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Introduction 1

At the start of the ideas of this thesis, there is this optimization result
in geometric analysis: in a connected smooth compact Riemannian

manifold N , every homotopy class can be represented by a length mini-
mizing curve S1 → N having the circle as domain. This mathematical
fact idealizes the following fact in our physical world:

by knoting a string around an object, if one cannot remove
the string from the object without untying the knot, one can
always find a configuration of the string without untying the
knot that minimizes the length needed to encircle the object.

Riemannian manifolds are one of the tools that mathematicians use
to think about objects where length can be measured both globally
and infinitesimally; homotopy classes encode mathematically the set of
configuration reachable without untying the knot; they are thought as
deformations of the closed string. In very mathematical terms, writing
the minimization problem for a fixed homotopy class [γ] ∈ [S1, N ], the
infimum

(1.1.1) λ([γ])
.
= inf

{ˆ
S1

| ˙̃γ| : γ̃ ∈ Ẇ1,1(S1, N) γ̃ ∈ [γ]

}
,

makes sense as Ẇ1,1(S1, N) maps, Sobolev mappings with integrable weak
derivative are continuous and the infimum is achieved. Sobolev maps
are the tools used here to tackle optimization problems with geometric
flavour; we refer to Fig. 1.1 for a brief tour of the concept.

A proof of the existence of at least one map reaching the infimum
(1.1.1) when looking at a nontrivial homotopy class [γ] goes by considering
the squared energy

(1.1.2) inf

{ˆ
S1

| ˙̃γ|2

2
: γ̃ ∈ Ẇ1,2(S1, N) γ̃ ∈ [γ]

}
.

In higher dimensions, problem (1.1.2) generalizes in at least three
ways. This introduction will focus on the first two.

■ The Dirichlet problem which is the one mostly chosen in this thesis.
Given a compact manifold M with boundary ∂M , for some g :
∂M → N , minimize

(1.1.3) inf

{ˆ
M

|Du|2

2
:
u ∈ Ẇ1,2(M,N)

tr∂M u = g

}
.
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4 Chapter 1: Introduction

Figure 1.1: Sobolev maps M → N are elements of the space Ws,p(M,N)
where M and N are manifolds. When s ≥ 1, they carry a weak differential
or derivative that we will denote Du. The presence of a dot above the
W in the writing Ẇs,p(M,N) means the we only measure the derivative
with the integral.

The precise meaning of |Du| is the following. One could use intrinsic
geometry [29] but we will instead assume that the manifold is
isometrically embedded [58, 59], i.e. N ⊂ Rν for some ν ∈ N. The
meaning of |Du| is square root of the sum of the square of the
components of the matrix of the weak derivative Du of the map
u :M → Rν . If M = Bd, Du = (∂iuj)i=1,...,d

j=1,...,ν
.

One refers to this problem as manifold constrained harmonic ex-
tension by analogy with the Ẇ1,2-energy minimized by solutions
f :M → R with vanishing Laplacian, called harmonic functions.

Typically, if ∂M = S1, one would chose g to be a solution of (1.1.1)
to get a higher dimensional representative of the homotopy class
[γ].

■ One can also try to produce distinguished sections of a (principal)
fiber bundle: if N is a principal or associated bundle over a compact
Riemannian manifold M without boundary,

(1.1.4) inf

{ˆ
M

|Du|2

2
: u ∈ ΓẆ1,2(M,N)

}
where ΓẆ1,2(M,N) denotes bundle sections of Ẇ1,2-regularity. If
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1.2. Emptiness of admissible class 5

the bundle is trivial, one can produce constant sections, leaving
the infimum zero. One is then led to add more constraints. Here,
many meanings of Du coexist. On can take a connection, or the
differential, or a combination of the two, or extrinsic Dirichlet
energies, cfr [41].

■ Lastly, one can constrain the homotopy of maps. Given a manifold
M and a continuous map v :M → N , consider

(1.1.5) inf

{ˆ
M

|Du|2

2
:
u ∈ Ẇ1,2(M,N) is continuous

and homotopic to v

}
.

We refer to [79, 68, 57] for this problem that we will not investigate
futher here.

Of course, one could devise similar problems for the area of the graph
of mappings u : M → N which generalizes the length of curves (1.1.1);
we will discuss those in a dedicated section, Section 1.6. Note that at
least in the unconstrained case, i.e. N = Rν , the area of maps Bd → Rν

is minimized through a Dirichlet energy (1.1.3) [74, Ch. 1] which also
motivates this first investigation.

1.2 Emptiness of admissible class

Led with problems (1.1.3) and (1.1.4) we have the following negative
results.

Lemma 1.2.1. There exist manifolds M , N and g ∈ C∞(∂M,N) such
that

Ẇ1,2
g (M,N)

.
= {u ∈ Ẇ1,2(M,N) : tr∂M u = g}

is empty.

Lemma 1.2.2. There exists a principal bundle N over M such that
ΓẆ1,2(M,N) is empty.

The obstructions to existence are of topological nature. Indeed for
Lemma 1.2.1 one takes M = B2 the unit ball in R2 centered at the origin.
If u ∈ Ẇ1,2

g (B2, N) for some N and g to be chosen below, we note that

r ∈ (0, 1] 7→ λ([trS1 u(r·)])

is constant and equal to λ([g]) as trS1 u(r·) and g are homotopic in some
suitable sense. Then, by Jensen’s inequality,
ˆ

B2

|Du|2 =
ˆ 1

0

ˆ
S1
r

|Du|2 ≥
ˆ 1

0

1

2πr

(ˆ
S1

|Du(r·)|
)2

≥ λ([g])2

2π

ˆ 1

0

dr

r
.

5



6 Chapter 1: Introduction

The latter integral does not converge. The contradiction arises if we
choose a g : S1 → N such that λ([g]) is not zero. Such a g exists if the
manifold N is compact and not simply connected, i.e. the fundamental
group π1(N), which is equivalent to [S1, N ] contains only one trivial
element. Taking N = S1, the identity map γ : z ∈ S1 → z ∈ N is not
homotopic to a constant; in fact, we have λ([γ]) = 2π.

We shall not enter here into the details of the homotopy of Sobolev
functions, which provides a rigorous meaning to the term “suitable sense”
mentioned in the previous paragraph. Nevertheless, let us mention the
underlying technology used to give a precise meaning: VMO functions
for “vanishing mean oscillation” [19, 1, 27].

Concerning Lemma 1.2.2, one knows from the Hairy ball theorem [45,
Thm 13.32]—a result also known as the hedgehog theorem— that the
unit tangent bundle N = S1 ∩ TS2, which can be given the structure
of a principal S1 bundle over the sphere S2 ⊂ R3, do not carry a global
continous section; in short, ΓC0(S2, N) = ∅. One can then show that [27]

ΓC0(S2, N) = ∅ if and only if ΓẆ1,2(S2, N) = ∅.

In fact the theorem generalizes to higher even dimensions.
The starting point of this thesis is the following result due to Hardt

and Lin [38].

Theorem 1.2.3. If p ∈ (1, 2), for every g ∈ Ẇ1−1/p,p(∂M,N), there
exists u ∈ Ẇ1,p(M,N) such that tr∂M u = g. Moreover,

(1.2.1)
ˆ
M

|Du|p ≤
CM,N

2− p
W1−1/p,p(g; ∂M)

where CM,N > 0 depends only on M and N .

The fractional Sobolev space is defined using the fractional Sobolev
energy: g ∈ Ẇ1−1/p,p(∂M,N) if

(1.2.2) W1−1/p,p(g; ∂M)
.
=

¨
∂M×∂M

distN (g(y), g(x))p dx dy

dist∂M (x, y)p−1+dim(∂M)

is finite. Smooth bounded maps have finite fractional energy. To be
precise, (1.2.1) is the converse of Gagliardo’s trace theorem [32], which
identifies the image of the trace operator for Sobolev functions as the frac-
tional Sobolev space, often referred to as the trace space in the literature.
When p ∈ (1, 2), Theorem 1.2.3 asserts that there is no obstruction to
the extension in the Sobolev space Ẇ1,p(M,N); in particular we deduce
that this space contains noncontinuous mappings. For p ≥ 2 one can
decide if a statement such as Theorem 1.2.3 holds or not with or without

6



1.2. Emptiness of admissible class 7

an estimate; necessary and sufficient conditions can in fact be given [76],
they involve higher order homotopy groups, πk(N) ≃ [Sk, N ]. In the
litterature this question is known as the extension problem [12, 43, 13,
53, 51, 76, 20]

In this thesis we precise the case p = 1 which was already known [38,
53]:

Theorem 1.2.4. For any measurable g : ∂M → N , there exists u ∈
Ẇ1,1(M,N) such that tr∂M u = g. Moreover,

(1.2.3)
ˆ
M

|Du| ≤ CM

¨
∂M×∂M

distN (g(x), g(y)) dx dy.

where CM > 0 depends only on M , provided the right-hand side is finite.

In fact we also treat noncompact manifold N without boundaries,
give extension results in the model cases of the strip Rd × (−1, 1) and the
halfspace.

In simple situations, neglecting the estimate (1.2.1), one can easily
construct Ẇ1,p maps having specific traces. If M = B2 and γ : ∂B2 → N
is a minimizing geodesic parametrized at constant speed, one can show
that the vortex map, also known as the “hedgehog” map,

(1.2.4) u(x)
.
= γ

( x
|x|

)
∈ Ẇ1,p(B2, N)

satisfies ˆ
B2

|Du|p = 1

2− p

ˆ
S1

|γ̇|p.

At the scale of Lorentz spaces, in dimension 2, one can in fact show
the following result [62, 63, 20].

Theorem 1.2.5. Let M2 = B2,R × [0,∞) or the hyperbolic space H2.
For any g ∈ Ẇ1/2,2(∂M2, N) there exists u ∈ Ẇ1,1(M2, N) satisfying for
all t > 0

(1.2.5) t2|{x ∈M2 : |Du(x)| > t}| ≤ Θ
(
W

1/2,2(g; ∂M2)
)

where Θ : [0,∞) → [0,∞) is a convex function.

The functions for which the Marcinkiewicz energy

(1.2.6) W1,(2,∞)(u)
.
= sup

t>0
t2|{x ∈M2 : |Du(x)| > t}|

is finite is called the weak-L2 Sobolev space. Classically one writes
|Du| ∈ L2,∞(M) if the Marcinkiewicz energy is finite; L2,∞(M) refers

7



8 Chapter 1: Introduction

to the Lorentz or weak L2-space. We record here that Theorem 1.2.5
admits higher dimension variants for Md = Bd,Rd−1 × [0,∞) and Hd for
the Lorentz space Ld,∞. However to our knowledge an extension result
for the Marcinkiewicz energy W1,(2,∞)(u) is not known in any dimension.

In dimension 2, we show the following, which admits higher dimension
versions [20].

Lemma 1.2.6. Let Ω ⊂ R2 be an open subset of the plane. Let a1, . . . , ak ∈
Ω be points. If u ∈ W1,2

loc(Ω \ {ai}i=1,...,k, N), then

(1.2.7)
k∑

i=1

λ([u, ai])
2

4π
≤ lim

t→∞
t2H2({x ∈ Ω : |Du|(x) ≥ t}).

This lemma should motivate the study of the quantity W1,(2,∞)(u).
Defining the systole of the manifold,

(1.2.8) sys(N)
.
= inf{λ(γ) : γ ∈ C1(S1, N) is not contractible},

we see that the W1,(2,∞)(u) energy also controls the number of singulari-
ties: in the context of Lemma 1.2.6, k sys(N)2/4π ≤ W1,(2,∞)(u; Ω).

For the global section problem (1.1.4), let us mention that, to the best
of our knowledge, a positive result corresponding to Lemma 1.2.2 in the
form of Theorem 1.2.3 asserting the nonemptiness of ΓẆ1,p(M,N) –that
is, sections of Ẇ1,p regularity– when p ∈ [1, 2) is to this day a folklore
type result. We wish to raise here the question of the estimate relating the
Ẇ1,p−energy with the data of the bundle that would accompany such an
existence result for a Ẇ1,p−valued section in a fiber bundle; an interesting
answer would also provide estimates on the Hausdorff dimension of the
singular set of the section.

1.3 p−harmonic maps at fixed p

The extension result, Theorem 1.2.3, suggests to study (1.1.3) when 2 is
replaced by a parameter p ∈ [1, 2): given g : ∂M → N minimize

(1.3.1) W1,p(u;M)
.
=

ˆ
M

|Du|p

p

among all u ∈ Ẇ1,p(M,N) satisfying tr∂M u = g. If p ∈ (1, 2), the
direct method of calculus of variations yields the existence of a minimizer.
Minimizers are called minimizing p−harmonic maps or p−harmonic maps
for short. If p = 1, minimizing sequences are not compact in Ẇ1,1(M,N)
and almost nothing is known regarding minimizers, see Section 1.6.

8



1.3. p−harmonic maps at fixed p 9

Although the functional (1.3.1) is convex, the manifold constraint
removes any convexity from the problem, shelving any question of unique-
ness of p−harmonic maps. The obstruction is one-dimensional: for the
identity map g : {−1, 1} → {−1, 1} ⊂ S1 ⊂ C, there are two geodesic
[−1, 1] → S1

+ and [−1, 1] → S1
− having g as boundary data. However, in

very symetric situations one has the following, originally due to Robert
Hardt and Fanghua Lin and Changyou Wang [40], cfr [18, Thm 13.6].

Theorem 1.3.1. Let p ∈ (1, 2). If g : S1 → S1 is the identity, then the
unique minimizing p−harmonic map with trace g is the vortex map x

|x| .

To our knowledge this is the only explicit example up to isometries
of the plane of nonconstant minimizing p−harmonic map. One could
be interested in other examples such as γ( x

|x|) where γ ∈ C1(S1, N) is a
length minimizing geodesic. Though it is not minimizing in general as
degree two geodesics do not generate p−harmonic mappings [37, Lem 7.1 ].
However, in general, it is easy to conjecture that for a given manifold one
could associate a geodesic γ such that the vortex map γ( x

|x|) minimizes
the Dirichlet p−energy W1,p(·;B2).

We note that minimizers form a compact family:

Lemma 1.3.2. Let p ∈ (1,∞). Let g ∈ Ẇ1−1/p,p(∂M,N), the set{
u ∈ Ẇ1,p(M,N) is a minimizing p−harmonic map of trace g

}
is compact in Ẇ1,p(M,N).

Lemma 1.3.2 is a consequence of the inequalities of Hanner [36],
cfr [80, Thm 4.1.9(c)]. This result implies, by the de la Vallée
Poussin criterion that there exists θ : [0,∞) → [0,∞), convex such
that limt→∞ θ(t)/t = +∞ so thatˆ

M
θ(|Du|p)

is uniformly bounded when u varies in the set of p−minimizers.
Locally one can improve the result, cfr [56, Corollary 2.21].

Theorem 1.3.3. Let p ∈ (1, dimM). If u ∈ Ẇ1,p(M,N) is a minimizing
p−harmonic map, then for each q ∈ (p, ⌊p⌋+1), |Du|q is locally integrable.

The theorem is in fact more quantitative as it relates the Lq norm
with the p-energy.

One can wonder if in 2d, the Marcinkiewicz energy W1,(2,∞)(u) is
finite. This would imply Theorem 1.3.3.

Concerning continuous scales, p−harmonic mappings are continuous
away from a singular set [38].

9



10 Chapter 1: Introduction

Theorem 1.3.4. Let p ∈ (1,∞). Let g : ∂M → N be twice continuously
differentiable. If u ∈ Ẇ1,p(M,N) is a minimizing p−harmonic map, there
exist a compact set Sing(u) ⊂ M whose Hausdorff dimension does not
exceed dimM−⌊p⌋−1 and α ∈ (0, 1) such that u ∈ C0,α(M∪∂M\Sing(u))
and Du ∈ C0,α

loc (M \ Sing(u)).

If dimM = 2, Sing(u) therefore consists in a finite number of points
in M . This is in accordance with our only example Theorem 1.3.1. If
p ≠ 2, the Hölder regularity is actually the best one can hope for as
there exists a p−harmonic function M → R which is C1,α but not twice
differentiable [75]; we were unable to find Ẇ2,r-estimates in 2d that would
imply the C1,α-ones. When p = 2, one can in fact show that harmonic
maps are as smooth as the manifold N : if the manifold is smooth in
the C∞−sense, then the minimizing 2-harmonic mappings are smooth
[67, 71]. Concerning rectifiability of the singular set or its stratification
—the fact that it writes as a union of rectifiable sets of integer dimension—
while much is known from 2-harmonic mappings, the case when p ̸= 2
has not received much attention; we record the result for p−harmonic
mappings p ∈ (1, 2), B3 → RP 2 with values in a model of the projective
plane [24] which asserts that the singular set consists in the union of a
finite set and a one-dimensional set.

Calculus of Variations, the field of mathematics to which this thesis
belongs, started with the computation of variations to deduce Euler-
Lagrange equations. We work with domains, open bounded Lipschitz
sets of Rd mostly denoted Ω instead of manifold to avoid the heavy
vocabulary of Riemannian geometry. The precise meaning of Lipschitz
domains is that one can cover the boundary of the open set by Lipschitz
charts. While the setting is flat in the sense that is it a submanifold of
Rd where any notion of curvature vanishes, it has the advantage to cover
the square, the cube etc. If one uses variations in the domain, so called
inner variations and the invariance of the integrand (1.3.1) of W1,p(u; Ω)
in the variable of the domain, then one obtains the following [64] Noether
theorem.

Theorem 1.3.5. Let p ∈ (1,∞). Let Ω ⊂ Rd. If u ∈ Ẇ1,p(Ω, N) is a
p−minimizing harmonic map, then the stress-energy tensor

(1.3.2) Tp(Du)
.
=

|Du|p

p
Id×d −

Du⊗Du

|Du|2−p

has divergence-free collumns.

10



1.4. p−harmonic energies and their p↗ 2 limits 11

The divergence is here understood in the distributional sense. Here,
using that N ⊂ Rν ,

Du⊗Du = (∂iu · ∂ju)i,j .=1,...,d

is a d× d-matrix. The tensor is symmetric as a matrix and therefore it is
also divergence free in its rows.

Using a projection Π : Nδ → N from a tubular neighborhood Nδ to
N one can compute outer variations,

d

dt
W1,p(Π(u+ tϕ))

∣∣∣∣
t=0

= 0,

one obtains the p−harmonic map equation [38].

Theorem 1.3.6. Let p ∈ (1,∞). If u ∈ Ẇ1,p(Ω, N) is a p−minimizing
harmonic map,

(1.3.3) −div(
Du

|Du|2−p
) =

Bu(Du,Du)

|Du|2−p

where Bu : TuN × TuN → Rν is the second fundamental form of the
imbedding N ⊂ Rν .

The divergence is taken row-wise. When p = 2 and Ω is an interval
the equation reduces to the geodesic equation.

1.4 p−harmonic energies and their p ↗ 2 limits

Since, for each p ∈ [1, 2), the Sobolev space Ẇ1,p
g (M,N) of mappings of

trace g ∈ Ẇ1−1/p,p(∂M,N) contains at least one element (cfr Theorem
1.2.3), one would be tempted to take a p↗ 2 limit in some sense. Here
is the one we chose.

First, we will take g ∈ Ẇ1−1/2,2(∂M,N). This is somehow nec-
essary if one wants to compare different levels of p ∈ (1, 2). One
has Ẇ1−1/2,2(∂M,N) ⊂ Ẇ1−1/p,p(∂M,N) for each p ∈ (1, 2] and if
g ∈ Ẇ1−1/2,2(∂M,N)

W1−1/p,p(u; ∂M)
p↗2−−−→ W1−1/2,2(u; ∂M).

In the spirit of (1.1.3) we seek for a distinguished element in the limit.
Let up ∈ Ẇ1,p

g (M,N) be a minimizing p−harmonic map of trace g. From
Theorem 1.2.3,

(1.4.1) lim sup
p↗2

(2− p)W1,p(up;M) ≤ CMW1−1/2,2(g; ∂M).

11



12 Chapter 1: Introduction

This last equation invites us to give a description of description of a
limiting measure

(1.4.2) µ∗ = lim
n→∞

(2− pn)
|Dun|pn
pn

dHdim(M)

which always exists by weak−∗ compactness and the consideration of
an appropriate sequence (pn)n converging by lower values to the critical
parameter 2. In the sequel, we will refer to those results as first order
results while assertions concerning the convergence of p−harmonic map-
pings, i.e. the computation of limn→∞ upn along subsequences, will be
described as second order convergence results. This vocabulary is inspired
by the Taylor expansion theorem.

We finally conclude this section noting that, in dimension 2, when
g : S1 → S1 is the identity map, Theorem 1.3.1 suggests to take the
vortex map x

|x| in the limit p↗ 2 as constant sequences converge.

1.4.1 Dimension 2

In the first chapter of the thesis we chose to work with M = Ω ⊂ R2 a
2-dimensional open Lipschitz set. We show

(1.4.3) lim
p↗2

(2− p)W1,p(up; Ω) = E1,2
sg (g).

The singular energy of g ∈ Ẇ1/2,2(∂Ω, N) is defined by

(1.4.4) E1,2
sg (g) = inf

k∑
i=1

λ([γi])
2

4π

where the infimum is taken over of k-tuple (k ∈ N \ {0}) of curves
γi ∈ C1(S1, N), i = 1, . . . , k and distinct points ai ∈ Ω such that there
exists for some ρ > 0,

u ∈ Ẇ1,2(Ω \
k⋃

i=1

B(ai, ρ), N),

so that tr∂Ω u = g and trS1 u(ai + ρ·) = γi for all i = 1, . . . , k. We say
that (γi)i is a topological resolution of g.

If we further specialize to Ω = B2 then degree theory [49, 19] allows
us to write E

1,2
sg (g) = π|deg(g)|.

Here is a second order convergence result.

12



1.4. p−harmonic energies and their p↗ 2 limits 13

Theorem 1.4.1. Let pn ↗ 2. Suppose (un)n ⊂ Ẇ1,pn(Ω;N) is an
asymptotically minimizing sequence in the sense that tr∂Ω un = g for all
n and

(1.4.5) W1,pn(un,Ω)− inf

{
W1,pn(v,Ω) :

v ∈ Ẇ1,pn(Ω;N)
tr∂Ω v = g

}
n→∞−−−→ 0.

Then, passing to a subsequence, un converges strongly in W1,1 to a limit
map u∗ ∈ W1,1(Ω;N) with tr∂Ω u∗ = g satisfying

(1.4.6) u∗ ∈ Ẇ1,2
(
Ω \

κ⋃
i=1

B(ai, ρ);N
)

for all ρ > 0,

where κ ∈ N and a1, . . . , aκ ∈ Ω. Moreover, for all ρ > 0 sufficiently
small,

(i) u∗ is a minimizing 2-harmonic map on Ω\
⋃κ

i=1 B2(ai, ρ) with respect
to its own boundary conditions,

(ii)
ˆ
Ω\

⋃κ
i=1 B2(ai,ρ)

|Du∗ −Dun|pn dx
n→∞−−−→ 0,

(iii) u∗ is renormalisable in that the renormalized energy

(1.4.7) E1,2
ren(u∗)

.
= lim

ρ→0

ˆ
Ω
⋃k

i=1 B2(ai,ρ)

|Du∗|2

2
dx− E1,2

sg (g) log
1

ρ

exists and is finite, and we have

lim
n→∞

[
W1,pn(upn ,Ω)−

2

pn(2− pn)
E1,2
sg (g)

]
= E1,2

ren(u∗) + H([u∗, ai])
κ
i=1,

where

(1.4.8) H([u∗, ai])
κ
i=1

.
=

lim
ϵ↘0

κ∑
i=1

λ([trS1 u∗(ai + ϵ·)])2

4π
log

2π

λ([trS1 u∗(ai + ϵ·)])
.

This theorem suggests what would replace the emptiness of Ẇ1,2
g (Ω, N):

mappings whose renormalized energy (4.1.8) is finite. Renormalised map-
pings where introduced for maps Ω → N by Antonin Monteil, Rémy
Rodiac and Jean Van Schaftingen in [55, 54]. Before them in the
case of the circle, N = S1, such an energy already appeared, cfr [14,

13



14 Chapter 1: Introduction

Thm I.8]. We write W1,2
ren(Ω, N) for the set of mappings in Ẇ1,1(Ω, N)

for which the renormalized energy (4.1.8) is finite. By (i) the limit u∗
has some local minimality properties. On the global side we show that
the limit map u∗ satisfies

E1,2
ren(u∗) + H([u∗, ai])

κ
i=1 = inf

{
E1,2
ren(ū) + H([ū, āi])

κ̄
i=1

}
,

where the infimum is taken over all ū ∈ Ẇ1,2
ren(Ω;N) with tr∂Ω ū = g,

where ū has κ̄ ∈ N singularities ā1, . . . , āκ̄, forming a minimal topological
resolution in that

E1,2
sg (g) = lim

ϵ↘0

κ̄∑
i=1

λ([trS1 ū(ai + ϵ·)])2

4π
.

The limit is artificial as the sequence becomes constant for small choices
of ϵ > 0.

We will compare other results of this type below. This is the aim of this
introduction, at least; we will attempt to name the main functionals and
chosen frameworks. Here, comparing means explaining the concepts and
discussing them using the lenses of first order/second order convergence,
as well as providing insights in higher dimensions when possible. We will
also point out potential gaps in the scientific litterature. In a nonlinear
context, it is generally difficult to compare notions of convergence in
different spaces, so we will primarily rely on analogy to discuss results.

Let us first mention here that Theorem 1.4.1 is a generalization of
the work of [39] which only treats the case N = S1. Let us however note
that the authors of [39] obtain convergence in the optimal space C1,α, see
Theorem 1.3.4. Our approach is however more variational as we cover
almost minimizers, cfr (1.4.5).

In the spirit of Theorem 1.2.5 and as a complement to Theorem 1.4.1
we prove that the sequence satisfies

(1.4.9) lim sup
n→∞

sup
t>0

tpn |{|Dun| > t}| is finite.

This implies that the Marcinkiewicz energy W1,(2,∞)(u∗) is finite, a result
already derived in [55] and whose foundation was laid by Sylvia Serfaty
and Ian Tice [69] in the case of the circle.

Concerning (ii) we do not know if the stronger conclusion

(1.4.10)
ˆ
Ω
|Du∗ −Dun|pn

n→∞−−−→ 0

holds true. First, it is compatible with the fact that Ẇ1,2
g (Ω, N) can be

empty. One can show that for a, b ∈ B2 there exists c, C > 0 such that

14



1.4. p−harmonic energies and their p↗ 2 limits 15

for all p ∈ (1, 2)

c
|b− a|2−p

2− p
≤
ˆ

B2

∣∣∣∣ 1

|x− a|
− 1

|x− b|

∣∣∣∣p dx ≤ C
|b− a|2−p

2− p

which suggests that (1.4.10) is related to the rate of convergence of
singularities of p−harmonic map, cfr Theorem 1.3.4. Few quantitative
results are known, cfr [50, Thm 8.1].

Finally one can describe the concentration of the measure, first or-
der convergence, in the context of Theorem 1.4.1: we have weakly∗ as
measures on Ω,

(1.4.11) (2− pn)
|Dun|pn
pn

dH2 n→+∞−−−−−→ lim
ϵ↘0

κ∑
i=1

λ([trS1 u∗(ai + ϵ·)])2

4π
δai .

1.4.2 Dimension 3

In dimension 3, we work with a 3-dimensional Lipschitz domain Ω ⊂
R3 and and a boundary data g ∈ Ẇ1/2,2(∂Ω, N). We work with the
assumption that π1(N) is a finite set; the latter condition is equivalent
—and mostly used as such in our proofs— to the fact that the universal
covering of N is a compact manifold.

Theorem 1.4.2. Let N have a finite fundamental group and (un)n be a
sequence of minimizing pn-harmonic mappings all sharing the same trace
g, then there exists a measure µ∗ on Ω such that along a subsequence,

(2− pn)
|Dun|pn
pn

dH3 n→+∞−−−−−→ µ∗

weakly∗ as measures on Ω.
We have that µ∗ is the supporting measure of a stationary 1−dimen-

sional varifold V on Ω.

Let us first explain the vocabulary. If Ω ⊂ Rd, a varifold on Ω is a
generalization of embedded surface in Ω in a measure theoretic sense.
Their introduction was justified by Plateau’s problem: minimizing the
area of a surface under some constrain. Precisely, for ℓ ∈ {1, . . . , d}, a
ℓ-dimensional varifold on Ω, say V , is a measure on Ω ×G(ℓ, d) where
G(ℓ, d) is the Grassmanian of ℓ-dimensional vector space in Rd. Classically
they are thought as the orthogonal projections:

(1.4.12) G(ℓ, d)
.
=
{
A ∈ Rd×d : A = At, A2 = A, tr(A) = ℓ

}
15



16 Chapter 1: Introduction

Following [48, Section 6.2], ifM is a k-dimensional continuously embedded
submanifold of Ω with locally finite k-Hausdorff measure, the measure
defined for all B ⊂ Ω×G(k, d)

ı(M)(B) = Hk({x ∈M : (x,TxM) ∈ B})

defines a k-dimensional varifold. Given a k-dimensional varifold V on Ω,
its supporting measure is defined for all A ⊂ Ω by µ(A) = V (A×G(k, d));
in the case of ı(M), the supporting measure is Hk M . The number
µ(Ω) is the volume of the varifold; one can show that if the varifold is a
critical point of the volume the varifold is stationary, which writes

ˆ
Ω
⟨DX(x)|A(x)⟩Rd×d dV (x,A) = 0

for all X ∈ Cc(Ω,Rd). The left hand-side is often denoted δV (X), it is
the first variation of the varifold.

In the context of Theorem 1.4.2, we have that there exists a measure
V∗, which is a stationary varifold, on Ω × G(1, 3) such that µ∗(A) =
V∗(A×G(1, 3)). Using that the dimension is equal to one and stationarity
of the varifold allows us to conclude that there exists at most a countable
union of segments (Lj)j∈J lying in Ω, mappings (γj)j∈J in C(S1,N),
such that the support S∗ of the measure satisfies S∗ ∩ Ω =

⋃
j∈J Lj ∩ Ω.

Moreover, for all E ⊂ Ω,

(1.4.13) µ∗(E) =
∑
j∈J

E
sg
2 (γj)H

1(Lj ∩ E)

In fact, the limiting measure in not only “stationary” but has minimizing
properties locally in Ω.

Concerning second order convergence we have:

Theorem 1.4.3. In the context of Theorem 1.4.2, there exists u∗ ∈
Ẇ1,q(Ω, N) for all q ∈ [1, 2) such that along a subsequence, un → u∗
almost everywhere in Ω

■ For each q ∈ [1, 2), un → u∗ in Ẇ1,q
loc(Ω,R

ν) and

lim sup
n→+∞

ˆ
Ω
(dist(x, ∂Ω)|Dun(x)|)q dx is finite.

■ u∗ ∈ Ẇ1,2
loc(Ω \ S∗,N) is a locally minimizing harmonic map in

Ω \ S∗. Moreover there exists S0 ⊂ Ω, a finite set such that u∗ ∈
C∞(Ω \ (S0 ∪ S∗), N).

16



1.4. p−harmonic energies and their p↗ 2 limits 17

Given u∗ we may explain which are the (γj)j∈J in (1.4.13). Given a
segment Lj we consider a small disk D2 embedded in R3 perpendicular to
Lj , intersecting only the segment Lj and such that Lj ∩D2 is the center
of D2, then one may take γj = tr∂D2 u∗, provided D2 ∩ S0 = ∅.

If the domain is a ball and if we take a boundary data g : ∂Ω → N
which is smooth outside a finite set of points to mimic the defects, i.e. the
singularities {ai}ki=1 observed in dimension 2, one obtains the following
strenghtening.

Theorem 1.4.4. If Ω = B3 and g is a C1 map outside a finite set of
points {a1, . . . , am} ⊂ ∂Ω = S2 around each of which g is homotopically
nontrivial and for x ∈ ∂Ω lying in a neighborhood of ai |DS2g(x)| ≤
C(g) distS2(x, ai)

−1 near ai and if for each n ∈ N, Dun is continuous on
∂Ω \ {a1, . . . , am}, then the following assertions hold.

■ For each q ∈ [1, 2), u∗ ∈ Ẇ1,q(Ω,N) is of trace g, un → u∗ in
W 1,q(Ω,Rν) and

lim sup
n→+∞

ˆ
Ω
|Dun|q is finite,

where C = C(g,Ω,N) > 0.

■ S∗∩∂Ω = {a1, . . . , am} and S∗ lies in the convex hull of {a1, . . . , am}.

■ The set J is finite and S∗ =
⋃

j∈J Lj and the quantity∑
j∈J

E
sg
2 (γj)H

1(Lj)

is globally minimizing.

In the context of the last item, the precise meaning is that∑
j∈J

E
sg
2 (γj)H

1(Lj) minimizes
∑
i∈I

E
sg
2 (fi)H

1(Ki)

among all configurations of closed straight line segments (Ki)i∈I and
topological charges (fi)i∈I ⊂ C(S1,N) satisfying the following conditions:
I is finite; each Ki has a positive length; the interiors of the segments
are pairwise disjoint; K =

⋃
i∈I Ki is a compact subset of Ω and K ∩ ∂Ω

is a finite set of points; ∂K ⊂ ∂Ω, in particular, the endpoints only exist
outside Ω; there exists a continous map v : Ω \ (K ∪F ) → N , where F is
a locally finite subset of Ω \K, such that tr∂Ω(v) = g and v restricted to
small circles transversal to Ki is, up to orientation, homotopic to fi and
we say that S∗ solves a homotopical Plateau problem in codimension 2.

17



18 Chapter 1: Introduction

The fact that Dun is continuous in Theorem 1.4.4 is a folklore result
that deserves a dedicated proof which is an ungoing project.

We note that this second 3d results does not identify a functional,
such as a renormalized energy, that the map u∗ is globally minimizing;
this contrasts with the 2d cases. We record that in the case of the circle
(which is not covered by our result) one has been proposed [7].

1.4.3 Comparison with existing results in the litterature

In our setting of trace constrained p−harmonic mappings with p ↗ 2,
we record the results of Hardt and Lin [39] [46]. In dimension 2, our
results are the same, as already mentioned. In the case N = S1, they
obtain a version of Theorem 1.4.1 with optimal C1,α convergence away
from the singularities and they show that no collision of singularities
occur with the boundary in the limit. This is strongly related to the
choice of N = S1 and is not possible to exclude in general [55, Sec. 6].

In dimension 3, we write their result, that they are able to extend
to mappings un : Bm+k → Sk−1 in higher dimensions, and which is very
close to Theorem 1.4.2.

Theorem 1.4.5. Let Ω ⊂ R3 be a smooth open domain. Let N = S1.
Let Γ ⊂ ∂Ω be a finite set. Let g : ∂Ω \ Γ → S1 be a smooth map outside
Γ. Along a subsequence,

(2− pn)
|Dun|pn
pn

dH3 n→+∞−−−−−→ µ∗

weakly∗ as measures on Ω.
We have that µ∗ is the supporting measure of a 1−dimensional current

C on Ω which is area minimizing and whose boundary is Γ.

While varifolds are the measure theoretic generalization of surfaces,
currents are the distributional extension of the concept of orientable
embedded manifold. A k-current is a linear map on k-forms on Ω. Stokes’
theorem allows one to define the boundary.

The assumptions of Theorem 1.4.5 are disjoint with our hypothesis of
finite fundamental group; indeed π1(S1) = Z is a infinite Abelian group.
However, to our understanding, no second order convergence in that case
is described there.

Though, Daniel Stern [73] proves the following:

Theorem 1.4.6. Let M be a closed Riemannian m-dimensional manifold.
Let N = S1. Let un be a sequence of stationary pn-harmonic maps such

18



1.5. Ginzburg-Landau approach 19

that pn ↗ 2. Along a subsequence,

(2− pn)
|Dun|pn
pn

dHm n→+∞−−−−−→ µ∗

weakly∗ as measures on M and µ∗ decompose in the supporting measure
of a stationary (m− 2)-dimensional varifold V and |h|2 dHm where h is
a harmonic 1-form.

Moreover, if the first homology space is trivial, i.e. H1(M,R) = {0}, or
if supn ∥dun∥L1(M) <∞, then, along a subsequence, the maps un converge
weakly in Ẇ1,q(M) for all q ∈ (1, 2), and strongly in Ẇ1,2

loc (M \ spt(V )),
to a limiting map u∗ ∈

⋂
q∈(1,2) Ẇ

1,q(M,S1) that is harmonic away from
spt(V ) ⊂M .

Stationary p−harmonic mappings u ∈ Ẇ1,p(M,N) are mappings with
divergence-free stress-energy tensor, cfr Theorem 1.3.5. The framework
of Stern does not face any topological obstruction in the sense that
Ẇ1,2(M,S1) is not an empty space. Minimizing p−harmonic mappings
turn out to be constant in his setting. Therefore, Stern shows that there
exist nontrivial sequences of stationary pn−harmonic mappings so that
one deduces that the varifold is not trivial.

In fact, we are allowed to hope that it should be possible to produce
first order convergence results for manifold N with Abelian π1(N) [25]
which would cover all the Lie groups as we know that for k ∈ N, π2k+1(G)
is a free Abelian group and π2k(G) = {0}, cfr [52, Thm 2.7]. There exist
manifolds N carrying noncommutative and nonfinite fundamental group
π1(N): the Klein bottle K is an example which is also a closed compact
2d−surface; π1(K) = ⟨a, b | aba−1b⟩. This means that a general result
covering all compact manifolds, whatever the topology of it, is still an
open topic.

1.5 Ginzburg-Landau approach

Concerning the two problems which motivated our study, cfr (1.1.3)
and (1.1.4), the former approach to tackle the nonemptiness of the
Ẇ1,2−class was to remove the constraint and penalize that the maps
leave the constraint N . In the context of the extension problem (1.1.3),
for g ∈ Ẇ1/2,2(∂M,N). Let ϵ > 0 and minimize for u ∈ W1,2(M,Rν) the
Ginzburg-Landau functional

(1.5.1) Gϵ(u)
.
=

ˆ
M

|Du|2

2
+
F (u)

ϵ2

19



20 Chapter 1: Introduction

under the constraint tr∂M u = g where F : Rν → [0,+∞) is such that
F−1(N) = {0}. Recall that we have assumed an isoperimetric embed-
ding: N ⊂ Rν and minimizers of (1.5.1) will generally depend on the
embedding and the chosen function F ; see the QF (u) below in Theorem
1.5.1(iii). Examples of typical functions F are F (u) = dist(u,N)2 and
for N = S1, F (u) = (1 − |u|2)2/4 which is the historical example [15].
Typically F is not convex so that the problem (1.5.1) is not convex; for
the p−harmonic setting the energy W1,p(u; Ω) is convex and the noncon-
vexity of the problem comes from the constraint. Let us mention that for
the construction of global section ΓẆ1,2 , if the considered bundle N is
a principal G-bundle, one uses the construction of the associated vector
bundle and produces an example similar to (1.5.1), cfr [41].

In dimension 2, let us quote the result covering the most general
manifold. It is a second order convergence result.

Theorem 1.5.1. Let Ω ⊂ R2 be a Lipschitz domain. Let N be a compact
Riemannian manifold isometrically embedded in Rν . Let F : Rν → [0,∞)
be a continuous map comparable to dist(·, N)2 near N ⊂ Rν . Let g ∈
Ẇ1/2,2(Ω, N). If un ∈ Ẇ1,2(Ω,Rν) satisfies tr∂Ω un = g for all n and

(1.5.2) Gϵn(un; Ω)− inf

{
Gϵn(u∗; Ω) :

v ∈ Ẇ1,pn(Ω;N)
tr∂Ω v = g

}
n→∞−−−→ 0,

then, passing to a subsequence, un converges strongly in W1,1 to a limit
map u∗ ∈ W1,1(Ω;N) with tr∂Ω u∗ = g satisfying

(1.5.3) u∗ ∈ Ẇ1,2
(
Ω \

κ⋃
i=1

B(ai, ρ);N
)

for all ρ > 0,

where κ ∈ N and a1, . . . , aκ ∈ Ω. Moreover, for all ρ > 0 sufficiently
small,

(i) u∗ is a minimizing 2-harmonic map on Ω\
⋃κ

i=1 B2(ai, ρ) with respect
to its own boundary conditions,

(ii)
ˆ
Ω\

⋃κ
i=1 B2(ai,ρ)

|Du∗ −Dun|2 dx
n→∞−−−→ 0,

(iii) u∗ is renormalizable, i.e. E1,2
ren(u∗) is finite, cfr (4.1.8). We moreover

have

lim
n→∞

[
Gϵn(un; Ω)− E1,2

sg (g) log
1

ϵn

]
= E1,2

ren(u∗)

+ lim
δ→0

QF (trS1 u(ai + δ·))κi=1,

20



1.5. Ginzburg-Landau approach 21

where QF (trS1 u(ai + δ·))κi=1 depends only on F and (trS1 u(ai +
δ·))κi=1,

(iv) lim
n→0

ˆ
Ω

F (u)

ϵ2n
= 0,

(v) lim sup
n→+∞

W1,(2,∞)(un; Ω) is finite,

(vi)
|Dun|2

2 log 1
ϵn

dL2 n→+∞−−−−−→
κ∑

i=1

λ(γi)
2

4π
δai weakly∗ as measures.

Theorem 1.5.1 in this form is due to Monteil, Rodiac and Van
Schaftingen [54]. It is a generalization of several previously known
results which would be difficult to exhaustively quote. So let us mention
the historical book [14] and the more recent work [6] summarizing all the
ideas. The term QF (trS1 u(ai + δ·))κi=1 in (iii) is a sum over i = 1, . . . , κ
of QF ([trS1(ai + δ·)]) where for a closed geodesic γ ∈ C1(S1,N)

QF ([γ])
.
= lim

R→∞
inf

{
Gϵ(v;B

2
R)
∣∣
ϵ=1

:
v ∈ W1,2(B2

R,R
ν)

trS1 u(R·) = γ

}
− λ(γ)2

4π
logR.

When F (u) = (1− |u|2)2/4 and N = S1, this last quantity is refered to
as “γ/π” in the litterature where γ is a number, cfr [14, Lemma IX.1].

The boundedness described by (v) is an integrability result comparable
to (1.4.9), the weak Lp-bound in 2d. One indeed has for each q ∈ [1, 2)

(1.5.4)
ˆ
Ω
|Du|q ≤ C

2− q

(
W1,(2,∞)(u; Ω)

) q
2 ,

where C > 0 depends only on H2(Ω). Its first appearance in the literature
is in the case N = S1 [70]. A result such as (v) is not possible in the
framework of Theorem 1.4.1 as we look at almost minimizers (1.4.5).
For minimizing p−harmonic map however we don’t know if (v) holds;
it would sharpen the bound (1.4.9) and shed light on the integrability
result mentioned in Theorem 1.3.3.

The first order convergence (vi) is very comparable to (1.4.11).

1.5.1 The case of the circle

In the case of the circle, N = S1, one can be more precise. For instance
one can write a formula for the limit u∗ [14]. See [6] for a condensed 2d
gamma convergence approach. Also, quantitative estimates are available
for the convergence of the singular points [44] coded by Dirac masses
which is a feature that we don’t see in the p−harmonic setting for general

21



22 Chapter 1: Introduction

manifold N . Another feature one would like to see for the p−harmonic
setting is the equipartion of the energy. In [66], it is explained that if
uϵ : Ω ⊂ R2 → R2 is an ϵ−minimizer of the Ginzburg Landau functional
(1.5.1), then for all h ∈ S1,

(1.5.5) lim
ϵ→0

1

log 1
ϵ

ˆ
Ω

|Duϵ[h]|2

2
=

1

2
× lim

ϵ→0

1

log 1
ϵ

ˆ
Ω

|Duϵ|2

2
.

1.5.2 Higher dimensions

In higher dimensions, at the level of first order results we mention the
results of [25]; they work with an Abelian π1(N). It is shown there that

Theorem 1.5.2. Let Ω ⊂ Rd be an open Lipschitz domain. Let g ∈
Ẇ1/2,2(∂Ω, N). If uϵ ∈ Ẇ1,2(Ω,Rν) minimizes Gϵ(u) for ϵ > 0, then the
measures

µϵ = (
|Duϵ|2

2
+
F (uϵ)

ϵ2
)
dHd

log 1
ϵ

converge weakly∗ along a subsequence to the supporting measure µ∗ of a
flat chain S∗ minimizing the area in its homology class.

We refer to the precited paper for the vocabulary employed here: flat
chains are neither varifold or currents but manifold carrying a multiplicity
with values in a group; here the group is π1(N). We stress that again
the object in the limit is area minimizing in some sense. Here the word
“homology” refers to the fact that the area (or mass) is minimized among
boundary perturbations: M(S) ≤ M(S + ∂R) for all R. Concerning the
Abelianity of the π1(N), we quote the authors [25, Introduction]:

“Unfortunately, the very statement of [our] Theorem does
not make sense in the non-Abelian setting, because homology
requires the coefficient group to be Abelian.”

We record that, in the case of finite π1(N), our Theorem 1.4.2 in the
p↗ 2–setting overcomes this difficulty in 3d. In general –meaning p↗ 2
in any dimension– however, we seem to lack of vocabulary to even describe
what would be the limiting object S in the non-Abelian setting.

Concerning second order results the circle is covered in any dimension
[65][47][11].

Theorem 1.5.3. Let Ω ⊂ Rd, d ≥ 3 be an open Lipschitz domain.
Take F (u) = (1 − |u|2)2/4. Let g ∈ Ẇ1,2(∂Ω,S1). If uϵ ∈ Ẇ1,2(Ω,R2)
minimizes Gϵ(u) of trace g for ϵ > 0, then along a subsequence ϵn → 0
there exists u∗ ∈ Ẇ1,1(Ω,S1) of trace g,

22



1.5. Ginzburg-Landau approach 23

(i) uϵn → u strongly in W1,1(Ω,R2),

(ii) There exists a closed singular set S ⊂ Ω̄ of finite (d− 2)-Hausdorff
measure which is the support of µ∗ such that, for every k ∈ N,
uϵn → u∗ in Ck

loc(Ω \ S∗,R2) ,

(iii) µ∗ is the supporting measure of a stationary varifold,

(iv) sup
n

ˆ
Ω
|Duϵn |

d
d−1 is finite,

(v) sup
n

ˆ
K
|Duϵn |q is finite for every q ∈ [1, 2) and every compact K ⊂

Ω.

The estimate (iv) is optimal [16, Section 9]; it is one of the huge
differences with the p−harmonic setting. The difference between (iv) and
(v) is that the boundary is not covered.

Concerning other manifolds, not much is known in terms of second
order analysis. In dimension 3, [22] writes it for specific models of the
projective plane and a specific choice of f which inspired our work in
3d in the form of Theorem 1.4.1. We note that the fundamental group
of the projective plane RP2 is the two-element Abelian group Z2 at the
intersection of the two covered settings. The work [22] does not contain
anything about integrability, corresponding to the two last estimates of
Theorem 1.5.3.

1.5.3 Bundle setting

In the Ginzburg-Landau case, answers in the case of principal U(1)-can be
given. The litterature covers two cases : on the one side, one can perform
a double minimization on sections and on connections on the bundle [60,
23, 61]. We describe the fixed connection setting as the function (1.5.1)
is unchanged. If one minimizes also on the connection, a L2-curvature
term is often added, properly multiplied by a power of ϵ2. The following
theorem covers the problem of global sections [41][35].

Theorem 1.5.4. Let M2 be a closed Riemannian surface. Let L be a
2−dimensional line bundle over M2 with Hermitian complex structure
and Riemannian structure gL : TL × TL → R. Fix a connection A on
L acting by DAu = du+ Au on local sections u : M2 → L. If for each
ϵ > 0, uϵ ∈ Γ

W1,2
A
(M2, L) is a minimizer of

Gϵ(u)
.
=

ˆ
M

|DAu|2

2
+

(1− gL(u, u))
2

4ϵ2
,
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24 Chapter 1: Introduction

then, there exist a subsequence uϵn → u∗ a.e. and a set of d = |χ(L)|
points a1, . . . , ad ∈M2 where χ(L) is the Euler characteristic of L such
that

■ Gϵn(uϵn)−π|χ(L)| log
1

ϵn
−|χ(L)|γ n→∞−−−→ E1,2

ren(u∗) where E1,2
ren(u∗) =

lim
ρ→0

ˆ
M2\

⋃d
i=1 B(ai,ρ)

|DAu∗|2

2
− π|χ(L)| log 1

ρ
,

■ sup
n

ˆ
M2

|DAuϵn |q is finite for each q ∈ [1, 2),

■ uϵn → u∗ in ΓCk(M2 \ {a1, . . . , ad}, L) for all k ∈ N,

■ the points a1, . . . , ad minimize W(b1, . . . , bd) = inf E1,2
ren(v) where

the infimum is taken over the v which are sections smooth outside
b1, . . . , bd ∈M2.

Line bundles are 2d real vector spaces attached to the manifolds with
a complex structure. Classical examples are the tangent and cotangent
bundles. They are numbered by the second homology group H2(M2,Z)
through the homology class of the curvature KA = dA; the integral of
the curvature is a multiple of the Euler characteristic. We point out that
[41] is a Γ-convergence result which go beyond the connection framework
and explore other derivations than the connection DA. If M2 = S2 and
L = TS2, it can be shown that u∗ has two singularities a1, a2 ∈ S2

which are diametrically opposed points on S2. For instance if L = TS2

then χ(TS2) = χ(S2) = 2 is the classical Euler characteristic we deduce
that the canonical replacement to the absence of global section of unit
norm (cfr (1.1.4)) is a two-defect section. However there is no canonical
section as the problem of limiting renormalized canonical sections is in
general not unique, cfr [41, Ex. 6.7]. We note that [35, Thm 2] describe
placement of singularities when |χ(L)| ≠ 2. For a general fiber bundle we
expect the Euler characteristic to be replaced by some kind of singular
energy of the fibered bundle.

1.6 Area–type energies

The preceding sections are devoted to the Dirichlet energy appearing in
(1.1.3) and (1.1.4). To produce a distinguished representative, one could
be tempted to directly minimize the equivalent of the length (1.1.1) in
higher dimension which is the area of the graph of maps u : M → N .
As this section will aim to demonstrate, the frontiers of mathematical
knowledge have not yet progressed sufficiently or the faced problems
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described hereafter are simply ill-posed: in addition to topological condi-
tions, one encounters obstructions of analytical nature, in the sense that
it is even difficult to make sense of the problem itself using the tools of
contemporary analysis.

We will directly discard the pullback by u of the volume for of M
which, in dimension 1, gives the length. Indeed if u : B2 → S1 is C1 then
pointwise detDu = 0. So, one has to look for suitable relaxation of the
Jacobian determinant detDu: in dimension 2, for p ∈ (1, 2),
(1.6.1)

TV(u;B2)
.
= inf

lim inf
n→∞

ˆ
B2

| detDun| :
un ∈ W1,2(B2;R2)

un → u
W1,p(B2,R2)− weakly

 .

The sequence is taken in W1,2(B2;R2) to make sense of the integral as, if
u ∈ W1,2(B2;R2),

(1.6.2) | detDu| ≤ |Du|2

2
.

In fact, by a suitable integration by part one can give a meaning to detDu
in a distributional sense and write a representation formula for TV(u;B2)
for many maps in W1,p(B2,R2). We have written the relaxation with
the weak–W1,p convergence because in that case one has representation
formulas in contrast with a strong−L1 relaxation. We write here a corol-
lary of [31], relying on the regularity theory of minimizing p−harmonic
mappings (see Theorem 1.3.4).

Theorem 1.6.1. Let p ∈ (1, 2). If u ∈ Ẇ1,p(B2,S1) is a minimizing
p−harmonic map of continous trace trS1 u, then

TV(u;B2) = π
k∑

i=1

| deg(u, ai)|,

where a1, . . . , ak ∈ B2 are the singularities of u (cfr Theorem 1.3.4).

As a corollary, the vortex map uV(x) = x
|x| satisfies TV(uV;B2) = π.

While the total variation of the Jacobian determinant has received some
attention, it lacks of coercivity: the fact that sequences of bounded
total variations of the Jacobian variation admit a weakly converging
subsequence in any reasonable topology.

Also, it is, as the Ginzburg-Landau energy, of extrinsic character. For
a circle valued u ∈ Ẇ1,p(B2,S1) the sequence in the definition 1.6.1 is
taken in the Euclidian space R2.
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First we note that in dimension 1,

(1.6.3) inf


ˆ

S1

√
1 + δ2| ˙̃γ|2 − 1

δ2
: γ̃ ∈ Ẇ1,1(S1, N) γ̃ ∈ [γ]


is, when δ = 1, the length of the graph of γ; for every δ > 0, it is equal
to the quantity (1.1.2). Therefore in dimension 1 the 3 problems (1.1.2),
(1.1.1) and (1.6.3) are equal.

If u : Ω ⊂ Rd → N , the area of its graph can be shown to be

(1.6.4)
ˆ
Ω

√
det(I + δ2DutDu),

it corresponds when δ = 1 to the pullback of the volume form of Ω× Rd

by (u(x), x). The Cauchy–Binet formula [34, Ex. 3 p. 80] allows us
to write the argument of the square root as a sum of the squares of all
k × k-subdeterminants of Du, k ∈ {1, . . . , d}, meaning that

det(I + δ2DutDu) = 1 + δ2|Du|2 + nonnegative multilinear terms.

In particular it is coercive: a sequence of bounded area will have finite
uniformaly bounded Ẇ1,1–energy; we will come back to this fact. If
d = 2, the multilinear terms are all the square of the 2 × 2 minors of
Du. For mappings u : B2 → R2, δ4(detDu)2 is the only multilinear term.
When d = 2, using (1.6.2), we get a finite area (1.6.4) for Ẇ1,2(B2,Rν)
mappings.

Again, one is led to study a relaxed area functional: for u : Ω → N ,

Aδ,L1(u; Ω)
.
= inf

{
lim
n→∞

ˆ
Ω

√
det(I + δ2DutnDun) :

un ∈ C1(Ω,Rν)
un → u ∈ L1(Ω,Rν)

}
.

This definition of relaxed functional with L1−convergence is motivated by
the fact that it defines an L1−lower semicontinous functional which is one
on the crucial blocks for existence of minimizers by the direct method.

The domain i.e. the set of maps for which Aδ,L1(u; Ω) is finite is
not known. As the following theorem shows, the domain of Aδ,L1(u; Ω)

contains at least one map belonging to Ẇ1,p(B2,S1), p < 2 but not
Ẇ1,2(B2,S1).

Theorem 1.6.2. If uV(x) = x
|x| for x ∈ B2 is the vortex map, then

Aδ,L1(uV;B2) is finite and can be computed for all δ > 0 [10]. If δ is
sufficiently small [2],

(1.6.5) Aδ,L1(uV;B
2) =

ˆ
B2

√
1 + δ2|DuV|2 + π.
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The contribution of [10] is the fact that for all δ > 0,

Aδ,L1(uV;B
2) =

ˆ
B2

√
1 + δ2|DuV|2 + “some Plateau problem”

and a precise description of the second term. The highest threshold δ0 > 0
for which δ ∈ (0, δ0) implies (1.6.5) is not known. Though the estimate
δ0 < 2 is known. One notes that, since in 2d, |DuV|(x) = |x|−1, the
integral in (1.6.5) can actually be further simplified using the fundamental
theorem of calculus.

It seems that the study of the area functional in its L1−relaxation
shape is quite difficult. If one was to provide yet another argument in
addition to the result given above, we would say that the functional does
not even satisfy the reasonable condition of subadditivity on its domain in
dimension d ≥ 3. If one takes a slightly stronger topology, namely strict
convergence of mappings of bounded variations, the situation becomes a
bit less cloudy; we however lose the natural lower semicontinuity property.
We only quote here the 2d case [9] while higher dimensions are available
[28, 2].

Theorem 1.6.3. If γ ∈ C1(S1,R2), define u(x) = γ( x
|x|), x ∈ B2 and

(1.6.6) Aδ,BV(u;B
2) = inf

{
lim
n→∞

ˆ
B2

√
det(I + δ2DutnDun) :

un ∈ C1(Ω,Rν)
un → u ∈ L1(B2,Rν)´

B2 |Dun| →
´

B2 |Du|

}
,

then for all δ > 0

(1.6.7) Aδ,BV(u;B
2) =

ˆ
B2

√
1 + δ2|Du|2 + π| deg γ|.

While Aδ,L1(u,Bd) is coercive and weakly lower semicontinuous, a
sequence un : Bd → Rν of uniformly bounded Aδ,L1(un,Bd) is precompact
in ḂV(Bd,Rν), the space of mappings of bounded variations whose gradi-
ent is a measure and to our knowledge we are not able to give a meaning
to Aδ,L1 unless we neglect the determinant terms as we will do in the
next section.

1.6.1 The codimension 1 area functional

Faced with all these difficulties, let us introduce the following approxima-
tion of the area:

(1.6.8) A1
δ(u; Ω)

.
=

ˆ
Ω

√
1 + δ2|Du|2.
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28 Chapter 1: Introduction

It is defined for all u ∈ Ẇ1,1(Ω, N) and corresponds to an area, that of
the graph (x, |u|(x)), which loses its geometric flavor. If we introduce its
natural L1 relaxation:
(1.6.9)

A1
δ(u; Ω)

.
= inf

{
lim
n→∞

ˆ
Ω

√
1 + δ2|Dun|2 :

un ∈ C1(Ω,Rν)
un → u in L1(Ω,Rν)

}
.

The computation of the relaxation of A1
δ(u; Ω) is a classic result in the

theory of functionals with linear growth. We are interested in a Dirichlet
type problem; therefore we restrict our attention to a fixed trace problem.
Take g : ∂Ω → N an integrable map and define
(1.6.10)

A1
δ,g(u; Ω)

.
= inf

 lim
n→∞

ˆ
Ω

√
1 + δ2|Dun|2 :

un ∈ Ẇ1,1(Ω,Rν)
tr∂Ω un = g

un → u in L1(Ω,Rν)

 .

We recall that by Theorem 1.2.3 there exists u ∈ Ẇ1,1(Ω,Rν) such that
tr∂Ω u = g.

Theorem 1.6.4. The domain of A1
δ,g(·; Ω) and A1

δ(·; Ω) are the mappings
u : Ω → Rν of bounded variations denoted ḂV(Ω,Rν). Moreover, if
u ∈ ḂV(Ω,Rν),

(1.6.11) Aδ,g(u,Ω) =

ˆ
Ω

√
1 + δ2|Dau|2

+ δ|Dsu|(Ω) + δ

ˆ
∂Ω

|tr∂Ω u− g|dH1

where Du = DauLd+Dsu is the Lebesgue decomposition of the differential.

The functional is lower semicontinuous. However, aside from the
fact that this functional is not intrinsic when restricted to mappings
Ω → N ⊂ Rν , we face a new problem that we would have also had for the
other area functions: the non attainment of boundary values. If one takes
a minimizing sequence of A1

δ,g(·; Ω), one obtains a generalized minimizer
u ∈ ḂV(Ω,Rν) satisfying for all v ∈ ḂV(Ω,Rν)

(1.6.12) A1
δ,g(u; Ω) ≤ A1

δ,g(v; Ω).

This does not imply that tr∂Ω u = g and in fact the two last terms are not
strictly convex: this confers to the question of uniqueness of generalized
minimizers a nontrivial taste. Here is a positive result [8].

Theorem 1.6.5. Let Ω ⊂ Rd be a Lipschitz domain. Let g ∈ L1(∂Ω,Rν).
Any generalized minimizer u ∈ ḂV(Ω,Rν) satisfying (1.6.12) satisfies
u ∈ Ẇ1,1(Ω,Rν) and |Du| log(1 + |Du|2) is locally integrable in Ω.
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Theorem 1.6.5 tells us that we may discard the singular part of the
gradient in 4.2.42 for generalized minimizers. The method of proof is based
on finite differences and makes it unsuitable for manifold constrained
mappings. Concerning nonuniqueness, the authors show that there exist
u0 ∈ ḂV(Ω,Rν) and h ∈ Rν such that all generalized minimizers write
u0 + th for some t ∈ [−1, 1].

1.6.2 Asymptotic analysis

If we were to summarize the previous sections, we would say that the
codimension 1 area functional is arguably the easiest to understand
despite everything we have described. We have also seen that when δ > 0
is small, one can expect better behavior of the graph’s area. Moreover,
one observes that

(1.6.13) fδ(z)
.
=

√
1 + δ2|z|2 − 1

δ2
δ→0−−−→ |z|2

2
.

In collaboration with Christopher Irving, in the 2d setting, we have
given this limit a formal meaning, cfr Theorem 1.7.1 below. This therefore
supports the fact that the area behaves better when δ > 0 is small.

1.7 Universality, nonlocal energies and other functionals

In fact we prove, the following universality result.

Theorem 1.7.1. Let (fn : [0,+∞) → [0,+∞))n be a sequence of convex
function converging pointwise to |z|2/2. Let us assume that

(1.7.1) t ∈ [0,+∞) 7→ fn ◦
√
t is concave

and that the vortex energy

(1.7.2) V(fn)
.
=

1

π

ˆ
B2

fn(|DuV|)

is finite. Suppose (un)n ⊂ Ẇ1,1(Ω;N) is an asymptotically minimizing
sequence in the sense that tr∂Ω un = g for all n and
(1.7.3)ˆ

Ω
fn(|Dun|) dx− inf

{ˆ
Ω
fn(|Dv|) dx :

v ∈ Ẇ1,1(Ω;N)
tr∂Ω v = g

}
n→∞−−−→ 0.

Then, passing to a subsequence, un converges strongly in Ẇ1,1 to a limit
map u∗ ∈ Ẇ1,1(Ω;N) with tr∂Ω u∗ = g satisfying

(1.7.4) u∗ ∈ Ẇ1,2
(
Ω \

κ⋃
i=1

B(ai, ρ);N
)

for all ρ > 0,
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where κ ∈ N and a1, . . . , aκ ∈ Ω. Moreover, for all ρ > 0 sufficiently
small,

(i) u∗ is a minimizing harmonic map on Ω \
⋃κ

i=1 B2(ai, ρ) with respect
to its own boundary conditions,

(ii)
ˆ
Ω\

⋃κ
i=1 B2(ai,ρ)

fn(|Du∗ −Dun|) dx
n→∞−−−→ 0,

(iii) u∗ is renormalizable and we have

lim
n→∞

[ˆ
Ω
fn(|Dun|) dx− V(fn)E

1,2
sg (g)

]
= E1,2

ren(u∗) + H([u∗, ai])
κ
i=1,

where V(fn)
.
=

1

π

ˆ
B2

f(|DuV|) is the vortex energy.

Theorem 1.7.1 is a generalization of Theorem 1.4.1 concerning p−har-
monic maps. It also covers the area (1.6.13). Theorems 1.4.1 and 1.5.3
suggests that a harmonic extension of Dirichlet data in dimension 2d is
achieved by minimizing the renormalized energy; here, we support this
fact by arguing that this renormalized limit does not depend on the way
it is approached, which gives it a universal character. While the convexity
assumption of (fn)n seems natural, as does the assumption of having the
vortex within the domain of the functional cfr (1.7.2), we do not know
whether the condition of being sub-quadratic (1.7.1) is optimal. Our
result also supports nonstrictly convex functionals such as

fn(z) =

{
1
2 |z|

2 if |z| < κn,
κn(|z| − κn/2) if |z| ≥ κn

where κn → +∞.

Let us note here that the working assumption (1.7.3), which deals with
asymptotic minimizers, saves the result from covering only the empty
set in this latter case, since—as mentioned in the previous section—the
minimizers do not always reach their boundary data. Of course, this
result would deserve a BV case, but the essential ingredients to provide
a proof with our method, namely a density theorem for smooth maps
away from points, are not available in the case of mappings of bounded
variations valued in a manifold.

Let us nuance the universal nature of the above theorem, as not all
minimization problems take the canonical form

inf

{ˆ
Ω
fn(|Dv|) dx :

v ∈ Ẇ1,1(Ω;N)
tr∂Ω v = g

}
.
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For example, still in dimension 2, one could study the fractional
Sobolev spaces through

Ws,p(u; Ω)
.
=

¨
Ω×Ω

distN (u(y), u(x))p dx dy

dist∂M (x, y)sp+dim(Ω)

as (s, p) → (1, 2) with sp < 2 [7]. These energies also measure the
oscillation of the function, as the integral of the gradient does, but in
a way that is not local: changing the value in a small neighborhood of
a point modifies the integrand over a large portion of the interaction
domain. Of course, one could also study the case where the domain is
the “complement of the complements”

(R2 × R2) \
(
(R2 \ Ω)× (R2 \ Ω)

)
,

which contains the Cartesian product Ω× Ω and, from our perspective,
would probably make the definition of boundary values simpler. In
general, one can ask the question of a result similar to Theorem 1.7.1 for
Bourgain-Brezis-Mironescu-type functionals [17], such as

Bϵ(u; Ω)
.
=

1

ϵd+2 log 1
ϵ

¨
Ω×Ω

ρ
( |x− y|

ϵ

)
|u(x)− u(y)|2 dx dy ϵ > 0

where ρ : [0,+∞) → [0,+∞) is integrable. When N = S1 this has been
implemented at first order but in any dimensions by Margherita Solci
[72]. Here we state a corollary in our terms.

Theorem 1.7.2. Let Ω ⊂ Rd be an open Lipschitz domain. Let g :
Rd \ Ω → S1. For ϵ > 0, let uϵ be such that in Rd \ Ω, uϵ = g. Assume
ρ ≥ ρ0 > 0 in a neighborhood of the origin. If uϵ is an almost minimizer
of Bϵ(u; Ω) then there exists a sequence (uϵn)n such that the Jacobian
determinant of the piecewise affine interpolation of means on cubes of
size ϵn of uϵn converges in flat norm to an integral (d− 2)−current which
is mass (or area) minimizing.

We refer to the aforementioned paper for the vocabulary used here, as
well as for the notion of convergence. The point is that the convergence
is not easy to describe. The author relies, in fact, on a comparable result
in a discrete context [3]. There, among the studied functionals, we record

(1.7.5) Xϵ(u)
.
=

1

log 1
ϵ

∑
i∼j

|u(ϵi)− u(ϵj)|2

2

where u : ϵZd ∩ Ω → S1 and i ∼ j means that i, j ∈ Zd are neighbors
on the grid: the distance between them is of one unit. In fact, in 2d,
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32 Chapter 1: Introduction

in [26], the authors are able to write a second convergence result for
a cousin functional of (1.7.5), having as domain sections of a principal
U(1)-bundle defined on the vortices of a suitable triangulation converging
to a minimizer of a renormalized energy. Roughly speaking, one could
say that it is a discrete cousin of Theorem 1.5.4.

Let us also mention an approach inspired by homogenization and the
Ginzburg-Landau functional [4], where the authors study

Hϵ(u; Ω)
.
=

1

log 1
ϵ

ˆ
Ω
a

(
x

δϵ

)
|Du(x)|2

2
+
F (u(x))

ϵ2
dx

in the case N = S1 and in dimension 2, and demonstrate first-order
convergence. One can also synthetize the Ginzburg-Landau functional
and fractional energies [5].

Similarly, in [30], the authors define, also in the case of the circle
and on two-dimensional domains, for all u ∈ ˙SBV(Ω,R2) (the set of
special mappings of bounded variations carrying only a jump part in their
singular part whose support is denoted Ju),

F(u) =
1

log 1
ϵ

ˆ
Ω

|Dau|2

2
+

H1(Ju)

ϵ

where Dau is defined as in Theorem 1.6.4. They provide first order
Γ-convergence results.

We conclude this section on functionals converging to the Dirichlet en-
ergy by mentionning the result of [33] where a direct variational approach
is given in the context of circle valued mappings.

1.8 Organization of the present thesis

Aside from the introduction, this thesis comprises four chapters, which
are scientific articles written during the course of the doctoral program.
Their format was designed for publication in specialized mathematics
journals.

The first chapter consists in

J. Van Schaftingen and B. Van Vaerenbergh. “Asymptotic
behavior of minimizing p-harmonic maps when p ↗ 2 in
dimension 2”. English. In: Calc. Var. Partial Differ. Equ.
62.8 (2023). Id/No 229, p. 45

A detailled form of Theorem 1.4.1 is proven. In the second chapter we
reproduce
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B. Bulanyi, J. Van Schaftingen, and B. Van Vaerenbergh.
“Limiting behavior of minimizing p-harmonic maps in 3d as p
goes to 2 with finite fundamental group”. English. In: Arch.
Ration. Mech. Anal. 249.3 (2025). Id/No 29, p. 103

where the results of Section 1.4.2 are gathered. In

C. Irving and B. Van Vaerenbergh. Universality of renormal-
isable mappings in two dimensions: the case of polar convex
integrands. Preprint, arXiv:2411.17520 [math.AP] (2024).
2024

the universality result Theorem 1.7.1 is derived. Finally in the fourth
chapter, the extension result

J. Van Schaftingen and B. Van Vaerenbergh. Extensions of
traces for Sobolev mappings into manifolds at the endpoint
p = 1. 2025

mentioned in Theorem 1.2.3 is explained as well as many variants.
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Asymptotic behavior of
minimizing p-harmonic
maps when p ↗ 2 in
dimension 2

2

Abstract. We study p–harmonic maps with Dirichlet
boundary conditions from a planar domain into a general
compact Riemannian manifold. We show that as p ap-
proaches 2 from below, they converge up to a subsequence
to a minimizing singular renormalizable harmonic map.
The singularities are imposed by topological obstructions
to the existence of harmonic mappings; the location of the
singularities being governed by a renormalized energy. Our
analysis is based on lower bounds on growing balls and
also yields some uniform weak-Lp bounds (also known as
Marcinkiewicz or Lorentz Lp,∞).

2.1 Introduction and main results

Given a bounded Lipschitz planar domain Ω ⊂ R2, a Riemmanian man-
ifold N ⊂ Rν , and g ∈ W 1/2,2(∂Ω,N), a minimizing 2-harmonic map
u ∈ W 1,2(Ω,N)

.
= W 1,2(Ω,Rν) ∩ {for a.e. x ∈ Ω, u(x) ∈ N} is a mini-

mizer of

(2.1.1) inf

{ˆ
Ω

|Du|2

2
:
u ∈W 1,2(Ω,N)

tr∂Ω u = g

}
.

If W 1,2
g (Ω,N)

.
=W 1,2(Ω,N) ∩ {tr∂Ω u = g} contains at least one map, a

minimizer does exist by the direct method of the calculus of variations.
However in general due to topological obstructions [4][38, Section 6.3], it
can be that W 1,2

g (Ω,N) = ∅ when N is not simply connected.
Meanwhile, when p ∈ (1, 2), minimizing p-harmonic map up ∈

W 1,p(Ω,N), i.e. minimizers of

(2.1.2) inf

{ˆ
Ω

|Du|p

p
:
u ∈W 1,p(Ω,N)

tr∂Ω u = g

}
This chapter originally appeared as J. Van Schaftingen and B. Van Vaerenbergh.

“Asymptotic behavior of minimizing p-harmonic maps when p ↗ 2 in dimension 2”.
English. In: Calc. Var. Partial Differ. Equ. 62.8 (2023). Id/No 229, p. 45
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40 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

always does exist. This follows by an extension theorem of Robert Hardt
and Fang-Hua Lin [20] (see proposition 2.1.1 below) that asserts the
existence of a least one map realizing the constraints. Following Hardt
and Lin [21] (see also Daniel Stern [37]) in the case of the circle N = S1,
we want to construct 2-harmonic mappings as the limit of p–harmonic
maps as p ↗ 2 for a general manifold. Other non-simply connected
targets for harmonic mappings appear in several contexts: projective
plane in liquid crystal models [10, Section 1.A], the group of rotations in
elasticity (Cosserat materials) [32] and quotient of the group of rotations
by discrete subgroups in computer graphics (frame fields) [2, 25].

We point out that by the embedding theorem of John Nash [31] any
Riemannian manifold N —compact or not— can be embedded as a closed
set (see Olaf Müller [30]) of some Euclidian space Rν and that one
can define Sobolev spaces W 1,p(Ω,N) intrincly i.e. independently of the
choice of a closed embedding (see Alexandra Convent and Jean Van
Schaftingen [15]).

Since we are mainly interested in the case where the infimum in (2.1.1)
is infinite, the infimum in (2.1.2) should blow up as p ↗ 2. Our first
result describes the asymptotic behavior of the infimum of (2.1.2).

Theorem A. Let Ω ⊂ R2 be a bounded Lipschitz domain and N a compact
Riemannian manifold. For each g ∈W 1/2,2(∂Ω,N), if, for each p ∈ (1, 2),
up ∈W 1,p(Ω,N) is a minimizing p-harmonic map with trace tr∂Ω up = g,
then

(2.1.3) lim
p↗2

(2− p)

ˆ
Ω

|Dup|p

p
= E1,2

sg (g) ∈ {0} ∪
[Sys(N)2

4π
,+∞

)
.

The systole Sys(N) of the manifold N is the least length of a non-
contractible map S1 → N (see definition 2.2.3; see [34, 18, 3] for early
apparitions in the literature). If the manifold N is simply connected (1-
connected or π1(N) ≃ {0}), the right-hand side of (2.1.3) is understood
to be zero. Every compact manifold has a positive sytole. By Riemannian
manifold, we mean a complete connected smooth Riemannian manifold
without boundary and of finite dimension.

The singular energy E
1,2
sg (g) introduced by Antonin Monteil, Rémy

Rodiac and Jean Van Schaftingen [29] quantifies the nontriviality of
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the free homotopy class of the map g:

(2.1.4) E1,2
sg (g) = inf

{
1

4π

k∑
i=1

ˆ
S1

|γ′i|2 :

u ∈ C1(Ω \
⋃k

i=1 B(ai; ρ),N), ρ > 0 small
γi ∈ C1(S1,N) geodesic homotopic to u|∂B(ai;ρ)

u|∂Ω homotopic to g

}

If Sys(N) > 0, the singular energy vanishes if and only if there exists
u ∈ W 1,2(Ω,N) such that Tr∂Ωu = g as explained in section 2.3. The
singular energy is defined using minimal length of geodesics in N in
chosen homotopy classes (see definition 2.2.8), where the homotopy is
understood in the sense of VMO (vanishing mean oscillation, see [9,
11]). The singular energy only depends on the homotopy class of g: if
g1, g2 ∈W 1/2,2(∂Ω,N) are freely homotopic, one has E

1,2
sg (g1) = E

1,2
sg (g2).

Theorem A is closely related to the extension of trace for Sobolev
mappings of Hardt and Lin (see [20, Section 6] for compact N; see [38]
for the general case):

Proposition 2.1.1. Let Ω ⊂ R2 be a bounded Lipschitz domain and N

a Riemannian manifold. There exists a constant C > 0 depending on
N and Ω such that for all p ∈ [1, 2) and g ∈W 1/p,p(∂Ω,N), there exists
u ∈W 1,p(Ω,N) such that

(2− p)

ˆ
Ω

|Du|p

p
≤ C

¨
∂Ω×∂Ω

dN(g(x), g(y))
p

|x− y|p
dx dy.

Briefly, we will write that W 1,p
g (Ω,N) ̸= ∅ for p ∈ [1, 2). We repeat

that it can be that for p = 2, W 1,2
g (Ω,N) = ∅.

We next describe the asymptotics of families of p–harmonic maps.

Theorem B. Let Ω ⊂ R2 be a bounded Lipschitz domain, N a compact
Riemannian manifold, g ∈ W 1/2,2(∂Ω,N) and pn ∈ (1, 2) an increasing
sequence converging to 2.
If upn ∈ W 1,pn(Ω,N) is a sequence of minimizing pn-harmonic maps
of trace Tr∂Ωun = g, then there exists a renormalizable harmonic map
u∗ ∈W 1,2

ren(Ω,N) with trace Tr∂Ωu∗ = g such that up to some subsequence

upn
n→+∞−−−−−→ u∗

almost everywhere, and there exists κ ≤ 4πE1,2
sg (g)/Sys(N)2 distinct points

{ai}i=1,...,κ ⊂ Ω such that
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42 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

(i) for ρ > 0 small enough u∗|Ω\
⋃κ

i=1 B(ai;ρ) ∈W 1,2(Ω\
⋃κ

i=1 B(ai; ρ),N)
is a minimizing harmonic map with respect to its own boundary
condition,

(ii) the map u∗ minimizes the renormalized energy of mappings

(2.1.5) lim
ρ↘0

ˆ
Ω\

⋃κ
i=1 B(ai;ρ)

|Du∗|2

2
−E1,2

sg (g) log
1

ρ
+H([u∗, ai])i=1,...,κ,

(iii) the charges ([u∗, ai])i=1,...,κ and the points (ai)i=1,...,κ minimize the
renormalized energy of the configuration of points

(2.1.6) E1,2
geom,γ1,...,γk

([u∗, a1], . . . , [u∗, ak]) + H([u∗, ai])i=1,...,κ

= inf
{
E1,2
geom,γ1,...,γk

(x1, . . . , xk) + H(γi)i=1,...,κ :

x1, . . . , xk ∈ Ω
γ1, . . . , γk achieve the infimum in (2.1.4)

}
.

Renormalizable maps v ∈ W 1,2
ren(Ω,N) were introduced in [29] (see

definition 2.2.15) and are measurable maps v : Ω → N for which

E1,2
ren(v) = lim

ρ↘0

ˆ
Ω\

⋃κ
i=1 B(ai;ρ)

|Dv|2

2
− E1,2

sg (g) log
1

ρ

is finite. Here and after |Dv| refers to the Frobenius norm of the weak
derivative Dv.

The term H([u∗, ai])i=1,...,κ in theorem B is defined in (2.3.2) in propo-
sition 4.4.1 only depends on the homotopy class of u∗ near each ai,
i = 1, . . . , κ. That is, for i = 1, . . . , κ and ρ > 0 small, trS1(ai;ρ) u∗

defines a map in W 1/2,2(S1(ai; ρ),N) ⊂ VMO(S1(ai; ρ),N) which has a
well-defined homotopy class [u∗, ai] on which depends H([u∗, ai])i=1,...,κ

(see (2.2.2) for details). The geometrical renormalized energy, E
1,2
geom,

energy is defined in (2.2.30).
Theorem B generalizes Hardt and Lin’s result was obtained for

the circle, N = S1 [21]; we relax both assumptions that the domain
is simply connected and that the target is the unit circle. It will also
appear that our method is quite different and robust enough to describe
almost minimizers (also knows as quaziminimizers), that is, sequences
of mappings up ∈W 1,p

g (Ω,N) that are o(1) close to the infimum (2.1.2)
when p↗ 2.

Other approaches to deal with the emptiness of the W 1,2
g (Ω,N)-class

in dimension 2 exist: for instance, the well-studied Ginzburg–Landau
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family of functionals appeared before the p-harmonic map relaxation
in the literature (see Fabrice Bethuel, Haïm Brezis and Frédéric
Hélein [6] and references therein for the unit circle; more recently for
general manifolds [12, 28]): for every ε > 0, one considers a minimizer
uε ∈W 1,2

g (Ω,Rν) of

inf

{ˆ
Ω

|Du|2

2
+
F (u)

ε2
: u ∈W 1,2

g (Ω,Rν)

}
where F (u) behaves as dist(u,N)2 near N (see [28] for detailed assump-
tions on F ), N is a connected compact submanifold of Rν and studies
the limit of (uε)ε>0 when ε ↘ 0. More precisely, one gets minimizing
renormalizable singular harmonic maps introduced in [29] and the limit
happens to be in various notions of topologies (see [28]). If we write
u∗ = limε↘0 uε ∈ W 1,2

ren(Ω,N), Monteil, Rodiac and Van Schaftin-
gen show that u∗ minimizes a related renormalized energy which is
the sum of a contribution depending on the charges and the location
of the singularities, and another contribution depending on the charges
and the potential F . Interestingly, the renormalized energy, E1,2

ren(u∗), is
common to both relaxation, see [28] for details. The Ginzburg-Landau
functional has an extrinsic character as one needs to embed isometrically
the manifold N into a Euclidean space Rν and to choose a potential
F before beginning the asymptotic analysis. Due to the nature of the
Ginzburg-Landau functional, the convergence is different: in [28], it is
shown that Duε strongly converges in L2 away from the singularities of
u∗ (compare with the convergence in theorem B).

In order to perform the analysis described in theorems A and B, we
adapt the approach that was used for studying the Ginzburg-Landau
family of functionals in [29] and thereby we do not rely on the regularity
of p-harmonic maps. Our method is therefore different from Hardt
and Lin’s [21] that heavily uses the structure of the circle N = S1,
estimates on liftings to its universal covering as well as monotonicity
formulas. Building an upper and a lower bound on the renormalized
energy E

1,2
ren (see respectively propositions 4.4.1 and 2.5.4), we can treat

the case of quaziminimizer of the p-Dirichlet functional in the spirit of
Γ-convergence (also known as G-convergence or variational convergence)
through a variational approach (see 2.6.1). The scheme of the proof of
the lower bound follows Jerrard [22] and Sandier [35], as it was adapted
to general target manifolds [28], by an amalgamation/merging ball lemma
(see lemma 2.4.5) that we made more explicit for our purposes (see
proposition 2.4.3). We finally strengthen the result for minimizers in
proposition 2.6.1.
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44 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Our approach also has the advantage of yielding some improved es-
timates in the Marcinkiewicz Lp,∞(Ω) space (or weak Lebesgue space,
weak-Lp space or Lorentz space [26][13, Chapter 5]) which consists in
v : Ω → R measurable verifying supt>0 t

pH2({|v| > t} ∩ Ω) < +∞. Here
and after, H2(A) refers to the 2-dimensional Hausdorff measure of mea-
surable sets A ⊂ R2; equivalently [1, Theorem 4.1.1], it corresponds to
the Lebesgue measure on R2. We obtain (see proposition 2.5.8)

(2.1.7) lim
p→2

sup
t>0

tpH2({|Dup| > t} ∩ Ω) < +∞,

which is some kind of asymptotic upper bound in Lp,∞(Ω) for the Frobenius
norm of the derivative of p-harmonic maps when p↗ 2; in view of theorem
A, the corresponding strong Lp bound fails when W 1,2

g (Ω,N) = ∅. Bounds
similar to (2.1.7) have been obtained for the Ginzburg–Landau relaxation
for harmonic maps into the circle [36] and into a compact submanifold
[28].

The compactness condition on the manifold N can be in fact weakened
in our analysis. This covers some non-compact manifolds such as the
cylinder S1 × R but not all non-compact manifolds; we refer to (2.2.29)
for a non-compact manifold which is not covered by our analysis. We
devote section 2.7 to the coverable non-compact cases.

2.2 Setting: Quantifying energies and other relevant
quantities

In this section we describe the length λ, the length spectrum, the singular
energy, the renormalized energy and relation between them. All the
homotopies are assumed to be free and are thought in VMO (see [9, 11]).

2.2.1 Length spectrum and systole

Let γ ∈ VMO(S1,N) be a map whose (essential) image lives in a Rieman-
nian manifold N and of vanishing mean oscillation [9]. Following [29], we
define the length of its (free) homotopy class by

(2.2.1) λ(γ) = inf{ℓ(γ̃) : γ̃ ∈W 1,1(S1,N) is homotopic to γ}

where ℓ(γ̃) is the Riemannian length of the closed curve γ̃. In the defini-
tion, the homotopy refers to a (free) homotopy in the class of vanishing
mean oscillation VMO(S1,N). Moreover, every map in VMO(S1,N) is
(freely) homotopic in VMO(S1,N) to a smooth and hence W 1,1-map.
Therefore, the infimum is finite.
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2.2. Setting: Quantifying energies and other relevant quantities 45

The length λ depends only on the VMO–homotopy class of γ: if γ1
is homotopic to γ2 then λ(γ1) = λ(γ2).

If N = S1, λ(γ) = 2π|deg γ|, where deg γ is the topological degree of
the map γ ∈ VMO(S1,S1). If the manifold has the form N = N1 ×N2,
then one writes γ = (γ1, γ2) and observes that λN(γ)2 = λN1(γ1)

2 +
λN2(γ2)

2.
We now repeat a well-known construction for the topological degree

that we adapt to the length λ. If u ∈W 1,2
loc (B(a; ρ) \ {a},N), it is possible

to define the “homotopy of u near a”, [u, a]. If γa : S1 → B(a; ρ) \ {a}
is a smooth curve isotopic to z ∈ S1 7→ a+ ρz then Trγau = TrS1(u ◦ γ)
has a well-defined homotopy class in VMO that does not depend on the
choice of the curve γa. This class of equivalence is denoted [u, a]. As
γta : z ∈ S1 7→ a+ tρz ∈ R2 is a family indexed by t ∈ (0, 1) of admissible
curves, we may define

(2.2.2) λ([u, a])
.
= λ(TrS1u(a+ r·))

for small r > 0. Any curve γa with the precited properties will then
satisfy λ([u, a]) = λ(TrS1(u ◦ γa)) and this definition does not depend on
ρ > 0.

Definition 2.2.1. The length spectrum is the set of nonnegative real
numbers {λ(γ) : γ ∈W 1/2,2(S1,N)}.

As our definition of smooth manifold implies that N is second count-
able, we obtain that this set is countable [24, Proposition 1.16] but can
have accumulation points. In the compact case, it can be shown [29,
Proposition 3.2] that

Lemma 2.2.2. If the Riemannian manifold N is compact, the length
spectrum is a discrete set of the real line.

The compactness assumption is not necessary: the spectrum of the
Euclidean space Rµ and the infinite cylinder N × R (where N is compact
manifold) have a discrete length spectrum but are not compact.

The systole of the manifold N is defined by

(2.2.3) Sys(N)
.
= inf{λ(γ) : γ ∈ VMO(S1,N) is not contractible}.

We set Sys(N) = +∞ if the manifold N is simply connected. If N is
compact, the systole is the first nonzero value of the length spectrum;
this fact is sometimes used as a definition of the systole.

Our results heavily rely on the fact that the manifold N satisfies
Sys(N) > 0. They cover Euclidean spaces Rµ, compact manifolds and
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46 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

infinite cylinder N × Rµ (N compact). It does not cover infinite horns
such as

(2.2.4) N = {(vet, t) : t ∈ R, v ∈ S1} ⊂ R3.

In the homotopy class of S1 → S1×{0} ⊂ N, the infimum (2.2.1) is equal
to zero and is not achieved; hence, Sys(N) = 0.

Here is a first link between the p-Dirichlet energy and the length λ.

Lemma 2.2.3 (Local lower bound on circles). If p ∈ [1,∞) and if
u ∈W 1,p(∂B(a; ρ),N), with B(a; ρ) ⊂ R2, then

(2.2.5)
λ(u)p

p(2πρ)p−1
≤
ˆ
∂B(a;ρ)

|u′|p

p

In the statement of lemma 2.2.3, u′ refers to the tangential derivative
along the circle ∂B(a; ρ).

Proof of lemma 2.2.3. By Hölder’s inequality,

1

H1(∂B(a; ρ))p−1

(ˆ
∂B(a;ρ)

|u′|
)p

≤
ˆ
∂B(a;ρ)

|u′|p.

Since the map u is admissible in the greatest lower bound (2.2.1) that
defines λ, we get the conclusion (2.2.5) as H1(∂B(a; ρ)) = 2πρ.

The following proposition will play the role of an infinitesimal lower
bound. It generalizes [21, Lemma 2.3].

Proposition 2.2.4. Let 0 < σ < ρ and u ∈ W 1,2(B(a; ρ) \ B(a;σ),N).
Then, if p ∈ [1,∞) \ {2},

(2.2.6)

(
ρ2−p − σ2−p

)
λ(Tr∂B(a;ρ)u)

p

(2π)p−1p(2− p)
≤
ˆ

B(a;ρ)\B(a;σ)

|Du|p

p
.

Proof of proposition 2.2.4. Integrating the estimate of lemma 2.2.3 over
(σ, ρ), we get

ˆ
B(a;ρ)\B(a;σ)

|Du|p

p
≥
ˆ ρ

σ

1

p(2πr)p−1
λ(TrS1u(a+ r·))p dr

=
ρ2−p − σ2−p

2− p

λ(Tr∂B(a;ρ)u)
p

(2π)p−1p

by homotopy invariance.
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Letting σ ↘ 0 in (2.2.6), we get that if u ∈W 1,2
loc (B(a; ρ) \ {a},N),

(2.2.7)
ρ2−pλ([u, a])p

(2π)p−1p(2− p)
≤
ˆ

B(a;ρ)

|Du|p

p
.

Letting p↗ 2 in (2.2.6) yields

(2.2.8)
λ(Tr∂B(a;ρ)u)

2

4π
log

ρ

σ
≤
ˆ

B(a;ρ)\B(a;σ)

|Du|2

2
.

In the case of the circle N = S1, this estimate is known as lower bounds
on annuli (see [35, Lemma 1.1]).

Corollary 2.2.5. Let N be a Riemannian manifold of positive systole. Let
p ∈ [1,∞) \ {2} and 0 ≤ σ < ρ and u ∈W 1,p ∩W 1,2

loc (B(a; ρ) \B(a;σ),N).
If ˆ

B(a;ρ)\B(a;σ)

|Du|p

p
<

(
ρ2−p − σ2−p

)
Sys(N)p

(2π)p−1p(2− p)
,

then Tr∂B(a;r)u is homotopic to a constant function for each r ∈ (ρ, σ).

Proof of corollary 2.2.5. The assumption implies that λ(Tr∂B(a;r)u) <
Sys(N) which yields λ(Tr∂B(a;r)u) = 0 and hence the conclusion.

Observe that (2.2.7) fails at p = 2. However at the Marcinkiewicz
scale we observe the following.

Corollary 2.2.6. Let Ω ⊂ R2 be an open subset of the plane. Let
a1, . . . , ak ∈ Ω be points. If u ∈W 1,2

loc (Ω \ {ai}i=1,...,k,N), then

(2.2.9)
k∑

i=1

λ([u, ai])
2

4π
≤ lim

t→∞
t2H2({|Du| ≥ t} ∩ Ω).

We observe that at this scale no constant depending on the domain
Ω appears.

Proof of corollary 2.2.6. Given t0 > 0, we define

M(t0)
.
= sup

t>t0
t2H2({|Du| ≥ t}) ∩ Ω).

There exists a ρ > 0 such that Gρ
.
=
⋃k

i=1 B(ai; ρλ([u, ai])) ⊂ Ω, the disks
B(ai; ρλ([u, ai])) are disjoint and

(2.2.10) H2(Gρ) = πρ2
k∑

i=1

λ([u, ai])
2 ≤ M(t0)

t20
.
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48 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Summing (2.2.7) k times with p = 1, we obtain

k∑
i=1

ρλ([u, ai])
2 ≤

ˆ
Gρ

|Du|

=

ˆ ∞

0
H2({|Du| ≥ t} ∩Gρ) dt

=

ˆ ∞

0
min(H2(Gρ),

M(t0)

t2
) dt,

(2.2.11)

by the choice (2.2.10). Therefore

ρ

k∑
i=1

λ([u, ai])
2 ≤ 2

[
M(t0)πρ

2
k∑

i=1

λ([u, ai])
2
] 1

2

and the conclusion (2.2.9) follows by the arbitrariness of t0.

2.2.2 Singular energy of the boundary data, E1,p
sg

The following concept was introduced in [29] and extend λ to general
boundary of domains.

Definition 2.2.7 (Topological resolution). Fix an open bounded Lipschitz
domain Ω ⊂ R2, a Riemannian manifold N and g ∈ VMO(∂Ω,N). A
finite family of closed curves γi ∈ VMO(S1,N), i = 1, . . . , k, with k ∈
N
.
= {0, 1, 2, . . . }, called charges constitutes a topological resolution of

the map g whenever there exist k non-intersecting closed balls B(ai; ρ) ⊂ Ω
with ρ > 0 and a map

u ∈W 1,2(Ω \
k⋃

i=1

B(ai; ρ),N)

such that Tr∂Ωu and g are homotopic in VMO(∂Ω,N) and TrS1u(ai + ρ·)
and γi are homotopic in VMO(S1,N) for i = 1, . . . , k.

We allow k = 0 in the definition. In that case the topological resolution
is said to be trivial and the associated map u ∈W 1,2(Ω,N) is an extension
of g.

We refer to the points ai ∈ Ω i = 1, . . . , k as singularities.
If for some j = 1, . . . , k, it happens that λ(γj) = 0 then, provided

that Sys(N) > 0 holds, there exists w ∈ W 1,2(B(aj ; ρ),N) such that
TrS1u(aj + ρ·) = γj and one can replace in the definition u by a new map

(2.2.12) ū ∈W 1,2(Ω \
k⋃

i=1
i ̸=j

B(ai; ρ),N)
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2.2. Setting: Quantifying energies and other relevant quantities 49

where ū = u on Ω \
⋃k

i=1 B(ai; ρ) and ū = w on B(aj ; ρ).

Definition 2.2.8 (Singular energy, E1,p
sg ). Fix an open bounded Lipschitz

domain Ω ⊂ R2 and a Riemannian manifold N, g ∈ W 1/2,2(∂Ω,N) and
p ≥ 1. We set

E1,p
sg (g)

.
= inf

{ k∑
i=1

λ(γi)
p

p(2π)p−1
:

k ∈ N, (γi)i=1,...,k is a topological resolution of g
}
.

On the one hand, if the systole Sys(N) is positive, then E
1,p
sg (g) = 0 if

and only if there exists a map u ∈ W 1,2
g (Ω,N) that extends the map g.

This follows by iterating (2.2.12) On the other hand, if Sys(N) > 0 and
E
1,p
sg (g) > 0 then

(2.2.13) E1,p
sg (g) ≥ Sys(N)p

p(2π)p−1
.

We also have the following decreasing property of the singular energy
E
1,p
sg of importance in the circle construction (see proposition 2.4.3).

Proposition 2.2.9 (Decreasing property of the singular energy). If two
Lipschitz bounded domains satisfy Ω0 ⊂ Ω1 and u ∈ W 1,2(Ω1 \ Ω0,N),
then E

1,p
sg (Tr∂Ω0u) ≥ E

1,p
sg (Tr∂Ω1u).

Proof. See [29, Proposition 2.6].

The positivity of the systole yields a continuity statement in p of the
p-singular energy :

Lemma 2.2.10 (Continuity in p of E1,p
sg ). Fix an open bounded Lipschitz

domain Ω ⊂ R2, a Riemannian manifold N and g ∈ VMO(∂Ω,N). If
Sys(N) > 0, then

(2.2.14) p ∈ [1,∞) 7→ E1,p
sg (g)

is locally bounded and locally Lipschitz continuous.

The positive systole assumption is crucial as it allows us to state an
equivalence between ℓp(N) and ℓq(N) norms of the vector (λ1, . . . , λk),
see (2.2.15).
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50 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Proof of lemma 2.2.10. Set 1 ≤ p < q <∞, cp
.
= 1/(2π)p−1p and f(p) .=

E
1,p
sg (g)/cp. For every λi ∈ {λ(γ) : γ ∈ VMO(S1,N)}, i = 1, . . . , k, we

have either λi ≥ Sys(N) or λi = 0, and thus Sys(N)q−pλpi ≤ λqi , so that

(2.2.15) Sys(N)q−p
k∑

i=1

λpi ≤
k∑

i=1

λqi ≤
[ k∑

i=1

λpi

] q
p

which implies
Sys(N)q−pf(p) ≤ f(q) ≤ (f(p))q/p

so that f is locally bounded. Moreover,

(2.2.16) (Sys(N)q−p − 1)f(p) ≤ f(q)− f(p) ≤ f(p)
(
f(p)

q−p
p − 1

)
so that f is locally Lipschitz-continuous as f(p) ≥ Sys(N)

p
p−1 .

Using (2.2.16), it is possible to estimate the local Lipschitz constant
of (2.2.14). If I ⊂ [1,∞) is compact and M = supp∈I(2π)

p−1pE1,p
sg (g)

(2.2.17) [(2π)p−1pE1,p
sg (g)]Lip(I) ≤ max(

∣∣Sys(N) log Sys(N)
∣∣, ∣∣M logM

∣∣).
Aside from the continuity statement in p of the map (2.2.14), the

singular energy E
1,p
sg (g) is locally constant in W 1/2,2:

Lemma 2.2.11. Given g ∈ W 1/2,2(∂Ω,N), there exists δ = δ(g,N) >
0 such that if h ∈ W 1/2,2(∂Ω,N) satisfies ∥g − h∥W 1/2,2(∂Ω) ≤ δ then
E
1,p
sg (g) = E

1,p
sg (h).

This follows from the fact that given g ∈W 1/2,2(∂Ω,N) there exists
δ = δ(g) > 0 such that if h ∈ W 1/2,2(∂Ω,N) satisfies ∥g − h∥W 1/2,2 ≤ δ,
then they are homotopic (for a proof of this fact : [9, Lemma A.19]
combined with W 1/2,2 ⊂ VMO) and E

1,p
sg (g) is homotopy invariant.

Definition 2.2.12 (Minimal topological resolution). Fix an open bounded
Lipschitz domain Ω ⊂ R2, a Riemannian manifold N and g ∈W 1/2,2(∂Ω,N).
A topological resolution of the map g is minimal topological resolution of
g whenever the singularities (γi)i=1,...,k satisfy λ(γi) > 0 and

E1,2
sg (g) =

k∑
i=1

λ(γi)
2

4π
> 0.

By (2.2.13), if Sys(N) > 0, the number k of singularities of a minimal
topological resolution is at most

k ≤ 4πE1,2
sg (g)/Sys(N)2.
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Definition 2.2.13 (Atomicity). A map γ ∈W 1/2,2(S1,N) is said to be
atomic if

E1,2
sg (γ) =

λ(γ)2

4π
.

For instance, when N = S1 the identity map IdS1 : z ∈ S1 → z ∈ S1

and its conjugate are atomic maps.
We conclude this section with the following observation.

Lemma 2.2.14 (Atomicity in minimal topological resolutions). Fix an
open bounded Lipschitz domain Ω ⊂ R2, a Riemannian manifold N and
g ∈W 1/2,2(∂Ω,N) as well as a minimal topological resolution (γi)i=1,...,k

of the map g. For each i = 1, . . . , k the map γi is atomic.

Here and in the sequel we use the notation
(2.2.18)

ρ({ai}i=1,...,κ)
.
= min{dist(∂Ω, ai), |ai − aj | : i ̸= j, i, j = 1, . . . , κ}

for a quantity that will play the role of a non-intersecting radius of balls.

Proof of lemma 2.2.14. Fix j ∈ {1, . . . , k} and ρ ∈ (0, ρ(ai)i=1,...,k). Let
u be the map that carries the topological resolution. By definition of the
singular energy,

E1,2
sg (g) =

k∑
i=1

λ(γi)
2

4π
≥ E1,2

sg (Tr∂(
⋃

i̸=j B(ai;ρ))u) +
λ(γj)

2

4π

≥ E1,2
sg (Tr∂(

⋃
i̸=j B(ai;ρ)u) + E1,2

sg (Tr∂B(aj ;ρ)u) ≥ E1,2
sg (g).

This forces λ(γj)
2

4π = E
1,2
sg (Tr∂B(aj ;ρ)u) = E

1,2
sg (γj).

2.2.3 Renormalized energy of a mapping, E1,2
ren

Minimizing p-harmonic maps when p↗ 2 will converge to minimizers of
the following renormalized energy introduced in [29]:

Definition 2.2.15 (Renormalized energy and renormalizable Sobolev
maps). Fix an open bounded Lipschitz domain Ω ⊂ R2 and a Riemannian
manifold N. A measurable map u : Ω → N is said to be renormalizable
whenever there exist k ∈ N distinct points ai ∈ Ω such that u ∈W 1,2(Ω \
{a1, . . . , ak},N) and λ([u, ai]) > 0 such that its renormalized energy

(2.2.19) E1,2
ren(u)

.
= lim

ρ↘0

ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Du|2

2
−

k∑
i=1

λ([u, ai])
2

4π
log

1

ρ

is finite.
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52 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

For example, if Ω = B is the unit ball of R2, N = S1 and g = IdS1 :
S1 .

= ∂B → S1 is the identity map, then the vortex map or hedgehog map
uh(x) = x/|x| belongs to W 1,2

ren(B,S1). Moreover E
1,2
ren(uh) = 0.

We point out that the existence of such maps is not granted when
the manifold N is not compact, see proposition 2.2.20.

The inferior limit lim in (2.2.19) is actually a limit as
(2.2.20)

ρ ∈ (0, ρ(ai)i=1,...,k) 7→
ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Du|2

2
−

k∑
i=1

λ([u, ai])
2

4π
log

1

ρ

is non-increasing, see [29, Proposition 2.10] for a proof that only assumes
Sys(N) > 0.

We finally give an expression of the renormalized energy that does
not make use of the limit operator. It splits the expression of E1,2

ren in two
parts (an L2-part and a renormalized part).

Proposition 2.2.16 (Integral representation of the renormalized energy).
Fix an open bounded Lipschitz domain Ω ⊂ R2 and a Riemannian manifold
N. If u ∈W 1,2

ren(Ω,N) is a renormalizable map associated to the distinct
points ai ∈ Ω, i = 1, . . . , k, then, for every σ ∈ (0, ρ({ai}i=1,...,k)),

(2.2.21) E1,2
ren(u) +

k∑
i=1

λ([u, ai])
2

4π
log

1

σ

=

ˆ
Ω\

⋃k
i=1 B(ai;σ)

|Du|2

2
+

k∑
i=1

ˆ σ

0

[ˆ
∂B(ai;r)

|Du|2

2
dH1 − λ([u, ai])

2

4πr

]
dr.

Conversely, if u ∈ W 1,2
loc (Ω \ {ai}i=1,...,k,N) and there exists a σ ∈

(0, ρ(ai)i=1,...,k) such that the right-hand side of (2.2.21) is finite, then
u ∈W 1,2

ren(Ω,N).

We recall that the non-intersection radius ρ({ai}i=1,...,k) was defined
in (2.2.18).

Proof of propostion 2.2.16. We have by the existence of the limit in the

52



2.2. Setting: Quantifying energies and other relevant quantities 53

expression of the renormalized energy (see (2.2.20))

E1,2
ren(u) +

k∑
i=1

λ([u, ai])
2

4π
log

1

σ

= lim
ρ↘0

ˆ
Ω\

⋃k
i=1 B(ai;σ)

|Du|2

2

+

k∑
i=1

[ˆ
B(ai;σ)(ai)\B(ai;ρ)

|Du|2

2
− λ([u, ai])

2

4π
log

σ

ρ

]

=

ˆ
Ω\

⋃k
i=1 B(ai;σ)

|Du|2

2

+
k∑

i=1

lim
ρ↘0

ˆ σ

ρ

[ˆ
∂B(ai;r)

|Du|2

2
dH 1 − λ([u, ai])

2

4πr

]
dr.

The terms in bracket are nonnegative by lemma 2.2.3. As a consequence
Levi’s monotone convergence theorem applies. The reciprocal follows
from the same computation.

When p ∈ [1, 2), we introduce the following p-renormalized energy

E1,p
ren(u)

.
=

ˆ
Ω

|Du|p

p
−

k∑
i=1

λ([u, ai])
p

(2π)p−1p

1

2− p

= lim
ρ↘0

ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Du|p

p
−

k∑
i=1

λ([u, ai])
p

(2π)p−1p

1− ρ2−p

2− p
.

(2.2.22)

defined for maps u ∈ W 1,2
ren(Ω,N). In [29, Theorem 5.1], it is shown

that if u ∈ W 1,2
ren(Ω,N) then Du ∈ L2,∞(Ω), see also corollary 2.5.13.

In particular W 1,2
ren(Ω,N) ⊂ W 1,p(Ω,N) for p ∈ [1, 2) since the weak-L2

(Marcinkiewicz) space satisfies L2,∞(Ω) ⊂ Lp(Ω), see e.g. [13, Theorem
5.9].

Proposition 2.2.17. Fix an open bounded Lipschitz domain Ω ⊂ R2 and
a Riemannian manifold N with Sys(N) > 0. If u ∈W 1,2

ren(Ω,N) then

E1,p
ren(u)

p↗2−−−→ E1,2
ren(u).

The proof of proposition 2.2.17 relies on the following Hölder-type
estimate :
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54 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Lemma 2.2.18. Let u ∈W 1,2
loc (B(a; ρ) \ {a}). If λ([u, a]) > 0, then, for

every r ∈ (0, ρ),

(2.2.23)
ˆ
∂B(a;r)

|Du|p

p
dH1 − λ([u, a])p

p(2πr)p−1

≤
( 2πr

λ([u, a])

)2−p
[ˆ

∂B(a;r)

|Du|2

2
dH1 − λ([u, a])2

4πr

]

and

(2.2.24)
ˆ

B(a;ρ)

|Du|p

p
− λ([u, a])p

p(2π|x− a|)p
dx

≤
( 2πρ

λ([u, ai])

)2−p
ˆ

B(a;ρ)

|Du|2

2
− λ([u, a])2

8π2|x− a|2
dx

provided the right-hand sides are finite.

Proof of lemma 2.2.18. By Young’s inequality with exponents 1/(2/p) +
1/(2/(2− p)) = 1,

|Du|p
(λ([u, ai])

2πr

)2−p
≤ p

2
|Du|2 +

(
1− p

2

)(λ([u, ai])
2πr

)2
.

Hence,

|Du|p

p
− 1

p

(λ([u, a])
2πr

)p
≤
( 2πρ

λ([u, a])

)2−p
[
|Du|2

2
− 1

2

(λ([u, a])
2πr

)2]
.

Integrating on ∂B(ai; r) we obtain (2.2.23).
The second conclusion follows by integration.

Proof of proposition 2.2.17. Let u ∈ W 1,2
ren(Ω,N) and let (a1, . . . , ak) ∈

Ωk be the assumed distinct points associated with it (see definition 2.2.15).
Fix ρ ∈ (0, ρ(ai)i=1,...,k).

By Young’s inequality,

(2.2.25)
|Du|p

p
≤ |Du|2

2
+

2− p

2p
≤ |Du|2

2
+

1

2

By Lebesgue’s dominated convergence theorem with (2.2.25) as a Lebesgue
dominant, since Ω \

⋃k
i=1 B(ai; ρ) has finite Lebesgue measure, we get

(2.2.26)
ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Du|p

p

p↗2−−−→
ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Du|2

2
.
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We now study the other part of the renormalized energy. The Lebesgue’s
convergence theorem will be used, with a Lebesgue dominant provided
by (2.2.23) in lemma 2.2.18.

By the converse of Lebesgue’s dominated convergence theorem, for
almost every r ∈ (0, ρ),

(2.2.27)
ˆ
∂B(ai;r)

|Du|p

p

p↗2−−−→
ˆ
∂B(ai;r)

|Du|2

2
.

In view of the bound (2.2.23) and of the convergence (2.2.27), we get by
Lebesgue’s dominated convergence theorem that

(2.2.28)
ˆ ρ

0

ˆ
∂B(ai;r)

|Du|p

p
dH1 − λ([u, ai])

p

p(2πr)p−1
dr

p↗2−−−→
ˆ ρ

0

ˆ
∂B(ai;r)

|Du|2

2
dH1 − λ([u, ai])

2

4πr
dr.

Combining (2.2.26) and (2.2.28) and proposition 2.2.16, we get that
E
1,p
ren(u) → E

1,2
ren(u) when p↗ 2.

2.2.4 Existence of renormalizable mappings

If the manifold N is compact there always exists a renormalizable mapping
(see proposition 2.2.19) while in the non-compact case we descibe a mani-
fold carrying no nonconstant renormalizable mappings (see proposition
2.2.20)

Proposition 2.2.19. Let Ω ⊂ R2 be a Lipschitz domain, N be a Rieman-
nian manifold and g ∈W 1/2,2(Ω,N). If the manifold N is compact, there
exists u ∈W 1,2

ren(Ω,N) such that tr∂Ω u = g.

We recall that in the present paper every Riemannian manifold is
assumed to be connected as explained in the introduction (section 2.1).

Proof of proposition 2.2.19. Taking δ > 0 sufficiently small the set Ωδ
.
=

{x ∈ Ω : dist(x, ∂Ω) ≤ δ} is equivalent by biLipschitz homeomorphism
to ∂Ω × [0, 1]. As every W 1/2,2(Ω,N)-map is smoothly homotopic to a
smooth map, we realize this homotopy on Ωδ ≃ ∂Ω× [0, 1]. We therefore
assume that g is smooth.

We may also assume that Ω is simply connected. By the connectedness
of N one can connect the image g(∂Ω) by paths realized by segments
in Ω. Taking a finite number of such paths one partitions Ω in simply
connected rooms delimited by the union of ∂Ω and those paths.
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56 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Assuming that Ω is simply connected, ∂Ω is equivalent to the circle S1.
By compactness of the manifold N, there exists a smooth map γ : S1 → N

such that γ is homotopic to g and λ(g) = ℓ(γ) = 2π∥γ′∥∞. This is an
instance of the existence of constant speed geodesics in each homotopy
class (see [23, Proposition 6.28]). Eventually γ is token constant. There
exists a small ε > 0 and a ∈ Ω such that Ω \ B(a; ε) is equivalent to
S1 × [0, 1] and we realize the homotopy between g and γ there.

Combining the above described homotopies, we obtain a map u ∈
C∞(Ω \ B(a; ε),N) ∩W 1,2(Ω \ B(a; ε),N). We futher define for all x ∈
B(a; ε)

u(x)
.
= γ

( x− a

|x− a|

)
and observe that |Du(x)| = ∥γ′∥∞/|x| so that for ρ ∈ (0, ε)ˆ

B(a;ε)\B(a;ρ)
|Du(x)|2 = λ([g])2

2π
log

ε

ρ
,

showing the renormalized character of u near a.

Proposition 2.2.20. Let Ω ⊂ R2 be a Lipschitz simply connected domain
and (N, g) be the Riemannian manifold defined by N

.
= S1 × R ⊂ R3 with

metric defined for every (v, t) ∈ S1 × R and h ∈ Tv,tS1 × R ⊆ R3 by

(2.2.29) g(v,t)(h)
.
= (1 + f(t))|h|2 where f(t) .=

1√
1 + t2

.

If u ∈W 1,2
ren(Ω,N), then tr∂Ω u is homotopic to a constant.

In proposition 2.2.20, the manifold N is not presented as an isometri-
cally embedded submanifold of R3. The proof relies on the fact that f is
not integrable in the complement of any compact set.

Proof of proposition 2.2.20. The proof first reduces to the case of Ω = B1

by a change of variable in the Dirichlet energy. Given a map u ∈
W 1,2

ren(Ω,N) such that tr∂Ω u is not homotopic to a constant there exist
a ∈ Ω and σ > 0 such that u ∈W 1,2

loc (B(a;σ) \ {a},N). We may further
assume that a = 0, σ = 0 and trS1 u is not homotopic to a constant. We
finally write λ .

= λ([u, 0]) = 2π |deg([u, 0])|. We denote πS1 : S1×R → S1

the projection on the circle, πR : S1 × R → R the projection on the real
line and claim that πR ◦ u is unbounded. If πS1 ◦ γ is not homotopic to a
constant, by lemma 2.2.3,ˆ

S1

|γ′|2g ≥
ˆ

S1

(1 + f ◦ πR)|(πS1 ◦ γ)′|2 +
ˆ

S1

|(πR ◦ γ)′|2

≥ λ2

2π
(1 + inf

S1
f ◦ πR ◦ γ) + 1

2π
(sup

S1

|πR ◦ γ| − inf
S1

|πR ◦ γ|)2.
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Let us fix t > 0. If ˆ
S1

|γ′|2g ≤ λ2

2π
+ t

then t ≥ λ2

2π infS1 f ◦ πR ◦ γ + 1
2π (supS1 |πR ◦ γ| − infS1 |πR ◦ γ|)2, meaning

that

sup
S1

|πR ◦ γ|2 ≥
( λ2
2πt

)2
− 1 and inf

S1
|πR ◦ γ| ≥ sup

S1

|πR ◦ γ| −
√
2πt ≥ D(t)

where D(t)
.
= (( λ2

2πt)
2 − 1)

1
2
+ −

√
2πt. Since u ∈ W 1,2

ren(Ω,N) there exists
M > 0 such that for all ρ > 0 there exists r ∈ (ρ, 1) satisfying

log
1

ρ

ˆ
S1

|u|S1(r·)′|2g ≤
ˆ

B1\Bρ

|Du|2g
2

≤M +
λ2

2π
log

1

ρ
.

We therefore deduce that for each ρ ∈ (0, 1) there exists r ∈ (ρ, 1) such

inf
S1

|πR ◦ u|S1
r
| ≥ D(

M

log 1
ρ

)

which implies the uniform divergence of the map u as the right-hand side
is unbounded as ρ approaches zero.

We now claim that the set πR ◦ u(B1 \Bρ) contains the whole interval
[0, infS1 |πR ◦u|S1(r·)|]. We assume that the map is continuous on B1 \Bρ

by approximation : this follows by [7] and the fact that N satisfies the
trimming property [7, Proposition 6.3] ; we leave the details to the reader.
Assume there exist a point x ∈ S1 × R such that x ̸∈ u(B1 \ Bρ). We
then observe that S1 × [0, 1] \ {a} (where a ∈ S1 × (0, 1)) is homotopic
to two copies of S1 joint by a segment. This implies that using the
above described homotopy one can construct a retraction of the image
u(B1 \ Bρ) to a continous mapping S1 × [0, 1] ≃ B1 \ Bρ → N

πS1−−→ S1

that is an homotopy between two nonzero degree maps in t = 0, 1 but is
constant near t = 1/2.

Since |Du|2g = |Du|2 + (f ◦ πR ◦ u)|Du|2 and |Du|2 ≥ 2|∂1u×R3 ∂2u|,
we obtain by the area formula [17, Theorem 1.6] that

ˆ
B1\Bρ

|Du|2g
2

− λ2

2π
log

1

ρ
≥
ˆ

B1\Bρ

f ◦ π2 ◦ u|∂1u ∧ ∂2u|

≥
ˆ
N

f ◦ π2(y)H0(B1 \ Bρ ∩ u−1({y})) dy

≥
ˆ infS1 |πR◦u|S1 (r·)|

0
f dy
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58 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

by the surjectivity of πR◦u(B1\Bρ) on the interval [0, infS1 |πR◦u|S1(r·)|].
When ρ↘ 0, the left-hand side is bounded as the map u is assumed to
be renormalizable while by the choice of f ̸∈ L1(R) the right-hand side is
unbounded, contradicting the fact that u ∈W 1,2

ren(Ω,N).

2.2.5 Minimizing renormalizable singular harmonic maps

In this section we recall the notion of minimizing renormalizable harmonic
map.

Definition 2.2.21. Fix an open bounded Lipschitz domain Ω ⊂ R2 and a
Riemannian manifold N with Sys(N) > 0. A map u∗ ∈W 1,2

ren(Ω,N) asso-
ciated with k distinct points {ai}i=1,...,k ⊂ Ω is a minimal renormalizable
singular harmonic map (see [29, Definition 7.8]) whenever for every map
v ∈ W 1,2

ren(Ω,N) associated with k distinct points {bi}i=1,...,k ⊂ Ω such
that tr∂Ω u∗ = tr∂Ω v and as sets

{([u∗, a1], a1), . . . , ([u∗, ak], ak)} = {([v, b1], b1), . . . , ([v, bk], bk)},

we have E
1,2
ren(u∗) ≤ E

1,2
ren(v).

When the manifold N is compact, minimal renormalizable maps enjoy
of the following properties. Our analysis does not rely on those properties.

Proposition 2.2.22. Fix an open bounded Lipschitz domain Ω ⊂ R2

and a compact Riemannian manifold N. Let u∗ ∈W 1,2
ren(Ω,N) associated

with k points {ai}i=1,...,k ⊂ Ω be a minimizing renormalizable singular
harmonic map. If N is compact, then

(i) u∗ ∈ C∞(Ω \ {ai}i=1,...,k,N),

(ii) for each i = 1, . . . , k, supx∈B(ai;ρ({ai}i=1,...,k))
|x−ai||Du∗(x)| < +∞,

(iii) for each ρ ∈ (0, ρ({ai}i=1,...,k)), u∗ is a minimizing harmonic map
on Ω \

⋃k
i=1 B(ai; ρ) with respect to its own boundary conditions

provided Ω \
⋃k

i=1 B(ai; ρ) is a Lipschitz domain.

2.2.6 Renormalized energy of configuration of points

Following [29, (2.8) and (2.11)], one can define the following renormalized
energy of a configuration of points for a topological resolution (γ1, . . . , γk)
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2.3. Upper bound 59

of g ∈W 1/2,2(∂Ω,N)

(2.2.30) E
1,2
top,g,γ1,...,γk

(a1, . . . , ak)

.
= inf

{ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Du|2

2
−

k∑
i=1

λ([u, ai])
2

4π
log

1

ρ
:

ρ ∈ (0, ρ({ai}i=1,...,k))

u ∈W 1,2(Ω \
⋃k

i=1 B(ai; ρ),N),
Tr∂Ωu = g, TrS1u(ai + ρ·) is homotopic to γi

}
.

The renormalized energy is locally Lipschitz function of configurations
of distinct points, which is bounded from below when the singularities
[u, a1], . . . , [u, ai] form a minimal topological resolution of the boundary
condition g.

The renormalized energy of the configuration formed by the singulari-
ties provides a lower bound on the renormalized energy of a mapping [29,
Proposition 7.2].

Proposition 2.2.23. Fix an open bounded Lipschitz domain Ω ⊂ R2 and
a compact Riemannian manifold N. If u∗ ∈W 1,2

ren(Ω,N), if {ai}i=1,...,k ⊂
Ω are the associated distinct singular points and if g = Tr∂Ωu∗, then

E
1,2
top,g,γ1,...,γk

(a1, . . . , ak) ≤ E1,2
ren(u∗).

where γi ∈ [u∗, ai] i = 1, . . . , k are constant speed geodesic.

Conversely, given any configuration of points and choice of geodesics
there exists a singular Sobolev map having homotopic singularities [29,
Proposition 8.2].

Proposition 2.2.24. Fix an open bounded Lipschitz domain Ω ⊂ R2 and
a compact Riemannian manifold N. Given distinct points a1, . . . , ak ∈ Ω
and geodesics γ1, . . . , γk : S1 → N, there exists u∗ ∈ W 1,2

ren(Ω,N) with
trace Tr∂Ωu∗ = g with associated singular points a1, . . . , ak such that γi
and [u∗, ai] are homotopic and

E1,2
ren(u∗) ≤ E

1,2
top,g,γ1,...,γk

(a1, . . . , ak).

2.3 Upper bound

The renormalized energy introduced, we give the upper bound on se-
quences of minimizing p-harmonic maps.
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60 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Proposition 2.3.1 (Upper bound). Fix an open bounded Lipschitz do-
main Ω ⊂ R2, a Riemannian manifold N and g ∈ W 1/2,2(∂Ω,N). For
all renormalizable u ∈ W 1,2

ren(Ω,N) associated to distinct points ai ∈ Ω,
i = 1, . . . , k, if ([u, ai], ai)i=1,...,k is minimal topological resolution of
Tr∂Ωu, then

(2.3.1) lim
p↗2

[ˆ
Ω

|Du|p

p
− E

1,2
sg (Tr∂Ωu)

2− p

]
≤ E1,2

ren(u) + H([u, ai])i=1,...,k

where

(2.3.2) H([u, ai])i=1,...,k
.
=

k∑
i=1

λ([u, ai])
2

8π

[
1 + log

( 2π

λ([u, ai])

)2]
.

Hardt and Lin established this result in the case of the circle N = S1

[21, Theorem 2.10]. We observe that minimal topological resolutions when
N = S1 either all satisfy deg([u, ai]) = 1 or all satisfy deg([u, ai]) = −1,
so that for every k ∈ N, H([u, ai])i=1,...,k = kπ/2 as λ([u, ai]) = 2π. When
Ω is simply connected, one further knows that k = deg(g, ∂Ω).

The assumptions of proposition 4.4.1 are consistent with the existence
of minimizing p-harmonic maps up ∈W 1,p

g (Ω,N) (see proposition 2.1.1)
and the proposition implies the first order bound

(2.3.3) lim
p↗2

(2− p)

ˆ
Ω

|Dup|p

p
≤

k∑
i=1

λ([u, ai])
2

4π
.

In fact, by proposition 2.5.1,

(2.3.4) lim
p↗2

(2− p)

ˆ
Ω

|Dup|p

p
= E1,2

sg (g).

In particular the limit in (2.3.4) only depends on the homotopy class of
g.

Proof of proposition 4.4.1. We obtain

(2.3.5) lim
p↗2

[ˆ
Ω

|Du|p

p
− 1

2− p

k∑
i=1

λ([u, ai])
p

(2π)p−1p

]
≤ E1,2

ren(u)

by proposition 2.2.17 and the fact that W 1,2
ren,g(Ω,N) ⊂ W 1,p

g (Ω,N). To
obtain 2.3.1 we subtract E

1,2
sg (Tr∂Ωu)/(2− p) and use the fact that

E1,2
sg (TrΩu) =

k∑
i=1

λ([u, ai])
2

4π
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2.4. Lower bound 61

and

(2.3.6) lim
p↗2

1

2− p

[
k∑

i=1

λ([u, ai])
p

(2π)p−1p
−

k∑
i=1

λ([u, ai])
2

4π

]

=
1

2

[
k∑

i=1

λ([u, ai])
2

4π
−

k∑
i=1

λ([u, ai])
2

2π
log

λ([u, ai])

2π

]
.

The compactness condition on the manifold N can be in fact weak-
ened in proposition 4.4.1 by the weaker condition that there exists at
least a renormalizable map u of trace g i.e. W 1,2

ren,g(Ω,N) ̸= ∅. Every
compact manifold N satisfies W 1,2

ren,g(Ω,N) ̸= ∅ (proposition 2.2.19) while
their exist non-compact manifolds carrying no renormalizable mappings
(proposition 2.2.20)

2.4 Lower bound

In order to state the proposition that will give us the lower bound we
need to extend maps u ∈W 1,p(Ω,N) of trace g ∈W 1/2,2(Ω,N) to a larger
domain Ωδ.

2.4.1 Nonlinear extension of Sobolev maps

Unlike the linear case W 1/2,2(∂Ω,Rν), the trace operator is only locally
surjective in the following sense (see [4]):

Proposition 2.4.1. Fix an open bounded Lipschitz domain Ω ⊂ R2

and a Riemannian manifold N. There exists a δ = δ(∂Ω) > 0 which
depends only on the boundary ∂Ω such that for every boundary data
g ∈W 1/2,2(∂Ω,N) one can construct a map U ∈W 1,2(∂Ωδ,N) satisfying
Tr∂ΩU = g.

Here ∂Ωδ means {x ∈ R2 : dist(x, ∂Ω) < δ}. The proof of this
proposition is a variant of [27, Theorem 1]. We point out that there is no
quantitative estimate on U [38].

Given the previous lemma, one can extend a map u ∈ W 1,p
g (Ω,N),

p ∈ [1, 2], to a map ū ∈W 1,p
g (Ωδ,N) where Ωδ

.
= {x ∈ R2 : dist(x, ∂Ω) <

δ}. Indeed, given the map U of lemma 2.4.1 we set

(2.4.1) ū
.
=

{
u on Ω

U
∣∣
Ωδ\Ω

on Ωδ \ Ω.

Along the boundary ∂Ω the traces of U and u coincide. Hence by the
integration by parts formula it follows that the extended map ū possesses
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62 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

a weak derivative on the extended domain Ωδ [38]. For the sake of
simplicity we will denote u the extended map instead of ū. We note that
this extension is not canonical as the map U is in general not unique.

2.4.2 Approximation by smooth maps except at finitely many
points

The dense class we will use takes its roots in the work of Fabrice Bethuel
[5, Theorem 2] (see also [38]). The following density result is due to
Pierre Bousquet, Augusto Ponce and Jean Van Schaftingen [8, 7]
(see also [33]).

Proposition 2.4.2. Fix p ∈ (1, 2), an open bounded Lipschitz domain
Ω ⊂ R2, a Riemannian manifold N and a map u ∈W 1,p(Ω,N). Assume
that there exists an open set ω ⊂⊂ Ω with u ∈W 1,2(Ω \ ω̄,N).
Then, for every ε > 0 and every θ ∈ (0, 1), setting

ωθ
.
= {x ∈ Ω : dist(ω, x) < θ dist(ω,Ω)},

there exists a map v ∈W 1,p(ωθ,N) such that

(i) for some points {ai}i=1,...,k ⊂ ωθ (k ∈ N) such that v ∈ C∞(ωθ \
{ai}i=1,...,k,N),

(ii) ∥u− v∥W 1,p(ωθ) ≤ ε,

(iii) Tr∂ωθ
u and Tr∂ωθ

v are homotopic.

We point out that no compactness assumption on the manifold N is
done.

Sketch of the proof of proposition 2.4.2. Assuming first that u ∈ L∞ ∩
W 1,p(ω,N), we observe that the proof [5, 8, 33] of the density of smooth
functions except at a finite number of points (elements of C∞(ω \
{ai}i=1,...,k,N)) in L∞ ∩ W 1,p(ω,N) works by considering small disks
B(an; ρn) and adaptively mollifying whether the mean oscillation of u on
the disk depending is small or not. The condition is always satisfied if
u ∈W 1,2(B(an; ρn),N). In our case this implies that the modification of
u in Ω \ ωθ for some small θ ∈ (0, 1) will not change the homotopy.

By [7, Theorem 1], as p ̸∈ N, L∞ ∩W 1,p(Ω,N) is dense in W 1,p(Ω,N)
and the proof of it shows that the modification done on u preserves
the W 1,2-character on open sets. By this fact, we may assume that
u ∈ L∞ ∩W 1,p(Ω,N) and u ∈ W 1,2(Ω \ ω̄,N) by first approximating it
by bounded maps.
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2.4. Lower bound 63

2.4.3 Expansion of circles method

We now describe the expansion of disks method of Robert Jerrard [22]
(see also Etienne Sandier [35]) that we adapt to the p-energy. We recall
that B(a; ρ) denotes the open disk of radius r ≥ 0 centered in a ∈ R2. In
particular we warn the reader that the empty set can be written B(a; 0).

Proposition 2.4.3. Let a1, . . . , ak ∈ Ω̄ where k ∈ N \ {0} and u ∈
W 1,p(Ω,N) ∩W 1,2

loc (Ω̄ \ {ai}i=1,...,k),N). If dist({ai}i=1,...,k, ∂Ω) > 0, for
every δ ∈ (0,dist({ai}i=1,...,k, ∂Ω)] there exists a collection S of circles
S1(a; ρ) ⊂ Ω such that ∪S is a finite union of disjoint annuli i.e. sets of
the form A2(c; ρ, σ)

.
= B(c;σ) \ B(c; ρ) ⊂ Ω. We have for some centers

ci ∈ Ω, 0 ≤ ri < ri for i = 1, . . . , N

(2.4.2) ∪S =
N⋃
i=1

{S1(ci; r) : ri ≤ r < ri}

and the union is disjoint. Moreover,

(i) ∪S is contained in a finite number of disks B1, . . . ,Bl such that
l∑

i=1

diam(Bi) = δ and ∂Bi ∈ S for each i = 1, . . . , l,

(ii) for every ε ∈ (0, δ] there exists a finite number of disks S1(ci, ρi) ∈ S

i = 1, . . . , n such that
n∑

i=1

ρi = ε, {ai}i=1,...,k ⊂
n⋃

i=1

B(ci, ρi)

(iii) for any subcollection {S1(c∗i ; ρ
∗
i )}i=1,...,k∗ ⊂ {S1(ci, ρi)}i=1,...,n, there

exists a disjoint collection of annuli

{A2(ci; ri, ri)}i=1,...,n ⊂
k∗⋃
i=1

B(c∗i , ρ
∗
i ),

such that

(2.4.3)
[ k∗∑

i=1

E1,p′
sg (TrS1(c∗i ;ρ

∗
i )
u)
]p−1[ k∗∑

i=1

ρ∗i

]2−p

≤ (2− p)

n∑
i=1

ˆ ri

ri

E1,p′
sg (TrS1(ci;r)u)

p−1 dr

rp−1
.

Lattice structure of S. In fact, the proof of proposition 2.4.3 shows
that the collection of circles S has a finite lattice structure which is a
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64 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

finite union of oriented trees whose roots are the elements {ai}i=1,...,k

(see item (ii)), the top of each tree is the collection ∂Bi of item (i) of
the proposition. An element of the lattice corresponds to a circle of the
collection S. The orientation encodes the following partial order relation:
S1(a; ρ) ≼ S1(b;σ) if and only if B(a; ρ) ⊂ B(b;σ). Edges on the lattice
correspond to a linear parametrized subfamily of S: each edge is described
by {S1(a, sρ) : s ∈ (t∗, t

∗)} for some a ∈ Ω, 0 < t∗ < t∗ < ∞; these
are the annuli of (2.4.2). The tree structure carries some topological
information: given a element S1

∗(a∗, ρ∗) ∈ S of the oriented lattice and
any family F of elements of the lattice such that each S1(a) ∈ F satisfies
S1(a; ρ) ≼ S1

∗(a∗, ρ∗) for each ai ∈ B(a∗, ρ∗) and there exists a unique
S1(ai; ρi) ∈ F such that ai ∈ B(a∗; ρ∗), then (TrS1u(a+ ρ·))S1(a;ρ)∈F is a
topological resolution of (TrS1u(a∗ + ρ∗·)).

Particular cases. We discuss two particular cases of proposition 2.4.3.

■ Single singularity. If a ∈ Ω, u ∈ W 1,p(Ω,N) ∩W 1,2
loc (Ω̄ \ {a},N).

Then for δ ∈ (0,dist({a}, ∂Ω)), proposition 2.4.3 yields S = {S1(a; r) :
r ∈ [0, δ]} and ∪S = B(a; δ) ⊂ Ω. In this precise case (2.4.3) is in
fact an equality.

■ Pair of singularities. If a, b ∈ Ω, u ∈ W 1,p(Ω,N) ∩ W 1,2
loc (Ω̄ \

{a, b},N). Then for δ ∈ (0, dist({a, b}, ∂Ω)), proposition 2.4.3 yields
a collection of circles whose union consists in two disks centered in
a, b respectively and an annulus surrounding the two disks whose
radii are chosen in order to (2.4.3) to hold.

We record the following corollary that extends proposition 2.2.4 to
general domains.

Corollary 2.4.4. Let a1, . . . , ak ∈ Ω and u ∈ W 1,p(Ω,N) ∩W 1,2
loc (Ω̄ \

{ai}i=1,...,k,N). There exists l ∈ N disjoint disks Bi i = 1, . . . , l such that
its sum of the radii is δ ∈ (0,dist({ai}i=1,...,k, ∂Ω)] and

δ2−pE1,p′
sg (Tr∂Ωu)

p−1 ≤ (2− p)
(p− 1)p−1

(2π/p)2−p

ˆ
⋃l

i=1 Bl

|Du|p

p

Proof of the corollary 2.4.4. Using proposition 2.4.3, we define B to be
the collection of proposition 2.4.3 (i). By construction the disks are
disjoint. Using proposition 2.4.3(ii) with the collection of assertion (i),
proposition 2.2.4 and proposition 2.2.9, we get the desired result.

Lemma 2.4.5 (Merging disks lemma). Let B∗ be a finite collection of
closed disks in R2. There exists a finite collection of disks B∗ —called the
merged collection— of closed disks such that
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2.4. Lower bound 65

(i) two distinct disks B1,B2 ∈ B∗ satisfy B1 ∩ B2 = ∅,

(ii) B∗ covers B∗: for every B ∈ B∗, there exists B′ ∈ B∗ such that
B ⊆ B′,

(iii) the sum of the radii is conserved i.e.
∑

B(a;ρ)∈B∗

ρ =
∑

B(a;ρ)∈B∗

ρ.

The proof of the lemma is well–known, see e.g. [35, p. 386][22, lemma
3.1].

Proof of lemma 2.4.5. For the first part of the proof, we assume that
there are k = 2 intersecting disks B(a1; ρ1) and B(a2; ρ2). We then set

B∗ = {B(c; ρ1 + ρ2)} where c .=
ρ1a1 + ρ2a2
ρ1 + ρ2

.

If k ≥ 3 one proceeds by induction.

Proof of proposition 2.4.3. We fix

u ∈W 1,p(Ω,N) ∩W 1,2
loc (Ω̄ \ {ai}i=1,...,k,N).

For simplicity we write E
1,p′
sg (S1(a; ρ)) for E1,p′

sg (trS1(a;ρ) u) and E
1,p′
sg (a) for

E
1,p′
sg ([u, a]). Fix t0 > 0 to be chosen later. We set

(2.4.4) S(0)
.
=

⋃
0<s<t0

Ss with Ss
.
=

k⋃
i=1

{S(ai, sE
1,p′
sg (ai))}.

We choose the largest t0 > 0 such that the collection of circles satisfies
for each s ∈ (0, t0),

(I) the sum of the radii of the circles in the collection Ss does not
exceed δ,

(II) the collection Ss is a pairwise disjoint collection of circles agglom-
erated in disjoint annuli.

If the process does not satisfy anymore (I) at t0 then we stop the process.
Note that for all s ∈ (0, t0) every circle S1(as, ρs) ∈ Ss satisifies

(2.4.5) E1,p′
sg (S1(as; ρs))s = ρs.

If at time t0 some circles intersect, by lemma 2.4.5, we merge them and
we obtain new disks {S1(at0 ; ρt0)} such that

(2.4.6) E1,p′
sg (S1(as; ρs))s ≤ ρs
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66 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

by the monotonicity of the singular energy (proposition 2.2.9). The
collection {S1(at0 ; ρt0)} is the disjoint union of the collection S=t0 circles
such that (2.4.5) holds at t and the collection S<t0 of those disks that
satisfies (2.4.6) with a strict inequality sign. This latter collection has
the property to contain circles that can be decomposed in a finite number
of circles such that (2.4.5) holds. We gather those in a collection that we
denote St0,sub. Indeed, before merging, (2.4.5) held for each disks. We
define St0

.
= {S1(at0 ; ρt0)} = S<t0 ∪ S=t0 and St−0

= S<t0 ∪ St0,sub.
Next we define

(2.4.7) S(1)
.
=

⋃
t0<s<t1

Ss with Ss
.
= S<t0 ∪ S=s

where S=s
.
=
⋃

{S(at0 , sE
1,p′
sg (S1(at0 ; ρt0)) : S1(at0 ; ρt0) ∈ S=t0}.

where t1 > t0 is the largest number such that (II) and (I) hold for
s ∈ (t0, t1) and

(III) E
1,p′
sg (S1(at0 ; ρt0))s < ρt0 for all S1(at0 ; ρt0) ∈ S<t0 .

If at t1, (I) happens we stop the construction. If at t1, (II) occurs, we
may repeat the merging process by distinguishing St1 = S=t0 ∪ S<t0 circles
that satifies (2.4.6) with an equality or strict inequality. If condition (III)
(see (2.4.5)) is unsatisfied at t1 for some circles {S1(aj ; ρj)}j=1,...,l. We set
S<t1 = S<t0\{S1(aj ; ρj)}j=1,...,l and redefine S=t1 to be S=t1∪{S1(aj ; ρj)}j=1,...,l.
It is then possible to reiterate the construction (2.4.7).

After a finite number N of iterations the construction of S(0), S(1),
. . . , S(N) stops by the finite number of balls that decrease at each step
and we obtain a T > 0 such that

(a) the sum of the radii at of ST is equal to δ.

(b) for each t ∈ (0, T ], (TrS1(a;ρ)u)S1(a;ρ)∈St is a topological resolution of
Tr∂Ωu

(c) for each t ∈ (0, T ], every disk in S1(at; ρt) ∈ St satisfies either (1)
E
1,p′
sg (S1(at; ρt))t = ρt, or (2) there exists kt ∈ N disks {S1(ait; ρ

i
t)}i=1,...,kt

such that
kt∑
i=1

ρit = ρt,

kt⋃
i=1

S1(ait; ρ
i
t) ⊂ B(at; ρt),

(TrS1(ait;ρ
i
t)
u)i=1,...,kt is a topological resolution of TrS1(at,ρt)u and

E
1,p′
sg (S1(ait; ρ

i
t))t = ρit for each i = 1, . . . , kt.

(d) for each 0 < s < t < T , Ss ≼ St in the sense that for each circle
S1(a, ρ) ∈ Ss there exists S1(a′, ρ′) ∈ St such that S1(a, ρ) ⊂ B(a′; ρ′).
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2.4. Lower bound 67

The local estimate. We prove an intermediate and localized version
of (2.4.3). Fix some S1(a∗; r∗) ∈ S. We set T̄ the largest t > 0 such that
St ∩ B(a∗, r∗) ̸= ∅. By construction ST̄ ∩ B(a∗, r∗) consists in a disjoint
and finite collection of annuli A = {A2(ai; ri, r

i))}i=1,...,n∗ . For simplicity
we denote

ˆ
⋃

A

E1,p′
sg (S1(a; r))p−1 dr

rp−1

.
=

n∑
i=1

ˆ ri

ri

E1,p′
sg (S1(ai; r))p−1 dr

rp−1
.

We have by change of variables

ˆ
⋃

A

E1,p′
sg (S1(a; r))p−1 dr

rp−1

=
N∑
j=1

∑
S1(a;ρ)∈B(a∗;r∗)∩Stj

ˆ tj+1

tj

E1,p′
sg (S1(a; ρj))

ds

sp−1

≥
N∑
j=1

ˆ tj+1

tj

E1,p′
sg (S1(a∗; r∗))χ[0,T̄ ]

ds

sp−1

by definition of the singular energy. We thus have

ˆ
⋃

A

E1,p′
sg (S1(a; r))p−1 dr

rp−1

≥ E1,p′
sg (S1(a∗; r∗))

ˆ T̄

0

ds

sp−1
= E1,p′

sg (S1(a∗; r∗))
T̄ 2−p

2− p
.

The estimate (2.4.3) in (ii). For every ε ∈ (0, δ] there exists a
finite number of disks S1(ci, ρi) ∈ S i = 1, . . . , n such that

∑n
i=1 ρi = ε

and {ai}i=1,...,k ⊂
⋃n

i=1 B(ci, ρi). This is because t 7→
∑

S1(a;ρ)∈St ρ is
increasing and continuous equal to zero at t = 0, equal to δ at t = T and
so the intermediate value theorem applies and yields the existence of a
T̄ ∈ (0, T ] such that ST̄ = {S1(ci, ρi)}i=1,...,n and

∑n
i=1 ρi = ρ. By (c)(2)

we can assume that for each i = 1, . . . , n,

E1,p′
sg (S1(ci; ρi))T̄ = ρi.

Let us consider an arbitrary subcollection {S1(c∗i ; ρ
∗
i )}i=1,...,k∗ ⊂

{S1(ci, ρi)}i=1,...,n, by the preceding paragraph there exist N disjoint
collections Aj of cardinality nj such that

Aj = {A2(ci; ri, r
i)}i=1,...,nj

67



68 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

and therefore

N∑
i=1

ˆ ri

ri

E1,p′
sg (S1(ci; r))

p−1 dr

rp−1
=

ˆ
⋃N

i=1

⋃
Ai

E1,p′
sg (S1(a; r))p−1 dr

rp−1

≥
k∗∑
i=1

E1,p′
sg (S1(c∗i ; ρ

∗
i ))

T̄ 2−p

2− p

=
( k∗∑

i=1

E1,p′
sg (S1(c∗i ; ρ

∗
i )
)p−1

( k∗∑
i=1

ρ∗i

)2−p

2− p

where N =
∑n

j=1 nj and the last equality follows from the choice of the
disks.

2.4.4 Going to the Marcinkiewicz scale

In this section we prove the following proposition. We recall that A+
.
=

max(0, A).

Proposition 2.4.6 (Mixed Marcinkiewicz estimate). Fix p ∈ (1, 2). Let
u ∈ W 1,2

loc (Ω \ {ai}i=1,...,k,N) ∩W 1,p(Ω,N) where {ai}i=1,...,k ⊂ Ω. Let
also δ ∈ (0, dist({ai}i=1,...,k, ∂Ω)]. There exists a finite collection B of
disjoint disks B ⊂ Ω such that the sum of their radii does not exceed δ,
and a nonnegative measurable function U : Ω → R supported in

⋃
B∈B B

such that

(2.4.8)
p− 1

p

ˆ
⋃

B∈B B
(|Du| − U)p+ +

(2πδ)2−p

p2−p(p− 1)p−1

(∑
B∈B

E1,p′
sg (Tr∂Bu)

)p−1

≤ (3− p)p

2

ˆ
⋃

B∈B B

|Du|p

p
.

Moreover, U ∈ {0} ∪ [Sys(N)/(2πδ),∞) almost everywhere,

(2.4.9) sup
t>0

tp|{U > t}| ≤ (2− p)pp−1

2(p− 1)p−1(2π)2−p

ˆ
Ω

|Du|p

p
,

and

(2.4.10) sup
t>0

tp−1Per({U > t}) ≤ (2− p)(2π)3−p(p′)p−1

Sys(N)

ˆ
Ω

|Du|p

p
.
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One consequence of (2.4.9)–(2.4.10) is that, combined with the first-
order upper bound (2.3.3), it asserts that any family of minimizing
p-harmonic maps (up)p∈(1,2) which is smooth outside a finite number of
points and subject to Tr∂Ωup = g ∈W 1/2,2(∂Ω,N) satisfies

lim
p↗2

sup
t>0

tp|{Up > t}| ≤ 4π lim
p↗2

(2− p)

ˆ
Ω

|Dup|p

p
≤ 4πE1,2

sg (Tr∂Ωu),

where Up is the map given by proposition 2.4.6. Some of consequences of
this fact are described in proposition 2.5.8. The perimeter Per of the level
set {U > t} is defined through the gradient measure of the characteristic
function of the level set [40, Section 7.4] which is of bounded variation
(BV):

Per({U > t}) .=
ˆ
Ω
|Dχ{U>t}|.

To prove the announced bound we will first write an estimate con-
cerning real numbers (lemma 2.4.7). We will then integrate it in lemma
2.4.8 on ∂B(a; ρ) and then, with the help of the circle proposition 2.4.3,
we will choose appropriately the shells on which we will integrate. The
function U is explicitly given in the proof, see (2.4.15).

Lemma 2.4.7. If a, b ≥ 0 and p ∈ [1, 2], then

ap

p
+ ap−1(b− a) +

(
1− 1

p

)
(b− a)p+ ≤ 3− p

2
bp.

Proof of lemma 2.4.7. Considering the functions t ∈ [0, 1] 7→ (a(1− t) +
bt)p we have by the integral form of the Taylor expansion

(2.4.11) bp = ap + pap−1(b− a) + p(p− 1)

ˆ 1

0

(b− a)2(1− t)

|(1− t)a+ tb|2−p
dt.

We check that

(2.4.12)
(b− a)2

|(1− t)a+ tb|2−p
≥

(b− a)2+
b2−p

and
ˆ 1

0
(1− t) dt =

1

2
.

By Young’s inequality, we have

(2.4.13) (b− a)p+ =
(b− a)p+

b
p(2−p)

2

b
p(2−p)

2 ≤ p

2

(b− a)2+
b2−p

+
(2− p)

2
bp

as 1 = 1/(2/p) + 1/(2/(2− p)). Combining (2.4.11)–(2.4.13) multiplied
by (p− 1)/p, we get the conclusion.
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70 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Proposition 2.4.8. Let a ∈ R2 and 0 < ρ < σ. If u ∈ W 1,2(B(a;σ) \
B(a; ρ),N), then we have for every r ∈ (ρ, σ) and for any 0 ≤ η ≤
λ(Tr∂B(a;ρ)u)
(2.4.14)

ηp

p(2πr)p−1
+
(
1− 1

p

) ˆ
∂B(a;r)

(
|Du| − η

2πr

)p
+
≤ (3− p)p

2

ˆ
∂B(a;r)

|Du|p

p
.

Proof of proposition 2.4.8. From lemma 2.4.7, we get, setting b = |Du|,

ap

p
(2πr) + ap−1

ˆ
∂B(a;r)

(|Du| − a) +
(
1− 1

p

) ˆ
∂B(a;r)

(
|Du| − a

)p
+

≤ (3− p)p

2

ˆ
∂B(a;r)

|Du|p

p
.

We on the Sobolev energy on circles (lemma 2.2.3) that

ˆ
∂B(a;r)

|Du| ≥ λ(TrS1u(a+ ρ·)) ≥ η =

ˆ
∂B(a;r)

η

2πr
.

Taking a = η/(2πr), we get the conclusion.

Proof of proposition 2.4.6. From proposition 2.4.3 with

δ = dist({ai}i=1,...,N , ∂Ω),

we get the existence of a collection of circles S considered as a disjoint
collection A of annuli. We write A = {A2(ci; ri, ri)}1,...,N . Next, we define
for all x ∈ Ω

(2.4.15) U(x)
.
=

sup


(
(2π)p

′−1p′ E1,p′
sg (Tr∂B(a;r)u)

) 1
p′

2πr
: S1(a; r) ∈ S, x ∈ B(a; r)


with the convention sup∅ = 0. If x ∈ A2(ci; ri, r

i) then by definition 2.2.8

U(x) =

(
(2π)p

′−1p′ E1,p′
sg (Tr∂B(ci;ri)

u)
) 1

p′

2π|x− ci|
≤
λ(Tr∂B(ai;ri)

u)

2π|x− ci|
.
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2.4. Lower bound 71

Integrating proposition 2.4.8 over all the annuli S(a; ρ) ∈ S of propo-
sition 2.4.3, we get

(3− p)p

2

ˆ
∪S

|Du|p

p

≥ (2π)2−p

p2−p(p− 1)p−1

N∑
i=1

ˆ ri

ri

E1,p′
sg (u,S1(ci; r))

p−1 dr

rp−1

+
p− 1

p

ˆ
∪S
(|Du| − U)p+

We define B
.
= {Bi : i = 1, . . . , l} where the disks are those of assertion

(i) of proposition 2.4.3. By construction the disks are disjoint and by the
choice of the circles of proposition 2.4.3 and by adding the integral of
|Du|p over

⋃
B \ ∪S, we get the announced result (2.4.8).

Weak-Lp estimate (2.4.9). By construction of U ,

{U > t} =
⋃

B

where the union runs over a finite family B of pairwise disjoint disks
B(a; ρ) such that

(2.4.16) ρt ≤ ((2π)p
′−1p′ E1,p′

sg (S1(a; ρ))
1
p′

2π
.

Moreover, one has

(2.4.17) ρ2−pE1,p′
sg (S1(a; ρ))p−1 ≤ (2− p)

ˆ
B(a;ρ)

|Du|p

p
.

Hence,

tp|{U > t}| ≤ π
∑

B(a;ρ)∈B

tpρ2

≤ ((2π)p
′−1p′)p−1π

(2π)p

∑
B(a;ρ)∈B

ρ2−pE1,p′
sg (S1(a; ρ))p−1

≤ (2− p)pp−1

2(p− 1)p−1(2π)2−p

ˆ
Ω

|Du|p

p
.

Perimeter estimate. Letting B as above, we have

Per({U > t}) =
∑

B(a;ρ)∈B

2πρ

= 2π
∑

B(a;ρ)∈B

ρ2−pE1,p′
sg (S1(a; ρ))p−1

( ρ

E
1,p′
sg (S1(a; ρ))

)p−1
.(2.4.18)
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72 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

On the other hand, by (2.4.16) and by (2.2.13),

ρ

E
1,p′
sg (B(a; ρ))

≤ ((2π)p
′−1p′)

1
p′

2πtE1,p′
sg (B(a; ρ))

1
p

≤ p′(2π)p
′−2

tSys(N)
1

p−1

and thus (2.4.18) becomes, in view of (2.4.17),

Per({U > t}) ≤ (2− p)(2π)3−p(p′)p−1

tp−1Sys(N)

ˆ
Ω

|Du|p

p
.

2.5 Convergence of bounded sequences

We establish a compactness result which will be applied to sequences of
p-harmonic mappings as p↗ 2.

Proposition 2.5.1 (Compactness theorem). Let Ω ⊂ R2 be a bounded
Lipschitz domain, N a Riemannian manifold with Sys(N) > 0 and (pn)n
be a sequence in the interval (1, 2) converging to 2. Let (un)n be a sequence
of maps such that un ∈W 1,pn(Ω,N), Tr∂Ωun = Tr∂Ωu0 ∈W 1/2,2(∂Ω,N)
for all n. If

(2.5.1) sup
n

[ˆ
Ω

|Dun|pn
pn

− E
1,2
sg (Tr∂Ωu0)

2− pn

]
< +∞,

then, up to some unrelabeled subsequence, (un)n converges almost every-
where to some measurable u∗ : Ω → N.
Moreover,

(i) the map u∗ ∈ W 1,2
ren(Ω,N) satisfies Tr∂Ωu∗ = Tr∂Ωu0. Calling

{ai}i=1,...,κ ⊂ Ω the associated singular points of the renormalizable
map u∗, we have that for all ρ ∈ (0, ρ({ai}i=1,...,k)), (Tr∂B(ai;ρ)u∗(ai+
ρ·))i=1,...,κ is a minimal topological resolution of Tr∂Ωu∗ i.e.

E1,2
sg (tr∂Ω u∗) =

κ∑
i=1

λ([u∗, ai])
2

4π
,

and, moreover, λ([u∗, ai]) > 0 for all i = 1, . . . , κ,

(ii) for all ρ ∈ (0, ρ({ai}i=1,...,k)), (Dun)n is uniformly integrable on
Ω \

⋃κ
i=1 B(ai; ρ) and for all q ∈ [1,∞),

lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai;ρ)

|un|q +
ˆ
Ω\

⋃κ
i=1 B(ai;ρ)

|Dun|pn < +∞.
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2.5. Convergence of bounded sequences 73

(iii) narrowly as measures on Ω,

(2− pn)
|Dun|pn
pn

n→∞−−−→
κ∑

i=1

λ([u∗, ai])
2

4π
δai

(iv) one has

(2.5.2) lim
n→∞

ˆ
Ω

|Dun|pn
pn

− E
1,2
sg (Tr∂Ωun)

2− pn

≥ E1,2
ren(u∗) + H([u∗, ai])i=1,...,κ

≥ E
1,2
top,g,[u∗,a1],...,[u∗,ak]

(a1, . . . , ak) + H([u∗, ai])i=1,...,κ.

(v) for each ρ ∈ (0, ρ({ai}i=1,...,k)),

lim
n→∞

ˆ
B(ai;ρ)

|Dun|pn
pn

− λ([u∗, ai])
pn

(2π)pnpn| · −ai|pn−1

≥
ˆ

B(ai;ρ)

|Du∗|2

2
− λ([u∗, ai])

2

8π2| · −ai|
.

Recall the quantity H was defined in proposition 4.4.1 and the non-
intersection radius ρ({ai}i=1,...,k) was defined in (2.2.18).

By item (ii), we obtain that for all ρ > 0 and p ∈ (1, 2) Dun → Du∗
weakly in Lp(Ω \

⋃κ
i=1 B(ai; ρ),Rν×2). This implies that Dun → Du∗ as

distributions on Ω \ {ai}i=1,...,κ.
The narrow convergence in (iii) is equivalent (see [1, Proposition

4.2.4]) to the fact that for any bounded and continous function ξ : Ω → R,

(2− pn)

ˆ
Ω
ξ d|Dun|

n→∞−−−→
κ∑

i=1

λ([u∗, ai])
2

4π
ξ(ai).

Narrow convergence can also be understood as the combination of weak
convergence of measures and the condition that the total mass converges:

(2− pn)|Dun|(Ω)
n→∞−−−→

κ∑
i=1

λ([u∗, ai])
2

4π
δai(Ω) = E1,2

sg (tr∂Ω u∗).

2.5.1 Convergence of Lp-bounded sequences when p↗ 2

In this section 2.5.1, we prove a Fatou type result (see (2.5.4)) and a
compactess result (see proposition 2.5.4) for sequence bounded in the
sense of (2.5.3).
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74 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Proposition 2.5.2. Let Ω ⊂ R2 be an open and bounded set, (pn)n be
an increasing sequence converging to 2 and un → u a.e. be a sequence of
measurable maps in W 1,pn(Ω). If

(2.5.3) sup
n

ˆ
Ω
|Dun|pn < +∞,

then

(2.5.4)
ˆ
Ω
|Du∗|2 ≤ lim

n→∞

ˆ
Ω
|Dun|pn .

Moreover, for every a ∈ Ω and almost every ρ ∈ (0, dist(a, ∂Ω)),
ˆ
∂B(a;r)

|Du∗|2 dH1 ≤ lim
n→∞

ˆ
∂B(a;r)

|Dun|pn dH1.

The second part of proposition 2.5.2 is based on the next lemma 2.5.3
that disintegrates on circles the lower semi-continuity statement that weak
convergence implies. Its proof is well known, based on Fubini-Tonneli
theorem and Fatou’s lemma and we shall omit it.

Lemma 2.5.3. Let Ω ⊂ Rm be an open and bounded set, p ∈ (1,∞).
Let un → u weakly in W 1,p(Ω). Then, for every a ∈ Ω and almost every
ρ ∈ (0, dist(a, ∂Ω)),

ˆ
∂B(a;ρ)

|Du|p dH1 ≤ lim
n→∞

ˆ
∂B(a;ρ)

|Dun|p dH1

and there exists a subsequence n′ depending on a and ρ such that un′ → u
H1-a.e converges and un′ is bounded in W 1,p(∂B(a; ρ)).

Proof of proposition 2.5.2. We only prove the second assertion. This is
lemma 2.5.3 combined with the observation thatˆ

∂B(ai;r)
|Du∗|2 dH1 = lim

p↗2

ˆ
∂B(ai;r)

|Du∗|p dH1

≤ lim
p↗2

lim
n→∞

ˆ
∂B(ai;r)

|Dun|p dH1

≤ lim
p↗2

lim
n→∞

H1(∂B(ai; r))
p(pn−1)

pn ×( ˆ
∂B(ai;r)

|Dun|pn dH1
) p

pn

≤ lim
n→∞

ˆ
∂B(ai;r)

|Dun|pn dH1.
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In the proof of proposition 2.5.1, we will use the following routine.

Proposition 2.5.4. Let Ω be an open Lipschitz bounded domain of
Rd. Let (un)n be a sequence of maps un ∈ W 1,pn(Ω,Rν) sharing all the
same trace on ∂Ω. Let, for each m, Bm be a finite collection of disjoint
disks contained in Ω whose union of forms a decreasing sequence of sets
satisfying, as sets, ∪Bm ↓ {a1, . . . , ak} ⊂ Ω. Let pn ∈ [1, 2) be such that
pn ↗ 2.
If, for each m,

sup
n

ˆ
Ω\Bm

|Dun|pn < +∞,

then up to some unrelabelled subsequence un converges almost everywhere
to a map u ∈W 1,2

loc (Ω\{ai}i=1,...,k,Rν). Moreover the subsequence satisfies

(2.5.5) lim
n→∞

ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|un|pn + |Dun|pn < +∞.

We will deduce proposition 2.5.4 from the following lemmata.

Lemma 2.5.5. For each m, it is possible to change the values of each
upn on ∪Bm in order to get a sequence ūpn ∈W 1,pn(Ω,Rν) that verifies

sup
n

ˆ
Ω
|Dūn|pn <∞.

Proof of lemma 2.5.5. It follows from (linear) trace theory and its esti-
mates [16].

Lemma 2.5.6. Let Ω ⊂ R2 be an open set. Let pn ∈ [1, 2) be an increasing
sequence such that pn ↗ 2. Assume a sequence vn ∈W 1,pn(Ω,Rν) verifies

sup
n

ˆ
Ω
|Dvn|pn <∞ and vn − v0 ∈W 1,p0

0 (Ω,Rν)

for each n. Then, it admits an unrelabelled subsequence vn such that
vn → v almost everywhere Moreover, v ∈ W 1,2(Ω,Rν) and, for each
p ∈ [1, 2),

(2.5.6) sup
n

ˆ
Ω
|vn|p + |Dvn|p < +∞.

Proof of lemma 2.5.6. As pn ↗ 2, for every q ∈ [1, 2), the tail of the
sequence (vn)n is bounded in W 1,q(Ω,Rν) by the Poincaré inequality.
Hence, for some q ∈ [1, 2) we extract a subsequence of (vn) still denote vn
such that vn → v almost everywhere and in Lq(Ω,Rν). We also get that
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76 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Dvn → Dv weakly in Lp(Ω,Rν). We next consider a sequence qm ↗ 2
and by a Cantor’s diagonal argument such that the diagonal sequence vn
converges in Lqm(Ω,Rν) and Dvn → Dv weakly in Lqm(Ω,Rν) for each
m and thus for each p ∈ [1, 2) we have

(2.5.7) sup
n

ˆ
Ω
|Dvn|p < +∞.

The fact that Du ∈ L2(Ω,R2×ν) then follows from a variant of [40,
Theorem 6.1.7]. The estimate (2.5.6) is implied by the weak convergence.

Proof of proposition 2.5.4. Lemmata 2.5.5 and 2.5.6 with a Cantor’s di-
agonal argument yield the conclusion.

2.5.2 Proof of proposition 2.5.1

We will make use of the following lemma from [29, Lemma 6.2].

Lemma 2.5.7. Let Ω ⊂ R2, a ∈ R2 and 0 < σ < τ . If u ∈W 1,2(B(a; τ)\
B(a;σ),N), then,

ˆ
(B(a;τ)\B(a;σ))∩Ω

|Du|2

2
≥ λ2(Tr∂S1u(a+ τ ·))

4πνστ (a)
log

τ

σ
×[

1−
√
2π

λ(Tr∂S1u(a+ τ ·))

( 1

log τ
σ

ˆ
B(a;τ)\(B(a;σ)∪Ω)

|Du|2
) 1

2

]2
where

(2.5.8) νστ (a) =
1

2π log τ
σ

ˆ
(B(a;τ)\B(a;σ))∩Ω

dx

|x− a|2
≤ 1.

Proof of proposition 2.5.1. In the first part of the proof we assume that

un ∈W 1,pn(Ω,N) ∩W 1,2
loc (Ω̄ \ {ani }i=1,...,kn ,N),

where kn ∈ N and {ani }i=1,...,kn ⊂ Ω are such that

δ = inf
n

dist({ai}i=1,...,kn , ∂Ω) > 0.

We will treat the general case by density (see section 2.5.2.5).
By our assumption (2.5.1),

(2.5.9) lim
n→∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

≤ E1,2
sg (tr∂Ω u0).
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2.5.2.1 Convergence of the disks

Let (ηm)m be a decreasing sequence such that ηm ∈ (0, δ) for each m and
ηm ↘ 0. For each m,n we apply proposition 2.4.3 and get the existence
of a finite collection of disjoint disks Bm,n contained in Ω such that the
sum of the diameter is ηm (more details are explained in corollary 2.4.4)
and
(2.5.10)

(2− pn)

ˆ
⋃

B∈Bm,n

|Dun|pn
pn

≥
( ∑

B∈Bm,n

E1,p′n
sg (Tr∂Bun)

)pn−1
η2−pn
m .

We thus have by proposition 2.2.10, (2.5.9) and (2.5.10),

E1,2
sg (Tr∂Ωu0) = lim

n→∞
E1,p′n
sg (Tr∂Ωu0)

pn−1

≤
(

lim
n→∞

∑
B∈Bm,n

E1,p′n
sg (Tr∂Bun)

)pn−1

≤ lim
n→∞

(2− pn)

ˆ
Ω
|Dun|pn ≤ E1,2

sg (Tr∂Ωu0).

Thus,

(2.5.11) E1,2
sg (Tr∂Ωu0) = lim

n→∞
(2− pn)

ˆ
Ω
|Dun|pn .

Letting B
Top
m,n be the subcollection of disks B of Bm,n with the property

that E
1,p′n
sg (Tr∂Bun) > 0; in view of (2.2.13) they satisfy the stronger

bound

(2.5.12) E1,p′n
sg (Tr∂Bun) ≥

Sys(N)
pn

pn−1

(2π)p′n−1p′n
> 0,

we have that the number of elements of this collection satisfies by (2.5.10)

(2.5.13) lim
n→∞

#BTop
m,n ≤ 4πE1,2

sg (Tr∂Ωu0)

Sys(N)2
.

Hence up to some subsequence in n the collection B
Top
m,n converges to a

limit collection B
Top
m for each m in the sense that #B

Top
m,n → #Bm for each

m and the vector of the center of the disks and the radii converge to the
associated vector of the limit collection. By a Cantor diagonal argument
we may ensure that the subsequence does not depend on m. Then,
(4.5.45) also holds for #Bm. Thus repeating the argument we get up to
some subsequence a limit collection B such that Bm → B. As ηm ↘ 0,
this collection consists of κ ∈ N with κ ≤ #B points {ai}i=1,...,κ ⊂ Ω̄
such that

dist({ai}i=1,...,κ, ∂Ω) ≥ δ.
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78 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

2.5.2.2 Uniform bound away from singularities and
convergence to u∗

For each m,n, we observe that
ˆ
Ω\

⋃
Bm,n

|Dun|pn
pn

=

ˆ
Ω

|Dun|pn
pn

− E
1,2
sg (tr∂Ω u0)

2− pn

+
E
1,2
sg (tr∂Ω u0)− E

1,p′n
sg (tr∂Ω u0)

pn−1

2− pn

+ E1,p′n
sg (tr∂Ω u0)

pn−1 1− η2−pn
m

2− pn

+

[
E
1,p′n
sg (tr∂Ω u0)

pn−1η2−pn
m

2− pn
−
ˆ
⋃

Bm,n

|Dun|pn
pn

]
.

Hence, by our assumption (2.5.1), the local Lipschitz property of the
singular energy (lemma 2.2.10) and the lower bound (2.5.10),

(2.5.14) lim
n→∞

ˆ
Ω\

⋃
Bm,n

|Dun|pn
pn

≤ Λ + E1,2
sg (tr∂Ω u0) log

1

ηm
,

where we write for future use

(2.5.15) Λ
.
= lim

n→∞

[ˆ
Ω

|Dun|pn
pn

− E
1,2
sg (Tr∂Ωu0)

2− pn

]

+ lim
p↗2

E
1,2
sg (tr∂Ω u0)− E

1,p′
sg (tr∂Ω u0)

p′−1

2− p
.

From (2.5.14), by proposition 2.5.4 we get a limit map u∗ ∈ W 1,2(Ω \⋃k
i=1 B(ai; ρ),N) for every ρ ∈ (0, ρ̄) such that up to some subsequence

independent of m we have un → u∗ as described by the proposition. This
proves (ii).

In the sequel, we will use

ρ̄
.
= ρ({ai}i=1,...,κ)

for the non-intersection radius defined in (2.2.18). By (2.5.15) for m large
enough,

ˆ
Ω\

⋃κ
i=1 B(ai;2ηm)

|Du∗|2

2
≤ lim

n→∞

ˆ
Ω\

⋃
Bm,n

|Dun|pn
pn

≤ Λ + E1,2
sg (Tr∂Ωu0) log

1

ηm
.
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2.5. Convergence of bounded sequences 79

Hence, using definition 2.2.8 of the singular energy and lemma 4.5.11,

Γ log
ρ̄

2ηm
E1,2
sg (Tr∂Ωu∗) ≤ Γ log

ρ̄

2ηm

κ∑
i=1

λ(Tr∂S1u∗(ai + ρ̄·))2

4πν2ηmρ̄ (ai)
(2.5.16)

≤ Λ + E1,2
sg (Tr∂Ωu0) log

1

ηm
,

where we have set

Γ
.
=
[
1−

√
2π

Sys(N)

(
log

ρ̄

2ηm

ˆ
{x∈Ω:dist(∂Ω,x)<δ}

|Du∗|2
) 1

2
]2

and ν2ηmρ̄ (ai) is given by (2.5.8). From (2.5.16), we get in the limit
m→ ∞,

(2.5.17) E1,2
sg (Tr∂Ωu∗) ≤

κ∑
i=1

λ(Tr∂S1u∗(ai + ρ̄·))2

4π
≤ E1,2

sg (Tr∂Ωu0).

But E
1,2
sg (Tr∂Ωu0) = E

1,2
sg (Tr∂Ωu∗) as Tr∂Ωu∗ = Tr∂Ωu0 by assumption.

Hence we deduce that ν2ηmρ̄ (ai) = 1 for each i = 1, . . . , κ and that
equality holds in (2.5.17) which implies that (Tr∂S1u∗(ai + ρ̄·))i=1,...,κ is
a minimimal topological resolution of Tr∂Ωu0 i.e.

(2.5.18) E1,2
sg (Tr∂Ωu∗) =

κ∑
i=1

λ(Tr∂S1u∗(ai + ρ̄·))2

4π

and

(2.5.19) dist({ai}i=1...,κ, ∂Ω) > δ.

2.5.2.3 Narrow convergence (iii)

By (2.5.14) and the convergence results (see proposition 2.5.4(ii)), we
have un → u∗ almost everywhere and we may futher assume that

(2− pn)|Dun|pn →
κ∑

i=1

αiδai

weakly as measures where αi ≥ 0. Moreover,
κ∑

i=1

αi = E1,2
sg (Tr∂Ωu)

by (2.5.11). By section 2.5.2.1, for large m and n, we may assume that the
number of disks contained in B(ai; ρ̄/2) is constant for each i = 1, . . . , κ.
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80 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Then, by the construction of the disks given by proposition 2.4.3(2.4.3),
for each i = 1, . . . , κ, for large enough m,

αi = lim
n→∞

(2−pn)
ˆ

B(ai,ρ̄)

|Dun|pn
pn

≥ lim
n→∞

E1,p′n
sg (Tr∂B(ai;ρ̄)un)

pn−1
( ρ̄
2

)2−pn

We consider a subsequence such that the superior limit is an actual limit
for each i = 1, . . . , κ. By lemma 2.5.3, there exists r ∈ (ρ̄/2, ρ̄) such
that for a subsequence unr

k
depending on r one has unr

k
⇀ u∗ weakly in

W 1,p(∂B(ai; r)). Using the Sobolev embedding and the Arzelà–Ascoli
compactness criterion un → u∗ uniformly on ∂B(ai; r). Hence for k
large enough Tr∂B(ai;r)unr

k
is homotopic to Tr∂B(ai;r)u∗. We deduce that

for k and m large enough E
1,p′n
sg (tr∂B(ai;ρ̄) un) = E

1,p′n
sg (tr∂B(ai;r) un) =

E
1,p′n
sg ([u∗, ai]) and, using lemma 2.2.10,

αi ≥ lim
n→∞

E1,p′n
sg (Tr∂B(ai;ρ̄)u∗)

pn−1
( ρ̄
2

)2−pn = E1,2
sg ([u∗, ai])

which, combined with the fact that (Tr∂S1u∗(ai + ρ̄·))i=1,...,κ, is a minim-
imal topological resolution of Tr∂Ωu0 results into that

αi = E1,2
sg ([u∗, ai]) =

λ([u∗, ai])
2

4π

by lemma 2.2.14. This proves the weak convergence of measures. The
narrow convergence (iii) is reached by (2.5.11).

2.5.2.4 Lower semicontinuity statements

We now observe that, by corollary 2.5.2, for each i = 1, . . . , κ and almost
every r ∈ (0, ρ̄),

(2.5.20)
ˆ
∂B(ai;r)

|Du∗|2 ≤ lim
n→∞

ˆ
∂B(ai;r)

|Dun|pn .

In order to prove (v). For all ρ ∈ (0, ρ̄), we have by (2.5.20)
ˆ ρ

0

ˆ
∂B(ai;r)

|Du∗|2

2
dH1 −

λ(Tr∂B(ai;r)u∗)
2

4πr
dr

≤
ˆ ρ

0
lim
n→∞

[ˆ
∂B(ai;r)

|Dun|pn
pn

dH1 −
λ(Tr∂B(ai;r)u∗)

pn(2πr)2−pn

2pnπr

]
dr

≤ lim
n→∞

ˆ ρ

0

[ˆ
∂B(ai;r)

|Dun|pn
pn

dH1 −
λ(Tr∂B(ai;r)u∗)

pn(2πr)2−pn

2pnπr

]
dr

= lim
n→∞

ˆ
B(ai;ρ)

|Dun|pn
pn

−
λ(Tr∂B(ai;r)u∗)

pn

2pnπ

(2πρ)2−pn

2− pn
.

80



2.5. Convergence of bounded sequences 81

We prove (2.5.2). By the integral representation of the renormalized
energy, proposition 2.2.16, we have

E1,2
ren(u∗) =

ˆ
Ω\

⋃κ
i=1 B(ai;ρ)

|Du∗|2

2
−

κ∑
i=1

λ(Tr∂B(ai;ρ)u∗)
2

4π
ln

1

ρ

+
κ∑

i=1

ˆ ρ

0

ˆ
∂B(ai;ρ)

|Du∗|2

2
dH1 −

λ(Tr∂B(ai;ρ)u∗)
2

4πr
dr

≤ lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai;ρ)

|Dun|pn
pn

+ lim
n→∞

κ∑
i=1

λ(Tr∂B(ai;ρ)u∗)
pn

2pnπ

(2πρ)2−pn − (2π)2−pn

2− pn

+
κ∑

i=1

lim
n→∞

ˆ
B(ai;ρ)

|Dun|pn
pn

−
λ(Tr∂B(ai;ρ)u∗)

pn

2pnπ

(2πρ)2−pn

2− pn

≤ lim
n→∞

ˆ
Ω

|Dun|pn
pn

−
κ∑

i=1

λ(Tr∂B(ai;ρ)u∗)
pn

2pnπ

(2π)2−pn

2− pn
. (2.5.21)

Subtracting and adding E
1,2
sg (Tr∂Ωun)/(2− pn) in (2.5.21) and using the

equality (2.5.18), we obtain the first inequality in 2.5.2 (see also (2.3.6)),
whereas the second inequality in 2.5.2 follows from proposition 2.2.23.

2.5.2.5 Density argument

If un ∈ W 1,pn(Ω,N), and Tr∂Ωun = Tr∂Ωu0 ∈ W 1/2,2(∂Ω,N), we argue
by density. By (2.4.1), we may assume, considering a larger domain, that

un ∈W 1,pn(Ω′,N) ∩W 1,2
loc ({x ∈ Ω′ : dist(x, ∂Ω′) < δ},N)

for some δ > 0 and un = u0 on {x ∈ Ω′ : dist(x, ∂Ω′) < δ}. Then, by
proposition 2.4.2, we obtain for each n a finite set {ani }i=1,...,kn ⊂ Ω′

satisfying dist({ani }i=1,...,kn , ∂Ω
′) > δ such that

ūn ∈W 1,pn(Ω′,N) ∩W 1,2
loc (Ω

′ \ {ani }i=1,...,kn ,N),

(ūn − un) → 0 almost everywhere in Ω′, ∥ūn − un∥W 1,pn (Ω′,N) → 0 and in
particular ˆ

Ω′
|Dūn|pn −

ˆ
Ω′

|Dun|pn
n→∞−−−→ 0.

Under these conditions, the assumption (2.5.1) on (un)n implies

sup
n

[ˆ
Ω′

|Dūn|pn
pn

− E
1,2
sg (Tr∂Ω′ ū0)

2− pn

]
< +∞.
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82 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

By the proof above, we obtain (i)–(v) by restriction from Ω′ to Ω and by
observing that the

lim
n→∞

ˆ
Ω′\Ω

|Dūn|pn =

ˆ
Ω′\Ω

|Dū∗|2

is implied by ∥ūn − un∥W 1,pn (Ω′,N) → 0. The condition

dist({ai}i=1,...,κ, ∂Ω
′) > δ

(see (2.5.19)) implies {ai}i=1,...,κ ⊂ Ω.

2.5.3 Mixed Marcinkiewicz estimates of bounded sequences

We also obtain mixed Marcinkiewicz estimates for sequences of p-harmonic
mappings with bounded renormalized p–energy.

Proposition 2.5.8. Let Ω ⊂ R2 be a bounded Lipschitz domain, N a
Riemannian manifold with Sys(N) > 0 and let pn ∈ (1, 2) be a sequence
pn ↗ 2. Let (un)n be a sequence of maps such that un ∈ W 1,pn(Ω,N),
Tr∂Ωun = Tr∂Ωu0 ∈ W 1/2,2(∂Ω,N). If u0 ∈ W 1,2(Ωδ \ Ω,N) for some
δ > 0, un = u0 on Ωδ \ Ω and

(2.5.22) Λ
.
= lim

n→∞

[ˆ
Ω

|Dun|pn
pn

− E
1,2
sg (Tr∂Ωu0)

2− pn

]
< +∞,

then, for each n, there exists a measurable Un : Ω → {0}∪[Sys(N)/(2πδ),∞)
such that

lim
n→∞

ˆ
Ω

(|Dun| − Un)
pn
+

pn
≤ Λ + E1,2

sg (Tr∂Ωu0)×(2.5.23) ([
E1,p
sg (tr∂Ω u0)

]
Lip([3/2,2])

+ log
1

δ

)
lim
n→∞

sup
t>0

tpn H2({Un > t}) ≤ E1,2
sg (Tr∂Ωu0),

(2.5.24)

lim
n→∞

sup
t>0

tpn−1Per({Un > t}) ≤ 4π

Sys(N)
E1,2
sg (Tr∂Ωu0).

(2.5.25)

In (2.5.23), [E1,p
sg (tr∂Ω u0)

]
Lip([3/2,2])

refers to the Lipschitz constant of

the map p 7→ E
1,p
sg (tr∂Ω u0). Lemma 2.2.10 guarantees that this quantity is

finite and (2.2.17) gives an estimate on it. Together (2.5.23) and (2.5.24)
will imply weak-Lp boundedness of the sequence Dun, see corollary 2.5.9
below.
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Under the conclusion of proposition 2.5.8, we have the following
lower semi-continuity statements (lemma 2.5.10, lemma 2.5.11 and lemma
2.5.12). As a corollary (see corollary 2.5.13), we obtain that the map
u∗ ∈W 1,2

ren(Ω,N) resulting of proposition 2.5.1 has its gradient that lies in
weak-L2. We refer to [29] for the original proof of this fact for a general
manifold and [36] for the case of the circle.

We first record the following corollary that implies the result (2.1.7)
mentioned in the introduction.

Corollary 2.5.9. Any sequence (un)n that satisfies the assumptions of
proposition 2.5.8 verifies

lim
n→∞

sup
t>0

tpn H2(Ω ∩ {|Dun| > 2t})

≤ Λ+E1,2
sg (Tr∂Ωu0)

([
E1,p′
sg (tr∂Ω u0)

p−1
]
Lip([3/2,2])

+log
1

δ

)
+4πE1,2

sg (tr∂Ω u0).

Proof of corollary 2.5.9. Noting that |Dun| ≤ (|Dun|−Un)++Un where
Un is the map given by proposition 2.5.8, we have

tpn H2(Ω ∩ {|Dun| > 2t})
≤ tpn H2(Ω ∩ {(|Dun| − Un)+ > t}) + tpn H2(Ω ∩ {Un > t})

≤
ˆ
Ω
(|Dun| − Un)

pn
+ + tpn H2(Ω ∩ {Un > t}).

Lemma 2.5.10. Let us fix Ω ⊂ Rm and {ai}i=1,...,κ ⊂ Ω. Consider two
sequences (Un)n and (vn)n such that, for each n, Un ∈ L1(Ω,R) and
vn ∈ Lpn(Ω,Rm×ν) such that Un → U a.e, vn ⇀ v weakly in Lp(Ω \⋃κ

i=1 B(ai; ρ),Rm×ν) for every p ∈ (1, 2) and ρ ∈ (0, ρ({ai}i=1,...,κ)) and

sup
n

ˆ
Ω

(|vn| − Un)
pn
+

pn
< +∞.

Then, ˆ
Ω

(|v| − U)2+
2

≤ lim
n→∞

ˆ
Ω

(|vn| − Un)
pn
+

pn
.

Proof of lemma 2.5.10. Let us define for s > 1, p ∈ (1, 2), ξ ∈ R the
C1(R,R) non-decreasing convex function

Φs,p(ξ) =


0 if ξ ≤ 0
ξp

p if ξ ∈ (0, s)
sp

p + sp−1(ξ − s) if ξ ≥ s
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84 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

for which one has

Φ′
s,p(ξ) =


0 if ξ ≤ 0

ξp−1 if ξ ∈ (0, s)

sp−1 if ξ ≥ s.

Since v is measurable, there exists ζ ∈ L∞ such that |ξ| = 1 and
⟨v, ζ⟩ = |v|. By convexity,

Φs,p(|v| − Un) = Φs,p(⟨v, ζ⟩ − Un)

≤ Φs,p(⟨vn, ζ⟩ − Un)− Φ′
s,p(⟨v, ζ⟩ − Un)[⟨vn − v, ζ⟩].

Since vn ⇀ vn weakly in Lq for some p < q < 2, we have and since
Φ′
s,p(⟨v, ζ⟩ − Un) is bounded and converges almost everywhere to

(Φ′
s,p(⟨v, ζ⟩ − U)

we have for all ρ ∈ (0, ρ({ai}i=1,...,κ))

lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai;ρ)

Φ′
s,p(⟨v, ζ⟩ − Un)[⟨vn − v, ζ⟩] = 0.

and thusˆ
Ω\

⋃κ
i=1 B(ai;ρ)

Φs,p(|v| − U) ≤ lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai;ρ)

Φs,p(|v| − Un)

≤ lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai;ρ)

Φs,p(⟨vn, ξ⟩ − Un)

≤ lim
n→∞

ˆ
Ω

(|vn| − Un)
p
+

p

≤ lim
n→∞

ˆ
Ω

(|vn| − Un)
pn
+

pn

where we used Hölder’s inequality to obtain the last inequality. Next,
letting p↗ 2, s↗ ∞ and ρ↘ 0, we conclude by Fatou’s lemma.

Lemma 2.5.11. Let (pn)n be a sequence such that, for each n, pn ∈ (1, 2)
and converging to p ∈ (1, 2], let Un : Ω → [0,∞) be a sequence of
measurable maps such that Un ≥ 1. If

(2.5.26) sup
n

sup
t>1

tpn−1Per({Un > t}) < +∞,

then a subsequence of Un converges almost everywhere on Ω. Moreover,

sup
t>1

tp−1Per({U > t}) ≤ lim
n→∞

sup
t>1

tpn−1Per({Un > t}).
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Proof of lemma 2.5.11. We call Λ the supremum in (2.5.26) and we define
for T ∈ (1,∞), UT

n
.
= T−1 ∨ (T ∧ U). By our assumption and the coarea

formula [1, Theorem 10.3.3], for T > 1,

lim
n→∞

ˆ
Ω
|D(UT

n )| = lim
n→∞

ˆ T

1/T
Per({Un > t}) dt

≤ Λ lim
n→∞

T 2−pn − T pn−2

2− pn

= Λ

2 log T if p = 2

T 2−p − T p−2

2− p
if p ∈ (1, 2).

For fixed T > 0, as UT
n ≤ T we obtain by the compact embedding for

mappings of bounded variation (BV) [1, Theorem 10.1.4] and the partial
converse of Lebesgue’s dominated convergence theorem [40, Proposition
4.2.10] that, up to some subsequence in n that depends on T , Un ∧ T
converges in L1 and almost everywhere. Considering a sequence Tn → ∞,
a Cantor diagonal argument yields, after the extraction of a subsequence,
that for all T > 0 UT

n converges almost everywhere to UT where U : Ω →
R is a measurable map and UT .

= T−1 ∨ (T ∧ U). Moreover we have

(2.5.27)
ˆ
Ω
|UT

n − UT | =
ˆ T

1/T
H2({Un > t}∆{U > t}) dt

where ∆ refers to the symmetric difference of two sets. Up to a subse-
quence, we can assume that for almost every t ∈ (0,∞),

lim
n→∞

H2({Un > t}∆{U > t}) = 0.

By BV-theory [40, Theorem 7.3.2], for almost every t ∈ (0,∞),

(2.5.28) Per({U > t}) =
ˆ
Ω
|Dχ{U>t}|

≤ lim
n→∞

ˆ
Ω
|Dχ{Un>t}| = lim

n→∞
Per({Un > t}),

and, for all t > 0, Per({U > t}) ≤ lim infs↘t Per({U > s}), which
concludes the proof.

Lemma 2.5.12. Let (X, | · |) be a measure space. Assume Un → U in
measure, pn ∈ [1,∞) and pn → p ∈ [1,∞). Then,

sup
t>0

tpH2({|U | > t}) ≤ lim
n→∞

sup
t>0

tpn H2({|Un| > t}).
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86 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

We omit the proof of lemma 2.5.12.

Proof of proposition 2.5.8. As in the proof of proposition 2.5.4, we assume
without loss of generality that

un ∈W 1,pn(Ω,N) ∩W 1,2
loc (Ω̄ \ {ani }i=1,...,kn ,N)

where {ani }i=1,...,kn ⊂ Ω are such that

δ = inf
n

dist({ai}i=1,...,kn , ∂Ω) > 0.

The general case follows by density as in section 2.5.2.5 in the proof of
proposition 2.5.4.

We first note that

lim
n→∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

≤ E1,2
sg (Tr∂Ωu0).

For each n let Un : Ω → {0} ∪ [Sys(N)/(2πδ),∞] be given by proposition
2.4.6. We then have

lim
n→∞

pn − 1

pn

ˆ
Ω
(|Dun| − Un)

pn
+

≤ lim
n→∞

(3− pn)pn
2

ˆ
Ω

|Dun|pn
pn

− E
1,p′n
sg (Tr∂Ωu0)

pn−1(2πδ)2−pn

(pn − 1)pn−1p2−pn
n

and thus

lim
n→∞

ˆ
Ω

(|Dun| − Un)
pn
+

pn
≤ lim

n→∞

[ˆ
Ω

|Dun|pn
pn

− E
1,2
sg (Tr∂Ωu0)

2− pn

]
+ E1,2

sg (Tr∂Ωu0)
([

E1,p′
sg (tr∂Ω u0)

p−1
]
Lip([3/2,2])

+ log
1

δ

)
Lemma 2.2.10 and the fact that Sys(N) > 0 imply that[

E1,p′
sg (tr∂Ω u0)

p−1
]
Lip([3/2,2])

is finite. In addition, by (2.4.9), (2.4.10) and lemmata 2.5.11 and 2.5.12

lim
n→∞

sup
t>0

tpn{Un > t} ≤ E1,2
sg (Tr∂Ωu0),

lim
n→∞

sup
t>0

tpn−1Per({Un > t}) ≤ 4π

Sys(N)
E1,2
sg (Tr∂Ωu0).

As a corollary (see corollary 2.5.13 below) of the result of section
2.5.3, we obtain that the map u∗ ∈W 1,2

ren(Ω,N) resulting of proposition
2.5.1 has its gradient that lies in weak-L2.
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2.6. Convergence of minimizers 87

Corollary 2.5.13. Let Ω ⊂ R2 be a bounded Lipschitz domain and
N a Riemannian manifold with Sys(N) > 0. If u ∈ W 1,2

ren(Ω,N), then
|Du| ∈ L2,∞(Ω,R). Moreover, there exists a positive U ∈ L2,∞(Ω,R),

sup
t>0

t2H2({U > t}) ≤ E1,2
sg (Tr∂Ωu)

and
sup
t>0

tPer({U > t}) ≤ 4π

Sys(N)
E1,2
sg (Tr∂Ωu)

ˆ
Ω

(|Du| − U)2+
2

≤ E1,2
ren(u) + E1,2

sg (Tr∂Ωu)×([
E1,p′
sg (tr∂Ω u)

]
Lip([3/2,2])

+ | log dist({ai}i=1,...,k, ∂Ω)|
)

where {ai}i=1,...,k ⊂ Ω are the associated singularities of the renormalizable
map u.

Proof of corollary 2.5.13. The sequence defined by un = u for all n sat-
isfies the assumption (2.5.22) of proposition 2.5.8 by proposition 2.2.17.
Combining the estimates of proposition 2.5.8 with the ones of lemma
2.5.10, lemma 2.5.11 and lemma 2.5.12 we obtain the conclusion thanks
to proposition 2.2.17.

2.6 Convergence of minimizers

Proposition 2.6.1. Let Ω ⊂ R2 be a bounded Lipschitz domain and N a
compact Riemannian manifold.

Let (pn)n be a sequence satisfying, for each n, pn ∈ (1, 2) and let
(un)n be a sequence of minimizing pn-harmonic maps such that, for all n,
un ∈W 1,pn(Ω,N) and Tr∂Ωun = Tr∂Ωu0 ∈W 1/2,2(∂Ω,N).

If pn ↗ 2, then up to some subsequence (un)n converges almost
everywhere to a renormalizable map u∗ ∈W 1,2

ren(Ω,N) of trace Tr∂Ωu∗ =
Tr∂Ωu0. We denote the associated singular points of the renormalizable
map u∗ by {ai}i=1,...,κ ⊂ Ω. In addition to (i)–(v) of proposition 2.5.1,
we have

(v) Dun → Du∗ almost everywhere in Ω andˆ
Ω
|Du∗|pn −

ˆ
Ω
|Dun|pn

n→∞−−−→ 0,

(vi) lim
n→∞

ˆ
Ω

|Dun|pn
pn

− E
1,2
sg (Tr∂Ωun)

2− pn
= E1,2

ren(u∗) + H([u, ai])i=1,...,κ

= E
1,2
top,γ1,...,γk

([u∗, a1], . . . , [u∗, ak]) + H([u∗, ai])i=1,...,κ,
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88 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

(vii) E1,2
ren(u∗) + H([u, ai])i=1,...,κ

= inf
{
E1,2
ren(u∗) + H([u, ai])i=1,...,κ :

u ∈W 1,2
ren(Ω,N)

Tr∂Ωu∗ = g

}
,

(viii) the charges ([u∗, ai])i=1,...,κ and points (ai)i=1,...,κ minimize the
renormalized energy of the configuration of points

(2.6.1) E
1,2
top,γ1,...,γκ

([u∗, a1], . . . , [u∗, ak]) + H([u∗, ai])i=1,...,κ

= inf
{
E
1,2
top,γ1,...,γκ

(x1, . . . , xk) + H(γi)i=1,...,κ :

x1, . . . , xk ∈ Ω
(γ1, . . . , γk) is a minimal topological resolution

}
(ix) for each i = 1, . . . , κ, and ρ ∈ (0, ρ({ai}i=1,...,κ))

(2.6.2)
ˆ

B(ai;ρ)

|Dun|pn
pn

− λ([u∗, ai])
pn

(2π)pnpn| · −ai|pn

n→∞−−−→
ˆ

B(ai;ρ)

|Du∗|2

2
− λ([u∗, ai])

2

8π2| · −ai|2
.

The conclusion of proposition 2.6.1 implies that un → u∗ in W 1,p(Ω \⋃k
i=1 B(ai; ρ),N), for each p ∈ [1, 2) and even more (see (2.6.11)):

(2.6.3)
ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Dun −Du∗|pn
n→∞−−−→ 0.

We will refer to (2.6.3) as strong convergence of the gradients. Meanwhile
we cannot hope for

(2.6.4) lim
n→∞

ˆ
Ω
|Dun|pn < +∞

which would imply that W 1,2
g (Ω,N) is not empty by an application of

Fatou lemma.
Note that even if

(2.6.5)
ˆ
Ω
|Dun −Du∗|pn

n→∞−−−→ 0

holds, it would not imply (2.6.4). Therefore one could wonder if
ˆ

B(ai;ρ)
|Dun −Du∗|pn

n→∞−−−→ 0
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2.6. Convergence of minimizers 89

holds true near the singularities ai of the map as (2.6.3) already holds
true. As the following calculation shows, it could be related to the rate
of convergence of singularities of p-harmonic maps (in [20] it is shown
that p-harmonic mappings are smooth outside a finite number of points)
to the points ai of the renormalized maps. As (2.6.2) suggests, the norm
of a derivative of a p-harmonic map behaves as 1/|x − ap| near one
of its singularities ap and a renormalized map satisfy supx∈B(a;ρ) |x −
a||Du∗|(x) <∞ near on of its singularities a (see proposition 2.2.22(ii)).
On the other hand, we have

(2.6.6) 21−p3p−2π
|ap|2−p

2− p
≤
ˆ

B(0;1)

∣∣∣∣ 1|x| − 1

|x− ap|

∣∣∣∣p dx ≤ 25π
|ap|2−p

2− p

if |ap| < 1/2.

Proof of (2.6.6). Lower bound. For all x ∈ B(a; |a|/3), |x − a| < |x|/4
and ∣∣∣∣ 1|x| − 1

|x− a|

∣∣∣∣2 ≥ 1

|x− a|

(
1

|x− a|
− 2

|x|

)
≥ 1

2|x− a|2

and ˆ
B(a;|a|/3)

∣∣∣∣ 1|x| − 1

|x− a|

∣∣∣∣p dx ≥ 2π|a|2−p

32−p2p(2− p)
.

Upper bound. Setting at = (1− t)0 + ta for t ∈ (0, 1), there exists a
t ∈ (0, 1) such that for all x ∈ B(0; 1) \ B(a; 2|a|)∣∣∣∣ 1|x| − 1

|x− a|

∣∣∣∣ ≤ |a|
|x− at|2

.

Also,
ˆ

B(0;1)

∣∣∣∣ 1|x| − 1

|x− a|

∣∣∣∣p dx ≤ |a|p
ˆ

B(0;1)\B(at;2|a|)

dx

|x− at|2p

+ 2p
ˆ

B(0;4|a|)

dx

|x|p

≤ 24pπ|a|2−p

2p− 2
+ 2p+1+2(2−p)π

|a|2−p

2− p
.

For each ai with i = 1, . . . , κ, the points in proposition 2.6.1, the follow-
ing lemma (lemma 2.6.2) implies that on almost every disk ∂B(ai; ρ) and
all i = 1, . . . , κ, for n large enough depending on ρ, un|∂B(a;ρ) is in the same
homotopy class that u∗|∂B(a;ρ). Since u∗ ∈ W 1,2

loc (B(ai; ρ({ai}i=1,...,κ)) \
{ai}i=1,...,κ), we obtain that for n large enough un|∂B(ai;ρ) ∈ [u∗, ai]. In
particular, for n large enough, λ(trS1(a;ρ) un) = λ([u∗, ai]).
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90 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Lemma 2.6.2. Let p ∈ [1,∞) and Ω ⊂ R2. Let (un)n be a sequence
converging to a map u in W 1,p(Ω,N). Then for all a ∈ Ω there exists
an unrelabelled subsequence depending on a such that for almost every
ρ ∈ (0, dist(a, ∂Ω)), un → u uniformly on ∂B(a; ρ).

Proof of lemma 2.6.2. Fix a ∈ Ω. Integration in polar coordinates com-
bined with the partial converse to the Lebesgue dominated convergence
theorem yields a subsequence of (un)n converges in W 1,p(∂B(a; ρ),N). By
the Sobolev embedding in dimension 1, along this subsequence un → u
uniformly on ∂B(a; ρ).

2.6.1 Uniform convexity of the p↗ 2 Lp-convergence

We will obtain the strong convergence of the gradients using this proposi-
tion concerning the notion of convergence that induces

ˆ
X
|up − u|p p↗2−−−→ 0.

In the case of Lebesgue spaces, this proposition would have been a
consequence of uniform convexity [14][40, Theorem 5.4.2].

Lemma 2.6.3. Let X be a measure space. Let vp ∈ Lp(X,Rµ) for
p ∈ [1,∞) and v ∈ Lq(X,Rµ), for some q ∈ (1,∞). If

(2.6.7) lim
p→q

ˆ
X
|vp|p =

ˆ
X
|v|q and 2q

ˆ
X
|v|q ≤ lim

p→q

ˆ
X
|v + vp|p,

then
lim
p→q

ˆ
X
|vp − v|p = 0.

The proof of lemma 2.6.3 rely on Hanner’s inequality [19][40, Theorem
4.1.9(c)] (see (2.6.8) in the proof).

Proof of lemma 2.6.3. We assume q ∈ (1, 2] and write ∥·∥r for ∥·∥Lr(X,Rµ).
Since

lim
p→q

∥vp − v∥p ≤ 2∥v∥q <∞,

we consider a sequence pn → q such that the superior limit is actually
a limit that we denote η ≥ 0. We further assume that pn ≤ q ≤ 2. For
each n, Hanner’s inequality for exponent below 2 implies

(2.6.8) 2pn(∥vn∥pnpn + ∥v∥pnpn) ≥
(
∥v + vn∥pn + ∥v − vn∥pn

)pn
+
∣∣∥v + vn∥pn + ∥v − vn∥pn

∣∣pn .
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2.6. Convergence of minimizers 91

Letting n→ ∞, we obtain

2∥v∥pp ≥
(
∥v∥p + η

)p
+
∣∣∥v∥p − η

∣∣p.
By lemma 2.6.4 below this forces η = 0 if ∥v∥p ̸= 0 as η is nonnegative. If
q ≥ 2 or pn ≥ q one proceeds the same way by if necessary using Hanner’s
inequality for exponent above 2.

Lemma 2.6.4. If p ∈ (1, 2] and if x ≥ 0 satisfy 2 ≥ (1 + x)p + |1− x|p
then x = 0.

2.6.2 Proof of convergence of minimizers (proposition 2.6.1)

Proof of proposition 2.6.1. By proposition 4.4.1, the sequence (un)n sat-
isfies the assumption of the compactness proposition 2.5.1. This shows
the existence of the limit map u∗ ∈W 1,2

ren(Ω,N) of trace Tr∂Ωu∗ = Tr∂Ωu0.
We call {ai}i=1,...,κ ⊂ Ω, the associated singular points of the renormal-
izable map u∗. Let v ∈ W 1,2

ren(Ω,N) such that Tr∂Ωv = Tr∂Ωu0 and its
singularities {avi }i=1,...,k ⊂ Ω satisfy for all ρ ∈ (0, ρ(aki )i=1,...,k),

E1,2
sg (Tr∂Ωv) =

k∑
i=1

λ(Tr∂B(ai;ρ)v)
2

4π
.

Hence, by 2.5.2 in proposition 2.5.1, the minimality assumption and the
continuity proposition 2.2.17, we get

(2.6.9) E1,2
ren(u∗)−

κ∑
i=1

λ([u∗, ai])
2

4π
log

λ([u∗, ai])

2π

≤ lim
n→∞

ˆ
Ω

|Dun|pn
pn

− E
1,2
sg (Tr∂Ωun)

2− pn
− E

1,2
sg (TrΩu∗)

2

≤ E1,2
ren(v)−

k∑
i=1

λ([v, ai])
2

4π
log

λ([v, ai])

2π
.

This shows that u∗ has the minimizing property vii. To get (vi), we com-
bine the integral representation of the renormalized energy (proposition
2.2.16) and vii in proposition 2.5.1: for all v ∈W 1,2

ren(Ω,N)

(2.6.10) E1,2
ren(u∗) + H([u∗, ai])i=1,...,κ

≤
ˆ
Ω\

⋃κ
i=1 B(ai;ρ)

|Dv|2

2
− log

1

ρ

κ∑
i=1

λ([v, ai])
2

4π

+

κ∑
i=1

ˆ ρ

0

[ˆ
∂B(ai;r)

|Dv|2

2
dH1 − λ([v, ai])

2

4πr

]
dr.
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92 Chapter 2: Asymptotic behavior of p-harmonic maps in 2d

Minimizing over u as in the definition (2.2.30) of the renormalized geomet-
rical energy and letting ρ↘ 0 we obtain E

1,2
ren(u∗) + H([u∗, ai])i=1,...,κ ≤

E
1,2
top,[u∗,a1],...,[u∗,aκ]

(v) + H([u∗, ai])i=1,...,κ. The reverse inequality is given
by proposition 2.5.1(iv). The assertion viii follows from the arbitrariness
of v.

Let us now show that for all ρ ∈ (0, ρ({ai}i=1,...,κ)),

(2.6.11) lim
n→∞

ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Dun|pn ≤
ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Du∗|2

because then we will get the strong convergence of the gradients in the
sense of (2.6.3) in view of lemma 2.6.3 and the weak convergence of
Dun given by proposition 2.5.1. It implies by the partial converse of
the Lebesgue dominated convergence theorem that Dun → Du∗ almost
everywhere.

Let us observe by the integral expression of the renormalized energy,
proposition 2.2.16 and (2.6.9) evaluated at v = u∗,

ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Du∗|2

2
= E1,2

ren(u∗) +
k∑

i=1

λ([u∗, ai])
2

4π
log

1

ρ
(2.6.12)

−
κ∑

i=1

ˆ ρ

0

[ˆ
∂B(ai;r)

|Du∗|2

2
dH1 − λ([u∗, ai])

2

4πr

]
dr

= lim
n→∞

ˆ
Ω

|Dun|pn
pn

−
κ∑

i=1

λ([u∗, ai])
pn

2πpn

(2π)2−pn

2− pn

+ lim
n→∞

κ∑
i=1

λ([u∗, ai])
pn

2pnπ

(2π)2−pn − (2πρ)2−pn

2− pn

−
κ∑

i=1

ˆ ρ

0

[ˆ
∂Br(ai)

|Du∗|2

2
dH1 − λ([u∗, ai])

2

4πr

]
dr.

Hence,
ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Du∗|2

2
≥ lim

n→∞

ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Dun|pn
pn

(2.6.13)

+ lim
n→∞

ˆ
⋃κ

i=1 B(ai;ρ)

|Dun|pn
pn

−
κ∑

i=1

λ([u∗, ai])
pn

2pnπ

(2πρ)2−pn

2− pn

−
κ∑

i=1

ˆ ρ

0

[ˆ
∂B(ai;r)

|Du∗|2

2
dH1 − λ([u∗, ai])

2

4πr

]
dr.

≥ lim
n→∞

ˆ
Ω\

⋃k
i=1 B(ai;ρ)

|Dun|pn
pn

,
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2.7. The case of non-compact manifolds 93

where we used for the last inequality the limit (v). Moreover, we have
equality in (2.6.13) by the weak convergence of the weak derivatives Dun.
Therefore, we deduce (2.6.2) as (v) allow us to localize on balls B(ai; ρ)
for ρ ∈ (0, ρ({ai}i=1,...,κ).

By proposition 2.2.17, and by (2.6.13),

E1,2
ren(u∗) = lim

n→∞

ˆ
Ω

|Du∗|pn
pn

−
k∑

i=1

λ([u∗, ai])
pn

(2π)pn−1pn

1− ρ2−pn

2− pn
,(2.6.14)

= lim
n→∞

ˆ
Ω

|Dun|pn
pn

−
κ∑

i=1

λ([u∗, ai])
pn

(2π)pn−1pn

1− ρ2−pn

2− pn
,(2.6.15)

and thus we get v, concluding the proof.

2.7 The case of non-compact manifolds

We point out assumptions about the complete Riemannian manifold N

to which the present method of proof applies without changing a single
thing.

(i) (Positive systole) The manifold N should have a positive systole
Sys(N). This result is crucial to obtain the continuity of E1,p

sg (g) in p,
see lemma 2.2.10 and to count the balls in the proof of proposition
2.5.1, see (2.5.12).

(ii) (Nonemptiness of W 1,2
ren,g) For g ∈ W 1/2,2(∂Ω,N), W 1,2

ren,g(Ω,N) is
not empty. Proposition 2.2.20 shows that it can be empty in the
non-compact case. This guarantees the existence of competitors,
see proposition 4.4.1. One can check that the manifold N

.
= S1 × R

and the map g = IdS1 × 0 verify W 1,2
ren,g(B(0, 1),N) ̸= ∅.

(iii) (W 1,2-extension of the boundary data) There exists a δ > 0 such
that for the boundary data g ∈ W 1/2,2(∂Ω,N) one can construct
a map U ∈ W 1,2(∂Ωδ,N) such that Tr∂ΩU = g where ∂Ωδ means
{x ∈ R2 : dist(x, ∂Ω) < δ}. This replaces proposition 2.4.1 and
holds if g ∈ L∞ ∩W 1/2,2(∂Ω,N) by proposition 2.4.1 for instance.
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Limiting behavior of
minimizing p-harmonic
maps in 3d as p goes to 2
with finite fundamental
group

3

Abstract. We study the limiting behavior of minimizing
p-harmonic maps from a bounded Lipschitz domain Ω ⊂
R3 to a compact connected Riemannian manifold without
boundary and with finite fundamental group as p↗ 2. We
prove that there exists a closed set S∗ of finite length such
that minimizing p-harmonic maps converge to a locally
minimizing harmonic map in Ω \ S∗. We prove that locally
inside Ω the singular set S∗ is a finite union of straight line
segments, and it minimizes the mass in the appropriate
class of admissible chains. Furthermore, we establish local
and global estimates for the limiting singular harmonic map.
Under additional assumptions, we prove that globally in Ω
the set S∗ is a finite union of straight line segments, and it
minimizes the mass in the appropriate class of admissible
chains, which is defined by a given boundary datum and Ω.

3.1 Introduction

Given a bounded domain Ω ⊂ R3 with a smooth boundary ∂Ω and a
compact connected smooth Riemannian manifold N without boundary
and of finite dimension, which will be assumed, thanks to Nash’s embed-
ding theorem, to be isometrically embedded into the Euclidean space
Rν for some ν ∈ N \ {0}, we are interested in the problem of finding a
minimizing harmonic map with boundary datum g : ∂Ω → N, that is,
find a minimizer of the Dirichlet integral

(3.1.1)
ˆ
Ω

|Du|2

2
dx

This chapter originally appeared as B. Bulanyi, J. Van Schaftingen, and B. Van
Vaerenbergh. “Limiting behavior of minimizing p-harmonic maps in 3d as p goes to 2
with finite fundamental group”. English. In: Arch. Ration. Mech. Anal. 249.3 (2025).
Id/No 29, p. 103
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among all Sobolev mappings u ∈ W 1,2(Ω,N) that have g as a trace on
∂Ω.

If there exists some v ∈ W 1,2(Ω,N) having g as a trace on ∂Ω,
standard methods in the calculus of variations show the existence of a
minimizer u ∈W 1,2(Ω,N) of the energy (3.1.1). Following the classical
works of Schoen and Uhlenbeck, the map u is continuous outside a discrete
set of points in Ω [53]; moreover, the solution u inherits further regularity
of the boundary datum: for example, if g ∈ C2,α(∂Ω,N), then u has the
same regularity in a neighborhood of the boundary [54].

When the target manifold N is simply connected, or equivalently has
a trivial fundamental group (i.e., π1(N) ≃ {0}), the space of admissible
traces is the fractional Sobolev space W 1/2,2(∂Ω,N) [35], similarly to the
trace theory of linear spaces [32], giving then rise to a nice theory of
harmonic extension of mappings into N.

When the manifold N is not simply connected, the admissible traces
form a strict subset of W 1/2,2(∂Ω,N) due to several obstruction phe-
nomena. First, one has global topological obstructions created by the
combination of the topologies of ∂Ω and N [12, Theorem 5]: if Ω ≃ B2

1×S1

is a solid torus, taking γ ∈ C∞(S1,N), which is not homotopic to a con-
stant, the function g ∈ C∞(∂Ω,N) defined by g(x′, x′′) = γ(x′) for
(x′, x′′) ∈ S1 × S1 ≃ ∂Ω has no extension in W 1,2(Ω,N). Next, one
has local topological obstructions with boundary data that behave like
g(x) = γ(x′/|x′|) [35, Section 6.3][12, Theorem 4]. Finally, there are some
analytical obstructions coming from the infiniteness of π1(N) [8], and
since the integrability exponent 2 is an integer, from the nontriviality of
π1(N) [45, Theorem 1.10]; these obstructions arise as limits of juxtaposi-
tion of boundary data, which have arbitrarily large lower bounds on the
extension energy.

These obstructions to trace extension disappear if one relaxes the
problem and considers the problem of minimizing, for 1 < p < 2, the
p-energy ˆ

Ω

|Du|p

p
dx.

Indeed, given g ∈ W 1/2,2(∂Ω,N) ⊂ W 1−1/p,p(∂Ω,N), there exists v ∈
W 1,p(Ω,N) such that tr∂Ω(v) = g. One way then to find a good re-
placement for solutions to the problem of minimizing harmonic maps is
to define up to be a minimizing p-harmonic map under the boundary
condition u = g on ∂Ω and study the asymptotics of the solutions up of
this p-harmonic relaxation as p↗ 2.

Such an approach has been developed successfully for planar domains
Ω ⊂ R2 when N is a circle [36] or a general compact Riemannian manifold
[57], where up converges as p↗ 2 then to a harmonic map outside a finite
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set of singular points whose positions and topological charges minimize a
suitable renormalized energy [10][47]. Similar results holds for p-energy
minimizing maps from Ω ⊆ Rm to Sm−1 as p↗ m [37].

In higher dimension, this problem has been studied for maps taking
their value in the circle: Hardt and Lin [42, Section 3] have proved that
the energy density of p-energy minimizing maps from an m-dimensional
domain to a sphere Sn as p↗ n < m converges to a limit measure whose
support coincides with some area minimizing current of dimension m−n;
Stern [55] has obtained the convergence of the energy density of p-energy
minimizing maps from a three-dimensional manifold to the circle S1 as
p↗ 2 to the weight measure of a stationary varifold.

In three dimensions, these asymptotics have been analyzed for maps
from a Riemannian manifold into the circle S1 [42, 55].

Our first result is the following.

Theorem 3.1.1. If Ω ⊂ R3 is a bounded Lipschitz domain, π1(N) is
finite, g ∈ W 1/2,2(∂Ω,N), (pn)n∈N ⊂ [1, 2), pn ↗ 2 as n → +∞ and if
for each n ∈ N, un ∈W 1,pn(Ω,N) is a minimizing pn-harmonic map with
boundary datum g, then

lim sup
n→+∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

dx ≤ C|g|2
W 1/2,2(∂Ω,Rν)

,

where C = C(∂Ω,N) > 0. Furthermore, there exist a closed set S∗ ⊂ Ω,
at most a countable union of segments (Lj)j∈J lying in Ω, mappings
(γj)j∈J in C(S1,N), a map u∗ : Ω → N such that S∗ ∩ Ω =

⋃
j∈J Lj ∩ Ω

and, up to a subsequence (not relabeled), the following assertions hold.

(i) un → u∗ almost everywhere in Ω.

(ii) For each q ∈ [1, 2), u∗ ∈W 1,q
loc (Ω,N), un → u∗ in W 1,q

loc (Ω,R
ν) and

lim sup
n→+∞

ˆ
Ω
(dist(x, ∂Ω)|Dun(x)|)q dx

≤ C|Ω|+ C

2− q
lim sup
n→+∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

dx,

where C = C(diam(Ω),N) > 0.

(iii) Assume that there exists r0 = r0(Ω) > 0 such that if x ∈ R3 \ Ω
and dist(x, ∂Ω) ≤ r0, there exists a unique point P (x) ∈ ∂Ω such
that dist(x, ∂Ω) = |x − P (x)|. If g is a C1 map outside a finite
set of points around each of which g is homotopically nontrivial
and whose Euclidean norm of the gradient behaves like the distance
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to the power of −1 close to these points, then for each q ∈ [1, 2),
u∗ ∈W 1,q(Ω,N), un → u∗ in W 1,q(Ω,Rν) and

lim sup
n→+∞

ˆ
Ω
|Dun|q dx ≤ C +

C

2− q
lim sup
n→+∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

dx,

where C = C(g,Ω,N) > 0.

(iv) Any point of Ω has a neighborhood that only intersects finitely many
Lj.

(v) u∗ ∈ W 1,2
loc (Ω \ S∗,N) is a locally minimizing harmonic map in

Ω \ S∗: if K ⋐ Ω \ S∗ is an open set and v ∈W 1,2(K,Rν) satisfies
v − u∗ ∈W 1,2

0 (K,Rν), then

ˆ
K

|Du∗|2

2
dx ≤

ˆ
K

|Dv|2

2
dx.

Furthermore, there exists at most a countable and locally finite subset
S0 of Ω\S∗ such that u∗ ∈ C∞(Ω \ (S∗ ∪ S0),N).

(vi) The varifold V∗ = (Id, A∗)#

(∑
j∈J E

sg
2 (γj)H

1 (Lj ∩ Ω)
)

supported
by
⋃

j∈J Lj∩Ω and with a multiplicity E
sg
2 (γj) is a stationary varifold

which is the limit of the rescaled stress-energy tensors and

V∗(Ω×G(3, 1)) =
∑
j∈J

E
sg
2 (γj)H

1(Lj ∩ Ω)

≤ lim inf
n→+∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

dx,

where Id : R3 → R3 is the identity map, A∗(x) ∈ R3 ⊗ R3 represents
the orthogonal projection onto the approximate tangent plane TxS∗
to S∗ at x and G(3, 1) is the Grassmann manifold.

(vii) S∗ minimizes the mass among all admissible chains locally inside
Ω, namely, locally inside Ω it solves a homotopical Plateau problem
in codimension 2.

(viii) If ∂Ω is homeomorphic to S2 and g ∈ W 1,2(∂Ω,N), then S∗ = ∅
and u∗ ∈ C∞(Ω \ S0,N) is a minimizing harmonic extension of g
to Ω, where S0 ⊂ Ω is a discrete set.

The singular energy E
sg
2 (γ), appearing in the definition of the vari-

fold V∗ in Theorem 3.1.1, is defined for γ ∈ C(S1,N) as the infimum of
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∑m
i=1

´
S1

|f ′
i |2
2 dH1 for f1, . . . , fm ∈ C1(S1,N) such that γ has a contin-

uous extension to a domain consisting of the 2-disk B2
1 from which m

small 2-disks have been removed whose restriction on the boundary of
the i-th disk is a rescaled version of the mapping fi.

The finite assumption on the fundamental group in Theorem 3.1.1
makes it inapplicable to the case of the unit circle N = S1; the framework
of our results is thus completely disjoint from Stern’s [55]. Among the
situations covered by our theorem, we point out the case where N is
the real projective plane RP2 motivated by liquid crystals, and the case
where N is the space of attitudes of the cube SO(3)/O, where O is the
octahedral group, which appears as framefields in meshing problems. We
point out that the finiteness assumption on the fundamental group of the
compact manifold N is equivalent to a compactness assumption on the
universal covering Ñ of the manifold N.

When N is the real projective plane RP2, Theorem 3.1.1 is a counter-
part of Canevari’s result for Landau-de Gennes models of nematic liquid
crystals [22].

The strategy of our proof of Theorem 3.1.1 is inspired by Canevari’s
η-compactness approach for Landau-de Gennes [22]. Whereas Canevari
works with a perturbation involving no derivatives and with a domain
enlarged to a full linear Sobolev space, in our setting we have a perturba-
tion involving the first-order derivatives defined on a nonlinear space with
the same manifold constraint but enlarged by lower integrability require-
ments. This results in different constructions to deal with the different
structures and different analytical arguments because the space in which
the minimization is performed depends on the relaxation parameter p.

We also emphasize that in our results we obtain the uniform interior
W 1,q estimates and the local minimization property outside the singular
set S∗ for u∗, in contrast to a minimization result restricted to balls by
Canevari, and we prove that locally inside Ω, S∗ solves a homotopical
Plateau problem in codimension 2.

At a more technical point, we could identify the stationary varifold
structure of the limit of the stress-energy tensors directly through Arroyo-
Rabasa, De Philippis, Hirsch and Rindler’s work on rectifiability of
measures satisfying some differential constraints [6].

It is also worth noting that the smaller the fractional seminorm of the
boundary datum g, the closer to ∂Ω the singular set S∗ of Theorem 3.1.1
is located (see Proposition 3.7.1).

Under additional assumptions we get global properties of the limit.

Theorem 3.1.2. With the assumptions and notations of Theorem 3.1.1
if we assume moreover that Ω is of class C2, Ω is strongly convex at every
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point of ∂Ω, g is a C1 map outside a finite set of points {a1, . . . , am} ⊂ ∂Ω
around each of which g is homotopically nontrivial and whose Euclidean
norm of the gradient behaves like the distance to the power of −1 close to
these points and if for each n ∈ N, Dun is continuous on ∂Ω\{a1, . . . , am},
then the following assertions hold.

(i) S∗∩∂Ω = {a1, . . . , am} and S∗ lies in the convex hull of {a1, . . . , am}.

(ii) The set J is finite and S∗ =
⋃

j∈J Lj.

(iii) The quantity∑
j∈J

E
sg
2 (γj)H

1(Lj) minimizes
∑
i∈I

E
sg
2 (fi)H

1(Ki)

among all configurations of closed straight line segments (Ki)i∈I
and topological charges (fi)i∈I ⊂ C(S1,N) satisfying the following
conditions: I is finite; each Ki has a positive length; the interiors of
the segments (i.e., the segments without their endpoints) are pairwise
disjoint; K =

⋃
i∈I Ki is a compact subset of Ω and K∩∂Ω is a finite

set of points; K has no endpoints in Ω, namely, if Ki is a segment
having an endpoint x ∈ Ω, then there exists another segment Kj

emanating from x; there exists a map v ∈ C(Ω \ (K ∪ F ),N), with
F being a locally finite subset of Ω \K, such that tr∂Ω(v) = g and
v restricted to small circles transversal to Ki is, up to orientation,
homotopic to fi. Namely, S∗ solves a homotopical Plateau problem
in codimension 2.

The additional ingredient in the proof of Theorem 3.1.2 is the ex-
ploitation of the Pohozaev-type identity combined with White’s maximum
principle for minimizing varifolds [58].

Although our results and proof are written in the framework of do-
mains of the Euclidean space R3, most of the analysis can be trandfered
to compact 3-dimensional Riemannian manifolds. The adaptation of The-
orem 3.1.1 should be completely straightforward, provided line segments
are replaced by geodesics. Transfering Theorem 3.1.2 to manifolds would
require a suitable use of strong convexity of the boundary of submanifolds.

Finally, we point out that if Ω is strongly convex at every point of
∂Ω and π1(N) ≃ Z/2Z, then the singular set S∗ is a minimal connection
(see Definition 3.7.24 and Proposition 3.7.25). Thus, in this case, we
exclude the appearance of closed loops (i.e., homeomorphic images of
S1) in S∗. In fact, the singular sets of minimizing pn-harmonic maps un
could have disclination loops [26, Section 2.4], however, in the limit, as
n→ +∞, each of these loops, which is contractible in Ω, should become
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unstable, shrink and disappear. We also suspect that the singular sets
of the corresponding minimizing pn-harmonic maps converge, up to a
subsequence, to the singular set S∗ in the Hausdorff distance, but this
question is beyond the scope of our paper.

3.2 Preliminaries

3.2.1 Conventions and Notation

Conventions: in this paper, we say that a value is positive if it is strictly
greater than zero, and a value is nonnegative if it is greater than or equal
to zero. Euclidean spaces are endowed with the Euclidean inner product
⟨·, ·⟩ and the induced norm | · |. A set will be called a domain whenever
it is open and connected. Throughout this paper, Ω, unless otherwise
stated, will denote a bounded (locally) Lipschitz domain in R3, and N

will denote a finite-dimensional compact connected smooth Riemannian
manifold without boundary and with finite fundamental group, which will
be assumed, thanks to Nash’s embedding theorem, to be isometrically em-
bedded into the Euclidean space Rν for some ν ∈ N \ {0}. The Hausdorff
measures, which we shall use, coincide in terms of normalization with
the appropriate outer Lebesgue measures. We shall say that a property
holds µ-almost everywhere (or simply almost everywhere) for a measure
µ (abbreviated µ-a.e.) if it holds outside a set of zero µ-measure.

Notation: if A,B,M are real matrices, we denote the inner product
(also known as Frobenius or Hilbert-Schmidt) between A and B by
A : B = tr(ATB) and the Euclidean norm of M by |M | =

√
M :M . We

denote by Bl
r(x), Bl

r(x), and ∂Bl
r(x), respectively, the open ball in Rl,

the closed ball in Rl, and its boundary the (l − 1)-sphere with center
x and radius r, where l ∈ N \ {0}. If the center is at the origin 0, we
write Bl

r, B
l
r and ∂Bl

r the corresponding balls and the (l− 1)-sphere. We
shall sometimes write Sm−1 instead of ∂Bm

1 . We denote by dist(x,A)
and |A|, respectively, the Euclidean distance from x ∈ Rl to A ⊂ Rl, and
the l-dimensional Lebesgue measure of A. We shall denote by Hl(A) the
l-dimensional Hausdorff measure of A. If U ⊂ Rl is Lebesgue measurable,
then for p ∈ [1,+∞) ∪ {+∞}, Lp(U) will denote the space consisting
of all real measurable functions on U that are pth-power integrable on
U if p ∈ [1,+∞) and are essentially bounded if p = +∞; Lp(U ;Rk) is
the respective space of functions with values in Rk. If p ∈ [1,+∞) and
E ⊂ Rm is a Borel-measurable set of Hausdorff dimension l ≤ m, then
Lp(E,Hl) is the space of real measurable functions on E that are pth-
power integrable on E with respect to the Hl-measure; Lp(E,Rk,Hl) is
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the respective space of functions with values in Rk. By L1
loc(U) we denote

the space of functions u such that u ∈ L1(V ) for all V ⋐ U ; if E ⊂ Rm

is a Borel-measurable set of Hausdorff dimension l ≤ m, L1
loc(E,R

k,Hl)
denote the space of measurable functions on E with values in Rk such
that u ∈ L1(F,Rk,Hl) for all F ⋐ E. The norm on Lp(U) (Lp(U ;Rk))
is denoted by ∥ · ∥Lp(U) (∥ · ∥Lp(U ;Rk)) or ∥ · ∥p when appropriate. We
use the standard notation for Sobolev spaces. If L : Rm → Rl is a linear
map, L[h] ∈ Rl will denote the value of L at the vector h ∈ Rm. For each
x ∈ N and for each r > 0, we shall denote by BN

r (x) the geodesic ball in
N with center x and radius r, namely BN

r (x) = {y ∈ N : dN(y, x) ≤ r},
where dN : N ×N → [0,+∞) is the geodesic distance in N. If U ⊂ Rl is
a bounded Lipschitz domain, then tr∂U will denote the trace operator
(the reader may consult, for instance, [29, Section 4.3]). We denote by
| · |W s,p(E,Rk) (or | · |W s,p(E) when appropriate) the canonical seminorm
on W s,p(E,Rk): if E is a Borel-measurable set of Hausdorff dimension
l, then |u|p

W s,p(E,Rk)
=
´
E

´
E

|u(x)−u(y)|p
|x−y|l+sp dHl(x) dHl(y). By #X we shall

denote the cardinality of X.

3.2.2 Embedding and nearest point retraction

For each λ ∈ (0,+∞), we define the neighborhood

Nλ = {x ∈ Rν : dist(x,N) < λ}.

The next lemma describes the nearest point retraction of a neighborhood
of N onto N.

Lemma 3.2.1. There exists λN > 0 such that the nearest point retraction
ΠN : NλN

→ N characterized by

|x−ΠN(x)| = dist(x,N)

is a well-defined and smooth map. Moreover, if the mappings P⊤
N : N →

Lin(Rν ,Rν) and P⊥
N : N → Lin(Rν ,Rν) are defined for each x ∈ N

by setting P⊤
N (x) and P⊥

N (x) as the orthogonal projections on TxN and
(TxN)⊥, identified as linear subspaces of Rν , then for each x ∈ NλN

and
v ∈ Rν ,(

1− dist(x,N)

λN

)
|DΠN(x)[v]|2 ≤ |P⊤

N (ΠN(x))[v]|2 ≤ C|DΠN(x)[v]|2,

where C = C(N, ν) > 0. Furthermore, for each x ∈ NλN
\N,

|D dist(x,N)| = 1.

Proof. For a proof, we refer to [46, Lemma 2.1].
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3.2.3 Sobolev mappings into manifolds

Let X and Y be compact Riemannian manifolds. Assume that X and
Y are isometrically embedded into Euclidean spaces, which is always
possible by Nash’s isometric embedding theorem [50]. Notice that these
embeddings are bilipschitz. In fact, if M is a compact Riemannian
manifold, which is isometrically embedded into a Euclidean space, then,
clearly, the Euclidean distance between two points of M is less than or
equal to the geodesic distance between these points, which is induced by
the Riemannian metric on M. On the other hand, there exists a constant
L = L(M) > 0 such that the geodesic distance on M is less than or equal
to the Euclidean distance on M times L (the idea behind the proof is that
each compact Riemannian manifold M has a positive normal injectivity
radius, thus, one can construct a smooth nearest point retraction from a
tubular neighborhood of M onto M (see Lemma 3.2.1) and appropriately
use the fact that for each open cover of M there is a finite subcover).
Thus, identifying X and Y to their embedding’s images, for each s ∈ (0, 1)
and p ∈ [1,+∞), we can define the fractional Sobolev space W s,p(X,Y)
as

(3.2.1) W s,p(X,Y) = {u ∈ Lp(X,Rk,Hl) :

u(x) ∈ Y for a.e. x ∈ X and |u|W s,p(X,Rk) < +∞},

where Rk is the Euclidean space into which Y is embedded and l ∈
N\{0} is the Hausdorff dimension of X (the reader may also consult
[24, Section 3.1]). This definition does not depend on the choice of the
isometric Euclidean embedding of Y. We shall consider in W 1,p(X,Rk)
its strongly closed subset

W 1,p(X,Y) = {u ∈W 1,p(X,Rk) : u(x) ∈ Y for a.e. x ∈ X}

This definition does not depend on the choice of the isometric Euclidean
embedding of Y (see, for instance, [15, Proposition 2.1] and [39, Sec-
tion 3.1]; for intrinsic definitions of Sobolev spaces for Riemannian mani-
folds, see [39, Section 3.2]).

For convenience, we recall the definition of weak differentiability of
mappings defined on bilipschitz images of open sets.

Definition 3.2.2. Let U ⊂ Rl be open and Φ : E → U be bilipschitz.
A map u ∈ L1

loc(E,R
k,Hl) is said to be weakly differentiable if the map

u ◦ Φ−1 is weakly differentiable.

Since the weak differentiability is preserved under bilipschitz maps
(see [59, Theorem 2.2.2]), the above definition is independent of the bilip-
schitz parametrization of E. Taking into account that E is bilipschitz
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106 Chapter 3: Limiting behavior of p-harmonic maps in 3d

homeomorphic to an open set U ⊂ Rl, through a bilipschitz homeomor-
phism Φ : E → U , E admits the approximate tangent plane TxE for
Hl-a.e. x ∈ E (for the definition of the approximate tangent plane, see,
for example, [31, Section 3.2.16] and [30, Definition 4.3]). Thus, we can
define the notion of the tangential derivative of Φ for Hl-a.e. x ∈ E, as
the linear map from the tangent plane TxE to Rl. If u ∈ L1

loc(E,R
k,Hl)

is weakly differentiable, the weak (tangential) derivative of u at Hl-a.e.
x ∈ E is defined by D⊤u(x) = D(u◦Φ−1)(Φ(x))◦D⊤Φ(x), where D⊤Φ(x)
is the tangential derivative of Φ at x (which is defined for Hl-a.e. x ∈ E).

We shall denote by W 1,1
loc (E,R

k) the space of all weakly differentiable
mappings on E with values in Rk. If p ∈ [1,+∞) and E is a bilipschitz
image of an open set in Rl, then we define

W 1,p(E,Rk) = {u ∈W 1,1
loc (E,R

k) : |u|, |D⊤u| ∈ Lp(E,Hl)}.

Next, we define Sobolev spaces of mappings on bilipschitz images of open
sets into a compact Riemannian manifold.

Definition 3.2.3. Let p ∈ [1,+∞) and E be a bilipschitz image of
an open set in Rl with l ∈ N \ {0}. Let Y be a compact Riemannian
manifold isometrically embedded into Rk. Then we define the Sobolev
space W 1,p(E,Y) by

W 1,p(E,Y) = {u ∈W 1,p(E,Rk) : u(x) ∈ Y for a.e. x ∈ E}.

3.2.4 Topological resolution of the boundary datum

Since N is a connected Riemannian manifold, it is path-connected and
its fundamental group, namely π1(N, x0), where x0 ∈ N, is, up to iso-
morphism, independent of the choice of a basepoint x0 (see [38, Propo-
sition 1.5]) and denoted by π1(N). Moreover, there is a one-to-one
correspondence between the set of conjugacy classes in π1(N) and the
set [S1,N] of free homotopy classes of maps S1 → N, that is, homotopy
class without any condition on some basepoints (see Exercise 6 in [38,
Section 1.1, p. 38]). In general, there is no group structure on [S1,N]
(there exist groups G with the functor L : G→ LG sending G to its set
of conjugacy classes, which cannot be lifted to a group-valued functor;
for instance, one can find an inclusion of groups H → G implying an
inclusion of conjugacy classes LH → LG such that the order of LH does
not divide the order of LG). After all, hereinafter, when we talk about
“homotopy”, we are talking about free homotopy (with no conditions on
base points). We shall denote by #[S1,N] the number of equivalence
classes of [S1,N].
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Next, for convenience, we recall the definition of a bounded Lipschitz
domain.

Definition 3.2.4. A bounded domain U ⊂ Rl, l ≥ 2 and its boundary
∂U are said to be (locally) Lipschitz if there exist a radius r∂U and
a constant δ > 0 such that for every point x ∈ ∂U and every radius
s ∈ (0, r∂U ), up to a rotation of coordinates, it holds

U ∩Bl
s(x) = {(y′, yl) ∈ Rl−1 × R : yl > φ(y′)} ∩Bl

s(x)

for some Lipschitz function φ : Rl−1 → R satisfying ∥Dφ∥L∞(Rl−1) ≤ δ.

Given k ∈ N\{0} and a bounded Lipschitz domain U ⊂ R2, we denote
by ConfkU the configuration space of k ordered points of U , namely

(3.2.2) ConfkU = {(a1, . . . , ak) ∈ Uk : ai ̸= aj if i ̸= j}.

Given (a1, . . . , ak) ∈ ConfkU , we define the quantity

(3.2.3) ϱ̄(a1, . . . , ak) = min

{{
|ai − aj |

2
: i, j ∈ {1, . . . , k} and i ̸= j

}

∪

{
dist(ai, ∂U) : i ∈ {1, . . . , k}

}}
,

so that if ϱ ∈ (0, ϱ̄(a1, . . . , ak)), we have B2
ϱ(ai) ∩ B2

ϱ(aj) = ∅ for each
i, j ∈ {1, . . . , k} such that i ̸= j and B2

ϱ(ai) ⊂ U for each i ∈ {1, . . . , k},
and hence the set U \

⋃k
i=1B

2
ϱ(ai) is connected and has a Lipschitz

boundary ∂(U \
⋃k

i=1B
2
ϱ(ai)) = ∂U ∪

⋃k
i=1 ∂B

2
ϱ(ai).

Definition 3.2.5. We say that (γ1, . . . , γk) ∈ C(S1,N)k is a topological
resolution of g ∈ C(∂U,N) whenever there exist (a1, . . . , ak) ∈ ConfkU ,
ϱ ∈ (0, ϱ̄(a1, . . . , ak)) and u ∈ C(U \

⋃k
i=1B

2
ϱ(ai),N) such that u|∂U = g

and for each i ∈ {1, . . . , k}, u(ai + ϱ·)|S1 = γi.

The definition of topological resolution is independent of the order
of the curves in the k-tuple (γ1, . . . , γk). Furthermore, if (b1, . . . , bk) ∈
ConfkU and r ∈ (0, ϱ̄(b1, . . . , bk)), then there exists a homeomorphism
between U \

⋃k
i=1B

2
ϱ(ai) and U \

⋃k
i=1B

2
r(bi), which shows that the

statement of the previous definition is independent of the choice of the
points and of the radius. Similarly, if for each i ∈ {1, . . . , k} the map
γ̃i is freely homotopic to γi and if g̃ is freely homotopic to g, then, by
definition of homotopy and the fact that an annulus is homeomorphic to
a finite cylinder, we have that (γ̃1, . . . , γ̃k) is also a topological resolution

107



108 Chapter 3: Limiting behavior of p-harmonic maps in 3d

of g̃. Thus, the property of being a topological resolution is invariant
under homotopies.

Definition 3.2.5 can be extended to the case when g : ∂U → N is a map
of vanishing mean oscillation, namely g ∈ VMO(∂U,N) and (γ1, . . . , γk) ∈
VMO(S1,N)k (see [18, 19]). Indeed, if Γ ≃ S1 is a closed curve, path-
connected components of the space VMO(Γ,N) are known to be the
closure in VMO(Γ,N) of path-connected components of C(Γ,N) (see [18,
Lemma A.23]). Since W 1/2,2(∂U,N) ⊂ VMO(∂U,N), Definition 3.2.5
extends also to the case when g ∈W 1/2,2(∂U,N).

Definition 3.2.6. We say that (γ1, . . . , γk) ∈ VMO(S1,N)k is a topo-
logical resolution of a map g ∈ VMO(∂U,N) whenever (γ1, . . . , γk) is
homotopic in VMO(S1,N)k to a topological resolution (γ̃1, . . . , γ̃k) of
g̃ ∈ C(∂U,N) which is homotopic to g in VMO(∂U,N).

Since Definition 3.2.5 is invariant under homotopies, and continuous
maps are homotopic in VMO if and only if they are homotopic through
a continuous homotopy, Definition 3.2.6 generalizes Definition 3.2.5.

3.2.5 Singular p-energy

First, we define the minimal length in the homotopy class of a map
γ ∈ VMO(S1,N) by

(3.2.4) λ(γ) = inf
{ˆ

S1

|γ̃′| dH1 :

γ̃ ∈ C1(S1,N) and γ are homotopic in VMO(S1,N)
}
,

where |·| is the norm induced by the Riemannian metric gN of the manifold
N on each fiber of the tangent bundle TN, and since N is isometrically
embedded into Rν , | · | is the Euclidean norm.

For each p ∈ [1,+∞), using the parametrization by arc length and
Hölder’s inequality if p ∈ (1,+∞), we have

inf

{ˆ
S1

|γ̃′|p

p
dH1 : γ̃ ∈ C1(S1,N)

and γ are homotopic in VMO(S1,N)

}
=

λ(γ)p

(2π)p−1p
.

In particular, if γ is a minimizing closed geodesic, then

λ(γ) =

ˆ
S1

|γ′| dH1 =

(
(2π)p−1p

ˆ
S1

|γ′|p

p
dH1

) 1
p

= 2π∥γ′∥∞,
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since |γ′| is constant for a minimizing geodesic.
Recall that the systole of the compact manifold N is the length of the

shortest closed nontrivial geodesic on N, namely,

(3.2.5) sys(N)

= inf{λ(γ) : γ ∈ C1(S1,N) is not homotopic to a constant}.

If [S1,N] ≃ {0}, we set sys(N) = +∞. Notice that, if [S1,N] ̸≃ {0}, then
for each map γ ∈ VMO(S1,N), it holds λ(γ) ∈ {0} ∪ [sys(N),+∞).

We now define the singular p-energy of a map g ∈ VMO(∂U,N),
where U ⊂ R2 is a bounded Lipschitz domain. This notion was previously
introduced for p = 2 in [47] and generalized in [57] to p ∈ [1,+∞).

Definition 3.2.7. If p ∈ [1,+∞), U ⊂ R2 is a bounded Lipschitz domain
and g ∈ VMO(∂U,N), we define the singular p-energy of g by

(3.2.6) Esg
p (g) = inf

{
k∑

i=1

λ(γi)
p

(2π)p−1p
:

k ∈ N \ {0} and (γ1, . . . , γk) is a topological resolution of g

}
.

Observe that E
sg
p is invariant under homotopies and depends con-

tinuously on p. For each g ∈ VMO(S1,S1), E
sg
p (g) = 2π|deg(g)|p/p,

where π1(S1) ≃ Z. If N = S2, then π1(N) is trivial and for each
g ∈ VMO(S1,S2), E

sg
p (g) = 0. If N = {n ⊗ n − 1

3 Id : n ∈ S2} and
g(t) = v(t) ⊗ v(t) − 1

3 Id, where v(t) = (cos(t/2), sin(t/2), 0) ∈ S2 for
each t ∈ [0, 2π], then N is diffeomorphic to RP2, g ∈ C∞(S1,N) and
E
sg
p (g) = 2

2−p
2 π/p (see [22, Lemma 19]). The reader may consult [47,

Section 9.3] for other interesting examples in the case where p = 2.

Lemma 3.2.8. Let U ⊂ R2 be a bounded Lipschitz domain. Then for each
g ∈ VMO(∂U,N), the function p ∈ [1,+∞) 7→ E

sg
p (g) is locally bounded

and locally Lipschitz continuous. In particular, if N is simply connected,
then E

sg
p (g) = 0 for each p ∈ [1,+∞). Furthermore, the infimum in

(3.2.6) is actually a minimum and the set {Esg
p (γ) : γ ∈ [S1,N]} is finite.

Proof. If N is simply connected, then each γ ∈ VMO(∂U,N) is homotopic
to a constant map, which yields that λ(γ) = 0 and hence E

sg
p (g) = 0.

Otherwise, [S1,N] ̸= {0} and then sys(N) ∈ (0,+∞). This comes,
since N is compact, and hence the length spectrum (i.e., the set of
nonnegative real numbers {λ(γ) : γ ∈ VMO(S1,N)}) is discrete (for a
proof, see [46, Proposition 3.2]). Then, according to [57, Lemma 2.10],
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110 Chapter 3: Limiting behavior of p-harmonic maps in 3d

p 7→ E
sg
p (g) is locally bounded and locally Lipschitz continuous. The fact

that the infimum in (3.2.6) is a minimum comes from the discreteness of
the length spectrum. Finally, since E

sg
p is invariant under homotopies and

#[S1,N] < +∞ by our assumption on N, the set {Esg
p (γ) : γ ∈ [S1,N]}

is finite. This completes our proof of Lemma 3.2.8.

It is also worth recalling the notion of a minimal topological resolution
(when p = 2, see [47, Definition 2.7]).

Definition 3.2.9. A topological resolution (γ1, . . . , γk) of g is said to be
p-minimal if

Esg
p (g) =

k∑
i=1

λ(γi)
p

(2π)p−1p

and λ(γi) > 0 for each i ∈ {1, . . . , k}.

3.2.6 Renormalized energy of renormalizable maps

We recall the definition of a renormalizable map (see [47, Definition 7.1]).

Definition 3.2.10. Given an open set U ⊂ R2, a map u : U → N is said
to be renormalizable whenever there exists a finite set S ⊂ U such that
for each sufficiently small radius ϱ > 0, u ∈W 1,2(U \

⋃
a∈SB

2
ϱ(a),N) and

its renormalized energy Eren
2 (u) is finite, where

(3.2.7) Eren
2 (u)

= lim inf
ϱ→0+

ˆ
U\

⋃
a∈S B2

ϱ(a)

|Du|2

2
dx−

∑
a∈S

λ(tr∂B2
ϱ(a)

(u))2

4π
ln

(
1

ϱ

)
.

We denote by W 1,2
ren(U,N) the set of renormalizable maps.

For each renormalizable map u : U → N, there exists the minimal
set S0 for which it holds u ∈ W 1,2(U \

⋃
a∈S0 B

2
ϱ(a),N) for each small

enough ϱ > 0. If a ∈ U \ S0, then λ(tr∂B2
ϱ(a)

(u)) = 0 for ϱ > 0 small
enough. Thus, the lim inf defining Eren

2 in (3.2.7) does not depend on
the set S. If S0 = ∅, then u ∈ W 1,2(U,N) and Eren

2 (u) =
´
U

|Du|2
2 dx. If

S0 = {a1, . . . , ak} with k ∈ N \ {0} and (a1, . . . , ak) ∈ Confk(U) (see
(3.2.2)), then, according to [47, Lemma 2.11], the map

(3.2.8) ϱ ∈ (0, ϱ̄(a1, . . . , ak))

7→
ˆ
U\

⋃k
i=1 B

2
ϱ(ai)

|Du|2

2
dx−

k∑
i=1

λ(tr∂B2
ϱ(ai)

(u))2

4π
ln

(
1

ϱ

)
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is nonincreasing, where ϱ̄(a1, . . . , ak) ∈ (0,+∞) is defined in (3.2.3). The
main ingredients of the proof of [47, Lemma 2.11] are the use of the
additivity of the integral and the estimate of the energy on the annulus.
The latter comes from the application of the special case of the coarea
formula and the comparison of the angular energy taking into account
the definition of the minimal length in the homotopy class of a map
γ ∈ VMO(S1,N) (see (3.2.4)).

Let U ⊂ R2 be a bounded Lipschitz domain, u ∈ W 1,2
ren(U,N) and

S0 = {a1, . . . , ak} for some k ∈ N\{0}, where (a1, . . . , ak) ∈ ConfkU . By
[47, Theorem 5.1] (see also [57, Corollary 5.13]), Du ∈ L2,∞(U,Rν⊗R2) ⊂
Lp(U,Rν ⊗ R2) for each p ∈ [1, 2) (see, for instance, [25, Theorem 5.9]),
where L2,∞(U,Rν ⊗ R2) denotes the Marcinkiewicz space or endpoint
Lorentz space. In addition, we can define the p-renormalized energy of u
by

(3.2.9) Eren
p (u) =

ˆ
U

|Du|p

p
dx−

k∑
i=1

λ(tr∂B2
ϱ(ai)

(u))p

(2− p)(2π)p−1p
,

which is finite and tends to Eren
2 (u) as p↗ 2.

Proposition 3.2.11. Let U ⊂ R2 be a bounded Lipschitz domain. If
u ∈W 1,2

ren(U,N), then

(3.2.10) Eren
p (u) → Eren

2 (u)

as p↗ 2.

Proof. For a proof, see [57, Proposition 2.17].

Lemma 3.2.12. Let γ ∈ C1(S1,N) be a minimizing geodesic in its (free)
homotopy class. Then there exists a renormalizable map v ∈W 1,2

ren(B2
1 ,N)

satisfying the following conditions.

(i) trS1(v) = γ. If γ is a constant map, then v is the constant map.

(ii) For each p ∈ [1, 2), the following estimate holds
ˆ
B2

1

|Dv|p

p
dx = Eren

p (v) +
E
sg
p (γ)

2− p
.

Proof. If γ is a constant map, then we define v to be the constant map
taking the same value in N as γ. Clearly, in this case, the assertion (ii)
holds.

If γ is not homotopic to a constant, we apply [47, Proposition 8.3]. A
key step for the proof of [47, Proposition 8.3] is to use the estimate of [47,
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Lemma 2.11], which is based on the comparison of the angular energy.
In particular, let (γ1, . . . , γk) be a 2-minimal topological resolution of γ
(see Definition 3.2.9) such that for each j ∈ {1, . . . , k}, γj ∈ C1(S1,N) is
a minimizing geodesic. Then, using [47, Proposition 8.3], together with
(3.2.9), we deduce that there exists v ∈W 1,2

ren(B2
1 ,N) satisfying

Eren
p (v) =

ˆ
B2

1

|Dv|p

p
dx−

k∑
i=1

λ(γi)
p

(2− p)(2π)p−1p
=

ˆ
B2

1

|Dv|p

p
dx− E

sg
p (γ)

2− p
,

which completes our proof of Lemma 3.2.12.

3.2.7 Several extension results

We obtain an extension of the boundary datum with a linear -type esti-
mate.

Lemma 3.2.13. Let m ∈ N \ {0, 1}, p ∈ [1, 2], g̃ ∈ W 1,p(∂Bm
r (x0), Ñ)

and g = π ◦ g̃, where π : Ñ → N is the universal covering of N. Then
there exists a map w ∈W 1,p(Bm

r (x0),N) such that tr∂Bm
r (x0)(w) = g and

(3.2.11) ∥Dw∥pLp(Bm
r (x0))

≤ Cr∥D⊤g∥pLp(∂Bm
r (x0))

,

where C = C(m,N) > 0. Moreover, w ∈W 1,2(Bm
r (x0),N).

Remark 3.2.14. If m ≥ 3, then w can be chosen as the homogeneous
extension of g. In this case, (3.2.11) holds with the constant C = 1

m−p ≤ 1
and without assuming that π1(N) is finite and g has a lifting. It is also
worth mentioning that for each p ∈ (1, 2), the estimate (3.2.11) holds
without assuming that g has a lifting, but the constant C in (3.2.11) then
behaves like C ∼ 1

2−p .

Proof of Lemma 3.2.13. Since the manifold N is compact and its fun-
damental group π1(N) is finite, its covering space Ñ is compact. No-
tice that g ∈ W 1,p(∂Bm

r (x0),N), since π : Ñ → N is a local isome-
try. According to Nash’s embedding theorem [50], Ñ can be isomet-
rically embedded into Rk for some k ∈ N \ {0}. If p = 1, we define
w(x) := g(x0 + r(x − x0)/|x − x0|) for x ∈ Bm

r (x0) \ {x0} (see [53,
Proposition 2.4]). Then w ∈W 1,1(Bm

r (x0),N) andˆ
Bm

r (x0)
|Dw| dx =

r

m− 1

ˆ
∂Bm

r (x0)
|D⊤g| dHm−1,

which proves (3.2.11) for p = 1. If p ∈ (1, 2], according to [41, Section 6.9],
g̃ admits the extension ṽ ∈ C∞(Bm

r (x0),Rk) satisfying the estimate

(3.2.12) ∥Dṽ∥pLp(Bm
r (x0))

≤ C|g̃|p
W 1−1/p,p(∂Bm

r (x0))
,
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where C = C(m) > 0. The construction of the extension ṽ is standard:
since ∂Bm

r (x0) is smooth, using a partition of unity, the problem reduces
to constructing for a given trace u ∈W 1−1/p,p(Q), where Q = {(x1, x2) ∈
R2 : |xi| < 1, i = 1, 2}, a real-valued function U ∈ W 1,p(P ), where
P = {(x1, x2, x3) ∈ R3 : 0 < x3 < 1, |xi| < 1− x3}, by the convolution
of u with a kernel φ satisfying [41, (2.5.1.1)]. Namely, first, extend u on
R2 \Q by u = 0 and next define

U(x) =
1

x23

ˆ
|x′−y′|<x3

φ

(
x′ − y′

x3

)
u(y′) dy′,

where x = (x′, x3) ∈ R3, x3 > 0. Then, proceeding as in [35, Theorem 6.2],
namely, using Sard’s Theorem and choosing an appropriate locally Lips-
chitz retraction [35, Lemma 6.1], we define w̃ ∈W 1,2(Bm

r (x0),N) (gener-
ally speaking, the statement of [35, Theorem 6.2] provides us with a W 1,p

extension, however, using the fact that π1(Ñ) is trivial, one observes that
the locally Lipschitz retraction coming from [35, Lemma 6.1] belongs
to W 1,q

loc (R
k,N) for each q ∈ [1, 3), which, since g̃ ∈W 1/2,2(∂Bm

r (x0),N),
implies that the extension coming from [35, Theorem 6.2] is actually a
W 1,2 extension in this particular case) such that tr∂Bm

r (x0)(w̃) = g̃ and,
in view of (3.2.12),

(3.2.13) ∥Dw̃∥pLp(Bm
r (x0))

≤ C ′|g̃|p
W 1−1/p,p(∂Bm

r (x0))

≤ C ′′r∥D⊤g̃∥pLp(∂Bm
r (x0))

,

where C ′ = C ′(m, Ñ) > 0, C ′′ = C ′′(m, Ñ) > 0 and the last estimate
comes from (A.8). Defining w := π ◦ w̃ and using (3.2.13), together with
the fact that π is a local isometry, we deduce (3.2.11) for p ∈ (1, 2) (since
the universal covering is unique up to a diffeomorphism, we can actually
assume that C ′′ depends only on m and N). This completes our proof of
Lemma 3.2.13.

The next lemma provides us with a nonlinear -type estimate on the
extension of the boundary datum, in contrast to a linear -type estimate
provided by Lemma 3.2.13.

Lemma 3.2.15. Let m ∈ N \ {0, 1}, p0 ∈ (1, 2), p ∈ [p0, 2), g̃ ∈
W 1,p(∂Bm

r (x0), Ñ), π : Ñ → N be the universal covering of N and
g = π ◦ g̃. Then there exists a map w ∈ W 1,p(Bm

r (x0),N) such that
tr∂Bm

r (x0)(w) = g and

(3.2.14) ∥Dw∥pLp(Bm
r (x0))

≤ Cr
m−1

p ∥D⊤g∥p−1
Lp(∂Bm

r (x0))
,

where C = C(p0,m,N) > 0.
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Remark 3.2.16. The estimate (3.2.14) is based on the fact that π1(N)

is finite, since in this case Ñ is compact (due to the compactness of N,
the manifold Ñ is compact if and only if π1(N) is finite). More precisely,
to obtain (3.2.14), we have used that the diameter of the manifold Ñ

(which is identified with its Euclidean embedding) is finite. We have used
the constant p0 to avoid the dependence of the constant C in (3.2.14) on
p when p is close to 1 (see (A.1)). Notice also that if p is close to 2, the
estimate (3.2.14) is valid without assuming that g has a lifting, but the
constant C in (3.2.14) then behaves like C ∼ 1

2−p .

Proof of Lemma 3.2.15. Let w̃ ∈W 1,2(Bm
r (x0), Ñ) be the map as in the

proof of Lemma 3.2.13. Using (3.2.12) and (A.9), we deduce the estimate

(3.2.15) ∥Dw̃∥pLp(Bm
r (x0))

≤ Cr
m−1

p ∥D⊤g̃∥p−1
Lp(∂Bm

r (x0))
,

where C = C(p0,m,N) > 0. Define w = π◦w̃. Since π is a local isometry,
(3.2.15) implies (3.2.14), which concludes our proof of Lemma 3.2.15.

For convenience, we recall the next proposition.

Lemma 3.2.17. Let m ∈ N \ {0, 1}, p ∈ [1,+∞), u ∈W 1,p(Bm
r (x0),Y)

and v ∈ W 1,p(∂Bm
r (x0),Y), where Y is either a Euclidean space or a

compact Riemannian manifold which is isometrically embedded into Rk

for some k ∈ N \ {0}. Then the following assertions hold.

(i) For H1-a.e. ϱ ∈ (0, r), tr∂Bm
ϱ (x0)(u) = u|∂Bm

ϱ (x0) ∈W 1,p(∂Bm
ϱ (x0),Y).

(ii) Assume that E ⊂ ∂Bm
r (x0) is bilipschitz homeomorphic to an open

bounded set in Rl with l ≤ m − 1. Then for Hm(m−1)/2-a.e. ω ∈
SO(m), trω(E)(v) = v|ω(E) ∈W 1,p(ω(E),Y).

Proof. The proof follows using the appropriate coarea formula (see
[29, Theorem 3.12] for the assertion (i) and [31, Theorem 3.2.48] for
the assertion (ii)) and the fact that each map u ∈ W 1,p(Bm

r (x0),Rk)
and v ∈ W 1,p(∂Bm

r (x0),Rk) can be approximated by smooth maps in
C∞(Bm

r (x0),Rk) and C∞(∂Bm
r (x0),Rk), respectively.

Lemma 3.2.18. Let p ∈ [1, 2) and g ∈ W 1,p(∂B2
r (x0),N). Then there

exists u ∈W 1,p(B2
r (x0),N) such that tr∂B2

r (x0)(u) = g and

(3.2.16)
ˆ
B2

r (x0)

|Du|p

p
dx ≤ Cr

ˆ
∂B2

r (x0)

|D⊤g|p

p
dH1 +

E
sg
p (g)r2−p

2− p
,

where C = C(N) > 0.
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Proof. Up to scaling and translation, we can assume that r = 1 and
x0 = 0. First, if g were homotopic to a constant map, then we would
have E

sg
p (g) = 0 and, according to Lemma 3.2.13, (3.2.16) would hold.

Thus, we can assume that g is not homotopic to a constant. Let
γ ∈ C1(S1,N) be a minimizing geodesic in the (free) homotopy class of g.
Hereinafter in this proof, C will denote a positive constant that can only
depend on N and can be different from line to line. Let v ∈W 1,2

ren(B2
1 ,N)

be the map of Lemma 3.2.12 such that trS1(v) = γ. Define u(x) = v(2x)
for each x ∈ B2

1/2. Using Lemma 3.2.12 (ii) and the fact that g is
homotopic to γ, we get

(3.2.17)
ˆ
B2

1/2

|Du|p

p
dx = 2p−2

ˆ
B2

1

|Dv|p

p
dx

≤ Eren
p (v) +

E
sg
p (g)

2− p
≤ C +

E
sg
p (g)

2− p
,

where the last estimate comes, since the value Eren
p (v) depends only on p

and γ and tends to Eren
2 (v) as p↗ 2 (see Proposition 3.2.11), and hence it

is bounded by the constant depending only on N, since there are finitely
many free homotopy classes and we can fix a geodesic in each one.

Finally, we define u on the annulus B2
1 \B2

1/2. Set f(x) := γ(2x) for
each x ∈ ∂B2

1/2. In view of the Morrey embedding theorem, we can assume
that g ∈ C(S1,N). Then g is continuously homotopic to f . Restricting
a continuous homotopy between the mappings g and f to the segment
[σ/2, σ] ⊂ B2

1\B2
1/2 for some σ ∈ S1, we obtain a map h ∈ C([σ/2, σ],N)

such that h(σ/2) = f(σ/2) and h(σ) = g(σ). Next, observe that B2
1 \B2

1/2

is bilipschitz homeomorphic to (0, 1)2/ ∼, where ∼ is the equivalence
relation identifying the sides [(0, 0), (0, 1)] and [(1, 0), (1, 1)]. Thus, we
obtain the map w0 ∈ C(∂(0, 1)2,N) taking the values of g on [(0, 0), (1, 0)],
of f on [(0, 1), (1, 1)] and of h on [(0, 0), (0, 1)]∪ [(1, 0), (1, 1)]. Then w0 is
continuously homotopic to a constant, and the classical theory of liftings
says that there exists w̃0 ∈ C(∂(0, 1)2, Ñ) such that w0 = π ◦ w̃0, where
π : Ñ → N is the universal covering map. Let c̃ ∈ C1([0, 1], Ñ) be a
minimizing geodesic joining w̃0((0, 0)) and w̃0((0, 1)). Since π1(N) is finite
and N is compact, Ñ is compact and hence there exists L = L(N) > 0
such that max{

´ 1
0 |c̃′|p dt : p ∈ [1, 2]} ≤ L (actually, L depends on

Ñ, but the universal covering is unique up to a diffeomorphism, and
we can assume that L depends only on N). Now we define the map
w̃ : ∂(0, 1)2 → Ñ taking the values of w̃0 on [(0, 0), (1, 0)] ∪ [(0, 1), (1, 1)]
and of c̃ on [(0, 0), (0, 1)]∪ [(1, 0), (1, 1)]. Define w = π ◦ w̃. Then w takes
the values of g on [(0, 0), (1, 0)], of π ◦ c̃ on [(0, 0), (0, 1)] ∪ [(1, 0), (1, 1)]
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116 Chapter 3: Limiting behavior of p-harmonic maps in 3d

and the values of f on [(0, 1), (1, 1)]. According to Lemma 3.2.13 with B2
1

replaced by (0, 1)2 ((0, 1)2 is bilipschitz homeomorphic to B2
1 (see [33])),

there exists W ∈W 1,p((0, 1)2,N) such that
ˆ
(0,1)2

|DW |p

p
dx ≤ C

ˆ
∂(0,1)2

|D⊤w|p

p
dH1

≤ C

(ˆ
S1

|D⊤g|p

p
dH1 +

ˆ
S1

|D⊤γ|p

p
dH1

+

ˆ 1

0

|(π ◦ c̃)′|p

p
dt

)

≤ C

ˆ
S1

|D⊤g|p

p
dH1 + C,

where we have used that π is a local isometry and that
´ 1
0 |c̃′|p dt ≤ C.

Passing to the quotient (0, 1)2 → B2
1 \ B2

1/2, we obtain the map φ ∈
W 1,p(B2

1 \B2
1/2,N) such that trS1(φ) = g, tr∂B2

1/2
(φ) = f and

(3.2.18)
ˆ
B2

1\B2
1/2

|Dφ|p

p
dx ≤ C

ˆ
S1

|D⊤g|p

p
dH1 + C.

Next, using (3.2.5) and if necessary Hölder’s inequality, we have

sys(N) ≤
ˆ

S1

|D⊤g| dH1

≤ (2π)
1− 1

p

(ˆ
S1

|D⊤g|p dH1

) 1
p

= (2π)
1− 1

p ∥D⊤g∥Lp(S1).

This, together with the facts that p ∈ [1, 2) and sys(N) ∈ (0,+∞) (since
g is not nullhomotopic and N is compact), implies that

(3.2.19)
ˆ

S1

|D⊤g|p

p
dH1 ≥ 1

C
.

Define u(x) = φ(x) for each x ∈ B2
1 \ B2

1/2. Then u ∈ W 1,p(B2
1 ,N),

trS1(u) = g and combining (3.2.17), (3.2.18) and (3.2.19), we deduce the
following ˆ

B2
1

|Du|p

p
dx ≤ C

ˆ
S1

|D⊤g|p

p
dH1 +

E
sg
p (g)

2− p
,

which completes our proof of Lemma 3.2.18.
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To lighten the notation, for every x0 ∈ R3, r > 0 and L > 0, we define
the cylinder and its lateral surface, namely

Λr,L(x0) := B2
r (x0)× (−L,L)(3.2.20)

Γr,L(x0) = ∂B2
r (x0)× (−L,L).(3.2.21)

Remark 3.2.19. The next construction is very reminiscent the one
proposed by Rubinstein and Sternberg (see [52, Section 2]) in the case
when the target manifold is the circle S1, which was extended by Brezis,
Li, Mironescu and Nirenberg (see [16, Section 1]) to the case where the
targed manifold is compact, connected and oriented. Let Γ = Γr,L(x0)
for some x0 ∈ R3, r, L > 0. Then, for each g ∈W 1,2(Γ,N), we can define
the so-called “homotopy class” of g. Indeed, according to [54, Proposition,
p. 267], there exists (gn)n∈N ⊂ C∞(Γ,N) such that gn → g strongly in
W 1,2(Γ,Rν). Then, using the coarea formula and the Sobolev embedding,
we observe that for H1-a.e. z ∈ (−L,L), tr∂B2

r (x0)×{z}(g) = g|∂B2
r (x0)×{z}

is continuous, belongs to W 1,2(∂B2
r (x0)× {z},N) and

gn|∂B2
r (x0)×{z} → g|∂B2

r (x0)×{z}

uniformly. This implies that, for H1-a.e. z1, z2 ∈ (−L,L), g|∂B2
r (x0)×{z1}

is continuously homotopic to g|∂B2
r (x0)×{z2}, and we can define the “ho-

motopy class” of g, namely [g]Γ, by setting [g]Γ := [g|∂B2
r (x0)×{z1}]. To

simplify our notation, hereinafter, we shall always write [g]Γ instead of
[g]Γr,L(x0).

Lemma 3.2.20. Let p ∈ [1, 2) and g ∈ W 1,2(Γr,L(x0),N). Then there
exists u ∈W 1,p(Λr,L(x0),N) such that trΓr,L(x0)(u) = g and the following
assertions hold.

(i) For some C = C(N) > 0, the following estimate holds
ˆ
Λr,L(x0)

|Du|p

p
dx

≤ 2LEsg
p ([g]Γ)r

2−p

2− p
+ C

(
Lp

rp−1
+ r

)ˆ
Γr,L(x0)

|D⊤g|p

p
dH2.

(ii) For each z ∈ {−L,L}, trB2
r (x0)×{z}(u) ∈W 1,p(B2

r (x0)×{z},N) and
there exists a constant C = C(N) > 0 such that

ˆ
B2

r (x0)×{z}

|D trB2
r (x0)×{z}(u)|p

p
dH2

≤ E
sg
p ([g]Γ)r

2−p

2− p
+ C

((
L

r

)p−1

+
r

L

)ˆ
Γr,L(x0)

|D⊤g|p

p
dH2.
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Proof. Up to translation, we can assume that x0 = 0. Denote Γ = Γr,L

and Λ = Λr,L. Using the coarea formula, we get some z0 ∈ (−L/2, L/2)
such that g|∂B2

r×{z0} ∈W 1,2(∂B2
r × {z0},N) and

(3.2.22) ∥D⊤g∥pLp(∂B2
r×{z0}) ≤

2

L
∥D⊤g∥pLp(Γ).

First, we define u on (B2
r \B2

r/2)×(−L,L). Let f(σ, z) := g(rσ, z) for each
σ ∈ S1 and z ∈ (−L,L). For every ϱ ∈ [r/2, r], σ ∈ S1 and z ∈ (−L,L),
we set

u(ϱσ, z) :=

{
f(σ, ξ(ϱ, z)) if ϱ ∈ [ϱ0(z), r],

f(σ, z0) if ϱ ∈ [r/2, ϱ0(z)],

where

ξ(ϱ, z) :=

{
z − 2(r−ϱ)(L−z0)

r if z ∈ [z0, L],

z + 2(r−ϱ)(L+z0)
r if z ∈ [−L, z0]

and

ϱ0(z) :=

{
r − r(z−z0)

2(L−z0)
if z ∈ [z0, L],

r + r(z−z0)
2(L+z0)

if z ∈ [−L, z0].

Notice that z 7→ ϱ0(z) is affine on [−L, z0] and on [z0, L]. Also ϱ0(−L) =
ϱ0(L) = r/2, ϱ0(z0) = r. Furthermore, ξ(ϱ, z) ∈ (−L,L) if z ∈ (−L,L)
and ϱ ∈ [ϱ0(z), r]. Performing the changes of variables, we have, firstly,
the splitting

∥Du∥p
Lp((B2

r\B2
r/2

)×(z0,L))
= I + II,

where

I :=

ˆ ϱ0(z)

r/2
dϱ

ˆ
S1

dH1(σ)

ˆ L

z0

ϱ1−p

∣∣∣∣∂f∂σ
∣∣∣∣p (σ, z0) dz

and

II :=

ˆ r

ϱ0(z)
dϱ

ˆ
S1

dH1(σ)

ˆ L

z0

ϱ

((
4(L− z0)

2

r2
+ 1

) ∣∣∣∣∂f∂z
∣∣∣∣2 (σ, ξ(ϱ, z))

+
1

ϱ2

∣∣∣∣∂f∂σ
∣∣∣∣2 (σ, ξ(ϱ, z))

) p
2

dz.
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Using the fact that 1−(1/2)2−p

2−p ≤ ln(2), the elementary inequality
(a+ b)

p
2 ≤ a

p
2 + b

p
2 for each a, b ≥ 0 and (3.2.22), we estimate I by

I ≤
ˆ

S1

ln(2)(L− z0)r
2−p

∣∣∣∣∂f∂σ
∣∣∣∣p (σ, z0) dH1(σ)

≤ ln(2)(L− z0)r∥D⊤g∥pLp(∂B2
r×{z0})

(3.2.23)

and II by

II ≤ r

2(L− z0)

ˆ z

z0

dξ

ˆ
S1

dH1(σ)

ˆ L

z0

r

((
4(L− z0)

2

r2
+ 1

) ∣∣∣∣∂f∂z
∣∣∣∣2 (σ, ξ)

+
4

r2

∣∣∣∣∂f∂σ
∣∣∣∣2 (σ, ξ)

) p
2

dz

≤ r

2

(
4(L− z0)

2

r2
+ 4

) p
2

×

ˆ L

z0

dξ

ˆ
S1

r

(∣∣∣∣∂f∂z
∣∣∣∣2 (σ, ξ) + 1

r2

∣∣∣∣∂f∂σ
∣∣∣∣2 (σ, ξ)

) p
2

dH1(σ)

≤ 2

(
(L− z0)

p

rp−1
+ r

)
∥D⊤g∥pLp(∂B2

r×(z0,L))
,

which, together with (3.2.23), implies that

(3.2.24) ∥Du∥p
Lp((B2

r\B2
r/2

)×(z0,L))
≤ C

(
Lp

rp−1
+ r

)
∥D⊤g∥pLp(Γ),

where C > 0 is the constant that, hereinafter in this proof, can depend
only on N and can be different from line to line. Similarly, we have

(3.2.25) ∥Du∥p
Lp((B2

r\B2
r/2

)×(−L,z0))
≤ C

(
Lp

rp−1
+ r

)
∥D⊤g∥pLp(Γ).

Applying Lemma 3.2.18, we define u on B2
r/2 × {z0}, satisfying

ˆ
B2

r/2
×{z0}

|Du|p

p
dH2

≤ E
sg
p ([g]Γ)r

2−p

2− p
+ Cr

ˆ
∂B2

r×{z0}

|D⊤u|p

p
dH1

≤ E
sg
p ([g]Γ)r

2−p

2− p
+
Cr

L

ˆ
Γ

|D⊤g|p

p
dH2,

(3.2.26)
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where to obtain the last estimate, we have used (3.2.22). Since u re-
stricted to ∂B2

r/2 × (−L,L) is independent of the z-variable, we can
define u(ϱσ, z) = u(ϱσ, z0) for every ϱ ∈ (0, r/2], σ ∈ S1 and z ∈ (−L,L).
At this point, u is defined on Λ and u ∈ W 1,p(Λ,N). Observe that,
integrating both sides of (3.2.26) with respect to z ∈ (−L,L), we obtain
that

(3.2.27)
ˆ
B2

r/2
×(−L,L)

|Du|p

p
dx ≤ 2LEsg

p ([g]Γ)r
2−p

2− p
+Cr

ˆ
Γ

|D⊤g|p

p
dH2.

Combining (3.2.24) with (3.2.25) and (3.2.27), we complete the proof of
the assertion (i).

Lastly, looking at the definition of u, one observes that trB2
r×{z}(u) ∈

W 1,p(B2
r × {z},N) for each z ∈ {−L,L}. In particular, if z = L, then,

setting III = ∥D trB2
r×{L}(u)∥

p
Lp((B2

r\B2
r/2

)×{L}), we deduce

III ≤
ˆ r

r/2
dϱ

ˆ
S1

ϱ

(
4(L− z0)

2

r2

∣∣∣∣∂f∂z
∣∣∣∣2 (σ, ξ(ϱ, L))

+
1

ϱ2

∣∣∣∣∂f∂σ
∣∣∣∣2 (σ, ξ(ϱ, L))

) p
2

dH1(σ)

≤ r

2(L− z0)

(
4(L− z0)

2

r2
+ 4

) p
2

×

ˆ L

z0

dξ

ˆ
S1

r

(∣∣∣∣∂f∂z
∣∣∣∣2 (σ, ξ) + 1

r2

∣∣∣∣∂f∂σ
∣∣∣∣2 (σ, ξ)

) p
2

dH1(σ)

≤ r

2(L− z0)

(
4(L− z0)

p

rp
+ 4

)ˆ
Γ
|D⊤g|p dH2

≤ C

((
L

r

)p−1

+
r

L

)ˆ
Γ
|D⊤g|p dH2.

This, together with (3.2.26), proves the inequality of the assertion (ii) for
z = L. Similarly, one obtains the same estimate for

∥D trB2
r×{−L}(u)∥

p
Lp(B2

r×{−L}),

which completes our proof of the assertion (ii) and of Lemma 3.2.20.
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3.2.8 Minimizing p-harmonic maps

Given an open bounded set U ⊂ R3, recall that a mapping up ∈
W 1,p(U,N) is a p-minimizer in U whenever the following holds

(3.2.28)
ˆ
U

|Dup|p

p
dx

= min

{ˆ
U

|Du|p

p
dx : u ∈W 1,p(U,N), u− up ∈W 1,p

0 (U,Rν)

}
.

In particular, if U has a Lipschitz boundary, then up ∈W 1,p(U,N) is a
p-minimizer in U if and only if

(3.2.29)
ˆ
U

|Dup|p

p
dx

= min

{ˆ
U

|Du|p

p
dx : u ∈W 1,p(U,N), tr∂U (u) = tr∂U (up)

}
.

When appropriate, we shall simply say that up is a p-minimizer.
The next proposition says that if p ∈ (1, 2), then for every p-minimizer

in Ω which is equal on ∂Ω to some fixed mapping g lying in W 1/2,2(∂Ω,N),
the p-energy is bounded from above by C((2− p)−1), where C > 0 is a
constant depending only on g, ∂Ω and N.

Proposition 3.2.21. Let g ∈W 1/2,2(∂Ω,N) and p ∈ (1, 2). Then there
exists a positive constant C depending only on ∂Ω and N such that if up
is a p-minimizer with tr∂Ω(up) = g, then

(2− p)

ˆ
Ω

|Dup|p

p
dx ≤ C|g|p

W 1/2,2(∂Ω,Rν)
.

Proof. Inasmuch as g ∈ W 1/2,2(∂Ω,N), it holds g ∈ W 1−1/p,p(∂Ω,Rν)
(the main ingredients in the proof are Hölder’s inequality, the Sobolev
inequality for fractional Sobolev spaces (the reader may consult [1, The-
orem 7.57], [56, Section 3.3] and [14, Theorem 1]) and the fact that
∂Ω × ∂Ω =

⋃n
i=1 φi(B

2
1) × φi(B

2
1) for some n ∈ N \ {0}, where φi is a

bilipschitz map; see also [28, Proposition 2.1]) and

(3.2.30) |g|W 1−1/p,p(∂Ω,Rν) ≤ C|g|W 1/2,2(∂Ω,Rν).

According to [35, Theorem 6.2], there exists v ∈ W 1,p(Ω,N) such that
tr∂Ω(v) = g and

(3.2.31) (2− p)

ˆ
Ω

|Dv|p

p
dx ≤ C ′|g|p

W 1−1/p,p(∂Ω,Rν)
.

121



122 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Next, using the direct method in the calculus of variations (notice that
p ∈ (1, 2)), we deduce that there exists a p-minimizer up such that
tr∂Ω(up) = g. In view of the minimality of up and the estimates (3.2.31),
(3.2.30), the following holds

(3.2.32) (2−p)
ˆ
Ω

|Dup|p

p
dx ≤ C ′|g|p

W 1−1/p,p(∂Ω,Rν)
≤ C ′′|g|p

W 1/2,2(∂Ω,Rν)

for some C ′′ = C ′′(∂Ω,N) > 0. This completes our proof of Proposi-
tion 3.2.21.

We also recall the following fact. Let u ∈W 1,p(Ω,N) be a p-minimizer.
Fix an arbitrary ξ ∈ C∞

c (Ω,R3), which is not identically zero. Define
ϱ0 = min{dist(x, ∂Ω) : x ∈ supp(ξ)}. If s ∈ (0, ϱ0/∥ξ∥∞) is small
enough, then the mapping φs(x) = x + sξ(x), x ∈ Ω is invertible. For
each s > 0 small enough, define us(x) = u ◦φ−1

s (x) for each x ∈ Ω. Since
u minimizes the p-energy, d

ds

´
Ω |Dus|p dx

∣∣
s=0

= 0. This, together with
the facts that Dφ−1

s ◦ φs = (Dφs)
−1, (Dφs)

−T = Id − s(Dξ)T + O(s2)
and det(Dφs) = 1+s div(ξ)+O(s2), implies that the stress-energy tensor
T p
u = |Du|p

p Id − Du⊗Du
|Du|2−p is (row-wise) divergence free. Namely, we have

the following integral identity

(3.2.33)
ˆ
Ω

3∑
i,j=1

(|Du|pδi,j − p|Du|p−2⟨Diu,Dju⟩)Diξj dx

= 0 ∀ξ ∈ C1
c (Ω,R

3),

where δi,j = 1 if i = j and δi,j = 0 otherwise. A map satisfying (3.2.33)
is called p-stationary or simply stationary.

3.3 Extension from triangulation

3.3.1 Lower bounds for the energy

We begin with the following simple estimate.

Lemma 3.3.1. If p ∈ [1, 2], δ ∈ (0,+∞) and g ∈ W 1,p(S1,Rk), then,
defining v(x) := g(x/|x|) for each x ∈ B2

1+δ\B2
1, we have v ∈W 1,p(B2

1+δ\
B2

1,R
k) and ˆ

B2
1+δ\B

2
1

|Dv|p dx ≤ δ

ˆ
S1

|D⊤g|p dH1.
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3.3. Extension from triangulation 123

Proof. If p ∈ [1, 2), then v ∈W 1,p(B2
1+δ \B2

1,R
k) and

(3.3.1)
ˆ
B2

1+δ\B
2
1

|Dv|p dx =

ˆ 1+δ

1
ϱ1−p dϱ

ˆ
S1

|D⊤g|p dH1

=
(1 + δ)2−p − 1

2− p

ˆ
S1

|D⊤g|p dH1.

Since 1 ≤ p ≤ 2, the function t ∈ [0,+∞) 7→ t2−p is concave and hence
(1+ δ)2−p ≤ 1+(2−p)δ. This, together with (3.3.1), completes our proof
of Lemma 3.3.1, since the case p = 2 is similar.

Recall that if p ∈ [1, 2) and π1(N) ̸≃ {0}, then the set C∞(B2
r (x0),N)

is not dense in W 1,p(B2
r (x0),N). In fact, in the latter case there exists

a map γ ∈ W 1,p(∂B2
r (x0),N), which is not nullhomotopic. Defining

u(x) = γ(x0 + r(x − x0)/|x − x0|) for each x ∈ B2
r (x0)\{x0}, we have

u ∈W 1,p(B2
r (x0),N). Assuming that there exists a sequence of smooth

maps un : B2
r (x0) → N such that un → u in W 1,p(B2

r (x0),R
ν), and using

the coarea formula together with the Sobolev embedding theorem, we
could find some ϱ ∈ (0, r) such that un|∂B2

ϱ(x0) converges uniformly to
tr∂B2

ϱ(x0)(u) = u|∂B2
ϱ(x0). But this would lead to a contradiction, since

un|∂B2
ϱ(x0) is nullhomotopic contrary to u|∂B2

ϱ(x0). This type of counterex-
ample has its roots in the seminal work of Schoen and Uhlenbeck (see
[54, Example]). Nonetheless, as was first observed by Bethuel and Zheng
for the circle S1 (see [13, Theorem 4]) and generalized by Bethuel (see [9,
Theorem 2]) to general compact Riemannian manifolds, Sobolev maps
in W 1,p(B2

r (x0),N) can be approximated by continuous maps outside a
finite set of points in B2

r (x0). For the reader’s convenience, we recall
Bethuel’s theorem, slightly modified for our purposes.

Theorem 3.3.2. Let p ∈ [1, 2). Then every map u ∈W 1,p(B2
r (x0),N) ∩

C(B2
r (x0)\B2

r/2(x0),N) can be approximated in W 1,p(B2
r (x0),R

ν) by maps
un ∈ W 1,p(B2

r (x0),N) which are continuous outside some finite set
of points An ⊂ B2

r/2(x0) such that un = u on B2
r (x0)\B2

3r/4(x0) and
un|∂B2

ϱ(a)
is not nullhomotopic for each a ∈ An and for each sufficiently

small ϱ > 0 depending on n.

Sketch of the proof. The proof consists of covering B2
r/2(x0) with “good”

and “bad” balls with respect to the p-energy of u, relying on an argument
based on the coarea formula, and by changing u inside each good and
bad ball from the covering by a smooth function in the case of a good
ball and a smooth beyond the center of the ball in the case of a bad ball;
the reader may consult [9, Theorem 2], where the balls are replaced by
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124 Chapter 3: Limiting behavior of p-harmonic maps in 3d

cubes. We only need to clarify that un|∂B2
ϱ(a)

is not nullhomotopic for
each a ∈ An and for each sufficiently small ϱ > 0. In fact, otherwise,
using the coarea formula, we could modify un inside a ball B2

δ (a), where
δ ∈ (ϱ/2, ϱ) for some sufficiently small ϱ > 0, with the quality of the
approximation controlled by the energy of the original map on the ball
B2

ϱ(a), so that the modified map un is continuous on B2
ϱ(a).

Proposition 3.3.3. Let p ∈ (1, 2), u ∈W 1,p(B2
r (x0),N) and

tr∂B2
r (x0)(u) ∈W 1,p(∂B2

r (x0),N).

Then the following estimate holds
ˆ
B2

r (x0)

|Du|p

p
dx+ r

ˆ
∂B2

r (x0)

|D⊤ tr∂B2
r (x0)(u)|p

p
dH1

≥
E
sg
p/(p−1)(tr∂B2

r (x0)(u))r
2−p

2− p
.

Proof. Up to scaling and translation, we can assume that r = 1 and
x0 = 0. Since p > 1, in view of Morrey’s embedding for Sobolev mappings,
without loss of generality, we suppose that trS1(u) ∈ C(S1,N). Define
the mapping v : B2

2 → N by

v(x) :=

{
trS1(u)

(
x
|x|
)

if x ∈ B2
2 \B2

1 ,

u(x) if x ∈ B2
1 .

Then v ∈ W 1,p(B2
2 ,N) ∩ C(B2

2 \ B2
1 ,N). By Lemma 3.3.1 applied with

δ = 1, we obtain

(3.3.2)
ˆ
B2

2

|Dv|p dx ≤
ˆ
B2

1

|Du|p dx+

ˆ
S1

|D⊤ trS1(u)|p dH1.

By Theorem 3.3.2, there exists (vn)n∈N ⊂W 1,p(B2
2 ,N) such that vn → v

in W 1,p(B2
2 ,R

ν) and for each n ∈ N, vn is continuous in B2
2 \An, where

An ⊂ B2
1 is a finite set of points; tr∂B2

2
(vn) is homotopic to trS1(u);

for each point a ∈ An and for each sufficiently small radius ϱ > 0,
vn|∂B2

ϱ(a)
is homotopically nontrivial. Next, using [57, Corollary 4.4]

with δ = 1 < dist(a, ∂B2
2) (in the statement of [57, Corollary 4.4], δ is

assumed to satisfy the same assumptions as in [57, Proposition 4.3]) to
vn ∈W 1,p(B2

2 ,N) with the set of singular points An, we get

E
sg
p/(p−1)(trS1(u)) = E

sg
p/(p−1)(tr∂B2

2
(vn))

≤ (2− p)
(p− 1)p−1

((2π)/p)2−p

ˆ
B2

2

|Dvn|p

p
dx

≤ (2− p)

ˆ
B2

2

|Dvn|p

p
dx,

(3.3.3)
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3.3. Extension from triangulation 125

since the singular p-energy is invariant under homotopies and tr∂B2
2
(vn)

is homotopic to trS1(u) and since for 1 < p < 2, (p−1)p−1

((2π)/p)2−p < 1.

Remark 3.3.4. Adapting the proof of [57, Proposition 4.3], yields a
variant of the latter, where the estimate depends on sys(N). Therefore,
one can obtain a variant of Proposition 3.3.3 with the estimate depending
on sys(N). More precisely, if

ˆ
B2

r (x0)
|Du|p dx+ r

ˆ
∂B2

r (x0)
|D⊤ tr∂B2

r (x0)(u)|
p dH1 > 0,

then one can obtain the estimate

2− p

p

(ˆ
B2

r (x0)
|Du|p dx+ r

ˆ
∂B2

r (x0)
|D⊤ tr∂B2

r (x0)(u)|
p dH1

)
≥ CEsg

p (tr∂B2
r (x0)(u))

p−1r2−p,

where C =
(
(sys(N))p

(2π)p−1p

)2−p
. This is an upper bound of Esg

p (trS1(u)) by
the p-energy, which is in one instance better than the control in Propo-
sition 3.3.3 of Esg

p/(p−1)(trS1(u)) by the p-energy. However, the estimate
depends on sys(N). Since we prefer to avoid the use of estimates depend-
ing on the systole, we decided to keep the estimation of Proposition 3.3.3.

3.3.2 Lipschitz triangulations of S2

For a given integer n ∈ N \ {0}, we shall call the uniform 1-dimensional
grid of step 1/n in ∂[−1, 1]3 the set of all points x ∈ ∂[−1, 1]3 such that
nxi ∈ Z for all i = 1, 2, 3 except for at most one.

The uniform 1-dimensional grid of step 1/n gives the decomposition
of ∂[−1, 1]3 into mutually disjoint sets (points, edges and two-dimensional
cells), namely

(3.3.4) ∂[−1, 1]3 =
2⋃

i=0

ki⋃
j=1

Ei,j ,

where {E0,j , j ∈ {1, . . . , k0}} := ((1/n)Z3) ∩ ∂[−1, 1]3 and each set Ei,j

with i ∈ {1, 2} is bilipschitz homeomorphic toBi
1/n. It is worth noting that

for each integer l ∈ N \ {0}, the cube (0, 1)l is bilipschitz homeomorphic
to Bl

1 (see, for instance, [33]).
Let δ ∈ (0, 1] and n = ⌊1/δ⌋, where ⌊·⌋ denotes the integer part. In

view of (3.3.4), we obtain the following decomposition of S2 into mutually
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126 Chapter 3: Limiting behavior of p-harmonic maps in 3d

disjoint sets

(3.3.5) S2 =

2⋃
i=0

ki⋃
j=1

Fi,j =

2⋃
i=0

ki⋃
j=1

ω ◦ PS2(Ei,j),

where PS2 : R3 \ {0} → S2 is the radial projection (PS2(x) = x/|x|,
x ∈ R3 \ {0}), ω is an element of SO(3), {F0,1, . . . , F0,k0} is the collec-
tion of points and for each Fi,j with i ∈ {1, 2}, we have a bilipschitz
homeomorphism

(3.3.6) Φi,j : Fi,j → Bi
δ

with ∥D⊤Φi,j∥L∞(Fi,j) + ∥D(Φi,j)
−1∥L∞(Bi

δ)
≤ A1,

where A1 > 0 is an absolute constant. The map Φi,j in (3.3.6) extends
by continuity to a bilipschitz map between F i,j and Bi

δ with the same
bilipschitz constant A1 as in (3.3.6).

If (3.3.5) and (3.3.6) hold for some ω ∈ SO(3), we shall call the
decomposition (3.3.5) a uniform Lipschitz triangulation (or simply a
Lipschitz triangulation) of step δ of S2. The points F0,1, . . . , F0,k0 will be
called the vertices and the set

⋃1
i=0

⋃ki
j=1 Fi,j the 1-skeleton.

To lighten the notation, we denote the collection of 1-skeletons of all
Lipschitz triangulations of step δ of S2 by RTδ, namely

RTδ :=


1⋃

i=0

ki⋃
j=1

ω ◦ PS2(Ei,j) : ω ∈ SO(3)

 ,

where the Ei,j ’s come from (3.3.4) for n = ⌊1/δ⌋. The importance of the
rotation ω in the definition of RTδ will be illustrated a little later, for
example in Lemma 3.3.7.

Let us now define a Sobolev space on a finite union of bilipschitz
images of d-cubes (or d-dimensional intervals), in particular, on the
1-skeleton of a uniform Lipschitz triangulation of the sphere S2.

Definition 3.3.5. Let d,N ∈ N \ {0}. For each p ∈ [1,+∞) and for
each set Σ ⊂ Rd being the closure of

⋃N
i=1Φi((ai1, bi1)× ...× (aid, bid)) =:⋃N

i=1∆
d
i , where for each i ∈ {1, . . . , N}, Φi : (ai1, bi1)×...×(aid, bid) → ∆d

i

is a bilipschitz homeomorphism and, in addition, ∆d
i ∩∆d

j = ∅ if i ̸= j,
j ∈ {1, . . . , N}, we define W 1,p(Σ,Rk) by

W 1,p(Σ,Rk) = {u : Σ → Rk is Borel-measurable : u|∆d
i
∈W 1,p(∆d

i ,R
k),

tr∂∆d
i
(u|∆d

i
) = u|∂∆d

i
for each i ∈ {1, . . . , N}},
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3.3. Extension from triangulation 127

where ∂∆d
i denotes the relative boundary of ∆d

i . For u ∈ W 1,p(Σ,Rk),
we set

∥u∥W 1,p(Σ,Rk) =

(
N∑
i=1

∥u|∆d
i
∥p
W 1,p(∆d

i ,R
k)

) 1
p

.

If Y is a compact Riemannian manifold which is isometrically embed-
ded into Rk, then W 1,p(Σ,Y) is defined by

W 1,p(Σ,Y) = {u ∈W 1,p(Σ,Rk) : u ∈ Y a.e. in Σ}.

Proposition 3.3.6. Let p ∈ [1, 2], δ ∈ (0, 1], Σ ∈ RTδ and g ∈
W 1,p(Σ,N) (see Definition 3.3.5). Assume that for each 2-cell F from the
Lipschitz triangulation of S2 generated by Σ, the map g|∂F is homotopic
to a constant, where ∂F is the relative boundary of F . Then there exists
ṽ ∈ W 1,2(S2, Ñ), where π : Ñ → N is the universal covering of N, such
that trΣ(π ◦ ṽ) = g and

ˆ
S2

|D⊤ṽ|p dH2 ≤ Cδ

ˆ
Σ
|D⊤g|p dH1,

where C = C(N) > 0.

Proof. We have S2 =
⋃
F and Σ =

⋃
∂F , where the unions are taken

over all 2-cells from the Lipschitz triangulation of S2 generated by Σ, see
(3.3.5).

Step 1. Fix an arbitrary 2-cell F from our Lipschitz triangulation of S2.
We know that g|∂F is homotopic to a constant. Let Φ : F → B2

δ be the
extension of the corresponding map coming from (3.3.6). Then, by the
classical theory of continuous liftings, g|∂F ◦ Φ−1|∂B2

δ
has a continuous

lifting, which is also Sobolev; this, together with Lemma 3.2.13 and
the estimate (3.3.6), implies that there exists v ∈W 1,2(F,N) such that
tr∂F (v) = g|∂F and

(3.3.7)
ˆ
F
|D⊤v|p dH2 ≤ Cδ

ˆ
∂F

|D⊤g|p dH1,

where C = C(N) > 0.

Step 2. Let v ∈ L∞(S2,N) satisfy v|F = vF for each 2-cell F from
our Lipschitz triangulation of S2, where vF is the mapping from Step
1 corresponding to the cell F . Since vF ∈ W 1,2(F,N) and tr∂F (vF ) =
g|∂F , we have v ∈ W 1,2(S2,N). In particular, there exists a map ṽ ∈
W 1,2(S2, Ñ) such that v = π ◦ ṽ (see, for instance, [11, Theorem 1]). Next,
using (3.3.7) and the fact that each 1-cell of our Lipschitz triangulation
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128 Chapter 3: Limiting behavior of p-harmonic maps in 3d

of S2 lies in the relative boundary of exactly two 2-cells, since π is a local
isometry, we get
ˆ

S2

|D⊤ṽ|p dH2 =

ˆ
S2

|D⊤v|p dH2

=
∑ ˆ

F
|D⊤v|p dH2 ≤ 2Cδ

ˆ
Σ
|D⊤g|p dH1,

where the sum is taken over all 2-cells F . This completes our proof of
Proposition 3.3.6.

Lemma 3.3.7. Let p ∈ [1,+∞) and g ∈W 1,p(S2,Y), where Y is either
a Euclidean space or a compact Riemannian manifold. Let δ ∈ (0, 1]
and Σ ∈ RTδ. Then for H3-a.e. ω ∈ SO(3), trω(Σ)(g) = g|ω(Σ) ∈
W 1,p(ω(Σ),Y). Furthermore, there exists a rotation ω ∈ SO(3) such that
we have trω(Σ)(g) = g|ω(Σ) ∈W 1,p(ω(Σ),Y) and

ˆ
ω(Σ)

|D⊤g|p dH1 ≤ A2

δ

ˆ
S2

|D⊤g|p dH2,

where A2 > 0 is an absolute constant.

Proof. Since Σ ∈ RTδ, there exists ω ∈ SO(3) such that

Σ =

1⋃
i=0

ki⋃
j=1

ω(Ei,j) =

1⋃
i=0

ki⋃
j=1

Fi,j

and hence Σ =
⋃k1

j=1 F 1,j , where the Ei,j ’s come from (3.3.4) for n =

⌊1/δ⌋. Fix an arbitrary j ∈ {1, . . . , k0}. Let F 1,j1 and F 1,j2 be two
edges emanating from F0,j . Denote V = F 1,j1 ∪ F 1,j2 . Then, in view of
(3.3.6), there is a bilipschitz mapping Ψ : B

1
δ → V . Denote U = Ψ(B1

δ ).
Applying Lemma 3.2.17 (ii) with v = g and E = U , we have trω(U)(g) =
g|ω(U) ∈ W 1,p(ω(U),Y) for H3-a.e. ω ∈ SO(3). Furthermore, for each
ω ∈ SO(3) for which g|ω(U) ∈ W 1,p(ω(U),Y), there exists a unique
mapping h ∈ C(ω(V ),Y) such that g|ω(U) = h H1-a.e. on ω(U), since
ω(U) is bilipschitz homeomorphic to B1

δ . Thus, successively applying
Lemma 3.2.17 (ii), altogether we obtain that there exists E ⊂ SO(3) such
that H3(E) = 0 and the following holds. For each ω ∈ SO(3)\E and j ∈
{1, . . . , k1} we have trω(F1,j)(g) = g|ω(F1,j) ∈ W 1,p(ω(F1,j),Y) and there
exists a unique mapping h ∈ C(ω(Σ),Y) such that trω(Σ)(g) = g|ω(Σ) = h
H1-a.e. on ω(Σ), namely g|ω(Σ) ∈ W 1,p(ω(Σ),Y) (see Definition 3.3.5).
Next, according to [31, Theorem 3.2.48],

(3.3.8)
ˆ
O(3)

dθ3(ω)

ˆ
ω(Σ)

|D⊤g|p dH1 =
H1(Σ)

H2(S2)

ˆ
S2

|D⊤g|p dH2,
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3.3. Extension from triangulation 129

where θ3 = (H3(O(3)))−1H3 O(3) is the Haar measure of the orthogonal
group O(3) such that θ3(O(3)) = 1. Denoting

A =

{
ω ∈ O(3) :

ˆ
ω(Σ)

|D⊤g|p dH1 <
3H1(Σ)

H2(S2)

ˆ
S2

|D⊤g|p dH2

}
,

we observe that θ3(A) ≥ 2/3, otherwise (3.3.8) would not be true. Thus,
θ3(A ∩ SO(3)) ≥ 1/6, since θ3(O(3) \ SO(3)) = 1/2. On the other hand,
using (3.3.6), we get H1(Σ) ≤ C/δ, where C > 0 is an absolute constant.
This completes our proof of Lemma 3.3.7.

Lemma 3.3.8. Let p0 ∈ (1, 2), p ∈ [p0, 2), δ ∈ (0, 1] and Σ ∈ RTδ. Let
F be a 2-cell of the Lipschitz triangulation of S2 generated by Σ. Then
there exists a constant α0 = α0(p0,N) > 0 such that the following holds.
If u ∈W 1,p(F,N), tr∂F (u) ∈W 1,p(∂F,N) and

(3.3.9)
ˆ
F

|D⊤u|p

p
dH2 + δ

ˆ
∂F

|D⊤ tr∂F (u)|p

p
dH1 ≤ α0δ

2−p

2− p
,

then tr∂F (u) is homotopic to a constant, where ∂F denotes the relative
boundary of F .

Proof. Let Φ : F → B2
δ be a bilipschitz mapping coming from (3.3.6). To

lighten the notation, denote v := u ◦ Φ−1. According to Definition 3.2.7
and (3.2.5), if a map γ ∈W 1,p(∂B2

δ ,N) is not homotopic to a constant,
then

(3.3.10)
(sys(N))

p
p−1 (p− 1)

(2π)
1

p−1 p
≤ E

sg
p/(p−1)(γ).

Let α0 > 0 be a constant, which will be defined a little later for the
proof to work. Next, using Proposition 3.3.3, the chain rule for Sobolev
mappings, [31, Theorem 3.2.5] and (3.3.9), we get

(3.3.11)
E
sg
p/(p−1)(tr∂B2

δ
(v))δ2−p

2− p

≤
ˆ
B2

δ

|Dv|p

p
dH2 + δ

ˆ
∂B2

δ

|D⊤ tr∂B2
δ
(v)|p

p
dH1 ≤ Cα0δ

2−p

2− p
,

where C > 0 is an absolute constant. Now we define

α0 = min

{
(sys(N))

p
p−1 (p− 1)

2C(2π)
1

p−1 p
: p ∈ [p0, 2]

}
.

In view of the estimates (3.3.10) and (3.3.11), tr∂B2
δ
(v) is homotopic to a

constant, and hence tr∂F (u) is homotopic to a constant. This completes
our proof of Lemma 3.3.8.
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130 Chapter 3: Limiting behavior of p-harmonic maps in 3d

The next lemma provides us with an extension to a 3-cell of given
mappings on a 2-cell with appropriate energy control.

Lemma 3.3.9. Let p ∈ [1, 2], δ ∈ (0, 1] and for each i ∈ {0, 1}, gi ∈
W 1,p((0, δ)2,N). If tr∂(0,δ)2(gi) ∈W 1,p(∂(0, δ)2,N) and if

(3.3.12) tr∂(0,δ)2(g0) = tr∂(0,δ)2(g1),

then there exists w ∈ W 1,p((0, δ)3,N) such that tr(0,δ)2×{iδ}(w) = gi for
each i ∈ {0, 1} and

(3.3.13)
ˆ
(0,δ)3

|Dw|p dx

≤ A3δ
1∑

i=0

ˆ
(0,δ)2

|Dgi|p dH2 +A3δ
2

ˆ
∂(0,δ)2

|D⊤ tr∂(0,δ)2(g1)|p dH1,

where A3 > 0 is an absolute constant.

Proof. Denote E = ∂(0, δ)2 × (0, δ). We define w on E by w|E(x) =
tr∂(0,δ)2(g1)(x

′), where x = (x′, x3) ∈ E. Since

tr∂(0,δ)2(g1) ∈W 1,p(∂(0, δ)2,N),

we have w|E ∈W 1,p(E,N). Using [31, Theorem 3.2.22 (3)] and changing
the variables, one has

ˆ
E
|Dw|p dH2 = δ

ˆ
∂(0,δ)2

|D⊤ tr∂(0,δ)2(g1)|p dH1.(3.3.14)

Next, we define the map w|∂(0,δ)3 : ∂(0, δ)3 → N by

w|∂(0,δ)3(x) =



g1(x
′) if x = (x′, x3) ∈ (0, δ)2 × {δ},

tr∂(0,δ)2(g1)(x
′) if x = (x′, x3) ∈ ∂(0, δ)2 × {δ},

w|E(x) if x ∈ E,

tr∂(0,δ)2(g0)(x
′) if x = (x′, x3) ∈ ∂(0, δ)2 × {0},

g0(x
′) if x = (x′, x3) ∈ (0, δ)2 × {0}.

Then, in view of (3.3.12), we deduce that w|∂(0,δ)3 ∈ W 1,p(∂(0, δ)3,N)
and tr(0,δ)2×{iδ}(w) = gi for each i ∈ {0, 1}. Let Ψ : B3

δ → [0, δ]3 be a
bilipschitz homeomorphism with an absolute bilipschitz constant (see
[33, Corollary 3]). Notice that w|∂(0,δ)3 ◦Ψ|∂B3

δ
∈ W 1,p(∂B3

δ ,N). Thus,
defining v(x) = w|∂(0,δ)3 ◦Ψ(δx/|x|) for each x ∈ B3

δ \ {0} and using that
p ∈ [1, 2], we have v ∈ W 1,p(B3

δ ,N). Next, setting ζ(x) = x/|x| for x ∈
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3.3. Extension from triangulation 131

R3\{0}, using the special case of the coarea formula, [31, Theorem 3.2.5],
the fact that p ∈ [1, 2] and the chain rule for Sobolev mappings, we obtain
the following chain of estimates

ˆ
B3

δ

|Dv|p dx

=

ˆ δ

0
dr

ˆ
∂B3

r

δp|D(w ◦Ψ)(δζ(σ)) ◦Dζ(σ)|p dH2(σ)

=

ˆ δ

0

(r
δ

)2−p
dr

ˆ
∂B3

δ

|D⊤(w ◦Ψ)|p dH2

≤ δ

ˆ
∂B3

δ

|D⊤(w ◦Ψ)|p dH2

≤ Cδ

ˆ
∂(0,δ)3

|D⊤w|p dH2,

(3.3.15)

where C > 0 is a constant depending only on the bilipschitz constant
of Ψ. Then, defining for each x ∈ (0, δ)3 \ {Ψ(0)}, w(x) = v(Ψ−1(x)),
we observe that w ∈ W 1,p((0, δ)3,N), since v ∈ W 1,p(B3

δ ,N) and Ψ is
bilipschitz. Using [31, Theorem 3.2.5], the fact that Ψ is bilipschitz and
(3.3.15), we have

ˆ
(0,δ)3

|Dw|p dx ≤ C ′
ˆ
B3

δ

|Dv|p dx ≤ C ′′δ

ˆ
∂(0,δ)3

|D⊤w|p dH2,

where C ′′ > 0 depends only on the bilipschitz constant of Ψ, which is
an absolute constant. This, together with (3.3.14), yields (3.3.13) and
completes our proof of Lemma 3.3.9.

Using Lemma 3.3.9, we obtain the next Luckhaus-type lemma (see
[44, Lemma 1]).

Lemma 3.3.10. Let p0 ∈ (1, 2), p ∈ [p0, 2), δ ∈ (0, 1) and g ∈
W 1,p(S2,N). Then there exists a constant α = α(p0,N) > 0 such that
the following holds. Assume that

(3.3.16)
ˆ

S2

|D⊤g|p

p
dH2 ≤ αδ2−p

2− p
.

Then there exist mappings φδ ∈W 1,p(B3
1 \B3

1−δ,N) and ṽ ∈W 1,2(S2, Ñ),
where π : Ñ → N is the universal covering of N, such that

trS2(φδ) = g, trS2(φδ((1− δ)·)) = π ◦ ṽ,(3.3.17)
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132 Chapter 3: Limiting behavior of p-harmonic maps in 3d

and the following estimates are satisfied
ˆ
B3

1\B3
1−δ

|Dφδ|p dx ≤ Cδ

ˆ
S2

|D⊤g|p dH2,(3.3.18)

ˆ
S2

|D⊤(π ◦ ṽ)|p dH2 =

ˆ
S2

|D⊤ṽ|p dH2 ≤ C

ˆ
S2

|D⊤g|p dH2,(3.3.19)

where C = C(N) > 0.

Proof. Let α0 = α0(p0,N) > 0 be the constant given by Lemma 3.3.8.
Define α = α0/2A2, where A2 is the absolute constant of Lemma 3.3.7.
Without loss of generality, we assume that A2 ≥ 1. Then α depends
only on p0 and N. In view of Lemma 3.3.7, the estimate (3.3.16) and the
definition of α, there exists Σ ∈ RTδ such that trΣ(g) = g|Σ ∈W 1,p(Σ,N),

(3.3.20)
ˆ
Σ
|D⊤g|p dH1 ≤ A2

δ

ˆ
S2

|D⊤g|p dH2

and for each 2-cell F from the Lipschitz triangulation of S2 generated by
Σ,
ˆ
F

|D⊤g|p

p
dH2 + δ

ˆ
∂F

|D⊤g|p

p
dH1 ≤ 2A2

ˆ
S2

|D⊤g|p

p
dH2 ≤ α0δ

2−p

2− p
,

where ∂F denotes the relative boundary of F . This, according to
Lemma 3.3.8, implies that g|∂F is homotopically trivial for each 2-cell
F from the Lipschitz triangulation of S2 generated by Σ. By Proposi-
tion 3.3.6, there exists ṽ ∈ W 1,2(S2, Ñ) such that trΣ(π ◦ ṽ) = trΣ(g)
and

(3.3.21)
ˆ

S2

|D⊤(π ◦ ṽ)|p dH2 =

ˆ
S2

|D⊤ṽ|p dH2 ≤ Cδ

ˆ
Σ
|D⊤g|p dH1,

where C = C(N) > 0. In (3.3.21) we used that π is a local isometry.
Using (3.3.20) and (3.3.21), we get (3.3.19).

The Lipschitz triangulation of S2 generated by Σ yields the decompo-
sition of B3

1 \B3
1−δ into the cells

(3.3.22) Di,j =

{
x ∈ R3 : (1− δ) < |x| < 1,

x

|x|
∈ Fi,j

}
,

where i ∈ {0, 1, 2} and j ∈ {1, . . . , ki} (see (3.3.5)). Notice that Di,j is of
Hausdorff dimension (i+ 1). Fix an arbitrary 3-cell D := D2,j from the
above decomposition. Let F be the 2-cell of the Lipschitz triangulation of
S2 generated by Σ such that D = {x ∈ R3 : (1− δ) < |x| < 1, x

|x| ∈ F}.
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3.3. Extension from triangulation 133

Fix a bilipschitz homeomorphism Φ : [0, δ]3 → D with an absolute
bilipschitz constant (see (3.3.6)) such that Φ((0, δ)2 × {0}) = (1− δ)F
and Φ((0, δ)2 × {δ}) = F . Applying Lemma 3.3.9 with g0 and g1 taking
the values of π ◦ ṽ ◦ ( Φ

1−δ )|(0,δ)2×{0} and g ◦ Φ|(0,δ)2×{1}, respectively, we
obtain a mapping φj ∈W 1,p(D,N) satisfying the estimate

(3.3.23)
ˆ
D
|Dφj |p dx ≤ C ′δ

(ˆ
F
|D⊤ṽ|p dH2 +

ˆ
F
|D⊤g|p dH2

)
+ C ′δ2

ˆ
∂F

|D⊤g|p dH1,

where C ′ > 0 is an absolute constant.
Let φδ ∈ L∞(B3

1 \B3
1−δ,N) satisfy φδ|D2,j = φj ∈W 1,p(D2,j ,N) for

each 3-cell D2,j from the decomposition (3.3.22). In view of our construc-
tion (see Lemma 3.3.9), we can ensure that the traces of the maps φj coin-
cide on the mantles of the cells D2,j and hence φδ ∈W 1,p(B3

1 \B3
1−δ,N).

Summing (3.3.23), where D = D2,j and F = F2,j , over j ∈ {1, . . . , k2},
taking into account that each 1-cell of the Lipschitz triangulation of
S2 generated by Σ lies in the relative boundary of exactly two 2-cells
from this triangulation, and also using (3.3.19) together with (3.3.20),
we deduce the following chain of estimates
ˆ
B3

1\B3
1−δ

|Dφδ|p dx ≤ C ′δ

k2∑
j=1

(ˆ
F2,j

|D⊤ṽ|p dH2 +

ˆ
F2,j

|D⊤g|p dH2

)

+ 2C ′δ2
ˆ
Σ
|D⊤g|p dH1

≤ C ′′δ

ˆ
S2

|D⊤g|p dH2,

where C ′′ = C ′′(N) > 0. This completes our proof of Lemma 3.3.10.

We state now an η-extension with sublinear growth, which will turn
out to be the key tool in the proof of our η-compactness lemma (see
Lemma 3.3.12).

Lemma 3.3.11. Let p0 ∈ (1, 2) and p ∈ [p0, 2). There exist constants
η0, C > 0, depending only on p0 and N, such that if g ∈ W 1,p(∂B3

r ,N)
satisfies

(3.3.24)
ˆ
∂B3

r

|D⊤g|p

p
dH2 ≤ η0r

2−p

2− p
,

then there exists u ∈W 1,p(B3
r ,N) such that tr∂B3

r
(u) = g and

(3.3.25)
ˆ
B3

r

|Du|p

p
dx ≤ Cr

2
p

(ˆ
∂B3

r

|D⊤g|p

p
dH2

)1− 1
p

.
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134 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Proof. By scaling, we can assume that r = 1. Letting δ ∈ (0, 1/2], which
will be fixed later for the proof to work, we define

(3.3.26) η0 = αδ2−p,

where α = α(p0,N) > 0 is the constant of Lemma 3.3.10. Then, by
(3.3.24) and (3.3.26), (3.3.16) is satisfied in Lemma 3.3.10 applied with
δ and g, which yields φδ ∈ W 1,p(B3

1 \ B3
1−δ,N) and ṽ ∈ W 1,2(S2, Ñ),

satisfying the condition (3.3.17) together with the estimates (3.3.18) and
(3.3.19). Using Lemma 3.2.15 with the boundary datum π ◦ ṽ, we obtain
a map w ∈W 1,p(B3

1 ,N) such that trS2(w) = π ◦ ṽ and
(3.3.27)ˆ

B3
1

|Dw|p dx ≤ C

(ˆ
S2

|D⊤ṽ|p dH2

)1− 1
p

≤ C ′
(ˆ

S2

|D⊤g|p

p
dH2

)1− 1
p

,

where C = C(p0,N) > 0 and C ′ = C ′(p0,N) > 0. In the last estimate
we used (3.3.19) under the condition that p ∈ [p0, 2). Now we define the
mapping u : B3

1 → N by

u(x) =


φδ(x) if x ∈ B3

1 \B3
1−δ,

π ◦ ṽ
(

x

1− δ

)
if x ∈ ∂B3

1−δ,

w

(
x

1− δ

)
if x ∈ B3

1−δ.

Observe that u ∈W 1,p(B3
1 ,N) and trS2(u) = g (see (3.3.17)). Using this,

(3.3.18) and (3.3.27), we have
(3.3.28)ˆ

B3
1

|Du|p

p
dx ≤ C ′

(ˆ
S2

|D⊤g|p

p
dH2

)1− 1
p

+ C ′δ

ˆ
S2

|D⊤g|p

p
dH2,

where we assume that C ′ is large enough so that (3.3.18) is valid with
C = C ′. Now we need to distinguish between two further cases.
Case 1: If

´
S2

|D⊤g|p
p dH2 ≤ 1, then

´
S2

|D⊤g|p
p dH2 ≤ (

´
S2

|D⊤g|p
p dH2)

1− 1
p ,

which, in view of (3.3.28), yields

(3.3.29)
ˆ
B3

1

|Du|p

p
dx ≤ 2C ′

(ˆ
S2

|D⊤g|p

p
dH2

)1− 1
p

.

Case 2: When
´

S2
|D⊤g|p

p dH2 > 1, we need to fix δ so that δ2−p = const
and δ ≤ 2− p. This holds for

(3.3.30) const =

(
1

e

) 1
e

and δ =

(
1

e

) 1
e(2−p)

,
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3.3. Extension from triangulation 135

since infx∈(0,+∞) x
x = (1/e)1/e. This defines our δ and hence η0 (see

(3.3.26)). Using (3.3.24), (3.3.26), (3.3.28), (3.3.30) and the fact that´
S2

|D⊤g|p
p dH2 > 1, we obtain

ˆ
B3

1

|Du|p

p
dx ≤ C ′

(ˆ
S2

|D⊤g|p

p
dH2

)1− 1
p

+
C ′αδ3−p

2− p

≤ C ′′
(ˆ

S2

|D⊤g|p

p
dH2

)1− 1
p

+ C ′′

≤ 2C ′′
(ˆ

S2

|D⊤g|p

p
dH2

)1− 1
p

,

(3.3.31)

where C ′′ = C ′′(p0,N) > 0. The estimates (3.3.29) and (3.3.31) imply
then, up to a scaling, (3.3.25). This completes our proof of Lemma 3.3.11.

Now we prove our η-compactness lemma.

Lemma 3.3.12. Let κ ∈ (0, 1), p0 ∈ (1, 2), p ∈ [p0, 2) and let E =
Ψ(B3

r ) ⊂ R3 be an open set, where Ψ : B3
r → R3 is a bilipschitz homeo-

morphism onto its image with a bilipschitz constant L ≥ 1. There exist
η, C > 0, depending only on κ, p0, L and N, such that if up ∈W 1,p(E,N)
is a p-minimizer and satisfies

(3.3.32)
ˆ
E

|Dup|p

p
dx ≤ ηr3−p

2− p
,

then

(3.3.33)
ˆ
Ψ(B3

κr)

|Dup|p

p
dx ≤ Cr3−p.

Remark 3.3.13. Let us point out that the dependence on p in Lem. 3.3.12
is essential, since it is used in Lemma 3.5.2.

Proof of Lemma 3.3.12. We define vp = up ◦Ψ, so that, by the chain rule,
we have vp ∈W 1,p(B3

r ,N) and

(3.3.34)
ˆ
B3

r

|Dvp|p

p
dx ≤ L3+p

ˆ
E

|Dup|p

p
dx.

Let η0 > 0 be the constant of Lemma 3.3.11. We define

Gp =

{
ϱ ∈ (κr, r) : tr∂B3

ϱ
(vp) = vp|∂B3

ϱ
∈W 1,p(∂B3

ϱ ,N)

and
ˆ
∂B3

ϱ

|Dvp|p

p
dH2 ≤ η0(κr)

2−p

2− p

}
.
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136 Chapter 3: Limiting behavior of p-harmonic maps in 3d

In view of (3.3.34) and (3.3.32),

(3.3.35) H1((κr, r)\Gp) ≤
2− p

η0(κr)2−p

ˆ
B3

r

|Dvp|p

p
dx ≤ L3+pηr

η0κ2−p
≤ L5ηr

η0κ
.

Choosing

η :=
η0κ(1− κ)

2L5

and using (3.3.35), we obtain that

(3.3.36) H1(Gp) ≥
(1− κ)r

2
.

If ϱ ∈ Gp, then
ˆ
∂B3

ϱ

|Dvp|p

p
dH2 ≤ η0(κr)

2−p

2− p
≤ η0ϱ

2−p

2− p
.

Thus, letting vϱp : B3
ϱ → N be the extension of vp|∂B3

ϱ
given by Lemma 3.3.11,

we have by the p-minimizing property and the bilipschitz invariance,

L−3−p

ˆ
B3

ϱ

|Dvp|p

p
dx

≤
ˆ
Ψ(B3

ϱ)

|Dup|p

p
dx ≤

ˆ
Ψ(B3

ϱ)

|D(vϱp ◦Ψ−1)|p

p
dx

≤ L3+p

ˆ
B3

ϱ

|Dvϱp |p

p
dx

≤ CL3+pϱ
2
p

(ˆ
∂B3

ϱ

|Dvp|p

p
dH2

)1− 1
p

(3.3.37)

for each ϱ ∈ Gp, where C = C(p0,N) > 0. We define now the function
F : [κr, r] → [0,∞) by

F (ϱ) =

ˆ
B3

ϱ

|Dvp|p

p
dx.

Without loss of generality, we assume that F (κr) > 0, because otherwise
(3.3.33) follows. The function F is absolutely continuous and for every
ϱ ∈ Gp, we have by (3.3.37),

F ′(ϱ) =

ˆ
∂B3

ϱ

|Dvp|p

p
dH2 ≥ c

F (ϱ)
p

p−1

ϱ
2

p−1

,
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3.4. Convergence to a harmonic map 137

and thus

p− 1

F (κr)
1

p−1

≥ p− 1

F (κr)
1

p−1

− p− 1

F (r)
1

p−1

=

ˆ r

κr

F ′(ϱ)

F (ϱ)
p

p−1

dϱ

≥ c

ˆ
Gϱ

dϱ

ϱ
2

p−1

≥ c
H1(Gϱ)

r
2

p−1

≥ c(1− κ)

2r
3−p
p−1

,

where c = c(p0, L,N) > 0 and the last estimate comes from (3.3.36).
Then the estimate (3.3.33) follows through a bilipschitz change of variable,
completing the proof of Lemma 3.3.12.

3.4 Convergence to a harmonic map

The following variant (Lemma 3.4.1) of the Luckhaus lemma (see [44,
Lemma 1], [43, Lemma 3]) is our key tool in the proof of Proposition 3.4.2
of the fact that a weakly convergent sequence of minimizing p-harmonic
maps converges to a minimizing 2-harmonic map when p ↗ 2. It says
that if two W 1,p mappings from a compact 2-dimensional Riemannian
manifold M without boundary into N are close in Lp, then we can find
a map w in M× (0, T ), having these two mappings as boundary values,
such that w does not leave a tubular neighborhood of N and such that
its W 1,p norm is of order T .

Lemma 3.4.1. Let M be a compact Riemannian manifold of dimension 2
without boundary and p ∈ (1, 2]. Then there exist positive constants C,
T0, depending only on M, such that for every u, v ∈ W 1,p(M,N) and
T ∈ (0, T0) there exists a map w ∈W 1,p(M× (0, T ),Rν) satisfying

(i) trM×{0}(w) = u, trM×{T}(w) = v;

(ii)
ˆ
M×(0,T )

|Dw|p dH2 dt

≤ CT

ˆ
M

(
|D⊤u|p + |D⊤v|p +

|u− v|p

T p

)
dH2;
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138 Chapter 3: Limiting behavior of p-harmonic maps in 3d

(iii) we have

esssupM×(0,T ) dist(w,N) ≤ C∥u− v∥L∞(M)

≤ CT
1− 2

p

(ˆ
M

(
|D⊤u|p + |D⊤v|p +

|u− v|p

T p

)
dH2

) 1
p

(
1− 1

2p

)

×
(ˆ

M

|u− v|p

T p
dH2

) 1
p

1
2p

.

Proof. For a proof, we refer the reader to [43, Lemma 3] (see also [44,
Lemma 1] for the original Luckhaus lemma, where M = S2). Notice
that the inductive assumption in [43, Lemma 3] may not be satisfied.
However, if one slightly modifies the Luckhaus proof, namely, one defines
w(x, t) = t

T v(x) +
(
1− t

T

)
u(x) for x belonging to the closure of the

l-skeleton of M in the case when either [p] < p and l = [p] or [p] = p and
l = [p− 1], then the inductive assumption in [43, Lemma 3] is satisfied,
and the proof works as written (observe that Luckhaus defines w as above
for x belonging to the closure of the l-skeleton of M in the case when
l = [p− 1]). It is also possible to reduce the dependence of the constant
C in [43, Lemma 3] on dim(N).

Proposition 3.4.2. Let U ⊂ R3 be an open set. Let (pn)n∈N ⊂ [1, 2),
un ∈W 1,pn(U,N) and pn ↗ 2 as n→ +∞. If for each open set K ⋐ U
and each n ∈ N, un is a pn-minimizer in K and if

(3.4.1) sup
n∈N

ˆ
K

|Dun|pn
pn

dx ≤ C,

where C = C(K) > 0, then there exists u∗ ∈W 1,2
loc (U,N) such that, up to

a subsequence (not relabeled), the following assertions hold.

(i) un converges to u∗ weakly in W 1,p
loc (U,R

ν) for all p ∈ (1, 2) and a.e.
in U .

(ii) For each open set K ⋐ U ,
ˆ
K

|Dun|pn
pn

dx→
ˆ
K

|Du∗|2

2
dx

as n→ +∞. Furthermore,
´
K |Dun −Du∗|pn dx→ 0 and Dun →

Du∗ a.e. in U as n→ +∞.

(iii) If K ⋐ U is open, then u∗ is a 2-minimizer in K. Furthermore,
there exists at most a countable and locally finite subset S0 of U
such that u∗ ∈ C∞(U \ S0,N).
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3.4. Convergence to a harmonic map 139

Proof. Fix an open set K ⋐ U . Since K ⊂ U is compact, for any cover by
open balls, K admits a finite subcover. Then there exists an open set V
such that K ⊂ V , V ⊂ U and V is a compact smooth Riemannian mani-
fold of dimension 3 with boundary ∂V (possibly disconnected, but with
a finite number of connected components). Then ∂V is a 2-dimensional
compact smooth Riemannian manifold without boundary. According to
Lemma 3.2.1 with N replaced by ∂V , there exists λ∂V > 0 such that
the nearest point retraction Π∂V : ∂Vλ∂V

→ ∂V is a well-defined and
smooth mapping, where ∂Vλ∂V

= {x ∈ V : dist(x, ∂V ) ≤ λ∂V }. Choose
λ ∈ (0, λ∂V ) so that K ⊂ V \Aλ, where Aλ = {x ∈ V : dist(x, ∂V ) < λ}.

If pn ∈ (p, 2) is large enough, then, applying Young’s inequality, we
have

(3.4.2)
ˆ
V

|Dun|p

p
dx ≤

ˆ
V

|Dun|pn
pn

dx+
(1
p
− 1

pn

)
|V |

so that

(3.4.3) lim sup
n→+∞

ˆ
V

|Dun|p

p
dx <∞

(see (3.4.1)). Since N is compact, (un)n∈N is bounded in L∞(U,Rν),
which, together with (3.4.3), implies that for each p ∈ (1, 2), (un)n∈N is
bounded in W 1,p(V,Rν). Thus, there exists a map u∗ : V → Rν such
that, up to a subsequence (still denoted by n), for each p ∈ (1, 2),

un ⇀ u∗ weakly in W 1,p(V,Rν) and un → u∗ a.e. in V.(3.4.4)

In particular, u∗ ∈ N a.e. in V .
By the weak convergence, (3.4.2) and the fact that pn ↗ 2 as n→ +∞,

for each p ∈ (1, 2) we have

(3.4.5)
ˆ
V

|Du∗|p

p
dx ≤ lim inf

n→+∞

ˆ
V

|Dun|p

p
dx

≤ lim inf
n→+∞

ˆ
V

|Dun|pn
pn

dx+
(1
p
− 1

2

)
|V |.

Letting p↗ 2 in (3.4.5) and using Fatou’s lemma, we obtain the estimate

(3.4.6)
ˆ
V

|Du∗|2

2
dx ≤ lim inf

n→+∞

ˆ
V

|Dun|pn
pn

dx,

which, together with (3.4.1), implies that u∗ ∈W 1,2(V,N). We prove that
u∗ is a 2-minimizer in K and that, up to a subsequence (not relabeled),

(3.4.7)
ˆ
K

|Dun|pn
pn

dx→
ˆ
K

|Du∗|2

2
dx
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140 Chapter 3: Limiting behavior of p-harmonic maps in 3d

and ∥Dun −Du∗∥pnLpn (K,Rν⊗R3)
→ 0 as n→ +∞.

Applying [31, Theorem 3.2.22 (3)] with W = Aλ, Z = [0, λ] and
f :W → Z defined by f(x) = |x−Π∂V (x)| = dist(x, ∂V ), and using also
the fact that |Df(x)| = 1 for each x ∈ Aλ (see Lemma 3.2.1), Fatou’s
lemma and (3.4.1), we obtain
ˆ λ

0
dϱ lim inf

n→+∞

ˆ
f−1({ϱ})

|Dun|pn
pn

dH2 ≤ lim inf
n→+∞

ˆ
Aλ

|Dun|pn
pn

dx ≤ C.

This implies that

H1
({
ϱ ∈ (0, λ) : lim inf

n→+∞

ˆ
f−1({ϱ})

|Dun|pn
pn

dH2 ≥ 4C

λ

})
≤ λ

4
.

So there exists ϱ ∈ (0, λ/2) such that, up to a subsequence (not relabeled),
we know that for each sufficiently large n ∈ N,

(3.4.8) trf−1({ϱ})(un) = un|f−1({ϱ}) ∈W 1,pn(f−1({ϱ}),N),ˆ
f−1({ϱ})

|Dun|pn
pn

dH2 <
4C

λ

and trf−1({ϱ})(u∗) = u∗|f−1({ϱ}). Fix such ϱ ∈ (0, λ/2) and an arbi-
trary p ∈ (1, 2). Now we define M = f−1({ϱ}). Notice that M is a
2-dimensional compact smooth Riemannian manifold without boundary.
In view of (3.4.4) and the trace theorem, we have un|M ⇀ u∗|M weakly in
W 1−1/p,p(M,Rν) (we use that a bounded linear operator maps a weakly
convergent sequence to a weakly convergent one). Then, by the compact
embedding, up to a subsequence (not relabeled),

(3.4.9) un|M → u∗|M strongly in Lq(M,Rν)

for each q ∈
[
1, 2p

2−p

)
. Since un|M ∈ W 1,pn(M,N), (3.4.9) implies that

u∗(x) ∈ N for H2-a.e. x ∈ M. Using (3.4.8) and (3.4.9), we deduce that,
up to a subsequence (not relabeled),

un|M ⇀ u∗|M weakly in W 1,p(M,Rν).

Then, by the weak convergence, Young’s inequality and (3.4.8), we have

ˆ
M

|D⊤u∗|p

p
dH2 ≤ lim inf

n→+∞

ˆ
M

|D⊤un|p

p
dH2

≤ lim inf
n→+∞

(ˆ
M

|Dun|pn
pn

dH2 +
(1
p
− 1

pn

)
H2(M)

)
≤ 4C

λ
+
(1
p
− 1

2

)
H2(M),

(3.4.10)
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3.4. Convergence to a harmonic map 141

where we have also used that |D⊤un| ≤ |Dun|. This implies that u∗|M ∈
W 1,2(M,N), because p ∈ (1, 2) was arbitrarily chosen and we already
know that u∗(x) ∈ N for H2-a.e. x ∈ M. Moreover, u∗ ∈ L∞(M,Rν).
Also, (3.4.10) yields

(3.4.11)
ˆ
M

|D⊤u∗|2

2
dH2 ≤ lim

p↗2

ˆ
M

|D⊤u∗|p

p
dH2 ≤ 4C

λ
.

Next, we want to apply Lemma 3.4.1. Let T0 = T0(M) > 0 be the
constant of Lemma 3.4.1. Choose T ∈ (0, T0) sufficiently small and let
Φ : Aλ \Aϱ → M× [0, λ− ϱ) be defined by

Φ(x) = (ΠM(x), dist(x,M)).

By Lemma 3.2.1, there exists λN > 0 such that the nearest point retraction
ΠN : NλN

→ N, where NλN
= {x ∈ Rν : dist(x,N) < λN}, is well defined

and smooth. Setting sn = ∥un − u∗∥Lpn (M,Rν) (without loss of generality,
we assume that for each n ∈ N large enough, sn > 0) and using (3.4.8),
(3.4.9) and (3.4.11), we observe that sn → 0 and for each sufficiently
large n ∈ N,

(3.4.12)
ˆ
M

(
|D⊤un|pn + |D⊤u∗|pn +

|un − u∗|pn

s
pn/2
n

)
dH2 ≤ C ′,

where C ′ is a positive constant independent of n. Applying Lemma 3.4.1
with u = un|M, v = u∗|M and T = s

1/2
n , we obtain a map wn ∈

W 1,pn(M×(0, s
1/2
n ),Rν) interpolating between un|M and u∗|M. According

to Lemma 3.4.1 (iii), (3.4.12) and the definition of sn, if n ∈ N is large
enough, we have dist(wn(x, t),N) < λN for a.e. (x, t) ∈ M × (0, s

1/2
n ).

Thus, for each n ∈ N large enough, we can define the map

φn(y) = ΠN(wn(Φ(y)))

for each y ∈ Φ−1(M × (0, s
1/2
n )). Then we have the following: φn ∈

W 1,pn(Φ−1(M × (0, s
1/2
n )),N); trM(φn) = un|M, tr

Φ−1(M×{s1/2n })(φn) =

u∗|M ◦ Φn ◦ Φ|
Φ−1(M×{s1/2n }), where Φn : M × [s

1/2
n , T ] is defined by

Φn(x, t) = Φ−1(x, t − s
1/2
n ) and we have used that Φ−1(x, 0) = x; in

view of Lemma 3.4.1 (ii) and (3.4.12),

(3.4.13)
ˆ
Φ−1(M×(0,s

1/2
n ))

|Dφn|pn
pn

dy ≤ C ′′s1/2n ,

where C ′′ > 0 is a constant independent of n, but depending on the
bilipschitz constant of Φ.

141



142 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Now let E = V \ Aϱ. According to our construction, E is a finite
union of bounded Lipschitz domains, and E contains K. Fix an arbitrary
w∗ ∈ W 1,2(E,N) with trM(w∗) = trM(u∗). Let ζ ∈ Cc([0,+∞)) be the
Lipschitz map such that ζ = 1 on [0, 1], ζ(s) = 2− s for s ∈ [1, 2], ζ = 0
on [2,+∞]. Hence ∥ζ ′∥L∞([0,+∞)) ≤ 1. Next, for each sufficiently large
n ∈ N, define wn : E → N by

(3.4.14) wn(y) =

{
φn(y) if y ∈ Φ−1(M× (0, s

1/2
n ]),

w∗(Ψn(y)) if y ∈ E \ Φ−1(M× (0, s
1/2
n ]),

where Ψn : E \ Φ−1(M× (0, s
1/2
n ]) → E is the bilipschitz map defined by

Ψn(y) =

(
1− ζ

(
dist(y,M)

s
1/3
n

))
y + ζ

(
dist(y,M)

s
1/3
n

)
Φn(Φ(y)).

Notice that: tr
Φ−1(M×{s1/2n })(w∗ ◦ Ψn) = u∗|M ◦ Φn ◦ Φ|

Φ−1(M×{s1/2n }); if

y ∈ E \ Φ−1(M× (0, s
1/2
n ]) and dist(y,M) ≤ s

1/3
n , then we have Ψn(y) =

Φn(Φ(y)); if y ∈ E \ Φ−1(M × (0, s
1/2
n ]) and dist(y,M) ≥ 2s

1/3
n , then

Ψn(y) = y; for each y ∈ E, if n ∈ N is large enough, then Ψn(y) is defined
and Ψn(y) → y as n → +∞; for a.e. y ∈ E \ Φ(M × (0, s

1/2
n ]) and for

each n ∈ N large enough,

|DΨn(y)− Id |

=

∣∣∣∣ζ ′(dist(y,M)

s
1/3
n

)
D dist(y,M)

s
1/3
n

⊗ (Φn(Φ(y))− y)

+ ζ

(
dist(y,M)

s
1/3
n

)
(DΦn(Φ(y)) ◦DΦ(y)− Id)

∣∣∣∣
≤ Ls1/6n ,

(3.4.15)

where L > 0 is a constant independent of n, but depending on the
bilipschitz constant of Φ. In the above computations we have used
that |ζ ′| ≤ 1, |D dist(y,M)| = 1 and |a ⊗ b| ≤ |a||b| for a, b ∈ R3. In
particular, when n ∈ N is large enough, |DΨn(y)− Id | < 1/2. It is worth
noting that, according to the definition of Ψn and [30, 4.8 (5)], Ψn is
continuously differentiable on the three regions of E \Φ−1(M× (0, s

1/2
n ]),

where dist(·,M) < s
1/3
n , dist(·,M) ∈ (s

1/3
n , 2s

1/3
n ), and dist(·,M) > 2s

1/3
n ,

respectively. Then, using the inverse function theorem for Ψn on each
of these three regions (namely, on compact subsets of these regions),
and taking into account the definition of Ψn (namely, the injectivity
of Ψn), one observes that Ψn admits the inverse Ψ−1

n such that Ψ−1
n is

a.e. differentiable on E and DΨ−1
n is sufficiently close to the identity
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3.4. Convergence to a harmonic map 143

a.e. on E. Furthermore, Ψ−1
n is absolutely continuous on each segment

lying in the closure of one of the images of Ψn of the three regions
of E \ Φ−1(M × (0, s

1/2
n ]) considered above. Thus, Ψn is bilipschitz

on E \ Φ−1(M × (0, s
1/2
n ]), as we mentioned earlier. It is also worth

noting that for a.e. y ∈ E, if n is large enough, then DΨn(y) is defined,
D(w∗ ◦ Ψn)(y) = Dw∗(Ψn(y)) ◦ DΨn(y) and DΨn(y) → Id, D(w∗ ◦
Ψn)(y) → Dw∗(y) as n → +∞. In addition, if n is large enough, then
for a.e. y ∈ E,

|D(w∗ ◦Ψn)(y)1E\Φ−1(M×(0,s
1/2
n ])

(y)|pn

pn

≤ 2pn
|Dw∗(Ψn(y))1E\Φ−1(M×(0,s

1/2
n ])

(y)|pn

pn

≤ 2pn

( |Dw∗(Ψn(y))1E\Φ−1(M×(0,s
1/2
n ])

(y)|2

2
+

1

pn
− 1

2

)
≤ h(y),

where we have used (3.4.15), the fact that |Id| =
√
3, Young’s inequality

and since |Dw∗|2 ∈ L1(E), there exists h ∈ L1(E) such that the last
estimate holds.

Taking into account the above observations and using the Lebesgue
dominated convergence theorem, we deduce that

(3.4.16)
ˆ
E\Φ−1(M×(0,s

1/2
n ])

|Dwn|pn
pn

dy →
ˆ
E

|Dw∗|2

2
dy

as n→ +∞. The mapping wn is a competitor for un in E, and hence, in
view of (3.4.14),

(3.4.17)
ˆ
E

|Dun|pn
pn

dy

≤
ˆ
Φ−1(M×(0,s

1/2
n ))

|Dφn|pn
pn

dy +

ˆ
E\Φ−1(M×(0,s

1/2
n ])

|Dwn|pn
pn

dy.

Using (3.4.6) with V replaced by E (which is possible thanks to (3.4.4)
and proceeding as in (3.4.5)), together with (3.4.13), (3.4.16) and (3.4.17),
we obtainˆ

E

|Du∗|2

2
dy = lim

p↗2

ˆ
E

|Du∗|p

p
dy

≤ lim inf
n→+∞

ˆ
E

|Dun|pn
pn

dy

≤ lim sup
n→+∞

ˆ
E

|Dun|pn
pn

dy ≤
ˆ
E

|Dw∗|2

2
dy.
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144 Chapter 3: Limiting behavior of p-harmonic maps in 3d

This implies that
´
E

|Dun|pn
pn

dy →
´
E

|Du∗|2
2 dy and u∗ is a 2-minimizer in

E. In particular, according to Lemma 3.4.3 below, it holds

∥Dun −Du∗∥pnLpn (E,Rν⊗R3)
→ 0,

which proves (3.4.7).
Since u∗ is a 2-minimizer in E and K ⋐ E is open, u∗ is a 2-minimizer

in K and, according to [53, Theorem II], there exists a finite set SK ⊂ K
such that u∗ ∈ C∞(K \ SK ,N).

In order to reach the conclusion, we use a diagonal argument and rely
on the fact that one can write U =

⋃
m∈NKm, with Km ⊂ Km+1 so that

if K ⋐ U , then K ⊂ Km for some m ∈ N. This completes our proof of
Proposition 3.4.2.

Lemma 3.4.3. Let U ⊂ R3 be open and bounded, u∗ ∈ W 1,2(U,Rν),
(pn)n∈N ⊂ [1, 2), pn ↗ 2 as n → +∞ and (un)n∈N ⊂ W 1,pn(U,Rν). If
un ⇀ u∗ weakly in W 1,p(U,Rν) for all p ∈ (1, 2) and

´
U |Dun|pn dx →´

U |Du∗|2 dx as n→ +∞, then
´
U |Dun −Du∗|pn dx→ 0 as n→ +∞.

Proof. The desired convergence comes by using Hanner’s inequality, see
[57, Lemma 6.3]. To apply [57, Lemma 6.3], we only need to prove that

(3.4.18) 4∥Du∗∥2L2(U,Rν⊗R3) ≤ lim inf
n→+∞

∥Dun +Du∗∥pnLpn (U,Rν⊗R3)
.

Let p ∈ (1, 2) be arbitrary. Notice that Dun +Du∗ ⇀ 2Du∗ weakly in
Lp(U,Rν ⊗ R3) and hence

(3.4.19) lim inf
n→+∞

∥Dun +Du∗∥Lp(U,Rν⊗R3) ≥ 2∥Du∗∥Lp(U,Rν⊗R3).

Using Hölder’s inequality and (3.4.19), we obtain

lim inf
n→+∞

∥Dun +Du∗∥pnLpn (U,Rν⊗R3)

≥ lim inf
n→+∞

|U |1−
pn
p ∥Dun +Du∗∥pnLp(U,Rν⊗R3)

≥ 4|U |1−
2
p ∥Du∗∥2Lp(U,Rν⊗R3).

(3.4.20)

Letting p↗ 2 and using the continuity of the Lp-norm, in view of (3.4.20),
we obtain (3.4.18), which completes our proof of Lemma 3.4.3.

3.5 The singular set

Let p ∈ (1, 2) and up ∈ W 1,p(Ω,N) be a p-minimizer in Ω. For each
Borel-measurable set E ∈ B(Ω), we define the positive Radon measure
µp at E by

µp(E) := (2− p)

ˆ
E

|Dup|p

p
dx.
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3.5. The singular set 145

Let (pn)n∈N ⊂ [1, 2), pn ↗ 2 as n→ +∞ and (un)n∈N be a sequence
of pn-minimizers in Ω. We assume that for each n ∈ N large enough,
setting µn = µpn , it holds

(3.5.1) µn(Ω) ≤ C0,

where C0 > 0 is a constant independent of n. According to Proposi-
tion 3.2.21, the condition (3.5.1) is satisfied whenever for each n ∈ N
large enough, tr∂Ω(un) = g ∈ W 1/2,2(∂Ω,N). Next, in view of (3.5.1),
using the Banach-Alaoglu theorem, we obtain a positive Radon measure
µ∗ ∈ (C(Ω))′ such that, up to a subsequence (not relabeled),

(3.5.2) µn
∗
⇀ µ∗ weakly* in (C(Ω))′.

We denote the support of µ∗ by S∗ ⊂ Ω.

Remark 3.5.1. If the measure µ∗ is independent of the subsequence, the
entire sequence (µn)n∈N weakly* converges to µ∗ as n→ +∞, since in the
latter case each subsequence of (µn)n∈N contains a subsequence weakly*
converging to µ∗. In general, the limit measure µ∗ does depend on the
subsequence. To see this, we consider the projective plane N = RP2,
whose universal covering π : S2 → RP2 identifies antipodal points (see e.g.
[38, Example 0.4]), so that in particular π1(RP2) ≃ Z/2Z. Defining first
ĝ : S2 → S1 by

ĝ(x) =
(x1x2, x3)

(x21x
2
2 + x23)

1/2
,

one checks that ĝ(x1, x2, x3) = ĝ(x2, x1, x3) = −ĝ(x1,−x2,−x3), that
ĝ has degree 1 around small circles around (1, 0, 0) and (−1, 0, 0) and
degree 1 around small circles around (0, 1, 0) and (0,−1, 0) and that
ĝ ∈ W 1/2,2(S2,S1). We define g = τ ◦ ĝ, where the map τ : S1 → RP2

defined by the condition that τ(cos θ, sin θ) = π(cos θ
2 , sin

θ
2 , 0). We

have g ∈ W 1/2,2(S2,RP2); since τ is not homotopic to a constant, g is
topologically nontrivial in small circles around the same points as ĝ; we
have g(x1, x2, x3) = g(x2, x1, x3) = σ(g(x1,−x2, x3)), where σ : RP2 →
RP2 is the isometry characterized by σ(π(y1, y2, y3)) = π(−y1,−y2, y3), so
that σ(τ(−z)) = τ(z). In particular, if ρ(x1, x2, x3) = (x1,−x2, x3) and
if up ∈W 1,p(B3,RP2) is a p-minimizing map having g as trace, σ ◦ up ◦ ρ
is also. Letting p→ 2, by Proposition 3.7.25, the corresponding limiting
measure µ∗ has as support either [(1, 0, 0), (0, 1, 0)]∪ [(−1, 0, 0), (0,−1, 0)]
or [(1, 0, 0), (0,−1, 0)] ∪ [(−1, 0, 0), (0, 1, 0)]. By the symmetry it follows
that if µ∗ is limiting measure, then its pushforward ρ∗µ∗ is also a limiting
measure. Since none of the possible supports is invariant under ρ we
conclude that µ∗ is not unique.

145



146 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Lemma 3.5.2. Let η > 0 be the constant of Lemma 3.3.12, where
κ = 1/2, p0 = 3/2, Ψ(x) = x + x0. Assume that B3

r (x0) ⊂ Ω and
µ∗(B

3
r(x0)) < ηr. Then µ∗(B

3
r/2(x0)) = 0.

Proof. In this proof, every ball is centered at point x0. It is a well-known
fact (see, for instance, [29, Section 1.9]) that the weak* convergence of
the Borel measures µn is equivalent to the following two inequalities

(3.5.3) µ∗(F ) ≥ lim sup
n→+∞

µn(F ), µ∗(G) ≤ lim inf
n→+∞

µn(G)

whenever F ⊂ Ω is closed and G ⊂ Ω is open. Notice that this is where
we take advantage of working with (C(Ω))′ instead of (C0(Ω))

′. Using
(3.5.3) and the facts that µ∗(B3

r) < ηr and µn(B3
r) = µn(B

3
r ), we obtain

the following estimate

ηr > lim sup
n→+∞

µn(B
3
r ).

This estimate, together with the fact that ηr3−pn → ηr as n → +∞,
implies that for all sufficiently large n ∈ N, it holds

µn(B
3
r ) < ηr3−pn .

But then Lemma 3.3.12 says that for all sufficiently large n ∈ N,

(3.5.4) µn(B
3
r/2) ≤ (2− pn)Cr

3−pn ,

where C > 0 is a constant independent of n. Letting n tend to +∞ in
(3.5.4) and using (3.5.3), we complete our proof of Lemma 3.5.2.

The following monotonicity of the p-energy holds, which will be used
later.

Lemma 3.5.3. Let p ∈ [1, 3), x0 ∈ Ω and 0 < ϱ < r < dist(x0, ∂Ω). Let
up ∈W 1,p(Ω,N) be a p-minimizer. Then

ϱp−3

ˆ
B3

ϱ(x0)

|Dup|p

p
dx ≤ rp−3

ˆ
B3

r (x0)

|Dup|p

p
dx.

Proof. For a proof, the reader may consult Section 4 in [35].

Corollary 3.5.4. Let x0 ∈ Ω. Then the function

r ∈ (0, dist(x0, ∂Ω)) 7→
µ∗(B

3
r(x0))

r

is nondecreasing.
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Proof of Corollary 3.5.4. Let 0 < ϱ < r < dist(x0, ∂Ω). In view of
Lemma 3.5.3, for each n ∈ N and for an arbitrary ε ∈ (0, r − ϱ),

(ϱ+ ε)pn−3µn(B
3
ϱ+ε(x0)) ≤ rpn−3µn(B

3
r(x0)).

Letting n tend to +∞ and using (3.5.3), we obtain

(ϱ+ ε)−1µ∗(B
3
ϱ+ε(x0)) ≤ r−1µ∗(B

3
r(x0)).

Then, letting ε↘ 0 and using the fact that µ∗(Ω) < +∞, we conclude
our proof of Corollary 3.5.4.

Thanks to Corollary 3.5.4, for each x0 ∈ Ω, the 1-dimensional density

(3.5.5) Θ1(µ∗, x0) := lim
r→0+

µ∗(B
3
r(x0))

2r
= lim

r→0+

µ∗(B
3
r (x0))

2r

exists and finite. In order to lighten the notation, we shall simply write
Θ1(x0) instead of Θ1(µ∗, x0) when appropriate.

Proposition 3.5.5. Let η > 0 be the constant of Lemma 3.3.12, where
κ = 1/2, p0 = 3/2 and Ψ(x) = x + x0 whenever E = B3

r (x0). Then it
holds

Ω ∩ S∗ = {x ∈ Ω : Θ1(x) > 0} =
{
x ∈ Ω : Θ1(x) ≥

η

2

}
.

Proof. First, assume by contradiction that for some x ∈ Ω, Θ1(x) = a ∈
(0, η/2). Fix

ε ∈
(
0,min

{a
2
,
η

2
− a
})
.

Then there exists δ > 0 such that for all r ∈ (0, δ),

0 < a− ε <
µ∗(B

3
r(x))

2r
<
η

2
.

However, Lemma 3.5.2 says that µ∗(B3
r/2(x)) = 0, which leads to a

contradiction and proves that

{x ∈ Ω : Θ1(x) > 0} = {x ∈ Ω : Θ1(x) ≥ η/2}.

On the other hand, by the definition of the support of a measure, x ∈
Ω∩S∗ if and only if for all sufficiently small r > 0, µ∗(B3

r(x)) > 0, which
holds, according to Lemma 3.5.2, if and only if for all sufficiently small
r > 0, µ∗(B3

r(x)) ≥ ηr. The last holds if and only if Θ1(x) ≥ η/2. This
proves that Ω ∩ S∗ = {x ∈ Ω : Θ1(x) ≥ η/2} and completes our proof of
Proposition 3.5.5.
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Proposition 3.5.6. Let (pn)n∈N ⊂ [1, 2), pn ↗ 2 as n → +∞ and
(un)n∈N be a sequence of pn-minimizers in Ω satisfying (3.5.1). Then
there exists a mapping u∗ ∈W 1,2

loc (Ω\S∗,N) such that, up to a subsequence
(not relabeled), un → u∗ a.e. in Ω and for which the conclusions of
Proposition 3.4.2 apply with U = Ω \ S∗.

Remark 3.5.7. For interior quantitative estimates of the weak gradient
of u∗, the reader may consult Proposition 3.5.23.

Proof of Proposition 3.5.6. Let K ⋐ Ω \ S∗ be open. Using (3.5.2), a
standard covering argument and Lemma 3.3.12, we conclude that there
exists a positive constant C, possibly depending only on K, Ω and N,
such that, up to a subsequence (not relabeled), for each n ∈ N,

ˆ
K

|Dun|pn
pn

dx ≤ C.

Applying a diagonal argument, we observe that, up to a subsequence (not
relabeled), the condition (3.4.1) of Proposition 3.4.2 is satisfied, where
U = Ω \ S∗, for our sequence of pn-minimizers. Thus, the conclusions of
Proposition 3.4.2 apply, yielding the desired mapping u∗. This completes
our proof of Proposition 3.5.6.

3.5.1 The limit measure is the weight measure of the
stationary varifold

Recall that a set E ⊂ R3 is said to be countably H1-rectifiable if there
exist countably many Lipschitz functions fi : R1 → R3 such that

H1
(
E \

+∞⋃
i=0

fi(R
1)
)
= 0.

Let G(3, 1) be the Grassmann manifold, which is the space of 1-dimensional
subspaces of R3. Following Allard (see [2]), for each A ∈ G(3, 1), we shall
also use “A” to denote the orthogonal projection of R3 onto A. That
is, G(3, 1) = {A ∈ M3(R) : A ◦ A = A, AT = A and Im(A) = A},
where M3(R) denotes the space of real 3 × 3 matrices. We also define
G3(Ω) = Ω×G(3, 1). Recall that V is said to be a 1-dimensional varifold
in Ω if V is a positive Radon measure on G3(Ω).

Let S ⊂ Ω be countably H1-rectifiable and µ ∈ (C(Ω))′ be a positive
Radon measure satisfying µ Ω = θH1 S for some nonnegative θ ∈ L1(Ω).
Rectifiability gives that for H1-a.e. x ∈ S (or, equivalently, for µ-a.e.
x ∈ Ω), there exists a unique approximate tangent plane TxS ∈ G(3, 1)
to S at x (see, for instance, [4, Theorem 2.83 (i)]). For µ-a.e. x ∈ Ω, we
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denote by A(x) ∈ G(3, 1) the orthogonal projection onto TxS. We define
the varifold V , which is naturally associated to µ, as the pushforward
measure V = (Id, A)#µ Ω. Thus, for each Borel-measurable set E ∈
B(G3(Ω)), V (E) = µ({x ∈ Ω : (x,A(x)) ∈ E}). The varifold V is said to
be stationary (see Section 4.2 in [2]) if its first variation vanishes, namely

ˆ
Ω
A(x) : Dξ(x) dµ(x) = 0 ∀ξ ∈ C1

c (Ω,R
3).

Proposition 3.5.8. The set S∗ ∩ Ω is countably H1-rectifiable and
H1(S∗ ∩ Ω) < +∞. The measure V∗ = (Id, A∗)#µ∗ Ω is a stationary
1-dimensional rectifiable varifold in Ω, where for µ∗-a.e. x ∈ Ω, A∗(x) rep-
resents the orthogonal projection onto the approximate tangent plane TxS∗
to S∗ at x. Furthermore, it holds µ∗ Ω(dx) = Θ1(x)H

1 (S∗ ∩ Ω)(dx),
where the density Θ1 is defined in (3.5.5).

Proof. Let (un)n∈N ⊂ W 1,pn(Ω,N), where (pn)n∈N ⊂ (3/2, 2), be a se-
quence of pn-minimizers satisfying (3.5.2). For each n ∈ N, define the
map Apn : Ω →M3(R) by

Apn
i,j =

2− pn
pn

(|Dun|pnδi,j − pn|Dun|pn−2⟨Diun, Djun⟩).

Then observe that

(3.5.6) (Apn)T = Apn , tr(Apn) = (3− pn)
dµn
dx

≥ dµn
dx

and

(3.5.7) |Apn | =
√
Apn : Apn =

√
3− 2pn + p2n

dµn
dx

≤
√
3
dµn
dx

,

where dµn

dx = (2− pn)
|Dun|pn

pn
. For each v ∈ S2,

(3.5.8)
3∑

i,j=1

⟨Apn
i,jvi, vj⟩

=
2− pn
pn

|Dun|pn − pn|Dun|pn−2

∣∣∣∣∣
3∑

i=1

viDiun

∣∣∣∣∣
2
 ≤ dµn

dx
,

which implies that all eigenvalues of Apn are less than or equal to dµn

dx .
Furthermore, by (3.2.33),

(3.5.9)
ˆ
Ω
Apn(x) : Dξ(x) dx = 0 ∀ξ ∈ C1

c (Ω,R
3).
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150 Chapter 3: Limiting behavior of p-harmonic maps in 3d

In view of (3.5.1) and (3.5.7), there exists Ã ∈ (C0(Ω,M3(R)))′ such
that, up to a subsequence (not relabeled), Apn dx

∗
⇀ Ã weakly* in

(C0(Ω,M3(R)))′. By (3.5.2) and (3.5.7),

(3.5.10) |Ã| ≤
√
3µ∗ Ω,

which implies that Ã is absolutely continuous with respect to µ∗ Ω.
Then, by the Radon-Nikodým theorem, there exists F ∈ L1(Ω,M3(R), µ∗)
such that Ã = Fµ∗ Ω in (C0(Ω,M3(R)))′. Letting n tend to +∞ and
taking into account (3.5.6), (3.5.8) and (3.5.9), we observe that for µ∗-a.e.
x ∈ Ω, (F (x))T = F (x), tr(F (x)) ≥ 1, the eigenvalues of F (x) are less
than or equal to 1 and

(3.5.11)
ˆ
Ω
F (x) : Dξ(x) dµ∗(x) = 0 ∀ξ ∈ C1

c (Ω,R
3).

According to [6, Proposition 3.1] and [6, Lemma 2.3], the identity (3.5.11)
implies that there exists an H1-rectifiable set R ⊂ Ω and a map λ ∈
L∞(R,M3(R)) satisfying the following conditions. For H1-a.e. x0 ∈ R,
|λ(x0)| = 1, λ(x0) ∈ G(3, 1) is the orthogonal projection matrix onto
Tx0R such that Ã {Θ∗

1(|Ã|) > 0}(dx) = Θ∗
1(|Ã|, x)λ(x)H1 R(dx), where

Tx0R is the approximate tangent plane to R at x0 and Θ∗
1(|Ã|, x0) =

lim supr→0+
|Ã|(B3

r (x0))
2r . Then, for µ∗-a.e. x ∈ Ω, two eigenvalues of F (x)

are zeros. Since for µ∗-a.e. x ∈ Ω, tr(F (x)) ≥ 1 and the eigenvalues
of F (x) are less than or equal to 1, we deduce that the eigenvalues of
F (x) (up to a permutation) are (1, 0, 0) and |F (x)| = 1 for µ∗-a.e. x ∈ Ω.
Using this, together with (3.5.5) and Proposition 3.5.5, we observe that
|Ã| = µ∗ Ω, Θ∗

1(|Ã|) = Θ1(µ∗) and R = S∗ ∩ Ω. In particular, for
µ∗-a.e. x ∈ Ω, F (x) = A∗(x) and V∗(dA, dx) = δA∗(x)(dA) ⊗ µ∗(dx) =
δA∗(x)(dA)⊗Θ1(µ∗, x)H

1 (S∗ ∩ Ω)(dx), which, together with (3.5.11),
implies that V∗ is a 1-dimensional stationary rectifiable varifold (see [2,
27]). This completes our proof of Proposition 3.5.8.

Remark 3.5.9. Our proof of Proposition 3.5.8, based on [6, Proposi-
tion 3.1], differs from Canevari’s proof for the three-dimensional Landau-
de Gennes model [22, Proposition 55]. His strategy consists in first
showing that the set S∗ ∩ Ω is countably H1-rectifiable using the Moore-
Preiss rectifiability theorem (see [48, Theorem 3.5], [51, Theorem 5.3]);
next, using the Ambrosio-Soner construction (see [5, Lemma 3.9]), he
proves that the Radon-Nikodým derivative of the limit tensor has the
eigenvalues (up to a permutation) (1, 0, 0), and concludes that the natu-
rally associated one-dimensional varifold is stationary; the rectifiability
of the latter then follows from Rectifiability Theorem in [2, Section 5.5].
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3.5. The singular set 151

Our more direct strategy of proof could be adapted to work in Canevari’s
setting, and his strategy of proof would provide another pathway to
Proposition 3.5.8.

3.5.2 Energy bounds on a cylinder

Let us define the notion of a uniform Lipschitz triangulation on the
lateral surface of a (finite) cylinder Λ1,L := B2

1 × (−L,L). Let L ≥ 1
and h ∈ (0, 1). Set n := ⌊1/h⌋ ≥ 1. For each k ∈ [0, n − 1], we define
the line segment Sk = [(e

2πik
n ,−L), (e

2πik
n , L)] ⊂ C × R ≃ R3 and, for

j ∈ [0, 2⌊L⌋n] the points

akj :=

(
e

2πik
n ,−L+

Lj

⌊L⌋n

)
∈ C × R ≃ R3.

For each k ∈ [0, n − 1] and j ∈ [0, 2⌊L⌋n − 1], let γkj be the union of
two geodesics (a geodesic cross) on Γ1,L, where one of which connecting
akj with ak+1

j+1 and the other connecting akj+1 with ak+1
j . By ck,z, where

z ∈ {−L,L}, we denote the arc on S1×{z} connecting ak2⌊L⌋n with ak+1
2⌊L⌋n

if z = L and ak0 with ak+1
0 if z = −L. Observe that the union of all

the line segments Sk, all the geodesic crosses γkj and all the arcs ck,z
provides us with the decomposition of Γ1,L into mutually disjoint 0, 1 and
2-dimensional cells. Hereinafter, we denote by SO(2) the subgroup of
SO(3) of rotations with respect to the axis {0}× R, and whose action on
the plane R2×{0} coincides with the action of the orthogonal group SO(2)
on the plane. Thus, for each ω ∈ SO(2), we obtain a decomposition of
Γ1,L into mutually disjoint 0, 1 and 2-dimensional cells, namely

(3.5.12) Γ1,L =

2⋃
i=0

ki⋃
j=1

ω(Ei,j) =

2⋃
i=0

ki⋃
j=1

Fi,j ,

where {F0,1, . . . , F0,k0} is the set of points and for each i ∈ {1, 2}, there
exists a bilipschitz homeomorphism
(3.5.13)
Φi,j : Fi,j → Bi

h with ∥D⊤Φi,j∥L∞(Fi,j) + ∥D⊤(Φi,j)
−1∥L∞(Bi

h)
≤ A4,

where A4 > 0 is an absolute constant; see Figure 3.1. The map Φi,j in
(3.5.13) extends by continuity to a bilipschitz map between F i,j and Bi

h

with the same bilipschitz constant A4 as in (3.5.13).
The decomposition (3.5.12) we shall call a uniform Lipschitz (or

simply a Lipschitz) triangulation of Γ1,L of step h with the 1-skeleton
Σ =

⋃1
i=0

⋃ki
j=0 Fi,j .
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152 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Figure 3.1: A uniform Lipschitz triangulation of the lateral surface of a
cylinder.

To lighten the notation, we denote the collection of 1-skeletons of all
Lipschitz triangulations of Γ1,L of step h by RCL,h, namely

RCL,h :=


1⋃

i=0

ki⋃
j=1

ω(Ei,j) : ω ∈ SO(2)

 ,

where
⋃1

i=0

⋃ki
j=1Ei,j is the union of all the line segments Sk, all the

geodesic crosses γkj and all the arcs ck,z.
It is worth noting that Lemmas 3.5.10, 3.5.11, 3.5.12 are the counter-

parts of Lemmas 3.3.7, 3.3.8, 3.3.10 on the lateral surface of a cylinder. A
consequence of Lemma 3.5.12 is Corollary 3.5.13, which provides us with
the key arguments that will be used in the proof of Proposition 3.5.14.
The latter gives us the estimates of the p-energy on a cylinder, which will
be used to prove the fact that the limit measure has a finite set of values.

Lemma 3.5.10. Let p ∈ [1,+∞), L ≥ 1, h ∈ (0, 1) and Y be a compact
Riemannian manifold or a Euclidean space. Let g ∈ W 1,p(Γ1,L,Y) and
Σ ∈ RCL,h. Then for H1-a.e. ω ∈ SO(2) we have trω(Σ∩Γ1,L)(g) =

g|ω(Σ∩Γ1,L) ∈W 1,p(ω(Σ ∩ Γ1,L),Y). Furthermore, there exists ω ∈ SO(2)

such that trω(Σ∩Γ1,L)(g) = g|ω(Σ∩Γ1,L) ∈W 1,p(ω(Σ ∩ Γ1,L),Y) and

ˆ
ω(Σ∩Γ1,L)

|D⊤g|p dH1 ≤ A5

h

ˆ
Γ1,L

|D⊤g|p dH2,

where A5 > 0 is an absolute constant.
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Proof. For a proof, we refer to [34, Lemma 3.4]. The main ingredient is
the integralgeometric formula

ˆ
SO(2)

dω

ˆ
ω(Σ∩Γ1,L)

|D⊤g|p dH1 =
H1(Σ ∩ Γ1,L)

H2(Γ1,L)

ˆ
Γ1,L

|D⊤g|p dH2

(for the integralgeometric formulas, the reader may consult [31, 20]; see
also [34, Lemma 3.3]).

Lemma 3.5.11. Let p0 ∈ (1, 2), p ∈ [p0, 2), L ≥ 1 and h ∈ (0, 1). Then
there exists a constant κ0 = κ0(p0,N) > 0 such that the following holds.
Let Σ ∈ RCL,h and F be a 2-cell of the Lipschitz triangulation of Γ1,L

generated by Σ. Let g ∈ W 1,p(F,N) and tr∂F (g) ∈ W 1,p(∂F,N), where
∂F denotes the relative boundary of F . If

ˆ
F

|D⊤g|p

p
dH2 + h

ˆ
∂F

|D⊤ tr∂F (g)|p

p
dH1 ≤ κ0h

2−p

2− p
,

then tr∂F (g) is nullhomotopic.

Proof. The proof follows by reproducing the proof of Lemma 3.3.8 with
minor modifications. Essentially, it is enough to replace the 2-dimensional
cell in the proof of Lemma 3.3.8 by the 2-cell F of Lemma 3.5.11.

Lemma 3.5.12. Let p0 ∈ (1, 2), p ∈ [p0, 2), L0 ≥ 2, h ∈ (0, 1/2] and
g ∈ W 1,p(Γ1,L0 ,N), where Γ1,L0 is defined in (3.2.20). Then there exists
κ = κ(p0,N) > 0 such that the following holds. Assume that

(3.5.14)
ˆ
Γ1,L0

|D⊤g|p

p
dH2 ≤ κh2−p

2− p
.

There exist z− ∈ (−L0 + h,−L0 + 2h), z+ ∈ (L0 − 2h, L0 − h), φh ∈
W 1,p((B2

1 \B2
1−h)× (z−, z+),N) such that the following assertions hold.

(i) trS1×(z−,z+)(φh) = g|S1×(z−,z+),
vh := tr∂B2

1−h×(z−,z+)(φh) ∈W 1,2(∂B2
1−h × (z−, z+),N).

(ii) For each z ∈ {z−, z+}, tr(B2
1\B2

1−h)×{z}(φh) ∈ W 1,p((B2
1 \ B2

1−h)×
{z},N) and
ˆ
(B2

1\B2
1−h)×{z}

|D⊤ tr(B2
1\B2

1−h)×{z}(φh)|p dH2

≤ A6

ˆ
Γ1,L0

|D⊤g|p dH2,

where A6 > 0 is an absolute constant.
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(iii) There exists a constant C = C(N) > 0 such that

(3.5.15)
ˆ
∂B2

1−h×(z−,z+)
|D⊤vh|p dH2 ≤ C

ˆ
Γ1,L0

|D⊤g|p dH2

and

(3.5.16)
ˆ
(B2

1\B2
1−h)×(z−,z+)

|Dφh|p dx ≤ Ch

ˆ
Γ1,L0

|D⊤g|p dH2.

Proof. Using the coarea formula, we find z− ∈ (−L0 + h,−L0 + 2h) and
z+ ∈ (L0 − 2h, L0 − h) such that for each z ∈ {z−, z+}, trS1×{z}(g) =
g|S1×{z} ∈W 1,p(S1 × {z},N) and

(3.5.17)
ˆ

S1×{z}
|D⊤g|p dH1 ≤ 2

h

ˆ
Γ1,L0

|D⊤g|p dH2.

Define L := (z+ − z−)/2, e := (0, 0, (z+ + z−)/2) and u(y) := g(e + y)
for each y ∈ Γ1,L. Let κ0 = κ0(p0,N) > 0 be the constant given by
Lemma 3.5.11. Define κ = κ0/2A5, where A5 > 0 is the absolute
constant of Lemma 3.5.10. Without loss of generality, we assume that
A5 ≥ 2. Then κ depends only on p0 and N. Using Lemma 3.5.10, the
estimates (3.5.14), (3.5.17) and taking into account the definition of κ,
we obtain Σ ∈ RCL,h such that trΣ(u) ∈ W 1,p(Σ,N), trΣ∩Γ1,L

(u) =
u|Σ∩Γ1,L

∈W 1,p(Σ ∩ Γ1,L,N),

(3.5.18)
ˆ
Σ∩Γ1,L

|D⊤u|p dH1 ≤ A5

h

ˆ
Γ1,L

|D⊤u|p dH2

and for each 2-cell F from the Lipschitz triangulation of Γ1,L generated
by Σ,

ˆ
F

|D⊤u|p

p
dH2 + h

ˆ
∂F

|D⊤ tr∂F (u)|p

p
dH1

≤ 2A5

ˆ
Γ1,L0

|D⊤g|p

p
dH2 ≤ κ0h

2−p

2− p
,

where ∂F denotes the relative boundary of F . This, according to
Lemma 3.5.11, implies that tr∂F (u) is nullhomotopic for each 2-cell
F from the Lipschitz triangulation of Γ1,L generated by Σ. Proceeding
similarly as in Proposition 3.3.6 (changing S2 to Γ1,L and the geometry
of cells, namely changing “squares” to “squares or triangles” which are
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all bilipschitz homeomorphic to B2
h), we obtain wh ∈W 1,2(Γ1,L,N) such

that trΣ(wh) = trΣ(u), trΣ∩Γ1,L
(wh) = wh|Σ∩Γ1,L

= u|Σ∩Γ1,L
and

(3.5.19)
ˆ
Γ1,L

|D⊤wh|p dH2 ≤ Ch

ˆ
Σ
|D⊤u|p dH1,

where C = C(N) > 0. Using (3.5.17), (3.5.18) and (3.5.19), we obtain
the estimate ˆ

Γ1,L

|D⊤wh|p dH2 ≤ C ′
ˆ
Γ1,L0

|D⊤g|p dH2,

where C ′ = C ′(N) > 0. Now we define vh(x) = wh((x1/(1− h), x2/(1−
h), x3) − e) for x ∈ ∂B2

1−h × (z−, z+). In view of the last estimate, we
get (3.5.15).

From the Lipschitz triangulation of Γ1,L generated by Σ we obtain
the decomposition of (B2

1 \B2
1−h)× (z−, z+) into the cells

(3.5.20)

Di,j =

{
x = (x′, x3) ∈ R3 : (1− h) < |x′| < 1,

(
x′

|x′|
, x3

)
∈ (Fi,j + e)

}
,

where Di,j is of Hausdorff dimension (i+ 1). Fix an arbitrary 3-cell D2,j

from the above decomposition. Let F2,j be the 2-cell of the Lipschitz
triangulation of Γ1,L generated by Σ such that D2,j = {x ∈ R3 : (1−h) <
|x′| < 1, ( x′

|x′| , x3) ∈ (F2,j + e)}. Let Φj : [0, h]
3 → D2,j be a bilipschitz

homeomorphism with an absolute bilipschitz constant (see (3.5.13)) such
that Φj((0, h)

2×{0}) = {x ∈ R3 : |x′| = 1−h, ( x′

|x′| , x3) ∈ (F2,j+e)} and
Φj((0, h)

2×{1}) = F2,j+e. Applying Lemma 3.3.9 with g0 and g1 taking
the values of vh ◦ Φj |(0,h)2×{0} and g ◦ Φj |(0,h)2×{1}, respectively, and
changing the variables, we obtain a map φj ∈ W 1,p(D2,j ,N) satisfying
the estimate

(3.5.21)
ˆ
D2,j

|Dφj |p dx

≤ C ′′h

(ˆ
Φj((0,h)2×{0})

|D⊤vh|p dH2 +

ˆ
F2,j+e

|D⊤g|p dH2

)
+ C ′′h2

ˆ
∂F2,j+e

|D⊤g|p dH1,

where C ′′ > 0 is an absolute constant.
Let φh ∈ L∞((B2

1 \ B2
1−h) × (z−, z+),N) satisfy φh|D2,j = φj ∈

W 1,p(D2,j ,N) for each 3-cell D2,j from the decomposition (3.5.20). In
view of our construction (see Lemma 3.3.9), we can ensure that the traces
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of the maps φj coincide on the mantles of the 3-cells D2,j . Thus, we
deduce that φh ∈W 1,p((B2

1 \B2
1−h)× (z−, z+),N). Observe that (i) and

(ii) are satisfied, where (ii) comes from the fact that
ˆ
(B2

1\B2
1−h)×{z}

|D⊤ tr(B2
1\B2

1−h)×{z}(φh)|p dH2

=

ˆ 1

1−h
r1−p dr

ˆ
S1×{z}

|D⊤g|p dH1

≤ 2h

ˆ
S1×{z}

|D⊤g|p dH1

for each z ∈ {z−, z+} and (3.5.17). Furthermore, summing (3.5.21) over
j ∈ {1, . . . , k2}, taking into account that each 1-cell of the Lipschitz
triangulation of Γ1,L generated by Σ lies in the relative boundary of at
most two 2-cells from this triangulation, and also using (3.5.15) together
with (3.5.17) and (3.5.18), we deduce the following chain of estimates

ˆ
(B2

1\B2
1−h)×(z−,z+)

|Dφh|p dx

≤ C ′′h

(ˆ
∂B2

1−h×(z−,z+)
|D⊤vh|p dH2 +

ˆ
S1×(z−,z+)

|D⊤g|p dH2

)
+ 2C ′′h2

ˆ
Σ+e

|D⊤g|p dH1

≤ C ′′′h

ˆ
Γ1,L0

|D⊤g|p dH2,

where C ′′′ = C ′′′(N) > 0. This completes our proof of (iii) and hence of
Lemma 3.5.12.

Corollary 3.5.13. Let

p0 ∈ (1, 2), p ∈ [p0, 2), δ ∈ (0, 1/2] and g ∈ W 1,p(Γδr,r,N),

where Γδr,r is defined in (3.2.20). Then there exists τ = τ(p0,N) > 0
such that the following holds. Assume that

(3.5.22)
ˆ
Γδr,r

|D⊤g|p

p
dH2 ≤ τ(δr)2−p

2− p
.

Then there exist points z− ∈ (−r+ δr/2,−r+ δr), z+ ∈ (r− δr, r− δr/2)
and a mapping φδ ∈ W 1,p((B2

δr \ B2
δr/2) × (z−, z+),N) such that the

following assertions hold.
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(i) tr∂B2
δr×I(φδ) = g|∂B2

δr×I , vδ := tr∂B2
δr/2

×I(φδ) ∈ W 1,2(∂B2
δr/2 ×

I,N), where I = (z−, z+).

(ii) For each z ∈ {z−, z+}, tr(B2
δr\B

2
δr/2

)×{z}(φδ) ∈W 1,p((B2
δr \B2

δr/2)×
{z},N) and

ˆ
(B2

δr\B
2
δr/2

)×{z}

|D⊤ tr(B2
δr\B

2
δr/2

)×{z}(φδ)|p

p
dH2

≤ A6

ˆ
Γδr,r

|D⊤g|p

p
dH2.

(iii) There exists a constant C = C(N) > 0 such that
ˆ
∂B2

δr/2
×(z−,z+)

|D⊤vδ|p

p
dH2 ≤ C

ˆ
Γδr,r

|D⊤g|p

p
dH2

and ˆ
(B2

δr\B
2
δr/2

)×(z−,z+)

|Dφδ|p

p
dx ≤ Cδr

ˆ
Γδr,r

|D⊤g|p

p
dH2.

Proof of Corollary 3.5.13. Define f(x) := g(δrx) for each x ∈ Γ1,1/δ. Let
κ = κ(p0,N) > 0 be the constant of Lemma 3.5.12. Fix τ ∈ (0, κ/2].
Then, in view of (3.5.22), it holds

ˆ
Γ1,1/δ

|D⊤f |p

p
dH2 ≤ τ

2− p
≤ κ

2(2− p)
<
κ(1/2)2−p

2− p
.

This allows us to apply Lemma 3.5.12 with L0 = 1/δ, h = 1/2 for
the map f ∈ W 1,p(Γ1,1/δ,N). Thus, we obtain points ξ− ∈ (−1/δ +
1/2,−1/δ + 1), ξ+ ∈ (1/δ − 1, 1/δ − 1/2) and maps w ∈ W 1,2(∂B2

1/2 ×
(ξ−, ξ+),N), ψ ∈W 1,p((B2

1 \B2
1/2)× (ξ−, ξ+),N) such that the assertions

(i)-(iii) of Lemma 3.5.12 hold for z−, z+, vh, φh replaced by ξ−, ξ+, w, ψ,
respectively. Scaling back to Γδr,r, namely, defining z− = δrξ−, z+ =
δrξ+, vδ(·) = w(·/δr) and φδ(·) = ψ(·/δr), we complete our proof of
Corollary 3.5.13.

Proposition 3.5.14. Let p0 ∈ (1, 2), p ∈ [p0, 2), δ ∈ (0, 1/2] and
g ∈ W 1,p(∂Λδr,r,N), where Λδr,r and Γδr,r are defined in (3.2.20). Let
τ = τ(p0,N) > 0 be the constant of Corollary 3.5.13. Assume that

ˆ
Γδr,r

|D⊤g|p

p
dH2 ≤ τ(δr)2−p

2− p
.
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Let u be a p-minimizer in Λδr,r with tr∂Λδr,r
(u) = g. Then there exists

γ ∈ [S1,N] such that the following estimates hold
ˆ
Λδr,r

|Du|p

p
dx ≤ 2Esg

p (γ)r3−p

2− p
+ Cδ1−pr

ˆ
Γδr,r

|D⊤g|p

p
dH2

+ Cδr

(ˆ
B2

δr×{−r}

|D⊤g|p

p
dH2

+

ˆ
B2

δr×{r}

|D⊤g|p

p
dH2

)
+
C(δr)3−p

2− p

(3.5.23)

and

(3.5.24) (2− 2δ)
E
sg
p/(p−1)(γ)δ

2−pr3−p

2− p
− Cδr

ˆ
Γδr,r

|D⊤g|p

p
dH2

≤
ˆ
Λδr,r

|Du|p

p
dx

where C = C(N) > 0.

Remark 3.5.15. The singular p-energies E
sg
p (γ) and E

sg
p/(p−1)(γ) appear-

ing in (3.5.23) and (3.5.24), respectively, are not the same in general (see
Definition 3.2.7).

Before proving Proposition 3.5.14, let us consider the case where
r = 1, γ ∈ C1(S1,N) and g ∈W 1,p(∂Λδ,1,N) is defined on the closure of
the lateral surface Γδ,1 (see (3.2.20)) as g(σ, z) = γ(σ/δ) for each point
(σ, z) ∈ ∂B2

δ × [−1, 1] and on the ball B2
δ × {z} with z ∈ {−1, 1}, as

the extension of the mapping g(·, z) ∈ C1(∂B2
δ × {z},N) coming from

Lemma 3.2.18, so that g is of class C1 on Γδ,1 and its homotopy class
on Γδ,1 (see Remark 3.2.19) is given by [γ] ∈ [S1,N]. The upper bound
(3.5.23) for the p-energy on Λδ,1 of a minimizer u ∈ W 1,p(Λδ,1,N) with
tr∂Λδ,1

(u) = g comes from Lemma 3.2.20 (i), while the lower bound
(3.5.24) for the p-energy of u on Λδ,1 is a consequence of the application
of the coarea formula and Proposition 3.3.3.

Proof of Proposition 3.5.14. By scaling, it is enough to prove Proposi-
tion 3.5.14 in the case when r = 1. So we assume that r = 1. In view of
the conditions of Proposition 3.5.14, we can apply Corollary 3.5.13 to g in
Γδ,1. Let points z− ∈ (−1 + δ/2,−1 + δ), z+ ∈ (1− δ, 1− δ/2) and maps
vδ ∈ W 1,2(∂B2

δ/2 × (z−, z+),N), φδ ∈ W 1,p((B2
δ \ B2

δ/2) × (z−, z+),N)

be given by Corollary 3.5.13 applied to our g ∈ W 1,p(Γδ,1,N). Ac-
cording to Remark 3.2.19, vδ has a well-defined “homotopy class” on
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∂B2
δ/2 × (z−, z+). Thus, there exists γ ∈ [S1,N] such that for H1-a.e.

z ∈ (z−, z+), [vδ|∂B2
δ/2

×{z}] = [γ]. This defines our γ. Hereinafter in this
proof, C will denote a positive constant that can depend only on N and
can be different from line to line.

Step 1. We prove the upper bound (3.5.23). For convenience, in order to
construct a competitor for u, we define the following subdomains of Λδ,1:

Λ−
δ := B2

δ × (−1, z−), Λ0
δ := B2

δ/2 × (z−, z+),

Eδ := (B2
δ \B2

δ/2)× (z−, z+), Λ+
δ := B2

δ × (z+, 1).

Let us construct a competitor w for u, namely w ∈ W 1,p(Λδ,1,N) with
tr∂Λδ,1

(w) = g. We define w in Λ0
δ by using Lemma 3.2.20 (i), namely we

obtain a map w|Λ0
δ
∈W 1,p(Λ0

δ ,N) such that

(3.5.25)
ˆ
Λ0
δ

|Dw|p

p
dx ≤ (z+ − z−)E

sg
p (γ)δ2−p

(2− p)22−p

+ C

(
(z+ − z−)

p

2δp−1
+
δ

2

)ˆ
∂B2

δ/2
×(z−,z+)

|D⊤vδ|p

p
dH2

≤ 2Esg
p (γ)

2− p
+

C

δp−1

ˆ
Γδ,1

|D⊤g|p

p
dH2,

where we have also used that (z+ − z−) ≤ 2, δ ∈ (0, 1/2], p ∈ (1, 2) and
Corollary 3.5.13 (iii). Next, we define the mapping g+ : ∂Λ+

δ → N by

g+(x) :=


g(x) if x ∈ ∂Λ+

δ ∩ ∂Λδ,1,

tr(B2
δ\B

2
δ/2

)×{z+}(φδ)(x) if x ∈ (B2
δ \B2

δ/2)× {z+},

trB2
δ/2

×{z+}(w)(x) if x ∈ B2
δ/2 × {z+}.

By Lemma 3.2.20 (ii), g+|B2
δ/2

×{z+} ∈W 1,p(B2
δ/2×{z+},N). On the other

hand, according to Corollary 3.5.13 (ii), g+|(B2
δ\B

2
δ/2

)×{z+} ∈W 1,p((B2
δ \

B2
δ/2) × {z+},N). Thus, taking into account that the traces of g and

φδ coincide on ∂B2
δ × {z+}, and the traces of φδ and w coincide on

∂B2
δ/2 ×{z+}, we conclude that g+ ∈W 1,p(∂Λ+

δ ,N). In particular, using
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160 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Lemma 3.2.20 (ii), we obtain

(3.5.26)
ˆ
∂Λ+

δ

|D⊤g
+|p

p
dH2

≤
ˆ
Γδ,1

|D⊤g|p

p
dH2 +

ˆ
B2

δ×{1}

|D⊤g|p

p
dH2 +

E
sg
p (γ)δ2−p

(2− p)22−p

+ C

((
z+ − z−

δ

)p−1

+
δ

z+ − z−

) ˆ
Γδ,1

|D⊤g|p

p
dH2

≤ C

δp−1

ˆ
Γδ,1

|D⊤g|p

p
dH2 +

ˆ
B2

δ×{1}

|D⊤g|p

p
dH2 +

Cδ2−p

2− p
,

where the last estimate comes since (z+ − z−) ≤ 2, δ ∈ (0, 1/2], p ∈ (1, 2)
and #[S1,N] < +∞ (hence E

sg
p (γ) ≤ C). Notice that Λ+

δ is bilipschitz
homeomorphic to B3

δ , namely, there exists a bilipschitz mapping Φ :
Λ+
δ → B3

δ with an absolute bilipschitz constant. We define

w|Λ+
δ
(x) := g+

(
Φ−1

(
δΦ(x)

|Φ(x)|

))
for x ∈ Λ+

δ \ {Φ−1(0)}.

Then, using (3.5.26), we obtain

ˆ
Λ+
δ

|Dw|p

p
dx ≤ Cδ

ˆ
∂Λ+

δ

|D⊤g
+|p

p
dH2

≤ Cδ2−p

ˆ
Γδ,1

|D⊤g|p

p
dH2 + Cδ

ˆ
B2

δ×{1}

|D⊤g|p

p
dH2 +

Cδ3−p

2− p
.

(3.5.27)

We carry out a similar construction on the set Λ−
δ and obtain a map

w|Λ−
δ

∈ W 1,p(Λ−
δ ,N) satisfying the same type of energy control as in

(3.5.27). In Eδ, we define w|Eδ
= φδ. By Corollary 3.5.13 (iii),

(3.5.28)
ˆ
Eδ

|Dw|p

p
dx ≤ Cδ

ˆ
Γδ,1

|D⊤g|p

p
dH2.

Altogether, we have constructed the map w ∈W 1,p(Λδ,1,N) with tr∂Λδ,1
(w)

= g (we refer to Corollary 3.5.13 i). Since u is a p-minimizer in Λδ,1 with
tr∂Λδ,1

(u) = g and, in view of (3.5.25), (3.5.27), (3.5.28), the facts that
δ ∈ (0, 1/2] and p ∈ (1, 2), we have
ˆ
Λδ,1

|Du|p

p
dx ≤

ˆ
Λδ,1

|Dw|p

p
dx ≤ 2Esg

p (γ)

2− p
+

C

δp−1

ˆ
Γδ,1

|D⊤g|p

p
dH2

+ Cδ

(ˆ
B2

δ×{−1}

|D⊤g|p

p
dH2 +

ˆ
B2

δ×{1}

|D⊤g|p

p
dH2

)
+
Cδ3−p

2− p
,
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which yields (3.5.23).

Step 2. We prove the lower bound (3.5.24). For each (ϱ, σ, z) ∈ [0, δ)×
S1 × (z−, z+), define the map ψ : B2

δ × (z−, z+) by

ψ(ϱσ, z) :=

{
u(2ϱσ, z) if ϱ ∈ [0, δ/2) and z ∈ (z−, z+),

φδ((3δ/2− ϱ)σ, z) if ϱ ∈ [δ/2, δ) and z ∈ (z−, z+).

Then ψ ∈ W 1,p(B2
δ × (z−, z+),N) and tr∂B2

δ×(z−,z+)(ψ) = vδ(·/2, ·) ∈
W 1,2(∂B2

δ × (z−, z+),N). By the definition of ψ and Corollary 3.5.13 (iii),

ˆ
B2

δ×(z−,z+)

|Dψ|p

p
dx ≤

ˆ
B2

δ×(z−,z+)

|Du|p

p
dx+

ˆ
Eδ

|Dφδ|p

p
dx

≤
ˆ
B2

δ×(z−,z+)

|Du|p

p
dx+ Cδ

ˆ
Γδ,1

|D⊤g|p

p
dH2.

(3.5.29)

Using the coarea formula and that

tr∂B2
δ×(z−,z+)(ψ) = vδ(·/2, ·) ∈W 1,2(∂B2

δ × (z−, z+),N),

we observe that tr∂B2
δ×{z}(ψ) = ψ|∂B2

δ×{z} ∈ W 1,2(∂B2
δ × {z},N) and

[ψ|∂B2
δ×{z}] = [γ] for H1-a.e. z ∈ (z−, z+). Then, applying Proposi-

tion 3.3.3, for H1-a.e. z ∈ (z−, z+), we obtain

ˆ
B2

δ×{z}

|Dψ|p

p
dH2 + δ

ˆ
∂B2

δ×{z}

|D⊤ψ|p

p
dH1 ≥

E
sg
p/(p−1)(γ)δ

2−p

2− p
.

Integrating both sides of the above inequality over (z−, z+) with respect
to dz, we get

(3.5.30)
ˆ
B2

δ×(z−,z+)

|Dψ|p

p
dx

≥
(z+ − z−)E

sg
p/(p−1)(γ)δ

2−p

2− p
− δ

2p−1

ˆ
∂B2

δ/2
×(z−,z+)

|Dvδ|p

p
dH2

≥ (2− 2δ)
E
sg
p/(p−1)(γ)δ

2−p

2− p
− Cδ

ˆ
Γδ,1

|D⊤g|p

p
dH2,

where we have also used Corollary 3.5.13 (iii). Combining (3.5.29) and
(3.5.30), we obtain (3.5.24). This completes our proof of Prop. 3.5.14.
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162 Chapter 3: Limiting behavior of p-harmonic maps in 3d

3.5.3 The limit measure has the density with a finite set of
values

Recall that µ∗ is the positive Radon measure on Ω defined at the beginning
of Section 3.5 and its support (i.e., supp(µ∗)) is the set S∗. We prove the
following

Proposition 3.5.16. For H1-a.e. x ∈ S∗ ∩ Ω, we have Θ1(µ∗, x) ∈
{Esg

2 (γ) : γ ∈ [S1,N]} \ {0}.

Proof. According to Proposition 3.5.8 and [4, Theorem 2.83 (i)], µ∗
admits an approximate tangent space with multiplicity Θ1(x0) for H1-a.e.
x0 ∈ S∗ ∩Ω. Namely, for H1-a.e. x0 ∈ S∗ ∩Ω (or, equivalently, for µ∗-a.e.
x0 ∈ Ω), there exists a unique approximate tangent plane Tx0S∗ ∈ G(3, 1)
to S∗ at x0 and

(3.5.31) µx0,r = T x0,r
# µ∗ Ω

∗
⇀ µ0 = Θ1(x0)H

1 Tx0S∗

weakly* in (C0(R
3))′ as r ↘ 0,

where T x0,r(x) := (x− x0)/r. Up to rotation and translation, to lighten
the notation, we shall assume that x0 = 0 and Tx0S∗ = {(0, 0)} × R.
Recall that (pn)n∈N ⊂ [1, 2), pn ↗ 2 as n → +∞ and for each n ∈ N
large enough,

(3.5.32)
ˆ
Ω

|Dun|pn
pn

dx ≤ C0

2− pn
,

where C0 > 0 is a constant independent of n (see (3.5.1)).
Let δ ∈ (0, 1/2) be fairly small, which we shall carefully choose later

for the proof to work. Let τ > 0 be the constant of Corollary 3.5.13, where
p0 = 3/2. Let η > 0 be the constant of Lemma 3.3.12, where κ = 1/2,
p0 = 3/2 and Ψ is a bilipschitz homeomorphism between a ball and a cube
with an absolute bilipschitz constant (see, for instance, [33, Corollary 3]).
We fix some ε ∈ (0,min{η, τ}). Next, since µ0((B2

3δ/2\B
2
δ/2)×[−2, 2]) = 0,

in view of the weak* convergence (see (3.5.31)), there exists r0 = r0(ε, δ) ∈
(0,min{1,dist(x0, ∂Ω)/4}) such that

(3.5.33) µ∗((B
2
3δr/2 \B

2
δr/2)× [−2r, 2r]) <

εδr

100
for each r ∈ (0, r0].

Taking into account (3.5.2) and (3.5.3), the estimate (3.5.33), together
with the Fatou lemma, implies that for a fixed r ∈ (0, r0],

(3.5.34)
ˆ 3δr/2

δr/2
dϱ lim inf

n→+∞
(2− pn)

ˆ
Γϱ,r

|Dun|pn
pn

dH2 <
εδr

100
.
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Due to (3.5.34), there exist ϱ ∈ (3δr/4, 5δr/4) and n0 = n0(δ, r, ε) ∈
N such that, up to a subsequence (not relabeled), for each n ≥ n0,
trΓϱ,r(un) = un|Γϱ,r ∈W 1,pn(Γϱ,r,N) (see (3.2.20)) and

(3.5.35)
ˆ
Γϱ,r

|Dun|pn
pn

dH2 <
εϱ2−pn

2− pn
,

where we have used that ϱ2−pn → 1 as n → +∞. To simplify the
notation, without loss of generality, we assume that ϱ = δr. Notice
that Λδr,5r/4 ⊂ B3√

2r
, where

√
2r < d0 := dist(x0, ∂Ω)/2 (since it holds

r ≤ r0 < d0/2). Thus, using the monotonicity of the p-energy (see
Lemma 3.5.3) and (3.5.32), for each n ∈ N large enough, we get

ˆ
Λδr,5r/4

|Dun|pn
pn

dx ≤

(√
2r

d0

)3−pn ˆ
B3

d0

|Dun|pn
pn

dx

≤

(√
2r

d0

)3−pn
C0

2− pn
.

Using again the Fatou lemma, it holds
ˆ 5r/4

−5r/4
dz lim inf

n→+∞
(2− pn)

ˆ
B2

δr×{z}

|Dun|pn
pn

dH2 ≤ C0

√
2r

d0
.

This implies that there exist zr− ∈ (−5r/4,−3r/4) and zr+ ∈ (3r/4, 5r/4)
such that, up to a subsequence (still denoted by the same index), for
each z ∈ {zr−, zr+} we have the following trB2

δr×{z}(un) = un|B2
δr×{z} ∈

W 1,pn(B2
δr × {z},N) and for each n ∈ N large enough,

(3.5.36)
ˆ
B2

δr×{z}

|Dun|pn
pn

dH2 ≤ C1

2− pn
,

where C1 = C1(C0, d0) > 0. Without loss of generality, to lighten the
notation, we shall assume that zr− = −r and zr+ = r. Thus, tr∂Λδr,r

(un) =
un|∂Λδr,r

∈W 1,pn(∂Λδr,r,N). From (3.5.35) and (3.5.36) we obtain

(3.5.37)
ˆ
Γδr,r

|D⊤ trΓδr,r
(un)|pn

pn
dH2 ≤ ε(δr)2−pn

2− pn

and

(3.5.38)
ˆ
B2

δr×{z}

|D⊤ trB2
δr×{z}(un)|pn

pn
dH2 ≤ C1

2− pn
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for each z ∈ {−r, r} and n ∈ N large enough. Thus, for each sufficiently
large n ∈ N, un fulfills the conditions of Proposition 3.5.14 (recall that
0 < ε < τ). Using Proposition 3.5.14 and (3.5.37), we obtain γn ∈ [S1,N]
such that the following holds. Firstly,

(3.5.39)
ˆ
Λδr,r

|Dun|pn
pn

dx

≤ 2Esg
pn(γn)r

3−pn

2− pn
+
Cεδ3−2pnr3−pn

2− pn
+

Cδr

2− pn
+
C(δr)3−pn

2− pn

for each sufficiently large n ∈ N, where C = C(C1,N) > 0. Secondly,
(3.5.40)

(2− 2δ)
E
sg
pn/(pn−1)(γn)δ

2−pnr3−pn

2− pn
− C ′ε(δr)3−pn

2− pn
≤
ˆ
Λδr,r

|Dun|pn
pn

dx

for each sufficiently large n ∈ N, where C ′ = C ′(N) > 0.
Now, applying Lemma 3.5.2, due to (3.5.33), we can cover the compact

set ∂B2
δr × [−r, r] by a finite number of small cubes (which are bilipschitz

homeomorphic to balls) being subsets of Ω \ S∗ and obtain that the set

Eδ,r = (B2
101δr/100 \B

2
99δr/100)× [−r − δr/100, r + δr/100]

is a subset of Ω \ S∗. Denote by E0
δ,r the interior of Eδ,r. Then, by

Proposition 3.5.6, un ⇀ u∗ weakly in W 1,p(E0
δ,r,R

ν) for all p ∈ (1, 2).
Furthermore, there exists a finite set {x1, . . . , xl} ⊂ E0

δ,r such that u∗ ∈
C∞(E0

δ,r \ {x1, . . . , xl},N). By the weak convergence and the Sobolev
embedding, without loss of generality, un|∂B2

δr×{z} converges uniformly
to u∗|∂B2

δr×{z} ∈ C(∂B2
δr × {z},N) for each z ∈ {−r, r}.

We claim that for each n ∈ N large enough, [γn] = [u∗|∂B2
δr×{−r}] =

[u∗|∂B2
δr×{r}]. Indeed, a close inspection of the proofs of Lemma 3.5.12 and

Corollary 3.5.13 shows that the mapping vδ,n ∈W 1,2(∂B2
δr/2× (zn−, z

n
+),N),

coming from Corollary 3.5.13, has a well-defined homotopy class on the sur-
face ∂B2

δr/2 × (zn−, z
n
+) and for each z ∈ {zn−, zn+}, [vδ,n|∂B2

δr/2
×{z}] = [γn],

where zn− ∈ (−r + δr/2,−r + δr) and zn+ ∈ (r − δr, r − δr/2) (the reader
may consult the arguments given immediately above the estimate (3.5.19),
take into account Remark 3.2.19, and observe that the trace on S1×{L} of
the map wh ∈W 1,2(Γ1,L,N) constructed in the proof of Proposition 3.5.14
admits a continuous representative). We can actually extend φδ,n on
(B2

δr \B2
δr/2)×(−r, r) and vδ,n on ∂B2

δr/2×(−r, r), where φδ,n comes from
Corollary 3.5.13, so that these extensions have the following properties:
φδ,n ∈W 1,p((B2

δr \B2
δr/2)× (−r, r),N), vδ,n ∈W 1,2(∂B2

δr/2 × (−r, r),N),
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3.5. The singular set 165

tr∂B2
δr/2

×(−r,r)(φδ,n) = vδ,n (the proof consists in constructing the map on

the union of surfaces (∂B2
δr/2 × (−r, zn−)) ∪ (∂B2

δr/2 × (zn+, r)) by similar
way as was constructed vδ,n on ∂B2

δr/2 × (zn−, z
n
+), namely, by choosing

appropriate triangulations on the sets ∂B2
δr × (−r, zn−), ∂B2

δr × (zn+, r)
and projecting them onto ∂B2

δr/2 × (−r, zn−), ∂B2
δr/2 × (zn+, r), respec-

tively, and then proceed as in the construction of the maps vδ,n, φδ,n; the
traces of the obtained extensions of φδ,n and vδ,n will coincide with the
traces of φδ,n and vδ,n on ∂B2

δr × {zn−}, ∂B2
δr × {zn+} and ∂B2

δr/2 × {zn−},
∂B2

δr/2×{zn+}, respectively, and hence we obtain a W 1,p extension of φδ,n

on (B2
δr\B2

δr/2)×(−r, r) and a W 1,2 extension of vδ,n on ∂B2
δr/2×(−r, r)).

Since for each z ∈ {−r, r}, tr∂B2
δr/2

×{z}(vδ,n) is homotopic to un|∂B2
δr×{z},

we deduce that for each n ∈ N large enough, [γn] = [u∗|∂B2
δr×{z}]. This

proves our claim.
Thus, there exists γ ∈ [S1,N] such that for each n ∈ N large enough,

[γn] = [γ]. Next, multiplying both sides of (3.5.39) and (3.5.40) by
(2− pn) and then passing to the limit when n tend to +∞, we obtain

(3.5.41) r(2− 2δ)Esg
2 (γ)−C ′εδr ≤ µ∗(Λδr,r) ≤ 2rEsg

2 (γ) +
Cεr

δ
+2Cδr,

where we have used Lemma 3.2.8. Now we choose δ = ε1/2 and hence
δ ↘ 0 as ε↘ 0. Dividing both sides of (3.5.41) by r and letting r ↘ 0
and then ε↘ 0, we obtain

2Esg
2 (γ) ≤ Θ1(x0)H

1({(0, 0)} × [−1, 1]) ≤ 2Esg
2 (γ).

This implies that Θ1(x0) = E
sg
2 (γ). Since x0 ∈ S∗ ∩ Ω, by Proposi-

tion 3.5.5, Θ1(x0) > 0 and hence E
sg
2 (γ) > 0. This completes our proof

of Proposition 3.5.16.

According to Lemma 3.2.8 and Proposition 3.5.16, the density of the
one-dimensional varifold V∗ coming from Proposition 3.5.8, which was
naturally associated with µ∗ Ω, is bounded from below ∥V∗∥-a.e. in Ω
(i.e., µ∗-a.e. in Ω or, equivalently, H1-a.e. in S∗ ∩ Ω) and has a finite set
of values. Thus, due to Allard and Almgren’s theorem [3, Theorem, p.
89], we obtain the following structure for S∗ ∩ Ω.

Proposition 3.5.17. Any compact set K ⊂ Ω such that S∗ ∩ K ̸= ∅
has an open neighborhood U ⋐ Ω with a Lipschitz boundary and a finite
number of connected components such that S∗ ∩ U is a union of a finite
number of closed straight line segments, each of which has a positive
length, and the interiors of these segments (i.e., the segments without
their endpoints) are pairwise disjoint. If K is connected, then U is
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166 Chapter 3: Limiting behavior of p-harmonic maps in 3d

connected; otherwise, U may have several connected components, but their
closures are pairwise disjoint. Furthermore, S∗ ∩ ∂U is a finite set of
points such that for each point x ∈ S∗ ∩ ∂U there is exactly one segment
lying in S∗ ∩ U and emanating from x.

Proof. If π1(N) = {0}, then by Proposition 3.5.16 and Proposition 3.5.5,
it holds S∗ ∩ Ω = ∅ and the proof is trivial.

Assume that π1(N) ̸= {0}. According to the definition of the varifold
V∗ (see Proposition 3.5.8), the weight of V∗ (or, also the projection of
V∗ on Ω), defined by ∥V∗∥(E) = V∗(E ×G(3, 1)) for each E ∈ B(Ω), is
equal to µ∗ Ω = Θ1H

1 (S∗ ∩ Ω). Then, by Proposition 3.5.5, there
exists c = c(N) > 0 such that for each x ∈ S∗ ∩ Ω,

(3.5.42) Θ1(∥V∗∥, x) := lim
r→0+

∥V∗∥(B3
r (x))

2r

= lim
r→0+

µ∗(B
3
r (x))

2r
= Θ1(x) ≥ c.

In view of Proposition 3.5.8 and (3.5.42), we can apply [3, Theorem, p.
89] and obtain that there exists a countable family P of bounded open
intervals (i.e., segments without endpoints) contained in S∗ ∩Ω such that
V∗ =

∑
{Θ1(I)|I| : I ∈ P}, where Θ1(I) is the unique member of the

range of Θ1 restricted to the interval I and |I| ∈ (C0(G3(Ω)))
′ is a finite

positive Radon measure defined by |I| = δe⊗e(dT )⊗H1 I(dx), where e
is the unit direction vector of I. Taking into account Lemma 3.2.8 and
Proposition 3.5.16, we have that {Θ1(I) : I ∈ P} ⊂ {Esg

2 (γ) : γ ∈ [S1,N]}
is a finite set of values. Furthermore, the proof of [3, Theorem, p. 89]
says that for each x ∈ S∗ ∩ Ω, there exists a radius r > 0 such that
S∗ ∩ Ω ∩B3

r(x) is a finite union of radii of B3
r(x), that is, closed straight

line segments joining x with a point on ∂B3
r (x). Let K ⊂ Ω be compact

and satisfy K ∩ S∗ ̸= ∅. Then there exists a finite collection of open
balls B3

2r1
(x1), . . . , B

3
2rl

(xl) whose closures are contained in Ω, centered
at S∗ and the following holds: K ∩ S∗ ⊂

⋃l
i=1B

3
ri(xi); S∗ ∩ B

3
2ri

(xi) is
a finite union of radii of B3

2ri
(xi) for each i ∈ {1, . . . , l} (at least two

radii are contained in each of these covering balls, because otherwise we
would obtain a contradiction with the stationarity of V∗). Now fix an
arbitrary i ∈ {1, . . . , l}. If for some j ∈ {1, . . . , l}, j ≠ i a radius Lj of
B3

rj (xj) (i.e., a closed segment joining xj with a point on ∂B3
rj (xj)) lying

in S∗ ∩B3
rj (xj) intersects B3

ri(xi), then, by construction of our covering,
there exists a radius Li of B3

ri(xi) and a straight line containing both Li

and Lj (the union of these radii is a straight line segment). Covering the
rest of K with a finite number of chains of sufficiently small balls, one can
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3.5. The singular set 167

appropriately choose a neighborhood U of K satisfying the conditions
of Proposition 3.5.17 by passing from ball to ball in each chain from the
resulting cover and successively constructing ∂U . This completes our
proof of Proposition 3.5.17.

As a byproduct of the proof of Proposition 3.5.16, taking into account
Proposition 3.5.17, we obtain the following

Corollary 3.5.18. Let L ⊂ S∗ be a closed straight line segment. Let
x be a point lying in the relative interior of L and D ⊂ Ω be a closed
2-disk (which is an embedded submanifold of R3) with center x such that
D ∩ S∗ = {x} and ∂D ∩ S0 = ∅, where S0 is at most a countable and
locally finite subset of Ω\S∗ coming from Proposition 3.4.2 (iii), which
applies to u∗ in Ω\S∗ (see Proposition 3.5.6). Then the homotopy class
of u∗|∂D is nontrivial and for each point y in the relative interior of L,
Θ1(µ∗, y) = E

sg
2 (u∗|∂D).

Proof of Corollary 3.5.18. Fix an arbitrary point y lying in the relative
interior of L. According to Proposition 3.5.6 and Proposition 3.5.17,
we can find an open set U ⋐ Ω such that x, y ∈ U , D ⊂ U and u∗ ∈
W 1,2

loc (U \L,N)∩C∞(U \(L∪S0),N). Since S0 is locally finite, there exists
a closed 2-disk Dy ⊂ U such that Dy∩S∗ = {y}, ∂Dy∩S0 = ∅ and u∗|∂D
is continuously homotopic to u∗|∂Dy . Then E

sg
2 (u∗|∂D) = E

sg
2 (u∗|∂Dy).

On the other hand, as a byproduct of the proof of Proposition 3.5.16,
Θ1(y) = E

sg
2 (u∗|∂D), which completes our proof of Corollary 3.5.18.

The stationarity of V∗ and Proposition 3.5.17 yield the following
observation.

Corollary 3.5.19. Let x0 ∈ S∗ ∩ Ω. Then, according to Proposi-
tion 3.5.17, there exists a radius r > 0 such that B3

r(x0) ⊂ Ω and
S∗ ∩B3

r(x0) =
⋃l

i=1 Li, where l ∈ N \ {0} and Li is a closed straight line
segment emanating from x0. Let vi ∈ S2 be the direction vector of Li

pointing outward from x0. Then the stationarity of V∗ yields that the
weighted sum of the vi’s is zero, namely

(3.5.43)
l∑

i=1

λivi = 0,

where λi = E
sg
2 (u∗|∂Di

) > 0 with Di being a closed 2-disk (which is an
embedded submanifold of R3) centered inside Li and lying in B3

r (x0)
on the 2-plane orthogonal to Li such that Di ∩ S∗ is the singleton,
∂Di ∩ S0 = ∅, where S0 is at most a countable and locally finite subset
of Ω\S∗ coming from Proposition 3.4.2 (iii), which applies to u∗ in Ω\S∗
(see Proposition 3.5.6).
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168 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Proof of Corollary 3.5.19. Fix an arbitrary χ ∈ C1
c (B

3
r (x0),R

3). Since
the first variation of V∗ vanishes, where V∗(d T, dx) = δA∗(x)(dT ) ⊗
Θ1(x)H

1 (S∗ ∩ Ω)(dx) with A∗(x) being the orthogonal projection
matrix onto the approximate tangent plane TxS∗ to S∗ at x, we have
(3.5.44)

0 =

ˆ
Ω
A∗(x) : Dχ(x) dµ∗(x) =

ˆ
S∗∩B3

r (x0)
Θ1(x)A∗(x) : Dχ(x) dH

1(x).

Next, using that S∗ ∩B3
r(x0) =

⋃l
i=1 Li, µ∗ B3

r (x0) =
∑l

i=1 λiH
1 Li

and A∗|Li = vi ⊗ vi, in view of (3.5.44), we get

0 =
l∑

i=1

λi

ˆ
Li

vi ⊗ vi : Dχ(x) dH
1(x)

=
l∑

i=1

λi

ˆ H1(Li)

0

d

dt
⟨χ(x0 + tvi), vi⟩ dt

= −
l∑

i=1

⟨χ(x0), λivi⟩.

(3.5.45)

Since χ ∈ C1
c (B

3
r (x0),R

3) was arbitrarily chosen, (3.5.45) yields (3.5.43),
which completes our proof of Corollary 3.5.19.

Remark 3.5.20. We obtain several direct consequences of Corollary 3.5.19.

(i) For each x0 ∈ S∗ ∩ Ω, at least two segments emanate from x0,
because otherwise x0 would be an endpoint for some segment lying
in S∗ ∩ Ω, but this would contradict (3.5.43).

(ii) If locally around x0 the set S∗∩Ω is a union of exactly two segments
emanating from x0, then the angle between them is π, since a smaller
angle would contradict (3.5.43).

(iii) If exactly three segments emanate from x0, then their direction
vectors lie in the same two-dimensional plane.

(iv) If exactly four segments emanate from x0, then λ1v1 + λ2v2 +
λ3v3 + λ4v4 = 0, which yields a system of equations. Firstly,
|λ1v1 + λ2v2|2 = |λ3v3 + λ4v4|2 and hence

λ21 + λ22 + 2λ1λ2⟨v1, v2⟩ = λ23 + λ24 + 2λ3λ4⟨v3, v4⟩.

Secondly, for each j ∈ {1, . . . , 4},

λj +
4∑

i=1, i ̸=j

λi⟨vi, vj⟩ = 0,
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3.5. The singular set 169

since |vj | = 1. Thirdly, for each j ∈ {1, . . . , 4},

|λjvj |2 = |
4∑

i=1, i ̸=j

λivi|2

and hence

λ2j =
4∑

i=1, i ̸=j

λ2i + 2
∑

i, k∈({1,...,4}\{j})∩{i<k}

λiλk⟨vi, vk⟩.

If λ1 = λ2 = λ3 = λ4 in (3.5.43), then, up to relabeling, v1 + v2 =
−v3 − v4, and there exists a double cone with apex 0 such that v1,
v2 lie on the upper nappe and v3, v4 lie on the lower nappe of the
cone, respectively. Furthermore, the angle between v1 and v2 is the
same as between v3 and v4, which is twice the angle of the double
cone.

Moreover, in [22, Proposition 2] it was proved that in the case when
π1(N) ≃ Z/2Z (for instance, N = SO(n) or N = RPn−1 for n ∈ N, n ≥ 3),
then only an even number of segments can emanate from x ∈ S∗ ∩Ω. We
prove that in the case when π1(N) = Z/2Z, there cannot be branching
points inside Ω (see Corollary 3.6.8).

3.5.4 Interior estimates and W 1,q
loc (Ω) compactness for

p-minimizers when q < 2

We prove that the q-energy of pn-minimizers with (pn)n∈N ⊂ [1, 2) and
pn ↗ 2 as n→ +∞ is locally bounded inside Ω for each q ∈ [1, 2) under
the condition (3.5.1).

For the reader’s convenience, let us recall the construction of dyadic
cubes in R3 (see, for instance, [7]).

Definition 3.5.21. Let [0, 1)3 be the reference cube, j ∈ Z and x ∈ Z3.
Then define the dyadic cube of generation j with lower left corner 2−jx
by

Qj,x := 2−j(x+ [0, 1)3) = {y ∈ R3 : 2jy − x ∈ [0, 1)3},
the set of generation j dyadic cubes by Dj = {Qj,x : x ∈ Z3} and the set
of all dyadic cubes by

D :=
⋃
j∈Z

Dj = {Qj,x : j ∈ Z and x ∈ Z3}.

For each k ∈ N \ {0}, we also define the enlarged cubes

kQj,x :=

{
y ∈ R3 : 2jy − x ∈

[
−k − 1

2
,
k + 1

2

)3}
.
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170 Chapter 3: Limiting behavior of p-harmonic maps in 3d

According to [7, Theorem 2.2.3 (ii)], for each j ∈ Z and x ∈ Z3, there
exists a unique y ∈ Z3 such that Qj,x ⊂ Qj−1,y. The cube Qj−1,y will be
called the parent of Qj,x. For each j ∈ Z and y ∈ Z3, the cubes Qj+1,x

for which Qj,y is the parent are called the children of Qj,y.
The distance from U ⊂ R3 to V ⊂ R3 is given by

dist(U, V ) := inf{|x− y| : x ∈ U, y ∈ V }.

Proposition 3.5.22. Let V ⊂ R3 be a bounded open set. Let C1, C2 be
positive constants, p ∈ (1, 2] and f ∈ Lp(V ). Assume that for each dyadic
cube Qj,x0 such that 2Qj,x0 ⊂ V and

(3.5.46) C1

ˆ
2Qj,x0

|f |p dx ≤ 2−j(3−p)

it holds

(3.5.47)
ˆ
Qj,x0

|f |p dx ≤ C22
−j(3−p).

Then for each q ∈ [1, p), f ∈ Lq(V ) and

(3.5.48)
ˆ
V
(dist(x, ∂V )|f(x)|)q dx

≤ 104C
q
p

2 |V |+ 104
C1C

q
p

2

p− q

ˆ
V
(dist(x, ∂V )|f(x)|)p dx.

Proof. According to the Whitney covering theorem for dyadic cubes,
namely [7, Theorem 2.3.1], there exists a collection of mutually disjoint
dyadic cubes F = {Qi}i∈I , where I is countable, such that

(3.5.49)
1

30
dist(Qi, ∂V ) ≤ diam(Qi) ≤

1

10
dist(Qi, ∂V )

and

(3.5.50) V =
⋃
i∈I

Qi.

Since V is bounded, there exists (the minimal) j0 ∈ Z such that for some
x0 ∈ Z3, Qj0,x0 ∈ F and for each x ∈ Z3 and j ∈ (−∞, j0) ∩ Z, Qj,x ̸∈ F.
For each j ∈ [j0,+∞)∩Z, define Fj := Dj ∩F. Since V is bounded, Fj is
finite. Notice also that for each Q ∈ F, 3Q ⊂ V (this comes from (3.5.49),
see [7, Proposition 2.3.3 (i)]). We say that a dyadic cube Q ∈ Fj is good
if (3.5.46) holds with Qj,x0 replaced by Q, and it is bad otherwise. Let us
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3.5. The singular set 171

now define the collection of all good cubes of Fj by Fj,0 and their union by
Gj,0. For each bad cube Q ∈ Fj , we consider the children of Q. Similarly,
we say that a child Q′ of Q is good if (3.5.46) holds with Qj,x0 replaced by
Q′, and it is bad otherwise. We define the collection of all good children
of bad cubes of Fj by Fj,1 and their union by Gj,1. Next, we select good
children of bad children of bad cubes in Fj and denote this collection
by Fj,2 and their union by Gj,2. Denote the number of bad cubes in
Fj by Nj,0. The number of bad children of bad cubes of Fj denote by
Nj,1 and the number of bad children of bad children of bad cubes of Fj

denote by Nj,2. Repeating this procedure, we obtain sequences (Fj,n)n∈N,
(Gj,n)n∈N and (Nj,n)n∈N. Define Gj :=

⋃
n∈NGj,n. We claim that Gj

has full measure in
⋃

Q∈Fj
Q. Indeed, by [7, Theorem 2.2.3], for each

y ∈ R3, there exists a sequence of dyadic cubes (Qk,yk)k∈N such that
{y} =

⋂
k∈NQk,yk . If y ∈

⋃
Q∈Fj

Q \Gj , then, by construction, for each
k ∈ N large enough, 2Qk,yk ⊂ B3

2−k+1(y) ⊂ V and

C1

ˆ
B3

2−k+1 (y)
|f |p dx ≥ 2−k(3−p),

which implies that

lim inf
k→+∞

1

|B3
2−k+1 |

ˆ
B3

2−k+1 (y)
|f |p dx = +∞.

Thus, in view of the Lebesgue differentiation theorem (see [29, Theo-
rem 1.32]) and the fact that f ∈ Lp(V ), |

⋃
Q∈Fj

Q \Gj | = 0. This proves
our claim. On the other hand, observe that for each n ∈ N,

(3.5.51) #Fj,n+1 ≤ 23Nj,n

and, in view of (3.5.46),

(3.5.52) Nj,n ≤ 332(j+n)(3−p)C1

ˆ
Gj

|f |p dx,

where we have also used that if Q ∈ Dj , then there exists exactly 33 − 1
other dyadic cubes Q′ ∈ Dj such that 2Q∩ 2Q′ ̸= ∅, and that Gj has full
measure in

⋃
Q∈Fj

Q. Combining (3.5.51) with (3.5.52), for each n ∈ N,
we get

(3.5.53) #Fj,n+1 ≤ 632(j+n)(3−p)C1

ˆ
Gj

|f |p dx.

It is also worth noting that

(3.5.54) #Fj,0 ≤ 23j |Gj |.
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Applying Hölder’s inequality and (3.5.47), for each Q ∈ Fj,n, we obtain

ˆ
Q
|f |q dx ≤ |Q|1−

q
p

(ˆ
Q
|f |p dx

) q
p

≤ C
q
p

2 2
−3(j+n)

(
1− q

p

)
2
−(j+n)

(
3q
p
−q

)
≤ C

q
p

2 2
−(j+n)(3−q).

Using this, (3.5.53) and (3.5.54), we deduce that

ˆ
Gj

|f |q dx =
+∞∑
n=0

ˆ
Gj,n

|f |q dx

=
∑

Q∈Fj,0

ˆ
Q
|f |q dx+

+∞∑
n=0

∑
Q∈Fj,n+1

ˆ
Q
|f |q dx

≤ #Fj,0C
q
p

2 2
−j(3−q) +

+∞∑
n=0

#Fj,n+1C
q
p

2 2
−(j+n+1)(3−q)

≤ C
q
p

2 2
jq|Gj |+ 332qC1C

q
p

2

+∞∑
n=0

2−(j+n)(p−q)

ˆ
Gj

|f |p dx

≤ C
q
p

2 2
jq|Gj |+ 332jq+p C1C

q
p

2

ln(2)(p− q)

ˆ
Gj

2−jp|f |p dx,

where, in the last estimate, we have used that 2p−q − 1 ≥ ln(2)(p − q).
Hence

(3.5.55)
ˆ
Gj

2−jq|f |q dx ≤ C
q
p

2 |Gj |+ 332p
C1C

q
p

2

ln(2)(p− q)

ˆ
Gj

2−jp|f |p dx.

Since 1 ≤ q < p ≤ 2, from (3.5.49), (3.5.55) and the fact that Gj has full
measure in

⋃
Q∈Fj

Q, we obtain

ˆ
Gj

(dist(x, ∂V )|f(x)|)q dx

≤ 104C
q
p

2 |Gj |+ 104
C1C

q
p

2

p− q

ˆ
Gj

(dist(x, ∂V )|f(x)|)p dx.

Summing both sides of the above inequality over j ∈ [j0,+∞) ∩ Z and
taking into account that

⋃+∞
j=j0

Gj has full measure in V (this comes from
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(3.5.50) and the fact that Gj has full measure in
⋃

Q∈Fj
Q), yields

ˆ
V
(dist(x, ∂V )|f(x)|)q dx

≤ 104C
q
p

2 |V |+ 104
C1C

q
p

2

p− q

ˆ
V
(dist(x, ∂V )|f(x)|)p dx.

This completes our proof of Proposition 3.5.22.

As a consequence of Proposition 3.5.22, we obtain an improvement of
Proposition 3.5.6.

Proposition 3.5.23. Let (un)n∈N be a sequence of pn-minimizers in Ω.
Then the following assertions hold.

(i) There exists C = C(diam(Ω),N) > 0 such that for each q ∈ [1, 2),

lim sup
n→+∞

ˆ
Ω
(dist(x, ∂Ω)|Dun(x)|)q dx

≤ C|Ω|+ C

2− q
lim sup
n→+∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

dx.

(ii) Let (un)n∈N satisfy (3.5.1) and let u∗ be given by Proposition 3.5.6.
Then for each q ∈ [1, 2), u∗ ∈W 1,q

loc (Ω,N) and, up to a subsequence
(not relabeled), un → u∗ in W 1,q

loc (Ω,R
ν) and

(3.5.56)
ˆ
Ω
(dist(x, ∂Ω)|Du∗(x)|)q dx

≤ C|Ω|+ C

2− q
lim sup
n→+∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

dx,

where C = C(diam(Ω),N) > 0.

Proof. Let η, C > 0 be the constants of Lemma 3.3.12, where κ = 1/2,
p0 = 3/2 and Ψ comes from [33, Corollary 3]. Observe that if Q is a
dyadic cube with barycenter xQ and sidelength r > 0, then, denoting
its interior by Q◦, we have Q◦ = Ψ(B3

r/2) + xQ, 2Q◦ = Ψ(B3
r ) + xQ and

the bilipschitz constant of the map Ψ+ xQ is the bilipschitz constant of
Ψ. Thus, applying Proposition 3.5.22 with V = Ω, p = pn, f = |Dun|,
C2 = C, C1 =

2−pn
η and taking into account that dist(·, ∂Ω) ≤ diam(Ω)

everywhere in Ω, for each q ∈ [1, 2) we get

lim sup
n→+∞

ˆ
Ω
(dist(x, ∂Ω)|Dun(x)|)q dx

≤ C ′|Ω|+ C ′

2− q
lim sup
n→+∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

dx,
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174 Chapter 3: Limiting behavior of p-harmonic maps in 3d

where C ′ = C ′(diam(Ω),N) > 0. This yields (i).
Now we prove (ii). Let q ∈ [1, 2) and F = {Qi}i∈I be a Whitney

covering of Ω\S∗ by dyadic cubes such that Ω\S∗ =
⋃

i∈I Qi and 2Qi ⊂
Ω\S∗ for each i ∈ I (see, for example, [7, Theorem 2.3.1]). Notice that
I is countable. Using the fact that |S∗| = 0 (see Proposition 3.5.8), the
weak convergence (see Proposition 3.4.2 (i)), together with the convexity,
and also using Fatou’s lemma, up to a subsequence (not relabeled), one
hasˆ

Ω
(dist(x, ∂Ω)|Du∗(x)|)q dx =

∑
i∈I

ˆ
Qi

(dist(x, ∂Ω)|Du∗(x)|)q dx

≤
∑
i∈I

lim inf
n→+∞

ˆ
Qi

(dist(x, ∂Ω)|Dun(x)|)q dx

≤ lim inf
n→+∞

∑
i∈I

ˆ
Qi

(dist(x, ∂Ω)|Dun(x)|)q dx

= lim inf
n→+∞

ˆ
Ω
(dist(x, ∂Ω)|Dun(x)|)q dx.

This, in view of (i) and (3.5.1), implies (3.5.56) and the fact that u∗ ∈
W 1,q

loc (Ω,N) for all q ∈ [1, 2). Next, let q0 ∈ (q, 2) and U ⋐ Ω be an
open set. Fix a sequence (Kn)n∈N of compact sets such that Kn ⋐ U\S∗,
Kn ⊂ Kn+1 and

⋃
n∈NKn = U \ S∗. Applying Hölder’s inequality

and using the fact that |Dun −Du∗|q0 ≤ 2q0−1(|Dun|q0 + |Du∗|q0) (by
convexity), for each n ∈ N large enough we obtain
ˆ
U
|Dun −Du∗|q dx

≤ |U \Kn|
1− q

q0 2
q− q

q0

(ˆ
U\Kn

(|Dun|q0 + |Du∗|q0) dx

) q
q0

+ |Kn|1−
q
pn

(ˆ
Kn

|Dun −Du∗|pn dx
) q

pn

.

By carefully choosing Kn and letting n tend to +∞, in view of Proposi-
tion 3.4.2 (ii), up to a subsequence (not relabeled), we can ensure that the
last two terms tend to 0 as n→ +∞, and hence un → u∗ in W 1,q(U,Rν)
as n→ +∞. Using a diagonal argument, we deduce (ii), which completes
our proof of Proposition 3.5.23.

3.6 Interior minimality of the singular set

In this section, we prove some properties of local minimality inside Ω of
the positive Radon measure µ∗ ∈ (C(Ω))′ and its support S∗, defined at
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3.6. Interior minimality of the singular set 175

the beginning of Section 5.
First, we define the notion of an admissible chain for a bounded

Lipschitz domain U ⊂ R3 and a boundary datum g ∈W 1/2,2(∂U,N).

Definition 3.6.1. Given a bounded Lipschitz domain U ⊂ R3 and a
map g ∈W 1/2,2(∂U,N), we say that a closed set S ⊂ U is an admissible
chain for U and g if the following properties are satisfied.

P.1 S is the union of a finite number of closed straight line segments, each
of which has a positive length, and the interiors of these segments
(i.e., the segments without their endpoints) are pairwise disjoint.

P.2 S ∩ ∂U is a finite set of points.

P.3 S has no endpoints in U , namely, if L ⊂ S is a segment having an
endpoint x ∈ U , then there exists another segment L′ ⊂ S emanating
from x.

P.4 There exists a map u ∈W 1,2
loc (U \ S,N) such that tr∂U (u) = g.

The set of all admissible chains for U and g will be denoted by C (U, g).

Remark 3.6.2. Assume that there exists u ∈W 1,2
loc (U \ S,N) satisfying

(4). Then there exists v ∈W 1,2
loc (U \ S,N) ∩C(U \ (S ∪ Sv),N) such that

tr∂U (v) = g, where Sv is at most a countable and locally finite subset of
U \S (see [53, Theorem II]). Let L be a segment in the chain S and x1, x2
be interior points of L such that x1 ̸= x2. Since v ∈W 1,2

loc (U \S,N), using
the coarea formula, we can find a sufficiently small radius r > 0 such
that the following holds. There exists γ ∈ [S1,N] such that for H1-a.e.
x ∈ [x1, x2], letting ∂D to be the circle with center x and radius r lying
in the 2-plane orthogonal to L, we have tr∂D(v) = v|∂D ∈W 1,2(∂D,N),
v|∂D is homotopic to γ and E

sg
2 (v|∂D) = E

sg
2 (γ). On the other hand, since

v ∈ C(U \ (S ∪ Sv),N) and Sv is locally finite, we can choose x1 and
x2 to be arbitrarily close to the endpoints of L and repeat the previous
procedure for a smaller radius ϱ ∈ (0, r), but without changing γ ∈ [S1,N].
Thus, we can define the mass of S with respect to the extension v of g as
the sum

∑l
i=1 λiH

1(Li), where
⋃l

i=1 Li = S is the union of the segments
lying in S and λi = E

sg
2 (γi), where γi ∈ [S1,N] is defined for each Li

with respect to v. Denote this mass by M(v, g, S). It is worth noting that
for different extensions u1 ∈ W 1,2

loc (U \ S,N) ∩ C(U \ (S ∪ Su1),N) and
u2 ∈ W 1,2

loc (U \ S,N) ∩ C(U \ (S ∪ Su2),N) of g satisfying the property
(4) of Definition 3.6.1, we can obtain different masses of S with respect
to u1 and u2, however, the following

(3.6.1) inf{M(u, g, S) :

u ∈W 1,2
loc (U \ S,N) ∩ C(U \ (S ∪ Su),N), tr∂U (u) = g}
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176 Chapter 3: Limiting behavior of p-harmonic maps in 3d

is achieved. Indeed, if un ∈W 1,2
loc (U \ S,N) is a minimizing sequence for

(3.6.1), then, since #[S1,N] < +∞, the set {Esg
2 (γ) : γ ∈ [S1,N]} is finite,

and hence {M(un, g, S) : n ∈ N} is finite. Thus, for each sufficiently large
n ∈ N, M(un, g, S) is equal to the infimum in (3.6.1), and each un, for
sufficiently large n ∈ N, realizes the infimum in (3.6.1).

Next, using Remark 3.6.2, we define the notion of the mass of an
admissible chain.

Definition 3.6.3. Given a bounded Lipschitz domain U ⊂ R3 and a
map g ∈W 1/2,2(∂U,N), if S ∈ C (U, g), we define its mass by

M(g, S) = M(u, g, S),

where u ∈ W 1,2
loc (U \ S,N) ∩ C(U \ (S ∪ Su),N) realizes the infimum in

(3.6.1) for g and S.

When appropriate, we shall simply write M(S) instead of M(g, S).
Notice that the definition of M(g, S) also depends on N, but we decided
not to mention it explicitly to simplify the notation.

Now we prove the interior minimality of S∗.

Proposition 3.6.4. Let u∗ ∈ W 1,2
loc (Ω \ S∗,N) and (pn)n∈N ⊂ [1, 2) be

given by Proposition 3.5.6. Then for any domain K ⋐ Ω such that
K ∩ S∗ ≠ ∅, there exists a Lipschitz domain U ⋐ Ω containing K such
that tr∂U (u∗) = u∗|∂U ∈ W 1/2,2(∂U,N), S∗ ∩ U ∈ C (U, u∗|∂U ) and for
each S ∈ C (U, u∗|∂U ),

(3.6.2) µ∗(S∗ ∩ U) = M(u∗|∂U , S∗ ∩ U) ≤ M(u∗|∂U , S).

Remark 3.6.5. Proposition 3.6.4 allows the choice of the domain U to
be arbitrarily close to K.

Proof of Proposition 3.6.4. According to Proposition 3.5.17, since K is
connected, there exists a Lipschitz domain V ⋐ Ω containing K such
that S∗ ∩ V is a union of a finite number of closed straight line segments,
each of which has a positive length, and the interiors of these segments
are pairwise disjoint. Also S∗ ∩ ∂V is a finite set of points such that for
each point x ∈ S∗ ∩ ∂V there is exactly one segment lying in S∗ ∩ V and
emanating from x. Changing, if necessary, ∂V locally around each point
of S∗ ∩ ∂V , we can assume that for each x ∈ S∗ ∩ ∂V , ∂V coincides with
its tangent plane at x in a small neighborhood of x, and the segment
lying in S∗ ∩V and emanating from x is orthogonal to this tangent plane.

Step 1. We define U . Fix λ > 0 small enough such that for each t ∈ (0, λ],
all the above properties prescribed for V concerning S∗ and K hold also
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3.6. Interior minimality of the singular set 177

for Vt = {y ∈ V : dist(y, ∂V ) > t}, which is a Lipschitz domain. Applying
[31, Theorem 3.2.22 (3)] with W = V \ V λ, Z = (0, λ) and f : W → Z
defined by f(y) = dist(y, ∂V ), and using also the fact that |Df(y)| = 1
for a.e. y ∈ W , Fatou’s lemma, (3.5.1) and Proposition 3.5.23 (ii), we
obtain

(3.6.3)
ˆ λ

0
dϱ lim inf

n→+∞

ˆ
f−1({ϱ})

(|un − u∗|q + |Dun −Du∗|q) dH2

≤ lim inf
n→+∞

ˆ
W
(|un − u∗|q + |Dun −Du∗|q) dy = 0

for each q ∈ (1, 2) and

ˆ λ

0
dϱ lim inf

n→+∞
(2− pn)

ˆ
f−1({ϱ})

(|Dun|pn + |Du∗|pn) dH2

≤ lim inf
n→+∞

(2− pn)

ˆ
W
(|Dun|pn + |Du∗|pn) dy ≤ C ′,

where C ′ = C ′(dist(V,Ω),diam(Ω), C0,N) > 0 and C0 > 0 is the constant
coming from (3.5.1). On the other hand, using Proposition 3.5.6 (thanks
to which we know that, up to a subsequence (not relabeled), un → u∗
in Lp(Ω,Rν) for all p ∈ [1,+∞) (see Proposition 3.4.2 (i))) and the
continuity of the Lp-norm, we deduce that ∥un − u∗∥pnLpn (W,Rν) → 0 as
n→ +∞ and hence

lim
n→+∞

ˆ λ

0
dϱ

ˆ
f−1({ϱ})

|un − u∗|pn dH2 = 0.

Then there exists t ∈ (0, λ) such that for U = Vt, up to a subsequence (not
relabeled), for each n ∈ N large enough: tr∂U (un) = un|∂U , tr∂U (u∗) =
u∗|∂U ∈W 1,pn(∂U,N) ⊂W 1/2,2(∂U,N) and

(3.6.4)
ˆ
∂U

(|Dun|pn + |Du∗|pn) dH2 ≤ C ′′

2− pn
,

where C ′′ = C ′′(t,dist(V,Ω),diam(Ω), C0,N) > 0;

(3.6.5) ∥un|∂U − u∗|∂U∥pnLpn (∂U,Rν) → 0

as n→ +∞;

(3.6.6) ∥un|∂U − u∗|∂U∥L∞(∂U ;Rν) → 0

as n → +∞, in view of (3.6.3) and Morrey’s embedding for Sobolev
mappings. Since t and V uniquely determine U , we can assume that
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178 Chapter 3: Limiting behavior of p-harmonic maps in 3d

C ′′ actually depends on U,diam(Ω), C0 and N. Thus, we have defined
U . According to our construction and Proposition 3.5.6, the properties
(1)-(4) of Definition 3.6.1 are fulfilled for U , u∗|∂U and S∗ ∩U . Therefore,
S∗ ∩ U ∈ C (U, u∗|∂U ).

Step 2. Given S ∈ C (U, u∗|∂U ), we construct a sequence of mappings
wn ∈W 1,pn(U,N) such that tr∂U (wn) = u∗|∂U and

(3.6.7) lim sup
n→+∞

(2− pn)

ˆ
U

|Dwn|pn
pn

dy ≤ M(S).

Consider a map u ∈W 1,2
loc (U \ S,N) minimizing the expression in (3.6.1),

where g = u∗|∂U . Let ε ∈ (0, 1) and δ ∈ (0, 1) be small enough and δ be
fairly small with respect to ε. Then, using the coarea formula and taking
into account that u ∈ W 1,2

loc (U \ S,N), we obtain δ′ ∈ (3δ/4, 5δ/4) and
ε′ ∈ (3ε/4, 5ε/4) such that, defining Sδ′ = {y ∈ U : dist(y, S) ≤ δ′}, we
have the following. Firstly, tr∂Sδ′∩U (u) = u|∂Sδ′∩U ∈ W 1,2(∂Sδ′ ∩ U,N).
Secondly, for each branching point x ∈ S ∩U of S (if such a point exists),
tr(∂B3

ε′ (x)\Sδ′ )∩U (u) = u|(∂B3
ε′ (x)\Sδ′ )∩U ∈ W 1,2((∂B3

ε′(x) \ Sδ′) ∩ U,N),
where (∂B3

ε′(x) \ Sδ′) ∩ U = ∂B3
ε′(x) \ Sδ′ if x ∈ U (we recall that

δ is fairly small with respect to ε and the structure of S is given by
Definition 3.6.1). To lighten the notation, we assume that δ′ = δ and
ε′ = ε. Let L be a segment of S. Up to rotation and translation, we
can assume that L = {(0, 0)} × [−h, h], where h = H1(L)/2 > 0. Let
Λ := B2

δ × (z(0, 0,−h), z(0, 0, h)), where z(0, 0,−h) := −h+
√
ε2 − δ2 if

(0, 0,−h) is a branching point of S (i.e., several segments of S emanate
from this point), z(0, 0, h) := h −

√
ε2 − δ2 if (0, 0, h) is a branching

point of S, z(0, 0,−h) := −h + κδ if (0, 0,−h) ∈ ∂U is an endpoint
of S (i.e., only one segment of S emanates from this point, namely
L), z(0, 0, h) = h − κδ if (0, 0, h) ∈ ∂U is an endpoint of S, where
κ = κ(S) > 0 will be defined later for the proof to work. Hereinafter
in this proof, C will denote a positive constant that is independent of
n, ε and δ and can be different from line to line. We define wn in Λ by
using Lemma 3.2.20 (i), namely we obtain a map wn|Λ ∈ W 1,pn(Λ,N)
such that

(3.6.8)
ˆ
Λ

|Dwn|pn
pn

dy ≤ H1(L)Esg
pn(γ)δ

2−pn

2− pn
+

C

δpn−1

ˆ
Γ

|D⊤u|pn
pn

dH2,

where Γ is the lateral surface of Λ and γ ∈ [S1,N] is homotopic to
u|∂D ∈ C(∂D,N), where ∂D is the circle being the boundary of a 2-disk
orthogonal to L with fairly small radius and whose center belongs to
the interior of L. We have used that Γ ⊂ (∂Sδ ∩ U) and u|∂Sδ∩U ∈
W 1,2(∂Sδ ∩ U,N).
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3.6. Interior minimality of the singular set 179

We need to distinguish between two further cases.
Case 1. Let x ∈ ∂U be an endpoint of S (if it exists). Then, taking
into account the properties (1) and (2) of Definition 3.6.1 and the fact
that for each x ∈ S ∩ ∂U , ∂U coincides with its tangent plane at x in a
small neighborhood of x, we can find κ = κ(S) > 0 such that for each
endpoint y ∈ ∂U of S, if L is a segment of S emanating from y, then
the 2-disk orthogonal to L with center ξ ∈ L such that |ξ − y| = κδ lies
entirely in U . Now let L denote the segment of S emanating from x.
Up to rotation and translation, L = {(0, 0)} × [−h, h] and x = (0, 0, h),
where h := H1(L)/2 > 0. Let Λδ := {y = (y1, y2, t) ∈ U : dist(y, L) <
δ and t ∈ (h−κδ, h)}. Then Λδ is bilipschitz homeomorphic to B3

δ with a
bilipschitz constant depending on κ. Thus, there exists a bilipschitz map
Ψ : Λδ → B3

δ . We have constructed wn on Λ = B2
δ × (z(0, 0,−h), h− κδ).

By Lemma 3.2.20 (ii), trB2
δ×{h−κδ}(wn) ∈W 1,pn(B2

δ × {h− κδ},N) and

(3.6.9)
ˆ
B2

δ×{h−κδ}

|D trB2
δ×{h−κδ}(wn)|pn

pn
dH2

≤ E
sg
pn(γ)δ

2−pn

2− pn
+

C

δpn−1

ˆ
Γ

|D⊤u|pn
pn

dH2

≤ Cδ2−pn

2− pn
+

C

δpn−1

ˆ
Γ

|D⊤u|pn
pn

dH2,

where γ ∈ [S1,N] comes from (3.6.8), Γ is the lateral surface of Λ,
and we have used that #[S1,N] < +∞. Now we define the mapping
gn : ∂Λδ → N by

gn(y) =


u∗|∂U (y) if y ∈ ∂Λδ ∩ ∂U ,
u|∂Sδ∩U (y) if y ∈ ∂Sδ ∩ U ,
trB2

δ×{h−κδ}(wn) if y ∈ B2
δ × {h− κδ}.

Then, since the traces of u∗|∂U and u|∂Sδ∩U coincide on ∂Sδ ∩ ∂U , and
the traces of u|∂Sδ∩U and trB2

δ×{h−κδ}(wn) coincide on ∂B2
δ × {h− κδ},

we deduce that gn ∈ W 1,pn(∂Λδ,N). Using (3.6.4), (3.6.9) and the fact
that δ ∈ (0, 1) is fairly small, we obtain

(3.6.10)
ˆ
∂Λδ

|D⊤gn|pn
pn

dH2

≤ C

2− pn
+
Cδ2−pn

2− pn
+

C

δpn−1

ˆ
∂Sδ∩U

|D⊤u|pn
pn

dH2.
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180 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Next, we define wn|Λδ
(y) = gn(Ψ

−1(δΨ(y)/|Ψ(y)|)) for y ∈ Λδ \{Ψ−1(0)}.
Then, using (3.6.10), we deduce the following

(3.6.11)
ˆ
Λδ

|Dwn|pn
pn

dy ≤ Cδ

ˆ
∂Λδ

|D⊤gn|pn
pn

dH2

≤ Cδ

2− pn
+
Cδ3−pn

2− pn
+ Cδ2−pn

ˆ
∂Sδ∩U

|D⊤u|pn
pn

dH2.

Case 2. Let x be a branching point of S (if it exists). Then, according to
our construction, u|(∂B3

ε (x)\Sδ)∩U ∈W 1,2((∂B3
ε (x) \ Sδ) ∩ U,N). Further-

more, (∂B3
ε (x)\Sδ)∩U = ∂B3

ε (x)\Sδ if x ∈ U . Let Li, i ∈ {1, . . . , s} be
the segments of S emanating from x. We fill the holes in (∂B3

ε (x)\Sδ)∩U
with the closures of the open 2-disks Di such that Di is orthogonal to
Li, has radius δ, and its center lies on Li at a distance of

√
ε2 − δ2 from

the point x. Thus, M = (∂U ∩B3
ε(x)) ∪ ((∂B3

ε (x) \ Sδ) ∩ U) ∪
⋃l

i=1Di

is a compact 2-manifold without boundary, which is bilipschitz homeo-
morphic to ∂B3

ε . Furthermore, according to our construction, for each
i ∈ {1, . . . , l}, trDi(wn) ∈ W 1,pn(Di,N). Since the traces of u∗|∂U and
u|(∂B3

ε (x)\Sδ)∩U coincide on ∂U ∩∂B3
ε (x), and the traces of u|(∂B3

ε (x)\Sδ)∩U
and trDi(wn) coincide on ∂Di, defining vn : M → N by

vn(y) =


u∗|∂U (y) if y ∈ ∂U ∩B3

ε(x),

u|(∂B3
ε (x)\Sδ)∩U (y) if y ∈ (∂B3

ε (x) \ Sδ) ∩ U,
trDi

(wn)(y) if y ∈ Di,

we observe that vn ∈W 1,pn(M,N). Next, let E be an open bounded set
whose boundary is M. Let Φ : E → B3

ε be a bilipschitz homeomorphism.
We define wn|E(y) = vn(Φ

−1(εΦ(y)/|Φ(y)|)) for y ∈ E \ {Φ−1(0)}. Then,
using (3.6.4), (3.6.9) and Definition 3.6.1, we obtain

ˆ
E

|Dwn|pn
pn

dy ≤ Cε

ˆ
M

|D⊤vn|pn
pn

dH2 (3.6.12)

≤ Cε

ˆ
∂U∩B3

ε (x)

|D⊤u∗|pn
pn

dH2 + Cε

ˆ
(∂B3

ε (x)\Sδ)∩U

|D⊤u|pn
pn

dH2

+Cε

l∑
i=1

ˆ
Di

|D⊤ trDi(wn)|pn
pn

dH2

≤ Cε

2− pn
+ Cε

ˆ
(∂B3

ε (x)\Sδ)∩U

|D⊤u|pn
pn

dH2 +
Cεδ2−pn

2− pn

+
Cε

δpn−1

ˆ
∂Sδ∩U

|D⊤u|pn
pn

dH2.
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3.6. Interior minimality of the singular set 181

Finally, we define wn for each y in U lying outside the set Eε,δ, which is
the union of Sδ with the union of B3

ε(x) ∩ U over all branching points x
of S, by wn(y) = u(y). Since the traces of the piecewise definitions of wn

coincide, wn ∈ W 1,pn(U,N). Next, gathering together (3.6.8), (3.6.11),
(3.6.12) and using the facts that ε, δ ∈ (0, 1) are sufficiently small, δ is
fairly small with respect to ε, (pn)n∈N ⊂ [1, 2) and pn ↗ 2 as n→ +∞,
S consists of a finite union of segments (and hence it has a finite number
of branching points and endpoints), for all sufficiently large n ∈ N, we
deduce the following
ˆ
U

|Dwn|pn
pn

dy

≤ M(S)δ2−pn

2− pn
+

Cε

2− pn
+ Cε

∑
x∈P

ˆ
(∂B3

ε (x)\Sδ)∩U

|D⊤u|pn
pn

dH2

+
Cεδ2−pn

2− pn
+

C

δpn−1

ˆ
∂Sδ∩U

|D⊤u|pn
pn

dH2 +

ˆ
U\Eε,δ

|Du|pn
pn

dy,

where P is the set of branching points of S. Multiplying both sides of
the above inequality by (2− pn), then letting n tend to +∞ and using
the continuity of the Lp-norm and the facts that u ∈W 1,2(∂Sδ ∩ U,N),
u ∈ W 1,2((∂B3

ε (x) \ Sδ) ∩ U,N) for each branching point x of S, u ∈
W 1,2(U \ Eε,δ,N), we deduce that

lim sup
n→+∞

(2− pn)

ˆ
U

|Dwn|pn
pn

dy ≤ M(S) + Cε.

Since ε > 0 was chosen arbitrarily small and C is independent of ε, the
last estimate implies (3.6.7).

Step 3. We prove (3.6.2). Let the sequence of maps wn ∈ W 1,pn(U,N)
be as in Step 2. Using Lemma 3.4.1, we construct a competitor for the
minimizer un by interpolating between un and wn. In view of (3.6.5) and
the fact that tr∂U (wn) = u∗|∂U ,

(3.6.13) ∥un|∂U − tr∂U (wn)∥pnLpn (∂U,Rν) → 0

as n → +∞. Let T0 = T0(∂U) > 0 be the constant of Lemma 3.4.1.
Choose T ′ ∈ (0, T0) sufficiently small and Φ : ∂U × [0, T ′] → Er0 such
that Φ is bilipschitz onto its image, Φ(σ, 0) = σ, D⊤Φ(σ, 0) is an isometry
for σ ∈ ∂U , where Er0 = {x ∈ U : dist(x, ∂U) < r0} for some fairly small
constant r0 > 0 depending on T ′. According to Lemma 3.2.1, there exists
a constant λN > 0 such that the nearest point retraction ΠN : NλN

→ N
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182 Chapter 3: Limiting behavior of p-harmonic maps in 3d

is well defined and smooth, where NλN
= {x ∈ Rν : dist(x,N) < λN}.

Setting sn = ∥un|∂U − tr∂U (wn)∥Lpn (∂U,Rν) and using (3.6.4) and (3.6.13),
we observe that sn → 0 and for each sufficiently large n ∈ N,

(3.6.14)
ˆ
∂U

(
|D⊤un|pn + |D⊤ tr∂U (wn)|pn +

|un − u∗|pn

s
pn/2
n

)
dH2

≤ C

2− pn
.

Then, by Lemma 3.4.1, applied with u = un|∂U , v = tr∂U (wn) = u∗|∂U
and T = s

1/2
n , there exists a mapping ξn ∈ W 1,pn(∂U × (0, s

1/2
n ),Rν)

interpolating between un|∂U and tr∂U (wn). By (3.6.6), we deduce that

esssup
(σ,t)∈∂U×(0,s

1/2
n )

dist(ξn(σ, t),N) ≤ ∥un|∂U − u∗|∂U∥L∞(∂U,Rν) → 0

as n→ +∞. This implies that for each n ∈ N large enough, it holds

(3.6.15) dist(ξn(σ, t),N) <
λN
10

for a.e. (σ, t) ∈ ∂U × (0, s
1/2
n ).

In view of (3.6.15) and Lemma 3.2.1, for each n ∈ N large enough we
can define the mapping φn(y) := ΠN(ξn(Φ

−1(y))) for each y ∈ Φ(∂U ×
(0, s

1/2
n )). Then the following assertions hold. First, φn ∈W 1,pn(Φ(∂U ×

(0, s
1/2
n )),N). Second,

tr∂U (φn) = un|∂U , tr
Φ(∂U×{s1/2n })(φn) = u∗|∂U ◦ Φn ◦ Φ−1|

Φ(∂U×{s1/2n }),

where Φn : ∂U × [s
1/2
n , T ′] is defined by Φn(σ, t) := Φ(σ, t− s

1/2
n ) and we

have used the fact that Φ(σ, 0) = σ. Thirdly, using [31, Theorem 3.2.5],
the fact that Ψ is bilipschitz, Lemma 3.4.1 (ii), where T = s

1/2
n , and

(3.6.14), we have the following

(2− pn)

ˆ
Φ(∂U×(0,s

1/2
n ))

|Dφn|pn
pn

dy

≤ C(2− pn)

ˆ
∂U×(0,s

1/2
n )

|Dξn|pn
pn

dH2 dt

≤ C(2− pn)s
1/2
n ×

ˆ
∂U

(
|D⊤un|pn + |D⊤ tr∂U (wn)|pn +

|un − u∗|pn

s
pn/2
n

)
dH2

≤ Cs1/2n .

(3.6.16)
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Let ζ ∈ Cc([0,+∞)) be the Lipschitz map such that ζ = 1 on [0, 1],
ζ(s) = 2 − s for s ∈ [1, 2], ζ = 0 on [2,+∞]. Hence ∥ζ ′∥L∞([0,+∞)) ≤ 1.
Next, for each sufficiently large n ∈ N, define ψn : U → N by
(3.6.17)

ψn(y) :=


φn(y) if y ∈ Φ(∂U × (0, s

1/2
n )),

u∗|∂U ◦ Φn ◦ Φ−1|
Φ(∂U×{s1/2n })(y) if y ∈ Φ(∂U × {s1/2n }),

wn(Ψn(y)) if y ∈ U \ Φ(∂U × (0, s
1/2
n ]),

where Ψn : U \ Φ(∂U × (0, s
1/2
n ]) → U is the map defined by

Ψn(y) :=

(
1− ζ

(
dist(y, ∂U)

s
1/3
n

))
y + ζ

(
dist(y, ∂U)

s
1/3
n

)
Φn(Φ

−1(y)).

We note that ψn ∈ W 1,pn(U,N), tr∂U (ψn) = un|∂U , Ψn is bilipschitz,
|DΨn − Id | = O(s

1/6
n ) a.e. in U \ Φ(∂U × (0, s

1/2
n ]) (for more details, see

the proof of Proposition 3.4.2). Thus, ψn is a competitor for un. Then,
using (3.6.16), (3.6.17), [31, Theorem 3.2.5] and (3.6.7), we obtain

lim inf
n→+∞

(2− pn)

ˆ
U

|Dun|pn
pn

dy (3.6.18)

≤ lim inf
n→+∞

(2− pn)

ˆ
U

|Dψn|pn
pn

dy

≤ lim sup
n→+∞

(
Cs1/2n + (2− pn)(1 + o(s1/10n ))

ˆ
U

|Dwn|pn
pn

dy

)
≤ M(S).

On the other hand, using (3.5.3), the fact that U is open, Corollary 3.5.18
and the geometry of S∗ ∩ U (see the beginning of the proof and Step 1 ),
we deduce that

(3.6.19) µ∗(S∗ ∩ U) = M(S∗ ∩ U) ≤ lim inf
n→+∞

(2− pn)

ˆ
U

|Dun|pn
pn

dy.

Combining (3.6.18) with (3.6.19), yields (3.6.2). This completes our proof
of Proposition 3.6.4.

We shall apply Proposition 3.6.4 to prove that in the case when
π1(N) ≃ Z/2Z the set S∗ has no branching points inside Ω. To this end,
we need the next extension result. The following statement is similar to
[23, Lemma 3].

Proposition 3.6.6. Let Ω ⊂ R3 be a bounded strictly convex domain,
π1(N) be Abelian (and endowed with the law +) and a1, . . . , ak ⊂ Ω be
distinct points. Let g ∈ C(∂Ω \ {a1, . . . , ak},N) and α : {a1, . . . , ak}2 →
π1(N) satisfy the following conditions:
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184 Chapter 3: Limiting behavior of p-harmonic maps in 3d

(i) α(ai, aj) = −α(aj , ai), so that, in particular, α(ai, ai) = 0;

(ii) if ai ∈ ∂Ω, then
∑k

j=1 α(ai, aj) is the homotopy class of g around
ai;

(iii) if ai ∈ Ω, then
∑k

j=1 α(ai, aj) = 0.

Then there exists u ∈ C(Ω \ (Σ ∪ F ),N), where F is finite and Σ =⋃
{[ai, aj ] : α(ai, aj) ̸= 0}, and for every i, j ∈ {1, . . . , k}, u is homotopic

to α(ai, aj) on small circles transversal to [ai, aj ].

The proof of Proposition 3.6.6 will use the following two-dimensional
construction.

Proposition 3.6.7. Let U ⊂ R2 be a bounded strictly convex domain,
π1(N) be Abelian and a1, . . . , ak ⊂ U be distinct points. Assume that
h ∈ C(∂U,N) and γ : {a1, . . . , ak} → π1(N) satisfy the condition that∑k

i=1 γ(ai) is the homotopy class of h on ∂U . Then there exists u ∈
C(U \ {a1, . . . , ak},N), such that u|∂U = h and u is homotopic to γ(ai)
on small circles transversal around ai.

Proof. We consider a set L of segments in R2 such that {a1, . . . , ak} ⊂ L
and U \ L is simply connected. For r > 0 small enough, the disks
B2

2r(a1), . . . , B
2
2r(ak) are pairwise disjoint. We fix u on ∂B2

r (ai) so that
u|∂B2

r (ai)
has the prescribed homotopy class γ(ai). We extend then

this map u to (U ∩ L) \
⋃k

i=1B
2
r(ai) by connectedness of N. Since

V = U \ (L ∪
⋃k

i=1B
2
r(ai)) is simply connected and by our assumption

on the homotopy classes, u has a trivial homotopy on ∂V . Thus, we can
extend u to V in such a way that u = h on ∂U . Finally, u is extended
homogeneously on the set B2

r (ai) \ {ai} for each i ∈ {1, . . . , k}.

Proof of Proposition 3.6.6. As a first step, given a plane P ⊂ R3 that is
transversal to Σ and does not contain F , the map g can be extended to
(∂Ω∪ (P ∩Ω)) \Σ. Indeed, the homotopy class of g on ∂Ω is equal to the
sum of the homotopy classes on small circles around {a1, . . . , ak}∩∂Ω on
one side of P . By the conditions (ii) and (iii), the homotopy class of g on
∂Ω is equal to the sum of the homotopy classes on small circles around
Σ ∩ P . By Proposition 3.6.7, g can be extended to P ∩ Ω \ Σ with the
prescribed homotopy on small circles around points of Σ∩P . Reiterating
this construction finitely many times, the problem is reduced to the case
where either k = 0 and one can perform a homogeneous extension with
respect to any interior point, or the set Σ is starshaped with respect to
some point in Ω and we perform then a homogeneous extension with
respect to that point.
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3.7. Analysis up to the boundary 185

Corollary 3.6.8. Let π1(N) = Z/2Z. Then S∗ has no branching points
inside Ω.

Proof of Corollary 3.6.8. Assume by contradiction that S∗ has a branch-
ing point x0 ∈ Ω. Then, according to Remark 3.5.20, locally around x0,
S∗ is a finite union of an even number of segments emanating from x0.
Fix two segments from this union that form the smallest angle among
all possible pairs. Denote these segments by L1 and L2. Then there
exists a truncated cone K ⊂ Ω such that K ∩ S∗ = K ∩ (L1 ∪ L2)
and ∂K ∩ (L1 ∪ L2) = {x1, x2, y1, y2}, where x1, y1 and x2, y2 are
the endpoints of L1 ∩ K, L2 ∩ K, respectively. Furthermore, x1, x2
belong to the smaller circular base of K and y1, y2 belong to the big-
ger circular base of K. Choosing K so that its smaller circular base
is fairly close to x0 and using the triangle inequality, we can ensure
that |x1 − x2| + |y1 − y2| < |x1 − y1| + |x2 − y2|. This, together with
Propositions 3.6.4, 3.6.6, yields a contradiction, since the set U of Propo-
sition 3.6.4, which contains K, can be chosen to be convex and arbitrarily
close to K (for instance, we can choose U = {x ∈ R3 : dist(x,K) < ε}
for some sufficiently small ε ∈ (0, 1)). Therefore, S∗ has no branching
points inside Ω, which completes our proof of Corollary 3.6.8.

3.7 Analysis up to the boundary

3.7.1 Preliminary results

If the fractional seminorm of the boundary datum is fairly small, we may
have a concentration of the p-energy as p↗ 2 only near the boundary of
the domain. Namely, the smaller the fractional seminorm of the boundary
datum, the closer to ∂Ω the singular set is located.

Proposition 3.7.1. Let g ∈ W 1/2,2(∂Ω,N), r0 ∈ (0, 1), Ωr0 := {x ∈
Ω : dist(x, ∂Ω) > r0} ≠ ∅, (pn)n∈N ⊂ [1, 2), pn ↗ 2 as n → +∞ and
(un)n∈N ⊂W 1,pn(Ω,N) be a sequence of pn-minimizers with tr∂Ω(un) = g.
Then there exists ε = ε(r0, ∂Ω,N) > 0 such that the following holds.
Assume that |g|W 1/2,2(∂Ω,Rν) ≤ ε. Then S∗ ∩ Ωr0 = ∅.

Proof. Fix arbitrary x0 ∈ Ωr0 and r ∈ (0, r0). Let η > 0 be the constant
of Lemma 3.3.12, where κ = 1/2, p0 = 3/2 and Ψ(x) = x+ x0 whenever
E = B3

r (x0). Let ε > 0 be small enough so that for each n ∈ N,

(3.7.1) (2− pn)

ˆ
Ω

|Dun|pn
pn

dx ≤ ηr
3/2
0 ,

which is possible in view of Proposition 3.2.21 and the assumption
|g|W 1/2,2(∂Ω,Rν) ≤ ε. Then, applying Lemma 3.5.3 and using (3.7.1),
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186 Chapter 3: Limiting behavior of p-harmonic maps in 3d

for each fairly small δ > 0 we have

(2− pn)

ˆ
B3

r+δ(x0)

|Dun|pn
pn

dx

≤ (2− pn)

(
r + δ

r0

)3−pn ˆ
B3

r0
(x0)

|Dun|pn
pn

dx

≤ (2− pn)

(
r + δ

r0

)3−pn ˆ
Ω

|Dun|pn
pn

dx ≤ ηr
3/2−3+pn
0 (r + δ)3−pn .

Letting n tend to +∞, we have µ∗(B3
r(x0)) ≤ µ∗(B

3
r+δ(x0)) ≤ ηr

1/2
0 (r+δ)

(see (3.5.3)). Letting δ tend to 0+, yields µ∗(B3
r(x0)) < ηr, since r0 ∈

(0, 1). Then, according to Lemma 3.5.2, µ∗(B3
r/2(x0)) = 0 and hence

B3
r/2(x0) ⊂ Ω \ S∗. Since x0 ∈ Ωr0 was arbitrary, S∗ ∩ Ωr0 = ∅, which

completes our proof of Proposition 3.7.1.

The next proposition says that if the boundary of the domain is
homeomorphic to S2 and the boundary datum is regular enough, then
no singular set arises in the limit.

Proposition 3.7.2. Let ∂Ω be homeomorphic to S2, g ∈W 1,2(∂Ω,N),
(pn)n∈N ⊂ [1, 2), pn ↗ 2 as n → +∞ and (un)n∈N ⊂ W 1,pn(Ω,N) be a
sequence of pn-minimizers such that for each n ∈ N, tr∂Ω(un) = g. Then
S∗ = ∅ and the map u∗ coming from Proposition 3.5.6 is a minimizing
harmonic extension of g to Ω. Furthermore, u∗ ∈ C∞(Ω \ S0,N), where
S0 ⊂ Ω is a discrete set.

Remark 3.7.3. In Proposition 3.7.2, the topology of Ω is simple, namely
Ω ≃ B3

1 . However, the singular set S∗ does not occur in the limit in some
cases even if the topology of Ω is not simple. For example, if Ω ≃ B2

1 ×S1

is a solid torus and γ ∈ C∞(S1,N) is nullhomotopic, we can define
g ∈ C∞(∂Ω,N) by g(x′, x′′) = γ(x′) for each (x′, x′′) ∈ ∂Ω ≃ S1 × S1.
Then g admits a smooth extension lying in W 1,2(Ω,N) (this comes, for
instance, from the proof of [12, Theorem 2]).

Proof of Proposition 3.7.2. Since Ω ⊂ R3 is a bounded (locally) Lip-
schitz domain and ∂Ω is homeomorphic to S2, there exists a bilips-
chitz homeomorphism Φ : Ω → B3

1. Let h = g ◦ Φ−1|S2 . Then we
have h ∈ W 1,2(S2,N). Next, defining, as it was done in [53, Proposi-
tion 2.4], u(x) = h(x/|x|) for x ∈ B3

1 \ {0}, we have u ∈W 1,2(B3
1 ,N) and

trS2(u) = h. Since Φ is bilipschitz and u ◦Φ is a competitor for un, we
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3.7. Analysis up to the boundary 187

deduce that

(3.7.2) µn(Ω) ≤ C(2− pn)

ˆ
B3

1

|Du|pn
pn

dx

=
C(2− pn)

3− pn

ˆ
S2

|D⊤h|pn
pn

dH2 → 0

as n→ +∞, where C > 0 is a constant depending only on the bilipschitz
constant of Φ, and we have used that µn(Ω) = µn(Ω). Thus, µ∗(Ω) = 0
(here we again take advantage of considering the µn’s as elements of
(C(Ω))′ instead of (C0(Ω))

′, because any constant belongs to C(Ω), and
hence the weak* convergence preserves mass, namely, since µn

∗
⇀ µ∗

weakly* in (C(Ω))′, it holds µn(Ω) → µ∗(Ω)). Therefore, the support of
µ∗ is the empty set, that is S∗ = ∅. On the other hand, in view of (3.7.2),
the condition (3.4.1) of Proposition 3.4.2 is valid for the sequence (un)n∈N

and the set K = Ω. Thus, the conclusions of Proposition 3.4.2 apply
for some mapping u∗ ∈W 1,2(Ω,N), which comes from Proposition 3.5.6.
In particular, u∗ is a minimizing harmonic extension of g to Ω. Then,
according to [53, Theorem II], u∗ ∈ C∞(Ω \ S0,N), where S0 ⊂ Ω is a
discrete set, which completes our proof of Proposition 3.7.2.

As an immediate consequence of Lemma 3.3.11, we have its counter-
part on a half-ball. Recall that R3

+ = {(x′, x3) ∈ R3 : x3 ∈ (0,+∞)}.

Lemma 3.7.4. Let p0 ∈ (1, 2), p ∈ [p0, 2). There exist constants η0, C >
0, depending only on p0 and N, such that if g ∈ W 1,p(∂(B3

r ∩ R3
+),N)

satisfies ˆ
∂(B3

r∩R3
+)

|D⊤g|p

p
dH2 ≤ η0r

2−p

2− p
,

then there exists u ∈W 1,p(B3
r ∩ R3

+,N) such that tr∂(B3
r∩R3

+)(u) = g and

ˆ
B3

r∩R3
+

|Du|p

p
dx ≤ Cr

2
p

(ˆ
∂(B3

r∩R3
+)

|D⊤g|p

p
dH2

)1− 1
p

.

Next, we prove the η-compactness lemma up to the boundary of Ω,
which is the counterpart of Lemma 3.3.12 on the boundary.

Proposition 3.7.5. Let κ ∈ (0, 1), p0 ∈ (1, 2), p ∈ [p0, 2) and let
U = Ψ(B3

r ∩ R3
+,N) be an open set, where Ψ : B3

r ∩ R3
+ → R3 is a

bilipschitz homeomorphism onto its image U with a bilipschitz constant
L ≥ 1. There exist η, C > 0, depending only on κ, p0, L and N, such that
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188 Chapter 3: Limiting behavior of p-harmonic maps in 3d

if up ∈W 1,p(U,N) is a p-minimizer and if

(3.7.3)
ˆ
U

|Dup|p

p
dx

+ r

ˆ
Ψ(B3

r∩R2×{0})

|D⊤ trΨ(B3
r∩R2×{0})(up)|p

p
dH2 ≤ ηr3−p

2− p
,

then

(3.7.4)
ˆ
Ψ(B3

κr∩R3
+)

|Dup|p

p
dx ≤ Cr3−p.

Proof. Given the mapping vp := up ◦Ψ ∈W 1,p(B3
r ∩ R3

+,N) satisfying

(3.7.5)
ˆ
B3

r∩R3
+

|Dvp|p

p
dx ≤ L3+p

ˆ
U

|Dup|p

p
dx

and the constant η0 = η0(p0,N) > 0 of Lemma 3.7.4, we define the set

(3.7.6) Gp =

{
ϱ ∈ (κr, r) :

tr∂(B3
ϱ∩R3

+)(vp) = vp|∂(B3
ϱ∩R3

+) ∈W 1,p(∂(B3
ϱ ∩ R3

+),N)

and
ˆ
∂B3

ϱ∩R3
+

|Dvp|p

p
dH2 ≤ η0(κr)

2−p

2(2− p)

}
.

As a consequence of (3.7.3), (3.7.5) and (3.7.6),

H1((κr, r) \Gp) ≤
2(2− p)

η0(κr)2−p

ˆ
B3

r∩R3
+

|Dvp|p

p
dx

≤ 2(2− p)L3+p

η0(κr)2−p

ˆ
U

|Dup|p

p
dx ≤ (1− κ)r

2
,

provided we choose η satisfying

(3.7.7) η ≤ η0κ(1− κ)

4L5
;

equivalently we have then

(3.7.8) H1(Gp) ≥
(1− κ)r

2
.
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Fix η satisfying (3.7.7). For every ϱ ∈ Gp the following holdsˆ
∂(B3

ϱ∩R3
+)

|D⊤vp|p

p
dH2 =

ˆ
∂B3

ϱ∩R3
+

|D⊤vp|p

p
dH2

+

ˆ
B3

ϱ∩R2×{0}

|D⊤vp|p

p
dH2

≤ η0(κr)
2−p

2(2− p)
+
ηr2−pL2+p

2− p
≤ η0ϱ

2−p

2− p
,

where we have used (3.7.3), the fact that |D⊤vp| ≤ |Dvp| and (3.7.7).
Under this condition, according to Lemma 3.7.4,

(3.7.9)
ˆ
B3

ϱ∩R3
+

|Dvp|p

p
dx ≤ Cϱ

2
p

(ˆ
∂(B3

ϱ∩R3
+)

|D⊤vp|p

p
dH2

)1− 1
p

.

To obtain (3.7.4), we conclude as in the proof of Lemma 3.3.12.

The next corollary is a direct consequence of Proposition 3.7.5 and
Definition 3.2.4, so we omit its proof.

Corollary 3.7.6. Let κ ∈ (0, 1) and g ∈ W 1,2(E,N), where E is a
relatively open subset of ∂Ω. Let r∂Ω > 0 be the number coming from
Definition 3.2.4, which is applied with U = Ω. Then there exist constants
p1 = p1(∂Ω,N, ∥D⊤g∥L2(E,Rν⊗R3)) ∈ [3/2, 2), η = η(κ, ∂Ω,N) > 0 and
C = C(κ, ∂Ω,N) > 0 such that the following holds. Let p ∈ [p1, 2) and
up ∈W 1,p(Ω,N) be a p-minimizer such that trE(up) = g. Then for each
r ∈ (0, r∂Ω) and x0 ∈ E such that B3

r (x0) ∩ ∂Ω ⊂ E andˆ
B3

r (x0)∩Ω

|Dup|p

p
dx ≤ ηr3−p

2− p
,

it holds ˆ
B3

κr(x0)∩Ω

|Dup|p

p
dx ≤ Cr3−p.

Corollary 3.7.7. Let E be a relatively open subset of ∂Ω. Assume
that (3.5.1) holds and that for all n ∈ N large enough, trE(un) = g ∈
W 1,2(E,N). Then there exists a closed set S∗ ⊂ Ω and a mapping
u∗ ∈W 1,2

loc ((Ω ∪ E) \ S∗,N) satisfying the assertions of Proposition 3.4.2
and the assertion (ii) of Proposition 3.5.23 such that trE(u∗) = g and, up
to a subsequence (not relabeled),

un ⇀ u∗ weakly in W 1,p
loc ((Ω ∪ E) \ S∗,Rν) for all p ∈ (1, 2).

Proof of Corollary 3.7.7. The proof of the assertion (ii) of Proposition 3.5.23
remains unchanged. One only needs to take Corollary 3.7.6 into account
in the proof of Proposition 3.4.2.
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190 Chapter 3: Limiting behavior of p-harmonic maps in 3d

3.7.2 Global estimates and W 1,q compactness

It is well known that the set C∞(∂Ω,N) is dense in W 1/2,2(∂Ω,N) if and
only if π1(N) ≃ {0} (we refer the reader to [17, Theorem 4]). Although
C∞(∂Ω,N) is not dense in W 1/2,2(∂Ω,N) if π1(N) is nontrivial, the set
of smooth maps outside a finite set of points whose Euclidean norm
of the gradient behaves like the distance to the power of -1 close to
these points is dense in W 1/2,2(∂Ω,N) (see [49, Theorem 1] and [17,
Theorem 3]). Namely, letting R1

0(∂Ω,N) to be the class of maps φ ∈
C1(∂Ω \ {a1, . . . , al},N) for some a1, . . . , al ∈ ∂Ω such that

(3.7.10) |D⊤φ(x)| ≤
C

dist(x,
⋃l

i=1 ai)
,

where C is a positive constant independent of x, we have

R1
0(∂Ω,N)

W 1/2,2

=W 1/2,2(∂Ω,N).

Hereinafter, for each g ∈ R1
0(∂Ω,N), we shall denote by S(g) the singular

set of g, namely the set of points a ∈ ∂Ω such that for each sufficiently
small radius ϱ > 0, g|∂B∂Ω

ϱ (a) is not nullhomotopic, where B∂Ω
ϱ (a) is the

geodesic ball in ∂Ω with center a and radius ϱ such that B∂Ω
ϱ (a) is far

enough from S(g)\{a}.
It is worth noting that for each g ∈ R1

0(∂Ω,N), there exists the mini-
mal set of points {a1, . . . , al} ⊂ ∂Ω such that g ∈ C1(∂Ω\{a1, . . . , al},N).
Moreover, S(g) ⊂ {a1, . . . , al} and the inclusion can be strict.

Lemma 3.7.8. Let g ∈ R1
0(∂Ω,N) and {a1, . . . , al} ⊂ ∂Ω be the minimal

set of different points such that g ∈ C1(∂Ω \ {a1, . . . , al},N). Then for
each q ∈ [1, 2), g ∈W 1,q(∂Ω,N) andˆ

∂Ω
|D⊤g|q dH2 ≤ C

2− q
,

where C > 0 is a constant depending only on ∂Ω, the set {a1, . . . , al} and
the constant of the estimate (3.7.10) applied with φ = g.

Proof. Fix an arbitrary q ∈ [1, 2). Define

ϱ̄∂Ω(a1, . . . , al) = min

{
|ai − aj |

2
: i, j ∈ {1, . . . , l} and i ̸= j

}
so that if ϱ ∈ (0, ϱ̄∂Ω(a1, . . . , al)), then B3

ϱ(ai) ∩ B3
ϱ(aj) = ∅ for each

i, j ∈ {1, . . . , l} such that i ̸= j. Then for each i ∈ {1, . . . , l} and for each
sufficiently small ϱ ∈ (0, ϱ̄∂Ω(a1, . . . , al)),

(3.7.11)
ˆ
B3

ϱ(ai)∩∂Ω
|D⊤g|q dH2 ≤ C

ˆ ϱ

0

dt

t1−q
≤ C

2− q
,
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3.7. Analysis up to the boundary 191

where C > 0 is a constant depending only on ∂Ω, ϱ̄∂Ω(a1, . . . , al) and
the constant of the estimate (3.7.10) applied with φ = g. On the other
hand, in view of (3.7.10), if ϱ > 0 and x ∈ ∂Ω \

⋃l
i=1B

3
ϱ(ai), then

|D⊤g(x)| ≤ C/ϱ. Taking this and (3.7.11) into account, we complete our
proof of Lemma 3.7.8.

Assuming that g ∈ R1
0(∂Ω,N), we obtain the next improvement of

Proposition 3.5.23.

Proposition 3.7.9. Let g ∈ R1
0(∂Ω,N) be such that g ∈ C1(∂Ω\S(g),N).

Let (pn)n∈N ⊂ [1, 2), pn ↗ 2 as n→ +∞ and (un)n∈N be a sequence of
pn-minimizers such that tr∂Ω(un) = g for each n ∈ N. Let u∗ be a map
given by Proposition 3.5.6. Assume that there exists r0 > 0 such that if
x ∈ R3 \ Ω and dist(x, ∂Ω) ≤ r0, there exists a unique point P (x) ∈ ∂Ω
such that dist(x, ∂Ω) = |x− P (x)|. Then the following assertions hold.

(i) There exists C = C(g,Ω,N) > 0 such that for each q ∈ [1, 2),

lim sup
n→+∞

ˆ
Ω
|Dun|q dx ≤ C +

C

2− q
lim sup
n→+∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

dx.

(ii) For each q ∈ [1, 2), u∗ ∈W 1,q(Ω,N) and, up to a subsequence (not
relabeled), un → u∗ in W 1,q(Ω,Rν) and for some C = C(g,Ω,N) >
0,

ˆ
Ω
|Du∗|q dx ≤ C +

C

2− q
lim sup
n→+∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

dx.

Remark 3.7.10. If Ω is of class C2 or is convex, then it has the unique
nearest point property, namely, the assumption of Proposition 3.7.9 applies
(for more details, we refer to [30], [40]). It is also worth noting that the
constants in the assertions (i), (ii) depend on S(g) and the constant
coming from (3.7.10), where φ = g. Since the latter constant depends
only on g, we can assume that the constants in (i), (ii) depend only on g,
Ω and N.

Proof of Proposition 3.7.9. Fix R > 0 large enough so that Ω ⋐ B3
R

and for each x ∈ Ω the distance from x to ∂B3
R is bounded from below

by 1. Without loss of generality, we assume that r0 is small enough
with respect to R and that P is a 2-Lipschitz map (the reader may
consult [30, Theorem 4.8 (8)]). To lighten the notation, we denote
W = {x ∈ B3

R : dist(x,Ω) ≤ r0} and V = {x ∈ B3
R\Ω : dist(x, ∂Ω) ≤ r0}.

For each n ∈ N, define the map fn : B3
R → [0,+∞) by fn = |Dun| in Ω,
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192 Chapter 3: Limiting behavior of p-harmonic maps in 3d

fn = |D(g ◦ P )| in V and fn = 0 in B3
R\W . Since P is 2-Lipschitz and

g ∈ R1
0(∂Ω,N), using Lemma 3.7.8, we observe that

(3.7.12) (2− pn)

ˆ
B3

R\Ω
fpnn dx = (2− pn)

ˆ
V
fpnn dx ≤ C,

where C = C(g,Ω,N) > 0 (here C depends on r0, S(g) and the constant
coming from (3.7.10), where φ = g, but r0 depends only on Ω and the
latter constant depends only on g). Then the proof of the assertion (i)
follows by reproducing the proof of the assertion (i) of Proposition 3.5.23
with minor modifications, namely, applying Proposition 3.5.22 with f =
fn, p = pn, V = B3

R, C1 = 2−pn
η and C2 = C, where n ∈ N is large

enough and η, C > 0 depend only on g,Ω, N and will be fixed later
for the proof to work. Let us fix an arbitrary dyadic cube Q such that
2Q ⊂ B3

R. Let r > 0 be the sidelength of Q. To apply Proposition 3.5.22
with the above parameters, we need to prove the following: if n ∈ N is
large enough and

(3.7.13)
ˆ
2Q
fpnn dx ≤ ηr3−pn

2− pn
,

then

(3.7.14)
ˆ
Q
fpnn dx ≤ Cr3−pn .

First, notice the following. Fix an arbitrary x0 ∈ S(g). Let B∂Ω
ϱ (x0)

be the geodesic ball in ∂Ω with center x0 and radius ϱ > 0 such that
every point in S(g)\{x0} is far enough from B∂Ω

ϱ (x0). Then, using
Proposition 3.3.3 and the facts that pn ∈ [3/2, 2) for each n ∈ N large
enough and B∂Ω

ϱ (x0) is bilipschitz homeomorphic to B2
ϱ(x0), one has

ˆ
B∂Ω

ϱ (x0)
|D⊤g|pn dH2 + ϱ

ˆ
∂B∂Ω

ϱ (x0)
|D⊤(g|∂B∂Ω

ϱ (x0))|
pn dH1

≥
E

sg
pn/(pn−1)(g|∂B∂Ω

ϱ (x0))ϱ
2−pn

C0(2− pn)
,

where ∂B∂Ω
ϱ (x0) denotes the relative boundary of B∂Ω

ϱ (x0), C0 = C0(Ω) >
0 and we have used that tr∂B∂Ω

ϱ (x0)(g) = g|∂B∂Ω
ϱ (x0). Then, proceeding as

in the proof of Lemma 3.3.8, we deduce that
(3.7.15)ˆ

B∂Ω
ϱ (x0)

|D⊤g|pn dH2 + ϱ

ˆ
∂B∂Ω

ϱ (x0)
|D⊤(g|∂B∂Ω

ϱ (x0))|
pn dH1 ≥ 2ε0ϱ

2−pn

2− pn
,
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3.7. Analysis up to the boundary 193

for each n ∈ N large enough, where ε0 = ε0(C0,N) > 0. Since C0 depends
only on Ω, we can assume that ε0 depends only on Ω and N. Also, since
g ∈ R1

0(∂Ω,N), we have the estimate

ϱ

ˆ
∂B∂Ω

ϱ (x0)
|D⊤(g|∂B∂Ω

ϱ (x0))|
pn dH1 ≤ C ′ϱH1(∂B∂Ω

ϱ (x0)),

where C ′ > 0 is a constant depending only on the constant coming from
(3.7.10), which depends only on g. This, since pn ↗ 2 as n → +∞,
implies that for each n ∈ N large enough (depending possibly only on g,
Ω and N),

(3.7.16) ϱ

ˆ
∂B∂Ω

ϱ (x0)
|D⊤(g|∂B∂Ω

ϱ (x0))|
pn dH1 ≤ ε0ϱ

2−pn

2− pn
.

Combining (3.7.15) and (3.7.16), we get the next estimate

(3.7.17)
ˆ
B∂Ω

ϱ (x0)
|D⊤g|pn dH2 ≥ ε0ϱ

2−pn

2− pn

for each n ∈ N large enough. On the other hand, if E ⊂ ∂Ω is Borel and
dist(E,S(g)) ≥ ϱ > 0, then, using (3.7.10), we obtain

(3.7.18)
ˆ
E
|D⊤g|pn dH2 ≤ C ′H2(E)

ϱpn
.

Next, observe that, since Ω is a bounded Lipschitz domain having the
unique nearest point property in V , there exist fairly small constants
0 < a < δ < 1/2 and a number N0 ∈ N \ {0}, depending only on Ω, such
that the following holds. We need to distinguish between two further
cases.

Case 1: Q ⊂W . If dist(P (Q∩V ), S(g)) ≥ δr, then we proceed as follows.
Applying (3.7.18) with E = P (Q ∩ V ), we have

(3.7.19)
ˆ
Q∩V

fpnn dx ≤ Lr

ˆ
P (Q∩V )

|D⊤g|pn dH2 ≤ C ′′r3−pn ,

where L = L(P ) > 0 and C ′′ = C ′′(g,Ω,N) > 0. Next, there exists at
most N0 balls B3

ar(x1), . . . , B
3
ar(xk) such that Q∩Ω ⊂

⋃k
i=1B

3
ar(xi) ⊂ 2Q

and for each i ∈ {1, . . . , k}, either B3
9ar/8(xi) ⊂ Ω or xi ∈ ∂Ω and

dist(B3
9ar/8(xi), S(g)) ≥ δr/2. We shall apply the corresponding η-

compactness argument for each ball B3
9ar/8(xi), namely Lemma 3.3.12

in the case when B3
9ar/8(xi) ⊂ Ω and Proposition 3.7.5 otherwise. Let
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194 Chapter 3: Limiting behavior of p-harmonic maps in 3d

η, C ′′′ > 0 be constants that are valid for both Lemma 3.3.12 and Propo-
sition 3.7.5, where κ = 8/9, p0 = 3/2 and the corresponding bilipschitz
homeomorphism whose bilipschitz constant can depend only on Ω. Thus,
we can assume that η, C ′′′ depend only on Ω and N. Assume that

(3.7.20)
ˆ
2Q
fpnn dx ≤ ηr3−pn

2(2− pn)
.

In the case when B3
9ar/8(xi) ⊂ Ω, by Lemma 3.3.12 and (3.7.20), we

immediately obtain the estimate

(3.7.21)
ˆ
B3

ar(xi)
|Dun|pn dx ≤ C ′′′r3−pn .

Let now xi ∈ ∂Ω. Using (3.7.19) and the fact that pn ↗ 2, we observe
that

(3.7.22)
9ar

8

ˆ
B3

9ar
8

(xi)∩∂Ω
|D⊤g|pn dH2 ≤ ηr3−pn

2(2− pn)

for each n ∈ N large enough depending only on g,Ω and N. Thus, in
view of (3.7.20) and (3.7.22),

ˆ
B3

9ar
8

(xi)∩Ω
|Dun|pn dx+

9ar

8

ˆ
B3

9ar
8

(xi)∩∂Ω
|D⊤g|pn dH2 ≤ ηr3−pn

2− pn
,

for each n ∈ N large enough, which according to Proposition 3.7.5, implies
that

(3.7.23)
ˆ
B3

ar(xi)
|Dun|pn dx ≤ C ′′′r3−pn .

Combining (3.7.21) and (3.7.23), we get

(3.7.24)
ˆ
Q∩Ω

fpnn dx ≤ N0C
′′′r3−pn

for each n ∈ N large enough. Taking into account the estimates (3.7.19)
and (3.7.24), we observe that (3.7.13) implies (3.7.14), where C = C ′′ +
N0C

′′′, which can depend only on g, Ω and N.
If dist(P (Q ∩ V ), S(g)) < δr, then there exists x0 ∈ S(g) such that

2Q ∩ V contains a cylinder U ≃ B∂Ω
ar (x0)× (0, ar) such that, in view of

(3.7.17) and the definition of fn in V , it holds

(3.7.25)
ˆ
2Q
fpnn dx ≥

ˆ
U
fpnn dx ≥ ε0(a

10r)3−pn

2− pn
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3.7. Analysis up to the boundary 195

for each n ∈ N large enough. Thus, taking η small enough with respect
to ε0a15 so that Proposition 3.7.5 applies with 2η, under the condition
that

´
2Q f

pn
n dx ≤ ηr3−pn

2−pn
, we exclude the situation where dist(P (Q ∩

V ), S(g)) < δr.

Case 2: Q ∩ (B3
R \W ) ̸= ∅. If Q ⊂ B3

R \W , then, clearly, (3.7.14) holds,
since fn = 0 on Q by definition. Otherwise, we repeat the strategy of the
Case 1 for Q ∩W to conclude that for each n ∈ N large enough, (3.7.13)
implies (3.7.14) for some η, C > 0 depending only on g, Ω and N.

After all, we have showed that there exist constants η, C > 0 de-
pending only on g,Ω and N such that (3.7.13) implies (3.7.14) for each
n ∈ N large enough depending on g,Ω and N. Therefore, we can apply
Proposition 3.5.22 with f = fn, V = B3

R, C1 = 2−pn
η and C2 = C for

each n ∈ N large enough. Taking into account (3.7.12) and the fact that
fn = 0 in B3

R\W , we obtain (i).
The assertion (ii) then comes from a diagonal argument, proceeding

by the same way as in the proof of Proposition 3.5.23 (ii). This completes
our proof of Proposition 3.7.9.

3.7.3 Proof of Theorem 3.1.1

Now we prove our first main theorem.

Proof of Theorem 3.1.1. The proof follows from Propositions 3.5.6, 3.5.8,
3.5.17, 3.5.23, 3.6.4, 3.7.2, 3.7.9 and Corollary 3.5.18.

3.7.4 Boundary repulsion property

In this subsection, we derive the Pohozaev-type identity for p-minimizers
and prove that the varifold associated to the limit of the stress-energy
tensors of p-minimizers as p↗ 2 is minimizing area to first order in the
Brian White sense (see [58]). As a consequence, we prove that if Ω is
strongly convex at every point of ∂Ω, the boundary datum g is an element
of R1

0(∂Ω,N) and g ∈ C1(∂Ω \ S(g),N), then S∗ ∩ ∂Ω = S(g), where S∗
is the energy concentration set supporting the varifold and S(g) is the
singular set of g.

We begin by establishing the boundary stress-energy tensor identity.
For convenience, if U ⊂ R3 is open, we define for u ∈ W 1,p(U,Rν) the
map T p

u : U → R3 ⊗ R3 by

(3.7.26) T p
u =

|Du|p

p
Id− Du⊗Du

|Du|2−p
,
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196 Chapter 3: Limiting behavior of p-harmonic maps in 3d

where Du⊗Du = (Du)TDu. If U is a bounded Lipschitz domain and u
is a minimizing p-harmonic map in U , we have div(T p

u ) = 0 in D ′(U,R3)
(see (3.2.33)).

Proposition 3.7.11. Let Ω ⊂ R3 be a bounded domain of class C2, x0 ∈
∂Ω, r > 0 be fairly small and p ∈ [1,+∞). If u ∈W 1,p(Ω ∩B3

r (x0),R
ν)

satisfies div(T p
u ) = 0 in D ′(Ω ∩ B3

r (x0),R
3) and if Du is continuous at

every point of ∂Ω ∩B3
r (x0), then for each ξ ∈ C1

c (B
3
r (x0),R

3),

(3.7.27)
ˆ
Ω∩B3

r (x0)
T p
u : Dξ dx =

ˆ
∂Ω∩B3

r (x0)
⟨ν, T p

u [ξ]⟩ dH2,

where ν ∈ C1(∂Ω,S2) stands for the outward pointing unit normal vector
field to ∂Ω.

Proof. To lighten the notation, denote B = B3
r (x0). Observe that ∂Ω

is a 2-dimensional compact Riemannian manifold of class C2 without
boundary. Hence there exists r0 = r0(∂Ω) > 0 such that the function
f(x) = dist(x, ∂Ω), x ∈ Ω is of class C1 in V = {x ∈ Ω : dist(x, ∂Ω) < r0}
(see [30, Theorem 4.12]) and, furthermore, |Df(x)| = 1 for x ∈ V (see
[30, 4.8 (5), 4.8 (3)]). Let us fix a sufficiently small ε > 0 and define

gε(t) =

{
1 if t ∈ [ε,+∞)
t
ε if t ∈ [0, ε].

Since gε is a Lipschitz function on [0,+∞), for each ξ ∈ W 1,∞
0 (B,R3),

it is clear that the function φε(x) := gε(f(x))ξ(x) is an element of
W 1,∞

0 (Ω∩B,R3). Since div(T p
u ) = 0 in D ′(Ω∩B,R3), u ∈W 1,p(Ω∩B,Rν)

and Du is continuous at every point of ∂Ω ∩ B, by approximation, we
have

´
Ω∩B T

p
u : Dξ dx = 0 for each ξ ∈ W 1,∞

0 (Ω ∩ B,R3). Thus, using
the function φε as a test function in the weak formulation of div(T p

u ) = 0,
we get

0 =

ˆ
Ω∩B

T p
u : gε(f)Dξ dx+

ˆ
Ω∩B

⟨D(gε(f)), T
p
u [ξ]⟩ dx

=

ˆ
Ω∩B

T p
u : gε(f)Dξ dx+

ˆ
Ω∩B

⟨g′ε(f)Df, T p
u [ξ]⟩ dx.

Letting ε↘ 0 and using the Lebesgue dominated convergence theorem,
we have

ˆ
Ω∩B

T p
u : gε(f)Dξ dx→

ˆ
Ω∩B

T p
u : Dξ dx.(3.7.28)
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3.7. Analysis up to the boundary 197

On the other hand, using the coarea formula (see [31, Thm 3.2.22 (3)]),
the fact that |Df | = 1 in V and changing the variables, we get

ˆ
Ω∩B

⟨g′ε(f)Df, T p
u [ξ]⟩ dx (3.7.29)

=
1

ε

ˆ ε

0
dt

ˆ
{f=t}∩B

⟨Df(σ), T p
u [ξ](σ)⟩ dH2(σ)

=
1

ε

ˆ ε

0
dt

ˆ
∂Ω∩B

⟨Df(y − tν(y)), T p
u [ξ](y)⟩ dH2(y) + o(1)ε↘0

→ −
ˆ
∂Ω∩B

⟨ν, T p
u [ξ]⟩ dH2,

as ε↘ 0. In fact, since u ∈W 1,p(Ω ∩B,Rν), Du is continuous at every
point of ∂Ω∩B, ξ ∈ C1

c (B,R
3) and Df(y− tν(y)) → −ν(y) as t↘ 0 for

each y ∈ ∂Ω, the function

r ∈ (0, a] 7→ Ψ(r) :=

ˆ a

0
dt

ˆ
∂Ω∩B

⟨Df(y − tν(y)), T p
u [ξ](y)⟩ dH2(y),

where a > 0 is fairly small, has the right derivative at 0 equal to
Ψ′(0+) = −

´
∂Ω∩B⟨ν, T

p
u [ξ]⟩ dH2. Combining (3.7.28) and (3.7.29), we

deduce the desired stress-energy identity, which completes our proof of
Proposition 3.7.11.

Now we deduce the normal boundary estimate.

Proposition 3.7.12. Let Ω ⊂ R3 be a bounded domain of class C2,
x0 ∈ ∂Ω, r > 0 be fairly small and p ∈ (1, 2]. Let K ⋐ ∂Ω ∩ B3

r (x0)
be relatively open. If u ∈ W 1,p(Ω ∩ B3

r (x0),R
ν) satisfies div(T p

u ) = 0 in
D ′(Ω∩B3

r (x0),R
3) and if Du is continuous at every point of ∂Ω∩B3

r (x0),
then

(3.7.30)
ˆ
K
|Du|p dH2

≤ C

p− 1

(ˆ
Ω∩B3

r (x0)

|Du|p

p
dx+

ˆ
∂Ω∩B3

r (x0)

|D⊤u|p

p
dH2

)
,

where C = C(K) > 0.

To prove Proposition 3.7.12, we need the next estimate.

Lemma 3.7.13. Let Ω ⊂ R3 be a bounded domain of class C2, x0 ∈ ∂Ω,
r > 0 be fairly small and p ∈ [1, 2]. Let u ∈W 1,p(Ω∩B3

r (x0),R
ν) and Du
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198 Chapter 3: Limiting behavior of p-harmonic maps in 3d

be continuous at every point of ∂Ω∩B3
r (x0). Then the following estimate

holds

(3.7.31) (p− 1)|D⊥u|p ≤ −p⟨ν, T p
u [ν]⟩+ (3− p)|D⊤u|p

on ∂Ω ∩B3
r (x0), where ν ∈ C1(∂Ω,S2) stands for the outward pointing

unit normal vector field to ∂Ω.

Proof. Applying successively Young’s inequality for products, the defini-
tion of the stress-energy tensor T p

u and the subadditivity of the function
t ∈ (0,∞) 7→ tp/2, we have

|D⊥u|p = |D⊥u|p|Du|
p(p−2)

2 |Du|
p(2−p)

2

≤ p

2
|D⊥u|2|Du|p−2 +

2− p

2
|Du|p

= −p
2

(
|Du|p

p
− |D⊥u|2

|Du|2−p

)
+

3− p

2
|Du|p

= −p
2
⟨ν, T p

u [ν]⟩+
3− p

2
(|D⊤u|2 + |D⊥u|2)

p
2

≤ −p
2
⟨ν, T p

u [ν]⟩+
3− p

2
(|D⊤u|p + |D⊥u|p),

which yields (3.7.31) by rearranging the terms.

Proof of Proposition 3.7.12. Let θ ∈ C1(∂Ω,R) be such that θ = 1 on
K, 0 ≤ θ ≤ 1 and θ = 0 in ∂Ω \ B3

r (x0). Fix ξ ∈ C1
c (B

3
r (x0),R

3) such
that ξ = θν on ∂Ω. Applying Proposition 3.7.11 and using the Cauchy-
Schwarz inequality, and also the facts that |Id| =

√
3, |Du⊗Du| = |Du|2,

we get ∣∣∣∣∣
ˆ
∂Ω∩B3

r (x0)
θ⟨ν, T p

u [ν]⟩ dH2

∣∣∣∣∣ (3.7.32)

=

∣∣∣∣∣
ˆ
Ω∩B3

r (x0)
T p
u : Dξ dx

∣∣∣∣∣
=

∣∣∣∣∣
ˆ
Ω∩B3

r (x0)

(
|Du|p

p
Id− Du⊗Du

|Du|2−p

)
: Dξ dx

∣∣∣∣∣
≤
ˆ
Ω∩B3

r (x0)

(√
3

p
+ 1

)
|Du|p|Dξ| dx

≤ (2 +
√
3)∥Dξ∥L∞(B3

r (x0),R3⊗R3)

ˆ
Ω∩B3

r (x0)

|Du|p

p
dx.
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Setting E = {x ∈ ∂Ω∩B3
r (x0) : (p− 1)|D⊥u(x)|2 ≥ |D⊤u(x)|2}, observe

that −⟨ν, T p
u [ν]⟩ ≥ 0 on E and hence

(3.7.33) − p

p− 1

ˆ
K∩E

⟨ν, T p
u [ν]⟩ dH2 ≤ − p

p− 1

ˆ
E
θ⟨ν, T p

u [ν]⟩ dH2,

where we have used that K ⋐ ∂Ω ∩B3
r (x0), θ = 1 on K and 0 ≤ θ ≤ 1.

On the other hand, on (∂Ω ∩B3
r (x0)) \ E it holds

(3.7.34) 0 ≤ ⟨ν, T p
u [ν]⟩ = |Du|p−2

(
|D⊤u|2 + |D⊥u|2

p
− |D⊥u|2

)
≤ |D⊤u|p−2

(
|D⊤u|2 + (p− 1)|D⊥u|2

p

)
≤ 2

p
|D⊤u|p.

Hereinafter in this proof, C denotes an absolute positive constant that
can be different from line to line. Using Lemma 3.7.13, the estimates
(3.7.32), (3.7.33) and (3.7.34), we deduce the following chain of estimatesˆ

K
|Du|p dH2 ≤

ˆ
K
(|D⊤u|p + |D⊥u|p) dH2

≤ − p

p− 1

ˆ
K
⟨ν, T p

u [ν]⟩ dH2 +
C

p− 1

ˆ
K

|D⊤u|p

p
dH2

≤ − p

p− 1

ˆ
∂Ω∩B3

r (x0)
θ⟨ν, T p

u [ν]⟩ dH2

+
C

p− 1

ˆ
∂Ω∩B3

r (x0)

|D⊤u|p

p
dH2

≤ C

p− 1

(
∥Dξ∥∞

ˆ
Ω∩B3

r (x0)

|Du|p

p
dx+

ˆ
∂Ω∩B3

r (x0)

|D⊤u|p

p
dH2

)
,

which completes our proof of Proposition 3.7.12.

Next, we analyze the boundary and inward perturbations for the limit
stress-energy tensor, and we prove that the set supporting the associated
varifold to this tensor is minimizing area to first order in the Brian White
sense. First, we analyze the boundary perturbations.

Proposition 3.7.14. Let Ω ⊂ R3 be a bounded domain of class C2, x0 ∈
∂Ω, r > 0 be fairly small and p ∈ [1,+∞). If u ∈W 1,p(Ω ∩B3

r (x0),R
ν)

satisfies div(T p
u ) = 0 in D ′(Ω ∩ B3

r (x0),R
3) and if Du is continuous at

every point of ∂Ω ∩B3
r (x0), then for each ξ ∈ C1

c (B
3
r (x0),R

3),

(3.7.35)
∣∣∣∣ˆ

Ω∩B3
r (x0)

T p
u : Dξ dx

∣∣∣∣
≤
(
1 +

1

p

)
∥ξ∥L∞(∂Ω∩B3

r (x0),R3)

ˆ
∂Ω∩B3

r (x0)
|Du|p dH2.
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Proof. Let ν ∈ C1(∂Ω,S2) be the outward pointing unit normal vector
field to ∂Ω and let ξ ∈ C1

c (B
3
r (x0),R

3). Applying the triangle and the
Cauchy-Schwarz inequalities, we have

|⟨ν, T p
u [ξ]⟩| ≤ (1 + 1/p)|Du|p|ξ|

on ∂Ω∩B3
r (x0). Using this estimate and Proposition 3.7.11, we complete

our proof of Proposition 3.7.14.

Proposition 3.7.15. Let Ω ⊂ R3 be a bounded domain of class C2, x0 ∈
∂Ω, r > 0 be fairly small, (pn)n∈N ⊂ [1, 2) and pn ↗ 2 as n→ +∞. Let
(un)n∈N be a sequence of mappings such that un ∈W 1,pn(Ω∩B3

r (x0),R
ν),

Dun be continuous at every point of ∂Ω ∩ B3
r (x0) and div(T pn

un ) = 0 in
D ′(Ω ∩ B3

r (x0),R
3). Assume also that (2 − pn)T

pn
un

∗
⇀ T∗ weakly* in

(C(Ω ∩B3
r (x0),M3(R)))′. If

(3.7.36) lim sup
n→+∞

(2− pn)

ˆ
Ω∩B3

r (x0)

|Dun|pn
pn

dx < +∞

and

(3.7.37) lim sup
n→+∞

(2− pn)

ˆ
∂Ω∩B3

r (x0)

|D⊤un|pn
pn

dH2 < +∞,

then there exists a constant C > 0 such that for each ξ ∈ C1
c (B

3
r (x0),R

3)
we have

(3.7.38)
∣∣∣∣ˆ

Ω∩B3
r (x0)

T∗ : Dξ dx

∣∣∣∣ ≤ C∥ξ∥L∞(∂Ω∩B3
r (x0),R3).

Proof. By the weak* convergence and the convexity, and also using
Proposition 3.7.12, Proposition 3.7.14 and the estimates (3.7.36), (3.7.37),
we obtain the following chain of estimates∣∣∣∣ˆ

Ω∩B3
r (x0)

T∗ : Dξ dx

∣∣∣∣ ≤ lim inf
n→+∞

∣∣∣∣(2− pn)

ˆ
Ω∩B3

r (x0)
T pn
un

: Dξ dx

∣∣∣∣
≤ lim sup

n→+∞
2∥ξ∥L∞(∂Ω∩B3

r (x0),R3)(2− pn)

ˆ
∂Ω∩B3

r (x0)
|Dun|pn dH2

≤ lim sup
n→+∞

C ′∥ξ∥L∞(∂Ω∩B3
r (x0),R3)(2− pn)×(ˆ

Ω∩B3
r (x0)

|Dun|pn
pn

dx+

ˆ
∂Ω∩B3

r (x0)

|D⊤un|pn
pn

dH2

)
≤ C∥ξ∥L∞(∂Ω∩B3

r (x0),R3),

where C ′, C > 0 are constants independent of ξ. This leads to (3.7.38)
and thereby completes our proof of Proposition 3.7.15.
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Now we analyze the inward perturbations.

Proposition 3.7.16. Let Ω ⊂ R3 be a bounded domain of class C2,
x0 ∈ ∂Ω, r > 0 be fairly small and p ∈ [1, 2]. If u ∈W 1,p(Ω∩B3

r (x0),R
ν)

satisfies div(T p
u ) = 0 in D ′(Ω ∩ B3

r (x0),R
3) and if Du is continuous at

every point of ∂Ω ∩B3
r (x0), then for each ξ ∈ C1

c (B
3
r (x0),R

3) such that
⟨ξ, ν⟩ ≤ 0 on ∂Ω ∩ B3

r (x0), where ν ∈ C1(∂Ω,S2) denotes the outward
pointing unit normal vector field to ∂Ω, we have
ˆ
Ω∩B3

r (x0)
T p
u : Dξ dx

≥ −∥ξ∥L∞(U,R3)

ˆ
U

(
(3− p)

|D⊤u|p

p
+ |D⊥u|p−1|D⊤u|

)
dH2,

where U = ∂Ω ∩B3
r (x0).

Proof. Using Lemma 3.7.13 and the fact that ⟨ξ, ν⟩ ≤ 0 on U , we deduce
that

⟨ν, T p
u [ξ]⟩ = ⟨ν, ξ⟩⟨ν, T p

u [ν]⟩ − |Du|p−2⟨Du[ξ − ⟨ν, ξ⟩ν], Du[ν]⟩

≥ ⟨ν, ξ⟩
(
1− p

p

)
|D⊥u|p + ⟨ν, ξ⟩

(
3− p

p

)
|D⊤u|p

− ∥ξ∥L∞(U,R3)|D⊥u|p−1|D⊤u|

≥ −∥ξ∥L∞(U,R3)

(
3− p

p

)
|D⊤u|p − ∥ξ∥L∞(U,R3)|D⊥u|p−1|D⊤u|.

The conclusion then follows from Proposition 3.7.11.

The next proposition says that the set supporting the varifold asso-
ciated to the tensor T∗ of Proposition 3.7.15 is minimizing area to first
order in the Brian White sense (see [58]).

Proposition 3.7.17. Let Ω ⊂ R3 be a bounded domain of class C2,
x0 ∈ ∂Ω and r > 0 be fairly small. Let (pn)n∈N, (un)n∈N and T∗ be as
in Proposition 3.7.15. Let ν ∈ C1(∂Ω,S2) be the outward pointing unit
normal vector field to ∂Ω. Assume that

(3.7.39) lim
n→+∞

(2− pn)

ˆ
∂Ω∩B3

r (x0)

|D⊤un|pn
pn

dH2 = 0.

Then for each ξ ∈ C1
c (B

3
r (x0),R

3) such that ⟨ξ, ν⟩ ≤ 0 on ∂Ω ∩B3
r (x0),ˆ

Ω∩B3
r (x0)

T∗ : Dξ dx ≥ 0.
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202 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Proof. Set U = ∂Ω ∩B3
r (x0). Taking into account (3.7.36), (3.7.37) and

Proposition 3.7.12, we get

(3.7.40) A := lim sup
n→+∞

(2− pn)

ˆ
U
|Dun|pn dH2 < +∞.

Next, using Proposition 3.7.16, Hölder’s inequality, (3.7.40) and (3.7.39),
we deduce thatˆ

Ω∩B3
r (x0)

T∗ : Dξ dx ≥ −∥ξ∥L∞(U,R3) lim sup
n→+∞

(2− pn)

ˆ
U

|D⊤un|pn
pn

dH2

−∥ξ∥L∞(U,R3) lim sup
n→+∞

(2− pn)∥Dun∥
1− 1

pn

Lpn (U,Rν⊗R3)
∥D⊤un∥Lpn (U,Rν⊗R3)

≥ −∥ξ∥L∞(U,R3)A
1
2

(
lim sup
n→+∞

(2− pn)

ˆ
U

|D⊤un|pn
pn

dH2

) 1
2

= 0,

which completes our proof of Proposition 3.7.17.

We shall say that Ω is strongly convex at a point x0 ∈ ∂Ω whenever
the two principal curvatures of ∂Ω at x0, with respect to the inward
pointing unit normal vector to ∂Ω at x0, are positive. If Ω is convex and
∂Ω has the second fundamental form that is positive semidefinite with
respect to the inward pointing unit normal vector field to ∂Ω, then Ω is
strongly convex at x0 ∈ ∂Ω whenever the Gaussian curvature of ∂Ω is
positive at x0.

As a result of our analysis in this subsection, we obtain the next
boundary repulsion property.

Theorem 3.7.18. Let Ω ⊂ R3 be a bounded domain of class C2 such
that Ω is strongly convex at every point of ∂Ω. Let g ∈ R1

0(∂Ω,N)
be such that g ∈ C1(∂Ω \ S(g),N). Let (pn)n∈N ⊂ [1, 2), pn ↗ 2 as
n → +∞ and (un)n∈N be a sequence of pn-minimizers in Ω such that
for each n ∈ N, tr∂Ω(un) = g. Assume that for each n ∈ N, Dun is
continuous on ∂Ω \ S(g). Then there exists µ∗ ∈ (C(Ω))′ such that, up to
a subsequence, (3.5.2) holds. Moreover, S∗ lies in the convex hull of S(g)
and S∗ ∩ ∂Ω = S(g), where S∗ is the support of µ∗.

Remark 3.7.19. According to [35], every p-minimizer u in Ω is locally
C1,α regular in Ω\S(u) for some relatively closed subset S(u) of Ω which
has Hausdorff dimension at most 1 when p ∈ (1, 2]. Furthermore, p-
minimizers with smooth boundary values on smooth domains are Hölder
continues near the boundary and, in view of [54], it is reasonable to
assume that they are C1 regular near the boundary. In Theorem 3.7.18,
we assume that the gradient of a p-minimizer is continuous on a portion
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3.7. Analysis up to the boundary 203

of the boundary, where the boundary datum is smooth. This assumption
is significantly less demanding than the assumption that the minimizer is
C1 regular outside the union of its singular set with the singular set of
the boundary datum.

Proof of Theorem 3.7.18. Using Proposition 3.2.21, the fact that g ∈
R1
0(∂Ω,N) ⊂W 1/2,2(∂Ω,N) and the Banach-Alaoglu theorem, we obtain

µ∗ ∈ (C(Ω))′ such that, up to a subsequence, (3.5.2) holds. Fix an
arbitrary point x0 ∈ ∂Ω \ S(g) and a fairly small r > 0 such that
B3

r(x0) ∩ S(g) = ∅. In view of Proposition 3.2.21, the fact that g ∈
W 1/2,2(∂Ω,N) and Lemma 3.7.8, (3.7.36) and (3.7.37) hold. Then, taking
into account (3.5.7), Proposition 3.2.21 and using the Banach-Alaoglu
theorem, we deduce that there exists T∗ ∈ (C0(Ω ∩B3

r (x0),M3(R)))′ such
that, up to a subsequence (still denoted by the same index), (2−pn)T pn

un

∗
⇀

T∗ weakly* in (C0(Ω ∩B3
r (x0),M3(R)))′. Keeping the same notation,

let us define T∗(·) = T∗(· ∩ Ω ∩ B3
r (x0)) ∈ (C0(B

3
r (x0),M3(R)))′. By

Proposition 3.7.15, div(T∗) ∈ (C0(B
3
r (x0),R

3))′. Then, according to [6,
Proposition 3.1], there exists an H1-rectifiable set R ⊂ B3

r (x0) ∩Ω and a
map λ ∈ L∞(R,M3(R)) satisfying the following conditions. For H1-a.e.
x0 ∈ R, |λ(x0)| = 1, λ(x0) ∈ G(3, 1) is the orthogonal projection matrix
onto Tx0R such that T∗ {Θ∗

1(|T∗|) > 0}(dx) = Θ∗
1(|T∗|, x)λ(x)H1 R(dx),

where Tx0R is the approximate tangent plane to R at x0. One has
that |T∗| = µ∗, Θ∗

1(|T∗|) = Θ1(µ∗) and R = S∗ ∩ B3
r (x0) (we refer the

reader to the proof of Proposition 3.5.8). In particular, we deduce that
V∗(dA, dx) = δλ∗(x)(dA)⊗ |T∗|(dx) is a 1-dimensional rectifiable varifold
(see [2, 27]). Since g ∈ C1(∂Ω ∩B3

r (x0),N), (un)n∈N fulfill the condition
(3.7.39) of Proposition 3.7.17, which says that V∗ is minimizing area to
first order in (Ω ∩ B3

r (x0)) ∪ (∂Ω ∩ B3
r (x0)) in the Brian White sense

(see [58]). Then, by [58, Theorem 1], x0 ̸∈ S∗. Thus, S∗ ∩ ∂Ω ⊂ S(g).
Denote by E the convex hull of S(g). By contradiction, assume that
S∗ ∩ (Ω \ E) ̸= ∅. Then, since S∗ ∩ ∂Ω ⊂ S(g), the set M of points
x0 ∈ S∗ such that dist(x0, E) = max{dist(x,E) : x ∈ S∗} is a subset of
Ω \E. Fix a point x0 ∈M such that the segments of S∗ emanating from
x0 do not lie in the same plane. Then these segments lie in the same
half-space (lying under a 2-plane parallel to some face of E) and form a
vertex, which cannot happen in view of the stationarity of the varifold
coming from Proposition 3.5.8 (see Corollary 3.5.19). Therefore, S∗ ⊂ E.

Next, let us prove that S(g) ⊂ S∗ ∩ ∂Ω. Using Corollary 3.7.7
and the fact that S∗ ∩ ∂Ω ⊂ S(g), for all fairly small δ > 0, we have
tr∂Ω\Sδ

g
(u∗) = g|Sδ

g
, where u∗ is a map coming from Corollary 3.7.7 and

Sδ
g = {x ∈ ∂Ω : dist(x, S(g)) ≥ δ}. For each a ∈ S(g), denoting by
∂B∂Ω

ϱ (a) the boundary of the geodesic ball in ∂Ω with center a and
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204 Chapter 3: Limiting behavior of p-harmonic maps in 3d

radius ϱ > 0, we know that u∗|∂B∂Ω
ϱ (a) = g|∂B∂Ω

ϱ (a) is not nullhomotopic
for each sufficiently small ϱ > 0. This, together with the fact that
S∗ ⊂ E and Corollary 3.5.18, implies that a ∈ S∗ ∩ ∂Ω and hence
S(g) ⊂ S∗ ∩ ∂Ω. Therefore, S∗ ∩ ∂Ω = S(g), which completes our proof
of Theorem 3.7.18.

3.7.5 Structure of the singular set and the limit measure

Theorem 3.7.20. Let Ω, g, S(g), (un)n∈N, µ∗ and S∗ be as in The-
orem 3.7.18. Let u∗ be the map of Proposition 3.5.6 being an element
of W 1,2

loc (Ω \ S∗,N). Then S∗ is a finite union of finite chains of seg-
ments connecting the points of S(g) and lying in the convex hull of S(g).
More precisely, there exists a finite set of segments L1, . . . , Ln ⊂ Ω such
that S∗ =

⋃n
i=1 Li and u∗ ∈ C∞(Ω \ (

⋃n
i=1 Li ∪ S0),N), where S0 is

a locally finite subset of Ω \
⋃n

i=1 Li. If x is a point inside Li, then
Θ1(µ∗, x) = E

sg
2 ([u∗|∂D]) =: λi, where D is a closed 2-disk in Ω such that

D ∩ S∗ = {x}, ∂D ∩ S0 = ∅ and x is an interior point of D. If x is a
branching point of S∗, namely there exists Li1 , . . . , Lik emanating from
x, then

∑k
j=1 λijvij = 0, where vij is the unit direction vector of Lij

pointing from x. Furthermore, µ∗ =
∑n

i=1 λiH
1 Li. Finally, for each

i ∈ {1, . . . , n}, each endpoint of Li is either a branching point of S∗ lying
in Ω or it belongs to S(g). If x is an endpoint of some Li lying in S(g),
then [g|∂Dx ] = [u∗|∂D], where Dx is the geodesic disk on ∂Ω with center
x and lying far from S(g) \ {x}, and D is a closed 2-disk in Ω centered
inside Li with ∂D lying outside the convex hull of S(g) and outside of S0.

Proof. Denote by E the convex hull of S(g). The fact that S∗ ⊂ E comes
from Theorem 3.7.18. Fix an arbitrary x0 ∈ S(g). Further in this proof,
the center of each ball and sphere is at x0. In view of (3.5.1), for each
r0 > 0,

lim sup
n→+∞

(2− pn)

ˆ
B3

r0
∩Ω

|Dun|pn
pn

dx < +∞.

Then, up to extracting a subsequence (not relabeled) and using the coarea
formula, together with the Fatou lemma, we deduce that tr∂B3

r∩Ω(un) =
un|∂B3

r∩Ω ∈W 1,pn(∂B3
r ∩ Ω,N) and

lim sup
n→+∞

(2− pn)

ˆ
∂B3

r∩Ω

|Dun|pn
pn

dH2 < +∞

for H1-a.e. r ∈ (0, r0]. Let r0 > 0 be small enough so that B3
r0 does

not contain any point of S(g) except of x0. Furthermore, by virtue of
Proposition 3.5.17 and the fact that S∗ ⊂ E, we can also assume that

204



3.7. Analysis up to the boundary 205

∂B3
r0 does not contain any branching point of S∗. Next, we recall that

µ∗ Ω(dx) = Θ1(x)H
1 (S∗ ∩Ω)(dx), where the density Θ1 is defined in

(3.5.5). For each r ∈ (0, r0], define M(r) =
´
S∗∩∂B3

r
Θ1(x) dH

0(x), where
H0 denotes the 0-dimensional Hausdorff measure in R3, namely, for a
discrete set of points X ⊂ R3, H0(X) = #X (the cardinality of X). In
view of Lemma 3.2.8, Proposition 3.5.16, Proposition 3.5.17 and the fact
that S∗ ⊂ E, M is a bounded from below piecewise constant function
with a discrete set of values. Indeed, there exists an at most countable
collection of intervals {(ai, bi] : i ∈ N ∩ [0, i0]}, where i0 ∈ N ∪ {+∞},
such that b0 = r0, (0, r0] =

⋃i0
i=0(ai, bi] and for each i ∈ N ∩ [0, i0]: M

is constant on (ai, bi); ai = bi+1; for each r ∈ (ai, bi), ∂B3
r does not

meet any branching point of S∗; ∂B3
ai meets a branching point of S∗.

By definition of r0, M is constant on (a0, b0]. Notice that, by the upper
semicontinuity of Θ1 (see, for instance, [3, 2(8)]) and Corollary 3.5.18,
for each i ∈ N ∩ [0, i0] and x ∈ (ai, bi) ∪ (ai+1, bi+1), M(x) ≤ M(bi).
Also, taking into account Proposition 3.5.17 and the facts that S∗ ⊂ E,
E ∩ ∂Ω = S(g) (since Ω is strongly convex at every point of ∂Ω), we
observe that µ∗(∂(B3

r ∩ Ω)) = 0 for each r ∈ (0, r0]. This, together with
the weak* convergence of µn to µ∗ (see (3.5.2)), implies that for each
i ∈ N ∩ [0, i0],

µn((B
3
bi
\B3

ai) ∩ Ω)− µ∗((B
3
bi
\B3

ai) ∩ Ω)

=

ˆ bi

ai

dr

(
(2− pn)

ˆ
∂B3

r∩Ω

|Dun|pn
pn

dH2 −M(r)

)
→ 0

as n→ +∞, where we have used the coarea formula. Applying the Fatou
lemma, up to a subsequence (not relabeled), we get

(3.7.41)
ˆ bi

ai

dr

(
lim sup
n→+∞

(2− pn)

ˆ
∂B3

r∩Ω

|Dun|pn
pn

dH2 −M(r)

)
≤ 0.

Fix an arbitrary i ∈ N ∩ [0, i0]. Then either for H1-a.e. r ∈ [ai, bi],

(3.7.42) lim sup
n→+∞

(2− pn)

ˆ
∂B3

r∩Ω

|Dun|pn
pn

dH2 ≥M(r),

or there exists a set I ⊂ [ai, bi] of positive H1-measure such that for each
r ∈ I, (3.7.42) does not hold. In the case when (3.7.42) holds for H1-a.e.
r ∈ [ai, bi], according to (3.7.41), we have

lim sup
n→+∞

(2− pn)

ˆ
∂B3

r∩Ω

|Dun|pn
pn

dH2 =M(r)

for H1-a.e. r ∈ [ai, bi].
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Thus, there exists r ∈ (ai, bi) such that tr∂B3
r∩Ω(un) = un|∂B3

r∩Ω ∈
W 1,pn(∂B3

r ∩ Ω,N) for each n and

(3.7.43) lim sup
n→+∞

(2− pn)

ˆ
∂B3

r∩Ω

|Dun|pn
pn

dH2 ≤M(r).

Next, we construct a competitor vn for un. Define vn = un in Ω\B3
r . For

each x in the cone K = {x ∈ B3
r ∩Ω : (x0+r(x−x0)/|x−x0|) ∈ ∂B3

r ∩Ω},
set

(3.7.44) vn(x) = tr∂B3
r∩Ω

(un)

(
x0 +

r(x− x0)

|x− x0|

)
.

In the region V = (B3
r ∩ Ω) \K, we define vn by homotopy, using [12,

Theorem 2]. More precisely, fix a point x ∈ V and consider a 2-plane
passing through x, which is orthogonal to the axis of the cone K. The
intersection of this 2-plane with V is an annulus whose boundary consists
of two curves γ1 ⊂ ∂Ω and γ2 ⊂ ∂K. By definition, g|γ1 is continuously
homotopic to vn|γ2 . Then, by [12, Theorem 2], on this annulus there
exists a W 1,2 map with values in N and with boundary values g|γ1 and
vn|γ2 on γ1 and γ2, respectively. Observe that the set of values of vn|γ2
coincides with the set of values of g|∂B3

r∩∂Ω. Continuing this process,
namely filling V , we obtain a map vn|V such that vn|V ∈W 1,2(V \B3

δ ,N)
for each δ ∈ (0, r) and

(3.7.45) lim sup
n→+∞

(2− pn)

ˆ
V

|D(vn|V )|pn
pn

dx = 0,

which is possible due to the fact that g ∈ R1
0(∂Ω,N) (see Lemma 3.7.8),

since the pn-energy of vn|V in V ∩B3
δ is of order δ/(2− pn) for δ ∈ (0, r).

Thus, we have constructed a competitor vn for un.
Next, again by the weak* convergence of µn to µ∗ and the fact that

µ∗(∂(B
3
r ∩ Ω)) = 0, we have

(3.7.46)
ˆ r

0
M(ϱ) dϱ = µ∗(B

3
r ∩ Ω) = lim

n→+∞
(2− pn)

ˆ
B3

r∩Ω

|Dun|pn
pn

dx.

Since vn is a competitor for un, vn = un in Ω\B3
r , using (3.7.43), (3.7.44),

(3.7.45) and (3.7.46), we deduce that
ˆ r

0
M(ϱ) dϱ ≤ lim sup

n→+∞
(2− pn)

ˆ
K

|Dvn|pn
pn

dx

≤ lim sup
n→+∞

ˆ r

0
ϱ2−pn dϱ (2− pn)

ˆ
∂B3

r∩Ω

|D⊤un|pn
pn

dH2

≤ rM(r),

(3.7.47)
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where we have also used that pn ↗ 2 and |D⊤un| ≤ |Dun|. We can choose
i ∈ N∩ [0, i0] and r > 0 so that, apart from (3.7.47), M(r) is the minimal
value of M on (0, r0]. In fact, since M is bounded from below and has a
discrete set of values, it achieves its minimum at every point of the interval
(ai, bi) for some i ∈ N ∩ [0, i0] (notice that it can achieve the minimum at
ai or bi, but in this case it achieves its minimum at every point of (ai, bi),
since M(x) ≤ min{M(ai),M(bi)} as was observed earlier). Thus, taking
such i ∈ N ∩ [0, i0] and r ∈ (ai, bi), it holds M =M(r) on (0, r], because
otherwise (3.7.47) would not hold. Then, since M has a discrete set of
values, there exists a bounded set J ⊂ N such that for each ϱ ∈ (0, r],
the number of branching points of S∗ ∩ ∂B3

ϱ belongs to J . This, together
with the stationarity of the associated varifold V∗ (see Corollary 3.5.19),
implies that the only possible situation describing S∗∩B3

r is when S∗∩B3
r

is the union of closed straight line segments connecting the points of
S∗ ∩ ∂B3

r with x0 and whose relative interiors are mutually disjoint.
We complete our proof of Theorem 3.7.20 using Prop. 3.5.6, 3.5.17,

Cor. 3.5.18, 3.5.19, 3.7.7 and Thm 3.7.18.

The next corollary is a direct consequence of Theorem 3.7.20, so we
omit its proof.

Corollary 3.7.21. If the set S(g) of Theorem 3.7.20 lies in a 2-plane,
then S∗ is the segment connecting the points of S(g) if S(g) has only two
points, is contained in the triangle with vertices from S(g) if S(g) has
only three points and is contained in the polygon with vertices from S(g)
if S(g) has more than four points.

We provide a revised version of Corollary 3.7.21 for the case when
S(g) has only two points, also without proof.

Corollary 3.7.22. Let Ω, g and (un)n∈N be as in Theorem 3.7.18. Let
S(g) = {a, b}. Then S∗ = [a, b] and for each x ∈ (a, b), Θ1(µ∗, x) =
E
sg
2 ([g|∂Da ]) = E

sg
2 ([g|∂Db

]), where for z ∈ {a, b}, Dz is a geodesic (closed)
disk in ∂Ω with center z, not containing b if z = a and a if z = b.
Furthermore, µ∗ = E

sg
2 ([g|∂Da ])H

1 [a, b].

3.7.6 Minimality of the singular set

Now we prove the global minimality of S∗.

Proposition 3.7.23. Let Ω, g, S(g), (un)n∈N, S∗ and µ∗ be as in
Theorem 3.7.18. Let u∗ be the map of Proposition 3.5.6 being an element
of W 1,2

loc (Ω \ S∗,N). Then S∗ ∈ C (Ω, g) and for each S ∈ C (Ω, g),

µ∗(S∗) = M(g, S∗) ≤ M(g, S).
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Proof. According to Theorem 3.7.20, S∗ ∈ C (Ω, g) (see Definition 3.6.1).
Let S ∈ C (Ω, g). By reproducing the Step 2 of the proof of Proposi-
tion 3.6.4, we obtain a sequence of competitors vn ∈W 1,pn(Ω,N) for un
such that

(3.7.48) lim sup
n→+∞

(2− pn)

ˆ
Ω

|Dvn|pn
pn

dx ≤ M(g, S),

such reproduction is possible thanks to Lemma 3.7.8. By Theorem 3.7.20
and Definition 3.6.3, µ∗(S∗) = M(g, S∗). Using this, (3.5.2), the fact that
vn is a competitor for un and (3.7.48), we obtain

M(g, S∗) = lim
n→+∞

(2− pn)

ˆ
Ω

|Dun|pn
pn

dx

≤ lim sup
n→+∞

(2− pn)

ˆ
Ω

|Dvn|pn
pn

dx ≤ M(g, S),

which completes our proof of Proposition 3.7.23.

For convenience, we provide the definition of a minimal connection.

Definition 3.7.24. A minimal connection of a set {a1, . . . , a2n} ⊂ R3 is
a union S of mutually disjoint closed segments, each of which connects
two points from {a1, . . . , a2n} so that the sum of the lengths of these
segments is minimal among all possible such connections.

Proposition 3.7.25. Let Ω, g, S(g), S∗ be as in Theorem 3.7.18, S(g) ̸= ∅
and π1(N) ≃ Z/2Z. Then S(g) has an even number of elements and S∗
is a minimal connection of S(g) in the sense of Definition 3.7.24.

Proof. First, notice that #S(g) is even, because otherwise, using the fact
that π1(N) ≃ Z/2Z, we would obtain a map which is not nullhomotopic,
but having zero degree, which is a contradiction. Next, in view of
Corollary 3.6.8 and Theorem 3.7.20, S∗ is a finite union of segments
whose relative interiors are mutually disjoint, and each of these segments
connects two points from S(g). Let S be a union of mutually disjoint
closed segments, each of which connects two points from S(g). Then,
according to Proposition 3.6.6 and Definition 3.6.1, S ∈ C (Ω, g). By
Proposition 3.7.23,

M(g, S∗) ≤ M(g, S).

Since π1(N) has only one nontrivial element, the above estimate im-
plies that S∗ ∈ C (Ω, g) is a minimal connection of S(g) in the sense of
Definition 3.7.24. This completes our proof of Proposition 3.7.25.
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3.7.7 Proof of Theorem 3.1.2

Finally, we prove our second main theorem.

Proof of Theorem 3.1.2. The proof follows from Propositions 3.7.9, 3.7.23
and Theorem 3.7.20.

A Auxiliary results

We provide a proof of the following lemma leading to Corollary A.2, which
was used in the proofs of Lemmas 3.2.13, 3.2.15.

Lemma A.1. Let m ∈ N \ {0, 1}, p ∈ (1,+∞) and U ⊂ Rm−1 be open
and convex. Let φ : U → Rm be a bilipschitz mapping and E = φ(U).
Then there exists a constant C = C(m) > 0 such that for every u ∈
W 1,p(E,Rk),

(A.1) |u|p
W 1−1/p,p(E)

≤ 2p

p− 1
L4m−5+2pC∥u∥Lp(E) ∥D⊤u∥p−1

Lp(E)

and

(A.2) |u|p
W 1−1/p,p(E)

≤ 2pL2m−3+pC
( 2

diam(U)

)p−1
∥u∥pLp(E)

+ L4m−5+2pC
(diam(U)

2

)
∥D⊤u∥pLp(E),

where |u|p
W 1−1/p,p(E)

denotes the integral

ˆ
E

ˆ
E

|u(y)− u(x)|p

|y − x|m−2+p
dHm−1(y) dHm−1(x)

and L > 0 is a bilipschitz constant of φ.

Proof. Let ∥D⊤u∥Lp(E) > 0, because otherwise (A.1) and (A.2) are
satisfied. According to [31, Theorem 3.2.5, p. 244], we have

(A.3) |u|p
W 1−1/p,p(E)

=

ˆ
U

ˆ
U

|u(φ(y))− u(φ(x))|p

|φ(y)− φ(x)|m−2+p
Jm−1(φ(y))Jm−1(φ(x)) dy dx,

where Jm−1 denotes the (m− 1)-dimensional Jacobian (see, for instance,
Section 3.2.1, p. 241 in [31]). We define for each δ > 0 the sets

Wδ = {(x, y) ∈ U2 : |y−x| ≥ δ} and Fδ = {(x, y) ∈ U2 : |y−x| < δ}.
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Then U2 = Wδ ∪ Fδ. Hereinafter in this proof, C denotes a positive
constant that can only depend on m and can be different from line to
line. We first prove (A.1). For each δ > 0,
¨

Wδ

|u(φ(y))− u(φ(x))|p

|φ(y)− φ(x)|m−2+p
Jm−1(φ(y))Jm−1(φ(x)) dy dx (A.4)

≤ 2p−1

¨
Wδ

|u(φ(y))|p + |u(φ(x))|p

|φ(y)− φ(x)|m−2+p
Jm−1(φ(y))Jm−1(φ(x)) dy dx

≤ 2p−1Lm−2+p

¨
Wδ

|u(φ(y))|p + |u(φ(x))|p

|y − x|m−2+p
Jm−1(φ(y))Jm−1(φ(x)) dy dx

≤ 2pL2m−3+p

ˆ
E
|u|p dHm−1

ˆ
Rm−1\Bm−1

δ

dz

|z|m−2+p

=
2pCL2m−3+p

(p− 1)δp−1

ˆ
E
|u|p dHm−1,

where we have used that φ is bilipschitz with the bilipschitz constant
L and [31, Theorem 3.2.5]. Next, using Jensen’s inequality, Fubini’s
theorem and the fact that φ is bilipschitz with the bilipschitz constant L,
we have¨

Fδ

|u(φ(y))− u(φ(x))|p

|φ(y)− φ(x)|m−2+p
Jm−1(φ(y))Jm−1(φ(x)) dy dx (A.5)

=

¨
Fδ

∣∣∣∣ˆ 1

0

∂

∂t
u(φ((1− t)x+ ty)) dt

∣∣∣∣p Jm−1(φ(y))Jm−1(φ(x))

|φ(y)− φ(x)|m−2+p
dy dx

≤ L4m−5+2p

ˆ 1

0
dt(¨

Fδ

|D⊤u(φ((1− t)x+ ty))|p|y − x|p

|y − x|m−2+p
Jm−1(φ((1− t)x+ ty)) dy dx

)

≤ L4m−5+2p

ˆ 1

0
dt(¨

Fδ

|D⊤u(φ((1− t)x+ ty))|p

|y − x|m−2
Jm−1(φ((1− t)x+ ty)) dy dx

)
.

Performing the change of variable z = (1− t)x+ ty in the integral with
respect to x, we have

(A.6)
¨

Fδ

|D⊤u(φ((1− t)x+ ty))|p

|y − x|m−2
Jm−1(φ((1− t)x+ ty)) dy dx

=
1

1− t

¨
F(1−t)δ

|D⊤u(φ(z))|p

|y − z|m−2
Jm−1(φ(z)) dy dz.

210



A. Auxiliary results 211

Therefore, integrating (A.6) with respect to t ∈ [0, 1], we get

ˆ 1

0

(¨
Fδ

|D⊤u(φ((1− t)x+ ty))|p

|y − x|m−2
Jm−1(φ((1− t)x+ ty)) dy dx

)
dt

=

ˆ 1

0

1

1− t

¨
F(1−t)δ

|D⊤u(φ(z))|p

|y − z|m−2
Jm−1(φ(z)) dy dz dt

≤
ˆ
E
|D⊤u|p dHm−1

ˆ 1

0

1

1− t

ˆ
Bm−1

(1−t)δ

1

|ξ|m−2
dξ dt

≤ Cδ

ˆ
E
|D⊤u|p dHm−1.

(A.7)

Then, taking δ > 0 such that

δ =
∥u∥Lp(E)

∥D⊤u∥Lp(E)
,

we obtain (A.1) from (A.3), (A.4), (A.5) and (A.7).
Next, we prove (A.2). Let us now choose δ = diam(U)/2. Then,

changing
´

Rm−1\Bm−1
δ

dz
|z|m−2+p to

´
Bm−1

2δ \Bm−1
δ

dz
|z|m−2+p and using that

1−(1/2)p−1

p−1 ≤ ln(2) in (A.4), we obtain

¨
Wδ

|u(φ(y))− u(φ(x))|p

|φ(y)− φ(x)|m−2+p
Jm−1(φ(y))Jm−1(φ(x)) dy dx

≤ 2p ln(2)L2m−3+pC

(
1

δ

)p−1 ˆ
E
|u|p dHm−1,

which, together with (A.7), implies (A.2). This completes our proof of
Lemma A.1.

Corollary A.2. Let p ∈ (1, 2]. Then there exists a constant C = C(m) >
0 such that for every u ∈W 1,p(∂Bm

r (x0),Rk),

(A.8) |u|p
W 1−1/p,p(∂Bm

r (x0))
≤ Cr∥D⊤u∥pLp(∂Bm

r (x0))
.

Furthermore, if Y is a compact Riemannian manifold, which is iso-
metrically embedded into Rk, p ∈ [p0, 2] for some p0 ∈ (1, 2] and
u ∈W 1,p(∂Bm

r (x0),Y), then there exists a constant C = C(p0,m,Y) > 0
such that

(A.9) |u|p
W 1−1/p,p(∂Bm

r (x0))
≤ Cr

m−1
p ∥D⊤u∥p−1

Lp(∂Bm
r (x0))

.
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212 Chapter 3: Limiting behavior of p-harmonic maps in 3d

Proof of Corollary A.2. First, let us prove (A.8). By scaling and transla-
tion, it is enough to show that for each u ∈W 1,p(Sm−1,Rk),

(A.10) |u|p
W 1−1/p,p(Sm−1)

≤ C∥D⊤u∥pLp(Sm−1)
.

Recall that m ≥ 2 and for each j ∈ {1, . . . ,m}, define E2j−1 = {x ∈
Sm−1 : xj < 3/4} and E2j = {x ∈ Sm−1 : xj > −3/4}. For every
x ∈ Sm−1, there is at most one i ∈ {1, . . . , 2m} such that x ̸∈ Ei. Thus,
Sm−1 × Sm−1 =

⋃2m
i=1Ei × Ei. Moreover, the Ei’s are bilipschitz images

of the unit ball Bm−1
1 .

Hereinafter in this proof, C will denote a positive constant that can
depend only on m and can be different from line to line. Then, in view
of (A.2) with U = Bm−1

1 , we have

(A.11) |u|p
W 1−1/p,p(Ei)

≤ C(∥u∥pLp(Ei)
+ ∥D⊤u∥pLp(Ei)

).

Applying (A.11) with v = u − 1
Hm−1(Ei)

´
Ei
u dHm−1 and using the

Poincaré inequality for v (observe that the constant in the Poincaré
inequality can be chosen independently of p ∈ (1, 2]), we get the esti-
mate |u|p

W 1−1/p,p(Ei)
≤ C∥D⊤u∥pLp(Ei)

. Then, summing over i, we obtain
(A.10), which implies (A.8).

Next, we prove (A.9). To this end, we show that if p ∈ [p0, 2] and
u ∈W 1,p(∂Bm

r (x0),Y), then

(A.12) |u|p
W 1−1/p,p(∂Bm

r (x0))
≤ C ′∥u∥Lp(∂Bm

r (x0))∥D⊤u∥p−1
Lp(∂Bm

r (x0))
,

where C ′ = C ′(p0,m) > 0. Notice that if (A.12) would hold, then it
would be “scale-invariant”. Thus, it is enough to prove (A.12) in the case
when ∂Bm

r (x0) = Sm−1. Applying Lemma A.1 with E = Ei as above for
each i ∈ {1, . . . , 2m} and then summing over i, we get

(A.13) |u|p
W 1−1/p,p(Sm−1)

≤ C

p0 − 1
∥u∥Lp(Sm−1)∥D⊤u∥p−1

Lp(Sm−1)
.

Setting C ′ = C/(p0 − 1) > 0, (A.13) yields (A.12). The inequality (A.9)
is a direct consequence of (A.12) and the fact that Y is a compact
Riemannian manifold, which is isometrically embedded into Rk. This
completes our proof of Corollary A.2.
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Universality of
renormalisable mappings
in two dimensions: the
case of polar convex
integrands

4

Abstract. We establish universality of the renormalised
energy for mappings from a planar domain to a compact
manifold, by approximating subquadratic polar convex
functionals of the form

´
Ω
f(|Du|) dx. The analysis relies

on the condition that the vortex map x/|x| has finite energy
and that t 7→ f(

√
t) is concave. We derive the leading

order asymptotics and provide a detailed description of
the convergence of W1,1–almost minimizers, leading to
a characterization of second-order asymptotics. At the
core of the method, we prove a ball merging construction
(following Jerrard and Sandier’s approach) for a general
class of convex integrands. We therefore generalize the
approximation by p–harmonic mappings when p↗ 2 and
can also cover linearly growing functionals, including those
of area-type.

4.1 Introduction

Given a bounded Lipschitz planar domain Ω ⊂ R2, a compact Riemannian
manifold N ⊂ Rν (ν ∈ N\{0}), and boundary datum g ∈ W1/2,2(∂Ω;N), a
minimising harmonic map is a mapping u ∈ W1,2(Ω;N)

.
= W1,2(Ω;Rν) ∩

{for a.e. x ∈ Ω, u(x) ∈ N} solving the minimisation problem

(4.1.1) inf

{ˆ
Ω

|Du|2

2
dx :

u ∈ W1,2(Ω;N)
tr∂Ω u = g

}
.

If W1,2
g (Ω;N)

.
= W1,2(Ω;N) ∩ {tr∂Ω u = g} contains at least one map,

the existence of harmonic mappings in this Dirichlet class can be shown

This chapter originally appeared as C. Irving and B. Van Vaerenbergh. Universality
of renormalisable mappings in two dimensions: the case of polar convex integrands.
Preprint, arXiv:2411.17520 [math.AP] (2024). 2024
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218 Chapter 4: Universality of renormalisable mappings in 2d

by the Direct Method of the Calculus of Variations. However, due to
topological obstructions, there may exist g ∈ W1/2,2(∂Ω;N) such that
W1,2

g (Ω;N) = ∅. In particular, such a g exists when N is not simply
connected, or equivalently the fundamental group π1(N) is non-trivial;
see for instance [5, 42].

While W1,2
g (Ω;N) may be empty, if we relax our admissible class we

can find singular mappings u : Ω → N attaining the boundary condition.
Thus we may seek to understand (4.1.1) in the obstructed case through
a suitable sequence of approximate problems which we can solve, by
analysing the behaviour of these approximate solutions in the singular
limit. Moreover, we seek to obtain a singular renormalisable harmonic
map in the limit; a notion introduced in [31, 32].

More precisely, we consider a sequence (fn)n of Young functions
fn : R+ → R (referred to as integrands in the sequel) for which the vortex
energy

(4.1.2) V(fn)
.
= 2

ˆ 1

0
fn

(1
r

)
r dr =

1

π

ˆ
B2(0)

fn(|DuV(x)|) dx is finite,

where uV(x) = x
|x| is the vortex map. Condition (4.1.2) ensures the set

(4.1.3)

Ag(fn)
.
=
{
u ∈ W1,1(Ω;N) :

ˆ
Ω
fn(|Du|) dx is finite, tr∂Ω u = g

}
is non-empty (see Lemma 4.2.15) and therefore

(4.1.4) inf
v∈Ag(fn)

ˆ
Ω
fn(|Dv|) dx is finite,

so we obtain a sequence of well-posed minimisation problems. To recover
the Dirichlet case (4.1.1), we consider general families (fn)n satisfying
Definition 4.2.1, which will include

(a)fn(z) =
|z|pn
pn

where pn ↗ 2 (p–energy),

(b)fn(z) =

√
1 + δ2n|z|2 − 1

δ2n
where δn ↘ 0 (rescaled area functional),

(c)fn(z) =

{
1
2 |z|

2 if |z| < κn,
κn(|z| − κn/2) if |z| ≥ κn

where κn → ∞ (trunc. energy),

(d)fn(z) =
|z|2

2(1 + ηn|log|z||)2
where ηn ↘ 0, (L log−2 L–energy).

For such integrands we will show the following prototype theorem:
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4.1. Introduction 219

Theorem 4.1.1. Let (fn)n be as in Definition 4.2.1, which includes any
of (a)–(d). Then for any g ∈ W1/2,2(∂Ω;N) we have

(4.1.5) lim
n→∞

1

V(fn)
inf

{ˆ
Ω
fn(|Dv|) dx :

v ∈ W1,1(Ω;N)
tr∂Ω v = g

}
= E1,2

sg ([g]).

Here E1,2
sg ([g]) is the singular energy; cf. Definition 4.3.4.

Since limn→∞ V(fn) = ∞ by Fatou’s lemma, Theorem 4.1.1 quantifies
the rate of blow-up of (4.1.4) up to first order by the singular energy,
which is a homotopy invariant quantity that does not depend on the
choice of the sequence (fn)n. When Ω = B2 ⊂ R2 is the unit ball and
N = S1, we have E1,2

sg ([g]) = π|deg(g)|, where deg(g) is the topological
degree of g viewed as a map ∂B = S1 → S1.

Moreover we prove a stronger result; namely we are able to completely
characterise the next leading order of the asymptotic expansion in n, and
establish convergence results for asymptotically minimising sequences.

Theorem 4.1.2. Under the assumptions of Theorem 4.1.1, suppose
(un)n ⊂ W1,1(Ω;N) is an asymptotically minimising sequence in the
sense that tr∂Ω un = g for all n and
(4.1.6)ˆ

Ω
fn(|Dun|) dx− inf

{ˆ
Ω
fn(|Dv|) dx :

v ∈ W1,1(Ω;N)
tr∂Ω v = g

}
n→∞−−−→ 0.

Then, passing to a subsequence, un converges strongly in W1,1 to a limit
map u∗ ∈ W1,1(Ω;N) with tr∂Ω u∗ = g satisfying

(4.1.7) u∗ ∈ W1,2
(
Ω \

κ⋃
i=1

B(ai, ρ);N
)

for all ρ > 0,

where κ ∈ N and a1, . . . , aκ ∈ Ω. Moreover, for all ρ > 0 sufficiently
small,

(i) u∗ is a minimizing harmonic map on Ω \
⋃κ

i=1 B2(ai, ρ) with respect
to its own boundary conditions,

(ii)
ˆ
Ω\

⋃κ
i=1 B2(ai,ρ)

fn(|Du∗ −Dun|) dx
n→∞−−−→ 0,

(iii) u∗ is renormalisable in that the renormalised energy
(4.1.8)

E1,2
ren(u∗) = lim

ρ→0

[ˆ
Ω\

⋃k
i=1 B2(ai,ρ)

|Du∗|2

2
dx− E1,2

sg ([g]) log
1

ρ

]
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220 Chapter 4: Universality of renormalisable mappings in 2d

exists and is finite, and we have

(4.1.9) lim
n→∞

[ˆ
Ω
fn(|Dun|) dx− V(fn)E

1,2
sg (g)

]
= E1,2

ren(u∗) + H([u∗, ai])
κ
i=1,

where H([u∗, ai])
κ
i=1 is defined in (4.4.2).

The goal of this paper is to identify general conditions for sequences of
integrands (fn)n, covering the four examples (a)–(d), such that Theorems
4.1.1 and 4.1.2 hold, working in the spirit of Γ-convergence (also known as
variational convergence). These results show that the renormalised energy
is universal : regardless of the sequence of approximating integrands
(fn)n, the limiting mappings have finite renormalised energy (4.1.8). This
universality suggests that the manifold constrained harmonic extension
of a map g : ∂Ω → N should be defined through the minimization of the
renormalised energy E1,2

ren(u); this quantity was introduced in [32]. Under
certain assumptions on the domain, the manifold and the boundary data,
we can explicitly compute the manifold constrained harmonic extension:

Theorem 4.1.3. Suppose Ω = B2 is the unit ball centred at the origin,
N = S1 and g : ∂B = S1 → S1 is defined by g(x) .

= x for all x ∈ ∂B,
and let (fn)n satisfy Definition 4.2.1 (which includes (a)–(d)). Then for
any asymptotically minimizing sequence (un)n ⊂ W1,1(B,S1) satisfying
tr∂B un = g for all n and (4.1.6), we have

(4.1.10) un → uV(x) =
x

|x|
strongly in W1,1(B,S1).

Theorem 4.1.3 asserts universality of the vortex map uV and can be
extended to other manifolds and boundary data, cf.Theorem 4.7.1. We
underline that in Theorem 4.1.3 the full sequence un converges instead of
some subsequence.

The assumptions we use are detailed in Section 4.2, but we will
consider convex polar integrands of the form fn(|z|), with fn : t ∈ R+ →
R+; here, and throughout the paper, we will use |·| to denote the Euclidean
/ Frobenius norm. We impose that the sequence fn(t) converges pointwise
to t2/2, that each fn has finite vortex energy V(fn) (see (4.1.2)), and
that t ∈ R+ 7→ fn ◦

√
t is concave. These assumptions covers the case

of p-harmonic mappings, which was studied by Hardt and Lin in [20]
for N = S1, and for general N in [43]. Our assumption allows for a
much more general class of integrands however, including linear growth
functionals such as (b), and integrands which are not strictly convex such
as (c), which is |z|2/2 truncated at z = κ (see Definition 4.2.9).
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The family (b) is motivated by the observation that the Dirichlet
energy can be obtained from the expansion of the area functional, namely

(4.1.11)
√

1 + |z|2 = 1 +
|z|2

2
+O(|z|4), z → 0.

Note that this integrand arises by considering the area of the graph of
|u|; that is H2({(x, |u(x)|) : x ∈ Ω}). To capture the second term in the
expansion (4.1.11), we consider the change of variables uδ(x) = u(δx) for
u ∈ W1,1(B2;N) which satisfies

(4.1.12)
ˆ

B2(0,1/δ)

√
1 + |Duδ|2 − 1 dx =

ˆ
B2

√
1 + δ2|Du|2 − 1

δ2
dx,

which leads us to consider fn defined as in (b), which converges pointwise
to 1

2 |z|
2 as δn ↘ 0. This approximation has recently appeared in [34]

as a relaxation to the problem of quadrilateral and hexagonal meshing,
formulated as a minimisation problem over suitable fiber bundles. This
approximation was also used in [36, §A.3(2) p.185] to prove the Pólya-
Szegő inequality for p = 2.

One could sacrifice the convexity of the integrands and the intrinsic
character of the problem by using a Ginzburg-Landau approach, where
for every ε > 0 one considers

(4.1.13) inf

{ˆ
Ω

|Du|2

2
+
F (u)

ε2
dx : u ∈ W1,2

g (Ω;Rν)

}
.

Here F (u) behaves as dist(u;N)2 near N (see [31, (1.4), §2] for detailed
assumptions on F ), and N is a connected compact submanifold of Rν .
Results similar to Theorems 4.1.1 and 4.1.2 can be obtained in that
setting (see [31, Thm. 7.1, 7.3]), and this relaxation has also been applied
to the theory of meshing; see for instance [4]. However, this approach
is extrinsic since F (u) depends on an isometric embedding N ⊂ Rν ,
which always exists [33], but is highly non-unique. Moreover, F (u) is
typically non-convex, as the classical case attests [7] for N = S1, where
F (u) = (|u|2− 1)2/4. The extrinsic behaviour is recorded in the obtained
renormalised limit; see the Q-term in [31, Thm. 7.3(vi)].

Innovations. While many prior works focused on specific approxi-
mations such as the p-energy and the Ginzburg Landau relaxation, we
initiate a systematic study of functionals Fn approximating the Dirichlet
energy along which this asymptotic analysis can be carried out. Our
assumptions on the integrands (fn)n is sufficiently general to allow for
linearly growing integrands such as (b) and (c), thus leading us to work
in the framework of L1 convergence.
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222 Chapter 4: Universality of renormalisable mappings in 2d

The key results of our analysis are contained in the compactness
theorem (Theorem 4.5.1), valid for sequences whose energy in bounded
in a renormalised sense. The result crucially relies on a lower bound to
control the singularities (see Proposition 4.4.7) based on the classical
merging ball procedure of Jerrard [24] and Sandier [39]. While the
a-priori bounds allows us to extract a subsequence of (Dun)n which
converges weakly∗ (in the sense of measures), by separate asymptotic
estimates of the sequence near and away from the singularities, we can
improve this convergence to hold weakly in L1 (see Proposition 4.5.2 and
Theorem 4.5.1(vi)). Moreover, in the case of asymptotically minimising
sequences, in Theorem 4.6.1 we can improve the convergence of gradients
to hold strongly L1, by exploiting the uniform convexity of the limiting
L2 scale (see Proposition 4.6.2).

Future directions. Our claim of the universality of the renormalized
energy naturally raises the question of whether more general classes of in-
tegrands can be considered (e.g. to allow for non-polar integrands with an
(x, u)-dependence), or even discrete versions (see [15] for N = S1). Further
approximations based variants of Bourgain-Brézis-Mironescu-type
formulas [9] can also be considered, as discussed in [41] for N = S1.
Additionally, our analysis is confined to mappings in W1,1; however for
linearly growing integrands we are naturally lead to consider minimisers
in BV (see Section 4.2.4 for a further discussion).

Structure of the paper. Assumptions on the sequence of approximating
integrands (fn)n are described in Section 4.2. The singular energy and
the renormalised energies are detailed in Section 4.3. In Section 4.4, we
present key ingredients needed for the formal Γ-convergence analysis;
namely an upper bound corresponding to the Γ-limsup, and a merging ball
construction which is used to obtain asymptotic lower bounds. The main
compactness theorem is proven in Section 4.5, which relies on compactness
results for unconstrained mappings and for traces, and corresponds to the
Γ-liminf analysis. In Section 4.6, we prove an extended version of Theorem
4.1.2 (see Theorem 4.6.1). Finally, in Section 4.7, we demonstrate that in
the specific case where Ω = B2(0, 1) ⊂ R2 is the unit ball, N = S1 and
g(z) = z, the entire sequence (un)n in Theorem 4.1.2 converges to the
vortex map x/|x| asserting the universality of the vortex map.

4.2 Growth structures for the Calculus of Variations

In this section we describe the set of assumptions we impose on our
integrands fn (namely in Definition 4.2.1), and record some examples
and useful properties thereof. We will write R+ = [0,∞) in what follows.
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4.2.1 Assumptions

Let f : R+ → R be a Young function, that is a convex non-decreasing
function such that f(0) = 0.

We will impose that f is subquadratic; either in the sense of the
natural sense that

(Dec)n2 t 7→ 1

t2
f(t) is non-increasing on [t0,∞),

or in the controlled sense that

(Dec)c2 t 7→ 1

t
f ′+(t) is non-increasing on [t0,∞),

where t0 ≥ 0. The (Dec)n2 is well–known in the Orlicz literature, see for
instance [22, §2.1]. One may readily verify by elementary calculus that
(Dec)c2 is equivalent to

(4.2.1) t 7→ f(
√
t) is concave on [t0,∞).

Furthermore (Dec)c2 implies (Dec)n2 by (4.2.22), but is in general is a
stronger condition, see Example 4.2.7 below.

We will also impose the integrability condition

(vInt) V(f) = 2

ˆ 1

0
f

(
1

r

)
r dr = 2

ˆ ∞

1

f(s)

s2
ds

s
<∞,

where the equality follows from the change of variable s = 1
r . The factor

2 is present to match the singular energy in the asymptotic expansion;
see Theorem 4.1.1. We call V(f) the vortex energy of f ; see Proposition
4.2.2 below for consequences of this condition.

Definition 4.2.1. A sequence of approximating integrands is a family
(fn)n of Young functions fn : R+ → R satisfying the following:

(a) There is t0 ≥ 0 such that each fn satisfies (Dec)c2 with t0 uniform in
n,

(b) each fn satisfies (vInt),

(c) the sequence (fn)n converges pointwise to 1
2 t

2, that is

(4.2.2) lim
n→∞

fn(t) =
1

2
t2 for all t ≥ 0.
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224 Chapter 4: Universality of renormalisable mappings in 2d

Note that combining (Dec)n2 and (vInt) gives

(4.2.3) lim
t→+∞

f(t)

t2
= 0,

so we infer that f satisfies a subquadratic growth condition. However
(Dec)n2 is a stronger condition than 4.2.3, as illustrated by Example 4.2.6
below.

Proposition 4.2.2. Let Ω ⊂ R2 be a domain and B(0, 1) ⊂ R2 be the
unit ball. Then for a Young function f : R+ → R, the following conditions
are equivalent:

(i) the integrand f satisfies (vInt); that is, V(f) is finite

(ii) For the vortex map uV(x) = x/|x| we have
ˆ

B(0,1)
f(|DuV|) dx is

finite,

(iii) for every m ∈ L2,∞(Ω), we have
ˆ
Ω
f(|m(x)|) dx is finite.

Moreover if any of the above holds, for each non-zero measurable m : Ω →
R+ we have the estimate

(4.2.4)
ˆ
Ω
f ◦mdx ≤ 2∥m∥2L2,∞(Ω)

ˆ ∞

∥m∥L2,∞(Ω)/
√

L2(Ω)

f(s)

s3
ds.

Definition 4.2.3. Let Ω ⊂ R2 be open, the weak-L2 space L2,∞(Ω) is
the space of measurable functions u : Ω → R such that

(4.2.5) ∥f∥L2,∞(Ω)
.
=
[
sup
t>0

t2L2 ({x ∈ Ω : |f(x)| > t})
] 1

2
<∞,

where L2 denotes the Lebesgue measure on R2.

Other names for weak-L2 space are Marcinkiewicz space [30] or
Lorentz space [28]. Here, L2 denotes the 2-dimensional Lebesgue measure.
We point out that, despite the notation, ∥·∥L2,∞(Ω) is not a norm as
the triangle inequality does not hold. However, ∥m1 + m2∥L2,∞(Ω) ≤
2
(
∥m1∥L2,∞(Ω) + ∥m2∥L2,∞(Ω)

)
.

Example 4.2.4. The prototypical example of a mapping u for which
|Du| ∈ L2,∞(B1) but |Du| /∈ L2(B1) is the vortex map uV : B1 → S1,
which is defined as

(4.2.6) uV(x) =
x

|x|
.
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4.2. Growth structures for the Calculus of Variations 225

Indeed since |DuV|(x) = 1
|x| , we have ∥DuV∥L2,∞(B1) =

√
π < ∞, but

∥DuV∥2L2(B1)
= 2π

´ 1
0 dr/r = ∞, where we used polar coordinates to

compute the L2-norm. For a general manifold N, we can produce similar
examples by taking an immersed curve γ : S1 → N and considering
γ(x/|x|).

Proof of Proposition 4.2.2. The equivalence between (ii) and (i) follows
from integrating in polar coordinates and since |DuV|(x) = 1/|x|; indeed

(4.2.7)
ˆ

B(0,1)
f(|DuV|) = 2π

ˆ 1

0
f

(
1

r

)
r dr = πV(f).

Since 1/|x| ∈ L2,∞(Ω) by Example 4.2.4, we have (iii) implies (ii). To
show that (i) implies (iii), it suffices to prove the estimate (4.2.4). Let
m ∈ L2,∞(Ω) be non-negative, and set M .

= ∥m∥L2,∞/
√
L2(Ω) > 0.

Since s 7→ f(s)/s3 is continuous on (0,∞) and (vInt) holds, we have´∞
M f(s)/s3 ds < ∞. Then by the layer cake representation (see [44,

Cor. 2.2.34]) and by a change of variables we have,
ˆ
Ω
f ◦mdx =

ˆ ∞

0
L2({x ∈ Ω : f ◦m(x) > t}) dt

=

ˆ ∞

0
f ′(t)L2({x ∈ Ω : m(x) > t}) dt.

Note that since f is convex, we have f is locally Lipschitz, so this change
of variables is justified (see for instance [16, Thm. 3.9, 6.7]). We can split
this integral as

ˆ
Ω
f ◦m ≤ L2(Ω)

ˆ M

0
f ′(t) dt+ ∥m∥2L2,∞(Ω)

ˆ ∞

r

f ′(t)

t2
dt

= L2(Ω)f(M) + ∥m∥2L2,∞(Ω)

[
2

ˆ ∞

M

f(s)

s3
ds− f(M)

M2

]
.

By our choice of M , we obtain (4.2.4) and hence (iii). This concludes
the proof. □

4.2.2 Some examples

Example 4.2.5. We detail here explicitly the vortex energy for the
examples from the introduction. For the p-case (a), we compute, for
fp(t) = |t|p/p,

V(fp) =
2

(2− p)p
=

1

2− p
+O(1) as p↗ 2
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226 Chapter 4: Universality of renormalisable mappings in 2d

so that Theorem 4.1.1 reads

(4.2.8) lim
p↗2

(2− p) inf
v∈W1,p

g (Ω;N)

ˆ
Ω

|Dv|p

p
dx = E1,2

sg ([g]).

For the rescaled area functional (b), taking fδ(t) = (
√
1 + δ2t2 − 1)/δ2

we can compute

V(fδ) = 2

ˆ 1

0

√
1 + δ2r−2 − 1

δ2
r dr = fδ(1) + arcsinh(

1

δ
) = log

1

δ
+O(1)

as δ ↘ 0, where arcsinh(t) = log(t +
√
1 + t2). In that case Theorem

4.1.1 reads as

(4.2.9) lim
δ↘0

1

log 1
δ

inf
W1,1

g (Ω;N)

ˆ
Ω

√
1 + δ2|Dv|2 − 1

δ2
dx = E1,2

sg ([g]).

For the truncated functional (c), namely fκ(z) =
|z|2
2 χ{|z|<κ} + κ(|z| −

κ
2 )χ{|z|>κ}, for κ > 1,

V(fκ) =

ˆ 1

1
κ

dt

t
+ 2κ

ˆ 1
κ

0

(
1

t
− κ

2

)
tdt = log κ+

7

4
.

For (d) we can more generally consider fη(t) = t2

2(1+η| log t|)α with η > 0,
for α > 1 fixed. By computing f ′η(t) we see that each fη is a Young
function satisfying (Dec)c2 with t0 = 0, and by a change of variables
s = −η log r we can also compute

V(fη) =

ˆ 1

0

dr

r(1 + η| log r|)α
=

1

η

ˆ ∞

0

ds

(1 + s)α
=

1

(α− 1)η
.

We will also describe two counterexamples relating to the (vInt),
(Dec)n2 and (Dec)c2 conditions.

Example 4.2.6. The following is a variant of [29, §11, Eg. 6]. For
p ∈ (1, 2) and β > 0 to be determined, consider

(4.2.10) f(t) =
1

p
tp
(
1 +

1

β
sin(p log t)

)
t > 0.

Then for the choice β ≥ 5, we have f is a Young function such that
1
p t

p ≤ f(t) ≤ 1
p(1 +

1
β )t

p. Now we can compute

(4.2.11) f ′(t) = tp−1

(
1 +

√
2

p
sin(p log t+ π/4)

)
,
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and so

(4.2.12)
tkf

′(tk)

f(tk)
= p

(
1 +

1√
β2 − 1

)

where tk = exp

(
1

p
((2k + 1)π − arcsin(1/β))

)
for all k ∈ N with k ≥ 1. Since (Dec)n2 is equivalent to tf ′(t)

f(t) ≤ 2 holding
for sufficiency large t > 0, we see this condition is violated for β = 5 and
p > 4

23(12−
√
6) ≃ 1.66 . . ., thereby giving examples of Young functions

satisfying (vInt) and (4.2.3), but not (Dec)n2 .
To obtain a sequence of such functions fn converging to 1

2 t
2, we can

choose pn = 2n+1
n+1 and βn =

√
n2 − 1 for n ≥ 6.

Example 4.2.7. To construct a family of integrands satisfying (Dec)n2
but not (Dec)c2, we will first define a function g : R+ → R+ via

(4.2.13) g(t) = gp(t)
.
= tp−2 +

∞∑
k=3

ak h

(
t− k

rk

)
,

where p ∈ (1, 2) is sufficiently close to 2, the “spike function” h : R → R is
defined via

(4.2.14) h(t) =


t if 0 ≤ t < 1

2 ,

1− t if 1
2 ≤ t ≤ 1,

0 otherwise,

and we set ak = 2(2−p)
k2

, rk = k1−p for all k ∈ N, k ≥ 3. We then claim
the family

(4.2.15) f(t) = fp(t)
.
=

ˆ t

0
gp(s)s ds

is a sequence of Young functions satisfying (Dec)n2 , (vInt), but does not
satisfy (Dec)c2 on [t0,∞) for any t0 ≥ 0. Note that setting ak = 0 for all
k would recover the p-energy, so as p↗ 2 we have fp converges pointwise
to 1

2 t
2.

To establish this claim, note that since g is non-negative we have f is
increasing, and we can compute

(4.2.16) f ′′+(t) = g(t) + tg′+(t)

= (p− 1)tp−2 +

∞∑
k=1

akt

rk

(
1[k,k+rk/2)(t)− 1[k+rk/2,k+rk)(t)

)
.
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Here f ′′+ denotes the right derivative of f ′; see Lemma 4.2.8. To show this
is non-negative, it suffices to check the endpoint cases t = k + rk, which
rearranges to give p−1

2−p ≥ 2(1 + k−p)3−p. By checking the k = 3 case, this
holds for all p ∈ (p0, 2) with p0 ≃ 1.706 . . . Hence, for this range of p, we
have f is a Young function. To see that f does not satisfy (Dec)c2, we
note that f ′(t)

t = g(t) by construction, and since g′+(k) =
2−p
k3−p > 0 for

each k ≥ 3, it follows that g is not non-increasing.
To verify (Dec)n2 , observe this is equivalent to showing that g(t) =

f ′(t)
t ≤ 2f(t)

t2
. Moreover, by integrating by parts we can compute

(4.2.17) f(t) =

ˆ t

0
g(s)s ds =

1

2
t2g(t)− 1

2

ˆ t

0
g′+(s)s

2 ds,

so rearranging we see that (Dec)n2 is equivalent to showing that

ˆ t

0
g′+(s)s

2 ds ≤ 0

for all t ≥ 0. To compute this integral, we first calculate the contribution
of each of the “spike” terms. For this we have

ˆ k+rk

k

d

ds

(
ak h

(
s− k

rk

))
s2 ds = −ak

(
1

2
krk +

1

4
r2k

)
≤ 0,(4.2.18)

so the contribution over a full spike is negative. Hence for any t ∈ (k +

rk, k+1) we see that
´ t
0 g

′
+(s)s

2 ds ≤ − (2−p)
p kp < 0, and if t ∈ (k, k+rk/2),

then

(4.2.19)
ˆ t

0
g′+(s)s

2 ds

≤ −2− p

p
kp +

ak
rk

ˆ k+rk/2

k
s2 ds ≤ −(2− p)

(
1

p
kp − 2

)
,

noting that rk ≤ 1, where the last line is non-negative since k ≥ 3. The
case t ∈ (k+ rk/2, k+ rk) follows since the relevant terms are decreasing,
thereby verifying (Dec)n2 .

Finally to show (vInt) holds, we can compute
´ k+rk
k ak h

(
t−k
rk

)
dt ≤

2−p
2 for each k, and hence we can estimate f(t) ≤ tp + 1

2(t + 1) for all
t ≥ 0. Thus it follows that V(f) is finite, verifying all of the claimed
properties of f for all p0 < p < 2.

228



4.2. Growth structures for the Calculus of Variations 229

4.2.3 Convexity properties

Lemma 4.2.8. Let f be a convex function on R+. Then the right
derivative

(4.2.20) f ′+(t)
.
= lim

h↘0

f(t+ h)− f(t)

h

exists for all t ≥ 0 and defines a non-decreasing and right-continuous
function on R+.

We refer to [38, Thm. 24.1] for a proof. The proof of this assertion
relies on the slope inequality for convex functions

(4.2.21)
f(s)− f(r)

s− r
≤ f(t)− f(r)

t− r
≤ f(t)− f(s)

t− s

valid for all 0 ≤ r < s < t. From this we also infer that

f ′+(s)(t− s) ≤ f(t)− f(s) ≤ f ′+(t)(t− s) for all s ≤ t.(4.2.22)

Analogously we can also define left derivatives f ′−, which will be
non-decreasing and left-continuous on (0,∞). However, we have opted
for right-derivatives to ensure f ′+(t) is well-defined at t = 0.

Definition 4.2.9. Let f be a Young function, then for κ > 0 define the
κ-truncation Tκf of f as

(4.2.23) Tκf(t) =

{
f(t) if 0 ≤ t ≤ κ,

f ′+(κ)(t− κ) + f(κ) if t > κ.

which exists for all κ ≥ 0.

Observe that Tκf is itself a Young function. If f satisfies (Dec)n2 or
(Dec)c2, then Tκf also does with the same t0. We also have Tκf(t) ≤ f(t)
for all t ≥ 0 and Tκf converges pointwise monotonically to f as κ→ ∞.
We also note that Tκf always satisfies (vInt) and V(Tκf) ≤ V(f).

Lemma 4.2.10. Let (fn)n be a sequence of Young functions converging
pointwise to f(t) = t2/2 on R+. Then, as n→ ∞,

(a) fn converges locally uniformly to f on R+; i.e. uniformly on [0, T ] for
each T > 0,

(b) f ′n,+(t) converges pointwise to f ′(t) = t on R+.
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230 Chapter 4: Universality of renormalisable mappings in 2d

Proof of Lemma 4.2.10. Assertion (a) is proven in [38, Thm. 10.8]. For
(b) we can use (4.2.22) to show that

(4.2.24)
fn(s)− fn(r)

s− r
≤ f ′n,+(s) ≤

fn(t)− fn(s)

t− s

for all 0 ≤ r < s < t. Sending n → ∞ followed by r, t → s establishes
the result. □

Remark 4.2.11. An alternative way to truncate f is to define

(4.2.25) T̃Lf(t) = inf{f(s) + L|s− t| : s ∈ R+}

for some L > 0. One can show that the choice L = f ′+(κ) gives T̃Lf = Tκf ;
indeed using (4.2.22) one shows that T̃Lf(t) = f(t) for all t ∈ [0, κ], and
if t > κ one has the infimum in (4.2.25) is attained with the choice s = κ.

Lemma 4.2.12. Let f be a Young function satisfying (Dec)n2. Then

(4.2.26) 0 ≤ f(t) ≤ f(max{1, t0})(1 + t2) for all t ≥ 0.

In particular, for a family (fn)n as in Definition 4.2.1, we can choose
C > 0 independently of n such that

(4.2.27) 0 ≤ fn(t) ≤ C(1 + t2) for all t ≥ 0.

Proof of Lemma 4.2.12. We can assume that the (Dec)n2–condition holds
with t0 ≥ 1. Then for t ≥ t0 we have

(4.2.28) 0 ≤ f(t) ≤ f(t0)

t20
t2 ≤ f(t0)t

2.

When 0 ≤ t ≤ t0, since f is non-decreasing we have 0 ≤ f(t) ≤ f(t0), from
which the result follows. For a family (fn), since limn→∞ fn(t0) =

1
2 t

2
0 we

can choose C > 0 such that (4.2.27) holds uniformly in n. □

The following is used in the proof of the upper bound (Proposition
4.4.1), whose proof crucially relies the stronger (Dec)c2 condition.

Lemma 4.2.13. Suppose f is a Young function satisfying (Dec)c2 for
some t0 ≥ 0. Then for all σ, ρ > 0 we have

(4.2.29) f(σ)− f(ρ) ≤
f ′+(max{ρ, t0})
2max{ρ, t0}

(σ2 − ρ2) + f(t0) + f ′+(t0)t0.
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Proof of Lemma 4.2.13. Define g(t) = f(
√
t), which is concave on [t0,∞)

by the (Dec)c2 condition. By a variant of (4.2.22) for concave functions,
for σ, ρ > t0 we have

(4.2.30) g(σ2)− g(ρ2) ≤ g′+(ρ
2)(σ2 − ρ2).

That is,

(4.2.31) f(σ)− f(ρ) ≤
f ′+(ρ)

2ρ
(σ2 − ρ2)

holds. For the remaining cases, note that if ρ ≤ t0 ≤ σ, then by (4.2.31)
with t0 in place of σ we have

(4.2.32) f(σ)− f(ρ)

≤
f ′+(t0)

2t0
(σ2 − t20) + f(t0)− f(ρ) ≤

f ′+(t0)

2t0
(σ2 − ρ2) + f(t0),

whereas if σ ≤ t0 ≤ ρ applying (4.2.31) similarly gives

(4.2.33) f(σ)− f(ρ)

≤ f(σ)− f(t0) +
f ′+(ρ)

2ρ
(t20 − ρ2) ≤

f ′+(ρ)

2ρ
(σ2 − ρ2) +

1

2
f ′+(t0)t0.

Finally if both ρ, σ ≤ t0 we simply bound

f(σ)− f(ρ) ≤ f(t0) ≤
f ′+(t0)

2t0
(σ2 − ρ2) + f(t0) if σ ≥ ρ,(4.2.34)

f(σ)− f(ρ) ≤ 0 ≤
f ′+(t0)

2t0
(σ2 − ρ2) +

1

2
f ′+(t0)t0 if σ < ρ,(4.2.35)

thereby verifying (4.2.29) in all cases. □

Example 4.2.14. Suppose (fn)n is a sequence of approximating inte-
grands as in Definition 4.2.1, except that each fn only satisfies (Dec)n2 in
place of (Dec)c2. Then we can define a modified family (f̄n)n by

(4.2.36) f̄n(t) =

ˆ t

0

2fn(s)

s
ds for all t ≥ 0,

which satisfies Definition 4.2.1, including (Dec)c2, and that fn ≤ f̄n
pointwise using (Dec)n2 . Moreover, integrating by parts gives

(4.2.37) V(f̄n) =

ˆ ∞

1
f̄n(s)

ds

s3
= V(fn) +

1

2
f̄n(1).

This construction can be used to prove Theorem 4.1.1 assuming only
(Dec)n2 , which we will sketch in Remark 4.6.5.
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232 Chapter 4: Universality of renormalisable mappings in 2d

4.2.4 Existence of minima

We will briefly discuss the existence of minima for our approximate prob-
lems, using the Direct Method. Here Ω ⊂ R2 will be a bounded Lipschitz
domain, and N will be a compact Riemannian manifold embedded in
Rν ; we will make this precise in Section 4.3. Compactness of N implies
that there exists a constant C > 0 depending only on N such that any
measurable map u : Ω → N satisfies ∥u∥L∞(Ω) ≤ C; we will therefore
never insist on the Lp–convergence of mappings and will express our
results in terms of L1–convergence.

4.2.4.1 Existence of competitors

Lemma 4.2.15. Let g ∈ W1/2,2(∂Ω;N). If the vortex energy V(f) is
finite, the admissible class Ag(f) in (4.1.3) is non-empty.

Two proofs of Lemma 4.2.15 are available. One is established in [43,
Prop. 2.19] by showing that there exists a renormalisable map (see Propo-
sition 4.3.6) realizing the constraints. Since renormalisable mappings
have gradient in L2,∞ by [32, Thm. 5.1], combining this with Lemma
4.2.2 we infer the result. Alternatively, we can use the fact that any
map g ∈ W1/2,2(∂Ω;N) can be extended into a map whose gradient is
L2,∞(Ω), with a non-linear estimate relating the L2,∞-norm and the
W1/2,2(∂Ω;N)-norm; see [14, 35].

4.2.4.2 The Direct Method

Since f is assumed to be convex, we have t 7→ f(t)
t is non-decreasing on

[0,∞). Hence we either have f is asymptotically linear in that

(4.2.38) f∞(1)
.
= lim

t→∞

f(t)

t
exists and is finite,

or f is asymptotically superlinear in that

(4.2.39) lim
t→∞

f(t)

t
= ∞.

In the asymptotically linear case, the Direct Method naturally leads us to
consider generalised minimisers in the class BV of functions of bounded
variation; this requires us to give a meaning to

(4.2.40) F(u,Ω)
.
=

ˆ
Ω
f(|Du|) dx
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for mappings u ∈ BV(Ω;N)
.
= BV(Ω;Rν) ∩ {u(x) ∈ N a.e. in Ω}. This

will be done through the L1(Ω;Rν)-relaxation

(4.2.41) F(u,Ω)

= inf

{
lim
n→∞

F(un,Ω) : un ∈ W1,1
g (Ω;Rν), un → u strongly in L1(Ω)

}
.

Here W1,1
g (Ω;N) denotes the space of functions u ∈ W1,1(Ω;N) such that

tr∂Ω u = g, which corresponds to the admissible class (4.1.3) with the
choice f(z) = |z|.

Proposition 4.2.16. Let f be a Young function and g ∈ W1/2,2(Ω;N).

(a) If (4.2.38) holds, then F admits a minimiser u ∈ BV(Ω;N).

(b) If (4.2.39) holds, then F admits a minimiser u ∈ W1,1
g (Ω;N).

To treat both cases at once, we rely a following representation for-
mula, see Lemma 4.2.17. We provide a proof here of Proposition 4.2.16
and Lemma 4.2.17, although results characterizing lower-semicontinous
relaxations appear to be already known, see e.g. [2, 1].

Lemma 4.2.17. Let f be a Young function which is asymptotically linear
in that (4.2.38) holds. Then the L1(Ω;Rν)-relaxation F(·,Ω) admits the
measure representation

(4.2.42) F(u,Ω)

=

ˆ
Ω
f(|Dau|) dx+ f∞(1)|Dsu|(Ω) + f∞(1)

ˆ
∂Ω

|tr∂Ω u− g|dH1

for u ∈ BV(Ω;N), where Du = DauL2 +Dsu is the Lebesgue decomposi-
tion of the gradient. Moreover, this relaxation is weakly∗ lower semicon-
tinuous in BV(Ω;N).

Proof of Lemma 4.2.17. Denote the right-hand side of (4.2.42) by F̃(·,Ω),
which by [18, Thm. 3] is weakly∗ sequentially lower-semicontinuous in
BV(Ω;Rν), noting the recession function is given by f∞(|z|) = f∞(1)|z|.
Since F̃(v,Ω) = F(v,Ω) for all v ∈ W1,1

g (Ω;Rν), from the lower-semicon-
tinuity it follows that F̃(u,Ω) ≤ F(u,Ω) for all u ∈ BV(Ω;Rν). Moreover,
if u ∈ BV(Ω;N), letting Ω̃ ⋑ Ω be a Lipschitz domain and G ∈ W1,2(Ω̃ \
Ω;Rν) be an extension of g, by [8, Lem. B.2] there exists a sequence
Uk ∈ W1,2(Ω̃;Rν) such that Uk = G on Ω̃\Ω and Uk converges BV-strictly
to

(4.2.43) U(x) =

{
u(x) if x ∈ Ω,

G(x) if x ∈ Ω̃ \ Ω;
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234 Chapter 4: Universality of renormalisable mappings in 2d

that is Uk → U strongly in L1 and |DUk|(Ω̃) → |DU |(Ω̃). Then by
Reshetnyak’s theorem (see e.g. [37, Thm. 10.3]) we infer the restrictions
uk = Uk|Ω ∈ W1,2

g (Ω;Rν) satisfies

(4.2.44) lim
k→∞

ˆ
Ω
f(|Dun|) dx = F̃(u,Ω),

so the converse inequality follows, thereby establishing that F̃ = F. □

Proof of Proposition 4.2.16. If (4.2.38) holds, then by Lemma 4.2.17 we
have F is weakly∗ sequentially lower semicontinuous on BV(Ω;N), so by
the Direct Method we can infer the existence of a minimiser. Indeed,
since (4.1.3) is non-empty by Lemma 4.2.15, we can take a minimising
sequence (un)n, and assume f is not identically zero (else every admissible
map is a minimiser). Then, there is some t0 ≥ 0 such that f ′(t0) > 0,
and so f(t) ≥ f ′(t0)t for all t ≥ t0, so it follows that (|Dun|)n is bounded
in L1(Ω). Therefore, we can pass to a weakly∗ convergent subsequence
unk

∗
⇀ u in BV(Ω;N), and by lower-semicontinuity of F it follows that u

is a minimiser.
In the asymptotically superlinear case where (4.2.39) holds, for κ >

0 we consider the truncations Tκf from Definition 4.2.9, noting that
Tκf

∞(1) = f ′+(κ). Then if we take a minimising sequence (un)n for F

in Ag(f), then analogously to the asymptotically linear case above, we
obtain a weak∗-limit u ∈ BV(Ω;N). By lower semicontinuity applied to
the relaxation Fκ associated to Tκf , we have

Fκ(u,Ω) =

ˆ
Ω
Tκf(|Dau|) dx

+ f ′+(κ)|Dsu|(Ω) + f ′+(κ)

ˆ
∂Ω

|tr∂Ω u− g| dH1

≤ lim
n→∞

ˆ
Ω
Tκf(|Dun|) dx ≤ lim

n→∞
F(un,Ω) <∞.

(4.2.45)

By (4.2.39) and (4.2.22) we have f ′+(κ) → ∞ as κ → ∞, so it follows
that |Dsu|(Ω) = 0 and that tr∂Ω u = g on ∂Ω. Therefore u ∈ W1,1(Ω;N),
and by the monotone convergence theorem we have

(4.2.46) F(u,Ω) = lim
κ→∞

ˆ
Ω
Tκf(|Du|) dx ≤ lim

n→∞
F(un,Ω).

Since (un)n was a minimising sequence, it follows that u is a minimiser
of F. □

Remark 4.2.18. Under (4.2.38), the minima u in BV(Ω;N) obtained in
Proposition 4.2.16(a) do not necessarily satisfy tr∂Ω u = g, where we
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consider the interior trace in the sense of e.g., [16, Thm. 5.6]. This may
arise due to potential jumps across the boundary, which is penalised
by the term f∞(1)

´
∂Ω|tr∂Ω u− g|dH1 in the relaxation F(u). For this

reason, in this setting our analysis will be confined to almost minimising
sequences in W1,1(Ω;N) (see Theorem 4.1.2). In the superlinear case
(4.2.39) the trace attainment is not an issue, as the proof of Proposition
4.2.16(b) shows.

4.3 Energies and topological quantities

In this section, we introduce scalar quantities that measure the non
trivial-ness of the free homotopy class of a map ∂Ω → N as well as the
renormalised energy, which the limiting energy maps will minimize.

Throughout the whole text, the domain Ω is assumed to be an open
connected bounded set of R2 with Lipschitz boundary. Concerning the
manifold N, our setting covers the case where N is a smooth compact
connected Riemannian manifold which is assumed to be isometrically
embedded in the Euclidean space Rν (with canonical metric) for some
ν ∈ N. Isometric embedding is not a restriction by Nash embedding
theorem [33].

We will also denote by B(a, ρ) the closed ball in R2 centred at a ∈ R2

with radius ρ > 0, and we will sometimes denote the boundary by
S1(a, ρ)

.
= ∂B(a, ρ). The unit circle will be denoted by S1 = S1(0, 1).

4.3.1 Topological quantities

4.3.1.1 Minimal length of the free homotopy class

A curve a vanishing mean oscillation γ ∈ VMO(S1;N) can be given a
free homotopy class that extends the notion in the continuous category
(see [12]). In the sequel all the homotopy are assumed to be free. Ev-
ery VMO(S1;N)-homotopy class contains a smooth length minimising
geodesic in its homotopy class; indeed any VMO(S1;N) curve is VMO-
homotopic to a smooth curve by [12, Cor. 4], so the claim follows from
the classical result for the smooth category (see e.g. [26, Prop. 6.28]). In
particular, the following infimum is reached by such a geodesic.

Definition 4.3.1. Given γ ∈ VMO(S1;N), denote by [γ] its VMO(S1;N)-
homotopy class. The minimal length of the free homotopy class [γ] is

λ([γ]) = inf

{ˆ
S1

|γ̃′| : γ̃ ∈ Ẇ1,1(S1,N) and γ̃ is freely homotopic to γ
}
.

235



236 Chapter 4: Universality of renormalisable mappings in 2d

The systole of the manifold N is the length of the shortest closed
non-trivial geodesic on N, namely,

(4.3.1) sys(N)
.
= inf{λ([γ]) :

γ ∈ VMO(S1,N) is not freely homotopic to a constant}.

The length spectrum of the manifold N is the set

{λ([γ]) : γ ∈ VMO(S1,N)} ⊂ {0} ∪ [sys(N),+∞)

Lemma 4.3.2. The length spectrum is a discrete set of the real line.

In particular, we have sys(N) > 0. We refer to [31, Prop. 3.2] for a
proof; note that compactness of N is crucial for Lemma 4.3.2 to hold.

If u ∈ W1,2(B(a, σ) \ B(a, ρ);N) for some a ∈ R2, σ > 0 and all
ρ ∈ (0, σ), the trace trS1(a,ρ) u ∈ W1/2,2(S1(a, ρ);N) ⊂ VMO(S1(a, ρ);N)
has a well defined homotopy class which is independent of ρ. Hence,
minimal length of the free homotopy class of u at a is defined by

(4.3.2) λ([u, a])
.
= λ(trS1(a,ρ) u).

4.3.1.2 Singular energy

We will use the following variant of the notion of the topological resolution
[32, Def. 2.2].

Definition 4.3.3. A finite family of closed curves γi ∈ VMO(S1;N),
i = 1, . . . , k, with k ∈ N is a topological resolution of the map g whenever
there exist k non-intersecting closed balls B(ai; ρi) ⊂ Ω with ρi > 0 and a
map u ∈ W1,2(Ω\

⋃k
i=1 B(ai; ρi);N) such that tr∂Ω u and g are homotopic

in VMO(∂Ω;N) and trS1u(ai + ρ·) and γi are homotopic in VMO(S1;N)
for i = 1, . . . , k.

Definition 4.3.4. Let g ∈ VMO(∂Ω;N), the singular energy of g is

(4.3.3) E1,2
sg ([g])

= inf

{
k∑

i=1

λ([γi])
2

4π
:
k ∈ N, γ1, . . . , γk ∈ VMO(S1;N)
is a topological resolution of g

}
.

Observe that (see [32, Prop. 2.6]) the singular energy is subadditive
in the sense that, if (γi)ki=1 is a topological resolution of g, we have

(4.3.4) E1,2
sg ([g]) ≤

k∑
i=1

E1,2
sg ([γi]).
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A minimal topological resolution of g is topological resolution that
reach the infimum (4.3.3). A curve γ ∈ VMO(S1;N) is said atomic if
E1,2
sg ([γ]) = λ([γ])2/4π. Often we will write E1,2

sg (g) instead of E1,2
sg ([g]).

A similar construction to (4.3.2) can be done to define E1,2
sg ([u, a]) if

u ∈
⋃

ρ>0W
1,2(B(a, σ) \ B(a, σ);N) for some σ > 0.

4.3.2 Renormalisable mappings

In our analysis we will consider maps that are W1,2-regular away from at
most finitely many points, for which we introduce the following space.

Definition 4.3.5. Given δ > 0, let R1,2
δ (Ω;N) denote the space of

mappings u ∈ W1,1(Ω;N) for which there is k ∈ N and points a1, . . . , ak ∈
Ω satisfying dist({ai}ki=1, ∂Ω) ≥ δ such that

(4.3.5) u ∈ W1,2

(
Ω \

k⋃
i=1

B(ai, ρ);N

)
for all ρ > 0.

The points a1, . . . , ak will be referred to as the singularities of u. We also
define R1,2(Ω;N) =

⋃
δ>0R

1,2
δ (Ω;N).

We will later show in Lemma 4.5.10 that this class in dense in
W1,1(Ω;N). Also given finitely many points a1, . . . , ak ∈ Ω, we will
introduce the notation

(4.3.6) ρΩ(a1, . . . , ak)
.
= min{dist(ai, ∂Ω), |ai−aj | : 1 ≤ i < j ≤ k} > 0.

We also record the class of renormalisable mappings introduced in
[32, Def. 7.1], which further specifies the behaviour of the mappings at
the singular points. The following is proven in [43, Prop. 2.16] (see also
[32, Prop. 7.2]).

Proposition 4.3.6. Let u ∈ W1,1(Ω;N) and let a1, . . . , ak ∈ Ω be k ∈ N
distinct points. Then the following are equivalent:

(i) The renormalised energy
(4.3.7)

E1,2
ren(u) = lim

ρ→0

[ˆ
Ω\

⋃k
i=1 B(ai,ρ)

|Du|2

2
dx−

k∑
i=1

λ([u, ai])
2

4π
log

1

ρ

]
exists as a limit and is finite.

(ii) For each 0 < ρ < ρΩ(a1, . . . , ak), |Du| ∈ L2(Ω \
⋃k

i=1 B(ai, ρ)) and
the map

(4.3.8) r 7→
ˆ

S1(ai,r)

|Du|2

2
dH1 − λ([u, ai])

2

4πr
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238 Chapter 4: Universality of renormalisable mappings in 2d

is non-negative and integrable on (0, ρΩ(a1, . . . , ak)).

In any case for all 0 < ρ < ρΩ(a1, . . . , ak),

(4.3.9) E1,2
ren(u) +

k∑
i=1

λ([u, ai])
2

4π
log

1

ρ

=

ˆ
Ω\

⋃k
i=1 B(ai,ρ)

|Du|2

2
dx+

k∑
i=1

ˆ ρ

0

[ˆ
S1(ai,r)

|Du|2

2
dH1 − λ([u, ai])

2

4πr

]
dr.

Definition 4.3.7. A map u ∈ W1,1(Ω;N) is said to be renormalisable
if it satisfies any of the equivalent conditions in Proposition 4.3.6; that
is u ∈ R1,2(Ω;N) and (4.3.7) is finite. We denote the space of all such
mappings by W1,2

ren(Ω;N).

Prototypical examples of such mappings are vortex-type maps taking
the form uγ(x) = γ(x/|x|), where γ : S1 → N is a minimising geodesic in
its free homotopy class (i.e.λ([γ]) =

´
S1 |γ̇|dH1). In this case, we have

uγ ∈ W1,2
ren(B(0, 1);N) with E1,2

ren(uγ) = 0.
Later in Section 4.5, we will also use the notation E1,2

ren(u; Ω) if we
wish to specify the domain. In particular, note that

(4.3.10) E1,2
ren(u;B(ai, ρ)) +

λ([u, ai])
2

4π
log

1

ρ

=

ˆ ρ

0

[ˆ
∂B(ai,r)

1

2
|Du|2 dH1 − λ([u, ai])

2

4πr

]
dr

for each i = 1, . . . , k, and ρ < ρΩ(a1, . . . , ak).
In [32, Prop. 7.2(iii)] it is shown that a property of renormalised

maps is that for each i ∈ {1, . . . , k}, there exists a sequence (ρℓ)ℓ∈N

converging to zero such that the sequence (trS1 u(ai + ρℓ·))ℓ∈N converges
strongly to a geodesic γi ∈ C1(S1;N) in W1,2(S1;N). We show in the
next Example 4.3.8 that the selection of a sequence is in general necessary.
However, the geodesics obtained along different subsequences lie in the
same homotopy class (and moreover the same synharmony class; cf. [32,
Def. 3.2, Prop. 7.2(iv)]) (see also (4.7.1) in Section 4.7).

Example 4.3.8 (Non-uniqueness of the limiting geodesic). Let B =
B(0, 1) ⊂ R2 ∼= C be the unit disc, and consider polar coordinates
(r, θ) 7→ z = reiθ. Then define u : B → S1 by

(4.3.11) u(reiθ) = eiθ+iη(r), where η(r) = log log

(
1 +

1

r

)
.
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Then since |Du|2 = |η′(r)|2 + 1
r2
, for ρ ∈ (0, 1) we have

(4.3.12)
ˆ

B\B(0,ρ)

1

2
|Du|2 dz− π log

1

ρ
= π

ˆ 1

ρ
r|η′(r)|2 + 1

r
dr− π log

1

ρ
,

which remains bounded as ρ → 0 since r|η′(r)|2 ∈ L1((0, 1)), thereby
defining a map in W1,2

ren(B,S1). However if choose subsequences ρk, ρ̃k ↘ 0
satisfying

(4.3.13) log log

(
1 +

1

ρk

)
= 2kπ, log log

(
1 +

1

ρ̃k

)
= 2kπ − π

2

for all k, we see that

(4.3.14) trS1 u(ρn·) → idS1 , trS1 u(ρ̃n·) → e−i idS1 ,

exhibiting non-uniqueness of the limiting geodesic.
We can also construct a similar example in the case of the flat torus

N = S1 × S1 ⊂ C2, by defining v(reiθ) = (eiθ, eiη(r)) with η as above.
An analogous argument shows that v ∈ W1,2

ren(B;N), and along the same
subsequences ρk, ρ̃k, we get two geodesics with disjoint images, namely
(idS1 , 1) and (idS1 ,−1).

4.4 Asymptotic bounds

In this section, we derive bounds for our formal Γ-convergence analysis,
starting with an upper bound in Proposition 4.4.1. Then, through a
merging ball process, a lower bound for each fixed n is established in
Proposition 4.4.7, which allows us to establish asymptotic lower bounds
detailed in Proposition 4.4.10.

4.4.1 Upper bound

We will show the renormalised limit along a fixed map is controlled
by the renormalised energy, which corresponds to the Γ-limsup in the
Γ-convergence analysis.

Proposition 4.4.1. Let u ∈ W1,2
ren(Ω;N) have k ∈ N distinct singularities

a1, . . . , ak ∈ Ω. Then if (fn)n is a family of approximating integrands (as
in Definition 4.2.1), we have

(4.4.1) lim
n→∞

[ˆ
Ω
fn(|Du|) dx− V(fn)

k∑
i=1

λ([u, ai])
2

4π

]
= E1,2

ren(u) + H([u, ai])
κ
i=1,
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where we define

(4.4.2) H([u, ai])
κ
i=1

.
=

k∑
i=1

λ([u, ai])
2

4π
log

2π

λ([u, ai])
.

We will record the following elementary calculation as we will need it
several times later. Note that it also shows how the H([u, ai])

κ
i=1 term

arises.

Lemma 4.4.2. Let (fn)n be as in Definition 4.2.1. Then for all λ, ρ > 0,
we have

(4.4.3) lim
n→∞

[ˆ ρ

0
2πrfn

(
λ

2πr

)
dr − V(fn)

λ2

4π

]
=
λ2

4π
log

2πρ

λ2
.

Proof of Lemma 4.4.2. For each n, change of variables r 7→ 2πr
λ in the

first integral gives

(4.4.4)
ˆ ρ

0
2πrfn

(
λ

2πr

)
dr − V(fn)

λ2

4π
=
λ2

2π

ˆ 2πρ
λ

1
fn

(
1

r

)
r dr,

and sending n→ ∞ using the dominated convergence theorem we have

(4.4.5) lim
n→∞

ˆ 2πρ
λ

1
fn

(
1

r

)
r dr =

1

2

ˆ 2πρ
λ

1

dr

r
=

1

2
log

2πρ

λ
,

thereby establishing the result. □

Remark 4.4.3. In the case of the p-energy fp(t) = tp

p (case (a)), it was
shown in [43, Prop. 3.1] that

lim
p↗2

[ˆ
Ω

|Du|p

p
− 1

2− p

κ∑
i=1

λ([u, ai])
2

4π

]

≤ E1,2
ren(u) +

k∑
i=1

λ([u, ai])
2

4π

[1
2
+ log

( 2π

λ([u, ai])

)]
.

This is consistent with Proposition 4.4.1 above, and the discrepancy in
the remainder term arises because V(fp) =

2
p · 1

2−p = 1
2−p +

1
2 + o(1) as

p↗ 2.

Proof of Proposition 4.4.1. By Lemmas 4.2.12 and 4.2.13, there exists
C1, C2 > 0 such that

|fn(t)| ≤ C1(1 + t2),(4.4.6)

fn(t)− fn(s) ≤
f ′n,+(max{s, t0})
2max{s, t0}

(t2 − s2) + C2,(4.4.7)
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for all n and s, t ≥ 0, where t0 ≥ 1 is as in the (Dec)c2 condition, chosen
uniformly in n. Fixing ρ ∈ (0, ρΩ(a1, . . . , ak), we will first show that

(4.4.8) lim
n→∞

ˆ
Ω\

⋃k
i=1 B(ai,ρ)

fn(|Du|) =
ˆ
Ω\

⋃k
i=1 B(ai,ρ)

|Du|2

2
.

This follows by the dominated convergence theorem; since |Du| ∈ L2(Ω \⋃k
i=1 B(ai, ρ)) by Proposition 4.3.6, using (4.4.6) we obtain a uniform

majorant.
We now consider the contribution in B(ai, r) for each i = 1, . . . , k.

Using polar coordinates, we can write
ˆ

B(ai,r)
fn(|Du|) dx− V(fn)

λ([u, ai])
2

4π

=

ˆ ρ

0

ˆ
S1(ai,r)

fn(|Du|)− fn

(
λ([u, ai])

2πr

)
dH1 dr

+

ˆ ρ

0
2πrfn

(
λ([u, ai])

2πr

)
dr − λ([u, ai])

2

2π

ˆ 1

0
fn(1/r)r dr

.
= I(n) + II(n).

(4.4.9)

For the first term, we will show that

(4.4.10) lim
n→∞

I(n) =

ˆ ρ

0

ˆ
S1(ai,r)

|Du|2

2
dH1 − λ([u, ai])

2

4πr
dr

To see this, observe that for almost all r ∈ (0, 1) such that |Du| ∈
L2(∂B(ai, r)), we have

(4.4.11) lim
n→∞

ˆ
S1(ai,r)

fn(|Du|)− fn

(
λ([u, ai])

2πr

)
dr

=

ˆ
S1(ai,r)

1

2
|Du|2 dH1 − λ([u, ai])

4πr
,

and using (4.4.7) we have

0 ≤
ˆ

S1(ai,r)
fn(|Du|)− fn

(
λ([u, ai])

2πr

)
dr (4.4.12)

≤
f ′n,+(max{λ([u, ai])/(2πr), t0})

max{λ([u, ai])/(2πr), t0}

ˆ
S1(ai,r)

|Du|2

−λ([u, ai])
2

4π2r2
dH1 + 2πC2r

≤
(
sup
n∈N

f ′n,+(t0)

t0

)[ˆ
S1(ai,r)

1

2
|Du|2 dH1 − λ([u, ai])

4πr

]
+ 2πC2r,
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using (Dec)c2 and non-negativity of the integral in the last line, noting
the supremum is finite by Lemma 4.2.10(b). Thus, we have a uniform
upper bound which is integrable on (0, ρ) by Proposition 4.3.6(ii), from
which (4.4.10) follows by the dominated convergence theorem. For the
second term, we use Lemma 4.4.2, which gives

lim
n→∞

II(n) =
λ([u, ai])

2

2π
lim
n→∞

ˆ 2πρ
λ([u,ai])

1
fn(1/r)r dr

=
λ([u, ai])

2

2π

ˆ 2πρ
λ([u,ai])

1

1

2r
dr =

1

2
log

λ([u, ai])

2πρ
.

(4.4.13)

Combining (4.4.10) and (4.4.13) in (4.4.9), the result follows. □

Note that, instead of using (Dec)c2 to establish (4.4.12), one could
have assumed that there exists A,B > 0 such that for all s, t ∈ R+ and
all n ∈ N, fn(t)− fn(s) ≤ A

(
t2 − s2

)
+B.

4.4.2 Ball merging construction

In this section, we will consider a Young function f satisfying (Dec)n2 and
(vInt), and establish lower bounds for the functional

´
Ω f(|Du|) dx which

will capture the singularities of u. For this we start with a fundamental
lower bound for annuli, which we denote by

A(a, ρ, σ)
.
= {x ∈ R2 : ρ ≤ |x− a| ≤ σ} = B(a, ρ) \ B◦(a, σ)

where a ∈ R2 is the centre and the endpoints are given by 0 ≤ ρ ≤ σ,
recalling that balls are always chosen to be closed.

Lemma 4.4.4. Let u ∈ W1,2(A(a, ρ, σ);N) with a ∈ R2 and 0 ≤ ρ < σ <
sys(N)
2πt0

(with no restriction if t0 = 0). If E .
= λ(tr∂Bσ(a) u(a+ σ ·))2/4π is

non-zero, we have

(4.4.14)
ˆ

A(a,ρ,σ)
f(|Du|) dx ≥ E

(
Λ
( σ
E

)
− Λ

( ρ
E

))
,

where

(4.4.15) Λ(t) = Λf (t)
.
=

1

2
sys(N)2

ˆ t

0
f

(
2

sys(N)s

)
sds,

which is finite by (vInt).
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The quantity Λf (·) plays a similar role to the quantity Λε(·) considered
by Jerrard in [24, §3] in the context of Ginzburg-Landau functionals.
Also setting c0

.
= 1

2sys(N), we have

(4.4.16) Λ(t) = 2c20

ˆ t

0
f

(
1

c0s

)
s ds.

We will often use Lemma 4.4.4 with ρ = 0, however the general form is
also used for instance in (4.4.35). The result also holds when E = 0 if we
interpret the right hand side of (4.4.14) to be zero in that case.

Proof of Lemma 4.4.4. By converting to radial coordinates and using
Jensen’s inequality, we have

ˆ
A(a,ρ,σ)

f(|Du|) dx = 2π

ˆ σ

ρ

ˆ
S1

f (|Du(a+ rω)|) dH1(ω) r dr

≥ 2π

ˆ σ

ρ
f

(
λ

2πr

)
r dr,

(4.4.17)

where λ = λ([u, a]) and where we have used that u ∈ W1,2(A(a, ρ, σ);N)
in this annulus, so λ = λ(trS1 u(a+r ·)) for all r ∈ [ρ, σ]. Note that, since
λ ̸= 0, we have λ ≥ sys(N). Then making the substitution s = r/E we
write

ˆ
A(a,ρ,σ)

f(|Du|) dx ≥ 2π

ˆ σ

ρ
f

( √
E√
πr

)
r dr

= 2πE2

ˆ σ
E

ρ
E

f

(
1√
πEs

)
sds

≥ sys(N)2

2
E

ˆ σ
E

ρ
E

f

(
2

sys(N)

1

s

)
sds

= E
(
Λ(
σ

E
)− Λ(

ρ

E
)
)

(4.4.18)

where we used (Dec)n2 noting that 1√
πEs

≥ sys(N)
2πσ ≥ t0 for all s ≤ σ

E , by
the upper bound on σ. □

Lemma 4.4.5. Let f be a Young function, and let Λ(t) be as in (4.4.15).
Then for 0 ≤ ρ < σ, we have

(4.4.19) E 7→ E
(
Λ
( σ
E

)
− Λ

( ρ
E

))
is non-decreasing in E > 0.
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Lemma 4.4.5 is analogous to the mean-value property observed by
Jerrard [24, Prop. 3.1, (3.3)], and by taking ρ = 0, we see that t 7→ 1

t Λ(t)
is also non-increasing in t. In addition, by combining Lemmas 4.4.4 and
4.4.5 we infer that (4.4.14) holds for any E ∈ [0, λ(trS1 u(a+ σ ·))2/4π].

Proof of Lemma 4.4.5. For E1 < E2 we use the change of variable r =
E1
E2
s in

E1

(
Λ
( σ
E

)
− Λ

( ρ
E

))
= 2c20E1

ˆ σ/E1

ρ/E1

f

(
1

c0s

)
s ds

= 2c20E2

ˆ σ/E2

ρ/E2

f

(
E1

E2

1

c0r

)
E2

E1
r dr

≤ 2c20E2

ˆ σ/E2

ρ/E2

f

(
1

c0r

)
r dr,

(4.4.20)

where we used the fact that f(st) ≤ sf(t) with s = E1
E2

∈ (0, 1) in the last
line, which follows from convexity of f and the fact that f(0) = 0. □

We record the following ball merging construction, which can be found
in [24, Lem. 3.1] (see also [39, Fig. 1]).

Lemma 4.4.6 (Merging lemma). Given any finite collection B of closed
balls in R2, we can associate a pairwise disjoint collection of balls B̃ such
that

⋃
B ⊂

⋃
B̃ and

∑
B∈B r(B) =

∑
B̃∈B̃ r(B̃). Moreover, the construc-

tion is such that for each B̃ ∈ B̃, there exist finitely many B1, . . . ,Bk such
that

⋃k
i=1 Bi ⊂ B̃ and

∑k
i=1 r(Bi) = r(B̃). In particular, if k = 1 we have

B1 = B̃.

Informally, Lemma 4.4.6 provides a way to systematically “disjointify”
a given collection of balls, by merging any two balls which intersect. In
the sequel, we will say a ball B̃ can be obtained by merging balls B1, . . . ,Bk

if we have Bi ⊂ B for all i = 1, . . . ,m, and r(B) =
∑m

i=1 r(Bi).

Proof of Lemma 4.4.6. We inductively merge any two balls B1 = Bσ1(a1)
and B2 = Bσ2(a2) which intersect, by replacing them by Bσ(a), where
a = σ1a1+σ2a2

σ1+σ2
and σ = σ1 + σ2. We repeat this procedure for any two

intersecting balls until they are all pairwise disjoint. □

Proposition 4.4.7 (Ball merging for E1,2
sg ). Let f be a Young function

satisfying (Dec)n2 and (vInt), and let Λ(t) be as in (4.4.15). For δ > 0,
let u ∈ R1,2

δ (Ω;N) have singularities at distinct a1, . . . , ak ∈ Ω with k ≥ 1,
and set η0 = min

{ sys(N)
2πt0

, δ
}
> 0.
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Then for each η ∈ (0, η0] there exists a finite collection B(η) of disjoint
closed balls in Ω whose sum of radii is η, such that

⋃
B(η) contains {ai}ki=1

and that

(4.4.21)
( ∑

B∈B(η)

E1,2
sg (tr∂B u)

)
Λf

( η∑
B∈B(η) E

1,2
sg (tr∂B u)

)
≤
ˆ
⋃

B(η)
f(|Du|) dx,

understanding the left-hand side to be zero when u has no singularities in
Ω.

Note that for the collection B(η) obtained by Proposition 4.4.7,
(tr∂B u)B∈B(η) is topological resolution of tr∂Ω u for each η, since

{ai}i=1,...,k ⊂
⋃

B(η)

and the balls are disjoint. The key step in proving Proposition 4.4.7 will
be to show the energy inequality (4.4.21) is preserved under a suitable
merging process; we will record this as a separate lemma.

Lemma 4.4.8. Suppose (σi)
k
i=1, (Ei)

k
i=1 are positive numbers and let

(4.4.22) 0 < EΣ ≤
k∑

i=1

Ei, σΣ =
k∑

i=1

σi.

Suppose there is a parameter T > 0 such that

σi ≤ EiT for all 1 ≤ i ≤ k,(4.4.23)
σΣ ≥ EΣT,(4.4.24)

then we have

(4.4.25)
k∑

i=1

EiΛ

(
σi
Ei

)
≥ EΣΛ

( σ
EΣ

)
.

In the proof of Lemma 4.4.8, we use Lemma 4.4.5 with ρ = 0 twice.

Proof of Lemma 4.4.8. Since (4.4.23) gives σi
Ei

≥ T for all i, and since
E 7→ Λf (σ/E) is non-decreasing by Lemma 4.4.5 (applied with ρ = 0),
we have

(4.4.26)
k∑

i=1

EiΛf

(
σi
Ei

)
≥

k∑
i=1

σi
T
Λf (T ) =

σΣ
T

Λf (T ) ,
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where the last equality follows by (4.4.22)2. Using Lemma 4.4.5 again
with (4.4.24), we see that

(4.4.27)
σΣ
T

Λf (T ) ≥ EΣΛf

(
σΣ
EΣ

)
,

which we combine with (4.4.26) to conclude. □

Proof of Proposition 4.4.7. Fix η ∈ (0, η0]. Given a parameter t > 0, we
will inductively define two collections of closed balls B+(t),B−(t) which
satisfy the following properties for t > 0:

(i) The collections B±(t) are both finite collections of balls, such that
balls in B+(t) are pairwise disjoint, and balls in B−(t) have pairwise
disjoint interiors. That is,

B1 ∩ B2 = ∅ for all B1,B2 ∈ B+(t),

B◦
1 ∩ B◦

2 = ∅ for all B1,B2 ∈ B−(t).

(ii) The collections (cB, tr∂B u)B∈B+(t) and (cB, tr∂B u)B∈B−(t) are topo-
logical resolutions of tr∂Ω u, where cB denotes the centre of the ball
B. We will say, by abuse of language, that both B+(t),B−(t) are
topological resolutions of u in Ω. In particular,∑

B∈B±(t)

E1,2
sg (tr∂B u) ≥ E1,2

sg (tr∂Ω u) for all t > 0.

Here we use the notation B±(t) to mean the property should hold
with both B+(t) and B−(t) in place of B±(t).

(iii) The collection B+(t) can be obtained by applying Lemma 4.4.6 to
B−(t). That is, to each B̃ ∈ B+(t) there exists B1, . . . ,Bm ∈ B−(t)
such that B̃ can be obtained by merging B1, . . . ,Bm.

(iv) We have the radius bounds

r(B) ≤ E1,2
sg (tr∂B u) t for all B ∈ B−(t),

r(B) ≥ E1,2
sg (tr∂B u) t for all B ∈ B+(t),

where r(B) denotes the radius of the ball B.

(v) We have the lower bound

ˆ
B
f(|Du|) dx ≥ E1,2

sg (tr∂B u) Λf

(
r(B)

E1,2
sg (tr∂B u)

)
for each B ∈ B±(t).
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(vi) The sum of radii satisfies

r(B±(t))
.
=

∑
B∈B±(t)

r(B) ≤ η.

We will describe this process in Steps 1–4. The idea will be to “expand”
the balls with respect to the parameter t, where we consider concentric
balls B(t) following the expansion law

(4.4.28) r(B(t)) = E1,2
sg (tr∂B(t) u) t.

We cannot do this indefinitely without having balls intersect however, in
which case we will need to merge balls using Lemma 4.4.6. To ensure the
lower bound (v) is preserved under this process, we use Lemma 4.4.8 on
specific balls; for this reason, we have two collections of balls B±(t) at
each time-step satisfying (iv).

In what follows we will abbreviate

(4.4.29) E1,2
sg (a, ρ)

.
= E1,2

sg ([tr∂B(a,ρ) u]),

and also put E1,2
sg (a)

.
= E1,2

sg ([u, a]), where [u, a] denotes a limiting geodesic
of u at a.

Step 1

The initial parametrisation.
For t > 0 sufficiently small, we define B+(t) and B−(t) to be equal

as the collection of balls B(ai, ρi(t)) for each 1 ≤ i ≤ k, where

(4.4.30) ρi(t) = E1,2
sg (ai)t.

Here t > 0 is chosen so these balls do not intersect; that is t < t1 with

(4.4.31) t1 = sup{t > 0 : B+(t) is pairwise disjoint},

noting that t1 > 0 since the starting points a1, . . . , ak were distinct. This
defines B±(t) for all 0 < t < t1, which by definition satisfies (ii)–(iv).
Since u is only singular at each ai ∈ B(ai, ρi(t)), by Lemma 4.4.4 we have

(4.4.32)
ˆ

B(ai,ρi(t))
f(|Du|) dx ≥ E1,2

sg (ai, ρi(t))Λf

(
ρi(t)

E1,2
sg (ai, ρi(t))

)
,

establishing (v). Lastly, if we have that (vi) is satisfied with equality we
will terminate the process and proceed to Step 5; otherwise, our collection
B±(t) satisfies all the claimed properties for 0 < t < t1, and so we can
move to Step 2.
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Step 2

Evolving and frozen balls.
We will split B±(t) further into disjoint unions

(4.4.33) B+(t) = B+
F (t) ∪B+

G(t), B−(t) = B−
F (t) ∪B−

G(t)

distinguishing between the “frozen” and “growing” balls respectively. Note
that none of the balls are initially frozen, so we define B+

G(t) = B−
G(t)

.
=

B+(t) and B+
G(t) = B−

G(t) = ∅ for all t ∈ (0, t1).
We will inductively show there are finitely many 0 = t0 < t1 < · · ·

such that

(a) B+
G(t) = B−

G(t) for t ∈ (tj−1, tj) and each ball B = B(a, σ) ∈ B+
G(tj−1)

evolves as B(t) with respect to the expansion law (4.4.28); that is,
B(t) = B(a, σ(t)) where σ(t) = E1,2

sg (tr∂B u)t. In particular, balls in
B±

G satisfy (iv) with equality.

(b) both B±
F (t) are constant on each (tj−1, tj) and B+

F (t) can be obtained
by applying Lemma 4.4.6 to B−

F (t). Moreover, we require that balls
B ∈ B+

F (t) satisfy (iv) with a strict inequality.

In Step 1, we verified this holds up to t ≤ t1 defined in (4.4.31). Given
B±(tj−1), we can define B±(t) via (a) and (b) until we reach t .= tj > tj−1

such that one of the following holds.
Case 1 (collision): We have B+(t) is no longer pairwise disjoint, in

which case we define (4.4.34) as below and move to Step 3.
Case 2 (saturation): There is B ∈ B+

F (t) which satisfies (iv) with
equality, in which case we define (4.4.34) as below and move to Step 4.

Case 3 (termination): We have r(B+(t)) = η, in which we terminate
the process and move to Step 5.

If either Case 1 or 2 occurs, at this time step t = tj we let

(4.4.34) B±(tj−) = B±
F (tj−) ∪B±

G(tj−)

be the collections obtained by applying (a) and (b) at this time step,
which we will suitably modify in the subsequent steps. If multiple cases
occur at once, we apply the corresponding steps in order. This procedure
is shown in Figure 4.1.

We claim that if B±(t) satisfies (a), (b) for all t ∈ (tj−1, tj), then the
claimed properties (i)–(vi) hold for all t in this range. Indeed, property
(i) holds for t < tj by Case 1 of tj and by the fact that the only expanding
balls are those in B+

G(t) = B−
G(t). Similarly Case 2 of tj ensures (iv)

holds provided t < tj , noting the inequality for balls in B−
F (t) weakens as

t is increased. Also since
⋃
B±(t) still contains the initial singularities
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Collision
(Step 3)

Initialisation
(Step 1)

Expansion
(Step 2)

Saturation
(Step 4)

Termination
(Step 5)

Increment
tj 7→tj+1

Case 2

Case 3

Case 1

Case 2

Case 3

Increment
tj 7→tj+1

Figure 4.1: Flowchart of the inductive process

a1, . . . , ak, B±(t) remains topological resolutions of u in Ω and satisfies
(ii). By induction hypothesis (iii) holds at t = tj−1, and hence is preserved
for t ∈ (tj−1, tj) since there are no new intersections. Also Case 3 ensures
(vi) holds.

For (v), this is satisfied by balls in B±
F (t) by inductive assumption, so

we only need to check the balls in B±
G(t). For this let B(t) = B(a, σ(t)) ∈

B+
G(t) = B−

G(t) with σ(t) = E1,2
sg (tr∂B u)t, which corresponds to B =

B(a, σ(tj−1)) ∈ B+
G(tj−1). Then by applying Lemma 4.4.4 (annular lower

bound) and Lemma 4.4.5 (the mean value property), we can estimate
ˆ

B(a,σ(t))
f(|Du|) dx ≥

ˆ
B(a,σ(t))\B(a,σ(tj−1))

f(|Du|) dx (4.4.35)

+

ˆ
B(a,σ(tj−1))

f(|Du|) dx (4.4.36)

≥ E1,2
sg (a, σ(t))

(
Λf

(
σ(t)

E1,2
sg (a, σ(t))

)
− Λf

(
σ(tj−1)

E1,2
sg (a, σ(t))

))

+E1,2
sg (a, σ(tj−1))Λf

(
σ(t)

E1,2
sg (a, σ(tj−1))

)

= E1,2
sg (a, σ(t))Λf

(
σ(t)

E1,2
sg (a, σ(t))

)
,

since E1,2
sg (a, σ(t)) = E1,2

sg (a, σ(tj−1)). This verifies (v), so we infer that
(i)–(vi) holds for all t ∈ (tj−1, tj).
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Step 3

Ball merging I (Collision).
Suppose we are in Case 1 of the previous step, so B+(tj−) is not

pairwise disjoint. We will apply Lemma 4.4.6 to B+(tj−) and let B+
New(tj)

denote the collection of new balls obtained in this process, i.e. those which
strictly contains one of the existing balls.

Then, each B ∈ B+
New(tj) arises from BF

1 , . . . ,B
F
m ∈ B+

F (tj−) and
BG
1 , . . . ,B

G
ℓ ∈ B+

G(tj−) which are contained in B. Note that by (iii), there
also exists B̃F

1 , . . . , B̃
F
m̃ ∈ B−

F (tj−) from which we can obtain BF
1 , . . . ,B

F
m

by merging. Then, since by (iv) we have

r(BF
i ) ≥ E1,2

sg (tr∂BF
i
u)tj for all i = 1, . . . ,m,(4.4.37)

r(B̃F
i ) ≤ E1,2

sg (tr
∂B̃F

i
u)tj for all i = 1, . . . , m̃,(4.4.38)

r(BG
i ) = E1,2

sg (tr∂BG
i
u)tj for all i = 1, . . . , ℓ,(4.4.39)

it follows from (4.4.38) and (4.4.39) that

r(B) =
m∑
i=1

r(BF
i ) +

ℓ∑
i=1

r(BG
i )

=
m̃∑
i=1

r(B̃F
i ) +

ℓ∑
i=1

r(BG
i )

≥ tj

m∑
i=1

E1,2
sg (tr∂BF

i
u) + tj

ℓ∑
i=1

E1,2
sg (tr∂BG

i
u)

≥ E1,2
sg (tr∂B u)tj ,

(4.4.40)

where we used the subadditivity of the singular energy (namely (4.3.4))
in the last line. Then since {BF

i }mi=1, {BG
i }ℓi=1 satisfies (v) by inductive

assumption, by Lemma 4.4.8 using (4.4.37) and (4.4.39), we have

ˆ
B
f(|Du|) dx ≥

m∑
i=1

ˆ
BF
i

f(|Du|) dx+

ℓ∑
i=1

ˆ
BG
i

f(|Du|) dx

≥
m∑
i=1

E1,2
sg (tr∂BF

i
u)Λf

(
r(BF

i )

E1,2
sg (tr∂BF

i
u)

)

+

ℓ∑
i=1

E1,2
sg (tr∂BG

i
u)Λf

(
r(BG

i )

E1,2
sg (tr∂BG

i
u)

)

≥ E1,2
sg (tr∂B u)Λf

(
r(B)

E1,2
sg (tr∂B u)

)
,

(4.4.41)
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thereby establishing (v) for B.
We then define B±

F (tj) and B±
G(tj) as B±

F (tj−) and B±
G(tj−) respec-

tively, except we make the following modifications corresponding to each
B ∈ B+

New(tj):

■ We remove BF
1 , . . . ,B

F
m from B+

F (tj) and instead put B ∈ B+
F (tj).

■ We remove BG
1 , . . . ,B

G
ℓ from B±

G(tj) and put them in B−
F (tj).

The above shows that (iv) and (v) hold, and (iii) holds since each B ∈
B+

new(tj) can be obtained by merging B̃F
1 , . . . , B̃

F
m̃,B

G
1 , . . .B

G
ℓ , which now

lie in B−
F (tj). The remaining properties are a routine check.

Thus we have defined B±(tj). Now if (4.4.40) holds with equality for
any of the B ∈ B+

F (tj), since Case 2 would be violated, we rename our
new collections as B±(tj−) and move to Step 4. Otherwise, we return to
Step 2 to continue the inductive process.

Step 4

Ball merging II (Saturation).
Suppose there is B ∈ B+

F (tj−) satisfying (iv) with equality, that is

(4.4.42) r(B) = E1,2
sg (tr∂B u)tj .

If this holds, let B1, . . . ,Bℓ ∈ B−
F (tj−) be the balls which merge to give

B, which exist by (iii). We then define B±(tj) as B±(tj−) except that
for any such ball B we make the following modifications:

■ We move B from B+
F (tj) to B+

G(tj).

■ We remove B1, . . . ,Bℓ from B−
F (tj) and add B to B−

G(tj).

We show that (i)–(vi) holds. Since we apply Step 3 first if both Cases
1 and 2 occur, (i) holds true. Since we have replaced B1, . . . ,Bℓ by the
merged ball B whenever B satisfies (4.4.42), items (ii), (iii) and (iv) still
hold. For (v), we use in order that

⋃ℓ
i=1 Bi ⊂ B, (v) and (iv) holds for

each Bi ∈ B−
F (tj−), Lemma 4.4.5, that r(B) =

∑ℓ
i=1 r(Bi) and (4.4.42)

251



252 Chapter 4: Universality of renormalisable mappings in 2d

to bound
ˆ

B
f(|Du|) dx ≥

ℓ∑
i=1

ˆ
Bi

f(|Du|) dx

≥
ℓ∑

i=1

E1,2
sg (tr∂Bi

u) Λf

(
r(Bi)

E1,2
sg (tr∂Bi

u)

)

≥
ℓ∑

i=1

r(Bi)

tj
Λf (tj)

=
r(B)
tj

Λf (tj)

= E1,2
sg (tr∂B u) Λf

(
r(B)

E1,2
sg (tr∂B u)

)
.

Step 5

Termination.
Observe the sum of radii r(B−(t)) is continuous and non-decreasing

in t, and by (iv) satisfies

(4.4.43) r(B−(t)) ≥
∑

B∈B(t)

E1,2
sg (tr∂B u)t ≥ E1,2

sg (tr∂Ω u)t,

where we used the subadditivity inequality (4.3.4) of the singular energy.
Since the right hand side is unbounded as t→ ∞, there exists t = T > 0
where

(4.4.44) r(B(T )) = η,

and hence we must eventually reach Case 3 in the iteration of Step
2. When this occurs, by construction the collection B

.
= B−(T ) is a

collection of disjoint balls {B(ci, σi)}Ni=1 for which

(4.4.45)
ˆ

B(ci,σi)
f(|Du|) dx ≥ E1,2

sg (ci, σi)Λf

(
σi

E1,2
sg (ci, σi)

)
,

by (v) and

(4.4.46) σi ≤ E1,2
sg (ci, σi)T

by (iv). Moreover we have

(4.4.47) η = r(B−(T )) = r(B+(T ))

≥
∑

B∈B+(T )

E1,2
sg (tr∂B u)T ≥ E1,2

sg (tr∂Ω u)T,
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so applying Lemma 4.4.8 we deduce that

(4.4.48)
ˆ
⋃

B

f(|Du|) dx

≥

(∑
B∈B

E1,2
sg (tr∂B u)

)
Λf

(
η∑

B∈B E1,2
sg (tr∂B u)

)
,

establishing our desired lower bound for the collection B. □

Remark 4.4.9. The proof of Proposition (4.4.7) moreover shows that,
analogously to what is proven in [43, Prop. 4.3], for each η ∈ (0, η0]
there exists a collection S of circles S1(a, ρ) = ∂B(a, ρ) (understanding
S1(c, 0) = {c}) for which the following holds.

(a) We have
⋃
S is a disjoint union of finitely many annuli; that is, there

exists N ∈ N and centres cj ∈ Ω, radii 0 ≤ rj ≤ rj ≤ η for each
1 ≤ j ≤ N such that S1(cj , r) ∈ S for each rj ≤ r < rj .

(b) for each ε ∈ (0, η] there exists finitely many {S1(cji , ρi)}ℓi=1 ⊂ S

such that
∑ℓ

i=1 ρi = ε and {ai}κi=1 ⊂
⋃ℓ

i=1 B(cji , ρi). If ε = η, this
collection corresponds precisely to {∂B : B ∈ B(η)} ⊂ S.

(c) For each 1 ≤ j ≤ N we have the localised estimate

E1,2
sg (tr∂B(cj ,r) u)Λf

( r

E1,2
sg (tr∂B(cj ,r) u)

)
≤
ˆ

B(cj ,r)
f(|Du|) dx

for each r ∈ [ri, ri).

This can be seen by defining

(4.4.49) S = {∂B : B ∈ B+
G(t), 0 ≤ t ≤ T},

and verifying that the claimed properties follow from the items (i)–(vi)
in the proof of Proposition 4.4.7. We will omit the details, as we will not
need this in our subsequent analysis.

4.4.3 Asymptotic lower bounds

We will show how this merging ball construction can be used to obtain
bounds for (almost-)minimising sequences in the class R1,2

δ (Ω;N). For
this we will first establish a general lower bound valid for all sequences,
namely (4.4.50), and then we will prove refined bounds along sequences
attaining this bound in the sense of (4.4.51).
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Proposition 4.4.10. Let g ∈ W1/2,2(∂Ω;N) and δ > 0, and suppose
(un)n ⊂ R1,2

δ (Ω;N) is a sequence such that tr∂Ω un = g for all n. Then
given a sequence fn : R+ → R of approximating integrands, the following
holds:

(i) We always have

(4.4.50) E1,2
sg ([g]) ≤ lim

n→∞

1

V(fn)

ˆ
Ω
fn(|Dun|) dx,

where the right-hand side may in general be infinite.

(ii) Assume that

(4.4.51) lim
n→∞

[ˆ
Ω
fn(|Dun|)− V(fn)E

1,2
sg (g)

]
is finite.

Then for each η ∈ (0, η0) and n ∈ N, there exists a finite collection
of balls B

Top
n (η) whose sum of radii is at most η, (tr∂B un)B∈BTop

n (η)

forms a topological resolution of g, we have E1,2
sg (tr∂B u) > 0 for all

B ∈ B
Top
n (η), and the following asymptotic lower bound

(4.4.52) lim
n→∞

∑
B∈BTop

n (η)

E1,2
sg (tr∂B un)

≤ lim
n→∞

V(fn)
−1

ˆ
⋃

B
Top
n (η)

fn(|Dun|)

holds. Moreover we have the remainder estimate

(4.4.53) lim
n→∞

ˆ
Ω\

⋃
B

Top
n (η)

fn(|Dun|)

≤ lim
n→∞

[ˆ
Ω
fn(|Dun|)− V(fn)E

1,2
sg (g)

]
+E1,2

sg (g) log
sys(N)E1,2

sg (g)

2η
.

Under the assumptions of (ii), note that (4.4.51) implies that

(4.4.54) E1,2
sg ([g]) = lim

n→∞

1

V(fn)

ˆ
Ω
fn(|Dun|),

so (i) holds with equality. We also point out that B
Top
n (η) is not the

collection of balls Bn(η) obtained by applying Proposition 4.4.7 to un and
fn, as we will discard any balls carrying zero singular energy (i.e. balls B
for which E1,2

sg (tr∂B un) = 0).
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Lemma 4.4.11. For a family of approximating integrands (fn)n, we have

(4.4.55) lim
n→∞

[Λfn(t)− V(fn)] = log
sys(N)t

2
for all t > 0.

where Λfn(t) was defined in (4.4.15). In particular,

(4.4.56) lim
n→∞

Λn(t)

V(fn)
= 1.

This result follows by applying Lemma 4.4.2, with ρ = t and λ =
4π

sys(N) .

Proof of Proposition 4.4.10. For (i), we set

(4.4.57) L1
.
= lim

n→∞
V(fn)

−1

ˆ
Ω
fn(|Dun|) dx,

which we assume is finite, since (4.4.50) is vacuously true otherwise. Let
η0 = min

{ sys(N)
2πt0

, δ
}
, then by Proposition 4.4.7 applied to un and fn,

there exists a collection Bn(η) of disjoint closed balls in Ω whose sum of
radii is η, such that

⋃
Bn(η) contains singular points of un and that

E(un,Bn(η)) Λfn

( η

E(un,Bn(η))

)
≤
ˆ
⋃

Bn(η)
fn(|Dun|) dx,(4.4.58)

where we abbreviate

(4.4.59) E(un,Bn(η))
.
=

∑
B∈Bn(η)

E1,2
sg (tr∂B un).

Let 0 ≤ M < limn→∞ E(un,Bn(η)), so that we have M ≤ E(un,Bn(η))
for infinitely many n. Thus for any such n, combining (4.4.58) with the
mean value property of Λfn (Lemma 4.4.5) we have

(4.4.60) MΛfn(η/M) ≤
ˆ
⋃

Bn(η)
fn(|Dun|).

Multiplying both sides by V(fn)
−1 we obtain, by (4.4.56) from Lemma

4.4.11,

M = lim
n→∞

V(fn)
−1MΛfn(η/M) ≤ lim

n→∞
V(fn)

−1

ˆ
⋃

Bn(η)
fn(|Dun|) ≤ L1.

Now increasing M to equal limn→∞ E(un,Bn(η)) we infer that

(4.4.61) lim
n→∞

∑
B∈Bn(η)

E1,2
sg (tr∂B un) ≤ L1,
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from which we deduce (4.4.52), and combining this with the subadditivity
property (4.3.4) of the singular energy, (4.4.50) also follows. We now let

BTop
n (η)

.
= {B ∈ Bn(η) : E

1,2
sg (tr∂Bũn) > 0}.(4.4.62)

Then (4.4.52) and (4.4.58) remains satisfied with B
Top
n (η) in place of

Bn(η), since we have a smaller collection of balls. Also since for any
B ∈ Bn(η) \BTop

n (η) we have E1,2
sg (tr∂B un) = 0, it follows that tr∂B un is

null-homotopic in N, and hence we can find ũn,B ∈ W1,2(B,N) satisfying
tr∂B un = tr∂B ũn,B. Then we can define ũn ∈ W1,2(Ω \

⋃
B

Top
n (η);N)

by setting ũn = ũu,B in each B ∈ Bn(η) \ BTop
n (η), and setting ũn = un

otherwise. Using this construction, it follows that (tr∂B un)B∈BTop
n (η)

remains a topological resolution of g.
For (ii) we assume that

(4.4.63) L2
.
= lim

n→∞

[ˆ
Ω
fn(|Dun|) dx− V(fn)E

1,2
sg (g)

]

is finite, and dividing both sides by V(fn) we see that

(4.4.64) lim
n→∞

1

V(fn)

[ˆ
Ω
fn(|Dun|) dx− E1,2

sg (g)

]
= lim

n→∞

L2

V(fn)
= 0.

In particular we can apply (i), so for η ∈ (0, η0) let B
Top
n (η) be the

collection of balls as constructed above, noting that (4.4.58) remains
satisfied. Then by subadditivity of the singular energy and Lemma 4.4.5,

(4.4.65) E1,2
sg (g)Λfn

(
η

E1,2
sg (g)

)

≤ E(un,B
Top
n (η))Λfn

(
η

E(un,B
Top
n (η))

)

≤
ˆ
⋃

B
Top
n (η)

fn(|Dun|) dx

holds for all n. Since by 4.4.11 we have

(4.4.66) lim
n→∞

[
Λfn

(
η

E1,2
sg (g)

)
− V(fn)

]
= log

(sys(N)E1,2
sg (g)

2η

)
,
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it follows that

lim
n→∞

ˆ
Ω\

⋃
B

Top
n (η)

fn(|Dun|) dx

≤ lim
n→∞

[ˆ
Ω
fn(|Dun|) dx− V(fn)

]
− lim

n→∞

[ ˆ
⋃

B
Top
n (η)

fn(|Dun|)− E1,2
sg (g)Λfn

(
η/E1,2

sg (g)
) ]

+ E1,2
sg (g) lim

n→∞

[
Λfn (η/E1,2

sg (g)) − V(fn)
]

≤ L2 + E1,2
sg (g) log

(sys(N)E1,2
sg (g)

2η

)
,

where we used (4.4.65) to bound the second term by zero, thereby estab-
lishing the result. □

4.5 Compactness results

4.5.1 Compactness theorem

Using the asymptotic lower bounds established in Proposition 4.4.10, we
can infer compactness for sequences (un)n satisfying the renormalised
bound (4.5.1). More precisely, we will show the following.

Theorem 4.5.1. Let g ∈ W1/2,2(∂Ω;N) and (fn)n be a sequence of ap-
proximating integrands. Given a sequence (un)n ⊂ W1,1(Ω;N) satisfying
tr∂Ω un = g for all n ∈ N, assume that

(4.5.1) L
.
= lim

n→∞

[ˆ
Ω
fn(|Dun|) dx− V(fn)E

1,2
sg (g)

]
is finite.

Then there exists an unrelabelled subsequence and a limit map u∗ ∈
W1,1(Ω;N) satisfying tr∂Ω u∗ = g and for which the following holds:

(i) The limit map u ∈ W1,2
ren(Ω;N) with κ ∈ N distinct singular points

a1, . . . , aκ ∈ Ω, such that for each 0 < ρ < ρΩ(a1, . . . , aκ), (trS1 u∗(ai+
ρ ·))κi=1 is a minimal topological resolution of g, in that

E1,2
sg (g) =

κ∑
i=1

λ([u∗, ai])
2

4π
.

In particular, κ ≤ 4πE1,2
sg (g)/sys(N)2.

(ii) The renormalised energy can be controlled:

E1,2
ren(u∗) + H([u∗, ai])

κ
i=1 ≤ L.
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258 Chapter 4: Universality of renormalisable mappings in 2d

(iii) For 0 < ρ < ρΩ(a1, . . . , aκ),

lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

fn(|Dun|) dx ≥
ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

1

2
|Du|2 dx,

lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

fn(|Dun|) dx ≤
ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

1

2
|Du|2 dx

+
(
L− E1,2

ren(u∗)−H([u∗, ai])
κ
i=1

)
.

(iv) For 0 < ρ < ρΩ(a1, . . . , aκ) and all i = 1, . . . , κ,

lim
n→∞

[ˆ
B(ai,ρ)

fn(|Dun|) dx− λ([u∗, ai])
2

4π
V(fn)

]

≥ E1,2
ren(u∗;B(ai, ρ)) +

λ([u∗, ai])
2

4π
log

2π

λ([u∗, ai])2

lim
n→∞

[ˆ
B(ai,ρ)

fn(|Dun|) dx− λ([u∗, ai])
2

4π
V(fn)

]
≤ L− E1,2

ren(u∗)−H([u∗, ai])
κ
i=1 + E1,2

ren(u∗;B(ai, ρ))

+
λ([u∗, ai])

2

4π
log

2π

λ([u∗, ai])
.

recalling the localised renormalised energy on balls was defined in
(4.3.10).

(v) We have narrow convergence of measures

fn(|Dun|)
V(fn)

L2 Ω⇀

κ∑
i=1

λ([u∗, ai])
2

4π
δai ,

in that the measures converge weakly∗ and the total mass converges.

(vi) For 0 < ρ < ρΩ(a1, . . . , aκ) and each i = 1, . . . , κ we have

lim
n→∞

ˆ
B(ai,ρ)

|Dun| dx

≤ 2πρ

λ([u∗, ai])

[
L− E1,2

ren(u∗)−H([u∗, ai])
κ
i=1 + λ([u∗, ai])

2

+

ˆ ρ

0

ˆ
∂B(ai,r)

1

2
|Du|2 dH1 − λ([u∗, ai])

2

4πr
dr

]
.

(vii) The sequence (Dun)n is equi-integrable and converges weakly to Du∗
in L1(Ω).
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Observe that if equality is attained in (ii), that is, we have
(4.5.2)

lim
n→∞

[ˆ
Ω
fn(|Dun|) dx− V(fn)E

1,2
sg (g)

]
= E1,2

ren(u∗) + H([u∗, ai])
κ
i=1,

then the upper and lower limits in (iii) and (iv) coincide. We will analyse
this equality case in further detail in Theorem 4.6.1. Additionally as
the proof will reveal, this result also applies in the case L = −∞; more
precisely such a possibility is ruled out by (ii).

We will present the proof of Theorem 4.5.1 in Section 4.5.4. For
this we will need results concerning weak L1-compactness and strong
convergence of traces, which we first collect in Sections 4.5.2 and 4.5.3
respectively.

4.5.2 Weak convergence of bounded sequences

Our first ingredient will be a compactness result away from the singulari-
ties. More precisely, we prove a weak compactness result in L1 under the
presence of the uniform bound (4.5.3).

Proposition 4.5.2. Let Ω ⊂ R2 be a bounded open set, and fn : R+ → R
be a sequence of Young functions converging pointwise to 1

2 t
2. Let un ∈

W1,1(Ω;Rν). Assume that

(4.5.3) M
.
= lim

n→∞

ˆ
Ω
fn(|Dun|) dx is finite.

Then up to an unrelabelled subsequence, the following holds.

(a) We have
(4.5.4)

lim
n→∞

ˆ
A
|Dun| dx ≤

√
2ML2(A) for all A ⊂ Ω measurable,

and (|Dun|)n is uniformly integrable.

(b) If we additionally have un converges strongly to a limit map u in
L1(Ω;Rν), then u ∈ W1,2(Ω;Rν), Dun converges weakly to Du in
L1(Ω), and

(4.5.5)
ˆ
Ω

1

2
|Du|2 dx ≤ lim

n→∞

ˆ
Ω
fn(|Dun|) dx.

Furthermore, if un(x) ∈ N for all n and almost every x ∈ Ω, then
the limit u satisfies u(x) ∈ N for almost every x ∈ Ω.
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260 Chapter 4: Universality of renormalisable mappings in 2d

Proposition 4.5.2 is a general compactness result for Young functions,
we do not assume (Dec)c2 nor (vInt). Moreover while we stated Proposition
4.5.2 in R2, an inspection of the proof reveals that the argument applies
more generally in Rd, and also in L1(S1;H1). We will use the latter
case in the proof of Theorem 4.5.1, and we will omit the details of the
necessary modifications.

Remark 4.5.3 (Weak and weak∗ convergence). We recall the difference
between weak∗ and weak convergence for our uses. We say a sequence of
functions (Un)n ⊂ L1(Ω) converges weakly in L1 to a limit map U ∈ L1(Ω)
if

(4.5.6) lim
n→∞

ˆ
Ω
Unϕ =

ˆ
Ω
Uϕ for all ϕ ∈ L∞(Ω).

We say a sequence (Un)n ⊂ L1(Ω) converges weakly∗ as measures to U ∈
L1(Ω) if (4.5.6) only holds for all ϕ ∈ C0(Ω). Note that for mappings (un)n
in W1,1, weak∗ convergence of (Dun)n corresponds to weak∗ convergence
of (un) in BV.

The following variant of the Dunford-Pettis theorem will be of use,
see [3, Thm. 2.4.5].

Lemma 4.5.4. Let Ω ⊂ R2 be a bounded open set, and consider a
sequence of mappings (un)n ⊂ W1,1(Ω;N) converging strongly in L1(Ω).
Then (Dun)n converges weakly in L1 if and only if {|Dun| : n ∈ N} is
uniformly integrable.

Classically, the Dunford-Pettis theorem asserts that weak compactness
of a sequence (Un)n in L1(Ω) is equivalent to uniform integrability of
this family. Recall that equi-integrability and uniform integrability are
synonymous. In our setting we apply this with Un = Dun, noting the
limiting map is necessarily unique by strong convergence of (un)n in
L1(Ω).

In the proof of Proposition 4.5.2, we will use the following result
(Lemma 4.5.5), which allows us to convert “asymptotic” uniform integra-
bility into the well-known statement of uniform integrability. While we
will state the result for the Lebesgue measure in R2, we note the following
also holds in more general measure spaces.

Lemma 4.5.5. For a sequence of functions (Un)n ⊂ L1(Ω), the following
are equivalent:

(i) the sequence (Un) is uniformly integrable; that is for all ε > 0
there exists δ > 0 such that for every measurable A ⊂ Ω such that

L2(A) ≤ δ, we have sup
n

ˆ
A
|Un| dx ≤ ϵ,
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(ii) for all ε > 0 there exists δ > 0 such that for every measurable A ⊂ Ω

such that L2(A) ≤ δ, we have lim
n→∞

ˆ
A
|Un|dx ≤ ϵ.

This result follows by applying the Vitali-Hahn-Saks Theorem (see
e.g. [17, Thm. 2.53]), considering a countable family of measurable sets
on which the superior limit in (ii) is a limit. The Vitali-Hahn-Saks is
usually proven using Baire’s category theorem, and it also proves Lemma
4.5.5 directly along similar lines as follows: Given ε > 0, let δ > 0 as
in (ii) and consider the complete metric space Aδ of measurable subsets
A ⊂ Ω satisfying L2(A) ≤ δ, with respect to the metric L2(A△B) =´
Ω|χA − χB| dL2. Then consider the closed subsets

(4.5.7) M(m) =
⋂
n≥m

{
A ∈ Aδ :

ˆ
A
|Un|dx ≤ 2ϵ

}
,

which by (ii) satisfies
⋃

mM(m) = Aδ. Therefore by Baire’s theorem,
there is some M(m0) with non-empty interior, and hence contains an
r-ball for some r > 0. One can then verify that setting δ0 = min{δ, r},
we have L2(A) ≤ δ0 implies that supn≥m0

´
A Un dx < 2ε. Since the finite

collection {U1, . . . , Um0−1} is uniformly integrable, shrinking δ0 further
if necessary (i) follows.

Proof of Proposition 4.5.2. By passing to a subsequence, we can assume
that

(4.5.8) M = lim
n→∞

ˆ
Ω
fn(|Dun|) dx <∞.

We will first show (a), namely that (4.5.4) holds. For this let A ⊂ Ω be
measurable, and assume that L2(A) > 0 since there is otherwise nothing
to show. Then Jensen’s inequality gives

M ≥ L2(A) lim
n→∞

fn

( 1

L2(A)

ˆ
A
|Dun| dx

)
.

Let

(4.5.9) 0 < L <
1

L2(A)
lim
n→∞

ˆ
A
|Dun|dx,

assuming this limit inferior is positive, as otherwise (4.5.4) holds since the
left-hand side is zero. Then passing to a further subsequence where the
limit supremum is attained, we can assume that LL2(A) ≤

´
A|Dun|dx
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262 Chapter 4: Universality of renormalisable mappings in 2d

for all n sufficiency large. For such n, since each fn(t) is non-decreasing,
M ≥ L2(A) limn→∞ fn(L) = L2(A)L2/2, and hence that

(4.5.10) M ≥ L2(A)

2

(
lim
n→∞

ˆ
A
|Dun| dx

)2
,

which rearranges to give (4.5.4). Therefore we have (|Dun|)n is uniformly
integrable by Lemma 4.5.5, thereby establishing (a).

Now for (b), by the Dunford-Pettis theorem (see Lemma 4.5.4) we
have the strong L1 convergence and uniform integrability of the gradients
implies that Dun converges weakly to Du in L1(Ω). To show (4.5.5), let
(κm)m ⊂ (0,∞) be any sequence such that κm ↗ ∞. Then by Lemma
4.2.10(b) we have limn→∞ f ′n,+(κm) → κm for each m ∈ N, and writing
f(t) = 1

2 t
2 we consider the truncations Tκmfn and Tκmf from Definition

4.2.9. Note that for each m, Tκmf is the pointwise limit of Tκmfn(t) as
n→ ∞, and moreover this limit is uniform on [0, κm] by Lemma 4.2.10(a).
Also for t > κm we have

(4.5.11) |Tκmfn(t)− Tκmf(t)|

≤ |f ′n,+(κm)− κm||t|+
∣∣∣∣fn(κm)− f ′n,+(κm)κm +

1

2
κ2m

∣∣∣∣ ,
where both coefficients vanish as n→ ∞. Hence setting Am,n = {x ∈ Ω :
|Dun|(x) ≤ κm}, for any m we have

M = lim
n→∞

ˆ
Ω
fn(|Dun|) dx

≥ lim
n→∞

ˆ
Ω
Tκmfn(|Dun|) dx

≥ lim
n→∞

ˆ
Ω
Tκmf(|Dun|) dx− lim

n→∞

∣∣∣∣ˆ
Ω
Tκmfn(|Dun|)− Tκmf(|Dun|) dx

∣∣∣∣
≥ lim

n→∞

ˆ
Ω
Tκmf(|Dun|) dx− lim

n→∞

ˆ
Am,n

∣∣∣∣fn(|Dun|)− 1

2
|Dun|2

∣∣∣∣ dx
− lim

n→∞
|f ′n,+(κm)− κm|

ˆ
Ω\Am,n

|Dun| dx

− lim
n→∞

∣∣∣∣fn(κm)− f ′n,+(κm)κm +
1

2
κ2m

∣∣∣∣L2(Ω \Am,n)

= lim
n→∞

ˆ
Ω
Tκmf(|Dun|) dx.

Note that in the last line, we used the L1-boundedness of |Dun| to show
that

´
Ω\Am,n

|Du|dx is uniformly bounded. Since Dun ⇀ Du weakly in
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L1, using the lower-semicontinuity from Lemma 4.2.17 we have

(4.5.12) M ≥ lim
n→∞

ˆ
Ω
Tκmf(|Dun|) dx ≥

ˆ
Ω
Tκmf(|Du|) dx,

so sending m→ ∞ and applying the monotone convergence theorem we
have

(4.5.13) lim
n→∞

ˆ
Ω
fn(|Dun|) dx = M

≥ lim
m→∞

ˆ
Ω
Tκmf(|Du|) dx =

ˆ
Ω

1

2
|Du|2 dx,

Finally since (un)n converges strongly in L1, passing to a subsequence
we can assume un converges almost everywhere to u in Ω. In particular,
if for all n we have un(x) ∈ N for almost every x ∈ Ω, then the same
holds for the limit map u. □

4.5.3 Strong convergence of traces

As the example (χB(0,1−1/n))n illustrates, the trace operator tr∂B(0,1) :
BV(R2) → L1(S1) is not weakly∗ continuous. We therefore need refined
convergence results of traces, which we establish in this section.

Proposition 4.5.6. Let Ω ⊂ R2 be a Lipschitz domain, (fn)n a sequence
of approximating integrands, and (un)n ⊂ W1,1(Ω;Rν) be a sequence
converging weakly∗ in BV to u ∈ W1,2(Ω;Rν). If

(4.5.14) lim
n→∞

ˆ
Ω
fn(|Dun|) is finite,

then passing to a subsequence we have tr∂Ω un → tr∂Ω u strongly in
L1(∂Ω;Rν). Moreover

(4.5.15) lim
n→∞

ˆ
∂Ω
fn(| tr∂Ω un|) dH1 is finite

and

(4.5.16)
ˆ
∂Ω

|tr∂Ω u|2

2
dH1 ≤ lim

n→∞

ˆ
∂Ω
fn(| tr∂Ω un|) dH1.

Lemma 4.5.7. Let Ω ⊂ R2 be convex and f : R+ → R be a Young
function satisfying (Dec)n2. Then there exists C > 0 such that for all
v ∈ W1,1(Ω;Rν),ˆ

∂Ω
f(|v|) dH1 ≤ C

ˆ
Ω
1 + f(|v|) + f(|Dv|) dx.

Moreover if (fn)n is a sequence of approximating integrands, then the
constant C > 0 may be chosen to be independent of n.
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264 Chapter 4: Universality of renormalisable mappings in 2d

We will present a proof relying on Gagliardo’s L1-trace theorem.

Proof of Lemma 4.5.7. By considering |v| in place of v, we may assume
that v ≥ 0. Then by the chain rule and Lemma 4.5.8 below, we have

(4.5.17) D(f(v)) = f ′+(v)Dv ≤ c1(1 + f(|v|) + f(|Dv|)),

so f(|v|) ∈ W1,1(Ω). For a sequence of approximating integrands, Lemma
4.5.8 also asserts that this constant c1 > 0 can be chosen independently
of n. Hence by Gagliardo’s trace theorem (see e.g. [27, Thm. 18.18]) there
exists c2 > 0, depending only on Ω, such that

(4.5.18)
ˆ
∂Ω
f(tr∂Ω v) dH

1

≤ c2

ˆ
Ω
f(v) + |D(f(v))|dx

≤ c2(1 + c1)

ˆ
Ω
1 + f(|v|) + f(|Du|) dx,

as required. □

Lemma 4.5.8. If f : R+ → R is a Young function satisfying (Dec)n2,
there is C > 0 such that

(4.5.19) f ′+(s)t ≤ C(1 + f(s) + f(t)) for all s, t ≥ 0.

Moreover if (fn) is a sequence of approximating integrands, the constant
C > 0 may be chosen to be independent of n.

Proof of Lemma 4.5.8. Denoting the convex conjugate of f as f∗(s) =
sup{st− f(t) : t > 0},

(4.5.20) f ′+(s)t ≤ f∗(f ′+(s)) + f(t)

holds for all s, t ≥ 0. By (4.2.22) we know that f ′+(t) ≤ f(2t)/t, and
by [25, (2.10)] we have f∗(f(t)/t) ≤ f(t). Hence, combining these two
inequalities gives f∗(f ′+(t)) ≤ f∗(f(2t)/t) ≤ 2f(2t). By (Dec)n2 we have
f(2t) ≤ 4f(t) for all t ≥ t0, and for t < t0 we have f(2t) ≤ f(2t0),
thereby giving f(2t) ≤ C(1 + f(t)) for all t ≥ 0. Observe that for
an approximating family (fn)n, since supn∈N fn(2t0) is bounded, this
constant can be chosen uniformly in n. □

Proof of Proposition 4.5.6. Define

(4.5.21) L = lim
n→∞

ˆ
Ω
fn(|Dun|),

264



4.5. Compactness results 265

which by (4.5.14) is finite. By [27, Thm. 18.21(iii)] there is C > 0 for
which
(4.5.22)ˆ

∂Ω
|tr∂Ω u− tr∂Ω un| dH1 ≤ C

ε

ˆ
Aε

|u− un|dx+ C|Du−Dun|(Aε),

where Aε = {x ∈ Ω : dist(x, ∂Ω) < ε}. Applying (4.5.4) from Proposition
4.5.2 and using that un → u strongly in L1(Ω;Rν) (for instance by [16,
Thm. 5.5]), we can send n→ ∞ in (4.5.22) to obtain

(4.5.23) lim
n→∞

ˆ
∂Ω

|tr∂Ω u− tr∂Ω un|dH1 ≤ 2C
√
2LL2(Aε),

which vanishes as ε→ 0. In particular, passing to a subsequence we have
tr∂Ω un → tr∂Ω u pointwise H1-almost everywhere, from which (4.5.16)
follows by Fatou’s lemma. Finally since N is compact, supn∈N ∥un∥L∞(Ω)

is finite (see Section 4.2.4), so by Lemma 4.5.7 we can estimate
(4.5.24)

lim
n→∞

ˆ
∂Ω
fn(|tr∂Ω un|) dH1 ≤ C(1 + sup

n∈N
∥un∥L∞(Ω))L

2(Ω) + C L,

establishing(4.5.15). □

The following Lemma 4.5.9 will be of use in the proof of Theorem 4.5.1,
in order to associate a well-defined homotopy class to each singularity of
the limiting map. We will use the notation Dτ for the tangential trace
on any circle S1(a, r) = ∂B(a, r).

Lemma 4.5.9. Let a ∈ R2 and r > 0. Suppose (un)n ⊂ W1,1(∂B(a, r);N)
and (fn)n is a sequence of approximating integrands such that

(4.5.25) lim
n→∞

ˆ
∂B(a,r)

fn(|Dτun|) dH1 is finite,

and tr∂B(a,r) un → tr∂B(a,r) u strongly in L1(∂B(a, r);N) to some limit
u ∈ W1,1(∂B(a, r);N). Then we have un and u are homotopic on ∂B(a, r)
for all n sufficiently large, and in particular λ(tr∂B(a,r) un) = λ(tr∂B(a,r) u)

and E1,2
sg (tr∂B(a,r) un) = E1,2

sg (tr∂B(a,r) u) for all such n.

Proof of Lemma 4.5.9. It suffices to show the traces of un and u on
∂B(a, r) are homotopic for sufficiently large n, which will imply the equal-
ity of the minimal lengths and singular energies. Taking the truncations
Tκfn of fn, by (4.5.25) there is M > 0 such that

(4.5.26)
ˆ
∂B(a,r)

Tκfn(|Dτun|) dx ≤
ˆ
∂B(a,r)

fn(|Dτun|) dx ≤M
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266 Chapter 4: Universality of renormalisable mappings in 2d

for all n ∈ N and κ > 0. Since the traces tr∂B(a,r) un, tr∂B(a,r) u are
assumed to lie in W1,1(∂B(a, r);N), they admit a continuous represen-
tative which we denote simply by un, u respectively. By parametrising
∂B(a, r) by the map θ 7→ a + (r cos θ, r sin θ), we mollify in θ to define
un,ε

.
= un ∗ ρε, which satisfies

(4.5.27) ∥un,ε − uε∥L∞(∂B(a,r)) ≤ ε−1∥un − u∥L1(∂B(a,r)).

We will first estimate |un,ε−un| pointwise. For this let x, y ∈ ∂B(a, r),
and let Sx,y ⊂ ∂B(a, r) denote an arc connecting x and y with minimal
length. Then by the fundamental theorem of calculus we have

|un(x)− un(y)| ≤
ˆ
Sx,y

|Dτun| dH1

=

ˆ
Sx,y

χ{|Dτun|≥κ}|Dτun| dH1 +

ˆ
Sx,y

χ{|Dτun|<κ}|Dτun| dH1

≤ 1

f ′n,+(κ)

ˆ
Sx,y

Tκfn(|Dτun|) dH1

+H1(Sx,y)f
−1
n

(
1

H1(Sx,y)

ˆ
Sx,y

χ{|Dτun|<κ}fn(|Dτun|) dH1

)

≤ M

f ′n,+(κ)
+H1(Sx,y)f

−1
n

(
M

H1(Sx,y)

)
.

Then noting that

|x− y| ≤ H1(Sx,y) = distS1(x, y) = 2r arcsin (|x− y|/2r) ≤ 2|x− y|,

we have

(4.5.28) ∥un,ε − un∥L∞(∂B(a,r)) ≤
M

f ′n,+(κ)
+ 2εf−1

n

(
M

ε

)
.

Since un → u almost everywhere on ∂B(a, r), passing to the limit in this
estimate (noting by Lemma 4.2.10 that f ′n,+(κ) → κ and f−1

n (t) →
√
2t

as n→ ∞) we have

(4.5.29) ∥uε − u∥L∞(∂B(a,r)) ≤M/κ+
√
8Mε.

Now consider the tubular neighbourhood projection ΠN : U → N, so
there is δ > 0 such that N + B(0, δ) ⊂ U. We then define H̃n(t, x) =
(1−t)un(x)+tu(x), and we will show that H̃n maps into U for n sufficiently
large. Indeed for (t, x) ∈ [0, 1] × ∂B(a, r) we have by (4.5.27), (4.5.28)
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and (4.5.29),

dist(H̃n(x, t);N) ≤ |H̃(t, x)− un(x)|
≤ |un − un,ε|(x) + |un,ε − uε|(x) + |uε − u|(x)

≤ M

f ′n,+(κ)
+ 2εf−1

n

(
M

ε

)
+ ε−2∥un − u∥L1(∂B(a,r)) +

M

κ
+
√
8Mε.

Now we choose ε > 0 sufficiently small so that
√
8Mε < δ/9. We also

take κ > 9M/δ, then for n sufficiently large we have

(4.5.30)
M

f ′n,+(κ)
+ 2εf−1

n

(
M

ε

)
≤ 2M

κ
+ 2

√
8Mε <

4δ

9
,

and since un → u in L1 on ∂B(a, r), increasing n if necessary we have a
ε−1∥un − u∥L1(∂B(a,r)) < δ/3. Combining our estimates, we have

(4.5.31) dist(H̃(t, x);N) ≤ 4δ

9
+ε−1∥un−u∥L1(∂B(a,r)+

M

κ
+
√
8Mε < δ

for all (t, x) ∈ [0, 1]×∂B(a, r), dist(H̃(t, x);N) < δ for all (t, x) ∈ [0, 1]×
∂B(a, r). Thus we see that Hn(t, x) = ΠN ◦ H̃n(t, x) is a well-defined
homotopy between un and u for sufficiently large n, thereby establishing
the result. □

4.5.4 Constrained compactness

Proof of Theorem 4.5.1. We will break up the proof into a series of steps.
Steps 1–4 are devoted to obtaining a limiting map u∗ which is renormal-
isable in Ω, along with (i) and (ii). This involves approximating (un)n
by mappings in the R1,2-class (see Definition 4.3.5) in Step 1, to which
we can apply Proposition 4.4.10, and from which a weakly∗-convergent
limit can be extracted in Step 2. It is then shown in Step 3 that the
limiting map has singularities forming a minimal topological resolution
of g, and furthermore in Step 4 it is shown that u∗ is renormalisable and
that singularities are bounded away from ∂Ω. In Step 5, we prove the
asymptotic estimates (iii) and (iv) for fn(|Dun|) , from which we can
infer convergence of the defect measures, namely (v), which we establish
in Step 6. Finally in Step 7, we use (iv) to prove the L1-estimates (vi),
which is used to establish weak L1 convergence (vii).

4.5.4.1 Step 1: Extension and approximation

Lemma 4.5.10. Fix an open bounded Lipschitz domain Ω ⊂ R2, a
compact Riemannian manifold N and a map u ∈ W1,1(Ω;N). Assume
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that there exists an open set ω ⊂⊂ Ω with u ∈ W1,2(Ω \ ω̄,N). Then, for
every ε > 0 and every θ ∈ (0, 1), setting

ωθ
.
= {x ∈ Ω : dist(ω, x) < θ dist(ω,Ω)},

there exists a map v ∈ W1,1(Ω,N) such that

(i) for some points {ai}i=1,...,k ⊂ ωθ (k ∈ N) such that v ∈ C∞(Ω \
{ai}i=1,...,k,N),

(ii) ∥u− v∥W1,1(Ω) ≤ ε,

(iii) tr∂Ωu and tr∂Ωv are homotopic.

This follows by adapting the arguments in [6, Thm. 2], noting that in
the regions where u lies in W1,2, we can locally approximate by composing
mollifications with a nearest point projection to N (see [40, §4]). This
can be done up to the boundary by working with a local extension, which
exists by [32, Lem. 5.5]. Note that the analogous result for p ∈ (1, 2) was
proven in [43, Prop. 4.2]; in this case one does not need to assume the
compactness of N.

Since g ∈ W1/2,2(∂Ω;N), by [32, Lem. 5.5] there exists a Lipschitz
domain Ω′ ⊂ R2 such that Ω ⋐ Ω′ and a map U ∈ W1,2(Ω′ \ Ω;N) such
that tr∂Ω U = g and such that E1,2

sg (tr∂Ω′ U) = E1,2
sg (g). For each n, we

define

(4.5.32) ūn =

{
un on Ω

U on Ω′ \ Ω,

then each ūn ∈ W1,1(Ω′;N), using [27, Thm. 18.1(ii)] to verify the weak
differentiability. Observe by the dominated convergence theorem and
Lemma 4.2.12 (as in the proof of Proposition 4.4.1) that,

(4.5.33) lim
n→∞

ˆ
Ω′\Ω

fn(|Dūn|) = lim
n→∞

ˆ
Ω′\Ω

fn(|DU |) =
ˆ
Ω′\Ω

|DU |2

2
.

Now recalling the κ-truncation operator from Definition 4.2.9, noting
that Tκfn ≤ fn for all n and Tκfn → fn pointwise as κ→ ∞. Thus we
can find a sequence (κn)n such that

lim
n→∞

(V(fn)− V(Tκnfn)) = 0(4.5.34)

lim
n→∞

ˆ
Ω′
|fn(Dūn)− Tκnfn(Dūn)| dx = 0.(4.5.35)
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Then combining with (4.5.1) and (4.5.33) we deduce that

(4.5.36) lim
n→∞

[ˆ
Ω′
Tκnfn(|Dūn|)− V(Tκnfn)E

1,2
sg (g)

]
= L +

ˆ
Ω′\Ω

1

2
|DU |2 dx,

recalling L was defined in(4.5.1). In particular,

(4.5.37) lim
n→∞

V(Tκnfn)
−1

ˆ
Ω′
Tκnfn(|Dūn|) = E1,2

sg (g).

Now putting δ .
= dist(Ω, ∂Ω′) > 0, for each n ∈ N by Lemma 4.5.10 we

can find a sequence (un,m)m ⊂ R1,2
δ (Ω′;N) such that un,m → ūn strongly

in W1,1(Ω′;N) as m → ∞ and such that E1,2
sg (tr∂Ω′ un,m) = E1,2

sg (g) for
all m. Then for each n, by passing to a subsequence in m if necessary,
by the partial converse of the dominated convergence theorem (see for
instance [11, Thm. 4.9]), we can find gn ∈ L1(Ω′,R) non-negative such
that |Dun,m| ≤ gn for all m.

Therefore, by the linear growing behaviour of Tκnfn and the domi-
nated convergence theorem (using the majorant gn),

lim
m→∞

ˆ
Ω
|Tκnfn(|Dun,m|)− Tκnfn(|Dun|)|dx = 0 for all n.

Thus we choose a sequence (mn)n such that

(4.5.38) lim
n→∞

ˆ
Ω
|Tκnfn(|Dun,mn |)− Tκnfn(|Dūn|)|dx = 0,

so we have
(4.5.39)

lim
n→∞

[ˆ
Ω′
Tκnfn(|Dun,mn |)− V(Tκnfn)E

1,2
sg (g)

]
= L +

ˆ
Ω′\Ω

1

2
|DU |2 dx.

We can also ensure that |Dūn −Dun,mn | → 0 strongly in L1(Ω′). Hence
by applying Proposition 4.4.10(ii) to (un,mn)n and (Tκnfn)n, for each
η ∈ (0,min{ sys(N)

2πt0
, δ}) there exists a collection B

Top
n (η) such that putting

(4.5.40) E(un,mn ,B
Top
n (η))

.
=

∑
B∈BTop

n (η)

E1,2
sg (tr∂B un,mn)

we have

(4.5.41) E(un,mn ,B
Top
n (η))ΛTκnfn

(
η

E(un,mn ,B
Top
n (η))

)

≤
ˆ
⋃

B
Top
n (η)

fn(|Dun|) dx,
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(4.5.42) lim
n→∞

E(un,mn ,B
Top
n (η))

≤ lim
n→∞

V(Tκnfn)
−1

ˆ
⋃

Bn(η)
fn(|Dun,mn |),

and combining with (4.5.39),

(4.5.43) lim
n→∞

ˆ
Ω′\

⋃
B

Top
n (η)

Tκnfn(|Dun,mn |)

≤ L +

ˆ
Ω′\Ω

1

2
|DU |2 dx+ E1,2

sg (g) log
sys(N)E1,2

sg (g)

2η
.

We also have E1,2
sg (tr∂B un,mn) > 0 for each B ∈ B

Top
n (η).

4.5.4.2 Step 2: Existence of a limiting map

To simplify notation we will denote

(4.5.44) ũn
.
= un,mn ∈ R1,2

δ (Ω′;N), Gn(t)
.
= Tκnfn(t).

For each B ∈ B
Top
n (ηn), we have E1,2

sg (tr∂B un) >
sys(N)2

4π since it is non-
zero (using the systole defined in (4.3.1)). Combining this with (4.5.42)
we can bound the number of balls as

(4.5.45) lim
n→∞

#BTop
n (η)

≤ 4π

sys(N)2
lim
n→∞

V(Gn)
−1

ˆ
⋃

Bn(η)
Gn(|Dũn|) =

4πE1,2
sg (g)

sys(N)2
.

Hence by passing to a subsequence in n (which depends on η > 0), we can
assume B

Top
n (η) converges to a limit collection BTop(η) in the following

sense: we have #B
Top
n (η) ≡ κ1 is constant and writing B

Top
n (η) =

{B(ani , r
n
i )}

κ1
i=1, we have ani → ãi and rni → r̃i for all 1 ≤ i ≤ κ1. The

limit collection B
Top
∗ (η) = {B(ai, ri)}κi=1 is then defined as these balls

B(ãi, r̃i), discarding any balls with r̃i = 0, so in particular κ ≤ κ1. Note
that if ãi = ãj for some i ̸= j, the disjointness of BTop

n (η) implies that
either r̃ni → 0 or r̃nj → 0; thus we infer the centre points {ai}κi=1 are
distinct, and that the limiting collection has pairwise disjoint interiors.

Now let (ηm)m be a positive sequence such that ηm ↘ 0, then applying
the above to each ηm combined with a Cantor diagonal argument, we
can find a common subsequence in n such that for each m, BTop

n (ηm)
converges to B

Top
∗ (ηm) in the above sense. Passing to a subsequence in

m, we have the centres of BTop
∗ (ηm) converges to a set of finitely many

points {ai}κi=1 ⊂ Ω, such that κ ≤ 4πE1,2
sg (g)

sys(N)2
by (4.5.45).
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We will let ρ̄Ω′
.
= ρΩ′(a1, . . . , aκ) be the non-intersection radius as

defined in (4.3.6). Then let 0 < ε < ρ̄Ω′ , and choose m0 ≥ 0 such that
ηm < ε/2 and

⋃
B

Top
∗ (ηm) ⊂

⋃κ
i=1 B(ai, ε/2) whenever m ≥ m0. Fixing

any such n, the above convergence we have
⋃
B

Top
n (ηm) ⊂

⋃κ
i=1 B(ai, ε)

for all n sufficiently large. Thus from (4.5.43), for all m ≥ m0 we have,

(4.5.46) lim
n→∞

ˆ
Ω′\

⋃κ
i=1 B(ai,ϵ)

Gn(|Dũn|) ≤ L̃2 + E1,2
sg (g) log

1

ηm
,

where we set

(4.5.47) L̃2
.
= L + E1,2

sg (g) log
sys(N)E1,2

sg (g)

2
+

ˆ
Ω′\Ω

1

2
|DU |2 dx

Therefore by Proposition 4.5.2(a) and a Cantor diagonal argument in m,
we have (|Dũn|)n is bounded in each L1(Ω′ \

⋃κ
i=1 B(ai, ε)). Moreover,

since ũn takes values in the compact manifold N, the sequence is bounded
in W1,1(Ω′ \

⋃κ
i=1 B(ai, ε)). Hence by taking a further diagonal sequence,

we obtain a limit map u∗ such that passing to a subsequence, ũn converges
weakly∗ in BV to u∗ in Ω′ \

⋃κ
i=1 B(ai, ε). Moreover weak∗ convergence

in BV implies strong L1 convergence of ũn, so Proposition 4.5.2(b) we
also have the estimate

(4.5.48)
ˆ
Ω′\

⋃κ
i=1 B(ai,ε)

1

2
|Du∗|2 dx

≤ lim
n→∞

ˆ
Ω′\

⋃κ
i=1 B(ai,ε)

Gn(|Dũn|) dx

≤ L̃2 + E1,2
sg (g) log

1

ηm

using (4.5.46). Since this holds for all ε > 0 sufficiently small, this defines
a map in W1,2

loc(Ω
′ \ {ai}κi=1;N), noting the L1 convergence ensures the

limit map u∗ takes values in N for almost every x ∈ Ω. Moreover since
Dūn −Dũn → 0 strongly in L1 and ūn|Ω′\Ω ≡ U for all n, it follows that
u∗|Ω′\Ω ≡ U .

Now combining (4.5.48) with (4.5.35) and (4.5.38), we have

lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai,ε)

fn(|Dun|) dx

= lim
n→∞

ˆ
Ω′\

⋃κ
i=1 B(ai,ε)

Gn(|Dũn|) dx

−
ˆ
Ω′\(Ω∪

⋃κ
i=1 B(ai,ε))

1

2
|DU |2 dx

≤ L̃2 + log
1

ηm
+

ˆ
(Ω′\Ω)∩(

⋃κ
i=1 B(ai,ε))

1

2
|DU |2 dx.

(4.5.49)
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4.5.4.3 Step 3: Minimal topological resolution

To show the singularities of ũn are transferred to the limiting map u∗,
we will rely on Lemma 4.5.9.

Given 0 < ε < ρ̄Ω′ , by converting to polar coordinates and applying
Fatou’s lemma, we have

(4.5.50)
ˆ ρ̄Ω′

ε
lim
n→∞

ˆ
∂B(ai,r)

Gn(|Dũn|) dH1 dr

≤ lim
n→∞

ˆ
B(ai,ρ̄Ω′ )\B(ai,ε)

Gn(|Dũn|) dx

is finite for each i = 1, . . . , κ by (4.5.49). Thus for almost every r ∈ (0, ρ̄Ω′)
we have

(4.5.51) lim
n→∞

ˆ
∂B(ai,r)

Gn(|Dũn|) dH1 is finite for each i = 1, . . . , κ.

By Proposition 4.5.6, there exists a subsequence ũnk
(depending on r)

attaining the limit inferior and along which tr∂B(ai,r) ũnk
→ tr∂B(ai,r) u∗

in L1(∂B(ai, r);N). By a variant of Proposition 4.5.2, we deduce that for
almost every r ∈ (0, ρ̄) and each i = 1, . . . , κ,

(4.5.52)
ˆ
∂B(ai,r)

|Du∗|2

2
dH1 ≤ lim

n→∞

ˆ
∂B(ai,r)

Gn(|Dũn|) dH1.

Now applying Lemma 4.5.9 to tr∂B(a,r) ũnk
and Gnk

we have

(4.5.53) λ(tr∂B(ai,r) ũnk
) = λ(tr∂B(ai,r) u∗)

for all 1 ≤ i ≤ κ and k sufficiently large.
Given ε > 0 such that (4.5.51) holds with r = ε, along the subsequence

such that (4.5.53) holds, for k sufficiently large by Lemma 4.4.4 we have

(4.5.54)
κ∑

i=1

λ(tr∂B(ai,ε) u∗)
2

4π
ΛGnk

(
4πε

λ(tr∂B(ai,ε) u∗)
2

)
≤
ˆ
⋃κ

i=1 B(ai,ε)
Gnk

(|Dũnk
|) dx.

Dividing both sides by V(Gnk
) and sending k → ∞, using Lemma 4.4.11
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and (4.5.39) we have

κ∑
i=1

λ(tr∂B(ai,ε) u∗)
2

4π

=

κ∑
i=1

λ(tr∂B(ai,ε) u∗)
2

4π
lim
k→∞

V(Gnk
)−1ΛGnk

(
4πε

λ(tr∂B(ai,ε) u∗)
2

)
≤ lim

n→∞

1

V(Gn)

ˆ
Ω
Gn(|Dũn|) dx = E1,2

sg (g).

By subadditivity of the singular energy (namely (4.3.4)) and noting
that u∗ ∈ W1,2

loc(Ω
′ \ {ai}κi=1;N), the above holds with equality for all

ε ∈ (0, ρ̄Ω′). Thus

(4.5.55)
κ∑

i=1

λ([u∗, ai])
2

4π

=
κ∑

i=1

λ(tr∂B(ai,ε) u∗)
2

4π
= E1,2

sg (g) = E1,2
sg (tr∂Ω′ U),

and so (trS1(ai+ε ·))κi=1 forms a minimal topological resolution for tr∂Ω′ U
in Ω′ for all ε ∈ (0, ρ̄Ω′) sufficiently small. Since tr∂Ω u∗ = g, if each
ai ∈ Ω, then for ε > 0 we will also have that (trS1(ai + ε ·))κi=1 forms a
minimal topological resolution for g in Ω.

4.5.4.4 Step 4: Limit map is renormalisable

Next, we will show that the limit map is renormalisable in Ω′. By (4.5.52),
for almost all r ∈ (0, ρ̄Ω′) we have

(4.5.56)
ˆ
∂B(ai,r)

1

2
|Du∗|2 dH1 − λ([u∗, ai])

2

4πr

≤ lim
n→∞

ˆ
∂B(ai,r)

Gn(|Dũn|)−Gn

(
λ([u∗, ai])

2πr

)
dH1,

where we used the dominated convergence theorem and Lemma 4.2.12 to
pass to the limit in the second term. Now for 0 < ρ < ρ̄Ω′ , integrating
(4.5.56) over r ∈ (0, ρ), summing over i = 1, . . . , κ and applying Fatou’s
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lemma, we have

κ∑
i=1

ˆ ρ

0

[ˆ
∂B(ai,r)

|Du∗|2

2
dH1 − λ([u∗, ai])

2

4πr

]
dr (4.5.57)

≤
κ∑

i=1

ˆ ρ

0
lim
n→∞

[ˆ
∂B(ai,r)

Gn(|Dũn|)−Gn

(
λ([u∗, ai])

2πr

)
dH1

]
dr

≤ lim
n→∞

[ ˆ
⋃κ

i=1 B(ai,ρ)
Gn(|Dũn|) dx

−
κ∑

i=1

λ([u∗, ai])
2

4π

ˆ 2πρ
λ([u∗,ai])

0
Gn(1/r)r dr

]

= lim
n→∞

[ˆ
⋃κ

i=1 B(ai,ρ)
Gn(|Dũn|) dx− E1,2

sg (g)V(Gn)

]

−
κ∑

i=1

λ([u∗, ai])
2

4π
log

2πρ

λ([u∗, ai])
.

where we used Lemma 4.4.2 and (4.5.55) in the last line, which is
moreover finite by (4.5.39). Hence u∗ verifies property (ii) of Proposition
4.3.6, from which we infer that u∗ ∈ W1,2

ren(Ω′;N).
To show the singular points ai actually lie in Ω, we will make use of

the following lemma from [32, Lem. 6.2].

Lemma 4.5.11. Let Ω ⊂ R2 be an open set, a ∈ R2 and 0 < σ < τ . If
u ∈ W1,2(B(a, τ) \ B(a, σ);N) such that λ(tr∂B(a,τ) u) > 0, then

Γσ
τ (a,Du)

λ(tr∂B(a,τ) u)
2

4πνστ (a)
log

τ

σ
≤
ˆ
Ω∩B(a,τ)\B(a,σ)

|Du|2

2
,

where we have set

Γσ
τ (a,Du)

.
=
[
1−

√
2π

λ(tr∂B(a,τ) u)

( 1

log τ
σ

ˆ
B(a,τ)\(Ω∪B(a,σ))

|Du|2
) 1

2
]2

and

(4.5.58) νστ (a)
.
=

1

2π log τ
σ

ˆ
Ω∩B(a,τ)\B(a,σ)

dx

|x− a|2
≤ 1.

This will be used in conjunction with the following observation from
[32, §6].

Lemma 4.5.12. Let Ω ⊂ R2 be a bounded Lipschitz domain. Let a ∈ R2.
We have limσ→0 ν

σ
τ (a) = 1 if and only if a ∈ Ω.
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Proof of Lemma 4.5.12. Observe that for any τ1, τ2 > 0 we have

lim
σ→0

(νστ1(a)− νστ2(a)) = 0,

so if a ∈ Ω or a /∈ Ω, by taking τ sufficiently small so B(a, τ) ⊂ Ω or
B(a, τ) ⊂ R2 \ Ω, we have limσ→0 ν

σ
τ (a) = 1 or 0 respectively. If a ∈ ∂Ω,

by the exterior cone condition (see [19, Thm. 1.2.2.2]) there exists σ0 > 0,
v ∈ S1 and θ ∈ (0, π/2) such that

(4.5.59) Cσ0(a, θ, v)
.
= {a+ w : w ∈ B(0, σ0), |∡(v, w)| < θ/2} ⊂ Ω \ B(a, σ0),

where ∡(v, w) = arccos (v|w)/(|v||w|) denotes the angle between the
vectors v and w in R2. Then we have

(4.5.60) lim
σ→0

νστ (a)

≤ 1

2π log(σ0/σ)

ˆ
B(a,σ0)\(B(a,σ)∪Cσ0 (a,v,θ))

dx

|x− a|2
= 1− θ

2π
< 1,

thereby establishing the result. □

By (4.5.57), for 0 < σ < ρ < ρ̄Ω′ and each 1 ≤ i ≤ κ

(4.5.61)
λ([u∗, ai])

2

4π
log

ρ

σ

≤
ˆ

B(ai,ρ)\B(ai,σ)

|Du∗|2

2
dx ≤ λ([u∗, ai])

2

4π
log

ρ

σ
+ Cρ,

where Cρ is an upper bound for (4.5.57), and the lower bound follows by
converting to polar coordinates and recalling the definition of λ([u∗, ai]).
From this we deduce that

(4.5.62) lim
σ→0

1

log(ρ/σ)

ˆ
B(ai,ρ)\B(ai,σ)

|Du∗|2

2
dx =

λ([u∗, ai])
2

4π
.

Moreover since u∗|Ω′\Ω ≡ U ∈ W1,2(Ω′ \ Ω;N), we have

(4.5.63) lim
σ→0

1

log(ρ/σ)

ˆ
B(ai,ρ)\(Ω∪B(ai,σ))

|Du∗|2

2
dx = 0,

so in particular, limσ→0 Γ
σ
ρ (ai,Du∗) = 1. Combining (4.5.62) and (4.5.63)

we obtain

lim
σ→0

1

log(ρ/σ)

ˆ
Ω∩B(ai,ρ)\B(ai,σ)

|Du∗|2

2
dx =

λ([u∗, ai])
2

4π
,(4.5.64)
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so by Lemma 4.5.11 we have

(4.5.65) lim
σ→0

νσρ (ai)

≥ lim
σ→0

(Γσ
ρ (ai,Du∗))

−1 4π

λ([u∗, ai])2

ˆ
Ω∩B(ai,ρ)\B(ai,σ)

|Du∗|2

2
dx = 1

for each i = 1, . . . , κ. It follows that limσ→0 ν
σ
ρ (ai) = 1, and hence each

ai ∈ Ω by Lemma 4.5.12. Therefore the restriction of u∗ to Ω is also a
renormalisable map, establishing (i).

We can also compute the renormalised energy of u∗ in Ω using (4.3.9),
(4.5.55) and (4.5.57) as, for any ρ < ρΩ(a1, . . . , aκ),

E1,2
ren(u∗; Ω)

=

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

|Du∗|2

2
dx−

κ∑
i=1

λ([u∗, ai])
2

4π
log

1

ρ

+
κ∑

i=1

ˆ ρ

0

[ˆ
∂B(ai,r)

|Du∗|2

2
dH1 − λ([u∗, ai])

2

4πr

]
dr

≤ lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

Gn(Dũn) dx−
κ∑

i=1

λ([u∗, ai])
2

4π
log

2πρ

λ([u∗, ai])

+ lim
n→∞

[ˆ
⋃κ

i=1 B(ai,ρ)
Gn(|Dũn|) dx− E1,2

sg (g)V(Gn)

]
− E1,2

sg (g) log
1

ρ

≤ lim
n→∞

[ˆ
Ω
Gn(|Dũn|) dx− E1,2

sg (g)V(Gn)

]
−

κ∑
i=1

λ([u∗, ai])
2

4π
log

2π

λ([u∗, ai])

≤ lim
n→∞

[ˆ
Ω
fn(|Dun|) dx− E1,2

sg (g)V(fn)

]
−

κ∑
i=1

λ([u∗, ai])
2

4π
log

2π

λ([u∗, ai])
.

where the last line follows by (4.5.39), thereby establishing (ii).
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4.5.4.5 Step 5: Localized asymptotic estimates

For 0 < ρ < ρ̄Ω
.
= ρΩ(a1, . . . , aκ), by integrating (4.5.56) over (0, ρ) and

applying Fatou’s lemma we have

lim
n→∞

[ˆ
B(ai,ρ)

Gn(|Dũn|) dx− 2π

ˆ ρ

0
Gn

(
λ([u∗, ai])

2πr

)
r dr

]

≥
ˆ ρ

0

[ˆ
∂B(ai,r)

1

2
|Du∗|2 dH1 − λ([u∗, ai])

2

4πr

]
dr

= E1,2
ren(u∗;B(ai, ρ)) +

λ([u∗, ai])
2

4π
log

1

ρ
,

(4.5.66)

recalling the localised renormalised energy was defined in (4.3.10). Then
Lemma 4.4.2 gives

(4.5.67) lim
n→∞

[
2π

ˆ ρ

0
Gn

(
λ([u∗, ai])

2

2πr

)
r dr − λ([u∗, ai])

2

4π
V(Gn)

]
=
λ([u∗, ai])

2

4π
log

2πρ

λ([u∗, ai])
,

which we combine with (4.5.34), (4.5.35) and (4.5.38) to obtain

lim
n→∞

[ˆ
B(ai,ρ)

fn(|Dun|) dx− λ([u∗, ai])
2

4π
V(fn)

]

= lim
n→∞

[ˆ
B(ai,ρ)

Gn(|Dũn|) dx− λ([u∗, ai])
2

4π
V(Gn)

]

≥ E1,2
ren(u∗;B(ai, ρ)) +

λ([u∗, ai])
2

4π
log

2π

λ([u∗, ai])
.

(4.5.68)

This establishes the lower bound in (iv). Using this we can estimate

lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

fn(|Dun|) dx

≤ L−
κ∑

i=1

lim
n→∞

[ˆ
B(ai,ρ)

fn(|Dun|) dx− λ([u∗, ai])
2

4π
V(fn)

]

≤ L−
κ∑

i=1

λ([u∗, ai])
2

4π
log

2π

λ([u∗, ai])
−

κ∑
i=1

E1,2
ren(u∗;B(ai, ρ))

=

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

1

2
|Du∗|2 dx

+
(
L− E1,2

ren(u∗)−H([u∗, ai])
κ
i=1

)
,
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where we used (4.3.9) to write

(4.5.69) E1,2
ren(u∗) =

κ∑
i=1

E1,2
ren(u∗;B(ai, ρ)) +

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

1

2
|Du∗|2 dx.

By Proposition 4.5.2 we also have the lower bound

(4.5.70)
ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

1

2
|Du∗|2 dx ≤ lim

n→∞

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

fn(|Du∗|) dx,

which establishes (iii). To obtain asymptotic upper bounds on B(ai, ρ),
we use (4.5.69), (4.5.70) and (4.5.68) applied for each j ̸= i to estimate

lim
n→∞

[ˆ
B(ai,ρ)

fn(|Dun|) dx− λ([u∗, ai])
2

4π
V(fn)

]

≤ L−
∑
j ̸=i

lim
n→∞

[ ˆ
B(aj ,ρ)

fn(|Dun|) dx− λ([u∗, ai])
2

4π
V(fn)

]

− lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

fn(|Du∗|) dx

≤ L−
∑
j ̸=i

E1,2
ren(u∗,B(aj , ρ))−

∑
j ̸=i

λ([u∗, aj ])
2

4π
log

2π

λ([u∗, aj ])

−
ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

1

2
|Du∗|2 dx

= L− E1,2
ren(u∗)−H([u∗, ai])

+ E1,2
ren(u∗;B(ai, ρ)) +

λ([u∗, ai])
2

4π
log

2π

λ([u∗, ai])
,

thereby establishing (iv).

4.5.4.6 Step 6: Strict measure convergence

Multiplying the inequalities in (iv) by V(fn)
−1, for each 0 < ρ < ρ̄Ω and

i = 1, . . . , κ we have

(4.5.71) lim
n→∞

1

V(fn)

ˆ
B(ai,ρ)

fn(|Dun|) dx =
λ([u∗, ai])

2

4π
.

Also by (4.5.1) and (i) we know that

(4.5.72) lim
n→∞

1

V(fn)

ˆ
Ω
fn(|Dun|) dx = E1,2

sg (g) =

κ∑
i=1

λ([u∗, ai])
2

4π
.
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Hence if we define the measures

(4.5.73) µn
.
=
fn(|Dun|)
V(fn)

L2 Ω,

by (4.5.71), for all 0 < ρ < ρ̄Ω and i = 1, . . . , κ we have

(4.5.74) lim
n→∞

µn(B(ai, ρ)) =
λ([u∗, ai])

2

4π
,

whereas by (4.5.72) we have

(4.5.75) lim
n→∞

µn(Ω) =
κ∑

i=1

λ([u∗, ai])
2

4π
.

Hence we infer that µn converges narrowly to a measure µ that is sup-
ported on {ai}κi=1, taking the form

(4.5.76) µ =
κ∑

i=1

λ([u∗, ai])
2

4π
δai ,

thereby establishing (v).

4.5.4.7 Step 7 : Bounds in L1

For 0 < ρ < ρΩ(a1, . . . , aκ) and each i = 1, . . . , κ, set

(4.5.77) Li,ρ
.
= lim

n→∞

[ˆ
B(ai,ρ)

fn(|Dun|) dx− λ([u∗, ai])
2

4π
V(fn)

]
,

which we know is finite by (iv). Then by convexity of fn, using (4.2.22)
we have
(4.5.78)

fn(|Dun|)− fn

(λ([u∗, ai])
2πr

)
≥ f ′n,+

(λ([u∗, ai])
2πr

)(
|Dun| −

λ([u∗, ai])

2πr

)
for all x ∈ B(ai, ρ) with r = |x|. Then integrating (4.5.78) over x ∈
B(ai, ρ),

ˆ
B(ai,ρ)

fn(|Dun|)− 2π

ˆ ρ

0
fn

(λ([u∗, ai])
2πr

)
r dr

≥
ˆ ρ

0
f ′n,+

(λ([u∗, ai])
2πr

)( ˆ
∂B(ai,r)

|Dun|dH1 − λ([u∗, ai])
)
dr

≥ f ′n,+

(λ([u∗, ai])
2πρ

) ˆ ρ

0

(ˆ
∂B(ai,r)

|Dun|dH1 − λ([u∗, ai])
)
dr
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since each f ′n,+(t) is non-decreasing in t. Noting that limn→∞ f ′n,+(t) = t
by Lemma 4.2.10(b), taking the limit in n,

λ([u∗, ai])

2πρ
lim
n→∞

ˆ
B(ai,ρ)

|Dun| dx

= Li,ρ +
λ([u, ai])

2

2π

+ lim
n→∞

[
λ([u∗, ai])

2

4π
V(fn)− 2π

ˆ ρ

0
fn

(λ([u∗, ai])
2πr

)
r dr

]
= Li,ρ +

λ([u, ai])
2

2π
+
λ([u∗, ai])

2

4π
log

λ([u∗, ai])
2

4πρ

using Lemma 4.4.2 in the last line. Then using the estimate (iv),

(4.5.79) Li,ρ +
λ([u∗, ai])

2

4π
log

λ([u∗, ai])
2

4πρ

≤ D+ E1,2
ren(u∗;B(ai, ρ)) +

λ([u∗, ai])
2

4π
log

1

ρ

= D+

ˆ ρ

0

ˆ
∂B(ai,r)

1

2
|Du∗|2 dH1 − λ([u∗, ai])

2

4πr
dr,

where we have set D
.
= L− E1,2

ren(u∗)−H([u∗, ai]). Therefore we have

(4.5.80) lim
n→∞

ˆ
B(ai,ρ)

|Dun| dx ≤ 2πρ

λ([u∗, ai])
×[

D+ λ([u∗, ai])
2 +

ˆ ρ

0

ˆ
∂B(ai,r)

1

2
|Du∗|2 dH1 − λ([u∗, ai])

2

4πr
dr

]
,

establishing (vi).
To show equi-integrability, for each i = 1, . . . , κ we will set

(4.5.81) Mi
.
=

2π

λ([u∗, ai])

[
D+ λ([u∗, ai])

2

+

ˆ ρ̄Ω

0

ˆ
∂B(ai,r)

1

2
|Du∗|2 dH1 − λ([u∗, ai])

2

4πr
dr

]
.

We will assume κ ≥ 1 in what follows, as otherwise the result follows
from Proposition 4.5.2(a). Then recall from (iii), using (4.3.9) for the
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renormalised energy, that for 0 < ρ < ρ̄Ω we have

(4.5.82) lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

fn(|Dun|) dx

≤ D+

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

1

2
|Du∗|2 dx

= L−H([u∗, ai])
κ
i=1 + E1,2

sg (g) log
1

ρ
.

Combining with (4.5.4) from Proposition 4.5.2(a) , for each 0 < ρ < ρ̄Ω
and any measurable subset A ⊂ Ω \

⋃κ
i=1 B(ai, ρ) we have

lim
n→∞

ˆ
A
|Dun| dx ≤

(
L−H([u∗, ai])

κ
i=1 + E1,2

sg (g) log
1

ρ

) 1
2 √

2L2(A).

(4.5.83)

Let ε > 0, and choose ρ > 0 such that Miρ <
ε
2κ for all i. For this choice

of ρ we then take δ > 0 such that

(4.5.84)
(
L−H([u∗, ai])

κ
i=1 + E1,2

sg (g) log
1

ρ0

) 1
2 √

2δ <
ε

2
.

Then given A ⊂ Ω measurable such that L2(A) ≤ δ, using (4.5.80),
(4.5.83) we have

(4.5.85) lim
n→∞

ˆ
A
|Dun| dx

≤ lim
n→∞

ˆ
A\

⋃κ
i=1 B(ai,ρ0)

|Dun| dx+

κ∑
i=1

lim
n→∞

ˆ
B(ai,ρ)

|Dun| dx < ε.

Thus by Lemma 4.5.5 we have (Dun)n is uniformly integrable, from which
weak L1-convergence also follows by the Dunford–Pettis theorem (Lemma
4.5.4), establishing (vii).

This concludes the proof of Theorem 4.5.1. □

4.6 Convergence of almost minimisers

4.6.1 Convergence theorem

We will show the convergence of Theorem 4.5.1 can be improved for
sequences of almost minimisers in the sense of (4.6.2) below. This will
also imply Theorem 4.1.2 from the introduction.
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Theorem 4.6.1. Given an approximating family (fn)n, we let g ∈
W1/2,2(∂Ω;N) and define

(4.6.1) In = inf

{ˆ
Ω
fn(|Dv|) dx :

v ∈ W1,1(Ω;N)
tr∂Ω v = g

}
.

Then suppose (un)n ⊂ W1,1(Ω;N) is an asymptotically minimising in the
sense that tr∂Ω un = g for all n and

(4.6.2) lim
n→∞

(ˆ
Ω
fn(|Dun|) dx− In

)
= 0.

Then passing to a subsequence, we have un → u∗ strongly in L1(Ω) to a
limit map u∗ ∈ W1,2

ren(Ω;N) satisfying tr∂Ω u∗ = g with κ ∈ N singularities
a1, . . . , aκ ∈ Ω, such that the following holds:

(i) lim
n→∞

[ˆ
Ω
fn(|Dun|) dx− V(fn)E

1,2
sg (g)

]
= E1,2

ren(u∗) + H([u∗, ai])
κ
i=1.

(ii) The limit map satisfies

E1,2
ren(u∗) + H([u∗, ai])

κ
i=1 = inf

{
E1,2
ren(ū) + H([ū, āi])

κ̄
i=1

}
,

where the infimum is taken over all ū ∈ W1,2
ren(Ω;N) with tr∂Ω ū = g,

where ū has κ̄ ∈ N singularities ā1, . . . , āκ̄, forming a minimal
topological resolution in that E1,2

sg (g) =
∑κ̄

i=1
λ([ū,āi])

2

4π .

(iii) lim
n→∞

ˆ
Ω
fn(|Du∗|)− fn(|Dun|) dx = 0.

(iv) Dun → Du∗ strongly in L1(Ω) and pointwise almost everywhere.

(v) For each ρ < ρΩ(a1, . . . , aκ) we have,

lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

fn(|Du∗ −Dun|) dx = 0

(vi) For each ρ < ρΩ(a1, . . . , aκ) and each i = 1, . . . , κ ,

lim
n→∞

[ˆ
B(ai,ρ)

fn(|Dun|)− fn

(
λ([u∗, ai])

2π|x− ai|

)
dx

]

=

ˆ ρ

0

ˆ
∂B(ai,r)

|Du∗|2

2
dH1 − λ([u∗, ai])

2

4πr
dr.
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By (ii), if v ∈ W1,2
ren(Ω;N) also has κ singularities at b1, . . . , bκ ∈ Ω

such that [u∗, ai] = [v, bi] for all 1 ≤ i ≤ κ (i.e. the limiting geodesics are
homotopic), then E1,2

ren(u∗) ≤ E1,2
ren(v). Therefore we have u∗ is a minimal

renormalisable singular harmonic map in the sense of [32, Def. 7.8]. In
particular, by a direct comparison argument, for all ρ > 0 sufficiently
small we have u∗ is a minimising harmonic map in Ω \

⋃κ
i=1 B(ai, ρ) with

respect to its own boundary conditions, thereby proving Theorem 4.1.2(i).

4.6.2 Asymptotic uniform convexity

The classical notion of uniform convexity of a normed space (see e.g. [44,
Def. 5.2.2]) implies that weak convergence, combined with the convergence
of the norm, implies strong convergence (known as Radon–Riesz property).
In this section we will prove an asymptotic version, valid along sequences
of approximating integrands (fn)n, by exploiting the uniform convexity
of the limiting space L2. More precisely, we will establish the following.

Proposition 4.6.2. Consider a sequence of mappings un ∈ W1,1(Ω;N)
and a sequence of approximating integrands (fn)n. Assume that (Dun)n
converges weakly∗ to Du, and that

(4.6.3)
ˆ
Ω

1

2
|Du|2 dx = lim

n→∞

ˆ
Ω
fn(|Dun|) dx.

Then

(4.6.4) lim
n→∞

ˆ
Ω
fn(|Dun −Du|) dx = 0.

In particular, Dun → Du in L1.

Here we will work at the level of gradients for the convenience of the
reader, however one could more generally with a sequence (Un)n ⊂ L1(Ω)
in place of (Dun)n. We will adapt the strategy described in [10], and as a
key step we will establish almost everywhere convergence of the gradients,
which we specify as a separate lemma.

Lemma 4.6.3. Under the assumptions of Proposition 4.6.2, up to a
subsequence, Dun converges pointwise almost everywhere to Du in Ω.

We rely on the following result (Lemma 4.6.4) concerning sequences
in Rd.

Lemma 4.6.4. Consider a sequence of Young function (fn)n converging
to |z|2/2. Suppose a ∈ R and (bn)n ⊂ Rd is a sequence satisfying

1

2
fn(|a|) +

1

2
fn(|bn|)− fn

(∣∣∣a+ bn
2

∣∣∣) n→∞−−−→ 0.

Then lim
n→∞

bn = a.

283



284 Chapter 4: Universality of renormalisable mappings in 2d

Proof of Lemma 4.6.4. It suffices to prove that the sequence (bn)n is
bounded. Indeed if this holds, for any convergent subsequence bnk

→ b,
since fn converges locally uniformly to t2/2 by Lemma 4.2.10, we have

0 =
1

4
|a|2 + 1

4
|b|2 − 1

2

∣∣∣∣a+ b

2

∣∣∣∣2 = 1

8
|b− a|2,

which implies that b = a. Therefore every subsequence has a further
subsequence converging to a, from which it follows that bn → a.

To show the boundedness of (bn)n, we suppose otherwise. Then,
passing to a subsequence, we can assume that |bn| is monotone and
divergent. Letting

gn(t) =
1

2
fn(|a|) +

1

2
fn(t)− fn

(
|a|+ t

2

)
,

since fn is increasing and convex we have

0 ≤ gn(|bn|) ≤
1

2
fn(|a|) +

1

2
fn(|b|)− fn

(∣∣∣∣a+ bn
2

∣∣∣∣)
and so limn→∞ gn(|bn|) → 0. On the other hand we have gn is non-
decreasing by noting that

g′n(t) =
1

2

(
f ′(b)− f ′n

(
|a|+ t

2

))
≥ 0

for almost all t ≥ 0, where we used that t 7→ f ′+(t) is right-continuous
and non-decreasing, and that g is absolutely continuous since f is (see
e.g. [27, Thm. 3.20, Ex. 3.21]). Now fixing m sufficiently large such that
|bm| > |a|, which exists by unboundedness of (bn)n, we have

0 = lim
n→∞

gn(|bn|) ≥ lim
n→∞

gn(|bm|) = 1

4
|a|2+1

4
|bm|2−1

2

(
|a|+ |bm|

2

)2

≥ 0.

Since |a| ̸= |bm|, we have the right-hand side is strictly positive, thereby
contradicting the unboundedness of (bn)n. □

Proof of Lemma 4.6.3. Applying Proposition 4.5.2 to (Dun +Du)/2, we
have (4.5.5) reads as

(4.6.5)
ˆ
Ω

1

2
|Du|2 dx ≤ lim

n→∞

ˆ
Ω
fn

(∣∣∣Dun +Du

2

∣∣∣)dx,
and by the dominated convergence theorem and Lemma 4.2.12 we also
have

(4.6.6) lim
n→∞

ˆ
Ω
fn(|Du|) dx =

ˆ
Ω

1

2
|Du|2 dx.
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For each n, on Ω we define

gn
.
=

1

2
fn(|Du|) +

1

2
fn(|Dun|)− fn

(∣∣∣Dun +Du

2

∣∣∣).
By convexity of fn we have gn ≥ 0, and so we have

lim
n→∞

ˆ
Ω
gn dx ≤ 1

2
lim
n→∞

ˆ
Ω
fn(|Du|) dx+

1

2
lim
n→∞

ˆ
Ω
fn(|Dun|) dx

− lim
n→∞

ˆ
Ω
fn

(∣∣∣Dun +Du

2

∣∣∣) dx
≤
(
1

2
+

1

2
− 1

) ˆ
Ω

1

2
|Du|2 dx = 0

where we used (4.6.3), (4.6.5) and (4.6.6). We deduce that gn → 0 in
L1(Ω), and hence (using e.g. [44, Prop. 4.2.10]), up to a subsequence we
have gn → 0 almost everywhere. Then by Lemma 4.6.4, we infer that
Dun → Du almost everywhere. □

Proof of Proposition 4.6.2. By Proposition 4.6.3, passing to a subse-
quence we have Dun → Du almost everywhere. Then by Scheffé’s lemma
(asserting that pointwise convergence and convergence of the norm implies
strong L1 convergence, see e.g. [44, Prop. 2.4.6]) we have

(4.6.7) lim
n→∞

ˆ
Ω

∣∣∣fn(|Dun|)− 1

2
|Du|2

∣∣∣ dx = 0.

In particular, (fn(|Dun|))n is equi-integrable. By (Dec)n2 we have the
almost-doubling estimate

(4.6.8) fn(2t) ≤ fn(2t0) + 4f(t)

for all n and t ≥ 0, so we obtain the pointwise estimate

(4.6.9) |fn(|Du−Dun|)| ≤ 2fn(2t0) + 4 (fn(|Du|) + fn(|Dun|)) .

Since fn(|Du|) → 1
2 |Du|

2 strongly in L1(Ω) and fn(2t0) → 2t20 as n→ ∞,
we infer the left hand side is equi-integrable. Therefore (4.6.4) follows
by Vitali’s convergence theorem (see e.g. [44, Thm. 3.1.12]), from which
convergence in L1 follows by Jensen’s inequality. □

4.6.3 Strong convergence of almost minimizers — Proof of
Theorem 4.6.1

Proof of Theorem 4.6.1. Let ū ∈ W1,2
ren(Ω;N) be such that tr∂Ω ū = g,

which always exists by [32, Prop. 2.4, Prop. 8.1], and suppose it has κ̄
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singularities at ā1, . . . , āκ̄ such that E1,2
sg (g) =

∑κ̄
i=1

λ([ū,āi])
2

4π . Then by
the upper bound (Proposition 4.4.1) we have

lim
n→∞

(
In − V(fn)E

1,2
sg (g)

)
≤
[
lim
n→∞

ˆ
Ω
fn(|Dū|)− V(fn)E

1,2
sg (g)

]
= E1,2

ren(ū) + H([ū, āi])
κ̄
i=1,

(4.6.10)

noting ū is admissible for the minimisation problem (4.6.1) for each n.
Therefore if un ∈ W1,1

g (Ω;N) satisfies (4.6.2), it follows that

(4.6.11) lim
n→∞

[ˆ
Ω
fn(|Dun|) dx− V(fn)E

1,2
sg (g)

]
≤ E1,2

ren(ū) + H([ū, āi])
κ̄
i=1.

Therefore by Theorem 4.5.1, noting (4.5.1) is satisfied, by passing to a
subsequence we infer that un converges to a limiting map u∗ ∈ W1,2

ren(Ω;N)
with κ singularities a1, . . . , aκ, which by Theorem 4.5.1(ii) satisfies

(4.6.12) lim
n→∞

[ˆ
Ω
fn(|Dun|)− V(fn)E

1,2
sg (g)

]
≥ E1,2

ren(u∗)+H([u∗, ai])
κ
i=1,

and hence that

(4.6.13) E1,2
ren(u∗) + H([u∗, ai])

κ
i=1 ≤ E1,2

ren(ū) + H([ū, āi])
κ̄
i=1.

While we selected a particular competitor, the same argument goes
through for any ū ∈ W1,2

ren(Ω;N) satisfying tr∂Ω ū = g, thereby establishing
(ii). Moreover, if we take ū = u∗ in (4.6.11), combining with (4.6.12) we
deduce (i). For (iii) we combine (i) and Proposition 4.4.1 applied with
u∗ which gives

(4.6.14) lim
n→∞

[ˆ
Ω
f(|Du∗|)− fn(|Dun|) dx

]
= lim

n→∞

[ˆ
Ω
f(|Du∗|) dx− V(fn)E

1,2
sg (g)

]
− lim

n→∞

[ˆ
Ω
f(|Dun|) dx− V(fn)E

1,2
sg (g)

]
which is zero, as required.

Now, combining (i) and Theorem 4.5.1(iii), for all ρ ∈ (0, ρΩ(a1, . . . , aκ))
we have

(4.6.15) lim
n→∞

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

fn(|Dun|) dx =

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

1

2
|Du|2 dx.
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Hence applying Proposition 4.6.2 in Ω \
⋃κ

i=1 B(ai, ρ) we infer both (v)
and that Dun → Du strongly in L1(Ω \

⋃κ
i=1 B(ai, ρ)). In particular, by

applying this to ρk ↘ 0 and passing to a diagonal subsequence, we deduce
that Dun → Du almost everywhere. Since (Dun)n is equi-integrable in
Ω by Theorem 4.5.1(vii), strong L1 convergence in Ω follows, thereby
establishing (iv).

Finally combining (i) and Theorem 4.5.1(iv) we have for 0 < ρ <
ρΩ(a1, . . . , aκ) and i = 1, . . . , κ,

lim
n→∞

[ˆ
B(ai,ρ)

fn(|Dun|) dx− λ([u∗, ai])
2

4π
V(fn)

]

= E1,2
ren(u∗;B(ai, ρ)) +

λ([u∗, ai])
2

4π
log

2π

λ([u∗, ai])
,

(4.6.16)

which together with Lemma 4.4.2 gives (vi). □

Remark 4.6.5. We will sketch how the above proof can be adapted to
prove Theorem 4.1.1 in the absence of the (Dec)c2 condition. Let (f̄n)n be
the modified family from Example 4.2.14, and let Īn as in (4.6.1) with f̄n
in place of fn. Then for any ū ∈ W1,2

ren(Ω;N) such that tr∂Ω ū = g whose
κ̄ ∈ N singularities ā1, · · · , āκ̄ forms a minimal topological resolution of
g in Ω, by Proposition 4.4.1 we have
(4.6.17)

lim
n→∞

[ˆ
Ω
f̄n(|Dū|) dx− V(f̄n)E

1,2
sg (g)

]
= E1,2

ren(ū) + H([ū, āi])
κ̄
i=1.

Therefore since In ≤ Īn for all n, using (4.2.37) we have

(4.6.18) lim
n→∞

[
In − V(fn)E

1,2
sg (g)

]
≤ lim

n→∞

[̄
In − V(f̄n)E

1,2
sg (g)

]
+

1

2
E1,2
sg (g) lim

n→∞
f̄n(1)

≤ E1,2
ren(u∗) + H([u∗, ai])

κ
i=1 +

1

4
E1,2
sg (g),

which in particular is finite. Now taking a sequence (un)n satisfying
(4.6.2), we can apply Theorem 4.5.1 with the family (fn)n, where it is
sufficient to assume (Dec)n2 . In particular using Theorem 4.5.1(ii) we
obtain a limit map u∗ ∈ W1,2

ren(Ω;N) such that tr∂Ω u∗ = g with κ ∈ N
singularities a1, · · · , aκ ∈ Ω such that

(4.6.19) lim
n→∞

[
In − V(fn)E

1,2
sg (g)

]
≥ E1,2

ren(u∗) + H([u∗, ai])
κ
i=1.
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Hence combining (4.6.18) and (4.6.19) we deduce that

(4.6.20) lim
n→∞

1

V(fn)
In = E1,2

sg (g),

thereby proving Theorem 4.1.1.
We point out that this argument does not allow us to relax the (Dec)c2

assumption in Theorem 4.1.2; for this (4.2.37) is insufficient, we would
instead need an approximating sequence (f̃n)n satisfying fn ≤ f̃n for all
n and such that lim

n→∞

[
V(f̃n)− V(fn)

]
= 0.

4.7 Universality of the vortex map

In this section we will show, under strong conditions on the boundary
datum and domain, that the full sequence of minimisers (un)n converges
to a unique minimiser of vortex type. Since the obtained limit map is
independent of the choice of approximating integrands (fn)n, this shows
mappings of type g( x

|x|) are in some sense universal. An analogous result
for the Ginzburg-Landau approximation was obtained in [31, Thm. 8.1],
and we will employ a similar strategy of proof.

We use the synharmonic distance between two maps

g, g′ ∈ W
1/2,2(S1;N),

which is defined as

(4.7.1) distsynh(g, g
′)
.
=

inf

{ˆ
S1×[0,T ]

(
|Du|2

2
− |γ|2

8π2

)
dH1 :

T ∈ (0,+∞),
u ∈ W1,2(S1 × [0, T ];N)

trS1×{0} u = g

trS1×{T} u = g′
on S1

}
which was introduced in [32, Def. 3.2]. Note this infimum is empty if g
and g′ are not homotopic, in which case we have distsynh(g, g

′) = ∞.

Theorem 4.7.1. Let g ∈ C1(S1;N) be a minimising geodesic satisfying
the following:

(a) If (γ1, . . . , γk) is a minimal topological resolution of g, then k = 1
and γ1 is homotopic to g.

(b) If g′ ∈ W1/2,2(S1;N) is homotopic to g, then distsynh(g, g
′) = 0.
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Let (fn)n be a sequence of approximating integrands, and

(un)n ⊂ W1,1(B;N)

be an asymptotically minimising sequence in that trS1 un = g for all n
and

(4.7.2)
ˆ

B1

fn(|Dun|) dx− inf

{ˆ
B1

fn(|Dv|) dx :
v ∈ W1,1(B1;N)

tr∂Ω v = g

}
n→∞−−−→ 0.

Then we have un → u∗ in W1,1(B;N) as n→ ∞, where u∗(x) = g( x
|x|).

Recall that B denotes the closed unit ball in R2. Assumption (a)
implies the atomicity (defined above in Definition 4.3.4) of the geodesic
g, however it is in general a stronger condition, as [32, §9.3.5] illustrates.

In the case N = S1, up to reparametrisation there are two minimising
geodesics; namely g(z) = z and ḡ(z) = z̄, where we identify z ∈ S1 ⊂ C.
Since g and ḡ lie in different homotopy classes, and since any reparametri-
sation of g or ḡ only differ by a rotation, by [32, Prop. 3.8] both mappings
satisfy (a) and (b). Therefore Theorem 4.7.1 applies, and in particular
we infer the universality of the vortex map uV(x) = x

|x| , proving Theorem
4.1.3. In the specific case of fn(z) = |z|pn/pn, where pn ↗ 2, this behaviour
is expected because the vortex map is the unique p-minimizer for every
p ∈ (1, 2); see [21] and [13, Thm. 13.6].

Theorem 4.7.1 will largely follow from properties of the geometric
energy introduced in [32, (2.11)], which we recall is defined as follows:
given a bounded Lipschitz domain Ω ⊂ R2, an integer k ∈ N \ {0},
distinct points a1, . . . , ak ∈ Ω, a radius ρ ∈ (0, ρ̄(a1, . . . , ak)), a map
g ∈ W1/2,2(∂Ω,N) and a topological resolution γ1, . . . , γk ∈ W1/2,2(S1,N)
of g, the geometrical renormalised energy is given by:

(4.7.3) Egeom
g,γ1,...,γk

(a1, . . . , ak)

.
= lim

ρ↘0
inf

{ˆ
Ω\

⋃k
i=1 Bρ(ai)

|Du|2

2
dx−

k∑
i=1

λ(γi)
2

4π2
log

1

ρ

:
u ∈ W1,2

(
Ω \

⋃k
i=1 Bρ(ai);N

)
, tr∂Ω u = g

trS1 u(ai + ρ ·) = γi for all i = 1, . . . , k

}
.

We will also need two auxiliary results; the first will be a consequence of
Theorem 4.6.1(ii).
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Lemma 4.7.2. Under the assumptions of Theorem 4.6.1, the limit map
u∗ satisfies

(4.7.4) E1,2
ren(u∗) + H([u∗, ai])

κ
i=1

= inf{Egeom
g,γ̄1,...,γ̄κ̄(ā1, . . . , āκ̄) + H([γ̄i])

κ̄
i=1}

where the infimum is taken over all κ̄ ∈ N, ā1, . . . , āκ̄ ∈ Ω distinct and
minimal topological resolutions γ̄1, . . . , γ̄κ̄ ∈ C1(S1;N) of g. Moreover,
the infimum is attained in that there exists γ1, . . . , γκ ∈ C1(S1;N) such
that

(4.7.5) E1,2
ren(u∗) = Egeom

g,γ1,...,γκ(a1, . . . , aκ).

Proof of Lemma 4.7.2. Given any ū ∈ W1,2
ren(Ω;N) with κ̄ singularities at

ā1, . . . , āκ̄ with singularities γ̄i at each āi, by [32, Prop. 7.2(v)] we have
E1,2
ren(ū) ≥ E

geom
g,γ̄1,...,γ̄κ̄(ā1, . . . , āκ̄). Thus combining with Theorem 4.6.1(ii)

we obtain the lower bound.
Conversely let u∗ ∈ W1,2

ren(Ω;N) be a limiting map from Theorem
4.6.1, and suppose u∗ has κ ∈ N singularities at a1, . . . , aκ with limiting
geodesics γ1, . . . , γκ, in that they can be obtained as the limit of suit-
able subsequences of tr∂B(ai,ρℓ) u as ρℓ ↘ 0 (see e.g. [32, Prop. 7.2(iii)]).
Then for each 0 < ρ < ρΩ(a1, . . . , aκ), there exists uρ ∈ W1,2(Ω \⋃κ

i=1 B(ai, ρ);N) minimising
´
Ω\

⋃κ
i=1 B(ai,ρ)

1
2 |Du|

2 dx subject to tr∂Ω uρ =

g and trS1 uρ(ai + ρ ·) = γi for each i = 1, . . . , κ. We then extend uρ
to Ω by setting uρ = γi(

·−ai
ρ ) in each B(ai, ρ), which defines a map

uρ ∈ W1,2
ren(Ω;N) such that

(4.7.6) E1,2
ren(uρ) =

ˆ
Ω\

⋃κ
i=1 B(ai,ρ)

1

2
|Duρ|2 − E1,2

sg (g) log
1

ρ
,

noting the contributions on each B(ai, ρ) vanish, since each γi is a min-
imising geodesic. Hence using Theorem 4.6.1(ii) to compare u∗ with uρ
sending ρ↘ 0, using (4.7.3), (4.7.6), we have

(4.7.7) E1,2
ren(u∗) + H([u∗, ai])

κ
i=1

≤ lim
ρ→0

E1,2
ren(uρ) + H([u∗, ai])

κ
i=1

= Egeom
g,γ1,...,γκ(a1, . . . , aκ) + H([u∗, ai])

κ
i=1.

This establishes the reverse inequality, and that equality is attained with
(γ1, . . . , γκ). □

Lemma 4.7.3. Given the unit ball B ⊂ R2, let g ∈ C1(∂B,N) be a
minimising geodesic.
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(i) If γ is a minimising geodesic homotopic to g such that distsynh(g, γ) =
0, then E

geom
g,g (a) = E

geom
g,γ (a) for all a ∈ B◦.

(ii) We have E
geom
g,g (0) ≤ E

geom
g,g (a) for all a ∈ B◦, with equality if and

only if a = 0.

(iii) If v ∈ W1,2
ren(B;N) satisfies E1,2

ren(v,B) = 0, then v(x) = g( x
|x|).

Proof of Lemma 4.7.3. We have (i) follows from [32, Prop. 3.10], and
(ii) follows from [32, Thm. 10.1] (combined with [7, §VIII.4]). Item
(iii) is follows from the proof of [31, Thm. 8.1]; here one observes that
E1,2
ren(v) = 0 implies that ∂ru ≡ 0 on B, from which the claimed form

follows. □

Proof of Theorem 4.7.1. By Theorem 4.6.1 we know (un)n admits a sub-
sequence converging to some u∗ ∈ W1,2

ren(B,N), so it suffices to show
this limit map is uniquely determined as g( x

|x|). By assumption (a), we
have u∗ has only singularity at some a ∈ B◦, and let γ ∈ C1(S1;N) be
homotopic to g such that E1,2

ren(u∗) = E
geom
g,γ (a), which exists by Lemma

4.7.2.
Now by assumption (b) we have distsynh(g, γ) = 0 so by Lemma

4.7.3(i) we have E
geom
g,g (x) = E

geom
g,γ (x) for all x ∈ B◦, and since Lemma

4.7.2 asserts this is minimised at x = a, by Lemma 4.7.3(ii) we have
a = 0. Using g( x

|x|) as a competitor, we see that E
geom
g,g (0) = 0, so by

Lemma 4.7.3(iii) we deduce that u∗(x) = g( x
|x|). □
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Extensions of traces for
Sobolev mappings into
manifolds at the endpoint
p = 1

5

Abstract. We give direct proofs and constructions of
the trace and extension theorems for Sobolev mappings
in W1,1(M,N), where M is Riemannian manifold with
compact boundary ∂M and N is a complete Riemannian
manifold. The analysis is also applicable to halfspaces and
strips. The extension is based on a tiling of the domain
of the considered applications by suitably chosen dyadic
cubes to construct the desired extension. Along the way,
we obtain asymptotic results concerning the L1-mappings
into manifolds.

5.1 Introduction and main results

We consider two Riemannian manifolds M and N , such that M has a
compact boundary ∂M . We assume that N is isometrically embedded in
Rν , ν ∈ N. The trace operator

tr∂M : Ẇ1,p(M,N) → L1
loc(∂M,N)

extends the restriction of continuous maps C(M,N) → C(∂M,N) to
mappings belonging to the homogeneous Sobolev space

Ẇ1,p(M,N) = {U :M → N is weakly differentiable and |DU | ∈ Lp(M)}.

Here and after, |DU | is the pointwise Frobenius or Hilbert-Schmidt norm
of the weak differential DU of U .

For p > 1, the range of the trace of Ẇ1,p(M,Rν) is known to be
the fractional space Ẇ1−1/p,p(∂M,Rν) since Gagliardo’s seminal work
[8]; when N is a compact manifold, the cases where the range is the
fractional space Ẇ1−1/p,p(∂M,N) has been characterized in a series of

This chapter originally appeared as J. Van Schaftingen and B. Van Vaerenbergh.
Extensions of traces for Sobolev mappings into manifolds at the endpoint p = 1. 2025
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works over the last decades [10, Section 6][4][3][16][22]. For our purpose
it is interesting to note that the surjectivity always hold for 1 < p < 2.

Going back to p = 1, Gagliardo has also proved [8] (see also
[15] and [2, Teorema 10]) that the range of the trace of Ẇ1,1(M,Rν) is
L1(∂M,Rν). However, even in the case N = Rν , ν ∈ N\{0}, the existence
of a continuous and linear extension, i.e. the existence of a continuous and
linear right inverse to trRd×{0} : W1,1(Rd × (0, 1)) → L1(Rd), is prevented
by a result of Peetre [19]; see also [20, Section 5].

Hardt and Lin’s proof [10] works straightforwardly for p = 1 [4,
Proof of Theorem 7] and [16, Footnote 2] and shows the surjectivity of
the trace when the target N is a compact Riemannian manifold.

The starting point of this work is to provide a direct proof of the
surjectivity of the trace through a fairly explicit construction of the
extension. As a byproduct, we get a slight weakening of the hypotheses
from which we remove the compactness assumption on N .

Theorem 5.1.1. Let M be a compact Riemannian manifold with compact
boundary, let N be complete. Every U ∈ Ẇ1,1(M,N) has a trace u =
tr∂MU such that
¨

∂M×∂M
distN (u(x), u(y)) dx dy ≤ CM

¨
∂M×M

distN (u(x), U(y)) dx dy

≤ C ′
M

ˆ
M

|DU |,

where CM , C
′
M > 0 only depend on M . Conversely, if u : ∂M → N is

measurable, then there exists a map U ∈ Ẇ1,1(M,N) satisfying tr∂MU =
u and

(5.1.1)
ˆ
M

|DU | ≤ C ′′
M

¨
∂M×∂M

distN (u(x), u(y)) dx dy.

where C ′′
M > 0 only depends on M , provided the right-hand side is finite.

On the half-space Rd × (0,∞), the statement is a little more delicate.
Indeed, it turns out that the condition

¨
Rd×Rd

distN (u(x), u(y)) dx dy is finite

implies that u is constant (see Proposition 5.2.2).

Theorem 5.1.2. Let N be a complete separable Riemannian mani-
fold. Every U ∈ Ẇ1,1(Rd × (0,∞), N) has a locally integrable trace
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u = trRd×{0}U : Rd × {0} → N such that for every R > 0

¨

Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Rd
dx dy ≤ Cd

¨

Rd×(Rd×(0,R))
|x−y|≤R

distN (u(x), U(y))

Rd+1
dx dy

≤ C ′
d

¨
Rd×(0,R)

|DU |,(5.1.2)

where Cd, C
′
d > 0 only depend d.

Conversely, if u : Rd → N is measurable and if

(5.1.3) lim inf
R→+∞

¨

Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Rd
dx dy <∞

then, there exists U ∈ Ẇ1,1(Rd × (0,∞), N) such that trRd×{0}U = u and
ˆ

Rd×(0,∞)
|DU | ≤ C ′′

d lim inf
R→∞

¨

Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Rd
dx dy.

where C ′′
d > 0 only depends on d.

Let us explain how the double integral in (5.1.6) and its limit in
(5.1.3) relate to more usual notions of integrability. First one always has
for R > 0 by the triangle inequality

(5.1.4)
¨

Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Ld(Bd(0, R))
dx dy ≤ 2 inf

b∈N

ˆ
Rd

distN (u(x), b) dx.

The reverse inequality is also true asymptotically.

Theorem 5.1.3. If u : Rd → N , there exists b∗ ∈ N such that
(5.1.5)ˆ

Rd

distN (u(x), b∗) dx =
1

2
lim

R→+∞

¨

Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Ld(Bd(0, R))
dx dy.

The limit (5.1.5) is reminiscent to Bourgain-Brezis-Mironescu-Maz′ya-
Shaposhnikova-type formulae [5][14]. The volume of the d-dimensional
ball of radius R is denoted Ld(Bd(0, R)) and sometimes |Bd

R|.
Our methods of proof also yield an extension result on strips which is

the manifold constrained counterpart of Leoni and Tice’s [13, Theorem
1.8].
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298 Chapter 5: L1-extension of traces into manifolds

Theorem 5.1.4. Every U ∈ Ẇ1,1(Rd × (0, 1), N) has traces then u0 =
trRd×{0}U and u1 = trRd×{1}U satisfying
ˆ

Rd

distN (u0(x),u1(x)) dx+
∑

i∈{0,1}

¨
Rd×(Rd×(0,1))

|x−y|≤1

distN (ui(x), ui(y)) dx dy

≤ Cd

∑
i∈{0,1}

¨
Rd×Rd

|x−y|≤1

distN (ui(x), U(y)) dx dy

≤ C ′
d

¨
Rd×(0,1)

|DU |,(5.1.6)

where Cd, C
′
d > 0 only depend d.

Conversely, given measurable u0, u1 : Rd → N , there exists U ∈ Ẇ1,1(Rd×
(0, 1), N) such that trRd×{0}U = u0, trRd×{1}U = u1 and

(5.1.7)
ˆ

Rd×(0,1)
|DU | ≤ C ′′

d

ˆ
Rd

distN (u0(x), u1(x)) dx

+ C ′′
d

∑
i∈{0,1}

¨
Rd×Rd

|x−y|≤1

distN (ui(x), ui(y)) dx dy

where C ′′
d > 0 only depends on d, provided the right-hand side is finite.

Plan of the paper. In Section 5.2, we explain the precise assumptions
we make on N throughout the paper. We also explain the slightly weaker
assumptions we will work with in the extension results, see (5.4.1), and
prove Theorem 5.1.3. In Section 5.3 we write the proof of Theorem 5.1.2
as well as a variant with manifold domain. The proof of Theorem 5.1.4
consists in two main steps: in Section 5.4 we extend by a map which
is constant on a countable union of rectangles that is only of bounded
variation, i.e. BV(Rd × (−1, 1), N) and in Section 5.5 we smoothen the
BV-extension to get a Ẇ1,1 map and therefore prove Theorem 5.1.4.
Theorem 5.1.1 is then proven in Section 5.6 using a variant of Theorem
5.1.4 on cubes.

5.2 Manifold-valued integrable mappings

In this section, we write the precise assumptions on N , we define integra-
bility, and prove Theorem 5.1.3 in the form of Proposition 5.2.3.

The manifold N . We assume that N is a (path-)connected complete
manifold endowed with a distance function distN : N ×N → [0,∞) on
it. The manifold is assumed to be a submanifold N ⊂ Rν , ν ∈ N \ {0}
isometrically embedded by Nash isometric embedding theorem [18]; by
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[17], even if the manifold N is not assumed to be compact, we may assume
that N is a closed set of Rν . The completeness assumption ensures that
any two points can be connected by a geodesic of minimal length. This
result is known as the Hopf-Rinow theorem [11, Theorem 6.19]. We also
assume separability of N : there exists a countable dense set in N for the
metric distN ; this assumption is of use in Proposition 5.2.6 to ensure that
the essential range of a measurable map is separable. As said in Section
5.1, M is a Riemannian manifold that carries a compact boundary ∂M .

A measurable map u : Rd → N is said integrable whenever

(5.2.1) inf
b∈N

ˆ
Rd

distN (u(x), b) dx <∞.

When N = Rν and distN (p, q) = |p− q| for all p, q ∈ N , we recover
classical integrable functions augmented by their translation in Rν .

It follows from the next proposition that the point b appearing in the
condition (5.2.1) is unique.

Proposition 5.2.1. Let u : Rd → N and v : Rd → N be measurable, and
let b, c ∈ N . If
ˆ

Rd

distN (u(x), b) dx,

ˆ
Rd

distN (v(x), c) dx and
ˆ

Rd

distN (u(x), v(x)) dx

are all finite then b = c.

Proof of Proposition 5.2.1. By the triangle inequality,
ˆ

Rd

distN (b, c) dx ≤
ˆ

Rd

distN (b, u(x)) dx

+

ˆ
Rd

distN (u(x), v(x)) dx+

ˆ
Rd

distN (v(x), c) dx

is finite and the conclusion follows. □

Proposition 5.2.2. If u : Rd → N is measurable and if
¨

Rd×Rd

distN (u(x), u(y)) dx dy <∞,

then u is constant.

Proof of Proposition 5.2.2. For every n ∈ N∗, by Fubini’s theorem and
comparison, there exists some point yn ∈ Rd such that

(5.2.2)
ˆ

Rd

distN (u(x), u(yn)) dx ≤ 1

n
.
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By Proposition 5.2.1, for everym ∈ N∗, u(yn) = u(ym). Setting b = u(yn),
we have

(5.2.3)
ˆ

Rd

distN (b, u(x)) dx = 0,

and thus u = b almost everywhere on Rd. □

The integrability can in fact be recovered from a variant of the
Bourgain-Brezis-Minorescu-Maz’ya-Shaposhnikova formula [5, 6, 14] (see
also [9, 7]).

Proposition 5.2.3. If u : Rd → N is measurable, then for every R > 0,

(5.2.4)
¨

Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Ld(Bd(0, R))
dx dy ≤ 2 inf

b∈N

ˆ
Rd

distN (u(x), b) dx

and there exists b∗ ∈ N such that

(5.2.5)
ˆ

Rd

distN (u(x), b∗) dx =
1

2
lim

R→∞

¨

Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Ld(Bd(0, R))
dx dy.

This proves Theorem 5.1.3.

Proof of Proposition 5.2.3. We write Bd
R = Bd(0, R). We have, by the

triangle inequality,

¨
Rd×Rd

|x−y|≤R

distN (u(x), u(y)) dx dy

≤
¨

Rd×Rd

|x−y|≤R

distN (u(x), b) dx dy +

¨
Rd×Rd

|x−y|≤R

distN (u(y), b) dx dy

= 2L(Bd
R)

ˆ
Rd

distN (u(x), b) dx

(5.2.6)

which proves (5.2.4).
Set for R > 0,

Θ(R)
.
=

¨

Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Ld(Bd(0, R))
dx dy.
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We assume without loss of generality that we have an increasing positive
sequence (Rn)n∈N such that

lim
n→∞

Θ(Rn) = lim inf
R→∞

Θ(R) <∞

and we set

ηn =
1

max(2, R
1/2
n )

.

We have, since ηn ≤ 1/2,

(Bd
(1−ηn)Rn

× Bd
ηnRn

) ∪ (Bd
ηnRn

× Bd
(1−ηn)Rn

)

⊆ {(x, y) ∈ Rd × Rd : |x− y| ≤ Rn}

and

(Bd
(1−ηn)Rn

× Bd
ηnRn

) ∩ (Bd
ηnRn

× Bd
(1−ηn)Rn

) = Bd
ηnRn

× Bd
ηnRn

,

so that, by symmetry,

(5.2.7) 2

ˆ
Bd
(1−ηn)Rn

ˆ
Bd
ηnRn

distN (u(x), u(y)) dx dy

≤
ˆ

Bd
ηnRn

ˆ
Bd
ηnRn

distN (u(x), u(y)) dx dy

+

¨

Rd×Rd

|x−y|≤Rn

distN (u(x), u(y)) dx dy

and thus

2

Ld(Bd
(1−ηn)Rn

)

ˆ
Bd
(1−ηn)Rn

ˆ
Bd
ηnRn

distN (u(x), u(y)) dx dy

≤ θn
.
=

Θ(Rn) + (2ηn)
dΘ(2ηnRn)

(1− ηn)d
.

Hence there exists yn ∈ Bd
(1−ηn)Rn

such that

(5.2.8)
ˆ

Bd
ηnRn

distN (u(x), u(yn)) dx ≤ θn
2
.
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If n ≤ m, we have ηnRn ≤ ηmRm. Hence by the triangle inequality and
by (5.2.8),

distN (u(yn), u(ym)) ≤
ˆ

Bd
ηnRn

distN (u(yn), u(ym))

Ld(Bd
ηnRn

)
dx

≤
ˆ

Bd
ηnRn

distN (u(x), u(yn))

Ld(Bd
ηnRn

)
dx

+

ˆ
Bd
ηmRm

distN (u(x), u(ym))

Ld(Bd
ηnRn

)
dx

≤ θn + θm

2(ηnRn)dLd(Bd
1)
.

Since ηnRn = min(Rn/2, R
1/2
n ) → ∞, the sequence (u(yn))n is a Cauchy

sequence that converges to some b by completeness of N . By Fatou’s
lemma and (5.2.8)

(5.2.9)
ˆ

Rd

distN (u(x), b) dx

≤ lim
n→∞

ˆ
Bd
Rn

distN (u(x), u(yn)) dx ≤ lim
n→∞

θn
2

= lim
n→∞

Θ(Rn)

2
,

which, combined with (5.2.4), gives (5.2.5). □

Remark 5.2.4. It follows from Proposition 5.2.3 that if A ⊂ Rd is measur-
able, then

Ld(A) =
1

2
lim

R→+∞

L2d({(x, y) ∈ A× (Rd \A) : |x− y| ≤ R})
Ld(Bd(0, R))

.

We will conclude this section by proving Proposition 5.2.5.

Proposition 5.2.5. If u : Rd → N is measurable and if for some R > 0,

(5.2.10)
¨

Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Ld(Bd(0, R))
dx dy <∞

then

(5.2.11) lim
r↘0

¨
Rd×Rd

|x−y|≤r

distN (u(x), u(y))

Ld(Bd(0, r))
dx dy = 0.

Proposition 5.2.6. If u : Rd → N is locally integrable, then for a.e.
x ∈ Rd one has

(5.2.12) lim
r↘0

 
Bd(x,r)

distN (u(x), u(y)) dy = 0.
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The dashed-integral refers to the average integral.

Proof of Proposition 5.2.6. Given b ∈ N , we consider the function fb =
dist(u, b) : Rd → R. Since

|fb(x)− fb(y)| = | distN (u(x), b)− dist(u(y), b)| ≤ distN (u(x), u(y)),

the function fb is locally integrable. By the classical Lebesgue’s differ-
entiation theorem applied to fb, there exists a set Eb ⊂ Rd such that
Ld(Eb) = 0 and such that for every x ∈ Rd \ Eb,

lim
r↘0

 
Bd(x,r)

distN (u(y), b) dy = distN (u(x), b),

and thus

lim sup
r↘0

 
Bd(x,r)

distN (u(y), u(x)) dy

≤ lim
r↘0

 
Bd(x,r)

distN (u(y), b) + distN (u(x), b) dy

= 2distN (u(x), b).

(5.2.13)

By our separability assumption on N , considering a countable dense set
B ⊂ N , we write E =

⋃
b∈B Eb and observe that Ld(E) = 0. Moreover,

for every b ∈ B and x ∈ Rd \ E, (5.2.13) holds and its right right-hand
side can be made arbitrary small. We have shown that for almost every
x ∈ Rd, (5.2.12) holds. □

Proposition 5.2.7. If u : Rd → N is measurable, then for every u :
Rd → N , R > 0 and h ∈ Bd(0, R), one has

(5.2.14)
ˆ

Rd

distN (u(x), u(x+ h)) dx

≤ Cd

¨
Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Ld(Bd(0, R))
dx dy

where Cd > 0 only depends on d.

Lemma 5.2.8. If x, y ∈ Rd and |x− y| ≤ R, then

distN (u(x), u(y))

≤ Ad

( 
Bd(x,R)

distN (u(x), u(z)) dz +

 
Bd(y,R)

distN (u(x), u(z)) dz
)
,

where Ad > 0 only depends on d.
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Proof of Lemma 5.2.8. By the triangle inequality, we have successively

distN (u(x), u(y))

=

 
Bd(x,R)∩Bd(y,R)

distN (u(x), u(y)) dz

≤
 

Bd(x,R)∩Bd(y,R)
distN (u(x), u(z)) dz

+

 
Bd(x,R)∩Bd(y,R)

distN (u(y), u(z)) dz

≤ Ad

( 
Bd(x,R)

distN (u(x), u(z)) dz +

 
Bd(y,R)

distN (u(x), u(z)) dz
)
,

where

Ad
.
= sup

{
|Bd(x;R)|

|Bd(x;R) ∩ Bd(y;R)|
: x, y ∈ Rd, R > 0, |x− y| ≤ R

}
is finite. □

Proof of Proposition 5.2.7. Applying Lemma 5.2.8 and integrating over
x ∈ Rd, we obtain

ˆ
Rd

distN (u(x), u(x+ h)) dx

≤ Ad

L(Bd(0;R))

ˆ
Rd×Bd

|x−z|≤R

distN (u(x), u(z)) dx dz

+
Ad

L(Bd(0;R))

ˆ
Rd×Rd

|x+h−z|≤R

distN (u(x+ h), u(z)) dx dz

=
Ad

L(Bd(0;R))

ˆ
Rd×Bd

|x−z|≤R

distN (u(x), u(z)) dx dz.

which is (5.2.14). □

Proof of Proposition 5.2.5. Given R > 0, we define the function

f(x) =

 
Bd(x,R)

distN (u(x), u(z)) dz.

In view of (5.2.10), we have
ˆ

Rd

f <∞
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whereas by Lemma 5.2.8, for every x, y ∈ Rd such that |x− y| ≤ R,

distN (u(x), u(y)) ≤ Ad(f(x) + f(y)).

Averaging the latter inequality over x ∈ Bd(x, r), we get

(5.2.15)
 

Bd(x,r)
distN (u(x), u(y)) dy ≤ Adf(x) +Ad

 
Bd(x,r)

f.

Since the left-hand side of (5.2.15) converges almost-everywhere and
its right-hand side converges in L1(Rd) as r → 0 by approximation by
averages in L1, (5.2.11) follows from Lebesgue’s dominated convergence.

□

Remark 5.2.9. From (5.2.14), we see that the finiteness (5.2.10) implies
that

sup
r∈(0,R)

¨
Rd×Rd

|x−y|≤r

distN (u(x), u(y))

Ld(Bd(0, r))
dx dy

≤ Cd

¨
Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Ld(Bd(0, R))
dx dy.

We finally record the following easy-to-state consequence of Proposi-
tions 5.2.5 and 5.2.7.

Corollary 5.2.10. If u : Rd → N is measurable, then

(5.2.16) lim
h→0

ˆ
Rd

distN (u(x), u(x+ h)) dx

= lim
r↘0

¨
Rd×Rd

|x−y|≤r

distN (u(x), u(y))

Ld(Bd(0, r))
dx dy ∈ {0,+∞}.

5.3 Trace inequalities

In this section, we write a proof of Theorem 5.1.2 as well as a variant
on balls (Proposition 5.3.1) and when the domain is a manifold, see
Proposition 5.3.2.

Proposition 5.3.1. Fix R > 0. If U ∈ Ẇ1,1(Bd(0, R)× (0, 1), N), the
trace u = trBd(0,R){0}U : Bd(0, R) × {0} → N is locally integrable and
satisfies for each r ∈ (0, R)

(5.3.1)
¨

Bd(0,R)×Bd(0,R)
|x−y|≤r

distN (u(x), u(y))

rd
dx dy ≤ Cd

¨
Bd(0,R)×(0,r)

|DU |
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and
(5.3.2) ¨

Bd(0,R)×(Bd(0,R)×(0,R))
|x−y|≤r

distN (u(x), U(y))

rd+1
dx dy ≤ Cd

¨
Bd(0,R)×(0,r)

|DU |

where Cd > 0 only depends on d.

In the proof of Proposition 5.3.1, we use the fact that if C ⊂ Rd is a
convex and U ∈ Ẇ1,1

loc(C,N) then for almost every x, y ∈ C,

(5.3.3) distN (U(x), U(y)) ≤ |x− y|
ˆ 1

0
|DU((1− t)x+ ty))|dt

and the right-hand side is finite.

Proof of Proposition 5.3.1. By scaling, we assume R = 1 and set Bd =
Bd(0, 1) the unit ball centered at the origin. For almost every x ∈ Bd ≃
Bd × {0} and y ∈ Bd × (0, r), we have, by (5.3.3),

distN (u(x), U(y)) ≤ |x− y|
ˆ 1

0
|DU((1− t)x+ ty)|dt.

and thus, with y = (y′, yd+1),

(5.3.4)
¨

Bd×(Bd×(r/2,r))
distN (u(x), U(y))1{|x−y′|<r} dx dy

≤
ˆ 1

0

¨
Bd×(Bd×(0,r))

|x− y|1{|x−y′|<r}|DU((1− t)y + tx)|dx dy dt.

Changing the variable y to z = (1 − t)x + ty so that the Jacobian
determinant of the deformation is equal to td+1, x − z = t(x − y) and
zd+1 = tyd+1, the right-hand side of (5.3.4) is controlled by

ˆ 1

0

¨
Bd×(Bd×(0,r))

|x− z|1{max(|x−z′|,zd+1)<tr<2zd+1}|DU(z)| dx dz
td+2

dt

≤
ˆ

Bd×(r/2,r)
|DU(z)|

ˆ
Bd

ˆ ∞

max(|x−z|,zd+1)/r

|x− z|1{|x−z′|<r}

td+2
dt dx dz

≤ rd+1

d+ 1

ˆ
Bd×(r/2,r)

|DU(z)|
ˆ

Bd

|x− z|1{|x−z′|≤2zd+1}

max(|x− z′|, zd+1)d+1
dx dz

≤ (12 + 1
d)r

d+1|Bd|
ˆ

Bd×(0,r)
|DU(z)| dz,

(5.3.5)
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since
ˆ

Bd

1{|x−z′|≤2zd+1}

max(|x− z′|, zd+1)d+1
dx

≤
ˆ

Rd

1{|x−z′|≤2zd+1}

max(|x− z′|, zd+1)d+1
dx

≤ (d+ 1)|Bd|
ˆ 2zd+1

0

rd−1

max(r, zd+1)d+1
dr

= (d+ 1)|Bd|
(ˆ zd+1

0

rd−1

zd+1
d+1

dr +

ˆ 2zd+1

zd+1

1

r2
dr

)
= (d+ 1)|Bd|

(
1

dzd+1
+

1

2zd+1

)
.

Next, we have

¨
Bd×(Bd×(0,r/2))

distN (U(y), U(y′, yd+1 + r/2))1{|x−y′|<r} dx dy

≤
¨

Bd×(Bd×(0,r/2))

ˆ r/2

0
|DU(y′, yd+1 + t)1{|x−y′|<r}|dtdx dy

≤ rd+1|Bd|
2

ˆ
Bd×(0,r)

|DU |.

(5.3.6)

Combining (5.3.4), (5.3.5) and (5.3.6), we get

¨
Bd×(Bd×(0,r/2))

distN (u(x), U(y))1{|x−y′|<r} dx dz

≤
(
1
d + 1

)
|Bd|rd+1

ˆ
Bd×(0,r)

|DU |,

and
¨

Bd×(Bd×(0,r))
distN (u(x), U(y))1{|x−y′|<r} dx dz

≤
(
2
d + 3

2

)
|Bd|rd+1

ˆ
Bd×(0,r)

|DU |,

from which (5.3.2) follows since

{(x, y) ∈ Bd(0, R)× (Bd(0, R)× (0, R) : |x− y| ≤ r}
⊆ {(x, y) ∈ Bd(0, R)× Bd(0, R)× (0, r) : |x− y′| ≤ r}.
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Finally, we have by the triangle inequality

˚
Bd×Bd×(Bd×(0,r))

distN (u(x), u(y))1{|x−z|<r,|y−z|<r} dx dy dz

≤ |Bd|rd
¨

Bd×(Bd×(0,r))
distN (u(x), U(z))1{|x−z|<r} dx dz

+ |Bd|rd
¨

Bd×(Bd×(0,r))
distN (u(y), U(z))1{|y−z|<r} dy dz

≤
(
2
d + 3

2

)
|Bd|2r2d+1

ˆ
Bd×(0,r)

|DU |

(5.3.7)

where the last is justified by (5.3.2). We note that for every x, y ∈ Bd,

|z − x| ≤ |z − x+y
2 |+ 1

2 |x− y|

there exists Bd > 0 depending only on d such thatˆ
Bd×(0,r)

1{|x−z|<r,|y−z|<r} dz ≥
ˆ

Bd×(0,r)
1{|z−x+y

2
|<r− 1

2
|x−y|} dz

≥ Bdr
d+11{|x−y|<r}.

(5.3.8)

Finally, (5.3.1) follows from (5.3.7) and (5.3.8). □

We record that taking R → +∞ one obtains a similar result on
Rd (instead of Bd(0, R)) holding for all r > 0; this result is written as
Theorem 5.1.2.

Proposition 5.3.2. Let M a Riemannian manifold with compact bound-
ary ∂M . There exists R0 > 0 and such that if U ∈ Ẇ1,1(M,N), the trace
u = trRd×{0}U : ∂M → N is integrable and satisfies for each r ∈ (0, R0),¨

∂M×∂M
dist∂M (x,y)≤r

distN (u(x), u(y))

rdim(∂M)
dx dy ≤ CM

¨

M∩{distM (x,∂M)≤r}

|DU |

and ¨

∂M×M
dist∂M (x,y)≤r

distN (u(x), U(y))

rdim(∂M)+1
dx dy ≤ CM

¨

M∩{distM (x,∂M)≤r}

|DU |

where CM > 0 only depends on M .

Proof. This is a consequence of Proposition 5.3.1 on a finite subcovering of
∂M ×∂M ⊂

⋃
x∈∂M BM (x, r)×BM (x, r) by geodesic balls BM (x, r), x ∈

∂M and the fact that BM (x, r) and Bdim(∂M)(0, 1)× (0, 1) are Lipschitz
deformations of each other.
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5.4. Joining two maps by a map of bounded variation 309

5.4 Joining two maps by a map of bounded variation

In this section we provide the first step of the proof of the extensions
results: Proposition 5.4.1 joins two integrable mappings by a map of
bounded variation.

Fix L > 0 and k ∈ Z and let us denote by Qk = {Q(a, 2−kL) : a ∈
21−kLZd} the dyadic cubes of radius 2−kL. We will crucially use that
Ld(Q) = (21−kL)d which we will sometimes write |Q|.

Proposition 5.4.1. If u0, u1 : Rd → N satisfy for i ∈ {0, 1}

(5.4.1) inf
r∈R

¨
Rd×Rd

|x−y|≤r

distN (ui(x), ui(y))

rd
dx dy <∞

and if

(5.4.2)
ˆ

Rd

distN (u0(x), u1(x)) dx <∞,

then, for each L > 0, there exists U ∈ ḂV(Rd × (−L,L), N) such that

(5.4.3) trRd×{−L}U = u0 and trRd×{L}U = u1.

Moreover, there exists an increasing sequence (kn)n∈N ⊂ N depending on
ui, i ∈ {0, 1} such that k0 = 0 and such that setting

In,0 = (−(1− 2−kn+1)L,−(1− 2−kn)L)(5.4.4)

In,1 = ((1− 2−kn+1)L, (1− 2−kn)L),

and we have for each t ∈ In,i and each x ∈ Q ∈ Qkn, U(x, t) = ui(xQ)
for some Lebesgue point xQ ∈ Q of ui. Moreover, if t ∈ In,i,

(5.4.5)
ˆ

Rd

distN (ui(x), trRd×{t}U(x)) dx

≤ 2−n

Ld

∑
i∈{0,1}

¨
Rd×Rd

|x−y|≤L

distN (ui(x), ui(y)) dx dy.

If we write JU for the union of the faces F of the rectangular cuboïds
Q× In, Q ∈ Qkn,i

and denote by tr+JUU and tr−JUU the value of U on the
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310 Chapter 5: L1-extension of traces into manifolds

two cuboïds sharing a same face F , we have

(5.4.6)
ˆ
JU∩Rd×(−L,L)

distN (tr+JUU(x), tr−JUU(x)) dx

≤
ˆ

Rd

distN (u0(x), u1(x)) dx

+
Cd

Ld

∑
i∈{0,1}

¨
Rd×Rd

|x−y|≤L

distN (ui(x), ui(y)) dx dy,

where Cd > 0 only depends on d.

The homogeneous space of manifold constrained mappings of bounded
variation BV(Rd × (−L,L), N) is defined through N ⊂ Rν :

ḂV(Rd × (−L,L), N)

= {u ∈ ḂV(Rd×(−L,L),Rν) : u(x) ∈ N for almost everywhere x ∈ N}.

We refer to [1] for the definition of BV(Rd × (−L,L),Rν); the corre-
sponding homogeneous space ḂV(Rd × (−L,L), N) neglects the L1 part
of the definition. One can show that JU and tr±JU in Proposition 5.4.1
are respectively the jump set and the one sided traces of BV maps as
defined in [1, Theorem 3.77]. The trace of mappings of bounded variations
appearing in (5.4.3) is defined in [2]. For our purposes, one has by (5.4.5),
for i ∈ {0, 1},

lim
n→∞

sup
t∈In,i

ˆ
Rd

distN (ui(x), trRd×{t}U(x)) dx = 0.

The trace operator BV → L1
loc being continuous under translations, we

deduce (5.4.3).

Proof of Proposition 5.4.1. Let i ∈ {0, 1}. For each k ∈ Z, for each
Q ∈ Qk, there exists a Lebesgue point xQ ∈ Q of ui such that

(5.4.7)
 
Q
distN (ui(xQ), ui(y)) dy ≤

 
Q

 
Q
distN (ui(x), ui(y)) dy dx,

where here and after for sets Ω of finite measure, we write
 
Ω
f dµ =

1

µ(Ω)

ˆ
Ω
f dµ,

the mean of f : Ω → R on Ω.
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5.4. Joining two maps by a map of bounded variation 311

For each k ∈ Z, we define for x ∈ Rd,

Ek(ui)(x) = Ek(ui)(Q) = ui(xQ) if x ∈ Q ∈ Qk.(5.4.8)

We will use the second expression Ek(ui)(Q) ∈ N to emphasize that
Ek(ui)(x) is constant on the cube Q.

By our assumption (5.4.1) and Proposition 5.2.5

lim
k→+∞

ˆ
Rd

distN (Ek(ui)(x), ui(x)) dx

≤ lim
k→+∞

∑
Q∈Qk

ˆ
Q

 
Q
distN (ui(x), ui(y)) dy dx

≤ lim
k→∞

1

2(1−k)dLd

¨
Rd×Rd

|x−y|∞≤21−kL

distN (ui(x), ui(y)) dx dy

= 0.

(5.4.9)

For later we set k0 = 0 and define

(5.4.10) Γ
.
=

∑
i∈{0,1}

1

Ld

¨
Rd×Rd

|x−y|≤L

distN (ui(x), ui(y)) dx dy.

In view of (5.4.9), there exists an increasing sequence of natural numbers
(kn)n so that for each n ∈ N∗, k ≥ kn and i ∈ {0, 1},

(5.4.11)
ˆ

Rd

distN (Ek(ui)(x), ui(x)) dx ≤ Γ

2n
.

By (5.4.1) and a change of variable,

(5.4.12) lim
k→+∞

ˆ
Rd

 
|h|∞≤21−kL

distN (ui(x), ui(x+ h)) dhdx = 0.

By (5.4.12), we may further assume that there exists a subsequence
(kn,i)n satisfying for each n ∈ N∗

(5.4.13)
ˆ

Rd

 
|h|∞≤21−knL

distN (ui(x), ui(x+ h)) dhdx ≤ Γ

2kn−1

by mathematical induction.
We set

U(x, t)
.
= Ekn(ui)(x) if i ∈ {0, 1}, t ∈ In,i, x ∈ Qkn ,

where In,i is defined in (5.4.4). We obtain a map U : Rd × (−L,L) →
N which is constant on rectangular cuboïds; the manifold constraint
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312 Chapter 5: L1-extension of traces into manifolds

is satisfied as Ekn(ui)(x) ∈ N by (5.4.7). The map is in fact only
defined almost everywhere as no value was given on the interfaces of
the cuboïds. By the choice of Γ > 0 it proves (5.4.5). We claim that
trRd×{−L}U = u0 and trRd×{L}U = u1. The situation is symmetric
so we only consider the case i = 0 in t = R. The trace operator
trRd×{0} : BVloc(Rd × (−L,L)) → L1(Rd) is continuous with respect with
translations. We have trRd×{τ}U = Ekn(u0) if τ ∈ In,0. By (5.4.9), we
deduce that trRd×{L}U = u1 and (5.4.5). Therefore it only remains to
prove (5.4.6).

Since U is constant on rectangular cuboïds by construction and jumps
on the interfaces of the rectangles, we deduce that U ∈ BVloc(Rd ×
(−L,L)). The measure |DU | is absolutely continuous with respect to
Hd and we will denote its support JU . We therefore deduce that the
left-hand side in the Proposition 5.4.1(5.4.6), is controlled by the three
following contributions: we will estimate (i), (ii) and (iii) separately.

(i) Contributions at the interface Rd × {0} in t = 0

(5.4.14)
∑

Q∈Qk0

Hd(Q) distN (Ek0(u0)(Q),Ek0(u1)(Q)).

(ii) Parallel contributions to Rd ×{0} of each ui, i ∈ {0, 1}, (except the
jump on Rd × {0}, see (i))

(5.4.15)
∑

i∈{0,1}

∑
n∈N

∑
Q∈Qkn

∑
Q′∈Qkn+1

Q′⊂Q

Hd(Q′)×

distN (Ekn(ui)(Q),Ekn+1(ui)(Q
′)).

(iii) Perpendicular contributions to Rd × {0}

(5.4.16)
∑

i∈{0,1}

∑
n∈N

∑
Q∈Qkn

∑
Q′∈Qkn∩neigh(Q)

Hd(Q̄ ∩ Q̄′ × Ikn)×

distN (Ekn(ui)(Q
′),Ekn(ui)(Q))

where the fourth sum runs over the 2d neighbors of the dyadic
cube Q ∈ Qkn . We record that the measure of a intersecting lateral
face of two cuboïds, denoted Q̄ ∩ Q̄′ × Ikn , is Hd(Q̄ ∩ Q̄′ × Ikn) =
2(1−kn)(d−1)(2−kn+1 − 2−kn)Ld.

The analysis of (i) relies on the triangle inequality and (5.4.7). Indeed,
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the sum over cubes Qk0 of (i) equalsˆ
Rd

distN (Ek0(u0)(x),Ek0(u1)(x)) dx

≤
ˆ

Rd

distN (Ek0(u1)(x), u0(x)) dx

+

ˆ
Rd

distN (u0(x), u1(x)) dx+

ˆ
Rd

distN (u1(x),Ek1,0(u1)(x)) dx

≤
ˆ

Rd

distN (u0(x), u1(x)) dx

+
∑

i∈{0,1}

∑
Q∈Qk0

|Q|−1

¨
Q×Q

distN (ui(x), ui(y)) dx dy

≤
ˆ

Rd

distN (u0(x), u1(x)) dx

+L−d
∑

i∈{0,1}

2d(k0−1)

¨
|x−y|∞≤2L

distN (ui(x), ui(y)) dx dy. (5.4.17)

For (ii), we have that by the triangle inequality, for each i ∈ {0, 1},
n ∈ N, ∑

Q∈Qkn

∑
Q′∈Qkn+1

Q′⊂Q

ˆ
Q′

distN (Ekn(ui)(x),Ekn+1(ui)(x)) dx

≤
∑

Q∈Qkn

∑
Q′∈Qkn+1

Q′⊂Q

[ ˆ
Q′

distN (Ekn(ui)(x), ui(x)) dx

+

ˆ
Q′

distN (ui(x),Ekn+1,i
(ui)(x)) dx

]
.

We will sum over all the subcubes Q′ ⊂ Q, noting that Q =
⋃
{Q′ : Q′ ∈

Qkn+1 , Q
′ ⊂ Q}. One can control further by

(5.4.18)
∑

Q∈Qkn

ˆ
Q
distN (Ekn,1(ui)(x), ui(x)) dx

+
∑

Q∈Qkn

ˆ
Q
distN (Ekn+1(ui)(x), ui(x)) dx

≤
ˆ

Rd

distN (Ekn(ui)(x), ui(x)) dx

+

ˆ
Rd

distN (Ekn+1(ui)(x), ui(x)) dx
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314 Chapter 5: L1-extension of traces into manifolds

which is controlled using (5.4.11) and (5.4.7). We deduce that (ii) is
controlled by

(5.4.19) Γ
∑

i∈{0,1}

∑
n∈N\{0}

(2−n + 2−(n+1))

+
∑

i∈{0,1}

∑
Q∈Qk0

 
Q

ˆ
Q
distN (ui(x), ui(y)) dx dy

≤ 6Γ +
∑

i∈{0,1}

1

Ld

¨
Rd×Rd

|x−y|∞≤2L

distN (ui(x), ui(y)) dx dy.

Next, for (iii), we have for any two cubes Q,Q′ ∈ Qkn adjacent, using
in order constantness on cubes and the triangle inequality,

2(1−kn)(d−1)(2−kn − 2−kn+1)Ld

 
Q

 
Q′

distN (Ekn(ui)(x),Ekn(ui)(y)) dx dy

≤ 2(1−kn)(d−1)(2−kn − 2−kn+1)Ld× (5.4.20)[  
Q

 
Q′

distN (ui(x), ui(y)) dx dy (5.4.21)

+

 
Q

 
Q′

distN (ui(x),Ekn(ui)(y)) dx dy (5.4.22)

+

 
Q

 
Q′

distN (Ekn(ui)(x), ui(y)) dx dy

]
. (5.4.23)

The two terms (5.4.22)–(5.4.23) are treated noting that the prefactor can
be estimated using

2(1−kn)(d−1)(2−kn−2−kn+1)Ld ≤ 2(1−kn)(d−1)2−knLd = 2d−12−dkn = |Q|/2

so that

|Q|
2

 
Q

 
Q′

distN (ui(x),Ekn(u)(Q
′)) dx dy

≤ 1

2

 
Q

ˆ
Q′

distN (ui(x),Ekn(ui)(Q
′)) dx dy

=
1

2

ˆ
Q′

distN (ui(x),Ekn(ui)(Q
′)) dx

(5.4.24)

and this will be estimated below similarly to (5.4.18), see (5.4.26).
So, we focus on the term (5.4.20). Since Q′ is a neighbour of Q, we
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first observe Q×Q′ ⊂ Q× 3Q so that (5.4.20) is controlled by

2(1−kn)(d−1)(2−kn − 2−kn+1)Ld × (5.4.25) 
Q

 
Q′

distN (ui(x), ui(y)) dx dy

≤ 2(1−kn)(d−1)(2−kn − 2−kn+1,i)Ld|Q|−2

ˆ
Q

ˆ
3Q

distN (ui(x), ui(y)) dx dy

≤ 2(1−kn)(d−1)2d(2−kn − 2−kn+1)(21−kn)−dL−d×ˆ
Q

ˆ
3Q

distN (ui(x), ui(y)) dx dy

≤ 3d · 2kn(2−kn − 2−kn+1)L−d×ˆ
Q

 
|h|∞≤3·21−knL

distN (ui(x), ui(x+ h)) dhdx

by the change of variable y = x + h, |h|∞ ≤ |x − y|∞ ≤ diam(3Q) ≤
2 ·3 ·2−knL. So, the term (iii) is estimated in view of (5.4.24) and (5.4.25)
by

(5.4.26) 2d
∑

i∈{0,1}

∑
n∈N

ˆ
Rd

distN (ui(x),Ekn(ui)(x)) dx

+ 2d3d
∑

i∈{0,1}

∑
n∈N

(2−kn − 2−kn+1)2kn×

ˆ
Rd

 
|h|∞≤3·21−knL

distN (ui(x), ui(x+ h)) dhdx

where the 2d arises as the sum over the 2d neighbors of the cube Q ∈ Qkn .

Using (5.4.11) for the first term and (5.4.13) for the second one when
n ≥ 1, we control (5.4.26) by

(5.4.27) 2d
∑

i∈{0,1}

∑
n∈N

Γ

2n
+ 2d

∑
i∈{0,1}

∑
n∈N∗

(2−kn − 2−kn+1)2kn
Γ

2kn−1

+ 2d
∑

i∈{0,1}

ˆ
Rd

 
|h|∞≤6L

distN (ui(x), ui(x+ h)) dhdx.

The first term of (5.4.27) is equal to 8dΓ. The second one can be controlled
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by

2dΓ
∑

i∈{0,1}

∑
n∈N∗

(
1

2kn−1
− 2kn

2kn−12kn+1

)

≤ 2dΓ
∑

i∈{0,1}

∑
n∈N∗

(
1

2kn−1
− 1

2kn+1

)
≤ 4dΓ

∑
i∈{0,1}

1

2k0
+

1

2k1
≤ 3dΓ.

(5.4.28)

The last term of (5.4.27) is estimated by

d

Ld

∑
i∈{0,1}

¨
Rd×Rd

|x−y|∞≤6L

distN (ui(x), ui(y)) dx dy.

We deduce that (5.4.27) is estimated by

(5.4.29) (8d+ 3d)Γ +
d

Ld

∑
i∈{0,1}

¨
Rd×Rd

|x−y|∞≤6L

distN (ui(x), ui(y)) dx dy

so that in turn (iii) is controlled by it.
We conclude that (5.4.6) is controlled by (i), (ii) and (iii) which are

respectively controlled by (5.4.17), (5.4.19) and (5.4.29)

CdΓ +

ˆ
Rd

distN (u0(x), u1(x)) dx

+
Cd

Ld

∑
i∈{0,1}

¨
|x−y|∞≤6L

distN (ui(x), ui(y)) dx dy

by the choice of Γ in (5.4.10), this concludes the proof of the estimate
(5.4.6) of the Proposition 5.4.1 but with “|x− y|∞ ≤ 6L”; Lemma 5.4.2
below allows us to write “|x − y| ≤ L” at the price of increasing the
constant Cd. □

Inspection of the proof of Proposition 5.4.1 shows that one could have
chosen if N was convex

Ek(ui)(Q) =

 
Q
ui.

However our present choice of Ek(ui)(Q) implies that the essential images
Im(U) ⊂ Im(u0) ∪ Im(u1) ⊂ N .
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Lemma 5.4.2. Let u : Rd → N . If 0 < ℓ ≤ L,

(5.4.30)
1

Ld+1

¨
Rd×Rd

|x−y|≤L

distN (u(x), u(y)) dx dy

≤ 2d+1

ℓd+1

¨
Rd×Rd

|x−y|≤ℓ

distN (u(x), u(y)) dx dy.

Proof of Lemma 5.4.2. We have, by the triangle inequality and a change
of variable ¨

Rd×Rd

|x−y|≤L

distN (u(x), u(y)) dx dy (5.4.31)

≤
¨

Rd×Rd

|x−y|≤L

dx dy × (5.4.32)

distN (u(x), u(x+y
2 )) + distN (u(x+y

2 ), u(y)) (5.4.33)

≤ 21+d

¨
Rd×Rd

|x−z|≤L/2

distN (u(x), u(z)) dx dz. (5.4.34)

By mathematical induction, for each n ∈ N,
¨

Rd×Rd

|x−y|≤L

distN (u(x), u(y)) dx dy

≤ 2n(d+1)

¨
Rd×Rd

|x−y|≤L/2n

distN (u(x), u(y)) dx dy.

Given ℓ ≤ L, there exists n ∈ N such that L ≤ 2nℓ ≤ 2L. We deduce
(5.4.30). □

5.5 Connecting two maps by a Sobolev map

Proposition 5.5.1 smooths the map obtained by proposition 5.4.1. So
does Proposition 5.5.3 in a localized way.

Proposition 5.5.1. If u0, u1 : Rd → N satisfy (5.4.1) and (5.4.2),
then, for each L > 0, there exists U ∈ Ẇ1,1(Rd × (−L,L), N) such that
trRd×{−L}U = u0, trRd×{L}U = u1 and

(5.5.1)
ˆ

Rd×(−L,L)
|DU | ≤ Cd

ˆ
Rd

distN (u0(x), u1(x)) dx

+
Cd

Ld

∑
i∈{0,1}

¨
Rd×Rd

|x−y|≤L

distN (ui(x), ui(y)) dx dy

where Cd > 0 only depends on d.
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Remark 5.5.2. In [13, Thm 1.8], in the framework of

N = Rν ,distN (p, q) = |p− q|

the same result is obtained by other means. The authors assume the
integrability condition (5.4.2); the equivalent (see Proposition 5.2.7)
condition than (5.4.1), for i ∈ {0, 1},

lim
ϵ→0

sup
|h|≤ϵ

ˆ
Rd

|ui(x)− ui(x+ h)|dx = 0,

is required there; corresponding estimates are obtained.

Proposition 5.5.3. Let Q = Q(0, 1) ⊂ Rd+1 be the unit cube of radius
one centered at the origin. If u : ∂Q → N is integrable and equals to
b ∈ N on each face except two opposed faces, then there exists a map
U ∈ Ẇ1,1(Q,N) of trace tr∂QU = u and

ˆ
Q
|DU | ≤ Cd

ˆ
∂Q

distN (u(x), b) dx

where Cd > 0 is a constant depending only on d.

We write an interpolating tool for the Ẇ1,1-extension, Proposition
5.5.1.

Lemma 5.5.4. If P =
∏d

i=1[0, |ℓi|] and a, b ∈ N , there exists u ∈
Ẇ1,1(P × R, N) satisfying

(i) If t < −dist(x, ∂P )/2, u(x, t) = a and if t > dist(x, ∂P )/2,
u(x, t) = b,

(ii) distN (a, u(x, t)) ≤ distN (a, b) and distN (b, u(x, t)) ≤ distN (a, b).

Moreover,

(5.5.2)
ˆ
P×R

|Du| ≤ 4 distN (a, b)Ld(P )

and

(5.5.3) sup
t∈R

ˆ
P
distN (a1(−∞,0)(t) + b1[0,+∞)(t), u(x, t)) dx

≤ distN (a, b)Ld(P ).

The proof follows the argument for W1,p with 1 < p < 2 [21].
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Proof of Lemma 5.5.4. Since d is a geodesic distance, we can choose
γ ∈ C∞(R, N) to be a mapping such that γ(t) = a if t ≤ −1, γ(t) = b if
t ≥ 1 and |γ′(t)| ≤ distN (a, b) if −1 ≤ t ≤ 1, and γ(t) = b if t ≥ 1. We
define u : P × R → N for every (x, t) ∈ P × R by

u(t, x) = γ

(
2t

dist(x, ∂P )

)
.

By definition, we have (i) and (ii). Then, we record that u ∈ W1,1
loc(P ×

R, N), with for (t, x) ∈ R × P :

|Du(x, t)| ≤
∣∣∣∣γ′( 2t

dist(x, ∂P )

)∣∣∣∣ ( |t|
dist(x, ∂P )2

+
1

dist(x, ∂P )

)
.

Defining the set Σ = {(x, t) ∈ P × R : 2|t| ≤ dist(x, ∂P )} , we integrate
and estimate
ˆ
P×R

|Du| ≤ distN (a, b)

¨
Σ

|t|
dist(x, ∂P )2

+
1

dist(x, ∂P )
dx dt

≤ 2 distN (a, b)

¨
Σ

1

dist(x, ∂P )
dx dt = 4distN (a, b)

ˆ
P
dx

= 4
d∏

i=1

|ℓi|distN (a, b).

which establish (5.5.2). For (5.5.3), we assume t > 0

ˆ
P
distN (a1[−∞,0)(t) + b1[0,+∞)(t), u(x, t)) dx

≤
ˆ
Σ(t)

dist

(
b, γ

(
2t

dist(x, ∂P )

))
dx

≤ distN (a, b)

ˆ
Σ(t)

1− 2t

dist(x, ∂P )
dx

≤ distN (a, b)Ld(Σ(t) ∩ P ) ≤ distN (a, b)

d∏
i=1

|ℓi|

and similarly for t ≤ 0. □

Lemma 5.5.5. If P =
∏d

i=1[0, |ℓi|] and a, b ∈ N , there exists u ∈
Ẇ1,1(P × (0,∞), N) satisfying

(i) If t > dist(x, ∂P )/2, u(x, t) = b.

(ii) distN (a, u(x, t)) ≤ distN (a, b) and distN (b, u(x, t)) ≤ distN (a, b).
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(iii) trP×{0}u = a.

Moreover,

(5.5.4)
ˆ
P×R

|Du| ≤ 8 distN (a, b)Ld(P )

and

(5.5.5) sup
t>0

ˆ
P
distN (b, u(x, t)) dx ≤ 2 distN (a, b)Ld(P ).

Proof of Lemma 5.5.5. Take γ ∈ C∞(R,N) to be a mapping such that
γ(0) = a, |γ′(t)| ≤ 2 distN (b, a) and γ(t) = b, t ≥ 1. We proceed as in the
proof of Lemma 5.5.4. □

Proof of Proposition 5.5.1. By Proposition 5.4.1, there exists a map U∗ :
Rd× (−L,L) → N constant on a countable family of rectangular cuboïds.

By Lemma 5.5.4 applied to each faces i.e. element of{
∂Q× In,i ∩ ∂Q× Ii′,n′ :

i, i′ ∈ {0, 1}, n, n′ ∈ N, Q ∈ Qkn , Q
′ ∈ Qkn′ s.t ∂Q× In,i ̸= ∂Q× In′,i′

}
we obtain a map U : Rd → N . First, by Lemma 5.5.4 (i) this is well de-
fined: the support of the modifications is disjoint. By Lemma 5.5.4(5.5.2)
we get
ˆ

Rd×(−L,L)
|DU |dLd+1 ≤ 4

ˆ
JU∗∩Rd×(−L,L)

distN (tr+JU∗
U∗, tr

−
JU∗

U∗) dH
d.

By the choice of U∗ and in particular Proposition 5.5.1(5.4.6) we get the
estimate (5.5.1).

The estimate (5.5.3) will only be used to the faces perpendicular F⊥

to Rd × {0}. If for i ∈ {0, 1}, n ∈ N, In,i = (a, b), we set ti,n = (a+ b)/2.
The choice of t ∈ R ensures that the plane Rd × {t} does not intersect
the support of the modification of the faces parallel to Rd × {0}. The
choice of t allows us to ensure that Rd × {t} only crosses points in
{x ∈ Rd × (−L,L) : U(x) ̸= Ũ(x)} arising from modification of the
perpendicular faces by Lemma 5.5.4. The estimate (5.5.3) implies

(5.5.6)
ˆ

{x∈Rd :U(x)̸=Ũ(x)}

distN (trRd×{ti,n}U(x), trRd×{ti,n}U∗(x)) dx

≤
ˆ
JU∗

distN (tr+J U∗, tr
−
J U∗) dH

d.
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By the triangle inequality, (5.5.6) and Proposition 5.4.1(5.4.5), for all
n ∈ N, i ∈ {0, 1},

(5.5.7)
ˆ

Rd

distN (ui(x), trRd×{ti,n}U(x)) dx ≤ 2−nC(d, u0, u1, L)

where C(d, u0, u1, L) > 0 only depends on d, u0, u1 and L. By continuity
of the trace under translations, since ti,n → (−1)i+1L when n → +∞,
we conclude that trRd×{−L}U = u0 and trRd×{L}U = u1. □

The proof of Proposition 5.5.3 is similar to Proposition 5.5.1 and uses
the Lemma 5.5.5 to handle the values on the map on the boundary of
the cube.

Proof of Proposition 5.5.3. We assume that u is not constant on the faces
∂Q \ (Rd × {−1, 1}). We define v0 ∈ L1(Rd, N) by v0(x) = u(x), x ∈
∂Q \ (Rd × {−1}) and v0(x) = p elsewhere. We define v1 ∈ L1(Rd, N) by
v1(x) = u(x), x ∈ ∂Q\(Rd×{1}) and v1(x) = p elsewhere. By Proposition
5.4.1 there exists V ∈ ḂV(Rd × (−1, 1), N) such that trRd×{−1}V = v0
and trRd×{1} = v1 satisfying V |Rd×(−1,1)\Q = p and by (5.4.6) and the
triangle inequality

ˆ
Rd×(−1,1)

distN (tr+JV V, tr
−
JV
V ) dHd ≤ Cd

ˆ
∂Q

distN (u(x), b) dx.

Considering V |Q, we then argue as in the proof of Proposition 5.5.1 using
Lemma 5.5.5 instead of Lemma 5.5.4 for faces of cuboïds adjacent to
∂Q \ (Rd × {−1,+1}). □

5.6 Extension to a halfspace and to a manifold

Based on Proposition 5.5.3, we prove the extension part of Theorem 5.1.2.

Proposition 5.6.1. If u : Rd → N is measurable and the right-hand side
of (5.6.1) is finite, then there exists U ∈ Ẇ1,1(Rd × (0,∞), N) such that
trRd×{0}U = u and

(5.6.1)
ˆ

Rd×(0,∞)
|DU | ≤ Cd lim inf

R→+∞

¨

Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Ld(Bd(0, R))
dx dy,

where Cd > 0 only depends on d.
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Proof. Since u is integrable by Proposition 5.2.3, there exists b such that
ˆ

Rd

distN (u(x), b) dx ≤ Cd lim inf
R→∞

¨

Rd×Rd

|x−y|≤R

distN (u(x), u(y))

Ld(Bd(0, R))
dx dy <∞.

We set u0 = u and u1 = b and we apply Proposition 5.5.3.

We finally construct the extension in Theorem 5.1.1.

Proposition 5.6.2. Let M be a Riemannian manifold with compact
boundary ∂M . If u : ∂M → N is integrable, there exists U ∈ Ẇ1,1(M,N)
satisfying tr∂MU = u and

ˆ
M

|DU | ≤ CM

¨
∂M×∂M

distN (u(x), u(y)) dx

where CM > 0 only depends on M .

The integration on M and on ∂M are performed with respect to the
measure induced by their Riemannian metric or, equivalently, by the
Hausdorff measure, and can be computed in local charts thanks to the
introduction of the appropriate Jacobian.

Proof of Proposition 5.6.2. Let m denote the dimension of the manifold
M . By smoothness and compactness of the boundary ∂M , we realize ∂M
as a simplicial complex [24, Theorem 7] S∂M =

⋃m−1
n=0 Sn of dimension

m − 1 with Sn containing the cells of dimension n; a cell C ∈ Sn is
bi-Lipschitz homeomorphic to a cube Q(0, 1) ⊂ Rn. Let V = {x ∈
M ∪ ∂M : distM (x, ∂M) ≤ ρ} for ρ > 0 sufficiently small so that there
exists a diffeomorphism Ψ : V → ∂M × [0, 1]. We realize V as a finite
simplicial complex SM of dimension m, such that S∂M is the boundary
of SM meaning that for a k-dimension cell C in SM , C ∩ ∂M is a (k− 1)-
dimensional cell in Sk−1 ; this can be done by taking C ∈ S∂M and
defining C ′ = C × [0, 1] ⊂ ∂M × [0, 1] and defining the cell in V by
Ψ−1(C ′). Fix b ∈ N so that

ˆ
∂M

distN (u(x), b) dx ≤ 1

Hd(∂M)

¨
∂M×∂M

distN (u(x), u(y)) dx dy

If C ∈ Sm−1, on ∂C ′ \C×{0} we extend the domain of definition of u by
setting u ◦Ψ−1 = p. Therefore C ′ is a cell such that tr∂C′u ∈ L1(∂C ′, N)
and if two cells C ′ are adjacent they share the same constant on their
boundary. Using the bi-Lipschitz equivalence of cells with cubes, the
situation reduces to extend a map u ∈ L1(∂Q,N), Q = Q(0, 1) ⊂ Rm
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equals to p on each face exept one to a map U ∈ Ẇ1,1(Q,N) of trace
tr∂QU = u, which is done by Proposition 5.5.3 applied to each cube. We
set U = p on M \ V . Since the same trace is shared on the faces of
the m-dimensional cells in V , we obtain, by integration by part (cfr [12,
Theorem 18.1(ii)][21]), a map U ∈ Ẇ1,1(M,N) such that tr∂MU = u
such thatˆ

M
|DU | =

ˆ
V
|DU | =

∑
C′=C×[0,1]
C∈Sm−1

ˆ
C′

|DU |

≤ CM

∑
C′=C×[0,1]
C∈Sm−1

ˆ
∂C′

distN (u(x), b)

≤ CM

∑
C∈Sm−1

ˆ
C
distN (u(x), b)

= CM

ˆ
∂M

distN (u(x), b)

where CM > 0 depends on the Lipschitz constant of Ψ and absorbs the
constant arising from Proposition 5.5.3, which concludes the proof. □
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