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On the Transmittance Between OAM Antennas

Christophe Craeye

Abstract—A quasi-analytical solution is derived for the transmittance
between two OAM antennas. It makes use of the properties of the modified
circle polynomials, related to Zernike functions, and of integration in the
complex plane of the radial spectral coordinate. The resulting formulation
can be estimated extremely fast and is shown to exhibit several expected
properties. An asymptotic expression is proposed and validated.

Index Terms—Aperture antennas, multiplexing,
analysis.

spectral domain

[. INTRODUCTION

In recent years, several demonstrations have been carried out [1]—
[3] regarding a multiplexing approach that exploits the orbital angular
momentum (OAM). A macroscopic way of distinguishing differ-
ent OAM modes consists of considering apertures that exhibit an
exp(j n a) field distribution, where « is the azimuthal angle.

The actual gain of capacity offered by this type of multiplexing has
been a subject of debate [4]-[7]. One may regard this multiplexing
technique as another way of carrying out spatial diversity and, as such,
this technical solution has sometimes been compared with multiple
input multiple output (MIMO) technology [4], [5]. A loss of multiplex-
ing gain has also been pointed out in case the antennas are located in
each other’s far field [7]. Indeed, OAM operation is essentially limited
to near-field links.

The present note combines several classical results of antenna the-
ory to provide a simple formulation for the transmitance for each OAM
mode versus antenna dimensions and distance between antennas.

II. MATHEMATICAL FORMULATION

A result from electromagnetic reciprocity [8] is that the open-
circuit voltage of a receiving antenna can be obtained as the projection
over the receiving aperture S, between incident fields and the current
distribution of the same antenna when it is transmitting

Voc. =% / / (1? S EM™ - Ky, - ﬁ") s, (1)

where K¢ and K7, are the equivalent electric and magnetic currents
on the receiving antenna in transmit mode with port current /,., while
E™¢ and H'™* are the incident electric and magnetic fields. In the
following, we will consider doubled electric currents only [8], as can
be done if the aperture is made infinite, or at least supports all signifi-
cant fields. A reference configuration, along with the used geometrical
quantities is provided in Fig. 1. We will also assume that no multiple
scattering takes place between antennas, such that the incident field can
be computed through (near-field or far-field) radiation integrals involv-
ing the current distribution on the transmitting antenna. From there, a
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Fig. 1. Two apertures between which the transmittance is determined, along
with related geometrical quantities.

transmittance is given in the form of a mutual impedance between two
OAM antennas with apertures S; and S,

—Jdkn / / Ko (7) / K.(7') G(7,7") S, dS,
I 1 s, 54
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where K; and K, are the (equivalent) current distributions on trans-
mitting and receiving antennas when they are active. I; is the port
current of the transmitting antenna, 7 is the free-space impedance, and
k is the wavenumber. GG is the scalar Green’s function. To alleviate
notations, the constant C' = —j 4 k n/(I, I;) will be used. In (2), the
outer integral stems from (1), whereas the inner integral results from
radiation from S;. Equation (2) has been obtained assuming that both
antennas have the same polarization and that the distance d between
the antennas is large enough for the polarization from the transmitting
antenna to be homogeneous over the receiving aperture. This allows
one to treat the problem in scalar form with G being the scalar Green’s
function. Section III will be devoted to the extension of results to
vector fields.

In the following, the current distributions on the two apertures
are decomposed into modified circle polynomials, F}, [9], which are
directly related to Zernike functions [11], [12, Sec. 9.2] and to Jacobi
polynomials [10], and dispose of orthogonality over the unit disk.
The Appendix recalls a few important relations regarding the modi-
fied circle polynomials, which will be named as “F-functions” below.
In the following, we will consider two OAM antennas with a fixed
harmonic index n and two different F-function indices m’ and m,
for transmitting and receiving antennas, respectively. F-functions are
now classically used [13] to represent source distributions over circular
apertures

N M
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where (p', ') and (p, «) are local polar coordinates on the transmit-
ting and receiving apertures, which have radii a and b, respectively.
Hereafter, primed coordinates and indices will refer to sources (and
to transmitting antenna) and unprimed values will refer to observa-
tion points (and to receiving antenna). Coefficients v,,,,,» and vn,, are
simply calculated through projection, by virtue of the orthogonality
(cf. Appendix) of the F-functions over the unit disk. For a pure OAM
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mode, characterized by a single index n and by a radial distribution
An(p), we have

1

T Sl + dm + 2

1
/ An(ra) FIM () v dr. (3)
0

The transmittance between two OAM antennas with common
azimuthal index n can be decomposed by projection into all pairs of
transmittances denoted by the indices m’ and m of the F-functions
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In the following, to alleviate notations, symbol H will actually repre-
sent the quantity H.,,,,/ .. It is then trivial to determine the transmit-
tance between two antennas with known distributions. Actually, the
theory below also allows summation on indices n, such that it allows
the determination of the transmittance between two apertures, not lim-
ited to OAM distributions, that are not necessarily located in each
other’s far-field regions.

The procedure followed below resembles the spectral-domain eval-
uation of reaction integrals between basis and testing functions, which
is often used in the implementation of the method of moments [14].
The first step will hence consist of introducing the spectral-domain
representation of the Green’s function in the expression of the trans-
mittance. Prior to this, the transmittance is rewritten making use of the
F-functions
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where Sy and S, correspond to the surfaces of the transmitting and
receiving antennas. The Green’s function can be written as a spectrum
of plane waves, in either rectangular [15] or polar coordinates [12,
Sec. 11.7], [16]
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where £ is the free-space wavenumber, 3 = \/k2 4+ kZ and k. =
v/ k? — (B2. Result (9) is inserted into (7) and the following relation
is applied twice [10]:
2m . ’ . ’ ’ .
/ ed e eI Bl cos@’=0) g —on J.(Bp) e’ 5. (10)
0

Then, the integral of ¢-dependent factors trivially reads

27
1¢:/ eI dp =2 . (1)
0
In turn, the transmittance is rewritten as
H=CZ / [, 6 ) E G ) of
7; ky d
/ (8 0) Fi (p/v) pdpBds.  (12)

Finally, knowing that F-functions have closed-form Hankel transforms
over the unit circle [9], [16]

/ EX(r) Jo(ur) rdr = Jotomt1(u)/u (13)
a single integral remains and we obtain
C ™ n n
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with Ly, () = Jpt2m+1(z) /2. Identifying the functions L‘TZJ and
LLZ | with the radiation patterns of the transmitting and receiving anten-
nas (limited to the modes under consideration), and keeping in mind
the trivial integral along ¢, (14) extends to the evanescent part of the
spectrum the result given in [19] for the coupling quotient between
antennas (matching factors are not included here). To avoid the pole at
B = k, one may deviate from the strict distinction between propagat-
ing and evanescent waves through analytic extension of wavenumber
B. To implement this, a very simple integration path is chosen in the
complex 3 plane, as a straight line forming a 45° angle with the real
axis: 8 = B,(1 + j) with B, real. One then arrives at
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Results are shown in Fig. 2 for apertures of diameter D = 2a =
2b = 40 cm, while the wavelength is A = 1 cm. The distance d is
normalized ***with respect to ds,r, Which corresponds to the far-field
distance 2D? /A. Index n varies from 0 to 4 (top to bottom curves),
while m = m’ = 0. The transmittance is normalized by omitting the
factor C' S, S;.

As predicted in [7] and [17] for the special case of Gauss—Laguerre
beams, the decay versus distance is asymptotically proportional to
1/d™+1, This has also been obtained numerically based on circular
arrays in [18]. The formulation above leads to the same conclusion.
Indeed, given the straight path chosen in the complex 3 plane, for
large distances, the following approximation holds: exp(—j k. d) ~
exp(—j k d) exp(—f52 d/k) [20]. Still for large distances d, given
the Gaussian envelope versus (3., only small values of 3, need to be
considered, such that the approximation k. ~ k holds for the denom-
inator. Next, for small values of z and [ >0, J;(z) ~ (x/2)'/I!.
Consequently, the interaction above can be computed using the fol-
lowing mathematical result:

/oo 75 d/kﬂ1+2pdﬂ _pl k p+1
o "2 \d '

In the following, this result will be used for p = |n| +m + m’.
Exploiting the above results in (15) provides the following asymp-
totic expression for large distances:

eIRd (g p\P p\T p o,
ird ( 2d ) (5) st ?

with s = |n|+2m+1 and s’ = |n|+ 2 m’ + 1. For the special
case m = m’' =0, (17) confirms the d~ In1=1 behavior recalled above.
If, besides, n = 0, such that p = 0, then the expected exp(—j k d)/d
dependence on distance is obtained. Fig. 3 shows transmittances for
m' ' =2,m=1,andn =0, ...,4 (top to bottom). Given the integra-
tion path chosen, the integration along the 3, coordinate is easy, the
integrand being very smooth. Integration using 200 points with a rect-
angles rule has been found sufficient. Much fewer points (about 50)

Br=0

(16)
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Fig. 2. Normalized transmittance versus distance normalized w.r.t. far-field
distance. m’ = m = 0andn = 0, ..., 4 (top to bottom curves).

Fig. 3. Thick lines: normalized transmittance versus distance normalized w.r.t.
far-field limit. m’ =2, m =1 and n = 0,...,4 (top to bottom). Thin lines:
asymptotic result for far-field conditions. Circles: brute-force integration with
75 points along all four coordinates. Cross: with 150 points.

could be used in the intermediate-to-far field region (d/dgr > 0.1).
The thin lines correspond to the asymptotic result (17), which very
accurately fits the full solution (15) in the far field. It should be noted
that, in the near-to-intermediate fields (d smaller than about dp,/10),
the decay is much slower versus distance and versus index n.

For validation purposes, the circles have been obtained through
brute-force integration of (7) using a rectangle’s rule with 75 samples
along each of the four coordinates of integration. This very intensive
integration provides an excellent match with the results obtained with
the transmittance expressed by (15), at least for small distances. The
slight discrepancy for large distances results from the more effective
field cancellation taking place for high-order OAM at large distances.
In such conditions, more points are needed in the brute-force approach.
For example, if 150 points are used along every coordinate of inte-
gration, for d/ds: = 1.08 and n = 3, a closer match is obtained; the
result is represented by a bold cross in the bottom of the figure. In
other words, the brute-force solution serving as a reference has a worse
convergence for large distances and high orders. Bearing in mind this
difficulty, one can say that the proposed model for the transmittance
has been successfully validated through a brute-force integration of
the direct transmittance model.

III. EXTENSION TO VECTOR FIELDS

The above analysis stands for scalar fields. The extension to vector
fields can be achieved via two changes. The first one consists of pro-
jecting the current distributions on transmitting and receiving antennas
along two orthogonal polarizations and to estimate four transmittances.
This entails another change, related to the plane-wave spectral decom-
position of fields (9) now considered in the vector case. In this case,
for each plane wave in the spectrum, characterized by wavenumbers k.
and k,, one should project the source current on the plane perpendicu-
lar to the direction of propagation [21, Sec. 6.3] given by the complex
vector wavenumber k. The two changes above can be expressed by
a multiplication for any wavenumber pair (K., k,) by the following
factor:

(18)

where é; and €, are the unit vectors chosen to describe polarizations on
transmit and receive sides, respectively. In the following those vectors
will simply correspond to the unit vectors along X- or Y-axes. The
operation between parentheses corresponds to the elimination of the
component of the source current that is parallel to k. The dot product
with €, simply corresponds to the scalar product with the current on
the receiving antenna, according to the reciprocity relation reminded
in (1). The introduction of factor P will impact the integration along
the (ks,ky) coordinates. Here, we remind their expressions using
polar coordinates: k, = 8 cos¢ and k, = [ sin ¢, where [ can be
extented to the complex plane. Below, we first consider the cross-polar
and then the copolar cases. The former is obtained by considering for
instance €, = a, and é; = a,. In that case, we can write

P(ky,ky) =0 — Bsing B cos¢/k>. 19)
In Section II, the integration (11) along the azimuthal spectral coordi-
nate ¢ has been found trivial; now, it requires some attention

27
Iy = / ™ ¢TI cos ¢ sing dp =0 (20)
0
which means that, when polarization is included, the cross-polar trans-
mittance always equals zero. Regarding the copolar transmittance, say
when é; = é, = ag, the integration of ¢-dependent factors reads

2m 2 2
I¢:/0 eIm® gmin? (1—%005%&) dp =2 (1—%).
21

Hence, to fully include the effect of polarization, the factor between
parentheses should be added to the integrand of (14). Equivalently,
noting that 5 = (3, (1 + j), the factor to be added in the integrand of
(15) reads

2

Po=1—3j Ic_; (22)
This new factor will lead to a new term with an exponent of /3, incre-
mented by two units. Based on (16), one can see that this term will be
characterized by a faster decay in the intermediate-to-far field, with the
exponent applied to distance d decremented by one unit, such that the
vector-field correction has a negligible impact. Also in the near-field,
the impact of the correction is very small. Considering the example of
Fig. 2, we verified that the new term is at least two orders of magni-
tude smaller than the full solution for d/drr = 0.04 and at least four
orders of magnitude smaller for d/ds, = 10. Hence, down to very
small distances, the scalar-field formulation is sufficient.
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IV. CONCLUSION

An analytical derivation for intermediate-to-far field transmittance
between OAM antennas has been provided in the form of a mutual
impedance. The resulting model involves a single integral, which can
be evaluated efficiently using a straight path in the complex plane of
the radial spectral coordinate. The study clearly confirms the faster
decay versus distance of OAM beams of higher orders, as already
pointed out in several comments recently made about OAM commu-
nications in free space. The results are in principle also applicable to
more general apertures, such that information could also be encoded on
the radial dependence of the aperture distribution (m and m’ indices).
However, one should keep in mind the faster field decay for higher
indices and the nonorthogonality of fields observed over the receiving
antenna for same n and m # m’. The latter point means that the trans-
mittance (7) is nonzero when the current distributions correspond to
Zernike polynomials with different indices m and identical values of
n. Hence, in practice, a field transmitted in a mode for a given value
of m’ will “leak” through all the receiving channels associated to all
values of m, thereby preventing easy multiplexing of modes with dif-
ferent radial indices. The extension to vector fields has been provided
through the introduction of an extra factor in the spectral expression for
the transmittance. That correction does not lead to a significant change
in the value of the transmittance.

APPENDIX: MODIFIED CIRCLE POLYNOMIALS

Series development of modified circle polynomials, named here
“F-functions”

n - + n + p)' n+2
Fr =3 (- P (23)
0 =2 Y o o ot )
forn > 0.
Orthogonality [9]
/1 F”(r)F”(r)rdr—L (24)
o T 2(n+2m—+1)
Relation with Zernike'""? functions R}, [12, Sec. 9.2], [16]
Fo(r)=(=1)" Ry, (1) (25)
withm. = n + 2m.
Relation with Jacobi polynomials PSP [9]:
El(r)y=r" Pm(1—27%) (26)
with 0 < r < 1.
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One should warn the reader that Zernike functions are usually denoted as
R} instead of R} , with m the azimuthal phase index.

2We prefer the “F-function” representation to the Zernike one for its eas-
ier indexing (no even vs. odd index considerations) and for its more compact
Hankel transform (equation (13)).
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