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 Sunspot fluctuations in dynamics
 with predetermined variables*

 Julio D?vila
 Departamento de Econom?a e Historia Econ?mica, Universidad Aut?noma de Barcelona,
 E-08193 Bellaterra, SPAIN

 Received: March 1, 1995; revised version September 18, 1996

 Summary. In this paper, I study the existence of Sunspot Equilibria in a
 general framework whose dynamics allow for the presence of predetermined
 variables in the system. The main motivation for this research comes from
 the fact that previous studies did not allow for such predetermined variables

 which, nevertheless, appear quite naturally in economic models. I show, for a
 non-negligible subset of dynamics with predetermined variables verifying
 usual assumptions, the existence of Stationary Sunspot Equilibria fluctuating
 between an arbitrary finite number of states arbitrarily close to a steady state.

 JEL Classification Numbers: E32, D84, C62.

 1 Introduction

 The concept of Sunspot Equilibrium (see [4]) has already been used to give
 some insight about the role played by expectations in the persistent fluc
 tuations and instability of a dynamic economy (see for instance [1], [2], [3],
 [5], [10], [13], [15]). It is a well-known fact that Rational Expectations
 Equilibria exhibiting unpredictable but repetitive fluctuations in prices and
 the allocation of resources may appear in economies with "stable" funda

 mentals, i.e. economies in which the evolution of the fundamental data is
 perfectly foreseen at every period. Hence, in such economies the unpredict
 ability of the outcome cannot be the consequence of random shocks on the
 fundamentals. These Rational Expectations Equilibria are traditionally re
 ferred to as Sunspot Equilibria in the literature.

 In a Sunspot Equilibrium, prices and the allocation of resources are
 perfectly correlated to some random signal, a "sunspot", by definition

 * I thank R. Guesnerie and P.-A. Chiappori for helpful discussions on this subject, and M. Wood
 ford and an anonymous referee for many pertinent remarks which improved a first version of the

 paper. Financial support from the research project PB92-0120-C02-091 sponsored by the
 Spanish Ministry of Education and Science is gratefully acknowledged.
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 without influence upon the fundamentals of the economy, just because agents
 expect them to do so (correctly indeed, since it is a Rational Expectations
 Equilibrium) and make their decisions accordingly dependent upon such
 expectations. Moreover, this phenomenon happens even if the agents are
 aware of the irrelevance of the sunspot for the determination of the funda
 mentals, i.e. endowments, preferences and technology. The belief that the
 outcome of the economy depends on the sunspot is self-fulfilling.

 A class of particularly simple Sunspot Equilibria is that of markovian
 Stationary Sunspot Equilibria which fluctuate between a finite number k of
 states following some Markov chain (A>SSE henceforth, standing for Sta
 tionary Sunspot Equilibrium of order k). This class of equilibria has been
 extensively studied in most of the previous references. In [6], [7], [8] and [11]
 conditions are provided for their existence as solutions to dynamics like
 Z(xt,nt+\) = 0, where xt is a vector of state variables at period / and pt+l is
 the probability distribution of jc,+i conditional to xt representing agents'
 expectations. Nevertheless, several economic models do not fit this frame
 work. For instance, the dynamics of the economies studied in [18] and [14]
 take the form of a stochastic difference equation with predetermined vari
 ables like Z(xt-\,xt,pt+i) = 0.

 It is pointed in [7] that the wider range of economic models encompassed
 by the dynamics with predetermined variables is offset by "clear drop in the
 stock of existing results. The only clear cut conclusion that has been estab
 lished so far is a generalization of Woodford's 'conjecture' ". The "con
 jecture" links the existence of so-called "local" SSE around a steady state
 with the indeterminacy of such steady state in the perfect foresight dynamics.
 Specifically, [17] shows that the indeterminacy of the steady state in the
 perfect foresight dynamics is necessary and sufficient for the existence of local
 SSE around this steady state. Nonetheless, the SSE shown in [17] depend on
 the whole infinite past history of the observed sunspots. Spontaneous co
 ordination of agents on one of these equilibria seems to be somewhat pro
 blematic since it assumes implicitly economic agents which are able to record
 and process infinite sets of information and have extremely sophisticated
 "sunspot theories". On the contrary, finite Sunspot Equilibria require the
 agents just to be able to distinguish between a finite number of sunspot
 values and make their decisions according to an extremely simple "sunspot
 theory". Therefore, it is interesting to know if, alternatively, simple mar
 kovian Stationary Sunspot Equilibria with finite support still exist for such
 systems.

 A result related to the one presented in this paper can be found in [16],
 where the authors study the existence of continua of stationary rational
 expectations equilibria (SREE) in overlapping generations models with
 multiple goods and distinct agents per period. They find continua of high
 order markovian SREE which may be Sunspot Equilibria for generic
 economies of this class. The approach followed in the present paper differs
 substantially from that of [16], since they do not discuss finite-state equilibria
 and here the analysis does not focuses on an explicit OLG framework as they
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 do, but rather starts from an abstract reduced form of the equilibrium
 conditions (as in [8]).

 Specifically, in this paper I show the existence of finite Stationary Sun
 spot Equilibria with support arbitrarily close to some regular steady state in

 models with predetermined variables when the state variable is one-dimen
 sional. I provide a sufficient characterization of the systems with k-SSE
 showing that these are not negligible among those satisfying usual hy
 potheses. Indeed the characterization becomes necessary too for linear sys
 tems, but not for general nonlinear systems as a counterexample will show.

 In section 2,1 shall present the framework considered. For an example of
 economies fitting it, see [14] and [18]. The results are provided in section 3.
 Section 4 gives conclusions and the appendix collects proofs and auxiliary
 lemmas.

 2 The model

 One approach to the study of Sunspot Equilibria in dynamical models is
 developed in [8], where dynamics of the form

 Z(x?ft+1) = 0 (1)
 are studied. In [8] is provided a complete characterization of dynamics of the
 form (1) which exhibit finite Stationary Sunspot Equilibria following a first
 order Markov chain, and a close relationship is shown to exist between the
 existence of these equilibria arbitrarily close to an isolated steady state and
 the indeterminacy of this steady state in the perfect foresight dynamics. In
 this paper, I test the robustness of these results with respect to the in
 troduction of predetermined variables, as in the dynamics given by

 Z(xt-Uxhfit+l) =0 (2)

 I shall give conditions for the existence of local (i.e. with support arbitrarily
 close to a steady state) Stationary Sunspot Equilibria of equation (2) fluc
 tuating between any number k of states or, more specifically, fc-state second
 order2 Markov chains solving (2), when the state variable is one-dimensional.

 A A>SSE of (2) can be identified with a A:-tuple x = (x1,*2,... ,**) of
 states within an open interval X of IR with all of them distinct3 and k2 vectors

 in the interior of the (k - 1)-dimensional unit simplex, m?j e Sk~l, one for
 each 1 < ij < k, such that

 Zk(xi,xJ\x,mij)=0 (3)

 for all iJ,Zk being the restriction of the map Z to probability measures with
 finite support of cardinal not bigger than k, i.e.

 2The greater length of the Markov chain is needed to obtain non-degenerate existence of &-SSE.

 3 If some of the states coincide, but two of them at least are distinct, the corresponding concept
 will be that of markovian Stationary Sunspot Equilibrium of cardinal k (denoted &-SSE), that
 can be seen as a fc'-SSE for some k* < k.
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 Zk :XxX xXk xSk'1 ?>R
 (4)

 (x-\, x0, xi, m) ?>Z(x-\, x0, {xi, m})

 where {x\,m} denotes the distribution that associates to the A-th state "to
 morrow", jc^, a probability equal to the A-th component of m, mh.

 In (4), the arguments of Z are to be interpreted as follows: let jco be "the
 state of a system" at a given date; x-\ is then the state at the previous date
 and {x\,m} is a finite support probability distribution of the state of the
 system at the following date. The zeros of Z are interpreted as the equilibria
 of a sequential economy in which, at each date, agents have some expecta
 tions about the state of the system at the following date, possibly conditioned
 to the information they have about the history of the system, which in this
 case is the observed current state and the recorded state at the previous date.

 An immediate consequence of the definition of the maps Zk is that if, for
 any pair of integers k < k', both {xi ,m} eXk x Sk~l and {yx ,n} eX^ x S^'1
 represent the same probability measure onl4, then for any x-\,xq in X

 Zk(x-i,xo,x{,m) =Zk'(x-.i,xo,yl,n). (5)

 This property conveys the idea that what determines an equilibrium is the
 actual probability distribution representing the expectations about the state
 tomorrow, and not the way of writing it. Finally, I shall denote by means of

 Z the map Z1, that is to say, the restriction of Z, to measures of Dirac
 associating a probability 1 to a given state.

 Let us assume the three following hypotheses:

 (S) Smoothness of Z. Z is such that, for any integer k, the map Zk defined in (4)
 is Cr, for r high enough.

 (R) Existence of a regular steady state. There exists x in X such that
 Z(x,x,x) = 0, Z_i + Zo + Z\ t? 0 and Z\ ^ 0, where, for h = ? 1,0,1, Z? de
 notes the partial derivative of the map Z with respect to Xh, evaluated at (x,x,x).
 The steady state x will be supposed to be the origin without loss of generality.

 (C) Consistency of derivatives. For any integer k>2, if (x-\,xo,x\,m) e
 X x X x Xk x Sk~l is such that x\ is in A, the diagonal o/IR* (i.e. every state
 x\ is equal to a given value x\ G X) then for any i = 1,2,... ,k,

 ZkXi(x-i,xo,x\,m) = mlZ\(x-\,xo,x\) (6)

 where, for i = \,2,...,k, ZkXi denote the partial derivatives of the map Zk with
 respect to x\ respectively.

 Hypothesis (R) just asks for the existence of some isolated steady state of
 the system. In the OLG models, hypothesis (C) is a consequence of the

 4e.g. {(1,2),(1/3,2/3)} and {(1,2,2),(1/3,1/3,1/3)} represent actually the same finite
 probability measure.
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 expected utility maximizing behaviour assumption. For a more detailed
 discussion on the rationale of this assumption see [6], [7] and [11].

 For a given integer k, integers 1 <i,j <k and a given vector of the
 simplex m e Sk~\ I shall denote by means of Vkj(m) the subset of the space of
 supports Xk

 Vkj(m) = UeXk \ Zk(x\xj,x,m) = o} . (7)
 According to (7), the existence of ?-SSE, Stationary Sunspot Equilibria of
 cardinal5 k (i.e. of order at least 2 but at most k) becomes equivalent to the
 existence of k2 vectors of the unit simplex m?j e Sk~l, one for each couple
 1 < i,j < k, such that the off-diagonal intersection of all the sets V/-(m) is not
 empty. Moreover, if for some point in this intersection all the k states are
 distinct, then that point will be in fact a /:-SSE. Finally, if it is possible to
 find /c-SSE's with support arbitrarily close to the steady state, we shall say
 that there exists local k-SSE around it.

 In what follows, I shall make a local study of the sets Vk.(m) around the
 steady state x = (jc,jc,... ,3c), for arbitrary probabilities of transition between
 states niij. Afterwards, I shall characterize a "big" set of maps Z, verifying the
 assumptions, for which uncountably many local A:-SSE of any order exist.
 This will suffice to show that sunspot fluctuations between a finite number of
 states is a possible and likely rational expectations equilibrium outcome for a
 large family of systems fitting this framework.

 3 Results

 It follows immediately from the previous definitions the following property.

 Proposition 1. If hypothesis (R) holds, then, for any integer k>2, and for any

 niij e S*-7 (one for each 1 <i,j<k), x is in the intersection of all V/j(mij).

 That is to say, for any integer k and for any probabilities of transition, the
 support corresponding to the steady state x satisfies all the equilibrium
 conditions. Thus the steady state is a "degenerate A>SSE" with all its states
 identical and correlated to any Markov chain. But what is actually inter
 esting is the appearance of "true" A>SSE (or &-SSE in general), i.e. the ex
 istence of elements of the intersection of all V^my) which are not in the
 diagonal A of K*, for some adequate choice of the probabilities niij. In order
 to cope with this question I shall make use of the following property.

 Proposition 2. If hypotheses (S), (R) and (C) hold, then, for any integer k>2,

 for all 1 <i,j <k and for any m^ e Sk~l, the set Vjj(niij) is locally a smooth
 manifold of dimension k ? 1, in a neighbourhood of the support of the steady
 state x. Moreover, its tangent space at this point is the orthogonal complement
 of the space spanned by the vector m^ ? (Ael + Ce7), where el is the i-th vector
 of the canonical basis in IR*, A = ?Z-\/Z\, C = ?Zq/Z\, with Z-\, Zq and Z\

 5 See footnote 1.
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 being the partial derivatives of the map Z with respect to jc_i, xq and x\ eval
 uated at (x,x,x).

 Proposition 2 allows to provide a simple characterization of the local

 structure of the sets V/j(mij) around the steady state, for any given m?j G Sk~l.
 In effect, the tangent space of Vk-(mif) at x is characterized by its orthogonal
 complement, i.e. the space spanned by the gradient Z_iez+Zoe/+ Zim,y.
 Hence, only the ratios A and C are needed for characterizing completely the

 local structure of all the manifolds V/j(mij) around the steady state.
 Notice that the manifolds Vk.(mif) depend continuous and injectively on

 the vectors of the simplex w^, as their tangent spaces do. Notice as well that,
 as a consequence of the hypothesis (R), the diagonal A of R* never lies in a
 tangent space of a manifold Vk(mij) at the steady state.

 The next proposition establishes a sufficient condition for off-diagonal

 intersections of the manifolds V/j(mij) arbitrarily close to the steady state to
 exist.

 Proposition 3. Assume that Z verifies hypotheses (S) (R) and (C). IfZ is such

 that (condition (*)),for some integer k >2, there exists vectors m*j G Sk~?, one
 for each couple 1 < i,j < k, such that the tangent spaces of all the manifolds

 V/j(m*j) at the steady state x have a non-trivial intersection, then there exists a
 neighbourhood of the steady state in this intersection subspace, such that any
 support in this neighbourhood distinct from the steady state is in all the
 manifolds Vk(m?j) for some vectors mtj in the simplex Sk~x.

 Notice that all the supports in this neighbourhood will correspond to k
 SSE, since as it was remarked above, the diagonal A of R* cannot be con
 tained in any of the tangent spaces, nor a fortiori in their intersection.

 Moreover, when the dimension of the intersection subspace is A: ? 1 (i.e. all
 the manifolds have the same tangent space at the steady state) then "most"6
 of these ?-SSE are in fact &-SSE. But what is important to know is whether
 the maps Z satisfying hypotheses (S), (R) and (C) for which the condition (*)
 in Proposition 3 holds are "general enough", in order to make this propo
 sition relevant for characterizing systems exhibiting fc-SSE. I shall give, for
 any k > 2, a characterization of the set of maps Z such that (*) holds and it
 will turn out to be "non-negligible" among those verifying the assumptions.
 To do this, let us first characterize the maps Z which verify the condition (*)
 for the special case where the intersection subspace has the maximal di
 mension k?\\ that is to say, the case in which all the manifolds Vk(m) share
 the same tangent space at the steady state.

 Proposition 4. For any integer k > 2, a map Z satisfying hypotheses (S), (R)
 and (C) is such that the condition (*) is satisfied with maximal dimension k ? 1
 if and only if, (A, C) is in S(k), defined as follows

 6An open and dense subset of them.
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 S(k) = i(A,C)eW?  1 <A+C<1

 and ?? A - ?- < C < (k - 1) A + \\ .

 Notice that if k = 2, whenever (*) is satisfied, then it will be so with
 maximal dimension necessarily. Thus in this case, S(2) characterizes com
 pletely the maps Z verifying the condition (*). On the contrary, if k > 2, S(k)
 characterizes a proper subset of the maps Z verifying the condition (*).
 Nevertheless, actually S(2) characterizes completely the maps Z verifying the
 condition (*) for any integer k > 2 too, as it established in the following
 proposition.

 Proposition 5. For any integer k > 2, a map Z satisfying hypotheses (S), (R)
 and (C) is such that the condition (*) is verified if and only if (A, C) is in S(2),
 defined as follows

 S(2) = l(A,C)eWL  -1 < A + C < 1 and - 1 < A - C < l\ . (9) }
 Since S (2) is a full-dimension subset of the parameters (A, C) space JR2 (it is the
 unit open ball of 1R2 with the norm || Hj), according to Proposition 5, Pro
 position 3 is verified by a non negligible family of dynamics (2) verifying the
 assumptions (S), (R) and (C). As a corollary of the previous propositions, we have
 the following result about the existence of k-SSE for dynamics of the class (2).

 Theorem I. If the map Z of (2) verifies hypotheses (S), (R) and (C), and (A, C)
 is in S(2), then the equation (2) has local k-SSE of any order k>2.

 This result follows from the existence of local k-SSE under the conditions

 of the theorem, which is an immediate consequence of propositions 3 and 5.
 The fact that "most" of these k-SSE can be chosen to be actual k-SSE is
 shown in the proof of proposition 5.

 As it can be seen in the Appendix, the result depends on the fact that
 every point in a tangent space of a manifold close enough to the steady state
 can be attained by some other manifold of the same family perturbing the
 probabilities m. Thus if for some probabilities all the tangent space have a
 non-trivial intersection, all the manifolds can be made intersect at any of its
 points close to the steady state. Clearly, if Z is a linear mapping, the con
 dition (*) is not only sufficient but necessary too for this procedure to work,
 since in this case manifolds and tangent spaces are the same objects. Un
 fortunately, when Z is not linear the condition (*) is not necessary in general
 as the following counterexample shows.

 Consider in R2 two families, parameterized by a G (0,1), of arcs of circle
 going through (0,0) and (a, 0) and one with centre at (?, ln(? + 1)), the other

 with centre at (f, - ln(| +1)). Clearly any point (jc,0) with 0 < x < 1 is in
 both curves if x = a, while there is no a for which the corresponding curves
 share the same tangent.
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 4 Conclusions

 In this paper it has been shown that Stationary Sunspot Equilibria of the
 class A>SSE exist arbitrarily close to a regular steady state for general one
 dimensional one-step forward looking dynamical systems depending on
 predetermined variables under usual assumptions. Such systems appear
 naturally in economic models that do not fit the frameworks previously
 studied in the literature. The characterization provided in this paper of the
 dynamics with predetermined variables with k-SSE shows that, actually,
 they are not negligible.

 Notice that the systems characterized by Theorem 1 have both para
 meters A and C "close" to 0. Therefore, the perfect foresight dynamics as
 sociated to them converges very fast to the steady state in a neighbourhood
 of it. Actually, the region S(2) of parameters A and C is a proper subset of
 the region

 W={(A,C)eWL2\C< \-A,C>A-\ QtA>-\} (10)
 characterizing the systems for which the steady state is indeterminate in the
 perfect foresight dynamics7. Hence, according to the results shown in [17],
 local Stationary Sunspot Equilibria exist for any dynamics of the class (2)
 belonging to this bigger set. Nevertheless, the SSE shown in [17] depend on
 the whole infinite past history of the system at any period ?, in contrast with
 the simple fc-SSE shown in this paper. More interestingly, the sufficient
 characterization of the dynamics (2) with k-SSE provided by Theorem 1
 becomes necessary too if the map Z is linear. Since [17] shows the existence of
 local SSE for dynamics (2) not satisfying this necessary characterization, for
 the linear case such SSE cannot be of the class fc-SSE. This shows that the

 existence of SSE ? la Woodford and of k-SSE close to a steady state are
 distinct questions in general.

 Finally, the results provided here can be generalized to the case of a
 system with predetermined variables up to any finite number of periods in the
 past, as in

 Z(xt-p,...,Xt-i,xt,Pt+\) =0. (11)

 Straightforward restatements of the assumptions of smoothness, existence
 and regularity of a steady state, and consistence of derivatives suffice to show
 the existence of local A>SSE of any order for such an equation. The only
 condition needed to be fulfilled is a strongly enough convergent perfect
 foresight dynamics around the steady state (for a detailed development of
 this question see [9]).

 7This follows from the characterization of the systems with all the eigenvalues of their
 linearization around the steady state within the unit disk in the complex plane.
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 Appendix

 Proof of Proposition 1. Immediate from the definitions.
 Proof of Proposition 2. For any k > 2, 1 < i,j < k and m e Sk~x consider the
 following Cr map:

 ~k (12)
 x?>Z(x\xJ ,x,m)

 Then, V/j(m) is the preimage of 0 by this map, (Fjl)~l(0). By hypothesis (C),
 the gradient of F% at the steady state x, DF%(x), is Z-\el + Zoe7 + Z\m, with a
 straightforward notation for partial derivatives evaluated at (jc, jc, 3c). But
 then, for any m e Sk~\ (DF%(x), 1)^0 (where 1 = (1,..., 1) e IR*), since

 (fl/^(x),l>=Z.1+Zb + Z1?m*  ?=l v1:v

 = Z_i+Z0 + Zi 7^0

 by the hypothesis (R). Then, it is clear that DF^(x) is not the null vector.
 Hence, Fj? is a submersion in a neighbourhood U of x in IR*. Thus 0 G IR is a
 regular value of F?? and, by the Preimage Theorem (see [12]), its preimage
 (F?)~ (0)nU is a smooth manifold of dimension k ? 1, with tangent space
 orthogonal to any vector in the space spanned by its gradient, namely or
 thogonal tow- (Ael + Ce7"). D

 The next two lemmas that will be used in the proof of the Proposition 3.

 Lemma 1. Let f : G x (HnlntP) ? W be a Cr map, where (9 is an open in
 terval o/IR, H is a line in IR2 not containing the origin, P a cone in 1R2 with non

 empty interior such that HnlntP ^ 0, and W is a neighbourhood ofO in IR2. If
 given any d e HnlntP, the image f(0,d) is a differentiable curve Cd going
 through 0 in IR2 and its tangent at this point, To(C^), is orthogonal to d, then for
 any d e HnlntP, there exists a neighbourhood of 0 in 7o(Q), Vo, such that
 Vy e V0i 3d' e HnIntP\y e Cd>.

 Proof of Lemma 1. For any d e HnlntP, and for any neighbourhood Wof 0
 in IR2, T0(Cd) splits ^in two subsets, Wx and W2, such that WxkjW2 = W
 and Wxc\W2 = T0(Cd)nW. Similarly, the line orthogonal to T0(Cd), D,
 spanned by d splits as well W in two other subsets, Wa and Wb, such
 that WauWb = W and WanWb =DnW. Let us define WiJ = WinWJ,
 V(/,y) e {1,2} x {a,b}. Then, necessarily, it is the case that either
 CdnW C 7b(Cd) or not. In the first case, CdC\W is already the neighbour
 hood we are looking for and Cd itself is the curve that contains any point of
 it. In the second case, if there is no other neighbourhood W of 0, W' c W,
 such that the first case applies, then Cd intersects the interior of at least one of
 the Wij, say WXa without loss of generality. Then, for W small enough, Q
 does not intersect the interior of W2" in the other halfspace defined by the
 tangent space, i.e. QnlntfF1* ^ 0 and QnlntfF20 = 0. Now, since
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 d G IntP, there exists d! G (HnlntP) arbitrarily close to d, such that
 ToiC^nlntW2" ? 0, that is to say, such that Cd>nlntW2a ? 0 actually. But
 d! can be chosen sufficiently close to d for Cd>nlntWXa ^ 0 to hold, by the
 continuity of the map /. Hence, given that Cd> is itself a continuous curve,
 there must exist a point x ^ 0 in To(Cd)nWa in which Cd> and T0(Cd) inter
 sect. This intersection point can be found arbitrarily close to 0, for d! close
 enough to d. Should this not be true, there would be some neighbourhood

 W C W such that the first case does apply. D

 Lemma 2. Let F : (9 x (HnlntP) ? W be aCr map, where (9 is an open set of
 R*_i, H is a (k ? l)-dimensional hyperplane in R* not containing the origin, P
 a cone in R* with non-empty interior such that HnlntP ^ 0, and W is a
 neighbourhood ofO in R*. If given any d G HnlntP, the image F((9,d) is a
 smooth (k ? l)-dimensional manifold, Md, going through 0 and its tangent
 space at this point, To(Md), is orthogonal to d, then for any d G HnlntP,
 there exists a neighbourhood of 0 in To(Md), Vo, such that Vy G Vq,
 3d' ?HnlntP\yeMd>.

 Proof of Lemma 2. For any d G HnlntP, let Md be the associated manifold, x
 a point of To(Md) distinct from 0, Sx C To(Md) the one-dimensional linear
 subspace spanned by x, and S* the two-dimensional linear subspace spanned
 by x and d. For any d' G (HnlntP)nS^9 Md> =Md'nS% is locally a one
 dimensional manifold in a neighbourhood of 0 in R* (i.e. a differentiable
 curve) contained in 5^, since S% contains d', the orthogonal direction of Md<
 at 0, and Sdx is then locally transversal to Md>. Then, there exists a C map

 f : CVX x (HxnlntPx) ?> Wx (where Ox is an open interval in R, and Hx, Px and
 Wx the intersections of H, P and W with S^), such that Lemma 1 applies.
 Consequently, for d G (HnlntP)nS^ there exists a neighbourhood Vf? of 0 in
 Sx, such that V> G V?, 3d' e HxnlntPx C HnlntP\ y G Md>. Since this argu
 ment does not depend on x in To(Md), there exists then a Vo C To(Md)
 satisfying the conclusion of the lemma. D

 Proposition 3 follows from Lemma 2.

 Proof of Proposition 3. Assume that, for k > 2, there exists probability dis

 tributions m*j G Sk~\ 1 < i,j < k, such that the intersection of the tangent
 spaces of all the manifolds Vkj(m*j) dit the steady state, is a linear subspace of
 dimension k* e {\,.. .,k-\}. Define for each 1 < i,j < k a parallel shift of
 the simplex Sk~x parameterized by (A, C), d^c, associating to each m in Sk~l
 the vector m - (Aei + Ce>). Whenever A + C ^ 1, such a shift associates
 distinct directions d^c(m) in R* to different vectors m in Sk~l. For any
 1 < ij < k, consider the following Cr map

 Gij :XkxSk-l^??L
 ~k (14)

 (x, m)?>Z (xl,xJ, x, m)

 and the equation Gij(x, m) = 0, verified in particular by (x, m*). The jacobian

 of & dit (x,m*j) is DGJ(x,m*j) = {Dx&%m^Dm&{x,m]j)). But actually
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 DxGiJ(x,m*j) is DF^(x) (where Fj? is the map defined in the proof of the
 Proposition 2), which is non-null by (13). Then, by the Implicit Function
 Theorem, GiJ(x,mij) ? 0 defines locally one of the coordinates of x, say jc1
 without loss of generality, as a function of the other k - 1 coordinates (de
 noted by x-1 e R*-1) and the vector mzy, in an open neighbourhood 0iJ x pfJ

 of (x~l,m*j) in R*_1 x Sk~x. This function xx(x~x,mij) is Cr too. Now, con
 sider the map

 <S>iJ : (9ij x dfUj)?>R*
 J (15)

 (x-x,df(miJ))^(xx(x-xJmiJU-x).

 This map is well defined since dff is a bijection onto its image and thus so is
 its restriction to fiiJ. Moreover, <bij is also Cr, (9ij is an open neighbourhood

 of 0 G R*"1, d^c(fiiJ) is contained in the affine hyperplane (x, 1) = 1 - (A + C)
 and dfjc(fiij) spans a cone in R* with non-empty interior. Besides, for any
 df(m?) ? dfifjfJ), and for (9ij small enough, the image ?ij(0ij', df (ml7)) is
 a smooth manifold of dimension k - 1 going through 0 e R* and such that

 dfffaij) is orthogonal to its tangent space. That is to say, the map <S>ij
 satisfies the hypotheses of the Lemma 2, and hence there exists a neigh
 bourhood of the steady state x = 0 in the tangent space of the manifold

 V/j(m*j), such that any point of it is in some other V/-(mij) for some d^c(mij),
 i.e. for some m^ e Sk~x. Applying this argument to any point distinct from
 the steady state x and belonging to all these neighbourhoods, for
 1 < i,j < k, in the intersection of the tangent spaces, the conclusion of

 Proposition 3 follows. D

 Proposition 4 is an immediate consequence of the following lemma:

 Lemma 3. For any integer k>2, c^ijdff \Sk~x) is non-empty if and only if
 ?max{0, -A, -C, -{A + C)}<1-(A + C).

 Proof of Lemma 3. For any 1 < ij < k, from the definition of the map dfjc it
 can be seen that df(Sk-x) is {x e W}\x + A? + Ce> e Sk-X} or, what
 is the same thing, {x e R*| (x, 1) = 1 - (A + C) and x > o^} where
 Oij = (... ,o]'.,...) is ? (Ae^ + Cei). Then, the intersection for all ij of
 df(Sk~x) is {x e R*| <x, 1) = 1 - (A + C) and x > o^ViJ}. Now,
 {x e R*| x > Oij, V/,y} is {x e R*| x > ^Li maxv{?(/}^}5 but since
 ostj e {0, ?A,?C,?(A + C)} for any s, j, i and, for a given s all these values
 are taken by ostj for some i,j, then max^o-y) does not depend on s, but is
 equal to max{0, -A, -C, -(A + C)}. Thus, the intersection of all dff(Sk~x) is
 all xeR* such that (x,l) = 1 - (A + C) and x > max{0, -A, -C,
 (A + C)} Y?s=\ eS- Thus it is non-empty if, and only if, k max{0, -A, ?C, -
 (A + C)}< l-(A + C). D

 Let us now prove Proposition 4 with the aid of Lemma 3.

 Proof of Proposition 4. For any k > 2, the map Z satisfying hypotheses (S),
 (R) and (C) is such that the condition (*) is verified with maximal dimension
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 A: ? 1 if, and only if, there exist m*j, one for each 1 < i,j < k, such that all the
 tangent spaces of the manifolds V/-(m*j) at the steady state have the same
 orthogonal complement, i.e. only if the normal vectors df?c(m*j) =
 m*j - (Ael + Ce7) are equal, since they belong to the same affine subspace.
 But this is only possible if nijd^c(Sk~l) is non-empty, what happens, by
 Lemma 3, only if k max{0,-^,-C,-(^l + C)} < 1 - (A + C). It is im
 mediate to verify that the values of (A, C) satisfying this condition are those
 of S(k) in Proposition 4. D

 Proof of Proposition 5. For k = 2, the result is already established in Pro
 position 4. Next notice that the condition (*) is equivalent to ask for the
 vectors w* G Sk~l to be such that the k2 hyperplanes (m*. - (A? + Cei),x) = 0
 have a non-trivial intersection, i.e. equivalent to ask for the existence of x ^ 0
 such that Ax1 + Cxj = (w*, x). This amounts to characterizing the (A, C) such
 that there is a x ^ 0 with all Ax1 -f Cx7 in the interior of its convex hull in R.

 Now, if (A,C) G 5(2) then, by Proposition 4, the condition (*) is verified for
 k = 2, i.e. there exist vectors m*. G S1, one for each 1 < i,j < 2, and a sup

 port (x1,*2) such that Ax1 + Cxj = (m*j,x) Now, let y be (xl,xx,x2). Then,
 there exist vectors ?* G S2 such that Ay* + Cyi = (n*j,y) holds for all
 1 < i,y < 3, since any Ay* + Cy7 is equal to some Axr + Cr*, for adequate
 values 1 < r,s < 2. Thus if (A, C) is in S(2), the condition (*) is verified for
 k = 3. Moreover, for any support y close enough to y but with all its co
 ordinates distinct, continuity guarantees that all the Af + ?y7 are still in the
 interior of the convex hull of y in R. It can be shown by induction, following
 this continuity argument, that if condition (*) is verified for k = 2 (what is
 true only for the (A, C) in 5(2)), then it is verified for any integer k > 2 also.

 Conversely, if condition (*) is verified for some k > 2 then there exist
 some support x distinct from the steady state, such that all the Ax1 + Cxj are
 in the interior of its convex hull in R. Let yl and y2 be respectively the
 smallest and biggest coordinates of x. Then, it is still true that, for any
 1 < ij < 2, Ay1 + Cyi is in the interior of the convex hull of (yx,y2) in R, so
 that for k = 2 condition (*) must be verified and this, by Proposition 4,
 happens only if (A,C) G 5(2). D

 Proof of Theorem 1. If the map Z verifies hypotheses (S), (R) and (C), Pro
 position 3 provides, for any given integer k > 2, a sufficient condition (*) for
 the existence of probabilities of transition mtj such that the manifolds

 Vkj(mij), intersect at supports arbitrarily close to the steady state. These
 supports correspond to k-SSE and not to other steady states since the normal
 directions of the manifolds are not orthogonal to the diagonal A of R* by
 (R). Hence, A cannot be in any of the tangent spaces, nor in their intersec
 tion. Now, by Proposition 5, the maps Z satisfying that sufficient condition
 (*) are only those for which (A,C) G 5(2) holds.

 Moreover, as seen in the proof of Proposition 5, for any integer k > 2,
 supports arbitrarily close to the steady state with all the k states distinct can

 be attained by the manifolds VkAmif), thus corresponding to /:-SSE. D
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