
Institute of Mechanics,
Materials and Civil Engineering

Indirect generation of quadrilateral and
hexahedral-dominant meshes: a hybrid approach based

on cross-field guidance, topological labelling and patterns.

Christos Georgiadis

Thesis submitted in partial fulfillment of the requirements for the Ph.D
Degree in Engineering Sciences

Thesis Committee

Advisor Jean-François Remacle UCLouvain

Jury

Vincent Legat UCLouvain
Jonathan Lambrechts UCLouvain
Koen Hillewaert ULiege
Cecil Armstrong QUB
Franck Ledoux CEA
Gaëtan Compère Siemens

Chairman Thomas Pardoen UCLouvain

Louvain-la-Neuve, May 2021





Acknowledgements

Throughout the writing of this dissertation I have received a great deal of
support and assistance. I would like to express my gratitude to all the people
who accompanied me all along this long journey.

First of all, I would like to express my sincere gratitude to Prof. Jean-François
Remacle for his continuous support and guidance during these years. I could
not imagine a better advisor and mentor. His motivation and enthusiasm have
made my Ph.D. experience truly enjoyable and kept me inspired throughout
these years.

I would also like to acknowledge the invaluable help of Dr. Jonathan Lam-
brechts, who was always present to help me with my research. I would further
like to acknowledge the other members of my jury, Prof. Vincent Legat, Prof.
Koen Hillewaert, Prof. Cecil Armstrong, Dr. Franck Ledoux, Dr. Gaëtan
Compère and the chairman, Prof. Thomas Pardoen, for their attention on
reading my thesis and the valuable insights and comments during my defense.

I truly enjoyed my time as a researcher, thanks to all the people in the Euler
building that made the working environment so pleasant and interesting. I
am very grateful for being a member of the Hextreme group and I would like
to thank all its members, my friends and colleagues: Jovana, Célestin, Kilian,
Pierre-Alexandre, Jeanne, Amaury, Ruili, Arthur, and Ruiyang. I would like to
especially thank Alexandre for his valuable contributions to my research and
my office mate Maxence for his contributions, sharing his knowledge, and all
the interesting discussions we had.

The support of my friends and family was of utmost importance for the com-
pletion of this thesis. I am extremely grateful for having friends that made my
life happier. Last but not least, I want to express my heartfelt gratitude to
my parents. It would not be possible for me to achieve anything without their
endless support and encouragement.

Christos Georgiadis

i





Declaration

The candidate confirms that the work submitted is his own, except where work
which has formed part of jointly authored publications has been included. The
contribution of the candidate and the other authors to this work has been
explicitly indicated below. The candidate confirms that appropriate credit has
been given within the thesis where reference has been made to the work of
others.

The core work of this thesis is in the form of independent research articles,
presented in Chapters 3,4,5, and 6, which include joint work. In Chapter
6, Maxence Reberol and my supervisor Jean-Francois Remacle are the main
contributors of 2D scaled cross fields and the cavity remeshing strategy. In
Chapter 7, Alexandre Chemin has developed the method for 3D scaled frame
fields.

Christos Georgiadis

iii





Contents

Acknowledgements i

Declaration iii

Contents v

1 Introduction 1

2 Related work 7
2.1 Surface meshing . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Quadrilateral meshing . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Hexahedral meshing . . . . . . . . . . . . . . . . . . . . . . . . 14

3 In a nutshell 19
3.1 Cross-fields and size-fields . . . . . . . . . . . . . . . . . . . . . 21
3.2 Generating points . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.3 Obtain a triangular/tetrahedral mesh . . . . . . . . . . . . . . 24
3.4 Combining triangles/tetrahedra into quadrilaterals/hexahedra . 25
3.5 Post-process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4 Cross-field guided frontal point generation. 29
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.2 Frontal point insertion . . . . . . . . . . . . . . . . . . . . . . . 32
4.3 Recombination to quadrilaterals . . . . . . . . . . . . . . . . . . 37
4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5 Indirect quadrilateral meshing using bipartite labelling. 45
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
5.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
5.3 Point Generation . . . . . . . . . . . . . . . . . . . . . . . . . . 53
5.4 Surface Meshing . . . . . . . . . . . . . . . . . . . . . . . . . . 54
5.5 Bipartite quadrilateral labeling . . . . . . . . . . . . . . . . . . 57

v



vi Contents

5.6 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
5.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

6 Quasi-structured quadrilateral meshing. 69
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
6.2 Context and motivation . . . . . . . . . . . . . . . . . . . . . . 77
6.3 Scaled cross field computation . . . . . . . . . . . . . . . . . . . 80
6.4 Size map and curve quantization . . . . . . . . . . . . . . . . . 88
6.5 Unstructured frontal quadrilateral mesh generation . . . . . . . 92
6.6 Topological quadrilateral meshing . . . . . . . . . . . . . . . . . 97
6.7 Results and discussions . . . . . . . . . . . . . . . . . . . . . . 107
6.8 Perspectives and future work . . . . . . . . . . . . . . . . . . . 112

7 Hexahedral-dominant meshing. 117
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
7.2 Frame field integrability equations . . . . . . . . . . . . . . . . 120
7.3 Point generation for hex-dominant mesh generation . . . . . . . 126
7.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
7.5 Conclusion and perspectives . . . . . . . . . . . . . . . . . . . . 133

8 Conclusion 135
8.1 Perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

Bibliography 143



C
h

a
p

t
e

r

1
Introduction

Mesh generation is an essential step of the majority of engineering design meth-
ods. Most of the common numerical methods use a mesh to describe the un-
derlying geometry of the model. Furthermore, the success and accuracy of a
simulation are usually highly dependant on the mesh quality. The conceptual
motif of most numerical methods is to divide a complex problem into a number
of simple sub-problems. Three general steps are necessary: i) pre-processing,
where the geometry is created and meshed (i.e., the model is subdivided into
simple shapes), ii) solver, where the solution is approximated with appropri-
ate formulation on mesh elements iii) post-processing, where the results are
analyzed and visualized. The fundamental objective of mesh generation is to
provide a discrete version of a continuous domain. Mesh elements are local
approximations of a continuous geometric representation.

We can outline the historical development of mesh generation in conjunction

1



2 Chapter 1 – Introduction

with the development of numerical methods. Finite Difference Methods re-
lied upon structured meshes (also referred to as grids). Advancements of the
theoretical and mathematical foundation, along with progress in digital com-
puting, gave birth to more sophisticated methods such as the Finite Element
Method and the Finite Volume Method. The underlying principles of these
approaches could accommodate more complex representations. At the same
time, there were advancements in Computer-Aided Design systems that could
accommodate the creation of more complicated geometric models. Even though
we can trace the origins of CAD and the necessity of numerical methods for
meshes at the same period, there was little communication between the two
fields. The growth of numerical methods and CAD systems that could handle
more complicated models gave birth to increased demand for more complicated
meshes, and led to mesh generation forming an autonomous research topic. It
evolved to be a highly interdisciplinary field, lying on the intersection between
computational geometry, topology, engineering, and computer science.

Mesh generation is not a trivial task. It is commonly reported as being one
of the most significant bottleneck of workflows involving numerical methods.
An interesting report on the process of engineering analysis (that can be found
in Boggs et al. [2021]) states that the pre-processing step amounts up to 80%
of time, while the mesh-related tasks of geometry decomposition (a necessary
step when full automation is not possible), meshing, and mesh post-process
accounting to around half of the total time. These numbers agree with the
commonly reported 80% of time to create the model and generate a mesh.
Moreover, according to the same report, the meshing is the step most frequently
revisited for correction/improvements.

We focus here on two of the main reasons for the difficulties of mesh generation.
On the one hand, computing capabilities have come a long way; it is common
nowadays for engineers and scientists to perform simulations on meshes with
hundreds of millions of elements. Even though mesh generation technology im-
proved, the overall time consumed remains significant due to bigger and more
complicated models. Methods for generating triangular/tetrahedral meshes
are considered mature and robust algorithms exist to generate them. At the
same time, automatic quadrilateral and especially hexahedral meshing are in-
fantile in comparison, posing several difficulties related to their topologically
constrained nature and the geometric "stiffness" of quad/hex elements. Even
though we can acknowledge a variety of solutions for quadrilateral meshing,
there is not up to date a fully automatic algorithm for the generation of well-
aligned and high-quality hexahedral meshes. On the other hand, besides the
inherent difficulties of meshing, another part of the problem comes from CAD
interoperability. There is a diverse variety of CAD representations based on dif-
ferent geometry kernels, making communication between them difficult. CAD
models may consist of thousands of patches (often with gaps and overlaps be-
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tween them) and may have excessive detail that is redundant for simulation
purposes. Thus, to become suitable inputs for a mesh generator CAD models
usually need extra pre-processing for geometry clean-up, removal of unnec-
essary features, fixing the topology, and so on. Simply put, there is a gap
between CAD representations and mesh generation requirements. It is inter-
esting to note that avoiding the peculiarities of meshing is the main impetus
for researchers to develop methods that bypass this step. Notable examples in-
clude Isogeometric Analysis, where the numerical method is formulated directly
on the CAD representation [Hughes et al., 2005], and the Immersed Boundary
methods for Computational Fluid Dynamics, which uses Cartesian grids that
are non-conformal to geometry [Peskin, 1977].

As stated, the major open problems in mesh generation are related to quadri-
lateral and hexahedral meshing. It is not within the scope of this work to
revisit the long-standing debate of triangles (tetrahedra) versus quadrilaterals
(hexahedra) [Benzley et al., 1995; D’Azevedo, 2000]. Triangular/tetrahedral
meshes are the common standard. We have concise methods to generate them,
they allow geometric flexibility since they are easier to adapt to geometric
features, and also it is more straightforward to adapt them for non-uniform
size-fields or anisotropic metrics. On the other hand, quadrilateral/hexahedral
meshes (colloquially also referred to as quad/hex meshes) are more challeng-
ing to generate but prove to be advantageous in certain aspects. They have
fewer elements for the same number of vertices, they are capable of providing
a block-structure and they can provide better alignment to geometric features,
as well as to problem-specific features, providing better numerical behavior for
specific physical phenomena (a typical example is the demand for structured
and aligned boundary layers in Computational Fluid Dynamics).

Besides engineering analysis, the other field that has been traditionally invested
in mesh generation is Computer Graphics, mainly focused on design, animation,
graphic art and visualization. Even though the context and objectives of the
two communities differ in certain aspects, the exchange of ideas between them
has been proven highly beneficial recently. Useful lines of research emanating
from Computer Graphics found their way in engineering applications and vice
versa, most notably the use of cross-fields to assist optimal element creation.

Motivation and objective of this work The general objective of this
work is to develop methods for the generation of quadrilateral and hexahedral-
dominant meshes. We build upon classic engineering techniques of mesh gen-
eration, and we enhance them with contributions from computer graphics and
graph theory. We thus follow a hybrid approach, aiming to incorporate the
best elements from each field.

Traditional fully-automatic approaches on quad/hex meshing usually have a
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trade-off between robustness, output quality and efficiency. For example, grid-
based methods, where the domain is superposed on a structured grid, are able to
produce all-quad and all-hex meshes but come at the cost of degraded boundary
elements. Advancing-front approaches are more flexible, but they pose difficulty
in terminating with success (robustly ’closing’ opposite fronts with high-quality
elements). On the other hand, cross-field based global parameterization meth-
ods (a line of research stemming from the computer graphics community) have
recently gained attention as a promising approach for automated quad/hex
meshing [Bommes et al., 2013b]. These methods produce high-quality meshes
with underlying structure (coarse quad layouts), but are computationally in-
tensive due to integer formulations and dependent on cross-fields/frame-fields
that must have a topological structure that is quad/hex-meshable, which is not
always feasible and especially for hex-meshing is an open problem.
We build our method based on a classic approach by generating points in
an advancing front manner, triangulating them, and obtaining a quad/hex
mesh by indirect combination of triangles to quadrilaterals and tetrahedra to
hexahedra. We enhance the method with cross-field (and frame-field for 3D)
guidance for point insertion. We use these direction fields as an auxiliary
tool and without relying upon them, since they can have defects or not being
able to accommodate desired sizing constraints. Furthermore, we enrich the
geometric propagation of points inside the domain with a bipartite topological
labeling scheme (Section 5.5) that enables us to obtain quad meshes directly,
and possibly reduce the complexity of the problem of hex-meshing.
We aim for high efficiency; thus we avoid ’heavy’ global strategies, for example,
mixed-integer formulations of global parameterization methods, the Lp Central
Voronoi Tesselation of Lévy and Liu [2010] for point sampling, or the indirect
triangle-pairing of BlossomQuad algorithm [Remacle et al., 2012]). Instead, we
develop methods relying on local operations. For example, we locally sample
the 2D cross-fields and 3D frame-fields with advancing-front propagation. Our
frontal approach still benefits from global information contained in the cross-
field, i.e., that it is smooth and contains singularities, but only in an indirect
way, so our approach works even if the guiding fields are imperfect. In the same
spirit, we present a straightforward algorithm for the indirect conversion of a
triangular to an all-quad mesh by using bipartite topological labeling which
enforces a global topological property for quad meshes (even-sided boundary)
and fixes inconsistencies with local operations.
One of our main interests is to be able to produce meshes on any input, re-
gardless of its complexity. Reviewing the relevant literature, we observe that
the majority of the works present results on relatively simple models. We work
on large model databases (that are recently becoming the common standard
for validation purposes on bulk numbers of models [Koch et al., 2019; Ledoux;
Zhou and Jacobson, 2016]), and we aim to have a close to 100% success rate
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on them. To be generic, we develop methods that can have as input only
a triangular mesh of the model, avoiding the dependency on the underlying
CAD representation. In Figure 1.1 we present results of meshes obtained with
our methods on the same model. We remesh the input triangulated surface
to a triangular mesh with right-angled triangles aligned with the input metric
(cross-field with size-field), convert it to a quadrilateral mesh, optimize it to a
quasi-structured one, and finally obtain a hex-dominant mesh of the volume.

The present manuscript is organized in the following way. In Chapter 2 we
provide an overview of the literature relevant to our goals: i) surface meshing,
ii) quadrilateral meshing, and iii) hexahedral meshing. In Chapter 3 we present
an outline of the design goals and the methodology followed, and we bind
together the various components of the pipeline in a concise manner. The
core work of this thesis is developed on four independent research works. The
corresponding chapters are presented in sequential order, chronologically and
logically:

• Chapter 4: Cross-field guided frontal point generation for quadrilateral
meshing. We implement an advancing-front method for the optimal place-
ment of points across the domain.

• Chapter 5: Indirect quadrilateral meshing using bipartite labeling. First,
we develop a robust surface meshing algorithm. Second, we present a
novel approach to convert it efficiently to a high-quality all-quad mesh.

• Chapter 6: Quasi-structured quadrilateral meshing. A strategy for the
topological and geometric optimization of quad meshes based on local
remeshing, that is used as a component of an end-to-end quad meshing
pipeline.

• Chapter 7: Hexahedral-dominant meshing using 3D integrable frame-
fields. We develop a pipeline for the generation of hexahedral-dominant
meshes guided by 3D frame-fields. We investigate the integrability con-
dition for 3D frame-fields and we obtain promising results using scaled
frame-fields.

A lot of the implementation details are strictly technical, and there would be no
point in detailing every process. The work has been implemented in the HXT
library of the Hextreme project [Hextreme, 2021] and has been incorporated as
an external library to GMSH [Geuzaine and Remacle, 2009], with all the codes
being open source.
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Figure 1.1: Overview of the results of this work: a) Cross-field and b) size-field based
on conformal scaling, computed on the input mesh. c) Triangular mesh with cross-
field aligned right-angled triangles (created with the surface meshing algorithm of
Chapter 5). d) Quadrilateral mesh by converting the triangular mesh using bipartite
topological labelling (Chapter 5). e) Optimized quasi-structured quadrilateral mesh
based on a local remeshing strategy (Chapter 6). f) Hexahedral-dominant mesh us-
ing 3D integrable frame fields and indirect combination of tetrahedra to hexahedra
(Chapter 7) .



C
h

a
p

t
e

r

2
Related work

A vast amount of relevant bibliography exists on the field of Mesh Generation.
Here, we will present an outline of relevant research works, where we mostly
focus on unstructured mesh generation. Concise and more detailed presenta-
tions on mesh generation can be found on relevant books [Thompson et al.,
1999; Frey and George, 2008; Lo, 2015] and survey papers [Owen, 1998; Sheffer
et al., 2006; George et al., 2007; Bommes et al., 2013b].

2.1 Surface meshing

Surface meshing methods can be broadly classified into two main categories
[Borouchaki et al., 2000; Lo, 2015]: i) Parametric (or indirect) approaches and
ii) Direct approaches (also referred as mesh adaptation or mesh modification
strategies, especially in the context of remeshing surfaces)

7
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Figure 2.1: Surface remeshing based on reparametrization (figure from Beaufort et al.
[2020]).

In parametric approaches, the 3D surface is mapped to a 2D parametric space
[Lo, 1988; Sheng and Hirsch, 1992; Cuillière, 1998; Lee and Hobbs, 1998; Shi-
mada and Gossard, 1998; Borouchaki et al., 2000; Floater and Hormann, 2005].
Since the CAD surfaces (typically NURBS patches) have underlying u, v rep-
resentation, it can be efficient to generate a mesh in 2D with standard meshing
techniques and after map it back to the 3D space. While the meshes produced
with this method are of high quality for smooth surfaces, quality degrades with
increasing model complexity, due to distortions in the underlying mapping. A
strategy to handle complex models is to subdivide into a union of more simple
patches [Lo, 1988; Beaufort et al., 2020]. In that case, conformity between
patches has to be ensured. On the other hand, manipulation of sub-surfaces
this way forbids global strategies, for example, aligning with a cross-field to
indirectly generate quadrilateral meshes. Parametrization techniques can also
be used to remesh triangulations [Remacle et al., 2010; Beaufort et al., 2020]

Direct approaches generate elements directly on the surface. They can be based
on quad-trees [Shephard and Georges, 1991; Frey and Marechal, 1998], advanc-
ing front [Löhner and Parikh, 1988; Lau and Lo, 1996] or Delaunay strategies
[Baker, 1989; Borouchaki et al., 1997]. One of the main advantages of the direct
approach is the usefulness for models where an underlying parametrization is
not available or when it is degraded. Local mesh modifications strategies to
remesh models described by STL triangulations are proposed in Wang et al.
[2006]; Béchet et al. [2002]. One of the main difficulties of this class of methods
is that the manipulation of geometry directly on the 3D space is a challenging
task that may lead to geometric or topologic ambiguities.



§2.2 Quadrilateral meshing 9

Figure 2.2: Local mesh modification remeshing of STL input (figure adapted from
Béchet et al. [2002]).

2.2 Quadrilateral meshing

Automated quadrilateral mesh generation is considered one of the most difficult
problems in mesh generation. Even though a diversity of methods exist [Owen,
1998; Schneiders, 2000a; Bommes et al., 2013b], that are based either on strong
mathematical foundations or to more heuristic or semi-automatic approaches,
there is not up to date a definite algorithmic method that can encompass the
variety of design goals. A concise presentation of algorithmic characteristics and
design goals of quad meshing (as well as hexahedral/hex-dominant meshing)
can be found in Sabin [1991] and Johnen [2016].

Figure 2.3: Classification of quadrilateral meshes. A: regular. B: semi-regular. C: va-
lence semi-regular. D1-D2: unstructured (D2 being more irregular than D1). Figure
from Bommes et al. [2013b].

A useful classification of quadrilateral meshes can be based on the underlying
structure and regularity of them (Figure 2.3). As regular vertices, we con-
sider those having a valence of 4, i.e., they are adjacent to four quadrilaterals.
Quadrilateral meshes can therefore be:

• regular (where all vertices are regular)

• semi-regular (a small number of irregular vertices and a block-structure)
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• valence semi-regular (small number of irregular vertices)

• unstructured (’relatively’ large number of irregular vertices)

where the borders between the last three categories is not clearly defined. For
most models, irregular vertices are necessary to accommodate geometric vari-
ations, sizing constraints, and the topological characteristics of the model. In
the context of this work, we are mainly concerned with the last two categories.

Regarding the methods to generate a quad mesh, the following classification is
useful for our purposes:

• Direct quadrilateral meshing, where quadrilateral elements are formed
directly.

• Indirect quadrilateral meshing, where an intermediate triangular mesh is
transformed to a quad one.

2.2.1 Direct quadrilateral meshing
Direct quadrilateral meshing methods are commonly based upon grid based,
advancing-front and domain decomposition approaches.

Grid-based methods can be based on a Cartesian grid or more commonly on an
underlying quad-tree to control element sizing and to fit elements on the domain
boundary [Baehmann et al., 1987; Frey and Marechal, 2000; Rushdi et al., 2017;
Pochet et al., 2017]. Another method sharing similarities with those is the one
of Sarrate and Huerta [2000], where the domain is recursively decomposed in
quadrilaterals. Even though they are considered a robust way to generate
quad meshes (the same holds for hexahedral ones using oct-trees) grid-based
methods cannot naturally offer alignment to geometric characteristics and have
low-quality boundary elements.

Figure 2.4: Quadtree workflow for quad meshing. The quadtree is refined to accom-
modate the geometry (figure from Pochet et al. [2017]).
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Advancing front methods start from a pre meshed boundary and propagate
a front of elements towards the interior, starting from a pre meshed bound-
ary. The paving algorithm proposed in Blacker and Stephenson [1991] directly
forms rows of quadrilaterals, while in White and Kinney [1997] the method is
improved. Advancing front methods require special treatment to handle op-
posite fronts collisions and are usually complemented with heuristic clean-up
operations.

Figure 2.5: Paving method. In the middle we see the intersection between opposing
fronts (figure from Thompson et al. [1999]).

Domain decomposition methods aim to decompose the domain into simpler
regions that can be quad-meshed in a straightforward fashion. In Tam and
Armstrong [1991] the medial axis is used to this end. More modern approaches
utilize cross-fields to obtain a quad layout [Kowalski et al., 2013; Jezdimirovic
et al., 2019; Campen, 2017].

Cross-fields have obtained a considerable amount of attention the recent years,
offering a powerful tool to enhance the quality of quadrilateral meshes [Ray
et al., 2006; Palacios and Zhang, 2007; Ray et al., 2008; Beaufort et al., 2017b].
A survey on directional fields (which include cross-fields) can be found in Vax-
man et al. [2016]. An advantage is that they encapsulate topology information,
with the singularities of the field corresponding to irregular nodes of quad
meshes [Bunin, 2008; Ray et al., 2008]. They are typically designed to be as
smooth as possible, aligned with the principal curvature directions and domain
boundaries/feature curves [Ray et al., 2009; Nieser et al., 2012]. In practice,
they define preferred directions which align the elements. To optimally accom-
modate for the directional variations of the cross-field we can make it curl-free
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[Ray et al., 2006] or compute a conformal scaling of it [Ben-Chen et al., 2008].
We can thus obtain a scaled size field matching the prescribed directions. The
opposite, i.e., computing a cross-field from a given size-field, is an interesting
open problem.

Figure 2.6: Global parameterization based on cross-fields (figure from Ray et al.
[2006]).

Global parametrization pipelines are typically based on cross-fields [Bommes
et al., 2013b]. It must be noted that since we can decompose cross-field com-
putation from the subsequent quad mesh generation, they can also be utilized
by advancing-front approaches [Remacle et al., 2013]. Global parametrization
methods try to find a u, v seamless parametrization, whose gradients match
the given cross-field, and map from a 2D parameter domain to the model sur-
face [Kälberer et al., 2007; Bommes et al., 2009; Campen et al., 2015]. These
methods provide impressive results, and furthermore are capable of producing
optimal block-structured (semi-regular) decompositions of the domain. Yet,
we are not aware of their industrial-grade applicability. These methods rely
upon the topological integrity of the cross-field and utilize computationally de-
manding integer formulations, which could be a bottleneck for increasing model



§2.2 Quadrilateral meshing 13

complexity.

2.2.2 Indirect quadrilateral meshing
In indirect quadrilateral meshing, an intermediate triangular mesh can be trans-
formed to a quadrilateral one, using mid-point subdivision or, more commonly,
by merging pairs of triangles (also referred to as quad conversion or triangle-
pairing methods).

The former is a straightforward way to obtain a quadrilateral mesh from a
triangular mesh by splitting each triangle to three quadrilaterals, commonly
known as Catmull-Clark subdivision [Catmull and Clark, 1978]. The same
procedure can be used to transform a quad-dominant mesh to an all-quad one.
The cost for simplicity is quadrupling the number of elements and diminishing
accuracy on the boundary.

Figure 2.7: Midpoint subdivision to obtain quadrilateral mesh from triangles (figure
from Owen [1998]).

A more optimal strategy is to identify suitable pairs of triangles and merge
them onto quads. In one of the first relevant approaches [Zhu et al., 1991] tri-
angles are formed in an advancing manner and then combined into quads. In
Lo [1989], heuristic measures are proposed to optimally pair triangles, leading
to quad-dominant meshes. In Lee and Lo [1994] this method is enhanced by
utilizing an advancing front pairing. Building upon Zhu et al. [1991], an ad-
vancing front strategy is also used in Q-Morph algorithm [Owen et al., 1999],
that, by using suitable edge swaps and insertion of vertices, is able to reduce
the number of irregular nodes and increase boundary alignment and orthogo-
nality. The methods of Zhu et al. [1991] and Owen et al. [1999] are difficult to
implement since they are advancing-front and they have to ensure the closing of
opposing front in a conformal way without creating odd bounded subdomains.
Q-Tran [Ebeida et al., 2010] is another method that uses triangle transforma-
tions leading to quad meshes with provably-good quality.

Even though indirect approaches are considered robust and efficient, they usu-
ally lead to isolated remaining triangles due to the local nature of operations. A
sophisticated global solution is proposed in Remacle et al. [2012] that uses the
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Figure 2.8: Perfect matching (red edges) on the graph of a triangular mesh (figure
from Remacle et al. [2012]).

Blossom algorithm from graph theory to compute a perfect matching on the
dual of the triangular mesh to optimally pair triangles. An important aspect of
these methods is the position of vertices on the base triangular mesh. In Lévy
and Liu [2010] the points are optimally placed by minimizing an Lp Centroidal
Voronoi Tessellation objective function. Remacle et al. [2013]; Baudouin et al.
[2014] build upon a similar concept, but aiming for efficiency by placing the
points in a frontal manner instead of an iterative one.

The number of irregular vertices and the overall quality of the resulting meshes
can be optimized in post-processing. Geometric optimization is commonly
based in Winslow smoothing schemes [Knupp, 1999; Karman, 2010]. On the
other hand, topological improvement may be based on the dual representation
with chord-collapsing [Daniels et al., 2008], on quad patch replacement [Bunin,
2006; Verma and Tautges, 2011; Takayama et al., 2014] and on fundamental
local operators [Kinney, 1997; Tarini et al., 2010].

2.3 Hexahedral meshing

The problem of hexahedral meshing is considered to be the ’holy grail’ of the
mesh generation field. We refer here to the problem of finding an algorithmic
solution to generate in a robust and efficient fashion ’good’ hexahedral meshes
for general domains, in the sense that they are aligned with the boundary and
can provide geometric quality guarantees (in order to be practical for numerical
simulations). There exist a large variety of methods that are extensions from 2D
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Figure 2.9: Dual representations of a quadrilateral mesh (top) and a hexahedral mesh
(bottom) (figures adapted from Schneiders [2000a]).

quad meshing, use practical heuristics or rely upon topological constructions.
Yet, a fully automated algorithmic method has not been developed. Open
questions still exist about the feasibility and the method attributes for hex
meshing. For example, generating a hexahedral mesh for a volume enclosed by
a given quad mesh or constructing a 3D cross-field that corresponds to a valid
hexahedral mesh topology.

Mitchell [1996]; Eppstein [1999]; Erickson [2014] describe the topological con-
ditions of hex meshing, as well as theoretical constructions of topological hex
meshes. Given a topological quadrilateral mesh bounding the volume, two con-
ditions are given: i) it has an even number of quads and ii) no odd cycle in the
quad mesh bounds an interior surface. A useful tool to understand the global
nature of constraints involved in hexahedral meshing is the dual representation
of the Spatial Twist Continuum [Murdoch et al., 1997]. Concise presentations
of topological and geometrical properties and constraints of hexahedral mesh-
ing can be found in Shepherd and Johnson [2008] and Ledoux and Shepherd
[2010]

As in quadrilateral meshing, a common way to classify methods for hexahedral
meshing is in: direct and indirect approaches [Lo, 2015].
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Figure 2.10: Polycube hexahedral meshing (figure from Yu et al. [2014]).

2.3.1 Direct hexahedral meshing
Classic methods in the first category include mapping [Li and Cheng, 2000],
sweeping [Lai et al., 2000; Roca and Sarrate, 2006; Ruiz-Gironés et al., 2009;
Rypl, 2010] overlay grid [Schneiders, 1996; Zhao et al., 2008], decomposition
methods [Price et al., 1995; Liu and Gadh, 1997; Lu et al., 2001] and plastering
[Stephenson et al., 1992; Staten et al., 2005]. Sweeping and plastering can be
seen as the 3D analogous of advancing front methods such as paving.

In Tautges et al. [1996] a topological approach is followed based on the Spatial
Twist Continuum [Murdoch et al., 1997], by trying to progressively build the
dual representation from a quadrilateral boundary mesh. A set of useful criteria
to evaluate hex-meshing techniques is provided in Tautges [2001]. Most of the
methods mentioned can generate well-shaped structured hexahedra on domains
with relatively simple boundary and topology.

More modern approaches include polycube methods, a form of sub-mapping
where a polycube structure resembling the domain geometry is used [Hormann
et al., 2004; Gregson et al., 2011; Liu et al., 2015; Guo et al., 2020] and 3D
cross-field methods (commonly referred to as 3D frame-fields) [Huang et al.,
2011; Li et al., 2012; Kowalski et al., 2014; Gao et al., 2017] Cross-field methods,
similarly to 2D, involve three steps: i) generating a 3D frame-field, ii) comput-
ing a volumetric parameterization based on it and iii) extracting a hexahedral
mesh. One of the most important open problems is to develop 3D frame-field
with topology that results to a singularity graph with a hex-meshable struc-
ture [Viertel et al., 2016; Reberol et al., 2019]. Without this, the applicability
of a 3D global parametrization approach on large and complex models is pro-
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hibiting. Another interesting approach producing impressive results has been
recently proposed in LoopyCuts [Livesu et al., 2020], where the domain is de-
composed by cutting loops based solely on a surface direction field, resulting
in a ’metamesh’ with predominantly hex-meshable blocks.

Figure 2.11: Block-structured hexahedral mesh. (a) tetrahedral input, (b) 3D frame
field (c) singularity graph (d) hex mesh (figure from Kowalski et al. [2014]).

2.3.2 Indirect hexahedral meshing
Regarding indirect methods, it is not straightforward to extend triangle merg-
ing methods from 2D to 3D "tet-merging". While for a quad we usually need
just a pair of triangles, there are 174 subdivisions of the hexahedron to tetrahedra
[Pellerin et al., 2018b]. It is thus very difficult to obtain a full hexahedral mesh
by using a tet to hex combination approach, even with well placed vertices.
In principle, it is always possible to subdivide a tetrahedron into four hexahe-
dra with midpoint subdivision, but that leads to elements with poor quality.
Usually, indirect methods strive for high-quality hex-dominant meshes, with
pyramid or prism elements accommodating the transition between hexahedral
and tetrahedral elements [Owen et al., 1997].

Figure 2.12: Combinations of hexahedron to tetrahedra along with their dual repre-
sentation (figure from Pellerin et al. [2018a]).

Predefined patterns of possible decompositions are used in Meshkat and Talmor
[2000]; Botella et al. [2016]. In Pellerin et al. [2018a] the process is improved
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by identifying all possible combinations of tetrahedra into hexahedra, along
with a greedy algorithm to choose them. A 3D cross-field can be used in an
advancing front manner to generate aligned tetrahedral elements that are more
suited for combination as in Baudouin et al. [2014]; Bernard et al. [2016]. In
Sokolov et al. [2016] a parametrization technique is used instead to sample the
points that leads to improved hex-dominant meshes in terms of quality and hex
proportion.
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In a nutshell

Our starting point is a triangulation that describes the model. This input
triangulation may be arbitrarily complex and of low quality, but it must be
topologically valid. It should not have intersecting or duplicated elements, gaps
between surfaces or non-conformal connections between them. The surfaces
can be classified (denoted by distinct colors), with the interface edges between
them considered as feature edges (Figure 3.1). Feature edges can also be edges
detected by the dihedral angle, user-prescribed or problem-specific edges, and
non-manifold edges. The general objective of our work is to transform this
triangulation to a high quality quadrilateral mesh that may also serve as a
boundary mesh of a hex-dominant mesh. We develop two pipelines: one for
quadrilateral meshing and one for hexahedral-dominant meshing. We build
upon theoretically sound considerations to produce high-quality results, but at
the same time we follow a pragmatic approach; we want to produce results for
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general inputs in an efficient and robust way. We thus define the design goals
of interest for our methods:

• Robustness. In general, one of the most critical aspects of mesh gen-
eration is robustness. Our point of view is to develop methods that are
robust, i.e., that will always provide a solution. We thus favor simplicity
in our approach and we try to develop algorithms that are parameter-free.

• Features preservation. We consider complex models, possibly with
non-manifold features, that may contain feature/floating edges and faces
that must be preserved through the meshing process.

• Mesh quality. The output meshes must be of high-quality. We exten-
sively use cross-fields and size-fields to guide the mesh generation process.
The use of cross-fields allows generating meshes that are well suited for
indirect conversion to quad/hex-dominant meshes.

• Efficiency. This is an obvious requirement in mesh generation: the
method should be able to generate large meshes in terms of minutes.
Our approach is based on local operations and the algorithms developed
are of linear complexity.

• Versatility. A sequential approach is followed, based on modular build-
ing blocks. We can thus adapt our algorithms for different objectives.

• Automation. Our methods work with minimal user input. We want to
avoid fine-tuning depending on the application.

The various parts of the method fall under a well-structured framework utilized
both for 2D and 3D meshing. We use here the term 2D meshing for surface
meshing (even if it also refers to general 3D surfaces) and the term 3D meshing
for the volume case. Conceptually, we can divide our method to generate
meshes on the following five general steps:

(i) Computing a cross-field and a size-field to guide point generation.

(ii) Generating the points.

(iii) Triangulating the points.

(iv) Combining triangles/tetrahedra into quadrilaterals/hexahedra respec-
tively.

(v) Post-processing - Optimization.
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Figure 3.1: Input model with classified surfaces and feature points/edges.

The two pipelines, for the 2D and the 3D case respectively, are based upon
these five steps. The sequential order remains the same for both, and this
modular approach enables the transfer of ideas and solutions from the 2D case
to the 3D and vice versa. Of course, each case retains its unique characteristics
due to the different nature of the problems in question. For example, point
sampling on the surface is more complicated compared to point sampling on
the volume, while topological properties of hexahedral meshes result in much
more constraint configurations compared to quadrilateral meshing. In the fol-
lowing, we will outline the steps for each pipeline and reference to the relevant
chapter/section. Furthermore, we will explain the reasoning behind certain
decisions and give extended remarks where we find it useful. The pipelines for
quadrilateral and hexahedral-dominant meshing are schematically outlined in
Table 3.1.

3.1 Cross-fields and size-fields

Cross-fields are a potent tool for meshing purposes. They define directions to
which the quadrilaterals can be aligned, based on domain features and surface
curvature. In this work, a cross-field f along with a size field h guides the
point generation. Together, they define a metric field which can be viewed as
a continuous representation of the domain’s geometric characteristics.

In our initial work (Chapter 4), we take as input cross-fields that are computed
based on Ginzburg-Landau theory [Beaufort et al., 2017a]. While this method
is highly accurate and provides well-placed singularities, it is computationally
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Quadrilateral meshing Hex-Dominant meshing

Cross-field
Size-field Section 6.3 Section 7.2

Point
Generation

Advancing-front:
Section 4.2
Section 5.3

Advancing-front:
Section 7.3

Triangulation
of points

Surface meshing with
local modifications:

Section 5.4

Constrained Delaunay
Triangulation of Marot et al. [2019]

Combining
into quads/hexes

Bipartite labelling:
Section 5.5

Identifying tets-to-hex
combinations of Pellerin et al. [2018a]

Post-Process
Optimization Section 6.6 -

Table 3.1: Outline of the two pipelines developed and the corresponding sections for
quick reference.

expensive. In Section 6.3 a more efficient method is developed based on a
multilevel diffusion approach.

The size-field can be computed in various ways. It can be a uniform global
size, scaled by a factor in order to make the cross-field curl-free or computed
from mesh features and curvatures. In Section 6.4 a method combining both
is presented, that can smoothly adapt size-field to CAD features.

In practice, the input of our point generation algorithm is the set of direction
vectors at each point and a scalar field for the sizing. It must be noted that
our point generation module can have any kind of metric input. For example,
we can use an anisotropic metric or a prescribed user-defined size-field that is
’incompatible’ with the computed cross-field (in the sense of local integrability).

In Chapter 7, we investigate an approach to extend the cross-field integrability
condition for 3D frame fields. The 3D scaled frame fields exhibit inherent
anisotropy, since the scaling is not uniform in all directions. For generating
a volume-bounding triangular mesh we can extract a surface cross-field by
filtering out the normal directions. Using the same 3D frame field through
the 1D-2D-3D mesh generation process allows ensuring the consistency of the
orientation of elements of all dimensions.
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3.2 Generating points

Points can be generated on a surface or inside a volumetric domain, guided
by the metric field (cross-field and size-field). Computing a point set P as the
optimal discretized form of the input metric field constitutes a very challenging
problem.

We follow here an approach based on Remacle et al. [2013]. The aim is to opti-
mally place the points in alignment with the underlying directions. An advanc-
ing front scheme is used to this end, where we propagate points throughout the
domain starting from the discretized boundaries. The algorithm is presented
in Section 4.2 and reiterated in Section 5.3 for completeness. To generate each
new point from a seed one, we implement a circle intersection operator as in
Baudouin et al. [2014], since we want to respect the prescribed edge size and
not the geodesic based distance in curved surfaces (Figure 3.2).

Figure 3.2: Intersection of a circle (with center the seed point and radius the pre-
scribed size h) with the surface. This figure is a conceptual side-view of the Figure
4.2

For the filtering of points we utilize an R-tree structure (Section 4.2.4). We also
implement an alternative, where the input triangulation serves as an underlying
data structure in which generated points are stored. While R-trees offer a more
efficient serial implementation, the latter approach can provide some significant
advantages: i) a possibility for more straightforward parallelization and ii)
better resolving of geometrical ambiguities between surfaces that are too ’close’
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(for example two surfaces connected at a very steep angle).

In our initial work, a somewhat naive parallel implementation is presented, that
nevertheless can speed up of the algorithm (Section 4.2.5). A better strategy
would be to follow an approach as in Marot et al. [2019], where the domain is
partitioned, and each part is treated independently.

The extension of metric-guided point generation inside the volume domain fol-
lows the same advancing front strategy as in 2D and is presented in Section 7.3.
It is worth noting that it is more straightforward and trivial to implement com-
pared to its surface counterpart (one of the rare cases where an extension from
2D to 3D is less challenging) since the circle-intersection operator is redundant
for volumes.

3.3 Obtain a triangular/tetrahedral mesh

3.3.1 Surface meshing
The objective here is to generate a triangular mesh given the point set P that
is generated during the previous step. In line with the modular nature of
our methodologies, we keep the point generation from the element creation
separate. This way enables us to: first, embed points on the domain in an un-
ambiguous way, and second, provide robust surface meshing that is concerned
only with element creation. Besides that, we have the possibility of using a
different point sampling strategy or another triangulation method.

In Chapter 4, we are using the mesh generator of Remacle and Lambrechts
[2018] that is specific to the sphere. The results obtained are of high quality, and
we would be very interested in investigating the advantages that quadrilateral
meshes would have in ocean modeling, knowing that validation and comparison
of meshes for this kind of problems is a very challenging task in itself.

The situation is more perplexed for general 3D surfaces, for which we would
like to have a generic, problem-independent approach. Thus, the process we
developed in Chapter 5 (Section 5.4) receives as input just the initial triangu-
lated surface and performs local mesh modifications directly on the 3D space.
First, generated points are inserted with split edge/triangle operations, and
secondly, the points of the initial mesh are removed with half-edge collapsing.
Robust implementation of the second part was challenging and constituted one
of the most time-consuming part of the current work.

3.3.2 Tetrahedral meshing
For the 3D tetrahedralization (Chapter 7) we are using the very efficient Con-
strained Delaunay Triangulation algorithm presented in Marot et al. [2019].
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The input of this algorithm is a triangular mesh that bounds the volume and
the set of points generated inside. Besides its primary objective, 3D trian-
gulation is also a useful way to check the validity of the input surface mesh
by identifying common defects as duplicated vertices/elements and intersected
entities.

3.4 Combining triangles/tetrahedra into
quadrilaterals/hexahedra

3.4.1 Bipartite all-quadrilateral meshing
In Section 5.5, we present a novel approach to obtain directly a quadri-
lateral mesh from a right-angled triangulation (or a quad-dominant mesh).
Triangle-pairing methods commonly follow a greedy approach and produce
quad-dominant meshes with isolated triangles. On the other hand, global ap-
proaches like BlossomQuad are computationally expensive. A Catmull-Clark
subdivision can always be performed on quad-dominant meshes, but it leads
to a quadrupled number of elements, a higher number of irregular vertices and
inaccurate boundary representation.

We build our approach based on a topological labeling scheme that leads to
bipartite meshes. During point generation, we are aiming for the optimal ge-
ometric placement of new points, but now we also propagate topological in-
formation in the form of binary labels. With each seed point generating one
of the opposite label, we know that in the final quad formation we want to
keep the edges that have opposite labeled vertices. Thus, we observe that in
our right-angled triangulation the triangles with three same-indexed vertices
are inconsistent and we add Steiner points to split them. Essentially, it works
like a topological error-correcting code that identifies topological inconsisten-
cies. We consider this approach an elegant solution, since it is very efficient,
robust, and, in conjunction with the cross-field guidance, leads to high quality
elements.

3.4.2 Hex-dominant meshing
The extension of the indirect approach in 3D is a much more constrained prob-
lem. Unfortunately, it is not possible to define something similar to a perfect
matching (as the one BlossomQuad computes for triangular meshes) that can
be used on tet-to-hex merging. The hex-dominant pipeline, along with results
using scaled 3D frame-field, is presented on Chapter 7.

Given as input a tetrahedral mesh, we utilize the algorithm of Pellerin et al.
[2018a] to find combinations of tetrahedra to hexahedra. The output hex-
dominant meshes exhibit a satisfying proportion of hexahedra, both in terms
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of element numbers and volumetric percentage. Boundary and smooth interior
regions are filled with structured layers of hexahedra, but an inner ’skeleton’ of
tetrahedral regions (mostly around front collisions and non-trivial boundaries)
remains.

If we use 3D scaled frame fields we observe improvement in hex proportion and
more importantly on the structure of hex-dominant meshes (Section 7.4). We
validated our method by meshing models constrained by quadrilateral bounding
meshes that are extracted from full-hex meshes and examined the practical
advantages on unconstrained medium-complexity models.

3.5 Post-process

The quadrilateral meshes produced with our method are of satisfying quality.
We perform further geometric and topological optimization to improve the
topological structure and maximize the quality.

A geometric optimization before triangle merging is performed in Section 4.3,
by using a novel quality criterion for right-angled triangles. This quality crite-
rion takes into account directionality and sizing. A more straightforward way
to evaluate right-angled triangles (without the aforementioned measures) is to
compute the normalized distance from the center of the hypotenuse (in prac-
tice the longest edge) to the center of the circumscribed circle. The quality of
output quads is improved, but it is only a half-measure since the irregularity
induced by colliding fronts cannot be eliminated.

Regarding the bipartite quadrilateral mesher of Section 5.5, the new vertices
(Steiner points) are inserted using the split-edge operation, and therefore ge-
ometric robustness is ensured. In some instances, we may encounter minor
geometric defects such as doublets or flat boundary quads (since we cannot
reposition boundary vertices). Both of these cases can be locally fixed. The
latter by collapsing a vertex to merge the two quads onto one and the former
by inserting new vertices and ’pushing’ the singularity inside the domain. The
appearance of these defects arises predominantly for complex models with large
difference in size scales, where the size-field may not adequately capture small
features.

One of the main interests of this work is to exploit the global information pro-
vided by the scaled cross-field on a local basis without ’heavy’ global strategies.
The majority of quadrilaterals in our results are aligned with the cross-field.
Still, it is an unstructured method based on an advancing-front scheme, and
therefore a minimal number of singularities, let alone a semi-regular structure,
is not feasible.
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Figure 3.3: Types of irregular nodes (singularities) on a quadrilateral mesh produced
with the method of Chapter 5.

We can identify three kinds of singularities (irregular vertices) on our output
quadrilateral meshes:

Stotal = Scrossfield + Sdipoles + Sredundant

Scrossfield are singular vertices that naturally arise close to the position of cross-
field singularities, without prescribing them. Sdipoles are pairs of singularities of
index 3 and 5 respectively and imply size transitions. One of the reasons they
exist in our meshes is that we do not follow a global quantization strategy for
boundary edges (such as in Campen et al. [2015] for example), leading to cases
where ’opposite’ boundary edges with the same prescribed size-field have a
mismatching number of vertices. Eliminating these singularities would require
chord collapses that go through domain boundaries (thus changing boundary
line discretization). Even though this is feasible for simple models, for complex
CAD models as the ones we are interested in is a complicated task due to chord
loops around the domain. Finally, Sredundant are the ones due to colliding fronts
or propagation of numerical error during the initial sampling of the points. We
observe that we can locally remove the majority of redundant irregular vertices.
It should be noted that also the ’redundant’ singularities come in pairs of
valence 3 and 5 singularities that ’cancel’ each other. The distinction between
those and the necessary 3-5 dipoles is essentially done a posteriori, with the
latter being the ones that cannot be further removed without degrading quality
and changing boundary discretization.
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In Chapter 6 we present a topological optimization strategy to remove as much
as possible of the redundant singularities, while keeping the ones accommo-
dating structure and sizing constraints. It is based on continuously improving
cavities of quads around irregular vertices by re-meshing or by replacing with
predefined patterns. The quadrilateral meshes produced are of very high qual-
ity, and the method is able to handle highly complex CAD inputs. The meshes
are quasi-structured, in the sense that they have a close-to-minimal number
of irregular vertices. The next step of our developments is to convert these
quasi-structured meshes to semi-regular ones with topological modifications.
The optimization strategy presented in this chapter is a component of a more
general end-to-end pipeline for CAD models, but it can also be utilized with
the procedure of Chapter 5, i.e. having as input a triangular mesh and handling
the model as a whole (instead of acting on each CAD face).
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Cross-field guided frontal point

generation for quadrilateral meshing.

This chapter is an extended version of the following research note, presented
in International Meshing Roundtable 26 :

Georgiadis, C., Beaufort, P.-A., Lambrechts, J., Remacle, J.-F., High qual-
ity mesh generation using cross and asterisk fields: Application on coastal
domains. In 26th International Meshing Roundtable, Research Notes,
September 2017.

29
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Abstract

This paper presents a method to generate high quality triangular or
quadrilateral meshes that uses direction fields and a frontal point in-
sertion strategy. Two types of direction fields are considered: asterisk
fields and cross fields. With asterisk fields we generate high quality tri-
angulations, while with cross fields we generate right-angled triangula-
tions that are optimal for transformation to quadrilateral meshes. The
input of our algorithm is an initial triangular mesh and a direction field
calculated on it. The goal is to compute the vertices of the final mesh
by an advancing front strategy along the direction field. We present an
algorithm that enables to efficiently generate the points using solely in-
formation from the base mesh. A multi-threaded implementation of our
algorithm is presented, allowing us to achieve significant speedup of the
point generation. Regarding the quadrangulation process, we develop a
quality criterion for right-angled triangles with respect to the local cross
field and an optimization process based on it. Thus we are able to fur-
ther improve the quality of the output quadrilaterals. The algorithm is
demonstrated on the sphere and examples of high quality triangular and
quadrilateral meshes of coastal domains are presented.

Keywords: Surface meshing, Quadrilateral meshing, Direction fields,
Geophysical flows, Parallel meshing

4.1 Introduction

This work is motivated by the increasing use of unstructured meshes in ocean
modelling. Unstructured meshes offer certain advantages in the context of geo-
physical simulations, such as conforming to the complex geometries of coastal
domains and supporting variable mesh sizes [Candy, 2017; Engwirda, 2015].
One of the main difficulty in dealing with geographical data is the over-sampled
nature of coastline representations. In Remacle and Lambrechts [2016] we pro-
pose an algorithm that automatically unrefines coastline data and we provide
a fast and robust mesh generation procedure that is able to generate meshes of
the earth system (ocean and continent). However, this method only generates
triangular meshes and is specific to the sphere. For geophysical flow simula-
tions quadrilateral meshes are desirable, since they contain twice less elements
and can be aligned with the actual flow characteristics.

In this paper we introduce a general method to generate high quality quadri-
lateral and triangular meshes of surfaces. The input of our algorithm is an



§4.1 Introduction 31

initial mesh T0, in particular a mesh on the sphere generated with the method
proposed in Remacle and Lambrechts [2016]. The output is either a high qual-
ity triangular mesh or a right-angled triangular mesh that is transformed into
an quadrilateral mesh. Both the description of the geometry and the Delaunay
kernel are borrowed from Remacle and Lambrechts [2016]. There, the point
insertion strategy was based on a basic edge saturation Delaunay refinement
procedure. The main contribution of this work is a new strategy to generate
the vertices of the final mesh in an optimal way. By optimal we mean that the
generated Delaunay triangles can be recombined in high quality quadrilaterals
or that they are as equilateral as possible.

The method has similarities with Baker et al. [1988] or Bern et al. [1994] where
authors use uniform grids or balanced quadtrees to locate the internal vertices
of the mesh. The drawback of such methods is that quadtrees are axis oriented
and meshes may be of low quality close to boundaries. The method that is
proposed here overcomes these challenges.

All vertices are inserted using a frontal approach before computing their De-
launay triangulation. To steer the insertion of points we utilize direction fields.
For quadrilateral meshing, the direction field is a cross field [Bommes et al.,
2009; Kowalski et al., 2013; Remacle et al., 2013], while for triangular meshing
the direction field is an asterisk field [Beaufort et al., 2017a] (Section 4.2.1).
This direction field is computed on the base mesh T0 using a Ginzburg-Landau
formulation [Beaufort et al., 2017a]. To compute the coordinates of the vertices
we are using an efficient intersection strategy that does not rely on any global
geometrical structures, e.g. octrees (Section 4.2.3). Similarly, filtering of close
points is done locally on the fly (Section 4.2.4).

The whole procedure can be parallelized with a multi-threaded strategy pro-
posed in Section 4.2.5. Finally, a novel way to measure the quality of right-
angled triangles is proposed and utilized to optimize output meshes (Section
4.3) for combination into quads with the blossom-quad algorithm [Remacle
et al., 2012].

The method is demonstrated here on spherical geometries. We present results
for triangular and quadrilateral meshes on the world ocean (Section 4.4). Nev-
ertheless, the algorithm is designed and implemented as a tool that can handle
triangulations of any orientable surface S embedded in R3.

The method presented has been released as a self consistent open source code
that can be used as a stand-alone program or that can be plugged in other
software’s such as Gmsh [Geuzaine and Remacle, 2009] or QGIS [QGis, 2011].
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4.2 Frontal point insertion

To begin, we consider a base mesh T0 of an orientable manifold surface. The
objective is to spawn points inside the domain in preferred directions. We
essentially want to obtain a set of points P = {p1, . . . ,pn} that will either
(i) lead to a triangulation Tq that is well suited for combining triangles into
quadrilaterals or (ii) lead to a triangulation Tt that contains triangles that are
close to equilateral. The idea is to use direction fields of two different kinds,
depending on whether one wants to generate Tq or Tt.

4.2.1 Direction fields
A cross field c is a field defined on a surface S with values in the quotient
space S1/Q, where S1 is the circle group and Q is the group of quadrilateral
symmetry. It associates to each point of a surface S to be meshed a cross
made of four unit vectors orthogonal to one another in the tangent plane of the
surface. In the context of quadrilateral mesh generation, a cross field represents
at each point of the domain the preferred orientations of a quadrilateral mesh.

It is possible to build direction fields for building Tt by defining asterisk fields.
An asterisk field a is also a field defined on a surface S but with values in the
quotient space S1/H, where H is the symmetry group of a regular hexagon.
Pictorially, it associates to each point of the surface S an asterisk made of
six unit vectors separated by 60 degrees. Such a field will be used to align
triangular meshes to pre-defined directions in order to build triangles that are
close to equilateral.

Direction fields should be as smooth as possible and should be aligned with
the boundary of the domain. One can show that smooth fields only exist for
surfaces with a Poincaré characteristic equal to 0. For any other topology,
critical points will necessarily occur. More details on direction fields and their
computation can be found in Beaufort et al. [2017a].

A cross field and an asterisk field are presented in Figure 4.1.

4.2.2 Generating points across direction fields
Assume a direction field f defined everywhere on S. Field f is either a cross field
(Nd = 4 directions) or an asterisk field (Nd = 6 directions). A priority queue
is initially filled with all the boundary points of the base meshT0. The point pi
at the top of the queue then tries to insert Nd points pij in the j = 1, . . . , Nd
directions defined by f(pi) and at a distance h(pi) where h is the mesh size
field. In order to have points inserted “by layers”, the priority queue that is
chosen is a first-in, first-out queue. Our experience shows that ordering the
1D points allows smooth propagation of the fronts inside the domain. We have
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Figure 4.1: Cross field (left) and Asterisk field (right)

tested two kind of ordering: (i) order the points geometrically by sorting them
along a space filling curve (Hilbert curve) and (ii) order the points topologically
by walking along the 1D boundary. Each point pi thus tries to spawns pij ,
j = 1, . . . , Nd neighbour points on T0. Yet, there is no guarantee that point
pij is not too close to another point of the queue. Points pij are hence filtered.
An exclusion zone of size αh(pi), α < 1 is created around every vertex pi of
the queue in such a way that no new point can be inserted in the queue if
it lies inside this zone. Finally, accepted points are added to the end of the
queue as well as in P . The procedure terminates when the queue is empty.
Algorithm 1 describes the procedure. In the two following subsections we will
focus with detail on the two main operations, i.e. the point insertion and the
point filtering.

4.2.3 Intersection with triangulation
Assume a point pi that lies on one of the triangles of T0, a direction dij i.e.
a unit vector tangent to the surface and the mesh size h(pi) at that point.
The aim is obviously to create an edge of size h. So, the new point pij will
be located at the intersection of the triangulated surface T0 and a circle Ci
of center pi and radius h(pi). Ci lies on the plane Pi that is formed by the
direction vector dij and the normal to the triangulation at our origin point,
ni (Figure 4.2). To compute pij our goal is to find the intersection point of
circle Ci with the triangulation T0 (Figure 4.2). We start from the triangle of
the base mesh T0i on which pi lies. First, we compute the intersection line of
the plane Pi and the plane of the triangle PT0i

. Then, we find the intersection
points of this line with the circle Ci and choose the one that lies in direction
dij . Finally, the barycentric coordinates λ0, λ1, λ2 of this point with respect
to the current triangle are calculated. In this way we determine whether the
intersection point lies on the triangle, and thus a successful intersection with
this triangle.

In the case where the current triangle is not intersected, we move forward to
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Algorithm 1: Frontal point insertion algorithm.
input : Initial triangulation T0, mesh size field function h(x) and a

direction field calculated on T0
output: Array of points in preferred directions P to be triangulated.
Place boundary points in a queue;
Create data structure to store in which triangle of T0 the generated
points lie;
while queue is not empty do

take the first point pi at the top of the queue;
pop this point out of the queue;
interpolate the direction vectors for this point;
for Nd directions do

Insert point pij by intersecting the base triangulation (Section
4.2.3);
create set of triangles C in exclusion zone around pij to filter
(Section 4.2.4);
for pk ∈ C do

if ‖pij − pk‖ > αh(pij) then
add pij in P ;
push pij in the back of the queue;

else
delete pij ;

pi

pi j

ni di j

Ci

Figure 4.2: Computation of point pij .
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Figure 4.3: Indication of the position of intersection point according to barycentric
coordinates (left) and computation of point pij by walking in the triangulation in
specific direction (right)

another triangle. Since we have already computed the barycentric coordinates
with respect to the current triangle T0i, we know where on the plane PT0i

the intersection point lies (Figure 4.3, left). Therefore, we have an indication
on which neighbour triangle we should search after. This procedure continues
until a valid intersection point is retrieved.

Essentially, we perform a walk in the triangulation [Devillers et al., 2001] in
the desired direction, until we obtain the intersection point. Our experience
shows that this method is the most efficient one amongst all possible solutions
for this problem. For same mesh size field chosen for the initial and the output
mesh, intersection points are found after a little less than 2 triangle visits on
average.

4.2.4 Filtering
As it was previously explained, each point generates pij points for j = 1, . . . , Nd
directions. We have to ensure that new points are not too close to already
generated points. Therefore, after each point pij is generated, a filtering pro-
cedure should follow. We prefer not to utilize a space search structure such as
an RTree [Beckmann et al., 1990], since that would make parallelization more
challenging.

Instead, we proceed with a more straightforward strategy. During the point
insertion process, we store on which triangle of the base mesh T0 each inserted
point lies. For every candidate point pij , we take the set of triangles C around
our new point that intersect an exclusion zone (Figure 4.4). The exclusion zone
is defined as a circle of radius h(pij) around the candidate point. Therefore
we are able to directly obtain the set of points Pf = {pk, k = 1, . . . , nf}
in the vicinity of pij . Since our objective is to create right-angled triangles,
i.e. equilateral triangles in the L∞ norm, we compute the distance between the
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Figure 4.4: Filtering procedure for new points.−−−: exclusion zone, C: triangles in-
tersecting the exclusion zone in light grey,�: candidate point, �: previously generated
points stored on T0

candidate point and its surrounding ones as ‖pij−pk‖∞ = max{|xij−xk|, |yij−
yk|, |zij − zk|} The point is accepted for insertion if condition ‖pij − pk‖∞ >
α · h(pij) holds for all pk ∈ Pf .

4.2.5 Parallel implementation
A multi-threaded Delaunay kernel, as well as a multi-threaded Delaunay re-
finement process based on it, have already been presented [Remacle and Lam-
brechts, 2016; Remacle, 2017] and can significantly reduce the time cost of the
mesh generation process. The frontal point generation algorithm that was pre-
sented could add up to being the most significant term in the total timings of
the mesh generation workflow. Therefore, and in order to combine with the
parallel Delaunay triangulation process, the generation of points in a multi-
threaded fashion would be highly desirable.

Due to the locality of point insertion and filtering, the whole process can be
parallelized with the following straightforward strategy. As before, the bound-
ary points are sorted along the boundary elements of T0. This set of initial
points is then split in M queues, where M is the number of threads. An OMP
parallel region is initiated, where each thread m = 1, . . . ,M handles its own
subset of points independently. The threads have shared memory access to the
final set of points P and the structure that stores the points for each triangle of
T0. Each point pmi generates pmij , j = 1, . . . , Nd (Nd = 4 or Nd = 6) new points
around it. These points are filtered out with respect to the already inserted
points. Accepted points in the local filtering process are flagged, but not yet
inserted in the respective data structures.

In order to ensure that different threads do not insert points close to each other



§4.3 Recombination to quadrilaterals 37

and that do not access the global data structures at the same time, an OMP
critical region follows. There, the candidate point pmij of the current thread
is checked against the already accepted points from the other threads at this
point. If no other point is near, the point gets accepted and the procedure goes
on. The process terminates when all M queues are empty.

Initial numerical tests show that we can have a significant speedup with the
aforementioned strategy. Currently, the algorithm can generate 1 million points
in around 10 seconds in 1 thread, while for 4 threads the time decreases to
around 3.4 seconds.

4.3 Recombination to quadrilaterals

4.3.1 Right-angled quality criterion
Points along a cross field will generate right-angled triangles that are suitable
for merging into quadrilaterals. Our concern now is to further improve the
quality of these triangles before applying a recombination procedure. We con-
sider that the optimal triangles would be the right-angled ones in respect to
the local cross frame (Fig. 4.5, left), since they can be combined in quadrilat-
erals of optimal quality. To this end, we are investigating the development of
a quality criterion for right-angled triangles, based on how ’close’ the triangle
is to the optimal one.

For each vertex of the triangle (i = 1, 2, 3) we calculate three corresponding
local qualities, represented from the following dimensionless quantities:

(i) a quantity to evaluate how close each angle of the triangle is to 90◦:

qia = 1−
|π2 − θi|

π
2

(ii) a quantity to evaluate the nearest edge of each vertex to one direction of
our the local cross field. For this, we calculate for the two edges of each
vertex their angle with the two main directions d1 and d2, thus j = 4
angles (Fig. 4.5, right), and we choose the smallest one:

qib = max
{
| cos(2θij)| : j = α, β, γ, δ

}
(iii) finally, the ratio of the two edges of each vertex:

qic = 1− |eik − eik|
max(eik, eik) , k = {1, 2, 3 : k 6= i}
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Figure 4.5: Optimal right-angled triangle aligned with the cross frame (left), trian-
gle to be evaluated (middle), angles between edges of vertex 1 with the two main
directions (right)

the optimal would be that the edges have equal length, i.e. it is a right-
angled triangle, equilateral in the L∞ norm. If the objective is to obtain
anisotropic quadrangles through the merging of anisotropic right-angled
triangles, this quantity can be easily modified to take into account the
specified size ratio.

The final right-angled quality of the triangle is the maximum amongst the
product of the three local qualities of its vertices: qt = max

{
(qa · qb · qc)i : i =

1, 2, 3
}
.

4.3.2 Optimize for recombination to quadrilaterals
We have now a measure to evaluate the quality of right-angled triangles. We
expect that in certain regions the generated points will not create triangles
optimal for recombination. Such regions are located for example in parts of
the domain where there is transition to different mesh sizes or where fronts of
insertion collide (Fig. 4.6, left). Herein we follow a simple procedure in order
to optimize these regions, based on the quality measure presented in section
4.3.1.

For each interior point of the domain we take its corresponding cavity of sur-
rounding triangles. The minimum quality amongst the cavity’s triangles is
set to be the objective function to be maximized. A local maximum is then
searched in the line connecting the original position of the point and the cen-
troid of the cavity in the infinity norm, and the point is relocated accordingly.
The aforementioned optimization process is done for all the interior cavities
of the mesh until points are not relocated further. The improvement of the
right-angled quality of triangles in an insertion front collision is depicted on
Figure 4.6.
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Figure 4.6: Quality distribution on an interface where fronts of insertion collide (one
originating from the west and one from the east): before (left) and after (right)
optimization. Low quality triangles are transformed and a smooth transition with
pairs of right-angled triangles is obtained.

4.4 Results

4.4.1 Triangulations
We present here results for mesh generation by using asterisk fields. Figure
4.7 illustrates the process for generating a triangular mesh in such a way. In
Figure 4.8 we present a comparison between the base and the output mesh on
Baltic sea, choosing a high resolution mesh size field: from hmin = 150m on the
coast to h = 3km away from it. The final triangular mesh exhibits a smoother
distribution of equilateral triangles through the domain.
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(a) Base mesh (detail of Baltic sea) (b) Asterisk field calculated on base mesh

(c) Final mesh Wider view of final mesh

Figure 4.7: Generating a high quality triangular mesh by using an asterisk field.

4.4.2 Quadrangulations
Figure 4.9 shows the discrete steps of quadrilateral mesh generation workflow.
Generation of points guided with a cross field leads to a right-angled triangu-
lation. The optimization process described in section 4.3.2 is applied to it and
further improves the orientation and pairing of right-angled triangles. The fi-
nal merging to quadrilaterals is done with the blossom-quad method [Remacle
et al., 2012] along with quadrilateral smoothing procedures incorporated in
Gmsh [Geuzaine and Remacle, 2009]. It must be noted that a small number
of remaining triangles along the coastal boundary may remain. This is due to
the highly irregular nature of the boundary geometry and can be easily ad-
dressed by choosing a mesh size field smaller than the characteristic length of
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Figure 4.8: Images of base (left) and output (right) triangulation on the Baltic sea.
Average radius-ratio quality (defined as γ = 2ri

rc
, where ri and rc are the radii of the

inscribed and circumscribed circles of the triangle respectively) is γ = 0.947 (γmin =
0.104) for the initial mesh. The output mesh improves it to γ = 0.981(γmin = 0.3231).
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the boundary.

Finally, we utilize our algorithm to generate a quadrilateral mesh of the whole
world ocean (Figure 4.10), with a resolution from hmin = 3km to hmax =
60km. Generation of the final 2,267,738 points takes around 30 seconds and
the triangulation of them around 5 seconds. For comparison, the base mesh
generated with the procedure of Remacle and Lambrechts [2016] takes around
50 seconds. The average isotropy measure quality [Johnen et al., 2016] of the
output quadrilateral elements is 0.944.

4.5 Conclusions

This paper presents a method to generate high quality meshes by utilizing
direction fields. By using solely information from an initial triangulation, the
algorithm does not require specific knowledge of the geometrical characteristics
of the surface. This holds accurately for the case where the mesh size field is
the same for the base and the final mesh.

By utilizing an asterisk field (direction field with 6 turns) we can generate
triangulations of high quality in comparison with the initial mesh. Combining
this method with an appropriate knowledge of the underlying geometry, it could
be used as a tool for re-meshing triangulations to finer resolution and improved
quality.

Respectively, by utilizing a cross field (direction field with 4 turns), we can
generate right-angled triangulations suitable for recombination to quadrilateral
meshes. We have developed an optimization procedure that is applied on the
output right-angled meshes, in order to further maximize the quality of the
resultant quadrilaterals.

A multi-threaded strategy for our frontal point generation algorithm is pre-
sented. A more detailed analysis of the multi-threaded implementation will
follow in the future. The following step of our work is the generation of points
in an anisotropic fashion and thus the generation of boundary layer meshes.
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(a) base mesh (white is water) (b) cross field on base mesh

(c) generation of points in the domain (d) right-angled triangulation

(e) optimization of right-angled triangulation (f) final quadrilateral mesh

Figure 4.9: Step by step generation of a non uniform quadrilateral mesh around the
southern tip of Florida peninsula. Generation of points directed by the cross field
and optimization of right-angled triangulation maximizes the quality of the output
quadrilateral mesh.
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Figure 4.10: Quadrilateral mesh of world ocean (top left) with a zoom on the Mediter-
ranean sea (bottom) and on the sea of Japan (top right).
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Abstract

Quadrilateral meshes offer certain advantages compared to triangular
ones, such as reduced number of elements and alignment with problem-
specific directions. We present a pipeline for the generation of quadrilat-
eral meshes on complex geometries. It is based on two key components:
robust surface meshing and efficient indirect conversion of a triangular
mesh to an all-quad one. The input is a valid geometric surface mesh, i.e.,
a triangulation that accurately represents the geometry of the model. A
right-angled triangular mesh is initially created in the 3D space by contin-
uously modifying the input mesh while always preserving its topological
validity. The main advantages of our local mesh modification based ap-
proach are to (i) allow the generation of meshes that are globally aligned
with a given direction field and (ii) to handle robustly non-manifold fea-
ture edges (in multi-volume models) and small features. The final quadri-
lateral mesh is obtained by merging pairs of triangles into quadrilaterals.
A bipartite labeling scheme is utilized to identify and correct inconsis-
tent pairings. The algorithm is based on local operations and is much
more efficient than previous global strategies for tri-to-quad conversion.
The whole pipeline is tested on a large number of models with diverse
characteristics.

Keywords: surface meshing, quadrilateral meshing, bipartite labeling,
cross fields

5.1 Introduction

The automatic generation of quadrilateral meshes is still regarded as a chal-
lenging problem in mesh generation. Even though a lot of different approaches
exist, there is not to date a conclusive method, analogous to triangular meshing
which is considered highly mature and for which there are robust algorithms
based on strong mathematical foundations.

The purpose of this work is to address the problem of generating quadrilateral
meshes for complex 3D geometries. We strive for generality in our approach;
our input is simply a triangulation of the model. The triangulation can be an
STL representation of the geometry, triangulation of scanned data or a mesh
generated from a CAD model with standard Delaunay meshing techniques.
The input meshes may be of bad quality and contain non-manifold feature
edges. Our goal is to design a pipeline satisfying the following design goals:
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(i) robustness, i.e., guarantee of termination regardless of the complexity/bad
quality of input data, (ii) feature preservation, i.e., the persistence of some
user-defined internal and boundary curves, (iii) high element quality, and (iv)
efficiency, i.e., providing a meshing algorithm with a running time comparable
to or faster than conventional indirect technologies.

Figure 5.1: Quadrilateral meshes produced by our algorithm with input a CAD model
(left) and an STL triangulation (right).

To generate a high-quality unstructured quadrilateral mesh that preserves user-
defined features, we develop three independent steps: (i) we sample points
on the model edges and surfaces, guided from a metric field (cross-field and
an associated size-map), (ii) we use local-mesh modifications to continuously
remove points of the initial triangulation and add the new ones, leading to a
right-angled triangular mesh and (iii) we convert the triangular mesh into an
all-quad mesh using a novel approach based on a topological labeling scheme.

It is quite amusing to see that, when it comes to mesh generation, the expected
reliability rate of industrial-grade algorithms is essentially 100%, whereas few
engineers would ask for the same reliability rate for a CFD calculation, for
example. The input data supplied to our meshing algorithms are often noisy.
Inputs may be huge, with a wide range of scales. It is not surprising that
the most complex/tricky part of our work is related to robustness. We have
worked very hard to ensure that this mesh generator provides results regardless
of the complexity of the input data, as long as it is correct (i.e., a watertight
non-manifold triangulation). All the details of implementation cannot be fully
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described in a paper and, in order to ensure reproducibility of this work, the
whole implementation is available in Gmsh, the open-source mesh generator
[Geuzaine and Remacle, 2009]. To demonstrate the robustness of our algorithm,
we applied it to a large number of CAD models found in large CAD part
databases.

5.1.1 Related Work
Surface Meshing Surface mesh generation poses various difficulties related
to robustness, efficiency, and optimality. Of the several methods proposed in
the bibliography, we can identify two main categories [Borouchaki et al., 2000;
Lo, 2015]: i) Parametric approaches, where the surface mesh is generated in
the parametric space, and ii) Non-parametric (direct) approaches, where the
surface mesh is generated directly in the 3D space

In parametric approaches, the 3D surface is mapped to a 2D parametric space
[Lo, 1988; Sheng and Hirsch, 1992; Shimada and Gossard, 1998; Borouchaki
et al., 2000; Floater and Hormann, 2005]. Since the CAD surfaces (typically
NURBS patches) have underlying u, v representation, it can be efficient to gen-
erate a mesh in the plane with standard meshing techniques and after map
it back to the 3D space. Generating planar meshes in the parameter space is
a robust approach that is usually able to provide high quality meshes. Yet,
approaches that use the parameter plane are able to consider surfaces that are
isomorphic to a punctured disk. Meshing complex models with a parameter
space approach does not allow to globally align a mesh with a cross-field, since
each discrete patch of a CAD model may be equipped with an independent
parametrization and the feature edges that separate those patches are not nec-
essary aligned with the cross-field. Parametrization techniques can also be used
to remesh triangulations [Remacle et al., 2010; Beaufort et al., 2020]

Non-parametric (also referred to as direct surface meshing in the literature,
creating some ambiguity with the terms of direct/indirect approaches com-
monly used in quad meshing) approaches to surface meshing can be based on
quad-trees [Shephard and Georges, 1991; Frey and Marechal, 1998], advanc-
ing front [Löhner and Parikh, 1988; Lau and Lo, 1996] or Delaunay strategies
[Baker, 1989; Borouchaki et al., 1997]. One of the main advantages of the direct
approach is its usefulness for models where an underlying parametrization is
not available or when it is degraded. Local mesh modifications strategies to
remesh models described by STL triangulations are proposed in Wang et al.
[2006]; Béchet et al. [2002]. One of the main difficulties of this class of methods
is that the manipulation of geometry directly on the 3D space is a challenging
task that may lead to geometric or topologic ambiguities.
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Quadrilateral Meshing Initial efforts to automatically generate quadrilat-
eral meshes include grid based and paving algorithms. Grid-based methods
start with the generation of a background Cartesian or a quad-tree grid with the
subsequent snapping of elements to the domain boundaries [Baehmann et al.,
1987; Schneiders, 1996; Frey and Marechal, 2000]. The paving algorithm, first
introduced by Blacker and Stephenson [1991] generates quadrilateral elements
in an advancing-front fashion, propagating from the boundary to the interior.
Both classes of methods suffer from a degraded quadrilateral quality and high
node irregularity on specific regions of the domain: the latter on the domain
boundaries and the former on the front collisions on the interior. In Mitchell
et al. [2014], a bichromatic Delaunay quadrangulation method is presented,
with our current work building upon a similar concept.

On the other hand, quad conversion or indirect methods are based on the
merging of pairs of adjacent triangles of an input mesh to quadrilaterals [Lee
and Lo, 1994; Borouchaki and Frey, 1998]. In Q-Morph [Owen et al., 1999],
triangles are transformed into quadrilaterals with an advancing-front algorithm.
Blossom-Quad algorithm [Remacle et al., 2012] computes a perfect matching
to optimally pair triangles, while Remacle et al. [2013]; Baudouin et al. [2014]
produce meshes better suited for triangle-pairing by generating aligned right-
angled triangles.

Cross Fields Cross fields are nowadays commonly used in the context of
mesh generation, a line of research stemming from the computer graphics
community and global parametrization methods [Bommes et al., 2013b]. For
quad/hex meshing, cross-fields define preferred orthogonal directions on the
domain to guide creation of optimal elements [Ray et al., 2006; Palacios and
Zhang, 2007; Beaufort et al., 2017b]. Cross fields should be as smooth as pos-
sible (except at singular points) and aligned with the boundary of the domain.

5.1.2 Contributions
The quad meshing pipeline that is proposed follows a modular approach, with
each of the steps being an independent algorithm that can be re-used in various
situations (Figure 5.2). As stated before, our main concern is to provide a
reliable solution, i.e., we want the quad meshing pipeline to be resilient to
complex/ill-conditioned inputs.

The two main contributions of this work are:

1. Robust surface meshing. In our procedure, we follow the idea of Bau-
douin et al. [2014] of separating the generation of the points and the
creation of the elements. The main novelty of this work is our direct ap-
proach. In this work, the initial triangular mesh is continuously modified
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through robust local mesh modifications. The word continuous is chosen
in purpose: each local mesh modification that is performed guarantees
the topological integrity of the current triangular mesh. At the end of
the remeshing process, most of the points of the initial triangular mesh,
and in most cases all those points are removed from the triangulation
and replaced by the ones created to accommodate the cross field and size
field characteristics.

2. Straightforward and efficient all-quad meshing. We propose a
bipartite labeling scheme that propagates topology information on the
vertices during point generation. By using this information on the right-
angled triangular mesh, we are able to optimally place new Steiner points
to fix topological inconsistencies (odd-bounded regions on the interior)
and recover a bipartite, all-quad mesh. The approach is very efficient
since it converts a global problem to a local one.

5.2 Overview

Our algorithm takes as input a watertight, possibly non-manifold triangulation
T0. This initial mesh can be an STL triangulation, another triangular mesh
created by commonly used surface meshers, or the extracted boundary surface
of a volumetric mesh. The input triangulation T0 is classified: the word classi-
fied indicates the fact that the triangles are grouped into colors and interfaces
between colors are considered as feature edges that must be conserved in the
remeshing process. Internal feature edges may also exist that lie inside a group
of triangles with the same color. Note that feature edges can also be detected
based on the dihedral angle, given a user-defined threshold. We take into ac-
count two categories of feature edges in T0: (i) non-manifold feature edges with
two or more adjacent surfaces and (ii) internal (embedded) feature edges inside
surfaces (e.g., a crack for solid modeling)

All the necessary topological information is thus available in the initial mesh.
Surfaces are bounded by closed feature edges and those feature edges by feature
points. Consecutive feature edges form feature curves. Feature curves must be
preserved during the continuous mesh modification process. A key element of
our method is the ability to handle the model as a whole. We do not follow a
patch-wise approach where we handle each surface independently, followed by a
connection of curves to ensure conformity. A half-edge data structure [Kettner,
1998] is used to get connectivity information, and an array of boundary edges
that define feature curves is stored. We extend this data structure by storing
the type of boundary edge (manifold or non-manifold), along with the triangles
connected to each (one triangle for open boundary edges, two triangles for
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Figure 5.2: Schematic outline of the pipeline proposed for quadrilateral meshing

manifold edges, and a larger than two number for non-manifold ones). This
feature enables us to efficiently treat boundaries during surface meshing.

The scheme provides the flexibility to preserve the topological characteristics of
the input mesh, such as ’hard’ edges or user-defined feature curves, without re-
lying on extensive a priori knowledge of domain characteristics or a complicated
feature recognition preprocess [Shamir, 2008; Vieira and Shimada, 2005; Sunil
and Pande, 2008; Thakur et al., 2009]. Furthermore, by utilizing an appro-
priate data structure on top of the half-edge one, we can handle non-manifold
configurations that may occur in industrial CAD models.

The input triangulation T0 is considered as the geometric model. Two other
inputs are required for running the algorithm: (i) a unit cross-field f and (ii)
a size field h(x) that are both used for guiding the point insertion process.
Although T0, f and h can be independent, it is beneficial to have (i) a cross-
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field f that is aligned with the feature edges of T0 and (ii) a size field h that
takes into account both the local change of direction of the cross-field and small
features of the geometry. By default, f and h are computed using T0 as support.

The transformation of the triangulation T0 into the final quad mesh Tq is done
in three steps:

1. Point generation (§5.3). Points of the final mesh Tq are generated on the
triangles of this base/initial mesh T0, guided by both the cross and the
size field.

2. Point replacement (§5.4) The initial mesh T0 is continuously transformed
into another triangular mesh T1 by connecting the newly generated points
on T0 and subsequently removing the initial mesh points, utilizing local
mesh modifications.

3. From triangles to quads (§5.5) Mesh T1 is transformed into a quad mesh
by combining pairs of triangles. Here, a brand new approach is proposed
that is general, fully robust, and surprisingly simple.

The final quad mesh can be further optimized, both topologically and geo-
metrically, with the procedure outlined in Section 5.5.3. The simple model of
Figure 5.3 is used as an example to describe those three steps.

(a) (b) (c) (d)

Figure 5.3: Surface meshing steps. (a) Cross-field and size-field computed on the
input mesh. (b) Generated points embedded on the input mesh. (c) Inserting points
to the triangulation with local mesh modifications. (d) Right-angled triangular mesh
of the generated points.
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5.3 Point Generation

In this work, we take a standard surface-to-volume point of view of mesh gen-
eration on Gmsh [Geuzaine and Remacle, 2009] which essentially consists of
a bottom-up procedure. Model edges are discretized at first. Mesh lines on
the model edges are used as boundaries of model faces and mesh triangles on
model faces are used as the boundary of model volumes.

A set P of points on curves and surfaces are generated at first using an approach
that is similar to Baudouin et al. [2014]. The main difference with Baudouin
et al. [2014] is that all the operations are performed here directly on T0 without
using a parametric space. Our frontal approach requires the use of a cross-field
f that allows to structure the quad mesh and a size field h that allows taking
into account the various feature sizes of a model as well as changes of directions
of f (Figure 5.3a). Both cross and size fields that are used in this work have
been borrowed (Chapter 6 - Section 6.3). We refer to this paper for more
information on those two auxiliary fields. The method we follow has been
presented in detail on Georgiadis et al. [2017b]. In the following we will outline
the basic steps of this method for point sampling.

5.3.1 Line Point Generation
Each model line is uniquely defined from a list of non-intersecting connected
boundary edges. Given a size field h defined by a value at each boundary
point, we mesh the discrete representation of each line by following the general
guidelines of Frey and George [2008]. This leads to the set of points Pl =
{pi | i = 1, . . . , Ngl}. It is important to note that at this step, we can control
the generation to have an even number of points for each boundary curve.
This provides us with a topologically necessary condition for all-quadrilateral
meshing (see §5.5).

5.3.2 Surface Point Generation
Starting now from the Ngl generated points on mesh lines, we want to spawn
a set of points Ps = {pi | i = 1, . . . , Ngs} on the surfaces in the directions
provided by the cross-field f(x) and with respect to the underlying size field
h(x). The point set Ps, along Pl, will lead to a right-angled triangulation T1
that is well suited for combining triangles into quadrilaterals and form Tq.

The cross field f gives Nd = 4 orthogonal directions. A priority queue is
initially filled with the Ngl boundary points. In order to have points inserted
“by layers”, the priority queue that is chosen is a first-in, first-out queue. The
point pi at the top of the queue then tries to insert Nd points pij in the
j = 1, . . . , Nd directions defined by f(pi) and at a distance h(pi). We want to
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to create the new point exactly at distance h(pi) from the seed one and embed it
unambiguously in the underlying surface. For this, we use a circle-intersection
operation. We define the circle Ci of center pi and radius h(pi) that lies on the
plane formed by the direction vector dij and the normal to the triangulation
at our origin point ni. We compute the new point pij as the intersection
point of the circle Ci with the underlying triangulation by successively in the
triangulation.

For the filtering of nearby points during generation we have used two options.
For the first one, we can use the input mesh T0 as a data structure [Georgiadis
et al., 2017b]. The second choice is to simply use an R-tree for spatial queries.
Both choices gives us a list Pf = {pk, k = 1, . . . , nf} of nearby points to the
point in question. For each of these points we compute if they are inside an
exclusion box defined by the input metric filed (with the orientation of the
box given by the directions). A different metric input can be trivially used if
necessary.

The whole procedure finalizes when no points are left in the priority queue and
our domain is filled with the cross-field aligned point set P (Figure 5.3b).

5.4 Surface Meshing

    Point 'close' to 
  initial mesh point

Point lying on 
  mesh edge

  Point 'purely' inside 
     a mesh triangle

Figure 5.4: Generated points (green) - Initial mesh (red points to be removed)

The objective now is to create a surface mesh with the set of optimal points
P = {pi | i = 1, . . . , Ng} (where Ng = Ngl +Ngs) that have been generated on
curves and surfaces. The idea is straightforward: connect the generated points
P on the initial mesh T0, and subsequently remove the initial mesh points
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(Figure 5.4). A similar idea but in a different context has been used in Ray
et al. [2018], leading to a quad-dominant mesh.

Robustness is of crucial interest in our method, since modifying geometrical
aspects of general surfaces in 3D space is a delicate task. With our approach,
the main goal is to preserve the topological integrity of the mesh through each
step of the process, while not compromising the accuracy of the geometrical
representation of the surface.

We can identify two complementary sets of generated points pi:

i. Ngl points lying on lines (boundary edges)

ii. Ngs points lying purely on surface triangles

with a corresponding unique parent element (boundary edge or mesh triangle
respectively) already stored for each of these points. Correspondingly, there
are Nr points from the initial mesh: Nrl points of the boundary edges and Nrs
points of the ’interior’ surface. This division enables us to perform a bottom-
up procedure where topological entities are handled independently (first mesh
lines and then surfaces). We can therefore ensure that each step will have a
well defined ’predecessor’ mesh to build upon.

5.4.1 Local Mesh Modifications
The basic operations utilized to locally modify the mesh follow:

Split Triangles Given a surface point and its parent triangle, split it by
replacing it by three triangles. This operation is trivial to implement since it
cannot change the geometry or the topology of the mesh.

Figure 5.5: Splitting (left) and collapsing (right) a non-manifold feature edge

Split Edges Given a point that lies on a mesh edge, split this edge. For
points on boundary edges we already know the parent edge, while for points
on triangles it is easy to compute if the point lies on a triangle edge (given a
user-defined threshold value ε). For non-manifold boundary edges, we split all
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the corresponding triangles connected to this edge (Figure 5.5, left). This set
of triangles is readily accessible from the extended data structure for boundary
edges.

Collapse Edges Remove points from the triangulation by collapsing an edge.
Collapsing an edge is not always a valid operation since it can create flipped or
degenerate elements. We check the fan of n triangles connected to the vertex in
question and choose an edge that can be collapsed. The resulting n−2 triangles
should not intersect with neighbouring ones. Again, non-manifold edges can
be collapsed if all corresponding ’half-fans’ pass the validity test (Figure 5.5,
right).

Swap Edges Given an appropriate quality criterion, swap the edge if the
topology is not violated. Obviously, a boundary edge cannot be swapped. Edge
swaps have a significant role during collapsing of edges, since it is not always
feasible to collapse all unnecessary vertices at the first pass. Edge swaps serve
at this point to create improved conditions for the next collapsing iteration.
Collapsing numerous mesh vertices leads to steep angles; therefore we swap
edges if it does not result to bigger dihedral angles. At the final step, swaps
can be performed based only on quality criteria.

5.4.2 Outline

Algorithm 2: Direct Surface Meshing with Local Modifications
input : Initial triangulation T0

generated set of points P to be triangulated.
output: A new mesh T1

for Ngl points on lines do
Insert points on mesh lines by splitting boundary edges;

for Ngs points on surfaces do
Insert point on mesh surfaces by splitting edges or triangles;

Swap edges of intermediate mesh T1;
while Nr 6= 0 do

for Nrl points on lines do
Collapse initial points on mesh lines;

for Nrs points on lines do
Collapse initial points on mesh surfaces;

Swap edges;
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The procedure consists of the following (Algorithm 2). All generated points
are flagged to be inserted while all initial points are flagged to be removed.
Starting from the model lines, each generated point splits its corresponding
parent boundary edge, which can be manifold or non-manifold. Each point has
a unique parent boundary edge and the splitting is done based on its parameter
t ∈ [0, 1], thus defined in a unambiguous way. If a point to be inserted is ’close’
(w.r.t to ε) to an initial mesh point, we flag the latter to be preserved instead of
the former in order to avoid small-scale geometric ambiguities that may occur.
The procedure follows until all points on model lines are inserted into the mesh.
Following, points on surfaces are inserted by splitting triangles. These points
have a unique parent triangle, and the splitting is based on the barycentric
coordinates. If a point is ’close’ w.r.t to ε on one of the triangle’s edges, we
split the edge, and if a point lies ’close’ to an initial point, it gets disregarded
(as explained for points on lines).

At this stage, we have an ’enhanced’ intermediate mesh containing the initial
(red) and generated (green) points (Figure 5.3c). This mesh is of low qual-
ity, but our interest here is that it represents as accurately as possible the
underlying surface and respects the topology of the initial mesh. A quality im-
provement with edge swaps can be performed here, though it is not a necessary
condition to continue to the next step.

We want now to remove the initial mesh points. Starting again from boundary
edges, we iterate for all boundary points and examine if one of the two con-
nected boundary edges can be collapsed (obviously, we do not want to collapse
a boundary point inside the surface). Similarly with the procedure of splitting
boundary edges, we can collapse non-manifold boundary edges without com-
promising the conformity of the mesh. Subsequently, points on surfaces are
removed by collapsing interior edges. Since not all points are guaranteed to be
removed in the first pass, the two discrete loops for points are encapsulated in
a while loop that terminates when no point to be removed remains or breaks
if the remaining ’red’ points cannot be removed at all. This is a crucial part
since it prevents the algorithm from producing invalid topology. When an ini-
tial mesh vertex cannot be collapsed, it can simply remain in the final mesh. In
practice, we observe that no more than two iterations are necessary to remove
unwanted vertices for most of the models tested. While inserting points in the
triangulation by split edge/triangle operators is trivial, robustly implementing
the collapsing step proved be a fairly strenuous task for the general case.

5.5 Bipartite quadrilateral labeling

At this point, we have in hand a mesh T1 that is right-angled and ready to be
transformed to an all-quad mesh by triangle pairing. A necessary condition for
an all-quad mesh to exist is to have an even number of edges on the boundary
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of each surface of the model. In this work, we trivially impose this condition on
the feature curves that bound the surfaces during the first step of the pipeline
(Section 5.3.1). Disappointingly, dividing each curve into an even number of
segments is not sufficient to ensure the existence of a perfect matching, i.e., a
triangle-pairing that involves all triangles of T1. This is a typical obstacle of
triangle-pairing methods, leading to isolated triangles that cannot be locally
removed. A naive way to eliminate those triangles is to perform a Catmull-
Clark subdivision [Catmull and Clark, 1978], converting a quad-dominant mesh
to an all-quad at the expense of vastly increasing the number of elements as
well as the number of irregular vertices. In Blossom-Quad [Remacle et al.,
2012] a more sophisticated solution is proposed by computing a minimum-cost
perfect matching of the dual graph to offer a global solution. Still, ensuring a
graph to contain at least one perfect-matching remains quite complicated.

vP

Ck C

Cl

Figure 5.6: Every cycle C is even so the graph is bipartite and is 2-colorable. Starting
from one 2-colored boundary Ck, it is possible to find the color of any vertex v /∈ Ck

by 2-coloring any path P between Ck and v.

We propose here a new idea for constructing one perfect matching in a tri-
angular mesh: all edges of the matching will be used to combine their two
neighboring triangles and form a quad mesh.

Let us first recall some elements of graph theory. A graph labeling is the as-
signment of labels to the nodes of the graph. A graph coloring is a special
case of graph labeling; it is an assignment of labels traditionally called col-
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ors to the nodes of the graph with the constraint that the graph contains no
monochromatic edge, i.e., no edge connecting two nodes with the same color.

A bipartite graph G is a graph that can be 2-colored. An important property
of a bipartite graph is that it does not contain any odd-cycles1.
Let us now look at the quadrilateral mesh of a domain Ω as a graph G. We as-
sume here that the boundary ∂Ω of Ω is divided into n separated sub-boundaries
∂Ωi, i = 1 . . . n, with each of the sub-boundaries ∂Ωi forming a boundary cycle
Ci in G. We assume that each Ci is an even-cycle. Under these conditions,
it is easy to see that G is bipartite. We consider a cycle C of G: C bounds a
quadrilateral mesh and it is known [Beaufort et al., 2017b] that every quadri-
lateral mesh has an even number of boundary vertices. If the domain D that
is enclosed by C is simply connected, then C is its only boundary and C is an
even-cycle. If D is not simply connected, its boundary contains other boundary
cycles Cl that are by hypothesis even-cycles. Thus, ensuring that every bound-
ary cycle Ck is even is sufficient to ensure that any other cycle C is even as well.
Figure 5.6 illustrates the aforementioned reasoning. It should be noted that
not all quad meshes are bipartite: it only holds when every boundary cycle is
even.

It should be noted as well that, starting from the 2-coloring of one of the
boundary cycle Ck, the 2-coloring of the rest of the graph is unique: the color
of any vertex v /∈ Ck is found by coloring any path P between any vertex of
Ck and v (see Figure 5.6).

(a) (b) (c) (d)

Figure 5.7: Bipartite topological correction. (a) Initial labeling on the even-sided
boundary. (b) Splitting topologically inconsistent triangle. (c) reposition of vertex
according to opposite labelled stencil. (d) recovery of quadrilaterals (defined by same-
labelled edges).

Now let’s come to our point. Assume a triangulation of Ω and a bipartite
labeling of its vertices. The graph of a triangulation is obviously not a bipartite
graph – every triangle forms an odd-cycle and therefore it cannot be 2-colored.

Assume now that the labeling is done in such a way that there exist no
monochromatic triangle (a triangle is monochromatic if its three vertices have

1An odd-cycle is a cycle of odd length.
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the same label). Then, the set of monochromatic edges of the triangulation
forms a perfect matching and removing monochromatic edges thus leads to the
desired quadrangulation. The proof is simple: every triangle of the mesh has
exactly one monochromatic edge, which means that each triangle will be cho-
sen exactly once for creating a quad: this is by definition a perfect matching.
The only possible issue would be the existence of monochromatic edges on ∂Ω.
This issue is avoidable if every boundary cycle is even: coloring should be done
at first on ∂Ω and then be propagated inside.

Now the last question: is it possible to avoid monochromatic triangles? The
answer is no, at least not without modifying the triangulation. We start by
analyzing the simplest possible case of an even triangulation without perfect-
matching (see Figure 5.7a). In this example, all labelings leave the internal
triangle monochromatic so there exists no perfect matching in this graph. In
other words, merging any of the three possible pairs of triangles would leave two
non-connected triangles ’hanging’. In general, picking edges in the graph while
constructing a matching may split the graph into disconnected sub-graphs with
an odd number of edges on their boundaries, thus not allowing a perfect match-
ing. This condition is a special form of a well-known graph theory theorem from
Tutte [Bondy and Murty, U. S. R, 1976]. By inserting an additional Steiner
point of the opposite label (by splitting one edge of the triangle in question)
our condition is met (Figure 5.7b). A perfect matching actually exists and is
composed of all monochromatic edges as demonstrated above (see Figure 5.7d).

5.5.1 Random labeling
Let us start by 2-coloring the boundary cycles Ck of Ω and assign a random
label to all internal vertices. Figure 5.8(a) shows this initial random labeling.
Random labeling is not the worst-case scenario: it typically produces 25% of
monochromatic triangles. Yet, this number is too big because the number
of Steiner points that should be added to remove all those monochromatic
triangles is sufficiently large to damage the mesh size field.

It is possible to dramatically decrease the number of monochromatic trian-
gles by applying the following smoothing algorithm. Each internal vertex is
re-labeled if changing its label reduces the number of (its adjacent) monochro-
matic triangles. The smoothing usually ends with monochromatic triangles
that are either isolated or form adjacent pairs (see Figure 5.8(b)). In this spe-
cific example, no pairs are observed but they cannot be avoided in the general
case.

Then, bipartite topological correction is performed. When monochromatic tri-
angles appear in pairs, their common edge is split. When they are isolated, we
choose to split their longest edge, to not degrade the accordance with the size-
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(a) (b) (c)

(d) (e)

Figure 5.8: Different stages of the quadrangulation process. (a) Random labeling of
the internal vertices, monochromatic triangles are colored. (b) Local label smoothing.
(c) Splitting of remaining isolated monochromatic triangles. (d) Merging triangles
using monochromatic edges and obtention of a 2-coloring. (e) Final quad mesh after
topological optimization.

field. This process continues until all monochromatic triangles are eliminated.
Figure 5.8(c) shows the final labeling without any monochromatic triangle.

The triangular mesh of Figure 5.8(c) can then be transformed into a quadrilat-
eral mesh by removing its monochromatic edges as depicted in Figure 5.8(d).
Mesh of Figure 5.8(d) is not so good (and it is a euphemism). We had to use
all Gmsh’s heavy optimization weaponry to obtain the final mesh of Figure
5.8(e). We must confess here that we were not expecting a random labeling to
provide such a good mesh: this tells a lot about the excellent performances of
our recent optimization strategy for quad meshes (Chapter 6).

5.5.2 Cross field guided labeling
The triangular mesh of Figure 5.8(a) is not suited to be transformed into a
quadrilateral mesh; obtaining a good mesh at the end heavily relies on advanced
optimization. In Section 5.3.2, we proposed an advancing front scheme where
each point tries to add other points in 4 orthogonal directions provided by a
cross-field. The cross-field guided point insertion process essentially produces
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an excellent labeling scheme: new vertices added by a vertex v have the opposite
label of the one of v (since the edges formed between these vertices will be
the cross-field aligned ones that we want to have in the final quad mesh).
Figure 5.9a shows the initial labeling after frontal point insertion. As few as
14 monochromatic triangles are present in the triangular mesh, leading to a
very small amount of Steiner points. More importantly, no Steiner point has
been inserted at the vicinity of the boundary, leading to several perfect layers
of quads (see Figure 5.9d).

At this stage, we have constructed the underlying topological connectivity of an
all-quad mesh (Figure 5.9b). Mesh vertices can be repositioned at the center of
the stencil of opposite labeled neighbors (essentially a single iteration Laplacian
smoothing, e.g. Figure 5.9c). In the case of non-planar surfaces, the reposi-
tioned vertices are projected onto the original triangulation. Further and more
suited smoothing (e.g., Winslow smoothing [Knupp, 1999]) can be performed
on the final quadrilateral mesh. We can then trivially extract an all-quad mesh,
since each pair of triangles whose common edge has two same labels defines a
quadrilateral (Figure 5.9d). At this point, the advancing labeling scheme is
converted to the true 2-coloring of the final bipartite quadrilateral mesh. An-
other way to see this is that the set of same-colored edges is perpendicular to
the set of the edges of the perfect-matching of the dual. It is interesting to
note that forming the quads this way before inserting the additional vertices
would lead to a quad-dominant mesh with non-quad polygonal regions that are
even-sided due to the bipartite condition.

Finally, it must be noted that our algorithm is straightforward, and linear
in time compared to the computation of an optimal perfect matching, which
is quadratic in time and very complex. For the sake of completeness, the
algorithm is presented on Algorithm 3.

5.5.3 Topological optimization
Quad mesh Tq is usually of high quality since it follows the cross-field directions.
However, it can further be optimized, both geometrically and topologically
(Figure 5.12). We are not going into the details of the optimization step. The
next step in our developments will be to complement our approach with the
procedure proposed in Chapter 6 that takes as input the quad mesh Tq, the
cross-field f as well as the size field h. The main features of this optimization
process are:

• All vertices of high valence are eliminated.

• All boundary vertices have their optimal valence in such a way that we
can create a boundary layer mesh without effort.
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(a) (b) (c) (d)

Figure 5.9: Bipartite all-quad meshing. (a) Topologically inconsistent triangles. (b)
Insert vertices (Steiner points). (c) Reposition of vertices. (d) Bipartite all-quad
mesh.

Algorithm 3: All-Quad Surface Meshing
input : (Right-Angled) Triangulated Surface Tr

binary label for each vertex vi ∈ Tr
output: All-quad mesh Tq
for Nt triangles do

Flag triangles with 3 vertices of same label;
for Ne edges do

if adjacent triangles ti and tj are flagged then
Split edge;

for the rest (isolated) flagged triangles do
Split longest edge of the triangle;

for Ne edges do
if edge vertices have the same label then

Form a quadrilateral from the two adjacent triangles of the
edge;

• Isolated irregular vertices corresponding to the singularities of the cross
field are preserved.

• Advanced vertex relocation schemes are performed to obtain a geometry
regular quad mesh.
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Figure 5.10: CAD model with multiple volumes, leading to non-manifold feature
curves.

5.6 Results

To demonstrate the capabilities of our methodology, we have tested the whole
pipeline on a variety of cases with diverse characteristics (Figure 5.11). One
of the most challenging aspects of our methodology is the removal of the ini-
tial mesh points by collapsing and testing multiple ’extreme’ cases on that is
an ongoing process. As desired, non-manifold features are well-handled and
conformity is preserved. The final conversion to an all-quad mesh proves to
be straightforward and efficient, given that the input respects the fundamental
topological condition (i.e., even number of edges on each curve). In certain
cases, especially when the requested size field is much coarser than the geo-
metric characteristics of the model, we may encounter minor defects such as
doublet quads or flat quads on the boundary (since boundary vertices cannot
be repositioned). Both cases can be locally handled, the former by merging the
doublet into one quad and the latter by inserting additional vertices and thus
’pushing’ the boundary irregular vertex inside the domain.

A desired property of our mesh generation process is to keep user intervention
at a minimum. Input parameters are a threshold value ε to suppress potential
discrepancies during local mesh modifications and the angle threshold to detect
hard edges. This angle threshold may be disregarded, and the algorithm can
initiate from a random edge of the initial mesh instead of the model curves.
We keep in mind that this may result in low-quality meshing on hard edges.

Cross-fields are precomputed and considered input to the algorithm, or they
can be taken as the unit axis directions for practical purposes. Size-fields
can be a uniform input size or computed from the curvature and geometric
characteristics of the input mesh. Both cross and size fields impact considerably
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Figure 5.11: All-quad meshes on various models obtained from the following
databases: ABC [Koch et al., 2019], MAMBO [Ledoux] and Thingi10k [Zhou and
Jacobson, 2016].
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the output mesh quality, and we can observe that the directionality of the
elements matches the input cross-field directions. The output meshes shown
here consist of the ’raw’ quadrilateral meshes, without any smoothing or further
optimization (an example of further optimizing a quad mesh is presented on
Figure 5.12).

One of our main interests is the computational efficiency of the method. The
majority of operations are local and the algorithms of linear complexity. The
most time-consuming parts of our pipeline is the (inevitable) use of spatial
search structures (involved in filtering and also in projection of points onto the
triangulation in the all-quad conversion). Indicatively, the generation of quad
mesh of ∼ 100k vertices takes on average ∼ 1 second for the generation of
points, ∼ 2.5 seconds for the surface meshing and less than 1 second for the
all-quad conversion, with a single thread.

Figure 5.12: Left: unstructured quad mesh produced with our pipeline, where we can
observe the excess of irregular vertices. Right: quasi-structured quad mesh obtained
with the topological optimization presented on Chapter 6.

5.7 Conclusions

We have presented a method for the creation of quadrilateral surface meshes
on general complex geometries. One of the important aspects of our pipeline
is its modular nature. Each step can be independently used, for example, a
more efficient point sampling method could be used, or a typical CAD meshing
algorithm to generate the mesh with these points.

The surface meshing algorithm proposed is used to produce right-angled trian-
gles, but it can be repurposed as a re-meshing tool for triangulations, given ap-
propriate input (i.e. an ’asterisk’ field [Beaufort et al., 2017b; Georgiadis et al.,
2017a]). The proposed two-step method for surface meshing aims at balanc-
ing the trade-off between output quality and robustness. One of its strengths
is the ability to handle the model as a whole and thus create cross-aligned
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elements globally. While producing high-quality elements in this aspect, we al-
ways respect the topology and succeed at meshing small-scale and non-manifold
features as shown in the results demonstrated (Section 5.6).

A novel method to obtain an all-quad mesh from any quad-dominant mesh with
minimal, if any, post-processing clean-up is introduced. By using a bipartite
labeling scheme, we simplify the global treatment required for quad meshing to
a set of localized operations that can be performed on a quad-dominant mesh.
We are thus enabled to produce always a high-quality quad mesh, regardless
of the complexity of the model. Our meshes can be further optimized with a
strategy to remove the majority of irregular vertices, presented on Chapter 6.

We are currently in the process of incorporating this quad surface mesher as a
component of a general high-quality hex-dominant meshing pipeline, where it
will be used as the volume bounding surface. An interesting open problem to
this end is if hexahedral element generation should be constrained by a quadri-
lateral mesh, and if yes, what would be its optimal characteristics. Besides
that, we are investigating ways to take advantage of the topological labels used
here for quadrilateral elements to the generation of hexahedra, possibly with a
labeling scheme that can codify more topological information.
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Quasi-structured quadrilateral meshing.

This chapter is a reproduction of the following paper:

Reberol, M., Georgiadis, C., Remacle, J.-F., submitted, Quasi-structured
quadrilateral meshing in Gmsh – a robust pipeline for complex CAD models.
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Abstract

We propose an end-to-end pipeline to robustly generate high-quality
quadrilateral meshes for complex CAD models. A initial quad-dominant
mesh is generated with frontal point insertion guided by a locally in-
tegrable cross field and a scalar size map adapted to the small CAD
features. After triangle combination and midpoint-subdivision into an
all-quadrilateral mesh, the topology of the mesh is modified to reduce the
number of irregular vertices. The idea is to preserve the irregular ver-
tices matching cross-field singularities and to eliminate the others. The
topological modifications are either local and based on disk quadrangu-
lations, or more global with the remeshing of patches of quads according
to predefined patterns. Validity of the quad mesh is guaranteed by mon-
itoring element quality during all operations and reverting the changes
when necessary. Advantages of our approach include robustness, strict
respect of the CAD features and support for user-prescribed size con-
straints. The quad mesher, which is available in Gmsh, is validated and
illustrated on two datasets of CAD models.

Keywords: quadrilateral meshing, unstructured meshing, computer-
aided design

6.1 Introduction

There are essentially two main scientific communities that have been histor-
ically interested in generating quadrilateral meshes: the engineering analysis
community, as these meshes are good geometrical support for the finite element
and finite volume methods, and the computer graphics community which, be-
sides application in numerical simulations, has good use for them in surface
modeling (e.g. subdivision surface) and texturing.

The engineering analysis community has been working on algorithms for gener-
ating quadrilateral meshes for several decades, leading to two main categories
of industrial-grade techniques. The first one is to manually decompose the
CAD model in quadrilateral patches, with potentially some semi-automatic as-
sistance. The patches are then filled with quads while considering user element
sizing specifications,e.g. anisotropic quads with geometric progression from the
boundary layers. This approach is very time-consuming and is mainly used for
demanding numerical simulations such as CFD. On the other end, various fully
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automatic approaches have been developed for generating unstructured quadri-
lateral meshes, such as paving [Blacker and Stephenson, 1991] or Blossom-Quad
[Remacle et al., 2012] with frontal Delaunay point insertion [Remacle et al.,
2013]. Their disadvantages are the potentially high number of irregular ver-
tices, the non-regular alignment of edges in the mesh (affecting smoothness of
gradients in simulations) and the lack of user control. Both approaches are
now available in most mesh generation packages, including Gmsh [Geuzaine
and Remacle, 2009].

In the last decade, the computer graphics research community has thoroughly
developed and explored cross-field based techniques for quadrilateral mesh-
ing, with a focus on the automatic generation of high-quality block-structured
quadrilateral meshes, or equivalently coarse quadrilateral layouts which parti-
tion the object surfaces into conforming quadrilateral patches. Finite element
practitioners quickly became interested in these ideas because of their poten-
tial to replace semi-automatic block-structured mesh generators by fully auto-
matic ones. A fruitful line of research revolves around the construction of a
global parametrization from which we can extract an all-quadrilateral mesh.
The global parametrization is a discontinuous mapping that maps a 2D grid
from the parameter domain to the model surface, with discontinuities to al-
low for the existence of irregular vertices (Sec. 6.1.2 for more details). The
work presented in the current paper started from an attempt to apply such a
global parametrization technique in the context of CAD meshing in Gmsh, as
explained later (Sec. 6.2).

The quasi-structured quadrilateral meshing pipeline that we propose exploits
the strength of both worlds. We rely on the robustness of automatic unstruc-
tured quad meshing techniques, and we use the topological and geometrical in-
formation from cross fields to transform unstructured meshes into high-quality
ones, with few but well located irregular vertices. Our approach has many
advantages which are important for CAD meshing: it always produces valid
quadrilateral meshes, it strictly respects all CAD features and it supports non-
uniform element size maps. The new quad mesher is integrated in Gmsh (ver-
sion 5 and higher) [Geuzaine and Remacle, 2009] and its implementation is
open-source.

6.1.1 Overview
This paper proposes a robust end-to-end pipeline to build quasi-structured
quadrilateral meshes for arbitrary CAD models. Our only requirement of the
input CAD model is that it is valid in the sense that it is possible to gener-
ate a triangulated mesh with standard techniques. This includes non-manifold
surfaces, which typically appear when the CAD models contains multiple vol-
umes. By quasi-structured quadrilateral mesh, we mean that the number of
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a)

b)

c) d)

Figure 6.1: The quasi-structured quad meshing pipeline applied on the model M3
[Ledoux] (111 CAD corners, 169 curves, 60 faces). The cross field and its associ-
ated conformal scaling is computed on a initial triangulation (a). The size map (b)
combines the cross field scaling and is adapted to the small CAD features. The
initial unstructured all-quadrilateral mesh (c) is computed with a frontal approach,
and contains 3429/54982 irregular vertices. After cavity remeshing, the final quasi-
structured mesh (d) contains 606/56743 irregular vertices. 78 of them match the cross
field singularities (a) and the others allow the mesh size transitions (b).

irregular vertices is small compared to the usual unstructured techniques, and
close or equal to the number of irregular vertices obtained with cross-field based
parametrization approaches when the target mesh size is smaller than the CAD
features (e.g. Fig. 6.2). Our meshing pipeline, illustrated on Fig. 6.1, is:

Step 1: Compute a scaled cross field on each CAD face, using an initial
triangulation. The cross directions are computed with a fast
multilevel heat diffusion approach and a conformal scaling is
obtained by solving a linear system, see Sec. 6.3.

Step 2: Compute a global metric field (combined direction field and
scalar size map) from the prescribed sizing constraints, the small
CAD features and the conformal scaling associated to the cross
field, see Sec. 6.4.

Step 3: Generate the meshes of the CAD curves considering the size map
and global topological constraints, see Sec. 6.4.3.

Step 4: Generate the quasi-structured quadrilateral meshes of the simple
CAD faces which match predefined patterns, see Sec. 6.6.1.2.

Step 5: Generate unstructured quadrilateral meshes on the remaining
CAD faces, using a frontal approach guided by the cross field
scaled by the size map, see Sec. 6.5.
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Step 6: Modify the quadrilateral mesh topology to make it quasi-
structured, by removing defects with local disk-quadrangulation
operations (Sec. 6.6.3) and by remeshing convex cavities to
match the cross field singularities (Sec. 6.6.2).

With this pipeline the ultimate focus is on robustness, which has precedence
over all other considerations. The unstructured quad mesh is geometrically and
topologically valid by construction (quad-dominant mesh subdivided into full-
quad). For all the remeshing operations, we always verify that the topology and
the geometry remain valid, and we reject the ones which invalidate or degrade
the element qualities.

The scaled cross field guides the unstructured point insertion and its singular-
ities are used to constrain the cavity remeshing. All the steps produce valid
outputs even if the cross field is not accurate or is topologically invalid. The
key idea to robustly deal with complex CAD models is to use the cross field
as an auxiliary tool without entirely relying upon it, since it may and usually
contains many defects (does not take small CAD features or quantization into
account, may have wrong singularities, may have insufficient accuracy).

Figure 6.2.2. illustrates our pipeline for a single surface. In practice, this
surface should be seen as a particular CAD face of a larger model, so its 1D
boundary mesh cannot be modified without affecting its neighbors. This com-
patibility constraint between the meshes of adjacent CAD faces is one of the
major sources of difficulty when dealing with complex CAD models. We can
look at a more realistic CAD model on Fig. 6.1, where the CAD faces are
meshed independently. After topological improvement (Fig. 6.1.d.), there are
still irregular vertices that do not match singularities from the cross field. These
are due to the curve quantization which follows the size map (Fig. 6.1.b.), and
which is necessary to take small CAD features into account. For more detailed
discussions and applications to complex models, see Sec. 6.7.

Because we present an end-to-end mesher, a lot of ground is covered and it
is not practical to describe everything in details. We try to provide extensive
references to the literature so the reader can refer to them for further details
on specific parts of the pipeline.

6.1.2 Related work
Unstructured quadrilateral meshing A classic approach to generate un-
structured quadrilateral meshes is to start from the boundary and to pro-
gressively insert points in the surface. The paving algorithm [Blacker and
Stephenson, 1991] directly generates quadrilateral in an advancing-front fash-
ion. Indirect methods first generate a triangulation with well-placed vertices



74 Chapter 6 – Quasi-structured quadrilateral meshing.

then merge pairs of triangles into quads [Lee and Lo, 1994; Borouchaki and
Frey, 1998]. There are many ways on how to choose the merged triangles. In
Q-Morph [Owen et al., 1999], triangles are transformed in quadrilaterals with
an advancing-front algorithm. BlossomQuad [Remacle et al., 2012] computes
a global perfect matching to optimally pair triangles, which works especially
well with right-angled triangles generated by Remacle et al. [2013].

These methods generally suffer from degraded mesh quality and high vertex
irregularity, especially at front collisions. But on the other hand, they are
highly robust. Even when a pure quad mesh cannot be obtained directly, it’s
always possible to perform a midpoint subdivision, also called Catmull-Clark
subdivision, to obtain an all-quadrilateral mesh by splitting the triangles into
three quads and the initial quads into four sub-quads.

Cross fields In the last decade, cross fields [Hertzmann and Zorin, 2000;
Ray et al., 2006; Palacios and Zhang, 2007] have become very popular for
quadrilateral meshing. Crosses can be seen as infinitesimal quads and they
have topological structures which match quad mesh topology, such as cross
singularities which have one-to-one correspondence with quad mesh irregular
vertices [Bunin, 2006; Ray et al., 2008].

Cross field can be computed by minimizing a smoothness energy, either by di-
rectly optimizing the angles [Bommes et al., 2009] or by smoothing a vector
representation with a way to ensure that the variables stay crosses, such as
Ginzburg-Landau penalization [Beaufort et al., 2017b] or with iterative pro-
jection [Viertel and Osting, 2019]. In this paper, we use the MBO method
[Viertel and Osting, 2019] where we alternate diffusion and projection, with
varying time stepping [Palmer et al., 2020] and additional optimizations (Sec.
6.3.1).

It is important to note that cross fields are not integrable by default. On a cut
domain, a cross field can be seen as two orthogonal unit vector fields. To have
integrable vector fields, it is necessary to break the orthogonality [Sageman-
Furnas et al., 2019] or to scale the amplitudes. Ray N. et al. Ray et al. [2006]
introduce a correction step to make the two vector fields curl-free. Another
approach it to solve a linear problem to compute a global conformal scaling
from the cross field singularities [Bunin, 2008; Ben-Chen et al., 2008], which can
be applied to both vector fields. We compute a similar conformal scaling (Sec.
6.3.3) by canceling a Lie bracket, without using the cross field singularities.

There are various ways to exploit the cross field information for quad meshing.
It can be used as a directional guide for frontal point insertion, as in Remacle
et al. [2013] and in our unstructured initialization (Sec. 6.5). A popular al-
ternative is to directly build the quadrilateral layout by tracing separatices in
the vector fields, e.g. [Campen et al., 2012; Myles et al., 2014; Pietroni et al.,



§6.1 Introduction 75

2016]. Another common approach is to integrate the cross-field by computing
a parametrization.

Cross field based parametrization A parametrization associated to a
cross field is usually made of two scalar fields u, v such that their gradients
are aligned with the cross field directions. Such parametrization is a mapping
from the 2D parameter space to the 3D surface. The mapping discontinuities,
which are cuts on the model surface, allow for the existence of irregular ver-
tices on the quadrilateral mesh. QuadCover [Kälberer et al., 2007] introduced
globally coherent parametrization to integrate a cross field, with integer grid-
preserving constraints on a cut-graph to ensure global coherency. This idea
have been highly refined and improved in the form of integer grid mapping
[Bommes et al., 2009, 2013a; Campen et al., 2012; Ebke et al., 2013]. With
these approaches, the irregular vertices in the final quad mesh strictly match
the cross field singularities. Alternatively, the parametrization formulation can
be relaxed, either by computing local parametrizations [Jakob et al., 2015] or
a loosely constrained global parametrization which relies on periodic functions
[Ray et al., 2006]. In both cases, there are additional irregular vertices in the
final quad mesh introduced by the relaxation. Our experience with a global
parametrization attempt is detailed in Sec. 6.2.

Topological meshing and modifications Unstructured quadrilateral
meshing methods do not naturally offer the regularity and structure obtained
with global parametrization methods. Is it possible however to reduce the
number of irregular nodes and improve quality by performing topological mod-
ifications on an unstructured quad mesh. Due to topological constraints in
quadrilateral meshes (Sec. 6.1.3), there is no simple local operation such as the
edge-split or edge-collapse, but there are still many possibilities, some global
such as chord collapsing [Daniels et al., 2008] and other more local [Docampo-
Sánchez and Haimes, 2019] but which are restricted to specific vertex-valence
configurations.

In this work, we are particularly interested in operations that modify the con-
tent of a patch of quads inside the mesh, called cavity, without changing its
boundary. For triangular and pentagonal cavities, Bunin G. [Bunin, 2008] has
shown that we can find a topological quad mesh replacement with a single ir-
regular vertex by solving a linear system. This local clean-up is a fundamental
piece of the Jaal quad mesher [Verma and Tautges, 2011], with a later extension
to more generic replacement patterns [Verma and Suresh, 2015].

This problem of remeshing a cavity is equivalent to the problem of topologically
finding a quadrilateral mesh for a given polyline boundary. It has been studied
in the computer graphics context [Yasseen et al., 2013], with a generic integer
linear formulation for generic N -sided patches [Takayama et al., 2014]. The
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local remeshing operator has been used in interactive software to help users
improve their quad meshes [Marcias et al., 2015].

6.1.3 Topology of quadrilateral meshes
In a polygonal mesh, the Euler-Poincaré formula χ = n − ne + nf provides
a relationship between the n vertices, the ne edges, the nf facets and the
Euler-Poincaré characteristic χ of the associated surface, which is given by the
relation χ = 2−2g−b with b the number of holes and g the number of handles.

In a quadrilateral mesh, we can follow Beaufort et al. [2017b] to derive the
relationship

4nf =
∑
k

4(n− nb − nk) + 2(nb −mk) + (4− k)nk + (2− k)mk

between the number of vertices of various indices. mk is the number of bound-
ary vertices with valence 2 − k and nk the number of interior vertices with
valence 4 − k. When k 6= 0, the vertices are said to be irregular of index
k. By combining this relation with the Euler formula, we obtain [Beaufort
et al., 2017b] the relation (6.1) between the number of irregular vertices on the
boundary and on the interior in a quadrilateral mesh:

χ =
∑
k

k

4 (nk +mk) (6.1)

This formula has some interesting topological implications: regular vertices
do not count, pairs of irregular vertices of opposite indices cancel themselves
(e.g. valence three (k = 1) and valence five (k = −1)), surfaces with χ =
0 (topological ring) are the only ones that admit fully regular quadrilateral
meshes (only valence four inside and valence two on the boundary).

We will see later in this paper that it is possible to generate quadrilateral
meshes with interior irregular vertices of indices +1 and −1 only, correspond-
ing respectively to quadrilateral valences of 3 and 5. This restriction to irregular
vertices of low index is usually better to generate high-quality quads, as irreg-
ular vertices are associated with geometric distortions. In this paper, we thus
restrict ourselves to irregular boundary vertices of valence 1, 3 and 4, i.e. of
indices 1,−1 and −2, and to interior irregular vertices of valences 3 and 5,
i.e. of indices +1,−1. The relation (6.1) between the surface Euler-Poincaré
characteristic and the quadrilateral mesh irregular vertices becomes:

n1 − n−1 = 4χ+m−1 −m1 + 2m−2 (6.2)

We say that a quadrangulation of a surface with Poincaré characteristic χ is
minimally irregular if its contains exactly 4|χ| isolated irregular vertices of
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index sign(χ) (counting the boundary irregular vertices). For example, in the
surface of Fig. 6.2, we have χ = −6 and m1 = 4 convex corners, so we should
have n−1 = 28 irregular vertices of valence five to be minimally-irregular.
A dipole is a pair of irregular vertices with opposite indices +1 and −1. Adding
dipoles to a minimally irregular quad mesh may be necessary, for example to
allow mesh size variations. A mesh is called quasi-structured if it contains
4|χ| isolated irregular vertices of index sign(χ) plus a small amount of dipoles.
We use the loosely defined adjective small because it is a priori impossible
to determine the minimum amount of dipoles that are necessary for a given
application.

6.2 Context and motivation

The more general context around this article is our effort to build a robust high-
quality quadrilateral mesher in Gmsh that actually works. What we mean is
that a user should be able to produce a high quality quad mesh on any valid
CAD model by only loosely specifying the target element sizes, as it is the case
for triangular meshing.

Global parametrization Our initial attempt, inspired by state-of-the-art
global parametrization techniques [Bommes et al., 2009; Campen et al., 2015],
was to build a seamless uv-parametrization from a cross field and then extract
a quad-layout. Figure 6.2.1. illustrates the different steps for the construction
of a quadrilateral mesh with this approach. Parametrization based techniques
cut and flatten the surface of the domain. The cuts (in green on Figure Fig.
6.2.1.b.) allow to find a continuous branch of the cross field and to build a
seamless uv parametrization (see Fig. 6.2.1.b.) by solving a linear system with
an alignment energy (gradients of u and v must be parallel to the cross field)
and specific grid-compatibility linear constraints on the cut graph. To avoid the
technical difficulties associated with the integer variables in the standard mixed-
integer formulation [Bommes et al., 2009; Kälberer et al., 2007], we directly
extracted the (conformal) quadrilateral layout from the iso-value separatrices
in the uv parametrization (Fig. 6.2.1.c.). We replaced the integer variables
and associated global quantization [Campen et al., 2015] by explicit topological
simplification (chord collapse) of the quad layout, since we initially had lot of
very thin quad patches as we were doing no snapping or geometric thresholding.
The resulting quadrilateral mesh (Fig. 6.2.1.d.) was of very high quality, when
it worked.
Even though we were quite excited with our initial results, we failed to gener-
alize the approach into a robust mesher able to handle large and complex CAD
models. It took us considerable amount of time and energy to obtain an imple-
mentation that is still in a very beta version state. The amount of non-reusable
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a.

1.b.

1.c.

1.d.

2.b.

2.c.

2.d.

Figure 6.2: Two approaches to build a quasi-structured mesh of a surface. In the
global parametrization approach, we build a seamless parametrization (1.b.) by inte-
grating a scaled cross field (a.), then we extract a conformal quadrilateral layout (1.c.)
and build the final quad mesh (1.d.) by simplyfing the subdivided layout. In the sec-
ond approach (this paper), we first build a unstructured quadrilateral mesh (2.b.)
with a frontal approach guided by the scaled cross field (a.), then we apply cavity
remeshing (2.c.) to eliminate unnecessary irregular vertices while preserving the cross
field singularities. The final quad mesh (2.d) is very similar to the one obtained with
the global parametrization approach and has the same number of irregular vertices.
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code that is required for generating the quad mesh of Fig. 6.2.1.d. is quite large
and only works when the cross field topology is in perfect accordance with the
topology of the surface to mesh, which is often not the case when smoothing
continuous representations of crosses. On a given CAD face, the difficultly
mainly comes from the linear system that computes the uv-parametrization: it
must be strictly right. If there is a small incoherence in the grid-compatibility
constraints, e.g. due to wrong flagging of singularities, there will be no solution,
or a useless one. Even more difficult is the generalization to large CAD models
with hundreds of CAD faces, potentially non-manifold at CAD curves if there
are multiple volumes. To avoid separatrices winding up around the models for
thousands of turns before coming back to their origin, we build independently
the quad layouts on each CAD face and then try to reunite them. The union of
the quad layouts has many T-junctions on the CAD curves. One potential idea
is to use a global integer quantization [Campen et al., 2015] to assign compati-
ble non-zero integers to each edge of the global quad layout (with T-junctions).
However, we soon discovered that often there is no non-degenerate solution:
the constraints can be circular, e.g. a + b = c, c = d, d = e, e = a leading to
b = 0.

While some issues could be fixed, we do not foresee a robust implementation of
that algorithm that would work for industrial grade models within a reasonable
timescale. Moreover, such long codes are prone to bugs and are difficult to
maintain. Of course, the mesh shown on Fig. 6.2.1.d. is exactly the what most
finite element practitioners are willing to use. The main question became:

Can we obtain such high quality mesh using an approach that is both simple
and robust?

Unstructured quad meshing Our experience in indirect quad meshing
[Remacle et al., 2012, 2013] has been positive in term of industrial use. In-
direct quad meshers are essentially based on existing surface meshers (very
small amount of extra coding). The transformation of a triangular mesh into a
quad mesh by combination of pairs of triangles is an extra step that is simple,
robust and efficient [Remacle et al., 2012; Borouchaki and Frey, 1998]. Indirect
quad meshers are thus able to treat models of arbitrary complexities with a run
time that is not larger than standard triangular meshing. The main drawback
of quad meshes generated in an indirect fashion is that they cannot be consid-
ered as block-structured or quasi-structured because they contain an arbitrary
large number of irregular vertices.

All those reasons have convinced us to move to a new approach that would take
the best of both worlds. We have decided to use our existing indirect meshing
technology and build an initial unstructured quad mesh (Fig. 6.2.2.b.) that
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is mostly aligned with a cross field. Then, information provided by the cross
field is used to modify this unstructured mesh and make it quasi-structured,
i.e. with only a few irregular vertices.
Besides working even if the cross field is inaccurate, there is another big ad-
vantage: we can use a external non-uniform size maps to locally control the
mesh size, independently of the cross field. In practice, we compute a size
map adapted the small CAD features, which has proven to be invaluable when
dealing with complex models.

Gmsh surface-to-volume philosophy Gmsh’s usual meshing pipeline is
essentially "surface to volume", also called "bottom-up". Model curves are dis-
cretized (meshed) at first. Then, model surfaces are triangulated/quadrangu-
lated based on a boundary discretization that is imposed by the model curves.
Finally, model volumes are tessellated. This approach has many advantages:
strict respect of CAD features, flexibility (different meshers can be used for
different CAD entities), robustness (we can replace with a different approach
on a entity if one failed), easy parallelism, and the automatic support for non-
manifold surfaces in models with multiple volumes. Sometimes there is no
solution for the meshing of an entity given its boundary mesh (e.g. too coarse).
In these cases, the boundary mesh is modified (usually a split of some elements)
and the meshing of the entities that share this boundary is restarted, until a
solution is found or the maximal number of tries is exhausted.
We also follow this philosophy with our quad mesher to benefit from the same
advantages, but it should be noted that it has a significant drawback when
meshing a CAD face: the boundary mesh (from the boundary CAD curves)
is locked and cannot be changed. Thus, the curve quantization (Sec. 6.4.3)
is very important. The size map, which controls the curve sampling, must be
global and smooth on the CAD curves to have coherent meshes on the adjacent
CAD faces. With our current approach, there are some irregular vertices in the
final mesh that are due to non-optimal curve quantization, and which could be
eliminated with further work (Sec. 6.8).

6.3 Scaled cross field computation

In our pipeline, cross fields fulfill two roles: (a) they guide the frontal point
insertion in the unstructured quadrilateral mesher (Sec. 6.5) and (b) they have
singularities (Sec. 6.3.2) which correspond to irregular vertices that we want to
keep during the topological modifications that lead to the final quasi-structured
mesh (Sec. 6.6.2). The cross field is computed with a fast multilevel diffusion
algorithm (Sec. 6.3.1) which alternates diffusion steps and projection on the
cross space. Then, to improve the accuracy of the following point insertion, we
scale the cross field to make it integrable by computing its conformal scaling



§6.3 Scaled cross field computation 81

(Sec. 6.3.3), which can be seen as a size map (up to a constant) useful to
accommodate rotations in the cross field.

6.3.1 Fast cross field computation with multilevel diffusion
A cross field is a field defined on a surface with values in the quotient space
S1/Q, where S1 is the circle group and Q is the group of quadrilateral symme-
try. It associates to each point of the surface to be meshed a cross made of four
unit vectors orthogonal with each other in the tangent plane of the surface. In
our case, we compute one cross field per CAD face, with crosses aligned with
the CAD curves bounding the face.

Cross representation To represent the crosses, we use the standard unit
vector representation u = (cos(4θ), sin(4θ)) = (u1, u2) [Hertzmann and Zorin,
2000] where θ is the angle of one of the four branches with a local reference
frame. Contrary to the naive angle representation θ, the vector representation
u is invariant to the quadrilateral symmetries and suitable for linear finite
element interpolation. As the linear combination of unit vectors is usually
not a unit vector, the interpolated values inside triangles are not a strictly
representations of crosses, but the crosses can be recovered easily by projecting
on the unit circle, i.e. normalizing the vector representation.

Finite element discretization To discretize the vector field representation
of the cross field, we define one cross at each edge of the triangulation and use
the Crouzeix-Raviart interpolation, as in Beaufort et al. [2017b]. The unknowns
of the cross field problem are the representation vector field components u1, u2
at each edge eij . As we want the cross field to be aligned the surface boundaries,
the Dirichlet boundary conditions are u = (cos(0), sin(0)) = (1, 0) at each
boundary edge.

Smoothing with the heat equation To have a smooth cross field inside
the domain, the natural approach is to minimize the Dirichlet energy:

min
|u(x)|=1

∫
Ω
‖∇u‖2

This objective function is non-linear as the crosses live in the quotient space
S1/Q, which is equivalent to the cross representation being on the unit circle,
i.e. ∀x ∈ Ω, |u(x)| = 1. A standard relaxation is to allow the cross representa-
tion to leave the unit circle, but they should stay close to it. Minimizing the
Dirichlet energy by directly solving the Laplacian of the vector representation,
i.e. ∇2u = 0, is not appropriate as the values may collapse to 0 far from the
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boundary. One elegant solution to this problem is to solve a Ginzburg-Landau
non-linear equation to penalize the values leaving the cross manifold [Beaufort
et al., 2017b], but this approach is too expensive for large problems. A more
efficient alternative is the MBO approach [Viertel and Osting, 2019], where one
alternates heat diffusion (Eq. 6.3) and projection (Eq. 6.4) steps. A further
refinement [Palmer et al., 2020] developed for 3D cross fields is to start with
large diffusion time-steps and progressively decrease them. In this work, we
also use decreasing diffusion time-steps but we select them according to the
mesh size considerations, and we regroup them in levels to allow for re-use of
the matrix factorization computed by a direct linear solver.

Diffusion: ∂u
∂t

= α∇2u (6.3)

Projection: u← u
‖u‖ (6.4)

Multilevel strategy When dealing with large CAD models, there are usu-
ally geometric features at many scales. Using a uniform mesh that is suffi-
ciently fine to capture the smallest features is expensive and wasteful, as the
cross field is mainly smooth far from the boundaries. In practice, we use tri-
angulated meshes adapted to the geometric features, which can lead to edge
lengths varying by many order of magnitudes in the mesh.

Our strategy is to iteratively resolve the cross field at various scales, which we
call levels. Each level is characterized by a different diffusion coefficient, the α
in (Eq. 6.3). Intuitively, we start with large diffusion lengths and progressively
decrease to eventually capture the smallest cross field features. Beside being
suited for non-uniform meshes, it is also a great way to accelerate computations
on uniform triangulations. This approach is very fast: the cost of computing
an accurate cross field is similar to the cost of solving a few linear systems, as
we are re-using matrix factorizations inside levels.

After generating a triangulated mesh of the whole CAD model, with mesh
sizes adapted to the CAD features, we compute the cross-field on each surface
independently. As the boundary condition (cross tangency) is the same on both
sides of a curve separating two CAD surfaces, the solutions will be compatible
and we can regroup them at the end.

For a given triangulation T of a surface S, we pre-compute N diffusion co-
efficients that will be used for the N successive heat diffusion levels. At each
level, we successively solve the heat equation and project the solution, until the
cross field no longer changes. In a way, we are solving the cross field problem
(minimizing the Dirichlet energy) for a given resolution. Typically, the appro-
priate number of levels is between 5 and 10 for a large model but a lower value



§6.3 Scaled cross field computation 83

around 3 or 4 is sufficient for a CAD face. We chose the initial (largest) and
final (smallest) coefficients as

αinitial = (0.1 ∗ d)2 and αfinal = (3 ∗ hmin)2

with d the length of the surface bounding box diagonal and hmin the smallest
edge length. The large initial time-step allows a first coarse diffusion of the
boundary conditions and the final small time-step allows a local smoothing of
the crosses at the finer mesh sizes. Between these extremities, we use linearly
interpolated time-steps. While these choices are quite arbitrary, they are the
results of many experimentations and we have found that they work pretty well
on a large variety of CAD models with features at many scales.

The speed of our approach comes from the re-use of linear factorizations in-
side each level. From the heat diffusion equation (Eq. 6.3), we derive the
discrete version, using finite element for spatial and backward Euler for time
discretization:

M(Ui+1 − Ui) = −αKUi
with M the mass and K the stiffness Crouzeix-Raviart matrices. For more
details about the stiffness matrix assembly, one can refer to Beaufort et al.
[2017b] as our coefficients are the same. With Crouzeix-Raviart, the mass
matrix is diagonal and the coefficients are Mjj = |t1|+|t2|

3 with |t1|, |t2| the
areas of the triangles adjacent to the edge j [Wardetzky et al., 2007].

The heat diffusion system can be re-written as:

( 1
α
I +M−1K)Ui+1 = 1

α
Ui

At a given level (fixed α), the solution U will evolve, so is the right-hand side,
but the matrix part of the system ( 1

αI + M−1K) will not change, and so can
be factorized one time per level. We can also note that the sparsity pattern
of the system will be the same for all levels, and thus the preprocessing of the
system (reordering, memory allocation) can be done one time at the beginning.
While the factorization we use is an operation only available with direct linear
system solvers, it can be replaced by an efficient preconditioning when using
iterative solvers. Putting all things together, we describe the complete process
to compute the cross field in Algorithm 1. Thanks to the system factorizations,
the total computational cost of our cross field solver is approximately the cost
of a few linear system solves (one per level, typically three or four).

Concerning the accuracy and the convergence of the scheme, it should be noted
that we are not interested in reaching the solution of the true Ginzburg-Landau
continuous formulation. Obtaining such solution is difficult and expensive, as it
requires a fine mesh and a uniform triangulation, because the Dirichlet energy
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Algorithm 1 Fast heat-based computation of cross field
Input: A triangulation of the surface and global parameters:N the number of diffusion levels (typicallyN = 5) and a norm
convergence threshold c (typically c = 1.e−3)
Output: A boundary-aligned smooth cross field f sampled at the edges (Crouzeix-Raviart)
Procedure:
compute the sparse Crouzeix-Raviart stiffness matrix K
compute the sparse Crouzeix-Raviart mass matrixM , which is diagonal
process the sparsity pattern of A =M−1K ⊳ Direct solver call
�init = (0.1 ∗ d)2, with d the bounding box diagonal length
�final = (3 ∗ ℎmin)2, with ℎmin the minimum edge size
for each level l ∈ [1, N] do

�l = �init + (�final − �init) ∗ l∕(N − 1)
update the linear system matrix diagonal so A = ( 1

�l
I +M−1K)

factorize the matrix A ⊳ Direct solver call
while ‖Ui+1 − Ui‖∞ > c do

update the right-hand side B = 1
�l
Ui

solve the linear system AUi+1 = B using the factorization ⊳ Direct solver call
project the cross coefficients on the unit disk, Ui+1 ← proj(Ui+1)

end while
end for

tends to infinity at singularities, so it should be uniformly sampled. We are
more interested in cross fields that are useful for our quadrilateral meshing
approach, and for this a smooth cross field with singularities reasonably placed
is sufficient. In this context, we can apply the same algorithm parameters
(N, c, αinit, αfinal) to all models as it is not important if a cross field solution is
not totally converged.

Boundary condition extension With uniform meshes, minimizing the
Dirichlet energy, while staying close to the cross manifold with MBO or
Ginzburg-Landau, has a tendency to position singularities close to the bound-
ary. For instance, on a unit circle, singularities are at the radius 0.85. While
this is not an issue when computing or studying cross fields, it is not practical
for quadrilateral meshing: the associated irregular vertices may be closer to
the boundary than the target edge size, complicating vertex insertion in indi-
rect approaches, or there is not enough triangles between the singularity and
the boundary to have an accurate parametrization with global parametrization
approaches.

To push away the singularities from the feature curves, we use a simple trick:
extend the boundary conditions inside the surfaces. On each triangle touching a
feature curve, we fix the crosses on its three edges. The cross values are averaged
by solving the Laplace equation ∇2u = 0 on this one-triangle boundary layer.
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6.3.2 Cross field singularities
To constrain the cavity remeshing (Sec. 6.6.2), we use a list of singularities ex-
tracted from the cross field previously computed with the heat-based approach.

Detection of singularities. Cross field singularities are detected by com-
puting, for each point x on the surface, the angle difference along a small closed
circle γ centered on x. This defines a singularity index [Ray et al., 2008]:

index(x) = 2
π

∮
γ

dθ(t) (6.5)

In contrast to most related work, we use the factor 2
π instead of 1

2π to match the
previously defined (Sec. 6.1.3) indices of the irregular vertices in the quadri-
lateral mesh. When a cross field singularity has index an of −1 with our
definition (instead of the usual −1/4), its corresponds to an irregular vertex of
index k = −1 in the quad mesh, i.e. valence five.

In the discrete setting, we extract the oriented edge one-ring (ei1, ..., ein) around
the vertex i and we compute the sum of the angle differences. In practice there
are three cases: the sum is zero and the vertex is regular or the sum is one or
minus one and the vertex is a singularity of the cross field.

Because of our Crouzeix-Raviart discretization of the cross field (one angle per
edge), cross field singularities may lie on vertices, on edges or on triangles of
the mesh. When a singularity lies on a edge, both its two adjacent vertices
have an index different from zero, and when it lies on a triangle, we observe
three adjacent vertices with an index different from zero. For our application
it is not necessary to locate the singularities on mesh vertices, so we explicitly
store the 3D position of the singularities, which can be the middle of a singular
edge or the barycenter of a singular triangle.

Compatibility with quad mesh topology. In our experience, cross fields
computed with a smoothing scheme and a continuous vector representation
(cos(4θ), sin(4θ)) fail to be compatible with quadrilateral mesh topology (Eq.
6.2) when there are acute corners (angle < 45◦) in the CAD face or if the
triangulated mesh is not refined enough along curved CAD curves.

To correct the first issue, we artificially add one singularity of index 1 to our
list of floating singularities at each acute corner of the CAD face. With this
simple addition, there is no need to modify the triangulation or to recompute
a new cross field. For the second issue, we increase the sampling of the CAD
curves based on the curvature during the initial triangulation process.

While both techniques usually work, and largely improve our results, there is
no guarantee that the inconsistency between the singularity list and the CAD
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face topology will always be fixed. Consequently, for sake of robustness, we
do not assume that the cross field singularity list is topologically correct in the
following steps of the meshing pipeline. This constitutes a major advantage
of our unstructured approach: the ability to work with cross fields that are
topologically wrong.

6.3.3 Scaling the cross field for integrability
The cross field that has been described in Sec. 6.3.1 is made of unit vectors. It
is not integrable in the sense that if we extract (locally) two orthogonal vector
fields from its branches, they will not commute. In this section, we show how
to scale the branches in order to ensure local integrability of the cross field.

Theoretical considerations Assume two vector fields (T,S) defined in the
tangent plane of S. We look for a condition on (T,S) such that they are the
tangent vectors, or directional derivatives, of a map X : (u, v) ∈ R2 7→ S.
Formally, we want ∂uX = T and ∂vX = S. The map X could be constructed
“naively” in the following way. Let us pick a point x = (x, y) ∈ S and choose
X(0, 0) = x. We first advance “in time” of a time increment u along the flow
ΨT(x, u) of T. The flow can be seen as follows: if T(x) is seen as the velocity
of a fluid at point x, a massless particle at point x will be advected by T
along integral lines of T. After a time increment of t, the particle starting at
x will be located at ΨT(x, u) ∈ M . Note that the corresponding location in
the parameter plane is (u, 0). Then we advance in time of a time increment v
along the flow of S which lead us to point (u, v) in the parameter plane and at
point ΨS(ΨT(x, u), v). A map is only possible if the two flows commute:

ΨS(ΨT(x, v), u) = ΨT(ΨS(x, u), v) (6.6)

From differential geometry, we know that both flows commute if and only if
the Lie bracket is zero:

[T,S] = JST− JTS = 0

where JT and JS are the Jacobian matrices of the vector fields. In our case,
we assume that T and S have locally the same length:

‖T(x)‖ = ‖S(x)‖ = h(x) = eH(x)

Choosing h = eH is adequate because vector lengths should be strictly positive
so the map X is injective. In 2D, T and S are two branches of the cross field
that are mutually orthogonal and scaled by h. Those vector fields can thus be
parametrized using an angle θ(x):

T(x) = eH(x)
(

cos(θ(x))
sin(θ(x))

)
and S(x) = eH(x)

(
− sin(θ(x))
cos(θ(x))

)
. (6.7)
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Assuming T and S of the form (6.7), the Jacobian is

JTS = e2H
(
−Hx sin θ cos θ + θx sin2 θ +Hy cos2 θ − θy sin θ cos θ
−Hx sin2 θ − θx cos θ sin θ +Hy sin θ cos θ + θy cos2 θ

)
.

By enforcing Hx = −θy and Hy = θx, the jacobian reduces to JTS = e2H∇θ
and similarly JST = e2H∇θ, fulfilling the commutativity condition [T,S] =
JST−JTS = 0. Thus, the condition on the cross field scaling h = eH for local
integrability is

∇⊥θ =
(
−θy
θx

)
=
(
Hx

Hy

)
= ∇H (6.8)

Discretization From the cross field computation, we know at each edge (i, j)
the angle θij between one of the cross branches and the edge tangential direc-
tion. We now describe how to compute the scaling factor h(x) at each vertex
of the triangulated mesh.

Consider the triangle (i, j, k), we first compute the angle differences

∆θjk = diff(θjk, θij) and ∆θki = diff(θki, θij).

Operator diff(θjk, θij) is not equivalent to a simple difference of angles because
(i) angle θjk is measured on a different system of coordinates as θij and because
(ii) the cross branches have a 4-symmetry which implies that θjk ≡ θjk + k2

π
2

is the same cross for any k2 ∈ Z. We choose k1 and k2 ∈ Z in such a way that

θ′ij = θij + k1
π

2 ∈
[
0, π2

]
, θ′jk = θjk − αj + k2

π

2 ∈
[
0, π2

]
with αj the angle between the tangential vectors of the edges (i, j) and (j, k),
and then define

diff(θjk, θij) =


θ′jk − θ′ij if |θ′jk − θ′ij | ≤ π

4
θ′jk + π

2 − θ
′
ij if θ′jk − θ′ij < −π4

θ′jk − π
2 − θ

′
ij if θ′jk − θ′ij > π

4

It is thus possible to compute ∇θ as a constant vector of the tangent plane in
every triangle. Computing H can be done by solving

min
H

∫
S

|∇H −∇⊥θ|2dx (6.9)

using P 1 finite elements. The scaling factor is simply obtained as h(x) = eH(x).
An example of conformal scaling is illustrated on Fig. 6.2.a.
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Equation (6.9) only involves ∇H so H is defined up to a constant C. It is
indeed possible choose C in such a way that the final mesh contains about N
quads. We actually know that

N '
∫
S

1
h2(x)dx =

∫
S

e−2(H(x)+C)dx = e−2C
∫
S

e−2H(x)dx.

Thus,

e−2C = N∫
S
e−2H(x)dx

→ C = −1
2 ln

(
N∫

S
e−2H(x)dx

)
.

Comparison with related work The scaling that we are a computing is
a conformal scaling associated to the cross field. It has been computed in the
past directly from the cross field singularities by solving a linear system [Bunin,
2006; Ben-Chen et al., 2008]. The difference is that we do not robustly know
the singularities. By solving the least square problem (Eq. 6.9) which only
involves cross gradients, we always have a scaling which is usable even if our
cross field is not globally consistent (e.g. wrong singularities).

6.4 Size map and curve quantization

To generate a mesh, it is necessary to have some kind of size map specifying
the target size of the elements on the domain. When an explicit scalar size field
is not used, it can be defined implicitly by simply using a uniform target size,
or prescribed sizes on some CAD entities (corners, curves) with a maximal
uniform size far from them. If there are small CAD curves in the model,
or small prescribed sizes, the size transition to the coarser regions is usually
constrained by a maximal mesh gradient which is a parameter (often hidden)
of most meshers.

Most complex CAD models have features of many scales and using the smallest
feature size as a uniform target size is not practical as it would lead to meshes
with an excessive amount of elements. In our experience, letting the meshing
algorithms, which usually have not been designed with mesh size transitions in
mind, to just do their things and hope for the best is not optimal as it often
leads to poor quality quad meshes. To robustly produce high-quality meshes
on generic models, we have to use a smooth size map to control the transition
from small features to much larger ones.

The conformal scaling associated to the cross field (Sec. 6.3.3) induces a size
map (up to a constant) which takes into account the cross gradients (Eq. 6.9).
This size map is critical to be able to generate square-shaped quads in the
smooth regions of the model. Yet, it ignores small CAD features. Thus, trying
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to build a quad mesh with such discrepancy between the forced mesh edges
(from the CAD) and the (implicit or explicit) size map used by the quad surface
mesher leads to poor quality elements, even if the process is robust. The ideal
solution would be to have a cross field which respects the CAD features and
mesh size prescriptions, such that its conformal scaling would be naturally
compatible with the CAD geometry. Unfortunately, this problem is still open.

Here, a smooth size map is computed from the CAD feature sizes and is blended
with the size map from the conformal scaling by taking the minimum of both
size maps. The final size map allows for smooth transitions from the smallest
CAD features to the coarse regions where it is dominated by the conformal
scaling.

6.4.1 Size map from small CAD features
Small CAD feature is a generic term used for the regions where a small mesh
size is required to capture the geometry with well-shaped elements. A small
CAD curve is a small feature, as well as two CAD objects that are close to each
other.

In this work, a minimal size field smin(x) is built for taking into these small
CAD features. smin is a nodal field whose support is the triangular mesh that
has been used for computing the cross field. Its values are initially computed
on CAD curves. Mesh size smin(x) at a vertex x that belongs to a CAD curve
Cj (i) is never larger than the actual length of Cj and (ii) is never larger that
the distance between x and the closest CAD curve Ck that is not topologically
adjacent to Cj . The field values in smin are subsequently propagated to the
internal nodes of the CAD surfaces, ensuring a smooth gradation.

Technically, the propagation consist in a Dijkstra-like algorithm: the size smin

is updated on every edge (x1,x2) of the triangulation (including edges classified
on CAD curves) in order to limit the size gradient to a prescribed value gmax:

smin(x2) = min(smin(x2), smin(x1) + gmax d(x1,x2)) (6.10)

This simple approach works actually well in practice. For more information on
mesh size vs. CAD features, the reader can refer to Bawin et al. [2020].

6.4.2 Global size map
To build a global continuous and smooth size map s(x), we combine the min-
imal size field smin(x) with the size maps scfi (x) associated to the cross field
conformal scaling (Sec. 6.3.3) computed on each CAD face Si.

The conformal scaling fields (Sec. 6.3.3) are defined up to a constant Ci that
can be tuned in order to have Ni quads on the surface Si. Starting from a
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a) b)

Figure 6.3: Focus on a small CAD feature of the Block model. Without adaptation
of the size map (a), there are low quality elements around the small feature. With
size map adaptation (b), there are small high-quality elements around the feature
and irregular vertices to make the transition to coarser regions.

global target number of quads N , we distribute the quads on each CAD face
based on their areas, i.e. Ni = areai

total areaN . Another advantage of this simple
approach is that we can easily take user preferences into account. If a user
want a specific number of quads on a CAD face, we can use this value instead
of the one proportional to the area.

The conformal scaling size maps are not continuous at the CAD interfaces.
Consider a point x on a CAD curve common to the faces Si and Sj , we have
scfi (x) 6= scfj (x) because the cross field gradients, and thus the conformal scal-
ing, are not equal on both sides of the curve. To make a continuous and smooth
union of the scfi fields in a global one scf , we apply a similar smoothing process
as before (Sec. 6.4.1). Initialize the union of the size map, taking the minimum
on the shared vertices (CAD corners and curves): scf (x) = mini(scfi (x)). Then
apply a one-way smoothing (Eq. 6.10) with the maximal gradient gmax.

To blend the small feature size map and the conformal scaling, we simply take
the minimum everywhere:

s(x) = min(scf (x), smin(x))

A local example of our size map taking the small CAD features into account
is shown on Fig. 6.3, where small quads are used in the region where two
feature curves are close to each other. This figure is a zoom on a small part of
the larger Block model (Fig. 6.9), which have lot of small features and where
significant size map transitions are necessary in many regions.

6.4.3 Curve quantization
We call quantization the process of going from continuous fields (cross field, size
map) to a quadrilateral mesh which is characterized by discrete quantities, such
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as the number of points on a model curve or the number of quads in a model
face. As we are following the robust Gmsh’s “surface to volume” philosophy,
the curve quantization is important in our pipeline.

The process of first meshing the model curves then the model surfaces, con-
strained to the curve discretization, works well for the generation of triangula-
tions (or tetrahedrizations) but it is not optimal for quadrilateral meshing (or
hexahedral meshing) as the quad topological constraints (chords) are global
and go through the model curves. For instance, imagine a simple rectangular
face for which the ideal edge numbers, according to the continuous cross field
induced size map, are [9.4, 4.1, 10.6, 3.9] on the four sides. A simple quantiza-
tion by integer rounding would choose respectively [9, 4, 11, 4] edges. While a
quadrilateral mesh with this quantization exists, it is not structured as it must
include one pair of +1/–1 irregular vertices to make the transition from 9 edges
on one side to 11 edges on the opposite side.

Finding a good curve quantization for quad meshing, for a generic CAD model
with CAD faces of arbitrary topology, is a complicated and totally open prob-
lem, which has been mostly ignored in the literature. If we restrict ourselves to
quadrilateral CAD faces (with T-junctions), there is the global quantization in
Campen et al. [2015], but in our case we do not have such quadrilateral layout.

For the current paper, our quantization of CAD curves remains quite simple.
We use the integer-rounded value of the ideal number of edges computed by
integrating the global size map (Sec. 6.4.2), except for curves which are on
quadrilateral CAD faces, where we impose equality on the opposite sides. This
non-optimal quantization leads to many necessary dipoles (pair of +1/–1 irreg-
ular vertices) in the final quad meshes of the different CAD faces. Eliminating
them requires to change the CAD curve 1D meshes, which is out of the scope
of the current paper.

Size map integration on curves Consider a CAD curve C parametrized
by t varying from a to b. The floating-point number of edges on the curve
according the size map is: n̄e =

∫ b
a
dl/s(x) with dl = ‖x′(t)‖ dt. To get a

integer number of edges ne, we use a simple rounding: ne = round(n̄e). The
parameter ti, i ∈ [1, ne − 1] associated to the i-th interior point of the curve is
such that: ∫ ti

a

dx

s(x) = i

ne

∫ b

a

dl

s(x) (6.11)

This integral equation can be solved via numerical integration, by adding values
along the curves until the sum is equal to in̄e/ne, with linear interpolation
between the samples.

To mesh the curve C, we compute the vertex positions xi, i ∈ [1, ne − 1] by
computing the parameters ti with (Eq. 6.11) and evaluating the CAD curve
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parametrization: xi = f(ti). With this approach, the points are well placed on
the curves according to the size map, making smooth transitions from the small
CAD feature regions to the coarser ones, where smaller but useful variations
come from the cross field conformal scaling.

Topological constraints on quadrilateral patches Integrating the size
map does not take into account the particularities of quad mesh topology,
such that the quads are organized in topological chords (dual loops of adjacent
elements). In this work, we adjust the number of edges ne on the opposite sides
of quadrilateral CAD faces.

Consider a CAD face whose boundary is made of four CAD curves
(C1, C2, C3, C4), we force the number of points to be equal on the opposite edges,
i.e. ne1 = ne3 and ne2 = ne4, except if the integrated values are very different.
When two adjacent quadrilateral CAD faces share a curve Cc, the value nec
must be the same on both faces. This means the equality constraints propa-
gate in the CAD model. To resolve the propagation, we build the topological
chords associated to the quadrilateral CAD faces. A chord is made of topolog-
ically parallel CAD curves, which all receive the same fixed number of points,
that we compute by averaging the ideal values previously computed on each
curve.

With this simple propagation, the chords propagate only if two adjacent quadri-
lateral faces share a single curve which is one of their four sides. We do not
propagate across T-junctions. Our quantization applies only on the connected
subsets of conformal quadrilateral patches of the CAD model. Dealing with
T-junctions is more complicated and corresponds to the quantization phase of
Campen et al. [2015], for which there is not always a solution (Sec. 6.2).

6.5 Unstructured frontal quadrilateral mesh generation

Now that the 1D meshes of the CAD curves have been generated, it’s time to
move to the initial quad-meshing of the CAD surfaces. The all-quad mesh is
generated by following a robust three step approach: (1) generate a triangula-
tion with right-angle triangles using the methodology in Remacle et al. [2013],
(2) combine some triangles into quads to form a quad-dominant mesh and (3)
apply midpoint subdivision to produce an all-quad mesh. We also describe the
geometry smoothing and untangling techniques (Sec. 6.5.3) which are used
extensively in our pipeline.

6.5.1 Frontal point insertion
A scaled cross field f(x) has been generated where the size of the crosses is the
global size map s(x) (Sec. 6.4.2). Mesh vertices are created on every face S
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in a frontal fashion, starting from its boundary ∂S. Vertices of ∂S are added
in a priority queue. Vertex x at the top of the queue tries to add four new
vertices in the domain in the 4 directions of the local cross field f(x) and at
a distance s(x). New vertices are only added (i) if they lie inside S and (ii)
if they are not to close to any existing vertex. When a vertex is successfully
added, it is inserted at the end of the queue and the procedure continues until
no new vertices can be generated. The points are iteratively inserted in the
triangulation with a Delaunay kernel, as described in Remacle et al. [2013].
This mesher is close to classic frontral Delaunay triangular meshing [Rebay,
1993], except that the goal is to build right-angled triangles in agreement with
the cross field.

6.5.2 Quad combination and midpoint subdivision
The triangulation is transformed into a quad-dominant by combining pairs of
triangles into quads. As triangles are allowed, there is no need for advanced
matching technique such as Blossom-Quad [Remacle et al., 2012] and we simply
use a greedy selection. All the merge candidates (two triangles → one quad)
are computed and sorted by the geometric quality (Sec. 6.5.3) of the resulting
quads, weighted by the alignment with the cross-field. Then the quads are
iteratively selected, as long as their quality is superior to a minimal threshold
(SICN > 0.1 in our case).

The all-quad mesh is obtained by subdividing all quads into four sub-quads
and all triangles into three sub-quads. This subdivision is called midpoint
subdivision and is topologically equivalent to the Catmull–Clark subdivision
surface technique. New vertices are added at the centers of each edge and each
element.

To accurately represent the CAD model geometry, it is best to project the new
midpoint vertices on the CAD curves and faces. However, this projection is not
robust in the sense that it may create invalid quads (negative quality). This
difficulty is similar to the one faced when doing CAD snapping for high-order
meshing, and is not easy to solve. In our pipeline, we iteratively try to snap all
midpoint vertices while monitoring the quality of the adjacent elements, and
we revert the projections which lead to negative elements. Even if rejected pro-
jections are rare and definitively not ideal, this check is necessary to ensure the
geometric validity of the final mesh when dealing with complex CAD models.
For better geometric fidelity, one could decrease the size map locally to better
capture the geometry and restart the meshing process of the CAD curves and
surfaces in the neighborhood.

An example of quad mesh produced by this procedure is shown in Fig. 6.2.2.b.
It is actually a fairly good unstructured all-quad mesh, yet containing an ex-
cessive number of irregular vertices.
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6.5.3 Geometry optimization
Geometrical smoothing of a mesh is the process of finding good vertex positions
given a fixed mesh topology. Ideally, we would like the positions to maximize
some quality functional, but such formulation are usually too expensive to be
solved globally and we have to resort to more efficient techniques. Smoothing of
unstructured quadrilateral meshes is still a challenging problem in our opinion.
Simple and fast techniques, such as Laplacian smoothing and its variants, often
produce tangled elements (negative quality) while more advanced non-linear
optimization techniques are computationally too expensive to be used on large
sets of elements. For CAD surfaces, an additional expensive operation is the
projection of a 3D point on the surface, which is typically performed many
times during optimization. As an approximation, it is possible to project on
a triangulated representation of the geometry, but even this approximation is
expensive when applied millions of times.

In this work, we apply a great deal of topological remeshing (Sec. 6.6) and
each time we use smoothing techniques to determine the geometry before vali-
dating or rejecting the remeshing. Concretely, this means that we are applying
smoothing all the time, on many more elements that there are in the initial or
final mesh. For instance, if there are 100k vertices in the quadrilateral mesh, we
will probably smooth millions of vertex positions. While smoothing is always
expensive in any mesher, the computational cost is particularly critical in our
approach and we have to employ fast techniques and fall-back to expensive ones
only locally and in last resort. Before and after any smoothing operation, we
compute the element qualities and we revert the vertex positions if the quality
decreased.

Quality metric For consistency with other Gmsh algorithms, we use the
Signed Inverse Condition Number (SICN) metric to evaluate the geometric
quality of the quads. It is the inverse of the condition number in Frobenius
norm of the mapping from the quad to the regular square. This metric, which
is also called shape quality [Stimpson et al., 2007], has a behavior similar to the
scaled Jacobian: the range is [−1, 1] with negative values for invalid elements
and a maximum value of 1 for squares (and rectangles for the scaled Jacobian).
As with the Jacobian, the SICN value is not constant inside a quad, so we use
the minimum. In practice, most mesher sample the quad quality at the four
corners and take the minimum. Assuming the quad corners are xi, i ∈ [1, 4]
and Ni are the CAD surface unit normals, the scaled Jacobian and SICN values
at the i-th corner are respectively [Stimpson et al., 2007]:

SJi = Li−1 × Li
‖Li−1‖ ‖Li‖

·Ni, SICNi = 2 Li−1 × Li
‖Li−1‖2 + ‖Li‖2

·Ni, with Li = xi+1−xi

(6.12)
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When one edge length ‖Li‖ tends to zero (geometrical edge collapse), the scaled
Jacobian will not tend to zero but to the sine of the angle at the corner (as
Li−1 × Li = ‖Li−1‖ ‖Li‖ sin(θ) n). This observation have very practical im-
plications: when sampling the quality at the four corners, a quad mesh may
have many almost-collapsed edges (e.g. 1e−12) but still a high minimum scaled
jacobian (e.g. 0.7). On the other hand, the SICN quality metric, also sampled
at the four corners, will tend to zero with edge collapse. In our experience, the
discretized SICN should be preferred to the scaled Jacobian when evaluating
the quality of isotropic quadrilateral meshes.

Laplacian smoothing in CAD parameter domain When we are dealing
with a parametrized CAD model, we have a valid uv trimmed parametrization
of each CAD face. To smooth the vertices inside a cavity C, which can be
a whole CAD face, we extract continuous uv ∈ R2 values for each boundary
x ∈ ∂C. One must be careful with the parametrization jumps (e.g. periodic
seam on a cylinder). Sometimes it is not possible to have a continuous bound-
ary in the parameter domain (e.g. around the pole of a sphere parametriza-
tion), and we move to the next smoothing options. Once we have a continu-
ous uv on the boundary, we simply solve the unweighted Laplacian equations
∆u = 0 and ∆v = 0, where each internal value is the arithmetic average of
its edge-connected neighbors. It is important to use the arithmetic average
and a direct linear solver to respect the maximum principle and avoid inverted
elements in the parameter domain. Depending on the distortions in the CAD
parametrization, this technique may both produce high-quality or poor ele-
ments. To retrieve the 3D positions, we then apply the CAD face mapping
x = f(uv). Depending on the resulting element qualities, we keep or we reject
this smoothing. The huge advantage of this approach is that there is no surface
projection and simply two linear solves, making it a very fast smoother. Even
if the quality may be poor due to distortion in the CAD mapping, it is still a
good initial guess since all elements are usually untangled.

FDM Winslow kernel on regular vertices Winslow smoothing [Knupp,
1999] is the industry-standard technique used for structured grid mesh gener-
ation [Thompson et al., 1998]. Given a fixed boundary, the idea is to solve the
Winslow non-linear elliptic PDE ∆xu = 0, where u(x) are the coordinates in
a certain computational space and x are the coordinates in the physical space.
The advantage of this approach is that the two coordinate components are
coupled and the resulting quads are nicely shaped, with some orthogonality
enforced even under large distortions. By applying a finite difference (FDM)
discretization to the Winslow equation [Knupp, 1999], we can derive a local
smoothing kernel for regular vertices in the quadrilateral mesh. Assuming that
(x1, ...,x8) are the ordered vertices of the stencil around the regular vertex x,
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its new position is given by:

α0(x1 + x5 − 2x) + α1(x3 + x7 − 2x)− 1
2β(x2 + x6 − x4 − x8) = 0

with α0 = (x3 − x7)·(x3 − x7),
α1 = (x1 − x5) · (x1 − x5),
β = (x1 − x5) · (x3 − x7)

(6.13)

This smoothing is moving the vertex outside of the CAD surface. We project
back on it by finding the closest point on a triangulated representation of the
CAD surface (with a kd-tree for faster spatial queries). If we want a more
accurate projection, such as in the last steps of the smoothing, we ask the
projection to the CAD geometric kernel, which in our case is OpenCASCADE.

Angle-based kernel on irregular vertices On irregular vertices, we use
the angle-based smoothing kernel of Akram et al. [2021], where the idea is
to move the vertices on the bisector of the one-ring. As the above Winslow
kernel, it works well in regions where the mesh is not too constrained but it
may create inverted elements in complex configurations. An alternative for
irregular vertices is the unstructured Winslow FDM kernel [Knupp, 1999], but
it is more complicated and would suffer from the same issues.

Smoothing loop The smoothing kernels, followed by projection on the CAD,
are applied iteratively to all vertices of the current cavity, until the displacement
is smaller than a criteria or the maximal number of iterations is reached. This
iterative process is slower than the uv-Laplacian smoothing, because of the
non-linearity of the kernel and of the surface projections, so we generally use it
without waiting for convergence. It should be notated that these kernels may
produce tangled elements, especially close to concave CAD features or in very
irregular regions. For this reason, we compare the element qualities before and
after, and roll back if necessary.

Non-linear optimization Some local configurations are difficult to untangle
and smooth, or even impossible. This is generally due to a mix of constrain-
ing CAD features and mesh irregularity, such as for the disk quadrangulation
remeshing (Sec. 6.6.3). In these tricky situations, we use the non-linear un-
tangler of Mesquite [Brewer et al., 2003] on very small patches of quads. This
optimization can fail or may convergence too slowly, so in practice we use a
time limit of 1s. Failure to untangle is not a big issue in our pipeline because
we start from a geometrically valid unstructured mesh by construction, so un-
tangling is only encountered during remeshing and we can simply rollback if
the result is tangled.
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6.6 Topological quadrilateral meshing

Unstructured quadrilateral meshes generated frontally (Sec. 6.5) typically have
a large excess of irregular vertices (e.g. Fig. 6.1.c.). To transform the mesh
into a quasi-structured quad mesh (e.g. Fig. 6.1.d.), we need to remove most of
the irregular vertices while preserving the ones that important to accommodate
the model topology and geometry. We achieve this topological improvement by
extracting cavities of quads in the unstructured mesh and by replacing them
by more regular quad meshes. We act at three different scales: the cavity may
be an entire CAD face when it is topologically simple (Sec. 6.6.1), the cavity
may be a convex patch of quads in a CAD face (Sec. 6.6.2), or the cavity may
contain only the quads adjacent to a vertex (Sec. 6.6.3). For large cavities (Sec.
6.6.1 and Sec. 6.6.2), we look for replacement meshes in a list of high-quality
predefined patterns (Fig. 6.4). For local cavities, we look for replacements in
the list of all possible disk quadrangulations (Sec. 6.6.3).

Each time we apply a topological operation (meshing or local remeshing), it is
very important to verify that the geometric quality of the mesh is satisfactory.
We always apply the geometric smoothing techniques defined in Sec. 6.5.3. If
the geometry is invalid, or if the quality decreased too much compared to the
initial configuration after remeshing, we cancel the mesh replacement.

Common definitions A cavity C is a set of quads forming a simply-
connected part of the mesh. The boundary of a cavity ∂C is a closed polyline.
Consider a vertex x ∈ ∂C. Let us call nx the number of quads adjacent to x,
which are also the quadrilateral valences. We distinguish ninx the number of
quads adjacent to x that belong to C and noutx the number of quads adjacent
to x that do not belong to C. We have nx = ninx + noutx . It should be noted
that we usually only consider the quads in the current CAD face S, not the
global quadrilateral mesh of the model.

The vertex x ∈ ∂C is a convex corner of the cavity if and only if ninx = 1. It
is a concave corner of the cavity if the vertex is strictly inside the CAD face,
x /∈ ∂S, and if nout = 1.

By splitting the cavity boundary ∂C at the convex and concave corners, we
form m regular sides, which respectively contain N1, ..., Nm edges.

6.6.1 Pattern-based quadrilateral meshing
Given a cavity with m sides (containing N1, .., Nm edges), it is often (not
always) possible to topologically find a quadrilateral mesh to fill the interior
from a list of predefined patterns (Sec. 6.6.1.1). Such quadrilateral meshes
(Fig. 6.4 bottom) are the anisotropic subdivision of coarse quadrilateral meshes
(Fig. 6.4 top). By anisotropic subdivision, we mean that each topological chord
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Figure 6.4: Pattern-based topological quad meshing. The patterns are defined by
coarse quadrilateral meshes (top). The topological chords (dashed lines) can be sub-
divided independently to build refined quadrilateral meshes (bottom).

(dashed lines in Fig. 6.4) can be subdivided independently of the others. We
use this constrained topological approach to mesh whole CAD faces when their
topology is simple (Sec. 6.6.1.2), skipping the frontal unstructured mesher, or
to iteratively improve patches of quads in the initially unstructured mesh of a
CAD face.

6.6.1.1 Matching patterns

Consider the cavity with side edges (N1, ..., Nm), we check if there is a matching
with a quad pattern with m sides in our pre-computed pattern list (e.g. Fig.
6.4). For each pattern P, we denote (s1, ..., sc) the number of edge subdivision
of the c topological chords of the patterns (dashed lines Fig. 6.4). There is
a quadrilateral mesh if it possible to find strictly positive chord subdivisions
sj > 0, j ∈ [1, c] such that on each side, the sum of the subdivisions of the
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chords included in the side is equal to the side number of edges:

∀i ∈ [1,m],
∑
j∈[1,c]

wij sj = Ni (6.14)

where wij is the number of times the chord j in inside the side i. In practice, wij
is equal to 0 (the chord is not on the side), 1 (the chord go through the pattern)
or 2 (the chord starts and finish on the side, turning inside). This linear system
may be undetermined if there are more chords (columns) than sides (rows). We
are not only interested in a solution to the linear system, we want one that is
integer and strictly positive because it corresponds to the chord subdivisions
of the pattern. We also want the values to be well balanced so the output
quadrilateral mesh is not highly distorted. This behavior can be obtained by
finding the solution that is the closest to an ideal subdivision of the chords,
defined by equi-balancing the values on each side. This corresponds to a non-
linear objective function where we minimize a distance, e.g. E =

∑
j (sj − xj)2

with xj the ideal subdivisions.

To solve such system, with linear constraints and a quadratic objective function,
the ideal approach is to use a suited Mixed-Integer solver. From a practical
point of view, such solvers are large software dependencies and would be overkill
for our problem. As our system is usually very small, we have adopted a much
simpler solution: compute the integer row echelon form of the system matrix,
start from an ideal guess (by balancing the values) and use a depth-first search
to find a solution satisfying all the constraints by rolling up in the echelon
form matrix. However, even if the system is small, the exhaustive search that
happens when there is no solution is too slow for practical use. So we abandon
the search after a few hundred attempts. While this approach may sound
naive, we observe that it works well in practice as the solution, if there is one,
is close to the ideal subdivisions (initial guess). It should be noted that when
looking for match with a pattern, one must check all the rotations of the sides
[N1, ..., Nn], clockwise and counter-clockwise.

The advantage of this integer formulation is that it is generic and works on any
quadrilateral pattern. The user can add a new pattern by simply specifying
the coarse quadrilateral mesh. The construction of the sides, chords and linear
systems are all handled automatically. While it is possible to construct thou-
sands of patterns by enumerating the quadrangulations of the disk (Sec. 6.6.3),
it should be noted that most of them do not lead to high-quality quadrilateral
meshes. For this reason, we restrict ourselves to the patterns of Fig. 6.4 that
we selected manually.

For a practical example, consider a rectangular CAD face with respectively
[N1, N2, N3, N4] edges on its sides. It can potentially match with the first four
patterns of Fig. 6.4. For the first pattern, the condition is obviously equality of
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the subdivisions on the opposite sides (N1 = N3 and N2 = N4). Let consider
a more interesting case: the third pattern. The sum of the chord subdivisions
on each side gives the system:

a+ b+ c = N1

d+ e = N2

a+ c = N3

b+ d+ e = N4

We can see that b must respect b = N3−N1 and b = N4−N2, which is a quite
natural condition if we look at the dual chords (Fig. 6.4). On the other hand,
there is no solution for this pattern if N3−N1 6= N4−N2. Assuming the above
condition is respected, the balance between the respective subdivisions a, c and
d, e are left to the minimization of the objective function, or to the depth-first
search with our technique.

Related work The above integer formulation is not new and has been intro-
duced for patterns with a single interior vertex in Bunin [2008]. A general ILP
formulation for more complicated patterns has been developed in Takayama
et al. [2014] and is equivalent to ours (Eq. 6.14).

Geometry The integer formulation is purely topological and does not take
geometry into account. A very interesting extension would be to find a way to
incorporate geometric information from the cavity boundary into the objective
function, in order to find optimal chord subdivisions. In our pipeline, the mesh
geometry is obtained by smoothing (Sec. 6.5.3) with a fixed boundary, and the
new quadrilateral mesh is only kept if its quality is better than the initial one.

6.6.1.2 Application to simple CAD face meshing

In a complicated CAD model (e.g. Fig. 6.9), there are usually lot of CAD
faces but many of them have the topology of simple polygons (e.g. triangles,
rectangles, pentagons). Given such polygon and the number of edges on each
of its sides, it is often possible to directly find a quadrilateral mesh with our
topological matching technique (Sec. 6.6.1.1).

In practice, we loop over all CAD faces and check if they have the same topology
(χ and convex corners) as some of our patterns. When the topology is identical,
we search for a subdivision of the pattern which matches the number of edges
on each side of the CAD face, previously determined by the curve quantization
step (Sec. 6.4.3). This matching exists if there is a strictly positive solution to
the integer linear problem (Eq. 6.14). Once the quadrilateral mesh topology
is determined, we can find the vertex positions by employing our quad mesh
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a) b)

Figure 6.5: Pattern-based quadrilateral meshes of 75/83 CAD faces on the A319
model (a) and 419/533 CAD faces on the Block model (b).

geometry smoother (Sec. 6.5.3). We only keep the quad mesh only if the
geometric quality is satisfactory, and if it is not we fall back to the unstructured
approach.

Examples To see the usefulness of this pattern-based pre-meshing in real-
life situations, we can look at the results on two CAD models. The A319
model is made of 83 CAD faces, 275 CAD curves and 287 CAD corners and
the Block model is made of 533 CAD faces, 1584 CAD curves and 1044 CAD
corners. After the curve meshing (Sec. 6.4.3), we apply our pattern-matching
on all CAD faces and we are able to directly build the quadrilateral meshes of
respectively 75/83 and 419/533 CAD faces, as shown in Fig. 6.5. These results
are very interesting because it means that we are able to build high quality
meshes on most of the simple CAD faces in a short amount time, for which
there is no need to use more computationally expensive techniques.

6.6.2 Quasi-structured topology with cavity remeshing
On the remaining CAD faces, we start from the unstructured quadrilateral
mesh (Sec. 6.5) and we improve its topology by locally remeshing cavities with
the pattern-matching technique (Sec. 6.6.1). Our objective is to iteratively
reduce the number of irregular vertices in order to reach a quasi-structured
topology. Consider a CAD face, there are four sources of irregular vertices:
(i) the face topology (see Eq. 6.2), (ii) the face geometry, (iii) the non-ideal
quantization of the curves (Sec. 6.4.3) and (iv) the non-ideal behavior of the
frontal mesher (frontal collisions, size map not adapted to CAD features or
cross field gradients, etc). The irregular vertices from (i) and (ii) are captured
as cross field singularities (including the ones we artificially added at acute
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corners). In the current paper, we work on removing the irregular vertices (iv)
caused by the unstructured quadrilateral mesher, while preserving the irregular
vertices (i) and (ii) which are necessary to have a good quadrilateral mesh in
the end. It should be noted that the irregular vertices (iii) caused by the non-
ideal quantization cannot be removed by considering only one CAD face, but
the whole model quadrilateral mesh should be taken into account. We leave
this last improvement for future work as it is definitively not trivial: the global
quadrilateral mesh is potentially non-manifold (e.g. multiple volumes) and
the CAD features must be strictly preserved while applying global operations
across multiple CAD faces.

To remove the unnecessary irregular vertices, we build convex topological cav-
ities in the quadrilateral mesh, which contains three or more irregular vertices,
and we replace them by more regular quad meshes (the patterns defined in Sec.
6.6.1). This process is illustrated on Fig. 6.6, where a pentagonal cavity with
five valence 3 (k = 1) and six valence 5 (k = −1) irregular vertices (

∑
k = −1)

is replaced by a pentagonal patch with only one valence 5 irregular vertex
(k = −1). The key to our approach is to not apply this process blindly but in a
specific way to preserve the irregular vertices matching cross field singularities.

The idea of remeshing cavities with more regular patterns is not new [Bunin,
2008; Takayama et al., 2014] and has been exploited in quad meshing [Verma
and Tautges, 2011; Marcias et al., 2015; Verma and Suresh, 2015]. The difficulty
is in choosing which cavities to remesh, because uncontrolled greedy remeshing
will remove irregular vertices that were important for mesh quality, leading
to highly distorted meshes. For instance, a rectangular cavity may eliminate
a valence three singularity close to a convex CAD curve and a valence five
singularity close to a concave CAD curve, which were both useful irregular
vertices used to accommodate the model geometry.

We call singularities the irregular vertices that we preserve, which mainly come
from the cross field singularities, and we call unnecessary irregular vertices the
ones we want to eliminate. The singularities are used to control and constrain
the growth of the remeshable cavities that absorb the unnecessary irregular
vertices.

6.6.2.1 Growing remeshable cavities

To iteratively improve the mesh of a CAD face S, we grow convex cavities
(patch of quads) and replace them. To grow a convex cavity C, we start from a
initial simply connected set of quads C0 (e.g. quads adjacent to a vertex) and
we iteratively add quads adjacent to the cavity. To ensure the convexity of the
cavity, if one of the vertex x on the boundary ∂C is concave, e.g. x /∈ ∂S and
noutx = 1, we add the adjacent exterior quad in priority. During the growth,
we also ensure that (i) a singularity (flagged irregular vertex to preserve) is
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Figure 6.6: Growing a cavity around one vertex of index −1 (in pink). Convex
corners are in blue and concave corners are in green. The remeshed cavity (d) has
one irregular vertex instead of eleven.

never added to the interior of the cavity and (ii) a CAD concave corner is
never fully surrounded by the cavity (x concave CAD corner, noutx = 0). This
process is illustrated in Fig. 6.6, where a pentagonal cavity is growing starting
from a valence-5 singularity. Each time the growing cavity is convex and has
absorbed new irregular vertices, we check if it is remeshable by solving the
matching problem (Sec. 6.6.1.1) with the target replacement patterns. If it is
remeshable, we store it as the last remeshable cavity. We either stop if we want
a minimal cavity, or we continue the growth if we want a maximal cavity.

6.6.2.2 Cavity remeshing strategy

The choice of cavity seeds and the order in which cavities are grown and
remeshed matters. When a triangular or a pentagonal cavity built around a
singularity is remeshed, removing pairs of +1/−1 irregular vertices, it produces
quads with only one irregular vertex (associated to the initial singularity), but
the new singularity topological position is translated compared to the initial
one. On Fig. 6.6.d., we can observe that the new irregular vertex is moved
closer to the top side (distance of one edge instead of three initially). An-
other way to interpret this is that when a pair of +1/ − 1 irregular vertices
is eliminated via a singularity, it will attract it or push it away, depending of
the pair orientation and the singularity index. This behavior has important
consequences: if a mesh singularity is used a lot to absorb all other irregular
vertices, it may end up far away from the initial cross field singularity, leading
to important distortions in the mesh geometry. So in order to produce a high-
quality quasi-structured mesh, we must adopt a cavity remeshing strategy that
will minimize the movements of the singular vertices and keep them close to
their initial position in the cross field.

On a given CAD face S, we apply the following steps as long as there is im-
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provement (i.e. in a while loop):

Step 1: Starting from unnecessary irregular vertices, grow and remesh
maximal rectangular cavities that do not contain singularities
and that match the regular grid pattern (first one on Fig. 6.4).
The goal is to eliminate the opposed irregular +1/ − 1 pairs
without distorting the mesh.

Step 2: Starting from the singularities (index k = +1 or k = −1), grow
and remesh minimal triangular or pentagonal cavities that con-
tain the starting singularity and the non-zero minimum number
of unnecessary irregular vertices while keeping the target index
(i.e.

∑
k = −1 or + 1). The goal is to eliminate the irreg-

ular vertices while distributing the mesh distortion on all the
singularities.

Step 3: Re-apply Step 1, in case some new regular cavities have been
unlocked by the previous step.

Step 4: Starting from unnecessary irregular vertices, grow and remesh
minimal rectangular cavities that do not contain singularities
and that match one of the four rectangular patterns of Fig. 6.4.
The goal is to enable size transitions in the mesh while reducing
the number of irregular vertex pairs. To avoid large geometric
distortions, we use minimal remeshable cavities and we verify
that the mesh quality is not degraded too much after smoothing.

This process is the core of our quasi-structured topological improvement. Fig.
6.2.2. illustrates the absorption of irregular vertices by the cross singularities.
For a more complicated example, we can look at the Block model illustrated
in Fig. 6.9, where the zooms show the kind of mesh size transitions which are
produced by the rectangular pattern cavity remeshing.

6.6.3 Local remeshing with disk quadrangulations
Unstructured quad meshes constructed in an indirect fashion may contain a few
very irregular vertices, that we call defects. The goal of this local remeshing
is to eliminate them before applying the larger cavity remeshing (Sec. 6.6.2).
In the interior of a CAD face, we say that a vertex is very irregular if its
quadrilateral valence is more than 6, i.e. its index is k ≤ −2. On the CAD
curves, we say that a vertex is a defect if its valence is different from two on the
adjacent CAD faces. On CAD corners, we want to enforce the ideal valence
which is deduced from the associated angle in the CAD faces, e.g. valence three
for a concave 270◦ corner. We can also enforce user-prescribed corner valences
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Cavity

Figure 6.7: All quadrangulations of the disk bounded by 4, 6, 8, 10 and 12 vertices
with 0, 1, 2, 3 and 4 internal vertices.

with this technique, which can be useful when hand-crafting boundary layers
for specific applications. The goal of the local remeshing step is to eliminate
the defects (valence different from the allowed range) by changing the topology
locally.

When forming a cavity with the quads adjacent to a vertex, we are building a
topological disk. We can replace the interior of the cavity with any quadrilateral
mesh as long as we do not change the cavity boundary, which is a closed
polyline. Our idea is simple: browse all the possible disk quadrangulations (Sec.
6.6.3.1) and use the best one, according to a quality criterion (Sec. 6.6.3.2).
An example of elimination of a valence six vertices is shown on Fig. 6.8.

6.6.3.1 Quadrangulations of the disk

The exhaustive list of disk quadrangulations can be built by recursively apply-
ing the three edge flips that add a quad to a current quadrangulation, starting
initially from a single quad. This is a simple 2D version of the algorithm used to
build shellable hexahedral meshes of the sphere in Verhetsel et al. [2019]. Our
implementation is open-source 1. The only technical difficulty is in detecting
equivalent quadrilateral meshes that have different vertex ordering. For this
we use the open-source library Nauty [McKay and Piperno, 2014] to compute
the canonical labeling of the edge graphs. In our meshing software, we only
store the list of the disk quadrangulations up to a certain size in a large table.

1Software to enumerate disk quadrangulations:
https://git.immc.ucl.ac.be/reberol/disk_quadrangulation
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x x1 x2

Figure 6.8: Removing a very irregular vertex x (in red) of index k = −2. Blue dots
are regular vertices of index k = 0. The green dot has an index −1 while rose dot has
index +1.

For practical meshing, the only disk quadrangulations that are interesting are
the ones with valence three, four, five inside (indices 1, 0,−1) and valences one,
two, three on the boundary (indices 1, 0,−1). On Fig. 6.7, we show the disk
quadrangulations with up to 12 vertices on the boundary and up to 4 vertices in
the interior. These configurations are more general that the patterns previously
used (Sec. 6.6.2) because they include concave vertices on the cavity boundary.

6.6.3.2 Local remeshing

Consider a cavity C that we want to remesh, with its boundary ∂C defined by
the polyline [x1, ...,xb]. We want to select the best replacement in the list of
disk quadrangulations with b vertices on the boundary, including all rotations
clockwise and counter-clockwise of the patterns. As the cavity is immersed in
a larger quadrilateral mesh, the quadrilateral valence outside the cavity asso-
ciated to each vertex of ∂C is fixed: [noutx1

, ..., noutxb
]. The future quad valences

inside the cavity [ninx1
, ..., ninxb

] are parameters of each disk quadrangulation. We
also know the ideal valences [n̄x1 , ..., n̄xb

] in the global quadrilateral mesh ac-
cording to their position in the CAD face, e.g. n̄xj

= 4 inside if regular, n̄xj
= 2

on a curve, n̄xj
= 3 on a concave corner.

The best disk quadrangulation replacement is the one which minimizes the
irregularity of the cavity after inclusion in the complete quadrilateral mesh:

Ir =
∑
j=1..b

(n̄xj
− noutxj

− ninxj
)2 +

∑
k∈{inside}

(4− ninxk
)2 (6.15)

If there are multiple ideal quadrangulations (Ir = 0), we choose the one with
the minimal number of vertices. But in practice, it is not always possible to
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find ideal replacements, and it is important to not introduce new defects in the
mesh. So we restrict the allowed integer ranges of the ninxj

. For a CAD face
interior vertex (n̄xj

= 4), the allowed range is such that 3 ≤ ninxj
+ noutxj

≤ 5.
For a CAD curve vertex, we typically force the regularity: ninxj

+ noutxj
= 2. For

a CAD corner, we also force the ideal valence: ninxj
+ noutxj

= n̄xj
. Because the

problem is very constrained when the CAD topology and geometry is locally
complex, it is not always possible to satisfy all constraints (even if we are
considering thousands of replacement candidates, thus the difficulty of quad
meshing). To still improve the quadrilateral mesh, we introduce priorities: it is
better to improve the corners, then the curves, then the interior. We allow the
creation of curves and interiors defects in order to fix the corners, and then we
allow the creation of interior defects when fixing the curves. Such relaxation is
necessary to not get stuck early in the improvement process.

Geometry As the disk quadrangulation are purely topological, the actual
mesh geometry is computed with our smoothing and untangling technique (Sec.
6.5.3). If we fix the boundary of the cavity, there is usually no geometrically
valid solution. This is due to the fact that the quad topology typically changes
significantly while the boundary stays a small polygon: there is not enough
room to untangle and optimize the elements. To relax the geometric problem,
we extend the smoothing cavity to the quads adjacent to the topological cavity,
and we apply the optimization on this enlarged cavity, with its boundary fixed.
If there is still no satisfactory geometric solution (e.g. tangled quad), we cancel
the current disk quadrangulation remeshing.

Limitations In practice, most of the defects are eliminated, but sometimes
it is not possible to remove some of them when the region is too constrained
(e.g. almost all vertices of a cavity on CAD curves). With luck, they will be
eliminated later by larger convex cavity remeshing (Sec. 6.6.2) but there is no
guarantee. That being said, what we call defect are local configurations which
are totally acceptable in the broader context of unstructured quad meshing
techniques.

6.7 Results and discussions

To validate our approach and confirm its robustness, we applied it on many
CAD models from existing databases (Sec. 6.7.1). In the next section (Sec.
6.7.2), we discuss the strengths and weaknesses of the approach and its posi-
tioning relative to existing techniques in the literature.
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Figure 6.9: Quasi-structured quad mesh (261.5k vertices, 261.6k quads) of the Block
model (533 faces and 1584 curves). The average SICN quality is 0.87 and the minimum
is 0.11. The initial unstructured quad mesh was generated in 58 seconds and the quasi-
structured improvement took 33 seconds, both with 4 CPU cores on a laptop. The
number of irregular vertices was reduced from 14.4k to 3.6k.
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6.7.1 CAD databases
Test cases We applied the end-to-end meshing pipeline to the 114 models
of the MAMBO dataset [Ledoux] and to 1000 models the ABC dataset [Koch
et al., 2019]. As the ABC dataset is huge (one million models), we randomly
selected one thousand not-too-simple models for which it was possible to gen-
erate triangulations and extract a single CAD volume. This pre-selection is
necessary because many models are very simple (e.g. a few CAD primitives),
or are not valid, or contain lot of independent components. For all models, we
applied a global sizing parameter of 0.1 on mesh edges, i.e. edges ten times
smaller than the initial very coarse CAD sampling in the triangular Delaunay
mesher. In our pipeline, a size map is then produced to adapt to CAD feature
locally, but the mesh resolution in the final mesh is largely controlled by this
single parameter. It should be noted that using the same resolution parameter
for all CAD models is very far from ideal, as the resulting meshes are either
too coarse or too fine relatively to the CAD geometry, compared to what a user
would choose. We still followed this procedure because it allows large scale au-
tomation and it is a good way to observe the mesher behavior in non-optimal
conditions.

Results We were able to automatically build geometrically valid quad meshes
on the 114/114 models of the MAMBO dataset and on 988/1000 models of the
ABC dataset. In the 12 failure cases in the ABC dataset, two are topologically
valid quad meshes but with tangled elements, the minimum SICN quality being
respectively −0.008 and −0.11. The invalid quads are due to inverted triangles
in the quad-dominant mesh, which is too coarse in some regions. The ten other
failures are due to either (a) issues in the Delaunay point insertion used for
the initial triangulation and frontal quad-dominant mesher or (b) performance
issues (exceed the 8GB RAM or timeout after 5 hours) in the quasi-structured
topological improvement when the size map is too fine. The cases (b) typi-
cally correspond to elongated models with large thin regions. Our automatic
size map leads to very small elements and many millions vertices, many of
them irregular, in the CAD faces. Our topological improvement strategy is
not adapted in these situations because too many cavities (literally millions)
are built, smoothed and remeshed, which is computationally too expensive.
The above failure cases can be fixed by using a more appropriate global siz-
ing parameter or by manually building a size map better adapted to the thin
regions.

Statistics Topological and geometrical statistics, along with figures, are
available for each model in the supplementary material. Average values for
some quantities are listed in Table 6.1. Statistically, the quads are of very high
quality and the topological improvement reduces the number of irregular ver-
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Dataset (#) MAMBO (114) ABC (990)
#C 46 98
#F 18 38
Q min 0.53 0.44
Q avg 0.98 0.96
#vert 20.2k 49k
% irreg. init. 1.24% 2.2%
% irreg. 0.27 % 0.74 %
time init./improv. 9.6 sec / 4.6 sec 15.3 sec / 140.8 sec *

Table 6.1: Average values over all dataset models. #C and #F are the number of CAD
curves and faces. Mesh statistics are computed on the final quasi-structured mesh,
except for the initial percentage of irregular vertices, which is computed on the initial
unstructured quad mesh. The quality metric Q is the signed inverse condition number
(SICN). Time init. is the elapsed time to build the unstructured quad mesh starting
from the CAD and time improv. is the elapsed time to make it quasi-structured, both
computed with a single core. (*) The average run-time of 140.8 sec is high due to slow
outliers (seven models took more than one hour), the median value is 5.9 seconds.

tices by a factor of three (ABC) or five (MAMBO). An important proportion of
the remaining irregular vertices are due to large gradients in the size map. This
is caused by the global sizing parameter which is often too coarse compared to
the smallest features. Global sizing parameter chosen model by model would
allow a greater reduction of the number of irregular vertices, typically a factor
from 5 to 10. The median and average running times for the whole pipeline
are respectively 18 and 155 seconds, using a single-thread on a laptop 2.8 GHz
CPU. If we normalize by the number of vertices, our complete pipeline takes
around one second per thousand vertices in the output, in average.

6.7.2 Discussion
Statistical results (Sec. 6.7.1) are interesting to confirm the robustness of our
approach but they are not very relevant to evaluate the mesher’s behavior.
They are strongly affected by the target meshing size, i.e. smaller size would
improve both regularity and quality. In the same spirit, midpoint subdivision
steps would artificially improve the statistics whereas the topological structure
is not changed. To better understand the mesher strengths and weaknesses, it
is necessary to visually inspect the quadrilateral meshes. A detailed quad mesh
of a complex model is illustrated on Fig. 6.9 and some of the database results
are shown in the mosaic 2 in Fig. 6.10.

2generated with the Mosaic generator (github.com/qnzhou/Mosaic)

github.com/qnzhou/Mosaic
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Overview Our end-to-end meshing pipeline is able to robustly generate
quadrilateral meshes with high-quality elements on almost all CAD models,
using a single global sizing parameter. There are a few failure cases, but they
are due to either a very wrong target size choice or a CAD-adapted size map
leading to too many vertices (> 5M), for which we have performance issues.
When using an appropriate target size, we are able to eliminate many irreg-
ular vertices (e.g. factor five to ten) in the initial unstructured mesh, while
preserving a relevant global structure thanks to the cross-field singularities. In
its current state, this new mesher is a viable alternative to triangular mesh-
ing in Gmsh for generic CAD models and we expect further improvements in
the future. The flexibility offered by the unstructured approach makes it easy
to integrate user-prescribed constraints, such as specific element sizes at given
points or a custom size map given as a scalar field.

Comparison with unstructured techniques There are two large steps in
our approach: the robust generation of the initial unstructured quad mesh and
its improvement via cavity remeshing. On the unstructured part, our tech-
nique is essentially an incremental improvement of standard indirect meshing
[Remacle et al., 2012, 2013]. Thanks to the accurate cross field computation
and its inherent size map (conformal scaling), we generate better vertex posi-
tions which follow integral lines of the locally integrable scaled cross field (e.g.
Fig. 6.2.2.b). Concerning the topological improvement, we employ two topo-
logical techniques. For local and constrained configurations, we pick the best
rearrangement by checking in an exhaustive list of disk quadrangulations (Sec.
6.6.3), which is a new technique to our knowledge. For large cavities and sim-
ple CAD faces, we use pattern-based remeshing similar to Verma and Suresh
[2015] but with better cavities as we are using the cross-field singularities to
control their spawning and growth.

Comparison with global parametrization techniques When the size
map is dominated by the cross field scaling and not by the adaptation to
small features, our approach produces meshes tending to the ones produced
by global parametrization techniques (e.g. Fig. 6.2), except that there may be
a few additional irregular vertices due to the non optimal quantization of the
curves. Most global parametrization literature is from the computer graphics
community and focus on smooth models without or with few feature curves,
without much consideration for CAD entities. Thus, it is difficult to know if
they could be adapted to strictly respect them. As they are using a global sizing
parameter without adaptation to small features, the basic way to match them
is to introduce strong distortions in the parametrization and it is not clear if it
is possible to extract geometrically valid quads afterwards. Our approach has
the advantage of working with custom size maps containing strong gradients
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whereas global parametrization techniques would first require to generate a
cross field matching the size map, which is an open problem.

Performance The initial unstructured quad mesh generation, starting from
the CAD, is fast and is a few times the cost of triangular meshing. The compu-
tational cost of the topological improvement is less predictable as it depends on
the number and size of the cavities that are candidate for remeshing. In gen-
eral, the cost is similar to the initial step but it may be much higher, especially
for large CAD faces with lot of vertices (>100k). The vast majority of the time
is spent doing smoothing, which is essential to guarantee geometric validity of
the elements. To ensure limited running times, it is possible for the user to
limit the time spent on each CAD face. In the future, we plan to develop better
cavity growing strategies to deal more efficiently with large meshes by reducing
the number of cavity candidates.

Thanks to the bottom-up approach, meshing and remeshing operations can be
applied in parallel on each CAD face, as the boundary meshes are fixed. The
scaling with the number of cores is excellent, and we are only limited by the
RAM as we are using shared memory in Gmsh parallelism (OpenMP).

6.8 Perspectives and future work

In this work, we have presented a quadrilateral meshing pipeline which is viable
for industrial use. The robustness is ensured by starting from a basic unstruc-
tured quad mesh (quad-dominant split into quads) and iteratively improving
it while always checking the validity of each operation. Additional improve-
ments stemming from recent research on cross fields are incorporated in the
pipeline as guiding information, but never at the cost of robustness. Starting
from this solid basis, we envision various lines of research to further enhance
the topological structure of the final quad meshes.

Remaining non-essential irregular vertices When the target size is fine
and the size map is dominated by the cross field and not the CAD features, we
would ideally expect to match the cross field singularities. With our approach,
it requires an optimal quantization of curves, which is hardly achieved. We see
two solutions to this problem, either a better initial quantization or a posteriori
remeshing across CAD curves.

For the initial quantization, we should consider more the topological constraints
in quadrilateral mesh. In particular, the curves of the polygonal CAD faces
whose topology matches the patterns in Fig. 6.4 should have a number of
edges such that the quantization is meshable according to the ILP problem.
For the CAD faces without cross field singularities, we can assign a direction
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Figure 6.10: Quadrilateral meshes of models in the MAMBO [Ledoux] and ABC
[Koch et al., 2019] datasets.
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+x,−x,+y,−y to each boundary curve and ensure that the sum of the edges
over both axis is zero. By combining these linear constraints in a global mixed-
integer problem, we should be able to produce a better initial quantization of
the whole model.

A more pragmatic alternative is to eliminate the remaining irregular vertices
by modifying the mesh topology globally. The remeshing cavities could grow
across the CAD curves to surround opposite pairs of +1/−1 irregular vertices on
distinct faces. The difficulty is in ensuring the CAD curves are still preserved
after remeshing and in dealing with non-manifold face junctions. Another
possibility is to move the pairs of +1/ − 1 in the global mesh by successively
applying local mesh modifications.

Performance and large models The main limitation of our mesher is that
it is slow when dealing with large CAD face meshes (> 100k vertices) because
there are too many remeshing cavities which are tried, and each one involves
smoothing the geometry. We believe there is a lot of room for improvement in
the remeshing strategy (Sec. 6.6.2.2), which is quite simple for the moment. A
possibility could be to replace the current isotropic growth of cavities by more
surgical ones which would target the non-essential irregular vertices and avoid
the regions of the mesh which are already regular.

From quasi-structured to block-structured For many applications, the
best quadrilateral mesh is block-structured, meaning that its base-complex is
coarse and composed of a minimum of large quadrilateral patches. This kind
of meshes is interesting because it can be easily converted into a good high-
order quad mesh which is ideal for accurate high-order methods. Even at
low orders, the block structure allows for fast computational optimizations
(e.g. implicit indexing, multigrid). Our quasi-structured meshes are not ready
for such applications because their base-complexes are composed of too many
patches. Even when the number of irregular vertices is low (e.g. matching the
cross field singularities), the issue is that the irregular vertices are not aligned
and consequently the topological chords tend to wind up over the whole model.
In the future, we wish to explore ways to align the irregular vertices, such as
Bommes et al. [2011], and build coarse layouts on complex CAD models. This is
definitively a challenging problem as the CAD features must be fully preserved
during the process.

Extension to hexahedral meshes Hexahedral meshing is a very difficult
problem, especially when trying to respect the features of CAD models. The
current robust techniques are either the subdivision of a tetrahedral mesh
into hexahedra or the octree-based approach [Maréchal, 2009]. Both produce
meshes whose topological structure is not very good: there is a large number
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of irregular edges and vertices, and the hexahedra are not aligned with the
model boundary. We think that exploring ways to extend the cavity remesh-
ing technique to the 3D case could be a fruitful line of research as it would
allow iterative and robust topological improvements to reduce the number of
irregular edges and vertices in such meshes.
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Hexahedral-dominant meshing using 3D

integrable frame-fields.

This chapter is a reproduction of the following paper:

Georgiadis, C., Chemin, A., Remacle, J.-F., draft, Hexahedral-dominant mesh-
ing using 3D integrable frame-fields.
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Abstract

Frame field based approaches on hexahedral mesh generation have gained
a lot of attention recently. The success of this class of methods is strongly
dependent on the characteristics of the input frame fields, since they
should have a topological structure that is hex-meshable. In this article
we develop mathematical conditions that a frame field has to fulfill in
order to be integrable. The resulting problem is highly complex, thus we
follow a methodology to scale input frame fields without changing their
orientation, in order to be as close as possible to integrability. The result-
ing scaled frame fields are then used to generate hex-dominant meshes
with a frontal point insertion approach, tetrahedralization and indirect
combination of tetrahedra to hexahedra. Finally, we investigate the prac-
tical benefits of frame field scaling on a variety of models.

Keywords: 3D frame fields, integrable frame fields, hex-dominant
meshing

7.1 Introduction

The problem of automatically generating a hexahedral mesh that conforms to
the boundary and offers quality and robustness guarantees is widely considered
as the most challenging problem of mesh generation. While a variety of related
methods have been proposed, their applicability is mostly restricted on simple
models. In practice, semi-manual decomposition methods are used to handle
more complex models.

In the last years, frame-field based approaches have been widely investigated
for the automatic generation of hexahedral meshes, as a natural extension of 2D
cross-field based approaches for quadrilateral meshing. Frame fields are aux-
iliary in 3D mesh generation to define local preferred directions (Dũ,Dṽ,Dw̃)
and sizes (Lũ, Lṽ, Lw̃) for hexahedral and hex-dominant meshing. Standard
frame field based meshing approaches consist in building a boundary-aligned
frame field [Huang et al., 2011; Chemin et al., 2019; Ray et al., 2016] and using
it to build a hex-dominant [Gao et al., 2017; Ray et al., 2018; Sokolov et al.,
2016] or a fully hexahedral mesh [Zheng et al., 2019; Lyon et al., 2016; Li et al.,
2012; Nieser et al., 2011; Liu et al., 2018]. Frame fields can also be utilized by
frontal approaches as in Baudouin et al. [2014]; Bernard et al. [2016] for the
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Figure 7.1: Scaled frame (on the left) and preferred directions and sizes (on the right).

generation of hex-dominant meshing. Frontal approaches are more straight-
forward and flexible compared to parameterization methods, at the cost of
resulting hex-dominant meshes with lower percentage of hexahedra.

These methods are all relying on the fact that the considered frame field can
be used as a local system of coordinates, and therefore rely on the frame field
integrability. When this criterion is not met, global parametrization approaches
fail and hex-dominant ones produce a lot of tetrahedra. One manifestation of
non integrability is the existence of 3−5 singular curves in the computed frame
field, and we refer the reader to Reberol et al. [2019] in which a comprehensive
analysis of this problem and existing methods to circumvent it is done. In this
case, the problem remains largely unsolved.

We define here a scaled frame f̃ as a set of 3 distinct vectors mutually orthogonal
(ũ, ṽ, w̃) (Fig. 7.1). A scaled frame field F̃ = {P ∈ Ω ⊂ E3 7→ f̃(P )}, now,
is a rule that associates a frame f̃(P ) to each point P in a subset Ω of E3.
ũ, ṽ and w̃ are called branches of the frame f̃ . A scaled frame f composed
of 3 unitary vectors will be called a unitary frame, and a scaled frame field
F = {P ∈ Ω ⊂ E3 7→ f(P )} associating to each point P ∈ Ω a unitary frame
f(P ) will be called a unitary frame field. The frame field approaches commonly
use what we call here unitary frames.

In this article we develop mathematical conditions that a scaled frame field f̃
has to fulfill in order to be integrable, so that preferred directions (Dũ,Dṽ,Dw̃)
and preferred sizes (Lũ = ||ũ||, Lṽ = ||ṽ||, Lw̃ = ||w̃||) are coherent for hexahe-
dral meshing. As it will be shown later these conditions are coupling branches’
sizes with frame field orientation, and are also imposing conditions on the frame
field orientation itself. Equations which have to be fulfilled are very difficult to
solve if neither orientation nor branches’ size are known.

Therefore, exploitation of mathematical results obtained will be limited here
to computation of branches’ size for an input given frame field in order to
be as close as possible to integrability conditions. It means computing Lũ =
||ũ||, Lṽ = ||ṽ||, Lw̃ = ||w̃|| for a fixed frame field orientation. If given frame
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field is not already respecting orientation integrability conditions, which is going
to be the case in general, it will be impossible to reach integrability.

We then utilize the scaled frame fields for the generation of hex-dominant
meshes with a frontal approach. The idea is to propagate points inside the
domain following preferred directions (Du,Dv,Dw) and respecting the spacing
induced by preferred sizes (Lu, Lv, Lw). Usually, preferred sizes (Lu, Lv, Lw)
are imposed by the user and are not correlated to the prefered directions
(Du,Dv,Dw). A tetrahedral mesh is then created from the generated point
set and tetrahedra are combined into hexahedra in order to obtain an hex-
dominant mesh. Some tetrahedra are remaining in the mesh as no combi-
nations are possible to eliminate them. However, if the spacing between each
generated point is not coherent with regard to the frame field orientation, more
tetrahedra will remain after the recombination procedure. Our objective is to
examine if imposing scaled sizing on the input frame field can prove beneficial
in the context of hex and hex-dominant meshing.

7.2 Frame field integrability equations

We develop here the mathematical conditions that a scaled frame field has
to fulfill in order to be integrable. The obtained equations are constraining
frame field orientation and coupling the size and orientation of branches. As
mentioned in the introduction, these equations are difficult to solve if orien-
tation and size are unknown. We will then assume frame field orientation to
be known (coming from a previous boundary aligned frame field computation
done by any classical method) and present a method to scale branches in order
to be as close as possible to an integrable frame field.

7.2.1 Integrability equations
A unitary frame is represented by 3 orthogonal unitary vectors u,v,w that we
can define with the 3 euler angles (ψ, θ, φ):

u =

−sφsψcθ + cφcψ
sφcψcθ + sψcφ

sφsθ

 , v =

−sφcψ − sψcφcθ−sφsψ + cφcψcθ
sθcφ

 , w =

 sψsθ
−sθcψ
cθ

 (7.1)

where cα = cosα and sα = sinα.

We consider the following scaling of the 3 branches u, v and w:

ũ = Lu, ṽ = Mv, w̃ = Nw, (7.2)

where L,M and N are scalar fields defined on Ω.
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The Lie bracket [u,v] in the 3D Euclidian space is defined as:

[u,v] = ∇v(u)−∇u(v) (7.3)

where
∇v(u) =< ∇u,v >= ui,jvj (7.4)

Let’s define:  R0 = [ũ, ṽ] = ∇ṽ(ũ)−∇ũ(ṽ)
R1 = [ũ, w̃] = ∇w̃(ũ)−∇ũ(w̃)
R2 = [ṽ, w̃] = ∇w̃(ṽ)−∇ṽ(w̃)

(7.5)

The scaled 3D frame field (ũ, ṽ, w̃) is integrable if and only if Ri = 0, i ∈ [|0, 2|],
which gives:

 R0 = Mu∇vL− Lv∇uM + LM [w (sφ∇vθ − cφ∇uθ) + (u∇uφ+ v∇vφ) + (u,ψ∇vψ − v,ψ∇uψ)] = 0
R1 = Nu∇wL− Lw∇uN + LN [(sφw∇wθ −w,θ∇uθ) + v∇wφ+ (u,ψ∇wψ −w,ψ∇uψ)] = 0
R2 = Nv∇wM −Mw∇vN +MN [(cφw∇wθ −w,θ∇vθ)− u∇wφ+ (v,ψ∇wψ −w,ψ∇vψ)] = 0

(7.6)

By defining:
HL = logL
HM = logM
HN = logN

(7.7)

it becomes:

(∇uHM )v− (∇vHL)u =(sφ∇vθ − cφ∇uθ)w+
(∇uφ)u + (∇vφ)v + (∇vψ)u,ψ − (∇uψ)v,ψ (7.8a)

(∇uHN )w− (∇wHL)u =(sφ∇wθ)w− (∇uθ)w,θ+
(∇wφ)v + (∇wψ)u,ψ − (∇uψ)w,ψ (7.8b)

(∇vHN )w− (∇wHM )v =(cφ∇wθ)w− (∇vθ)w,θ−
(∇wφ)u + (∇wψ)v,ψ − (∇vψ)w,ψ (7.8c)

It is important to note that these vectorial equations give 9 scalar equations,
of which 3 do not depend on branches scaling. Indeed, projecting 7.8a along
w, projecting 7.8b along v and projecting 7.8c along u gives: 0 = sφ∇vθ − cφ∇uθ − sθcφ∇vψ − sθsφ∇uψ

0 = cφ∇uθ +∇wφ+ cθ∇wψ + sθsφ∇uψ
0 = sφ∇vθ −∇wφ− cθ∇wψ − sθcφ∇vψ

(7.9)

This set of 3 equations will be further discussed in section 7.5.
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We are interested in solving the following 6 scalar equations that arise from
equation 7.8:

∇uHM = ∇vφ + cθ∇vψ = Ru
M (ψ, θ, φ)

∇vHL = −∇uφ − cθ∇uψ = Rv
L(ψ, θ, φ)

∇uHN = sφ∇wθ − sθcφ∇wψ = Ru
N (ψ, θ, φ)

∇wHL = −sφ∇uθ + sθcφ∇uψ = Rw
L (ψ, θ, φ)

∇vHN = cφ∇wθ + sθsφ∇wψ = Rv
N (ψ, θ, φ)

∇wHM = −cφ∇vθ − sθsφ∇vψ = Rw
M (ψ, θ, φ)

(7.10)

To compute an integrable scaled frame field, we have to compute (HL, HM , HN )
and (ψ, θ, φ) fulfilling eq. 7.9 and eq. 7.10. It turns out to be a very difficult
problem to solve therefore, as mentioned earlier, a fixed frame field orientation
will be assumed. With (ψ, θ, φ) imposed, we have no control on eq. 7.9 being
fulfilled. The only control we have is on how close we can be to fulfill eq. 7.10.
The formulation of the problem we seek to solve is:

Find (HL, HM , HN ) ∈
(
C1(Ω)

)3 minimizing
E(HL, HM , HN ) = 1

2

∫
Ω

(∇uHM −Ru
M )2 + (∇vHL −Rv

L)2

+ (∇uHN −Ru
N )2 + (∇wHL −Rw

L )2

+ (∇vHN −Rv
N )2 + (∇wHM −Rw

M )2dΩ
(7.11)

7.2.2 Ill-posed problem
Miniminzing eq. 7.11 is in general an ill-posed problem. This can be stressed
out with the very simple example presented on Figure 7.2.

Figure 7.2: Simple domain Ω to demonstrate that the problem is ill-posed.

For this case, the unitary frame field obtained by any method is:
F = {P ∈ Ω 7→ f(P ) = (x,y,0)} (7.12)
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Euler angles representing this unitary frame field orientation are: ψ = 0
θ = 0
φ = 0

(7.13)

Equations 7.9 are fulfilled and equations 7.10 become: ∇xHM = ∇zHM = 0
∇yHL = ∇zHL = 0
∇xHN = ∇yHN = 0

(7.14)

for which the solution space S is :

S =
{

(HL, HM , HN ) ∈
(
C1(Ω)

)3
/

(HL(x), HM (x), HN (x)) =
(F1(x), F2(y), F3(z)),∀(x) ∈ Ω, with (F1, F2, F3) ∈

(
C1(Ω)

)3}
(7.15)

which gives:
S =

(
(C1(R)

)3 (7.16)

Solution space S is of infinite dimension, thus the problem we are trying to solve
is ill-posed. This is due to the fact that conditions on scaling factor derivatives
are not sufficient by themselves to lead to a well-posed problem. In order to
solve it numerically, we need to add some constraints on the solution we want
to obtain. This equation regularization is presented in the next section.

7.2.3 Equations regularization
For the sake of simplicity we outline our method to regularize the problem on
a 2D example and then generalize to 3D:

Figure 7.3: Domain Ω considered for the 2D example.

For which we are looking for H such that:

∇yH = g, on Ω (7.17)
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with 
g(x, y) = 0 , if 0 ≤ x < L

3
g(x, y) = (x− L

3 )2 ∗ (− 6x
L+5 ) ∗ 9

L2 , if L3 ≤ x < 2L3
g(x, y) = ( l2 − y) ∗ 2

l ) , if 2L3 ≤ x < L

(7.18)

Let us call S =
{
H ∈ C1(Ω)/H verifies eq. 7.17

}
the solution space.

This simplified problem is equivalent to the kind of problem (eq. 7.10) we want
to solve in 3D. As we can see, there is no explicit condition on ∇xH. We can
note that, in order for a scalar field H solution of equation 7.17 to exist, we
need ∇xH to be such that ∇× (∇H) = 0.

It is important to know the physical meaning of H. H is the logarithm of a
frame branch size, meaning that it is directly linked to hexahedral element sizes
we seek to create. Having that in mind, it seems logical that we would like to
have H as smooth as possible in order to generate the best hex-dominant mesh
possible. Considering this, the solution we would like to obtain is:


H(x, y) = 0 , if 0 ≤ x < L

3
H(x, y) = (x− L

3 )2(− 6x
L+5 ) 9

L2

(
−(y − l

2 )2 1
l + l

4
)

, if L3 ≤ x < 2L3
H(x, y) = −(y − l

2 )2 1
l + l

4 , if 2L3 ≤ x < L
(7.19)

Figure 7.4: Analytical solution plot for L = 3 and l = 1.

This problem is ill-posed; there is no guarantee that classical numerical meth-
ods will converge to a solution. Advantage of this 2D example is that with a
finite element discretization using order 1 Lagrange elements, preconditioned
conjugated gradient and generalized minimal residual method (GMRES) are
able to converge to a residual norm of 10−8. All numerical computation pre-
sented in the following are done with L = 3 and l = 1. Figure 7.5 shows the
solutions obtained with these 2 methods.

Conjugated gradient is slow to converge and returns a solution satisfying equa-
tions 7.17, as well as GMRES. However, solutions obtained are very different
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(a) (b)

Figure 7.5: Solutions obtained with the two different solvers, for L = 3 and l = 1. (a)
Solution obtained solving equation 7.17 with a preconditioned conjugate gradient. (b)
Solution obtained solving equation 7.17 with a generalized minimal residual method.

than the one we would like. GMRES is giving a solution closer to our expecta-
tions. This stresses out the need for a problem regularization. First, we cannot
know if numerical methods will converge to a solution in the general case, and
second, the solutions we obtain depend on the method and are too far from
the analytical solution.

In order to regularize the problem, the condition that H should be as smooth
as possible is added in the formulation. The problem is then modified as:

Find H ∈ S such as ||∇H||2 = min
f∈S
||∇f ||2 (7.20)

which is minimizing the gradient of H on the space of solutions S. This for-
mulation is transforming the initial linear problem into a nonlinear one. By
defining :

E2D(H) =
∫

Ω
(∇yH − g)2dΩ (7.21)

problem 7.20 can be solved following the method presented in Algorithm 4.
Algorithm 4: Regularized solver
k = 0;

initial guess H0;

compute ε0 = E2D(H0);

while εk < εk−1 do
k = k + 1;

find Hk minimizing
(
E2D(f) +

∫
Ω ||∇f −∇H

k−1||2dΩ
)
, f ∈ C1(Ω);

compute εk = E2D(Hk);

end
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The solution obtained with the regularized approach (Figure 7.6) is identical
to the analytical one (eq. 7.19) we were looking for, and therefore better than
the one obtained without regularization (Figure 7.5).

Figure 7.6: Regularized solution.

This method can be extended to solve the general 3D problem (Equations
eq. 7.11). The regularized 3D solver becomes:

Algorithm 5: Regularized solver for 3D problem
k = 0;

initial guess H0
L, H0

M , H0
N ;

compute ε0 = E(H0);

while εk < εk−1 do
k = k + 1;

find Hk minimizing
E(f1, f2, f3) +

∫
Ω ||∇f1 −∇Hk−1

L ||2 + ||∇f2 −∇Hk−1
M ||2+

||∇f3 −∇Hk−1
N ||2dΩ, (f1, f2, f3) ∈

(
C1(Ω)

)3;
compute εk = E(Hk);

end

7.3 Point generation for hex-dominant mesh generation

To examine the practical benefits of the scaled frame-fields, we use them to
generate hexahedral-dominant meshes on volumetric domains. To this end,
we develop a pipeline similar to the one proposed in Baudouin et al. [2014]
for indirect hexahedral-dominant meshing. We follow this approach since it is
straightforward and efficient. Besides being suited for the problem in hand, i.e.,
comparing results with and without scaling of 3D frames, it is also a method
that is able to produce results on any kind of model and/or input frame-field
regardless the complexity.
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The steps of the pipeline can be summarized as follows:

1. Generation of an initial tetrahedral mesh T0 of the model using the Con-
strained Delaunay Triangulation algorithm of Marot et al. [2019].

2. Computing a frame-field f and its scaling h on T0.

3. Generation of a triangular mesh TS of the volume-bounding surface.

4. Generation of a point set PV inside the volume. Points are generated in
a frontal fashion, guided by the scaled frame-field.

5. Generation of a frame-aligned tetrahedral mesh TV of the point set PV
using Marot et al. [2019].

6. Combination of tetrahedra into hexahedra using Pellerin et al. [2018a].

Steps 1 and 2 Given the input tetrahedral mesh T0, we compute on it the
frame field f = (u, v, w) and its scaling h = (L,M,N). The size-field h can be
further scaled if necessary by a factor c relative to the size of the input model.
This further scaling does not affect the integrability property.

Step 3 We create a triangular mesh that bounds the volume following the
procedure described in Chapter 5. We extract a 2D cross-field fS from f by
eliminating the normal to the surface component at each vertex. Then we
follow a bottom-up procedure for the creation of points. Input model lines
are uniquely defined from a list of non-intersecting connected boundary edges.
Each model line is then discretized with respect to sizes h prescribed at bound-
ary vertices (using the scaling of the frame branch parallel to the boundary
line). These points are then used as seed points for the frontal generation of a
point-set PS that is embedded on the volume-bounding surface S. The frontal
point propagation is guided by a metric-field consisting of fS and the corre-
sponding size-field hS . The usage of the point-set PS is two-fold. First, the
points are used as the seed points for the generation of a point-set PV inside the
volume domain. Secondly, its triangulation TS will be a surface mesh (consist-
ing mostly of right-angled triangles) that will be used as the bounding surface
for the tetrahedralization. In this work, we do not convert the surface mesh
to an all-quad mesh. We are mainly interested on how the scaled frame-field
aligns elements inside the volumetric domain. Altering the surface mesh would
create incongruities between surface and interior points, for example singular
lines inside the domain may not emanate from the equivalent irregular vertices
on the surface.
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Figure 7.7: The points in blue (p0, pi and pj) are already generated. The exclusion
boxes around the nearby points pi and pj are defined taking into account the directions
and sizes of the corresponding scaled frames. A point p0 spawns 6 new points on the
corresponding directions. The red ones are discarded since they are included in the
exclusion box of pi and the green ones are accepted and inserted in the queue.

Step 4 Spawning points inside the volume follows. A priority queue is filled
with the set of seed points PS = {pi | i = 1, . . . , Ns} generated on lines
and surfaces. Now, each point spawns Nd = 6 candidate points, by simply
computing pij = pi + h(pi) · f(pi) for j = 1, . . . , Nd frame-field components
(Figure 7.7). Similarly to Chapter 5, starting from the parent tetrahedron
of the seed point we successively walk into the tetrahedral mesh to find the
tetrahedron where the candidate point lies. Points are filtered out if necessary
and the process continues until the volumetric domain is filled. For the filtering,
a scaled frame-aligned box is used as an exclusion zone around each point, since
we want to take into account the anisotropy induced by the scaling of directions
(Figure 7.7).

Steps 5 and 6 The volume point-set PV = {pi | i = 1, . . . , Nv}, along with
the surface mesh TS is the input of the Constrained Delaunay Triangulation
algorithm of Marot et al. [2019]. The tetrahedral mesh TV produced is not
optimized since we want to keep the original frame-aligned position of the
vertices. Finally, the algorithm of Pellerin et al. [2018a] is used to find possible
combinations of tetrahedra into hexes and choose the final hexahedral elements.
We must note that the final hex-dominant mesh produced is not conformal
on the hex-tet interfaces. Ensuring conformity by placing transition pyramid
elements on the interface will be the next step of our developments. At this
stage, the meshes produced are sufficient for our purposes, i.e., examine the
applicability of integrable frame-fields. Both algorithms (for tetrahedralization
and combination) are highly efficient and are considered state of the art for
their respective objective.
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#vertices #elements %Hnbr %Hvol

bone unitary 31020 44299 0.522 0.849
scaled 31665 39617 0.643 0.913

joint unitary 21791 22099 0.757 0.934
scaled 22600 21793 0.824 0.954

hanger unitary 44211 44056 0.765 0.939
scaled 44127 41346 0.834 0.957

wrench unitary 19086 17684 0.761 0.953
scaled 19028 15088 0.936 0.989

Table 7.1: Statistics of hexahedral-dominant meshes on the four validation models
with unitary and scaled frame-field input.

7.4 Results

We present here results of hexahedral-dominant meshes aligned with 3D scaled
frame-fields. As a first step, we use as input quadrilateral meshes that are
extracted from all-hex meshes. The use for these quad meshes is two-fold:
i) they provides the seed points on the surface for frontal point generation
inside the volume, as well as a triangular mesh (by splitting the quads to
triangles) for bounding the 3D Constrained Delaunay Triangulation algorithm
and ii) we use them as a boundary condition for the computation of frame-
fields and their scaling. We thus start from an ’ideal’ configuration, since this
quad mesh is already the boundary of an hexahedral mesh and is equipped
with the appropriate topological characteristics. Moreover, the input models
are relatively simple. The point is to validate the solution and examine the
behaviour of the scaling on the interior of the domain. Of course, it is not
feasible to reproduce the hexahedral meshes with this kind of advancing-front
strategy.

The models that we use are: the hexahedral meshes of the bone and joint
models obtained from Li et al. [2012], and the hexahedral meshes of the hanger
and wrench models obtained from Livesu et al. [2020]. Statistics of the output
meshes with unitary and scaled frame-fields are presented on Table 7.1. Hex
proportion is significantly improved for scaled frame-fields compared to using
unitary ones, both in terms of absolute numbers and more importantly in
terms of volumetric percentage. Improvement in hex proportion and element
quality is also apparent on the structure of the output meshes, with smoother
transitions and ability to better capture singular regions of the frame-field, as
shown on Figure 7.8.

We further test our pipeline on a set of CAD models from MAMBO database
[Ledoux], in this case without constraining the boundary with a quad mesh.
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Figure 7.8: Results of hexahedral-dominant meshes on the four validation models
(left of each subfigure: with unitary frame-field and right: with scaled frame-field).

The nine models are of medium complexity and presented on Figures 7.9 and
7.10. In Table 7.2 we observe small increase in hex proportions and quality for
most of the models, except M8 and M9 where we have diminished numbers.
These two models have thin volume regions (on M8 the propeller blades and
on M9 the cylindrical volume) and we can identify two issues of our method-
ology related to this. First, there is not enough space for the scaling to fully
develop, probably because of insufficient discretization, and second, the frontal
propagation of points creates colliding fronts located close to both boundaries.
Nevertheless, the structure of boundary elements on these models is improved.

Our main interest here is the structure (in the sense of frame-field alignment)
of the output meshes, where we observe improved accordance with the scaled
frame-field structure compared to the unitary one. The majority of remaining
tetrahedral regions are due to the frontal approach we follow and the difficulties
posed from certain geometric features. Besides the front-collisions, where the
method is unable to conformally connect opposite fronts, there are feature-
specific issues that are commonly encountered in hex-meshing, for example
acute/pyramidal corners and fillet transitions. Furthermore, the anisotropic
nature of the input metric may be more challenging to handle by our pipeline,
since tetrahedralization and combination steps do not take anisotropy into
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Figure 7.9: Detail of interest on model M1.

#vertices #elements %Hnbr %Hvol Qavg

M1 unitary 99878 128431 0.637 0.916 0.898
scaled 104566 124741 0.701 0.930 0.912

M2 unitary 79724 110496 0.569 0.890 0.886
scaled 87315 114827 0.620 0.895 0.889

M3 unitary 158805 187330 0.693 0.932 0.915
scaled 196762 221795 0.723 0.936 0.913

M4 unitary 150429 190880 0.643 0.919 0.905
scaled 168530 195044 0.736 0.927 0.923

M5 unitary 298286 380138 0.647 0.920 0.906
scaled 327983 380563 0.733 0.929 0.920

M6 unitary 188388 214243 0.752 0.948 0.933
scaled 201765 224776 0.775 0.949 0.934

M7 unitary 331614 449622 0.602 0.903 0.894
scaled 362488 459558 0.662 0.917 0.903

M8 unitary 328271 395925 0.623 0.911 0.895
scaled 380194 538848 0.494 0.880 0.826

M9 unitary 136252 169960 0.578 0.895 0.895
scaled 175486 274080 0.448 0.868 0.804

Table 7.2: Statistics of hexahedral-dominant meshes on the models from Ledoux with
unitary and scaled frame-field input.
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Figure 7.10: Results of hexahedral-dominant meshes on nine medium-complexity
models from Ledoux (left of each subfigure: with unitary frame-field and right: with
scaled frame-field).
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account.

It is worth noting that we also investigated the possibility to use quad meshes as
boundary constraints, as we did for the validation models. In that case though
the quad meshes were not extracted from an already formed hexahedral mesh,
instead we generated them with the method of Chapter 6. For a lot of the cases
tested we obtained lower hex proportion and diminished quality, especially on
models with higher complexity. Even if we create a quad mesh respecting the
input frame-field, we do not have any guarantee that the topological structure
of it will admit a hex-meshable interior. Besides this, in practice these quad
meshes may have an excess of irregular vertices compared to the ones the frame-
field induces (for example to accommodate size transitions). Therefore we
would impose redundant singular lines emanating from these irregular vertices
towards the interior. Moreover, if a ’perfect’ block structure is not available,
the quad mesh may have helical loops encircling the domain that are not hex-
meshable. This issue may also appear on the interior, around the remaining
cavities of tetrahedra.

7.5 Conclusion and perspectives

In this work we developed the mathematical conditions a frame field has to ful-
fill in order to be integrable. The underlying formulation leads to a challenging
problem coupling frame field orientation and branches’ sizes that is difficult
to solve. Given that we want to exploit the results on a practical basis, we
reduce the problem to the scaling of a given frame field and use these scaled
frame fields to generate hexahedral-dominant meshes. The results obtained
validate the benefits of integrability conditions, in terms of mesh statistics and
topological structure.

While our approach for hex-dominant meshing is pragmatic and offers certain
advantages, with the most important being its ability to work on any kind
of input, we would like to investigate the use of integrable frame fields in
conjunction with a parameterization approach. In our context, the input frame
fields provides the guiding directions, while the scaled branches a size field. We
keep in mind that in practice it would be preferential to prescribe a user-defined
size field and compute a direction field that satisfies it, and we leave it as a
challenging open problem for future work.

It is important to note that the 2 set of equations 7.9 and 7.10 have to be
verified in order for the 3D frame field to be integrable. Two classical problems
encountered in frame field generation are obtaining frame fields with 3-5 singu-
lar curves and the presence of limit cycles. Existence of 3-5 singular curves is
coming from the fact that equations 7.9 (depending only on frame field orienta-
tion) are not fulfilled, and limit cycles from the fact that there exist no scaling
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of the branches which can fulfill equations 7.10. Classical ways to compute
3D frame fields are focusing on solving a problem different than this one, and
therefore give no guarantee on producing an integrable 3D frame field. This
was already known empirically. If the goal is to compute an integrable 3D
frame field, we should find a way to compute it verifying the aforementioned
equations.



C
h

a
p

t
e

r

8
Conclusion

What makes quadrilateral/hexahedral meshing so complicated in comparison
with triangular/tetrahedral one? There is not a definite answer to this general
question since one should take into account the design goals and problem-
specific characteristics to answer. For example, it is trivial to generate a hex-
ahedral mesh from a tetrahedral one by splitting each tet to four hexes, but
the low element quality and high vertex irregularity could render it useless in
practice.

In this work, we approached the problem from an engineering point of view,
with our main aim being that of providing solutions that are practical for
’real-life’ applications, while at the same time not deviating from the under-
lying theoretical considerations. Four years of working on the topic of mesh
generation cultivated a better understanding of the theoretical and practical
difficulties involved, which we can outline along with the contributions of the
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present work.

Triangular meshing methods build upon the concrete mathematical founda-
tion of Delaunay property and algorithms of complexity O(n logn) exist since
the 1970s. Constrained Delaunay Triangulation is easy to code, and triangular
meshing in 2D is considered a solved problem. Delaunay Triangulations have
optimal properties, and there is no need for extended optimization procedures.
However, difficulty increases for general 3D surfaces, where the Delaunay prop-
erty cannot be utilized in the same straightforward way. We have provided
in this work a solution for robust surface meshing, where we develop a
two-step method for triangular meshing on general surfaces, with the geomet-
ric validity and fidelity being of outmost importance. A lot of the meshing
difficulties arise from the communication issues between CAD representations
and meshing algorithms. We tried to address this by having as input solely a
triangulated model as the underlying geometric representation.

Tetrahedral meshing is more challenging, even though based on an extension
of the same theoretical basis. 3D Constrained Delaunay Triangulation is a hard
problem (partly solved in the 1990s) so mesh generation in 3D is a way more
recent achievement. While in 2D Delaunay triangulations are flip-connected
and unique, no such property holds for 3D. Delaunay tetrahedralizations may
contain slivers and thus optimization is required, which is a challenging problem
by itself.

Quadrilateral meshing precedes in a sense triangular one, since structured
grids with regular quads (on simple domains) were the first used to support
Finite Difference Methods. But unstructured (with the definition here covering
also block-structured) quad meshing for general geometries is a totally different
problem. There is not a nice Delaunay-like property for quad meshes that could
permit algorithms like Bowyer-Watson triangulation. Quad elements are less
flexible, and the structure of quad meshes is globally constrained. As we have
seen in Chapter 2, commonly used methods involve practical heuristics and
resulting quad meshes have non-optimal properties. Global parameterization
methods offer a sound solution, but they require very complex procedures and,
in the author’s opinion, it will be difficult for this approach to evolve to a robust
engineering tool.

In this work, we have tried to take the best of both worlds. We use cross-fields
and take advantage of the global information they provide on a local basis, with-
out building ’heavy’ global parameterization strategies. We developed a novel
approach for straightforward quadrilateral meshing that uses a bipartite
labeling scheme which enables us to convert the global problem of finding a
perfect matching to a local one and extract a quad mesh whose each edge is
defined as the unity of opposite labeled vertices. Efficiency is maximized and
the algorithm can always provide a quadrilateral mesh (and in conjunction with
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cross-field guidance, a high-quality one). Furthermore, we presented a strategy
that produces quasi-structured quad meshes by recovering the underlying
topological structure of the cross-field. This method improves the topological
and geometric properties of quadrilateral meshes and is able to produce meshes
of high-quality on complex models.

Hexahedral meshing has been justly dubbed as the ’holy grail’ of mesh
generation. Its complexity is much higher than quad meshing and it is ex-
tremely difficult to generate hex meshes even on very simple models. Most
classic methods fail for increased model complexity (with the exception of oct-
tree approaches [Schneiders, 2000b; Maréchal, 2009]), and global parameter-
ization lose their properties due to configurations where the frame fields are
not hex-meshable. In this work we investigated the extension of scaling for 2D
cross-fields to 3D scaled frame fields and implemented a hex-dominant
meshing pipeline. We presented hex-dominant meshes based on scaled frame
fields where the hexahedral proportion and the structure of the meshes are
improved. We are well aware that the advancing-front strategy and indirect
combination of tets-to-hexes that we use is not the optimal one for this prob-
lem, but obtaining hexahedral meshes for general models with parameterization
approaches does not seem feasible in the foreseeable future. We thus favored
a pragmatic approach that is robust and efficient, and aimed to maximize its
attributes.

8.1 Perspectives

Besides providing solutions and answers to open problems, a research product
should raise new questions and pave the way towards paths not yet explored.
There are things in our methods that could be improved, as well as ideas not
implemented. We provide here an indicative list of possible directions for future
work.

Connection with applications. Mesh generation can hardly be considered
as a stand-alone domain. We would be very interested in investigating the
performance and advantages of the output meshes in numerical simulations.

Surface remeshing as a coarsening tool. The surface meshing algorithm
presented proves to be a useful remeshing tool for triangulated surfaces, and
it is highly robust in conjunction with an adequate size-field. When the size-
field prescribed is much coarser than the geometric characteristics of the model
(expressed in the sizing of the input mesh) we essentially have a coarsening (or
mesh simplification) tool. Mesh simplification techniques may use quadratic
error metrics [Garland and Heckbert, 1997], whose computation can be costly.
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Instead, placing a priori a minimal number of points that respect the geometry
and performing local mesh modifications could prove more efficient.

Even though our algorithm can be sufficient for such use for most of the cases,
we may encounter ’dangerous’ configurations. For example, consider two curved
surfaces very close to each other, of which the one has a coarser prescribed
sizing. It is not within the scope of this work to provide a coarsening tool, but
since we consider that the extension is feasible, we can outline some possible
solutions for the aforementioned issue:

• Identify a priori thin regions (surfaces ’close’ to each other) and flag
their corresponding triangles. Our operations are based on local mesh
connectivity, but for flagged triangles we could query a spatial search
structure (such as R-Trees) for possible intersections in a more extended
space.

• Use simplification envelopes, as proposed in Cohen et al. [1996], to limit
surface deviation.

• In the case of volume bounding surfaces we could generate a tetrahe-
dral mesh and perform operations on its triangular surface, which always
ensure valid tetrahedra.

Cross-fields, sizing and anisotropy. As stated, scaled cross-fields are ben-
eficial for quad/hex generation. We have mainly used size-fields obtained from
the scaling of cross-fields/frame-fields. In practice though, a user would com-
monly prefer prescribing a size-field that is a better fit for the problem in
hand. One of the advantages of our approach is that our algorithms can pro-
duce meshes regardless the topological integrity of the input metric, for ex-
ample with a user-defined size-field that is incompatible with the computed
cross-field (manifested in the existence of 3-5 dipoles accommodating size tran-
sitions). Nevertheless, adapting a direction field to an input size-field would
vastly improve the results.

Extending the discussion to general anisotropic metrics, the generation of
boundary layer meshes can be investigated. There are two main difficulties
related to this. First, successful derivation of an anisotropic, possibly solution-
driven, metric for the generation of boundary layers for Computational Fluid
Dynamics [Alauzet, 2010; Loseille and Löhner, 2011; Alauzet and Marcum,
2015]. Second, while it is straightforward to extend the point generation for an
anisotropic metric, we consider the triangulation on this metric a much more
difficult task. We believe that the best strategy would be to create structured
layers of boundary quads/hexes and then subdivide them. While for quadri-
laterals we can consider this feasible with the optimization strategy presented
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in Chapter 6, we are well aware that for hexahedral elements it is a highly
constrained problem with no trivial solution. User input may be necessary to
specify desired characteristics, e.g., vertex valence on corners. Finally, it would
be possible to exploit the locality of operators in our algorithms to develop an
adaptive remeshing technique for transient simulations.

Block-structured quad meshing. We would like to convert the quasi-
structured meshes presented in Chapter 6 to semi-regular (block-structured)
ones. Topological conversion of this kind may require chord-collapsing. It is
not apparent what would be the optimal strategy for chord-collapsing on com-
plex models, since they often have chords with helical structure around the
domain, affecting multiple surfaces. A more suited approach could be a global
quantization [Campen et al., 2015] strategy acting upon a T-mesh extracted
from the quasi-structured one.

Hexahedral-dominant meshing. The indirect approach followed can pro-
vide hex-dominant meshes for general models, but hexahedral proportion nat-
urally diminishes for more complex configurations. A few ideas that could
enhance the attributes of this approach are the following:

1. While our scheme for point insertion is efficient, robust, and open to par-
allelization, it still suffers from the drawbacks of advancing-front techniques.
It would be possible to avoid the majority of front-collisions by implementing
a better strategy, for example a parameterization method for point sampling
similar to Sokolov et al. [2016].

2. The last step needed for our hexahedral-dominant meshes to be fully practi-
cal is to ensure conformity on the interface between hexahedra and tetrahedra.
Unfortunately, it is not trivial to achieve this in a robust and efficient way. The
practical solution of inserting small, almost flat pyramids on the quad interfaces
should be optimized in a way that ensures untangled elements, conformity and
acceptable element quality.

3. We investigated constraining the generation of a hexahedral-dominant mesh
with a quadrilateral bounding surface. A very interesting open problem is in-
vestigating what kind of properties should this quadrilateral mesh have in order
to be compatible with a hex-mesh topology. The information contained on the
bounding surface should be sufficient to describe the interior characteristics.

Bipartite hexahedral labeling. We investigated the possibility of using a
similar labeling scheme as for quad meshing, since hexahedra are bipartite (two-
colored) as well (Figure 8.1, left). The idea is similar; identify and suppress
odd-bounded regions during hexahedral combination. The problem arises when
we try to recover the bichromatic edges from the tetrahedral mesh, since hex
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diagonals also have this property (Figure 8.1, middle). Furthermore, it is not
obvious where we could insert Steiner points to avoid odd-bounded regions since
we cannot define something similar to a perfect matching like for quads (for
example, we could consider in an analogous manner with 2D that tetrahedra
with four same-labeled vertices are inconsistent, but it is not clear how to
go forward with the rest of the cases). We investigated two ideas that could
potentially offer a way to simplify indirect combination.

1. Hypercube labeling.

A possible solution is to develop a more sophisticated labeling scheme that
could codify more information. We investigated the possibility of using the
labeling of a hypercube or n-cube (with n=3 in our case, Figure 8.1, right),
commonly used as a communication pattern in network topology [Stricker,
2011]. In that case, the edges of the cube have a difference of one bit, the
diagonals of the faces two bits, and the long diagonals three bits. Even though
it seems like a promising choice, we should handle various issues before being
able to use it in a meaningful way:

i. It is possible to utilize it as it is only for regular graphs but in our case we
have to deal with irregular vertices that lead to non-regular graphs. The
first thing that comes to mind is to use it to construct the dual mesh, which
in fact is a regular graph. But accordingly, the dual mesh has odd-bounded
polyhedra associated with the irregular vertices, where we cannot define a
cyclic labeling of this kind.

ii. We should associate the labeling with geometry information. For example,
denoting specific frame field direction with respective changes in the binary
digits.

iii. It is not obvious how to set the boundary conditions, i.e., label the vertices
of the bounding triangular or quadrilateral mesh with 2-bit or 3-bit indices.

Bipartite labelling of hex Bipartite diagonal n-cube labelling

Figure 8.1: Bipartite (left) and hypercube (right) labelling of a cube.



§8.1 Perspectives 141

2. Bipartite constraint for tetrahedral combination.

Another possibility to utilize bipartite labeling is to constrain tet-to-hex com-
bination. As stated in Chapter 5, if we extract a quad-dominant mesh (without
adding the Steiner points) that respects the bipartite labeling, it will end up
having triangular regions that are even-bounded polygons (thus satisfying the
topological condition for quad meshing). The main topological conditions for
hexahedral meshing is an even number of boundary quadrilaterals and no odd-
cycle of quads on its boundary. Accordingly, we could avoid the formation of
odd-cycles since bipartite labeling will forbid them.

We have used the work of Pellerin et al. [2018a] for tet-to-hex combination,
with which we can identify the set of all potential hexahedra in a tetrahedral
mesh. By using the bipartite labeling on the vertices we can constrain the po-
tential hexahedra to the ones that have bichromatic edges. The first immediate
advantage of this is that it makes the algorithm much more efficient (since the
search space for possible hexahedra is vastly smaller), at the cost of lower hex-
ahedral percentage on the outcome mesh. For example, on a large input mesh
with ∼ 1.8 million tetrahedra (for the hanger model presented in Section 7.4)
this algorithm computes the set of potential hexahedra in 23 seconds, while
with the bipartite constraint it takes 2 seconds. In the first case the number
percentage of hexes in the final mesh is 0.82, while in the second it falls to 0.78.
On this model it is not a big difference but we expect that for more complicated
cases the hex percentage will be further diminished.

Figure 8.2: Remaining region of tetrahedra after unconstrained (left) and constrained
with bipartite labels (right) combination using the algorithm of Pellerin et al. [2018a].

Reducing computation time is not the main aspect of this idea. What we want
to achieve is that the non-combined tetrahedral regions that remain on the final
hex-dominant mesh will have better topological properties due to the bipartite
constraint. As a subsequent step, we could develop a post-processing strategy
to manipulate the remaining ’cavities’ of tetrahedra, for example, extract re-
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gions that are trivially hex-meshable. In Figure 8.2 we can see a simple example
of such region, where we visualize the boundary of a remaining tetrahedral re-
gion which is surrounded by already formed hexahedra. On the left, two more
hexahedra are identified on its interior by the unconstrained algorithm (where
the ’gap’ is), resulting to a prismatic sub-region. On the right, the bipartite
constraint on the vertices forbids their formation and leads to a configuration
that is readily hex-meshable.
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