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Abstract In this paper we discuss the choice of sensor positions for a tubular reactor with a preset
number of sensors. Different observability measures, based on the observability matrix, the observability
gramian and the Popov-Belevitch-Hautus rank test are considered. The analysis is carried out on the
reduced finite-dimensional model of the process. The results are put in perspective with the modal
observability properties of the original infinite-dimensional model.
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1  Introduction

A common problem for monitoring and control of
(bio)chemical processes is the general lack of sen-
sors. In order to overcome this difficulty, model-
based state estimation technigues (e.g. Kalman
or Luenberger observers) can be used to estimate
unmeasured variables. However, for a successful
implementation, it has to be verified that the con-
sidered sensors are sufficient, i.e. that the process
is observable. For distributed parameter systems
(DPS), observability is not only affected by the
choice of sensors but also by the sensor location.
Beside the problem of designing efficient state ob-
servers based on the few available data, we are fac-
ing the problem of locating sensors at appropriate
positions in order to obtain the best information
about the process dynamics along the reactor (see
also-[8]). In this paper we discuss the choice of op-
timal sensor positions for a tubular reactor exam-
ple with a preset number of sensors. The analysis
is carried out on the infinite-dimensional and the
reduced finite-dimensional models of the process.
For the latter, different observability measures,
based on the observability matrix [3, 9], the ob-
servability gramian [3] and the Popov-Belevitch-
Hautus ranlk test [9] are copsidered.

2 Tubular reactor example
Let us consider a tubular reactor in which the first

order reaction A —3 b B takes place. In presence
of axial dispersion, the process can be described by

tubular reactor, observability, sensor location, distributed parameter systems

the following mass balance dynamical equations:
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where 1(2,1), z2(2,1), 2, t, u, Dy and ko are the
concentration of A and B, the axial space and time
coordinates, the fluid superficial velocity (m/s),
the axial dispersion coefficient (m?/s), and the
kinetic constant (s™1), respectively. Let us also
consider the Danckwerts boundary conditions :

Da%?(o,t) — uz1(0,1) = ~umin(t) (3)
61’2 _

Da—g-;-(o,t) - u.’L’g(O,t) = () (4)
Ot; _ .

Da—(??(l,t) = 0,i=1,2 (5)

Our observability analysis will be based on the
assumption that only the concentration of B is
measured at a selected sensor position z,, 1. e.:

y(t) = 22(2, 1) (6)

The basic motivation of this choice is to have
the lowest possible number of sensors. With
that regard, A is not a good choice while B is :
rigourous (see [5] and Section 3) (but also intu-
itive) observability analysis shows that the sys-
tem is not observable from z; only, while it is
from z5. In sections 4 and 5, the analysis is based
on a finite-dimensional approximation of the DPS
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(1)-(6). In line with many works in process con-
trol (e.g. [7]), we have here considered orthogonal
collocation where the state variables z1(z,t) and
z3(2,t) are approximated by the following expan-
sion z(z,t) m 5 00%) Li(2)2s (t) , j =1, 2. Herein,
z$;(t) is the value of z;(z,t) (j = 1, 2) at the
collocation points 2° = [2f,...,25 |7 for which
0 =2 <2f <...< 2% =1 holds. Li(z) are
usually the Lagrange polynomials. Using this ap-
proximation the infinite-dimensional model given
above is transformed into the finite-dimensional
linear time-invariant model :

&.=Az,+ Bu, y=Cg, (7)

Herein g, (t) = [z§ 5(t),.., £ no—1(t), 25 5(t),...,
€3 n-1(t)], and w(t) = z1 i, (¢). To derive the sys-
temn matrix A, the approximation of the states at
the boundaries {0,/} are expressed through (3)-(5)
as a function of z,(t) and wu(t).

3 Observability of the infinite
dimensional linear model

Here we consider the modal observability because
1t is closely related to the approximate observabil-
ity [4] and yet not too complex to evaluate. The
analysis is based on the modal expansion of the
system solution : '

= f09(2,C, Do () d¢

— ff:og(z,o;t~ 7) [ —uxldm(T) J dr

gg_(z,t)

where g(z,(,t) is the Green’s matrix function [4].

It can be obtained after some calculations by us-
ing the Laplace transform and the eigenfunction
expansion, and is here equal to [11] :
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ik = M = 1,2 agig = age — ay
r(z) = eTB'JZBk(ZD;“”‘ cos(wgz) + sin(wy z))
Ur(Q) = ™7 By (2t cos(wiC) + sin(wi))
Beo o =[(am)” (4 4 infled)
—I—% _ siné(lic:kl) + 2Da sipu2(2wkl)]_1/z
Aok = =Dal(55-)? +wi), Mgk = Ao — ko

Herein ¢y (2) and vx(¢) are the scalar depen-
dencies of the eigenspace Vi(z) and the adjoint
eigenspace V4(¢), respectively. Ak and Ay are
the eigenvalues associated to the equations (1) and
(2), respectively. The eigenfrequencies wy, are the
solutions of the following expression :

U 2Dw?

Qwy, cos(wkl)+(2D

) sin(wel) = 0(9)

By applying the eigenfunction expansion X(z,8)
= 3 ree1 Vi (2) X% (s) to the output equation (6), it
can be written as follows [11] :

Y (s) = TX* (10)
& =i (n) [~ (VTH )
ga(zs)[~b/(V1+02) 1] ..] (11)

with X* the complete infinite-dimensional state
vector (i.e. the system modes). Modal observabil-
ity basically means that each mode is observable,
In other words, the system will be modal observ-
able if the sensor is placed at positions z, where
¢r(z) #0 Yk =1,2,... The zeros %, are de-
fined from (9) as follows :

t _2Dawk
5y = 2rctan(— T (12)
Wk

These are plotted in Figure 1 for k= 1 to 10: we
get a dense spectrum of zeros with increasing k in
the interval [0,1] (Note that there is no zero for k
= 1). However, observability is guaranteed at z,
= 0 and z, = /. Indeed, as wy # 0V k we have
1 (0) = 21—)"%9—% # 0V k, and observability for
zs = 0 follows. From (8), (9), we have modal ob-
servability at z, = [ if the conditions lwy #+ mr
for m = 0,%1,42,... and wy, # ij—z—%: for k =
1, 2,... are satisfied, which holds by definition of
wg. The modal observability analysis allows us to
conclude that the axial dispersion model is modal
observable if the concentration of the product B is
measured at the reactor output or at the reactor
input, and that it is not modal observable if the
sensor for B is positioned at locations correspond-
ing to zeros of the model eigenfunctions.
Remark : if we consider the reactant A as the
measured output, the system is not modal observ-
able, since we don’t have access to the modes of
the product B (see the expression of g(z,¢,t)).

4 Observability of the finite
dimensional model

As it is usually quite difficult to test the observ-
ability for a DPS, we consider the observability of
the finite-dimensional approximation model (7,
via 3 different observability measures.

4.1 Observability matrix based

measure

A first interesting measure is based on the sin-
gular values of the observability matrix [9] O; =
[CT | ATCT | (AT)2CT ... | (AT)*=1CT] and can

be written as follows:

Umin(ol) >0 (13)
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Figure 1: Eigeﬁfunction Zeros

where opmin (01) is the minimal singular value of
the observability matrix O;. For numerical evalu-
ation, we have also to consider the computational
error in a singular value Ac(M) due to the fi-
nite word length representation. An estimation
of the error upper bound is given by [1] through
|Ac(M)] < p(r, €)omaz(M)e where M is a (r X c)-
matrix, p(r, ¢) is a slowly growing function of » and
¢, and ¢ is the relative accuracy of the used com-
puter. In [10] the realization p(r,c) = min(r,c)
is proposed. Including these restrictions into (13),
we obtain an observability condition for the “worst
case”: Omin(01) — min(r, ¢)omar (O1)e > 0. This
can also be stated as follows by considering a mod-
ified condition number £, {0y) :

Tmin (Ol )

fom (01) - a'max(ol)

— nme > 0 (14)

4.2 Observability gramian based
measure

One drawback of the above conditions is their sen-
sitivity to the state dimension : the observability
matrix O; tends to be badly conditioned with the
growing dimension of the state vector [3] :

_ 1 Amin(4)
Xmaz (A)

Thus, the minimal singular value 0, (01) may
not be calculated with a sufficient precision for a
valid observability measure. An alternative is to
look at the observability gramian [3] :

n—1

e (15

/\ma.:c (An—l)

G, = /eATtCTCeAt dt (16)

0

The observability test is then : rank{G,} = n. So
instead of O; the observability gramian G, can
also be used in conjunction with (13) (14).

4.3 Popov-Belevitch-Hautus rank

test

Another test for observability which is also numer-
ically interesting is the Popov-Belevitch-Hautus
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Figure 2: Observability measures

(PHB) rank test [9] :
if and only if

a pair (4, () is observable

rank [ SI(; A
Since for all s that are not eigenvalues of A, condi-
tion (17) is fullfilled (because then det(s/—A) # 0
holds), the test reduces to :

Al —-A

rank [ c

] =rank [Os3(X;)] =n  (18)

YAi,i = 1ton where )\; is the #*? eigenvalue of A.
An equivalent form for computational evaluation
of (18), using singular values, is :

min  {omin(03(X:))} >0,  (19)

Tmin =
iHi=1l,...,n .

In [6] the following observability measure is given
which uses the PBH rank test (17). Suppose E
is the smallest perturbation (defined as that per-
turbation, which has the minimal 2-norm ||E|}2)
to the matrix A, that is needed to make the pair
(A+E, C) rank-deficient, i.e. unobservable. Then
[|E||2, the minimal distance to the set of all unob-
servable pairs (A+ E, C), is given by the solution
of the minimization problem :

sl — A ] (20)

HEHZZISIgélo'min [ C

However, since (20) is in general a nonconvex min-
imization problem, it is not an easy task to get
[|E]l2. As an alternative we propose to use the
algorithm presented in [2] to calculate upper and
lower bounds on || E||2, and therefore to consider
the lower bound as an observability measure.
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4.4 Implementation

The different observability measures have been
calculated for a sensor position z, varying between
0 and [. The results presented in Figure 2 have
been obtained for the following set of model pa-
rameters: | = b = ko =1 and v = D, = 0.1. The
orthogonal collocation parameters have been cho-
sen on the basis of model dynamics simulation. 7
collocation points (including the boundaries) cho-
sen as the zeros of a Jacobi polynomial with its pa-
rameters (o, §) = (0,0) were sufficient to obtain a
good-approximation: ‘The-minimal singular value
of the observability gramian omin(Go) (16), the
minimal singular value of {Os(X;), ¢ = 1,...,n}
(18), and the lower bound on ||E||; for a vary-
ing sensor position 0 < z; <! are represented by
straight lines in Figure 2 a, b and c, respectively.
An estimate for the precision of these observabil-
ity measures is given on each figure in dashed-
dotted lines. In these plots we have also included
the positions of the eigenfunction zeros (12) for
k=1,...,5, calculated in section 3, indicated by
short vertical lines on the upper horizontal axis.

In Figure 2, the minimal singular value calcu-
lated from the observability gramian is by magni-
tudes smaller than the others. At some points its
value becomes smaller than the numerical preci-
sion. This would lead to the conclusion that on the
basis of the numerical computation precision, the
process is unobservable at these points and observ-
able for the rest of [0,1]. For the other observabil-
ity measures, it can be concluded that the process
is observable for all sensor positions 0 <.z, < (.
Note however that all the considered observabil-
ity measures exhibit a peakwise decrease near the
zeros of the low opder eigenfunctions. This in-
dicates that the collocation method represents an
approximation for the low order eigenmodes of the
distributed parameter model.

In Figure 3 the lower bound. on the minimal
distance to unobservability is shown for different
numbers of collocation points (7, 22, 42). From
this figure it can be concluded, that with a higher

number of collocation points the observability
measure becomes smaller for interior points, but
remains almost constant at the boundaries {0,[}.
Furthermore, the number of peaks increases : this
indicates that with an increasing number of collo-
cation points, more and more eigenvalues become
important in the approximation, and the observ-
ability measure tends to the result which was ob-
tained for the infinite-dimensional model.

At this point we can conclude that when the
computation of the system eigenmodes is too com-
plex, the orthogonal collocation appears to be an
interesting approximation for the {modal) observ-
ability analysis because of its ability to fairly ap-
proximate the loss of observability at the zeros of
the dominant system eigenfunctions. Note also
that the low order eigenmodes are dominant be-
cause their corresponding eigenvalues are propor-
tional to w? which are increasing in k.

5 Sensor positioning

Up to now, the results that we have obtained in
Section § are not very useful to know what should
be the best locations for the sensor, except that
maybe .the output and the input of the reactor
seem to be the best ones. We shall now treat the
question : what is the. best choice of a sensor po-
sition for a given discretized model, with possibly
some uncertainty in the model parameters?

Any of the observability measures introduced in
Section 4, could be used to define a criterion for
sensor positioning.  All of these criterias use the
minimal singular value of a matrix, say My, If
we also consider the numerical value computation
precision, the optimization of the sensor location
consists of maximmizing :

I = opin(Mp) — min(r, C)U‘qu(Mo)E (21)
applied to the (r X c)-observability matrix M.
Arong the different matrices considered in section
4, O (related to the PBH test) has the advantage
that the value of the maximized criterion (21) can
be interpreted as the allowable pertubation to the
system matrix A. But if Oy is applied to (21), we
have the minimax-problem Iy (2%, s*) =

22 (i (0min(02) = n0mas (02)e))  (22)

For this optimization problem, the outer max-
imization will be done by simply calculating
Iy(zs, s*) over the full range 0 < z, < [. This
gives also an overview for the distribution of the
observability in the whole range.

A more difficult task is the minimization step in
I (nonconvex problem). As mentioned in section
4, a possible solution is to replace it by a lower
bound, for which an algorithm was derived in [2].
This algorithm leads to the criterion I4(2¥) =

Olsl’ias,)ét[k’(d'mjn (04) - nUmam(O4)€)] (23)
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here the matrix Q4 and the scalar k£ depend on
le pair (A4, C). For the tubular reactor, I4(z,) is
iown in Figure 2c as the difference between the
raight line and the dashed-dotted line.

If we have to deal with structured parameter
scertainties, where the parameter vector p is
r1own to be in the range p <p < p,, the crite-
on I4 can be extended to a “worst case”-design.
herefore we treat the pair (A, C) as functions of

In this case I is extended to I, 4(27,p*) =

2%\ B, el D) =
ith Ir,4(zs ) E) = k’(Zs ) _12) (O'min (O4(Z3 ) _IZ)) - N Omac
J4(zs,p)) €) In figure 4, I, 4 is shown for the tubu-
r reactor example, for a +20% uncertainty on kg
nd Dg. From figure 4 it can be seen that the ob-
irvability measure is reduced, but the system is
ill observable over the whole interval 0 < z, <.
b get more insight into the effect of parameter
hcertainties on state observation, let ms look at
reir influence on the state error dynamics and on
1e steady state error. When the observer:

@:Am+Bu+]&(y 9), §=C2 (25)

i applied to the model (7) the state error dynam-
's in the Laplace transform are equal to :

X(s)=[s] - A+ KC]"H[A - KC|X(s)

poles of the observation error,

2503 of the observation exor

Figure 6: Poles and zeros of the output error
transfer matrix

state error with Xa filter (z.3=0)

state érror with Katman-filter (z_s = 1)

erroc fn X1

ro time

Figure 7: State error for zs = 0 and 2z, =1
with faulty model

+BU(s)} (26)

VYlth_j_(_ :AX—X, A=A-A B = B—B’,
C = C — . The dynamics of the output error
§J =y —§is given in the Laplace transform by :

Y = [I = C[sI — A+ KC]™'K]Y Let us consider
here that only A is influenced by the parameter
uncertainty. Then 26 is reduced to :

=[s] — A+ KC]"YA(p)X (27)

The steady state error is obtained from 2n 2
~[A — KC]~*A(p)z and for the 2-norm of the
steady state error, we have :

1Z]l2 < IA— KECT APzl (28)

Thus, if we minimize [|[4 — KC’]"lﬁ(E)Hz, which
is a function of the sensor position and the uncer-
tain parameters, we will reduce the sensitivity of
the steady state error to these parameter uncer-
tainties. So the optimal sensor position z¥ can be
found through the solution of Is(2}, p*) =

. A -l
Jmin e (A - KOl 09

For the above supposed uncertainties Is(zy, p*) is
shown in Figure 5. For the matrix K a stationary
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Kalman filter was used. From Figure 5 the optimal
sénsor position z¥ is close to 1.

To analyse the influence of the sensor position
on the error dynamics, the pole and zero distribu-
tion of the transfer matrix from Y to the output
error Y is shown in Figure 6. Outside of the range
of this figure we have only some poles and zeros
near to the real axis on the negative half plane,
which do not considerably move with a variation
in z,. Note, that the poles and zeros only depend
on the observer matrices. From Figure 6 it can
be seen that there is no important change in the
error dynamics when z, is moved from 0 to [.

In order to illustrate the influence of the sen-
sor position on the state estimation, a deviation
of 20% in the specific reaction rate ko and in the
diffusion constant D, is applied in the observer
model. The state error &;(z,t), #,(z,1) and the
. resulting steady state error are shown for 2 sen-
sor positions in figure 7 and figure 8. From these
figures it can be seen that the sensor position ob-
tained from (29) reduces the steady state error.

6 Conclusions

In this paper we have discussed the choice of sen-
sor positions for a tubular reactor with a pre-
set number of sensors. Different observability
measures, based on the observability matrix, the
observability gramian and the Popov-Belevitch-
Hautus rank test have been considered. The anal-
ysis has been carried out on the reduced finite-
dimensional model of ¢he process. The results of
these investigations were put in perspective with
the modal observability properties of the original
infinite-dimensional model. In particular it has
been shown that the collocation method repre-
sents an approximation for the dominant low order
eigenmodes of the distributed parameter model.
In that sense we can conclude that when the com-

putation of the system eigenmodes is too complex,
the orthogonal collocation appears to be an inter-
esting approximation for the (modal) observability
analysis because of its ability to fairly approximate
the loss of observability. at the zeros of the domi-
nant system eigenfunctions.
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