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Introduction

T THE START of the ideas of this thesis, there is this optimization result
A in geometric analysis: in a connected smooth compact Riemannian
manifold IV, every homotopy class can be represented by a length mini-
mizing curve S' — N having the circle as domain. This mathematical
fact idealizes the following fact in our physical world:

by knoting a string around an object, if one cannot remove
the string from the object without untying the knot, one can
always find a configuration of the string without untying the
knot that minimizes the length needed to encircle the object.

Riemannian manifolds are one of the tools that mathematicians use
to think about objects where length can be measured both globally
and infinitesimally; homotopy classes encode mathematically the set of
configuration reachable without untying the knot; they are thought as
deformations of the closed string. In very mathematical terms, writing
the minimization problem for a fixed homotopy class [y] € [S!, N], the
infimum

i) M) =it { [ Blsrewhis Y Geblf,

makes sense as Wl’l(Sl, N) maps, Sobolev mappings with integrable weak
derivative are continuous and the infimum is achieved. Sobolev maps
are the tools used here to tackle optimization problems with geometric
flavour; we refer to Fig. 1.1 for a brief tour of the concept.

A proof of the existence of at least one map reaching the infimum
(1.1.1) when looking at a nontrivial homotopy class [y] goes by considering
the squared energy

(1.1.2) inf{L’Z‘Q 7 e WHE(SLN) 5 ¢ [7]}.

In higher dimensions, problem (1.1.2) generalizes in at least three
ways. This introduction will focus on the first two.

m The Dirichlet problem which is the one mostly chosen in this thesis.
Given a compact manifold M with boundary M, for some g :
OM — N, minimize

g e [ DR e W)




4 Chapter 1: Introduction

s > 0 is the amount p > 1 parametrizes

of differentiability integrability
\ / of the differential

W stands for a weak notion
of differentiability

M is the domain of the maps

N is the codomain of the maps

Figure 1.1: Sobolev maps M — N are elements of the space WP (M, N)
where M and N are manifolds. When s > 1, they carry a weak differential
or derivative that we will denote Du. The presence of a dot above the
W in the writing W*?(M, N) means the we only measure the derivative
with the integral.

The precise meaning of |Du| is the following. One could use intrinsic
geometry [29] but we will instead assume that the manifold is
isometrically embedded [58, 59], i.e. N C R” for some v € N. The
meaning of |Dul is square root of the sum of the square of the
components of the matrix of the weak derivative Du of the map

u:M—>RV.IT M= Bd, Du = (aiuj)izl,...,d-
7j=1,...v

One refers to this problem as manifold constrained harmonic ex-
tension by analogy with the Wh2-energy minimized by solutions
f: M — R with vanishing Laplacian, called harmonic functions.

Typically, if 9M = S, one would chose g to be a solution of (1.1.1)
to get a higher dimensional representative of the homotopy class

[]-

m One can also try to produce distinguished sections of a (principal)
fiber bundle: if N is a principal or associated bundle over a compact
Riemannian manifold M without boundary,

. Du?
(1.1.4) 1nf{/ ’2| :UEFWI,Z(M,N)}
M
where I';1.2(M, N) denotes bundle sections of Wh2_regularity. If

4



1.2. Emptiness of admissible class b}

the bundle is trivial, one can produce constant sections, leaving
the infimum zero. One is then led to add more constraints. Here,
many meanings of Du coexist. On can take a connection, or the
differential, or a combination of the two, or extrinsic Dirichlet
energies, cfr [41].

m Lastly, one can constrain the homotopy of maps. Given a manifold
M and a continuous map v : M — N, consider

(1.1.5) inf [Dul? we WH2(M, N) is continuous
o M 2 and homotopic to v '

We refer to [79, 68, 57| for this problem that we will not investigate
futher here.

Of course, one could devise similar problems for the area of the graph
of mappings u : M — N which generalizes the length of curves (1.1.1);
we will discuss those in a dedicated section, Section 1.6. Note that at
least in the unconstrained case, i.e. N = RV, the area of maps B¢ — R”
is minimized through a Dirichlet energy (1.1.3) [74, Ch. 1] which also
motivates this first investigation.

1.2 Emptiness of admissible class

Led with problems (1.1.3) and (1.1.4) we have the following negative
results.

Lemma 1.2.1. There exist manifolds M, N and g € C*°(OM,N) such
that . .
W;’Q(M,N) = {u € WH3(M, N) : tropru = g}

18 empty.

Lemma 1.2.2. There exists a principal bundle N over M such that
FWLQ(M, N) is empty.

The obstructions to existence are of topological nature. Indeed for
Lemma 1.2.1 one takes M = B? the unit ball in R? centered at the origin.
If u € W, ?(B2,N) for some N and g to be chosen below, we note that

r € (0,1] = A([trgt u(r-)])

is constant and equal to A([g]) as trg1 u(r-) and g are homotopic in some
suitable sense. Then, by Jensen’s inequality,

1 1 1 2 )\ 2 ld
Looa= [ [ ae= [F ([ o) = 25 [
B2 0 Jsi o 2mr \Jst 2 Jo
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6 Chapter 1: Introduction

The latter integral does not converge. The contradiction arises if we
choose a g : S' — N such that A([g]) is not zero. Such a g exists if the
manifold NV is compact and not simply connected, i.e. the fundamental
group 71(N), which is equivalent to [S!, N] contains only one trivial
element. Taking N = S!, the identity map v : 2z € S! — 2z € N is not
homotopic to a constant; in fact, we have A([y]) = 2.

We shall not enter here into the details of the homotopy of Sobolev
functions, which provides a rigorous meaning to the term “suitable sense”
mentioned in the previous paragraph. Nevertheless, let us mention the
underlying technology used to give a precise meaning: VMO functions
for “vanishing mean oscillation” [19, 1, 27].

Concerning Lemma 1.2.2, one knows from the Hairy ball theorem [45,
Thm 13.32]—a result also known as the hedgehog theorem— that the
unit tangent bundle N = S' N TS?, which can be given the structure
of a principal S' bundle over the sphere S? C R3, do not carry a global
continous section; in short, Tzo(S?, N) = (). One can then show that [27]

L'co(S%,N) = 0 if and only if FWLQ(SQ,N) = (.

In fact the theorem generalizes to higher even dimensions.
The starting point of this thesis is the following result due to HARDT
and LIN [38].

Theorem 1.2.3. Ifp € (1,2), for every g € WI="»2(9M, N), there
exists w € WYP(M, N) such that tropr u = g. Moreover,

(1.2.1) / IDul? < ngﬂNwl—l/p,p(g;aM)
M p

where Cy,.n > 0 depends only on M and N.

The fractional Sobolev space is defined using the fractional Sobolev
energy: g € W'='»P(9M, N) if

distx (9(y), g(2))? dz dy
1.2.2 WL=Yep (g OM) // N .
( | & amxonm distor(z, y)P—1+d1m(8M)

is finite. Smooth bounded maps have finite fractional energy. To be
precise, (1.2.1) is the converse of Gagliardo’s trace theorem [32], which
identifies the image of the trace operator for Sobolev functions as the frac-
tional Sobolev space, often referred to as the trace space in the literature.
When p € (1,2), Theorem 1.2.3 asserts that there is no obstruction to
the extension in the Sobolev space W1» (M, N); in particular we deduce
that this space contains noncontinuous mappings. For p > 2 one can
decide if a statement such as Theorem 1.2.3 holds or not with or without



1.2. Emptiness of admissible class 7

an estimate; necessary and sufficient conditions can in fact be given |76],
they involve higher order homotopy groups, m,(N) ~ [S*, N]. In the
litterature this question is known as the extension problem [12, 43, 13,
53, 51, 76, 20|

In this thesis we precise the case p = 1 which was already known |38,
53]

Theorem 1.2.4. For any measurable g : OM — N, there exists u €
WL (M, N) such that trops u = g. Moreover,

(1.2.3) /M |Du| < Cyy //8M><8M disty (g9(z), g(y)) dz dy.

where Cyr > 0 depends only on M, provided the right-hand side is finite.

In fact we also treat noncompact manifold N without boundaries,
give extension results in the model cases of the strip R% x (—1,1) and the
halfspace.

In simple situations, neglecting the estimate (1.2.1), one can easily
construct W maps having specific traces. If M = B2 and v : 9B2 — N
is a minimizing geodesic parametrized at constant speed, one can show
that the vorter map, also known as the “hedgehog” map,

(1.2.4) u(z) = 7(%) c WP(B2, N)

satisfies

1
Dulf = —— [ |57
[ pur == [

At the scale of Lorentz spaces, in dimension 2, one can in fact show
the following result [62, 63, 20].

Theorem 1.2.5. Let M? = B2,R x [0,00) or the hyperbolic space H2.
For any g € W'?2(OM?,N) there exists u € Wh'(M?, N) satisfying for
allt >0

(1.2.5) 2/{z € M?: |Du(z)| > t}| < @<W1/2’2(g; aM2))
where O : [0,00) — [0,00) is a convexr function.
The functions for which the Marcinkiewicz energy

(1.2.6) W22 (y) = sup ?|{z € M? : [Du(z)| > t}|
t>0

is finite is called the weak-L? Sobolev space. Classically one writes
|Du| € L>*°(M) if the Marcinkiewicz energy is finite; L%°°(M) refers

7



8 Chapter 1: Introduction

to the Lorentz or weak L2-space. We record here that Theorem 1.2.5
admits higher dimension variants for M? = B% R~! x [0, 00) and H? for
the Lorentz space L%»>. However to our knowledge an extension result
for the Marcinkiewicz energy Wh(2:00) (u) is not known in any dimension.

In dimension 2, we show the following, which admits higher dimension
versions [20].

Lemma 1.2.6. Let Q C R? be an open subset of the plane. Letay, ..., aj; €
Q be points. If u € WI’Q(Q \{ai}ti=1,. .k, N), then

loc
k
(1.2.7) > W < t@)t%@({x € Q: |Dul(z) > t}).
=1

This lemma should motivate the study of the quantity W (2:%)(q,).
Defining the systole of the manifold,

(1.2.8) sys(N) = inf{\(y) : v € C*(S!, N) is not contractible},

we see that the Wl’(2’°°)(u) energy also controls the number of singulari-
ties: in the context of Lemma 1.2.6, ksys(N)?/4m < WH(2:20) (y; Q).

For the global section problem (1.1.4), let us mention that, to the best
of our knowledge, a positive result corresponding to Lemma 1.2.2 in the
form of Theorem 1.2.3 asserting the nonemptiness of I'y1, (M, N) ~that
is, sections of WP regularity— when p € [1,2) is to this day a folklore
type result. We wish to raise here the question of the estimate relating the
WP —energy with the data of the bundle that would accompany such an
existence result for a WP —valued section in a fiber bundle; an interesting
answer would also provide estimates on the Hausdorff dimension of the
singular set of the section.

1.3 p—harmonic maps at fixed p

The extension result, Theorem 1.2.3, suggests to study (1.1.3) when 2 is
replaced by a parameter p € [1,2): given g : M — N minimize

(1.3.1) WP (u; M) = / [Dul?

M P
among all u € Wl’p(M, N) satisfying tropyu = g. If p € (1,2), the
direct method of calculus of variations yields the existence of a minimizer.
Minimizers are called minimizing p—harmonic maps or p—harmonic maps
for short. If p = 1, minimizing sequences are not compact in Wl’l(M ,N)
and almost nothing is known regarding minimizers, see Section 1.6.

8



1.3. p—harmonic maps at fixed p 9

Although the functional (1.3.1) is convex, the manifold constraint
removes any convexity from the problem, shelving any question of unique-
ness of p—harmonic maps. The obstruction is one-dimensional: for the
identity map g : {—1,1} — {-1,1} C S! C C, there are two geodesic
[-1,1] — S! and [-1,1] — S! having ¢ as boundary data. However, in
very symetric situations one has the following, originally due to Robert
HARDT and Fanghua LIN and Changyou WANG [40], ¢fr [18, Thm 13.6].

Theorem 1.3.1. Let p € (1,2). If g : S* — S is the identity, then the
unique minimizing p—harmonic map with trace g is the vortex map |i—|

To our knowledge this is the only explicit example up to isometries
of the plane of nonconstant minimizing p—harmonic map. One could
be interested in other examples such as ’y(ﬁ) where v € C1(S}, N) is a
length minimizing geodesic. Though it is not minimizing in general as
degree two geodesics do not generate p—harmonic mappings [37, Lem 7.1 |.
However, in general, it is easy to conjecture that for a given manifold one
could associate a geodesic 7 such that the vortex map ’y(é—l) minimizes
the Dirichlet p—energy W1»(-; B?).

We note that minimizers form a compact family:

Lemma 1.3.2. Let p € (1,00). Let g € WI='/»P(dM, N), the set
{ue WYP(M, N) is a minimizing p—harmonic map of trace g}
is compact in W'"P(M, N).

Lemma 1.3.2 is a consequence of the inequalities of HANNER [36],
cfr [80, Thm 4.1.9(c)]. This result implies, by the DE LA VALLEE
POUSSIN criterion that there exists 6: [0,00) — [0,00), convex such
that lims_,o 0(t)/t = +00 so that

| oo

is uniformly bounded when wu varies in the set of p—minimizers.
Locally one can improve the result, cfr [56, Corollary 2.21].

Theorem 1.3.3. Let p € (1,dim M). Ifu € WYP(M, N) is a minimizing
p—harmonic map, then for each q € (p, |p|+1), |Dul|? is locally integrable.

The theorem is in fact more quantitative as it relates the LY norm
with the p-energy.

One can wonder if in 2d, the Marcinkiewicz energy W (2:) (u) is
finite. This would imply Theorem 1.3.3.

Concerning continuous scales, p—harmonic mappings are continuous
away from a singular set [38].
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Theorem 1.3.4. Let p € (1,00). Let g: OM — N be twice continuously
differentiable. If u € Wl’f”(M, N) is a minimizing p—harmonic map, there
exist a compact set Sing(u) C M whose Hausdorff dimension does not
exceed dim M —|p|—1 and o € (0,1) such that u € C%*(MUOM \Sing(u))
and Du € C'IOO’S‘(M \ Sing(u)).

If dim M = 2, Sing(u) therefore consists in a finite number of points
in M. This is in accordance with our only example Theorem 1.3.1. If
p # 2, the Holder regularity is actually the best one can hope for as
there exists a p—harmonic function M — R which is C1* but not twice
differentiable [75]; we were unable to find W2 -estimates in 2d that would
imply the C1®-ones. When p = 2, one can in fact show that harmonic
maps are as smooth as the manifold N: if the manifold is smooth in
the C'°°—sense, then the minimizing 2-harmonic mappings are smooth
[67, 71]. Concerning rectifiability of the singular set or its stratification
—the fact that it writes as a union of rectifiable sets of integer dimension—
while much is known from 2-harmonic mappings, the case when p # 2
has not received much attention; we record the result for p—harmonic
mappings p € (1,2), B> — RP? with values in a model of the projective
plane [24] which asserts that the singular set consists in the union of a
finite set and a one-dimensional set.

Calculus of Variations, the field of mathematics to which this thesis
belongs, started with the computation of variations to deduce Euler-
Lagrange equations. We work with domains, open bounded Lipschitz
sets of R? mostly denoted Q instead of manifold to avoid the heavy
vocabulary of Riemannian geometry. The precise meaning of Lipschitz
domains is that one can cover the boundary of the open set by Lipschitz
charts. While the setting is flat in the sense that is it a submanifold of
R? where any notion of curvature vanishes, it has the advantage to cover
the square, the cube etc. If one uses variations in the domain, so called
inmer variations and the invariance of the integrand (1.3.1) of WP (u; Q)
in the variable of the domain, then one obtains the following [64] Noether
theorem.

Theorem 1.3.5. Let p € (1,00). Let Q C R, Ifu € W'"?(Q,N) is a
p—minimizing harmonic map, then the stress-energy tensor

. Dy Du®Du
— dxd |Du‘2_p

(1.3.2) T, (Du)

has divergence-free collumns.

10



1.4. p—harmonic energies and their p 7 2 limits 11

The divergence is here understood in the distributional sense. Here,
using that N C RY,

is a d X d-matrix. The tensor is symmetric as a matrix and therefore it is
also divergence free in its rows.

Using a projection II : Ns — N from a tubular neighborhood Njs to
N one can compute outer variations,

Attt tg)| =0,
dt t=0

one obtains the p—harmonic map equation [38|.

Theorem 1.3.6. Let p € (1,00). If u € WHP(Q, N) is a p—minimizing
harmonic map,

Du - By (Du, Du)
[Dulf?=» [Dulf?~P

(1.3.3) —div(

where B, : TyN x Ty,N — RY is the second fundamental form of the
imbedding N C R”.

The divergence is taken row-wise. When p = 2 and € is an interval
the equation reduces to the geodesic equation.

1.4 p—harmonic energies and their p 7 2 limits

Since, for each p € [1,2), the Sobolev space W;’p(M, N) of mappings of
trace g € WI='/»P(9M, N) contains at least one element (cfr Theorem
1.2.3), one would be tempted to take a p 2 limit in some sense. Here
is the one we chose.

First, we will take g € W'="/22(9M, N). This is somehow nec-
essary if one wants to compare different levels of p € (1,2). One
has W'='22(gM,N) ¢ W'='»P(dM,N) for each p € (1,2] and if
g€ WI='"22(9M, N)

W (s 90 ) B2 W22 (4 0.

In the spirit of (1.1.3) we seek for a distinguished element in the limit.
Let u, € W;’p (M, N) be a minimizing p—harmonic map of trace g. From
Theorem 1.2.3,

(1.4.1) lim/sgp(Q — p)WHP (u,; M) < CuW 22 (g; OM).
P

11



12 Chapter 1: Introduction
This last equation invites us to give a description of description of a
limiting measure

|Duy, [P

n

(1.4.2) fs = lim (2 — py) dgdim)

n—o0

which always exists by weak—+ compactness and the consideration of
an appropriate sequence (py,), converging by lower values to the critical
parameter 2. In the sequel, we will refer to those results as first order
results while assertions concerning the convergence of p—harmonic map-
pings, i.e. the computation of lim,  u,, along subsequences, will be
described as second order convergence results. This vocabulary is inspired
by the Taylor expansion theorem.

We finally conclude this section noting that, in dimension 2, when
g : S' — S! is the identity map, Theorem 1.3.1 suggests to take the

€T

vortex map o] in the limit p 2 as constant sequences converge.

1.4.1 Dimension 2

In the first chapter of the thesis we chose to work with M = Q C R? a
2-dimensional open Lipschitz set. We show

(1.4.3) lim (2 — pYW'P () = €°(9)-

The singular energy of g € W"/22(9€, N) is defined by

k 1)2
(1.4.4) gL2(g) = inf; A(er})

where the infimum is taken over of k-tuple (k € N\ {0}) of curves
v € CY(SY,N), i =1,...,k and distinct points a; € © such that there
exists for some p > 0,

k
ue WH(Q\ | JB(ai, p), N),
=1

so that trapqu = g and trgi u(a; + p-) = ; for all i = 1,... k. We say
that (7;); is a topological resolution of g.

If we further specialize to 2 = B? then degree theory [49, 19] allows
us to write 8;@2(9) = 7|deg(g)].

Here is a second order convergence result.

12



1.4. p—harmonic energies and their p 7 2 limits 13

Theorem 1.4.1. Let p, 2. Suppose (un)n, C WHPn(Q: N) is an
asymptotically minimizing sequence in the sense that troq u, = g for all
n and
A7 Lpn (Q)-
(1.4.5) WL (u,, Q) — inf {lepn(v,(z) LVEW (Q’N)} nooo,
tropv =g

Then, passing to a subsequence, u, converges strongly in Wbl to a limit
map ux, € WHL(Q; N) with trogq u. = g satisfying

(1.4.6) U, € W2 (Q \ U B(ai, p); N) for all p >0,
=1

where Kk € N and a1,...,a, € Q. Moreover, for all p > 0 sufficiently
small,

(i) ws is @ minimizing 2-harmonic map on Q\\UJL_, B*(a;, p) with respect
to its own boundary conditions,

n—oo

(i) / |Duy — Duy|Pr de —— 0,
Ui, B*(aip)

(iii) ws is renormalisable in that the renormalized energy

(1.4.7)  BEL2(u,) = lim [Dew* dz — &42(g) log !
P20 JoUL, B2 aip) 2 ¢ p

exists and is finite, and we have

2
=00 |: ( Pn ) pn(2 _pn) fay (g)
= B (ua) + H([uw, i)y,
where

(1.4.8) H([us, i)y =

~ A([trs: us(ai + €)])
e\0 4 47

2m
trg1 ug(a; +€)])

log i

This theorem suggests what would replace the emptiness of VV;’Q(Q, N):
mappings whose renormalized energy (4.1.8) is finite. Renormalised map-
pings where introduced for maps 2 — N by Antonin MONTEIL, Rémy
RODIAC and Jean VAN SCHAFTINGEN in [55, 54|. Before them in the
case of the circle, N = S! such an energy already appeared, cfr [14,

13



14 Chapter 1: Introduction

Thm 1.8]. We write Wi2(£2, N) for the set of mappings in Wh1(Q, N)
for which the renormalized energy (4.1.8) is finite. By (i) the limit u,
has some local minimality properties. On the global side we show that
the limit map u, satisfies

E%e?l(u*) + H([u*’al])z 1 — = inf {Eren + H 7, 1}

where the infimum is taken over all 4 € ere%(Q,fN) with trggu = g,
where u has K € N singularities aq, ..., az, forming a minimal topological
resolution in that

K

) M[trg: a(a; + €)])?
1,2 5
€ (9) = lim 2 o :

The limit is artificial as the sequence becomes constant for small choices
of € > 0.

We will compare other results of this type below. This is the aim of this
introduction, at least; we will attempt to name the main functionals and
chosen frameworks. Here, comparing means explaining the concepts and
discussing them using the lenses of first order/second order convergence,
as well as providing insights in higher dimensions when possible. We will
also point out potential gaps in the scientific litterature. In a nonlinear
context, it is generally difficult to compare notions of convergence in
different spaces, so we will primarily rely on analogy to discuss results.

Let us first mention here that Theorem 1.4.1 is a generalization of
the work of [39] which only treats the case N = S!. Let us however note
that the authors of [39] obtain convergence in the optimal space C1<, see
Theorem 1.3.4. Our approach is however more variational as we cover
almost minimizers, cfr (1.4.5).

In the spirit of Theorem 1.2.5 and as a complement to Theorem 1.4.1
we prove that the sequence satisfies

(1.4.9) lim sup sup tPn [{|Duy| > t}| is finite.

n—oo

This implies that the Marcinkiewicz energy WL(Q’OO)(U*) is finite, a result
already derived in [55] and whose foundation was laid by Sylvia SERFATY
and Jan TICE [69] in the case of the circle.

Concerning (ii) we do not know if the stronger conclusion

(1.4.10) / IDu, — Du, [Pr 22220
Q

holds true. First, it is compatible with the fact that W;’Q(Q, N) can be
empty. One can show that for a,b € B? there exists ¢, C > 0 such that

14



1.4. p—harmonic energies and their p 7 2 limits 15

for all p € (1,2)

b — af?? /
<
2—p B2

which suggests that (1.4.10) is related to the rate of convergence of
singularities of p—harmonic map, ¢fr Theorem 1.3.4. Few quantitative
results are known, c¢fr [50, Thm 8.1].

Finally one can describe the concentration of the measure, first or-
der convergence, in the context of Theorem 1.4.1: we have weakly* as
measures on {2,

1 1 P b—al?>P
_ d:ng&
|z —al |z -1 2—p

K

| Dty |Pm 9 n—too .. A[trgt uq(a; + €)])?
1.4.11) (2 —p, dH > lim E Oa -
( ) 2=pn) Dn el\o 4m ‘

=1

1.4.2 Dimension 3

In dimension 3, we work with a 3-dimensional Lipschitz domain ) C
R and and a boundary data g € W'22(9Q, N). We work with the
assumption that w1 (V) is a finite set; the latter condition is equivalent
—and mostly used as such in our proofs— to the fact that the universal
covering of N is a compact manifold.

Theorem 1.4.2. Let N have a finite fundamental group and (uy), be a
sequence of minimizing py-harmonic mappings all sharing the same trace
g, then there exists a measure s on €2 such that along a subsequence,

D Pn .
(2 pu) 2 g8 10,
n

weakly® as measures on Q.
We have that us is the supporting measure of a stationary 1—dimen-
stonal varifold V- on Q.

Let us first explain the vocabulary. If Q C R?, a varifold on € is a
generalization of embedded surface in 2 in a measure theoretic sense.
Their introduction was justified by Plateau’s problem: minimizing the
area of a surface under some constrain. Precisely, for ¢ € {1,...,d}, a
¢-dimensional varifold on 2, say V, is a measure on Q x G(¢,d) where
G(¢,d) is the Grassmanian of /-dimensional vector space in R%. Classically
they are thought as the orthogonal projections:

(14.12)  G(f,d) = {A ER. A=Al A=A, tr(A)= e}

15



16 Chapter 1: Introduction

Following [48, Section 6.2|, if M is a k-dimensional continuously embedded
submanifold of €2 with locally finite k-Hausdorff measure, the measure
defined for all B C Q x G(k,d)

o(M)(B) = H*({x € M : (z,T,M) € B})

defines a k-dimensional varifold. Given a k-dimensional varifold V' on €2,
its supporting measure is defined for all A C Q by u(A) = V(A x G(k,d));
in the case of «(M), the supporting measure is H* L M. The number
1(€2) is the volume of the varifold; one can show that if the varifold is a
critical point of the volume the varifold is stationary, which writes

/Q<DX(:C)!A(:c)>Rdxd dV(z,A) =0

for all X € C.(£2,R?). The left hand-side is often denoted 5V (X), it is
the first variation of the varifold.

In the context of Theorem 1.4.2, we have that there exists a measure
Vi, which is a stationary varifold, on © x G(1,3) such that p.(A) =
Vi(Ax G(1,3)). Using that the dimension is equal to one and stationarity
of the varifold allows us to conclude that there exists at most a countable
union of segments (L;);es lying in Q, mappings (7;)jes in C(SY,N),
such that the support S, of the measure satisfies S, N Q = J..; Lj N Q.
Moreover, for all &£ C €,

jeJ

(1.4.13) pe(B) = 3 &5(3) 3 (L; N E)
jeJ

In fact, the limiting measure in not only “stationary” but has minimizing
properties locally in €.
Concerning second order convergence we have:

’I"heorem 1.4.3. In the context of Theorem 1.4.2, there exists u, €
WL4(Q, N) for all q¢ € [1,2) such that along a subsequence, u, — U
almost everywhere in €2

m For each q € [1,2), un — s in WEI(Q,RY) and

loc

limsup/(dist(w,@Q)|Dun(x)|)q dx is finite.
Q

n—-+o0o

mou, € Wlloz(Q \ S«,N) is a locally minimizing harmonic map in

Q\ Si. Moreover there exists Sy C 2, a finite set such that u, €
C®(Q\ (SoUS,),N).

16



1.4. p—harmonic energies and their p 7 2 limits 17

Given u, we may explain which are the (7;);jes in (1.4.13). Given a
segment L; we consider a small disk D? embedded in R? perpendicular to
L;, intersecting only the segment L; and such that L; N D? is the center
of D?, then one may take v; = trgp2 u., provided D? N Sy = (.

If the domain is a ball and if we take a boundary data g : 9Q2 — N
which is smooth outside a finite set of points to mimic the defects, i.e. the
singularities {a;}¥_; observed in dimension 2, one obtains the following
strenghtening.

Theorem 1.4.4. If Q = B? and ¢ is a C' map outside a finite set of
points {a1,...,an} C 0Q = S% around each of which g is homotopically
nontrivial and for x € 0Q lying in a neighborhood of a; |Dg2g(z)| <
C(g) distgz (x, a;) "' near a; and if for each n € N, Duy, is continuous on
N\ {ai,...,am}, then the following assertions hold.

m For each q € [1,2), u, € WH(Q,N) is of trace g, up, — uy in
Wh4(Q,RY) and

lim Sup/ |Duy|? is finite,
Q

n——+00
where C' = C(g,Q2,N) > 0.
m SN0 = {a1,...,an} and Sy lies in the conver hull of {ai,...,am}.

m The set J is finite and Sy = J;c; Lj and the quantity

et
> eF (I (Ly)

JjeJ
1s globally minimizing.

In the context of the last item, the precise meaning is that

> E¥(v)H(L;) minimizes Y EF(fi)H' (K;)

jeT i€l

among all configurations of closed straight line segments (K;);c; and
topological charges (fi)icr C C(S!,N) satisfying the following conditions:
I is finite; each K; has a positive length; the interiors of the segments
are pairwise disjoint; K = (J;o; K; is a compact subset of Q and K NoQ
is a finite set of points; 0K C 0f2, in particular, the endpoints only exist
outside €2; there exists a continous map v : Q\ (K UF) — N, where F is
a locally finite subset of 2\ K, such that trypo(v) = ¢g and v restricted to
small circles transversal to K is, up to orientation, homotopic to f; and
we say that S, solves a homotopical Plateau problem in codimension 2.

17



18 Chapter 1: Introduction

The fact that Du,, is continuous in Theorem 1.4.4 is a folklore result
that deserves a dedicated proof which is an ungoing project.

We note that this second 3d results does not identify a functional,
such as a renormalized energy, that the map wu, is globally minimizing;
this contrasts with the 2d cases. We record that in the case of the circle
(which is not covered by our result) one has been proposed [7].

1.4.3 Comparison with existing results in the litterature

In our setting of trace constrained p—harmonic mappings with p * 2,
we record the results of HARDT and LIN [39] [46]. In dimension 2, our
results are the same, as already mentioned. In the case N = S!, they
obtain a version of Theorem 1.4.1 with optimal C*® convergence away
from the singularities and they show that no collision of singularities
occur with the boundary in the limit. This is strongly related to the
choice of N = S! and is not possible to exclude in general [55, Sec. 6].

In dimension 3, we write their result, that they are able to extend
to mappings u, : B™** — S*¥~1 in higher dimensions, and which is very
close to Theorem 1.4.2.

Theorem 1.4.5. Let Q C R? be a smooth open domain. Let N = S'.
Let T C 09 be a finite set. Let g : OQ\ T — S! be a smooth map outside
I'. Along a subsequence,

*

D n Pn n e.)

n

weakly® as measures on Q.
We have that py is the supporting measure of a 1—dimensional current
C on Q which is area minimizing and whose boundary is I.

While varifolds are the measure theoretic generalization of surfaces,
currents are the distributional extension of the concept of orientable
embedded manifold. A k-current is a linear map on k-forms on 2. Stokes’
theorem allows one to define the boundary.

The assumptions of Theorem 1.4.5 are disjoint with our hypothesis of
finite fundamental group; indeed m1(S!) = Z is a infinite Abelian group.
However, to our understanding, no second order convergence in that case
is described there.

Though, Daniel STERN [73] proves the following:

Theorem 1.4.6. Let M be a closed Riemannian m-dimensional manifold.
Let N = S'. Let u,, be a sequence of stationary p,-harmonic maps such

18



1.5. Ginzburg-Landau approach 19

that p, 2. Along a subsequence,

D n Pn n o

*
n

weakly® as measures on M and p,. decompose in the supporting measure
of a stationary (m — 2)-dimensional varifold V and |h|? dH™ where h is
a harmonic 1-form.

Moreover, if the first homology space is trivial, i.e. H'(M,R) = {0}, or
if supy, ||[dun |11 (ary) < 00, then, along a subsequence, the maps up converge
weakly in WH4(M) for all q € (1,2), and strongly in WE2(M \ spt(V)),

loc
to a limiting map wx € (ye(1,2) WL4(M, SY) that is harmonic away from
spt(V) C M.

qe

Stationary p—harmonic mappings u € Wl’p(M , N') are mappings with
divergence-free stress-energy tensor, cfr Theorem 1.3.5. The framework
of Stern does not face any topological obstruction in the sense that
W12(M,S!) is not an empty space. Minimizing p—harmonic mappings
turn out to be constant in his setting. Therefore, Stern shows that there
exist nontrivial sequences of stationary p,—harmonic mappings so that
one deduces that the varifold is not trivial.

In fact, we are allowed to hope that it should be possible to produce
first order convergence results for manifold N with Abelian 1 (N) [25]
which would cover all the Lie groups as we know that for & € N, mor11(G)
is a free Abelian group and mar(G) = {0}, ¢fr [52, Thm 2.7]. There exist
manifolds N carrying noncommutative and nonfinite fundamental group
7m1(N): the Klein bottle K is an example which is also a closed compact
2d—surface; m1(K) = (a,b|aba'b). This means that a general result
covering all compact manifolds, whatever the topology of it, is still an
open topic.

1.5 Ginzburg-Landau approach

Concerning the two problems which motivated our study, cfr (1.1.3)
and (1.1.4), the former approach to tackle the nonemptiness of the
Wh2_class was to remove the constraint and penalize that the maps
leave the constraint N. In the context of the extension problem (1.1.3),
for g € W'/22(dM, N). Let € > 0 and minimize for u € WH2(M,R") the
Ginzburg-Landau functional

u 2 u
(15.1) SE(u)i/M |D2’ +F€(2)

19



20 Chapter 1: Introduction

under the constraint troys u = g where F' : RY — [0, 4+00) is such that
F~Y(N) = {0}. Recall that we have assumed an isoperimetric embed-
ding: N C R” and minimizers of (1.5.1) will generally depend on the
embedding and the chosen function F'; see the Qp(u) below in Theorem
1.5.1(iii). Examples of typical functions F are F(u) = dist(u, N)? and
for N = S', F(u) = (1 — |u|*)?/4 which is the historical example [15].
Typically F' is not convex so that the problem (1.5.1) is not convex; for
the p—harmonic setting the energy W (u; Q) is convex and the noncon-
vexity of the problem comes from the constraint. Let us mention that for
the construction of global section L.z, if the considered bundle N is
a principal G-bundle, one uses the construction of the associated vector
bundle and produces an example similar to (1.5.1), cfr [41].

In dimension 2, let us quote the result covering the most general
manifold. It is a second order convergence result.

Theorem 1.5.1. Let Q C R? be a Lipschitz domain. Let N be a compact
Riemannian manifold isometrically embedded in RV. Let F : R¥ — [0, 00)

be a continuous map comparable to dist(-, N)? near N C RY. Let g €
WL22(Q, N). If u, € WY2(Q,RY) satisfies troq un, = g for all n and

A 1,pn .
(1.5.2) e, (un; Q) — inf {9 (w2 : V€W (Q’N)} noee, g,
trognv =g

then, passing to a subsequence, u,, converges strongly in Wb to a limit
map u, € WHL(Q;N) with troq u. = g satisfying

(1.5.3) Uy € W2 (Q\ U B(ai,p);N) for all p > 0,
=1

where Kk € N and a1,...,a, € Q. Moreover, for all p > 0 sufficiently
small,

(i) ws is @ minimizing 2-harmonic map on Q\\UJL_, B*(a;, p) with respect
to its own boundary conditions,

(ii) / |Du, — Duy, > dz 2225 0,
MU=, B?(aiyp)

(iii) wy is renormalizable, i.e. Exia(uy) is finite, cfr (4.1.8). We moreover
have

. 1
lim [SEn (un; Q) = €5 (g) log — | = By (us)

n—oo n

+ lim Qp(trg u(a; + 5'));{:1,
6—0

20



1.5. Ginzburg-Landau approach 21

where Qp(trst u(a; + 6-))F, depends only on F and (trs1 u(a; +

6'))?:17
(iv) tim [ £ (2“) =0,
n—0 O €

(v) limsup W) (u,,: Q) is finite,

n—-+o0o

(Vl) |Du”’2 dLQ n—+400, i A(Wl)

2
0, weakly® as measures.
QIOgé 4o Y

i=1

Theorem 1.5.1 in this form is due to MONTEIL, RODIAC and VAN
SCHAFTINGEN [54]. It is a generalization of several previously known
results which would be difficult to exhaustively quote. So let us mention
the historical book [14] and the more recent work [6] summarizing all the
ideas. The term Qp(trsi u(a; +0-))¥_; in (iii) is a sum over i = 1,..., K
of Qp([trs:(a; + -)]) where for a closed geodesic v € C1(S!,N)

log R.

R—o00

. | e WR2ERRY)| A
Qr([y]) = lim inf { Ge(v; B%)L:l e u(R.)R: X } -

When F(u) = (1 — |ul?)?/4 and N = S!, this last quantity is refered to

as “y/7” in the litterature where 7 is a number, cfr [14, Lemma IX.1].
The boundedness described by (v) is an integrability result comparable

to (1.4.9), the weak LP-bound in 2d. One indeed has for each ¢ € [1, 2)

(1.5.4) / |Dul? < L(WI’Q’OO)(U; Q))%,
Q 2—q

where C' > 0 depends only on H?(€2). Its first appearance in the literature
is in the case N = S! [70]. A result such as (v) is not possible in the
framework of Theorem 1.4.1 as we look at almost minimizers (1.4.5).
For minimizing p—harmonic map however we don’t know if (v) holds;
it would sharpen the bound (1.4.9) and shed light on the integrability
result mentioned in Theorem 1.3.3.

The first order convergence (vi) is very comparable to (1.4.11).

1.5.1 The case of the circle

In the case of the circle, N = S', one can be more precise. For instance
one can write a formula for the limit u, [14]. See |6] for a condensed 2d
gamma convergence approach. Also, quantitative estimates are available
for the convergence of the singular points [44] coded by Dirac masses
which is a feature that we don’t see in the p—harmonic setting for general

21



22 Chapter 1: Introduction

manifold N. Another feature one would like to see for the p—harmonic
setting is the equipartion of the energy. In [66], it is explained that if
ue : 2 C R? = R? is an e—minimizer of the Ginzburg Landau functional
(1.5.1), then for all h € S,

1 2 1 1 2
(1.5.5) lim /‘D“;[h” =5 x lim [Du| .
Q

e—0 log% e—0 log% Q 2

1.5.2 Higher dimensions

In higher dimensions, at the level of first order results we mention the
results of [25]; they work with an Abelian (V). It is shown there that

’I‘heorem 1.5.2. Let Q C R? be an open Lipschitz domain. Let g €

W'22(0Q, N). If ue € WH2(Q,RY) minimizes Gc(u) for e > 0, then the

measures

Duc|?>  F(ue), dH?
+—5)

2 €

pe = ( log%
converge weakly* along a subsequence to the supporting measure p, of a
flat chain S, minimizing the area in its homology class.

We refer to the precited paper for the vocabulary employed here: flat
chains are neither varifold or currents but manifold carrying a multiplicity
with values in a group; here the group is 71 (IN). We stress that again
the object in the limit is area minimizing in some sense. Here the word
“homology” refers to the fact that the area (or mass) is minimized among
boundary perturbations: M(S) < M(S + 0R) for all R. Concerning the
Abelianity of the 71 (NN), we quote the authors [25, Introduction]:

“Unfortunately, the very statement of [our] Theorem does
not make sense in the non-Abelian setting, because homology
requires the coefficient group to be Abelian.”

We record that, in the case of finite 71 (NN), our Theorem 1.4.2 in the
p /" 2-setting overcomes this difficulty in 3d. In general -meaning p * 2
in any dimension— however, we seem to lack of vocabulary to even describe
what would be the limiting object S in the non-Abelian setting.
Concerning second order results the circle is covered in any dimension

[65][47][11].

Theorem 1.5.3. Let Q@ C R, d > 3 be an open Lipschitz domain.
Take F(u) = (1 — |u|?)?/4. Let g € W2(0, SY). If uc € WH2(Q,R?)
minimizes Ge(u) of trace g for € > 0, then along a subsequence €, — 0
there exists u, € WH(€, SY) of trace g,

22



1.5. Ginzburg-Landau approach 23

(i) ue, — u strongly in WH1 (€, R?),

(ii) There exists a closed singular set S C Q of finite (d — 2)-Hausdorff
measure which is the support of p. such that, for every k € N,
Ue, — ux in CF_(Q\ s, R?) ,

loc

(11) . is the supporting measure of a stationary varifold,
d
(iv) Sup/ |Due, |77 is finite,
n Jo

(v) Sup/ |Due, | is finite for every q € [1,2) and every compact K C
n JK

The estimate (iv) is optimal [16, Section 9]; it is one of the huge
differences with the p—harmonic setting. The difference between (iv) and
(v) is that the boundary is not covered.

Concerning other manifolds, not much is known in terms of second
order analysis. In dimension 3, [22] writes it for specific models of the
projective plane and a specific choice of f which inspired our work in
3d in the form of Theorem 1.4.1. We note that the fundamental group
of the projective plane RP? is the two-element Abelian group Zs at the
intersection of the two covered settings. The work [22| does not contain
anything about integrability, corresponding to the two last estimates of
Theorem 1.5.3.

1.5.3 Bundle setting

In the Ginzburg-Landau case, answers in the case of principal U(1)-can be
given. The litterature covers two cases : on the one side, one can perform
a double minimization on sections and on connections on the bundle 60,
23, 61]. We describe the fixed connection setting as the function (1.5.1)
is unchanged. If one minimizes also on the connection, a L2-curvature
term is often added, properly multiplied by a power of €2. The following
theorem covers the problem of global sections [41][35].

Theorem 1.5.4. Let M? be a closed Riemannian surface. Let L be a
2—dimensional line bundle over M? with Hermitian complex structure
and Riemannian structure g, : TL x TL — R. Fiz a connection A on
L acting by Du = du + Au on local sections v : M? — L. If for each
€>0, u € FW}A,Q(MQ, L) is a minimizer of

L[ DauP? (1= gr(u,u))?
9€(U) == /M 9 + 462 )
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24 Chapter 1: Introduction

then, there exist a subsequence ue, — us a.e. and a set of d = |x(L)|
points ay, . ..,aq € M? where x(L) is the Buler characteristic of L such
that

1

= G, (ue,) =7 x(L) log ——[x(L)|y % e () where EL2 (u,) =
n

. ’DAU*P

lim —_

1
— 7|x(L)|log =,
P=0  2\Ue Blaip) 2 P

u Sup/ IDaue, |? is finite for each q € [1,2),
n M2

m U, = U in Don(M2\ {a1,...,aq}, L) for all k €N,

m the points ai,...,aq minimize W(b1,...,bg) = inf EL2(v) where
the infimum is taken over the v which are sections smooth outside
bi,...,bg € M?2.

Line bundles are 2d real vector spaces attached to the manifolds with
a complex structure. Classical examples are the tangent and cotangent
bundles. They are numbered by the second homology group H?(M?, Z)
through the homology class of the curvature K4 = dA; the integral of
the curvature is a multiple of the Euler characteristic. We point out that
[41] is a T’-convergence result which go beyond the connection framework
and explore other derivations than the connection D 4. If M? = S? and
L = TS?, it can be shown that u, has two singularities ai,as € S?
which are diametrically opposed points on S?. For instance if L = TS?
then x(TS?) = x(S?) = 2 is the classical Euler characteristic we deduce
that the canonical replacement to the absence of global section of unit
norm (c¢fr (1.1.4)) is a two-defect section. However there is no canonical
section as the problem of limiting renormalized canonical sections is in
general not unique, cfr [41, Ex. 6.7]. We note that [35, Thm 2| describe
placement of singularities when |x(L)| # 2. For a general fiber bundle we
expect the Euler characteristic to be replaced by some kind of singular
energy of the fibered bundle.

1.6 Area—type energies

The preceding sections are devoted to the Dirichlet energy appearing in
(1.1.3) and (1.1.4). To produce a distinguished representative, one could
be tempted to directly minimize the equivalent of the length (1.1.1) in
higher dimension which is the area of the graph of maps v : M — N.
As this section will aim to demonstrate, the frontiers of mathematical
knowledge have not yet progressed sufficiently or the faced problems

24



1.6. Area-type energies 25

described hereafter are simply ill-posed: in addition to topological condi-
tions, one encounters obstructions of analytical nature, in the sense that
it is even difficult to make sense of the problem itself using the tools of
contemporary analysis.

We will directly discard the pullback by w of the volume for of M
which, in dimension 1, gives the length. Indeed if u : B> — S! is C! then
pointwise det Du = 0. So, one has to look for suitable relaxation of the
Jacobian determinant det Du: in dimension 2, for p € (1,2),

(1.6.1)
un, € WH2(B2;R?)
TV (u; B?) = inf { liminf [ |det Duy,| : Uy — U
e Jee WLP(B2 R?) — weakly

The sequence is taken in W12(B2;R?) to make sense of the integral as, if
u € WH2(B2;R?),

D 2
(1.6.2) | det Du| < 12

In fact, by a suitable integration by part one can give a meaning to det Du
in a distributional sense and write a representation formula for TV (u; B?)
for many maps in WP(B2? R?). We have written the relaxation with
the weak-W!P convergence because in that case one has representation
formulas in contrast with a strong—L! relaxation. We write here a corol-
lary of [31], relying on the regularity theory of minimizing p—harmonic
mappings (see Theorem 1.3.4).

Theorem 1.6.1. Let p € (1,2). Ifu € W'?(B2,S") is a minimizing
p—harmonic map of continous trace trg1 u, then

k
TV(u; B*) =7 Y | deg(u, ;)]
=1
where ay, . ..,a, € B? are the singularities of u (cfr Theorem 1.8.4).

As a corollary, the vortex map uy(z) = é—‘ satisfies TV (uy;B?) = 7.
While the total variation of the Jacobian determinant has received some
attention, it lacks of coercivity: the fact that sequences of bounded
total variations of the Jacobian variation admit a weakly converging
subsequence in any reasonable topology.

Also, it is, as the Ginzburg-Landau energy, of extrinsic character. For
a circle valued u € WH?(B2,S!) the sequence in the definition 1.6.1 is
taken in the Euclidian space R2.
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26 Chapter 1: Introduction

First we note that in dimension 1,

\/1+ 8272 — 1 .
(1.6.3) inf / 5 | (e Whi(st V) 4
Sl

¥ €

is, when 0 = 1, the length of the graph of ; for every § > 0, it is equal
to the quantity (1.1.2). Therefore in dimension 1 the 3 problems (1.1.2),
(1.1.1) and (1.6.3) are equal.

If u: Q C RY— N, the area of its graph can be shown to be

(1.6.4) /Q Vdet(I + 62DutDu),

it corresponds when & = 1 to the pullback of the volume form of Q x R%
by (u(z),z). The Cauchy-Binet formula [34, Ex. 3 p. 80| allows us
to write the argument of the square root as a sum of the squares of all
k x k-subdeterminants of Du, k € {1,...,d}, meaning that

det(I 4+ 6°Du'Du) = 1 4 6%|Dul? + nonnegative multilinear terms.

In particular it is coercive: a sequence of bounded area will have finite
uniformaly bounded W'!-energy; we will come back to this fact. If
d = 2, the multilinear terms are all the square of the 2 x 2 minors of
Du. For mappings v : B2 — R?, (54(det Du)2 is the only multilinear term.
When d = 2, using (1.6.2), we get a finite area (1.6.4) for W"2(B2, R¥)
mappings.

Again, one is led to study a relaxed area functional: for u: Q — N,

1 v
) L . 3 7 . Up € C (Qa R )
Aa’Ll(m Q) = inf {nll_{{)lo/Q \/det(I + 02Dut Duy,) : wy — U € Ll(Q, R [

This definition of relaxed functional with L' —convergence is motivated by
the fact that it defines an L' —lower semicontinous functional which is one
on the crucial blocks for existence of minimizers by the direct method.

The domain i.e. the set of maps for which Agypq(u; Q) is finite is
not known. As the following theorem shows, the domain of As 1 (u; Q)
contains at least one map belonging to Wl’p(BZ,Sl),p < 2 but not
Wh2(B2,sh).

Theorem 1.6.2. If uy(z) = \%l for x € B? is the vortex map, then
Aspi(uy; B?) is finite and can be computed for all 6 > 0 [10]. If § is

sufficiently small [2],
(1.6.5) Asp(uy;B?) = / 1+ 6?|Duy|? + .
B2
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1.6. Area-type energies 27

The contribution of [10] is the fact that for all § > 0,
Aspi (uy; B?) = / 1+ 62|Duy|? + “some Plateau problem”
B2

and a precise description of the second term. The highest threshold g > 0
for which ¢ € (0,4p) implies (1.6.5) is not known. Though the estimate
S0 < 2 is known. One notes that, since in 2d, [Duy|(z) = |z|7!, the
integral in (1.6.5) can actually be further simplified using the fundamental
theorem of calculus.

It seems that the study of the area functional in its L!—relaxation
shape is quite difficult. If one was to provide yet another argument in
addition to the result given above, we would say that the functional does
not even satisfy the reasonable condition of subadditivity on its domain in
dimension d > 3. If one takes a slightly stronger topology, namely strict
convergence of mappings of bounded variations, the situation becomes a
bit less cloudy; we however lose the natural lower semicontinuity property.
We only quote here the 2d case |9] while higher dimensions are available
[28, 2].

Theorem 1.6.3. If v € C*(S',R?), define u(z) = v(%), z € B and

||

(1.6.6) Aspv(u;B?) = inf{ ILm V/det(I + 82Dul,Duy,) :
n—oo g2
u, € CH(Q,RY)
Up — U € L1(|32,RV)},
Jg2 IDun| — [go |Dul

then for all 6 > 0
(1.6.7) As v (03 B?) :/ 15 52[Dup + 7| deg .
BQ

While Ag 11 (u, B?) is coercive and weakly lower semicontinuous, a
sequence u,, : BY — R of uniformly bounded Asir (Un, Bd) is precompact
in BV(B? RY), the space of mappings of bounded variations whose gradi-
ent is a measure and to our knowledge we are not able to give a meaning
to Asp1 unless we neglect the determinant terms as we will do in the
next section.

1.6.1 The codimension 1 area functional

Faced with all these difficulties, let us introduce the following approxima-
tion of the area:

(1.6.8) Al (u; Q) i/Q\/l—i—62|Du|2.
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It is defined for all u € Wl’l(Q, N) and corresponds to an area, that of
the graph (z, |u|(x)), which loses its geometric flavor. If we introduce its
natural L' relaxation:

(1.6.9)
1 v
1/, . 2 2. Up € C (Q,R )
As(u; Q) = 1nf{hm/\/1+(5|D nl? fn = win LHQ,RY) [

The computation of the relaxation of Aj}(u; () is a classic result in the
theory of functionals with linear growth. We are interested in a Dirichlet
type problem; therefore we restrict our attention to a fixed trace problem.
Take g : 02 — N an integrable map and define
(1.6.10)
u, € WH(€,RY)
.A%’g(u; Q) = inf hm / V' 1+ 62 Duy,|? : trogq un = g

u, — u in LY(Q,RY)

We recall that by Theorem 1.2.3 there exists u € W (€, R¥) such that
trogu =g.
Theorem 1.6.4. The domain of.A%g(-; Q) and A}(-;Q) are the mappings

u: Q — R” of bounded variations denoted BV(Q,RY). Moreover, if
u € BV(Q,RY),

(1.6.11) Adg(u,m:/\/uymamz
Q
+ 8]D%| () +5/ trg0 u — g| %!
o0

where Du = D®u L44-D%u is the Lebesque decomposition of the differential.

The functional is lower semicontinuous. However, aside from the
fact that this functional is not intrinsic when restricted to mappings
Q) — N C R¥, we face a new problem that we would have also had for the
other area functions: the non attainment of boundary values. If one takes
a minimizing sequence of A%j g(‘; ), one obtains a generalized minimizer

u € BV(Q,RY) satisfying for all v € BV(Q,RY)
(1.6.12) .A};’g(u; 0) < Aig(v; Q).
This does not imply that trgo u = g and in fact the two last terms are not

strictly convex: this confers to the question of uniqueness of generalized
minimizers a nontrivial taste. Here is a positive result [8].

Theorem 1.6.5. Let Q2 C R? be a Lipschitz domain. Let g € L1(69Q,RY).
Any generalized minimizer u € BV (2, R”) satisfying (1.6.12) satisfies
u € WHH(Q,RY) and |Du|log(1 + |Dul|?) is locally integrable in .
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Theorem 1.6.5 tells us that we may discard the singular part of the
gradient in 4.2.42 for generalized minimizers. The method of proof is based
on finite differences and makes it unsuitable for manifold constrained
mappings. Concerning nonuniqueness, the authors show that there exist
uy € BV(Q,RY) and h € R” such that all generalized minimizers write
ug + th for some t € [—1,1].

1.6.2 Asymptotic analysis

If we were to summarize the previous sections, we would say that the
codimension 1 area functional is arguably the easiest to understand
despite everything we have described. We have also seen that when § > 0
is small, one can expect better behavior of the graph’s area. Moreover,

one observes that
VI8P -1 550 |2

(1.6.13) fFs(z) = = :

In collaboration with Christopher IRVING, in the 2d setting, we have
given this limit a formal meaning, c¢fr Theorem 1.7.1 below. This therefore
supports the fact that the area behaves better when § > 0 is small.

1.7 Universality, nonlocal energies and other functionals

In fact we prove, the following universality result.

Theorem 1.7.1. Let (f, : [0,400) — [0,+00)), be a sequence of convex
function converging pointwise to |z|?/2. Let us assume that

(1.7.1) t € [0,+00) — fn oVt is concave

and that the vortex energy
o1
(1.7.2) V(fn) = / fn([Duy|)
™ /B2

is finite. Suppose (up)n C WHL(GN) is an asymptotically minimizing
sequence in the sense that traq u, = g for all n and

(1.7.3

) .
/an(|Dun|)dx—inf{/ﬂfn(\Dv\)d:c:vewl’l(Q;N)} neo ),

troov =g

Then, passing to a subsequence, uy, converges strongly in W' to a limit
map u, € WHL(Q; N) with trogq u. = g satisfying

(1.7.4) Uy, € WH2 (Q \ U B(ai, p); N) for all p >0,
i=1
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where Kk € N and a1,...,a, € Q. Moreover, for all p > 0 sufficiently
small,

(i) us is a minimizing harmonic map on Q\ U5, B*(ai, p) with respect
to its own boundary conditions,

(ii) fa(|Duy — Duy|) de 2225 0,
Q\Up, B(ai.p)

(#ii) us is renormalizable and we have

lim [/Q Fa(IDun|) dz = V(fa) €57 (9)| = Engn(us) + H([us, ai])iy,

n—oo

1
where V(fp) = / f(|Duy|) is the vortex energy.
™ JB2

Theorem 1.7.1 is a generalization of Theorem 1.4.1 concerning p—har-
monic maps. It also covers the area (1.6.13). Theorems 1.4.1 and 1.5.3
suggests that a harmonic extension of Dirichlet data in dimension 2d is
achieved by minimizing the renormalized energy; here, we support this
fact by arguing that this renormalized limit does not depend on the way
it is approached, which gives it a universal character. While the convexity
assumption of (f,), seems natural, as does the assumption of having the
vortex within the domain of the functional cfr (1.7.2), we do not know
whether the condition of being sub-quadratic (1.7.1) is optimal. Our
result also supports nonstrictly convex functionals such as

2|2 if |2] <
fn(2) = 212 1 2] < o, where K, = +00.
kn(|z| — kn/2) if |2] > Ky

Let us note here that the working assumption (1.7.3), which deals with
asymptotic minimizers, saves the result from covering only the empty
set in this latter case, since—as mentioned in the previous section—the
minimizers do not always reach their boundary data. Of course, this
result would deserve a BV case, but the essential ingredients to provide
a proof with our method, namely a density theorem for smooth maps
away from points, are not available in the case of mappings of bounded
variations valued in a manifold.

Let us nuance the universal nature of the above theorem, as not all
minimization problems take the canonical form

inf {/anqmp dz - V€W N)} .

trognv =g
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For example, still in dimension 2, one could study the fractional
Sobolev spaces through

p
W (u: Q) // disty (u(y), u(z))P de dy
Q

<O dlStaM T y)sp+d1m(Q)

s (s,p) — (1,2) with sp < 2 [7]. These energies also measure the
oscillation of the function, as the integral of the gradient does, but in
a way that is not local: changing the value in a small neighborhood of
a point modifies the integrand over a large portion of the interaction
domain. Of course, one could also study the case where the domain is
the “complement of the complements”

(R* x R?)\ (R*\ @) x (R*\ 2)),

which contains the Cartesian product €2 x € and, from our perspective,
would probably make the definition of boundary values simpler. In
general, one can ask the question of a result similar to Theorem 1.7.1 for
Bourgain-Brezis-Mironescu-type functionals [17], such as

. 1 x—y
fBE(u;Q)ZEdHh)gl//QXQp<| . |)]u(x)—u(y)]2dxdy €>0

where p : [0, +00) — [0, +00) is integrable. When N = S! this has been
implemented at first order but in any dimensions by Margherita SOLCI
[72]. Here we state a corollary in our terms.

Theorem 1.7.2. Let Q C R? be an open Lipschitz domain. Let g :
RI\ Q — St Fore > 0, let ue be such that in R4\ Q, u. = g. Assume
p > po > 0 in a neighborhood of the origin. If ue is an almost minimizer
of Be(u; Q) then there exists a sequence (ue,)n such that the Jacobian
determinant of the piecewise affine interpolation of means on cubes of
size €n, of ue, converges in flat norm to an integral (d — 2)—current which
is mass (or area) minimizing.

We refer to the aforementioned paper for the vocabulary used here, as
well as for the notion of convergence. The point is that the convergence
is not easy to describe. The author relies, in fact, on a comparable result
in a discrete context [3]. There, among the studied functionals, we record

(175) Z lu(ei) — u(ef)|?

6 ZN]

where u : 24N Q — S! and i ~ j means that 4,j € Z% are neighbors
on the grid: the distance between them is of one unit. In fact, in 2d,
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in [26], the authors are able to write a second convergence result for
a cousin functional of (1.7.5), having as domain sections of a principal
U(1)-bundle defined on the vortices of a suitable triangulation converging
to a minimizer of a renormalized energy. Roughly speaking, one could
say that it is a discrete cousin of Theorem 1.5.4.

Let us also mention an approach inspired by homogenization and the
Ginzburg-Landau functional [4], where the authors study

Ko (15 Q) = — /Q (w) Du(@)? | Flu@)

log % Oc 2 €2

in the case N = S! and in dimension 2, and demonstrate first-order
convergence. One can also synthetize the Ginzburg-Landau functional
and fractional energies [5].

Similarly, in [30], the authors define, also in the case of the circle
and on two-dimensional domains, for all « € SBV(Q,R?) (the set of
special mappings of bounded variations carrying only a jump part in their
singular part whose support is denoted J,,),

1 D2 3 ()
F(u) =
)= g |

where D?u is defined as in Theorem 1.6.4. They provide first order
I’-convergence results.

We conclude this section on functionals converging to the Dirichlet en-
ergy by mentionning the result of [33] where a direct variational approach
is given in the context of circle valued mappings.

1.8 Organization of the present thesis

Aside from the introduction, this thesis comprises four chapters, which
are scientific articles written during the course of the doctoral program.
Their format was designed for publication in specialized mathematics
journals.

The first chapter consists in

J. Van Schaftingen and B. Van Vaerenbergh. “Asymptotic
behavior of minimizing p-harmonic maps when p » 2 in
dimension 2”. English. In: Calc. Var. Partial Differ. Equ.
62.8 (2023). Id/No 229, p. 45

A detailled form of Theorem 1.4.1 is proven. In the second chapter we
reproduce
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B. Bulanyi, J. Van Schaftingen, and B. Van Vaerenbergh.

“Limiting behavior of minimizing p-harmonic maps in 3d as p

goes to 2 with finite fundamental group”. English. In: Arch.
Ration. Mech. Anal. 249.3 (2025). Id/No 29, p. 103

where the results of Section 1.4.2 are gathered. In

C. Irving and B. Van Vaerenbergh. Universality of renormal-
isable mappings in two dimensions: the case of polar convex
integrands. Preprint, arXiv:2411.17520 [math.AP| (2024).
2024

the universality result Theorem 1.7.1 is derived. Finally in the fourth
chapter, the extension result

J. Van Schaftingen and B. Van Vaerenbergh. Fxtensions of
traces for Sobolev mappings into manifolds at the endpoint

p=1.2025

mentioned in Theorem 1.2.3 is explained as well as many variants.
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Asymptotic behavior of
minimizing p-harmonic
maps when p "2 in
dimension 2

ABSTRACT. We study p-harmonic maps with Dirichlet
boundary conditions from a planar domain into a general
compact Riemannian manifold. We show that as p ap-
proaches 2 from below, they converge up to a subsequence
to a minimizing singular renormalizable harmonic map.
The singularities are imposed by topological obstructions
to the existence of harmonic mappings; the location of the
singularities being governed by a renormalized energy. Our
analysis is based on lower bounds on growing balls and
also yields some uniform weak-L? bounds (also known as
Marcinkiewicz or Lorentz LP>°).

2.1 Introduction and main results

Given a bounded Lipschitz planar domain Q C R?, a Riemmanian man-
ifold N C RY, and g € W1/2’2(8Q,N), a minimizing 2-harmonic map
u € WH2(Q,N) = WH2(Q,RY) N {for a.e. z € Q,u(xr) € N} is a mini-
mizer of

(2.1.1) inf {/Q [Duf’ e Wm(Q’N)}.

2 trogou =g

If Wg1’2(Q,N) = WL2(Q,N) N {trsgq u = g} contains at least one map, a
minimizer does exist by the direct method of the calculus of variations.
However in general due to topological obstructions [4][38, Section 6.3], it
can be that ng ’Q(Q, N) = @ when N is not simply connected.

Meanwhile, when p € (1,2), minimizing p-harmonic map u, €
WLP(Q,N), i.e. minimizers of

(2.1.2) inf{/Q [Duf?  u e Wl”’(ﬂvN)}

P trogou =g

This chapter originally appeared as J. Van Schaftingen and B. Van Vaerenbergh.
“Asymptotic behavior of minimizing p-harmonic maps when p 2 in dimension 2”.
English. In: Calc. Var. Partial Differ. Equ. 62.8 (2023). Id/No 229, p. 45
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40 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

always does exist. This follows by an extension theorem of Robert HARDT
and Fang-Hua LIN [20] (see proposition 2.1.1 below) that asserts the
existence of a least one map realizing the constraints. Following HARDT
and LIN [21] (see also Daniel STERN [37]) in the case of the circle N = St
we want to construct 2-harmonic mappings as the limit of p—harmonic
maps as p 2 for a general manifold. Other non-simply connected
targets for harmonic mappings appear in several contexts: projective
plane in liquid crystal models [10, Section 1.A], the group of rotations in
elasticity (Cosserat materials) [32] and quotient of the group of rotations
by discrete subgroups in computer graphics (frame fields) [2, 25].

We point out that by the embedding theorem of John NASH [31] any
Riemannian manifold N —compact or not— can be embedded as a closed
set (see Olaf MULLER [30]) of some Euclidian space R” and that one
can define Sobolev spaces W1P(Q, N) intrincly i.e. independently of the
choice of a closed embedding (see Alexandra CONVENT and Jean VAN
SCHAFTINGEN |[15]).

Since we are mainly interested in the case where the infimum in (2.1.1)
is infinite, the infimum in (2.1.2) should blow up as p 2. Our first
result describes the asymptotic behavior of the infimum of (2.1.2).

Theorem A. Let Q C R? be a bounded Lipschitz domain and N a compact
Riemannian manifold. For each g € W'/»2(8Q,N), if, for each p € (1,2),
up € WLP(Q,N) is a minimizing p-harmonic map with trace traq Up = g,
then

Sys(N)?

47 ,+oo).

. |Dup|p_ ,
@13)  lme—p) [P0 = el e 0}

The systole Sys(N) of the manifold N is the least length of a non-
contractible map S!' — N (see definition 2.2.3; see [34, 18, 3| for early
apparitions in the literature). If the manifold N is simply connected (1-
connected or m(N) ~ {0}), the right-hand side of (2.1.3) is understood
to be zero. Every compact manifold has a positive sytole. By Riemannian
manifold, we mean a complete connected smooth Riemannian manifold
without boundary and of finite dimension.

The singular energy 8;@2(9) introduced by Antonin MONTEIL, Rémy
RODIAC and Jean VAN SCHAFTINGEN [29] quantifies the nontriviality of

40



2.1. Introduction and main results 41

the free homotopy class of the map g:

k
1
2.1.4) &L%(g) =inf{ — / 2.
(2.14) €y°(g9) =in {M; . il

ue CHQ\ Ule B(ai; p), N), p > 0 small
7y; € C1(S!,N) geodesic homotopic to u|8B(ai;p)}
u|pqn homotopic to g

If Sys(N) > 0, the singular energy vanishes if and only if there exists
u € WH2(Q,N) such that Trpqu = g as explained in section 2.3. The
singular energy is defined using minimal length of geodesics in N in
chosen homotopy classes (see definition 2.2.8), where the homotopy is
understood in the sense of VMO (vanishing mean oscillation, see [9,
11]). The singular energy only depends on the homotopy class of g: if
g1, 92 € W'»2(9Q,N) are freely homotopic, one has S;é?(gl) = E;g(gg).

Theorem A is closely related to the extension of trace for Sobolev
mappings of HARDT and LIN (see |20, Section 6] for compact N; see [38]
for the general case):

Proposition 2.1.1. Let Q C R? be a bounded Lipschitz domain and N
a Riemannian manifold. There exists a constant C' > 0 depending on
N and Q such that for all p € [1,2) and g € W'PP(OQ,N), there exists
u € WHP(Q,N) such that

3 | Dul? dn(g(2), 9())”
2 p)/Q p gc//@ﬁx@ﬂ |z — y[P de dy.

Briefly, we will write that Wy 7 (Q,N) # @ for p € [1,2). We repeat

that it can be that for p = 2, Wgﬂ2(Q, N) =o.

We next describe the asymptotics of families of p~harmonic maps.

Theorem B. Let Q2 C R? be a bounded Lipschitz domain, N a compact
Riemannian manifold, g € W'/»2(0Q,N) and p, € (1,2) an increasing
sequence converging to 2.

If u,, € WhPn(Q,N) is a sequence of minimizing pn-harmonic maps
of trace Tropqu, = g, then there exists a renormalizable harmonic map
Uy € ereﬁ(Q, N) with trace Traqu. = g such that up to some subsequence

n—-+o00
Up,, — Uy

almost everywhere, and there exists k < 4TrEéé2(g)/Sys(N)2 distinct points
{aiti=1,..x C Q such that
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42 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

(i) for p >0 small enough u.|o\\y=_ B(as;p) € WL2(Q\ UL, B(ai; p), N)
s a minimizing harmonic map with respect to its own boundary
condition,

(ii) the map u, minimizes the renormalized energy of mappings

2
(2.1.5) lim [De|
PO JONUL, B(aisp) 2

1
—&£@>bg;+ﬂqmqwnﬁme

(111) the charges ([us, ai])i=1,. x and the points (a;)i=1,.. , minimize the
renormalized energy of the configuration of points

(2.1.6) &L2 ([ux, a1, . . [uw, ag]) + H({wg, ai)i=1,... x

geom,y1,..-, Yk
= inf {Eégom,'yl,...,'yk (.1'1, s ,Ilfk) + H(’Yi)i:l ..... K*

T1,..., Tk €K }
Y1,V achieve the infimum in (2.1.4))°

Renormalizable maps v € Wiea (€, N) were introduced in [29] (see
definition 2.2.15) and are measurable maps v : 2 — N for which

1

2
el ~ el o)on

ren

(v) = lim
PNOJo\UE, Blaizp) 2

is finite. Here and after |Duv| refers to the Frobenius norm of the weak
derivative Dv.

The term H([uy, ai])i=1,... » in theorem B is defined in (2.3.2) in propo-
sition 4.4.1 only depends on the homotopy class of u, near each a;,
i =1,...,k That is, for i« = 1,...,k and p > 0 small, trgi(g,,) U«
defines a map in W'/*2(S!(a;; p), N) € VMO(S!(a;; p), N) which has a
well-defined homotopy class [us, a;] on which depends H([ux, a;])i=1,.. x
(see (2.2.2) for details). The geometrical renormalized energy, Eéé%m,
energy is defined in (2.2.30).

Theorem B generalizes HARDT and LIN’s result was obtained for
the circle, N = S! [21]; we relax both assumptions that the domain
is simply connected and that the target is the unit circle. It will also
appear that our method is quite different and robust enough to describe
almost minimizers (also knows as quaziminimizers), that is, sequences
of mappings u, € Wy (€, N) that are o(1) close to the infimum (2.1.2)
when p 7 2.

Other approaches to deal with the emptiness of the ng’Q(Q, N)-class
in dimension 2 exist: for instance, the well-studied Ginzburg—Landau
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family of functionals appeared before the p-harmonic map relaxation
in the literature (see Fabrice BETHUEL, Haim BREZIS and Frédéric
HELEIN [6] and references therein for the unit circle; more recently for
general manifolds |12, 28]): for every £ > 0, one considers a minimizer
u. € Wy (€, RY) of

. |DU|2 F(U) 1,2 v
mf{/Q 5 + - ru € Wy(Q,RY)

where F(u) behaves as dist(u, N)? near N (see [28] for detailed assump-
tions on F), N is a connected compact submanifold of R” and studies
the limit of (u¢)e>0 when £ N\, 0. More precisely, one gets minimizing
renormalizable singular harmonic maps introduced in [29] and the limit
happens to be in various notions of topologies (see [28]). If we write
Uy = lime\ o ue € Wéﬁ(Q,N), MONTEIL, RODIAC and VAN SCHAFTIN-
GEN show that w, minimizes a related renormalized energy which is
the sum of a contribution depending on the charges and the location
of the singularities, and another contribution depending on the charges
and the potential F'. Interestingly, the renormalized energy, S%é%(u*), is
common to both relaxation, see [28] for details. The Ginzburg-Landau
functional has an extrinsic character as one needs to embed isometrically
the manifold N into a Euclidean space R¥ and to choose a potential
F before beginning the asymptotic analysis. Due to the nature of the
Ginzburg-Landau functional, the convergence is different: in 28|, it is
shown that Du, strongly converges in L? away from the singularities of
us (compare with the convergence in theorem B).

In order to perform the analysis described in theorems A and B, we
adapt the approach that was used for studying the Ginzburg-Landau
family of functionals in [29] and thereby we do not rely on the regularity
of p-harmonic maps. Our method is therefore different from HARDT
and LIN’s [21] that heavily uses the structure of the circle N = St
estimates on liftings to its universal covering as well as monotonicity
formulas. Building an upper and a lower bound on the renormalized
energy el (see respectively propositions 4.4.1 and 2.5.4), we can treat
the case of quaziminimizer of the p-Dirichlet functional in the spirit of
[-convergence (also known as G-convergence or variational convergence)
through a variational approach (see 2.6.1). The scheme of the proof of
the lower bound follows Jerrard [22| and Sandier [35], as it was adapted
to general target manifolds [28], by an amalgamation/merging ball lemma
(see lemma 2.4.5) that we made more explicit for our purposes (see
proposition 2.4.3). We finally strengthen the result for minimizers in
proposition 2.6.1.
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44 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Our approach also has the advantage of yielding some improved es-
timates in the Marcinkiewicz LP*°(2) space (or weak Lebesgue space,
weak-LP space or Lorentz space [26][13, Chapter 5|) which consists in
v : Q — R measurable verifying sup,. t* H?({|v| > t} N Q) < +oo. Here
and after, H?(A) refers to the 2-dimensional Hausdorff measure of mea-
surable sets A C R?; equivalently [1, Theorem 4.1.1], it corresponds to
the Lebesgue measure on R2. We obtain (see proposition 2.5.8)

(2.1.7) lim sup t? H*({|Du,| > t} N Q) < +oo,
P2 >0

which is some kind of asymptotic upper bound in LP*>° () for the Frobenius
norm of the derivative of p-harmonic maps when p 7 2; in view of theorem
A, the corresponding strong LP bound fails when ng 2 (©Q,N) = (. Bounds
similar to (2.1.7) have been obtained for the Ginzburg-Landau relaxation
for harmonic maps into the circle [36] and into a compact submanifold
[28].

The compactness condition on the manifold N can be in fact weakened
in our analysis. This covers some non-compact manifolds such as the
cylinder S! x R but not all non-compact manifolds; we refer to (2.2.29)
for a non-compact manifold which is not covered by our analysis. We
devote section 2.7 to the coverable non-compact cases.

2.2 Setting: Quantifying energies and other relevant
quantities

In this section we describe the length A, the length spectrum, the singular
energy, the renormalized energy and relation between them. All the
homotopies are assumed to be free and are thought in VMO (see |9, 11]).

2.2.1 Length spectrum and systole

Let v € VMO(S!, N) be a map whose (essential) image lives in a Rieman-
nian manifold N and of vanishing mean oscillation [9]. Following [29], we
define the length of its (free) homotopy class by

(2.2.1) Ay) = inf{£(%) : ¥ € WH(S!,N) is homotopic to v}

where £(%) is the Riemannian length of the closed curve 4. In the defini-
tion, the homotopy refers to a (free) homotopy in the class of vanishing
mean oscillation VMO(S!, N). Moreover, every map in VMO(S!, N) is
(freely) homotopic in VMO(S!,N) to a smooth and hence W'!-map.
Therefore, the infimum is finite.

44



2.2. Setting: Quantifying energies and other relevant quantities 45

The length A depends only on the VMO-homotopy class of v: if v;
is homotopic to y2 then A(71) = A(72).

If N =S A(y) = 2n|deg |, where deg~ is the topological degree of
the map v € VMO(S', S'). If the manifold has the form N = N; x Na,
then one writes v = (71,72) and observes that Ax(7)? = Ay, (11)? +
AN, (72)2 :

We now repeat a well-known construction for the topological degree
that we adapt to the length A. If u € T/Vl(lj’f(B(a; p)\{a},N), it is possible
to define the “homotopy of u near a”, [u,a]. If 7, : S* — B(a;p) \ {a}
is a smooth curve isotopic to z € S! — a + pz then Try, u = Trgi(uo )
has a well-defined homotopy class in VMO that does not depend on the
choice of the curve 7,. This class of equivalence is denoted [u,a]. As
ALz €S a+tpz € R? is a family indexed by ¢ € (0,1) of admissible
curves, we may define

(2.2.2) AMu, a]) = AM(Trgiu(a + 7))

for small r > 0. Any curve v, with the precited properties will then
satisfy A([u,a]) = A(Trgi(uo~,)) and this definition does not depend on
p > 0.

Definition 2.2.1. The length spectrum is the set of nonnegative real
numbers {\(v) : v € W/>2(S1,N)}.

As our definition of smooth manifold implies that N is second count-
able, we obtain that this set is countable [24, Proposition 1.16] but can
have accumulation points. In the compact case, it can be shown |29,
Proposition 3.2] that

Lemma 2.2.2. If the Riemannian manifold N is compact, the length
spectrum is a discrete set of the real line.

The compactness assumption is not necessary: the spectrum of the
Euclidean space R* and the infinite cylinder N x R (where N is compact
manifold) have a discrete length spectrum but are not compact.

The systole of the manifold N is defined by

(2.2.3)  Sys(N) = inf{\(y) : v € VMO(S',N) is not contractible}.

We set Sys(N) = +oo if the manifold N is simply connected. If N is
compact, the systole is the first nonzero value of the length spectrum,;
this fact is sometimes used as a definition of the systole.

Our results heavily rely on the fact that the manifold N satisfies
Sys(N) > 0. They cover Euclidean spaces R*, compact manifolds and

45



46 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

infinite cylinder N x R* (N compact). It does not cover infinite horns
such as

(2.2.4) N ={(vel,t): t € R,v € S'} CR%.

In the homotopy class of S! — S x {0} C N, the infimum (2.2.1) is equal
to zero and is not achieved; hence, Sys(N) = 0.
Here is a first link between the p-Dirichlet energy and the length .

Lemma 2.2.3 (Local lower bound on circles). If p € [1,00) and if
u € WHP(0B(a; p),N), with B(a; p) C R?, then

Au)?

(2.2.5) AW / [}
o p(2ﬂ-p)p_1 N dB(a;p) P

In the statement of lemma 2.2.3, v’ refers to the tangential derivative
along the circle 0B(a; p).

Proof of lemma 2.2.3. By Holder’s inequality,

([ W) = [
U < u'|P.
3 (aB(a’7 p) )p—l OB(a;p) 0B(a;p)

Since the map wu is admissible in the greatest lower bound (2.2.1) that
defines \, we get the conclusion (2.2.5) as H!(9B(a; p)) = 27p. O

The following proposition will play the role of an infinitesimal lower
bound. It generalizes |21, Lemma 2.3].

Proposition 2.2.4. Let 0 < o < p and u € W'%(B(a; p) \ B(a;0),N).
Then, if p € [1,00) \ {2},

(P77 = )N Tromapn )’ _ | Dul?

2.2.6 S /
( ) (27T)p_1p(2 - p) B(a;p)\B(a;o) P

Proof of proposition 2.2./. Integrating the estimate of lemma 2.2.3 over
(0,p), we get

P P
/ Dyl > / ! —AMTrgiu(a +r-))P dr
B(a;p)\B(a;o) P o p(27‘('7“)p

p* P — 0P NTrog(a;p)u)”
2—p (2m)P=1p

by homotopy invariance. O
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Letting o \, 0 in (2.2.6), we get that if u € W2*(B(a; p) \ {a},N),

loc
2 PA([w, a]) | Dul?
p )
(221) 2o 2 —p) = / '
B(asp) P
Letting p 2 in (2.2.6) yields
AMTrog( g tt)? 2
(2.258) Wlogp < / \D;|
& o B(a;p)\B(a;0)

In the case of the circle N = S!, this estimate is known as lower bounds
on annuli (see [35, Lemma 1.1]).

Corollary 2.2.5. Let N be a Riemannian manifold of positive systole. Let
p€[l,o0)\{2} and 0 <o < p andu € Wl’pﬂI/Vli)’f(B(a;p) \ B(a;0),N).
If

|Dulp (p*P — 0> 7P)Sys(N)P
B(a;p)\B(a;o) P (27-‘-)17 p(2 - p)

then Trag(a;ryu is homotopic to a constant function for each r € (p, o).

Proof of corollary 2.2.5. The assumption implies that A(Trgp(aryu) <
Sys(N) which yields A(Trgg(q;ryu) = 0 and hence the conclusion. O

Observe that (2.2.7) fails at p = 2. However at the Marcinkiewicz
scale we observe the following.

Corollary 2.2.6. Let Q C R? be an open subset of the plane. Let
ai,...,a € Q be points. If u € W1’2(Q \{ai}ti=1,. k,N), then

loc

(2.2.9) > W < lim 2 H2({|Du| > t} N Q).

=1

We observe that at this scale no constant depending on the domain
Q) appears.

Proof of corollary 2.2.6. Given ty > 0, we define
M((to) = sup t* H*({| Du| > t}) N Q).
t>to

There exists a p > 0 such that G, = U, B(ai; pA([u, ai])) C 9, the disks
B(a;; pA([u, a;])) are disjoint and

(2.2.10) H(G)) = mp? ; M, ai])* < Mt((z)t())
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Summing (2.2.7) k times with p = 1, we obtain

k
UCL‘Z u
> (w0l g/G |Dul

P

(2.2.11) — /OO H2({|Du| >t} N G,)dt
0

_ /0  min(H2(G,), Mt(;(]) ) dt,

by the choice (2.2.10). Therefore

k k

1
P> M ail)® < 2[M(to)mp* 3 Mu, ai])?]”
i=1 i=1
and the conclusion (2.2.9) follows by the arbitrariness of ¢. O

2.2.2 Singular energy of the boundary data, &4

The following concept was introduced in [29] and extend A to general
boundary of domains.

Definition 2.2.7 (Topological resolution). Fiz an open bounded Lipschitz
domain Q C R?, a Riemannian manifold N and g € VMO(OQ,N). A
finite family of closed curves v; € VMO(SY,N), i = 1,...,k, with k €
N =1{0,1,2,...}, called charges constitutes a topological resolution of
the map g whenever there exist k non-intersecting closed balls B(a;; p) C §2
with p > 0 and a map

k
ueWh(Q\ | B(ai; p),N)
i=1
such that Traqu and g are homotopic in VMO(98, N) and Trgiu(a; + p-)
and y; are homotopic in VMO(S!,N) fori=1,...,k.

We allow k£ = 0 in the definition. In that case the topological resolution
is said to be trivial and the associated map u € W12(Q, N) is an extension
of g.

We refer to the points a; € Qi =1,...,k as singularities.

If for some j = 1,...,k, it happens that A(v;) = 0 then, provided
that Sys(N) > 0 holds, there exists w € Wh2?(B(aj;p), N) such that
Trgiu(a; + p-) = 7; and one can replace in the definition u by a new map

k

(2.2.12) ae Wh(Q\ | B(ai; p),N)
=1
i#]
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where @ = u on Q \ Ule B(ai; p) and @ = w on B(ay; p).

Definition 2.2.8 (Singular energy, & ). Fiz an open bounded Lipschitz
domain Q C R? and a Riemannian mamfold N, g € W'2(0Q,N) and
p>1. We set

El’p 1nf{z A() pl :

=1 p(Qﬂ-
k €N, (vi)i=1,..k s a topological resolution ofg}.
On the one hand, if the systole Sys(N) is positive, then &4 (g) = 0 if
and only if there exists a map u € W;’Q(Q, N) that extends the map g.

This follows by iterating (2.2.12) On the other hand, if Sys(N) > 0 and
€P(g) > 0 then

Sys(N)P
(2.2.13) e (9) = pé;)p)_l-

We also have the following decreasing property of the singular energy
E;ép of importance in the circle construction (see proposition 2.4.3).

Proposition 2.2.9 (Decreasing property of the singular energy). If two
Lipschitz bounded domains satisfy Qo C Q1 and u € WH2(Q; \ Q9,N),
then SSlép(Tragou) > 8;ép(Tl“aglu).

Proof. See |29, Proposition 2.6|. O

The positivity of the systole yields a continuity statement in p of the
p-singular energy :

Lemma 2.2.10 (Continuity in p of E;ép). Fiz an open bounded Lipschitz
domain Q C R%, a Riemannian manifold N and g € VMO(9,N). If
Sys(N) > 0, then
(2.2.14) p € [1,00) — ELP ()
18 locally bounded and locally Lipschitz continuous.

The positive systole assumption is crucial as it allows us to state an

equivalence between ¢P(N) and ¢9(N) norms of the vector (A1,...,\x),
see (2.2.15).
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Proof of lemma 2.2.10. Set 1 <p < q < 00, ¢, = 1/(2m)P"Ip and f(p) =
E;ép(g)/cp. For every \; € {\(7) : v € VMO(S!, N)}, i = 1,...,k, we
have either \; > Sys(N) or \; = 0, and thus Sys(N)7PXP < A, so that

k k k
219 sn00r N s as [N
i=1 1=1 =1

which implies
Sys(N)Pf(p) < flg) < (f(p)?
so that f is locally bounded. Moreover,
(2.2.16)  (Sys(N)*P —1)f(p) < f(a) — F(p) < F@)(f(D)7 1)
so that f is locally Lipschitz-continuous as f(p) > Sys(N)ﬁ. O

Using (2.2.16), it is possible to estimate the local Lipschitz constant
of (2.2.14). If I C [1,00) is compact and M = suppel(Zﬂ)p_lpﬁéép(g)

(2:2.17) [(2m)" " pEgP(9)]Lip(r) < max(|Sys(N)log Sys(N)

M log M]).

)

Aside from the continuity statement in p of the map (2.2.14), the
singular energy Eslép (g) is locally constant in W'/%2:

Lemma 2.2.11. Given g € W'/?2(9Q,N), there exists 6 = 6(g,N) >
0 such that if h € W'22(0Q,N) satisfies ||g — bllyrropa) < 0 then

e (9) = & ().

This follows from the fact that given g € W'/»2(9Q, N) there exists
§ = 3(g) > 0 such that if h € W'22(9Q,N) satisfies ||g — hlly1e2 < 0,
then they are homotopic (for a proof of this fact : [9, Lemma A.19]
combined with W'/22? ¢ VMO) and Siép (g) is homotopy invariant.

Definition 2.2.12 (Minimal topological resolution). Fixz an open bounded
Lipschitz domain Q C R?, a Riemannian manifold N and g € W1/2’2(8Q, N).
A topological resolution of the map g is minimal topological resolution of
g whenever the singularities (7;)i=1,... k satisfy A(v;) > 0 and

A(yi)?
E;g(g) = Z ym > 0.
i—1

By (2.2.13), if Sys(N) > 0, the number & of singularities of a minimal
topological resolution is at most

k < 4mely?(9)/Sys(N)
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Definition 2.2.13 (Atomicity). A map v € W'/>2(S!,N) is said to be
atomic if

81’2( ) _ A(’Y)z
s V)= Ty

For instance, when N = S! the identity map Idg: : 2 € S' — 2 € S!
and its conjugate are atomic maps.

We conclude this section with the following observation.

Lemma 2.2.14 (Atomicity in minimal topological resolutions). Fiz an
open bounded Lipschitz domain € C R%, a Riemannian manifold N and
g € W20, N) as well as a minimal topological resolution (Vi)i=1,...k
of the map g. For each i =1,... k the map ~y; is atomic.

Here and in the sequel we use the notation
(2.2.18)

p({ai}i=1,. ) = min{dist(0Q, a;), |a; —a;| 1t # j, i, =1,..., Kk}
for a quantity that will play the role of a non-intersecting radius of balls.

Proof of lemma 2.2.14. Fix j € {1,...,k} and p € (0, p(a;)i=1,... k). Let
u be the map that carries the topological resolution. By definition of the
singular energy,

k
)\(%‘)2 )‘(7')2
€:'(9) = > T 2 € (Mo, sean) + =
i=1
> 8;é2(Tra(Ui¢j B(ai;p) W) T 8;é2(Tr85(aj;p)u) > 881é2(g)’
This forces /\(ij = 8:SLé2(T‘raB(aj§p)u) = 8;é2('7j)~ =

2.2.3 Renormalized energy of a mapping, el

Minimizing p-harmonic maps when p 2 will converge to minimizers of
the following renormalized energy introduced in [29]:

Definition 2.2.15 (Renormalized energy and renormalizable Sobolev
maps). Fiz an open bounded Lipschitz domain @ C R? and a Riemannian
manifold N. A measurable map u : Q — N is said to be renormalizable
whenever there exist k € N distinct points a; € Q such that u € WH2(Q\
{a1,...,ar},N) and \([u,a;]) > 0 such that its renormalized energy

2 k 12
(2.2.19)  €12(y) = lim |Dul -5 jwlog1
0

o NOJOUR Bap) 2 o 4w

1s finite.
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52 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

For example, if = B is the unit ball of R?, N = S! and ¢ = Idg: :
St = 9B — S! is the identity map, then the vortez map or hedgehog map
up () = =/jz| belongs to Wrea(B, S1). Moreover &1 (uy) = 0.

We point out that the existence of such maps is not granted when
the manifold N is not compact, see proposition 2.2.20.

The inferior limit lim in (2.2.19) is actually a limit as
(2.2.20)

k
Du? s Alfusa? 1

p € (0, p(ai)i=1,...k) -
Q\U?:l B(ai;p) 2 =1 dm

is non-increasing, see [29, Proposition 2.10] for a proof that only assumes
Sys(N) > 0.

We finally give an expression of the renormalized energy that does
not make use of the limit operator. It splits the expression of el2 in two
parts (an L2-part and a renormalized part).

Proposition 2.2.16 (Integral representation of the renormalized energy).
Fiz an open bounded Lipschitz domain Q C R? and a Riemannian manifold
N. Ifu € WrL’E(Q,N) 18 a renormalizable map associated to the distinct
points a; € Q, i =1,...,k, then, for every o € (0, p({ai}i=1,..k)),

k
A[u ai])2 1
1,2 Allu, aif)” 1
(2.2.21) Eren(u)+; g 1Ogg
k g
T o A e
Q\U’Iiczl B(ai;o) 2 i=1 0 OB(a;;r) 2 4rr

Conversely, if u € VVif(Q \ {ai}i=1,..k N) and there exists a o €

(0, p(@i)i=1,.. k) such that the right-hand side of (2.2.21) is finite, then
u € Wige (0, N).

We recall that the non-intersection radius p({a;}i=1,.. ) was defined
in (2.2.18).

Proof of propostion 2.2.16. We have by the existence of the limit in the
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2.2. Setting: Quantifying energies and other relevant quantities 53

expression of the renormalized energy (see (2.2.20))

PNOJa\UE Blaso) 2

2 12
/ [Dul*  A([u, ai]) log 0‘]
B(asio) (:)\B(aip) 2 A p
- IDuf
Q\UiC 1 B(ai;0) 2
|D“| 1 A([u, aq])?
" Z B{‘% [/83(%7") 2 e 4dmr dr.

The terms in bracket are nonnegative by lemma 2.2.3. As a consequence
Levi’s monotone convergence theorem applies. The reciprocal follows
from the same computation. ]

When p € [1,2), we introduce the following p-renormalized energy

k
chgo = [ 10 3 Aol 1
oy 2 Ty T

|Duf? Zk: Mlu, ai])P 1 — p2P

= lim
< (2m)P~lp 2-p

PO Jo\UE Blasp) P

defined for maps u € W (Q,N). In [29, Theorem 5.1], it is shown
that if u € Wias(,N) then Du € L2(Q), see also corollary 2.5.13.
In particular ere’g(ﬂ, N) ¢ WLP(Q,N) for p € [1,2) since the weak-L?
(Marcinkiewicz) space satisfies L>>°(Q2) C LP(), see e.g. [13, Theorem
5.9].

Proposition 2.2.17. Fiz an open bounded Lipschitz domain Q C R? and
a Riemannian manifold N with Sys(N) > 0. If u € Wika(Q,N) then

The proof of proposition 2.2.17 relies on the following Holder-type
estimate :
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54 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Lemma 2.2.18. Let u € VVIOC( (a;p) \ {a}). If X[u,a]) > 0, then, for
every r € (0, p),

p p
(2.2.23) / DUl 4501 _ M
oB(ar) P p(2mr)P

2\ [Dul? 15 Alw:a))?
= (A([’LL, CL])) [/(93((1;7") 2 dt 47r

and

p p
(2.2.24) / D Mwa?
B(a;p) P p(271”l‘ - a|)p

2rp  \2-p | Dul? [, a])?
< | — _
- ()\([u, ai])> /B(a;p) 2 82|z — al? de

provided the right-hand sides are finite.

Proof of lemma 2.2.18. By Young’s inequality with exponents 1/(2/p) +
1/(2/2-p)) =1,

|Du|p(w) gmup (_9)(@)2,

2rr 2 2rr

Hence,

Duf? 1(A([u’a]))p§( 2mp )szD;| _;(/\([u,a])y}

p  p\ 27 A([u, a]) 27r

Integrating on 0B(a;; ) we obtain (2.2.23).
The second conclusion follows by integration. O

Proof of proposition 2.2.17. Let u € Wree(Q,N) and let (aq,...,ay) €
QF be the assumed distinct points associated with it (see definition 2.2.15).

Fix p € (0, p(a;)i=1,..k)-
By Young’s inequality,

DuP _ |DuP  2-p _ |Dup

2.2.25
( ) p - 2 20— 2

By Lebesgue’s dominated convergence theorem with (2.2.25) as a Lebesgue
dominant, since Q \ Ule B(a;; p) has finite Lebesgue measure, we get

DulP Dul?
(2.2.26) / Mﬁ/ ﬂ
O\UL, Blasp) P O\UY, Blaizp) 2
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2.2. Setting: Quantifying energies and other relevant quantities 55

We now study the other part of the renormalized energy. The Lebesgue’s
convergence theorem will be used, with a Lebesgue dominant provided
by (2.2.23) in lemma 2.2.18.

By the converse of Lebesgue’s dominated convergence theorem, for
almost every r € (0, p),

p 2
(2.2.27) / |Dul ﬁ/ [Duf”
OB(azr) P 0B(a;;r) 2

In view of the bound (2.2.23) and of the convergence (2.2.27), we get by
Lebesgue’s dominated convergence theorem that

p p 1)P
(2.2.28) / / Dl gger - Ml al )
0 JOB(asr)

p p(2mr)p=t
p 2 1)2
p/2 // | Du| dg{1_)\([u7az]) ar
0 JoB(ayr) 2

Arr

Combining (2.2.26) and (2.2.28) and proposition 2.2.16, we get that
Exb (u) — &2 (u) when p /2. O

2.2.4 Existence of renormalizable mappings

If the manifold N is compact there always exists a renormalizable mapping
(see proposition 2.2.19) while in the non-compact case we descibe a mani-
fold carrying no nonconstant renormalizable mappings (see proposition
2.2.20)

Proposition 2.2.19. Let Q C R? be a Lipschitz domain, N be a Rieman-
nian manifold and g € W'/»2(Q, N). If the manifold N is compact, there
exists u € Wiga (Q,N) such that tragu = g.

We recall that in the present paper every Riemannian manifold is
assumed to be connected as explained in the introduction (section 2.1).

Proof of proposition 2.2.19. Taking § > 0 sufficiently small the set Q5 =
{x € Q : dist(z,09) <} is equivalent by biLipschitz homeomorphism
to 0Q x [0,1]. As every W'22(Q, N)-map is smoothly homotopic to a
smooth map, we realize this homotopy on Q5 ~ 9 x [0, 1]. We therefore
assume that g is smooth.

We may also assume that € is simply connected. By the connectedness
of N one can connect the image g(92) by paths realized by segments
in 2. Taking a finite number of such paths one partitions €2 in simply
connected rooms delimited by the union of 92 and those paths.
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56 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Assuming that (2 is simply connected, 9 is equivalent to the circle S!.
By compactness of the manifold N, there exists a smooth map v : S! — N
such that v is homotopic to g and A(g) = £(y) = 27[|7/||ec. This is an
instance of the existence of constant speed geodesics in each homotopy
class (see [23, Proposition 6.28|). Eventually v is token constant. There
exists a small € > 0 and a € Q such that Q \ B(a;¢) is equivalent to
S! x [0,1] and we realize the homotopy between g and + there.

Combining the above described homotopies, we obtain a map u €
C>=(Q\ B(a;e),N) N WL2(Q\ B(a;¢),N). We futher define for all z €

B(a;e)
u(e) = (=)

|z — al
and observe that |Du(z)| = ||7/||s/|x| so that for p € (0,¢)

by 2
/ \Du(az)|2: ([g]) logi,
B(aie)\B(aip) rp
showing the renormalized character of u near a. O

Proposition 2.2.20. Let Q C R? be a Lipschitz simply connected domain
and (N, g) be the Riemannian manifold defined by N = S' x R C R? with
metric defined for every (v,t) € S xR and h € T,,;S' x R C R? by

1
VI+t2

Ifue Wé’g(Q,N), then tryq u is homotopic to a constant.

(2.2.29) Gy () = (L+ F(O)[R] where f(t) =

In proposition 2.2.20, the manifold N is not presented as an isometri-
cally embedded submanifold of R3. The proof relies on the fact that f is
not integrable in the complement of any compact set.

Proof of proposition 2.2.20. The proof first reduces to the case of {2 = By
by a change of variable in the Dirichlet energy. Given a map u €
Wéﬁ(ﬂ, N) such that trpq u is not homotopic to a constant there exist
a € 2 and o > 0 such that u € I/VL’CQ(B(Q; o)\ {a},N). We may further
assume that ¢ = 0,0 = 0 and trg1 u is not homotopic to a constant. We
finally write A = A([u,0]) = 27 |deg([u, 0])|. We denote 7rg1 : S' x R — St
the projection on the circle, mg : S' x R — R the projection on the real
line and claim that ng o u is unbounded. If g1 o« is not homotopic to a

constant, by lemma 2.2.3,

/ 2 > / (1+ f ome)|(ms1 07)' % + / (mr o)
St St St
2

A 1
> %(1 JriéllffOﬂ'R oy)+ %(S;llp |TR 0 7| — jéllf|7rR 07|)2.
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2.2. Setting: Quantifying energies and other relevant quantities 57

Let us fix t > 0. If
/2
/ Ivg§2—+t

then ¢t > % infs1 f omg oy + 5=(sups: |mr 0| — infg1 [7R 07])?, meaning
that

A2 \2
sup |mrov|? > (2—> —1 and inf |rroy| > sup |rroy| — V27t > D(t)
! Tt St sl

1
where D(t) = ((;‘—;)2 —1); — V2xt. Since u € Wiea (2, N) there exists

M > 0 such that for all p > 0 there exists r € (p, 1) satisfying
1 | Dul; N L
log/ ulg1 (7)')2 §/ —4 <M+ —log -
P Jst g B1\Bp 2 2T
We therefore deduce that for each p € (0, 1) there exists r € (p, 1) such

M
log

inf 7r o ulsy| > D(= )
P
which implies the uniform divergence of the map u as the right-hand side
is unbounded as p approaches zero.

We now claim that the set 7r o u(B; \ B,) contains the whole interval
[0,infg1 [mR 0 u|s1(r-)|]. We assume that the map is continuous on By \ B,
by approximation : this follows by [7] and the fact that N satisfies the
trimming property |7, Proposition 6.3| ; we leave the details to the reader.
Assume there exist a point z € S! x R such that = € u(B; \ B,). We
then observe that S x [0,1] \ {a} (where a € S! x (0,1)) is homotopic
to two copies of S! joint by a segment. This implies that using the
above described homotopy one can construct a retraction of the image
u(B1 \ B,) to a continous mapping S' x [0,1] ~ B; \ B, - N — S!
that is an homotopy between two nonzero degree maps in ¢t = 0,1 but is
constant near t = 1/2.

Since |Du]2 |Du|? + (f o mr o u)|Dul? and |Du|? > 2|01u xgs Oaul,
we obtain by the area formula [17, Theorem 1.6] that

Du A1
/ ’7‘9_71 - / fomg ouldiu A dyul
Bi\B, 2 2r %) B1\B,

/fw2 0B, \ B, Nu({y}))d

infg1 |mRoulg1 (1)
> / fdy
0
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58 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

by the surjectivity of mrou(B1\B,) on the interval [0, infg: [mrou|g1(7)]].
When p N\, 0, the left-hand side is bounded as the map u is assumed to
be renormalizable while by the choice of f ¢ L'(R) the right-hand side is
unbounded, contradicting the fact that u € ere’g(Q, N). O

2.2.5 Minimizing renormalizable singular harmonic maps

In this section we recall the notion of minimizing renormalizable harmonic
map.

Definition 2.2.21. Fiz an open bounded Lipschitz domain Q C R? and a
Riemannian manifold N with Sys(N) > 0. A map u. € Wiga(Q,N) asso-
ciated with k distinct points {a;}i=1,.r C € is a minimal renormalizable
singular harmonic map (see [29, Definition 7.8]) whenever for every map

-----

we have Exia(uy) < Erea(v).

When the manifold N is compact, minimal renormalizable maps enjoy
of the following properties. Our analysis does not rely on those properties.

Proposition 2.2.22. Fiz an open bounded Lipschitz domain Q C R?
and a compact Riemannian manifold N. Let u, € Wr%ﬁ(ﬂ,N) associated
with k points {a;}i=1,. r C £ be a minimizing renormalizable singular
harmonic map. If N is compact, then

(i) ue € C°(Q\ {ai}i=1,. k' N),

.....

(iii) for each p € (0, p({ai}i=1,..k)), us is a minimizing harmonic map
on )\ Ule B(ai; p) with respect to its own boundary conditions
provided '\ Ule B(ai; p) is a Lipschitz domain.

2.2.6 Renormalized energy of configuration of points

Following |29, (2.8) and (2.11)|, one can define the following renormalized
energy of a configuration of points for a topological resolution (71, ..., V)
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of g € W'22(05, N)

1,2
(2230) Etop,g,'n,...,’yk (al, ey ak)

2 k 2
= inf / M_ZMI%L
QUL Blasp) 2 4m P

i=1

p € (0,p({ai}i=1,..k))
ue WHQ\ UL, B(ai; ), N), }
Troqu = g, Trgiu(a; + p-) is homotopic to ~;

The renormalized energy is locally Lipschitz function of configurations
of distinct points, which is bounded from below when the singularities
[u,ai],...,[u,a;] form a minimal topological resolution of the boundary
condition g.

The renormalized energy of the configuration formed by the singulari-
ties provides a lower bound on the renormalized energy of a mapping |29,
Proposition 7.2].

Proposition 2.2.23. Fiz an open bounded Lipschitz domain  C R% and
a compact Riemannian manifold N. If u, € W}gﬁ(Q,N), if {aiti=1,.k C
Q are the associated distinct singular points and if g = Tryqus, then

1,2
eh

topgyi (@15 ak) < Ex ().

ren
where v; € [ux,a;] i =1,...,k are constant speed geodesic.

Conversely, given any configuration of points and choice of geodesics
there exists a singular Sobolev map having homotopic singularities [29,
Proposition 8.2].

Proposition 2.2.24. Fiz an open bounded Lipschitz domain Q C R? and
a compact Riemannian manifold N. Given distinct points a1, ..., a € 2
and geodesics v1,...,v, : S* — N, there exists u, € erég(Q,N) with
trace Trgqu.« = g with associated singular points ai, ..., ar such that ;
and [us, a;] are homotopic and

1,2 1,2
Erén(us) < 8t0p,g,71,-~~,7k(a17 Ca).

2.3 Upper bound

The renormalized energy introduced, we give the upper bound on se-
quences of minimizing p-harmonic maps.
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60 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Proposition 2.3.1 (Upper bound). Fiz an open bounded Lipschitz do-
main Q C R%, a Riemannian manifold N and g € W'»2(9Q,N). For
all renormalizable u € ereﬁ(ﬂ, N) associated to distinct points a; € €,

i =1,....k, if ([u,ai,ai)i=1, % is minimal topological resolution of
Traqu, then
T [DulP &g’ (Tropqu) 1,2
2.3.1 lim / — < &) + H([u, ai])i=1....
a1 I | [P S 200) + H(lu a)imr, .k
where
k
M[u, a;])? 27 2
2.3.2 H i ———— |1 +1 _— .
(232)  H(lu,ai)im ; o [1Hos (Sa) ]

HARDT and LIN established this result in the case of the circle N = S!
[21, Theorem 2.10]. We observe that minimal topological resolutions when
N = St either all satisfy deg([u, a;]) = 1 or all satisfy deg([u,a;]) = —1,
so that for every k € N, H([u, a;])i=1,.. r = k7 /2 as A([u, a;]) = 2m. When
Q is simply connected, one further knows that k& = deg(g,90).

The assumptions of proposition 4.4.1 are consistent with the existence
of minimizing p-harmonic maps u, € ng P(,N) (see proposition 2.1.1)
and the proposition implies the first order bound

E

|Dup\p A, ai))?
2.3.3 lim _—
(233) T DD
In fact, by proposition 2.5.1,
D
(2.3.4) lin (2~ p / [Duyl” — el2(g).

In particular the limit in (2.3.4) only depends on the homotopy class of
g.

Proof of proposition 4.4.1. We obtain
k
/ ’Du|p - 1 Z )‘([u’ aj])p 8}e2n( )
o P 2-p4I (Q2mplp

by proposition 2.2.17 and the fact that Wreng(ﬂ, N) C ng’p(ﬂ, N). To
obtain 2.3.1 we subtract &4 (Traqu)/(2 — p) and use the fact that

2.3.5 lim
(2.3.5) L

)\uaz

Mw

812 (Trqu) =
=1
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and
" A([u, ai]) [, a))
(2.3.6) ;l}%fp LZ; 2rn)P1p - — pp
1 [ & A(w ) Mluai)? . Au, ai])
D) Lz; A7 N ; 2T log 2

The compactness condition on the manifold N can be in fact weak-
ened in proposition 4.4.1 by the weaker condition that there exists at
least a renormalizable map u of trace g i.e. ere’g,g(Q,N) %+ . Every
compact manifold N satisfies ereﬁg (Q,N) # & (proposition 2.2.19) while
their exist non-compact manifolds carrying no renormalizable mappings
(proposition 2.2.20)

2.4 Lower bound

In order to state the proposition that will give us the lower bound we
need to extend maps u € WP(, N) of trace g € W'/22(Q,N) to a larger
domain €.

2.4.1 Nonlinear extension of Sobolev maps

Unlike the linear case W/ 22(9Q,RY), the trace operator is only locally
surjective in the following sense (see [4]):

Proposition 2.4.1. Fiz an open bounded Lipschitz domain Q C R?
and a Riemannian manifold N. There exists a § = §(9§2) > 0 which
depends only on the boundary 02 such that for every boundary data
g € W'22(00,N) one can construct a map U € WH2(9Qs, N) satisfying
TraU = g.

Here 9§25 means {z € R? : dist(z,0) < 6}. The proof of this
proposition is a variant of |27, Theorem 1|. We point out that there is no
quantitative estimate on U [38|.

Given the previous lemma, one can extend a map u € ng P(Q,N),
p € [1,2], to amap u € ng’p(Q(;,N) where Q5 = {z € R? : dist(z,09Q) <
0}. Indeed, given the map U of lemma 2.4.1 we set

0
(2.4.1) a={" o
U{Qé\Q on Qs \ Q.

Along the boundary 9€) the traces of U and u coincide. Hence by the
integration by parts formula it follows that the extended map @ possesses
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62 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

a weak derivative on the extended domain €5 [38]. For the sake of
simplicity we will denote u the extended map instead of #. We note that
this extension is not canonical as the map U is in general not unique.

2.4.2 Approximation by smooth maps except at finitely many
points

The dense class we will use takes its roots in the work of Fabrice BETHUEL
[5, Theorem 2| (see also [38]). The following density result is due to
Pierre BOUSQUET, Augusto PONCE and Jean VAN SCHAFTINGEN |8, 7|
(see also [33]).

Proposition 2.4.2. Fiz p € (1,2), an open bounded Lipschitz domain
Q C R?, a Riemannian manifold N and a map v € WIP(Q,N). Assume
that there exists an open set w CC Q with u € W12(Q\ @, N).

Then, for every e > 0 and every 6 € (0,1), setting

wp = {z € Q: dist(w, z) < Odist(w, )},
there exists a map v € WP (wp, N) such that

(i) for some points {a;}i=1,. 5 C wy (k € N) such that v € C*(wp \
{a’i}iZL...,k?N);

(i1) [l = vllwisy) < &
i) Try,,u and Try,,, v are homotopic.
(iti) Trow, Bwe P

We point out that no compactness assumption on the manifold N is
done.

Sketch of the proof of proposition 2.4.2. Assuming first that u € L>® N
WP(w,N), we observe that the proof [5, 8, 33] of the density of smooth
functions except at a finite number of points (elements of C*°(w \
{ai}iz1, .k, N)) in L N WHP(w,N) works by considering small disks
B(an; pr) and adaptively mollifying whether the mean oscillation of w on
the disk depending is small or not. The condition is always satisfied if
u € WH2(B(an; pn), N). In our case this implies that the modification of
u in '\ wy for some small 6 € (0,1) will not change the homotopy.

By [7, Theorem 1], as p € N, L= N WP(Q, N) is dense in W1P(Q,N)
and the proof of it shows that the modification done on u preserves
the Wh2-character on open sets. By this fact, we may assume that
u € L NWHP(Q,N) and u € WH2(Q\ @,N) by first approximating it
by bounded maps. O
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2.4. Lower bound 63

2.4.3 Expansion of circles method

We now describe the expansion of disks method of Robert JERRARD [22]
(see also Etienne SANDIER [35]) that we adapt to the p-energy. We recall
that B(a; p) denotes the open disk of radius r > 0 centered in a € R%. In
particular we warn the reader that the empty set can be written B(a;0).

Proposition 2.4.3. Let ay,...,a; € Q where k € N\ {0} and u €
WEP(Q,N) N W2 (Q\ {aiYiet, k), N). If dist({a; }iz1,. k, dQ) > 0, for
every 6 € (0,dist({a;}i=1,..k, ON)] there exists a collection 8 of circles
S!(a; p) C Q such that US is a finite union of disjoint annuli i.e. sets of
the form A2(c; p,0) = B(c;0) \ B(c;p) C 2. We have for some centers
e 0<8r, <7 fori=1,...,N

N
(2.4.2) us = [ J{S" (cir) iy < v <7}

and the union is disjoint. Moreover,

(i) US is contained in a finite number of disks By,...,B; such that
!

Zdlam( i) =06 and OB; € 8 for eachi=1,...,1,
i=1

(ii) for every e € (0, 0] there exists a finite number of disks S*(c;, p;) € 8

t=1,...,n such that Zpi =¢, {ai}i=1,.1k C U B(ci, pi)
i=1 i=1

(i1i) for any subcollection {Sl(c;‘;pf)}i:17,,.7k* C {S'(ci, pi) }iz1...n, there
exists a disjoint collection of annuli

{A (Clvrzarl)}l L.,n C U z’pz

such that

(2.4.3) [Zelvp (Trgi (erspr) ]p 1[2@}

Lattice structure of 8. In fact, the proof of proposition 2.4.3 shows
that the collection of circles 8§ has a finite lattice structure which is a
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64 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

finite union of oriented trees whose roots are the elements {a;}i=1._ 1
(see item (ii)), the top of each tree is the collection 9B; of item (i) of
the proposition. An element of the lattice corresponds to a circle of the
collection 8. The orientation encodes the following partial order relation:
S(a; p) < St(b; 0) if and only if B(a; p) C B(b; o). Edges on the lattice
correspond to a linear parametrized subfamily of 8: each edge is described
by {S'(a,sp) : s € (ts,t*)} for some a € Q, 0 < t, < t* < oo; these
are the annuli of (2.4.2). The tree structure carries some topological
information: given a element Si(a*, p«) € 8 of the oriented lattice and
any family F of elements of the lattice such that each S'(a) € F satisfies
S'(a;p) < Sl(ax,ps) for each a; € B(ax,ps) and there exists a unique
S'(as; p;) € F such that a; € B(ay; p«), then (Trgiu(a + P))st (a;p)eF 18 a
topological resolution of (Trgiu(as + p«-)).

Particular cases. We discuss two particular cases of proposition 2.4.3.

m Single singularity. If a € Q, u € WHP(Q,N) N Wﬁ)’f((l \ {a},N).
Then for § € (0,dist({a}, )), proposition 2.4.3 yields § = {S!(a;r) :
r € [0,6]} and US = B(a;d) C Q. In this precise case (2.4.3) is in
fact an equality.

m Pair of singularities. If a,b € Q, u € W'P(Q,N) N WI})CQ(Q\
{a,b},N). Then for § € (0,dist({a, b}, 0)), proposition 2.4.3 yields
a collection of circles whose union consists in two disks centered in
a, b respectively and an annulus surrounding the two disks whose
radii are chosen in order to (2.4.3) to hold.

We record the following corollary that extends proposition 2.2.4 to
general domains.

Corollary 2.4.4. Let ay,...,a; € Q and u € WHP(Q,N) N V[/lif(f_l\
{ai}i=1,. &, N). There exists | € N disjoint disks B; i = 1,...,1 such that
its sum of the radii is 6 € (0,dist({a;}i=1,. %, OQ)] and

_ / _ p—1)p~1 DulP
e (Trogu)’ ™! < (2= p) ((27r/p))2—1’ /z B | p‘

i=1 Pl

Proof of the corollary 2.4.4. Using proposition 2.4.3, we define B to be
the collection of proposition 2.4.3 (i). By construction the disks are
disjoint. Using proposition 2.4.3(ii) with the collection of assertion (i),
proposition 2.2.4 and proposition 2.2.9, we get the desired result. O

Lemma 2.4.5 (Merging disks lemma). Let B, be a finite collection of
closed disks in R%. There exists a finite collection of disks B* —called the
merged collection— of closed disks such that
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2.4. Lower bound 65

(i) two distinct disks B1,By € B, satisfy B NBy = &,

(i1) B* covers By: for every B € B, there exists B’ € B* such that
BCP,

(iii) the sum of the radii is conserved i.e. Z p= Z p.
B(a;p)€B+ B(a;p)eB*

The proof of the lemma is well-known, see e.g. [35, p. 386/[22, lemma
3.1].

Proof of lemma 2.4.5. For the first part of the proof, we assume that
there are k = 2 intersecting disks B(a1; p1) and B(asg; p2). We then set

* . p1a1 + p2a2

B* = {B(c; p1 + p2)} where ¢ = —————=.
{B(cip1+p2)} oL+ p2

If k£ > 3 one proceeds by induction. ]

Proof of proposition 2.4.3. We fix

ue WH(Q,N)N W1’2(Q \{aiti=1,.. ks N).

loc

For simplicity we write EL7 (S!(a; p)) for ELF (trs1(q;p) u) and e (a) for
E;ép,([u, a]). Fix top > 0 to be chosen later. We set

k
(2.4.4) S()= |J 8 with 8= J{S(ai,s€% (a:))}.

0<s<tg =1

We choose the largest tg > 0 such that the collection of circles satisfies
for each s € (0, o),

(I) the sum of the radii of the circles in the collection 8, does not
exceed 9,

(IT) the collection S is a pairwise disjoint collection of circles agglom-
erated in disjoint annuli.

If the process does not satisfy anymore (I) at ¢y then we stop the process.
Note that for all s € (0,t9) every circle S!(as, ps) € 8 satisifies

(2'4‘5) S;ép/(sl(as§ ps))s = Ps-

If at time tg some circles intersect, by lemma 2.4.5, we merge them and
we obtain new disks {S*(ays,; pr,)} such that

(2.4.6) S;ép/ (Sl(as§ Ps))s < ps
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66 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

by the monotonicity of the singular energy (proposition 2.2.9). The
collection {S*(azy; pt,)} is the disjoint union of the collection 87 circles
such that (2.4.5) holds at ¢ and the collection 85 of those disks that
satisfies (2.4.6) with a strict inequality sign. This latter collection has
the property to contain circles that can be decomposed in a finite number
of circles such that (2.4.5) holds. We gather those in a collection that we
denote 84, sup. Indeed, before merging, (2.4.5) held for each disks. We
define 84, = {S'(ay; pr,)} = 85, U Sy, and 8- = 855 U Sty sub-
Next we define

(247) S()= [J 8 with 8,=8;US7

to<s<ti
where U{S ato,sﬁl’p (ato;pto)) : Sl(ato;pto) €8, }

where t; > tp is the largest number such that (II) and (I) hold for
s € (to,t1) and

(I1) &4 (S (aty; pro))s < pro for all S (agy; pry) € Sic.

If at t1, (I) happens we stop the construction. If at t1, (II) occurs, we
may repeat the merging process by distinguishing 8;, = 8;; U Sfo circles
that satifies (2.4.6) with an equality or strict inequality. If condition (I1I)
(see (2.4.5)) is unsatisfied at ¢; for some circles {S*(a;; p;)}j=1,..1. We set
85 = 8-\ {S*(a;; pj)}j=1,..; and redefine 87 to be 87 U{S" (aj; p;)}j=1,...-
It is then possible to reiterate the construction (2.4.7).
After a finite number N of iterations the construction of S(0), S(1),
.., S(N) stops by the finite number of balls that decrease at each step
and we obtain a 7T > 0 such that

(a) the sum of the radii at of S7 is equal to 0.

(b) for each t € (0,T7], (Trg1(q;p)u)s1(
Tragu

ap)es, 18 a topological resolution of

(c) for each t € (0,7, every disk in S'(as; p;) € 8; satisfies either (1)
S;épl(Sl(at; pt))t = pt, or (2) there exists k; € N disks {S'(al; pi) i1k,
such that

k¢ k¢
> oi=pi, |JS"(afs0l) € Blas po),
i=1 i=1

u and

(Trsl(ai;pg)u)izl’m,kt is a topological resolution of Trs1(at7pt)

Sslép/(Sl(af;; Pt = pb for each i =1,... k.

(d) for each 0 < s <t < T, 85 < 8 in the sense that for each circle
S!(a,p) € 8s there exists St(a/, p’) € 8; such that S(a, p) C B(d’; p').
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2.4. Lower bound 67

The local estimate. We prove an intermediate and localized version
of (2.4.3). Fix some S!(a*;7*) € 8. We set T the largest ¢ > 0 such that
8¢ N B(a*,r*) # @. By construction 87 N B(a*,r*) consists in a disjoint
and finite collection of annuli A = {A%(a’;r;,r%))}iz1 . For simplicity
we denote

/ 81’p (SH(a;r))Pt—— dr Z/ 81’p (S'(a’;r))P! 7df1.
rp

We have by change of variables

.....

ti+1 ds
1, 1
> / E’sgp (S (CL r ))X[O T] sp—1
=1
by definition of the singular energy. We thus have
dr
1, 1 —1
B sy O
T 72
dS ’ T p
1, 1 * 1, 1
> g7 (S\(a ,r))/o S = e S

The estimate (2.4.3) in (ii). For every £ € (0,0] there exists a
finite number of disks S'(¢;,p;) € 8i=1,...,n such that Y1 ; p; =¢
and {a;}i=1,.x C U, B(ci, pi). This is because t — Zsl(a;p)estp is
increasing and continuous equal to zero at t = 0, equal to § at t =T and
so the intermediate value theorem applies and yields the existence of a

€ (0,7] such that 87 = {S'(c;, pi) }iz1,..n and Y1, p; = p. By (c)(2)

we can assume that for each i =1,...,n,
el (SH(ci; p)T = pi-
Let us consider an arbitrary subcollection {Sl(c;‘; i) =1, k. C

{SY(ci, pi) Yi=1...n,» by the preceding paragraph there exist N disjoint
collections A; of cardinality n; such that

Aj = {Az(ci;iifi)}z:l,...,nj
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68 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

and therefore

N dr dr
1,0 (ly/... p—1 _ 10 (cly/,,. p—1
2 [, a S ey oh _/valuﬂi S (S
TP
> elr(sl(c
Z 1’101))2 _p
ky

(e san) -

where N = Z;‘:l n; and the last equality follows from the choice of the
disks. ]

2.4.4 Going to the Marcinkiewicz scale

In this section we prove the following proposition. We recall that A, =

max(0, 4).

Prop051t10n 2.4.6 (Mlxed Marcinkiewicz estimate). Fiz p € (1,2). Let
u € VVloc (Q\ {aitiz1, g N) N WEP(Q,N) where {a;}iz1,..k C Q. Let
also § € (0, dlst({az}l_l,,_,,k,ﬁﬂ)] There exists a finite collection B of
disjoint disks B C 2 such that the sum of their radii does not exceed 9,
and a nonnegative measurable function U : 2 — R supported in | Jgcp B
such that

(2.4.8)
p—1 (270)2~P p—1
el UV e 1(251@ (Tropu))
BeB
< (3—p)p/ | Dul?
2 UgesB P

Moreover, U € {0} U [Sys(N)/(270),00) almost everywhere,

(2-pp~! /\DUIP

2.4.9 U > t}] <
(2.4.9) sup #7[{ >}L2< p-1(2r)2r

and

—Lpey (2 p)@0)* @) [ |Dup
(24.10)  supt'Per({U > 1}) < 5500 /Q o
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2.4. Lower bound 69

One consequence of (2.4.9)-(2.4.10) is that, combined with the first-
order upper bound (2.3.3), it asserts that any family of minimizing
p-harmonic maps (up)pe(1,2) Which is smooth outside a finite number of

points and subject to Traqu, =g € W'22(9Q, N) satisfies

h/‘II% supt’|{U, > t}| < 4rm hm 2—p / [Duy|? < 4778;é2(TraQu),
P

where U, is the map given by proposition 2.4.6. Some of consequences of
this fact are described in proposition 2.5.8. The perimeter Per of the level
set {U > t} is defined through the gradient measure of the characteristic
function of the level set [40, Section 7.4] which is of bounded variation
(BV):

Per({U > t}) = /Q IDX(U>tyl-

To prove the announced bound we will first write an estimate con-
cerning real numbers (lemma 2.4.7). We will then integrate it in lemma
2.4.8 on 9B(a; p) and then, with the help of the circle proposition 2.4.3,
we will choose appropriately the shells on which we will integrate. The
function U is explicitly given in the proof, see (2.4.15).

Lemma 2.4.7. Ifa,b >0 and p € [1,2], then

ai’ a” Yb—a _1 3 p
, ta =)+ (1= )b —a)l < =

Proof of lemma 2.4.7. Considering the functions t € [0,1] — (a(1 —t) +
bt)? we have by the integral form of the Taylor expansion

—a)2(]1 -
(b—a)*(1—1t) "
1 —t)a+tb>-P

1
(2.4.11) b =aP +pa? ' (b—a) +p(p — 1)/0 T

We check that

(BT i
> d [ Q-t)dt=.
T—tatrupr = e o [ G-Dd=3

By Young’s inequality, we have

(2.4.12)

(b — a)i p(22—p) < p (b —
-2

p(2—p)
2

P _
(24.13)  (b—a) = e 5

as 1 =1/(2/p) +1/(2/(2 — p)). Combining (2.4.11)—(2.4.13) multiplied
by (p —1)/p, we get the conclusion. O

69



70 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Proposition 2.4.8. Leta € R? and 0 < p < 0. Ifu € W'2(B(a;0) \
B(a;p),N), then we have for every r € (p,0) and for any 0 < n <

MTrpg(a;p)u)
(2.4.14)

n? 1 / n\* _ (3-pp / | DulP
—+ (1 - - Du| - ——) <———— —_
p(27rr)p*1 ( p> OB(a;r) <‘ U| 27TT)+ o 2 OB(a;r) p

Proof of proposition 2.4.8. From lemma 2.4.7, we get, setting b = |Dul,

ap

1
—(2nr +ap1/ Du|—a)+ (1— - / Du| —a)?
b ( ) BB(a;r)(‘ | ) ( p> 0B(a;r) (| ’ )+

68 —p)p/ | Duf?
B 2 dB(a;r) P

We on the Sobolev energy on circles (lemma 2.2.3) that

Ui
Du| > AMTrgiu(a + p- 2772/ —.
/BB(a;r) ‘ | ( S ( )) 0B(a;r) 2mr

Taking a = n/(27r), we get the conclusion. O

Proof of proposition 2.4.6. From proposition 2.4.3 with
0= diSt({ai}izl,.‘.,N, 89),

we get the existence of a collection of circles 8 considered as a disjoint
collection A of annuli. We write A = {A?(c;; 7, 7i)}1,...~N. Next, we define
for all x € Q

(2.4.15) U(z) =

<(27r)p/ ' 8;ép/ (TraB(a;r) u)>

2rr

Y e

: SY(a;r) € 8,2 € B(asr)

sup

with the convention sup @ = 0. If z € A%(c;; r;,7) then by definition 2.2.8
/ 1.0 i/
((27T)p 71pl SSép (Tr('?B(ci;L-)u)) ! < )\(TraB(auL')u)

27| — ¢ ~ 27z — ¢

U(x) =
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2.4. Lower bound 71

Integrating proposition 2.4.8 over all the annuli S(a;p) € 8 of propo-
sition 2.4.3, we get

(3—p)p/ | DulP
2 us P

dr
1,p 1., \p—1
> e P 2(p — )T Z/ Y (u, S (¢y;1)) e

+ 22 [ (pu -0
p us
We define B = {B; : i =1,...,1} where the disks are those of assertion
(i) of proposition 2.4.3. By construction the disks are disjoint and by the
choice of the circles of proposition 2.4.3 and by adding the integral of
| DulP over | JB \ US, we get the announced result (2.4.8).
Weak-LP estimate (2.4.9). By construction of U,

{U>t=JB

where the union runs over a finite family B of pairwise disjoint disks
B(a; p) such that

1
o’

((2m)”"~1p €4 (S (a: p))?

24.1 t <
(2.4.16) pt < 27r
Moreover, one has
’ DulP
(2417) prely S oy <@-p) [ P
B(a;p) P
Hence,
U >t} <7 Y 7’
B(a;p)eB
2 —1 l
< d ”)( Z PP PEL (S (a; p))P !
(a;p)eB
2—pp! / | Dul”
= 2(p— 1)p1(2m)2 P
Perimeter estimate. Letting B as above, we have

Per({U > t}) = Z 27p

B(a;p)eB

_ p p—1
(2.4.18) =27 Z p? p81’p (St(a; p))P 1<1,—> .
B(aip)€B & (S'(a;p))
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72 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

On the other hand, by (2.4.16) and by (2.2.13),

P (C. i D LA ' s
e (Blap) ~ 2mtel? (Blasp))r  tSys(N)7T

and thus (2.4.18) becomes, in view of (2.4.17),

(2 - p)2r)* () [ oo -

<
Per({U > t}) < FTSys(N

2.5 Convergence of bounded sequences

We establish a compactness result which will be applied to sequences of
p-harmonic mappings as p " 2.

Proposition 2.5.1 (Compactness theorem). Let Q C R? be a bounded
Lipschitz domain, N a Riemannian manifold with Sys(N) > 0 and (pn)n
be a sequence in the interval (1,2) converging to 2. Let (uy), be a sequence
of maps such that u, € W'Pn(Q,N), Troqu, = Troqug € W'22(9Q, N)
for alln. If

Dup|Pn &3 (Tr
n Q 2—pn

then, up to some unrelabeled subsequence, (uy)n, converges almost every-
where to some measurable u, : £ — N.
Moreover,

(i) the map u, € Wiea(Q,N) satisfies Troqus = Traqug. Calling
{aiti=1,..x C Q the associated singular points of the renormalizable
map u., we have that for all p € (0, p({ai}i=1,...k)), (Trop(a;;p)us(ai+
p))i=1,..x 18 a minimal topological resolution of Tragus i.e.

WY U, A; 2

. 4
=1
and, moreover, N([u.,a;]) >0 foralli=1,... K

(it) for all p € (0,p({aiti=1,..k)), (Duyn)n is uniformly integrable on
Q\ UL, B(a;; p) and for all g € [1,00),

lim

|t | / | Duy, [P < 4-00.
oo \Ui=, B(ai;p) U=, Blaisp)
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2.5. Convergence of bounded sequences 73

(iii) narrowly as measures on €2,

‘Dun‘pn n—00 = )\([u*, ai])Q
2 —pn Oa,
(2= pn) o ;:1 pm i

(iv) one has

(2.5.2) lim

n—o0

/ |Dun [P &5 (Tronun)
2—pn
> E%ei(u*) =+ H([u*7 ai])i:l,...,n
1,2

topsg im0, (@1 -5 0k) + H([ta; a])i1, e

(v) for each p € (0, p({a;i}i=1,..k)),

i | Dun [P A(us, i)
lim _ _
n—00 JB(a;;p)  Pn (2m)Prp,,| - —a;|Pr
>/ ’Du*|2 . )\([u*,ai]ﬂ
Bl 2 e

Recall the quantity H was defined in proposition 4.4.1 and the non-
intersection radius p({a;}i=1,.. ) was defined in (2.2.18).

By item (ii), we obtain that for all p > 0 and p € (1,2) Du,, — Dus,
weakly in LP(Q\ UL, B(ai; p), R¥*?). This implies that Du,, — Du, as
distributions on Q\ {a;}i=1,.. «-

The narrow convergence in (iii) is equivalent (see [1, Proposition
4.2.4]) to the fact that for any bounded and continous function £ : Q@ — R,

~ Ux, Aj 2

< 47
i=1

Narrow convergence can also be understood as the combination of weak
convergence of measures and the condition that the total mass converges:

r Ux, Ay 2

=1

6q,(Q) = L Z(tl‘aQ Uy ).

2.5.1 Convergence of LP-bounded sequences when p 2

In this section 2.5.1, we prove a Fatou type result (see (2.5.4)) and a
compactess result (see proposition 2.5.4) for sequence bounded in the
sense of (2.5.3).
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74 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Proposition 2.5.2. Let Q C R? be an open and bounded set, (p,), be

an increasing sequence converging to 2 and u, — u a.e. be a sequence of
measurable maps in W1Pr(Q). If

(2.5.3) sup/ | Duy [P < +00,
n JQ
then
(2.5.4) /]Du*|2§ lim [ |Du,|P.
(9] n—oo J )

Moreover, for every a € Q and almost every p € (0,dist(a, 092)),

/ | Duy|* dH! < lim | Dy, [P AL
0B(a;r)

n—o0 J 9B(a;r)

The second part of proposition 2.5.2 is based on the next lemma 2.5.3
that disintegrates on circles the lower semi-continuity statement that weak
convergence implies. Its proof is well known, based on Fubini-Tonneli
theorem and Fatou’s lemma and we shall omit it.

Lemma 2.5.3. Let  C R™ be an open and bounded set, p € (1,00).

Let u, — u weakly in WYP(Q). Then, for every a €  and almost every
p € (0,dist(a, 012)),

/ |DulP dH! < lim | Dy, [P !
0B(as;p)

n—o0 8B(a;p)

and there exists a subsequence n' depending on a and p such that u, — u
H'-a.e converges and wu, is bounded in WP(9B(a; p)).

Proof of proposition 2.5.2. We only prove the second assertion. This is
lemma 2.5.3 combined with the observation that

/ | Du,|? dFH! = lim | Du, [P A3
OB(a;;r) P2 JoB(a;;r)
< lim lim | Duy, |P dFH?
p,/2n—00 J9B(a;;r)
(pn—1)
< lim lim ' (9B(ai;r)) " x
p,/2n—00
b
( / | Dt [P dJ—C1>””
OB(a;;r)
< lim | Duy, [P A0

n—00 J 9B(a;;r)
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2.5. Convergence of bounded sequences 75

In the proof of proposition 2.5.1, we will use the following routine.

Proposition 2.5.4. Let Q be an open Lipschitz bounded domain of
Re. Let (un)n be a sequence of maps u, € WHP»(Q,RY) sharing all the
same trace on 0S). Let, for each m, B, be a finite collection of disjoint
disks contained in ) whose union of forms a decreasing sequence of sets
satisfying, as sets, UB,, | {a1,...,ax} C Q. Let p, € [1,2) be such that

pn 2.
If, for each m,

sup/ | Dup|Pr < +o0,
O\ B

n

then up to some unrelabelled subsequence u,, converges almost everywhere
to a map u € Wl’Q(Q\{ai}i:L._.,k, RY). Moreover the subsequence satisfies

loc

(2.5.5) lim [un [P + | Dug [P < +o0.
o0 JONUL, B(aiip)

We will deduce proposition 2.5.4 from the following lemmata.

Lemma 2.5.5. For each m, it is possible to change the values of each
up, on UB,, in order to get a sequence iy, € W1Pn(Q,RY) that verifies

sup/ | Dty [P < o0.
n JQ

Proof of lemma 2.5.5. Tt follows from (linear) trace theory and its esti-
mates [16]. O

Lemma 2.5.6. Let Q1 C R? be an open set. Let p, € [1,2) be an increasing
sequence such that p, /2. Assume a sequence v, € WHPn(Q RY) verifies

sup/ | D, P < oo and vy, —vo € Wy (€,RY)
n JQ

for each mn. Then, it admits an unrelabelled subsequence v, such that
vn — v almost everywhere Moreover, v € WV2(Q,RY) and, for each
pe[l,2),

(2.5.6) sup/ |on|P + | Doy |P < +o0.
n Jo

Proof of lemma 2.5.6. As p, /' 2, for every ¢ € [1,2), the tail of the
sequence (vp), is bounded in W14(Q,R¥) by the Poincaré inequality.
Hence, for some ¢ € [1,2) we extract a subsequence of (vy,) still denote vy,
such that v, — v almost everywhere and in L4(2,R”). We also get that
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76 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Dv,, — Dv weakly in LP(€2,R”). We next consider a sequence g, 2
and by a Cantor’s diagonal argument such that the diagonal sequence vy,
converges in L% (), R”) and Dv,, — Dv weakly in L% (), R") for each
m and thus for each p € [1,2) we have

(2.5.7) sup/ | Duy, [P < +00.
n JQ

The fact that Du € L%*(Q,R?*") then follows from a variant of [40,
Theorem 6.1.7]. The estimate (2.5.6) is implied by the weak convergence.
O

Proof of proposition 2.5.4. Lemmata 2.5.5 and 2.5.6 with a Cantor’s di-
agonal argument yield the conclusion. O
2.5.2 Proof of proposition 2.5.1

We will make use of the following lemma from [29, Lemma 6.2].

Lemma 2.5.7. Let Q CR%2, a € R? and0 < o < 7. Ifu e WH2(B(a;7)\
B(a;0),N), then,

/ | Dul? S N (Trpgru(a + 7-))
(B(a;r)\Blao))nQ? 2 4rve(a)

2
V2 1 2
=3 (1 T/ |Du‘2)2
(Trasiu(a + 7)) \1og 7 /B (a;r)\(Blaso)ue)

-
log — x
(o

where

1
(2.5.8) Vo (a) = 7/ % <1
2mlog 7 JB(air)\B(a:o))ne 17 — al

Proof of proposition 2.5.1. In the first part of the proof we assume that

U € WP (QN) NWEAQN {al }ier . g, N),

loc

where k™ € N and {a]'}i=1 g» C Q are such that

0 = inf dist({ai}izl kn, aQ) > 0.

.....

We will treat the general case by density (see section 2.5.2.5).
By our assumption (2.5.1),

| D, [P

Pn

(2.5.9) lim (2 — pn)/Q

1,2
m < Esg (trag u()).
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2.5. Convergence of bounded sequences 7

2.5.2.1 Convergence of the disks

Let (1 )m be a decreasing sequence such that 7, € (0,0) for each m and
Nm \¢ 0. For each m,n we apply proposition 2.4.3 and get the existence
of a finite collection of disjoint disks B,, ,, contained in €2 such that the
sum of the diameter is 7,, (more details are explained in corollary 2.4.4)
and

(2.5.10)

DU Pn / pn—1
eom) [ B (O elghmen)”

BEBm,n Pn BEBm,n
We thus have by proposition 2.2.10, (2.5.9) and (2.5.10),

. / —
8;é2(TraQU[)) = hm E;épn(TraQuo)p" !

n—1
(hm Z El’p" TraBun))p

n—o0

Be m,n
< lim (2 —pn)/ | Duy, [P < 8;5(Tragu0).
n—oo Q
Thus,
(2.5.11) €2 (Traque) = lim (2—pn)/ | Dy [P
n—oo Q

Letting Boch be the subcollection of disks B of Bim,n with the property
that E;g’;p"(TraBun) > 0; in view of (2.2.13) they satisfy the stronger
bound

Pn
Sys(N)pn—1

(2.5.12) elrn (Troguy) > 22—
% T (2m)rip,

> 0,
we have that the number of elements of this collection satisfies by (2.5.10)

— AT €2 (Traquo)
2.5.1 lim #Brop < 8
(2.5.13) A # B S s N2

Hence up to some subsequence in n the collection B% n converges to a
limit collection B® for each m in the sense that #Bh — #B,, for cach
m and the vector of the center of the disks and the radii converge to the
associated vector of the limit collection. By a Cantor diagonal argument
we may ensure that the subsequence does not depend on m. Then,
(4.5.45) also holds for #B,,. Thus repeating the argument we get up to
some subsequence a limit collection B such that B,, — B. As n,, \, 0,
this collection consists of Kk € N with k < #B points {a;}i=1 g
such that

diSt({ai}Z‘:Lm’,{, 8(2) Z (5

7



78 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

2.5.2.2 Uniform bound away from singularities and
convergence to u,

For each m,n, we observe that

/ | Dun P _ / |Dun [P &5 (trag uo)
NUBmn  Pn Q DPn 2—pn

1,p. _
&4 (traq uo) — €87 (trag ug)Pn—?

2— Pn
1,p! 11— Ugnipn
8 7pn t Pn—
+ sg ( T'oa UO) 2~ n
1’ '/n — —Fn
L | s (trag uo) g / | Dy [P
2 —pn UBm,n DPn

Hence, by our assumption (2.5.1), the local Lipschitz property of the
singular energy (lemma 2.2.10) and the lower bound (2.5.10),

. D Pn 1
(2.5.14) lim D[ < A+ &7 (traq ug) log —,
n— 00 N\UBm.n Pn m

where we write for future use

RN D n Pn 85172 T
(2.5.15) A= lim [/ [ Dun| _ ¢ (Traquo)
Q DPn

n—00 2 — DPn

1,2 1p ’
T Ess (traquo) — Es (trag up)P —1
p/2 2—p '

From (2.5.14), by proposition 2.5.4 we get a limit map u, € WH2(Q\
Ule B(ai; p), N) for every p € (0, p) such that up to some subsequence
independent of m we have u,, — u, as described by the proposition. This
proves (ii).

In the sequel, we will use

p=p({aiti=1,. x)

for the non-intersection radius defined in (2.2.18). By (2.5.15) for m large
enough,

’D’U,*P e ’Dun’p”
—— < lim -
QUL Blas2nm) 2 1= JoO\UBmn  Pn

1
<A+ S;éQ(Traguo) log 77—

m
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2.5. Convergence of bounded sequences 79

Hence, using definition 2.2.8 of the singular energy and lemma 4.5.11,

— — K

P o1 p A(Trag1u(a; + p-))°
(25.16) Tlog o —&(Troqu.) < Tlog 5 >

TIm Thm i1 471’1/?,77"1 (az)

1
<A+ EgéQ(TraQuo) log —,

m

where we have set

1

=12
o)

ri{1 m)(lo P

- Sys(N 21m /{xGQ:dist(BQ,x)<6}

and I/;nm(ai) is given by (2.5.8). From (2.5.16), we get in the limit
m — 0o,

K

(25.17) €2 (Traqu.) <>
=1

A(Trag1u(a; + pr))°
4dm

< E;éz (Tragu()) .

But Eig(Traguo) = 8;é2(ﬂagu*) as Trapqus = Tryque by assumption.
Hence we deduce that I/gnm (a;) = 1 for each i = 1,...,x and that
equality holds in (2.5.17) which implies that (Trysius(a; + p+))i=1,.. x is
a minimimal topological resolution of Traqug i.e.

K

A(Trpg1ux(a; + pr))°

(2.5.18) e (Troqu.) = =
i=1

and

(2.5.19) diSt({ai}Z’:L“,m 89) > 9.

2.5.2.3 Narrow convergence (iii)

By (2.5.14) and the convergence results (see proposition 2.5.4(ii)), we
have u,, — us almost everywhere and we may futher assume that

K
(2 = pn)[Dun P = >~ aida,
i=1
weakly as measures where «; > 0. Moreover,
K
Z a; = EééZ(Tragu)
i=1
by (2.5.11). By section 2.5.2.1, for large m and n, we may assume that the

number of disks contained in B(a;; p/2) is constant for each i = 1,..., k.
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80 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Then, by the construction of the disks given by proposition 2.4.3(2.4.3),
for each ¢ =1, ..., K, for large enough m,

Pn / 0 —
% = g (2pn) /B(ai,m ‘DZ:‘ > T €5 (Tropgaiipy )™ (g)z "
We consider a subsequence such that the superior limit is an actual limit
for each i = 1,...,k. By lemma 2.5.3, there exists r € (p/2,p) such
that for a subsequence u,r depending on r one has u,r — u, weakly in
WLP(9B(a;;r)). Using the Sobolev embedding and the Arzela—Ascoli
compactness criterion u, — u, uniformly on 0B(a;;r). Hence for k
large enough Trag(q,;r)tnz is homotopic to Trag(q,;- u«. We deduce that

for k and m large enough E;ép;l(trag(ai;ﬁ) Up) = Eiép%(traB(ai;r) Up) =

Qg T

8;ép;([u*,ai]) and, using lemma 2.2.10,

T / n— P\2—pn s
oi > Tim & (Trop(a,pyua)" " (5)" " = €5 ([ur,ai])

which, combined with the fact that (Trasius(a; + p-))i=1,... x, is @ minim-
imal topological resolution of Trgnug results into that
)‘([u*v a’i])2

a7

by lemma 2.2.14. This proves the weak convergence of measures. The
narrow convergence (iii) is reached by (2.5.11).

a; = & ([ux, ai]) =

2.5.2.4 Lower semicontinuity statements
We now observe that, by corollary 2.5.2, for each ¢ = 1,..., k and almost

every r € (0, p),

(2.5.20) / |Du,|* < lim | Dy, [P
OB(a;;r)

n—00 J9B(as;r)

In order to prove (v). For all p € (0, p), we have by (2.5.20)

/p/ ’DU*|2 dl — )‘<TraB(ai;7")u*)2 dr
0 JoB(as;r)

2 4rr
’ Pn )\ T . Pn 2 2—pn
<[ [ 1D g M TP,
0 n—oo 8B(ai;) DPn 2pn7rr
P D Pn )\ Tr o) U P (Qmr 2—pn
< lim / [Dug|P g1 AMTrop(a,sn )’ (277) "
n—00.J0 9B(a;;r)  Pn 2pp T
= lim |Dun‘pn . A(Trf)B(ai;r)u*)pn (27‘(‘[))2_73"
n—oo JB(ap) P 2pnm 2—pn
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2.5. Convergence of bounded sequences 81

We prove (2.5.2). By the integral representation of the renormalized
energy, proposition 2.2.16, we have

exdu) = [
Q\Uz 1 a“p =1

D «|  A(Trag(a, 2
[ Pt Aman
OB (ai;p) 4y

|Dun|p"
< lim —_
e JOUL Blaip) P
MTro g o) Us )P (27 p)2 P — (277)2Pn
i Z (Trog(as;p) )" (2p) (2m)

’DU*|2 i: )‘(TraB(ai;p)“*)g lnl
4 p

no0 2T 5
+3" tim / |DuglP AM(Trop(a;p) )" (27p)> "
im0 JBaip) P 2pnm 2—pn
D Pn kK MTr o) Use Pn ) 2—pp,
< lim % _ Z ( OB(a;;p) ) ( 7r) . (2521)
n—0o0 J ) Pn 2pn7.‘. 2 —

=1

Subtracting and adding S;éZ(TraQun)/(Q — pp) in (2.5.21) and using the
equality (2.5.18), we obtain the first inequality in 2.5.2 (see also (2.3.6)),
whereas the second inequality in 2.5.2 follows from proposition 2.2.23.

2.5.2.5 Density argument

If u, € WP (Q,N), and Tragqu, = Traquo € W1/272(3Q,N), we argue
by density. By (2.4.1), we may assume, considering a larger domain, that

Up € WHP(Q N) N W22 ({z € €+ dist(z, 09Y) < 6}, N)

loc

for some 6 > 0 and u,, = up on {z € Q' : dist(z,0) < 0}. Then, by
proposition 2.4.2, we obtain for each n a finite set {al};—1 g C &
satisfying dist({a]' }i=1,. gn,0Q") > ¢ such that

Uy € WHP (U, N) N WEHQ N {al }imt, . pn, N),

loc

(tn, — up) — 0 almost everywhere in Q' ||ty — un |ly1.0n (o ) — 0 and in
particular

1D = [ pupr 2=
Q/

Under these conditions, the assumption (2.5.1) on (uy), implies

[/ | Dt [P €37 (Trogy i)

Pn 2—pn

sup < +00.

n
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82 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

By the proof above, we obtain (i)—(v) by restriction from ' to Q and by
observing that the

lim | Dty |Pr = / | D, |*
=00 JONQ Q\Q
is implied by [|tn — un|lw1.en (@) — 0. The condition
diSt({ai}i:I,...,m 89’) >4

(see (2.5.19)) implies {a;}i=1,.. . C . O

2.5.3 Mixed Marcinkiewicz estimates of bounded sequences

We also obtain mixed Marcinkiewicz estimates for sequences of p-harmonic
mappings with bounded renormalized p—energy.

Proposition 2.5.8. Let Q C R? be a bounded Lipschitz domain, N a
Riemannian manifold with Sys(N) > 0 and let p, € (1,2) be a sequence
pn 2 2. Let (up)n be a sequence of maps such that u, € WHPn(Q,N),
Troqu, = Trogquo € W1/2’2(8Q,N). If ug € WH2(Q5 \ Q,N) for some
0 >0, u, =ug on Qs \ Q and

T D n P ;72 T
(2.5.22) A= Tim [/ [Dun|Pr Esg” (Traguo)
Q DPn

n—00 2 — Pn

< +00,

then, for eachn, there exists a measurable Uy, : @ — {0}U[Sys(N)/(274), o00)
such that

_ Duy| — Uy,)5"
(25.23)  Tim (1Du ‘p S < A+ 852 (Traquo) x
n—oo 0 n

1
([E;ép(traﬁ uo)] Lip([3/2,2)) T 108 g)

(2.5.24)
lim sup P H3({U, > t}) < Eslé2(Traﬂu0),

(2.5.25)

E— 4
lim supt?» 'Per({U, > t}) <
TR WO =11 = 500

E;g’? (TI'BQ’U,O).

In (2.5.23), [€s (tron w0)] 1 (3/2.2)
the map p — E;ép(trag ug). Lemma 2.2.10 guarantees that this quantity is
finite and (2.2.17) gives an estimate on it. Together (2.5.23) and (2.5.24)
will imply weak-LP boundedness of the sequence Du,,, see corollary 2.5.9
below.

refers to the Lipschitz constant of
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2.5. Convergence of bounded sequences 83

Under the conclusion of proposition 2.5.8, we have the following
lower semi-continuity statements (lemma 2.5.10, lemma 2.5.11 and lemma
2.5.12). As a corollary (see corollary 2.5.13), we obtain that the map
Uy € T/V]}e}%(Q7 N) resulting of proposition 2.5.1 has its gradient that lies in
weak-L2. We refer to [29] for the original proof of this fact for a general
manifold and [36] for the case of the circle.

We first record the following corollary that implies the result (2.1.7)
mentioned in the introduction.

Corollary 2.5.9. Any sequence (uy)y that satisfies the assumptions of
proposition 2.5.8 verifies

lim sup tP» H2(Q N {|Duy,| > 2t})

n—oo >0

/ _ 1
< A—i—ESléQ(Trgng) ( [SSlép (tron uo)? 1] Lip([3/272])+10g S) +47r8§é2 (troq up)-

Proof of corollary 2.5.9. Noting that |Du,| < (|Duy| —Uy)+ + Uy, where
U, is the map given by proposition 2.5.8, we have

tPn 32 (Q N {| Duy| > 2t})
<t HEQ O {(|Dun| — Up) v > t}) + P HA(Q N {U, > t})

< /(\Dun\ LU QN Uy > ). O
Q

Lemma 2.5.10. Let us fir Q@ C R™ and {a;}i=1,.  C Q. Consider two
sequences (Up)n and (vy), such that, for each n, U, € L*(Q,R) and
v, € LP(Q,R™Y) such that U, — U a.e, v, — v weakly in LP(\
UL, B(ai; p), R™*Y) for every p € (1,2) and p € (0, p({ai}i=1,..x)) and

vy — Up)E"
sup/ —(‘ n’ n)+ < +00.
n JQ Pn

Then,

— 2 _ Pn
[0k g [
Q 2 n—o00.JQ Pn

Proof of lemma 2.5.10. Let us define for s > 1,p € (1,2),£ € R the
C'(R,R) non-decreasing convex function

if £ <0
if £ € (0,s)
SN E—s) ifE>s

sy @

(I)s,p(g) =

iS
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84 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

for which one has

0 if£€<0
D, () =&t if£e(0,s)
P if € > s
Since v is measurable, there exists ( € L* such that || = 1 and
(v,¢) = |v|. By convexity,
Py p([v] = Un) = Psp({v, Q) — Un)
< @y p((vn, €) = Un) = @4, ((0,€) = Un)[{on — v, ).

Since v, — v, weakly in L? for some p < ¢ < 2, we have and since
®; ,((v,¢) — Uy) is bounded and converges almost everywhere to

((I);,p(<v7 C) - U)
we have for all p € (0, p({a;}ti=1,...x))

lim @), ((0.€) — Un)[(wn — v.0)] =
e JO\ULL, B(aisp)
and thus
/ D.p(le] ~ U) < lim @, (Je] — U)
Ui, Blaisp) n—ro0 JO\U7L; B(ai;p)
< lim O, ,((vn, &) — Up)
 n—oo JO\UL, Blasip)
_ p
< lim (Jvn| n)+
n—oo J N p
- Pn
< lim (Jvn| Un)+
n—oo J N Dn

where we used Holder’s inequality to obtain the last inequality. Next,
letting p "2, s /oo and p \, 0, we conclude by Fatou’s lemma. O

Lemma 2.5.11. Let (pn)n be a sequence such that, for eachn, p, € (1,2)
and converging to p € (1,2], let U, : Q — [0,00) be a sequence of
measurable maps such that Uy, > 1. If

(2.5.26) supsup tP» " Per({U,, > t}) < +o0,
n t>1

then a subsequence of U, converges almost everywhere on ). Moreover,

suptp Per({U > t}) < lim sup tP» 'Per({U,, > t}).

n—oo t>1
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2.5. Convergence of bounded sequences 85

Proof of lemma 2.5.11. We call A the supremum in (2.5.26) and we define
for T € (1,00), UF' = T~ v (T AU). By our assumption and the coarea
formula [1, Theorem 10.3.3], for T > 1,

T
lim / ID(UD)| = Tim Per({U,, > t})dt

T2_p" _ Tpn—Q
<A lim ——
n—00 2 — Pn
2logT ifp=2
=A< 72-p _ P2

5 ) if pe (1,2).

For fixed T' > 0, as Ug < T we obtain by the compact embedding for
mappings of bounded variation (BV) [1, Theorem 10.1.4] and the partial
converse of Lebesgue’s dominated convergence theorem [40, Proposition
4.2.10] that, up to some subsequence in n that depends on T, U, AT
converges in L' and almost everywhere. Considering a sequence T}, — 00,
a Cantor diagonal argument yields, after the extraction of a subsequence,
that for all T > 0 U!" converges almost everywhere to U where U : Q —
R is a measurable map and UT = T~! v (T AU). Moreover we have

(2.5.27) /Q T~ UT| = /1/TT H2({U, > IA{U > 1)) dt

where A refers to the symmetric difference of two sets. Up to a subse-
quence, we can assume that for almost every ¢ € (0, c0),

lim. HE{U, > t}A{U > t}) = 0.

By BV-theory [40, Theorem 7.3.2], for almost every ¢ € (0, 00),

(2.5.28) Per({U > t}) :/Q’DX{U»}’

< lim ‘DX{U Sty] = hm Per({U > t}),

n—oo

and, for all ¢ > 0, Per({U > t}) < liminfs\,Per({U > s}), which
concludes the proof. ]

Lemma 2.5.12. Let (X,|-|) be a measure space. Assume U, — U in
measure, p, € [1,00) and p, — p € [1,00). Then,

suptpﬂ'CQ({|U| > t}) < lim sup t? H2({|U,| > t}).

n—oo t>0
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86 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

We omit the proof of lemma 2.5.12.

Proof of proposition 2.5.8. Asin the proof of proposition 2.5.4, we assume
without loss of generality that

Up € WP (QN) N WEAHQN {al }ier .. s N)

loc

where {al'};—1,. g C Q are such that

0 = inf diSt({ai}i:I,...,knv 89) >0

The general case follows by density as in section 2.5.2.5 in the proof of
proposition 2.5.4.
We first note that

D
lim (2 — py) /| Un|?” <812(Tr39u0).

TL—)OO

For each n let U, : @ — {0} U [Sys(N)/(27J), o] be given by proposition
2.4.6. We then have

n — 1
m 2 /(|Dun| - U
Q

n—oo pn

< lim (3= pn)p "/ | D [P _ E;épn(Trafzuo)pnil@ﬂ'(s)%p"
< 5 i

n—o00 D, (pn _ 1)pn_1p%—pn
and thus
n 1,2
im (\Dun\ - Un)i < Tm [/ ’Dun’pn B Ssg (TI'@QU(])]
n—oo [ Pn n—00 2 —pn

/ _ 1
+ 8;é2(TraQUO)<|:8;ép (tran uo)? 1] Lip([3/2.2]) + log g>
Lemma 2.2.10 and the fact that Sys(N) > 0 imply that
1/ —1
[Esgp (troq uo)” ]Lip([3/2,2])
is finite. In addition, by (2.4.9), (2.4.10) and lemmata 2.5.11 and 2.5.12
lim sup t"{U, >t} < &L (Traguo)

47r

lim sup t*» 1 Per({U, > t}) <

1,2m..
i, sup SN €5 (Traquo).0

)
As a corollary (see corollary 2.5. 13 belo ) of the result of section
2.5.3, we obtain that the map u, € Wesa (€2, N) resulting of proposition
2.5.1 has its gradient that lies in weak-L?.
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2.6. Convergence of minimizers 87

Corollary 2.5.13. Let Q C R? be a bounded Lipschitz domain and
N a Riemannian manifold with Sys(N) > 0. If u € Win(Q,N), then
|Du| € L?>*(Q,R). Moreover, there exists a positive U € L*>*®(Q,R),

supt? HA({U > t}) < S;éQ(Tragu)
>0

and

4
tPer({U > t}) <
et = 5

€52 (Traqu)

Du| —U)?
J P < i + 32 vonn) »
Q

<[8;ép’ (traa u>]Lip([3/2,2]) + |log dist({a; }i=1,.. ks 89)])

where {a;}i=1,.  C Q are the associated singularities of the renormalizable
map u.

Proof of corollary 2.5.13. The sequence defined by w, = u for all n sat-
isfies the assumption (2.5.22) of proposition 2.5.8 by proposition 2.2.17.
Combining the estimates of proposition 2.5.8 with the ones of lemma
2.5.10, lemma 2.5.11 and lemma 2.5.12 we obtain the conclusion thanks
to proposition 2.2.17. L]

2.6 Convergence of minimizers

Proposition 2.6.1. Let Q C R? be a bounded Lipschitz domain and N a
compact Riemannian manifold.

Let (pn)n be a sequence satisfying, for each n, p, € (1,2) and let
(un)n be a sequence of minimizing py,-harmonic maps such that, for all n,
Up € Wwhpn (Q,N) and Traqu, = Traqug € W1/2’2<8Q,N).

If pn ' 2, then up to some subsequence (uy), converges almost
everywhere to a renormalizable map u, € ere’g(Q, N) of trace Troqu, =
Traquo. We denote the associated singular points of the renormalizable
map wy by {a;i}i=1,. . C Q. In addition to (1)—(v) of proposition 2.5.1,
we have

(v) Duy, — Duy almost everywhere in Q and

/ | Du, [P —/ | Duy, [P 2225 0,
Q Q

Du,[P»  eL2(T
wwhmﬂ;qm G Tooun) _ g1z ) 4 H((u, )i,

nﬁo‘i 4 Pn 2—pn
= Eilpit sy, ([ an]s o i, a]) + H([us, @il )i=1, . s
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88 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

(vii) EL2 (ux) +H([u, a;))iz1, .«
1,2
. 12 u € Wien (O, N
== lnf {Srén(U*) + H([ua ai])izl,...,li : Tragrf:(: g )}7
viit) the charges (|us, a;|)i=1.... x and points (a;)i—1... , minimize the
g I b b I
renormalized energy of the configuration of points
1,2
(261) Etop,'yh...,'ym([uw a1]7 ety [’U,*, CLk]) + H([U*, ai])izl ----- KR
= inf {8%[’);%”% (1, 2r) + H(Vi)iz1,..0 :
T1,...,Tp € }

(Y1, -+ y7%) s @ minimal topological resolution

(ix) for eachi=1,...,k, and p € (0, p({ai}i=1,..x))

(2.6.2)/ L — )
Bap) Pn (2m)Prpy | - —ag[Pn
”—>_<><>>/ [Du*  A([ux, ai])?
Blaip) 2 82| - —a;[?

The conclusion of proposition 2.6.1 implies that u, — u, in W1P(Q\
Ule B(ai; p),N), for each p € [1,2) and even more (see (2.6.11)):

n—oo

(2.6.3) |Duy, — Duy |Pr 2225 0.

/Q\Uf_l B(as;p)

We will refer to (2.6.3) as strong convergence of the gradients. Meanwhile
we cannot hope for

(2.6.4) lim [ |[Du,|P" < 400

n—oo J )

which would imply that ng 72(9, N) is not empty by an application of
Fatou lemma.
Note that even if

(2.6.5) / |Du,, — Du, |P» 2= 0
Q
holds, it would not imply (2.6.4). Therefore one could wonder if
/ |Du,, — Du,|P» =250
B(as;p)
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2.6. Convergence of minimizers 89

holds true near the singularities a; of the map as (2.6.3) already holds
true. As the following calculation shows, it could be related to the rate
of convergence of singularities of p-harmonic maps (in [20] it is shown
that p-harmonic mappings are smooth outside a finite number of points)
to the points a; of the renormalized maps. As (2.6.2) suggests, the norm
of a derivative of a p-harmonic map behaves as 1/|z — a,| near one
of its singularities a, and a renormalized map satisfy supgeg(a;p) [T —
a||Duy|(x) < oo near on of its singularities a (see proposition 2.2.22(ii)).
On the other hand, we have

2—p p 2—p
(2.6.6) 21—1’31”—27rM < / EN— dz < 257rM
2—p B |12l |z —apl 2-p
if |ay| < 1/2.
Proof of (2.6.6). Lower bound. For all x € B(a;lal/3), |z —a| < |z|/4
and
1 1 1 1 2 1
_ > - > ——
z[ Jz—al| T lz—a|l\|z—al [z[) " 2z —af
and
1 1P 2m|al?~P
B(aslal/3) | 17| |7 — a 327P2P(2 — p)

Upper bound. Setting a; = (1 — )0+ ta for ¢t € (0, 1), there exists a
t € (0,1) such that for all z € B(0;1) \ B(a;2|al)

1 1 |al
2]z —al] T |z —al*
Also,
1 1 P d
[ Ay
o) | 2] |z —ad B(0:1)\B(as;2lal) [T — a¢?P
+ 2P/ ﬂ
B(0:4la]) |77
2% mlal?"? . 2p+1+2(2—p)ﬂ_’a‘2_p'm
- 2p-2 2—p
For each a; withi =1, ..., k, the points in proposition 2.6.1, the follow-
ing lemma (lemma 2.6.2) implies that on almost every disk 9B(a;; p) and
alli =1,..., K, for n large enough depending on p, un’@B(a;p) is in the same

homotopy class that u.|pg(q;p). Since u. € Wlif(B(ai;p({ai}izl ,,,,, k) \
{ai}i=1,...x), we obtain that for n large enough un|gg(a;;p) € [ux, ai]. In

particular, for n large enough, A(trgi (g, Un) = A([ux, ai]).
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90 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Lemma 2.6.2. Let p € [1,00) and  C R?. Let (uy), be a sequence

converging to a map u in WIP(Q,N). Then for all a € §) there erists

an unrelabelled subsequence depending on a such that for almost every
€ (0,dist(a, 09Q)), u, — u uniformly on 9B(a; p).

Proof of lemma 2.6.2. Fix a € €). Integration in polar coordinates com-
bined with the partial converse to the Lebesgue dominated convergence
theorem yields a subsequence of (uy, ), converges in WP (9B(a; p),N). By
the Sobolev embedding in dimension 1, along this subsequence u,, — u
uniformly on 0B(a; p). O

2.6.1 Uniform convexity of the p 2 LP-convergence

We will obtain the strong convergence of the gradients using this proposi-
tion concerning the notion of convergence that induces

/ ]up—u|pﬂ>0
X

In the case of Lebesgue spaces, this proposition would have been a
consequence of uniform convexity [14||40, Theorem 5.4.2].

Lemma 2.6.3. Let X be a measure space. Let v, € LP(X,R*) for
p € [1,00) and v € LY(X,R*), for some q € (1,00). If

(2.6.7) hm/ v, P = / [v|? and 24 |v\q < lim ]v + vp|?,
p—q

then
lim v, —v[P = 0.
» q/ |vp |

The proof of lemma 2.6.3 rely on Hanner’s inequality [19][40, Theorem
4.1.9(c)] (see (2.6.8) in the proof).

Proof of lemma 2.6.5. We assume ¢ € (1, 2] and write |||, for [|-|| rx gu)-
Since

lim ||v, — v||, < 2||v]|4 < 00,

i oy — vl < 2l

we consider a sequence p, — ¢ such that the superior limit is actually
a limit that we denote 1 > 0. We further assume that p, < ¢ < 2. For
each n, Hanner’s inequality for exponent below 2 implies

(2.6.8) 2" (follpz + 0llpz) = (Il + vallp, + lv = vallp,)™

+ |”'U + vann + HU - UnHPn ‘pn'
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2.6. Convergence of minimizers 91

Letting n — 0o, we obtain

2[lvll5 = (Ilvllp +n)” + [llvll, —nl”.

By lemma 2.6.4 below this forces nn = 0 if ||v||, # 0 as 1 is nonnegative. If
q > 2 or p, > q one proceeds the same way by if necessary using Hanner’s
inequality for exponent above 2. O

Lemma 2.6.4. Ifp € (1,2] and if > 0 satisfy 2 > (1 + )P + |1 — z|P
then x = 0.

2.6.2 Proof of convergence of minimizers (proposition 2.6.1)

Proof of proposition 2.6.1. By proposition 4.4.1, the sequence (uy,), sat-
isfies the assumption of the compactness proposition 2.5.1. This shows
the existence of the limit map u, € WYIQ’I%(Q, N) of trace Trogqus = Traqug.
We call {a;}i=1,.. . C €, the associated singular points of the renormal-
izable map u,. Let v € ereg(Q N) such that Trapgv = Tragup and its
singularities {a?};—1, r C § satisfy for all p € (0, p(aF)i=1.. k),

k 2
)\(TT{«)B ai; U)
EL2 (Troqu) = > —4;’ 2
i=1

Hence, by 2.5.2 in proposition 2.5.1, the minimality assumption and the
continuity proposition 2.2.17, we get

([ ai])® L A([us, ai)
2.6.9) &L2(u,) — ’ 1 :
(2.6.9) &35 (us) Z; e log S
< im [Pl € (Troqun) &g (Trqu.)
T noooJQ Pn 2—pn 2
k
v, a; A([v, a;])
< &2y d 1 v
ren ; Og 27_[_

This shows that u, has the minimizing property vii. To get (vi), we com-
bine the integral representation of the renormalized energy (proposition
2.2.16) and vii in proposition 2.5.1: for all v € Wik (Q,N)

(2.6.10) €12 (wy) + H([ts, as])iz1.... s

ren

2 o 1)2
é/ Do _1og12A([”’“%])
DU, Blasip) 2 p 4

1=1
Do 0 A[v,ai))?
" Z/ [/;B (as;r) 2 e 4dmr dr.
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92 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Minimizing over u as in the definition (2.2.30) of the renormalized geomet-
rical energy and letting p \, 0 we obtain &2 (u,) + H([u., a;))i=1,...x <
1,2 H n.
tOp,[U*,CLl},...,[’UI*,aK] ('U) + ([u*7 G/Z])Zil
by proposition 2.5.1(iv). The assertion viii follows from the arbitrariness
of v.

Let us now show that for all p € (0, p({ai}i=1,..x))s

(2.6.11) lim | Dy [P g/ | D |?
o0 JO\UE, B(aip) Q\UiZ, B(aisp)

because then we will get the strong convergence of the gradients in the
sense of (2.6.3) in view of lemma 2.6.3 and the weak convergence of
Du,, given by proposition 2.5.1. It implies by the partial converse of
the Lebesgue dominated convergence theorem that Du,, — Du, almost
everywhere.

Let us observe by the integral expression of the renormalized energy,
proposition 2.2.16 and (2.6.9) evaluated at v = u,

Du, Allux, ag))” 1
/sz\uk B(aiip) | g . = & (w) + E (L az 10g (2.6.12)
i=1 ai;p

) IDuf A([u*,aiw )
Z/ [/BB (ai;r) 2 1 Arr ] d

/ ‘Dun’pn - )‘([u*a a;])Pr (27r)2_p"
27 pn 2 —pn

«- The reverse inequality is given

77777

= 1

© 3 Al e~ o

K P D N . 2
> Dusl? jgr - Muwa?|
—Jo |JoB.(a) 2 dmr
Hence,
L Pn
/ | Dy | > Tim | Dy, | (2.6.13)
QUi Blaiip) 2 N0 JO\UF_ Blaizp)  Pn
D Pn K N i Pn 2 27pn
+ lim | Du| _Z/\([u , ai] )P (2mp)
n—oo JUJ5_ Bas;p)  Pn =1 2ppm 2 —pp
D * A *y Ug 2
—Z/ [/ el g0t - M] dr.
0B(a;;r) 2 47y
| Dy, [P
> lim =l

- Y

e Ja\UL, Blai)  Pn
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2.7. The case of non-compact manifolds 93

where we used for the last inequality the limit (v). Moreover, we have
equality in (2.6.13) by the weak convergence of the weak derivatives Du,,.
Therefore, we deduce (2.6.2) as (v) allow us to localize on balls B(a;; p)
for p € (0, p({aiti=1,..x)-

By proposition 2.2.17, and by (2.6.13),

k 2—
. o \Du* ’pn )\([u*,ai])i’n 1—p“Pn
(26.14) &g (w) = lim / - (zw)pn—lpn 2—=pn

li

(2.6.15) ~ lim / |Dug [P ([us, ai]) P
n— o0 (271-)}% 1pn 9 _ P
and thus we get v, concluding the proof. 0

2.7 The case of non-compact manifolds

We point out assumptions about the complete Riemannian manifold N
to which the present method of proof applies without changing a single
thing.

(i) (Positive systole) The manifold N should have a positive systole
Sys(N). This result is crucial to obtain the continuity of Eslép (g) in p,
see lemma 2.2.10 and to count the balls in the proof of proposition
2.5.1, see (2.5.12).

(i) (Nonemptiness of Wieng) For g € W'/22(9Q,N), Wikn 4(2,N) is
not empty. Proposition 2.2.20 shows that it can be empty in the
non-compact case. This guarantees the existence of competitors,
see proposition 4.4.1. One can check that the manifold N = S' x R
and the map g = Idg1 x 0 verify Wﬁg’g,g(B(O, 1),N) # @.

(iii) (W'2-extension of the boundary data) There exists a § > 0 such
that for the boundary data g € W'/22 (02, N) one can construct
amap U € WH2(9Qs,N) such that TrpgqoU = g where 0§25 means
{x € R? : dist(x,09) < §}. This replaces proposition 2.4.1 and
holds if g € L N W'>2(9Q,N) by proposition 2.4.1 for instance.
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Limiting behavior of
minimizing p-harmonic
maps in 3d as p goes to 2
with finite fundamental

group

ABSTRACT. We study the limiting behavior of minimizing
p-harmonic maps from a bounded Lipschitz domain Q C
R3 to a compact connected Riemannian manifold without
boundary and with finite fundamental group as p 2. We
prove that there exists a closed set S, of finite length such
that minimizing p-harmonic maps converge to a locally
minimizing harmonic map in 2\ S.. We prove that locally
inside €2 the singular set S, is a finite union of straight line
segments, and it minimizes the mass in the appropriate
class of admissible chains. Furthermore, we establish local
and global estimates for the limiting singular harmonic map.
Under additional assumptions, we prove that globally in €
the set S, is a finite union of straight line segments, and it
minimizes the mass in the appropriate class of admissible
chains, which is defined by a given boundary datum and ).

3.1 Introduction

Given a bounded domain © C R? with a smooth boundary 99 and a
compact connected smooth Riemannian manifold N without boundary
and of finite dimension, which will be assumed, thanks to Nash’s embed-
ding theorem, to be isometrically embedded into the Fuclidean space
RY for some v € N\ {0}, we are interested in the problem of finding a
minimizing harmonic map with boundary datum g : 02 — N, that is,
find a minimizer of the Dirichlet integral

D 2
(3.1.1) /' U g
0 2

This chapter originally appeared as B. Bulanyi, J. Van Schaftingen, and B. Van
Vaerenbergh. “Limiting behavior of minimizing p-harmonic maps in 3d as p goes to 2
with finite fundamental group”. English. In: Arch. Ration. Mech. Anal. 249.3 (2025).
Id/No 29, p. 103
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98 Chapter 3: Limiting behavior of p-harmonic maps in 3d

among all Sobolev mappings u € WH2(Q, N) that have g as a trace on
oN.

If there exists some v € WH2(2,N) having g as a trace on S,
standard methods in the calculus of variations show the existence of a
minimizer u € W12(Q,N) of the energy (3.1.1). Following the classical
works of Schoen and Uhlenbeck, the map wu is continuous outside a discrete
set of points in €2 [53]; moreover, the solution u inherits further regularity
of the boundary datum: for example, if g € C*%(9Q, N), then v has the
same regularity in a neighborhood of the boundary [54].

When the target manifold N is simply connected, or equivalently has
a trivial fundamental group (i.e., 71 (N) ~ {0}), the space of admissible
traces is the fractional Sobolev space W1/22(9€, N) [35], similarly to the
trace theory of linear spaces [32], giving then rise to a nice theory of
harmonic extension of mappings into N.

When the manifold N is not simply connected, the admissible traces
form a strict subset of W1/%2(99, N) due to several obstruction phe-
nomena. First, one has global topological obstructions created by the
combination of the topologies of 9 and N [12, Theorem 5]: if Q ~ B? x S*
is a solid torus, taking v € C*(S!, N), which is not homotopic to a con-
stant, the function g € C*°(0Q,N) defined by g(z/,2") = ~(2') for
(2',2") € S x S! ~ 9N has no extension in WH2(Q,N). Next, one
has local topological obstructions with boundary data that behave like
g(x) = ~(2'/|2’|) [35, Section 6.3]|[12, Theorem 4]. Finally, there are some
analytical obstructions coming from the infiniteness of w1 (N) [8], and
since the integrability exponent 2 is an integer, from the nontriviality of
m1(N) [45, Theorem 1.10]; these obstructions arise as limits of juxtaposi-
tion of boundary data, which have arbitrarily large lower bounds on the
extension energy.

These obstructions to trace extension disappear if one relaxes the
problem and considers the problem of minimizing, for 1 < p < 2, the

p-energy
DulP
/ |Duf?
QO P

Indeed, given g € W1/22(9Q,N) ¢ W'=1/PP(9Q,N), there exists v €
WLP(Q,N) such that trpg(v) = g. One way then to find a good re-
placement for solutions to the problem of minimizing harmonic maps is
to define u, to be a minimizing p-harmonic map under the boundary
condition u = g on 92 and study the asymptotics of the solutions u, of
this p-harmonic relaxation as p " 2.

Such an approach has been developed successfully for planar domains
Q) C R? when N is a circle [36] or a general compact Riemannian manifold
[57], where u, converges as p ,/* 2 then to a harmonic map outside a finite
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3.1. Introduction 99

set of singular points whose positions and topological charges minimize a
suitable renormalized energy [10][47]. Similar results holds for p-energy
minimizing maps from Q C R™ to S™~! as p  m [37].

In higher dimension, this problem has been studied for maps taking
their value in the circle: Hardt and Lin [42, Section 3| have proved that
the energy density of p-energy minimizing maps from an m-dimensional
domain to a sphere S™ as p /' n < m converges to a limit measure whose
support coincides with some area minimizing current of dimension m — n;
Stern [55] has obtained the convergence of the energy density of p-energy
minimizing maps from a three-dimensional manifold to the circle S! as
p 2 to the weight measure of a stationary varifold.

In three dimensions, these asymptotics have been analyzed for maps
from a Riemannian manifold into the circle St [42, 55].

Our first result is the following.

Theorem 3.1.1. If Q C R? is a bounded Lipschitz domain, 71 (N) is
finite, g € WY22(0Q,N), (pn)nen C [1,2), pp /2 as n — +oo and if
for each n € N, u,, € WhPn(Q, N) is a minimizing py,-harmonic map with
boundary datum g, then

. D |Pn

lim sup(2 — pp) / @ dr < C|g|124/1/2,2(8g RY)?
n——+o0 Q Pn ’

where C = C(02,N) > 0. Furthermore, there exist a closed set Sy C (2,

at most a countable union of segments (Lj)jcy lying in Q, mappings

(vj)jes in C(SY,N), a map us : @ — N such that S, NQ = Ujes Li N2

and, up to a subsequence (not relabeled), the following assertions hold.
(i) un — us almost everywhere in ).

(ii) For each q € [1,2), u. € W9(Q,N), up — us in WHI(Q,RY) and

C ocC

limsup/(dist(a:,(?Q)\Dun(a:)])q dx
Q

n—-+0o0o

C D Pn
<19+ limsup(2 — pp) / Dl dx,
2 — qd n—+oco Q Pn

where C' = C(diam(€2),N) > 0.

(iii) Assume that there exists ro = r9(Q2) > 0 such that if v € R3\
and dist(z, 9Q) < rg, there exists a unique point P(x) € 0 such
that dist(x,0Q) = |v — P(z)|. If g is a C* map outside a finite
set of points around each of which g is homotopically nontrivial
and whose Fuclidean norm of the gradient behaves like the distance
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100 Chapter 3: Limiting behavior of p-harmonic maps in 3d

to the power of —1 close to these points, then for each q € [1,2),
Uy € WH(QN), uy — us in WHI(Q,RY) and

D pn
limsup(2 — py,) /| tn|

d n—+oo

limsup/ | Duy | de < C' + ¢
Q 2

n—-4o0o -
where C = C(g,Q,N) >0

(iv) Any point of Q has a neighborhood that only intersects finitely many
L;.

(v) uy € VVl(l)f(Q \ S«,N) is a locally minimizing harmonic map in

Q\ S, if K € Q\ S, is an open set and v € W2(K,RY) satisfies
U — Uy € WOM(K, RY), then

/'D“*|2 d:z:</ Do,
K 2 “Jk 2

Furthermore, there exists at most a countable and locally finite subset

So of Q\ Sk such that u, € C°(Q\ (Sx U Sp),N).

(vi) The varifold Vi, = (Id, Ay)x (ZjeJ EF(v)HIL (LN Q)> supported
by UjeJ L;NQ and with a multiplicity € (v;) is a stationary varifold
which is the limit of the rescaled stress-energy tensors and

Va2 x G(3,1)) =Y €F(y)H (L; N Q)
JjeJ
|Dun|p"

< liminf(2 — py)
n—>+oo

where Id : R® — R3 is the identity map, A.(x) € R* ® R® represents

the orthogonal projection onto the approximate tangent plane TS,
to Sy at x and G(3,1) is the Grassmann manifold.

(vii) S, minimizes the mass among all admissible chains locally inside
Q, namely, locally inside Q) it solves a homotopical Plateau problem
i codimension 2.

(viii) If OQ is homeomorphic to S* and g € WH2(9,N), then S, = 0
and uy, € C*°(Q\ So,N) is a minimizing harmonic extension of g
to Q, where Sy C ) is a discrete set.

The singular energy €5%(7), appearing in the definition of the vari-
fold V. in Theorem 3.1.1, is defined for v € C(S!,N) as the infimum of
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>y fSl |fé‘2 dH! for fi,..., fm € CY(S',N) such that v has a contin-

uous extension to a domain consisting of the 2-disk B} from which m
small 2-disks have been removed whose restriction on the boundary of
the i-th disk is a rescaled version of the mapping f;.

The finite assumption on the fundamental group in Theorem 3.1.1
makes it inapplicable to the case of the unit circle N = S!; the framework
of our results is thus completely disjoint from Stern’s [55]. Among the
situations covered by our theorem, we point out the case where N is
the real projective plane RP? motivated by liquid crystals, and the case
where N is the space of attitudes of the cube SO(3)/O, where O is the
octahedral group, which appears as framefields in meshing problems. We
point out that the finiteness assumption on the fundamental group of the
compact manifold N is equivalent to a compactness assumption on the
universal covering N of the manifold N.

When N is the real projective plane RP?, Theorem 3.1.1 is a counter-
part of Canevari’s result for Landau-de Gennes models of nematic liquid
crystals [22].

The strategy of our proof of Theorem 3.1.1 is inspired by Canevari’s
n-compactness approach for Landau-de Gennes [22]. Whereas Canevari
works with a perturbation involving no derivatives and with a domain
enlarged to a full linear Sobolev space, in our setting we have a perturba-
tion involving the first-order derivatives defined on a nonlinear space with
the same manifold constraint but enlarged by lower integrability require-
ments. This results in different constructions to deal with the different
structures and different analytical arguments because the space in which
the minimization is performed depends on the relaxation parameter p.

We also emphasize that in our results we obtain the uniform interior
W14 estimates and the local minimization property outside the singular
set S, for u,, in contrast to a minimization result restricted to balls by
Canevari, and we prove that locally inside €2, S, solves a homotopical
Plateau problem in codimension 2.

At a more technical point, we could identify the stationary varifold
structure of the limit of the stress-energy tensors directly through Arroyo-
Rabasa, De Philippis, Hirsch and Rindler’s work on rectifiability of
measures satisfying some differential constraints [6].

It is also worth noting that the smaller the fractional seminorm of the
boundary datum g, the closer to 92 the singular set S, of Theorem 3.1.1
is located (see Proposition 3.7.1).

Under additional assumptions we get global properties of the limit.

Theorem 3.1.2. With the assumptions and notations of Theorem 3.1.1
if we assume moreover that ) is of class C?, Q) is strongly convex at every
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point of 98, g is a C* map outside a finite set of points {a1, ..., an} C OQ
around each of which g is homotopically nontrivial and whose Fuclidean
norm of the gradient behaves like the distance to the power of —1 close to
these points and if for each n € N, Duy, is continuous on IQ\{ay,...,am},
then the following assertions hold.

(1) SN0 ={ai,...,am} and Sy lies in the convex hull of {a1, ..., am}.

(it) The set J is finite and Sy = U,y Lj.

(i1i) The quantity

Z EE(v)H (L)  minimizes Z EX(fi)HY(K)

jeJ el

among all configurations of closed straight line segments (K;)ier
and topological charges (fi)icr C C(SY,N) satisfying the following
conditions: I is finite; each K; has a positive length; the interiors of
the segments (i.e., the segments without their endpoints) are pairwise
disjoint; K = J,c; K; is a compact subset of Q and KNOKY is a finite
set of points; K has no endpoints in 2, namely, if K; is a segment
having an endpoint x € ), then there exists another segment K;
emanating from x; there exists a map v € C(Q\ (K U F),N), with
F being a locally finite subset of Q\ K, such that troq(v) = g and
v restricted to small circles transversal to K; is, up to orientation,
homotopic to f;. Namely, S, solves a homotopical Plateau problem
i codimension 2.

The additional ingredient in the proof of Theorem 3.1.2 is the ex-
ploitation of the Pohozaev-type identity combined with White’s maximum
principle for minimizing varifolds [58].

Although our results and proof are written in the framework of do-
mains of the Euclidean space R?, most of the analysis can be trandfered
to compact 3-dimensional Riemannian manifolds. The adaptation of The-
orem 3.1.1 should be completely straightforward, provided line segments
are replaced by geodesics. Transfering Theorem 3.1.2 to manifolds would
require a suitable use of strong convexity of the boundary of submanifolds.

Finally, we point out that if € is strongly convex at every point of
0Q and m (N) ~ Z/2Z, then the singular set S, is a minimal connection
(see Definition 3.7.24 and Proposition 3.7.25). Thus, in this case, we
exclude the appearance of closed loops (i.e., homeomorphic images of
S!) in S,. In fact, the singular sets of minimizing p,-harmonic maps
could have disclination loops [26, Section 2.4|, however, in the limit, as
n — 400, each of these loops, which is contractible in €2, should become
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unstable, shrink and disappear. We also suspect that the singular sets
of the corresponding minimizing p,-harmonic maps converge, up to a
subsequence, to the singular set S, in the Hausdorff distance, but this
question is beyond the scope of our paper.

3.2 Preliminaries

3.2.1 Conventions and Notation

Conventions: in this paper, we say that a value is positive if it is strictly
greater than zero, and a value is nonnegative if it is greater than or equal
to zero. Euclidean spaces are endowed with the Euclidean inner product
(-,-) and the induced norm | - |. A set will be called a domain whenever
it is open and connected. Throughout this paper, €2, unless otherwise
stated, will denote a bounded (locally) Lipschitz domain in R3, and N
will denote a finite-dimensional compact connected smooth Riemannian
manifold without boundary and with finite fundamental group, which will
be assumed, thanks to Nash’s embedding theorem, to be isometrically em-
bedded into the Euclidean space R for some v € N\ {0}. The Hausdorff
measures, which we shall use, coincide in terms of normalization with
the appropriate outer Lebesgue measures. We shall say that a property
holds p-almost everywhere (or simply almost everywhere) for a measure
u (abbreviated p-a.e.) if it holds outside a set of zero py-measure.

Notation: if A, B, M are real matrices, we denote the inner product
(also known as Frobenius or Hilbert-Schmidt) between A and B by
A: B = tr(ATB) and the Euclidean norm of M by |[M| =M : M. We
denote by Bl(x), Bl.(z), and 0BL(x), respectively, the open ball in R,
the closed ball in R, and its boundary the (I — 1)-sphere with center
x and radius r, where [ € N\ {0}. If the center is at the origin 0, we

write BL, Ei and OB the corresponding balls and the (I — 1)-sphere. We
shall sometimes write S™~! instead of OB!". We denote by dist(x, A)
and |A|, respectively, the Euclidean distance from = € R to A C R!, and
the I-dimensional Lebesgue measure of A. We shall denote by 3!(A) the
I-dimensional Hausdorff measure of A. If U C R! is Lebesgue measurable,
then for p € [1,400) U {+o0}, LP(U) will denote the space consisting
of all real measurable functions on U that are p'-power integrable on
U if p € [1,400) and are essentially bounded if p = +o00; LP(U;RF) is
the respective space of functions with values in R*. If p € [1, +00) and
E C R™ is a Borel-measurable set of Hausdorff dimension [ < m, then
LP(E, ") is the space of real measurable functions on E that are p'P-
power integrable on E with respect to the H'-measure; LP(E, R, le) is

103



104 Chapter 3: Limiting behavior of p-harmonic maps in 3d

the respective space of functions with values in R¥. By L%OC(U ) we denote
the space of functions u such that u € L*(V) for all V € U; if E C R™
is a Borel-measurable set of Hausdorff dimension I < m, Llloc( ,RE (Y
denote the space of measurable functions on E with values in R* such
that v € L'(F,R¥, H") for all F € E. The norm on LP(U) (LP(U;RF))
is denoted by || - [y (|| - [[Lr(urry) oF || - [, Wwhen appropriate. We
use the standard notatlon for Sobolev spaces. If L : R™ — R! is a linear
map, L[h] € R! will denote the value of L at the vector h € R™. For each
z € N and for each r > 0, we shall denote by B2 (x) the geodesic ball in
N with center z and radius 7, namely BN(z) = {y € N : dx(y,z) < r},
where dy : N x N — [0, 4+00) is the geodesic distance in N. If U C R is
a bounded Lipschitz domain, then trgy; will denote the trace operator
(the reader may consult, for instance, [29, Section 4.3|). We denote by
| lwsw(mrr) (OF |+ lysp(z) When appropriate) the canonical seminorm
on W*P(E,R¥): if E is a Borel-measurable set of Hausdorff dimension
L then [ufl. o qy = S S Mt 43 (2) A3 (y). By #X we shall
denote the cardinality of X.

3.2.2 Embedding and nearest point retraction
For each A € (0,400), we define the neighborhood
Ny = {z € RV : dist(z,N) < A}.

The next lemma describes the nearest point retraction of a neighborhood

of N onto N.

Lemma 3.2.1. There exists Ay > 0 such that the nearest point retraction
Iy : Ny, — N characterized by

|x — ()| = dist(z, N)
1s a well-defined and smooth map. Moreover, if the mappings PJI N —
Lin(R¥,R") and Py : N — Lin(R",R") are defined for each xz € N
by setting Pﬂ(x) and Pﬁ(:c) as the orthogonal projections on T, N and

(T,N)*L, identified as linear subspaces of RY, then for each x € Ny, and
v € RY,

1 dist(z, N)
AN

where C' = C(N,v) > 0. Furthermore, for each x € Ny \ N,

> | DIly() ] |* < [Py (T (@) [v]|* < C|DIly()[v]?,

|D dist(z, N)| = 1.

Proof. For a proof, we refer to [46, Lemma 2.1]. O
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3.2.3 Sobolev mappings into manifolds

Let X and Y be compact Riemannian manifolds. Assume that X and
Y are isometrically embedded into Euclidean spaces, which is always
possible by Nash’s isometric embedding theorem [50]. Notice that these
embeddings are bilipschitz. In fact, if M is a compact Riemannian
manifold, which is isometrically embedded into a Euclidean space, then,
clearly, the Euclidean distance between two points of M is less than or
equal to the geodesic distance between these points, which is induced by
the Riemannian metric on M. On the other hand, there exists a constant
L = L(M) > 0 such that the geodesic distance on M is less than or equal
to the Euclidean distance on M times L (the idea behind the proof is that
each compact Riemannian manifold M has a positive normal injectivity
radius, thus, one can construct a smooth nearest point retraction from a
tubular neighborhood of M onto M (see Lemma 3.2.1) and appropriately
use the fact that for each open cover of M there is a finite subcover).
Thus, identifying X and Y to their embedding’s images, for each s € (0, 1)
and p € [1,+00), we can define the fractional Sobolev space W*P(X,Y)
as

(3.2.1) W*P(X,Y) = {u € LP(X,R* 3! :
u(z) €Y for a.e. v € X and [ulyys.pxrey < +00},

where RF is the Euclidean space into which Y is embedded and [ €
N\{0} is the Hausdorff dimension of X (the reader may also consult
[24, Section 3.1]). This definition does not depend on the choice of the
isometric Euclidean embedding of Y. We shall consider in WP (X, R¥)
its strongly closed subset

WhP(X,Y) = {u € WHP(X,RF) : u(z) € Y for a.e. z € X}

This definition does not depend on the choice of the isometric Euclidean
embedding of Y (see, for instance, [15, Proposition 2.1] and [39, Sec-
tion 3.1]; for intrinsic definitions of Sobolev spaces for Riemannian mani-
folds, see [39, Section 3.2]).

For convenience, we recall the definition of weak differentiability of
mappings defined on bilipschitz images of open sets.

Definition 3.2.2. Let U C R! be open and ® : E — U be bilipschitz.
A mapu € L (E, R, ) is said to be weakly differentiable if the map
uwo ®~! is weakly differentiable.

Since the weak differentiability is preserved under bilipschitz maps
(see [59, Theorem 2.2.2]), the above definition is independent of the bilip-
schitz parametrization of E. Taking into account that E is bilipschitz

105



106 Chapter 3: Limiting behavior of p-harmonic maps in 3d

homeomorphic to an open set U C R, through a bilipschitz homeomor-
phism @ : F — U, F admits the approximate tangent plane T, F for
Hl-a.e. z € E (for the definition of the approximate tangent plane, see,
for example, [31, Section 3.2.16] and [30, Definition 4.3]). Thus, we can
define the notion of the tangential derivative of ® for H'-a.e. z € E, as
the linear map from the tangent plane T, E to R'. If u € L (E,R*, 3!)
is weakly differentiable, the weak (tangential) derivative of u at H-a.e.
r € E is defined by Dru(z) = D(uo® 1) (®(x))o D1®(x), where D1®(x)
is the tangential derivative of ® at x (which is defined for H'-a.e. z € E).

We shall denote by Wlicl (E,RF) the space of all weakly differentiable
mappings on £ with values in R*. If p € [1, +00) and E is a bilipschitz
image of an open set in R!, then we define

WP (E,RF) = {u e W1 (E,RF) : |ul,|Dru| € LP(E, H")}.

Next, we define Sobolev spaces of mappings on bilipschitz images of open
sets into a compact Riemannian manifold.

Definition 3.2.3. Let p € [1,400) and E be a bilipschitz image of
an open set in R! with I € N\ {0}. Let Y be a compact Riemannian
manifold isometrically embedded into R¥. Then we define the Sobolev
space WIP(E,Y) by

WhP(E,Y) = {uc WHP(E,R”) : u(x) € Y for a.e. z € E}.

3.2.4 Topological resolution of the boundary datum

Since N is a connected Riemannian manifold, it is path-connected and
its fundamental group, namely m (N, zg), where z¢o € N, is, up to iso-
morphism, independent of the choice of a basepoint xy (see [38, Propo-
sition 1.5]) and denoted by m(N). Moreover, there is a one-to-one
correspondence between the set of conjugacy classes in 71 (N) and the
set [SY, N] of free homotopy classes of maps S' — N, that is, homotopy
class without any condition on some basepoints (see Exercise 6 in [38,
Section 1.1, p. 38]). In general, there is no group structure on [S*,N]
(there exist groups G' with the functor L : G — LG sending G to its set
of conjugacy classes, which cannot be lifted to a group-valued functor;
for instance, one can find an inclusion of groups H — G implying an
inclusion of conjugacy classes LH — LG such that the order of LH does
not divide the order of LG). After all, hereinafter, when we talk about
“homotopy”, we are talking about free homotopy (with no conditions on
base points). We shall denote by #[S!,N] the number of equivalence
classes of [S!,]N].
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Next, for convenience, we recall the definition of a bounded Lipschitz
domain.

Definition 3.2.4. A bounded domain U C R!, I > 2 and its boundary
OU are said to be (locally) Lipschitz if there exist a radius rpy and
a constant § > 0 such that for every point x € OU and every radius
s € (0,79y), up to a rotation of coordinates, it holds

UnBi(x) = {(y,u1) € RTI xRy > o(y)} N By(x)
for some Lipschitz function ¢ : RI=! — R satisfying Dol oo ri-1y < 6.

Given k € N\{0} and a bounded Lipschitz domain U C R?, we denote
by ConfiU the configuration space of k ordered points of U, namely

(3.2.2) ConfyU = {(ay,...,a) € U" : a; # a; if i # j}.

Given (ay,...,a;) € ConfiU, we define the quantity
_ . la; —aj| . . .
(3.2.3) o(ay,...,ar) = min o b€ {1,...,k}and i # j

U {dist(ai,aU) (i€ {1,...,k}}},

so that if p € (0,¢0(a1,...,ar)), we have Eg(ai) N B2(a;) = 0 for each
i,j € {1,...,k} such that i # j and Ez(ai) C U for each i € {1,...,k},
and hence the set U \ Ule B?(a;) is connected and has a Lipschitz
boundary (U \ s, B2(a;)) = 0U UL, 9B2(ay).

Definition 3.2.5. We say that (y1,...,7v:) € C(SY, N)¥ is a topological
resolution of g € C(OU,N) whenever there exist (a,...,a;) € Conf, U,
o€ (0,0(ai,...,a;)) and u € C(U \ Ule B2(a;),N) such that ulpy =g
and for each i € {1,...,k}, u(a; + 0')|s1 = Vi

The definition of topological resolution is independent of the order
of the curves in the k-tuple (v1,...,7%). Furthermore, if (by,...,b;) €
ConfrU and r € (0,0(b1,...,bt)), then there exists a homeomorphism
between U \ Ule B2(a;) and U\ Ule B2(b;), which shows that the
statement of the previous definition is independent of the choice of the
points and of the radius. Similarly, if for each i € {1,...,k} the map
7; is freely homotopic to v; and if g is freely homotopic to g, then, by
definition of homotopy and the fact that an annulus is homeomorphic to
a finite cylinder, we have that (71,...,7) is also a topological resolution
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of g. Thus, the property of being a topological resolution is invariant
under homotopies.

Definition 3.2.5 can be extended to the case when g : 0U — N is a map
of vanishing mean oscillation, namely g € VMO(OU, N) and (71, ...,7) €
VMO(SY, N)* (see [18, 19]). Indeed, if I' ~ S! is a closed curve, path-
connected components of the space VMO(T',N) are known to be the
closure in VMO(T", N) of path-connected components of C(I",N) (see [18,
Lemma A.23]). Since W1/22(U,N) ¢ VMO(dU,N), Definition 3.2.5
extends also to the case when g € W1/22(9U, N).

Definition 3.2.6. We say that (y1,...,7.) € VMO(S',N)* is a topo-
logical resolution of a map g € VMO(OU,N) whenever (y1,...,7) is
homotopic in VMO(S!, N)* to a topological resolution (71,...,7) of
g € C(0U,N) which is homotopic to g in VMO(0U, N).

Since Definition 3.2.5 is invariant under homotopies, and continuous
maps are homotopic in VMO if and only if they are homotopic through
a continuous homotopy, Definition 3.2.6 generalizes Definition 3.2.5.

3.2.5 Singular p-energy

First, we define the minimal length in the homotopy class of a map
v € VMO(S!, N) by
(3.24) A(y) = inf{ / | d3ct
Sl
7 € C1(S',N) and v are homotopic in VMO(Sl,N)},

where |-| is the norm induced by the Riemannian metric gy of the manifold
N on each fiber of the tangent bundle TN, and since N is isometrically
embedded into R”, | - | is the Euclidean norm.

For each p € [1,+00), using the parametrization by arc length and
Holder’s inequality if p € (1,+00), we have

inf{/ i |de1 7 € C(sh,N)
st P

A()P

and +y are homotopic in VMO(S?, N)} = iy
Q p

In particular, if + is a minimizing closed geodesic, then

1
/\p ?
= [ wiase = (eorp [ T as ) — el
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since |v'| is constant for a minimizing geodesic.
Recall that the systole of the compact manifold N is the length of the
shortest closed nontrivial geodesic on N, namely,

(3.2.5) sys(N)
= inf{\(y) : v € C1(S*,N) is not homotopic to a constant}.

If [S1, N] ~ {0}, we set sys(N) = +oco. Notice that, if [ST,N] ¢ {0}, then
for each map v € VMO(S!, N), it holds A(y) € {0} U [sys(N), +00).

We now define the singular p-energy of a map g € VMO(OU,N),
where U C R? is a bounded Lipschitz domain. This notion was previously
introduced for p = 2 in [47] and generalized in [57] to p € [1, 4+00).

Definition 3.2.7. If p € [1, +00), U C R? is a bounded Lipschitz domain
and g € VMO(9U,N), we define the singular p-energy of g by
k
: A(y)*
S8( ) — A
(3.2.6) &¥(g) = inf { > Gy

=1

ke N\ {0} and (vy1,...,7%) is a topological resolution ofg}.

Observe that &, is invariant under homotopies and depends con-
tinuously on p. For each g € VMO(S!,S!), &38(9) = 2r|deg(g)|?/p,
where m(S') ~ Z. If N = S? then m(N) is trivial and for each
g € VMO(S',8?), €8(g) = 0. N ={n®n— %Id :n € S?} and
g(t) = v(t) ® v(t) — $1d, where v(t) = (cos(t/2),sin(t/2),0) € S? for
cach t € [0,2x], then N is diffeomorphic to RP?, g € C*(S',N) and
Ex(g) = 227Tp7r/p (see [22, Lemma 19]). The reader may consult [47,
Section 9.3] for other interesting examples in the case where p = 2.

Lemma 3.2.8. Let U C R? be a bounded Lipschitz domain. Then for each
g € VMO(9U,N), the function p € [1,400) — E,°(g) is locally bounded
and locally Lipschitz continuous. In particular, if N is simply connected,
then €°(g) = 0 for each p € [1,4+00). Furthermore, the infimum in
(3.2.6) is actually a minimum and the set {E;2(7y) : v € [S',N]} is finite.

Proof. If N is simply connected, then each v € VMO(OU, N) is homotopic
to a constant map, which yields that A(y) = 0 and hence €;%(g) = 0.
Otherwise, [S!,N] # {0} and then sys(N) € (0,+00). This comes,
since N is compact, and hence the length spectrum (i.e., the set of
nonnegative real numbers {\(v) : v € VMO(S!,N)}) is discrete (for a
proof, see [46, Proposition 3.2|). Then, according to [57, Lemma 2.10],
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p — &°(g) is locally bounded and locally Lipschitz continuous. The fact
that the infimum in (3.2.6) is a minimum comes from the discreteness of
the length spectrum. Finally, since &,° is invariant under homotopies and
#[S!,N] < +o0 by our assumption on N, the set {€;¢(7) : v € [S', N]}
is finite. This completes our proof of Lemma 3.2.8. O

It is also worth recalling the notion of a minimal topological resolution
(when p = 2, see [47, Definition 2.7|).

Definition 3.2.9. A topological resolution (71, ...,7) of g is said to be
p-minimal if

k
S, A Vi P
50 =Y
and A(vy;) > 0 for each i € {1,...,k}.

3.2.6 Renormalized energy of renormalizable maps

We recall the definition of a renormalizable map (see [47, Definition 7.1]).

Definition 3.2.10. Given an open set U C R?, a map u: U — N is said
to be renormalizable whenever there exists a finite set 8§ C U such that

for each sufficiently small radius o > 0, u € WH*(U \ J,es B2(a),N) and
its renormalized energy €5 (u) is finite, where

(3.2.7) €0 (u)

2 Atropz (e (1))?
— liminf ‘Du’dm—zm()())ln <1>

0—0+ /U\Uaes Eg(a) 2 es 47 0

We denote by ergg(U, N) the set of renormalizable maps.

For each renormalizable map u : U — N, there exists the minimal
set 89 for which it holds u € Wh2(U \ U,es, Ba(a),N) for each small
enough o > 0. If a € U \ 8, then )\(traBg(a)(u)) = 0 for o > 0 small
enough. Thus, the liminf defining £ in (3.2.7) does not depend on
the set 8. Tf 8o = 0, then u € W2(U,N) and €5 (u) = [, 2oL qp. 1f
8o = {ai1,...,ax} with £ € N\ {0} and (ai,...,ar) € Confi(U) (see
(3.2.2)), then, according to [47, Lemma 2.11|, the map

(3.2.8) o€ (0,0(ar,...,ax))
— [Duf® dx — zk: Merapgan (1) In <1>

U\UL, B2(a;) 2 i—1 dm
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is nonincreasing, where g(ay,...,ar) € (0,+00) is defined in (3.2.3). The
main ingredients of the proof of [47, Lemma 2.11]| are the use of the
additivity of the integral and the estimate of the energy on the annulus.
The latter comes from the application of the special case of the coarea
formula and the comparison of the angular energy taking into account
the definition of the minimal length in the homotopy class of a map
v € VMO(S!,N) (see (3.2.4)).

Let U C R? be a bounded Lipschitz domain, u € w2 (U,N) and
So = {ai,...,ar} for some k € N\ {0}, where (a1, ...,ar) € ConfrU. By
[47, Theorem 5.1] (see also [57, Corollary 5.13]), Du € L?*(U,R®R?) C
LP(U,R¥ ® R?) for each p € [1,2) (see, for instance, [25, Theorem 5.9]),
where L*°°(U,R¥ ® R?) denotes the Marcinkiewicz space or endpoint

Lorentz space. In addition, we can define the p-renormalized energy of u
by

|DufP Zk: Altropz(a;) (w))?

(3.2.9) &t (u) = /U » (2 —p)(2m)r—1p’

i=1
which is finite and tends to 5™ (u) as p 7 2.

Proposition 3.2.11. Let U C R? be a bounded Lipschitz domain. If
u € Wesa(U,N), then

(3.2.10) &M (u) — €5 (u)
asp /2.
Proof. For a proof, see [57, Proposition 2.17]. O

Lemma 3.2.12. Let v € C*(SY,N) be a minimizing geodesic in its (free)
homotopy class. Then there exists a renormalizable map v € W}eﬁ(B%,N)
satisfying the following conditions.

(i) trgi(v) =~. If v is a constant map, then v is the constant map.

(i1) For each p € [1,2), the following estimate holds

& (7)
2—p’

DuvlP
/ Do 4y — gren(u) +
B P

Proof. If 7 is a constant map, then we define v to be the constant map
taking the same value in N as 7. Clearly, in this case, the assertion (ii)
holds.

If «y is not homotopic to a constant, we apply [47, Proposition 8.3]. A
key step for the proof of [47, Proposition 8.3] is to use the estimate of [47,
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Lemma 2.11], which is based on the comparison of the angular energy.
In particular, let (v1,...,7%) be a 2-minimal topological resolution of ~y
(see Definition 3.2.9) such that for each j € {1,...,k}, v; € C1(S},N) is
a minimizing geodesic. Then, using [47, Pr0p081t10n 8.3, together with
(3.2.9), we deduce that there exists v € Wiea (B2, N) satisfying

k

DuvlP ;)P DulP 5
gzen(v) :/ | U’ dCL‘*Z )‘(7) — :/ | U| do — EP (7)’
B2 P — 2-p)@2mpPlp Jp p 2—-p
which completes our proof of Lemma 3.2.12. O

3.2.7 Several extension results

We obtain an extension of the boundary datum with a linear-type esti-
mate.

Lemma 3.2.13. Let m € N\ {0,1}, p € [1,2], § € W'P(dB}"(x0),N)
and g = wog, where m : N — N is the universal covering of N. Then
there exists a map w € WHP(B["(x0), N) such that tropm 4, (w) = g and

(3.2.11) HDwHLp (Bm(z0)) < CTHDTgHip(aB;n(mO))a

where C = C(m,N) > 0. Moreover, w € W42(B™(xq),N).

Remark 3.2.14. If m > 3, then w can be chosen as the homogeneous
extension of g. In this case, (3.2.11) holds with the constant C' = %_p <1
and without assuming that 71 (N) is finite and ¢ has a lifting. It is also
worth mentioning that for each p € (1,2), the estimate (3.2.11) holds
without assuming that g has a lifting, but the constant C' in (3.2.11) then

behaves like C' ~ ﬁ'

Proof of Lemma 3.2.13. Since the manifold N is compact and its fun-
damental group m(N) is finite, its covering space N is compact. No-
tice that g € WP(OB™(xq),N), since 7 : N — N is a local isome-
try. According to Nash’s embedding theorem [50], N can be isomet-
rically embedded into R¥ for some k € N\ {0}. If p = 1, we define
w(z) = g(xo + r(z — xo)/|z — zo|) for x € B™(zg) \ {zo} (see [53,
Proposition 2.4]). Then w € W (B™(x),N) and

r

/ |Dw|dx = / |Drg|dF™ 1,
By (x0) m =1 Japp (z)

which proves (3.2.11) for p = 1. If p € (1, 2], according to [41, Section 6.9],
g admits the extension 7 € C* (B (z¢), R¥) satisfying the estimate

(3.2.12) IDBN0 (B )y < ClI-1/00 (0810 (20))
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where C' = C'(m) > 0. The construction of the extension v is standard:
since OB (xg) is smooth, using a partition of unity, the problem reduces
to constructing for a given trace u € W'=1/PP(Q), where Q = {(x1, x3) €

2z < 1, i = 1,2}, a real-valued function U € W1P(P), where
P = {(x1,72,73) €ER3:0 < z3 < 1, |7;| < 1 — w3}, by the convolution
of u with a kernel ¢ satisfying [41, (2.5.1.1)]. Namely, first, extend u on
R2\ @ by u = 0 and next define

1 IE, _ y/
Uz) = 2/ @ ( > u(y') dy,
L3 Sz —y'|<as €3

where z = (2/,23) € R3, 23 > 0. Then, proceeding as in [35, Theorem 6.2],
namely, using Sard’s Theorem and choosing an appropriate locally Lips-
chitz retraction [35, Lemma 6.1], we define w € WH2(B™(xq),N) (gener-
ally speaking, the statement of [35, Theorem 6.2] provides us with a W1»

extension, however, using the fact that m; (if) is trivial, one observes that
the locally Lipschitz retraction coming from [35, Lemma 6.1| belongs
to VVlo’g(Rk N) for each ¢ € [1,3), which, since § € WY22(dB™(z0), N),
implies that the extension coming from [35, Theorem 6.2] is actually a
W2 extension in this particular case) such that troBm (2) (W) = g and,
in view of (3.2.12),

!
(3213) ”DwHLp(Bm JCO) C |g|W1—l/p,p(aB77:n(x0))

< C"rIDTN 50 08m (wy))

where C' = C'(m,N) > 0, C" = C"(m,N) > 0 and the last estimate
comes from (A.8). Defining w := m o w and using (3.2.13), together with
the fact that 7 is a local isometry, we deduce (3.2.11) for p € (1,2) (since
the universal covering is unique up to a diffeomorphism, we can actually

assume that C” depends only on m and N). This completes our proof of
Lemma 3.2.13. O

The next lemma provides us with a nonlinear-type estimate on the
extension of the boundary datum, in contrast to a linear-type estimate
provided by Lemma 3.2.13.

Lemma 3.2.15. Let m € N\ {0,1}, po € (1,2), p € [po,2), g €
WLP(OB™(x9),N), m : N — N be the universal covering of N and
g = mog. Then there exists a map w € WIP(B™(xg),N) such that

o (s () = g and

m—1 —1
(3.2.14) ||DwHLp Bm(z0)) <Crv» HDTg”]j);p(aB;n(wo))a
where C' = C(pg, m,N) > 0.
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114 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Remark 3.2.16. The estimate (3.2.14) is based on the fact that 71 (N)
is finite, since in this case N is compact (due to the compactness of N,
the manifold N is compact if and only if 7r;(N) is finite). More precisely,
to obtain (3.2.14), we have used that the diameter of the manifold N
(which is identified with its Euclidean embedding) is finite. We have used
the constant pg to avoid the dependence of the constant C' in (3.2.14) on
p when p is close to 1 (see (A.1)). Notice also that if p is close to 2, the
estimate (3.2.14) is valid without assuming that ¢ has a lifting, but the
constant C' in (3.2.14) then behaves like C' ~ ﬁ.

Proof of Lemma 3.2.15. Let w € Wl’Q(B;”(xO),j:f) be the map as in the
proof of Lemma 3.2.13. Using (3.2.12) and (A.9), we deduce the estimate

(3.2.15) ||DwHLP Bm™(z0)) < CT P HDTg”Lp (0B™ (0))’

where C' = C(pg, m,N) > 0. Define w = mow. Since 7 is a local isometry,
(3.2.15) implies (3.2.14), which concludes our proof of Lemma 3.2.15. [

For convenience, we recall the next proposition.

Lemma 3.2.17. Let m € N\ {0,1}, p € [1,+00), u € WHP(B™(x0),Y)
and v € WYP(OB™(x0),Y), where Y is either a Euclidean space or a
compact Riemannian manifold which is isometrically embedded into R*
for some k € N\ {0}. Then the following assertions hold.

(i) For 3'-a.e. 0 € (0,7), tropm (ag) (1) = ulgpm(ag) € WHP(9By (20), Y).

(i) Assume that E C OB (xo) is bilipschitz homeomorphic to an open
bounded set in R with | < m — 1. Then for H™™m /2 ge w e
SO(m), trw(E')(U) = 7J‘w(E') € Wl,p(w(E)’y)'

Proof. The proof follows using the appropriate coarea formula (see
[29, Theorem 3.12] for the assertion (i) and [31, Theorem 3.2.48| for
the assertion (ii)) and the fact that each map u € W'P(B™(x),RF)
and v € W'P(9B™(xg),R¥) can be approximated by smooth maps in
C>®(B™(z0),R¥) and C>(0B™(x¢), R¥), respectively. O

Lemma 3.2.18. Let p € [1,2) and g € WYP(0B2(x0),N). Then there
eists u € WHP(B2(x0), N) such that trypz ., (u) = g and

DulP D
(3.2.16) / Dul” 4 < o D79 g1 4 (g) :
B2(zg) P 8B2(xo) P 2-—

where C = C(N) >0
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Proof. Up to scaling and translation, we can assume that » = 1 and
xg = 0. First, if ¢ were homotopic to a constant map, then we would
have &(g) = 0 and, according to Lemma 3.2.13, (3.2.16) would hold.

Thus, we can assume that ¢ is not homotopic to a constant. Let
v € C1(S',N) be a minimizing geodesic in the (free) homotopy class of g.
Hereinafter in this proof, C will denote a positive constant that can only
depend on N and can be different from line to line. Let v € Wren(B%, N)
be the map of Lemma 3.2.12 such that trg1(v) = 7. Define u(x) = v(2z)
for each x € 31/2 Using Lemma 3.2.12 (ii) and the fact that ¢ is
homotopic to v, we get

Dul? DulP
(3.2.17) / [Dul dx:2p2/ Do
B? p B P

1/2

&) _ o, S0
2—p — 2—p’

< EM(v) +

where the last estimate comes, since the value E;en(v) depends only on p
and v and tends to €5 (v) as p * 2 (see Proposition 3.2.11), and hence it
is bounded by the constant depending only on N, since there are finitely
many free homotopy classes and we can fix a geodesic in each one.
Finally, we define u on the annulus B? \ B1/2 Set f(x) == ~(2x) for
each x € 8Bl /o

that g € C(S!,N). Then g is continuously homotopic to f. Restricting
a continuous homotopy between the mappings g and f to the segment
[0/2,0] C 32\31/2 for some o € S!, we obtain a map h € C([o/2,0],N)
such that h(o/2) = f(0/2) and h(o) = g(o). Next, observe that B? \B1/2

is bilipschitz homeomorphic to (0,1)%/ ~, where ~ is the equivalence
relation identifying the sides [(0,0), (0,1)] and [(1,0), (1,1)]. Thus, we
obtain the map wg € C(9(0,1)%,N) taking the values of g on [(0, 0), (1, 0)],
of fon[(0,1),(1,1)] and of h on [(0,0), (0,1)]U[(1,0),(1,1)]. Then wy is
continuously homotopic to a constant, and the classical theory of liftings
says that there exists wo € C(9(0, 1)2,N) such that wg = 7 o wo, where
7+ N — N is the universal covering map. Let ¢ € C1(]0,1],N) be a
minimizing geodesic joining wo((0, 0)) and wp((0,1)). Since 1 (N) is finite

In view of the Morrey embedding theorem, we can assume

and N is compact, N is compact and hence there exists L = L(N) > 0
such that max{fol |dPdt : p € [1,2]} < L (actually, L depends on
th, but the universal covering is unique up to a diffeomorphism, and
we can assume that L depends only on N). Now we define the map
@ : 9(0,1)2 — N taking the values of @o on [(0,0), (1,0)] U [(0,1),(1,1)]
and of ¢ on [(0,0), (0,1)]U[(1,0), (1,1)]. Define w = mow. Then w takes
the values of g on [(0,0),(1,0)], of w o ¢ on [(0,0), (0,1)] U[(1,0),(1,1)]
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116 Chapter 3: Limiting behavior of p-harmonic maps in 3d

and the values of f on [(0,1),(1,1)]. According to Lemma 3.2.13 with B?
replaced by (0,1)? ((0,1)? is bilipschitz homeomorphic to B? (see [33])),
there exists W € WHP((0,1)2,N) such that

DW P D
012 P 9(0,1)2 p

P D-~|P
<C / ‘ Tg\ dg_cl / ’ T'Y’ dFcL
st p st p

o ayp
o [l dt)

D p
<C ﬂd%wc,
st p

where we have used that 7 is a local isometry and that fol |dPdt < C.
Passing to the quotient (0,1)?2 — B?\ 31/27 we obtain the map ¢ €

Whp(B2\ B1/2, N) such that trgi(p) = g, tran/Q(cp) = f and

DeplP D+gl?
(3.2.18) / Dol <o [ P19 501 4 o
B?\B? p st P

1/2

Next, using (3.2.5) and if necessary Holder’s inequality, we have
sys(N) < / |D7g| dIC!
Sl

1—1 1 % 1—1
= @mr ([ IPralP d3C )= @) r [ Drgllesy.

This, together with the facts that p € [1,2) and sys(N) € (0, 4+o00) (since
g is not nullhomotopic and N is compact), implies that

D p
(3.2.19) / D9l 151 >
Sl

Define u(z) = o(x) for each x € B? \E%/Q. Then u € WHP(BE,N),
trgi(u) = g and combining (3.2.17), (3.2.18) and (3.2.19), we deduce the

following
p P 5
B2 D st P 2-p
which completes our proof of Lemma 3.2.18. O
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To lighten the notation, for every 2o € R3, r > 0 and L > 0, we define
the cylinder and its lateral surface, namely

(3.2.20) A1 (o) == B%(xo) x (=L, L)
(3.2.21) T, (20) = 0B%(x0) x (=L, L).

Remark 3.2.19. The next construction is very reminiscent the one
proposed by Rubinstein and Sternberg (see [52, Section 2]) in the case
when the target manifold is the circle S', which was extended by Brezis,
Li, Mironescu and Nirenberg (see [16, Section 1]) to the case where the
targed manifold is compact, connected and oriented. Let I' = T, 1. (z0)
for some xg € R3, r, L > 0. Then, for each g € W12(I',N), we can define
the so-called “homotopy class” of g. Indeed, according to [54, Proposition,
p. 267|, there exists (gn)nen € C°°(T',N) such that g, — g strongly in
WL2(I',RY). Then, using the coarea formula and the Sobolev embedding,
we observe that for H'-a.e. z € (=L, L), tT9B2(20)x {23 (9) = 9loB2(w0)x{z}
is continuous, belongs to W2(0B2(zq) x {z},N) and

InloB2(we)x{z} — 916B2(w0)x{z}

uniformly. This implies that, for H'-a.e. 21,20 € (=L, L), 91982 (@o)x {21}
is continuously homotopic to gy B2(20)x {z2}» and we can define the “ho-

motopy class” of g, namely [g]r, by setting [g]r = [9|oB2(zo)x{z1}] TO
simplify our notation, hereinafter, we shall always write [g]r instead of

[g}FT,L(IO) '

Lemma 3.2.20. Let p € [1,2) and g € WH2(T,. (20),N). Then there
exists u € WHYP(A,. . (z0), N) such that trr, |, (20) (1) = g and the following
assertions hold.

(i) For some C = C(N) > 0, the following estimate holds

DulP
[l
AT,L(I’O) p

2LE® 2-p P D+glP
UG (2 [0l g
2—p rP rip(zo) P

(it) For each z € {—L, L}, trp2(uo)x (-} (v) € WHP(BE(xo) x {2}, N) and
there exists a constant C = C(N) > 0 such that

/ | DT B2 (50) x {2} (W) [P 152
B2(x0)x{z} p

sg 2—p p—1
2—-p r L Ty r(zo0) p
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Proof. Up to translation, we can assume that xo = 0. Denote I' =T, ,
and A = A, . Using the coarea formula, we get some zy € (—L/2,L/2)
such that glpp2y 21 € Wt2(0B2% x {z},N) and

2
(3.2.22) 1970 o2 20y < T NPT L0 (ry

First, we define u on (Bf\BE/Q) X (=L, L). Let f(o,2) :== g(ro, z) for each
occStand z € (—L,L). For every o € [r/2,7], 0 € St and z € (~L, L),
we set

u(p0, 2) = {f(a’f(& 2)) it o € leo(2), 7],

f(ga ZO) if S [7"/2, QO(Z)]v
where
£(0.2) z—w if z € [20, L],
,2) = —
¢ z+w if z € [-L, 2]
and

r(z—20) .
r— - if z € [z0, L],
QO(Z) — { L—2z)

2(
T+ ;((2:;))) if z € [—L, 2.
Notice that z +— go(z) is affine on [—L, 2] and on [zq, L]. Also go(—L) =
00(L) = r/2, 00(z9) = r. Furthermore, £(o,2) € (—L,L) if z € (—L, L)
and o € [po(2),r]. Performing the changes of variables, we have, firstly,
the splitting

HD’U,HLP( B2\B2 ) (20,L)) :I+IL
where
00(2) L P
I::/ dg/ dﬂ-Cl(a)/ o' 7P g—f (0,20)dz
r/2 St 20 g
and
r L A(L — 2)? af|?
11::/ dQ/ dﬂ{la/ 0 <+1)' o, &(o,
e[ et [ - | (@602
P
1 |of |2 ’
E 9o (0,&(0, ))) dz

118



3.2. Preliminaries 119

Using the fact that % < In(2), the elementary inequality
(a+b)% < a? +b? for each a,b > 0 and (3.2.22), we estimate I by

p

I< /S 1 In(2)(L — z)r* P gi (0, 20) dH (o)

<In(2)(L — ZO)THDTQHIZp(ang{zo})

(3.2.23)

o (a,ﬁ))gdz
()
[k, (iaf

(L—z)
<9 (7"17—1 HDTQHLP (0B2x(20,L))’

T2

1

of
(Ua 6) + rig

Oo

2 5
(mé‘)) d3 (o)

which, together with (3.2.23), implies that

LP
(3.2.24) || Dul?, (BB (o)) < C (Tp_l —i—r) 1Dl (ry

where C > 0 is the constant that, hereinafter in this proof, can depend
only on N and can be different from line to line. Similarly, we have

LP
(3.2.25) ||Duugp((33\§3/2)x (o <C (rpl + r> ID7gll7

Applying Lemma 3.2.18, we define u on B o X {20}, satisfying

sg 2-p
(3.2.26) < ‘%([QF)?“Jrcr/ [Druf g
2_p OB2x{z0} p
58 2-p
< &gl Cr/ D19 902
2-p L Jr p
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where to obtain the last estimate, we have used (3.2.22). Since u re-
stricted to OB2 2 X (=L, L) is independent of the z-variable, we can
define u(p0, z) = u(o0, 2) for every o € (0,7/2], 0 € St and z € (—L, L).
At this point, u is defined on A and u € W'P(A,N). Observe that,
integrating both sides of (3.2.26) with respect to z € (—L, L), we obtain
that

(3.2.27) / Dul? ), < 2LE (g™ Cr/ Dol e
B2 ,x(~LL) P - 2—p r D

Combining (3.2.24) with (3.2.25) and (3.2.27), we complete the proof of
the assertion (i).

Lastly, looking at the definition of u, one observes that tr B2><{z}( u) €
WHP(B2 x {z},N) for each z € {—L, L}. In particular, if z = L, then,
setting 111 = || D trp2 7 (u )HLP (B2\B2 ) x (L))’ we deduce

111</ dg/ ( _ZO
/2 st

1 |of|
02 | 0o

~ )2 5
< r 4(L Zo) 44 %
2(L — zp) 72

L 8f
/;O d§ Slr (‘82
T 4(L — zp)? 9

< 2(L—Zo)< D +4>/F|D—|—g|pdf}f

p—1
(B 5) fir e
T L T

This, together with (3.2.26), proves the inequality of the assertion (ii) for
z = L. Similarly, one obtains the same estimate for

2

O\ (5, ¢(0, 1)

0z

(o,¢(0, L))) d3H' (o)

2 1

0
(Jaé)—i_ﬁ f

oo

2 £
(0, 5)) ' (o)

HD tI‘B%X{—L} (U) Hip(ng{—L}y

which completes our proof of the assertion (ii) and of Lemma 3.2.20. [
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3.2.8 Minimizing p-harmonic maps

Given an open bounded set U C R3?, recall that a mapping up €
WLP(U,N) is a p-minimizer in U whenever the following holds

D p
(3.2.28) /'“p‘d
v b

DulP
:min{/‘;j’dx:uer’p(U,N), u—uPEW()l’p(U,R”)}.
U

In particular, if U has a Lipschitz boundary, then u, € WLP(U,N) is a
p-minimizer in U if and only if

(3.2.29) / 1Duyl” |
— min { / DUl e WYPUN), g (u) = traU(up)}.

When appropriate, we shall simply say that u, is a p-minimizer.

The next proposition says that if p € (1,2), then for every p-minimizer
in © which is equal on 99 to some fixed mapping g lying in W1/2:2 (09, N),
the p-energy is bounded from above by C((2 — p)™!), where C > 0 is a
constant depending only on g, 92 and N.

Proposition 3.2.21. Let g € W/22(9Q,N) and p € (1,2). Then there
exists a positive constant C' depending only on 0Q2 and N such that if u,
is a p-minimizer with troo(upy) = g, then

[ Duy
_p) /S; Tp dr < C|g|€[/1/2,2(897Ru)'

Proof. Inasmuch as g € W/22(9Q,N), it holds g € W'=1/P2(9Q,RY)
(the main ingredients in the proof are Holder’s inequality, the Sobolev
inequality for fractional Sobolev spaces (the reader may consult [1, The-
orem 7.57|, [56, Section 3.3] and |14, Theorem 1|) and the fact that
o0 x 00 = U, ¢i(B}) x ¢i(B}) for some n € N\ {0}, where ¢; is a
bilipschitz map; see also [28, Proposition 2.1]) and

(3230) |g|W171/p,p(8Q,Ru) < C\g\WuQ,z(aﬂ,R,,).

According to [35, Theorem 6.2], there exists v € W1P(£,N) such that
trgo(v) = g and

Dv
(3.2.31) (2—p)/Q| p' dz < C'lgl01/mm 90 pv):
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122 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Next, using the direct method in the calculus of variations (notice that
p € (1,2)), we deduce that there exists a p-minimizer u, such that
tron(up) = g. In view of the minimality of u, and the estimates (3.2.31),
(3.2.30), the following holds

|Dup[?
(3.2.32) ( / Lo < Clglyi-1mmpary) < Clo12200.mv)

for some C” = C”(90Q,N) > 0. This completes our proof of Proposi-
tion 3.2.21. ]

We also recall the following fact. Let u € W1P(€2, N) be a p-minimizer.
Fix an arbitrary ¢ € C2°(€,R?), which is not identically zero. Define
oo = min{dist(z,0Q) : x € supp(§)}. If s € (0,00/||¢|loc) is small
enough, then the mapping ¢s(z) = x + s€(x), = € Q is invertible. For
each s > 0 small enough, define u,(x) = uo ;! (x) for each x € Q. Since
u minimizes the p-energy, d% Jo [ Dus|P dx’szo = 0. This, together with
the facts that Dp;! o @y = (Dps)™!, (Dps)™ 1 =1d — s(DE)T + O(s?)
and det(Dyps) = 1+sdiv(€) +O(s?), implies that the stress-energy tensor

p _ |Dul’P11 _ Du®Du
T, = Id Dul?v

the following integral identity

is (row-wise) divergence free. Namely, we have

(3.2.33) / Z |DulPd; j — p|DulP~%(Diu, Dju)) Dié; da
4,j=1
=0 V¢ C (AR,

where ¢; ; = 1 if i = j and J; ; = 0 otherwise. A map satisfying (3.2.33)
is called p-stationary or simply stationary.

3.3 Extension from triangulation

3.3.1 Lower bounds for the energy

We begin with the following simple estimate.

Lemma 3.3.1. Ifp € [1,2], 6 € (0,+0c0) and g € W'P(S' RF), then,
defining v(x) == g(x/|x]) for each x € B} ;\ B, we have v € Wl’p(Bf_Hs\

B2,R¥) and
/ _ |Dv|Pdx < 5/ |Drg|P d3t.
B%Jﬂ;\B% st
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3.3. Extension from triangulation 123

Proof. If p € [1,2), then v € W P(B}, 5\ B3, R) and

146
(3.3.1) / B \Dvypdx_/ gl_pdg/ |Dtg|P d3?
Bi, ;\B? 1 L

2p_
Wl/ |D g\pdiHl

Since 1 < p < 2, the function ¢ € [0, +00) ~ 7P is concave and hence
(146)27P < 1+ (2—p)d. This, together with (3.3.1), completes our proof
of Lemma 3.3.1, since the case p = 2 is similar. O

Recall that if p € [1,2) and 71 (N) % {0}, then the set C>(B2(xq),N)
is not dense in WHP(B2(xg),N). In fact, in the latter case there exists
a map v € WHP(0B2%(z0),N), which is not nullhomotopic. Defining
u(r) = vy(zo + r(z — m0)/|x — w0|) for each x € B2(xg)\{z0}, we have
u € WHP(B2(z0),N). Assuming that there exists a sequence of smooth
maps uy, : B2(xg) — N such that u, — u in WP(B2(z0),R), and using
the coarea formula together with the Sobolev embedding theorem, we
could find some p € (0,7) such that un|aBg(x0) converges uniformly to
traBg(m)(u) = u\aBg(m). But this would lead to a contradiction, since
Unlo B2(z0) is nullhomotopic contrary to ulg B2(zo)- This type of counterex-
ample has its roots in the seminal work of Schoen and Uhlenbeck (see
[54, Example]). Nonetheless, as was first observed by Bethuel and Zheng
for the circle S (see [13, Theorem 4]) and generalized by Bethuel (see [9,
Theorem 2|) to general compact Riemannian manifolds, Sobolev maps
in WP(B2(xg),N) can be approximated by continuous maps outside a
finite set of points in B2?(xp). For the reader’s convenience, we recall
Bethuel’s theorem, slightly modified for our purposes.

Theorem 3.3.2. Let p € [1,2). Then every map u € WIP(B2(zq), N) N
C(B2(a;0)\Br/2(afo) N) can be approzvimated in W P(B2(z0),RY) by maps
u, € WHP(B2%(x0),N) which are continuous outside some finite set
of points A, C BT/Q(xo) such that w, = u on BQ(xO)\Bgr/4(x0) and
un|333( ) is not nullhomotopic for each a € A, and for each sufficiently
small ¢ > 0 depending on n.

Sketch of the proof. The proof consists of covering 33/2(380) with “good”
and “bad” balls with respect to the p-energy of u, relying on an argument
based on the coarea formula, and by changing u inside each good and
bad ball from the covering by a smooth function in the case of a good
ball and a smooth beyond the center of the ball in the case of a bad ball;
the reader may consult |9, Theorem 2|, where the balls are replaced by
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124 Chapter 3: Limiting behavior of p-harmonic maps in 3d

cubes. We only need to clarify that u,|y B2(a) is not nullhomotopic for
each a € A, and for each sufficiently small ¢ > 0. In fact, otherwise,
using the coarea formula, we could modify u, inside a ball BZ(a), where
5 € (0/2,0) for some sufficiently small o > 0, with the quality of the
approximation controlled by the energy of the original map on the ball
B2(a), so that the modified map w, is continuous on B (a). O

Proposition 3.3.3. Let p € (1,2), u € WHP(B2(z0),N) and
trop2 (o) (1) € WP (0B (0), N).
Then the following estimate holds

/ Duf / DT r952(00) (W 111
B2(zo) P OB2(x0) p

8;%(},_1) (tl"aB,% (z0) (u))r
2—p

Proof. Up to scaling and translation, we can assume that » = 1 and

2o = 0. Since p > 1, in view of Morrey’s embedding for Sobolev mappings,

without loss of generality, we suppose that trg:(u) € C(S',N). Define

the mapping v : B3 — N by

o(z) = {trsl (u)(%) if v € B3\ B?,

2—p
>

u(z) if z € B2

Then v € WIP(B2,N) N C(B3 \ B?,N). By Lemma 3.3.1 applied with
6 = 1, we obtain

(3.3.2) / | Dv|P dx < / | Du|P dx +/ | Dt trg: (u)|P dFHL.
B2 B? st
By Theorem 3.3.2, there exists (v,)nen € W1P(B2,N) such that v, — v
in WHP(B3,R") and for each n € N, v, is continuous in B3 \ A,, where
A, C B? is a finite set of points; trypz(vn) is homotopic to trs: (u);
for each point a € A, and for each sufficiently small radius ¢ > 0,
vn|833(a) is homotopically nontrivial. Next, using |57, Corollary 4.4]
with 6 = 1 < dist(a, B3) (in the statement of [57, Corollary 4.4], ¢ is
assumed to satisfy the same assumptions as in [57, Proposition 4.3]) to
v, € WHP(B2,N) with the set of singular points A, we get

Sjog/(zu—l)(trSl (w) = ‘Szg/(p_n(traBg (vn))

(p — 1)p*1 ‘Dvn‘p
<D

p
§(2—p)/ [Dvr| dr,
B P

(3.3.3)
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3.3. Extension from triangulation 125

since the singular p-energy is invariant under homotopies and try B2 (vn)

is homotopic to trgi(u) and since for 1 < p < 2, % <L O

Remark 3.3.4. Adapting the proof of [57, Proposition 4.3], yields a
variant of the latter, where the estimate depends on sys(N). Therefore,
one can obtain a variant of Proposition 3.3.3 with the estimate depending
on sys(N). More precisely, if

/ |Dul? dz + 7'/ | D trop2(zg) (w) [P dit >0,
B2(xo) 0B (zo)

then one can obtain the estimate

2 _
°°P / | DulP dx + r/ | DT tr B2 (20) (w) [P dg(!
p B2(x0) dB2(x0) "

> CEB(tropa () (w)P~ 1?77,

2—p .
where C' = (((S%S)(g\ﬁ )1);> . This is an upper bound of &*(trg:(u)) by
the p-energy, which is in one instance better than the control in Propo-
sition 3.3.3 of Szg/(p_l)(trsl (u)) by the p-energy. However, the estimate
depends on sys(N). Since we prefer to avoid the use of estimates depend-

ing on the systole, we decided to keep the estimation of Proposition 3.3.3.

3.3.2 Lipschitz triangulations of S?

For a given integer n € N\ {0}, we shall call the uniform 1-dimensional
grid of step 1/n in 9[—1,1]3 the set of all points x € 9[—1, 1]3 such that
nx; € Z for all i = 1,2, 3 except for at most one.

The uniform 1-dimensional grid of step 1/n gives the decomposition
of 9[—1,1]? into mutually disjoint sets (points, edges and two-dimensional
cells), namely

(3.3.4) o-1,1P = U Eis

where {Epj,j € {1,...,ko}} == ((1/n)Z3) N 9[-1,1]® and each set E; ;
with i € {1, 2} is bilipschitz homeomorphic to Bi In It is worth noting that
for each integer I € N\ {0}, the cube (0, 1)! is bilipschitz homeomorphic
to B! (see, for instance, [33]).

Let 0 € (0,1] and n = [1/J], where |-| denotes the integer part. In
view of (3.3.4), we obtain the following decomposition of S? into mutually
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126 Chapter 3: Limiting behavior of p-harmonic maps in 3d

disjoint sets

2k 2k
(3.3.5) s? = U U Fij= U U w o Pga(E; ),

i=0j=1 i=0j=1

where Pg2 : R3\ {0} — S? is the radial projection (Pg2(x) = x/|z|,
z € R?\ {0}), w is an element of SO(3), {Fo1,...,Fox} is the collec-
tion of points and for each F;; with ¢ € {1,2}, we have a bilipschitz
homeomorphism

(336) ‘131'7]' : FiJ — BZ;
with [|Dr®; | oo (r, ;) + 1 D(@ig) " g sy < At

where A; > 0 is an absolute constant. The map ®; ; in (3.3.6) extends
by continuity to a bilipschitz map between Fi,j and Eg with the same
bilipschitz constant A; as in (3.3.6).

If (3.3.5) and (3.3.6) hold for some w € SO(3), we shall call the
decomposition (3.3.5) a uniform Lipschitz triangulation (or simply a
Lipschitz triangulation) of step § of S?. The points Foi,...,Fo, will be
called the vertices and the set ULO Uf’zl F; ; the 1-skeleton.

To lighten the notation, we denote the collection of 1-skeletons of all
Lipschitz triangulations of step & of S? by RTs, namely

1 ki
RTs = U U w o Pg2 (Ei,j) NS SO(S) ,
=0 j=1

where the E; ;’s come from (3.3.4) for n = |1/6|. The importance of the
rotation w in the definition of RTs will be illustrated a little later, for
example in Lemma 3.3.7.

Let us now define a Sobolev space on a finite union of bilipschitz
images of d-cubes (or d-dimensional intervals), in particular, on the
1-skeleton of a uniform Lipschitz triangulation of the sphere S2.

Definition 3.3.5. Let d,N € N\ {0}. For each p € [1,+00) and for
each set ¥ C R? being the closure of Uf\il D, ((ai1, bi1) X ... X (g, big)) =:
Ui]il AY, where for eachi € {1,..., N}, ®; : (ai1,bi1) x...x (aq, big) — A
is a bilipschitz homeomorphism and, in addition, Agl N A? =0if i #j,
je{l,...,N}, we define W'P(3,RF) by

WhP(2,RF) = {u : ¥ — R is Borel-measurable : u| e € WHP(AY, RF),

tropd(u|pa) = ulgaa for each i€ {1,...,N}},
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3.3. Extension from triangulation 127

where GA? denotes the relative boundary of Agl. For u € WP(3,RF),
we set

=1

N 7
[ullwro(s ey = (Z IU|AgH§V1,p(Ag7Rk)> :

If Y is a compact Riemannian manifold which is isometrically embed-
ded into R*, then W1P(X,Y) is defined by

W2, Y) = {fuec WH(Z,R¥):u ey ae in X}

Proposition 3.3.6. Let p € [1,2], 6 € (0,1], ¥ € RTs and g €
WLP(S,N) (see Definition 3.3.5). Assume that for each 2-cell F' from the
Lipschitz triangulation of S* generated by ¥, the map glar is homotopic
to a constant, where OF is the relative boundary of F'. Then there exists

v € WH2(S2)N), where  : N — N is the universal covering of N, such
that try,(mov) = g and

D1oPdH? < C6§ | |DrglP dH?,
2
S by

where C' = C(N) > 0.

Proof. We have S? = JF and ¥ = |JOF, where the unions are taken
over all 2-cells from the Lipschitz triangulation of S? generated by ¥, see
(3.3.5).

Step 1. Fix an arbitrary 2-cell F' from our Lipschitz triangulation of S2.
We know that g|sr is homotopic to a constant. Let ® : F — Eg be the
extension of the corresponding map coming from (3.3.6). Then, by the
classical theory of continuous liftings, glor o @71, B2 has a continuous
lifting, which is also Sobolev; this, together with Lemma 3.2.13 and
the estimate (3.3.6), implies that there exists v € W1H2(F,N) such that

trgr(v) = glar and
(3.3.7) / |DrolP dH* < 05/ |DrglP d3?,
F OF

where C = C(N) > 0.

Step 2. Let v € L>(S?,N) satisfy v|p = vp for each 2-cell F from
our Lipschitz triangulation of S?, where vg is the mapping from Step
1 corresponding to the cell F. Since vp € WL2(F,N) and trop(vr) =
glor, we have v € W12(S2 N). In particular, there exists a map v €
W12(S2 N) such that v = o (see, for instance, [11, Theorem 1]). Next,
using (3.3.7) and the fact that each 1-cell of our Lipschitz triangulation
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128 Chapter 3: Limiting behavior of p-harmonic maps in 3d

of S? lies in the relative boundary of exactly two 2-cells, since 7 is a local
isometry, we get

/ | D3| dH? = / | DrolP d?
S2 S2

— Z/ | DrolP dH? < 205/ |Drg|P d3,
F %

where the sum is taken over all 2-cells F'. This completes our proof of
Proposition 3.3.6. O

Lemma 3.3.7. Let p € [1,+00) and g € WHP(S2Y), where Y is either
a Euclidean space or a compact Riemannian manifold. Let 6 € (0,1]
and ¥ € RTs. Then for H3-a.e. w € SO(3), tr,)(9) = gloxm) €
WP (w(%),Y). Furthermore, there exists a rotation w € SO(3) such that
we have tr,5)(9) = glu) € WH (w(X),Y) and

A
[ pegrasct < 22 [ prgpase?
w(T) S2

where Ay > 0 is an absolute constant.

Proof. Since ¥ € RTj, there exists w € SO(3) such that

and hence ¥ = U;ﬂ:1 Fy j, where the E;;’s come from (3.3.4) for n =
|1/6]. Fix an arbitrary j € {1,...,ko}. Let Fij, and Fij, be two
edges emanating from Fp ;. Denote V = Fl,jl U Fl,jQ. Then, in view of
(3.3.6), there is a bilipschitz mapping W : §§ — V. Denote U = U(B}).
Applying Lemma 3.2.17 (ii) with v = g and £ = U, we have tr ) (g) =
9low) € WHP(w(U),Y) for H*-a.e. w € SO(3). Furthermore, for each
w € SO(3) for which gl,@y € W'P(w(U),Y), there exists a unique
mapping h € C(w(V),Y) such that gl = h H'-a.e. on w(U), since
w(U) is bilipschitz homeomorphic to Bg. Thus, successively applying
Lemma 3.2.17 (ii), altogether we obtain that there exists E C SO(3) such
that H3(E) = 0 and the following holds. For each w € SO(3)\ F and j €
{1,..., k1} we have try(p, ;)(9) = glor ;) € WhP(w(Fy;),Y) and there
exists a unique mapping h € C(w(X),Y) such that tr,)(g) = glux) = h
H'-a.e. on w(X), namely gl ) € WHP(w(X),Y) (see Definition 3.3.5).
Next, according to [31, Theorem 3.2.48|,

HY(D)
3.3.8 / dfz(w / Dyg|lPdH' = / D+g|P dH?,
(3.38) 0(3) ) w(E)’ | H2(S?) 52| |
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where 03 = (F3(0(3)))~1H3LO(3
group O(3) such that 05(0(3)) =

3HL(X)
A= : Drgl? dH* D+g|P d3?
‘{UGO@)LA@J P < e 1o }’

is the Haar measure of the orthogonal

)
1. Denoting

we observe that 03(A) > 2/3, otherwise (3.3.8) would not be true. Thus,
03(ANSO(3)) > 1/6, since O3(0(3) \ SO(3)) = 1/2. On the other hand,
using (3.3.6), we get H'(X) < C/6§, where C' > 0 is an absolute constant.
This completes our proof of Lemma 3.3.7. O

Lemma 3.3.8. Let pp € (1,2), p € [po,2), § € (0,1] and ¥ € RTs. Let
F be a 2-cell of the Lipschitz triangulation of S* generated by ¥. Then

there exists a constant oy = ao(po, N) > 0 such that the following holds.
Ifue WYP(F,N), trop(u) € WHP(OF,N) and

DrulP Dt P §2p
(3.3.9) / |Drul? A2 + 5/ |1D7 trop(u)? dit < 200
F D oF P 2—p
then trop(u) is homotopic to a constant, where OF denotes the relative
boundary of F.

Proof. Let & : F — Bg be a bilipschitz mapping coming from (3.3.6). To
lighten the notation, denote v := uw o ®~!. According to Definition 3.2.7
and (3.2.5), if a map v € W'?(9B2,N) is not homotopic to a constant,
then

(sysN)7 TP 1) _ g
iy e

Let ap > 0 be a constant, which will be defined a little later for the
proof to work. Next, using Proposition 3.3.3, the chain rule for Sobolev
mappings, [31, Theorem 3.2.5] and (3.3.9), we get

(3.3.10)

&) (tTamz (0))0° ™7
2-p
P D+ tr V)P 2—p
S/ | Dv| 42 4 5 | Dt aBg( )| a¥! < Cagpd ,
B P oB2 p 2-p

(3.3.11)

where C' > 0 is an absolute constant. Now we define

ap = min { (sys(N))pjﬁa i) :p € [po, 2]} )
2C(2m)r—1p

In view of the estimates (3.3.10) and (3.3.11), trop2 (v) is homotopic to a

constant, and hence tryp(u) is homotopic to a constant. This completes
our proof of Lemma 3.3.8. O

129



130 Chapter 3: Limiting behavior of p-harmonic maps in 3d

The next lemma provides us with an extension to a 3-cell of given
mappings on a 2-cell with appropriate energy control.

Lemma 3.3.9. Let p € [1,2], § € (0,1] and for each i € {0,1}, g; €
W2((0,6)%,N). If tro(0,6)2(9:i) € WP(9(0,6)%,N) and if

(3.3.12) tra(0,6)2(90) = trao,s)2(91),
then there exists w € WIP((0,6)3,N) such that tr(0,6)2x {i6} (W) = gi for
each i € {0,1} and

(3.3.13) / |Dw|P dx
(0,0)%

L IDT tra,6)2(91)” ',

1
< Agaz/ |Dg;|P dH? +A362/
im0 7 (0,0)2 9(0,0)

where Ag > 0 is an absolute constant.

Proof. Denote E = 9(0,0)? x (0,0). We define w on E by w|g(z) =
tro(0,5)2(91)(2"), where x = (2', 23) € E. Since

tr8(0,6)2 (gl) S WLP(@(O, 5)27 N)?

we have w|p € WIP(E,N). Using [31, Theorem 3.2.22 (3)] and changing
the variables, one has

(3.3.14) / |Dwl? dF* =6 / | D trag,e)2(91) [P dIC.
E 9(0,8)?

Next, we define the map w|y,5)3 : 9(0, §)2 — N by

(g1(z") if = (z2',23) € (0,6)% x {6},

tra(oﬁ)z(gl)(x’) if = (2',23) € 9(0,0)? x {5},
wlp(0,6)3(T) = § wlg(z) if rek,

tro52(g0)(z')  if © = (2/,23) € 9(0,6)* x {0},

L g0(2") if = (z',23) € (0,6)% x {0}.

Then, in view of (3.3.12), we deduce that w|yq 53 € W(9(0,6),N)
and tr (g 52 is) (w) = g; for each i € {0,1}. Let ¥ : B} — [0,6]° be a
bilipschitz homeomorphism with an absolute bilipschitz constant (see
[33, Corollary 3]). Notice that w|y g3 © \Il\aBg € WlP(9B3,N). Thus,
defining v(x) = wlg(0,5)3 © ¥(dx/[z]) for each z € B3\ {0} and using that
p € [1,2], we have v € WP(B3,N). Next, setting ((z) = z/|z| for x €
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3.3. Extension from triangulation 131

R3\ {0}, using the special case of the coarea formula, [31, Theorem 3.2.5],
the fact that p € [1,2] and the chain rule for Sobolev mappings, we obtain
the following chain of estimates

|Dv|P dz
B}

d
— [(ar [ #ID@wow)(5c(0)) o Do) a3 (o)
0 oB3

é 29—
(3.3.15) :/ (f) pdr/ | D7 (w o W) P dH>
0 \0 oB?
8

<4 | D+ (w o W)|P dH?
oB3

<06 / | Drw|P d3?,
8(0,6)3

where C' > 0 is a constant depending only on the bilipschitz constant
of U. Then, defining for each = € (0,6)% \ {¥(0)}, w(z) = v(¥~(x)),
we observe that w € W'((0,46)3 N), since v € W'?(B,N) and ¥ is
bilipschitz. Using [31, Theorem 3.2.5|, the fact that W is bilipschitz and
(3.3.15), we have

/ | Dw|P dx < c’/ | Dv|P dx < c”a/ | Drw|P d3?,
(0,6)3 B} 8(0,6)3

where C” > 0 depends only on the bilipschitz constant of ¥, which is
an absolute constant. This, together with (3.3.14), yields (3.3.13) and
completes our proof of Lemma 3.3.9. O

Using Lemma 3.3.9, we obtain the next Luckhaus-type lemma (see
[44, Lemma 1]).

Lemma 3.3.10. Let py € (1,2), p € [po,2), 6 € (0,1) and g €
WLP(S2.N). Then there exists a constant a = a(pg, N) > 0 such that
the following holds. Assume that

p 2—p
(3.3.16) / D9l jge2 o @07
s2 P 2-p

Then there exist mappings s € WIP(B3\ B3 s, N) and v € Wh?(S2, N),
where @ : N — N is the universal covering of N, such that

(3.3.17) trg2(vs) = ¢, trg2(ps((1 —0)-)) =mo,
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132 Chapter 3: Limiting behavior of p-harmonic maps in 3d

and the following estimates are satisfied

(3.3.18) / Doy P dar < 05/ D1 gl d3e2,
BB 52

1-6

(3.3.19) / ]DT(ﬁ05)|pd}C2:/ |DT5|Pd%2gc/ |Drg|P d3?,
S2 S2 S2

where C' = C(N) > 0.

Proof. Let ap = ap(po,N) > 0 be the constant given by Lemma 3.3.8.
Define oo = ap/2 Az, where A, is the absolute constant of Lemma 3.3.7.
Without loss of generality, we assume that Ao > 1. Then « depends
only on pp and N. In view of Lemma 3.3.7, the estimate (3.3.16) and the
definition of a, there exists ¥ € RTs such that try(g) = g|s € WP(Z,N),

A
(3.3.20) /|DTg|pd9{1 < 52/ |Drgl? d3?
% S2

and for each 2-cell F from the Lipschitz triangulation of S? generated by
%,

/ |Drg|P 4K 45 |Drgl? a3 < 24, |Drgl? S < b P
a

p oF P s2 P T 2-p
where OF denotes the relative boundary of F. This, according to
Lemma 3.3.8, implies that g|gr is homotopically trivial for each 2-cell
F from the Lipschitz triangulation ofNS2 generated by 3. By Proposi-
tion 3.3.6, there exists ¥ € W12(S2 N) such that trs(7 o ¥) = trs(g)
and

(3.3.21) /82 | D7 (7 0 0)|P dH? = /52 |DTo|P d3H* < C’(S/E|DTg|de{1,

where C = C(N) > 0. In (3.3.21) we used that 7 is a local isometry.
Using (3.3.20) and (3.3.21), we get (3.3.19).

The Lipschitz triangulation of S? generated by ¥ yields the decompo-
sition of B} \ B3 into the cells

(3.3.22) D;; = {a: ERY:(1-6) < |z| < 1, |i| € F]}

x
where ¢ € {0,1,2} and j € {1,...,k;} (see (3.3.5)). Notice that D, ; is of
Hausdorff dimension (i + 1). Fix an arbitrary 3-cell D := Dy ; from the
above decomposition. Let F' be the 2-cell of the Lipschitz triangulation of
S? generated by X such that D = {z € R®: (1 - §) < |z| < 1, € F}.
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3.3. Extension from triangulation 133

Fix a bilipschitz homeomorphism ® : [0,6]> — D with an absolute
bilipschitz constant (see (3.3.6)) such that ®((0,4)? x {0}) = (1 —§)F
and ®((0,6)% x {6}) = F. Applying Lemma 3.3.9 with gy and g; taking
the values of Tov o (%)‘(0’6)2X{0} and g o ®[(g 5)2x 1}, respectively, we
obtain a mapping ¢; € W1P(D,N) satisfying the estimate

(3.3.23) / |Dp;P dx < C'§ (/ ]Drﬁ\pdﬂ{Q—ir/ \DTg\pd:J{2>
D F F

+C’52/ |Drg[P dI*,
oF

where C’ > 0 is an absolute constant.

Let p5 € L=(B} \ Bi_s,N) satisfy 5|p,, = ¢; € W'P(Dy;,N) for
each 3-cell Dy ; from the decomposition (3.3.22). In view of our construc-
tion (see Lemma 3.3.9), we can ensure that the traces of the maps ¢; coin-
cide on the mantles of the cells Dy ; and hence p5 € WHP(B3?\ B3 5, N).
Summing (3.3.23), where D = Dy ; and F = Fyj, over j € {1,..., ka},
taking into account that each 1-cell of the Lipschitz triangulation of
S? generated by ¥ lies in the relative boundary of exactly two 2-cells
from this triangulation, and also using (3.3.19) together with (3.3.20),
we deduce the following chain of estimates

k2

/ | Deps|P dx < C'6) / DT5|de{2+/ | Drg|P dH?
B\B3 _ Fa j Fs,j

5 j=1

+ 2C' 82 / |Drg|P d3*
%

<’ [ |Drgl? ase’
82
where C” = C"”(N) > 0. This completes our proof of Lemma 3.3.10. [J

We state now an n-extension with sublinear growth, which will turn
out to be the key tool in the proof of our n-compactness lemma (see
Lemma 3.3.12).

Lemma 3.3.11. Let py € (1,2) and p € [po,2). There exist constants
no,C > 0, depending only on py and N, such that if g € WIP(OB3 N)
satisfies

D-qlP 2-p
(3.3.24) / Dr9l” jq2 < mm "
o3 D 2—p
then there exists u € WHP(B3 N) such that trops(u) = g and
1
DulP 2 Dtgl?P =y
(3.3.25) / Dl e < o </ |T~"|d3{2> "
B3 P B3 P
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134 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Proof. By scaling, we can assume that r = 1. Letting § € (0,1/2], which
will be fixed later for the proof to work, we define

(3.3.26) no = ad* 7P,

where @ = a(pp,N) > 0 is the constant of Lemma 3.3.10. Then, by
(3.3.24) and (3.3.26), (3.3.16) is satisfied in Lemma 3.3.10 applied with
§ and g, which yields p5 € WHP(B3 \ B3 4, N) and v € Wl2(s2 N),
satisfying the condition (3.3.17) together with the estimates (3.3.18) and
(3.3.19). Using Lemma 3.2.15 with the boundary datum 7 o v, we obtain
amap w € WIP(B{, N) such that trgz(w) = 7 0 ¥ and

(3.3.27)

Dol jge2)'
/ |DwlP dz < C </ | D[P d5{2> < </ 9 dJ—CQ) ,
B3 S? sz P

where C' = C(pp,N) > 0 and C" = C'(pp,N) > 0. In the last estimate
we used (3.3.19) under the condition that p € [pg,2). Now we define the
mapping u : B} — N by

ws(x) if z € B} \ B}_,
[ = ,
u(z) = 7rov<1_5> if z € 0B},
w(li(;) ifoBité

Observe that u € WHP(B3,N) and trgz(u) = g (see (3.3.17)). Using this,
(3.3.18) and (3.3.27), we have
(3.3.28)

1
DulP |Drgl? 1-3 D-+alP
B} P sz P sz P

where we assume that C’ is large enough so that (3.3.18) is valid with
C = C’'. Now we need to distinguish between two further cases.

D+glP D+glP D+glP 1-1
Cat?e J:'If f.52 % dH? < 1., then g, % dH? < (Js2 % dH?) " r,
which, in view of (3.3.28), yields

1

DulP D =3

(3.3.29) / | Dul dz < 20" (/ |Drgl? de2> "
B} P s2 P

Case 2: When f52 % dH? > 1, we need to fix § so that 627P = const
and 0 < 2 — p. This holds for

1 1
1\ 1\ «@-»
(3.3.30) const = <) and § = (> P ’
e e
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since inf ¢ (g 4o00) 27 = (1/e)'/¢. This defines our ¢ and hence 79 (see
(3.3.26)). Using (3.3.24), (3.3.26), (3.3.28), (3.3.30) and the fact that
Js2 % dH? > 1, we obtain

_1
/ 1Dl e < / |Drgl? d}@)l b, Clad®r
B P s2 P 2—-p

1—-1
(3.3.31) <o </ ’D;g| dj'f2> P + o
52

_1
< o0 ( / |Drgl? dg{2>1 v
— 82 p )

where C” = C"(pg,N) > 0. The estimates (3.3.29) and (3.3.31) imply
then, up to a scaling, (3.3.25). This completes our proof of Lemma 3.3.11.
O

Now we prove our 7-compactness lemma.

Lemma 3.3.12. Let k € (0,1), po € (1,2), p € [po,2) and let E =
U(B3) C R? be an open set, where ¥ : B3 — R3 is a bilipschitz homeo-
morphism onto its image with a bilipschitz constant L > 1. There exist
n,C > 0, depending only on r,po, L and N, such that if u, € WP(E,N)
18 a p-minimizer and satisfies

D p
(3.3.32) / 1Duyl”
E P
then
D p
(3.3.33) / Dl 4 < op3s,
B) P

Remark 3.3.13. Let us point out that the dependence on p in Lem. 3.3.12
is essential, since it is used in Lemma 3.5.2.

Proof of Lemma 3.5.12. We define v, = up, oV, so that, by the chain rule,
we have v, € WHP(B2 N) and

(3.3.34) / Dol? 0 < L3“’/ Dwl
B3 D E D

Let ng > 0 be the constant of Lemma 3.3.11. We define

Gp = {Q € (FJT, 7“) : tr@Bg(vp) = UP|BBS c Wl’p(GBS,N)

and / ‘vap’p dH? < 7770(#67‘)2_]) )
oB3 P - 2-p
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136 Chapter 3: Limiting behavior of p-harmonic maps in 3d
In view of (3.3.34) and (3.3.32),

2 — Du,|P L3t LP
(3.3.35) H'((kr,1)\G,) < L / Dopl” < 200 Lo
B3

~ no(kr)2P D T k2P T ok

Choosing
__ Mor(1 — )
‘ 2L5
and using (3.3.35), we obtain that

(3.3.36) HY(G)p)

Vv

If o € G)p, then

p 2—p 2—p
/ ‘DUP| d\r}_(:2 S 770("{7‘) S Moo .
oB3 D 2-p 2-p

Thus, letting vy Bg’ — N be the extension of vp]aBg given by Lemma 3.3.11,
we have by the p-minimizing property and the bilipschitz invariance,

L—3—p/ ’D'Up‘p dx
B P

p 4 —1yip
u(B3) P (B3) p

3.3.37
( ) < [3FP / [Dup? dx
< ”

p

1—1
< C’L3+pg% (/ M dﬁ]—CQ) g
oB3 P

for each ¢ € G), where C' = C(py,N) > 0. We define now the function

F: [kr,r] = [0,00) by
Du,|P
F(Q):/ ﬂdw.
B} P

Without loss of generality, we assume that F'(kr) > 0, because otherwise
(3.3.33) follows. The function F' is absolutely continuous and for every
o € G, we have by (3.3.37),

p
p —

F'(o) :/ Dul” g2 > ch)f "
aB3 p or-1

136



3.4. Convergence to a harmonic map 137

and thus

p—1 p—1 p—1
a2 1 1
F(kr)rT1 F(kr)r=1  F(r)r1

Z/f:F%QZdQ

r F(o)»—1

d
>C/ f
Gggpf1

HYG 1-
=¢ (Lg) = “ J)’
rr-1 2rp-1

where ¢ = ¢(pg, L,N) > 0 and the last estimate comes from (3.3.36).
Then the estimate (3.3.33) follows through a bilipschitz change of variable,
completing the proof of Lemma 3.3.12. O

3.4 Convergence to a harmonic map

The following variant (Lemma 3.4.1) of the Luckhaus lemma (see [44,
Lemma 1], [43, Lemma 3]) is our key tool in the proof of Proposition 3.4.2
of the fact that a weakly convergent sequence of minimizing p-harmonic
maps converges to a minimizing 2-harmonic map when p 7 2. It says
that if two WP mappings from a compact 2-dimensional Riemannian
manifold M without boundary into N are close in LP, then we can find
a map w in M x (0,7), having these two mappings as boundary values,
such that w does not leave a tubular neighborhood of N and such that
its WP norm is of order 7.

Lemma 3.4.1. Let M be a compact Riemannian manifold of dimension 2
without boundary and p € (1,2]. Then there exist positive constants C,
Ty, depending only on M, such that for every u,v € WHP(M,N) and
T € (0,Tp) there exists a map w € WIP(M x (0,T),RY) satisfying

(i) traexqoy(w) = u, trauqry(w) = v;

(ii) | Dw|P d3* dt
Mx(0,T)

— plP
<CT |Dtul? + |DtolP + Ju = of? dJ?;
M 1v
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138 Chapter 3: Limiting behavior of p-harmonic maps in 3d

(iii) we have

esssup)( (o,7) dist(w, N) < Cllu — v poc ()

1 1
_lP *(1—7)
<cr'h </ <|DTu|p+ Dol + “TPU‘> diH2>p ’
M

Proof. For a proof, we refer the reader to [43, Lemma 3] (see also [44,
Lemma 1] for the original Luckhaus lemma, where M = S?). Notice
that the inductive assumption in [43, Lemma 3] may not be satisfied.
However, if one slightly modifies the Luckhaus proof, namely, one defines
w(z,t) = Lv(z) + (1 — %) u(z) for = belonging to the closure of the
[-skeleton of M in the case when either [p] < p and [ = [p] or [p] = p and
I = [p — 1], then the inductive assumption in [43, Lemma 3| is satisfied,
and the proof works as written (observe that Luckhaus defines w as above
for « belonging to the closure of the l-skeleton of M in the case when
I =[p—1]). It is also possible to reduce the dependence of the constant
C in [43, Lemma 3| on dim(N). O

Proposition 3.4.2. Let U C R3 be an open set. Let (pn)nen C [1,2),
up, € WHPn(UN) and p, /2 as n — +oo. If for each open set K € U
and each n € N, u, is a pp-minimizer in K and if

Du, [Pn
(3.4.1) sup/ [Dunf dx < C,
neNJ K Pn

where C = C(K) > 0, then there exists u, € W,">(U,N) such that, up to

loc
a subsequence (not relabeled), the following assertions hold.

(i) uy converges to u, weakly in Wé’f(U, RY) for allp € (1,2) and a.e.
m U.

(ii) For each open set K € U,

/Dunpn dx—>/ | Do [* dx
K Dn K 2

as n — +oo. Furthermore, [ |Dup, — Du,|Pr dz — 0 and Du, —
Duy a.e. inU as n — +oo.

(i) If K € U is open, then uy is a 2-minimizer in K. Furthermore,
there exists at most a countable and locally finite subset Sy of U

such that u, € C®°(U \ So,N).
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3.4. Convergence to a harmonic map 139

Proof. Fix an open set K € U. Since K C U is compact, for any cover by
open balls, K admits a finite subcover. Then there exists an open set V/
such that K C V,V C U and V is a compact smooth Riemannian mani-
fold of dimension 3 with boundary 0V (possibly disconnected, but with
a finite number of connected components). Then 0V is a 2-dimensional
compact smooth Riemannian manifold without boundary. According to
Lemma 3.2.1 with N replaced by 0V, there exists A\gy > 0 such that
the nearest point retraction Ilgy : OV),, — OV is a well-defined and
smooth mapping, where dVy,,, = {z € V : dist(x,dV) < Agy }. Choose
A € (0, \g1) so that K C V' \ Ay, where Ay = {z € V : dist(z,0V) < A}

If p, € (p,2) is large enough, then, applying Young’s inequality, we
have

Duy,|P Duy,|P» 1 1
(3.4.2) / | Dt dg;g/ %daz—F(f——)\W
v P vV Pn P Dn
so that
Du, |P
(3.4.3) limsup/ | D dr < 00
n—+oo JYV P

(see (3.4.1)). Since N is compact, (un)nen is bounded in L*°(U,RY),
which, together with (3.4.3), implies that for each p € (1,2), (up)nen is
bounded in W1P(V,R¥). Thus, there exists a map u. : V — R such
that, up to a subsequence (still denoted by n), for each p € (1,2),

(3.4.4)  w, — us weakly in W'P(V,RY)  and  u, — u, ae. in V.

In particular, u, € N a.e. in V.
By the weak convergence, (3.4.2) and the fact that p,, /2 asn — 400,
for each p € (1,2) we have

Du,|P o Duy, |P
(3.4.5) / | D | dx Shmlnf/ | Dun| dz
\%4 \%4

p n—4o00 p
Du,, |Pn 1 1
< liminf/ [Dunl™ oy (7 - f)IV\.
n—+oo [y Pn P 2

Letting p " 2 in (3.4.5) and using Fatou’s lemma, we obtain the estimate

Du, 2 Du,, |Pr
(3.4.6) /‘;"da;ghminf Dol
14

n—-+0o v Pn

which, together with (3.4.1), implies that u, € WH2(V, N). We prove that
Uy is a 2-minimizer in K and that, up to a subsequence (not relabeled),

Du,, |P Du,|?
(3.4.7) / ud:v—)/ | Du| dx
K DPn K 2
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140 Chapter 3: Limiting behavior of p-harmonic maps in 3d

and || Duy, — Du. |73, (KRvgrs) — 0 asn — +o0.

Applying [31, Theorem 3.2.22 (3)] with W = A,, Z = [0, ] and
f: W — Z defined by f(z) = |z — sy (x)| = dist(xz, V), and using also
the fact that |Df(z)| = 1 for each z € Ay (see Lemma 3.2.1), Fatou’s
lemma and (3.4.1), we obtain

A
D npn D npn
/ do liminf/ [Dunl g2 liminf/ [Dunl™ 0 < )
0 n—-+oo ffl({g}) Pn n—-+oo A)\ Pn

This implies that

31 ({oe 00 liminf/ ({Q})‘D“"‘pd}c? 45}) < 2.

n—-+4oo f71 Pn

So there exists o € (0, A/2) such that, up to a subsequence (not relabeled),
we know that for each sufficiently large n € N,

(3.4.8) trf71({g}) (Un) = Un‘ffl({g}) € lepn (fil({g})ﬂN)a

Du,, [P 4
/ % dH? < ac
({e}) Pn A

and trp-1(01)(us) = uslp-1((pp. Fix such ¢ € (0,A/2) and an arbi-
trary p € (1,2). Now we define M = f~1({o}). Notice that M is a
2-dimensional compact smooth Riemannian manifold without boundary.
In view of (3.4.4) and the trace theorem, we have wuy |y — us|n weakly in
W1=1/pP(M,RY) (we use that a bounded linear operator maps a weakly
convergent sequence to a weakly convergent one). Then, by the compact
embedding, up to a subsequence (not relabeled),

(3.4.9) Un |y = U] strongly in LY(M,RY)

for each ¢ € [1, 5 ) Since uy |y € WHPn (M, N), (3.4.9) implies that
uy(7) € N for H?-a.e. v € M. Using (3.4.8) and (3.4.9), we deduce that,

up to a subsequence (not relabeled),
U |y — Us|pe weakly in WHP(M, RY).
Then, by the weak convergence, Young’s inequality and (3.4.8), we have

(3.4.10)
P P
/ M dH2 < hminf/ M dH?
M M

p n—-+o0o p
Du, |Pr 1 1
< liminf (/ DUl g2 (f - )J{Q(M)>
n=+o0 \Jm  Pn P DPn
A0 1 1y,
< = Z_Z
- A + (p 2)9f (W),
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where we have also used that |Dtuy,| < |Duy|. This implies that .|y €
WH2(M,N), because p € (1,2) was arbitrarily chosen and we already
know that u.(z) € N for H%a.e. z € M. Moreover, u, € L®(M,RY).
Also, (3.4.10) yields

Dru,|? Dru,l?P 4
(3.4.11) / Dol 50 lim/ [Drusl? g2 A€
Mo 2 /2 P A
Next, we want to apply Lemma 3.4.1. Let Ty = To(M) > 0 be the
constant of Lemma 3.4.1. Choose T' € (0,7)) sufficiently small and let
O:Ay\ Ay > M x [0,X — p) be defined by

B(z) = (Iy(z), dist(z, M)).

By Lemma 3.2.1, there exists Ay > 0 such that the nearest point retraction
IIx : Ny, = N, where Ny = {z € RV : dist(z, N) < Ay}, is well defined
and smooth. Setting s, = ||un — ws|Lon (v rv) (Without loss of generality,
we assume that for each n € N large enough, s,, > 0) and using (3.4.8),
(3.4.9) and (3.4.11), we observe that s, — 0 and for each sufficiently
large n € N,

— Pn
(3.4.12) / |Drun P + | DrusfPr + % d32 < ¢,
M shm
where C’ is a positive constant independent of n. Applying Lemma 3.4.1
. 1/2 :

with v = up|y, v = us|y and T = s/, we obtain a map w, €
WP (M x (0, 3711/2), R¥) interpolating between wy, |y and |y According
to Lemma 3.4.1 (iii), (3.4.12) and the definition of s,, if n € N is large
enough, we have dist(wy,(x,t),N) < Ay for a.e. (z,t) € M x (0,8711/2).
Thus, for each n € N large enough, we can define the map

Son(y) = HN(wn((I)(y)))

for each y € ®~1(M x (0,3,11/2)). Then we have the following: ¢, €
_ 1/2
Wl’pn(q) l(M X (07571/ )):N); trae(en) = unln, trq)il(MX{S}lm})((,On) =
Mx{s¥/2}) where @, : M x [8711/2’:],] is defined by
O, (2, t) = & (2t — 571/2) and we have used that ®~!(z,0) = z; in
view of Lemma 3.4.1 (ii) and (3.4.12),

U*|M © (I)n © (P‘q)fl(

Do, |Pn
(3.4.13) / Denl™ 1 < g2
d-1(Mx(0,54/%)  Pn

where C” > 0 is a constant independent of n, but depending on the
bilipschitz constant of ®.
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142 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Now let E = V \ 4,. According to our construction, E is a finite
union of bounded Lipschitz domains, and E contains K. Fix an arbitrary
w, € WH2(E,N) with tryc(ws) = tryg(us). Let ¢ € C.(]0, +00)) be the
Lipschitz map such that ( =1 on [0,1], ((s) =2—sfors€[1,2],(=0
on [2,+o0]. Hence ||| oo ([0,400)) < 1. Next, for each sufficiently large
n € N, define w, : E — N by

_fey) ity e @ 00x (0.:/7)),
41 “’"@)‘{w*(wn(y)) ity € B\ 7 (0 x (0,517,

where U, : B\ ®~1(M x (0, si/ 2]) — E is the bilipschitz map defined by

Wa(y) = (1 ¢ (W)) v+ (d“y/ﬁ”) D,(2(»)).

Notice that: trcb—l(Mx{s}/z})( OTRITIN if
ye E\® (M x (0, S%/Q]) and dist(y, M) < s/ then we have U,(y) =
O, (P(y)); if y € E\ @7 (M x (0,3,1/2]) and dist(y, M) > 25/ then
U, (y) = y; for each y € E, if n € N is large enough, then ¥, (y) is defined
and ¥, (y) — y as n — +oo; for a.e. y € E\ &(M x (0, 3111/2]) and for

each n € N large enough,

wy o W,) = u*|Mo<I>no<I>|¢)_l(

|DW,(y) —1d]|
¢ (21 20) DGO ¢ 3, a1y )

+o( 20 0w, @) 0 D) - 1)

(3.4.15)

< Ls,/",

where L > 0 is a constant independent of n, but depending on the
bilipschitz constant of ®. In the above computations we have used
that |¢/| < 1, |Ddist(y, M)| = 1 and |a ® b| < |a||b] for a,b € R3. In
particular, when n € N is large enough, |[DV, (y) —Id| < 1/2. It is worth
noting that, according to the definition of ¥,, and [30, 4.8 (5)], ¥, is
continuously differentiable on the three regions of £\ ®~1(M x (0, 8711/2)),
where dist(-, M) < s},,/3, dist(-, M) € (s},,/3,23111/3)7 and dist(-, M) > 255,
respectively. Then, using the inverse function theorem for ¥,, on each
of these three regions (namely, on compact subsets of these regions),
and taking into account the definition of ¥, (namely, the injectivity
of U,,), one observes that ¥,, admits the inverse W' such that ¥ ! is
a.e. differentiable on E and DV ! is sufficiently close to the identity
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3.4. Convergence to a harmonic map 143

a.e. on E. Furthermore, ¥, ! is absolutely continuous on each segment
lying in the closure of one of the images of W, of the three regions
of E\ &~ 1(M x (0,3&/ 2]) considered above. Thus, ¥, is bilipschitz
on E\ &~ 1(M x (0,3,11/2]), as we mentioned earlier. It is also worth
noting that for a.e. y € E, if n is large enough, then DV, (y) is defined,
D(wy o U,)(y) = Dw.(¥,(y)) o DV, (y) and DV, (y) — Id, D(ws o
U, )(y) = Dw.(y) as n — +oo. In addition, if n is large enough, then
for a.e. y € F,

|D(w* o an) (y) 1E\<I)—1(MX (075;/2}) (y) ’pn

Pn
o \Dw*(‘l’n(y))lE\qu(Mx(o,si/?])(y)|p"
2
o (Dw*(\I’n(y))lE\Q—l(MX(O,s}zp])(y)| L 1) < h(y)
> 2 Pn B 7

where we have used (3.4.15), the fact that |Id| = /3, Young’s inequality
and since |Dw.|?> € L'(E), there exists h € L'(FE) such that the last
estimate holds.

Taking into account the above observations and using the Lebesgue
dominated convergence theorem, we deduce that

D Pn D " 2
E 2

(3.4.16) /
E\®-1(Mx(0,55/%)  Pn

as n — +o0o. The mapping w, is a competitor for u,, in E, and hence, in
view of (3.4.14),

Duy [P
(3.4.17) / Dunf™
E Pn

D Pn D Pn
-1 (Mx(0,5,/%)  Pn E\O—1(Mx(0,5,/*])  Pn

Using (3.4.6) with V replaced by E (which is possible thanks to (3.4.4)
and proceeding as in (3.4.5)), together with (3.4.13), (3.4.16) and (3.4.17),

we obtain

2 p
/’D“*| dy_lim/ | Du-l
E 2 p/2JE D

D Pn
< liminf / % d
E

n—-+00 Pn
Duy,|Pn Duw, |?
§1imsup/ |un|dy§/ | D dy.
n—+oo JE  Pn E 2
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144 Chapter 3: Limiting behavior of p-harmonic maps in 3d

n 2 . e .
This implies that |, % dy — [ % dy and u, is a 2-minimizer in

E. In particular, according to Lemma 3.4.3 below, it holds

| Dy, — Dy — 0,

HLPn E,R¥®RS3)
which proves (3.4.7).

Since uy is a 2-minimizer in F and K € FE is open, u, is a 2-minimizer
in K and, according to |53, Theorem II|, there exists a finite set S C K
such that u, € C*(K \ Sk, N).

In order to reach the conclusion, we use a diagonal argument and rely
on the fact that one can write U = UmEN Ky, with K, C Ky so that
if K € U, then K C K, for some m € N. This completes our proof of
Proposition 3.4.2. O

Lemma 3.4.3. Let U C R3 be open and bounded, u. € W12(U,RY),
(Pn)nen C [1,2), pn /2 as n — +00 and (up)nen C WHPH(U,RY). If
Un — Uy weakly in WHP(U,RY) for all p € (1,2) and [, |Duy|Pr dz —
Jy |Dus|? dz as n — 400, then [; |Duy, — Duy|Pr dz — 0 as n — +oo.

Proof. The desired convergence comes by using Hanner’s inequality, see
[57, Lemma 6.3]. To apply [57, Lemma 6.3], we only need to prove that

(3.4.18) 4HDu*||L2(U Rv@R3) < hm 1nf | Dy, + Dus||Bm, Lon (URY@R3)

Let p € (1,2) be arbitrary. Notice that Du,, + Du, — 2Du, weakly in
LP(U,R” ® R?) and hence
(3.4.19) lim inf | Dun + Dus| o rrers) 2 2| Dusl o rears)-
Using Holder’s inequality and (3.4.19), we obtain

hm mf | Dur, + Duy || Lpn (U, RU®R3)
(3.4.20) > tim inf (U] || Du + D73 oo

1—-2

Letting p * 2 and using the continuity of the LP-norm, in view of (3.4.20),
we obtain (3.4.18), which completes our proof of Lemma 3.4.3. O

3.5 The singular set

Let p € (1,2) and u, € WP(Q,N) be a p-minimizer in 2. For each
Borel-measurable set E € B(Q), we define the positive Radon measure

tp at E by
Du,|P
m(B) = 2 p) [ 12
E P
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3.5. The singular set 145

Let (pn)nen C [1,2), pp 2 as n — +oo and (u,)pen be a sequence
of p,-minimizers in 2. We assume that for each n € N large enough,
setting ft, = pp,, it holds

(3.5.1) 11 (€2) < Co,

where Cy > 0 is a constant independent of n. According to Proposi-
tion 3.2.21, the condition (3.5.1) is satisfied whenever for each n € N
large enough, trag(u,) = g € W22(9Q,N). Next, in view of (3.5.1),
using the Banach-Alaoglu theorem, we obtain a positive Radon measure
s« € (C(2)) such that, up to a subsequence (not relabeled),

(3.5.2) fin — . weakly* in (C(Q)).
We denote the support of u, by Sy C Q.

Remark 3.5.1. If the measure p, is independent of the subsequence, the
entire sequence (fin )nen Weakly™ converges to u, as n — 400, since in the
latter case each subsequence of (1, )nen contains a subsequence weakly™
converging to p,. In general, the limit measure p, does depend on the
subsequence. To see this, we consider the projective plane N = RP?,
whose universal covering 7: S — RP? identifies antipodal points (see e.g.
[38, Example 0.4]), so that in particular 71 (RP?) ~ Z/2Z. Defining first
G: S* — Sl by

. (z122, 73)
)= e
W= g+ )7
one checks that g(xy,z2,23) = §(x2,z1,23) = —g§(x1, —x2, —x3), that

g has degree 1 around small circles around (1,0,0) and (—1,0,0) and
degree 1 around small circles around (0,1,0) and (0,—1,0) and that
§ € W1/22(s2 s We define g = 7 o §, where the map 7: S! — RP?
defined by the condition that 7(cosf,sinf) = W(cosg,sing,O). We
have g € W1/2’2(SQ, RPQ); since 7 is not homotopic to a constant, g is
topologically nontrivial in small circles around the same points as g; we
have g(z1, 2, 13) = g(x9,x1,23) = 0(g(x1, —2,3)), where o: RP? —
RP? is the isometry characterized by o (7 (y1,y2,y3)) = 7(—y1, —y2,¥3), S0
that o(7(—z)) = 7(2). In particular, if p(z1, z2,x3) = (1, —x2,z3) and
if u, € W1P(B3 RP?) is a p-minimizing map having g as trace, o o u, o p
is also. Letting p — 2, by Proposition 3.7.25, the corresponding limiting
measure j, has as support either [(1,0,0), (0,1,0)]U[(—1,0,0), (0, —1,0)]
or [(1,0,0),(0,—1,0)] U [(—1,0,0),(0,1,0)]. By the symmetry it follows
that if p, is limiting measure, then its pushforward p. . is also a limiting
measure. Since none of the possible supports is invariant under p we
conclude that w, is not unique.
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146 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Lemma 3.5.2. Let n > 0 be the constant of Lemma 3.3.12, where
Kk =1/2, po = 3/2, ¥(z) = = + x9. Assume that B3(wg) C Q and
p(B3(20)) < mr. Then ,LL*(Bi’/Q(ZEQ)) =0.

Proof. In this proof, every ball is centered at point xg. It is a well-known
fact (see, for instance, [29, Section 1.9]) that the weak™ convergence of
the Borel measures (i, is equivalent to the following two inequalities

(3.5.3) i (F) > limsup pn(F), p(G) < liglj_nf tn(G)

n—-+0o

whenever F' C Q is closed and G C € is open. Notice that this is where

we take advantage of working with (C'(£2))’ instead of (Cp(€2))’. Using
(3.5.3) and the facts that u.(B3) < nr and p,(B2) = un(B2), we obtain
the following estimate

nr > limsup g, (B2).

n——+0o

This estimate, together with the fact that nr3=P» — nr as n — 400,
implies that for all sufficiently large n € N, it holds

pin(B}) < mrPn.
But then Lemma 3.3.12 says that for all sufficiently large n € N,
(3.5.4) (B2 ) < (2 = pa)Cro—re,

where C' > 0 is a constant independent of n. Letting n tend to +oo in
(3.5.4) and using (3.5.3), we complete our proof of Lemma 3.5.2. O

The following monotonicity of the p-energy holds, which will be used
later.

Lemma 3.5.3. Let p € [1,3), 2o € Q and 0 < o < r < dist(xo, 0Q). Let
u, € WHP(Q,N) be a p-minimizer. Then

P P
P 1Dupl” < -3 / Dl
B3(zg) P B3(zo) P
Proof. For a proof, the reader may consult Section 4 in [35]. O]

Corollary 3.5.4. Let zy € . Then the function

r € (0, dist(zg,0Q)) — M

r

is nondecreasing.
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3.5. The singular set 147

Proof of Corollary 3.5.4. Let 0 < o < r < dist(zg,d9). In view of
Lemma 3.5.3, for each n € N and for an arbitrary ¢ € (0,7 — p),

(0 + )PP un(Byye(0)) < 177> pn (B (0))-

Letting n tend to 400 and using (3.5.3), we obtain
(0+ &)™ (Byie(@o)) < 77 pa (B (20))-

Then, letting e \, 0 and using the fact that u.(Q) < +o00, we conclude
our proof of Corollary 3.5.4. O

Thanks to Corollary 3.5.4, for each xg € (2, the 1-dimensional density

o m(Ba0) . pe(Bi(w)
(355) @1(,LL*,LL'0) o 7‘1—1>r(r)l+ 2r - rl—lgl-l- 2r

exists and finite. In order to lighten the notation, we shall simply write
O1(x) instead of O1 (4, z¢) when appropriate.

Proposition 3.5.5. Let n > 0 be the constant of Lemma 3.3.12, where
Kk =1/2, po = 3/2 and V(z) = = + o whenever E = B3(z¢). Then it
holds

QNS ={reQ:0(zx) >0} = {er:@l(x) > g}
Proof. First, assume by contradiction that for some z € Q, ©1(x) =a €
(0,1/2). Fix
. a mn
€€ (0,m1n{2, 5 a}).
Then there exists § > 0 such that for all r € (0, 9),

n3
0<a’_6</’t*(37r(x))<
2r

N3

However, Lemma 3.5.2 says that ,u*(Bi’/Q(x)) = 0, which leads to a
contradiction and proves that

{r €eQ:01(x) >0} ={z€Q:01(x) >n/2}.

On the other hand, by the definition of the support of a measure, x €
QN S, if and only if for all sufficiently small r > 0, . (B3(z)) > 0, which
holds, according to Lemma 3.5.2, if and only if for all sufficiently small
r >0, ux(B2(x)) > nr. The last holds if and only if ©1(x) > n/2. This
proves that QN S, = {x € Q: O;(x) > n/2} and completes our proof of
Proposition 3.5.5. O
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148 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Proposition 3.5.6. Let (pp)nen C [1,2), pn 2 as n — 400 and
(un)neN be a sequence of p,-minimizers in Q satisfying (3.5.1). Then
there exists a mapping us € VVI})’CQ(Q\S*, N) such that, up to a subsequence
(not relabeled), u, — uy a.e. in Q and for which the conclusions of

Proposition 3.4.2 apply with U = Q \ Si.

Remark 3.5.7. For interior quantitative estimates of the weak gradient
of u, the reader may consult Proposition 3.5.23.

Proof of Proposition 3.5.6. Let K € Q\ Si be open. Using (3.5.2), a
standard covering argument and Lemma 3.3.12, we conclude that there
exists a positive constant C, possibly depending only on K, €} and N,
such that, up to a subsequence (not relabeled), for each n € N,

Pn
/ [Punl™ 0 < 6
K Pn

Applying a diagonal argument, we observe that, up to a subsequence (not
relabeled), the condition (3.4.1) of Proposition 3.4.2 is satisfied, where
U =Q\ S,, for our sequence of p,-minimizers. Thus, the conclusions of
Proposition 3.4.2 apply, yielding the desired mapping wu,.. This completes
our proof of Proposition 3.5.6. O

3.5.1 The limit measure is the weight measure of the
stationary varifold

Recall that a set £ C R3 is said to be countably H!-rectifiable if there
exist countably many Lipschitz functions f; : R' — R? such that

g1 (E \ DO fz-(Rl)) = 0.
1=0

Let G(3, 1) be the Grassmann manifold, which is the space of 1-dimensional
subspaces of R3. Following Allard (see [2]), for each A € G(3,1), we shall
also use “A” to denote the orthogonal projection of R? onto A. That
is, G(3,1) = {A € M3(R) : Ao A=A AT = A and Im(A) = A},
where M3(R) denotes the space of real 3 x 3 matrices. We also define
G3(2) = 2 x G(3,1). Recall that V is said to be a 1-dimensional varifold
in Q if V' is a positive Radon measure on G3(£2).

Let S C Q be countably H!-rectifiable and p € (C(2))’ be a positive
Radon measure satisfying ul_ = #H'L_S for some nonnegative § € L' ().
Rectifiability gives that for H!-a.e. x € S (or, equivalently, for p-a.e.
x € ), there exists a unique approximate tangent plane 7,5 € G(3,1)
to S at z (see, for instance, |4, Theorem 2.83 (i)]). For p-a.e. x € Q, we
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3.5. The singular set 149

denote by A(x) € G(3,1) the orthogonal projection onto 7,,S. We define
the varifold V', which is naturally associated to u, as the pushforward
measure V = (Id, A)xp L Q. Thus, for each Borel-measurable set £ €
B(G3(Q)), V(E) = p({x € Q: (z,A(z)) € E}). The varifold V is said to
be stationary (see Section 4.2 in [2]) if its first variation vanishes, namely

/A z)du(r) =0 V&€ CHQ,RY).

Proposition 3.5.8. The set S, N Q is countably H'-rectifiable and
HY(S, N Q) < 4+00. The measure V, = (Id, A ) s LY is a stationary
1-dimensional rectifiable varifold in Q, where for p.-a.e. x € Q, A, (x) rep-
resents the orthogonal projection onto the approximate tangent plane TS,
to S, at x. Furthermore, it holds j, L Q(dz) = O1(x)H' L (S, N Q)(dz),
where the density ©1 is defined in (3.5.5).

Proof. Let (up)nen C WHPn(Q,N), where (pp)nen C (3/2,2), be a se-
quence of p,-minimizers satisfying (3.5.2). For each n € N, define the
map AP~ : Q — M3(R) by
Pn _ 2—pn P Pr—2
A= ’ ——(|Dup|P"6i ; — pn|Duy| (Ditn, Djup)).
n

7.7

Then observe that

d d
pn\T — APn Pn ’un Hn
(3.5.6) (APm)" = AP, tr(AP) = (3 —pn)— = 2 —
and
dpiy, dpin,
(3.5.7)  |APr| = VAPr ; Aba = \/3 — 2p,, + p2 2 <3 ch’
where dd =(2- pn)M For each v € S?,
3
(35.8) > (APrw;,v;)
ij=1
2—p 3 ’ du
== Duy|[P™ — pp|D npn_2 iDityp < .
L2 | 1Dul” gl D23 iDian | < S

which implies that all eigenvalues of AP» are less than or equal to %.
Furthermore, by (3.2.33),

(3.5.9) / AP (x: (x)dz =0 Ve CHRY).
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150 Chapter 3: Limiting behavior of p-harmonic maps in 3d

In view of (3.5.1) and (3.5.7), there exists A € (Cy(Q, M3(R)))" such

3(R
that, up to a subsequence (not relabeled), AP»dx = A we eakly™ in
(Co(92, M3(R)))". By (3.5.2) and (3.5.7),

(3.5.10) |A] < V3u. LQ,

which implies that A is absolutely continuous with respect to u. L .
Then, by the Radon-Nikodym theorem, there exists F' € L*(€, M3(R), 11..)
such that A = Fu, L Q in (Cy(2, M3(R)))’". Letting n tend to +o0o and
taking into account (3.5.6), (3.5.8) and (3.5.9), we observe that for p.-a.e.
z € Q, (F(z))" = F(x), tr(F(x)) > 1, the eigenvalues of F(z) are less
than or equal to 1 and

(3.5.11) /F z)dus(z) =0 V€€ CHQRY).

According to [6, Proposition 3.1] and [6, Lemma 2.3], the identity (3.5.11)
implies that there exists an H'-rectifiable set R C Q and a map \ €

L>®(R, M3(R)) satisfying the following conditions. For H!-a.e. 2y € R,
[A(zo)] = 1, A(mo) € G(3,1) is the orthogonal projection matrix onto
Ty, R such that AL{©%(|A]) > 0}(dx) = ©%(|A], 2)A\(x)H'LR(dz), where
T,,R is the approximate tangent plane to R at xp and @’{(|/T|,xo) =

lim sup, w. Then, for p.-a.e. x € Q, two eigenvalues of F(z)
are zeros. Since for p.-a.e. x € Q, tr(F(z)) > 1 and the eigenvalues
of F(x) are less than or equal to 1, we deduce that the eigenvalues of
F(z) (up to a permutation) are (1,0,0) and |F(x)| = 1 for u.-a.e. z € .
Using this, together with (3.5.5) and Proposition 3.5.5, we observe that
Al = p L Q, ©%(|A]) = O1(us) and R = S, N Q. In particular, for
pu-a.e. © € Q, F(x) = Aw(r) and Vi(dA,dz) = 64, (2)(dA) @ pi(dz) =
04, (2)(dA) @ O1(pis, ) H' L (S, N Q)(dx), which, together with (3.5.11),
implies that Vj is a 1-dimensional stationary rectifiable varifold (see [2,
27]). This completes our proof of Proposition 3.5.8. O

Remark 3.5.9. Our proof of Proposition 3.5.8, based on [6, Proposi-
tion 3.1], differs from Canevari’s proof for the three-dimensional Landau-
de Gennes model |22, Proposition 55|. His strategy consists in first
showing that the set S, N is countably H!-rectifiable using the Moore-
Preiss rectifiability theorem (see [48, Theorem 3.5], [51, Theorem 5.3]);
next, using the Ambrosio-Soner construction (see [5, Lemma 3.9]), he
proves that the Radon-Nikodym derivative of the limit tensor has the
eigenvalues (up to a permutation) (1,0,0), and concludes that the natu-
rally associated one-dimensional varifold is stationary; the rectifiability
of the latter then follows from Rectifiability Theorem in |2, Section 5.5].
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3.5. The singular set 151

Our more direct strategy of proof could be adapted to work in Canevari’s
setting, and his strategy of proof would provide another pathway to
Proposition 3.5.8.

3.5.2 Energy bounds on a cylinder

Let us define the notion of a uniform Lipschitz triangulation on the

lateral surface of a (finite) cylinder Ay = B} x (=L,L). Let L > 1

and h € (0,1). Set n := [1/h] > 1. For each k € [0,n — 1], we define
2mik 2mik

the line segment Sy = [(e™» ,—L),(e"» ,L)] € C x R ~ R3? and, for
j € 10,2| L|n] the points

uy) L
n

For each k € [0,n — 1] and j € [0,2|L|n — 1], let ’y]l-“ be the union of
two geodesics (a geodesic cross) on T'y 1, where one of which connecting

a* with ¢®T! and the other connecting a? 1 with af“. By ¢k, ., where
k+1

J J+1
z € {—L, L}, we denote the arc on S! x {2} connecting a’;LLJn with ay 7,
if 2 = L and af with algﬂ if z = —L. Observe that the union of all
the line segments S, all the geodesic crosses 'y;? and all the arcs ¢y, ,
provides us with the decomposition of T'y 7, into mutually disjoint 0, 1 and
2-dimensional cells. Hereinafter, we denote by SO(2) the subgroup of
SO(3) of rotations with respect to the axis {0} x R, and whose action on
the plane R? x {0} coincides with the action of the orthogonal group SO(2)
on the plane. Thus, for each w € SO(2), we obtain a decomposition of
'y 7, into mutually disjoint 0, 1 and 2-dimensional cells, namely

2 ks

2 Kk
(3.5.12) Tie=JwE)=JUF.,

i=0j=1 i=0 j=1

where {Fy1,...,Fok,} is the set of points and for each i € {1,2}, there
exists a bilipschitz homeomorphism
(3.5.13)

;1 Fij = By, with [|[Dr®; | o p, ) + [1D7(Rig) "l peo(si) < Asy

where A4 > 0 is an absolute constant; see Figure 3.1. The map ®; ; in
(3.5.13) extends by continuity to a bilipschitz map between F; ; and B},
with the same bilipschitz constant A4 as in (3.5.13).

The decomposition (3.5.12) we shall call a uniform Lipschitz (or
simply a Lipschitz) triangulation of T'y 1, of step h with the 1-skeleton

1 k;
= Ui:O szo Fij.
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152 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Figure 3.1: A uniform Lipschitz triangulation of the lateral surface of a
cylinder.

To lighten the notation, we denote the collection of 1-skeletons of all
Lipschitz triangulations of I'y 1, of step h by RCp, , namely

1 ki
RCLy =< | J | Jw(Eij):weS0Q) s,
i=0j=1

where Uilzo Uf;l E; j is the union of all the line segments Sy, all the

geodesic crosses ’yj’? and all the arcs ¢y, ..

It is worth noting that Lemmas 3.5.10, 3.5.11, 3.5.12 are the counter-
parts of Lemmas 3.3.7, 3.3.8, 3.3.10 on the lateral surface of a cylinder. A
consequence of Lemma 3.5.12 is Corollary 3.5.13, which provides us with
the key arguments that will be used in the proof of Proposition 3.5.14.
The latter gives us the estimates of the p-energy on a cylinder, which will
be used to prove the fact that the limit measure has a finite set of values.

Lemma 3.5.10. Let p € [1,4+0), L >1, h € (0,1) and Y be a compact
Riemannian manifold or a Fuclidean space. Let g € Wl’p(I‘l,L, Y) and
Y € RCry. Then for H-a.e. w € SO(2) we have trumnr, 1) (9) =
9losnr, L) € WLP(w(XNT1L),Y). Furthermore, there exists w € SO(2)
such that tr,,sar, )(9) = glomar, ) € WHP(w(ENT1L),Y) and

A
w 1,L

IEW3

where As > 0 is an absolute constant.
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3.5. The singular set 153

Proof. For a proof, we refer to [34, Lemma 3.4]. The main ingredient is
the integralgeometric formula

HY(ENT1)
dw/ |DrglP dH! = — 222 / | D1 g|P d3?
/50(2) w(Eﬁl"lyL) }C2(F1,L) FI,L

(for the integralgeometric formulas, the reader may consult [31, 20[; see
also [34, Lemma 3.3]). O

Lemma 3.5.11. Let pg € (1,2), p € [po,2), L >1 and h € (0,1). Then
there exists a constant ko = ko(po, N) > 0 such that the following holds.
Let ¥ € RCpp, and F be a 2-cell of the Lipschitz triangulation of NN
generated by . Let g € WIP(F,N) and trop(g) € WHP(OF,N), where
OF denotes the relative boundary of F. If

/ |DrglP dJ{2+h/ | D trar(g)[? J9¢! < Kkoh?*7P
F D OF P T 2-p

)

then tragp(g) is nullhomotopic.

Proof. The proof follows by reproducing the proof of Lemma 3.3.8 with
minor modifications. Essentially, it is enough to replace the 2-dimensional
cell in the proof of Lemma 3.3.8 by the 2-cell F' of Lemma 3.5.11. O

Lemma 3.5.12. Let py € (1,2), p € [po,2), Lo > 2, h € (0,1/2] and
gE Wl’p(FLLO,N), where I'1 1, is defined in (3.2.20). Then there exists
k = k(po, N) > 0 such that the following holds. Assume that

P 2—p
(3.5.14) / IDrgl” j32 < BP0
IR

P 2—p’

There exist z— € (—Lg + h,—Lgo + 2h), z+ € (Lo — 2h, Lo — h), pp €
WP(B#\ B?_,) x (2—, 24),N) such that the following assertions hold.

(Z) trslx(z,,er)(‘Ph) = g‘Slx(z,,er);
Up = tr@BfihX(z_,z_»,_)((ph) € Wl’z(anfh x (Z*) Z+)a N)

(ii) For each z € {z—,z1}, trpag2_ yuizy(9n) € WHP((BY\ BY_y,) %
{z},N) and

/<Bz\Bz ey DT B < (o)l a3
I\PI_p) X%

<d; [ |Dropase,
I
where Ag > 0 is an absolute constant.
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154 Chapter 3: Limiting behavior of p-harmonic maps in 3d

(111) There exists a constant C = C(N) > 0 such that

(3.5.15) / | Drop|P dH* < C | D7 g|P 3
0B?_, x(z_,z)

I',Lq

and

(3.5.16) / B ]Dcph|pdx§0h/ |Dg|P 3.
(BA\B?_,)x(2-,2+)

T,Lq

Proof. Using the coarea formula, we find z_ € (—Ly + h, —Lo + 2h) and
zy € (Lo — 2h, Ly — h) such that for each 2 € {2z, 24}, trsi ;) (9) =
glsix{zy € WhP(St x {z},N) and

2
(3.5.17) /51 { }\DTgypdel < h/ |Drgl|? d3*.
X1z

I'i,ng

Define L := (z4 — 2_)/2, e :== (0,0, (24 + 2-)/2) and u(y) = g(e + y)
for each y € T'1 . Let ko = Ko(po,N) > 0 be the constant given by
Lemma 3.5.11. Define k = ko/245, where A5 > 0 is the absolute
constant of Lemma 3.5.10. Without loss of generality, we assume that
As > 2. Then k depends only on py and N. Using Lemma 3.5.10, the
estimates (3.5.14), (3.5.17) and taking into account the definition of ,
we obtain 3 € RCp such that trs(u) € WHP(S,N), trgqp, , (u) =
u’20r1,L S leP(E N FLLv N),

A
(3.5.18) / |DrulP dH' < 5/ | DrulP dH?
EQFLL h 1—‘l,L

and for each 2-cell F' from the Lipschitz triangulation of Ty j, generated
by %,

p p
/ | Drul di]{2+h/ | DT trop(u)| dIC
F b OF p

D+rgl|P h2P
< 2A5/ ﬂdf}@ < L7
T, P 2—-p

where OF denotes the relative boundary of F. This, according to
Lemma 3.5.11, implies that tryp(u) is nullhomotopic for each 2-cell
F from the Lipschitz triangulation of I'y ;, generated by ¥. Proceeding
similarly as in Proposition 3.3.6 (changing S? to I';z and the geometry
of cells, namely changing “squares” to “squares or triangles” which are
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3.5. The singular set 155

all bilipschitz homeomorphic to B2), we obtain w;, € W12(I'y 1, N) such
that trg(wh) = trg(u), trEﬂFLL(wh) = wh’EﬁF1,L = u|gmp17L and

(3.5.19) / | Drwy, [P dIH? < Ch/ | DrulP d3*,
INW %

where C' = C(N) > 0. Using (3.5.17), (3.5.18) and (3.5.19), we obtain

the estimate

/ | Drwy [P dH? < c’/ |Drg|P d3?,
NN 1,L

Lo

where C" = C'(N) > 0. Now we define vy (x) = wp((z1/(1 — h),z2/(1 —
h),x3) —e) for & € OB}, x (z—,z4). In view of the last estimate, we
get (3.5.15).

From the Lipschitz triangulation of I'y ;, generated by ¥ we obtain
the decomposition of (B?\ B?_,) x (2_, 24) into the cells
(3.5.20)

/
Pii = {I = (@, 23) €R*: (1= h) < [a/| < 1, (§|$3> € (Fiy +e>},

where D ; is of Hausdorff dimension (i 4+ 1). Fix an arbitrary 3-cell Do ;
from the above decomposition. Let F,; be the 2-cell of the Lipschitz
triangulation of 'y 1, generated by ¥ such that Dy ; = {z € R®: (1—h) <
|| < 1, (ﬁ,l‘g) € (Fyj +e)}. Let ®;:[0,h]> — Dsj be a bilipschitz
homeomorphism with an absolute bilipschitz constant (see (3.5.13)) such
that ®;((0,h)?x {0}) = {z € R%: [2/| = 1—h, (&, 23) € (Fo,j+e)} and
®;((0,h)? x {1}) = Fy j+e. Applying Lemma 3.3.9 with go and g; taking
the values of vy o (I’j‘(o,h)Qx{o} and g o <I>j](07h)2x£1}, respectively, and
changing the variables, we obtain a map ¢; € W"P(Dy ;, N) satisfying
the estimate

(3.5.21) / |Dyp;|P dx
)

»J

<C"h < / |Drop|P dH? + / |Drgl? de2>
®;((0,n)2x{0}) Fyjte

vemm [ prgpas
aFQ,]'—l-e

where C" > 0 is an absolute constant.

Let ¢, € L((Bf \ BY_,) X (2-,24),N) satisty onlp,; = ¢; €
WLP(D, ;,N) for each 3-cell Dy ; from the decomposition (3.5.20). In
view of our construction (see Lemma 3.3.9), we can ensure that the traces
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156 Chapter 3: Limiting behavior of p-harmonic maps in 3d

of the maps ¢; coincide on the mantles of the 3-cells Dy ;. Thus, we
deduce that ¢, € WHP((B#\ B2_,) x (2—,z+),N). Observe that (i) and
(ii) are satisfied, where (ii) comes from the fact that

DT trsn\Bz_,)x (23 (9n)I” AT

1
:/ rlpdr/ |DrglP d3!
1-h Six{z}

< 2h/ |Drgl? d3c!
Six{z}

/(Bf\Bﬁ_h)X{z}

for each z € {z_, 21} and (3.5.17). Furthermore, summing (3.5.21) over
j € {1,...,ko}, taking into account that each 1-cell of the Lipschitz
triangulation of T'y 1, generated by ¥ lies in the relative boundary of at
most two 2-cells from this triangulation, and also using (3.5.15) together
with (3.5.17) and (3.5.18), we deduce the following chain of estimates

/ B Dol da
(BI\B?_,)x(2-,24)

< C”h< / | Do, [P dH? + / |Drg|? d:H?)
0B? |, x(z—,24) Six(z—,24)

+ 2C"h? /E |Drg|P d3*
+e

<cn [ |prgp s
IR

where C”" = C"(N) > 0. This completes our proof of (iii) and hence of
Lemma 3.5.12. O

Corollary 3.5.13. Let
po € (1,2),p € [po,2),0 € (0,1/2] and g € W'P(Ts,.,, N),

where I's,, is defined in (3.2.20). Then there exists 7 = 7(pg, N) > 0
such that the following holds. Assume that

p 2-p
(3.5.22) / D79l 2 < TONTE
r D 2—p

Sr,r

Then there exist points z_ € (—r+06r/2, —r+0r), z4 € (r—dr,r—or/2)
and a mapping @5 € WHP((B2,\ E?r/z) X (z—,z4),N) such that the
following assertions hold.
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3.5. The singular set 157

(1) tropz «1(s) = glopz x1o V5 = trapz xi(ps) € W2(0B3, ), x
I,N), where I = (2, z4).

(11) For each z € {z—7z+}7 tr(B \Bé /Q)X{z}((p(s) ew! 7p((B6'r"\B67'/2)

{z},N) and
_ p
/ ) D7 b2 \B2, ,)x (=} (#6))] 2
(B2\BZ, ,)x {2} P

SAG/ ‘DTQ‘ dg_c?
r p

Sr,r

(iii) There exists a constant C' = C(N) > 0 such that

D p D
/ ’ T/U(;‘ dj{Q S C | Tg| dg_(?
OB2 |, x(z—,z4) p | AT p

6r/2
and

Dops|P D
/ ’ 905| dx S Cor | Tg‘ dj{Q
( \B(gr/g)x(z—’z+) p Fér,r p

Proof of Corollary 3.5.13. Define f(x) := g(érx) for each z € I'; ;5. Let
k = Kk(po,N) > 0 be the constant of Lemma 3.5.12. Fix 7 € (0,x/2].
Then, in view of (3.5.22), it holds

D 1/2)2p
/ DI g o T o m_(1/2)
T11y6

p _2—p_2(2—p) 2-p

This allows us to apply Lemma 3.5.12 with Ly = 1/6, h = 1/2 for
the map f € Wl’p(F171/5,N). Thus, we obtain points {_ € (—=1/§ +
1/2,-1/6+1), & € (1/6 —1,1/5 — 1/2) and maps w € W1’2(6B%/2
(E_,60),N), v e Whe(( B2\Bl/2) (€-,&4+),N) such that the assertions

(i)-(iii) of Lemma 3.5.12 hold for z_, z, vy, ¢p replaced by &_, &4, w, 1,

respectively. Scaling back to I's,,, namely, defining z_ = or{_, 24 =
orés, vs(+) = w(-/dr) and s(-) = (-/or), we complete our proof of
Corollary 3.5.13. O

Proposition 3.5.14. Let po € (1,2), p € [po,2), 6 € (0,1/2] and
g € WYP(0As,, N), where As,, and Usy, are defined in (3.2.20). Let
T = 7(po, N) > 0 be the constant of Corollary 3.5.13. Assume that

p 2—p
/ ’DT9’ deQ 7(67) '
Tspp P 2—p
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158 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Let u be a p-minimizer in As., with trons,  (u) = g. Then there exists
v € [SY,N] such that the following estimates hold

P 58 3—p p
/ Dul” 4 < 28”2(7)7“ +C(51_pr/ Drgl” g0
A r

or,r p —-D Sror p
D
(3.5.23) + CO6r </ |Drgl? A2
B2 x{-r} p
p 3—p
+ / [Drgl” dg{2> L Cln”?
By x{ry P 2-p
and
es (fy 52— Pyp3—p »
(3.5.24) (2 — 20) 2L~V ) _ Cor D19l 152
2 o p F(ST,T p

p
</ |Duf?
A p

or,r
where C = C(N) >0

Remark 3.5.15. The singular p-energies £;°(7y) and Szg/(p 1)(7) appear-

ing in (3.5.23) and (3.5.24), respectively, are not the same in general (see
Definition 3.2.7).

Before proving Proposition 3.5.14, let us consider the case where
r=1,v€CYS!,N)and g € W'P(9As1,N) is defined on the closure of
the lateral surface I's5; (see (3.2.20)) as g(o, z) = v(0/6) for each point
(0,2) € 0B2 x [—1,1] and on the ball B? x {z} with z € {-1,1}, as
the extension of the mapping g(-,2) € C1 (0B x {z},N) coming from
Lemma 3.2.18, so that g is of class C' on I's1 and its homotopy class
on I's; (see Remark 3.2.19) is given by [4] € [S!,N]. The upper bound
(3.5.23) for the p-energy on As; of a minimizer u € WhP(As 1, N) with
tron,,(u) = g comes from Lemma 3.2.20 (i), while the lower bound
(3.5.24) for the p-energy of u on As; is a consequence of the application
of the coarea formula and Proposition 3.3.3.

Proof of Proposition 3.5.14. By scaling, it is enough to prove Proposi-
tion 3.5.14 in the case when r = 1. So we assume that r = 1. In view of
the conditions of Proposition 3.5.14, we can apply Corollary 3.5.13 to g in
I's1. Let points z— € (—=146/2,—1+9), z¢ € (1 —6,1—5/2) and maps
Vs € W1’2(8B§/2 x (z—,24),N), ps € WhP((B? \B(s/z) X (z—,24),N)
be given by Corollary 3.5.13 applied to our g € Wlp(f‘(;’l,fN). Ac-
cording to Remark 3.2.19, vs has a well-defined “homotopy class” on
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3.5. The singular set 159

8B§/2 x (z_,zy). Thus, there exists v € [S',N] such that for H'-a.e.
z € (2-, 24), [v5\33§/2x{2}] = [v]. This defines our 7. Hereinafter in this

proof, C' will denote a positive constant that can depend only on N and
can be different from line to line.

Step 1. We prove the upper bound (3.5.23). For convenience, in order to
construct a competitor for u, we define the following subdomains of A ;:

Ay = Bj x (-1,z_), Ay = Bg/2 X (2=, 24),
Es .= (B? \Eg/Q) X (2=, 24), A} = Bf x (23,1).

Let us construct a competitor w for u, namely w € WHP(As1, N) with
trons, (w) = g. We define w in A§ by using Lemma 3.2.20 (i), namely we
obtain a map w|Ag € WIP(AY%, N) such that

P — 58 2-p
AP (2 —p)22P

— 5 )P D P
+C<(Z+ p_zl) +5>/ | D1 vs| d72
26 2 8B§/2X(Z7,Z+) p

< 262°00) C/ D19 42,
Ls1

- 2—p orl P

where we have also used that (z4 —2_) <2, € (0,1/2], p € (1,2) and
Corollary 3.5.13 (iii). Next, we define the mapping g™ : 8/\3‘ — N by

g(x) if x ¢ aA;' NOAs1,
gt (z) = tr(Bg\Eg/Q)x{er}(‘Pé)(x) if =€ (B} \§§/2) x {z4},
tr§§/2x{z+}(w)(ﬂs) it x € §§/2 x {z4}.

By Lemma 3.2.20 (ii), 9+’B§/2><{z+} € I/Vl’p(Bg/2 x{z4+},N). On the other
Emd, according to Corollary 3.5.13 (ii), 9+’(B§\§§/2)x{z+} e Whr((BE\
B§/2) x {z4+},N). Thus, taking into account that the traces of g and

¢s coincide on dB? x {z4}, and the traces of ¢s and w coincide on
GB(? /2 X {2, }, we conclude that g* € WP (GAg, N). In particular, using
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160 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Lemma 3.2.20 (ii), we obtain

D +|p
(3.5.26) / D™ 12
ONF p

P g 2—p
I's1 p Bix{1} P (2 —p)2z-p

— p—1
+C<<Z+ Z—) L0 )/ IDTgP g2
0 24— 2=/ Jrs, D

D D+glP 52 p
< C_l / ’ Tg| dg_CZ / ‘ Tg‘ dj{? C ,
o=t Jpo, P B2x{1} P 2-p

where the last estimate comes since (z —2_) <2, € (0,1/2], p € (1,2)
and #[S',N] < +oo (hence €(y) < C). Notice that A} is bilipschitz
homeomorphic to B3, namely, there exists a bilipschitz mapping & :
K; — Eg with an absolute bilipschitz constant. We define

Wy (2) = g (@1 (W””))) for z € AF\ {271(0)}.

@ ()]
Then, using (3.5.26), we obtain
(3.5.27)
DuwlP D—aqt|P
/‘w‘d<05 CearMapt
Ay P OAY p
D DrglP 5P
505“/ P9l 3¢ 1 o P19l g2 907
s, P BZx{1} P 2_]’3

We carry out a similar construction on the set Ay and obtain a map
w| Ay € WLP(A5,N) satisfying the same type of energy control as in

(3.5.27). In Ej, we define w|g, = ¢5. By Corollary 3.5.13 (iii),

Duwl? D
(3.5.28) / Dl < o5 [ 1Pl
Es p s p

dH?.

Altogether, we have constructed the map w € WHP(As 1, N) with tron;s, (w)
= g (we refer to Corollary 3.5.13 i). Since u is a p-minimizer in As; with
troas, (u) = g and, in view of (3.5.25), (3.5.27), (3.5.28), the facts that
5 €(0,1/2] and p € (1,2), we have

DulP Dw|P 2878 D~gl?
/ | Dul dwé/ [Dul (o 28700 Czl/ D19 152
Aoy P Ay P 2-=p O,

p 3—p
B2x{-1} p ng{1} p 3 -p

160




3.5. The singular set 161

which yields (3.5.23).

Step 2. We prove the lower bound (3.5.24). For each (g,0,2) € [0,0) x
S! x (2_, 24), define the map v : BZ x (2_, 24) by

(oo, 2) = {u(QQJ, z) if 0€00,0/2) and z € (z—, z4),
; 0s((30/2 — p)o,z) if pe€[6/2,0) and z € (2—, z4).

Then ¢ € WHP(BZ x (z—,z4),N) and trang(Z_’er)(@D) = vs(-/2,-) €
W12(0B2 x (z—, z+),N). By the definition of ¢ and Corollary 3.5.13 (iii),

(3.5.29)
Du|P Dul? Dos|P
[ LI ru|d+/|md
BZx(z—,zy) p B2x(z—,z4) p Es p

DulP D
Bg X (27 ,Z+) p F6,1 p

Using the coarea formula and that

trang(z,,z+)(¢) =v5(-/2,-) € WH3(0B2 x (2_, 24),N),

we observe that trapz, (.1(¢) = Ylgp2x(zy € W12(0B2 x {z},N) and
[T/”ang{z}] = [4] for H'-a.e. 2 € (2_,2,). Then, applying Proposi-
tion 3.3.3, for H!-a.e. z € (2_, 24 ), we obtain

sg 2—
/ DYP 02y s DTl gt < Epio- "
Bix{z} P oB2x{z} P - 2-p

Integrating both sides of the above inequality over (z_, z1) with respect
to dz, we get

P
(3.5.30) / [DYF
BZx(z—,zy) p
> (7 —2-)€ 0, (NP 5 / [Dvs? g2
N 2—p 2r—1 835/2 (z=,24) p
sg 9
> (2 25) 2l ”( T s [Pl e

2 - rs, P

where we have also used Corollary 3.5.13 (iii). Combining (3.5.29) and
(3.5.30), we obtain (3.5.24). This completes our proof of Prop. 3.5.14. [
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162 Chapter 3: Limiting behavior of p-harmonic maps in 3d

3.5.3 The limit measure has the density with a finite set of
values

Recall that s, is the positive Radon measure on €2 defined at the beginning
of Section 3.5 and its support (i.e., supp(u.)) is the set S,.. We prove the
following

Proposition 3.5.16. For H'-a.e. x € S, N, we have O1(ps, ) €
{€(7) 1 v € [ST,N]} \ {0}

Proof. According to Proposition 3.5.8 and [4, Theorem 2.83 (i)], .«
admits an approximate tangent space with multiplicity ©1(xq) for H'-a.e.
zo € S, N Namely, for Hl-a.e. 29 € S, NQ (or, equivalently, for ji.-a.e.
zo € ), there exists a unique approximate tangent plane 7,5, € G(3,1)
to Sy at g and

(3.5.31) figgr = ;;O’r,u* L Q> po = O1(20)H! L Ty, Sk

weakly* in (Co(R?)) as r \, 0,
where T%0"(x) :== (x — xg)/r. Up to rotation and translation, to lighten
the notation, we shall assume that xg = 0 and 75,5« = {(0,0)} x R.

Recall that (pn)nen C [1,2), pn 2 as n — +oo and for each n € N
large enough,

Duy [P C
(3.5.32) /“”’dx < 0
Q Pn 2— Pn

where Cp > 0 is a constant independent of n (see (3.5.1)).

Let § € (0,1/2) be fairly small, which we shall carefully choose later
for the proof to work. Let 7 > 0 be the constant of Corollary 3.5.13, where
po = 3/2. Let n > 0 be the constant of Lemma 3.3.12, where k = 1/2,
po = 3/2 and ¥ is a bilipschitz homeomorphism between a ball and a cube
with an absolute bilipschitz constant (see, for instance, [33, Corollary 3]).
We fix some € € (0, min{7n, 7}). Next, since ﬂg((§§5/2\B§/2) x[—2,2]) =0,
in view of the weak™ convergence (see (3.5.31)), there exists ro = r9(e,d) €
(0, min{1, dist(zo, 92)/4}) such that

_ 5
(3.5.33)  puu((Blsy o \ B, o) x [-21,21]) < % for each 7 € (0, rq).

Taking into account (3.5.2) and (3.5.3), the estimate (3.5.33), together
with the Fatou lemma, implies that for a fixed r € (0, ro],

3or/2 | Dy, [P eor
5.34 do liminf(2 — p, nLAH? < —.
@530 [, delimpeopy [ R <G

e,r
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3.5. The singular set 163

Due to (3.5.34), there exist o € (3dr/4,56r/4) and ng = no(d,r,e) €
N such that, up to a subsequence (not relabeled), for each n > ny,
trr,, (un) = tnlr,, € WP (L, N) (see (3.2.20)) and

Du,, |Pn 2=Pn
(3.5.35) / Dunl™ jy0 2670
T DPn 2— Pn

o,r

where we have used that p>P» — 1 as n — +o0o. To simplify the
notation, without loss of generality, we assume that ¢ = Jdr. Notice
that Asy.5,/4 C Bi))@r’ where v/2r < dg = dist(zg,99)/2 (since it holds
r < 19 < do/2). Thus, using the monotonicity of the p-energy (see
Lemma 3.5.3) and (3.5.32), for each n € N large enough, we get

3_pn
Pn Pn
/ [Dunf (V2 / D™
Aér,57‘/4 pn do B pn

3
dg

(2)"

do 2_pn'

Using again the Fatou lemma, it holds

57“/4 D Pn D)
/ dz liminf(2 —pn)/ [Dun| dH? < M.
—5r/4 Moo B2 x{z} Pn do

This implies that there exist 2z € (=5r/4, —3r/4) and 2 € (3r/4,5r/4)
such that, up to a subsequence (still denoted by the same index), for
each z € {2/, 2 } we have the following tngrx{z}(Un) = un’B(%rx{z} €
WP (B2 x {z},N) and for each n € N large enough,

D n Pn

(3.5.36) / Dunf” gy o A

B2 x{z} Pn 2 —pn
where C7; = C1(Cy,dp) > 0. Without loss of generality, to lighten the
notation, we shall assume that 2 = —r and 2% = r. Thus, trga,, , (un) =
Un|on,,., € WHPr(0Asy,, N). From (3.5.35) and (3.5.36) we obtain

D tr Uy ) [P 2—pn
(3.5.37) / AR C ] S I (0

Fér,r p’I’L 2 - pTL
and
[ D7 trpz oy (un) [P C
(3.5.38) / Bs, x 1z} a9 < L
B2 x{z} Pn 2—pn
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164 Chapter 3: Limiting behavior of p-harmonic maps in 3d

for each z € {—r,r} and n € N large enough. Thus, for each sufficiently
large n € N, u,, fulfills the conditions of Proposition 3.5.14 (recall that
0 < e < 7). Using Proposition 3.5.14 and (3.5.37), we obtain v, € [S*,N]
such that the following holds. Firstly,

D, |Pn
(3.5.39) / Dunl™
A

or,r pTL
- 2808 (Y )r37Pn n Ced3=2Pnyp3—pn n Cor n C(r)3pn
- 2—pn 2—pn 2—pn 2—pn

for each sufficiently large n € N, where C' = C'(C1,N) > 0. Secondly,
(3.5.40)

( ) Pn

e ()62 Pry3=Pn / 3—pn Pn
n) C'e(6r) - / [Dun P
2 - pn 2 - p?’L A(S'r,'r

for each sufficiently large n € N, where C' = C'(N) > 0.

Now, applying Lemma 3.5.2, due to (3.5.33), we can cover the compact
set OB2. x [—r,r] by a finite number of small cubes (which are bilipschitz
homeomorphic to balls) being subsets of Q2 \ S, and obtain that the set

Esr = (E%OMT/lOO \ ngar/loo) X [=r —0r/100, 7 + ér/100]

is a subset of 2\ S.. Denote by E(?T the interior of Es,. Then, by
Proposition 3.5.6, u,, — u, weakly in Wl’p(Eg’r, RY) for all p € (1,2).
Furthermore, there exists a finite set {z1,...,2;} C Egr such that u, €
C>®(E9 \{z1,...,2},N). By the weak convergence and the Sobolev
embedding, without loss of generality, uy, | B2 x{z} converges uniformly
to u*]aB§ w(z} € C(0B2. x {z},N) for each z € {—r,r}.

We claim that for each n € N large enough, [y,] = [U*|E)B§Tx{—r}] =
[ux |aB§ x{r}]- Indeed, a close inspection of the proofs of Lemma 3.5.12 and
Corollary 3.5.13 shows that the mapping vs,, € W2 ((‘9B§T/2 x (2, 21),N),
coming from Corollary 3.5.13, has a well-defined homotopy class on the sur-
face aBgr/Q x (2",27%) and for each z € {2, 27}, [vsn 6B§T,/2x{z}] = [yl
where 2" € (—r +6r/2, —r + 0r) and 2} € (r — ér,r — ér/2) (the reader
may consult the arguments given immediately above the estimate (3.5.19),
take into account Remark 3.2.19, and observe that the trace on S' x {L} of
the map wy, € WLQ(FLL, N) constructed in the proof of Proposition 3.5.14
admits a continuous representative). We can actually extend s, on
(B} \B2% ) x(—r,r) and vs,, on 8B§r/2 X (—r,r), where @5, comes from

or/2
Corollary 3.5.13, so that these extensions have the following properties:

Ps,n € Wl’p((Bgr \§§T/2) X (_Ta ’I”),N), Us,n € WLQ(BB(SQT/Q X (—T,T),N),
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3.5. The singular set 165

trop? /2><(7r,r)((7057n) = V5, (the proof consists in constructing the map on

the union of surfaces (8B§r/2 X (=r,2")) U (E?Bgr/2 X (2,7)) by similar
way as was constructed vs, on dBj, /2 X (27,21 ), namely, by choosing
appropriate triangulations on the sets B2, x (—r,z"), OB x (27,r)
and projecting them onto 8B§T/2 X (—r,2"), aBgr/z x (2,r), respec-
tively, and then proceed as in the construction of the maps vs,, ¢s5n; the
traces of the obtained extensions of ¢s, and vs, will coincide with the
traces of @5, and v, on OB2, x {z"}, 0B2. x {2} and 8B§r/2 x {2},
GB(?T /2 X {z} }, respectively, and hence we obtain a WP extension of ©sn
on (Bgr\ﬁ(%rﬂ) x (—r,7) and a W12 extension of vs ,, on aBgr/z X (—=r,1)).
Since for each z € {—r,r}, traBgr/2X{Z} (v5.) is homotopic to un|aB§TX{Z},
we deduce that for each n € N large enough, [y,] = [“*|BB§TX{Z}]' This
proves our claim.

Thus, there exists v € [S', N] such that for each n € N large enough,
[vn] = [7]. Next, multiplying both sides of (3.5.39) and (3.5.40) by
(2 — pp) and then passing to the limit when n tend to +o00, we obtain

(3.5.41) 7(2 —20)EE () — C'edr < pu(Ngrp) < 2rEE8(y) + % +2C6r,

where we have used Lemma 3.2.8. Now we choose § = £!/2 and hence
0 N\, 0 as € \, 0. Dividing both sides of (3.5.41) by r and letting r \, 0
and then £ \, 0, we obtain

285 (7) < ©1(z0)H' ({(0,0)} x [~1,1]) < 2E8(v).

This implies that ©1(zg) = €5(y). Since zyp € S. N Q, by Proposi-
tion 3.5.5, ©1(xo) > 0 and hence €5%(y) > 0. This completes our proof
of Proposition 3.5.16. O

According to Lemma 3.2.8 and Proposition 3.5.16, the density of the
one-dimensional varifold V, coming from Proposition 3.5.8, which was
naturally associated with . L, is bounded from below ||Vi|-a.e. in
(i.e., ps-a.e. in Q or, equivalently, H'-a.e. in S, N ) and has a finite set
of values. Thus, due to Allard and Almgren’s theorem |3, Theorem, p.
89], we obtain the following structure for S, N Q.

Proposition 3.5.17. Any compact set K C Q such that S, N K # ()
has an open neighborhood U € Q) with a Lipschitz boundary and o finite
number of connected components such that S, NU is a union of a finite
number of closed straight line segments, each of which has a positive
length, and the interiors of these segments (i.e., the segments without
their endpoints) are pairwise disjoint. If K is connected, then U is
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166 Chapter 3: Limiting behavior of p-harmonic maps in 3d

connected; otherwise, U may have several connected components, but their
closures are pairwise disjoint. Furthermore, S, N AU is a finite set of
points such that for each point x € S, N OU there is exactly one segment
lying in Sy NU and emanating from .

Proof. If m1(N) = {0}, then by Proposition 3.5.16 and Proposition 3.5.5,
it holds S, N Q = 0 and the proof is trivial.

Assume that 71 (N) # {0}. According to the definition of the varifold
V. (see Proposition 3.5.8), the weight of V, (or, also the projection of
Vi on ), defined by ||[Vi[|(E) = Vi(E x G(3,1)) for each E € B(9), is
equal to . L Q = 013 L (S, N Q). Then, by Proposition 3.5.5, there
exists ¢ = ¢(N) > 0 such that for each x € S, N €,

— im NVENB(@)
(3.5.42) O1(||Vill, x) == T1_1>r61+ 5
3

> c.
r—0+ 2r (x) = ¢

In view of Proposition 3.5.8 and (3.5.42), we can apply [3, Theorem, p.
89| and obtain that there exists a countable family P of bounded open
intervals (i.e., segments without endpoints) contained in S, N2 such that
Vi = > A{01()|I]| : I € P}, where ©1(]) is the unique member of the
range of ©1 restricted to the interval I and |I] € (Cp(G3(Q2)))’ is a finite
positive Radon measure defined by |I| = Sege(dT) ® H! L I(dx), where e
is the unit direction vector of I. Taking into account Lemma 3.2.8 and
Proposition 3.5.16, we have that {©1(I): I € P} C {&F(v) : v € [SY,N]}
is a finite set of values. Furthermore, the proof of [3, Theorem, p. 89|
says that for each x € S, N, there exists a radius r > 0 such that
S, N QN B(x) is a finite union of radii of B3(z), that is, closed straight
line segments joining  with a point on B3 (x). Let K C  be compact
and satisfy K N S, # (. Then there exists a finite collection of open

balls By, (1), ..., B3, (x;) whose closures are contained in €2, centered

at S, and the following holds: K NS, C U\_; BE (z:); S« N B3, (x;) is
a finite union of radii of B3, (2;) for each i € {1,...,1} (at least two
radii are contained in each of these covering balls, because otherwise we
would obtain a contradiction with the stationarity of V). Now fix an
arbitrary ¢ € {1,...,1}. If for some j € {1,...,l}, j # i a radius L; of
Efj (xj)ii.e., a closed segment joining x; with a point on 8B§j (x;)) lying
in S, N ij (x;) intersects Bi’i (x;), then, by construction of our covering,
there exists a radius L; of By (x;) and a straight line containing both L;
and L; (the union of these radii is a straight line segment). Covering the
rest of K with a finite number of chains of sufficiently small balls, one can
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3.5. The singular set 167

appropriately choose a neighborhood U of K satisfying the conditions
of Proposition 3.5.17 by passing from ball to ball in each chain from the
resulting cover and successively constructing OU. This completes our
proof of Proposition 3.5.17. O

As a byproduct of the proof of Proposition 3.5.16, taking into account
Proposition 3.5.17, we obtain the following

Corollary 3.5.18. Let L C S, be a closed straight line segment. Let
x be a point lying in the relative interior of L and D C €2 be a closed
2-disk (which is an embedded submanifold of R?) with center  such that
DNS, ={x} and 9D N Sy = B, where Sp is at most a countable and
locally finite subset of Q\S, coming from Proposition 3.4.2 (iii), which
applies to u, in Q\S, (see Proposition 3.5.6). Then the homotopy class
of uy|sp is nontrivial and for each point y in the relative interior of L,

O1(px, y) = €5 (uslap)-

Proof of Corollary 3.5.18. Fix an arbitrary point y lying in the relative
interior of L. According to Proposition 3.5.6 and Proposition 3.5.17,
we can find an open set U € €2 such that z,y € U, D C U and u, €
I/Vli’f(U\L, N)NC*(U\(LUSp),N). Since Sy is locally finite, there exists
a closed 2-disk Dy C U such that D, NS, = {y}, 9Dy,N Sy = 0 and u.|ap
is continuously homotopic to u.lap,. Then EF(uslap) = EF(uslap,)-
On the other hand, as a byproduct of the proof of Proposition 3.5.16,
O1(y) = €% (ux|op), which completes our proof of Corollary 3.5.18. [

The stationarity of Vi and Proposition 3.5.17 yield the following
observation.

Corollary 3.5.19. Let zg € S, N Q. Then, according to Proposi-
tion 3.5.17, there exists a radius 7 > 0 such that BZ(xg) C Q and
S, N B3 (x0) = Ui:l L;, where [ € N\ {0} and L; is a closed straight line
segment emanating from zg. Let v; € S? be the direction vector of L;
pointing outward from xg. Then the stationarity of V, yields that the
weighted sum of the v;’s is zero, namely

(3.5.43) > A =0,

where \; = &% (ux|op,) > 0 with D; being a closed 2-disk (which is an
embedded submanifold of R3) centered inside L; and lying in B3(xo)
on the 2-plane orthogonal to L; such that D; N S, is the singleton,
OD; N Sy = (), where Sy is at most a countable and locally finite subset
of Q\S, coming from Proposition 3.4.2 (iii), which applies to u, in Q\S,
(see Proposition 3.5.6).
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168 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Proof of Corollary 3.5.19. Fix an arbitrary x € C}(B3(z0),R?). Since
the first variation of Vi vanishes, where Vi(dT, dz) = 04,(2)(dT) ®
O1(z)H L (S, N Q)(dz) with A,(z) being the orthogonal projection
matrix onto the approximate tangent plane 7,5, to Sy at x, we have
(3.5.44)

0= /Q Au(x) : Dx(@) dp(z) = L oy ) DY) 0 ),

Next, using that S, N B3 (xg) = U,li:1 L;, i L B3(xg) = 22:1 NHIL L,
and A.|r, = v; ® v;, in view of (3.5.44), we get

l
0= Z)\i /L v; @ v; : Dy(x) dH (z)
i=1 i

! HY (L) ¢
(3.5.45) = Z Y / E<X($O + tv;), v;) dt
i=1 70

l

== > {x(x0), Aivi).

i=1

Since x € CL(B2(x¢),R?) was arbitrarily chosen, (3.5.45) yields (3.5.43),
which completes our proof of Corollary 3.5.19. O

Remark 3.5.20. We obtain several direct consequences of Corollary 3.5.19.

(i) For each zp € S, N, at least two segments emanate from z,
because otherwise xg would be an endpoint for some segment lying
in S, N, but this would contradict (3.5.43).

(ii) If locally around xg the set S, N2 is a union of exactly two segments
emanating from xq, then the angle between them is 7, since a smaller
angle would contradict (3.5.43).

(iii) If exactly three segments emanate from g, then their direction
vectors lie in the same two-dimensional plane.

(iv) If exactly four segments emanate from xg, then Ajvi + Aqvo +
A3v3 + Mg = 0, which yields a system of equations. Firstly,
[A1v1 + A2va|? = |A3v3 + Agv4]? and hence

A A2 20 Mo (vr, 1) = A2 4+ A2 4 20304 (v3, vg).
Secondly, for each j € {1,...,4},
4
Aj+ Z /\i<vi7"Uj> =0,
i=1,i#j
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3.5. The singular set 169
since |v;| = 1. Thirdly, for each j € {1,...,4},

4
Ml =1 > Al

i=1,i#j
and hence
4
M= 3T a2 > i\ (Vi V).
i=1,1#£j i, ke({1,...4N\{7Hn{i<k}

If A1 = A2 = A3 = A4 in (3.5.43), then, up to relabeling, vy + vy =
—wv3 — 14, and there exists a double cone with apex 0 such that vy,
vo lie on the upper nappe and w3, vy lie on the lower nappe of the
cone, respectively. Furthermore, the angle between vy and vy is the
same as between vg and vy, which is twice the angle of the double
cone.

Moreover, in [22, Proposition 2| it was proved that in the case when
71 (N) =~ Z/2Z (for instance, N = SO(n) or N = RP"~! forn € N, n > 3),
then only an even number of segments can emanate from z € S, N2 We
prove that in the case when 71 (N) = Z/2Z, there cannot be branching
points inside 2 (see Corollary 3.6.8).

3.5.4 Interior estimates and VVI})g(Q) compactness for
p-minimizers when g < 2

We prove that the g-energy of p,-minimizers with (p,)nen C [1,2) and
pn /2 as n — +oo is locally bounded inside 2 for each ¢ € [1,2) under
the condition (3.5.1).

For the reader’s convenience, let us recall the construction of dyadic
cubes in R? (see, for instance, [7]).

Definition 3.5.21. Let [0,1)? be the reference cube, j € Z and z € Z3.
Then define the dyadic cube of generation j with lower left corner 277
by

Qjr=27(x+10,1)%) ={y e R®: 27y —x € [0,1)%},
the set of generation j dyadic cubes by Z; = {Qj. : ¢ € Z3} and the set
of all dyadic cubes by

9 = U@j:{Qm:jeZ and z € Z3}.
jez

For each k € N\ {0}, we also define the enlarged cubes

. k—1 k+1\3
- = 3 J — — e, T—————
kQjz {yER.Qy 1‘6[ 5 5 )}
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170 Chapter 3: Limiting behavior of p-harmonic maps in 3d

According to [7, Theorem 2.2.3 (ii)], for each j € Z and z € Z3, there
exists a unique y € Z3 such that Q;, C Qj_1,4. The cube Q;_1,, will be
called the parent of Q; .. For each j € Z and y € Z3, the cubes Qjtiz
for which @Q);, is the parent are called the children of @Q)j,.

The distance from U C R? to V C R3 is given by

dist(U, V) :==inf{|lz —y|:x € U, y € V}.

Proposition 3.5.22. Let V C R? be a bounded open set. Let Cy,Cy be
positive constants, p € (1,2] and f € LP(V). Assume that for each dyadic
cube Qj .z, such that 2Q; ., CV and

(3.5.46) Ch / |fIP da: < 2776=P)
2Qj,:to
it holds
(3.5.47) / |fIP da < Cy27767P),
Qj,zo

Then for each q € [1,p), f € LY(V) and

(3.5.48) /V (dist(z, V)| f(x)])? da

q

4 4 401025 .
<10*Cf V] + 10 M/(dlst(m,av)lf(w)l)”dw-
- 14

Proof. According to the Whitney covering theorem for dyadic cubes,
namely |7, Theorem 2.3.1|, there exists a collection of mutually disjoint
dyadic cubes F = {Q; }ier, where I is countable, such that

(3.5.49) % dist(Qy, OV) < diam(Qy) < 1710 dist(Qy, V)
and
(3.5.50) V=[]

i€l

Since V' is bounded, there exists (the minimal) jo € Z such that for some
z0 € Z3, Qjy.my € F and for each x € Z% and j € (—o0,j0) NZ, Qjz € F.
For each j € [jo, +00)NZ, define F; := Z;NTF. Since V is bounded, J is
finite. Notice also that for each @ € F, 3Q) C V (this comes from (3.5.49),
see |7, Proposition 2.3.3 (i)]). We say that a dyadic cube Q € J; is good
if (3.5.46) holds with Q; », replaced by @, and it is bad otherwise. Let us
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3.5. The singular set 171

now define the collection of all good cubes of F; by F; ¢ and their union by
Gjo. For each bad cube @ € J;, we consider the children of ). Similarly,
we say that a child Q" of @ is good if (3.5.46) holds with @Q; ., replaced by
@', and it is bad otherwise. We define the collection of all good children
of bad cubes of F; by F; 1 and their union by G; ;. Next, we select good
children of bad children of bad cubes in F; and denote this collection
by F;2 and their union by Gj2. Denote the number of bad cubes in
JF; by Njo. The number of bad children of bad cubes of F; denote by
Nj1 and the number of bad children of bad children of bad cubes of JF;
denote by N;2. Repeating this procedure, we obtain sequences (5 )nen;
(Gjn)nen and (Njn)nen. Define G == {J,,cn Gjn. We claim that Gj
has full measure in UQefﬂ- Q. Indeed, by |7, Theorem 2.2.3|, for each
y € R3, there exists a sequence of dyadic cubes (Qk,y, )ken such that
{y} = Nien @iy 1y € Uges, Q \ Gy, then, by construction, for each
k € N large enough, 2Qy,,, C Bg_kﬂ(y) C V and

Cl/ |fIP da > 2*1’6(3*70)7
B

3
o—k+1 (y)

which implies that

liminf ——— / |f\p dx = 4o0.
k=00 |B2 k+1| i (

Thus, in view of the Lebesgue differentiation theorem (see [29, Theo-
rem 1.32]) and the fact that f € LP(V), |Uges, @\ G;| = 0. This proves
our claim. On the other hand, observe that for each n € N,

(3.5.51) #Fjne1 < 2°Nj,

and, in view of (3.5.46),

(3.5.52) N, < 3%20+mE- Pcl/ |fIP da,
J

where we have also used that if Q) € &;, then there exists exactly 3B -1
other dyadic cubes Q" € Z; such that 2Q N2Q" # 0, and that G; has full
measure in UQeffj Q. Combining (3.5.51) with (3.5.52), for each n € N,
we get,

(3.5.53) BT i < g320+n)(3—p C1/ |f|P da.

J

It is also worth noting that
(3.5.54) #F,0 < 2%|Gy).

171



172 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Applying Hélder’s inequality and (3.5.47), for each Q € J; ,,, we obtain

i < o' ( / rf|pda:)

< o3 (1=2) o= ($-0) < po-GmG-a)

[\

Using this, (3.5.53) and (3.5.54), we deduce that

A |f‘1dx=+f/_ 1 da
-y /\f|qda:+2 3 /f\qdw

QeTj0 n= OQE?; n+1

a a
< #F;0C2 9—i(3—a) 4 Z #5107 9—(j+n+1)(3—q)
n=0
a4 g I )
C329|Gy| + 33200103 3 27 U= / IfIP da
n=0 J

q
C,C2 / _
— 12 o= f|P d,
In2)(r —q) Jg, d

where, in the last estimate, we have used that 277 — 1 > In(2)(p — q).
Hence

a . .
< CF21G4| + 339Jq+p

q
(3.5.55) / 299 {10 d < CF |G| + 3321’0105/ 2P| fIP da.
e - In(2)(p — q)

J

Since 1 < ¢ < p <2, from (3.5.49), (3.5.55) and the fact that G; has full
measure in UQE% (), we obtain

/ (dist(z, OV)| f(z)|)? dx

Gj

< 101651+ 100 L | (aise(a,00) 7)) do

J

Summing both sides of the above inequality over j € [jo, +00) N Z and
taking into account that U+°° G has full measure in V' (this comes from
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3.5. The singular set 173

(3.5.50) and the fact that G; has full measure in UQe’fj Q), yields
| ist(a. oVl da
\%

q
i Nele R
<10°CH V| + 10" ———= [ (dist(z,0V)|f(x)|)? dx.
p—qJv
This completes our proof of Proposition 3.5.22. O

As a consequence of Proposition 3.5.22, we obtain an improvement of
Proposition 3.5.6.

Proposition 3.5.23. Let (un)nen be a sequence of p,-minimizers in Q.
Then the following assertions hold.

(i) There exists C' = C(diam(2),N) > 0 such that for each q € [1,2),
lim sup / (dist(x, 99) [ Dy ()] d
Q

n—+oo
C D pn
< C|9+ 5 limsup(2 — p, / [P

—q n—+oo

(1i) Let (un)nen satisfy (3.5.1) and let ux be given by Proposition 3.5.6.
Then for each q € [1,2), ux € W, ’q(Q N) and, up to a subsequence

loc

(not relabeled), w, — wu, in WO’CQ(Q, RY) and

(3.5.56) /Q (dist(z, 0)| Dus (2)))? da

| Dty |Pm

Pn

< C|9+ ¢ limsup(Q—pn)/
2 - 0

n—-+o0o

dx,

where C' = C(diam(€2),N) > 0.

Proof. Let n,C > 0 be the constants of Lemma 3.3.12, where k = 1/2,
po = 3/2 and ¥ comes from [33, Corollary 3|. Observe that if @ is a
dyadic cube with barycenter xg and sidelength r > 0, then, denoting
its interior by Q°, we have Q° = \IJ(BE/Z) + 20, 2Q° = VU(B2) + z¢ and
the bilipschitz constant of the map ¥ + x¢ is the bilipschitz constant of
U. Thus, applying Proposition 3.5.22 with V' = Q, p = p,, f = |Du,],
Cy=0C,C = 2_77”" and taking into account that dist(-,0Q) < diam(2)
everywhere in , for each ¢ € [1,2) we get

lim sup / (dist(x, 99) | D ()] da
Q

n—-+00

! D npn
<C'Q) + 20 lim sup(2 pn)/ &dx,
Q

—q n—+oo
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174 Chapter 3: Limiting behavior of p-harmonic maps in 3d

where C" = C'(diam(£2),N) > 0. This yields (i).

Now we prove (ii). Let ¢ € [1,2) and F = {Q;}icr be a Whitney
covering of Q\ S, by dyadic cubes such that Q\Ss = (J;c; Qi and 2Q; C
Q\S, for each i € I (see, for example, |7, Theorem 2.3.1]). Notice that
I is countable. Using the fact that |Si| = 0 (see Proposition 3.5.8), the
weak convergence (see Proposition 3.4.2 (i)), together with the convexity,
and also using Fatou’s lemma, up to a subsequence (not relabeled), one

has
/(dlst(x 09| D ()1 da: = Z/ (dist (z, 99) | D ()] ) dae
f el
< Y liminf dlst(az, o) Duy,(z)|)? dz
n—~+00
il
- q
< légfgz:/ (dist(z, )| Duy (x)|)? dx

el

— liminf / (dist (z, 99) | Dun ()]} dz.
Q

n—-4o00

This, in view of (i) and (3.5.1), implies (3.5.56) and the fact that u, €
VVIO’CQ(Q N) for all ¢ € [1,2). Next, let qo € (¢,2) and U € Q be an
open set. Fix a sequence (K, )nen of compact sets such that K, € U\S,,
K, C Kny1 and [J,en Kn = U\ S.. Applying Holder’s inequality
and using the fact that |Du,, — Du,|% < 29~Y(|Du,|% + |Du,|%) (by

convexity), for each n € N large enough we obtain

/ | Duy, — Duy|? dx
U

a4

q0
WA K 827 ([ (1Dunl + D) da
U\Kp
q

1--2 bn
+ | Ky|  Pn | Duy, — Dus|Pr dx .
Kn

By carefully choosing K, and letting n tend to +oo, in view of Proposi-
tion 3.4.2 (ii), up to a subsequence (not relabeled), we can ensure that the
last two terms tend to 0 as n — +o0, and hence u, — u, in W4(U,RY)
as n — +o00. Using a diagonal argument, we deduce (ii), which completes
our proof of Proposition 3.5.23. O

3.6 Interior minimality of the singular set

In this section, we prove some properties of local minimality inside §2 of
the positive Radon measure p, € (C(2)) and its support Sy, defined at
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3.6. Interior minimality of the singular set 175

the beginning of Section 5.
First, we define the notion of an admissible chain for a bounded
Lipschitz domain U C R? and a boundary datum g € W'/22(dU, N).

Definition 3.6.1. Given a bounded Lipschitz domain U C R? and a
map g € W1/22(9U,N), we say that a closed set S C U is an admissible
chain for U and g if the following properties are satisfied.

P.1 S is the union of a finite number of closed straight line segments, each
of which has a positive length, and the interiors of these segments
(i.e., the segments without their endpoints) are pairwise disjoint.

P.2 SN OU is a finite set of points.

P.3 S has no endpoints in U, namely, if L C S is a segment having an
endpoint z € U, then there exists another segment L' C S emanating
from zx.

P.4 There exists a map u € W22(U \ S, N) such that tray(u) = g.

loc

The set of all admissible chains for U and g will be denoted by € (U, g).
Remark 3.6.2. Assume that there exists u € W22(U \ S, N) satisfying

loc
(4). Then there exists v € T/VI})CQ(U \S,N)NC(U \ (SUS,),N) such that
trgu(v) = g, where S, is at most a countable and locally finite subset of
U\ S (see [53, Theorem II}). Let L be a segment in the chain S and x1, z9
be interior points of L such that x1 # z5. Since v € VVli’CQ(U\ S, N), using
the coarea formula, we can find a sufficiently small radius r > 0 such
that the following holds. There exists v € [S', N] such that for H'-a.e.
x € [z1, 2], letting D to be the circle with center z and radius r lying
in the 2-plane orthogonal to L, we have trop(v) = v|sp € WH2(0D,N),
v|op is homotopic to v and € (v|gp) = €5F(y). On the other hand, since
veCUN\(SUS,),N) and S, is locally finite, we can choose x; and
22 to be arbitrarily close to the endpoints of L and repeat the previous
procedure for a smaller radius ¢ € (0,7), but without changing v € [S!, N].
Thus, we can define the mass of S with respect to the extension v of g as
the sum 2221 NHY(L;), where Uézl L; = S is the union of the segments
lying in S and \; = &5¥(7;), where v; € [S!,N] is defined for each L;
with respect to v. Denote this mass by M(v, g, S). It is worth noting that
for different extensions u; € VV;CQ(U \SSN)NCU \ (SUS,,),N) and
ug € Wllof(U \SSN)NCU \ (SUS,,),N) of g satisfying the property

(4) of Definition 3.6.1, we can obtain different masses of S with respect
to w1 and wue, however, the following

(3.6.1) inf{M(u,g,9):
ue WA U\ S, N)NCU\ (SUS,),N), trop(u) =g}

loc
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176 Chapter 3: Limiting behavior of p-harmonic maps in 3d

is achieved. Indeed, if u, € I/Vllo’f (U \ S,N) is a minimizing sequence for
(3.6.1), then, since #[S', N] < +oo, the set {€58(7) : v € [S!, N} is finite,
and hence {M(uy, g,S) : n € N} is finite. Thus, for each sufficiently large
n € N, M(uy, g,5) is equal to the infimum in (3.6.1), and each w,, for
sufficiently large n € N, realizes the infimum in (3.6.1).

Next, using Remark 3.6.2, we define the notion of the mass of an
admissible chain.

Definition 3.6.3. Given a bounded Lipschitz domain U C R? and a
map g € W/22(U,N), if S € € (U, g), we define its mass by

M(g, S) = M(u, g, 5),

where u € W22(U \ S,N) N C(U \ (SUS,),N) realizes the infimum in

loc

(3.6.1) for g and S.

When appropriate, we shall simply write M(S) instead of M(g,5).
Notice that the definition of M(g,S) also depends on N, but we decided
not to mention it explicitly to simplify the notation.

Now we prove the interior minimality of S.

Proposition 3.6.4. Let u, € W2(Q\ Su,N) and (pn)nen C [1,2) be
given by Proposition 3.5.6. Then for any domain K & ) such that
KNS, #0, there exists a Lipschitz domain U € § containing K such
that troy(uy) = usloy € WY22(0U,N), S, NU € € (U, us|av) and for
each S € € (U, us|ov),

(3.6.2) 1(Se N U) = M(uwelor, S N T) < M(us|orr, S).

Remark 3.6.5. Proposition 3.6.4 allows the choice of the domain U to
be arbitrarily close to K.

Proof of Proposition 3.6.4. According to Proposition 3.5.17, since K is
connected, there exists a Lipschitz domain V' & € containing K such
that S, NV is a union of a finite number of closed straight line segments,
each of which has a positive length, and the interiors of these segments
are pairwise disjoint. Also S, N AV is a finite set of points such that for
each point z € S, N AV there is exactly one segment lying in S, NV and
emanating from z. Changing, if necessary, dV locally around each point
of S, N OV, we can assume that for each x € S, N9V, OV coincides with
its tangent plane at x in a small neighborhood of z, and the segment
lying in S, NV and emanating from z is orthogonal to this tangent plane.

Step 1. We define U. Fix A > 0 small enough such that for each ¢t € (0, A],
all the above properties prescribed for V' concerning S, and K hold also
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3.6. Interior minimality of the singular set 177

for Vi = {y € V : dist(y, 0V) > t}, which is a Lipschitz domain. Applying
[31, Theorem 3.2.22 (3)] with W =V \V,, Z=(0,\) and f: W — Z
defined by f(y) = dist(y,0V), and using also the fact that |Df(y)| =1
for a.e. y € W, Fatou’s lemma, (3.5.1) and Proposition 3.5.23 (ii), we
obtain

A
(3.6.3) / do lim inf/ (|t — us|? + | Dy, — Du|?) dH?
0 f~1{ed)

n—-+o0o

< liminf/ (|un, — usl? + |Dup — Duyl?) dy =0
W

n—-+o0o

for each ¢ € (1,2) and

A
/ dp liminf(2 —pn)/ (| D [Pr + | Dus |P7) dIH?
0 noreo = ({e})

< liminf(2 — pn)/ (| Dun|P™ + |DuyfPm) dy < C7,
n—+oo W

where C" = C'(dist(V, ), diam(2), Cp, N) > 0 and Cp > 0 is the constant
coming from (3.5.1). On the other hand, using Proposition 3.5.6 (thanks
to which we know that, up to a subsequence (not relabeled), u, — u.
in LP(Q,RY) for all p € [1,400) (see Proposition 3.4.2 (i))) and the
continuity of the LP-norm, we deduce that |lu, — U*H‘%n(wm) — 0 as
n — +oo and hence

A
lim d@/ U, — us [P dFHZ = 0.
n—tee Jo f=1{eh)

Then there exists t € (0, \) such that for U = V4, up to a subsequence (not
relabeled), for each n € N large enough: troy(uy,) = unlov, trov (us) =

Us|oy € WHPr (QU, N) € W/22(9U, N) and

1
(3.6.4) / (|Dup |P™ + | Dus|Pr) dH? < ¢ ;
where C" = C"(t,dist(V, Q), diam(2), Cp, N) > 0;
(3.6.5) |unlov — U*’BU”IZ}L)n(aU,RV) —0
as n — +o0;
(3.6.6) [unlov = uxlov || Lo v iRY) — 0

as n — 400, in view of (3.6.3) and Morrey’s embedding for Sobolev
mappings. Since t and V uniquely determine U, we can assume that
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178 Chapter 3: Limiting behavior of p-harmonic maps in 3d

C" actually depends on U, diam(Q2), Cyp and N. Thus, we have defined
U. According to our construction and Proposition 3.5.6, the properties
(1)-(4) of Definition 3.6.1 are fulfilled for U, u.|sy and S, NU. Therefore,
S NU e %(U, u*laU).

Step 2. Given S € € (U, u.|gr), we construct a sequence of mappings
wy, € WHPr (U, N) such that tray (wy) = us|sy and

Duw, [P
(3.6.7) lim sup(2 — pn)/ ’1;| dy < M(S).
U n

n—-+o0o

Consider a map u € VV;E(U \ S, N) minimizing the expression in (3.6.1),
where g = uy|sy. Let € € (0,1) and § € (0,1) be small enough and § be
fairly small with respect to €. Then, using the coarea formula and taking
into account that u € Wlif(U \ S,N), we obtain ¢’ € (36/4,56/4) and
¢’ € (32/4,5¢/4) such that, defining Sy = {y € U : dist(y, S) < &'}, we
have the following. Firstly, tras,, v (u) = ulas,nv € Wh2(8Ss NU,N).
Secondly, for each branching point # € SNU of S (if such a point exists),
tr(083, (w)\s;)nu (1) = Ul@B3, @)\sy)nu € W2((0B3(z) \ Sy) N U,N),
where (0B%(z) \ Sy) NU = 9B3(z) \ Sy if x € U (we recall that
0 is fairly small with respect to £ and the structure of S is given by
Definition 3.6.1). To lighten the notation, we assume that ¢’ = § and
¢/ = e. Let L be a segment of S. Up to rotation and translation, we
can assume that L = {(0,0)} x [~h,h], where h = H'(L)/2 > 0. Let
A = B? x (2(0,0,—h), 2(0,0, h)), where z(0,0,—h) := —h 4+ V2 — §2 if
(0,0, —h) is a branching point of S (i.e., several segments of S emanate
from this point), 2(0,0,h) == h — V&2 —§2 if (0,0,h) is a branching
point of S, 2(0,0,—h) := —h + kd if (0,0,—h) € OU is an endpoint
of S (i.e., only one segment of S emanates from this point, namely
L), 2(0,0,h) = h — kd if (0,0,h) € OU is an endpoint of S, where
k = k(S) > 0 will be defined later for the proof to work. Hereinafter
in this proof, C' will denote a positive constant that is independent of
n, € and § and can be different from line to line. We define w,, in A by
using Lemma 3.2.20 (i), namely we obtain a map wy,|x € W1Pr (A N)
such that

Duw,, [P FH(L)ESE (4)52Pn C DrulPn
(3.6.8) /’ Wn| dy < (L)€, (7) T _1/’ Tl g
A Dn 2—pn oPn=t Jp pn

where T is the lateral surface of A and v € [S',N] is homotopic to
ulgp € C(0D,N), where 0D is the circle being the boundary of a 2-disk
orthogonal to L with fairly small radius and whose center belongs to
the interior of L. We have used that I' C (0Ss N U) and u|ps;nu €
Wh2(9S5; N U, N).
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3.6. Interior minimality of the singular set 179

We need to distinguish between two further cases.
Case 1. Let x € 9U be an endpoint of S (if it exists). Then, taking
into account the properties (1) and (2) of Definition 3.6.1 and the fact
that for each x € SN OU, U coincides with its tangent plane at z in a
small neighborhood of x, we can find kK = k(S) > 0 such that for each
endpoint y € QU of S, if L is a segment of S emanating from y, then
the 2-disk orthogonal to L with center £ € L such that | — y| = k6 lies
entirely in U. Now let L denote the segment of S emanating from zx.
Up to rotation and translation, L = {(0,0)} x [—h, k| and x = (0,0, h),
where h := HY(L)/2 > 0. Let As == {y = (y1,92,t) € U : dist(y, L) <
§ and t € (h—rd, h)}. Then Ay is bilipschitz homeomorphic to B} with a
bilipschitz constant depending on k. Thus, there exists a bilipschitz map
U : Ay — B3, We have constructed w,, on A = BZ x (2(0,0, —h), h — k0).
By Lemma 3.2.20 (ii), trB?x{h—mS}(wn) € Whrn(B2 x {h — kd},N) and

(3.6.9) / D trpz, sy (wn) [P 152
B2 sy Pn

Sg 2—pn Pn
2—pn L A
52 DyulPr
Lo C_l [Druf’ g
2—pn oPn r Pn

i

where 7y € [S!,N] comes from (3.6.8), T' is the lateral surface of A,
and we have used that #[S',N] < +o0. Now we define the mapping
gn 1 OAs — N by

U |ou (y) if y e OA; NOU,
gn(y) =  ulos;nu (y) ify€assnU,
tngx{h,m;}(wn) if y € B x {h—rd}.

Then, since the traces of u.|sy and u|gg;nr coincide on 0S5 N AU, and
the traces of u|ps;ny and tr B2 (h—ns) (wy,) coincide on dBZ x {h — kd},
we deduce that g, € WPn(9As,N). Using (3.6.4), (3.6.9) and the fact
that 6 € (0,1) is fairly small, we obtain

D—q,, [P
(3.6.10) / DGl 12
8/\5 pn

o, o C | DrulPn

< dH2.
2—pn 2—pn opn—1 9SsNU Pn
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180 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Next, we define wy,|a, (y) = gn(T71(5U(y)/|¥(y)])) for y € As\{T~1(0)}.
Then, using (3.6.10), we deduce the following

Pn Pn
(3.6.11) / [Dwa™ (oo [ 12190 g
As

Pn OAs Pn

3=pn D~ulPr
< 9O cpe / 1Dl gy
2—pn 2—pn 8SsNU Pn

Case 2. Let x be a branching point of S (if it exists). Then, according to
our construction, ul(pps()\s;)nv € Wh2((0B2(x) \ Ss) N U,N). Further-
more, (0B3(2)\ S5)NU = 0B3(z)\ S5 if x € U. Let L;, i € {1,...,s} be
the segments of S emanating from x. We fill the holes in (0B2(x)\ S5)NU
with the closures of the open 2-disks D; such that D; is orthogonal to
L;, has radius 6, and its center lies on L; at a distance of v/&2 — §2 from
the point . Thus, M = (8U N'B3(z)) U ((8B3(x) \ S5) nU) UJ._, D;
is a compact 2-manifold without boundary, which is bilipschitz homeo-
morphic to dB3. Furthermore, according to our construction, for each
i € {1,...,1}, trp,(w,) € WhPn(D;,; N). Since the traces of u.|gy and
ul(9B3(2)\s5)nv coincide on OUNOB2(x), and the traces of ul (983 (2)\55)NU
and trp, (wy) coincide on 9D;, defining v, : M — N by

v (y) if y € 90U N Bi(x),
vn(y) = ulops@psynu () if y € (9B2(x)\ Ss) N T,
trp, (wn) (y) if y € D;,

we observe that v, € W1P»(M, N). Next, let E be an open bounded set
whose boundary is M. Let ® : E — B2 be a bilipschitz homeomorphism.
We define w,,|g(y) = va (@71 (e®(y)/|®(y)|)) for y € E\ {®71(0)}. Then,
using (3.6.4), (3.6.9) and Definition 3.6.1, we obtain

D n Pn D n Pn
[Dwnl < Cs/ DTl 1o (3.6.12)
E DPn M Pn
D % Pn D Pn
< Ot |Tu|d3{2+C’5/ [Drulf” g2
OUNBE(x) Pn (0B2(x)\Ss)NU Pn

l
D t . Pn
+052/ D7t (wa)*" 2
i=1"7Di

Pn
DrulPn 52
< Ce +Ce @ dH2 + Ceo™Pm
2—pn (0B3(x)\Ss)NnU  Pn 2—pn
C D Pn
+ 8_1 / |Druf" d72.
oPn=t Jossnu P
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3.6. Interior minimality of the singular set 181

Finally, we define w,, for each y in U lying outside the set E. 5, which is
the union of Ss with the union of B2(x) N U over all branching points
of S, by wy,(y) = u(y). Since the traces of the piecewise definitions of wy,
coincide, w, € WHPn(U,N). Next, gathering together (3.6.8), (3.6.11),
(3.6.12) and using the facts that ¢,6 € (0,1) are sufficiently small, ¢ is
fairly small with respect to €, (pp)nen C [1,2) and p, 2 as n — +00,
S consists of a finite union of segments (and hence it has a finite number
of branching points and endpoints), for all sufficiently large n € N, we
deduce the following

/ |Dwn\p”

S)§2Pn D-+ulPn
<= (5) +3 ey / DUl g2
— Pn — Pn vep” (0B (@)\Ss)nU  Pn
Cebd2—pn C D~ulPr Dul|Pn
+ € + — @ di}CQ + / & dy7
2—=pn Pl Jossu Pn U\E.s Pn

where P is the set of branching points of S. Multiplying both sides of
the above inequality by (2 — p,), then letting n tend to 400 and using
the continuity of the LP-norm and the facts that v € W12(0Ss N U, N),
u € WH2((0B2(x) \ Ss) N U,N) for each branching point = of S, u €
WL2(U\ E.s5,N), we deduce that

limsup(2 — py, / [ D wn| dy < M(S) + Ce.
n—-+o0o

Since € > 0 was chosen arbitrarily small and C' is independent of ¢, the

last estimate implies (3.6.7).

Step 3. We prove (3.6.2). Let the sequence of maps w,, € WP (U,N)
be as in Step 2. Using Lemma 3.4.1, we construct a competitor for the
minimizer u,, by interpolating between u,, and w,. In view of (3.6.5) and
the fact that troy (wy) = usov,

(3.6.13) ltnlov — trau (wn) 155, ugey = O

as n — 4oo. Let Ty = To(0U) > 0 be the constant of Lemma 3.4.1.
Choose T € (0,Tp) sufficiently small and ® : 9U x [0,7"] — E,, such
that @ is bilipschitz onto its image, ®(c,0) = o, D7T®(0,0) is an isometry
for o € OU, where E,, = {z € U : dist(z,0U) < 1o} for some fairly small
constant rg > 0 depending on T”. According to Lemma 3.2.1, there exists
a constant Ay > 0 such that the nearest point retraction Iy : Ny, — N

181



182 Chapter 3: Limiting behavior of p-harmonic maps in 3d

is well defined and smooth, where Ny = {z € R” : dist(z,N) < Ax}.
Setting s, = ||un|ov — trau (wn) || Len (9v,rv) and using (3.6.4) and (3.6.13),
we observe that s, — 0 and for each sufficiently large n € N,

— Pn
(3.6.14) [ Drun|™ + | D7 trou (wn) P + Jun ) g
ou SZTL/Q

C

< .
2_pn

Then, by Lemma 3.4.1, applied with u = uy|sy, v = tray(wn) = us«|ov
and T = s%/2, there exists a mapping &, € WhHPn(9U x (0, S%L/Q),RV)

interpolating between u,|gy and troy(wy,). By (3.6.6), we deduce that
eSSSUD ) a1 (0,54/2) dist(&n(0,1),N) < |lunlov — uslov || Lo (ov,rr) — 0

as n — —+oo. This implies that for each n € N large enough, it holds

M

(3.6.15) dist(§n(0 1), N) < 75

for a.e. (o,t) € U x (0, 8,1—/2).

In view of (3.6.15) and Lemma 3.2.1, for each n € N large enough we
can define the mapping ¢, (y) = Ix(&.(®71(y))) for each y € ®(OU x

(0, sa/ 2)) Then the following assertions hold. First, o, € WhPn(®(QU x

(0, 871/2)), N). Second,

tl"aU(QOn) - un’BU, tr@(aUX{S}L/Q}) (Spn) - u*‘BU o q)n o ¢_1‘(D(8U><{sil/2})7

where @, : OU x [5711/2, T'] is defined by @, (0,t) == ®(0,t — 5711/2) and we
have used the fact that ®(o,0) = o. Thirdly, using [31, Theorem 3.2.5|,

the fact that ¥ is bilipschitz, Lemma 3.4.1 (ii), where T' = 371/2, and

(3.6.14), we have the following

Dy |Pm
)
dOUx(0,51/%)  Pn
D n Pn
<C2- pn)/ D&al™ 302 gy
8U><(O,s}/2) Pn

_ Pn
|DTun|pn+|DTtr8U(wn)|pn+M dH2
U shn/?

n

< Csl/?.
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3.6. Interior minimality of the singular set 183

Let ¢ € C.([0,400)) be the Lipschitz map such that ¢ = 1 on [0, 1],
((s) =2 —sfor s € [1,2], ( = 0 on [2,+00]. Hence ||¢"|| foo([0,400)) < 1.
Next, for each sufficiently large n € N, define ¢, : U — N by

(3.6.17)

en(y) ify € B(OU x (0,5,/)),
Yu(y) = q txlov o Bp o ‘I)_1|<1>(8Ux{s}/2})(y) it y € AU x {s1/°}),
wn(Yn(y)) ifyeU\ ®0U x (0, 81/2]),

where ¥,, : U \ (90U x (0, 51/2]) — U is the map defined by
dist(y, oU dist(y, oU _
R R e N e T}
Sn Sn

We note that 1, € WhPn (U N), troy(vn) = unlov, ¥, is bilipschitz,
|D¥,, —Id| = 0(3711/6) a.e. in U\ ®(0U x (0, s,ln/Q]) (for more details, see
the proof of Proposition 3.4.2). Thus, 1, is a competitor for u,. Then,
using (3.6.16), (3.6.17), [31, Theorem 3.2.5] and (3.6.7), we obtain
D Pn
liminf(2 — p,,) % d

n—-+0o0o

Dn
<hm1nf2 pn/| ¥nl

DPn
< lim sup((zs% # 2= olstf ) [ 1P

n—-+4o0o

< M(S).

(3.6.18)

On the other hand, using (3.5.3), the fact that U is open, Corollary 3.5.18
and the geometry of S, N U (see the beginning of the proof and Step 1),
we deduce that

7’L*>OO

pn
(3.6.19)  wu(S«NU) =M(S, NU) < liminf(2 — p, / |Dun|

Combining (3.6.18) with (3.6.19), yields (3.6.2). This completes our proof
of Proposition 3.6.4. O

We shall apply Proposition 3.6.4 to prove that in the case when
7m1(N) =~ Z/2Z the set S, has no branching points inside Q. To this end,
we need the next extension result. The following statement is similar to
[23, Lemma 3].

Proposition 3.6.6. Let Q C R3 be a bounded strictly convex domain,
71 (N) be Abelian (and endowed with the law +) and ay,...,a; C Q be
distinct points. Let g € C(0Q\ {a1,...,a1},N) and o : {a1,...,ax}> —
m1(N) satisfy the following conditions:
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184 Chapter 3: Limiting behavior of p-harmonic maps in 3d

(i) ofai,a;) = —alaj,a;), so that, in particular, o(a;, a;) = 0;

(i1) if a; € ON), then Z§:1 a(aj, a;) is the homotopy class of g around
a;;

(iii) if a; € Q, then 35_ a(a;, a;) = 0.

Then there exists u € C(Q2\ (XU F),N), where F is finite and ¥ =
U{lai, aj] : a(as,aj) # 0}, and for every i,j € {1,...,k}, u is homotopic
to a(as, aj) on small circles transversal to [a;, a;).

The proof of Proposition 3.6.6 will use the following two-dimensional
construction.

Proposition 3.6.7. Let U C R? be a bounded strictly convex domain,
m1(N) be Abelian and ay,...,ar C U be distinct points. Assume that
h € C(OU,N) and v: {a1,...,a} — m(N) satisfy the condition that
Zle v(a;) is the homotopy class of h on OU. Then there exists u €
C(U\Aay,...,a},N), such that ulgy = h and u is homotopic to v(a;)
on small circles transversal around a;.

Proof. We consider a set L of segments in R? such that {ay,...,a;} C L
and U \ L is simply connected. For r > 0 small enough, the disks
B2 (ay),..., B3 (a;) are pairwise disjoint. We fix u on B2(a;) so that
ulpp2(a;) has the prescribed homotopy class v(a;). We extend then
this map w to (U N L) \ Ule B2(a;) by connectedness of N. Since
V=U\ (LU Ule B2(a;)) is simply connected and by our assumption
on the homotopy classes, u has a trivial homotopy on V. Thus, we can
extend v to V in such a way that v = h on OU. Finally, u is extended
homogeneously on the set B2(a;) \ {a;} for each i € {1,... k}. O

Proof of Proposition 3.6.6. As a first step, given a plane P C R? that is
transversal to ¥ and does not contain F', the map g can be extended to
(0QU(PNQ))\ X. Indeed, the homotopy class of g on 92 is equal to the
sum of the homotopy classes on small circles around {ay, ..., a;}N9IQ on
one side of P. By the conditions (ii) and (iii), the homotopy class of g on
00 is equal to the sum of the homotopy classes on small circles around
¥ N P. By Proposition 3.6.7, g can be extended to P N Q\ ¥ with the
prescribed homotopy on small circles around points of ¥ N P. Reiterating
this construction finitely many times, the problem is reduced to the case
where either £ = 0 and one can perform a homogeneous extension with
respect to any interior point, or the set X is starshaped with respect to
some point in € and we perform then a homogeneous extension with
respect to that point. ]
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3.7. Analysis up to the boundary 185

Corollary 3.6.8. Let m;(N) = Z/2Z. Then S, has no branching points
inside €.

Proof of Corollary 3.6.8. Assume by contradiction that S, has a branch-
ing point xg € . Then, according to Remark 3.5.20, locally around x,
Sk is a finite union of an even number of segments emanating from z.
Fix two segments from this union that form the smallest angle among
all possible pairs. Denote these segments by L; and L. Then there
exists a truncated cone K C € such that K NS, = K N (L U Ly)
and OK N (L1 U Ly) = {x1,x2,y1,y2}, where z1, y; and zo, yo are
the endpoints of Ly N K, Ly N K, respectively. Furthermore, x1,
belong to the smaller circular base of K and ¥, y2 belong to the big-
ger circular base of K. Choosing K so that its smaller circular base
is fairly close to zg and using the triangle inequality, we can ensure
that |21 — 22| + |y1 — yo| < |21 — y1| + |22 — y2|. This, together with
Propositions 3.6.4, 3.6.6, yields a contradiction, since the set U of Propo-
sition 3.6.4, which contains K, can be chosen to be convex and arbitrarily
close to K (for instance, we can choose U = {x € R3 : dist(z, K) < €}
for some sufficiently small € € (0,1)). Therefore, S, has no branching
points inside €2, which completes our proof of Corollary 3.6.8. [

3.7 Analysis up to the boundary

3.7.1 Preliminary results

If the fractional seminorm of the boundary datum is fairly small, we may
have a concentration of the p-energy as p * 2 only near the boundary of
the domain. Namely, the smaller the fractional seminorm of the boundary
datum, the closer to 92 the singular set is located.

Proposition 3.7.1. Let g € WY22(0Q,N), ro € (0,1), Qp, := {z €
Q= dist(z,09Q) > ro} # 0, (Pn)nen C [1,2), pn 2 as n — 400 and
(tn)nen C WEPR(Q,N) be a sequence of p,-minimizers with traq(u,) = g.
Then there exists ¢ = e(rg,0Q,N) > 0 such that the following holds.
Assume that |g|y1/2290.pv) < € Then SN Qyy = 0.

Proof. Fix arbitrary xg € ,, and r € (0,79). Let n > 0 be the constant
of Lemma 3.3.12, where k = 1/2, pg = 3/2 and ¥(x) = = + o whenever
E = B3(x0). Let € > 0 be small enough so that for each n € N,

Du,, [P
(3.7.1) (2 —pn)/ ‘Z‘ do < 777“3/2,
(9] n

which is possible in view of Proposition 3.2.21 and the assumption
]g\Wuz,z(aQ’Ru) < e. Then, applying Lemma 3.5.3 and using (3.7.1),
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186 Chapter 3: Limiting behavior of p-harmonic maps in 3d

for each fairly small § > 0 we have

Du,, |Pn
(2—pn)/ &daz
B

§+6(£E0) pn

<@—p (2 3_p"/ | D
S Pn 0 B3 (x0) Pn

+38\* [ | Dug P . .
<(2—=pn) <rr0 > /Q| Z"' da < > (4 gy,
n

Letting n tend to +o00, we have 1. (B3 (z0)) < pu( T_H;(l’o)) < nrl/Q(r—i—(S)
(see (3.5.3)). Letting & tend to 0+, yields u«(B3(z0)) < nr, since rg €
(0,1). Then, according to Lemma 3.5.2, p.(B3 "2 (x9)) = 0 and hence
Bf/Q(wo) C 2\ Si. Since zg € Q,, was arbitrary, S, N Q,, = 0, which
completes our proof of Proposition 3.7.1. O

The next proposition says that if the boundary of the domain is
homeomorphic to S? and the boundary datum is regular enough, then
no singular set arises in the limit.

Proposition 3.7.2. Let 02 be homeomorphic to S?, g € W12(0Q, N),
(Pn)nen C [1,2), pn /2 as n — +o00 and (uy)nen C WP (Q,N) be a
sequence of pp-minimizers such that for each n € N, troq(un) = g. Then
Sy = 0 and the map u, coming from Proposition 3.5.6 is a minimizing
harmonic extension of g to Q. Furthermore, u, € C*°(Q2\ So,N), where
So C Q is a discrete set.

Remark 3.7.3. In Proposition 3.7.2, the topology of € is simple, namely
O~ B'f’. However, the singular set S, does not occur in the limit in some
cases even if the topology of €2 is not simple. For example, if {2 ~ B% x St
is a solid torus and v € C°°(S',N) is nullhomotopic, we can define
g € C®(9Q,N) by g(2',2") = y(a') for each (2/,2") € 9Q ~ St x St.
Then g admits a smooth extension lying in W12(Q, N) (this comes, for
instance, from the proof of [12, Theorem 2|).

Proof of Proposition 3.7.2. Since 0 C R3 is a bounded (locally) Lip-
schitz domain and 0 is homeomorphic to S?, there exists a bilips-
chitz homeomorphism ® : Q — B}. Let h = go ® !|g2. Then we
have h € W12(S2N). Next, defining, as it was done in [53, Proposi-
tion 2.4], u(z) = h(x/|z|) for z € B3\ {0}, we have u € W12(B$,N) and
trgz(u) = h. Since @ is bilipschitz and uw o ® is a competitor for u,, we
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3.7. Analysis up to the boundary 187

deduce that

_ Du|Pn
312 @ <c@-p) [ P
B? DPn
— Pn
3—pn S2 Pn

as n — +00, where C' > 0 is a constant depending only on the bilipschitz
constant of ®, and we have used that p,,(2) = p,(Q). Thus, 1. (Q) =0
(here we again take advantage of considering the pu,’s as elements of
(C(2))" instead of (Cy(Q))’, because any constant belongs to C'(Q), and
hence the weak* convergence preserves mass, namely, since ji, — fi
weakly* in (C(Q))’, it holds 1, (2) — 114(2)). Therefore, the support of
px is the empty set, that is S, = (). On the other hand, in view of (3.7.2),
the condition (3.4.1) of Proposition 3.4.2 is valid for the sequence (up)neN
and the set K = ). Thus, the conclusions of Proposition 3.4.2 apply
for some mapping u, € W1H2(€,N), which comes from Proposition 3.5.6.
In particular, u, is a minimizing harmonic extension of g to 2. Then,
according to [53, Theorem II|, u, € C*°(Q2\ Sp,N), where Sy C Qis a
discrete set, which completes our proof of Proposition 3.7.2. [

As an immediate consequence of Lemma 3.3.11, we have its counter-
part on a half-ball. Recall that RY = {(2/,23) € R® : 23 € (0, +00)}.

Lemma 3.7.4. Let pg € (1,2), p € [po,2). There exist constants ng, C >
0, depending only on py and N, such that if g € W'P(9(B2 NR3),N)

satisfies
/ ‘DT gl dH? < M’
a(B3RZ) P 2-p

then there exists u € WhP(B3NR3,N) such that tra(Bngi)(u) =g and

p p 1-5
/ 1Pl 40 < ook </ [Dral? dﬂ{2> "
B3nR:L P d(B3NRY) P

Next, we prove the n-compactness lemma up to the boundary of {2,
which is the counterpart of Lemma 3.3.12 on the boundary.

Proposition 3.7.5. Let k € (0,1), po € (1,2), p € [po,2) and let
U = ¥(B2NR3L,N) be an open set, where ¥ : B2 NRY — R3 is a
bilipschitz homeomorphism onto its image U with a bilipschitz constant
L > 1. There exist n,C > 0, depending only on k,pg, L and N, such that
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188 Chapter 3: Limiting behavior of p-harmonic maps in 3d

if uy € WYP(U,N) is a p-minimizer and if

D p
(3.7.3) /‘Wd
v P

+r/ | D trassnr2x oy (up) [P I < nr3=P
W(B3NR2x {0}) p ~2-p’
then
Du.|P
(3.7.4) / Dyl 1 < 3w,
¥(BE.NR3) P

Proof. Given the mapping v, = u, o ¥ € WIP(B3 NR%,N) satisfying

Du,|P Du,l|P
(3.7.5) / ﬂdm < L3+p/ ﬂd

B3nR3 P v bp

and the constant 79 = 19(po, N) > 0 of Lemma 3.7.4, we define the set

(3.76) G, = {g € (kryr):

tra(Bng'i)(Up) = ”p’B(B‘ngi) € Wl’p(a(BS NR%),N)

P 2-p
and / |Dvp‘ dj_CQ S 770("37") }
oB3nR3 P 2(2—p)

As a consequence of (3.7.3), (3.7.5) and (3.7.6),

1 22— p) Dol
H(MnH\GHS%m()2pA;m3

2(2 — pL3+p/ \Dup| (1—/1)7"

770f<w°27’ ’

provided we choose 7 satisfying

nok(l — k)
. < —;
(3.7.7) n< P
equivalently we have then
1
(3.7.8) HYG,) > (2“)7“
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Fix n satisfying (3.7.7). For every p € G, the following holds

/ ’DTUp‘p dj{2 :/ ‘DTUPP) dg_{:Z
d(B3NRY) p OB3NRY p

p
- / P q3?
B3nR2x {0} p

no(kr)> P g PL*P  pgg* P
T 2(2-p) 2-p ~ 2-p’
where we have used (3.7.3), the fact that |Dvv,| < |Dv,| and (3.7.7).
Under this condition, according to Lemma 3.7.4,

1

Du,|P 2 Do, |P =7

(3.7.9) / [Dopl” dz < Cor (/ [Dropl” d.‘J—C2> "
B3NRY P d(B3NRY) p

To obtain (3.7.4), we conclude as in the proof of Lemma 3.3.12. O

The next corollary is a direct consequence of Proposition 3.7.5 and
Definition 3.2.4, so we omit its proof.

Corollary 3.7.6. Let x € (0,1) and g € WH2(E,N), where F is a
relatively open subset of 0€2. Let rgg > 0 be the number coming from
Definition 3.2.4, which is applied with U = . Then there exist constants
P = pl(angv ”DT9||L2(E,R"®R3)) € [3/272)7 n= U(HanaN) > 0 and
C = C(k,09,N) > 0 such that the following holds. Let p € [p1,2) and
u, € WHP(Q,N) be a p-minimizer such that trg(u,) = g. Then for each
r € (0,790) and z¢ € E such that B?(x¢) N9 C F and

Du. P 3—p
/ Dl 1"
B3(zo)n2 P 2—p

P
/ L?up\ dr < Cr37P,
B,%T(xo)ﬂﬂ p

Corollary 3.7.7. Let E be a relatively open subset of 0. Assume
that (3.5.1) holds and that for all n € N large enough, trg(u,) = g €
W12(E,N). Then there exists a closed set S, C Q and a mapping
Uy € VV&E((Q U E) \ Ss, N) satisfying the assertions of Proposition 3.4.2
and the assertion (ii) of Proposition 3.5.23 such that trp(u.) = g and, up
to a subsequence (not relabeled),

Uy, — us weakly in I/Vli’cp((Q UE)\ S«,R”) forall pe(1,2).

it holds

Proof of Corollary 3.7.7. The proof of the assertion (ii) of Proposition 3.5.23
remains unchanged. One only needs to take Corollary 3.7.6 into account
in the proof of Proposition 3.4.2. O
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190 Chapter 3: Limiting behavior of p-harmonic maps in 3d

3.7.2 Global estimates and W'¢ compactness

It is well known that the set C°°(9Q,N) is dense in W1/22(99, N) if and
only if 7 (N) ~ {0} (we refer the reader to [17, Theorem 4]). Although
C>(99Q,N) is not dense in W/22(9Q, N) if 7r1(N) is nontrivial, the set
of smooth maps outside a finite set of points whose Euclidean norm
of the gradient behaves like the distance to the power of -1 close to
these points is dense in W1/22(9Q,N) (see [49, Theorem 1] and [17,
Theorem 3]). Namely, letting R (99, N) to be the class of maps ¢ €
Cl(0Q\ {ay,...,a;},N) for some ay,...,a; € O such that
C

(3.7.10) |Drp(z)| < W’
is i Qi

where C' is a positive constant independent of x, we have

Wwl/2,2
RL(OQ,N) = W22(5Q, N).

Hereinafter, for each g € R} (99, N), we shall denote by S(g) the singular
set of g, namely the set of points a € 92 such that for each sufficiently
small radius g > 0, g[aBgQ(a) is not nullhomotopic, where BEQ (a) is the

geodesic ball in 02 with center a and radius p such that B?Q(a) is far
enough from S(g)\{a}.

It is worth noting that for each g € R}(99Q, N), there exists the mini-
mal set of points {a1, ...,a;} C 9Q such that g € C1(ON\{a1,...,a;},N).
Moreover, S(g) C {ai,...,a;} and the inclusion can be strict.

Lemma 3.7.8. Let g € R}(0Q,N) and {a1, ..., a1} C IQ be the minimal
set of different points such that g € C*(0Q\ {a1,...,a;},N). Then for
each q € [1,2), g € WH4(9Q,N) and

C
/ |Drg|?dH? < ——,
o0 2—q

where C' > 0 is a constant depending only on OL), the set {ai,...,a;} and
the constant of the estimate (3.7.10) applied with ¢ = g.

Proof. Fix an arbitrary ¢ € [1,2). Define
_ S R .
osalay,...,a;) = min T.Z,]E{l,...,l} and i # j

so that if ¢ € (0,090(a1,...,a;)), then B3(a;) N B3(a;) = 0 for each
i,7 € {1,...,1} such that i # j. Then for each i € {1,...,l} and for each
sufficiently small p € (0, (a1, ..., a;)),

C
3.7.11 / Drgl?dH? < C/ _—< —,
( ) B3 (a:)N092 D tl=1 = 2—gq
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3.7. Analysis up to the boundary 191

where C' > 0 is a constant depending only on 92, ggq(ai,...,a;) and
the constant of the estimate (3.7.10) applied with ¢ = g. On the other
hand, in view of (3.7.10), if p > 0 and =z € 092\ U2:1 B3(a;), then
|Dtg(x)| < C/o. Taking this and (3.7.11) into account, we complete our
proof of Lemma 3.7.8. O

Assuming that g € fR(l)(@Q,N), we obtain the next improvement of
Proposition 3.5.23.

Proposition 3.7.9. Let g € Ry (02, N) be such that g € C1(Q\S(g),N).
Let (pn)nen C [1,2), pn 2 as n — 400 and (up)nen be a sequence of
pn-minimizers such that trgo(u,) = g for each n € N. Let u, be a map
given by Proposition 3.5.6. Assume that there exists g > 0 such that if
x € R3\ Q and dist(z,09Q) < 1o, there exists a unique point P(x) € O
such that dist(x,0Q) = |z — P(x)|. Then the following assertions hold.

(1) There ezists C' = C(g,Q,N) > 0 such that for each q € [1,2),

Du,, [P
limsup/ | Dup|?dx < C + ¢ lim sup(2 —pn)/ [Dunf™ dx
n——+oo JQ 2 - qd n—+oo Q DPn
(ii) For each q € [1,2), ux € WH4(Q,N) and, up to a subsequence (not
relabeled), u, — us in WH4(Q,RY) and for some C = C(g,,N) >
0,

C Dun[™
/yDu*|qu§C+2 lim sup(2 — pn) /’ ]
Q

qd n—+oc0

Remark 3.7.10. If Q is of class C? or is convex, then it has the unique
nearest point property, namely, the assumption of Proposition 3.7.9 applies
(for more details, we refer to [30], [40]). It is also worth noting that the
constants in the assertions (i), (ii) depend on S(g) and the constant
coming from (3.7.10), where ¢ = g. Since the latter constant depends
only on g, we can assume that the constants in (i), (ii) depend only on g,
Q and N.

Proof of Proposition 3.7.9. Fix R > 0 large enough so that 2 &€ B%
and for each z € Q the distance from x to B3 is bounded from below
by 1. Without loss of generality, we assume that ry is small enough
with respect to R and that P is a 2-Lipschitz map (the reader may
consult [30, Theorem 4.8 (8)]). To lighten the notation, we denote
W = {z € B : dist(x,Q) < ro} and V {:L‘ € B3\Q : dist(z,00Q) < ro}.
For each n € N define the map f,, : — [0, +oo) by fn = |Duy| in Q,
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192 Chapter 3: Limiting behavior of p-harmonic maps in 3d

fon=1|D(go P)|in V and f, = 0 in B3\W. Since P is 2-Lipschitz and
g € R{(9Q,N), using Lemma 3.7.8, we observe that

(3.7.12) @-m [ =) /V fordz < C,

where C' = C(g,Q,N) > 0 (here C' depends on rg, S(g) and the constant
coming from (3.7.10), where ¢ = g, but ¢y depends only on  and the
latter constant depends only on ¢). Then the proof of the assertion (i)
follows by reproducing the proof of the assertion (i) of Proposition 3.5.23
with minor modifications, namely, applying Proposition 3.5.22 with f =
frnsp =pn, V=DB3%, C, = 2_% and Cy = C, where n € N is large
enough and 7n,C'" > 0 depend only on g,Q, N and will be fixed later
for the proof to work. Let us fix an arbitrary dyadic cube () such that
2Q) C B%. Let r > 0 be the sidelength of Q. To apply Proposition 3.5.22
with the above parameters, we need to prove the following: if n € N is
large enough and

prn
(3.7.13) / forde < T
2Q 2—pn
then
(3.7.14) / fPrda < Cr37Pn,
Q

First, notice the following. Fix an arbitrary zo € S(g). Let B (x()
be the geodesic ball in 00 with center xy and radius ¢ > 0 such that
every point in S(g)\{zo} is far enough from Bgﬂ(xo). Then, using
Proposition 3.3.3 and the facts that p, € [3/2,2) for each n € N large
enough and Bgﬂ (z0) is bilipschitz homeomorphic to B2(zo), one has

/ |Drg|Pr dH? + 9/ | D7 (9lapoe @o)) [ 43"
B2 (x0) OB (o)

8;i/(pn—1) (9‘8B§Q (:co))Qz_p"

o CXK2 _’pn) ’

where 6339 (x0) denotes the relative boundary of Bgﬂ (x0), Co = Cp(02) >
0 and we have used that traBgQ(wO)(g) = g|aBgQ(x0). Then, proceeding as
in the proof of Lemma 3.3.8, we deduce that

(3.7.15)

[ Dl as e [ Dr(glamgoey)P i >
B3 (xo) 9B (o)

250@2_p"
2 — Dn

)
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3.7. Analysis up to the boundary 193

for each n € N large enough, where g9 = £¢(Cp, N) > 0. Since Cy depends
only on §2, we can assume that g depends only on 2 and N. Also, since
g € R (00, N), we have the estimate

of DTl O < €90 OB ),
dBY% (z0)

where C’ > 0 is a constant depending only on the constant coming from
(3.7.10), which depends only on g. This, since p, 2 as n — +o0,
implies that for each n € N large enough (depending possibly only on g,
Q and N),

27pn
€00
3.7.16 g/ D (glppoo(sn)|Pm dHE < 25— !
( ) 6Bgﬂ(x0)| (910B29(x0))] .

Combining (3.7.15) and (3.7.16), we get the next estimate

60 Q2_pn

(3.7.17) / |Drg|Pr d3H* >
B9 (a0) 2—pn

for each n € N large enough. On the other hand, if £ C 92 is Borel and

dist(E, S(g)) > 0 > 0, then, using (3.7.10), we obtain

C'33(B)

(3.7.18) / | DrglPr dH* <
E oPn

Next, observe that, since €2 is a bounded Lipschitz domain having the
unique nearest point property in V, there exist fairly small constants
0 <a<d<1/2and anumber Ny € N\ {0}, depending only on £, such
that the following holds. We need to distinguish between two further
cases.

Case 1: Q C W. If dist(P(QNV),S(g)) > or, then we proceed as follows.
Applying (3.7.18) with £ = P(Q N'V), we have

(3.7.19) fhnde < L'r/ | D+ glPr dH? < C”,r3_pn,
NV P(QNV)

where L = L(P) > 0 and C" = C"(g,92,N) > 0. Next, there exists at
most Ny balls B3 (x1), ..., B3, (z;) such that QnQ U, B3 (z;) € 2Q
and for each i € {1,...,k}, either Bgar/S(xi) C Qorz; € 00 and

dist(BSar/g(xi),S(g)) > or/2. We shall apply the corresponding 7-

3
9ar/8

in the case when By /g(aci) C Q and Proposition 3.7.5 otherwise. Let

compactness argument for each ball B (;), namely Lemma 3.3.12
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194 Chapter 3: Limiting behavior of p-harmonic maps in 3d

n,C" > 0 be constants that are valid for both Lemma 3.3.12 and Propo-
sition 3.7.5, where k = 8/9, pp = 3/2 and the corresponding bilipschitz
homeomorphism whose bilipschitz constant can depend only on €. Thus,
we can assume that 1, C"” depend only on Q and N. Assume that

In the case when B9ar/8(xi) C Q, by Lemma 3.3.12 and (3.7.20), we
immediately obtain the estimate

(3721) / ‘Dun‘pn dx S C,”T'?)_pn.
g'r(wi)

Let now xz; € 9. Using (3.7.19) and the fact that p, 2, we observe
that
9ar

3—pn
|Drglr gt < L ——

3.7.22
( ) (2:)NOQ 2(2 —pn)

8 Jay,
for each n € N large enough depending only on ¢, and N. Thus, in
view of (3.7.20) and (3.7.22),
9 3—pn
/ | Duy [P d + \DrglPrdx® < T —
B3, (x:)NQ2 8 /By, (z)no0 2—pn
8 8

for each n € N large enough, which according to Proposition 3.7.5, implies
that

(3.7.23) / | Dy |Pr da < O y3=Pn
ar (i)
Combining (3.7.21) and (3.7.23), we get

(3.7.24) / fEn da < NoC"'y3=Pn
QNQ

for each n € N large enough. Taking into account the estimates (3.7.19)
and (3.7.24), we observe that (3.7.13) implies (3.7.14), where C = C” +
NoC", which can depend only on g,  and N.

If dist(P(Q NV),S(g)) < dr, then there exists zg € S(g) such that
2Q NV contains a cylinder U ~ B%}(xg) x (0, ar) such that, in view of
(3.7.17) and the definition of f,, in V, it holds

(3.7.25) / fp"dx>/fp”dx> - ;i -
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3.7. Analysis up to the boundary 195

for each n € N large enough. Thus, taking 1 small enough with respect
to gga'® so that Proposition 3.7.5 applies with 27, under the condition
that [, fa" dz < ”gg_;in, we exclude the situation where dist(P(Q N
V),S(g)) < or.

Case 2: QN (BL\ W) #0. If Q C B3\ W, then, clearly, (3.7.14) holds,
since f, = 0 on @ by definition. Otherwise, we repeat the strategy of the
Case 1 for @ N W to conclude that for each n € N large enough, (3.7.13)
implies (3.7.14) for some 1, C' > 0 depending only on g, Q and N.

After all, we have showed that there exist constants n,C > 0 de-
pending only on ¢, and N such that (3.7.13) implies (3.7.14) for each
n € N large enough depending on g, 2 and N. Therefore, we can apply
Proposition 3.5.22 with f = f,, V = B}, Cy = 2_% and Cy = C for
each n € N large enough. Taking into account (3.7.12) and the fact that
fn =0in B}\W, we obtain (i).

The assertion (ii) then comes from a diagonal argument, proceeding
by the same way as in the proof of Proposition 3.5.23 (ii). This completes
our proof of Proposition 3.7.9. O

3.7.3 Proof of Theorem 3.1.1

Now we prove our first main theorem.

Proof of Theorem 3.1.1. The proof follows from Propositions 3.5.6, 3.5.8,
3.5.17, 3.5.23, 3.6.4, 3.7.2, 3.7.9 and Corollary 3.5.18. O

3.7.4 Boundary repulsion property

In this subsection, we derive the Pohozaev-type identity for p-minimizers
and prove that the varifold associated to the limit of the stress-energy
tensors of p-minimizers as p 7 2 is minimizing area to first order in the
Brian White sense (see [58]). As a consequence, we prove that if Q is
strongly convex at every point of 92, the boundary datum g is an element
of R§(0Q,N) and g € CH(9N\ S(g),N), then S, NI = S(g), where S,
is the energy concentration set supporting the varifold and S(g) is the
singular set of g.

We begin by establishing the boundary stress-energy tensor identity.
For convenience, if U C R? is open, we define for v € W1P(U,R") the
map T¢ : U — R3 ®R3 by

| DulP Du® Du
7.2 TP = —Id — ———
(3.7.26) p= - o
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196 Chapter 3: Limiting behavior of p-harmonic maps in 3d

where Du ® Du = (Du)T Du. If U is a bounded Lipschitz domain and u
is a minimizing p-harmonic map in U, we have div(T%) = 0 in 2/'(U,R?)
(see (3.2.33)).

Proposition 3.7.11. Let Q C R? be a bounded domain of class C?, xg €
0Q, r > 0 be fairly small and p € [1,+00). If u € WHP(Q N B2(x),RY)
satisfies div(T4) = 0 in 2'(Q N B3(x0),R3) and if Du is continuous at
every point of 0N B3(xq), then for each & € CL(B3(x0),R?),

(3.7.27) / TP : D¢ dx = / (v, TP[€]) dFH?,
QﬂB?(xQ) 8QﬂB§(I0)

where v € C1(09Q, S?) stands for the outward pointing unit normal vector
field to 09).

Proof. To lighten the notation, denote B = B3(z(). Observe that 05
is a 2-dimensional compact Riemannian manifold of class C? without
boundary. Hence there exists 79 = ro(9€2) > 0 such that the function
f(z) = dist(x,09), z € Qisof class Ol in V = {z € Q : dist(x, Q) < o}
(see |30, Theorem 4.12|) and, furthermore, |Df(z)] =1 for x € V (see
[30, 4.8 (5), 4.8 (3)]). Let us fix a sufficiently small € > 0 and define

0ult) = {1 %f t € e, +00)

if tel0,¢].

LYEN

Since g, is a Lipschitz function on [0, +00), for each & € WOI’OO(B, R?),
it is clear that the function ¢.(z) = g.(f(x))&(z) is an element of
W, (QNB,R3). Since div(T) = 0in 2'(QNB,R3), u € W'»(QNB,R)
and Du is continuous at every point of 92 N B, by approximation, we
have [, T4 : DEdx = 0 for each & € Wol’oo(Q N B,R3). Thus, using
the function o, as a test function in the weak formulation of div(7%) = 0,
we get,

O:/QQBT5:gs(f)ngx+/QOB<D(gE(f))’T5[£]>dx
:/ Tf‘gf(f)Dde/ (6L(f)DF, TLIE)) da.
QNB

QNB

Letting € N\, 0 and using the Lebesgue dominated convergence theorem,
we have

(3.7.28) / TP : g-(f)DE dx — TP : D€ dx.
QNB QNB
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3.7. Analysis up to the boundary 197

On the other hand, using the coarea formula (see [31, Thm 3.2.22 (3)]),
the fact that |[Df| =1 in V and changing the variables, we get

| wnps i) e (3.7.20)
QNB

_1! / Cat /{ gy DIV TEE ) d3? (o)
_ /dt / (Df(y — tw(y)), T2IE) () dH3(y) + o(1)nyo
oQNB

- — (v, TP[€]) dFH?,
o0NB

as € \( 0. In fact, since u € WP(Q2 N B,R"), Du is continuous at every
point of QN B, ¢ € CH(B,R?) and Df(y — tv(y)) — —v(y) as t \, 0 for
each y € 012, the function

2
€ (0,a] > ¥(r) / dt /mB Df(y — 1)), T2E) () d3(y),

where a > 0 is fairly small, has the right derivative at 0 equal to
U (04) = — [yonp5 (v, TH[E]) dH?. Combining (3.7.28) and (3.7.29), we
deduce the desired stress-energy identity, which completes our proof of
Proposition 3.7.11. ]

Now we deduce the normal boundary estimate.

Proposition 3.7.12. Let Q C R? be a bounded domain of class C?,
xo € O, v > 0 be fairly small and p € (1,2]. Let K € 00 N B3(xo)
be relatively open. If u € WIP(Q N B2(z0),RY) satisfies div(Ty) = 0 in
D' (QN B2 (x0),R3) and if Du is continuous at every point of 02N B3 (xo),
then

(3.7.30) / | Du|P d3*
K

DulP DrulP
< ¢ / | Dyl dﬂc+/ [Drul? g2
p—1\JanB3(o) P o0NB3(xo) P

where C' = C(K) >0

To prove Proposition 3.7.12, we need the next estimate.

Lemma 3.7.13. Let Q C R3 be a bounded domain of class C?, xq € 0,
r > 0 be fairly small and p € [1,2]. Let u € WHP(QN B3(x0),RY) and Du

197



198 Chapter 3: Limiting behavior of p-harmonic maps in 3d

be continuous at every point of 0N B3(xq). Then the following estimate
holds

(3.7.31) (p = DIDuf” < =pv, TZV]) + (3 = p)[Drul’

on 00 N B3(xg), where v € C1(9N,S?) stands for the outward pointing
unit normal vector field to O€).

Proof. Applying successively Young’s inequality for products, the defini-
tion of the stress-energy tensor 70 and the subadditivity of the function
t € (0,00) — tP/2, we have

p(p—2)

(2—p)
DLl = |Dyul?|Dul™= | D" ="

2 —
< 21D ul*| Duf’~? + = E| Duf?

p(|Duf |[Diuf\  3-p

= —— — DulP

e ) RN L
3 —

= S T4W]) + 52 (IDruf + |Dyup)
3 —

< ST + =5 R (IDrul + |Doup),

P
2

which yields (3.7.31) by rearranging the terms. O

Proof of Proposition 3.7.12. Let § € C'(95,R) be such that § = 1 on
K,0<6<1land @ =0indQ\ B3(xg). Fix £ € C}(B2(x0),R®) such
that £ = v on 9). Applying Proposition 3.7.11 and using the Cauchy-
Schwarz inequality, and also the facts that |Id| = v/3, | Du® Du| = |Dul?,
we get,

(3.7.32)

/ O(v, TP[v]) dIH*
O0NBE(x0)

/ TP . D¢ dx
QOBE(:E())
DulP D D

- / (’ ufrg “®2“) . D¢ da
QNB3(z0) D | Dul>~P

< / <\/§ + 1) |Du|P|D¢| dx
QI"IB;’(IQ) b

| Dul?
< (24 V3)||DE|| oo (B3 (20 R /
( MDE] (B3(z0),R3®R3) anB3z0) P

dx.
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3.7. Analysis up to the boundary 199

Setting B = {x € QN B3(x0) : (p— 1)|Dyu(z)|* > |Dru(x)|*}, observe
that —(v, T/[v]) > 0 on E and hence

(3.7.33) -2 (w, TP[v]) dH? < —L— [ 0@, TP[v]) 32,
p—1JknE p—1Jg

where we have used that K € 9Q N B3(z0), # =1 on K and 0 < 6 < 1.

On the other hand, on (92N B3(z0)) \ E it holds

o[ |DTul? + | D ul?
(37.34) 0< (,T2[]) = |Dul” 2<‘ = p| - —IDw2>

< \DTu\p2<|DTu|2 - 1)\le2> < 2|Drup.
p p
Hereinafter in this proof, C' denotes an absolute positive constant that
can be different from line to line. Using Lemma 3.7.13, the estimates
(3.7.32), (3.7.33) and (3.7.34), we deduce the following chain of estimates

/ \Du]pdeQS/(]DTup+DLu\p)dez
K K

D p
<P (v, TP[v]) dFH* + ¢ /| Ty dJ?
p K p—1Jk p

IN
|

O(v, TP[v]) dFH>
— 1 Ja0nB3(z0)
C DrulP
- |Drul?
—1 JoonB3(ze) P

C' D p D p
p—1 QNB3(zg) P o0NB3(zo) P

which completes our proof of Proposition 3.7.12. O

dH?

Next, we analyze the boundary and inward perturbations for the limit
stress-energy tensor, and we prove that the set supporting the associated
varifold to this tensor is minimizing area to first order in the Brian White
sense. First, we analyze the boundary perturbations.

Proposition 3.7.14. Let Q C R3 be a bounded domain of class C?, xg €
0Q, r > 0 be fairly small and p € [1,+00). If u € WHP(Q N B3(z0),RY)
satisfies div(T4) = 0 in 2'(Q N B3(x0),R3) and if Du is continuous at
every point of 00N B3(xq), then for each & € C(B3(xg),R?),

/ TP : D¢ dx
QQB,%(:E())

1
< (1 + ) HfHLoo(amBg(xo),Riﬂ)/ | Dul? d3.
p 8QﬂB§(.’Eo)
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Proof. Let v € C1(09,S?) be the outward pointing unit normal vector
field to 9Q and let &€ € C}(B3(x0),R?). Applying the triangle and the
Cauchy-Schwarz inequalities, we have

(v, TEIED] < (1+ 1/p)[Dul[g]

on 90N B3 (xp). Using this estimate and Proposition 3.7.11, we complete
our proof of Proposition 3.7.14. O

Proposition 3.7.15. Let Q C R3 be a bounded domain of class C?, zg €
0Q, r > 0 be fairly small, (pp)nen C [1,2) and p, /2 as n — +oo. Let
(tn)nen be a sequence of mappings such that u, € WHPr(QN B3(z¢),RY),
Du,, be continuous at every point of 9Q N B3(xg) and div(Th") = 0 in
P'(Q2 N B3(x0),R%).  Assume also that (2 — p,)TE" = T, weakly* in
(C(QN Bl (wo), M3(R)))'". If

D, |Pn
(3.7.36) limsup(2 — py,) / [Dunf dx < 400
n—r+00 QNB3(z0) Pn
and
Drup|Pn
(3.7.37) lim sup(2 — p,) / Dl dH?* < +o0,
n—+00 oQNB3(z0) Pn

then there exists a constant C > 0 such that for each & € C}(B3(z0),R?)
we have

(3.7.38) < Cl¢ll Lo (00nB3 (x0),R3)-

/ T, : DEdx
QﬂBg’(mo)

Proof. By the weak® convergence and the convexity, and also using
Proposition 3.7.12, Proposition 3.7.14 and the estimates (3.7.36), (3.7.37),
we obtain the following chain of estimates

/ T, : D€ dx
QﬂB?(wo)

< lim inf
n—-+o0o

Cop) [ ToiDEds
QﬂBg(.’L‘O)

< limsup 2(|€|| o (90183 (z0),R%) (2 — Pn) / | Dty [P dH?
n—+o00 0NBE(zo)
< 1iEJSruP C'N|€]] oo (99 B3 (0),R%) (2 — Pn) X

(/ | Dy, |P da:—i—/ | Dy, [P dﬂ{2)
QQB“;’(QZ()) Pn aﬂﬁBg(xo) Pn

< Cl€l| Lo (900 B2 (20),R?)>

where C’,C' > 0 are constants independent of . This leads to (3.7.38)
and thereby completes our proof of Proposition 3.7.15. ]
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Now we analyze the inward perturbations.

Proposition 3.7.16. Let Q C R? be a bounded domain of class C?,
xg € 00, 1 > 0 be fairly small and p € [1,2]. If u € WHP(QN B2(x0),RY)
satisfies div(T4) = 0 in 2'(Q N B3(x0),R3) and if Du is continuous at
every point of 0N B3(xo), then for each & € CH(B2(x0),R3) such that
(€,v) <0 on 92N B3(x0), where v € C1(09Q, S?) denotes the outward

pointing unit normal vector field to 0S), we have

/ TP . D¢ dx
QﬂBg(zg)

DrtulP _
> lellws [ (@0 T 4 iDL Dral) ase

where U = 0Q N B3 (xy).

Proof. Using Lemma 3.7.13 and the fact that (£,v) <0 on U, we deduce
that

(0, TEIE]) = () ) — | DulP=2(Dule — (v, 0], D)
> 0.6 (22) ipsap + ) (28 vl

— €|l o re) | DLulP~ [ Drul
3—0p _
> [l <p) Dral? — le]l poogus) | Dol Dl

The conclusion then follows from Proposition 3.7.11. ]

The next proposition says that the set supporting the varifold asso-
ciated to the tensor T of Proposition 3.7.15 is minimizing area to first
order in the Brian White sense (see [58]).

Proposition 3.7.17. Let Q C R? be a bounded domain of class C?,
xg € O and r > 0 be fairly small. Let (pn)neN, (Un)nen and Ty be as
in Proposition 3.7.15. Let v € C1(09Q,S?) be the outward pointing unit
normal vector field to 0. Assume that

n—-+o0o Pn

D n Pn
(3.7.39) lim (2 — pn)/ D7l d3* = 0.
6QHB§(I0)

Then for each & € CH(B3(z0),R3) such that (£,v) <0 on 0Q N B3(xo),

/ T, : DEdx > 0.
QﬂB;}(mo)
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202 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Proof. Set U = 000N B3(xg). Taking into account (3.7.36), (3.7.37) and
Proposition 3.7.12, we get

(3.7.40) A = limsup(2 — pn)/ | Duy, [P dH? < +o0.
n—-+4o0o U

Next, using Proposition 3.7.16, Holder’s inequality, (3.7.40) and (3.7.39),

we deduce that

_ Du,|P»
/ T, : DEdx > —||€|| L (ups) imsup(2 — py,) / 1Dl g0
QNB3(x0) n—+00 U Pn
. ]‘7i
—H‘5||Loo(U,R3) lim sup(2 — pn)HDUnHLprIURu@R:% HDTunHLPn(U,RV@RS)
n—-+oo

Druy,
> €l Lo UR3)A2 (hmsupQ Pn) /| TUn " > —0,

which completes our proof of Proposition 3.7.17. O

We shall say that  is strongly convex at a point zg € 92 whenever
the two principal curvatures of 02 at x(, with respect to the inward
pointing unit normal vector to 9€) at xzq, are positive. If ) is convex and
0f2 has the second fundamental form that is positive semidefinite with
respect to the inward pointing unit normal vector field to 912, then € is
strongly convex at zg € 92 whenever the Gaussian curvature of 0f2 is
positive at xg.

As a result of our analysis in this subsection, we obtain the next
boundary repulsion property.

Theorem 3.7.18. Let 2 C R3 be a bounded domain of class C? such
that Q is strongly convex at every point of 0. Let g € R§(92,N)
be such that g € C1(OQ\ S(g9),N). Let (pn)nen C [1,2), pn 7 2 as
n — 400 and (up)nen be a sequence of pn-minimizers in Q0 such that
for each n € N, tropq(u,) = g. Assume that for each n € N, Du,, is
continuous on O\ S(g). Then there exists j. € (C(Q))" such that, up to
a subsequence, (3.5.2) holds. Moreover, Sy lies in the convex hull of S(g)
and S, N O = S(g), where S is the support of pu.

Remark 3.7.19. According to [35], every p-minimizer w in 2 is locally
C1 regular in Q\S(u) for some relatively closed subset S(u) of £ which
has Hausdorff dimension at most 1 when p € (1,2]. Furthermore, p-
minimizers with smooth boundary values on smooth domains are Holder
continues near the boundary and, in view of [54], it is reasonable to
assume that they are C' regular near the boundary. In Theorem 3.7.18,
we assume that the gradient of a p-minimizer is continuous on a portion

202



3.7. Analysis up to the boundary 203

of the boundary, where the boundary datum is smooth. This assumption
is significantly less demanding than the assumption that the minimizer is
C! regular outside the union of its singular set with the singular set of
the boundary datum.

Proof of Theorem 3.7.18. Using Proposition 3.2.21, the fact that g €
RE(OL,N) € W/22(9Q, N) and the Banach-Alaoglu theorem, we obtain
pe € (C(Q)) such that, up to a subsequence, (3.5.2) holds. Fix an
arbitrary point g € 9\ S(g) and a fairly small » > 0 such that
B3(z0) N S(g) = 0. In view of Proposition 3.2.21, the fact that g €
W1/22(9Q,N) and Lemma 3.7.8, (3.7.36) and (3.7.37) hold. Then, taking
into account (3.5.7), Proposition 3.2.21 and using the Banach-Alaoglu
theorem, we deduce that there exists T, € (Co(Q2 N B3(xzo), M3(R)))’ such
that, up to a subsequence (still denoted by the same index), (2—p,)To" =
T, weakly® in (Co(Q2N B(xg), M3(R)))’. Keeping the same notation,
let us define Ti(-) = Tu(- N QN B (x0)) € (Co(B(x0), M3(R)))". By
Proposition 3.7.15, div(Ty) € (Co(B2(x0),R?))". Then, according to [6,
Proposition 3.1], there exists an H!-rectifiable set R C B3(z9) N Q and a
map \ € L®(R, M3(R)) satisfying the following conditions. For J(!-a.e.
zo € R, [N(xo)| = 1, Mzo) € G(3,1) is the orthogonal projection matrix
onto Ty, R such that T,L {0 (|T%|) > 0}(dx) = OF(|Tx|, 2)A\(z)H'LR(dx),
where T, R is the approximate tangent plane to R at zp. One has
that |Ty| = s, O1(|T%]) = ©1(p+) and R = S, N B3(wg) (we refer the
reader to the proof of Proposition 3.5.8). In particular, we deduce that
Vi(dA,dx) = 0y, () (dA) @ |Ti|(dz) is a 1-dimensional rectifiable varifold
(see [2, 27]). Since g € CH(ON N B3(20),N), (un)nen fulfill the condition
(3.7.39) of Proposition 3.7.17, which says that V, is minimizing area to
first order in (Q N B3(x0)) U (0Q N B3(xg)) in the Brian White sense
(see [58]). Then, by [58, Theorem 1], g & S.. Thus, S, N 9N C S(g).
Denote by E the convex hull of S(g). By contradiction, assume that
Sy N (Q\ E) # 0. Then, since S, NI C S(g), the set M of points
xo € Sy such that dist(zo, ) = max{dist(z, E) : © € S.} is a subset of
O\ E. Fix a point g € M such that the segments of S, emanating from
o do not lie in the same plane. Then these segments lie in the same
half-space (lying under a 2-plane parallel to some face of F) and form a
vertex, which cannot happen in view of the stationarity of the varifold
coming from Proposition 3.5.8 (see Corollary 3.5.19). Therefore, S, C E.

Next, let us prove that S(g) C S. N 9. Using Corollary 3.7.7
and the fact that S, N9 C S(g), for all fairly small § > 0, we have
tron\ss (uy) = g|53, where u, is a map coming from Corollary 3.7.7 and

Sg = {x € 0 : dist(x,S(g)) > d}. For each a € S(g), denoting by
aBgQ(a) the boundary of the geodesic ball in J€2 with center a and
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204 Chapter 3: Limiting behavior of p-harmonic maps in 3d

radius ¢ > 0, we know that u*\aBgQ (@) = g|aBgQ (a) 18 Dot nullhomotopic
for each sufficiently small o > 0. This, together with the fact that
S. C E and Corollary 3.5.18, implies that a € S, N JdQ and hence
S(g) € S. NI Therefore, S, NN = S(g), which completes our proof
of Theorem 3.7.18. O

3.7.5 Structure of the singular set and the limit measure

Theorem 3.7.20. Let Q, g, S(9), (un)nen, s and Sy be as in The-
orem 8.7.18. Let u, be the map of Proposition 3.5.6 being an element
of VVli)f(Q \ S«,N). Then Sy is a finite union of finite chains of seg-
ments connecting the points of S(g) and lying in the convex hull of S(g).
More precisely, there exists a finite set of segments L1, ..., L, C Q such
that S, = U;—; Li and u, € C®(Q\ (Ui Li U So),N), where Sy is
a locally finite subset of @\ U, Li. If x is a point inside L;, then
O1 (s, ©) = 53 ([uxlop]) =: \i, where D is a closed 2-disk in Q such that
DN S, ={z}, 0D NSy =0 and x is an interior point of D. If x is a
branching point of Sy, namely there exists L;,, ..., L;, emanating from
x, then Z?:l )\ijvij = 0, where vi; 18 the unit direction vector of Lij
pointing from x. Furthermore, p, =Y iy NHIL L;. Finally, for each
i€ {l,...,n}, each endpoint of L; is either a branching point of S. lying
in Q or it belongs to S(g). If x is an endpoint of some L; lying in S(g),
then [glop,] = [u«lop], where Dy is the geodesic disk on 02 with center
x and lying far from S(g) \ {x}, and D is a closed 2-disk in Q centered
inside L; with 0D lying outside the convex hull of S(g) and outside of Sy.

Proof. Denote by E the convex hull of S(g). The fact that S, C E comes
from Theorem 3.7.18. Fix an arbitrary xz¢ € S(g). Further in this proof,
the center of each ball and sphere is at z. In view of (3.5.1), for each
rog > 0,

Du,, |Pn
limsup(2 — py,) / | Dun| dr < +00.
B NQ

n——4o00 Pn

Then, up to extracting a subsequence (not relabeled) and using the coarea
formula, together with the Fatou lemma, we deduce that trgpsno(un) =
Uunlopsng € WHPr (0B N Q,N) and

Duw.. |Pn
limsup(2 — py,) / % dH? < 400
0B3NQ

n—-+oo Pn

for Hl-a.e. r € (0,79]. Let 79 > 0 be small enough so that E;DSO does
not contain any point of S(g) except of xy. Furthermore, by virtue of
Proposition 3.5.17 and the fact that S, C E, we can also assume that
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3.7. Analysis up to the boundary 205

an’o does not contain any branching point of S,. Next, we recall that
e L Q(dx) = O1(2)HL (S. NQ)(dz), where the density O is defined in
(3.5.5). For each r € (0, ], define M(r) = fS*maBé O1(x) dH(x), where
H° denotes the 0-dimensional Hausdorff measure in R?, namely, for a
discrete set of points X C R3, H%(X) = #X (the cardinality of X). In
view of Lemma 3.2.8, Proposition 3.5.16, Proposition 3.5.17 and the fact
that S, C E, M is a bounded from below piecewise constant function
with a discrete set of values. Indeed, there exists an at most countable
collection of intervals {(a;,b;] : i € NN [0,ip]}, where ip € NU {+o0},
such that by = rg, (0,r0] = UZ:O:O(ai,bi] and for each ¢ € NN [0,40]: M
is constant on (a;,b;); a; = bj1; for each r € (a;,b;), B2 does not
meet any branching point of Si; aBgi meets a branching point of S,.
By definition of 79, M is constant on (ag, bg]. Notice that, by the upper
semicontinuity of ©; (see, for instance, [3, 2(8)]) and Corollary 3.5.18,
for each i € NN [0,4] and = € (ai,b;) U (@it1,bit1), M(x) < M(b;).
Also, taking into account Proposition 3.5.17 and the facts that S, C E,
ENoQ = S(g) (since Q is strongly convex at every point of 92), we
observe that 1, (9(B2 N Q)) = 0 for each r € (0,79]. This, together with
the weak™ convergence of p, to p. (see (3.5.2)), implies that for each
i € NN [0, 4),

pn((By, \ Bg,) N Q) — pu((By, \ Bg,) N Q)

b.
3 D n Pn
:/ dr<(2—pn)/ |“|de2—M(T)> 0
a; B3N Pn

as n — +00, where we have used the coarea formula. Applying the Fatou
lemma, up to a subsequence (not relabeled), we get

b.
i D n Pn
(3.7.41) / dr <1imsup(2 — Dn) /833 0 7| | dF? —M(r)) < 0.
a; rﬁ

n—+o0 DPn
Fix an arbitrary i € NN [0,40]. Then either for 3!-a.e. r € [a;, b;],

| Dy, P

d3® > M(r),
Pn

(3.7.42) limsup(2 — pn) /
OB3NQ

n—-+4o00

or there exists a set I C [a;, b;] of positive H'-measure such that for each
r € I, (3.7.42) does not hold. In the case when (3.7.42) holds for H'-a.e.
r € [a;, b, according to (3.7.41), we have

Du, [Pn

limsup(2 — py,) / [Dunf™ dH? = M(r)
n—r+00 oB3nQ  Pn

for Hl-a.e. r € [ay, bi].
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206 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Thus, there exists 7 € (a;,b;) such that tropsno(un) = unlopsna €
WhPn(9B3 N Q,N) for each n and

D n Pn
(3.7.43) limsup(2 — pp) / Dunf d3? < M(r).
OB3NQ

n—-+oo DPn

Next, we construct a competitor v, for u,. Define v, = u, in 0\ Bf’. For
each x in the cone K = {x € B}NQ : (zo+7r(x—m0)/|z—20|) € OB}NQ},
set

r(m—xo))'

|z — x|

(3.7.44) vp(x) = traBﬁmﬁ(un) (1,‘() +

In the region V = (B2 N )\ K, we define v,, by homotopy, using [12,
Theorem 2|. More precisely, fix a point x € V and consider a 2-plane
passing through z, which is orthogonal to the axis of the cone K. The
intersection of this 2-plane with V' is an annulus whose boundary consists
of two curves y; C 02 and v C OK. By definition, g|,, is continuously
homotopic to v,|y,. Then, by [12, Theorem 2|, on this annulus there
exists a W12 map with values in N and with boundary values g|, and
Unly, o0 71 and 7o, respectively. Observe that the set of values of vy, |,
coincides with the set of values of 9]833039 Continuing this process,
namely filling V', we obtain a map v, |y such that vply € WH2(V\ B3, N)
for each § € (0,r) and

D)

(3.7.45) limsup(2 — py, / [D(alv) ”"'V R
n—-+00

which is possible due to the fact that g € 9%(1)(89, N) (see Lemma 3.7.8),

since the p,-energy of v, |y in VN B} is of order §/(2 — p,,) for 6 € (0,7).

Thus, we have constructed a competitor v,, for u,.

Next, again by the weak™ convergence of u, to us and the fact that
p«(0(B2 N Q)) =0, we have

r 5 . | Dy, [P
(3.7.46) M(o)do = p«(B; NQ) = lim (2 —py) ———dx
0 B3NQ

n—-+0o Pn

Since vy, is a competitor for u,, v, = u, in Q\ B3, using (3.7.43), (3.7.44),
(3.7.45) and (3.7.46), we deduce that

r D pn
/M( do < limsup(2 — pp) /’ Unl
0

n—-+00
T Pn
(3'7'47) < lim Sup/ ‘Q2*pn do (2 _ pn) / ‘DTun| dH2
n—+oco Jo 9B3NN Pn
<rM(r),
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where we have also used that p,, /2 and |Dtuy,| < |Du,|. We can choose
i € NN[0,4p] and r > 0 so that, apart from (3.7.47), M (r) is the minimal
value of M on (0, rg]. In fact, since M is bounded from below and has a
discrete set of values, it achieves its minimum at every point of the interval
(@i, b;) for some i € NN [0, 4p] (notice that it can achieve the minimum at
a; or b;, but in this case it achieves its minimum at every point of (a;, b;),
since M (z) < min{M (a;), M (b;)} as was observed earlier). Thus, taking
such i € NN [0,4p] and r € (aj, b;), it holds M = M (r) on (0, ], because
otherwise (3.7.47) would not hold. Then, since M has a discrete set of
values, there exists a bounded set J C N such that for each ¢ € (0, 7],
the number of branching points of S, N 8BS belongs to J. This, together
with the stationarity of the associated varifold V. (see Corollary 3.5.19),
implies that the only possible situation describing S, N B? is when S, N B3
is the union of closed straight line segments connecting the points of
S, N OB3 with zo and whose relative interiors are mutually disjoint.

We complete our proof of Theorem 3.7.20 using Prop. 3.5.6, 3.5.17,
Cor. 3.5.18, 3.5.19, 3.7.7 and Thm 3.7.18. O

The next corollary is a direct consequence of Theorem 3.7.20, so we
omit its proof.

Corollary 3.7.21. If the set S(g) of Theorem 3.7.20 lies in a 2-plane,
then S, is the segment connecting the points of S(g) if S(g) has only two
points, is contained in the triangle with vertices from S(g) if S(g) has
only three points and is contained in the polygon with vertices from S(g)
if S(g) has more than four points.

We provide a revised version of Corollary 3.7.21 for the case when
S(g) has only two points, also without proof.

Corollary 3.7.22. Let , g and (uy)nen be as in Theorem 3.7.18. Let
S(g) = {a,b}. Then S, = [a,b] and for each = € (a,b), O1(us, x) =
&3 (lglop,)) = €5 ([g9lap,]), where for z € {a,b}, D, is a geodesic (closed)
disk in 9€) with center z, not containing b if 2z = a and a if 2z = b.
Furthermore, p. = &5 ([glap,])H L [a, b].

3.7.6 Minimality of the singular set
Now we prove the global minimality of 5.

Proposition 3.7.23. Let Q, g, S(9), (un)nen, Sx and p, be as in
Theorem 8.7.18. Let u, be the map of Proposition 3.5.6 being an element
of T/VI})CQ(Q \ S¢,N). Then S, € €(Q,g) and for each S € €(Q,g),
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208 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Proof. According to Theorem 3.7.20, S, € € (€2, g) (see Definition 3.6.1).
Let S € €(R,9). By reproducing the Step 2 of the proof of Proposi-
tion 3.6.4, we obtain a sequence of competitors v, € WP (Q, N) for u,
such that

Dy
(3.7.48) lim sup(2 — pyp) /| Unf” dz < M(g, S),

n—-+4o0o

such reproduction is possible thanks to Lemma 3.7.8. By Theorem 3.7.20
and Definition 3.6.3, p4(Sx) = M(g, Sx). Using this, (3.5.2), the fact that
vy, is a competitor for u, and (3.7.48), we obtain

Du,, [P
(g5, = tim (2-p) [ 10 0

n—-4o0o

< limsup(2 — py) /| Un[” dx < M(g,S),

n—-+0o00

which completes our proof of Proposition 3.7.23. O

For convenience, we provide the definition of a minimal connection.

Definition 3.7.24. A minimal connection of a set {a1,...,as,} C R3is
a union S of mutually disjoint closed segments, each of which connects
two points from {ay,...,az,} so that the sum of the lengths of these
segments is minimal among all possible such connections.

Proposition 3.7.25. Let 2, g,5(g), S« be as in Theorem 3.7.18, S(g) # 0
and T (N) ~Z/2Z. Then S(g) has an even number of elements and S,
is a minimal connection of S(g) in the sense of Definition 3.7.24.

Proof. First, notice that #S5(g) is even, because otherwise, using the fact
that m(N) ~ Z/2Z, we would obtain a map which is not nullhomotopic,
but having zero degree, which is a contradiction. Next, in view of
Corollary 3.6.8 and Theorem 3.7.20, S, is a finite union of segments
whose relative interiors are mutually disjoint, and each of these segments
connects two points from S(g). Let S be a union of mutually disjoint
closed segments, each of which connects two points from S(g). Then,
according to Proposition 3.6.6 and Definition 3.6.1, S € €(£,g). By
Proposition 3.7.23,

M(g’ S*) S M(Q7S)

Since m1(N) has only one nontrivial element, the above estimate im-
plies that S, € (€2, ¢g) is a minimal connection of S(g) in the sense of
Definition 3.7.24. This completes our proof of Proposition 3.7.25. O
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3.7.7 Proof of Theorem 3.1.2

Finally, we prove our second main theorem.

Proof of Theorem 8.1.2. The proof follows from Propositions 3.7.9, 3.7.23
and Theorem 3.7.20. ]

A Auxiliary results

We provide a proof of the following lemma leading to Corollary A.2, which
was used in the proofs of Lemmas 3.2.13, 3.2.15.

Lemma A.1. Let m € N\ {0,1}, p € (1,+00) and U C R™™! be open
and convex. Let ¢ : U — R™ be a bilipschitz mapping and E = ¢(U).
Then there exists a constant C = C(m) > 0 such that for every u €
Wr(E,RY),

2p

(A1) [ Veo(g) S 71L4m SRC | 1oy | Dl )
and
2 P
(A2) [ulfyssjnay < 2T 70 () el
n L4m—5+2pc(dialg(U)> 1Dl 5
where |ul? denotes the integral

Wi-1/p.p(E)

E

Iy - wlm #p
and L > 0 is a bilipschitz constant of .

Proof. Let ||Dtulrp(g)y > 0, because otherwise (A.1) and (A.2) are
satisfied. According to [31, Theorem 3.2.5, p. 244|, we have

(A3) ’u‘zé[/lfl/p,p(E)

:/ U |I:0( () )) (u<’m( Q)leJm—l((p(y))Jm—l((P(iﬁ))dydx,

where J,;,—1 denotes the (m — 1)-dimensional Jacobian (see, for instance,
Section 3.2.1, p. 241 in [31]). We define for each § > 0 the sets

Ws = {(z,y) € U? . ly—z| >0} and Fs5={(z,y) € U? . ly —x| < d}.
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210 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Then U? = W; U F5. Hereinafter in this proof, C' denotes a positive

constant that can only depend on m and can be different from line to
line. We first prove (A.1). For each § > 0,

//w ;L)( = 2)J)rf Tm=1(0(y)) Im—1(p(z)) dy da (A.4)
< 9P 1//W Iuw )|p+l;t‘5n (2+);)a|pJm—l(@(y))Jm_l(ap(x))dydx
< gp=lpm= 2+p//w u(ep |y P;|-Wju2(+£ ))|me71(go(y))Jm,1(gp($))dydx

< 2pL2m3+p/ |u|pd9{m1/ L
- R'rnfl\B(’;L—l ’Z|m72+p

2p L2m 3+p
_2e DT /|u\Pd9{m !

where we have used that ¢ is bilipschitz with the bilipschitz constant
L and [31, Theorem 3.2.5|. Next, using Jensen’s inequality, Fubini’s

theorem and the fact that ¢ is bilipschitz with the bilipschitz constant L,
we have

//F _ (’f@( 2)1’:*]771 1) Im-1(p(x)) dy dx (A.5)
- / fu«o((l—t>x+ty>>dtpJm*(@(y)”]m*l(@(x)) dy da

lp(y) — p(z)|m=2tp
1
< L4m5+2p/ dt
0

|[Dru(p((L = e +ty))Ply — f?
(//Fg ly — a2+ Im— (80((1—t)x+ty))dyda:>

< L4m 5+2p/ dt

[ Bt =D O g ot )0+ 1) dy ).
Fs ‘y_x‘m

Performing the change of variable z = (1 — t)z + ty in the integral with
respect to x, we have

D l—t +t
(A.6) // |Druly me I o1 = e + ty)) dy da
Fy ]y—x!

[Drufp(=)P
//F<1 0 V2™ Ty am-z Im-1(e(2)) dy dz.
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Therefore, integrating (A.6) with respect to t € [0, 1], we get

/ | [, PO O 5 ot1 = e+ ) e )

/ 1—t// Fa—t)s uI)yTﬁ zm)yp‘]m—l(‘P(z))dydzdt

DrulP dH™ ! d¢ dt
<, 1o /1—t/Bm1 T

—t)6
< 05/ | DrulP dH™
E
Then, taking § > 0 such that
§— HUHLP(E)
| Drullpe (i)

we obtain (A.1) from (A.3), (A.4), (A.5) and (A.7).
Next, we prove (A.2). Let us now choose § = diam(U)/2. Then,
changing me_l\Bgnq Wlfzﬂp to fngfl\Bgnfl M,,flfzzﬂ, and using that

U < n(2) in (A.4), we obtain

// z (m( z)ypz]m—l(w(y))Jm—l(w(w))dyda:
Wi )| p
p—1
<z (5 [
E

which, together with (A.7), implies (A.2). This completes our proof of
Lemma A.1. O

Corollary A.2. Let p € (1,2]. Then there exists a constant C' = C(m) >
0 such that for every u € WP(9B™(x),RF),

(A.8) ’U‘];Vlfl/p,p(agp(xo)) < Cr|’DTuHI£P(8BI”(9:o))'

Furthermore, if Y is a compact Riemannian manifold, which is iso-
metrically embedded into R¥, p € [po,2] for some py € (1,2] and
u € WHP(OB™(x9),Y), then there exists a constant C' = C(pg, m,Y) > 0
such that

m—1 -1
(A.9) |u|€V1_1/p,p(an(x0)) <Crv» ||DTU||][)zp(8B;’,n(:E()))'
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Proof of Corollary A.2. First, let us prove (A.8). By scaling and transla-
tion, it is enough to show that for each u € WhP(Sm—1 RF),

(A.10) < CDrully g,

|u|€vl—l/p,p(8m71)
Recall that m > 2 and for each j € {1,...,m}, define Ey; 1 = {z €
Sl x; < 3/4} and By = {x € S™! : z; > —3/4}. For every
x € S 1 there is at most one i € {1,...,2m} such that = ¢ E;. Thus,
Sm—1 x gm-1 U E; x E;. Moreover the E;’s are bilipschitz images
of the unit ball B"~!

Hereinafter in this proof, C will denote a positive constant that can
depend only on m and can be different from line to line. Then, in view
of (A.2) with U = B!, we have

(A.11) l-1ma) < CUlelog) + 1DTUl0(5,)-

Applying (A.11) with v = u — WIE wdH™ ! and using the
Poincaré inequality for v (observe that the constant in the Poincaré
inequality can be chosen independently of p € (1,2]), we get the esti-
mate ‘u|€vlfl/p»p(Ei) < C’||DTuH’£p(Ei). Then, summing over i, we obtain
(A.10), which implies (A.8).

Next, we prove (A.9). To this end, we show that if p € [po, 2] and

u € WYP(OB™(x0),Y), then
(A.12) ’ ‘Wl 1/p.2(9B™ (x0)) < c’ HUHLP OB (20)) HDTU’HLP (8B™(20))’

where C" = C'(pg,m) > 0. Notice that if (A.12) would hold, then it
would be “scale-invariant”. Thus, it is enough to prove (A.12) in the case
when 0B (z) = S™ 1. Applying Lemma A.1 with E = E; as above for
each i € {1,...,2m} and then summing over i, we get

c 1
(A.13) |u|€v1—l/p,p(sm71) < IHHUHLP(S"L*U||DT’UJ||§P(SM—1)-

Setting C" = C'/(po — 1) > 0, (A.13) yields (A.12). The inequality (A.9)
is a direct consequence of (A.12) and the fact that Y is a compact
Riemannian manifold, which is isometrically embedded into R*. This
completes our proof of Corollary A.2. O
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Universality of
renormalisable mappings
in two dimensions: the
case of polar convex
integrands

ABSTRACT. We establish universality of the renormalised
energy for mappings from a planar domain to a compact
manifold, by approximating subquadratic polar convex
functionals of the form [, f(|Du|) dz. The analysis relies
on the condition that the vortex map x/|z| has finite energy
and that t ~— f(1/t) is concave. We derive the leading
order asymptotics and provide a detailed description of
the convergence of W'!-almost minimizers, leading to
a characterization of second-order asymptotics. At the
core of the method, we prove a ball merging construction
(following Jerrard and Sandier’s approach) for a general
class of convex integrands. We therefore generalize the
approximation by p—harmonic mappings when p 2 and
can also cover linearly growing functionals, including those
of area-type.

4.1 Introduction

Given a bounded Lipschitz planar domain  C R?, a compact Riemannian
manifold N C R” (v € N\{0}), and boundary datum g € W/>2(9Q; N), a
minimising harmonic map is a mapping u € WH2(; N) = WH2(Q;RY) N
{for a.e. x € Q,u(x) € N} solving the minimisation problem

2 1,2(0).
(4.1.1) inf{/ de:uew (Q’N)}.
o 2 trogou =g

If W;’2(Q;N) = WH2(Q;N) N {trgqu = g} contains at least one map,
the existence of harmonic mappings in this Dirichlet class can be shown

This chapter originally appeared as C. Irving and B. Van Vaerenbergh. Universality
of renormalisable mappings in two dimensions: the case of polar convex integrands.
Preprint, arXiv:2411.17520 [math.AP] (2024). 2024
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218 Chapter 4: Universality of renormalisable mappings in 2d

by the Direct Method of the Calculus of Variations. However, due to
topological obstructions, there may exist g € W'/»2(9; N) such that
W;’Q(Q; N) = @. In particular, such a g exists when N is not simply
connected, or equivalently the fundamental group 71 (N) is non-trivial;
see for instance [5, 42].

While W;’2(Q; N) may be empty, if we relax our admissible class we
can find singular mappings u: {2 — N attaining the boundary condition.
Thus we may seek to understand (4.1.1) in the obstructed case through
a suitable sequence of approximate problems which we can solve, by
analysing the behaviour of these approximate solutions in the singular
limit. Moreover, we seek to obtain a singular renormalisable harmonic
map in the limit; a notion introduced in [31, 32].

More precisely, we consider a sequence (f,), of Young functions
fn : R = R (referred to as integrands in the sequel) for which the vortex
energy

1
(4.1.2) V(fn) = 2/0 I (%)rdr = 1/82(0) frn(|Duy(z)|)dx is finite,

T
where uy (z) = fay is the vortex map. Condition (4.1.2) ensures the set
(4.1.3)
Ay(fn) = {u c Wh(Q;N) / fn(|Dul) dz is finite, tragqu = g}
Q

is non-empty (see Lemma 4.2.15) and therefore

4.1.4 inf / n(|Dv|) dx is finite,
(1.1.4) I WA

so we obtain a sequence of well-posed minimisation problems. To recover
the Dirichlet case (4.1.1), we consider general families (fy,), satisfying
Definition 4.2.1, which will include

(a)fn(z) = =1 where p,, /2 (p-energy),

n

V1462212 -1
(b) fu(2) = + (;‘2’2‘ where d,, N\, 0 (rescaled area functional),

3127 if |2| < K,
kn(|2] — kn/2) if |2] > Ky,
2]

2(1 + nullog|2|])?

where kK, — 0o (trunc. energy),

(€)fnlz) = {

(d) fu(z) = where 1, \, 0, (Llog~2L-energy).

For such integrands we will show the following prototype theorem:
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4.1. Introduction 219

Theorem 4.1.1. Let (f)n be as in Definition 4.2.1, which includes any
of (a)~(d). Then for any g € W'/»2(9Q; N) we have

mf{/ fu(IDv)dz : U € WS N)} = E([9))-

(4.1.5) lim troq v = g

n—00 \7

Here E;gf([g]) is the singular energy; cf. Definition 4.3.4.

Since limy, o0 V(fr) = 00 by Fatou’s lemma, Theorem 4.1.1 quantifies
the rate of blow-up of (4.1.4) up to first order by the singular energy,
which is a homotopy invariant quantity that does not depend on the
choice of the sequence (f,),. When Q = B? C R? is the unit ball and
N = S!, we have Ei([g]) = 7| deg(g)|, where deg(g) is the topological
degree of g viewed as a map OB = S! — S!.

Moreover we prove a stronger result; namely we are able to completely
characterise the next leading order of the asymptotic expansion in n, and
establish convergence results for asymptotically minimising sequences.

Theorem 4.1.2. Under the assumptions of Theorem 4.1.1, suppose
(un)n C WHL(Q;N) ds an asymptotically minimising sequence in the
sense that tran u, = g for all n and

(4.1.6)

/fn |Dun| dl’—lnf{/ fn |D | UGWII(Q N)}H—OO>O

trogov =g
Then, passing to a subsequence, u, converges strongly in Wb to a limit
map ux € WHL(Q;N) with traq u. = g satisfying

(4.1.7) Uy € Wh? (Q\ U B(ai,p);N> for all p >0,
i=1

where Kk € N and a1,...,a, € Q. Moreover, for all p > 0 sufficiently
small,

(i) ws is a minimizing harmonic map on Q\ U, B*(a;, p) with respect
to its own boundary conditions,

(i) / £u([Du — Dup|)dz 2222 0,
MU, B (i)

(iii) ws is renormalisable in that the renormalised energy
(4.1.8)

2
B2 (u.) = lim Dl 4 — B12([g]) 10g L
=0 [ Ja\UE, B2 arp) 2 ¢ p
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220 Chapter 4: Universality of renormalisable mappings in 2d

exists and is finite, and we have

(4.1.9)  lim [/ﬂ fn(IDug|) dz = V(fn)EG (9)
= E%éi(u*) + H({U*y ai])?:l’
where H([ux, a;])f_ is defined in (4.4.2).

The goal of this paper is to identify general conditions for sequences of
integrands (f,,)n, covering the four examples (a)—(d), such that Theorems
4.1.1 and 4.1.2 hold, working in the spirit of I'-convergence (also known as
variational convergence). These results show that the renormalised energy
is universal: regardless of the sequence of approximating integrands
(fn)n, the limiting mappings have finite renormalised energy (4.1.8). This
universality suggests that the manifold constrained harmonic extension
of a map g : Q2 — N should be defined through the minimization of the
renormalised energy Erea(u); this quantity was introduced in [32]. Under
certain assumptions on the domain, the manifold and the boundary data,
we can explicitly compute the manifold constrained harmonic extension:

Theorem 4.1.3. Suppose Q = B? is the unit ball centred at the origin,
N =S! and g : 0B = S! — S! is defined by g(x) = = for all z € 0B,
and let (fn)n satisfy Definition 4.2.1 (which includes (a)—(d)). Then for
any asymptotically minimizing sequence (u,), C WH1(B,S!) satisfying
trog un, = g for all m and (4.1.6), we have

x
(4.1.10) Up — uy(z) = Tl strongly in WH1(B, S1).
x
Theorem 4.1.3 asserts universality of the vortex map uy and can be
extended to other manifolds and boundary data, cf. Theorem 4.7.1. We
underline that in Theorem 4.1.3 the full sequence wu,, converges instead of
some subsequence.

The assumptions we use are detailed in Section 4.2, but we will
consider convex polar integrands of the form f,(|z]), with f, : ¢t € Ry —
R4 ; here, and throughout the paper, we will use || to denote the Euclidean
/ Frobenius norm. We impose that the sequence f,(t) converges pointwise
to t2/2, that each f, has finite vortex energy V(f,,) (see (4.1.2)), and
that t e Ry — fp o V't is concave. These assumptions covers the case
of p-harmonic mappings, which was studied by HARDT and LIN in [20]
for N = S!, and for general N in [43]. Our assumption allows for a
much more general class of integrands however, including linear growth
functionals such as (b), and integrands which are not strictly convex such
as (c), which is |2|?/2 truncated at z = x (see Definition 4.2.9).
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4.1. Introduction 221

The family (b) is motivated by the observation that the Dirichlet
energy can be obtained from the expansion of the area functional, namely

2
(4.1.11) \/1+]z]2:1+|22+0(|z]4), z— 0.

Note that this integrand arises by considering the area of the graph of
lu|; that is H?({(z, |u(z)]) : € Q}). To capture the second term in the
expansion (4.1.11), we consider the change of variables us(x) = u(dx) for
u € WH1(B2; N) which satisfies

V1+0%Duf? -1
(4.1.12) / VI+ Dug?2 — 1de = / * ‘2 Wy,
B2(0,1/6) B2 0

which leads us to consider f,, defined as in (b), which converges pointwise
to %|z|2 as 0, \, 0. This approximation has recently appeared in [34]
as a relaxation to the problem of quadrilateral and hexagonal meshing,
formulated as a minimisation problem over suitable fiber bundles. This
approximation was also used in [36, §A.3(2) p.185] to prove the Polya-
Szegd inequality for p = 2.

One could sacrifice the convexity of the integrands and the intrinsic
character of the problem by using a Ginzburg-Landau approach, where
for every € > 0 one considers

2
(4.1.13) inf{/ m;L‘Jng) dx:uEWsl,’z(Q;R”)}.
Q

Here F(u) behaves as dist(u; N)? near N (see [31, (1.4), §2] for detailed
assumptions on F'), and N is a connected compact submanifold of R”.
Results similar to Theorems 4.1.1 and 4.1.2 can be obtained in that
setting (see [31, Thm. 7.1, 7.3]), and this relaxation has also been applied
to the theory of meshing; see for instance [4]. However, this approach
is extrinsic since F'(u) depends on an isometric embedding N C RY,
which always exists [33], but is highly non-unique. Moreover, F'(u) is
typically non-convex, as the classical case attests [7] for N = S!, where
F(u) = (Ju|?> — 1)?/4. The extrinsic behaviour is recorded in the obtained
renormalised limit; see the Q-term in [31, Thm. 7.3(vi)].

Innovations. While many prior works focused on specific approxi-
mations such as the p-energy and the Ginzburg Landau relaxation, we
initiate a systematic study of functionals &, approximating the Dirichlet
energy along which this asymptotic analysis can be carried out. Our
assumptions on the integrands (fy), is sufficiently general to allow for
linearly growing integrands such as (b) and (c), thus leading us to work
in the framework of L! convergence.
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222 Chapter 4: Universality of renormalisable mappings in 2d

The key results of our analysis are contained in the compactness
theorem (Theorem 4.5.1), valid for sequences whose energy in bounded
in a renormalised sense. The result crucially relies on a lower bound to
control the singularities (see Proposition 4.4.7) based on the classical
merging ball procedure of JERRARD [24] and SANDIER [39]. While the
a-priori bounds allows us to extract a subsequence of (Duy,), which
converges weakly* (in the sense of measures), by separate asymptotic
estimates of the sequence near and away from the singularities, we can
improve this convergence to hold weakly in L! (see Proposition 4.5.2 and
Theorem 4.5.1(vi)). Moreover, in the case of asymptotically minimising
sequences, in Theorem 4.6.1 we can improve the convergence of gradients
to hold strongly L', by exploiting the uniform convexity of the limiting
L2 scale (see Proposition 4.6.2).

Future directions. Our claim of the universality of the renormalized
energy naturally raises the question of whether more general classes of in-
tegrands can be considered (e.g. to allow for non-polar integrands with an
(w,u)-dependence), or even discrete versions (see [15] for N = S!). Further
approximations based variants of BOURGAIN-BREZIS-MIRONESCU-type
formulas [9] can also be considered, as discussed in [41] for N = SI.
Additionally, our analysis is confined to mappings in W!; however for
linearly growing integrands we are naturally lead to consider minimisers
in BV (see Section 4.2.4 for a further discussion).

Structure of the paper. Assumptions on the sequence of approximating
integrands (fy,), are described in Section 4.2. The singular energy and
the renormalised energies are detailed in Section 4.3. In Section 4.4, we
present key ingredients needed for the formal I'-convergence analysis;
namely an upper bound corresponding to the I'-limsup, and a merging ball
construction which is used to obtain asymptotic lower bounds. The main
compactness theorem is proven in Section 4.5, which relies on compactness
results for unconstrained mappings and for traces, and corresponds to the
[-liminf analysis. In Section 4.6, we prove an extended version of Theorem
4.1.2 (see Theorem 4.6.1). Finally, in Section 4.7, we demonstrate that in
the specific case where 2 = B2(0,1) C R? is the unit ball, N = S! and
g(z) = z, the entire sequence (uy,), in Theorem 4.1.2 converges to the
vortex map z/|x| asserting the universality of the vortex map.

4.2 Growth structures for the Calculus of Variations
In this section we describe the set of assumptions we impose on our
integrands f, (namely in Definition 4.2.1), and record some examples

and useful properties thereof. We will write R = [0, 00) in what follows.
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4.2. Growth structures for the Calculus of Variations 223

4.2.1 Assumptions

Let f: R4 — R be a Young function, that is a convex non-decreasing
function such that f(0) = 0.

We will impose that f is subquadratic; either in the sense of the
natural sense that

1
(Dec)b t— t—Qf(t) is non-increasing on [tg, 00),
or in the controlled sense that
C 1 ! . . .
(Dec)$ t— ¥f+(t) is non-increasing on [ty, 00),

where tgp > 0. The (Dec)} is well-known in the Orlicz literature, see for
instance [22, §2.1]. One may readily verify by elementary calculus that
(Dec)$ is equivalent to

(4.2.1) t— f(\/t) is concave on [tg,c0).

Furthermore (Dec)§ implies (Dec)y by (4.2.22), but is in general is a
stronger condition, see Example 4.2.7 below.
We will also impose the integrability condition

(vInt) V(f):2/01f<l>rdr:2 loof(s)ds@o,

r s2 s

where the equality follows from the change of variable s = % The factor
2 is present to match the singular energy in the asymptotic expansion;
see Theorem 4.1.1. We call V(f) the vortex energy of f; see Proposition
4.2.2 below for consequences of this condition.

Definition 4.2.1. A sequence of approximating integrands is a family
(fn)n of Young functions f,, : Ry — R satisfying the following:

(a) There is tg > 0 such that each f, satisfies (Dec)§ with to uniform in
n}

(b) each f, satisfies (vint),
(c) the sequence (fy)n converges pointwise to 3t2, that is
. 1,
(4.2.2) lim f,(t) ==t forallt>0.
n—00 2
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224 Chapter 4: Universality of renormalisable mappings in 2d

Note that combining (Dec)y and (vInt) gives

t
(4.2.3) im 10 g
t—+oo 12
so we infer that f satisfies a subquadratic growth condition. However
(Dec)y is a stronger condition than 4.2.3, as illustrated by Example 4.2.6

below.

Proposition 4.2.2. Let Q C R? be a domain and B(0,1) C R? be the
unit ball. Then for a Young function f : Ry — R, the following conditions
are equivalent:

(i) the integrand f satisfies (vInt); that is, V(f) is finite

(ii) For the vortex map uy(x) = z/|z| we have / f(|Duy|) dz s
B(0,1)
finite,

(iii) for every m € L%°°(Q), we have / f(m(x)|) dz is finite.
Q

Moreover if any of the above holds, for each non-zero measurable m : ) —
Ry we have the estimate

(4.2.4) / fomdz < 2!m\lizoo(m/ f(:f) ds.
Q HmHLZOO(Q)/\/m 5

Definition 4.2.3. Let 2 C R? be open, the weak-L? space L%*(Q) is
the space of measurable functions u: @ — R such that

D=

(4.25) || fllLzeo) = [supt%? {zeQ:|f(z)] > t})} < oo,
t>0

where L% denotes the Lebesgque measure on RZ.

Other names for weak-L? space are Marcinkiewicz space [30] or
Lorentz space |28]. Here, £2? denotes the 2-dimensional Lebesgue measure.
We point out that, despite the notation, ||:||;2(q) is not a norm as
the triangle inequality does not hold. However, ||mi + ma|lf2.0 @) <
2([lmallzeo () + Imalliz.ecq))-

Example 4.2.4. The prototypical example of a mapping w for which
|Du| € L**°(B;) but |Du| ¢ L2(By) is the vortex map uy: By — St
which is defined as

x

(4.2.6) wv(@) = o
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4.2. Growth structures for the Calculus of Variations 225

Indeed since |Duy|(x) we have ||[Duy||j2.@®,) = /7 < 0o, but

- 1
BRER
||Duv\|iQ(Bl) =27 fol dr/r = oo, where we used polar coordinates to
compute the L2-norm. For a general manifold N, we can produce similar

examples by taking an immersed curve v: S' — N and considering
V(x/|x]).

Proof of Proposition 4.2.2. The equivalence between (ii) and (i) follows
from integrating in polar coordinates and since |Duy|(z) = 1/|z|; indeed

(4.2.7) /B(O,l) f(|Duy|) =27 /01 f C) rdr = 7V(f).

Since 1/|z| € L2*°(Q) by Example 4.2.4, we have (iii) implies (ii). To
show that (i) implies (iii), it suffices to prove the estimate (4.2.4). Let
m € L%*°(Q) be non-negative, and set M = |m||p2,0/1/L2(Q) > 0.
Since s +—+ f(s)/s3 is continuous on (0,00) and (vInt) holds, we have
Jar f(s)/s*ds < oo. Then by the layer cake representation (see [44,
Cor. 2.2.34]) and by a change of variables we have,

/fomdx—/OOLZ({a;EQ:fom(w)>t})dt
Q 0
:/0 PO L2({z € Q:m(x) > 1)) dt.

Note that since f is convex, we have f is locally Lipschitz, so this change
of variables is justified (see for instance [16, Thm. 3.9, 6.7]). We can split
this integral as

M oo £/
[romsex@ [" @ miang [ L0 a
san)

* f
= L2(Q)FM) + [[m]s ey [z [T L

By our choice of M, we obtain (4.2.4) and hence (iii). This concludes
the proof. O

4.2.2 Some examples

Example 4.2.5. We detail here explicitly the vortex energy for the
examples from the introduction. For the p-case (a), we compute, for

fo(t) = [t]"/p,

2 1
V(fp):(2_p)p:2_p+o(1) asp/l2
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226 Chapter 4: Universality of renormalisable mappings in 2d

so that Theorem 4.1.1 reads

. |DU| 1,2
4.2.8 lim (2 — inf / =E .
128wy i ()

For the rescaled area functional (b), taking fs(t) = (v/1 + 622 — 1)/62

we can compute

[ S+ o)

—2
V(fs) 5

1
rdr = fs(1) + arcsinh(g) = log

as 0 \, 0, where arcsinh(t) = log(t + v/1 +¢?). In that case Theorem
4.1.1 reads as

(4.2.9) lim
N0 log wl eh Q N)

/ \/1+(52|Dv|2—1 :E;g([g]).

For the truncated functional (c), namely f.(z) = 1 5 X{|z|<r} T (2] =

5)X{|2|>k}, for £ > 1,

1 1
dt = (1 7

t? :
S gt with n > 0,
for @ > 1 fixed. By computing f;(t) we see that each f, is a Young
function satisfying (Dec)§ with tp = 0, and by a change of variables
s = —nlogr we can also compute

1 dr 1 [° ds 1
Vi) :/0 Fd T allog )" 77/0 Q+s)  (a—Dn

We will also describe two counterexamples relating to the (vInt),
(Dec)s and (Dec)§ conditions.

For (d) we can more generally consider f,(t) =

Example 4.2.6. The following is a variant of |29, §11, Eg. 6]. For
p € (1,2) and S > 0 to be determined, consider

(4.2.10) f(t) = ;tp (1 + ;sin(p 10gt)> t>0.

Then for the choice B > 5, we have f is a Young function such that
ltp < f(t) < (1 + B)tp. Now we can compute

(4.2.11) flt)y=t"1 <1 + \]/f sin(plogt + 7r/4)) ,
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4.2. Growth structures for the Calculus of Variations 227

and so

(4.2.12) bef"(te) _ P (1 + Bl)

where t;, = exp (;((2147 + 1) — arcsin(l/ﬂ)))

for all k£ € N with £ > 1. Since (Dec)§ is equivalent to f(( ) <2 holding
for sufficiency large ¢ > 0, we see this condition is violated for 8 =5 and
D> 2%(12 —1/6) ~ 1.66.. ., thereby giving examples of Young functions
satisfying (vInt) and (4.2.3), but not (Dec)5.

To obtain a sequence of such functions f,, converging to %tz, we can

choose p,, = 2;:'11 and 3, = v/n? —1 for n > 6.

Example 4.2.7. To construct a family of integrands satisfying (Dec)}
but not (Dec)§, we will first define a function g: Ry — R4 via

[e.9]

(4.2.13) g(t) = gp(t) = "% + Za’“h<t_ )

where p € (1,2) is sufficiently close to 2, the “spike function” h: R — R is
defined via

t if0<t<s,
(4.2.14) h(t)=<1—t if§ <t<1,
0 otherwise,

and we set aj = @, r, = k7P for all k € N, k > 3. We then claim
the family

(1215) 10 =50 = [ pls)sas

is a sequence of Young functions satisfying (Dec)5, (vInt), but does not
satisfy (Dec)$ on [t, 00) for any tp > 0. Note that setting ay = 0 for all
k would recover the p-energy, so as p /2 we have f;, converges pointwise
to t2.

To establish this claim, note that since g is non-negative we have f is
increasing, and we can compute

(4.2.16) f1(t) = g(t) + g/, (t)

_ . agt
=(@-Dr 2 +) i (Lot /2) ) = D 2 o) (1)) -
=1
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228 Chapter 4: Universality of renormalisable mappings in 2d

Here f7 denotes the right derivative of f’; see Lemma 4.2.8. To show this
is non-negative, it suffices to check the endpoint cases t = k + ri, which
rearranges to give % > 2(1 + k~P)3P. By checking the k = 3 case, this
holds for all p € (pg,2) with pg ~ 1.706. .. Hence, for this range of p, we
have f is a Young function. To see that f does not satisfy (Dec)s, we
note that @ = g(t) by construction, and since ¢/, (k) = 53%’; > 0 for
each k > 3, it follows that g is not non-increasing.

To verify (Dec)h, observe this is equivalent to showing that g(t) =

@ < %@ Moreover, by integrating by parts we can compute

1

(4.2.17) ft) = /0 g(s)sds = %th(t) - 2/0 g (s)s*ds,

so rearranging we see that (Dec)) is equivalent to showing that

t
/ g\ (s)s*ds <0
0

for all £ > 0. To compute this integral, we first calculate the contribution
of each of the “spike” terms. For this we have

Fre g s—k 1 1
(4.2.18) /k e (ak h ( o >) s2ds = —ay, <2krk + 47’,%) <0,

so the contribution over a full spike is negative. Hence for any ¢t € (k +
Tk, k+1) we see that f(f g\ (s)s*ds < —@k” < 0,andift € (k, k+ri/2),
then

(4.2.19) /Ogﬂr(s)szds

2 _ k+r/2 1
g—pk“ra’“/ szdsg—(Q—p)<kp—2>,
P e Ji p

noting that r; < 1, where the last line is non-negative since &k > 3. The
case t € (k+1k/2, k + 1) follows since the relevant terms are decreasing,
thereby verifying (Dec)}.

Finally to show (vInt) holds, we can compute [, :JFT’“ agh (%) dt <
2%7’ for each k, and hence we can estimate f(t) < t* + 5(t + 1) for all

t > 0. Thus it follows that V(f) is finite, verifying all of the claimed
properties of f for all pg < p < 2.
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4.2. Growth structures for the Calculus of Variations 229

4.2.3 Convexity properties

Lemma 4.2.8. Let f be a convex function on Ry. Then the right
derivative

(4.2.20) " (1) = lim W

exists for all t > 0 and defines a non-decreasing and right-continuous
function on R,..

We refer to [38, Thm. 24.1] for a proof. The proof of this assertion
relies on the slope inequality for convex functions

fls) = fr) 1) = F(r) _ f(8) = £(s)

s—r t—r t—s

(4.2.21)

valid for all 0 < r < s < t. From this we also infer that
(4.2.22)  fl(s)t—s) < f(t) = f(s) < fL(t)(t—s) foralls <t

Analogously we can also define left derivatives f’, which will be
non-decreasing and left-continuous on (0, c0). However, we have opted
for right-derivatives to ensure f’, (t) is well-defined at ¢ = 0.

Definition 4.2.9. Let f be a Young function, then for k > 0 define the
k-truncation Ty f of f as

f(®) if0<t<r,

(4.2.23) Tt () = {f;(,i)(t — k) + f(r) ift> k.

which exists for all k > 0.

Observe that T, f is itself a Young function. If f satisfies (Dec)j or
(Dec)$, then T, f also does with the same ty. We also have T, f(t) < f(t)
for all £ > 0 and T, f converges pointwise monotonically to f as k — oc.
We also note that T} f always satisfies (vInt) and V(T,.f) < V(f).

Lemma 4.2.10. Let (f,)n be a sequence of Young functions converging
pointwise to f(t) =t?/2 on Ry. Then, as n — oo,

(a) fn converges locally uniformly to f on Ry; i.e. uniformly on [0,T] for
each T >0,

(b) fh1(t) converges pointwise to f'(t) =t on Ry.
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230 Chapter 4: Universality of renormalisable mappings in 2d

Proof of Lemma 4.2.10. Assertion (a) is proven in [38, Thm. 10.8|. For
(b) we can use (4.2.22) to show that

(4.2.24) W < ()< W

for all 0 < r < s < t. Sending n — oo followed by r,t — s establishes
the result. 0

Remark 4.2.11. An alternative way to truncate f is to define
(4.2.25) Trf(t) =inf{f(s)+ L|s —t|: s € Ry}

for some L > 0. One can show that the choice L = f/ () gives Trf =T.f;
indeed using (4.2.22) one shows that T f(t) = f(t) for all t € [0, x], and
if ¢ > Kk one has the infimum in (4.2.25) is attained with the choice s = k.

Lemma 4.2.12. Let f be a Young function satisfying (Dec)y. Then
(4.2.26) 0 < f(t) < f(max{1,to})(1 +t3) for all t > 0.

In particular, for a family (fn)n as in Definition 4.2.1, we can choose
C > 0 independently of n such that

(4.2.27) 0< fult) <C(A+t*)  forallt>0.

Proof of Lemma 4.2.12. We can assume that the (Dec)j—condition holds
with tg > 1. Then for ¢ > ty we have

(4.2.28) 0< f(t) < fg())tz < f(to)t>.

0

When 0 <t < tg, since f is non-decreasing we have 0 < f(t) < f(to), from
which the result follows. For a family (fy,), since lim,, o f(to) = %t% we
can choose C' > 0 such that (4.2.27) holds uniformly in n. O

The following is used in the proof of the upper bound (Proposition
4.4.1), whose proof crucially relies the stronger (Dec)$ condition.

Lemma 4.2.13. Suppose f is a Young function satisfying (Dec)$ for
some tg > 0. Then for all o,p > 0 we have

[ (max{p, to})

Tmax(otyy )+ ft) + fito)to.

(4.229)  f(0) ~ f(p) <
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4.2. Growth structures for the Calculus of Variations 231

Proof of Lemma 4.2.13. Define g(t) = f(\/t), which is concave on [tg, 00)
by the (Dec)§ condition. By a variant of (4.2.22) for concave functions,
for o, p >ty we have

(4.2.30) 9(0®) = 9(p*) < g4 (P*)(0” = p*).
That is,
(4.231) o)) < 00 - )

holds. For the remaining cases, note that if p < ¢ty < o, then by (4.2.31)
with tg in place of o we have

(4.2.32) f(o) = f(p)
< [l (to)
- 2t

(0~ )+ ) - 1) < 50 (02 - ) 4 100,

whereas if 0 <ty < p applying (4.2.31) similarly gives

(4.2.33) f(o) = f(p)

< f(0) = fto) + T2 - ) < B2 02— )+ Lt ot
Finally if both p,o < to we simply bound
(1230 10~ £p) < 1(10) < 02— ) 1 f00) o,
(1239 flo) - £ <0< O - 1 Lot on o<,
thereby verifying (4.2.29) in all cases. 0

Example 4.2.14. Suppose (f,)n is a sequence of approximating inte-
grands as in Definition 4.2.1, except that each f, only satisfies (Dec)} in
place of (Dec)§. Then we can define a modified family (fy,), by

(4.2.36) Fult) = /Ot Qf’;(s) ds forall t >0,

which satisfies Definition 4.2.1, including (Dec)S, and that f, < f,
pointwise using (Dec)3. Moreover, integrating by parts gives

(4.2.37) V(fa) = /100 fa(s) g =V(fn) + %fn(l)-

This construction can be used to prove Theorem 4.1.1 assuming only
(Dec)s, which we will sketch in Remark 4.6.5.
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232 Chapter 4: Universality of renormalisable mappings in 2d

4.2.4 Existence of minima

We will briefly discuss the existence of minima for our approximate prob-
lems, using the Direct Method. Here Q C R? will be a bounded Lipschitz
domain, and N will be a compact Riemannian manifold embedded in
RY; we will make this precise in Section 4.3. Compactness of N implies
that there exists a constant C' > 0 depending only on N such that any
measurable map u :  — N satisfies [Ju[|poq) < C; we will therefore
never insist on the LP—convergence of mappings and will express our
results in terms of L'—convergence.

4.2.4.1 Existence of competitors

Lemma 4.2.15. Let g € W'/2(9;N). If the vortex energy V(f) is
finite, the admissible class Ay(f) in (4.1.3) is non-empty.

Two proofs of Lemma 4.2.15 are available. One is established in [43,
Prop. 2.19] by showing that there exists a renormalisable map (see Propo-
sition 4.3.6) realizing the constraints. Since renormalisable mappings
have gradient in L?>* by [32, Thm. 5.1], combining this with Lemma
4.2.2 we infer the result. Alternatively, we can use the fact that any
map g € W1/272(8Q; N) can be extended into a map whose gradient is
L2°°(Q), with a non-linear estimate relating the L*»*-norm and the
W'22(9€; N)-norm; see [14, 35].

4.2.4.2 The Direct Method

. . t) . .
Since f is assumed to be convex, we have t — @ is non-decreasing on

[0,00). Hence we either have f is asymptotically linear in that

(4.2.38) f°(1) = lim f(tt) exists and is finite,

t—o00

or f is asymptotically superlinear in that

t
(4.2.39) lim /() = 00
t—oo T
In the asymptotically linear case, the Direct Method naturally leads us to
consider generalised minimisers in the class BV of functions of bounded

variation; this requires us to give a meaning to

(4.2.40) Flu, Q) = /Q £(|Dul) dz
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4.2. Growth structures for the Calculus of Variations 233

for mappings v € BV(;N) = BV(Q;R) N {u(x) € N a.e.in Q}. This
will be done through the L (2; RY)-relazation

(4.2.41) F(u,Q)

= inf{ Hm F(up, Q) @ uy, € W;’l(Q; RY), u, — u strongly in LI(Q)} .
n—o0

Here VV1 (€ N) denotes the space of functions u € WH1(Q; N) such that
traq u = ¢, which corresponds to the admissible class (4.1.3) with the
choice f(z) = |z|.

Proposition 4.2.16. Let f be a Young function and g € W'/>2(Q;N).
(a) If (4.2.38) holds, then T admits a minimiser u € BV(Q;N).
(b) If (4.2.39) holds, then F admits a minimiser u € Wél,’l(Q;N).

To treat both cases at once, we rely a following representation for-
mula, see Lemma 4.2.17. We provide a proof here of Proposition 4.2.16
and Lemma 4.2.17, although results characterizing lower-semicontinous
relaxations appear to be already known, see e.g. [2, 1].

Lemma 4.2.17. Let f be a Young function which is asymptotically linear
in that (4.2.38) holds. Then the L'(2;RY)-relazation F(-,Q) admits the
measure representation

(4.2.42) F(u,Q)
=/f(IDaul)d:erf“(l)\Dsul(Q)+f°°(1)/ |troq u — g| A%
Q oN

for u € BV(Q;N), where Du = D*u L2 + Du is the Lebesgue decomposi-
tion of the gradient. Moreover, this relaxzation is weakly* lower semicon-

tinuous in BV(Q;N).

Proof of Lemma 4.2.17. Denote the right-hand side of (4.2.42) by F(-,Q),
which by [18, Thm. 3] is weakly* sequentially lower-semicontinuous in
BV(£;R”), noting the recession function is given by f°(|z|) = f*°(1)|z|.
Since F(v, Q) = F(v, Q) for all v € W}, Y(Q;R¥), from the lower-semicon-
tinuity it follows that ff‘"(u Q) < F(u, Q) for all u € BV(Q;R"). Moreover,
if u € BV(Q;N), letting Q 3 Q be a Lipschitz domain and G € Wb 2((2\
Q;RY) be an extension of g, by [8, Lem. B.2] there exists a sequence
Ur € WH2(Q; RY) such that Uy, = G on 2\ and Uy, converges BV-strictly
to

(4.2.43) U(z) = {2(2) ii 2 %\ -
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234 Chapter 4: Universality of renormalisable mappings in 2d

that is Uy — U strongly in L' and [DUL|(Q) — |DU|(Q). Then by
Reshetnyak’s theorem (see e.g.[37, Thm. 10.3|) we infer the restrictions
u, = Ulo € Wo?(Q; RY) satisfies

(4.2.44) lim / F(|Dup|) dz = F(u, Q),

k—oo J

so the converse inequality follows, thereby establishing that F=7 O

Proof of Proposition 4.2.16. If (4.2.38) holds, then by Lemma 4.2.17 we
have JF is weakly* sequentially lower semicontinuous on BV (£;N), so by
the Direct Method we can infer the existence of a minimiser. Indeed,
since (4.1.3) is non-empty by Lemma 4.2.15, we can take a minimising
sequence (up)n, and assume f is not identically zero (else every admissible
map is a minimiser). Then, there is some ¢ty > 0 such that f/(¢o) > 0,
and so f(t) > f'(to)t for all t > tg, so it follows that (|Duy]), is bounded
in L'(€2). Therefore, we can pass to a weakly* convergent subsequence
Uny, 2w in BV(Q;N), and by lower-semicontinuity of J it follows that u
is a minimiser.

In the asymptotically superlinear case where (4.2.39) holds, for x >
0 we consider the truncations Ty f from Definition 4.2.9, noting that
T.f*(1) = f\.(k). Then if we take a minimising sequence (u), for F
in Ay(f), then analogously to the asymptotically linear case above, we
obtain a weak*-limit u € BV(2; N). By lower semicontinuity applied to
the relaxation F,; associated to T} f, we have

%WWZAENWWM
(4.2.45) + i (R) D%l (Q) + £ (k) /mltraa u — gl d*

< lim [ Tef(|Duy|)de < lim F(uy,, Q) < co.

n—oo J N n—o00

By (4.2.39) and (4.2.22) we have f! (k) — 0o as kK — 00, so it follows
that [DSu|(Q) = 0 and that trypg u = g on Q. Therefore u € WH(Q; N),

and by the monotone convergence theorem we have

(4.2.46) F(u, Q) = hm /T f(|Dul)dz < lim F(uy, Q).

n—oo

Since (uy,), was a minimising sequence, it follows that u is a minimiser

Remark 4.2.18. Under (4.2.38), the minima » in BV(€2;N) obtained in
Proposition 4.2.16(a) do not necessarily satisfy trgou = g, where we
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consider the interior trace in the sense of e.g., [16, Thm. 5.6]. This may
arise due to potential jumps across the boundary, which is penalised
by the term f>°(1) [,oltrao u — g| dH! in the relaxation F(u). For this
reason, in this setting our analysis will be confined to almost minimising
sequences in W11 (Q; N) (see Theorem 4.1.2). In the superlinear case
(4.2.39) the trace attainment is not an issue, as the proof of Proposition
4.2.16(b) shows.

4.3 Energies and topological quantities

In this section, we introduce scalar quantities that measure the non
trivial-ness of the free homotopy class of a map 92 — N as well as the
renormalised energy, which the limiting energy maps will minimize.

Throughout the whole text, the domain ) is assumed to be an open
connected bounded set of R? with Lipschitz boundary. Concerning the
manifold N, our setting covers the case where N is a smooth compact
connected Riemannian manifold which is assumed to be isometrically
embedded in the Euclidean space R (with canonical metric) for some
v € N. Isometric embedding is not a restriction by Nash embedding
theorem [33].

We will also denote by B(a, p) the closed ball in R? centred at a € R?
with radius p > 0, and we will sometimes denote the boundary by
S!(a, p) = 0B(a, p). The unit circle will be denoted by S* = S*(0,1).

4.3.1 Topological quantities
4.3.1.1 Minimal length of the free homotopy class

A curve a vanishing mean oscillation v € VMO(S'; N) can be given a
free homotopy class that extends the notion in the continuous category
(see [12]). In the sequel all the homotopy are assumed to be free. Ev-
ery VMO(S!; N)-homotopy class contains a smooth length minimising
geodesic in its homotopy class; indeed any VMO(S!; N) curve is VMO-
homotopic to a smooth curve by [12, Cor. 4], so the claim follows from
the classical result for the smooth category (see e.g.[26, Prop. 6.28]). In
particular, the following infimum is reached by such a geodesic.

Definition 4.3.1. Giveny € VMO(SY;N), denote by [y] its VMO(S!; N)-
homotopy class. The minimal length of the free homotopy class [v] is

A([7]) = inf {/ 17| : 4 € WHY(SY,N) and 7 is freely homotopic to 'y} .
gSi
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236 Chapter 4: Universality of renormalisable mappings in 2d

The systole of the manifold N is the length of the shortest closed
non-trivial geodesic on N, namely,
(4.3.1) sys(N) =inf{\([y]) :
v € VMO(S!,N) is not freely homotopic to a constant}.

The length spectrum of the manifold N is the set
{A([7) = v € VMO(S!, N)} € {0} U [sys(N), +o0)
Lemma 4.3.2. The length spectrum is a discrete set of the real line.

In particular, we have sys(N) > 0. We refer to [31, Prop. 3.2| for a
proof; note that compactness of N is crucial for Lemma 4.3.2 to hold.
If u e WH2(B(a,0) \ B(a, p); N) for some a € R%, ¢ > 0 and all
€ (0,0), the trace trgi(qp)u € W'22(Sk(a, p); N) € VMO(S*(a, p); N)
has a well defined homotopy class which is independent of p. Hence,
minimal length of the free homotopy class of u at a is defined by

(4.3.2) AM[u, a]) = A(trsiq,p) u)-

4.3.1.2 Singular energy

We will use the following variant of the notion of the topological resolution
[32, Def. 2.2].

Definition 4.3.3. A finite family of closed curves v; € VMO(SY; N),
i=1,...,k, with k € N is a topological resolution of the map g whenever
there exist k non-intersecting closed balls B(a;; p;) C Q with p; > 0 and a
map u € \7\71’2(9\U2€:1 B(as; pi); N) such that trogq u and g are homotopic
in VMO(9;N) and trgiu(a; + p+) and ~; are homotopic in VMO(S; N)
fori=1,... k.

Definition 4.3.4. Let g € VMO(0Q;N), the singular energy of g is
(4.33) Eg(l9))
k 1)2 1.
:mf{z M2 k€N, % € VMO(S ,N>}
P 47

18 a topological resolution of g

Observe that (see [32 Prop. 2.6]) the singular energy is subadditive
in the sense that, if (’yz) ", is a topological resolution of g, we have

(4.3.4) Ey( Z EL(
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4.3. Energies and topological quantities 237

A minimal topological resolution of ¢ is topological resolution that
reach the infimum (4.3.3). A curve v € VMO(S;N) is said atomic if
E;g(h]) = M[7])?/4x. Often we will write Eslg(g) instead ofllgééz([g]).

A similar construction to (4.3.2) can be done to define Eg([u, a]) if
u €U, WH2(B(a, o) \ B(a,o);N) for some o > 0.

4.3.2 Renormalisable mappings

In our analysis we will consider maps that are W?-regular away from at
most finitely many points, for which we introduce the following space.

Definition 4.3.5. Given § > 0, let R;Q(Q;N) denote the space of
mappings u € WH(Q; N) for which there is k € N and points a1, . .. ,a €
Q satisfying dist({a;}5_,,00) > § such that

k
(4.3.5) u € W2 (Q \ U B(ai, p); N) for all p > 0.
=1

The points aq, ..., ar will be referred to as the singularities of u. We also

define RV (5 N) = oo Ry 2 (4 N).

We will later show in Lemma 4.5.10 that this class in dense in
WHLH(Q;N).  Also given finitely many points ag,...,a; € Q, we will
introduce the notation

(4.3.6) pa(a1,...,ar) = min{dist(a;, 0Q), |a;—a;| : 1 <i < j <k} >0.

We also record the class of renormalisable mappings introduced in
[32, Def. 7.1|, which further specifies the behaviour of the mappings at
the singular points. The following is proven in [43, Prop. 2.16| (see also
[32, Prop. 7.2]).

Proposition 4.3.6. Let u € WYL (Q;N) and let aq,...,a; € Q be k € N
distinct points. Then the following are equivalent:

(i) The renormalised energy
(4.3.7)

2 k 12
Epz (u) = lim / [Dul dx—ziA([“’“ZD log ~
P=0 | Jo\UL Blaip) 2 Am P

exists as a limit and is finite.

(ii) For each 0 < p < po(a1,...,ax), |Du| € L2(Q\ Ule B(ai, p)) and
the map
[Dul”

(4.3.8) ri Puf’ 1~ Al ai))®
Sl(ai,r) 2 Arr
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238 Chapter 4: Universality of renormalisable mappings in 2d

is non-negative and integrable on (0, po(ai,...,ax)).
In any case for all 0 < p < pq(a,...,ax),
12( k A([uw, al 1
(4.3.9) EL2(u) + Z o8

2 2 N2
- / LU +Z / / Dol ggqr - Ml o,
QUi B(aip) Sl(a;,r) 4dmr

Definition 4.3.7. A map u € WH1(Q; N) is said to be renormalisable
if it satisfies any of the equivalent conditions in Proposition 4.3.6; that
is u € RY2(;N) and (4.3.7) is finite. We denote the space of all such
mappings by Wra(QN).

Prototypical examples of such mappings are vortez-type maps taking
the form w,(x) = vy(z/|z|), Where ’y S! — N is a minimising geodesic in
its free homotopy class (i.e. A([7]) = [s:¥/dH?). In this case, we have
u, € Wian(B(0,1); N) with Eren(uy) =0.

Later in Section 4.5, we will also use the notation E%,;?l(u; Q) if we
wish to specify the domain. In particular, note that

A([u, ai])?
4

P 12
- / / Lipyjzasct - M )™,
0 0B(a;,r) 2 Arr

foreachi=1,... k, and p < pa(ay,...,ax).

In [32, Prop. 7.2(iii)] it is shown that a property of renormalised
maps is that for each ¢ € {1,...,k}, there exists a sequence (p¢)ren
converging to zero such that the sequence (trg1 u(a; + pe-))een converges
strongly to a geodesic v; € C}(S*;N) in WH2(S1N). We show in the
next Example 4.3.8 that the selection of a sequence is in general necessary.
However, the geodesics obtained along different subsequences lie in the
same homotopy class (and moreover the same synharmony class; cf. [32,
Def. 3.2, Prop. 7.2(iv)]) (see also (4.7.1) in Section 4.7).

(4.3.10) EX2(u;B(ai,p)) +

ren

1
log —
p

Example 4.3.8 (Non-uniqueness of the limiting geodesic). Let B =
B(0,1) € R? = C be the unit disc, and consider polar coordinates
(r,0) — z = re'®. Then define u: B — S* by

o 1
(43.11)  u(re’) =T where n(r) =loglog <1 - 74> -
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Then since [Du|? = |7/(r)|? + %2, for p € (0,1) we have

1 ! 1 1
(4.3.12) / 7|Du|2 dz —mlog — = 7r/ rln' (r)|> + = dr — mlog —,

B\B(0,p) 2 P p r p
which remains bounded as p — 0 since r|n'(r)|?> € L((0,1)), thereby
defining a map in Wl}éi(B, S!). However if choose subsequences py, g \ 0
satisfying

1 1
(4.3.13) log log (1 + > = 2km, loglog <1 + ~> .
Pk Pk 2

for all k, we see that
(4.3.14) trgr u(pn-) — idg1,  trer u(pp-) — e 'idgt,

exhibiting non-uniqueness of the limiting geodesic.

We can also construct a similar example in the case of the flat torus
N = S x S ¢ C2?, by defining v(re??) = (e, ")) with 5 as above.
An analogous argument shows that v € Wl}éi(B; N), and along the same
subsequences pg, pr, we get two geodesics with disjoint images, namely
(idg1,1) and (idg1, —1).

4.4 Asymptotic bounds

In this section, we derive bounds for our formal I'-convergence analysis,
starting with an upper bound in Proposition 4.4.1. Then, through a
merging ball process, a lower bound for each fixed n is established in
Proposition 4.4.7, which allows us to establish asymptotic lower bounds
detailed in Proposition 4.4.10.

4.4.1 TUpper bound

We will show the renormalised limit along a fixed map is controlled
by the renormalised energy, which corresponds to the I'-limsup in the
I'-convergence analysis.

Proposition 4.4.1. Let u € W}é%(Q; N) have k € N distinct singularities
ay,...,ax € Q. Then if (fn)n is a family of approzimating integrands (as
in Definition 4.2.1), we have

k
(4.4.1) hm [/fn|Du\ dz —V fnz)\ u, a;))

=1
- EI]“-G%I( ) + H([u7 ai])?:l?
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240 Chapter 4: Universality of renormalisable mappings in 2d

where we define

b A([u, a;] 2m
(4.4.2) ([u, ai]) : log .
PV M, ad)

We will record the following elementary calculation as we will need it
several times later. Note that it also shows how the H([u,a;])5_; term

7

arises.

Lemma 4.4.2. Let (fn)n be as in Definition 4.2.1. Then for all \,p > 0,
we have

P 2 2
(4.4.3) lim [/0 2rr fp, <27/:7“> (fn))\ ] A lo QIQP.

n—0o0 47

Proof of Lemma 4.4.2. For each n, change of variables r — 27”" in the
first integral gives

0 A A2 a2
(4.4.4) /0 271 f, <27rr> dr — V(fn)ﬂ =5 1 fn < ) rdr,

and sending n — oo using the dominated convergence theorem we have

27

p
Tar 1. 2
(4.4.5) lim fn< )rdr— / 7":7 g¥7

n—o0 1

thereby establishing the result. O
Remark 4.4.3. In the case of the p-energy f,(t) = %
shown in [43, Prop. 3.1 that

|DulP I & M, a4))?
/Q D _2—192 4 ]

<ot S A e ()

This is consistent with Proposition 4.4.1 above, and the discrepancy in
the remainder term arises because V(f,) = 2 - 5- = ﬁ + 5 +o0(1) as

p 2-p
p 2.

Proof of Proposition 4.4.1. By Lemmas 4.2.12 and 4.2.13, there exists
C'1,C5 > 0 such that

(4.4.6) ()] < CL(1 +¢2),

.+ (max{s, to})
(4.4.7) fa(t) = fun(s) < ;max{s,to}

(case (a)), it was

lim

/2

(tZ - 52) + 02)
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for all n and s,t > 0, where ¢ty > 1 is as in the (Dec)§ condition, chosen
uniformly in n. Fixing p € (0, po(a,...,ar), we will first show that

2
(4.4.8) lim n(|Du):/ [Dul”
=20 JO\UL, B(as.p) UL, Blaip) 2

This follows by the dominated convergence theorem; since |[Du| € L2(2\
Ule B(ai, p)) by Proposition 4.3.6, using (4.4.6) we obtain a uniform
majorant.

We now consider the contribution in B(a;,r) for each i = 1,... k.
Using polar coordinates, we can write

/ fu(IDuf) da — V(£ M0

41

A i
/ / fn(|Du|) — <([u,a])> A7t dr
(4.4.9) (ai,r) 2mr

+/O 21 fin (([;;])) ar — A al)” ‘” / Fa(1/7)r dr
= 1(n) + II(n).

For the first term, we will show that

2 .
(4.4.10) lim I(n) / / |D“’ a9t — A([%az]) dr
Sl a7,7

n—o0

To see this, observe that for almost all » € (0,1) such that [Du| €
L2(0B(a;,7)), we have

(4.4.11)  lim fn(|Dul) — fn (M) dr

n—r00 S1(as,r) 27r
1 i
— / 7|Du|2 dj_cl _ )‘([uaa ]),
Sl (ai,r) 2 4dmr

and using (4.4.7) we have

0< /S o D) =, <W‘“D> dr (4.4.12)

2rr
n,4 (max{A([u, ai]) /(277), to}) P2
max{A([u, a;])/(277), to} /sl(al,r) Dy

AM[u, ai])® o
—W dg'f +27TCQ7'

! (t
< <sup I+ (fo) 0)> / E\Du!2de1 _ M, ai)
neN to Si(ay,r) 2 4mr

+ 271’027“
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242 Chapter 4: Universality of renormalisable mappings in 2d

using (Dec)$ and non-negativity of the integral in the last line, noting
the supremum is finite by Lemma 4.2.10(b). Thus, we have a uniform
upper bound which is integrable on (0, p) by Proposition 4.3.6(ii), from
which (4.4.10) follows by the dominated convergence theorem. For the
second term, we use Lemma 4.4.2, which gives

1)2 Y
lim II(n) = Mu, ai)” lim [ fu(1/r)rdr
n—00 T n—oo [y
(4.4.13) .
i wa) 1 1 ) @i
_ AM[w, a;]) /A([ 1L Log AM[u, a ])
27 1 2r 2 2mp
Combining (4.4.10) and (4.4.13) in (4.4.9), the result follows. O

Note that, instead of using (Dec)§ to establish (4.4.12), one could
have assumed that there exists A, B > 0 such that for all s,¢ € Ry and
alln € N, fo(t) = fu(s) < A(t* — s*) + B.

4.4.2 Ball merging construction

In this section, we will consider a Young function f satisfying (Dec)5 and
(vInt), and establish lower bounds for the functional [, f(|Du|) da which
will capture the singularities of u. For this we start with a fundamental
lower bound for annuli, which we denote by

Ala,p,0) ={x €R?:p< |z —a| <o} =B(a,p)\B°(a,o0)

where a € R? is the centre and the endpoints are given by 0 < p < o,
recalling that balls are always chosen to be closed.

Lemma 4.4.4. Let u € WH2(A(a, p,0);N) witha €R? and 0 < p <o <

ngr(gj) (with no restriction if to = 0). If E = A(trag, (o) u(a + o )2 /4 is

non-zero, we have

(4.4.14) /A(am f(IDu|) dz > E (A (%) A (%)) ,

where

(4.4.15) A(t) = Ap(t) = —sys(N)? /Otf < 2 > sds,

which is finite by (vInt).
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4.4. Asymptotic bounds 243

The quantity Az(-) plays a similar role to the quantity A.(-) considered
by JERRARD in [24, §3] in the context of Ginzburg-Landau functionals.
Also setting ¢y = %sys(N), we have

(4.4.16) A(t) =23 /Otf <1> sds.

CcoS

We will often use Lemma 4.4.4 with p = 0, however the general form is
also used for instance in (4.4.35). The result also holds when E = 0 if we
interpret the right hand side of (4.4.14) to be zero in that case.

Proof of Lemma 4.4.4. By converting to radial coordinates and using
Jensen’s inequality, we have

[ stouas=x [ [ 7 0uto-s ) el o)

> 27r/ f <>\> rdr,
P 2mr

where A = A([u, a]) and where we have used that u € W2(A(a, p, o); N)
in this annulus, so A = A(trg1 u(a+r-)) for all r € [p, o]. Note that, since
A # 0, we have A > sys(N). Then making the substitution s = r/E we

write
° (VE
Dul) d 2 d
/A(a,,,,o)f(‘ ul) de > w/p f(\/ﬂ)r ,
oo [F 1
(4.4.18) =21k /g f(\/ﬁs>sds

sys(N)?2 5 2 1
=7 Eﬁf<sysm)s)5ds

(4.4.17)

where we used (Dec)3 noting that J;Ts > Sy;g) > to for all s < Z, by

the upper bound on o. U

Lemma 4.4.5. Let f be a Young function, and let A(t) be as in (4.4.15).
Then for 0 < p < o, we have

(4.4.19) EmE (A (%) —A (%))
1s non-decreasing in E > 0.
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244 Chapter 4: Universality of renormalisable mappings in 2d

Lemma 4.4.5 is analogous to the mean-value property observed by
JERRARD (24, Prop. 3.1, (3.3)], and by taking p = 0, we see that t — %A(t)
is also non-increasing in ¢. In addition, by combining Lemmas 4.4.4 and
4.4.5 we infer that (4.4.14) holds for any E € [0, A(trg1 u(a + o -))?/47].

Proof of Lemma 4.4.5. For E1 < Ey we use the change of variable r =
F1 .
ES m

S~

O'/E
B (F) -2 (g)=2dm [ <COS)
(4.4.20) = 2¢2F U/EQ rd

O'/EQ
< 2¢2E, / ( ) r dr,
p/E cor

where we used the fact that f(st) < sf(t) with s = % € (0,1) in the last
line, which follows from convexity of f and the fact that f(0) =0. O

We record the following ball merging construction, which can be found
in [24, Lem. 3.1] (see also [39, Fig. 1]).

Lemma 4.4.6 (Merging lemma). Given any finite collection B of closed

balls in R?, we can associate a pairwise disjoint collection of balls B such
that UB C UB and 3 gy r(B) = > 5.5 r(B). Moreover, the construc-

tion is such that for each Bc 13 there exist finitely many By, ... ,Bg such
that Uz ,B; CB and Zl L 7(Bi) = r(B). In particular, if k = 1 we have
B, = B.

Vol

Informally, Lemma 4.4.6 provides a way to systematically “disjointify
a given collection of balls, by merging any two balls which intersect. In
the sequel, we will say a ball B can be obtained by merging balls By, ..., By
if we have B; C B for all i =1,...,m, and r(B) = ;" r(B;).

Proof of Lemma 4.4.6. We inductively merge any two balls B; = B,, (a1)
and By = B,,(a2) which intersect, by replacing them by B,(a), where

a= % and ¢ = o1 + 09. We repeat this procedure for any two
intersecting balls until they are all pairwise disjoint. O

Proposition 4.4.7 (Ball merging for E;g). Let f be a Young function
satisfying (Dec)y and (vInt), and let A(t) be as in (4.4.15). For 6 > 0,
letu € Ré 2(Q N) have singularities at distinct a1,...,a € Q with k > 1,

and set Ny = min {szfrt 0} > 0.
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4.4. Asymptotic bounds 245

Then for each n € (0,m0] there exists a finite collection B(n) of disjoint
closed balls in Q whose sum of radii is 0, such that | J B(n) contains {a;}5_;
and that

n
(4.4.21) EL2(trogu) ) As
<Be§n) ’ ) Y een(y Esi (tros U))

D d
< /U . JDuD da.

understanding the left-hand side to be zero when u has no singularities in
Q.

Note that for the collection B(n) obtained by Proposition 4.4.7,
(trog u)gen(y) is topological resolution of trapq u for each 7, since

{ai}i=1,.k C U B(n)

and the balls are disjoint. The key step in proving Proposition 4.4.7 will
be to show the energy inequality (4.4.21) is preserved under a suitable
merging process; we will record this as a separate lemma.

Lemma 4.4.8. Suppose (0;)%_,, (E;)¥_, are positive numbers and let

k k
(4.4.22) 0<BEg <Y E, ox=) o
=1 =1

Suppose there is a parameter T > 0 such that

(4.4.23) 0i <ET  foralll<i<k,
(4.4.24) os, > ExT,

then we have

k
o; o
4.4.25 B () > B (%)
(4:425) LI CHERIYCN
In the proof of Lemma 4.4.8, we use Lemma 4.4.5 with p = 0 twice.

Proof of Lemma 4.4.8. Since (4.4.23) gives % > T for all i, and since
E — A¢(o/FE) is non-decreasing by Lemma 4.4.5 (applied with p = 0),
we have

k k
ag; ag; oy,
4.4.2 Ehr (Z) >S5S Zn (1) = ZA, (1),
wa20) ST (F) 23 G = T
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where the last equality follows by (4.4.22),. Using Lemma 4.4.5 again
with (4.4.24), we see that

o os
4.4.27 — A (T) > ExsAr | =—
( ) A (1) 2 Bx f<E5>,
which we combine with (4.4.26) to conclude. O

Proof of Proposition 4.4.7. Fix n € (0,n9]. Given a parameter ¢ > 0, we
will inductively define two collections of closed balls BT (¢), B~ (t) which
satisfy the following properties for ¢ > 0:

(i) The collections B*(t) are both finite collections of balls, such that
balls in BT (t) are pairwise disjoint, and balls in B~ (¢) have pairwise
disjoint interiors. That is,

BiNBy =2 for all By,By € BT (),
B{NB; =9 forall B;,By € B™(1).

(ii) The collections (cp, trop u)gen+(r) and (cs, tros u)ges—(¢) are topo-
logical resolutions of trgn u, where cg denotes the centre of the ball
B. We will say, by abuse of language, that both B*(t), B~ (t) are
topological resolutions of u in 2. In particular,

Z Es1é2(tr88 u) > E;g’?(tl"ag u) for all t > 0.
BeBE(t)

Here we use the notation B*(¢) to mean the property should hold
with both B+ (¢) and B~(t) in place of B*(¢).

(iii) The collection B*(t) can be obtained by applying Lemma 4.4.6 to
B~ (t). That is, to each B € B¥(t) there exists By, ..., By, € B~ (t)
such that B can be obtained by merging By, ... ,By,.

(iv) We have the radius bounds
r(B) < E;éz(tI'aB u)t for all B € B~ (t),
r(B) > ESIéQ(traB u)t for all B € BT (),
where 7(B) denotes the radius of the ball B.
(v) We have the lower bound

r(B)
EééZ (trog u)

/Bf(]Du\)da: > EsléQ(tl“aB u) Ay ( ) for each B € BE(t).
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(vi) The sum of radii satisfies

r(BE(E) = ), r(B)<u.

BeBE(t)

We will describe this process in Steps 1-4. The idea will be to “expand”
the balls with respect to the parameter ¢, where we consider concentric
balls B(t) following the expansion law

(4.4.28) r(B(t)) = Ei’ (trop u) t.

We cannot do this indefinitely without having balls intersect however, in
which case we will need to merge balls using Lemma 4.4.6. To ensure the
lower bound (v) is preserved under this process, we use Lemma 4.4.8 on
specific balls; for this reason, we have two collections of balls B¥(t) at
each time-step satisfying (iv).

In what follows we will abbreviate

(4.4.29) B (a, p) = B ([trop(a,p) u),

and also put Ei*(a) = B’ ([u, a]), where [u, a] denotes a limiting geodesic
of u at a.

Step 1

The initial parametrisation.
For ¢t > 0 sufficiently small, we define B (¢) and B~ (t) to be equal
as the collection of balls B(a;, pi(t)) for each 1 < i < k, where

(4.4.30) pi(t) = By (at.
Here ¢ > 0 is chosen so these balls do not intersect; that is ¢ < 1 with
(4.4.31) t; = sup{t > 0 : BT (¢) is pairwise disjoint},

noting that ¢; > 0 since the starting points a, ..., a; were distinct. This
defines BE(t) for all 0 < ¢ < t1, which by definition satisfies (ii)(iv).
Since u is only singular at each a; € B(a;, pi(t)), by Lemma 4.4.4 we have

(t
(4.4.32) /B(ai,pi(t)) f(IDul) dz > B2 (as, pi(t)) Ay (Pléf(izz(,/)h(t))> ;

establishing (v). Lastly, if we have that (vi) is satisfied with equality we
will terminate the process and proceed to Step 5; otherwise, our collection
B*E(t) satisfies all the claimed properties for 0 < ¢ < t;, and so we can
move to Step 2.
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248 Chapter 4: Universality of renormalisable mappings in 2d

Step 2

Evolving and frozen balls.
We will split B*(¢) further into disjoint unions

(4.4.33) B (t) = BE(t) UBL(L), B (t) =By (t) UBG(L)

distinguishing between the “frozen” and “growing” balls respectively. Note
that none of the balls are initially frozen, so we define B (t) = Bg(t) =
BT (t) and B (t) = Bg(t) = @ for all t € (0,11).

We will inductively show there are finitely many 0 =ty < t; < ---
such that

(a) BE(t) =Bg(t) for t € (tj_1,t;) and each ball B = B(a,0) € BL(tj_1)
evolves as B(t) with respect to the expansion law (4.4.28); that is,
B(t) = B(a,o(t)) where o(t) = E;éz(trag w)t. In particular, balls in
Bé satisfy (iv) with equality.

(b) both B (t) are constant on each (t;_1,t;) and By (t) can be obtained
by applying Lemma 4.4.6 to By (t). Moreover, we require that balls
B € B (t) satisfy (iv) with a strict inequality.

In Step 1, we verified this holds up to ¢ < ¢; defined in (4.4.31). Given
BE(t;_1), we can define BE(t) via (a) and (b) until we reach t = t; > t;_4
such that one of the following holds.

Case 1 (collision): We have B*(¢) is no longer pairwise disjoint, in
which case we define (4.4.34) as below and move to Step 3.

Case 2 (saturation): There is B € B} (t) which satisfies (iv) with
equality, in which case we define (4.4.34) as below and move to Step 4.

Case 3 (termination): We have r(B*(¢)) = 7, in which we terminate
the process and move to Step 5.

If either Case 1 or 2 occurs, at this time step t = t; we let

(4.4.34) BE(tj—) = By (t—) UBS(t—)

be the collections obtained by applying (a) and (b) at this time step,
which we will suitably modify in the subsequent steps. If multiple cases
occur at once, we apply the corresponding steps in order. This procedure
is shown in Figure 4.1.

We claim that if B=(t) satisfies (a), (b) for all t € (t;_1,t;), then the
claimed properties (i)—(vi) hold for all ¢ in this range. Indeed, property
(i) holds for ¢t < t; by Case 1 of t; and by the fact that the only expanding
balls are those in Bf(t) = Bg(t). Similarly Case 2 of ¢; ensures (iv)
holds provided t < t;, noting the inequality for balls in By (t) weakens as
t is increased. Also since |JB*(t) still contains the initial singularities
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Collision
(Step 3)
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Saturation

(Step 4)

s
-,
-
-

k”/ Case 3

Case 3

Termination

(Step 5)

Figure 4.1: Flowchart of the inductive process

ai,...,ag, BE(t) remains topological resolutions of u in € and satisfies
(ii). By induction hypothesis (iii) holds at ¢ = ¢;_1, and hence is preserved
for t € (tj_1,t;) since there are no new intersections. Also Case 3 ensures
(vi) holds.

For (v), this is satisfied by balls in Bf?(t) by inductive assumption, so
we only need to check the balls in Bé(t). For this let B(¢) = B(a,o(t)) €
BL(t) = Bg(t) with o(t) = EL (trpg u)t, which corresponds to B =
B(a,0(tj—1)) € B&(tj—1). Then by applying Lemma 4.4.4 (annular lower
bound) and Lemma 4.4.5 (the mean value property), we can estimate

/ £(IDuf) dz > / F(IDul) do (4.4.35)
Blao(1) B(ao(6)\Blao(t;-1)

+/ f(|Dul) dz (4.4.36)
B(a,o(tj—1))

U(t) U(t‘—l)
2B (a o) (A | oz | —Ar | Zia
= By ( (t) ( f <Eig’;2(a,a(t))> f (E;@(mdﬂ)))

o(t)
L2 gt NA
+Eg(a,0(tj—1))Af (E;;(a,a(tj—l))>

e o)
= By (0, 0(t) A (Eég(aaff(t))) 7

since E;g(a,a(t)) = E;g(a,a(tj,l)). This verifies (v), so we infer that
(i)-(vi) holds for all t € (t;_1,t;).
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250 Chapter 4: Universality of renormalisable mappings in 2d

Step 3

Ball merging I (Collision).

Suppose we are in Case 1 of the previous step, so BT (¢;—) is not
pairwise disjoint. We will apply Lemma 4.4.6 to BT (¢;—) and let By (¢;)
denote the collection of new balls obtained in this process, i.e. those which
strictly contains one of the existing balls.

Then, each B € B (t;) arises from BY,...,Bf, € B (t;—) and
BY,...,B§ € B{(t;—) which are contained in B. Note that by (iii), there
also exists BY,... B € By (¢;—) from which we can obtain BY, ... BE,

by merging. Then, since by (iv) we have

(4.4.37) r(BY) > EL (traBF wit; foralli=1,...,m,
(4.4.38) r(Bl) < E;g(traéf w)t; foralli=1,..., 7,
(4.4.39) r(BfY) = By (trpge u)t; foralli=1,....¢,
it follows from (4.4.38) and (4.4.39) that
m l
r(B) =Y r(Bf)+ > r(Bf)
=1 i=1
m _ 0
=Y BN+ rBY
(4.4.40) z; (B/) z; (B7)

>t]ZE traBFu —}—t]ZE traBGU)
=1

> E;g2 (traB u)t;,

where we used the subadditivity of the singular energy (namely (4.3.4))
in the last line. Then since {BF}™, {B#}f_, satisfies (v) by inductive
assumption, by Lemma 4.4.8 using (4.4.37) and (4.4.39), we have

/f |Dul|) :L'>Z/ f(|Dul) d:p—l—Z/ f(|Dul)d
F
> ZEsg tr@Bf U>Af (E(B)>
i=1

s¢ (trasf u)

l
BG
FY B rgge g (g B
' Esg (

i=1 tropc u)

> EY(trop u)A; ((B)) ,

E;éz (traB u)

(4.4.41)
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thereby establishing (v) for B.
We then define B (t;) and BZ(t;) as B (t;—) and BE(;—) respec-
tively, except we make the following modifications corresponding to each

B e 'Bﬁew(tj):
m We remove BY, ... BY from B} (#;) and instead put B € Bf ().
m We remove Bf,...,Bf from Bé(tj) and put them in B (¢;).

The above shows that (iv) and (v) hold, and (iii) holds since each B €
B (t;) can be obtained by merging BY, ..., BEY Bf, ... B§, which now
lie in B (t;). The remaining properties are a routine check.

Thus we have defined B*(t;). Now if (4.4.40) holds with equality for
any of the B € B (¢;), since Case 2 would be violated, we rename our
new collections as B¥(t;—) and move to Step 4. Otherwise, we return to
Step 2 to continue the inductive process.

Step 4

Ball merging IT (Saturation).
Suppose there is B € B (t;—) satisfying (iv) with equality, that is

(4.4.42) r(B) = Bl (trog u)t;.

If this holds, let By, ...,B; € By (tj—) be the balls which merge to give
B, which exist by (iii). We then define B*(¢;) as BE(t;—) except that
for any such ball B we make the following modifications:

m We move B from Bj (¢;) to BE(¢;).
m We remove By, ...,By from By (¢;) and add B to B(t;).

We show that (i)—(vi) holds. Since we apply Step 3 first if both Cases
1 and 2 occur, (i) holds true. Since we have replaced By, ..., B, by the
merged ball B whenever B satisfies (4.4.42), items (ii), (iii) and (iv) still
hold. For (v), we use in order that Ule B; C B, (v) and (iv) holds for
each B; € B (t;—), Lemma 4.4.5, that r(B) = Zle r(B;) and (4.4.42)
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252 Chapter 4: Universality of renormalisable mappings in 2d

to bound

¢
u|) dx ul) da
/Bf(lD ) E;Aif(‘D )
¢
> ZE§é2(traBi u) Ay (El;(Bl)>
i=1

sg (traBi u)
é .
> T(31>Af(tj)
i—1
r(B)

=, Ay(ty)

= E;:éQ(tr@B u) Af <1T(B)> .

Esg (trog u)

Step 5

Termination.
Observe the sum of radii »(B~(¢)) is continuous and non-decreasing
in ¢, and by (iv) satisfies

(4.4.43) Z Ei (tros u)t > EL7 (traq u)t,
BeB(¢

where we used the subadditivity 1nequahty (4.3.4) of the singular energy.
Since the right hand side is unbounded as ¢t — oo, there exists t =T > 0
where

(4.4.44) r(B(T)) =1,

and hence we must eventually reach Case 3 in the iteration of Step
2. When this occurs, by construction the collection B = B~(T) is a
collection of disjoint balls {B(c;, ;) }¥, for which

4.4.45 / Du|) dz > EL2(c;, 00)A s | —5i— |,
( ) Senon f(IDul) ¢ (ci,oi)Ay (E;éz(ci,oi)
by (v) and

(4.4.46) oi < B (ci,00)T

by (iv). Moreover we have

(4.4.47) n=r(B~(T)) =r(BH(T))

> Z E1 %(trog u)T > Eslg(trag uw)T,
BeBH(T
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so applying Lemma 4.4.8 we deduce that

(4.4.48) /u (Dul)da

n
E (tros u Af ( ) ,
<Bzev:3 ) > gen Esi (trop )

establishing our desired lower bound for the collection B. U

Remark 4.4.9. The proof of Proposition (4.4.7) moreover shows that,
analogously to what is proven in [43, Prop. 4.3|, for each n € (0, n]
there exists a collection § of circles S!(a, p) = 9B(a, p) (understanding
S!(c,0) = {c}) for which the following holds.

(a) We have (8 is a disjoint union of finitely many annuli; that is, there
exists NV € N and centres ¢; € €, radii 0 < ry <T; <1 for each
1 < j < N such that Sl(cj,r) € 8 for each r; <r <7;.

(b) for each e € (0,7n] there exists finitely many {SY(cj,, pi)}iy C 8
such that ZZ L pi = ¢ and {a;}f , C UZ 1B(cj,, pi). If € = n, this
collection corresponds precisely to {OB : B € B(n)} C 8.

(c¢) For each 1 < j < N we have the localised estimate

EL2(trm(e,m WA ’ < / f(IDul) dx
¢ (e (E:SLéQ(traB(Cj,T) u)> B(cj,r)

for each r € [r;,7;).

This can be seen by defining
(4.4.49) §={0B:Be B(t), 0<t<T},

and verifying that the claimed properties follow from the items (i)—(vi)
in the proof of Proposition 4.4.7. We will omit the details, as we will not
need this in our subsequent analysis.

4.4.3 Asymptotic lower bounds

We will show how this merging ball construction can be used to obtain
bounds for (almost-)minimising sequences in the class R(IS’Q(Q; N). For
this we will first establish a general lower bound valid for all sequences,
namely (4.4.50), and then we will prove refined bounds along sequences
attaining this bound in the sense of (4.4.51).

253



254 Chapter 4: Universality of renormalisable mappings in 2d

Proposition 4.4.10. Let g € W'/>2(9;N) and § > 0, and suppose
(un)n C R§’2(Q; N) is a sequence such that trgg u, = g for all n. Then
given a sequence fn: Ry — R of approximating integrands, the following

holds:

(i) We always have

(4.4.50) EL(Jg) < Iim —— / fn(|Duy|)d

where the right-hand side may in general be infinite.

(ii) Assume that

(4.4.51) hm U Su(IDun|) = V(f2)EG (g )] is finite.

Then for each n € (0,19) and n € N, there exists a finite collection

of balls B7TLOP(77) whose sum of radii is at most 1, (trog un)BGBTop(n)

forms a topological resolution of g, we have E;g(trag u) >0 for all
B¢ 'ByTLOp(n), and the following asymptotic lower bound

(4.4.52) Tim Y E(tros un)

n—0o0
BEB,P ()

n—o0

gmwmrLWmamm

holds. Moreover we have the remainder estimate

4.4.53) lim fn(|Du
(1458) i | g, PP

1,2
< lim [/ Fa([Dual) = V(£)EL (g )%E;g(g)logsys(mEsg@

2n

Under the assumptions of (ii), note that (4.4.51) implies that
(4.4.54) Bl = Jim e [ D),

o (i) holds with equality. We also point out that B°P(n) is not the
collection of balls B,,(n) obtained by applying Proposition 4.4.7 to u,, and
fn, as we will discard any balls carrying zero singular energy (i.e. balls B
for which Ee’ (trop t,) = 0).
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Lemma 4.4.11. For a family of approximating integrands ( fn)n, we have

(4.4.55) lim [Ag, (£) — V(f,)] = 1ogsys'(2w for all t > 0.

n—o0

where Ay, (t) was defined in (4.4.15). In particular,

(4.4.56) lim An(t)

no0 V(fn) 1

This result follows by applying Lemma 4.4.2, with p = ¢ and A =
4
sys(N)

Proof of Proposition 4.4.10. For (i), we set

(4.4.57) L, = hm V(fn)~ /fn |Duy|) d

which we assume is finite, since (4.4.50) is vacuously true otherwise. Let
ny = mln{syS ,0}, then by Proposition 4.4.7 applied to u, and fy,
there exists a collectlon B, (n) of disjoint closed balls in  whose sum of
radii is 7, such that |J B,,(n) contains singular points of u,, and that

n
4.4.58) E(un,Bn(m) A | =——F— S/ fn(|Duy,|) do
( ) Bl ) Ay <E(un,3n(77))> UBn(n) ([Deen])
where we abbreviate

(4.4.59) B(tn, Ba(n) = Y E”tragun).

Let 0 < M < limy, 00 E(tn, Bn(n)), so that we have M < E(uy, B, (1))
for infinitely many n. Thus for any such n, combining (4.4.58) with the
mean value property of Ay (Lemma 4.4.5) we have

(4.4.60) M Ay, (n/M) < /U o JnliD)
n\7

Multiplying both sides by V(f,)~! we obtain, by (4.4.56) from Lemma
4411,

M= lim V() MA@ < B V() [ fulDun) < L.

Now increasing M to equal lim,, 00 E(un, B,(n)) we infer that

(4.4.61) Tim Y EQi(trasun) < Li,
BEBn(n)
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256 Chapter 4: Universality of renormalisable mappings in 2d

from which we deduce (4.4.52), and combining this with the subadditivity
property (4.3.4) of the singular energy, (4.4.50) also follows. We now let

(4.4.62) BLoP(n) = {B € Byn(n) : B (tropiin) > 0}

Then (4.4.52) and (4.4.58) remains satisfied with B,°P() in place of
B,(n), since we have a smaller collection of balls. Also since for any
B € B, (1) \ Ba(n) we have B’ (trag u,) = 0, it follows that trop u,, is
null-homotopic in N, and hence we can find i, g € W1?(B,N) satisfying
trop tn = trop iins. Then we can define @, € W2(Q\ B (n); N)
by setting @, = , g in each B € B, (n) \ BEOP(U), and setting @, = u,
otherwise. Using this construction, it follows that (trps un)Be,BZOp(n)
remains a topological resolution of g.

For (ii) we assume that

(44,63 o= T | [ fulDua) o - V(ER0)

n—o0

is finite, and dividing both sides by V(f,) we see that

(4.4.64) nlLrglO@ UQ fa(|Duypl) dz —Egg@} = nlii%ovz” =0.

In particular we can apply (i), so for n € (0,70) let Ba(n) be the
collection of balls as constructed above, noting that (4.4.58) remains
satisfied. Then by subadditivity of the singular energy and Lemma 4.4.5,

1,2 L
(4.4.65) Eg (9)Ay, (Eiﬁ(sﬂ)

< E(un, B (n)) A, (E(uI:]Tp(n))>
< Jn({Dun))d
/UBE"‘”(n) Pl

holds for all n. Since by 4.4.11 we have

U sys(N)Eg’(g)
RS —

(44.66)  lim
sg n

n—oo
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it follows that

lim frn(|Duy|) dz
e Jo\U BaP (n)

< i | [ fuDunbas - (7,

n—o0

Sl [ D) B, () ]

n—oo
+ B (9) lim [Ay, (n/B5(9) —V(fa)]
1,2
1,2 sys(N)Esz (g)
<Ly +Ey(g)log (T),
where we used (4.4.65) to bound the second term by zero, thereby estab-
lishing the result. O

4.5 Compactness results

4.5.1 Compactness theorem

Using the asymptotic lower bounds established in Proposition 4.4.10, we
can infer compactness for sequences (u,), satisfying the renormalised
bound (4.5.1). More precisely, we will show the following.

Theorem 4.5.1. Let g € W'/22(9;N) and (fn)n be a sequence of ap-
prozimating integrands. Given a sequence (uy), C WHL(Q;N) satisfying
trgq un = g for allm € N, assume that

(451) L= lim [/ fu([Dunl) dzz — V(f)EL2(g)| s finite.
Q

n—oo

Then there exists an unrelabelled subsequence and a limit map u, €
WBEL(Q; N) satisfying troq us = g and for which the following holds:
(i) The limit map u € Wi (Q;N) with k € N distinct singular points
ai,...,a, €, such that for each 0 < p < pa(ai,...,as), (trg1 us(a;+
p )iy is a minimal topological resolution of g, in that
K
A([us, ai])
B (g) = Y Alea)®

i=1
In particular, k < ATEY(g)/sys(N)2.
(i1) The renormalised energy can be controlled:

Erin(w) + H([uy, ai])isy < L.
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258 Chapter 4: Universality of renormalisable mappings in 2d

(iii) For 0 < p < palai,...,ax),

lim fn(|Duy|) darZ/ f\DuIde
n—00 JO\UL, B(ai,p) o\UL az,p>2
lim fn(|Duy,|) d g/ \Du]de
=00 JO\UL_, B(ai.p) O\UL, B(aip) 2

(L= ER ) — (e, i)

(iv) For 0 < p < palai,...,ax) and alli =1,... K,

. (@)
lim [ f Dz - 2 wfn)]

n—oQ
12
A[us, a4]) log 27
X ])?

> E%ei(u*; B(a’i7 P)) +

- i Ml a)?
e [/Bmi,p)fn(’D ol dm an)]

<L- E%e?l(u*) 7H([u*7al])z 1 +Eren(u*;B(ai’p))
A[ux, a;])? 2
’ 8 X, al)

47
recalling the localised renormalised energy on balls was defined in
(4.3.10).

(v) We have narrow convergence of measures

fn(|Dun|) e A, ai))?
WLQI_Q ;M(sa”

in that the measures converge weakly* and the total mass converges.

(vi) For 0 < p < palai,...,as) and each i =1,..., Kk we have

lim |Du,, | dz

n—00 JB(ai,p)

_ 2 L2 ) H o) o
= Afoerai) [L Breh (1) = H([us, i iy + A([ue, 0]

/ / |DU|2 dj_cl (['U,*’ al]) d’f'
oB(a;,r) 2

(vii) The sequence (Duy,), is equi-integrable and converges weakly to Dus

in LY(Q).
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Observe that if equality is attained in (ii), that is, we have
(4.5.2)
iy | [ £u(1Dual) do = V(B (0)| = B2 ) + (0 i
Q

n—oo

then the upper and lower limits in (iii) and (iv) coincide. We will analyse
this equality case in further detail in Theorem 4.6.1. Additionally as
the proof will reveal, this result also applies in the case L = —oo; more
precisely such a possibility is ruled out by (ii).

We will present the proof of Theorem 4.5.1 in Section 4.5.4. For
this we will need results concerning weak L!-compactness and strong
convergence of traces, which we first collect in Sections 4.5.2 and 4.5.3
respectively.

4.5.2 Weak convergence of bounded sequences

Our first ingredient will be a compactness result away from the singulari-
ties. More precisely, we prove a weak compactness result in L' under the
presence of the uniform bound (4.5.3).

Proposition 4.5.2. Let Q C R? be a bounded open set, and f, : Ry — R

be a sequence of Young functions converging pointwise to %tQ. Let uy, €
WHL(Q; RY). Assume that

(4.5.3) M= lim [ f,(|Duy|)dx is finite.

n—oo J Q)

Then up to an unrelabelled subsequence, the following holds.

(a) We have
(4.5.4)
lijfn / |Duy,| dz < /2ML2(A)  for all A C Q measurable,
n—oo A

and (|Duy|)n is uniformly integrable.

(b) If we additionally have u,, converges strongly to a limit map u in
LYQ;RY), then u € WY2(Q;RY), Du,, converges weakly to Du in
LY(Q), and

1
(4.5.5) /Q\Duﬁdazg lim [ fu(|Duyl)da.
Q

n—oo J N

Furthermore, if u,(x) € N for all n and almost every x € Q, then
the limit u satisfies u(x) € N for almost every x € .

259



260 Chapter 4: Universality of renormalisable mappings in 2d

Proposition 4.5.2 is a general compactness result for Young functions,
we do not assume (Dec)$ nor (vInt). Moreover while we stated Proposition
4.5.2 in R?, an inspection of the proof reveals that the argument applies
more generally in R?, and also in L'(S'; H!'). We will use the latter
case in the proof of Theorem 4.5.1, and we will omit the details of the
necessary modifications.

Remark 4.5.3 (Weak and weak* convergence). We recall the difference
between weak™ and weak convergence for our uses. We say a sequence of
functions (Uy), C L*(Q) converges weakly in L! to a limit map U € L!(1)
if

(4.5.6) lim [ Uy¢= / Up for all ¢ € L>(Q).

We say a sequence (Up,), C L1(Q) converges weakly* as measures to U €
L1(Q) if (4.5.6) only holds for all ¢ € Co(€2). Note that for mappings (un)n

in Whl weak* convergence of (Duy,), corresponds to weak* convergence
of (u,) in BV.

The following variant of the Dunford-Pettis theorem will be of use,
see [3, Thm. 2.4.5]|.

Lemma 4.5.4. Let Q C R? be a bounded open set, and consider a
sequence of mappings (up)n C WHL(Q;N) converging strongly in L(Q).
Then (Duy,)y, converges weakly in L' if and only if {|Duy| : n € N} is
uniformly integrable.

Classically, the Dunford-Pettis theorem asserts that weak compactness
of a sequence (Up,), in L}(Q) is equivalent to uniform integrability of
this family. Recall that equi-integrability and uniform integrability are
synonymous. In our setting we apply this with U,, = Du,,, noting the
limiting map is necessarily unique by strong convergence of (uy), in
LY(Q).

In the proof of Proposition 4.5.2, we will use the following result
(Lemma 4.5.5), which allows us to convert “asymptotic” uniform integra-
bility into the well-known statement of uniform integrability. While we
will state the result for the Lebesgue measure in R?, we note the following
also holds in more general measure spaces.

Lemma 4.5.5. For a sequence of functions (Uy)n, C LY(Q), the following
are equivalent:

(i) the sequence (Uy,) is uniformly integrable; that is for all € > 0
there exists 0 > 0 such that for every measurable A C ) such that
L2(A) <5, we have sup/ |Upn| dz <€,

A

n
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(ii) for alle > 0 there exists 6 > 0 such that for every measurable A C
such that £*(A) < 4§, we have lim / |Up|dz < e.

—00 A

This result follows by applying the Vitali-Hahn-Saks Theorem (see
e.g.[17, Thm. 2.53]), considering a countable family of measurable sets
on which the superior limit in (ii) is a limit. The Vitali-Hahn-Saks is
usually proven using Baire’s category theorem, and it also proves Lemma
4.5.5 directly along similar lines as follows: Given € > 0, let § > 0 as
in (ii) and consider the complete metric space As of measurable subsets
A C Q satisfying £2(A) < §, with respect to the metric £L2(AAB) =
Jalxa — xB|dL?. Then consider the closed subsets

(4.5.7) M(m) = () {AGAJ:/A\UnIdeQe},

n>m

which by (ii) satisfies | J,, M(m) = As. Therefore by Baire’s theorem,
there is some M(mg) with non-empty interior, and hence contains an
r-ball for some 7 > 0. One can then verify that setting dp = min{J,r},
we have £2(A) < dy implies that sup,,>,, [4 Un dz < 2¢. Since the finite
collection {U1, ..., Upmy—1} is uniformly integrable, shrinking dp further
if necessary (i) follows.

Proof of Proposition 4.5.2. By passing to a subsequence, we can assume
that

(4.5.8) M = lim / fn(|Duy|) dz < oo.
Q

We will first show (a), namely that (4.5.4) holds. For this let A C Q be
measurable, and assume that £2(A4) > 0 since there is otherwise nothing
to show. Then Jensen’s inequality gives

M > £%(A )n_mofn L2 /\Dun|dx
Let

(4.5.9) 0<L< rp m / Dy da,

n—o0

assuming this limit inferior is positive, as otherwise (4.5.4) holds since the
left-hand side is zero. Then passing to a further subsequence where the
limit supremum is attained, we can assume that L £?(A4) < [,|Du,|dz
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262 Chapter 4: Universality of renormalisable mappings in 2d

for all n sufficiency large. For such n, since each f,(t) is non-decreasing,

M > £2(A) limy,—00 fn(L) = £2(A)L2/2, and hence that

(4.5.10) Mz h%m /\Dun|d:z: ,

which rearranges to give (4.5.4). Therefore we have (|Duy,|),, is uniformly
integrable by Lemma 4.5.5, thereby establishing (a).

Now for (b), by the Dunford-Pettis theorem (see Lemma 4.5.4) we
have the strong L' convergence and uniform integrability of the gradients
implies that Du,, converges weakly to Du in L!(Q). To show (4.5.5), let
(Km)m C (0,00) be any sequence such that x,, /* co. Then by Lemma
4.2.10(b) we have limy, o0 f;, 4 (Km) — fm for each m € N, and writing
f(t) = %tz we consider the truncations Ty, fn, and T}, f from Definition
4.2.9. Note that for each m, T}, f is the pointwise limit of T}, f.(t) as
n — 00, and moreover this limit is uniform on [0, k,,] by Lemma 4.2.10(a).
Also for t > k,,, we have

(4.5.11) [Ty, fu(t) = Ty, f(t)]

1
<\ fh o (km) = mllt] + | faltm) — fos (Km) i + 5,%271

where both coefficients vanish as n — oco. Hence setting A, , = {z € Q:
|Dup|(x) < Kk}, for any m we have

M = lim/fn(\DunDd:r
n—oo Q

> lim Ty, fn(|Duy|) dz

n—oo

> T [ T f(Dn])do — T \ / Ty fulIDtnl) — T, (D)) de

n—0o0

— S 1
> lim [ T, f(|Du,|)dz — lim / fn(IDuy|) — = |Du,|?| dz
Q n—oo Am,n 2

n—oo

n—oo

— lim [f; | (km) — mm\/ |Duy,| dz
NAm.n

- m fn('%m) - fn -i,-(/fm)/fm + ;’{ (Q\Amn)

n—oo

n—oo

Note that in the last line, we used the L'-boundedness of |Du,| to show
that fQ\ 4, |Duldz is uniformly bounded. Since Du, — Du weakly in
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L', using the lower-semicontinuity from Lemma 4.2.17 we have

(4.5.12) M > lim [ T, f(|Du,|)dz Z/Tnmf(|Du|) dx,
Q Q

n—oo

so sending m — oo and applying the monotone convergence theorem we
have

(4.5.13) lim [ fu(|Duy|)dz =M

n—oo J
1
> lim T,.;7,Lf(|Du\)d:c:/\Du]2dx,

Finally since (uy,), converges strongly in L', passing to a subsequence
we can assume u, converges almost everywhere to u in ). In particular,
if for all n we have u,(z) € N for almost every x € 2, then the same
holds for the limit map u. O

4.5.3 Strong convergence of traces

As the example (xg(o,1—1/,))n illustrates, the trace operator trag( 1) :
BV(R?) — L!(S!) is not weakly* continuous. We therefore need refined
convergence results of traces, which we establish in this section.

Proposition 4.5.6. Let Q2 C R? be a Lipschitz domain, (f,)n a sequence
of approzimating integrands, and (up), C WHL(Q;RY) be a sequence
converging weakly* in BV to u € WH2(Q;RY). If

(4.5.14) lim [ f.(|Duy|) is finite,
n—oo QO

then passing to a subsequence we have trygqu, — traggu strongly in
LY(0Q;RY). Moreover

(4.5.15) Tim [ fo(|troqu,|) dIC is finite
and
t 2
(4.5.16) / o0l 4500 = yim [ (] tron un]) A
o0 2 n—oo JoQ

Lemma 4.5.7. Let Q C R? be conver and f: R. — R be a Young
function satisfying (Dec)y. Then there exists C > 0 such that for all
v e WH(Q;RY),

(ol dsct < ¢ /Q L+ £(Jo]) + £(|Dv]) da.

[2}9]

Moreover if (fn)n is a sequence of approximating integrands, then the
constant C' > 0 may be chosen to be independent of n.
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264 Chapter 4: Universality of renormalisable mappings in 2d

We will present a proof relying on Gagliardo’s L'-trace theorem.

Proof of Lemma 4.5.7. By considering |v| in place of v, we may assume
that v > 0. Then by the chain rule and Lemma 4.5.8 below, we have

(4.5.17) D(f(v)) = fi(v)Dv < er(1 + f([v]) + f(/Dv))),

so f(Jv]) € WHL(Q). For a sequence of approximating integrands, Lemma
4.5.8 also asserts that this constant ¢; > 0 can be chosen independently
of n. Hence by Gagliardo’s trace theorem (see e.g. |27, Thm. 18.18|) there
exists co > 0, depending only on (), such that

(4.5.18) f(troqv) dH?
o0

< [ )+ ID(f()]do
< 02(1+cl)/91+f(|v])+f(|Du])dx,

as required. O

Lemma 4.5.8. If f : RL — R is a Young function satisfying (Dec)},
there is C' > 0 such that

(4.5.19) L)t < CA+ f(s)+ f(t) forall s,t > 0.

Moreover if (fy) is a sequence of approximating integrands, the constant
C > 0 may be chosen to be independent of n.

Proof of Lemma 4.5.8. Denoting the convex conjugate of f as f*(s) =
sup{st — f(t) : t > 0},

(4.5.20) FL(s)t < £ (fL(9) + F(8)

holds for all s,t > 0. By (4.2.22) we know that f (t) < f(2t)/t, and
by [25, (2.10)] we have f*(f(t)/t) < f(t). Hence, combining these two
inequalities gives f*(f (t)) < f*(f(2t)/t) < 2f(2t). By (Dec)5 we have
f(2t) < 4f(¢t) for all t > to, and for t < ty we have f(2t) < f(2tp),
thereby giving f(2t) < C(1 + f(t)) for all ¢ > 0. Observe that for
an approximating family (fy,),, since sup,en fn(2to) is bounded, this
constant can be chosen uniformly in n. O

Proof of Proposition 4.5.6. Define
(4.5.21) L= lim/fn(DunD,
n—oo (o)
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which by (4.5.14) is finite. By |27, Thm. 18.21(iii)| there is C' > 0 for
which
(4.5.22)

/\tragu—tragun\dﬂ{lgc/ |u — uy| dx + C|Du — Du, |(Ae),
i9) € Ja.

where A. = {x € Q : dist(x,09Q) < €}. Applying (4.5.4) from Proposition
4.5.2 and using that u, — u strongly in L}(Q;R") (for instance by [16,
Thm. 5.5]), we can send n — oo in (4.5.22) to obtain

(4.5.23) lim / ltroq u — trag u,| dH! < 20/2LL2(A.),
which vanishes as € — 0. In particular, passing to a subsequence we have
tron un — traqu pointwise H'l-almost everywhere, from which (4.5.16)
follows by Fatou’s lemma. Finally since N is compact, sup,,en [|un 1. )
is finite (see Section 4.2.4), so by Lemma 4.5.7 we can estimate

(4.5.24)

Tin [ fulltron ) 43 < C(1-+ sup 1)) £3(2) + C'L,
neN

establishing(4.5.15). O

The following Lemma 4.5.9 will be of use in the proof of Theorem 4.5.1,
in order to associate a well-defined homotopy class to each singularity of
the limiting map. We will use the notation D, for the tangential trace
on any circle S!(a,r) = 9B(a,r).

Lemma 4.5.9. Let a € R? andr > 0. Suppose (up), C WH(0B(a,r); N)
and (fn)n is a sequence of approzimating integrands such that

(4.5.25) lim fn(IDrw,|) AFE s finite,

n—=0o0 J5B(a,r)

and trog(a,) Un — troB(a,r) U Strongly in LY (0B(a,7); N) to some limit
u € WY (0B(a,7);N). Then we have u,, and u are homotopic on OB(a,r)
for all n sufficiently large, and in particular )‘(traB(a,r) Un) = Mtrog(q,r) )
1,2
sg

and E;éz(traB(M) un) = Esg (trog(a,r) u) for all such n.

Proof of Lemma 4.5.9. Tt suffices to show the traces of u, and u on
0B(a, r) are homotopic for sufficiently large n, which will imply the equal-
ity of the minimal lengths and singular energies. Taking the truncations
T fn of fn, by (4.5.25) there is M > 0 such that

(4.5.26) / T fn(|Druy|) doe < / fu(IDruy|)de < M
BB(a’r) BB(a,r)
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266 Chapter 4: Universality of renormalisable mappings in 2d

for all n € N and £ > 0. Since the traces trpg(q,) Un, troB(a,r) v are
assumed to lie in W1(9B(a,r); N), they admit a continuous represen-
tative which we denote simply by u,, u respectively. By parametrising
0B(a,r) by the map 0 — a + (rcos,rsinf), we mollify in 0 to define
Un,e = Uy * pe, Which satisfies

(4.5.27) [tin.e — Uell Lo @B(ar) < € Hltn — ull 11 (9B(0r)-

We will first estimate |uy, ¢ —uy,| pointwise. For this let x,y € 9B(a,r),
and let S, , C 0B(a, ) denote an arc connecting x and y with minimal
length. Then by the fundamental theorem of calculus we have

() — ()] < / Dy | A1

z,y

- / X{|Drun |2} | Drttn| dIH* +/
S. S,

x,y Z,

X{|Dyun| <} | Drtin| dF
Yy

< T frn(|Druy|) dH
o L T

n,+

1
+ N (Sp ) ! / wt<rt S (IDyuy|) A
(Say)f, (Hl(sx,y) . X{|Dun|<r} fn(] )

+ H (Sey) fr < M ) :

B vla,+(“> %I(Sr,y)

Then noting that
|z — y| < H(Syy) = dists1 (x,y) = 2rarcsin (|z — y|/2r) < 2|z -yl

we have

M M
4.5.2 e — Un Lo (9B(ar)) < ——— +2ef (= ).
(4529) e~ wlhimoto < g + 2205 (T

Since u,, — u almost everywhere on 0B(a,r), passing to the limit in this
estimate (noting by Lemma 4.2.10 that f}, , (k) — & and f, }(t) = V2t
as n — o0) we have

(4.5.29) Hug - UHLOO(SB(Q,T)) < M/Ii + V8Me.

Now consider the tubular neighbourhood projection Ily: U — N, so
there is 6 > 0 such that N + B(0,6) € U. We then define H,(t,z) =
(1—t)uy, (z)+tu(z), and we will show that H,, maps into U for n sufficiently
large. Indeed for (¢,z) € [0,1] x 9B(a,r) we have by (4.5.27), (4.5.28)
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and (4.5.29),
dist(Hy, (2, t);N) < [H(t, ) — up(z)|
(@) + fun,e — uel(x) + [ue — ul(z)

M _ M _ M /
< / + 26fn ! < ) +e ZHUn - uHLl(aB(a,’/‘)) + + V8Me.
n,+(/€) € K

< |Un — Un,e

Now we choose € > 0 sufficiently small so that v8Me < §/9. We also
take k > 9M /6, then for n sufficiently large we have

M M 2M 46

n,+ K

and since u, — u in L' on dB(a,r), increasing n if necessary we have a
e Hlun — ull1(9B(a,r)) < /3. Combining our estimates, we have

~ 44 M
(4.5.31) dist(H(t,z); N) < §+8_1|‘un_u”Ll(BB(a,r)+?+V8M6 <0

for all (t,z) € [0,1] x dB(a,r), dist(H (t,z);N) < 6 for all (t,x) € [0,1] x
9B(a,r). Thus we see that H,(t,z) = Iy o H,(t,x) is a well-defined
homotopy between u, and u for sufficiently large n, thereby establishing
the result. 0

4.5.4 Constrained compactness

Proof of Theorem 4.5.1. We will break up the proof into a series of steps.
Steps 1-4 are devoted to obtaining a limiting map u, which is renormal-
isable in €2, along with (i) and (ii). This involves approximating (uy )
by mappings in the R12-class (see Definition 4.3.5) in Step 1, to which
we can apply Proposition 4.4.10, and from which a weakly*-convergent
limit can be extracted in Step 2. It is then shown in Step 3 that the
limiting map has singularities forming a minimal topological resolution
of g, and furthermore in Step 4 it is shown that wu, is renormalisable and
that singularities are bounded away from 0€). In Step 5, we prove the
asymptotic estimates (iii) and (iv) for f,,(|Du,|) , from which we can
infer convergence of the defect measures, namely (v), which we establish
in Step 6. Finally in Step 7, we use (iv) to prove the L'-estimates (vi),
which is used to establish weak L' convergence (vii).

4.5.4.1 Step 1: Extension and approximation

Lemma 4.5.10. Fiz an open bounded Lipschitz domain Q C R?, a
compact Riemannian manifold N and a map v € WHH(Q;N). Assume
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268 Chapter 4: Universality of renormalisable mappings in 2d

that there exists an open set w CC Q with u € WY2(Q\ @,N). Then, for
every € > 0 and every 0 € (0, 1), setting

wp = {z € Q: dist(w,z) < 0 dist(w, Q)},
there exists a map v € WHH(Q,N) such that

(i) for some points {a;}i=1,. r C wy (kK € N) such that v € C(2\
{ai}i=1,...,k7N)7

(i) [lu —vllwiie) <&,
(iii) trgqu and trgqu are homotopic.

This follows by adapting the arguments in |6, Thm. 2|, noting that in
the regions where u lies in W12, we can locally approximate by composing
mollifications with a nearest point projection to N (see [40, §4]). This
can be done up to the boundary by working with a local extension, which
exists by [32, Lem. 5.5]. Note that the analogous result for p € (1,2) was
proven in [43, Prop. 4.2]; in this case one does not need to assume the
compactness of N.

Since g € W'22(9Q;N), by [32, Lem. 5.5| there exists a Lipschitz
domain € C R? such that Q € Q' and a map U € WY2(Q'\ Q; N) such
that trapq U = g and such that EL(trae U) = B (g). For each n, we
define

. onQ
(4.5.32) Gp =40
U on@\Q,

then each u, € WH1(Q;N), using [27, Thm. 18.1(ii)] to verify the weak
differentiability. Observe by the dominated convergence theorem and
Lemma 4.2.12 (as in the proof of Proposition 4.4.1) that,

DU

(4.5.33)  lim fn(|Dy|) = lim fn(IDUy):/
n—oo Jong one 2

n—oo Q/\Q

Now recalling the x-truncation operator from Definition 4.2.9, noting
that Ty f, < fn for all n and Ty f,, — f, pointwise as k — co. Thus we
can find a sequence (k,), such that

(4'5'34) nh_{go (v(fn) - V(Tﬁnfn)) =0
(4.5.35) lim / | fn(Diy,) — T, fn(Diy,)| dz = 0.
n—oo (o4
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Then combining with (4.5.1) and (4.5.33) we deduce that
4536) T | [ T 5(D0]) ~ VT 1B G)]
n o Q/
1
= L+/ ~|DU|? dz,
one 2

recalling L was defined in(4.5.1). In particular,

(4.5.37) T V(T fu) " /Q Ty (1D ) = EX(a).

n—o0

Now putting § = dist(€2,9€') > 0, for each n € N by Lemma 4.5.10 we
can find a sequence (Up, m)m C Ré’Q(Q’; N) such that wuy, , — @y, strongly
in Wh1(€;N) as m — oo and such that E;éZ(tI‘aQ/ Un,m) = Eslg(g) for
all m. Then for each n, by passing to a subsequence in m if necessary,
by the partial converse of the dominated convergence theorem (see for
instance [11, Thm. 4.9]), we can find g, € L'(€,R) non-negative such
that [Dup, | < gp for all m.

Therefore, by the linear growing behaviour of Ty, f, and the domi-
nated convergence theorem (using the majorant g,),

lim /|T,{nfn(|Dun,m|)—T,ann(\Dunmdx:O for all n.
Q

m—00

Thus we choose a sequence (my,), such that

(1538)  tim [ [T Dt ) = T o [Dita ) d = 0
n o0 Q
so we have
(4.5.39)
N 1
lim [/ Ty, fn(|Dunm,|) — V(Tﬁnfn)E;g(g)] =L+ / —|DU* dz.
n—oo Q/ Q/\Q 2

We can also ensure that |Diy, — Dty m, | — 0 strongly in L!(€'). Hence
by applying Proposition 4.4.10(ii) to (unm, )n and (Tk, fn)n, for each

- rsys(N
n € (0, min{ gﬂ(to)

(4.5.40) Etnm, Ba®m) = 3 Fa(tros unm,)
BEBLP (1)

,8}) there exists a collection Bx°P(n) such that putting

we have

4.5.41) E(unm,, BXP(n)A !
( ) E(unm, (M)A, £ (E(un,mn,BEOP(n))>

< / Fo([Duy)) da,
UBrP(n)
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(4.5.42)  Tim E(upm,, BrP(n))

n—oo

< T V(T fu)~" / f2(IDttnm, ),
UBn(n)

n—0o0

and combining with (4.5.39),

(4.5.43) lim Trer, [ (| D m,, |)
neo JoNU B (n)
1 N)Esg”
<L +/ SIDUJ? dz + EL2(g) log sys(N)Esg (g).
one 2 2n
We also have E42(trop tnm, ) > 0 for each B € BAP(n).
4.5.4.2 Step 2: Existence of a limiting map
To simplify notation we will denote
(4.5.44) Uy = Unm, € RyZ(QXN),  Golt) = Ta, fult).

For each B € B (1,,), we have ESg (trog un) > yS(N)2 since it is non-

zero (using the systole defined in (4.3.1)). Comblmng this with (4.5.42)
we can bound the number of balls as

(4.5.45)  Tim #BI°P(n)

n—oo

4 - -1 ~
< WJEEOWG”) /UBn(n) Gn(|Ditg|) = “sys(N)?

Hence by passing to a subsequence in n (which depends on n > 0), we can
assume B,°P (1)) converges to a limit collection BTP (1) in the following
sense: we have #BnP(n) = ky is constant and writing B P(n) =
{B(a?,r"},, we have al — @; and r! — 7; for all 1 < i < k;. The
limit collection BL°P(n) = {B(a;,r;)}, is then defined as these balls
B(a;, ), discarding any balls with 7; = 0, so in particular k < k1. Note
that if a; = a; for some i # j, the disjointness of BA°P(n) implies that
either 7' — 0 or 77 — 0; thus we infer the centre points {a;}f, are
distinct, and that the limiting collection has pairwise disjoint interiors.

Now let (1, )m be a positive sequence such that 7,, \, 0, then applying
the above to each 7, combined with a Cantor diagonal argument, we
can find a common subsequence in n such that for each m, BZOP(nm)
converges to Brop (nm) in the above sense. Passing to a subsequence in
m, we have the centres of Blop (nm) converges to a set of finitely many

— 1,2
points {a;}f*; C €2, such that x < 4;2?%\{)(3) by (4.5.45).
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We will let por = por(ai,...,a,) be the non-intersection radius as
defined in (4.3.6). Then let 0 < € < pgr, and choose mgy > 0 such that
N < €/2 and | BLoP (nm) C UL, B(a;,&/2) whenever m > my. Fixing
any such n, the above convergence we have [ BEOp(nm) C U, B(ai,e)
for all n sufficiently large. Thus from (4.5.43), for all m > mg we have,

_ . 1
(4.5.46) lim Grn(|Diin|) < Ly + ES?(g) log —,
no JaNUL, Blaie) T
where we set
- N)E&? 1
(4.5.47) Lo = L+ EL2(g) log sys(N)Esi (9) + / —|DU|? dz

Therefore by Proposition 4.5.2(a) and a Cantor diagonal argument in m,
we have (|Diiy|),, is bounded in each L'(Q \ UL, B(as,€)). Moreover,
since 1, takes values in the compact manifold N, the sequence is bounded
in WHE(Q'\ U, B(aj,€)). Hence by taking a further diagonal sequence,
we obtain a limit map u, such that passing to a subsequence, ,, converges
weakly® in BV to u, in Q" \ UL, B(ai,€). Moreover weak® convergence
in BV implies strong L' convergence of i, so Proposition 4.5.2(b) we
also have the estimate

1
(4.5.48) / ~|Du,|? dz
QUL B(aie) 2

< lim G (|Diy|) dz

=00 JONUL, B(as.e)

< Ly +EL(g)log L
m
using (4.5.46). Since this holds for all £ > 0 sufficiently small, this defines
a map in Wllo’z(Q’ \ {a;}%_;;N), noting the L' convergence ensures the
limit map u, takes values in N for almost every x € 2. Moreover since
Da,, — Dii,, — 0 strongly in L' and tp|ong = U for all n, it follows that
Now combining (4.5.48) with (4.5.35) and (4.5.38), we have

lim fn(|Duy|) dz
o0 JONUL Blaie)

= Tm G (|Diin) da
n—=oo JonUr_, B(as,
(4.5.49) AUz Blaie) .

— / IDU|? dz
\(QUUL, B(ase)) 2

~ 1
<Ly +log— +

/ 1;DU|2 dr.
M J@\N (UL, Blae)) 2
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4.5.4.3 Step 3: Minimal topological resolution

To show the singularities of 4, are transferred to the limiting map wus,
we will rely on Lemma 4.5.9.

Given 0 < € < pgr, by converting to polar coordinates and applying
Fatou’s lemma, we have

2%
(4.5.50) / lim (D) 3¢ dr
€

n—o00 J 9B(a;,r)

< Jim Gn(|Diin ) da

n—00 JB(a;,pq ) \B(aie)

is finite for each i = 1,. .., k by (4.5.49). Thus for almost every r € (0, poy)
we have

(4.5.51) lim Gn(|Dai,|) dHY s finite for each i = 1,..., K.

n—o0 J 9B(a;,r)

By Proposition 4.5.6, there exists a subsequence u,, (depending on r)
attaining the limit inferior and along which tragg, ) Un, — tToB(a;,r) Us
in L*(9B(a;,r); N). By a variant of Proposition 4.5.2, we deduce that for

almost every r € (0,p) and each i = 1,... K,
Du.|?
(4.5.52) / [D dH < lim Gy (|Dity,|) .
OB(az,r) 2 n—oo J 9B (as,r)

Now applying Lemma 4.5.9 to trpg(q ) Un, and Gp, we have

(4.5.53) A(tros(a;,r) tny,) = METoB(a;,r) Us)

for all 1 <14 < k and k sufficiently large.

Given € > 0 such that (4.5.51) holds with r = ¢, along the subsequence
such that (4.5.53) holds, for k sufficiently large by Lemma 4.4.4 we have

At oB a,e) Us) Ame
(4.554) > El D A, <)\( 2)

i=1 n trBB(ai,s) u*)

</ Gy (D, |)
Ui, B(aise)

Dividing both sides by V(Gy, ) and sending k — oo, using Lemma 4.4.11
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and (4.5.39) we have

i A(trog(a; ) )

; 47
21

A(troB(a;.c) Us

— k—00 troB(a;,e) U

< lim /G (|Dy,|) dx:EsléQ(g).

_naoov

By subadd1t1v1ty of the singular energy (namely (4.3.4)) and noting
that u, € WIOC(Q’ \ {a;}f1;N), the above holds with equality for all
e € (0, pq). Thus

(4.5.55) i A([u:l;rai])Q
=1

and so (trsi(a;+¢-))5_; forms a minimal topological resolution for trao U
in Q' for all € € (0, po) sufficiently small. Since trgqus. = g, if each
a; € Q, then for € > 0 we will also have that (trsi(a; +¢-)), forms a
minimal topological resolution for g in €.

4.5.4.4 Step 4: Limit map is renormalisable

Next, we will show that the limit map is renormalisable in . By (4.5.52),
for almost all r € (0, pgr) we have

12
(4.5.56) / 1\Du*]2 dH! — Al ai])”
9B(as,r) 2 4mr
< lim Gn(|Diy|) — Gn <M> ax!,
n—00 JB(a;,r) 2mr

where we used the dominated convergence theorem and Lemma 4.2.12 to
pass to the limit in the second term. Now for 0 < p < pgy, integrating
(4.5.56) over r € (0, p), summing over i = 1,...,x and applying Fatou’s
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lemma, we have

[Dusl? o1 Al[us, ai))?
Z/ [/ZaB(w 5 4% ]dr (4.5.57)

4mr

<SG —u (Mt e o

< Iim [/ G(|Di])
n—00 U, B(ai,p)

2mp

" M[ux, ai])2 [ XTawad
—ZW/O (el Gn(l/r)rdr]

i=1

— lim [ / Gn(|Diin|) dz — B2 (9)V(Gr)
U=, B(as,p)

n—oo

g Ml 2
pot 47 A([us, ai])
where we used Lemma 4.4.2 and (4.5.55) in the last line, which is
moreover finite by (4.5.39). Hence u, verifies property (ii) of Proposition
4.3.6, from which we infer that u, € W}éi(Q’; N).
To show the singular points a; actually lie in €2, we will make use of
the following lemma from [32, Lem. 6.2].

Lemma 4.5.11. Let  C R? be an open set, a € R? and 0 < o < 7. If
u € WH2(B(a,7) \ B(a,0); N) such that A(trog(a,r) u) > 0, then

A(trog(a,r) u)?

[Dul?
<
vl (a)

- /QﬁB(a,T)\B(a,U) 2’

I'? (a, Du) log

T
g

where we have set

- V2T 1 1.9
I'’(a,Du) = |1 — y (1 7_/ \Du]Q)Q}
(troB(a,r) ) \0g 7 JB(a,m)\ (QUB(a,0))

and

(4.5.58) v (a) = 1T/ iz <1
27 log o J QNB(a,7)\B(a,0) ’.ﬁ - a|

This will be used in conjunction with the following observation from

[32, §6].

Lemma 4.5.12. Let Q C R? be a bounded Lipschitz domain. Let a € R2.
We have lims_ov2(a) = 1 if and only if a € Q.
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Proof of Lemma 4.5.12. Observe that for any 71,7 > 0 we have

T (17, (a) — %, (a)) = 0,

soif a € Qor a ¢ Q, by taking 7 sufficiently small so B(a,7) C Q or
B(a,7) C R%\ Q, we have lim, 02 (a) = 1 or 0 respectively. If a € 99,
by the exterior cone condition (see [19, Thm. 1.2.2.2]) there exists og > 0,
v € S! and 0 € (0,7/2) such that

(4.5.59) Cyy(a,b,v)
={a+w:weB(0,00),|L(v,w)| <0/2} C Q\B(a,op),

where £(v,w) = arccos (v|w)/(|v||w|) denotes the angle between the
vectors v and w in R%. Then we have

(4.5.60) lim vZ(a)
o—0

1 dzx 6
L — T =1 <1
27108(00/0) JB(a,00)\(B(a,0)UCw, (a,0,0)) [ — @l 2m
thereby establishing the result. O

By (4.5.57), for 0 < 0 < p < poy and each 1 <i <k

Alus, ai])®

7

log L
o

2 1\2
</ ‘DU*‘ dz < )\([U*7az]) logg_i_cp’
B(ai.p)\B(ai,0) 4m o

(4.5.61)

2

where C), is an upper bound for (4.5.57), and the lower bound follows by
converting to polar coordinates and recalling the definition of A([us, a;]).
From this we deduce that

@562  Jm—s | D g, _ Aue,ad)?,
a—0 log(p/o) B(ai,p)\B(ai,o) 2 47

Moreover since u|ong = U € WH2(Q'\ Q;N), we have

2
(4.5.63) lim — / [Ds|
0-010g(p/0) JB(asp)\(QUB(ai,0) 2

dz =0,

so in particular, lim, 0 ') (a;, Dux) = 1. Combining (4.5.62) and (4.5.63)
we obtain

Du.f? \ Musal)?

1
4.5.64 lim —— / ’
( ) o—0log(p/o) QNB(as,p)\B(a;i,0) 2 am
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so by Lemma 4.5.11 we have

(4.5.65) lim v7(a;)

o—0
. _ 47 |Du |2
> 1lim (T'7 (a;, Dus 1/ —dz =1
L ) AM[ws, @il)? JorB(aip)\Blaio) 2
for each i =1,..., k. It follows that lim,_0 v§ (a;) = 1, and hence each

a; € Q by Lemma 4.5.12. Therefore the restriction of u, to €2 is also a
renormalisable map, establishing (i).

We can also compute the renormalised energy of u, in €2 using (4.3.9),
(4.5.55) and (4.5.57) as, for any p < pa(ai,...,ax),

E}e?l(u*;Q)
2 K 12
_/ D] dx_zwlogl
Q\Uki (ai’p) 2 i=1 4T 1%
IDU*I 1 A([us, ai])?
+ / / dH — ————| dr
Z [ 0B(a;,r) 4y
. “ ([, ag])? 27p
< lim G, (Duy,) dx — log
n—00 JO\UL, B(ai.p) (D) Z; A A[w, as])
+ lim [ / o Gn(|ID@n|) dz — B2 (9)V(G) | — Eig(9) log
n—00 a;i,p)

< lim VG (Ditn]) dz — EL2(g)V (Gn)}

n—o0

_Z)‘([u*val]) log 2m

— 47 A([us, ai])
< lm [ / fn(\Dunl)dSU—Eslf(g)v(fn)}

"\ ([us, ag))? 2m
e D log X TTuw ail)’

where the last line follows by (4.5.39), thereby establishing (ii).
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4.5.4.5 Step 5: Localized asymptotic estimates

For 0 < p < pa = pa(ai,...,as), by integrating (4.5.56) over (0, p) and
applying Fatou’s lemma we have

P .
lim [/ Gl D do — 2 [ G, <M>d]
n—oo |JB(ai,p) 0 2nr

p 1)2
(4566) > / / 1|Du*|2 At — )\([U*yaz]) dr
0 0B(a;,r) 2 4drr

Alus, ai])®

= EI}G?I(U*;B(a“p)) + Ar

1
log —,
p

recalling the localised renormalised energy was defined in (4.3.10). Then
Lemma 4.4.2 gives

(4.5.67) lim |:27T /Op G (W> rdr— WV(GTL)}

n— 00 2rr

which we combine with (4.5.34), (4.5.35) and (4.5.38) to obtain

: A[us, aq])?
lim w(1Duy,|) de — ———2Y(f,
n—soo [/B(ai,p) Fall ) 47 ()
(4.5.68) — lim 2 e M ai])?
”Lioo [/B(ai,p) GnliDiDd dm v(Gn)
AM[ux, ag])? 21

> Exin(us; Blai, p) +

This establishes the lower bound in (iv). Using this we can estimate

lim fa(Dun|) dz
7o JO\ULL, B(aip)
u . Alux, a;
<1-Y lm [/ fn<|Dun|>dx—“4” (fn)]
7;:1 n—o0 B(ai,p)
([, a;] 27 u
<L- m EL2 (u,;B(as, p
Z 8 )~ 30 P 0Bl )

:/ 7|Du*|2dx
QUL Blaip) 2

+ (L EI]“-e?l(u*) - H([u*7 ai])?:l) s
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where we used (4.3.9) to write
1
(4569) B2(w) = 3 B (us:Blas, ) + / L Du.? de
=1 Q\Uz 1 B(al7p)

By Proposition 4.5.2 we also have the lower bound

1
(4.5.70) / —|Du,|? dz < lim frn(|Duy|) de,
Q\U1 1 (aﬂp) n—=o0 Q\LJ’;:I B(aizp)

which establishes (iii). To obtain asymptotic upper bounds on B(a;, p),
we use (4.5.69), (4.5.70) and (4.5.68) applied for each j # i to estimate

Er . )‘([u*v ai])2
<L-Ytm | [ fu(Du)de - me]
G n—00 B(a;,p) Am
~ lm fu(IDucl) da

n—o0 JO\U7Z, B(ai,p)

A[ux, a;])? 27
<L =) E(u,Blaj,p) = - 1 Nog :
JFi JF

1
- / ~|Du, > dz
UL, B(aip) 2

=L - E12(U*) —H([u*,ai])

M[ux, ag])? 2
E12 o B i ’ 1
+ Epn (us; Blag, p)) + An o8 [, ail)’

thereby establishing (iv).

4.5.4.6 Step 6: Strict measure convergence
Multiplying the inequalities in (iv) by V(f,) ™!, for each 0 < p < po and

1=1,...,k we have

. 1 = M, ag))?
(4.5.71) nl_)oo e /B(GW) fn(|Duy|) dz = —

Also by (4.5.1) and (i) we know that

K

5 L FnDualy do = L) = 3 A

=1

(4.5.72)
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Hence if we define the measures

(4.5.73) sy = IDunl) o) o

V(fn)
by (4.5.71), for all 0 < p < pg and i = 1,...,k we have

Uy, Aj 2
(4.5.74) lim g, (B(as, p)) = M7

n—o0 A7

whereas by (4.5.72) we have

(4.5.75) lim pn(Q) = f: Alfte a])*

n—o0 . 4
=1

Hence we infer that u, converges narrowly to a measure y that is sup-
ported on {a;}f , taking the form
K
)\([u*, ai])2

4.5.76 = ——— 6,
( ) :U’ Z 47_(_ ;s

=1
thereby establishing (v).

4.5.4.7 Step 7 : Bounds in L!

For 0 < p < pa(aq,...,a,) and each i = 1,..., K, set

" A([us; ai])?
4577) L, = lim / Fo(IDup|) d — 20 @) e v
(577)  Li m[ (D) =4l y1,)

which we know is finite by (iv). Then by convexity of f,, using (4.2.22)
we have

(4.5.78)
FulDug]) — o (220 o o (Al | Al oy

2rr 2rr 2rr

for all z € B(a;, p) with 7 = |z|. Then integrating (4.5.78) over z €
B((Li,p),

P (AMus, ai))
/B(%p) fn(|Duy|) — 27T/0 fn (T)rdr
R [ T )
> f£,+(W) /Op (/BB(W) |Duy,| dH! — )\([u*,ai])> dr
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280 Chapter 4: Universality of renormalisable mappings in 2d

since each f;, | (t) is non-decreasing in ¢. Noting that lim,, o f;, 4 (t) =1
by Lemma 4.2.10(b), taking the limit in n,

M ai]) g [Duy| da
2mp n=o0 JB(a;,p)
2
= Li7p + )\(I:/L;’ﬂ(_ll])
+ i [Pl on [ fn(wydr}
1?2 )? ’

using Lemma 4.4.2 in the last line. Then using the estimate (iv),

Afus, ai])® log Afus, ai])®

4.5.79) L;
( ) i+ 47 4mp

A[ux, a;])? 1
47

2
_D+// f\D (2ot - ([“*’“’]) dr,
0B(a;,r)

where we have set D =L — Erle%(u*) — H([us, a;]). Therefore we have

< D + B (us; Blai, p)) +

2mp
(4.5.80) lim [Duy|de < ———— X
n—o0 J B(a;,p) )\([U*, a%])

2
Dot ([ Apupase - Mool ]
oB(a;,r)

establishing (vi).

To show equi-integrability, for each ¢ = 1,..., k we will set
(4.5.81) M, = — 2" J D+ A
5. = ————— Uy, Qj
0 M[ux, ag) !

PQ 2
/ / *|D |2 dj‘fl ([u*7al]) dr
oB(a;,r)

We will assume x > 1 in what follows, as otherwise the result follows
from Proposition 4.5.2(a). Then recall from (iii), using (4.3.9) for the
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renormalised energy, that for 0 < p < po we have

(4.5.82) lim fn(|Duy) dz
e JO\UL, Bainp)

1
§D+/ i\Du*\Qdaﬁ
QU1 Blaip)

1
=L — H([us, a;])i—y + E;g(g) log p

Combining with (4.5.4) from Proposition 4.5.2(a) , for each 0 < p < pq
and any measurable subset A C Q\ (J;_; B(a;, p) we have

(4.5.83)
- 1\ 2
lim / IDuy,| dz < (L — H([ux, ai])iy + B2 (g) log p> V2L2(A).
n (o.) A

Let € > 0, and choose p > 0 such that M;p < o for all 4. For this choice
of p we then take d > 0 such that

1
1 2
(4.5.84) <L — H([ux, ai])iy + ES2(g) log p) V26 < g
0

Then given A C Q measurable such that £2(A) < §, using (4.5.80),
(4.5.83) we have

(4.5.85) lim [ |Du,|dx

n—oo A
K
< lim |Duy,| dx + Z lim / |Duy,| dz < e.
e JA\UL, B(ai.po) i1 "% /B(aip)

Thus by Lemma 4.5.5 we have (Duy,),, is uniformly integrable, from which
weak L!-convergence also follows by the Dunford-Pettis theorem (Lemma
4.5.4), establishing (vii).

This concludes the proof of Theorem 4.5.1. O

4.6 Convergence of almost minimisers

4.6.1 Convergence theorem

We will show the convergence of Theorem 4.5.1 can be improved for
sequences of almost minimisers in the sense of (4.6.2) below. This will
also imply Theorem 4.1.2 from the introduction.
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282 Chapter 4: Universality of renormalisable mappings in 2d

Theorem 4.6.1. Given an approximating family (fn)n, we let g €
W'22(00; N) and define

(4.6.1) n_mf{/ Fo((Do]y dar: U € W N)}

trogov =g

Then suppose (un)n C WHL(Q;N) is an asymptotically minimising in the
sense that trgq u, = g for all n and

(4.6.2) lim </Q fn(|Dun|)dx—In> = 0.

n—oo
Then passing to a subsequence, we have u, — u, strongly in L1(Q) to a

limit map uy € eré%(Q; N) satisfying troq u., = g with k € N singularities
ai,...,ax € S, such that the following holds:

n—oo

@) Jim | [ fullDu,) do = VEIER )] = B0 + ()
(ii) The limit map satisfies
E%e?l(u*) + H([’LL*, al})z 1 — = inf {E%e?l ) + H z 1}

where the infimum is taken over all @ € W%é?l(Q; N) with trgqu = g,

where 4 has k € N singularities aq,...,az, forming a minimal
B A[5,a))?

topological resolution in that E;g (9) =2 i1 &5
(iii) lim [ fno(|Dux|) — fu(|Duy|) dz = 0.
n—oo Q

iv) Du,, — Duy strongly in LY (Q) and pointwise almost everywhere.
(iv) gly p Y

(v) For each p < pa(ai,...,ax) we have,

lim frn(|Dusx — Duy|)dx =0
" J\UL, Blaisp)

(vi) For each p < pa(ai,...,ax) and eachi=1,... K ,

p[ [ nou s (G

2 2
/ / ‘Du*’ dg_[l )\([U*, al]) dr.
0B(a;,r)
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By (ii), if v € Wiea (Q;N) also has « singularities at by, ..., b, € O
such that [u.,a;] = [v,b;] for all 1 <i < k (i.e. the limiting geodesics are
homotopic), then E%é%(u*) < E%é%(v) Therefore we have u, is a minimal
renormalisable singular harmonic map in the sense of [32, Def. 7.8]. In
particular, by a direct comparison argument, for all p > 0 sufficiently
small we have u, is a minimising harmonic map in Q\ J;_, B(a;, p) with
respect to its own boundary conditions, thereby proving Theorem 4.1.2(i).

4.6.2 Asymptotic uniform convexity

The classical notion of uniform convexity of a normed space (see e.g.[44,
Def. 5.2.2]) implies that weak convergence, combined with the convergence
of the norm, implies strong convergence (known as Radon-Riesz property).
In this section we will prove an asymptotic version, valid along sequences
of approximating integrands (fy,)n, by exploiting the uniform convexity
of the limiting space L2. More precisely, we will establish the following.

Proposition 4.6.2. Consider a sequence of mappings u, € WH1(Q;N)
and a sequence of approzimating integrands (fn)n. Assume that (Duy,),
converges weakly® to Du, and that

1
(4.6.3) /|Du]2d:z: lim /fn(]Dun])dx.
Q 2 n—oo [
Then
(4.6.4) lim /fn(|Dun—Du|)dw:0.
n—oo Q

In particular, Du,, — Du in L.

Here we will work at the level of gradients for the convenience of the
reader, however one could more generally with a sequence (U,), C L'(f)
in place of (Duy,),. We will adapt the strategy described in [10], and as a
key step we will establish almost everywhere convergence of the gradients,
which we specify as a separate lemma.

Lemma 4.6.3. Under the assumptions of Proposition 4.6.2, up to a
subsequence, Du,, converges pointwise almost everywhere to Du in €.

We rely on the following result (Lemma 4.6.4) concerning sequences
in RY.

Lemma 4.6.4. Consider a sequence of Young function (f,)n converging
to |z|2/2. Suppose a € R and (b,), C R? is a sequence satisfying

1 1 a+bn n—00
S Fallal) + 3 Fallbnl) = £a(|=522]) = 0.

Then lim b, = a.
n—o0
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284 Chapter 4: Universality of renormalisable mappings in 2d

Proof of Lemma 4.6.4. It suffices to prove that the sequence (by,), is
bounded. Indeed if this holds, for any convergent subsequence b,, — b,
since f,, converges locally uniformly to ¢?/2 by Lemma 4.2.10, we have

a+b
2

1 2 1 2 ? 1 2
== ~1b]? — -

1
2
which implies that b = a. Therefore every subsequence has a further
subsequence converging to a, from which it follows that b, — a.

To show the boundedness of (by,),, we suppose otherwise. Then,

passing to a subsequence, we can assume that |b,| is monotone and
divergent. Letting

on(t) = g halla) + )~ £ (115

since f,, is increasing and convex we have

a+ by,
2

0 < a0 < g ullal + 30— fn

)

and so lim, o gn(]bn]) — 0. On the other hand we have g, is non-
decreasing by noting that

)= (ro -5 (51) 20

for almost all ¢ > 0, where we used that ¢ — f (¢) is right-continuous
and non-decreasing, and that g is absolutely continuous since f is (see
e.g.[27, Thm. 3.20, Ex. 3.21]). Now fixing m sufficiently large such that
|bm| > |a|, which exists by unboundedness of (by,),, we have

. . Loy Ly o 1 (al+ bl \?
0= nh_ggogn“an > nh_ggognﬂbm’) = Z|a|2+1|bm|2_§ <2m > 0.
Since |a| # |by|, we have the right-hand side is strictly positive, thereby
contradicting the unboundedness of (by, )y, O

Proof of Lemma 4.6.3. Applying Proposition 4.5.2 to (Du,, + Du)/2, we
have (4.5.5) reads as

D D
Uy, + uD dz,

1 2 .
.0. — <
(4.6.5) /Q2|Du\ dz < lim an( 5

n—o0

and by the dominated convergence theorem and Lemma 4.2.12 we also
have

1
(4.6.6) lim fn(lDu!)dx:/ ~|Du|? dz.
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For each n, on 2 we define

Dun+DuD

gn = %fn(\DuD + %fndDun’) - fn(‘ 2

By convexity of f,, we have g, > 0, and so we have

n—oo

J— 1 — 1 —
im [ gudz <+ m /fn(\Du])dx+ Tim /fn(\DunDda:

D D
— lim fn(MDdx
Q

n—o0 2

1 1 1
<(Z+Z-1 ~Dul?dz =0
—(2+2 )/92’ uf”de

where we used (4.6.3), (4.6.5) and (4.6.6). We deduce that g, — 0 in
L(©), and hence (using e.g. [44, Prop. 4.2.10]), up to a subsequence we
have g, — 0 almost everywhere. Then by Lemma 4.6.4, we infer that
Du,, — Du almost everywhere. O

Proof of Proposition 4.6.2. By Proposition 4.6.3, passing to a subse-
quence we have Du,, — Du almost everywhere. Then by Scheffé’s lemma
(asserting that pointwise convergence and convergence of the norm implies
strong L' convergence, see e.g. [44, Prop. 2.4.6]) we have

(4.6.7) lim

n—oo Q

1
fn(|Dun|) - §|DU|2 dr =0.

In particular, (f,(|Duy|)), is equi-integrable. By (Dec)3 we have the
almost-doubling estimate

(4.6.8) fa(2t) < fu(2to) +4f(t)

for all n and ¢t > 0, so we obtain the pointwise estimate

(4.6.9)  |fu(IDu — Dun|)| < 2fn(2t0) + 4 (fn(|Dul) + fu(|Dunl)) .

Since fn(|Du|) = £|Du|? strongly in L!(Q) and f,,(2to) — 2t3 as n — oo,
we infer the left hand side is equi-integrable. Therefore (4.6.4) follows
by Vitali’s convergence theorem (see e.g.[44, Thm. 3.1.12]), from which
convergence in L' follows by Jensen’s inequality. U

4.6.3 Strong convergence of almost minimizers — Proof of
Theorem 4.6.1

Proof of Theorem 4.6.1. Let u € W%é%(Q;N) be such that trggu = g,
which always exists by [32, Prop. 2.4, Prop. 8.1|, and suppose it has &
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286 Chapter 4: Universality of renormalisable mappings in 2d

singularities at aq,...,az such that E;éz(g) =3, )‘([Z’g"])Q. Then by
the upper bound (Proposition 4.4.1) we have

Tim L2 12
(4.6.10) 7% (In = V() B ( {hm /fn IDal) = V(fa)Eg (9)
- E%e?l( ) + H([u al])z 1

noting @ is admissible for the minimisation problem (4.6.1) for each n.
Therefore if u,, € W;’l(ﬂ; N) satisfies (4.6.2), it follows that

(4.6.11)  lim U fn(|Duyl) dz — (fn)E§é2<g)]
< Exa(a) + H((a, @)

Therefore by Theorem 4.5.1, noting (4.5.1) is satisfied, by passing to a
subsequence we infer that u,, converges to a limiting map u, € Wl}éi(Q; N)
with k singularities ay, ..., as, which by Theorem 4.5.1(ii) satisfies

(4.6.12) lim [/ Fu(Duunl) — V(F)EL(9)] > L2 () +H([usn as]) oy,

n—oo

and hence that
(4.6.13) Ex (ue) + H([us, ai])iny < Bl (@) + H([a, @)

While we selected a particular competitor, the same argument goes
through for any u € W}éi(ﬂ; N) satisfying trpg 4 = g, thereby establishing
(ii). Moreover, if we take 4 = u, in (4.6.11), combining with (4.6.12) we
deduce (i). For (iii) we combine (i) and Proposition 4.4.1 applied with
us which gives

461 i | [ Dw)) - £,(Du]) ]

n—o0

= tim | [ 00wl ds = V(7B )]
— tim | [ F(Dunl) dz — V()L (g)
! |

which is zero, as required.
Now, combining (i) and Theorem 4.5.1(iii), for all p € (0, pa(a1,...,ax))
we have

1
(4.6.15)  lim fn(]Dun\)d:c:/ —|Du|? da.
00 JO\UL, Blai.p) Q\UL, Bai ) 2
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Hence applying Proposition 4.6.2 in Q \ |J7_; B(ai, p) we infer both (v)
and that Du,, — Du strongly in L*(Q\ U~ B(a;, p)). In particular, by
applying this to pg \, 0 and passing to a diagonal subsequence, we deduce
that Du, — Du almost everywhere. Since (Duy,), is equi-integrable in
Q by Theorem 4.5.1(vii), strong L' convergence in 2 follows, thereby
establishing (iv).

Finally combining (i) and Theorem 4.5.1(iv) we have for 0 < p <
pala,...,ax) and i =1,... K,

12
i | [ guliDual e - 2y
e | JB(a) 4w
(4.6.16)
)\ u*7ai 27'('
— 82 (wiB(ai ) + g 1 2T
which together with Lemma 4.4.2 gives (vi). O

Remark 4.6.5. We will sketch how the above proof can be adapted to
prove Theorem 4.1.1 in the absence of the (Dec)§ condition. Let (f,), be
the modified family from Example 4.2.14, and let I, as in (4.6.1) with f,
in place of f,. Then for any u € eré?l(Q; N) such that trpq u = g whose

k € N singularities ay, - - - ,az forms a minimal topological resolution of
g in , by Proposition 4.4.1 we have
(4.6.17)
i | [ 71D do — VEIER )] = B (@) + B )
n—oo Q

Therefore since I, < I,, for all n, using (4.2.37) we have

(4.6.18)  Tim_[L, = V(f)EL(9)]

< T [T~ V(F)ER(9)] + 5L (o) Tim (1)

n—o0

1
< Bt (u) + H((uw, ail)in + B (9),

which in particular is finite. Now taking a sequence (u,), satisfying
(4.6.2), we can apply Theorem 4.5.1 with the family (f,)n, where it is

sufficient to assume (Dec)y. In particular using Theorem 4.5.1(ii) we
obtain a limit map u, € W}éi(ﬂ; N) such that tropgu, = g with k € N

singularities a1, -, a, € ) such that
(4.6.19) lim [T, = V(f)Eg’(9)] = Erga(us) + H([us, ai])iy.
n—oo
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Hence combining (4.6.18) and (4.6.19) we deduce that

. 1 _ @2
thereby proving Theorem 4.1.1.
We point out that this argument does not allow us to relax the (Dec)§
assumption in Theorem 4.1.2; for this (4.2;37) is insufficient, we would
instead need an approximating sequence (fy ), satisfying f, < f,, for all

n and such that 7};\1{.10 [(V(fn) = V(fa)] = 0.

4.7 Universality of the vortex map

In this section we will show, under strong conditions on the boundary
datum and domain, that the full sequence of minimisers (u, ), converges
to a unique minimiser of vortex type. Since the obtained limit map is
independent of the choice of approximating integrands (fy,)n, this shows
mappings of type g(é—‘) are in some sense universal. An analogous result
for the Ginzburg-Landau approximation was obtained in [31, Thm. 8.1],
and we will employ a similar strategy of proof.
We use the synharmonic distance between two maps

9,9 € W/22(SLN),

which is defined as

(4.7.1)  distsyun(g,9') =

D 2 2
inf{/ <| ul —M2>d}c1:
sixo,7]\ 2 8

T e (07 +OO)’ trslx{O} u=4g on S!
u € WH2(S x [0, T]; N) trstqryu = ¢’

which was introduced in [32, Def. 3.2]. Note this infimum is empty if g
and ¢’ are not homotopic, in which case we have distsynn(g,g") = oo.

Theorem 4.7.1. Let g € CY(SY;N) be a minimising geodesic satisfying
the following:

(a) If (71,--.,7k) is a minimal topological resolution of g, then k = 1
and 1 s homotopic to g.

(b) If ¢ € W/22(SL;,N) is homotopic to g, then distsynn(g, ') = 0.
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4.7. Universality of the vortex map 289

Let (fn)n be a sequence of approximating integrands, and
(un)n € WHL(B;N)

be an asymptotically minimising sequence in that trg1 u, = g for all n
and

) v E Wl’l(Bl;N)
(4.7.2) . fn(|Dun|)dm—1nf{/Bl fu(|Dv|) dz bra0v = o }

n—oo

0.

Then we have u, — uyx in WHH(B;N) as n — oo, where uy(x) = g(ﬁ)

Recall that B denotes the closed unit ball in R?. Assumption (a)
implies the atomicity (defined above in Definition 4.3.4) of the geodesic
g, however it is in general a stronger condition, as [32, §9.3.5] illustrates.

In the case N = S', up to reparametrisation there are two minimising
geodesics; namely g(z) = z and g(z) = z, where we identify z € S' C C.
Since g and g lie in different homotopy classes, and since any reparametri-
sation of g or g only differ by a rotation, by [32, Prop. 3.8] both mappings
satisfy (a) and (b). Therefore Theorem 4.7.1 applies, and in particular
we infer the universality of the vortex map uy(x) = ‘%7 proving Theorem
4.1.3. In the specific case of f,,(z) = Iz /p,,, where p,, 2, this behaviour
is expected because the vortex map is the unique p-minimizer for every
p € (1,2); see [21] and [13, Thm. 13.6].

Theorem 4.7.1 will largely follow from properties of the geometric
energy introduced in [32, (2.11)], which we recall is defined as follows:
given a bounded Lipschitz domain  C R?, an integer k& € N\ {0},
distinct points ayp,...,ar € Q, a radius p € (0,p(a1,...,ar)), a map
g € W22(9Q, N) and a topological resolution 71, . .., 7, € W'/22(SH,N)
of g, the geometrical renormalised energy is given by:

(4.7.3) egom o (a1,...,ak)

k

Du? )2 1
= lim inf{/ Dul” 4 > A(V(j log ~
o0 Vot 8@ 2 = A

e WH(Q\ UL, By(ai); N), tragu = g
Ctrgru(a; +p) = foralli=1,... k |’

We will also need two auxiliary results; the first will be a consequence of
Theorem 4.6.1(ii).
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290 Chapter 4: Universality of renormalisable mappings in 2d

Lemma 4.7.2. Under the assumptions of Theorem 4.6.1, the limit map
Uy satisfies

(4.7.4) ELA(us) + H([us, ai])iy i
= inf{&F2" < (@1,...,ax) + H([%])i1}

where the infimum is taken over all K € N, aq,...,az € Q distinct and
minimal topological resolutions 71, ...,5z € CY(SY;N) of g. Moreover,
the infimum is attained in that there exists vi,...,v. € C1(S';N) such
that

(4.7.5) EL2(u,) = & elar, . ay).

Proof of Lemma 4.7.2. Given any u € W%é%(Q; N) with % singularities at
ai,...,az with singularities 4; at each a;, by [32, Prop. 7.2(v)| we have
Ei2(a) > & ~:(@1,...,ag). Thus combining with Theorem 4.6.1(ii)
we obtain the lower bound.

Conversely let u, € Wl}éi(Q;N) be a limiting map from Theorem
4.6.1, and suppose u, has x € N singularities at aq,...,a, with limiting
geodesics v1,...,7, in that they can be obtained as the limit of suit-
able subsequences of trag(q, »,) u as pr \ 0 (see e.g.[32, Prop. 7.2(iii)]).
Then for each 0 < p < pq(ai,...,as), there exists u, € WH2(Q\
U, B(ai, p); N) minimising fQ\Ule B(as.p) 3|Du|? dz subject to trog u, =
g and trgi uy(a; + p-) = 5 for each i = 1,..., k. We then extend wu,
to Q by setting u, = v(=*) in each B(a;, p), which defines a map

p
u, € W}éi(@; N) such that

1 1
(4.7.6) EL2(u,) = / L Du, 2~ EL2(g)1og L.
Q\U?, B(ai,p) P

noting the contributions on each B(a;, p) vanish, since each 7; is a min-
imising geodesic. Hence using Theorem 4.6.1(ii) to compare u, with u,
sending p N\, 0, using (4.7.3), (4.7.6), we have

(4.7.7) B2 (us) + H([u, a;])y
< lim ER2 (up) + H([u, a;])5y
p—0
__ cgeom

- 897717.”%(0,1, ce 7%) + H([u*, ai])?:l-

This establishes the reverse inequality, and that equality is attained with
(V1 e vy Vi) O

Lemma 4.7.3. Given the unit ball B C R?, let g € CY(0B,N) be a
minimising geodesic.
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(i) If~ is a minimising geodesic homotopic to g such that distsynn(g,7) =
0, then 5" (a) = €55 (a) for all a € B°.

(i) We have €53 (0) < €579 (a) for all a € B, with equality if and
only if a = 0.
(i) If v € Wia(B;N) satisfies Exa(v,B) = 0, then v(x) = g(ﬁ)
Proof of Lemma 4.7.3. We have (i) follows from [32, Prop. 3.10], and
(ii) follows from [32, Thm. 10.1] (combined with [7, §VIIL.4]). Item
(iii) is follows from the proof of [31, Thm. 8.1|; here one observes that

EiZ(v) = 0 implies that 8,u = 0 on B, from which the claimed form
follows. O

Proof of Theorem 4.7.1. By Theorem 4.6.1 we know (uy,), admits a sub-
sequence converging to some u, € ere’i(B,N), so it suffices to show
this limit map is uniquely determined as g(‘i—') By assumption (a), we
have u, has only singularity at some a € B°, and let v € C*(S!;N) be
homotopic to g such that Exs(u,) = 5™ (a), which exists by Lemma
4.7.2.

Now by assumption (b) we have distsynn(g,7) = 0 so by Lemma
4.7.3(i) we have E57¢" (z) = €55 (x) for all z € B, and since Lemma
4.7.2 asserts this is minimised at z = a, by Lemma 4.7.3(ii) we have
a = 0. Using g({3;) as a competitor, we see that &S5 (0) = 0, so by
Lemma 4.7.3(iii) we deduce that u.(x) = g(é—') O

Bibliography of Chapter 4

[1] E. Acerbi and G. Dal Maso. “New lower semicontinuity results for polyconvex
integrals”. In: Calc. Var. Partial Differ. Equ. 2.3 (1994), pp. 329-371.

[2] L. Ambrosio and G. Dal Maso. “On the relaxation in BV (Q; R™) of quasi-convex
integrals”. In: J. Funct. Anal. 109.1 (1992), pp. 76-97.

[3] H. Attouch, G. Buttazzo, and G. Michaille. Variational analysis in Sobolev
and BV spaces: Applications to PDEs and optimization. Second. Vol. 17. MOS-
SIAM Series on Optimization. Society for Industrial and Applied Mathematics
(STAM), Philadelphia, PA; Mathematical Optimization Society, Philadelphia,
PA, 2014, pp. xii+793.

[4] P.-A. Beaufort, J. Lambrechts, F. Henrotte, C. Geuzaine, and J.-F. Remacle.
“Computing cross fields : A PDE approach based on the Ginzburg-Landau
theory”. In: Procedia Engineering 203 (2017). 26th International Meshing
Roundtable, IMR26, 18-21 September 2017, Barcelona, Spain, pp. 219-231.

[6] F. Bethuel and F. Demengel. “Extensions for Sobolev mappings between mani-
folds”. In: Calc. Var. Partial Differ. Equ. 3.4 (1995), pp. 475-491.

[6] F. Bethuel. “The approximation problem for Sobolev maps between two mani-
folds”. In: Acta Math. 167 (1991), pp. 153-206.

291



292

(7]

(8]
191

[10]

[11]
[12]

[13]

[14]

[15]

116]
17]
18]
[19]
120]
21]
22]

23]

[24]
[25]
[26]

27]

Chapter 4: Universality of renormalisable mappings in 2d

F. Bethuel, H. Brezis, and F. Hélein. Ginzburg-Landau vortices. Reprint of the
1994 hardback edition. Mod. Birkh&user Class. Cham: Birkh&user Springer,
2017.

M. Bildhauer. Convex Variational Problems. Vol. 1818. Lecture Notes in Math-
ematics. Berlin, Heidelberg: Springer Berlin Heidelberg, 2003.

J. Bourgain, H. Brezis, and P. Mironescu. “Another look at Sobolev spaces”.
In: Optimal control and partial differential equations. I0S, Amsterdam, 2001,
pp. 439-455.

H. Brezis. “Convergence in 2’ and in L' under strict convexity”. In: Boundary
value problems for partial differential equations and applications. Vol. 29. RMA
Res. Notes Appl. Math. Masson, Paris, 1993, pp. 43-52.

H. Brezis. Functional Analysis, Sobolev Spaces and Partial Differential Equa-
tions. New York, NY: Springer New York, 2011.

H. Brezis and L. Nirenberg. “Degree Theory and BMO; Part I: Compact
Manifolds without Boundaries”. In: Sel. Math. 1.2 (Sept. 1995), pp. 197-263.

H. Brezis and P. Mironescu. Sobolev maps to the circle. From the perspective of
analysis, geometry, and topology. Vol. 96. Prog. Nonlinear Differ. Equ. Appl.
New York, NY: Birkh&user, 2021.

B. Bulanyi and J. Van Schaftingen. “Singular extension of critical Sobolev
mappings under an exponential weak-type estimate”. In: J. Func. Anal. 288.1
(Jan. 2025).

G. Canevari and A. Segatti. “Defects in nematic shells: a I'-convergence discrete-
to-continuum approach”. In: Arch. Ration. Mech. Anal. 229.1 (2018), pp. 125—
186.

L. C. Evans and R. F. Gariepy. Measure Theory and Fine Properties of Func-
tions. Chapman and Hall/CRC, 2015.

I. Fonseca and G. Leoni. Modern Methods in the Calculus of Variations: LP
Spaces. Springer Monographs in Mathematics. New York: Springer, 2007.

C. Goffman and J. Serrin. “Sublinear Functions of Measures and Variational
Integrals”. In: Duke Math. J. 31.1 (Mar. 1964), pp. 159-178.

P. Grisvard. Elliptic Problems in Nonsmooth Domains. Society for Industrial
and Applied Mathematics, Jan. 2011.

R. Hardt and F.-H. Lin. “Mappings Minimizing the L” Norm of the Gradient”.
In: Comm. Pure Appl. Math. 40.5 (1987), pp. 555-588.

R. Hardt, F. Lin, and C. Wang. “The p-energy minimality of z/|z|”. In: Commun.
Anal. Geom. 6.1 (1998), pp. 141-152.

P. Harjulehto and P. Hast6. Orlicz Spaces and Generalized Orlicz Spaces. Cham:
Springer International Publishing, 2019.

C. Irving and B. Van Vaerenbergh. Universality of renormalisable mappings in
two dimensions: the case of polar convex integrands. Preprint, arXiv:2411.17520
[math.AP] (2024). 2024.

R. L. Jerrard. “Lower Bounds for Generalized Ginzburg-Landau Functionals”.
In: SIAM J. Math. Anal. 30.4 (Jan. 1999), pp. 721-746.

M. A. Krasnosel’skii and Y. B. Rutickii. Convex Functions and Orlicz Spaces.
P. Noordhoff, 1961.

J. M. Lee. Introduction to Riemannian manifolds. Vol. 176. Graduate Texts in
Mathematics. Springer, Cham, 2018, pp. xiii+437.

G. Leoni. A First Course in Sobolev Spaces. 2nd ed. Graduate Studies in
Mathematics 181. Providence: AMS, 2017.

292



Bibliography of Chapter 4 293

[28]
[29]
[30]

[31]

[32]

33]
[34]
[35]
136]
[37]
38]
[39]
j40]
ja1]
j42]

[43]

[44]

G. G. Lorentz. “Some new functional spaces”. In: Ann. of Math. (2) 51 (1950),
pp. 37-55.

L. Maligranda. Orlicz Spaces and Interpolation. Seminars in Mathematics 5.
Departamento de Matematica, Universidade Estadual de Campinas, 1989.

J. Marcinkiewicz. “Sur 'interpolation d’opérations”. In: CR Acad. Sci. Paris.
208 (1939), pp. 1272-1273.

A. Monteil, R. Rodiac, and J. Van Schaftingen. “Ginzburg-Landau Relaxation
for Harmonic Maps on Planar Domains into a General Compact Vacuum
Manifold”. In: Arch Rational Mech Anal 242.2 (Nov. 2021), pp. 875-935.

A. Monteil, R. Rodiac, and J. Van Schaftingen. “Renormalised Energies and
Renormalisable Singular Harmonic Maps into a Compact Manifold on Planar
Domains”. In: Math. Ann. 383.3 (Aug. 2022), pp. 1061-1125.

J. Nash. “The imbedding problem for Riemannian manifolds”. In: Ann. Math.
(2) 63 (1956), pp. 20-63.

D. Palmer, A. Chern, and J. Solomon. “Lifting Directional Fields to Minimal
Sections”. In: ACM Transactions on Graphics (TOG) 43.4 (2024), pp. 1-20.
M. Petrache and J. Van Schaftingen. “Controlled singular extension of critical
trace Sobolev maps from spheres to compact manifolds”. In: Int. Math. Res.
Not. 2017.12 (2017), pp. 3647-3683.

G. Polya and G. Szegd. Isoperimetric Inequalities in Mathematical Physics.
Annals of Mathematics Studies 27. Princeton, NJ: Princeton University Press,
1951.

F. Rindler. Calculus of variations. Universitext. Cham: Springer, 2018.

R. T. Rockafellar. Convezx analysis. Vol. No. 28. Princeton Mathematical Series.
Princeton University Press, Princeton, NJ, 1970, pp. xviii+451.

E. Sandier. “Lower Bounds for the Energy of Unit Vector Fields and Applica-
tions”. In: J. Func. Anal. 152.2 (Feb. 1998), pp. 379-403.

R. Schoen and K. Uhlenbeck. “Boundary Regularity and the Dirichlet Problem
for Harmonic Maps”. In: J. Diff. Geom. 18.2 (Jan. 1983), pp. 253-268.

M. Solci. “Nonlocal-interaction vortices”. In: SIAM J. Math. Anal. 56.3 (2024),
pp. 3430-3451.

J. Van Schaftingen. “The extension of traces for Sobolev mappings between
manifolds”. In: arXiv preprint arXiw:2403.18738 (2024).

J. Van Schaftingen and B. Van Vaerenbergh. “Asymptotic behavior of mini-
mizing p-harmonic maps when p 2 in dimension 2”. In: Calc. Var. Partial
Differ. Equ. 62.8 (2023). 1d/No 229, p. 45.

M. Willem. Functional analysis: Fundamentals and applications. Cornerstones.
Birkh&user/Springer, New York, 2013, pp. xiv+4213.

293






Extensions of traces for
Sobolev mappings into
manifolds at the endpoint

p=1

ABSTRACT. We give direct proofs and constructions of
the trace and extension theorems for Sobolev mappings
in WHL(M, N), where M is Riemannian manifold with
compact boundary 0M and N is a complete Riemannian
manifold. The analysis is also applicable to halfspaces and
strips. The extension is based on a tiling of the domain
of the considered applications by suitably chosen dyadic
cubes to construct the desired extension. Along the way,
we obtain asymptotic results concerning the L!'-mappings
into manifolds.

5.1 Introduction and main results

We consider two Riemannian manifolds M and IV, such that M has a
compact boundary M. We assume that N is isometrically embedded in
R”, v € N. The trace operator

trans : WYP(M, N) — LL .(9M, N)

extends the restriction of continuous maps C(M,N) — C(0M,N) to
mappings belonging to the homogeneous Sobolev space

WYP(M,N) = {U : M — N is weakly differentiable and |DU| € LP(M)}.

Here and after, [DU]| is the pointwise Frobenius or Hilbert-Schmidt norm
of the weak differential DU of U.

For p > 1, the range of the trace of W'P(M,R¥) is known to be
the fractional space W1=1/PP(9M,R") since GAGLIARDO’s seminal work
[8]; when N is a compact manifold, the cases where the range is the
fractional space W1=1/PP(9M, N) has been characterized in a series of

This chapter originally appeared as J. Van Schaftingen and B. Van Vaerenbergh.
Ezxtensions of traces for Sobolev mappings into manifolds at the endpoint p = 1. 2025
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works over the last decades [10, Section 6][4][3][16]|22]|. For our purpose
it is interesting to note that the surjectivity always hold for 1 < p < 2.

Going back to p = 1, GAGLIARDO has also proved [8] (see also
[15] and [2, Teorema 10]) that the range of the trace of W' (M, RY) is
L1(OM,RY). However, even in the case N = R, v € N\ {0}, the existence
of a continuous and linear extension, i.e. the existence of a continuous and
linear right inverse to trga, oy : WLEL(R? x (0,1)) — LY(R?), is prevented
by a result of PEETRE [19]; see also |20, Section 5].

HARDT and LiIN’s proof [10] works straightforwardly for p = 1 [4,
Proof of Theorem 7] and [16, Footnote 2| and shows the surjectivity of
the trace when the target IV is a compact Riemannian manifold.

The starting point of this work is to provide a direct proof of the
surjectivity of the trace through a fairly explicit construction of the
extension. As a byproduct, we get a slight weakening of the hypotheses
from which we remove the compactness assumption on V.

Theorem 5.1.1. Let M be a compact Riemannian manifold with compact
boundary, let N be complete. Every U € WHL(M, N) has a trace u =
troapU such that

// disty (u(x),u(y)) dedy < Cyy // disty (u(x),U(y)) dzdy
OM xOM OMxM
<cy, [ vl

where Cyr, Cyy > 0 only depend on M. Conversely, if u : OM — N is
measurable, then there exists a map U € WY (M, N) satisfying tronU =
u and

(5.1.1) /M IDU| < CY; //aanM dist v (u(z), u(y)) dz dy.

where C; > 0 only depends on M, provided the right-hand side is finite.

On the half-space R? x (0, 00), the statement is a little more delicate.
Indeed, it turns out that the condition

// disty(u(x), u(y)) dz dy is finite
RdxRd

implies that u is constant (see Proposition 5.2.2).

Theorem 5.1.2. Let N be a complete separable Riemannian mani-
fold. Every U € WH(R? x (0,00), N) has a locally integrable trace
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u = trray oy U - R? x {0} — N such that for every R > 0
dist dist U
[ ) g // M) U)o,

Rd
R?xR¢ R x (R x (
lz—y|<R |lx— y\<R
(5.1.2) < Cg// DU/,
Rdx (0,R)

where Cq, Cly > 0 only depend d.
Conversely, if u: R — N is measurable and if

L disty(u(z), u
(5.1.3) %Iiligg // N éd) ) dzdy < oo
R xR
lz—y|<R

then, there exists U € W (R? x (0,00), N) such that trra U = u and

/ IDU| < C lim inf // distw (u(@), u(®)) 3. g,
R x (0,00) = d R—o0 R4 '

R4 x R4
lz—y|<R

where C!] > 0 only depends on d.

Let us explain how the double integral in (5.1.6) and its limit in
(5.1.3) relate to more usual notions of integrability. First one always has
for R > 0 by the triangle inequality

dlStN u( )) ‘
(5.1.4) // Ld Bd 0 R) dedy <2 mf /Rd disty (u(z),b) dz.

R4 x R4
lz—y|<R

The reverse inequality is also true asymptotically.

Theorem 5.1.3. Ifu:R? — N, there exists by € N such that
(5.1.5)

. 1 dist (u(2), u(y))
/Rd disty (u(x), bs) da = 5 R—>+oo // o Bd 0 R)) dz dy.

R4 x R4
|[z—y|<R

The limit (5.1.5) is reminiscent to Bourgain-Brezis-Mironescu-Maz'ya-
Shaposhnikova-type formulae [5][14]. The volume of the d-dimensional
ball of radius R is denoted £¢(B%(0, R)) and sometimes |B%|.

Our methods of proof also yield an extension result on strips which is
the manifold constrained counterpart of LEONI and TICE’s [13, Theorem
1.8].
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Theorem 5.1.4. Every U € WHL(R® x (0,1), N) has traces then ug =
trray oy U and uy = trga, (13U satisfying

/Rd disty (up(z),u1(x)) de + Z //Rdx(Rdx(o,l)) distn (ui(z), ui(y)) de dy

ic{0,1} lz—y|<1

< Cy Z R R disty (ui(z), U(y)) da dy
1€{0,1} 77 |z—y|<1

(5.1.6) < // DU,
R4 x(0,1)

where Cq, Cl; > 0 only depend d. ‘
Conversely, given measurable ug, uy : RY — N, there exists U € WH!(R% x
(0,1), N) such that trga, (03U = uo, trray 13U = w1 and

(5.1.7) / DU| < C" / dist x (o (), 1 (2)) dz
Rix (0,1) Rd

+CY Z //Rded distn (ui(z), ui(y)) dez dy
1€{0,1} 77 |[z—y|<1

where Cl] > 0 only depends on d, provided the right-hand side is finite.

Plan of the paper. In Section 5.2, we explain the precise assumptions
we make on N throughout the paper. We also explain the slightly weaker
assumptions we will work with in the extension results, see (5.4.1), and
prove Theorem 5.1.3. In Section 5.3 we write the proof of Theorem 5.1.2
as well as a variant with manifold domain. The proof of Theorem 5.1.4
consists in two main steps: in Section 5.4 we extend by a map which
is constant on a countable union of rectangles that is only of bounded
variation, i.e. BV(R? x (—1,1), N) and in Section 5.5 we smoothen the
BV-extension to get a W map and therefore prove Theorem 5.1.4.
Theorem 5.1.1 is then proven in Section 5.6 using a variant of Theorem
5.1.4 on cubes.

5.2 Manifold-valued integrable mappings

In this section, we write the precise assumptions on N, we define integra-
bility, and prove Theorem 5.1.3 in the form of Proposition 5.2.3.

The manifold N. We assume that N is a (path-)connected complete
manifold endowed with a distance function disty : N x N — [0,00) on
it. The manifold is assumed to be a submanifold N C R”,v € N\ {0}
isometrically embedded by Nash isometric embedding theorem [18]; by
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5.2. Manifold-valued integrable mappings 299

[17], even if the manifold NV is not assumed to be compact, we may assume
that IV is a closed set of R¥. The completeness assumption ensures that
any two points can be connected by a geodesic of minimal length. This
result is known as the Hopf-Rinow theorem [11, Theorem 6.19]. We also
assume separability of N : there exists a countable dense set in /N for the
metric disty; this assumption is of use in Proposition 5.2.6 to ensure that
the essential range of a measurable map is separable. As said in Section
5.1, M is a Riemannian manifold that carries a compact boundary 0M.
A measurable map u : R* — N is said integrable whenever

5.2.1 inf dist b)dz < oo.
(5.2.1) inf [ disty(u(@).b) de < o0

When N = R and disty(p,q) = |p — ¢ for all p,q € N, we recover
classical integrable functions augmented by their translation in R”.

It follows from the next proposition that the point b appearing in the
condition (5.2.1) is unique.

Proposition 5.2.1. Let v : R - N and v : R — N be measurable, and
letbce N. If

/RddistN(u(x),b) dx,/RddistN(v(x),c) dz and / disty (u(x),v(x)) dz

Rd
are all finite then b = c.

Proof of Proposition 5.2.1. By the triangle inequality,

/distN(b,c)da:S/ disty (b, u(x)) dx
Rd

R4

—i—/RddistN(u(x),v(a:))deﬁ—/RddistN(v(x),c) dz

is finite and the conclusion follows. O

Proposition 5.2.2. Ifu : R — N is measurable and if

ﬂ@mmwwmmwmw<m

then u is constant.

Proof of Proposition 5.2.2. For every n € Ny, by Fubini’s theorem and
comparison, there exists some point y, € R? such that

(522) /Rd diStN(u(x), u(yn)) dz < %
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300 Chapter 5: L'-extension of traces into manifolds

By Proposition 5.2.1, for every m € N, u(yn) = u(ym). Setting b = u(y,),
we have

(5.2.3) /Rd disty (b, u(x)) dz = 0,

and thus u = b almost everywhere on R?. O

The integrability can in fact be recovered from a variant of the
Bourgain-Brezis-Minorescu-Maz’ya-Shaposhnikova formula [5, 6, 14| (see
also [9, 7]).

Proposition 5.2.3. If u: R* — N is measurable, then for every R > 0,

disty (u(z),u(y)) .

(5:24) // Ld( Bd 0 R)) dzdy < 2bmf ” dist v (u(z), b) dx
R4 x R4
lz—y|<R

and there exists b, € N such that

(5.2.5) /Rd dist v (u(x), by) dz %PHOO // dlig 8700, R)()y)) dz dy.

This proves Theorem 5.1.3.

Proof of Proposition 5.2.3. We write Bf,l% = B%(0,R). We have, by the
triangle inequality,

(5.2.6)

R R disty (u(x),u(y)) de dy
lz—y|<R

= 2L0(B%) /R [ disty(u(z),b) da

which proves (5.2.4).
Set for R > 0,

dist ), u(y))
// LilVBd 0.R)) dz dy.

R xR
lz—y|<R
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5.2. Manifold-valued integrable mappings 301

We assume without loss of generality that we have an increasing positive
sequence (Ry,)nen such that

lim ©(R,,) =liminf O(R) < oo

n—00 R—o0

and we set
1

M= —————75-
max(2, R}/Q)

We have, since n, < 1/2,

(B, _ym, X B g, ) U(BY r, X Bl 5)

C{(z,y) eR*xRY: |z —y| < R.}
and

(B?L—mﬁfh x B p )N (BL R X Bqum)Rn):Z B r, xBI

so that, by symmetry,

(5.2.7) 2/B / disty (u(z), u(y)) dz dy

d Bd
(1*’0n>Rn nn Rn

< /B d /B  dist(u(e). u(y)) de dy

nnRn nnRn

+ // dist v (u(z), u(y)) dz dy

RIxRY
|z—y|<Rn
and thus
2 / disty (u(x),u(y)) de dy
dd— N )
L (B(lfn’ﬂ)Rn) B((ilf”m)Rn Bngn
<q = OFn)+ (20,,)70© (20, Ry,)
Hence there exists y,, € Bgl—nn) R, such that
: On
(5.2.8) disty (u(x), u(y,)) dz < 5
d

nnRn
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302 Chapter 5: L'-extension of traces into manifolds

If n < m, we have 1, R, < Ry, Hence by the triangle inequality and
by (5.2.8),

distx (w(yn ), u(Ym)) da
ﬁd(Bgan)

< / diStN(u(x)au(yn)) dz

d

Since 1, Ry, = min(R,, /2, RI/Q) — 00, the sequence (u(yn)), is a Cauchy
sequence that converges to some b by completeness of N. By Fatou’s
lemma and (5.2.8)

(5.2.9) /Rd disty (u(z),b) dz

: . O O(Rn)
< < — = —
< 0, Jgy, et (@) ulon)) do < g 5= e =

which, combined with (5.2.4), gives (5.2.5). O

Remark 5.2.4. Tt follows from Proposition 5.2.3 that if A € R? is measur-

able, then
_ 1 L2({(z,y) € Ax (RI\NA) : |z —y| < R})
LA = 3 i £4(B7(0, R)) |

We will conclude this section by proving Proposition 5.2.5.

Proposition 5.2.5. If u: RY — N is measurable and if for some R > 0,

disty(u(z), u
(5.2.10) // s Ltilv((B 61((0)7 Rg?;)) dz dy < oo
z—y|<

then

dist
(5211) }nl\(né /RdXRd 1S N ( ) (y)) dr dy =0.

lz—y|<r

Proposition 5.2.6. If u : R — N is locally integrable, then for a.e.
z € R? one has

(5.2.12) lim dist v (u(z), u(y))dy = 0.
™0 Bd(z,r)
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5.2. Manifold-valued integrable mappings 303

The dashed-integral refers to the average integral.

Proof of Proposition 5.2.6. Given b € N, we consider the function f; =
dist(u,b): R? — R. Since

[f5(x) = fo(y)| = | disty (u(x), b) — dist(u(y), b)| < disty (u(x), u(y)),

the function f; is locally integrable. By the classical Lebesgue’s differ-
entiation theorem applied to f, there exists a set £, C R? such that
L4(Ep) = 0 and such that for every z € R?\ Ej,

lim disty(u(y),b) dy = disty(u(x), b),
™0 Bd(x,r)
and thus
lim sup ][ disty (u(y), u(x)) dy
™\ 0 Bd(z,r)
(5.2.13) < lim dist (u(y), b) + dist (u(x), b) dy
r\O Be(z,r)

= 2disty(u(z),b).

By our separability assumption on IV, considering a countable dense set
B C N, we write E = J,c g E» and observe that £%(E) = 0. Moreover,
for every b € B and x € R\ E, (5.2.13) holds and its right right-hand
side can be made arbitrary small. We have shown that for almost every
z € R, (5.2.12) holds. O

Proposition 5.2.7. If u : R* — N is measurable, then for every u :
RY = N, R> 0 and h € B4(0, R), one has

(5.2.14) /Rd disty (u(z), u(x + h)) dz

dist v (u(z), u(y))
<Cd//Rded LgBd(O ) 4oy

where Cy > 0 only depends on d.

Lemma 5.2.8. If z,y € R? and |z — y| < R, then
disty (u(z), u(y))
< Ay <][ disty (u(z),u(z)) dz + ][ disty (u(z),u(z)) dz),
B(z,R) B(y,R)
where Ag > 0 only depends on d.
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304 Chapter 5: L'-extension of traces into manifolds

Proof of Lemma 5.2.8. By the triangle inequality, we have successively

disty(u(x), u(y

][ disty (u(x),u(y)) dz
Bd(x,R)NB%(y,R)

IN

][ disty (u(x),u(z)) dz
Bd(x,R)NB%(y,R)

][ disty (u(y),u(z)) dz
Bd(z,R)NB(y,R)

< Ay (][Bd(a:,R) disty (u(x),u(z)) dz + ]ﬁd(y,R) dist v (u(z), u(z)) dz),

where
. BY(z; R)| d
Ay = : RER>0,|lr—yl <R
1 { Bz Ry nBiy By YT eyl <
is finite. O

Proof of Proposition 5.2.7. Applying Lemma 5.2.8 and integrating over
z € R?, we obtain

/Rd disty (u(z), u(z + h)) dz

Ay '
S S0 oy ) 1)
Aq )
ST s SO ()

_l’_

(Bfl(gl%)/ B disty(u(x),u(z)) dz dz.

|lz—z|<R

which is (5.2.14). O

Proof of Proposition 5.2.5. Given R > 0, we define the function
f(z) = ][ disty (u(z),u(z)) dz.
B%(z,R)

In view of (5.2.10), we have

/Rdf<oo
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whereas by Lemma 5.2.8, for every z,y € R? such that |z — y| < R,
disty (u(z), u(y)) < Aa(f(z) + f(y))-

Averaging the latter inequality over x € B(z,r), we get

G215) o dit(u(e)u@)dy < Aaf@) + Aaf .
Bd(z,r) Bd(z,r)
Since the left-hand side of (5.2.15) converges almost-everywhere and
its right-hand side converges in L'(RY) as r — 0 by approximation by
averages in L', (5.2.11) follows from Lebesgue’s dominated convergence.
O

Remark 5.2.9. From (5.2.14), we see that the finiteness (5.2.10) implies
that

dist (u(z), u(y))
20 Jevers iy e

distn (u(z), u(y))
<Cd//|fd§|§;z ciei0,m)

lx—y|<r

We finally record the following easy-to-state consequence of Proposi-
tions 5.2.5 and 5.2.7.

Corollary 5.2.10. If u: R — N is measurable, then

(5.2.16) lim [ disty(u(z),u(z+ h))dz

h—0 Jrd
- disty (u(z), u(y))
= }“I{‘I(l)//RdXRd Z9(B0.1) dz dy € {0, +o0}.

|z—y|<r

5.3 Trace inequalities

In this section, we write a proof of Theorem 5.1.2 as well as a variant
on balls (Proposition 5.3.1) and when the domain is a manifold, see
Proposition 5.3.2.

Proposition 5.3.1. Fiz R > 0. If U € W-(B%(0, R) x (0,1), N), the
trace u = trga(y r)(}U : B4(0, R) x {0} — N is locally integrable and
satisfies for each r € (0, R)

(5.3.1) // dist (u(@), ulv)) 4,4y < ¢, // DU
T B2(0,R)x (0,r)

B%(0,R)xB%(0,R)
lz—y|<r
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306 Chapter 5: L'-extension of traces into manifolds

and

(5.3.2)

// dist(u(2). UG) g, < c, // DU
, B4(0,R)x(0,r)

BZ(0,R)x (B%(0,R) x(0,R))
|lz—y|<r

where Cy > 0 only depends on d.

In the proof of Proposition 5.3.1, we use the fact that if C' C R% is a
convex and U € VVI1 (;i(C, N) then for almost every z,y € C,

1
(5.3.3) dme@me)gu—wA\mﬂu—wwuwﬂa

and the right-hand side is finite.

Proof of Proposition 5.3.1. By scaling, we assume R = 1 and set B¢ =
B4(0,1) the unit ball centered at the origin. For almost every 2 € B? ~
B? x {0} and y € B? x (0, r), we have, by (5.3.3),

1
disty (u(z), U(y)) < |z — 9] /0 DU((1 — 1)z + ty)] dt.

and thus, with vy = (v, yg41),

(5.3.4) // dist v (u(), U(y))1{jz—y|<ry drdy
Bdx (Bdx (r/2,r

1
S/ // |z — y|1{z—y|<r} I DU((1 = t)y + tz)| do dy dt.
0 Bdx (B4 x(0,r))

Changing the variable y to z = (1 — t)x + ty so that the Jacobian
determinant of the deformation is equal to t%t!, z — 2z = t(x — y) and
Zd+1 = tyqs1, the right-hand side of (5.3.4) is controlled by

3.5)

drdz
//de (BYx(0) ’.75 - Z|1{max(|acfz’\,zd+1)<tr<2zd+1}|DU(Z)|th di

/ IDU(= |/ / ‘xf'z'ldﬂ";‘z"“} dt dzdz
Bdx (r/2,r) B Jmax(|z—z|,z44+1)/7 t

pd+1 x— 2| Lf1p_ <oz
<[ pute [ AR gy,
d+1 Jeax(r/2r) e max(|z — 2’|, za41)

< (% + HyrithBY DU (z)|dz,
Bd x (0,r)
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since

/ Lja—2<22401) da
B

amax(|z — 2’|, zgy1)dt!

1{|zfz’\<22 }
< ——rdt dz
B /Rd max(|z — 2/, zg41) 4!

Td_l

J 2z4+1
<(d+1)B d
< (d+1)] |/0 max(r, 2qq 142 T

Zd+1 ,,,.d*l 22d+1 1
0 Z Zd+1 r

d+1

1 1
=(d+1 Bd< + )
( 1Bl dzd+1 22441

Next, we have

(5.3.6)
// distn (U(y), U, yar1 +7/2))1{ja—y|<r} dz dy
Bdx (Bdx(0,r/2))

r/2
< // / DUy, ya+1 + t)1{|z,yr|<r}\ dt dz dy
Bdx (Bdx(0,r/2)) JO

rdJrl ’Bd‘

< IDU|.
2 Bdx (0,r)

Combining (5.3.4), (5.3.5) and (5.3.6), we get

// dist v (u(x), U(y))l{|m_y/|<,,} dzrdz
Bdx (B4x(0,r/2))

<Gt [ oo

and

// distn (u(z), U(y)) Lfja—y|<ry dr d2
Bdx (Bax(0,r))

< (2+3)B d+1/ DU
— (d+ 2)’ ’7“ BdX(O,'I’)’ ‘7

from which (5.3.2) follows since

{(z,y) € Bd(O,R) X (Bd(O,R) x (0,R): |[x —y| <r}
C{(x,y) € Bd(O,R) X Bd(O,R) x (0,7): | — | <7}

307



308 Chapter 5: L'-extension of traces into manifolds

Finally, we have by the triangle inequality
(5.3.7)

/// dlStN( ( ) ( ))1{\36 z|<r,|ly—z|<r} dzdydz
BdxBdx (Bdx(0,r))

< \Bd\r // dist v (u(z), U<z))1{|xfz|<r} dzdz
Bdx (Bdx(0,r))

+ B // distn (u(y), U(2))1{y—z|<ry dy dz
Bdx (Bdx(0,r

< (% + g)‘Bd‘2T2d+l/ ’DU|
Bdx (0,r)
where the last is justified by (5.3.2). We note that for every x,y € B¢,
o~ al <z~ 22| + dla — 3l

there exists By > 0 depending only on d such that

1{|x—z|<7’7|y—z\<r} dz > /

1, . d
N I a e L

(5.3.8) /de(o,r)
> Bar™ M Loy <y

Finally, (5.3.1) follows from (5.3.7) and (5.3.8). O

We record that taking R — 400 one obtains a similar result on

R? (instead of B%(0, R)) holding for all 7 > 0; this result is written as
Theorem 5.1.2.

Proposition 5.3.2. Let M a Riemannian manifold with compact bound-

ary OM. There exists Ry > 0 and such that if U € W' (M, N), the trace
U = trgay (U : OM — N is integrable and satisfies for each r € (0, Ro),

// dist (u(@). u®) 400 < o // DU

pdim(OM)
OM xOM Mn{distps (z,0M)<r}
diStBM(xvy)ST
and
disty (u(z), U(y))
// am@n1 rdy = Cu // DU
OM xM Mn{distps (x,0M)<r}

distgs (@,y)<r

where Cyy > 0 only depends on M.

Proof. This is a consequence of Proposition 5.3.1 on a finite subcovering of
OM x OM C U cops BY (z,7) x BM (2, 1) by geodesic balls BM (2, 1), z €
OM and the fact that BM (z,7) and B&™@M)(0 1) x (0, 1) are Lipschitz
deformations of each other. O
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5.4. Joining two maps by a map of bounded variation 309

5.4 Joining two maps by a map of bounded variation

In this section we provide the first step of the proof of the extensions
results: Proposition 5.4.1 joins two integrable mappings by a map of
bounded variation.

Fix L > 0 and k € Z and let us denote by Qi = {Q(a,27%L) : a €
21=F 1,79} the dyadic cubes of radius 27¥L. We will crucially use that
£4Q) = (2'7*L)? which we will sometimes write |Q|.

Proposition 5.4.1. If ug,u1 : RY — N satisfy for i € {0,1}

. distn (u;(x), u;
(5.4.1) g{//Rded v ?Ed) W) 4 dy < oo
lz—y|<r
and if
(5.4.2) /d distny (uo(z), ui(x)) dz < oo,
R

then, for each L > 0, there exists U € BV(R? x (=L, L), N) such that
(5.4.3) trraxg—yU =uo  and  trga, U = ur.

Moreover, there exists an increasing sequence (kn)nen C N depending on
ui, i € {0,1} such that ko = 0 and such that setting

(5.4.4) Ino=(—(1—27F+)[ —(1—27%)L)
Iy = (1 =27k (1 —27F)L),

and we have for each t € I,,; and each x € Q € Qy,, U(x,t) = ui(xq)
for some Lebesgue point xg € Q of u;. Moreover, if t € I, ;,

(5.4.5) /Rd distn (ui(z), terX{t}U(az)) dz

2 3 e (o). i)

26{0 1} |z— y\<L

If we write Jy for the union of the faces F of the rectangular cuboids
Q x In, Q € Qx, , and denote by trJ U and try, U the value of U on the
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310 Chapter 5: L'-extension of traces into manifolds

two cuboids sharing a same face F', we have

(5.4.6) / disty (tr] U(z),try U(z))dz
JuNRix (—L,L) v v

< /Rd diStN(uo(ﬂf), Ul(x)) dx

Cq )
+ Td Z Rd R disty (u(x), ui(y)) dz dy,
i€{0,1} 7 |z —y|<L

where Cy > 0 only depends on d.

The homogeneous space of manifold constrained mappings of bounded

variation BV(R? x (—L, L), N) is defined through N C RY:

BV(R? x (—~L,L),N)
= {u € BV(R¥x(~L,L),R") : u(z) € N for almost everywhere z € N}.

We refer to [1] for the definition of BV(R? x (—L, L),R"); the corre-
sponding homogeneous space BV(Rd x (=L, L), N) neglects the L! part
of the definition. One can show that J;; and trJiU in Proposition 5.4.1
are respectively the jump set and the one sided traces of BV maps as
defined in |1, Theorem 3.77|. The trace of mappings of bounded variations
appearing in (5.4.3) is defined in [2]. For our purposes, one has by (5.4.5),
for i € {0, 1},

lim sup / disty (ui(2), trray 1y U(x)) dz = 0.
Rd

n—oo te]n,i

1
loc

The trace operator BV — L
deduce (5.4.3).

being continuous under translations, we

Proof of Proposition 5.4.1. Let i € {0,1}. For each k € Z, for each
Q € Qy, there exists a Lebesgue point zg € @ of u; such that

(5.4.7) ][ dist y (ui(zQ), ui(y)) dy < ][ ][ disty (u(x), ui(y)) dy dz,
Q QJQ
where here and after for sets 2 of finite measure, we write
][ fdp = - / Jdp,
Q 1(2) Jo
the mean of f: 2 — R on Q.
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For each k € Z, we define for z € R?,
(5.4.8) Er(ui)(z) = Ek(u)(Q) = ui(zq) ifre@ e Q.

We will use the second expression £(u;)(Q) € N to emphasize that
& (u;)(x) is constant on the cube Q.
By our assumption (5.4.1) and Proposition 5.2.5

lim disty (E(ui)(x), ui(x)) de

k—+oco JRd
< lim i i i
< Hm Z /Q][lestN(u (z),u;(y))dy dz
(5.4.9) Qe9y,
. 1 .
< klgilo S(—Ryd[d // RéxRd distn (u;i (), ui(y)) do dy

|z—y|oo <21 ~F L

=0.

For later we set kg = 0 and define

. 1 :
(5.4.10) = Z 7d || rixre disty (ui(z), ui(y)) de dy.
i{0,1} lz—y|<L

In view of (5.4.9), there exists an increasing sequence of natural numbers
(kn)n so that for each n € Ny, k > k,, and i € {0, 1},

. r
(5.4.11) » disty (Ex(ui) (), ui(z)) de < o

By (5.4.1) and a change of variable,

k——+o0

(5.4.12) lim / ][ dist v (ui(z), ui(z + h)) dhdz = 0.
Re J|h|oo<21-FL

By (5.4.12), we may further assume that there exists a subsequence
(kn,i)n satisfying for each n € N,

I
(5.4.13) / ][ disty (ui(z), ui(z + h)) dhdz < ¢
Rd ‘h‘oo§21_kn[/ 2kn-1

by mathematical induction.
We set

U(x,t) = E, (u;)(x) if i€ {0,1}, t € I,;, © € Q,,,

where I,,; is defined in (5.4.4). We obtain a map U : R x (—=L,L) —
N which is constant on rectangular cuboids; the manifold constraint
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312 Chapter 5: L'-extension of traces into manifolds

is satisfied as €, (u;)(x) € N by (5.4.7). The map is in fact only
defined almost everywhere as no value was given on the interfaces of
the cuboids. By the choice of I" > 0 it proves (5.4.5). We claim that
trra, 3 U = wo and trpayyyU = wi. The situation is symmetric
so we only consider the case ¢+ = 0 in ¢ = R. The trace operator
trRay oy BViee(R? x (=L, L)) — LY(R%) is continuous with respect with
translations. We have trga, (U = &, (uo) if 7 € I, 0. By (5.4.9), we
deduce that trra, ;7y}U = w1 and (5.4.5). Therefore it only remains to
prove (5.4.6).

Since U is constant on rectangular cuboids by construction and jumps
on the interfaces of the rectangles, we deduce that U € BVlOC(Rd X
(=L,L)). The measure |DU]| is absolutely continuous with respect to
H?% and we will denote its support J;;. We therefore deduce that the
left-hand side in the Proposition 5.4.1(5.4.6), is controlled by the three
following contributions: we will estimate (i), (ii) and (iii) separately.

(i) Contributions at the interface R x {0} in t = 0

(5.4.14) Z HUQ) disty (Exy (10)(Q), Eng (u1)(Q)).

Qero

(ii) Parallel contributions to R? x {0} of each u;, i € {0,1}, (except the
jump on R? x {0}, see (i))

(5415) Y 3> > HYQ)x

1€{0,1} neN Q€Qy,, Q'€%, ,Q'CQ

dist ;v (Ex, (ui)(Q), Ekyyy (u:)(Q")).

(iii) Perpendicular contributions to R? x {0}

(5416) > > Y > HU(QNQ x I, )%

1€{0,1} n€EN Q€Qy,, Q'€Qy,, Nneigh(Q)

distn (Ex, (wi)(Q"), €k, (u:)(Q))

where the fourth sum runs over the 2d neighbors of the dyadic
cube @ € Qg,. We record that the measure of a intersecting lateral
face of two cuboids, denoted Q N Q' x I, is HAQ N Q' x I},) =
2(1*kn)(d71)(2fkn+1 _ 2*kn)Ld_

The analysis of (i) relies on the triangle inequality and (5.4.7). Indeed,
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the sum over cubes Qy, of (i) equals

/R sty (£, (10) (2), Ey (1) () dt
< /R distiv(Egy (1) (1), o)) di

+ /R disti (o (), wn () d + /R dist(us(2), £, () (1)
< /R dist(uo(x), ur (2)) d

Y Y e //Q st {aa(a). ) drdy

1€{0,1} QE€Qy,

< /Rd dist vy (uo(x), w1 (z)) de

+L74 " ikl // dist (i (z), ui(y)) dz dy. (5.4.17)

ie{0,1} |2=yloo<2L

For (ii), we have that by the triangle inequality, for each i € {0, 1},
n €N,

D / distx (Ex, () (@) Eny, (u) () da
Qe Q'€ ,, 'Y
Q'cCQ

QEan QIEan+1
QcQ
+//diStN(ui($)78kn+17i(ui)(a;))dx]_

We will sum over all the subcubes Q' C @, noting that Q@ = J{Q': Q' €
Qp,irs @ C Q}. One can control further by

(5.4.18) > /Q dist v (&g, , (ui)(2), ui(x)) dw

Q€9y,,

+ Z /QdiStN(gan(ui)(x)aUi(w))dx

Q€k,

< /R’i disty (Eg, (us) (), ui(z)) dz

+ Ad distN(Ekn+1 (ui)(2), ui(x)) dz
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314 Chapter 5: L'-extension of traces into manifolds

which is controlled using (5.4.11) and (5.4.7). We deduce that (ii) is
controlled by

(5419) T Y > (2427 0)

1€{0,1} neN\{0}

YT ][/dlstN wi(z), uiy)) de dy

1€{0,1} Q€

1 .
<6I'+ Z Ld// rd R disty (ui(2), u;(y)) de dy.
iE{O,l} ‘x7y|ooS2L

Next, for (iii), we have for any two cubes Q, Q' € Qi adjacent, using
in order constantness on cubes and the triangle inequality,

9(1—kn)(d=1) (g=kn _ g—kunsry [ d f ][ dist (Ex, (1) (2), Ex,. (us) (1)) d dy

(1=hkn)(d=1) (9kn _ g=hne1) [y (5.4.20)
][ ][ldlstN ui(z),u;i(y)) de dy (5.4.21)
+]€2][/ disty (ui(z), €k, (ui)(y)) dx dy (5.4.22)
+]€2 ][/distN(Ekn(ui)(:v),ui(y))dxdy]. (5.4.23)

The two terms (5.4.22)—(5.4.23) are treated noting that the prefactor can
be estimated using

o(1—kn)(d— 1)(2—kn 9—kni1)[d < o(1=kn)(d=1)g—kn d _ od—lo—dkn _ —10|/2
so that
DI dn o) e (@) ardy
(5.4.24) ][ / dist (us(@), &, (1:)(Q) da dy
— 5 [ dist (o). Ex, (0)(@)) ds

and this will be estimated below similarly to (5.4.18), see (5.4.26).
So, we focus on the term (5.4.20). Since @’ is a neighbour of @, we
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5.4. Joining two maps by a map of bounded variation 315

first observe Q x Q' C @ x 3Q so that (5.4.20) is controlled by

][][/dlstN ui(z),u;i(y)) de dy

< U =kn)(d=1) (g=kn _ 9=kn+1i) ||~ 2// dist v (ui (), ui(y)) dz dy
32(1 k )(d 1)2d(2— _2— n+1)(21 k‘ ) dL

/ / disty (i (), ui(y)) de dy

QJ3Q

< 3% 2Fn(27Fn — 27Fni) [ mdx
/ ][ disty (ui(z), ui(z + h))dh dz
Q JIhloo<3:217kn L

by the change of variable y = x + h, |hloo < | — Y|oo < diam(3Q) <
2-3-27Fn L. So, the term (iii) is estimated in view of (5.4.24) and (5.4.25)
by

(5:426) 20 30 Y [ disty(us(a). &, () (@) do

1€{0,1} neN

+2d3% Y7 N (27— 27Ene)gkn

1€{0,1} neN

/ ][ disty (ui(z), u;(x + h)) dh dx
R J|h|oo<3-21-Hn L

where the 2d arises as the sum over the 2d neighbors of the cube @ € Qy,,.

Using (5.4.11) for the first term and (5.4.13) for the second one when
n > 1, we control (5.4.26) by

(5.4.27) 2d Y ZzﬂnJrgd 3 Z(kan_ﬂnﬂpknycl%l

i€{0,1} neN i€{0,1} nEN,

+2d Z / ][h dist v (ui(z), ui(x + h)) dh dz.

ie{0,1} [Aloo<6L

The first term of (5.4.27) is equal to 8dI". The second one can be controlled
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316 Chapter 5: L'-extension of traces into manifolds

1 2kn
2dT Z Z (2kn_1 - an_12kn+1>

1 1
(5.4.28) <2l 3, ). <2kn_1 - an+1>

iG{O,l} nEN,

1 1
< 4dT Z ot T g < 3dT.
1€{0,1}

The last term of (5.4.27) is estimated by
d :
71 2 | e dista(ui(e) ui(y)) dz dy.
i€{0,1} ™ [z —y|oo <6L

We deduce that (5.4.27) is estimated by

d
(5.4.29) (8d + 3d)I" + 7d Z RéxR?
iE{O,l} \z—y\ooSGL

disty (ui (), u;i(y)) dz dy

so that in turn (iii) is controlled by it.
We conclude that (5.4.6) is controlled by (i), (ii) and (iii) which are
respectively controlled by (5.4.17), (5.4.19) and (5.4.29)

Cyl' + /Rd disty (ug(z), u1(z)) de

+% 3 // disty (ui(z), ui(y)) do dy

ie{0,1} 7/ 1= Yloo<6L

by the choice of I" in (5.4.10), this concludes the proof of the estimate
(5.4.6) of the Proposition 5.4.1 but with “|z — y|ec < 6L”; Lemma 5.4.2
below allows us to write “|z — y| < L” at the price of increasing the
constant Cy. O

Inspection of the proof of Proposition 5.4.1 shows that one could have
chosen if N was convex

Epu:)(Q) = ]éui.

However our present choice of € (u;)(Q) implies that the essential images
Im(U) C Im(up) UIm(u;) C N.
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5.5. Connecting two maps by a Sobolev map 317

Lemma 5.4.2. Letu:RY - N. If0< (<L,

1 :
(5.4.30) Ld‘*‘l//Rded disty (u(z), u(y)) dz dy
lz—y|<L
2d+l )
< 701 || Raxra disty (u(x), u(y)) dz dy.
lz—y|<t

Proof of Lemma 5.4.2. We have, by the triangle inequality and a change
of variable

s Ao ut) dray (5.431)
|z—y|<L
< | gayge drdy (5.4.32)
lz—y|<L
distn (u(2), u(ZHE)) + distn (u(Z52), u(y)) (5.4.33)
< oltd - dist v (u(z), u(z)) de dz. (5.4.34)
|lz—z|<L/2

By mathematical induction, for each n € N,

//Rded dist v (u(z), u(y)) dr dy

lz—y|<L
d+1 .
< gnld+1) R R disty (u(x), u(y)) dz dy.
|z—y|<L/2™
Given ¢ < L, there exists n € N such that L < 2™/ < 2L. We deduce
(5.4.30). O

5.5 Connecting two maps by a Sobolev map
Proposition 5.5.1 smooths the map obtained by proposition 5.4.1. So

does Proposition 5.5.3 in a localized way.

Proposition 5.5.1. If ug,u1 : R = N satisfy (5.4.1) and (5.4.2),
then, for each L > 0, there exists U € WH1(R? x (=L, L), N) such that
trray (—yU = uo, trray()U = w1 and

(5.5.1) / |DU| < Cd/ distN(uo(az),ul(m)) dx
Rix(—L,L) Rd

Cy .
+ a Y | qunge dista(ui(@), uily)) de dy
i€{0,1} "7 Jo—y|<L

where Cy > 0 only depends on d.

317



318 Chapter 5: L'-extension of traces into manifolds

Remark 5.5.2. In [13, Thm 1.8|, in the framework of
N =R”,disty(p,q) = |p — 4l

the same result is obtained by other means. The authors assume the
integrability condition (5.4.2); the equivalent (see Proposition 5.2.7)
condition than (5.4.1), for i € {0, 1},

lim sup / |ui(x) — ui(xz + h)|dz =0,
Rd

e—0 |h|<e
is required there; corresponding estimates are obtained.

Proposition 5.5.3. Let Q = Q(0,1) € R*! be the unit cube of radius
one centered at the origin. If u : 0Q — N is integrable and equals to
b € N on each face except two opposed faces, then there exists a map

U e WhY(Q,N) of trace troQU = u and

/ IDU| < Cy / disty (u(), b) dz
Q oQ

where Cyq > 0 is a constant depending only on d.

We write an interpolating tool for the W'l-extension, Proposition
5.5.1.

Lemma 5.5.4. If P = H?Zl[O, |t;]] and a,b € N, there exists u €
WHL(P x R, N) satisfying

(1) If t < —dist(z,0P)/2, u(z,t) = a and if t > dist(x,0P)/2,
u(z,t) = b,

(i) disty(a,u(z,t)) < disty(a,b) and disty (b, u(z,t)) < disty(a,b).
Moreover,
(5.5.2) / |Du| < 4disty(a, b)LY(P)
PxR

and

(5.5.3) igg/pdiStN(al(”"’) (t) + b1 4oo)(t), u(,t)) dx
< disty(a, b)LL(P).
The proof follows the argument for W with 1 < p < 2 [21].

318



5.5. Connecting two maps by a Sobolev map 319

Proof of Lemma 5.5.4. Since d is a geodesic distance, we can choose
v € C®(R, N) to be a mapping such that vy(t) = a if t < —1, y(t) = b if
t > 1and |/(t)] < disty(a,b) if =1 <t <1, and y(t) =bift > 1. We
define u: P x R — N for every (z,t) € P x R by

By definition, we have (i) and (ii). Then, we record that u € Wllc;i (P x
R, N), with for (¢,2) € R x P:

|Du(z,t)| <

, 2t 1
7\ dist(z, 0P) ) | \ dist(w, 0P)2 " dist(z,0P) )

Defining the set ¥ = {(z,t) € P x R: 2|t| < dist(xz,0P)}, we integrate
and estimate

. |t] 1
Dul| < dist b dx dt
/PXR| u| < disty(a, )//2 dist(z, P)? + dist(z, OP) v
1
< 2di I — — 4di
< 2disty(a, b)//xdist(x,ﬁP) dz dt disty(a, b)/P dx

d
= 4[] I4:] distw (a, b).
=1

which establish (5.5.2). For (5.5.3), we assume ¢ > 0

/ disty(al[—o0,0)(t) + bL[g +o0)(t), u(z, 1)) dx
P

2t
< ] -
- /Z(t) dist (b’fy <diSt($vaP))) dr

2t
< disty(a,b) /

1-—=— _d
(t) dlSt(.I,ap) v

d
< distn(a, b)) £4(S(t) N P) < disty(a,b) [] 14l
=1

and similarly for ¢ < 0. U

Lemma 5.5.5. If P = H?Zl[O, |t;]] and a,b € N, there exists u €
WHL(P x (0,00), N) satisfying

(i) If t > dist(z,0P)/2, u(x,t) =b.

(i1) disty(a,u(z,t)) < disty(a,b) and disty (b, u(z,t)) < disty(a,b).
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320 Chapter 5: L'-extension of traces into manifolds

(ii1) trpyioyu = a.

Moreover,
(5.5.4) / |Du| < 8disty (a, b)L4(P)
PxR

and

(5.5.5) sup/ dist y (b, u(x, t)) dz < 2disty(a, b)LI(P).
t>0J P

Proof of Lemma 5.5.5. Take v € C*°(R,N) to be a mapping such that
v(0) = a, |/ (t)] < 2disty(b,a) and y(t) = b,t > 1. We proceed as in the
proof of Lemma 5.5.4. O

Proof of Proposition 5.5.1. By Proposition 5.4.1, there exists a map U, :
RY x (—L,L) — N constant on a countable family of rectangular cuboids.
By Lemma 5.5.4 applied to each faces i.e. element of

{8@ X In,i N 8@ X Il‘/7n/ :
i,/ €{0,1},n,n" €N, Q € Q,,Q" € Q. , 8.t 0Q X Iy; # 0Q X Ly }

we obtain a map U : R — N. First, by Lemma 5.5.4 (i) this is well de-
fined: the support of the modifications is disjoint. By Lemma 5.5.4(5.5.2)
we get

/ IDU| AL < 4 / disty (tr], Us,try U,)dHe
Ridx(—L,L) Ju,NReX (—L,L) * *

By the choice of U, and in particular Proposition 5.5.1(5.4.6) we get the
estimate (5.5.1).

The estimate (5.5.3) will only be used to the faces perpendicular F+
to R% x {0}. If for i € {0,1},n € N, I,,; = (a,b), we set t;,, = (a +b)/2.
The choice of ¢ € R ensures that the plane R? x {t} does not intersect
the support of the modification of the faces parallel to R¢ x {0}. The
choice of t allows us to ensure that R? x {t} only crosses points in
{x € R x (~L,L) : U(x) # U(x)} arising from modification of the
perpendicular faces by Lemma 5.5.4. The estimate (5.5.3) implies

(5.5.6) / disty (trga e, U (), Wi o,y Us(2)) da
{zeRd: U(x)#U(z)}

< / disty (tr5 U, try Us) dH?
']U*
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5.6. Extension to a halfspace and to a manifold 321

By the triangle inequality, (5.5.6) and Proposition 5.4.1(5.4.5), for all
n €N, ie{0,1},

(5.5.7) disty (ui(z), trRay g4, U(2)) dz < 27"C(d, uo, w1, L)
Rd ’

where C(d, ug,u1, L) > 0 only depends on d, ug,u; and L. By continuity
of the trace under translations, since ¢;,, — (—1)""1L when n — +o0,
we conclude that trgay (_7yU = uo and trgay 1, U = u1. 0

The proof of Proposition 5.5.3 is similar to Proposition 5.5.1 and uses
the Lemma 5.5.5 to handle the values on the map on the boundary of
the cube.

Proof of Proposition 5.5.3. We assume that u is not constant on the faces
0Q \ (R? x {—1,1}). We define vy € L*(R%, N) by vo(x) = u(z), = €
0Q \ (R? x {—~1}) and vg(x) = p elsewhere. We define v; € L'(R%, N) by
vi(z) = u(z), z € 0Q\(R?x{1}) and vy (x) = p elsewhere. By Proposition
5.4.1 there exists V € BV(R? x (—1,1), N) such that trrax {13V = vo
and trgay 1y = v1 satisfying Vlga,(_11)¢ = p and by (5.4.6) and the
triangle inequality

/ ) disty (tr}, V,try V) dH? < Cq / dist v (u(z), b) dz.
Rdx(—1,1) oQ

Considering V'|g, we then argue as in the proof of Proposition 5.5.1 using
Lemma 5.5.5 instead of Lemma 5.5.4 for faces of cuboids adjacent to

0Q\ (R x {—1,+1}). O

5.6 Extension to a halfspace and to a manifold

Based on Proposition 5.5.3, we prove the extension part of Theorem 5.1.2.
Proposition 5.6.1. If u: R* = N is measurable and the right-hand side

of (5.6.1) is finite, then there exists U € WHL(R? x (0,00), N) such that
trray (U = u and

(5.6.1) /Rd om) IDU| < Cy hmlnf // dlszg(Bd((O) R)(';J)) dz dy,

R4 x R4
lz—y|<R

where Cy > 0 only depends on d.
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322 Chapter 5: L'-extension of traces into manifolds

Proof. Since u is integrable by Proposition 5.2.3, there exists b such that

: L disty (u(z), u(y))
/RddlstN(u(x),b)dxSthRrri)mf // I Bd 0 R)) dzdy < oo.
RYxR4
lz—y|<R
We set ug = u and u; = b and we apply Proposition 5.5.3. O

We finally construct the extension in Theorem 5.1.1.

Proposition 5.6.2. Let M be a Riemannian manifold wzﬁ;h compact
boundary OM. If u: OM — N is integrable, there exists U € WH1 (M, N)
satisfying tropsU = u and

[opvi<ew [ dity (o), um)da

where Cpy > 0 only depends on M.

The integration on M and on OM are performed with respect to the
measure induced by their Riemannian metric or, equivalently, by the
Hausdorff measure, and can be computed in local charts thanks to the
introduction of the appropriate Jacobian.

Proof of Proposition 5.6.2. Let m denote the dimension of the manifold
M. By smoothness and compactness of the boundary OM , we realize 9M
as a simplicial complex [24, Theorem 7] Spps = J7) S,, of dimension
m — 1 with S, containing the cells of dimension n; a cell C' € §,, is
bi-Lipschitz homeomorphic to a cube Q(0,1) C R™. Let V = {z €
M UOM : distp(z,0M) < p} for p > 0 sufficiently small so that there
exists a diffeomorphism W : V — OM x [0,1]. We realize V as a finite
simplicial complex Sy; of dimension m, such that Sgys is the boundary
of Sy meaning that for a k-dimension cell C' in Syr, CNOM is a (k—1)-
dimensional cell in Si_1 ; this can be done by taking C' € Ss); and
defining ¢’ = C x [0,1] € OM x [0,1] and defining the cell in V by
~1(C"). Fix b € N so that

. 1 .
/E’M disty (u(z),b) dz < TAOM) //aanM disty (u(x), u(y)) dzdy

If C € Sy—1,0n dC"\ C x {0} we extend the domain of definition of u by
setting w o U1 = p. Therefore C’ is a cell such that tropcru € LY(0C’, N)
and if two cells C' are adjacent they share the same constant on their
boundary. Using the bi-Lipschitz equivalence of cells with cubes, the
situation reduces to extend a map u € L'(0Q,N), Q = Q(0,1) C R™
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equals to p on each face exept one to a map U € Wl’l(Q, N) of trace
trogU = u, which is done by Proposition 5.5.3 applied to each cube. We
set U = pon M \ V. Since the same trace is shared on the faces of
the m-dimensional cells in V', we obtain, by integration by part (cfr [12,
Theorem 18.1(ii)][21]), a map U € WHL(M, N) such that troyU = u
such that

[ wui= [ = 3 [ v

C'=Cx%10,1]
CeSm—1

<on Y / dist (u(z), b)
c'=cx[0,1]7 9%
CESmfl

<Cu Y, /C dist (u(z), b)

CeSm—1

=Cuy disty (u(z),b)
oM

where Cjs > 0 depends on the Lipschitz constant of ¥ and absorbs the
constant arising from Proposition 5.5.3, which concludes the proof. [
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