012 0.05
20.50 | Bias 0.0l -0.00 0.0 -0.00 -0.01 0.0l
SD 0.05 0.03 0.05 003 0.06 0.04

SD 0.06 0.03 0.05 003 0.06 004
RMSE | 0.05 0.03 005 0.03 005 0.03
20.80 | Bias 0.00 -0.04 0.04 -0.0I -0.00 0.00
SD 0.02 0.03 012 004 004 003

SD 0.02 0.02 014 0.04 0.04 0.03
RMSE | 0.03 0.05 0.13 0.04 0.03 0.03
Gaussian 0.00 | Bias | -0.02 -0.0l -0.00 -0.00 0.03 -0.01
SD 0.18 0.05 0.03 004 0.15 0.04

SD 0.16 0.05 0.03 003 0.14 0.03
RMSE | 0.18 0.05 003 0.03 015 0.03

0.20 | Bias | -0.03 -0.01 _0.00 -0.00 0.03 -0.01
SD 0.17 0.05 0.03 003 0.15 003

SD 0.14 0.04 0.03 003 011 0.03
RMSE | 0.17 0.04 003 0.03 015 0.03

050 | Bias | -0.04 -0.0l _0.00 -0.00 0.05 -0.00
SD 022 005 004 003 024 0.04

SD 0.10 0.03 0.03 003 0.06 003
RMSE | 0.23 0.05 003 0.03 024 0.04

0.80 | Bias | -0.01 -0.0l 0.0l 0.00 0.1 0.01
SD 0.06 0.03 0.05 003 003 003

SD 0.06 0.03 0.05 003 0.04 003
RMSE | 0.06 0.03 005 0.03 0.03 0.03
20.50 | Bias 0.06 0.02 001 0.00 -0.03 001
SD 024 0.08 0.05 004 013 006

SD 0.08 0.03 0.05 003 007 004
RMSE | 024 0.08 005 0.04 013 0.05
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Copula Copula
data gen. | estim. TK TK p b1 Oua o1 O
Gumbel Frank 0.20 | Bias -0.09 -0.03 -0.02 0.00 0.08 -0.02
SD 0.06 0.02 0.03 0.03 0.05 0.02
SD 0.07 0.03 0.03 0.03 0.06 0.02
RMSE | 0.11 0.03 0.03 0.03 0.09 0.03
0.50 | Bias -0.14 -0.04 -0.04 0.03 0.08 0.01
SD 0.06 0.02 0.02 0.03 0.04 0.02
SD 0.07 0.02 0.03 0.03 0.05 0.02
RMSE | 0.15 0.04 0.04 0.04 0.09 0.00
0.80 | Bias -0.15 -0.06 -0.06 0.07 0.06 0.06
SD 0.07 0.03 0.03 0.04 0.04 0.03
SD 0.06 0.03 0.03 0.04 0.04 0.03
RMSE | 0.17 0.07 0.07 0.08 0.07 0.06
Frank Gumbel 0.20 | Bias 0.06 0.03 0.05 -0.02 -0.04 0.02
SD 0.11 0.04 0.04 0.03 0.08 0.02
SD 0.09 0.03 0.04 0.03 0.06 0.02
RMSE | 0.13 0.04 0.06 0.03 0.09 0.03
0.50 | Bias 0.16 0.06 0.09 -0.06 -0.07 -0.03
SD 0.09 0.04 0.05 0.03 0.05 0.03
SD 0.08 0.03 0.05 0.03 0.04 0.03
RMSE | 0.18 0.07 0.10 0.06 0.08 0.04
0.80 | Bias 0.05 0.02 0.05 -0.03 -0.02 -0.03
SD 0.03 0.03 0.05 0.03 0.03 0.02
SD 0.04 0.03 0.06 0.03 0.03 0.02
RMSE | 0.06 0.03 0.07 0.04 0.03 0.03
Gaussian | Frank 0.20 | Bias -0.09 -0.02 0.00 0.00 0.06 -0.00
SD 0.07  0.03 0.03 0.03 0.06 0.02
SD 0.08 0.03 0.03 0.03 0.06 0.02
RMSE | 0.11 0.03 0.03 0.03 0.08 0.00
0.50 | Bias -0.19 -0.04 0.00 0.03 0.11 0.03
SD 0.07  0.03 0.03 0.04 0.05 0.02
SD 0.07 0.03 0.03 0.03 0.05 0.02
RMSE | 0.20 0.05 0.03 0.04 0.12 0.03
0.80 | Bias -0.23 -0.07 -0.04 0.07 0.11 0.10
SD 0.11  0.04 0.04 0.04 0.06 0.04
SD 0.08 0.03 0.03 0.04 0.05 0.03
RMSE | 0.25 0.08 0.06 0.08 0.13 0.11
Frank Gaussian | 0.20 | Bias 0.10 0.02 0.00 -0.01 -0.05 -0.01
SD 0.18 0.05 0.04 0.03 0.17 0.03
SD 0.12 0.04 0.03 0.03 0.08 0.02
RMSE | 0.20 0.05 0.03 0.03 0.17 0.03
0.50 | Bias 0.08 0.04 0.02 -0.06 0.04 -0.07
SD 0.42 0.09 0.06 0.03 0.48 0.05
SD 0.08 0.04 0.04 0.03 0.06 0.03
RMSE | 043 0.10 0.07 0.07 049 0.09
0.80 | Bias 0.07  0.02 0.02 -0.02 -0.03 -0.05
SD 0.03 0.03 0.04 0.02 0.03 0.02
SD 0.03 0.03 0.05 0.03 0.03 0.02
RMSE | 0.07 0.03 0.05 0.03 0.04 0.05

71



	cover
	verso ISBA copie
	LFIN_WP2020_9
	AdresseWPLFIN

	Testing W in GVAR version 14-09-2020 (003)
	Introduction
	Methodology
	GVAR specification
	GVAR: a restricted VAR
	Likelihood ratio test

	Size and Power Analyses
	Size analysis
	Power analysis

	Empirical Analysis
	The different transition matrices W
	Data description
	Results

	Conclusions
	GVAR Correspondence with , 0, 1, and .
	Description of the 4-Node Single-Variable GVAR model
	The W Matrices 
	Bootstrapped Likelihood Ratio Test


	paper-final
	supplement-final



