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Abstract

This paper studies the monotonicity, in the convex order, of conditional mean predictors
based on aggregate statistics in latent mixture models. For partial sums Sj = X1+ · · ·+Xj,
we give general conditions under which E[Xi | Sj] is dominated by E[Xi | Sj−1] in the con-
vex order, i < j. Such an ordering means that enlarging the conditioning sum reduces the
dispersion, and hence the informativeness, of the corresponding conditional mean predictor.
The first set of results is based on a projection identity for conditional expectations and
includes the classical case where an independent noise term is added to the signal. We then
show that the same convex-order reduction follows from a Markov dependence structure.
This provides a tractable route for latent mixture models: when the variables are condi-
tionally independent given a common factor and belong to natural exponential families with
a common canonical parameter, the sufficiency of partial sums yields the required Markov
property. A complementary analysis characterizes situations in which the conditional mean
predictor is affine or proportional to the conditioning sum. In particular, for convolution
semigroups associated with infinitely divisible distributions, we identify the latent scaling
structures leading to proportional predictors. The results apply to a range of standard
models, including Poisson, binomial, negative binomial, Gamma, normal, inverse Gaussian,
Tweedie, compound Poisson and tempered stable distributions.

Keywords: Convex order; Conditional mean prediction; Latent mixture models; Natural
exponential families; Sufficient statistics; Infinitely divisible distributions.
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1 Introduction and motivation

Conditional mean predictors play a central role in statistical inference. When a random vari-
able of interest cannot be directly observed, or when only an aggregate statistic is available,
the conditional expectation provides the optimal predictor under squared-error loss. More
precisely, if X denotes the unobserved quantity and S denotes the available statistic, then
E[X | S] is the best L2-predictor of X among all measurable functions of S. Beyond its
optimality property, the distribution of E[X | S] measures the amount of information about
X that is contained in S. A highly dispersed conditional mean predictor indicates that the
statistic S is informative about X, whereas a nearly constant predictor indicates that little
information about X can be recovered from S.

This paper studies such conditional mean predictors when the statistic is an aggregate
sum. Specifically, for random variables X1, . . . , Xn and partial sums

Sj = X1 + · · ·+Xj, j = 1, . . . , n,

we investigate conditions under which E[Xi | Sj] is dominated by E[Xi | Sj−1] in the convex
order for i < j. This stochastic order relation is a natural tool for this purpose, since
it compares random variables with the same mean in terms of dispersion and is stronger
than a variance comparison. In the present setting, the convex order means that, as the
conditioning sum incorporates additional components, the conditional mean predictor of Xi

becomes less dispersed, and hence less informative about the individual component Xi.
A basic example is the additive-noise model. Assume that an analyst cannot observe

a random variable X directly but only a noisy signal S = X + Y , where Y represents an
error term. The predictor E[X | S] is then the best mean-square reconstruction of X based
on S. If further independent noise is added to the signal, the resulting conditional mean
predictor becomes less dispersed in the convex order. This formalizes the intuitive idea that
accumulating noise reduces the information content of the signal. Related questions have
been studied by Ernst et al. (2022) and Huang (2023), while sufficient conditions for convex
ordering of conditional expectations were obtained by Mizuno (2006). Denuit (2010) related
such inequalities to the bivariate (2, 1)-increasing convex order introduced by Denuit, Lefevre
and Mesfioui (1999). See also Shaked et al. (2012) for global dependence orders based on
conditional means and variances.

The same issue arises in regression models with latent or unobserved covariates. Consider,
for instance, a linear model

S = α1Y1 + · · ·+ αpYp + E with E[E | Y1, . . . , Yp] = 0.

Suppose that the contribution α1Y1 is not observed and must be imputed from the aggre-
gate response S, or from a statistic derived from it. The natural imputation is then the
conditional mean predictor E[α1Y1 | S]. This predictor is optimal under squared-error loss,
but its usefulness depends on how informative S is about the missing contribution. If the
remaining terms α2Y2, . . . , αpYp and the error E act as additional noise, the conditional mean
predictor of α1Y1 is expected to become less variable. Convex-order comparisons provide a
distributional way to quantify this loss of information. This interpretation is particularly
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relevant when the regressors are not independent but are affected by a common latent envi-
ronment, so that conditional independence given an unobserved factor is a plausible modeling
assumption.

The conditional mean predictors studied in this paper also appear in several other con-
texts. In risk sharing, if two agents face losses X and Y and share the aggregate loss
S = X + Y , the quantities E[X | S] and E[Y | S] define the conditional mean risk-sharing
rule proposed by Denuit and Dhaene (2012). In this context, participants generally prefer
less variable contributions, which makes convex-order comparisons directly meaningful. See
Denuit (2019) and Denuit and Robert (2020, 2021, 2023) for related developments. Condi-
tional expectations given sums also occur in selection problems, as in Van Bochove (2011),
and in random-walk models, where one may be interested in the conditional expectation
of a previous increment given the current position. Related limit results were studied by
Zabell (1980, 1993) and Bar-Lev et al. (2013). In economic theory, agents often infer a
value from imperfect signals; for example, Ganuza and Penalva (2010) used dispersion-based
signal orderings to compare the information conveyed by signals in auctions.

Most classical results focus on the independent case. If X and Y are independent, the
addition of noise to a signal reduces the dispersion of the conditional mean predictor. Under
dependence, however, the situation is more subtle. Noise need not be detrimental in the
same way: if Y is a monotone function of X, then X + Y may still reveal X exactly, so that
E[X | X + Y ] = X. Thus the dependence structure between the variable of interest and
the other components of the aggregate statistic is crucial. We refer to Denuit and Robert
(2022) for a study of conditional mean decompositions under dependence and conditional
independence.

The present paper focuses on latent mixture models, where the variables are typically de-
pendent marginally but become independent conditionally on a common latent factor. Such
models are natural in statistical applications involving unobserved heterogeneity, common
environments, random effects, systematic risk factors or experimental conditions shared by
several observations. Our first contribution is to identify a general projection identity under
which conditioning on a larger sum reduces the corresponding conditional mean predictor in
the convex order. This identity includes, as a special case, the addition of an independent
noise term.

Our second contribution is to connect this projection identity with a Markov dependence
structure. Precisely, if Xi → Sj−1 → Sj is a Markov chain then it is established that
E[Xi | Sj] is dominated by E[Xi | Sj−1] in the convex order. We then show that this Markov
property arises naturally in latent mixture models based on natural exponential families
with a common canonical parameter. In this case, the partial sum is a sufficient statistic for
the common latent factor, and this sufficiency mechanism yields the required convex-order
monotonicity.

Our third contribution concerns models in which the conditional mean predictor is affine,
or proportional, to the conditioning sum. We provide algebraic conditions ensuring that
such affine predictors are ordered in the convex sense. We then specialize the analysis to
convolution semigroups associated with infinitely divisible distributions. This gives explicit
conditions under which proportional predictors arise in conditionally independent latent
scaling models. The results apply to many standard distributions used in probability and
statistics, including Poisson, binomial, negative binomial, gamma, normal, inverse Gaussian,
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Tweedie, compound Poisson and tempered stable models.
The remainder of the paper is organized as follows. Section 2 recalls the convex order and

establishes a general projection criterion ensuring that conditional mean predictors decrease
in convex order when the conditioning sum is enlarged. Section 3 relates this criterion to
Markov dependence structures and applies the result to latent mixtures of natural exponen-
tial families with common canonical parameter. Section 4 studies affine and proportional
conditional mean predictors and derives consequences for infinitely divisible distributions
and convolution semigroups. Technical arguments are collected in the Appendix.

Throughout the paper, all random variables are defined on a common probability space
(Ω,F ,P). They are assumed to be integrable and to have finite variance, that is, to belong
to L2(Ω,F ,P). All equalities and inequalities between random variables are understood to
hold almost surely.

2 Convex-order stochastic inequalities for conditional

mean predictors given sums

2.1 Convex order

Given two random variables V and W , V is said to be smaller than W in the convex
order, henceforth denoted by V ⪯CX W if the inequality E[g(V )] ≤ E[g(W )] holds for all
convex functions g for which the expectations exist. Since the functions x 7→ ±x are both
convex, ⪯CX only applies to random variables with the same expected value. The stochastic
inequality V ⪯CX W intuitively means that V and W have the same “size” (as E[V ] = E[W ]
holds) but that W is “more variable” than V . For instance, the variance of W is larger than
the variance of V . A general treatment of this order relation can be found in Müller and
Stoyan (2002) or Shaked and Shanthikumar (2007), for instance.

In this paper, the convex order is used to compare conditional mean predictors based
on aggregate statistics. More precisely, if a random variable of interest is observed through
a sum involving additional components, we study whether the conditional mean predictor
becomes less dispersed when the conditioning sum is enlarged. Such a decrease in convex
order can be interpreted as a loss of informativeness of the corresponding aggregate statistic.

2.2 A projection criterion for convex-order reduction

We first state a general projection criterion ensuring that conditioning on a larger sum
reduces the conditional mean predictor in the convex order. Denuit and Robert (2023)
derived conditions on a triplet (U1, U2,W ) of random variables ensuring that E[U1|U2 +W ]
is smaller than E[U1|U2] in the convex order. Notice that this statement is not always true.
For instance, with W = U1−U2 we get E[U1|U2+W ] = U1 which dominates E[U1|U2] in the
convex order (by Jensen’s inequality). The following result provides a sufficient condition
ensuring that conditioning on a sum decreases the conditional expectation in the convex
order.
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Proposition 2.1. Let (U1, U2,W ) be such that

E[U1 | U2 +W ] = E
[
E[U1 | U2]

∣∣U2 +W
]

(2.1)

holds true. Then, E[U1 | U2 +W ] ⪯CX E[U1 | U2].

Proof. Let g : R → R be a convex function for which the expectations E[g (E[U1 | U2])] and
E[g (E [U1 | U2 +W ])] are finite. By Jensen’s inequality,

E[g(E[U1 | U2])] = E
[
E[g (E[U1 | U2]) |U2 +W ]

]
≥ E

[
g (E[E[U1 | U2] | U2 +W ])

]
= E[g (E [U1 | U2 +W ])],

which ends the proof.

Remark 2.2. Setting Z := U2 +W , U := E[U1 | Z] and V := E[U1 | U2], condition (2.1)
can be rewritten as

U = E[V | Z].
Since σ(U) ⊆ σ(Z), the tower property gives

E[V | U ] = E
[
E[V | Z]

∣∣U] = U.

The joint distribution of (U, V ) is thus a martingale coupling between the laws of U and
V in the sense of Strassen. Consequently, Theorem 1.2 in Leskelä and Vihola (2017) yields
U ⪯CX V , which is precisely the stochastic inequality E[U1 | U2 +W ] ⪯CX E[U1 | U2] stated
under Proposition 2.1.

Example 2.3. Denuit and Robert (2023) considered (U1, U2,W ) such that

E[U1 | U2,W ] = E[U1 | U2]. (2.2)

In this case,

E
[
E[U1 | U2]

∣∣U2 +W
]
= E

[
E[U1 | U2,W ]

∣∣U2 +W
]

= E
[
E[U1 | U2, U2 +W ]

∣∣U2 +W
]

= E[U1 | U2 +W ]

so that (2.1) holds true. Proposition 2.1 then shows that E[U1 | U2 +W ] ⪯CX E[U1 | U2] as
established by Denuit and Robert (2023) in their Proposition 2.1.

Remark 2.4. The implication (2.2) ⇒ (2.1) admits an intuitive interpretation in terms of
Hilbert spaces, viewing conditional expectations as orthogonal projections in L2(Ω,F ,P).
In this way, (2.2) is equivalent to requiring that

E[U1 | σ(U2,W )] = E[U1 | σ(U2)],

which means that the projections of U1 onto L
2(σ(U2,W )) and L2(σ(U2)) coincide. Project-

ing further onto L2(σ(U2 +W )) yields

E
[
E[U1 | σ(U2)]

∣∣σ(U2 +W )
]
= E[U1 | σ(U2 +W )],

that is, the residual U1 − E[U1|σ(U2)] is orthogonal to L2(σ(U2 + W )). This provides a
geometric explanation of the implication (2.2) ⇒ (2.1) and why the converse fails in general.
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Remark 2.5. Clearly, (2.2) is valid when W is independent of (U1, U2). Taking W = Z
independent of (X,Y ), U1 = X and U2 = X + Y , Example 2.3 gives

E[X|X + Y + Z] ⪯CX E[X|X + Y ] ⇒ Var[E[X|X + Y + Z]] ≤ Var[E[X|X + Y ]]. (2.3)

Adding an independent term to the conditioning sum thus always reduces the conditional
expectation in the convex order as established by Denuit and Robert (2023). The variance
inequality in (2.3) corresponds to formula (4.3) in Ernst et al. (2022). It can thus be
strengthened as a stochastic inequality in terms of the convex order. Also, (2.3) extends the
variance inequality stated under Lemma 3.2 in Huang (2023) whereX and Y are independent
and Z is Normally distributed and independent of (X, Y ).

2.3 Accumulation of independent noise

Let us consider the application to signals discussed in the introduction. If the signal becomes
more noisy, in the sense that more errors accumulate, then the conditional expectation given
signal becomes smaller in convex order and thus less informative. Precisely, let E1, E2, . . . , En
be independent errors. Define Yj :=

∑j
k=1 Ek, j = 1, 2, . . . , n. Condition (2.2) is fulfilled

with U1 = X, U2 = Yj−1, and W = Ej. Example 2.3 then gives

E[X|X + Yj] ⪯CX E[X|X + Yj−1] for j = 2, . . . , n. (2.4)

This expresses the fact that E[X|X + Yj] becomes less informative as j increases because
the signal Sj = X + Yj = X +

∑j
k=1 Ek is subject to more noise and thus loses its predictive

power.
Assume for instance thatX is observed up to error E1 ∼ Normal(0, σ2

1), where Normal(a, b)
denotes the normal distribution with mean a and variance b and “∼” reads as “is distributed
as”. Then, increasing the variance to σ2

2, σ
2
2 > σ2

1, is equivalent to replace E1 with E1 + E2
where E2 ∼ Normal(0, σ2

2 − σ2
1). Thus, we know from (2.4) that the conditional expectation

gets smaller in the convex order when the variance of the Gaussian error increases, so that
the signal becomes less informative. The same comment applies with the Binomial error
structures considered by Ernst et al. (2022) in their Section 5.1, as well as to Poisson or
gamma noise, for instance. These findings are summarized in the following result, where
Poisson(a) denotes the Poisson distribution with mean a, Binomial(k, p) denotes the bino-
mial distribution with size k and success probability p, and Gamma(a, b) denotes the gamma
distribution with mean a/b and variance a/b2.

Property 2.6. Considering independent random variables X, Y1, and Y2, the stochastic
inequality E[X|X + Y2] ⪯CX E[X|X + Y1] holds true if

(i) Yi ∼ Normal(0, σ2
i ) with σ

2
1 ≤ σ2

2.

(ii) Yi ∼ Poisson(λi) with λ1 ≤ λ2.

(iii) Yi ∼ Binomial(ki, p) with k1 ≤ k2, for any p ∈ (0, 1).

(iv) Yi ∼ Gamma(ai, b) with a1 ≤ a2 for any b > 0.
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Similar results are obtained when Yi belongs to any parametric family satisfying the
semi-group property.

The remainder of this paper studies whether results similar to those stated under Property
2.6 still hold when the terms entering the condition are no more independent but only
conditionally independent.

3 Markov dependence structures and natural exponen-

tial families

3.1 Markov chain structure

Condition (2.2) is referred to as “conditional mean independence” in econometrics, where
this concept is used to decide whether additional features must be included in a regression
model. This section considers Markov chains as another conditional independence structure
leading to the desired reduction in convex order, as shown by the next result.

Proposition 3.1. Let X, Y , and Z be real-valued random variables and assume that X →
Y → Z is a Markov chain, that is, there exists a Markov kernel K : R× B(R) → [0, 1] such
that, for every bounded Borel function h : R → R,

E[h(Z) | X,Y ] =

∫
R
h(z)K(Y, dz).

Then, E[X | Z] ⪯CX E[X | Y ].

Proof. By assumption, X and Z are conditionally independent given Y . Hence,

E[X | Y, Z] = E[X | Y ] ⇒ E[X | Z] = E
[
E[X | Y, Z]

∣∣Z] = E
[
E[X | Y ]

∣∣Z].
Applying Proposition 2.1 with U1 := X, U2 := Y , and W := Z − Y then ends the proof.

Proposition 3.1 shows that the conditional expectation of the first element in a Markov
chain, given future states, decreases in the convex order when the time horizon increases.

Let us now apply Proposition 3.1 to conditional expectations given sums.

Corollary 3.2. Let X1, . . . , Xn be real-valued random variables with partial sums Sj =
X1 + . . . + Xj, j ∈ {1, . . . , n}. Consider indices i and j ∈ {1, . . . , n} such that i < j. If
Xi → Sj−1 → Sj is a Markov chain, then E[Xi | Sj] ⪯CX E[Xi | Sj−1].

Proof. The announced result is a direct consequence of Proposition 3.1 with X := Xi,
Y = Sj−1, and Z = Sj.

3.2 Latent mixtures of natural exponential families

We now identify a broad class of latent mixture models for which the Markov property in
Corollary 3.2 is automatically satisfied. The key mechanism is sufficiency. Conditionally
on the latent factor, the variables belong to natural exponential families with a common
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canonical parameter. As a consequence, the partial sum Sj−1 is sufficient for the latent
parameter from the observation of (X1, . . . , Xj−1). This removes the additional information
contained in the individual decomposition of Sj−1, and yields the required Markov structure.

Proposition 3.3. Let X1, . . . , Xn be real-valued random variables with partial sums Sj =
X1 + . . .+Xj, j ∈ {1, . . . , n}. Let Θ be a random variable such that P[Θ ∈ D] = 1 for some
Borel set D ⊆ R. Assume that, conditionally on Θ, the random variables X1, . . . , Xn are
independent and that the conditional distribution of Xk given Θ is as follows:

P[Xk ∈ dx | Θ = θ] = exp(θx− κk(θ)) ρk(dx), θ ∈ D,

where the σ-finite measure ρk on R is such that

0 <

∫
R
eθxρk(dx) <∞ and κk(θ) := ln

∫
R
eθxρk(dx), θ ∈ D.

Then, E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds for every 1 ≤ i < j ≤ n.

Proof. Fix i < j and set Y j−1 := (X1, . . . , Xj−1). For k = 1, . . . , j − 1, write qk,θ(x) :=
exp(θx− κk(θ)) so that

P[Xk ∈ dxk | Θ = θ] = qk,θ(xk)ρk(dxk), θ ∈ D.

Let µj−1 := ρ1⊗· · ·⊗ρj−1 and P
(j−1)
θ be the conditional law of Y j−1 given Θ = θ. For every

non-negative Borel function φ : Rj−1 → R+,∫
Rj−1

φ(x1, . . . , xj−1)P
(j−1)
θ (dx1, . . . ,dxj−1)

=

∫
Rj−1

φ(x1, . . . , xj−1)

j−1∏
k=1

qk,θ(xk)µj−1(dx1, . . . , dxj−1).

Hence, P
(j−1)
θ ≪ µj−1 and

dP
(j−1)
θ

dµj−1

(x1, . . . , xj−1) =

j−1∏
k=1

qk,θ(xk) = exp

(
θ

j−1∑
k=1

xk −
j−1∑
k=1

κk(θ)

)
= cθ(s),

where

s =

j−1∑
k=1

xk and cθ(s) = exp

(
θs−

j−1∑
k=1

κk(θ)

)
.

By the Fisher–Neyman factorization criterion, there exists a Markov kernelQ : R×B(Rj−1) →
[0, 1], independent of θ, such that P[Y j−1 ∈ dy | Sj−1,Θ] = Q(Sj−1, dy) almost surely holds.
Consequently, for every A ∈ B(Rj−1),

P[Y j−1 ∈ A | Sj−1] = E
[
P[Y j−1 ∈ A | Sj−1,Θ]

∣∣Sj−1

]
= Q(Sj−1, A).

Hence, for every integrable measurable function m,

E[m(Y j−1) | Sj−1,Θ] =

∫
Rj−1

m(y)Q(Sj−1, dy) = E[m(Y j−1) | Sj−1]. (3.1)
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In particular, since Xi is a measurable function of Y j−1 because i < j, we have

E[Xi | Sj−1,Θ] = E[Xi | Sj−1].

We now prove the Markov property ensuring the desired convex-order comparison. Since Xj

is conditionally independent of Y j−1 given Θ, for every bounded Borel function g : R → R,

E[g(Xj) | Y j−1,Θ] = E[g(Xj) | Θ].

Since Sj−1 is measurable with respect to Y j−1, we have σ(Y j−1, Sj−1,Θ) = σ(Y j−1,Θ), and
therefore

E[g(Xj) | Y j−1, Sj−1,Θ] = E[g(Xj) | Θ].

On the other hand, taking conditional expectation with respect to (Sj−1,Θ) yields

E[g(Xj) | Sj−1,Θ] = E
[
E[g(Xj) | Y j−1, Sj−1,Θ]

∣∣Sj−1,Θ
]
= E[g(Xj) | Θ].

Thus,
E[g(Xj) | Y j−1, Sj−1,Θ] = E[g(Xj) | Sj−1,Θ],

which shows that Xj and Y j−1 are conditionally independent given (Sj−1,Θ). In particular,
Xj and Xi are conditionally independent given (Sj−1,Θ).

Let h, g : R → R be bounded Borel functions. Since Xi is a measurable function of Y j−1,
the preceding conditional independence gives

E[h(Xi)g(Xj) | Sj−1,Θ] = E[h(Xi) | Sj−1,Θ]E[g(Xj) | Sj−1,Θ].

Using (3.1), we get E[h(Xi) | Sj−1,Θ] = E[h(Xi) | Sj−1] so that

E[h(Xi)g(Xj) | Sj−1] = E
[
E[h(Xi)g(Xj) | Sj−1,Θ]

∣∣Sj−1

]
= E

[
E[h(Xi) | Sj−1,Θ]E[g(Xj) | Sj−1,Θ]

∣∣Sj−1

]
= E[h(Xi) | Sj−1] E

[
E[g(Xj) | Sj−1,Θ]

∣∣Sj−1

]
= E[h(Xi) | Sj−1] E[g(Xj) | Sj−1].

Therefore, Xi and Xj are conditionally independent given Sj−1.
It remains to check whether the Markov chain dependence structure is present. Let

R : R × B(R) → [0, 1] be a regular conditional distribution of Xj given Sj−1. Since Xi and
Xj are conditionally independent given Sj−1, the conditional law of Xj given (Xi, Sj−1) is
also R(S, dx). Thus, for every bounded Borel function h : R → R,

E[h(Sj) | Xi, Sj−1] = E[h(Sj−1 +Xj) | Xi, Sj−1]

=

∫
R
h(Sj−1 + x)R(Sj−1, dx).

Define the Markov kernel K(s, A) := R(s, A− s), s ∈ R, A ∈ B(R), where A− s := {x ∈ R :
s+ x ∈ A}. Then,

E[h(Sj) | Xi, Sj−1] =

∫
R
h(z)K(Sj−1, dz).

The conditional law of Sj given (Xi, Sj−1) therefore depends only on Sj−1. Equivalently,
Xi → Sj−1 → Sj is a Markov chain. Applying Corollary 3.2 then ends the proof.
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Remark 3.4. The common canonical parametrization in Proposition 3.3 can be viewed as
the form naturally associated with sufficiency of partial sums in product exponential models.
To see this, consider for instance a more general model in which, conditionally on Θ = θ, the
density of Xk with respect to Lebesgue measure is of the form hk(x) exp(ηk(θ)x − Ak(θ)).
If, for some j ≥ 2, the statistic Sj = X1 + · · · + Xj is sufficient for the conditional family
{L(X1, . . . , Xj | Θ = θ) : θ ∈ D}, then the Fisher–Neyman factorization criterion implies
that likelihood ratios depend on (x1, . . . , xj) only through x1+ · · ·+xj. Hence, for any fixed
θ0 ∈ D, the linear form

∑j
k=1(ηk(θ) − ηk(θ0))xk must be a function of x1 + · · · + xj, and

therefore a multiple of this sum. Thus, choosing η(θ) := η1(θ), one can write ηk(θ) = η(θ)+ck,
where ck := ηk(θ0) − η1(θ0) is independent of θ. Absorbing these constants into the base
measures, namely by setting ρk(dx) = eckxhk(x) dx, yields P[Xk ∈ dx | Θ = θ] = exp(η(θ)x−
κk(η(θ)))ρk(dx), with κk(u) := ln

∫
euxρk(dx). This is the form used in Proposition 3.3, up

to the reparametrization θ 7→ η(θ).

3.3 Applications

Proposition 3.3 applies to many standard latent mixture models. In each case below, the
conditional distributions belong to natural exponential families with a common canonical
parameter, while heterogeneity across components is absorbed into the base measures or
exposure parameters.

3.3.1 Poisson distribution

Assume that X1, . . . , Xn are independent given Λ > 0, with Xk ∼ Poisson(wkΛ) where
wk > 0. Set Θ := lnΛ. Then, for r ∈ N,

P[Xk = r | Θ] = exp
(
rΘ− wke

Θ
) wrk
r!
.

Conditionally on Θ, Xk thus belongs to a natural exponential family with common canonical
parameter Θ, with

ρk({r}) =
wrk
r!
, r ∈ N, and κk(θ) = wke

θ, θ ∈ R.

By virtue of Proposition 3.3, the stochastic inequality E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds
true for every i < j ≤ n. Thus, given any counting variables conditionally independent and
Poisson distributed given Λ, with mean proportional to Λ, the conditional expectation of
each count given its sum with an increasing number of other counts decreases in the convex
order.

3.3.2 Binomial distribution

Assume that, conditionally on a latent success probability P ∈ (0, 1), the variablesX1, . . . , Xn

are independent and such that Xk ∼ Binomial(mk, P ), where mk ∈ N\{0}. Set Θ := ln P
1−P .

9



Then, for r = 0, . . . ,mk,

P[Xk = r | Θ] =

(
mk

r

)(
eΘ

1 + eΘ

)r (
1

1 + eΘ

)mk−r

= exp
(
rΘ−mk log(1 + eΘ)

)(mk

r

)
.

Conditionally on Θ, Xk thus belongs to a natural exponential family with common canonical
parameter Θ, with

ρk({r}) =
(
mk

r

)
1{0,...,mk}(r), r ∈ N, and κk(θ) = mk log(1 + eθ), θ ∈ R.

Therefore, Proposition 3.3 applies, which implies that E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds for
every i < j ≤ n. Thus, considering a number of successes recorded over mk repetitions of a
Bernoulli experiment, its conditional expectation given its sum with additional numbers of
successes that are conditionally independent given the common, unknown success probability,
decreases in the convex order.

3.3.3 Negative binomial distribution

Suppose that, conditionally on a latent parameter P ∈ (0, 1) such that E
[

P
1−P

]
< ∞, the

variables X1, . . . , Xn are independent and follow the negative binomial distribution with
parameters (rk, P ), which is denoted as Xk ∼ NegBin(rk, P ), where rk > 0. Set Θ := lnP <
0. Then,

P[Xk = r | Θ] =
1

r!

Γ(rk + r)

Γ(rk)
exp
(
rΘ+ rk log(1− eΘ)

)
= exp(rΘ− κk(Θ)) ρk({r}),

where

κk(θ) = −rk log(1− eθ), θ < 0, and ρk({r}) =
1

r!

Γ(rk + r)

Γ(rk)
, r ∈ N.

By virtue of Proposition 3.3, the stochastic inequality E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds true
for every i < j ≤ n. This result can be interpreted in terms of number of failures before
getting a specified number of successes in Bernoulli trials or as Poisson common mixture
model with gamma distributed mean.

3.3.4 Gamma distribution

Assume that, conditionally on a latent factor B > 0 satisfying E
[
1
B

]
< ∞, the variables

X1, . . . , Xn are independent and such that Xk ∼ Gamma(αk, B), where αk > 0. Set Θ :=
−B < 0. The conditional probability density function is

fk(x | Θ) =
Bαk

Γ(αk)
xαk−1e−Bx, x > 0,

= exp(Θx− κk(Θ)) ρk(dx),
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where

κk(θ) = −αk log(−θ), θ < 0, and ρk(dx) =
xαk−1

Γ(αk)
1{x>0} dx.

Therefore, Proposition 3.3 applies, which implies that E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds for
every i < j ≤ n.

3.3.5 Normal distribution

Let ak > 0 and bk ∈ R. Assume that, conditionally on a latent factor Θ satisfying E[|Θ|] <∞,
the variables X1, . . . , Xn are independent and such that Xk ∼ Normal(bk + akΘ, ak). Then,
the conditional probability density function is

fk(x | Θ) = exp(Θx− κk(Θ)) ρk(dx),

where

κk(θ) = bkθ +
1

2
akθ

2 and ρk(dx) =
1√
2πak

exp

(
−(x− bk)

2

2ak

)
dx.

By virtue of Proposition 3.3, the stochastic inequality E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds true
for every i < j ≤ n.

3.3.6 Inverse Gaussian distribution

Assume that, conditionally on a latent factor B > 0 satisfying E
[
1
B

]
< ∞, the variables

X1, . . . , Xn are independent and follow the inverse Gaussian distribution with mean parame-
ter wk

B
and shape parameter w2

k, which is denoted as Xk ∼ InvGauss
(
wk

B
, w2

k

)
, where wk > 0.

Set Θ := −B2

2
< 0. Then,

P[Xk ∈ dx | Θ = θ] = exp(θx− κk(θ)) ρk(dx), θ < 0,

where

κk(θ) = −wk
√
−2θ, θ < 0, and ρk(dx) =

wk√
2πx3

exp

(
−w

2
k

2x

)
1{x>0} dx.

Therefore, Proposition 3.3 applies, which implies that E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds for
every i < j ≤ n.

3.3.7 Tweedie distribution

Let p ∈ (1, 2), α := 2−p
p−1

> 0, and cp :=
(p−1)−α

2−p . Assume that, conditionally on a latent factor

B > 0 satisfying E
[
B− 1

p−1

]
< ∞, the variables X1, . . . , Xn are independent and admit the

compound Poisson–gamma representation Xk ∼
∑Nk

ℓ=1 Zk,ℓ, where, conditionally on B, the
variables Nk are independent and such that Nk ∼ Poisson(wkcpB

−α), with wk > 0, while
Zk,ℓ are independent and satisfy Zk,ℓ ∼ Gamma(α,B), where B is the rate parameter. Set
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Θ := −B < 0. Conditionally on Θ, Xk thus belongs to the Tweedie natural exponential
family with power parameter p and weight wk. More precisely,

P[Xk ∈ dx | Θ = θ] = exp(θx− κk(θ)) ρk(dx), θ < 0,

where

κk(θ) = wkcp(−θ)−α, θ < 0, and ρk(dx) = δ0(dx)+
∞∑
m=1

(wkcp)
m

m! Γ(mα)
xmα−11{x>0} dx.

By virtue of Proposition 3.3, the stochastic inequality E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds true
for every i < j ≤ n.

4 Affine and proportional conditional mean predictors

This section studies situations in which the conditional mean predictor E[Xi | Sj] is an affine,
or more specifically proportional, function of the conditioning sum Sj. In such cases, the
convex-order monotonicity studied in the previous sections can be checked through explicit
relations between the affine coefficients. This provides a complementary route to the Markov
and sufficiency arguments developed in Section 3.

4.1 Independent case

Consider independent, non-negative random variables X and Y . Theorem 3.2 in Furman et
al. (2018) characterizes the situation where the conditional expectation E[X|S] is propor-
tional to S = X+Y . Precisely, denoting as LX(t) = E[exp(−tX)] and LY (t) = E[exp(−tY )]
the respective Laplace transforms of X and Y ,

E[X|S] = E[X]

E[S]
S ⇔ t 7→ lnLX(t)

lnLY (t)
=

E[X]

E[Y ]
for all t. (4.1)

The next result extends (4.1) to real-valued random variables, provided they are independent.

Proposition 4.1. Let X and Y be two integrable and independent real-valued random vari-
ables. Assume that there exists a C1 function Ψ : R → C such that, for all z ∈ R,

E[eizX ] = eaΨ(z) and E[eizY ] = ebΨ(z),

for some a, b ≥ 0 with a+ b > 0. Let S := X + Y . Then,

E[X | S] = a

a+ b
S.

Proof. By independence, the joint characteristic function of X and Y is given by

φ(u, v) := E[ei(uX+vY )] = eaΨ(u)+bΨ(v),

12



which is continuously differentiable. Taking the partial derivatives gives

∂

∂u
φ(u, v) = i E[Xei(uX+vY )] and

∂

∂v
φ(u, v) = i E[Y ei(uX+vY )],

or, equivalently,

∂

∂u
φ(u, v) = aΨ′(u)eaΨ(u)+bΨ(v) and

∂

∂v
φ(u, v) = bΨ′(v)eaΨ(u)+bΨ(v).

Evaluating identities above at u = v = z then yields

E[XeizS] =
a

a+ b
E[SeizS].

Now, let g(S) := E[X | S]. Since

E[|g(S)|] = E [|E[X | S]|] ≤ E[|X|] <∞

and S is integrable, the random variable

h(S) := g(S)− a

a+ b
S

is integrable, too. Consider the associated finite signed measure µ on R defined for any Borel
set A ∈ B(R) by µ(A) := E [h(S)1S∈A]. Its Fourier transform is given by

µ̂(z) =

∫
R
eizsµ(ds) = E

[
h(S)eizS

]
.

Moreover,
E[XeizS] = E

[
E[XeizS | S]

]
= E

[
g(S)eizS

]
,

so that, for all z ∈ R, µ̂(z) = 0. The uniqueness of the Fourier transform for finite signed
measures then implies that µ = 0 (that is, E[h(S)1S∈A] = 0 for all Borel sets A), which
yields h(S) = 0 almost surely. This ends the proof.

4.2 Linearity of the conditional expectation given the sum

The following result provides sufficient conditions based on the algebraic structure of the
conditional expectations ensuring that a conditional expectation given a sum is a linear
function of the sum.

Proposition 4.2. Let X1, . . . , Xn be real-valued random variables with partial sums Sj =
X1 + . . .+Xj, j ∈ {1, . . . , n}. Assume that, for all 1 ≤ i < j ≤ n, there exist deterministic
coefficients (αi,j, ci,j) such that

E[Xi | Sj] = αi,j + ci,jSj, (4.2)

and satisfying the compatibility relation

ci,j = ci,j−1

j−1∑
k=1

ck,j. (4.3)

Then, E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds true for all 1 ≤ i < j ≤ n. Moreover, αi,j =
E[Xi]− ci,jE[Sj]. In particular, for all 1 ≤ i < j ≤ n such that αi,j = 0 and E[Sj] ̸= 0, one

has ci,j =
E[Xi]
E[Sj ]

.
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Proof. Fix i < j ≤ n, and let U1 := Xi, U2 := Sj−1, and W := Xj, so that U2 +W = Sj.
From assumption (4.2) and the law of iterated expectations, we get

E[U1 | U2] = E[U1] + ci,j−1

(
U2 − E[U2]

)
.

Similarly,
E[U1 | U2 +W ] = E[U1] + ci,j

(
(U2 +W )− E[U2 +W ]

)
.

Moreover,

E[U2 − E[U2] | U2 +W ] =

j−1∑
k=1

E[Xk − E[Xk] | Sj] =

(
j−1∑
k=1

ck,j

)
((U2 +W )− E[U2 +W ]) .

With a = ci,j−1, b = ci,j, and c =
∑j−1

k=1 ck,j, we thus have

E[U1 | U2] = E[U1] + a
(
U2 − E[U2]

)
, (4.4)

E[U1 | U2 +W ] = E[U1] + b
(
(U2 +W )− E[U2 +W ]

)
, (4.5)

and
E[U2 | U2 +W ] = E[U2] + c

(
(U2 +W )− E[U2 +W ]

)
. (4.6)

The compatibility condition (4.3) ensures that b = ac. Define the centered variables

Ũ1 := U1 − E[U1], Ũ2 := U2 − E[U2], S̃ := (U2 +W )− E[U2 +W ].

Then (4.4)–(4.6) can be rewritten as

E[Ũ1 | U2] = a Ũ2, E[Ũ1 | U2 +W ] = b S̃, E[Ũ2 | U2 +W ] = c S̃.

Hence,

E
[
E[Ũ1 | U2] | U2 +W

]
= aE[Ũ2 | U2 +W ] = ac S̃.

As (4.3) holds true, this yields

E
[
E[Ũ1 | U2] | U2 +W

]
= b S̃ = E[Ũ1 | U2 +W ].

Applying Proposition 2.1, we obtain E[Ũ1 | U2 + W ] ⪯CX E[Ũ1 | U2]. Since the convex
order ⪯CX is invariant under translations, this implies E[U1 | U2 + W ] ⪯CX E[U1 | U2].
Therefore, E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds true. Finally, taking expectations in (4.2)
yields E[Xi] = αi,j + ci,jE[Sj], which ends the proof.

Remark 4.3. The compatibility condition (4.3) of Proposition 4.2 guarantees that the condi-
tional expectations (E[Xi | Sj])j, viewed as orthogonal projections in L2-spaces (see Remark
2.4), exhibit the geometric behavior required by Proposition 2.1.

14



Remark 4.4. It is known from formula (3.A.33) in Shaked and Shanthikumar (2007) that
U is smaller than V in the Lorenz order if, and only if,

U

E[U ]
⪯CX

V

E[V ]
. (4.7)

This is a convenient way to extend the convex order to the comparison of random variables
with different means. Under the conditions of Proposition 4.2 with αi,j = 0, we have

E[Xi|Sj] =
E[Xi]

E[Sj]
Sj ⇒ E

[
Xi

E[Xi]

∣∣∣ Sj
E[Sj]

]
=

Sj
E[Sj]

.

By Jensen’s inequality, this implies that

Sj
E[Sj]

⪯CX
Xi

E[Xi]

so that the sum Sj is smaller compared to each term Xi in the Lorenz order in this case.

Remark 4.5. It turns out that every distribution discussed in Section 3.3 yields a conditional
expectation given the sum of the form (4.2). Hence, if X1, . . . , Xn are as in one of the cases
considered therein, Proposition 4.2 implies that E[Xi | Sj] ⪯CX E[Xi | Sj−1], 1 ≤ i < j ≤ n.
This therefore provides an algebraic corroboration of the observations made in Section 3.3 on
the basis of Proposition 3.3. However, (4.2) is not necessarily fulfilled under the assumptions
of Proposition 3.3. For instance, take n = 3 and let X1, X2, X3 be independent conditionally

on Θ = θ with Xk ∼ Binomial
(
2, ake

θ

1+akeθ

)
, with a1 = a2 = 1 and a3 = 3. This falls within

the scope of Proposition 3.3, since

κk(θ) = ln
2∑
r=0

eθr
(
2

r

)
ark = 2 ln(1 + ake

θ), ρk({r}) =
(
2

r

)
ark, r = 0, 1, 2.

Conditionally on S3 = s, we get

P[(X1, X2, X3) = (x1, x2, x3) | S3 = s] ∝
3∏

k=1

(
2

xk

)
axkk , x1 + x2 + x3 = s.

Hence
E[X1 | S3 = 0] = 0, E[X1 | S3 = 6] = 2,

whereas

E[X1 | S3 = 1] =
2

2 + 2 + 6
=

1

5
.

If E[X1 | S3] were affine in S3, the first two equalities would force E[X1 | S3 = s] = s
3
,

contradicting the value obtained at s = 1. Thus, E[X1 | S3] is not affine in S3 in this case.
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4.3 Latent scaling in infinitely divisible convolution semigroups

Recall from Cont and Tankov (2004, Proposition 3.1) that given a Lévy process (Lt)t≥0, Lt
has an infinitely divisible distribution for all t. Conversely, if F is an infinitely divisible
distribution then there exists a Lévy process (Lt)t≥0 such that the distribution of L1 is given
by F . In other words, any infinitely divisible distribution can be seen as a distribution
associated to a Lévy process at a given time (say t = 1).

The following result provides some explicit conditions yielding the appropriate linear
structure (4.2) for the conditional expectations.

Proposition 4.6. Let Λ be a random variable, let X1, . . . , Xn be real-valued random variables
conditionally independent given Λ, with partial sums Sj = X1+ . . .+Xj, j ∈ {1, . . . , n}, and
let (Lt)t≥0 be a non-deterministic Lévy process such that E[|Lt|] < ∞ for some t. Let Ψ be
the characteristic exponent of (Lt)t≥0, that is,

ΦLt(z) := E
[
eiz.Lt

]
= etΨ(z), z ∈ R.

Let (L
(1)
t )t≥0, . . . , (L

(n)
t )t≥0 be n independent copies of (Lt)t≥0. Assume that given Λ, Xj ∼

L
(j)
bj(Λ)

for some positive measurable function bj with E[bj(Λ)] <∞. For every j ∈ {1, . . . , n},
define Bj(Λ) :=

∑j
k=1 bk(Λ). Assume moreover that for every 1 ≤ i < j ≤ n, there exists a

measurable function φi,j such that bi(Λ) = φi,j(Bj(Λ)).
Then the following statements are equivalent:

(i) There exists ci,j ∈ R such that E[Xi | Sj] = ci,jSj for every 1 ≤ i < j ≤ n.

(ii) There exist constants α1, . . . , αn > 0 and a random variable U(Λ) > 0 such that bj(Λ) =
αjU(Λ) for every 1 ≤ j ≤ n.

Moreover, if either (i) or (ii) holds, then for every 1 ≤ i < j ≤ n,

ci,j =
αi∑j
k=1 αk

=
E[bi(Λ)]

E[Bj(Λ)]
. (4.8)

In particular, E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds true for every 1 ≤ i < j ≤ n.

Proof. We first prove that (ii) ⇒ (i). Assume that there exist constants α1, . . . , αn > 0 and a
random variable U(Λ) > 0 such that bj(Λ) = αjU(Λ) for all 1 ≤ j ≤ n. Let us fix i and j such
that 1 ≤ i < j ≤ n. Conditionally on Λ, the random variables X1, . . . , Xj are independent
and satisfy Xi ∼ LαiU(Λ) and Sj −Xi ∼ L(

∑j
k=1 αk−αi)U(Λ) given Λ. Considering Proposition

3.13 in Cont and Tankov (2004), the fact that E[|Lt|] < ∞ for some t is equivalent to the
fact that

∫
|x|≥1

|x|ν(dx) < ∞, where ν is the Lévy measure associated with (Lt)t≥0, which

in turn implies that Ψ is a C1 function. Proposition 4.1 then applies conditionally on Λ. In
particular, it yields

E[Xi | Sj,Λ = λ] =
αi∑j
k=1 αk

Sj.

Since the coefficient does not depend on λ, we also get

E[Xi | Sj] = E[E[Xi | Sj,Λ] | Sj] =
αi∑j
k=1 αk

Sj.
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Hence, (i) holds with ci,j =
αi∑j

k=1 αk
.

We now prove that (i) ⇒ (ii). Assume that for every 1 ≤ i < j ≤ n,

E[Xi | Sj] = ci,jSj. (4.9)

In particular, for every z ∈ R,

0 = E
[
(Xi − ci,jSj) e

izSj
]
. (4.10)

Let us fix 1 ≤ i < j ≤ n. Conditioning with respect to Λ in (4.10), we thus get

0 = E
[
E
[
(Xi − ci,jSj) e

izSj
∣∣Λ]] = E

[
E
[
E[(Xi − ci,jSj) e

izSj | Sj,Λ]
∣∣Λ]]. (4.11)

Applying Proposition 4.1 conditionally on Λ = λ, notice that

E[Xi | Sj,Λ = λ] =
bi(λ)

Bj(λ)
Sj.

Moreover, since
E[eizSj | Λ = λ] = eBj(λ)Ψ(z),

differentiating with respect to z gives

E[Sje
izSj | Λ = λ] =

Bj(λ)Ψ
′(z)

i
eBj(λ)Ψ(z).

Hence, (4.11) yields

0 =
Ψ′(z)

i
E
[
(bi(Λ)− ci,jBj(Λ)) e

Bj(Λ)Ψ(z)
]
, z ∈ R. (4.12)

By the non-degeneracy assumption on the Lévy process together with Remark A.3 in Ap-
pendix, there exists a non-trivial interval I ⊂ R such that ℜ(Ψ(z)) < 0, z ∈ I, and Ψ is not
constant on I. Since the underlying Lévy process is integrable, Ψ is C1. Hence, there exists
a non-trivial interval J ⊂ I such that Ψ′(z) ̸= 0, z ∈ J . Therefore, (4.12) implies that for
every z ∈ J ,

E
[(
bi(Λ)− ci,jBj(Λ)

)
eBj(Λ)Ψ(z)

]
= 0.

Now, consider the signed measure µi,j on R+, defined for any Borel set A ∈ B (R+) by

µi,j(A) := E
[(
bi(Λ)− ci,jBj(Λ)

)
1{Bj(Λ)∈A}

]
.

Observe that
|µi,j|([0,+∞[) ≤ E[|bi(Λ)− ci,jBj(Λ)|] <∞,

since E[bi(Λ)] <∞ and E[Bj(Λ)] <∞. Moreover, (4.12) implies that for every z ∈ J ,∫ ∞

0

exΨ(z) µi,j(dx) = 0.
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By Lemma A.2 together with Remark A.3 in Appendix, we conclude that µi,j = 0. Hence,

E[bi(Λ)− ci,jBj(Λ)|Bj(Λ)] = 0.

Since bi(Λ) is assumed to be σ (Bj(Λ))-measurable, the above reasoning implies that bi(Λ) =
ci,jBj(Λ) holds for every 1 ≤ i < j ≤ n. Setting U(Λ) := Bn(Λ), we get bi(Λ) = ci,nU(Λ) for
i < n, and bn(Λ) =

(
1−

∑n−1
i=1 ci,n

)
U(Λ). Hence, (ii) holds with

αi := ci,n (i < n), αn := 1−
n−1∑
i=1

ci,n.

To end the proof, notice that if (ii) holds then Bj(Λ) =
(∑j

k=1 αk

)
U(Λ). In particular,

E[bi(Λ)]

E[Bj(Λ)]
=

αi∑j
k=1 αk

= ci,j,

and (4.8) holds. Conversely, if (i) holds, then bi(Λ) = ci,jBj(Λ) for every 1 ≤ i < j ≤ n,
which implies in particular that (4.8) holds too. Now, for every 1 ≤ i < j ≤ n, notice that

ci,j−1

j−1∑
k=1

ck,j =
E[bi(Λ)]

E[Bj−1(Λ)]

j−1∑
k=1

E[bk(Λ)]

E[Bj(Λ)]
=

E[bi(Λ)]

E[Bj(Λ)]
= ci,j,

which means that (4.3) holds. Applying Proposition 4.2, we conclude that E [Xi | Sj] ⪯CX

E [Xi | Sj−1] holds for every 1 ≤ i < j ≤ n, as announced. This ends the proof.

4.4 Applications

4.4.1 Convolution semigroups

Proposition 4.6 can be interpreted in terms of convolution semigroups. Indeed, since any
non-trivial infinitely divisible probability distribution µ on R gives rise to a Lévy process
(Lt)t≥0 with characteristic exponent Ψ, µ can also be associated with a convolution semigroup
(µt)t≥0 defined by

µ̂t(z) = E[eizLt ] = etΨ(z).

For any positive constants α1, . . . , αn and any positive measurable random variable U(Λ),
the random variables X1, . . . , Xn such that Xi ∼ µαiU(Λ) given Λ, i = 1, . . . , n, fall within
the scope of Proposition 4.6. Hence, E[Xi | Sj] = αi∑j

k=1 αk
Sj.

4.4.2 Poisson distribution

Assume that X1, . . . , Xn are conditionally independent given Λ, with Xi ∼ Poisson(wiU(Λ)),
1 ≤ i ≤ n, for a given function U such that U(Λ) > 0. The corresponding Laplace transform
is then given by

LXi|Λ=λ(u) := E
[
e−uXi | Λ = λ

]
= e−wiU(λ)ψ(u),
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with Laplace exponent ψ : R+ → R+ : u 7→ 1 − e−u. Denoting by Ψ the underlying char-
acteristic exponent of the random vector (X1, . . . , Xn), one has ψ(u) = −Ψ(iu). Applying
Proposition 4.6 then yields E[Xi | Sj] = wi∑j

k=1 wk
Sj, 1 ≤ i < j ≤ n. This expression can also

be obtained from the multinomial distribution of Poisson counts given their sum.

Remark 4.7. In the Poisson case above, the Markov property Xi → Sj−1 → Sj (which is
required to apply Corollary 3.2) does hold for i < j, as already observed in Section 3.3.1.

4.4.3 Normal distribution

Let (Lt)t≥0 be a Brownian motion with drift, that is, Lt = µt + σWt where (Wt)t≥0 is a
standard Brownian motion, µ ∈ R, and σ > 0. Its characteristic exponent is

Ψ(z) = iµz − 1

2
σ2z2.

Let X1, . . . , Xn be random variables such that X1, . . . , Xn are independent conditionally on
Λ with Xi ∼ Normal(µαiΛ, σ

2αiΛ), where αi > 0 for all i. Then, applying Proposition 4.6,
we have E[Xi | Sj] = αi∑j

k=1 αk
Sj, 1 ≤ i < j ≤ n. This expression for E[Xi | Sj] can also be

directly obtained in the normal case from the joint distribution of (Xi, Sj).

Remark 4.8. In the normal case above, the Markov property Xi → Sj−1 → Sj (required to
apply Corollary 3.2) does not hold in general for i < j. Indeed, choose for instance n = 3,
α1 = α2 = α3 = 1, µ = 0, σ = 1, and let Λ be such that P[Λ = 1] = 1

2
= 1 − P[Λ = 4].

Conditionally on Λ = λ, X1, X2 and X3 are independent with Xk ∼ Normal(0, λ). If
X1 → S2 → S3 were a Markov chain, then X3 would be conditionally independent of X1

given S2. However, conditioning on both S2 = s and X1 = x gives information on the latent
variable Λ, since it also determines X2 = s− x. In particular,

P[Λ = 4 | S2 = s,X1 = x] =
1
4
exp

(
3
8
(x2 + (s− x)2)

)
1 + 1

4
exp

(
3
8
(x2 + (s− x)2)

) .
Thus,

E[X2
3 | S2 = s,X1 = x] = E[Λ | S2 = s,X1 = x]

depends on x, even for fixed s. Hence, given (S2, X1), the conditional distribution of X3,
and therefore of S3, still depends on X1. Thus X1 → S2 → S3 is not a Markov chain in this
case.

4.4.4 Gamma distribution

Let X1, . . . , Xn be conditionally independent given Λ, such that Xi ∼ Gamma(αiU(Λ), τ),
1 ≤ i ≤ n, for a given function U such that U(Λ) > 0. The corresponding Laplace transform
is then given by

LXi|Λ=λ(u) = e−αiU(λ)ψ(u),

with Laplace exponent ψ : R+ → R+ : u 7→ ln
(
1 + u

τ

)
. Applying Proposition 4.6 then yields

E[Xi | Sj] = αi∑j
k=1 αk

Sj, 1 ≤ i < j ≤ n. This expression can also be obtained from the

Dirichlet distribution of Gamma measurements divided by their sum.
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4.4.5 Compound Poisson distribution

Let (Lt)t≥0 be a compound Poisson Lévy process defined by Lt =
∑Nt

k=1Dk, where (Nt)t≥0

is a Poisson process with intensity λ > 0, and (Dk)k≥1 is a sequence of independent real-
valued random variables, independent of (Nt)t≥0, with common distribution function FD.
The characteristic exponent of (Lt)t≥0 is given by

Ψ(z) = λ
(
E[eizD1 ]− 1

)
.

In addition, since E[D2
1] < ∞, one has E|Lt| < ∞ and Var[Lt] < ∞ for all t ≥ 0. Now, let

X1, . . . , Xn be conditionally independent given Λ, with Xi ∼ LαiU(Λ) given Λ, 1 ≤ i ≤ n,
for some constants αi > 0 and a random variable U(Λ) > 0. More precisely, assume that
conditionally on Λ = λ, the characteristic function of Xi is given by

E
[
eizXi | Λ = λ

]
= eαiU(λ)Ψ(z),

with corresponding Lévy measure νDi
(dx | Λ = λ) = αiU(λ)λFD(dx). Proposition 4.6 then

gives E[Xi | Sj] = αi∑j
k=1 αk

Sj, 1 ≤ i < j ≤ n.

4.4.6 Tempered stable distribution

Let (Lt)t≥0 be a generalized tempered stable Lévy process with Lévy triplet (0, ν, b), with
b ∈ R and

ν(dx) =

(
C+

e−Mx

x1+Y
1{x>0} + C−

e−G|x|

|x|1+Y
1{x<0}

)
dx,

for some parameters C+, C− ≥ 0, not both equal to 0, G,M > 0, and Y ∈ (0, 2). Notice
that the exponential tempering and the choice Y < 2 imply that∫

|x|>1

|x| ν(dx) <∞ and

∫
R\{0}

x2 ν(dx) <∞.

Therefore, E[|Lt|] <∞ and Var[Lt] <∞ for every t ≥ 0.
Let X1, . . . , Xn be conditionally independent given Λ, with Xi ∼ LαiU(Λ), 1 ≤ i ≤ n,

for some constants αi > 0 and a random variable U(Λ) > 0. More precisely, assume that
conditionally on Λ = λ, conditional Lévy triplet of Xi is given by (0, αiU(λ)ν, αiU(λ)b).
Proposition 4.6 then gives E[Xi | Sj] = αi∑j

k=1 αk
Sj, 1 ≤ i < j ≤ n.

4.4.7 Beyond Proposition 4.6

As we have seen, Proposition 4.6 provides us with sufficient conditions for obtaining an ex-
pression of the form (4.2) with zero αi,j-coefficients, guaranteeing the desired convex order
(2.4), when the random variables under consideration belong to the same convolution semi-
group associated with a given Lévy process. In this section, we explore situations that fall
outside of the scope of Proposition 4.6, but where the convex order (2.4) is nevertheless still
satisfied.
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Normal distribution Let us start with a Gaussian example where the conditional expec-
tation given the sum is strictly affine with respect to the sum.

Example 4.9. Let Λ ∼ Normal(µ, τ 2) be a latent random variable, and let E1, . . . , En be
independent centered Gaussian random variables such that Ek ∼ Normal(0, σ2

k) for every
1 ≤ k ≤ n, independent of Λ. Let d1, . . . , dn ∈ R, and define

Zk := dkΛ + Ek, 1 ≤ k ≤ n.

Here, each Zk can be considered to be a signal for the underlying Λ.
For j ≤ n, set Tj :=

∑j
k=1 Zk, Dj :=

∑j
k=1 dk, and Vj :=

∑j
k=1 σ

2
k. Then, Tj =

DjΛ +
∑j

k=1 Ek, so that (Zi, Tj) is jointly Gaussian for every i ≤ j. Therefore,

E[Zi | Tj] = αi,j + ci,jTj where ci,j =
Cov[Zi, Tj]

Var[Tj]
=
diDjτ

2 + σ2
i

D2
j τ

2 + Vj
, (4.13)

and αi,j = E[Zi]− ci,jE[Tj]. Since E[Zi] = diµ and E[Tj] = Djµ, we get

αi,j = µ
diVj −Djσ

2
i

D2
j τ

2 + Vj
.

In particular, when µ ̸= 0, the conditional expectations E[Zi | Tj] are strictly affine with
respect to Tj.

Remark 4.10. In the setting of Example 4.9, notice that Zi ∼ Normal(diΛ, σ
2
i ) given Λ, so

that the conditional variance does not depend on λ. Therefore, except in degenerate cases,
the conditional law of Zi cannot be written in the form Lbi(Λ) for some Lévy process (Lt)t≥0.
Example 4.9 therefore does not fall within the scope of Proposition 4.6.

In order to ensure the desired convex order (2.4), the coefficients appearing in (4.13) must
also satisfy the compatibility relation (4.3), which is not true in general. The next result
characterizes precisely when convex order still holds in the Gaussian setting.

Property 4.11. In the framework of Example 4.9, let i ≤ j − 1. Then,

E[Zi | Tj] ⪯CX E[Zi | Tj−1] ⇔
(diDjτ

2 + σ2
i )

2

D2
j τ

2 + Vj
≤ (diDj−1τ

2 + σ2
i )

2

D2
j−1τ

2 + Vj−1

.

Proof. Both E[Zi | Tj−1] and E[Zi | Tj] are Gaussian random variables with the same mean.
The convex order reduces to the comparison of the respective variances in this case. Hence,
it suffices to compare the variances of E[Zi | Tj−1] and E[Zi | Tj]. Note that

Var[Tj−1] = D2
j−1τ

2 + Vj−1, Cov[Zi, Tj−1] = diDj−1τ
2 + σ2

i .

Therefore,

Var
[
E[Zi | Tj−1]

]
=

(Cov[Zi, Tj−1])
2

Var[Tj−1]
=

(diDj−1τ
2 + σ2

i )
2

D2
j−1τ

2 + Vj−1

.

Similarly,

Var
[
E[Zi | Tj]

]
=

(diDjτ
2 + σ2

i )
2

D2
j τ

2 + Vj
.

This proves the announced result.
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In the context of Example 4.9, notice that if there exists j0 such that dj0 = 0 (that is,
such that Zj0 = Ej0 is independent of Zi for all i < j0), then Dj0 = Dj0−1, while

Vj0 = Vj0−1 + σ2
j0
≥ Vj0−1.

Hence, for i ≤ j0 − 1,
(diDj0τ

2 + σ2
i )

2

D2
j0
τ 2 + Vj0

≤ (diDj0−1τ
2 + σ2

i )
2

D2
j0−1τ

2 + Vj0−1

.

By virtue of Property 4.11, the above inequality implies that E[Zi | Tj0 ] ⪯CX E[Zi | Tj0−1].
Moreover, if dj = 0 for all j ≥ j0, the same conclusion holds for every j ≥ j0. This observation
is of course a consequence of Remark 2.5 about the addition of independent noise.

The following example highlights the role played by the order of arrival of the signal com-
ponents in the convex ordering, within the conditionally independent Gaussian framework
of Example 4.9.

Example 4.12. Consider the Gaussian affine framework of Example 4.9 with m = 4, and
assume for simplicity that σ2

1 = σ2
2 = σ2

3 = σ2
4 = 1. More precisely, suppose that

Zk := dkΛ + Ek, 1 ≤ k ≤ 4,

where Λ ∼ Normal(µ, τ 2) is a latent random variable, and where Ek ∼ Normal(0, 1) for every
1 ≤ k ≤ 4. Let us now consider two different patterns for the coefficients d1, d2, d3, d4.

Case 1: (d1, d2, d3, d4) = (1, 1, 0, 0). Then D2 = D3 = D4 = 2, while V2 = 2, V3 = 3, V4 = 4.
For i ≤ j − 1,

Qi,j :=
(diDjτ

2 + σ2
i )

2

D2
j τ

2 + Vj

has constant numerator for j ≥ 2, while the denominator is increasing in j. Hence, Qi,j ≤
Qi,j−1, j = 3, 4, so that E[Zi | Tj] ⪯CX E[Zi | Tj−1] holds true by Property 4.11, for all
admissible i, j.

Case 2: (d1, d2, d3, d4) = (1, 0, 0, 1). Then D2 = D3 = 1 and D4 = 2, while V2 = 2, V3 = 3,
V4 = 4. As above, Qi,3 ≤ Qi,2 for all i ≤ 2. However, for i = 1,

Q1,3 =
(τ 2 + 1)2

τ 2 + 3
, Q1,4 =

(2τ 2 + 1)2

4(τ 2 + 1)
.

Hence, a direct computation shows that Q1,4 > Q1,3 as soon as τ >
√√

17−1
8

. For such a

value of τ , Property 4.11 then implies that E[Z1 | T4] and E[Z1 | T3] cannot be ordered in the
⪯CX-sense.

Example 4.12 thus shows that the desired convex order of the sequence may not be
satisfied, depending on when the components of the signal of interest reappear (even though
the conditional expectations remain affine).
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Poisson distribution The next example considers a situation where conditional expec-
tations are not all proportional to sums, in the conditionally independent Poisson case. It
thus falls outside of the scope of Proposition 4.6. The convex-order reduction is nevertheless
still present because of the Markov structure.

Example 4.13. Let Λ ∼ Gamma(2, 1), and assume that given Λ = λ, Z1 ∼ Poisson(λ),
Z2 ∼ Poisson(2λ), Z3 ∼ Poisson(3λ), and Z4 ∼ Poisson(λ2), with Z1, Z2, Z3, and Z4

conditionally independent given Λ. For j = 2, 3, 4, set Tj := Z1 + · · ·+ Zj. The conditional
expectations are given by

E[Z1 | T2] =
T2
3
, E[Z2 | T2] =

2T2
3
,

E[Z1 | T3] =
T3
6
, E[Z2 | T3] =

T3
3
, E[Z3 | T3] =

T3
2
,

and, for every t ∈ N,

E[Z1 | T4 = t] = t rt, E[Z2 | T4 = t] = 2t rt, E[Z3 | T4 = t] = 3t rt,

where

rt := E

[
1

6 + Λ

∣∣∣ T4 = t

]
=

∫ ∞

0

λt+1(6 + λ)t−1e−(7λ+λ2) dλ∫ ∞

0

λt+1(6 + λ)te−(7λ+λ2) dλ

.

Equivalently,

E[Z1 | T4] = T4 E

[
1

6 + Λ

∣∣∣ T4] , E[Z2 | T4] = 2T4 E

[
1

6 + Λ

∣∣∣ T4] ,
and

E[Z3 | T4] = 3T4 E

[
1

6 + Λ

∣∣∣ T4] .
For j = 2, since T1 = Z1, one has E[Z1 | T2] ⪯CX E[Z1 | T1] = Z1. For j = 3, the
vector (Z1, Z2) is conditionally independent given Λ = λ, with intensities proportional to
λ. Hence, using the same argument as in Proposition 3.3 with Zi → T2 → T3, i = 1, 2,
we conclude that E[Zi | T3] ⪯CX E[Zi | T2], i = 1, 2. For j = 4, the vector (Z1, Z2, Z3)
is conditionally independent given Λ = λ, with intensities proportional to λ. Hence, using
again the same argument as in Proposition 3.3 with Zi → T3 → T4, i = 1, 2, 3, we get
E[Zi | T4] ⪯CX E[Zi | T3], i = 1, 2, 3. This shows that E[Zi | Tj] ⪯CX E[Zi | Tj−1] holds for
every i < j.

The following example illustrates another situation which falls outside of the scope of
Proposition 4.6.

Example 4.14. Let U be a positive latent random variable, and assume that Z1, Z2, and
Z3 are independent conditionally on U , with Z1 ∼ Poisson(α1U), Z2 ∼ Poisson(α2U), and
Z3 ∼ Poisson(α3U) given U , where α1, α2, α3 > 0. Also, consider Z4 ∼ Poisson(λ), λ > 0,
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independent of (U,Z1, Z2, Z3). Set A2 := α1+α2 and A3 := α1+α2+α3. Denote the partial
sums as Tj = Z1 + . . .+ Zj, j = 1, . . . , 4.

Since the Poisson laws form a convolution semigroup, the random vector (Z1, Z2, Z3) falls
within the scope of Proposition 4.6. Hence,

E[Z1 | T2] =
α1

A2

T2, E[Z1 | T3] =
α1

A3

T3 and E[Z1 | T3] ⪯CX E[Z1 | T2].

Moreover, since Z4 is independent of (Z1, T3),

E[Z1 | T3, Z4] = E[Z1 | T3] ⇒ E[Z1 | T4] ⪯CX E[Z1 | T3]

by Example 2.3. Hence, the sequence (E[Z1 | Tj])j=2,3,4 is non-increasing with respect to the
convex order.

Remark 4.15. In Example 4.14, observe that unlike (Z1, Z2, Z3), the vector (Z1, Z2, Z3, Z4)
does not fall within the scope of Proposition 4.6. In particular, there is then no guarantee
that E[Z1 | T4] is linear with respect to T4. Indeed, the fact that T3 ∼ Poisson(A3U) given
U and Z4 ∼ Poisson(λ) yields

E[T3 | T4, U ] = T4
A3U

A3U + λ
.

Moreover, using the fact that E[Z1 | T3, U ] = α1

A3
T3, we get

E[Z1 | T4] = α1T4E

[
U

A3U + λ

∣∣∣∣T4] .
Choosing for instance U such that P[U = u1] = p = 1− P[U = u2] yields

E[Z1 | T4 = t] = α1t

(
u1

A3u1 + λ
πt +

u2
A3u2 + λ

(1− πt)

)
,

where

πt := P[U = u1 | T4 = t] =
p e−(A3u1+λ)(A3u1 + λ)t

(1− p)e−(A3u2+λ)(A3u2 + λ)t + p e−(A3u1+λ)(A3u1 + λ)t
.

In such a case, the map t 7→ E[Z1 | T4 = t] is thus nonlinear in t.

As a consequence of both Example 2.3 and Proposition 4.6, Example 4.14 thus shows that
a sequence of conditional expectations may first satisfy the linear structure of Proposition
4.6, then become nonlinear after the addition of a pure noise, while still preserving the
desired convex ordering.

Example 4.16. Consider the same variables as in Example 4.14, but change their order.
Let Z̃1, Z̃2, Z̃4 be conditionally independent given U , with

Z̃1 ∼ Poisson(α1U), Z̃2 ∼ Poisson(α2U), Z̃4 ∼ Poisson(α3U),
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and let
Z̃3 ∼ Poisson(λ)

be independent of (U, Z̃1, Z̃2, Z̃4). Define

T̃j = Z̃1 + · · ·+ Z̃j, j = 1, . . . , 4.

Since Z̃3 is independent of (U, Z̃1, Z̃2), Example 2.3 gives

E[Z̃1 | T̃3] ⪯CX E[Z̃1 | T̃2].

However, when moving from T̃3 to T̃4, the added variable Z̃4 carries information about the
latent factor U . Conditionally on U = u, Z̃1, Z̃2, and Z̃3 are independent Poisson variables
with parameters α1u, α2u, λ. Hence

Z̃1 | T̃3 = t, U = u ∼ Binomial

(
t,

α1u

A2u+ λ

)
,

and therefore

E[Z̃1 | T̃3] = α1T̃3E

[
U

A2U + λ

∣∣∣∣ T̃3] .
Similarly,

E[Z̃1 | T̃4] = α1T̃4E

[
U

A3U + λ

∣∣∣∣ T̃4] .
Thus adding Z̃4 can increase the information about U , and there is no general reason for

the desired convex-order monotonicity to hold. For instance, take

α1 = α2 = α3 = 1, λ = 2, P[U = 1] = P[U = 4] =
1

2
.

Set
M3 := E[Z̃1 | T̃3], M4 := E[Z̃1 | T̃4].

A direct numerical computation gives

Var[M3] ≈ 3.09, Var[M4] ≈ 2.89.

This variance comparison alone does not disprove the convex-order relation M4 ⪯CX M3.
However, the stop-loss transforms cross. Indeed,

E[(M4 − 1.84)+] ≈ 1.0779 > 1.0712 ≈ E[(M3 − 1.84)+],

whereas
E[(M4 − 4.28)+] ≈ 0.1517 < 0.1898 ≈ E[(M3 − 4.28)+].

Thus, neither M4 ⪯CX M3 nor M3 ⪯CX M4 holds in this example. The two conditional mean
predictors are not comparable in the convex order.
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5 Conclusion

This paper has studied the convex-order monotonicity of conditional mean predictors based
on aggregate statistics. For partial sums Sj = X1+· · ·+Xj, j = 1, . . . , n, we have investigated
conditions under which the stochastic inequality E[Xi | Sj] ⪯CX E[Xi | Sj−1] is valid,
with i < j. Such an ordering means that, as the conditioning sum incorporates additional
components, the corresponding conditional mean predictor becomes less dispersed. In the
statistical interpretation adopted in this paper, this provides a distributional measure of
information loss: the aggregate statistic Sj is less informative about the individual component
Xi than the smaller statistic Sj−1.

The first contribution of the paper is a general projection criterion for convex-order
reduction. We showed that the identity E[U1 | U2+W ] = E

[
E[U1 | U2] | U2+W

]
is sufficient

to imply E[U1 | U2 +W ] ⪯CX E[U1 | U2]. This criterion includes the classical case where
an independent noise term is added to a signal. It therefore strengthens variance-based
comparisons by showing that the whole distribution of the conditional mean predictor is
reduced in the convex order.

The second contribution is to identify a Markov mechanism leading to this projection
identity. If Xi → Sj−1 → Sj is a Markov chain, then the desired convex-order monotonicity
follows immediately. We proved that this Markov structure arises naturally in latent mixture
models based on natural exponential families with a common canonical parameter. In such
models, the variables are conditionally independent given a common latent factor, and the
partial sum Sj−1 is sufficient for this factor from the observation of (X1, . . . , Xj−1). The
sufficiency of partial sums is therefore the key statistical mechanism behind the convex-
order reduction. This result covers a broad range of standard models, including Poisson,
binomial, negative binomial, gamma, normal, inverse Gaussian and Tweedie distributions.

The third contribution is an algebraic analysis of affine and proportional conditional
mean predictors. We derived a compatibility condition on the affine coefficients ensuring that
E[Xi | Sj] ⪯CX E[Xi | Sj−1] holds true. This provides an alternative route to convex-order
monotonicity when E[Xi | Sj] is an affine function of Sj. We then specialized this analysis
to convolution semigroups associated with infinitely divisible distributions. In latent scaling
models of the form Xi | Λ ∼ LαiU(Λ), where L is a common Lévy process, the conditional
mean predictor is proportional to the conditioning sum:

E[Xi | Sj] =
αi∑j
k=1 αk

Sj.

This gives explicit convex-order monotonicity results for Poisson, gamma, normal, compound
Poisson and tempered stable models, among others.

The examples developed in the paper also show that the different mechanisms leading
to convex-order monotonicity should not be confused. In some models, the desired order-
ing follows from a Markov and sufficiency structure. In others, it follows from an affine or
proportional convolution-semigroup structure, even when the Markov property fails. Con-
versely, when a new component added to the aggregate statistic carries additional informa-
tion about the latent factor, convex-order monotonicity may fail. Thus, the order in which
signal-bearing and noise components enter the aggregate statistic can be decisive.
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The results have a natural interpretation in statistical prediction and imputation. If
an individual component is unobserved and must be predicted from an aggregate response,
the conditional expectation is the optimal predictor under squared-error loss. The convex-
order comparisons obtained in this paper quantify how the informativeness of this predictor
is affected by aggregation, noise accumulation and latent dependence. This perspective
is relevant, for example, in regression models with unobserved covariates, common-factor
models, risk allocation, signal extraction and random effects models.

Several extensions could be considered as future research avenues. A first direction would
be to replace scalar sums by more general aggregate statistics, including vector-valued statis-
tics or linear transformations. A second direction would be to study estimation procedures
for the conditional mean predictors and to investigate whether the convex-order monotonic-
ity is preserved under plug-in or non-parametric estimation. A third direction would be to
extend the analysis to other stochastic order relations. See, e.g., Ganuza and Penalva (2010)
for comparisons of conditional expectations given signals in the dispersive order. These
questions would further connect stochastic-order theory with statistical inference under ag-
gregation and latent dependence.
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Appendix

A Technical material for Section 4

Definition A.1. Let M be a class of measures on a subset E ⊂ R, and let {fθ}θ∈Θ be
a family of C-valued measurable functions, integrable with respect to every µ ∈ M. For
µ ∈ M, let Tθ(µ) be defined by

Tθ(µ) :=

∫
E

fθ(x)µ(dx).

The family of functions {fθ}θ∈Θ is a separating family for the class of measures M if

Tθ(µ) = Tθ(µ̃), ∀θ ∈ Θ ⇒ µ = µ̃.

Lemma A.2. Let Ψ : R → C be a continuous function. Assume that there exists a non-
trivial interval I ⊂ R such that ℜ(Ψ(z)) < 0, z ∈ I, and that Ψ is not constant on I. Then
the family of functions

FΨ := {fz : R+ → C, x 7→ exΨ(z)}z∈R
separates finite signed measures on R+. More precisely, if µ is a finite signed measure on
[0,∞[ such that ∫ ∞

0

exΨ(z) µ(dx) = 0, ∀z ∈ I,

then µ = 0.

Proof. Let µ be a finite signed measure on [0,∞[ such that∫ ∞

0

exΨ(z) µ(dx) = 0, ∀z ∈ I.

Define its Laplace transform by

Lµ(s) :=
∫ ∞

0

e−sx µ(dx), ℜ(s) > 0.

Since µ is finite, Lµ is well-defined and holomorphic on the open half-plane {ℜ(s) > 0} by
dominated convergence, since |e−sx| ≤ 1 for ℜ(s) > 0. Note now that for every z ∈ I, the
condition ℜ(Ψ(z)) < 0 is equivalent to ℜ(−Ψ(z)) > 0, so that −Ψ(z) belongs to the domain
of holomorphy of Lµ. Moreover,

Lµ(−Ψ(z)) =

∫ ∞

0

exΨ(z) µ(dx) = 0, ∀z ∈ I.

Thus, Lµ vanishes on the set −Ψ(I), which has an accumulation point in {ℜ(s) > 0} (since
Ψ is continuous and non-constant on a non-trivial interval I). By the identity theorem for
holomorphic functions, Lµ ≡ 0 on {ℜ(s) > 0}. The uniqueness of the Laplace transform for
finite signed measures on [0,∞[ then implies that µ = 0. This ends the proof.
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Remark A.3. The assumptions in Lemma A.2 become very natural when Ψ is the charac-
teristic exponent of an integrable real-valued Lévy process. Indeed, denoting by (Lt)t≥0

such a Lévy process with characteristic triplet (A, ν, γ) and assuming that E|Lt| < ∞
for some t > 0, then

Ψ(z) = −1

2
Az2 + iγz +

∫
R

(
eizx − 1− izx1{|x|≤1}

)
ν(dx).

Taking real parts yields

ℜ(Ψ(z)) = −1

2
Az2 −

∫
R
(1− cos(zx)) ν(dx) ≤ 0, z ∈ R.

Moreover, if (Lt)t≥0 is non-degenerate (that is, if A > 0 or ν ̸= 0), then ℜ(Ψ) is not identically
zero and there exists a non-trivial interval I ⊂ R such that ℜ(Ψ(z)) < 0 for all z ∈ I. Hence,
Lemma A.2 applies to the family {x 7→ fz(x) := exΨ(z)}z∈R.
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