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Abstract

We derive explicit Gamma—Stein bounds for the Satterthwaite approximation of weighted sums
of independent chi-square random variables and, more generally, of independent Gamma random
variables. The approximating Gamma distribution is chosen by matching the first two moments.
Our approach relies on new kernel representations of the solution to the Gamma—Stein equation and
of its first derivatives on the positive real line. These representations yield weighted Stein-factor
bounds adapted to the moment-matching structure and show that the quality of the approximation
is controlled directly by the discrepancies between the individual scale parameters and the matched
scale parameter. Kolmogorov bounds are obtained by smoothing. The results provide quantitative
guarantees for the widely used Satterthwaite approximation and are applied to pooled variances,
sample variances of stationary Gaussian time series, Wishart traces and sums of Wishart traces, and

high-dimensional repeated-measures statistics.
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Introduction

Satterthwaite’s approximation is a classical moment-matching procedure for approximating the distribu-
tion of a weighted sum of independent chi-square random variables by a scaled chi-square distribution.
Tts origins go back to Welch (1938), in the context of the two-sample ¢-test with unequal population vari-
ances. In that setting, Welch proposed to replace the exact distribution of the weighted sum appearing
in the test statistic by a chi-square distribution whose degrees of freedom are chosen to reproduce the
first two moments. This idea was subsequently generalized by Satterthwaite (1941, 1946) to arbitrary
weighted sums of independent chi-square random variables. In modern terminology, the approximation
consists in replacing such a weighted sum by a scaled chi-square random variable, with the scale and the
degrees of freedom chosen so that the approximating distribution has the same mean and variance as the
original statistic.

The appeal of this approximation is its simplicity. Exact formulas for the density of weighted chi-
square sums are available, but they typically involve infinite series or integral representations and are
therefore not always convenient for statistical practice; see, for instance, Moschopoulos (1985). Beyond

the two-moment Satterthwaite approximation, several higher-order moment-matching procedures have



been proposed, including the Hall-Buckley—Eagleson, Wood F', and Lindsay—Pilla—Basak methods; see
Bodenham and Adams (2015) for a comparative review. Nevertheless, the original Satterthwaite approx-
imation remains widely used because it is explicit, interpretable, and easy to implement.

Satterthwaite-type approximations are especially useful when the exact null distribution is available
in principle but too complicated to serve as a practical reference distribution. This occurs for many
quadratic-form statistics, whose laws can be expressed as weighted sums of independent chi-square, or
more generally Gamma, random variables. The examples developed below illustrate such situations:
they include pooled variances, sample variances of stationary Gaussian time series, traces of Wishart
random matrices, sums of independent Wishart traces, and high-dimensional repeated-measures designs.
Together, these examples cover classical variance estimation, dependence, multivariate covariance anal-
ysis, and modern high-dimensional inference, illustrating why such approximations remain important in
statistical practice.

Despite this broad use, quantitative theoretical guarantees for Satterthwaite’s approximation remain
relatively limited. Classical approaches often work directly with distribution functions or through asymp-
totic expansions. The question addressed here is slightly different: how close is the law of a weighted
chi-square, or more generally a weighted Gamma sum, to its moment-matched Gamma approximation
when both variables are kept on their original scale? This is the formulation that appears naturally in
statistical applications, where the Satterthwaite approximation is used directly as a reference distribution.

Stein’s method provides a natural framework for this problem. Gamma approximation by Stein’s
method goes back at least to Luk (1994), and was subsequently developed in several directions, including
chi-square approximation via Stein’s method (Pickett, 2004), Stein-factor estimates for Gamma approx-
imation (Gaunt et al., 2017; Dobler and Peccati, 2018), and general density-based constructions of Stein
operators (Ley et al., 2017a,b). The work of Débler and Peccati (2018) also belongs to the Malliavin—
Stein line of research on Gamma approximation, where Gamma or centered-Gamma Stein equations are
used to prove non-central limit theorems for nonlinear functionals. These works provide powerful general
tools, while the present paper focuses specifically on the moment-matching structure of Satterthwaite’s
approximation for positive weighted Gamma sums.

A related approach, closer in spirit to our setting, was proposed by Liu and Xia (2022), who use a
characterization of the Gamma distribution through size biasing and zero biasing. Their results yield
bounds for Gamma approximation of sums of independent nonnegative random variables, and in partic-
ular their Corollary 3.4 applies to convolutions of independent Gamma random variables. Our aim is
complementary: we seek bounds stated directly in terms of the scale discrepancies between the summands
and the moment-matched Gamma approximation.

We now introduce the notation used throughout the paper. We write X = Y when X and Y have
the same distribution, that is, £ (X) = Z(Y), and we write X 1l Y for independence. The notation

(X % P
means that X; ~ P for every i € {1,...,n} and that X;,..., X,, are mutually independent.
For a,b > 0, we denote by G,; the Gamma distribution with shape a and scale b, namely the

distribution with density
1

T'(a)b®

Pap(T) = 27 e P10

We write Z; for the class of continuously differentiable functions A : (0,00) — R such that ||A||c < 1,
where || - || denotes the usual supremum norm. For positive random variables X and Y with finite first

moments, define

di(X,Y) = Sup [E[R(X)] = E[R(Y)]]-

This is the usual Wasserstein distance of order one, written here in the smooth test-function formulation



that is convenient for Stein’s method.
We also write Z5 for the class of twice continuously differentiable functions h : (0,00) — R such that

Ih"]lco < 1. For positive random variables X and Y with finite second moments, set

da(X,Y) := sup [E[A(X)] - E[r(Y)]].
h€Z2
This is the Zolotarev ideal metric of order two (see Zolotarev (1979)), again expressed in the convenient
smooth test-function formulation. It is finite in the natural setting of this paper, where the two variables
have matching first two moments.

We shall also use the Kolmogorov distance

diol(X,Y) :=sup |[P[X < z] —P[Y < Z]|.
z€R
Using a smoothing procedure (e.g. Chen et al. (2011, p.48), see also Gaunt and Li (2023)) we shall use
the following standard inequality to pass from Wasserstein to Kolmogorov bounds. If Y has a density py
satisfying

Cy = suppy (z) < oo,
T€R

diol(X,Y) < 1/2CL dy (X, Y). (1)

These three distances play complementary roles. The Kolmogorov distance is closest to classical

then

testing, since it controls distribution functions, critical values, and p-values. The Wasserstein distance
dy controls expectations of Lipschitz transformations and provides, through smoothing, a route to Kol-
mogorov bounds. The distance ds is especially natural for Satterthwaite’s approximation: since the
approximating Gamma law is chosen by matching the first two moments, affine components are already
accounted for, and the remaining discrepancy is governed by second-order smoothness.

The contributions of the paper are twofold. First, we develop a harmonised and fully explicit version
of Stein’s method for the Gamma distribution on (0, 00). The approach is based on kernel representations
of the Stein solution and of its first two derivatives. It is self-contained, keeps the weights generated by
the Gamma operator visible, and gives constants that can be tracked explicitly. This yields weighted
Stein factors adapted to the distances d; and ds.

Several uniform bounds for solutions of the Gamma—Stein equation and their derivatives are already
available in the literature, starting with the generator approach developed in Luk (1994); Pickett (2004);
Gaunt (2013) and given in detail in Gaunt et al. (2017); Dobler and Peccati (2018). The perspective
taken here is different. Rather than deriving only global derivative bounds, we give pointwise kernel
representations for the solution and for the derivatives entering the Stein identity. These representations
make the dependence on the distribution parameters explicit and transparent, which is crucial for the
asymptotic analysis carried out later in the paper. In particular, they allow us to obtain sharp large-shape
asymptotics together with simple explicit bounds valid in the corresponding asymptotic regimes.

Second, we apply this framework to Satterthwaite’s approximation for sums of independent Gamma
random variables. Let

N
Gy=Y Gi, Gi~Gap, i=1,...,N,
i=1
where G, ...,Gy are independent. Let Uy ~ G, g be chosen by matching the mean and variance of Gy,

namely

N N
af =) aifi,  af?=) i
i=1 i=1



Writing

2
7 9

Ay := max {‘—1‘ } By := max {‘Bi—l
1<i<N 1<i<N || B
we prove the non-asymptotic bounds
dl(GN7 UN) < 2AN

and
do(GN,Un) < 2By + afe,An.

Thus the quality of the approximation is controlled directly by the discrepancies between the individual
scale parameters ; and the matched scale parameter 5. Combining the d;-estimate with (1) also gives
a Kolmogorov bound whenever the matched shape parameter satisfies & > 1. To the best of our knowl-
edge, these are the first Gamma—Stein bounds stated directly for the Satterthwaite moment-matched

approximation in terms of the parameters of the underlying weighted Gamma sum.

Overview of the paper. Section 1 develops the Gamma—Stein framework used throughout the paper.
We derive the Stein equation, its kernel solution, and the weighted Stein-factor estimates needed for the
d1- and da-bounds. Section 2 applies these estimates to sums of independent Gamma random variables
and proves the main non-asymptotic bounds. Section 3 specializes the abstract result to Satterthwaite
approximations in statistical examples, including pooled variances, Gaussian time series, Wishart traces,
sums of independent Wishart traces, and high-dimensional repeated-measures designs. Technical bounds

for the Gamma kernels and the explicit constants are collected in Appendix A.

1 Kernel-based Gamma—Stein’s method on the positive real line

In this section we develop the Gamma—Stein machinery used in the proof of the main approximation
result. We start from the classical Gamma integration-by-parts identity, introduce the corresponding
Stein equation, and then derive kernel representations for the solution and its first two derivatives.

Throughout, @ > 0 and b > 0 are fixed. We write L'(G, ) for the Borel functions h : (0,00) — R
such that E[|h(X)|] < oo for X ~ G, 3, and set

o0
Gaph == / h(u)pa,p(w) du.
0
For x > 0, write
P, y(z) = / Dap(w) du, Fa_,b(x) = / Pa,p(w) du.
0 x

The basic Gamma—Stein machinery follows from the density approach; see, for instance, Débler (2015);
Ley et al. (2017a,b). We first record the integration-by-parts identity and the corresponding characteri-
zation of the Gamma distribution.

Theorem 1.1. Let X ~ Ggp. If f: (0,00) — R is absolutely continuous and x — zf'(z) belongs to
LY(Gup), then x — (x — ab) f(z) belongs to L'(Gayp) and

E[(X — ab) f(X)] = bE[X f'(X)]. (2)

Conwersely, if a real-valued random variable X satisfies (2) for some a,b > 0 and every smooth compactly
supported function f: R — R, then X ~ G, .

The Stein equation associated with (2) is obtained by inverting the operator f +— bz f'(z)—(x—abd) f(x).



Definition 1.2. Let h € L*(G, ;). The Gamma-Stein equation associated with h is
brf'(x) — (x — ab) f(x) = h(z) — Gaph, x> 0. (3)

A solution of (3) is a locally absolutely continuous function fp., : (0,00) — R for which there exists a

version of its a.e. derivative f}., , such that (3) holds for every = > 0.

We then collect the kernels and kernel bounds needed in the sequel. For y > 0, define the weighted

lower and upper Gamma—Mills ratios by

Pa,b(y) Vi _ ﬁa,b(y)

M = M : .
M) bypap(y)’ 20(9) bypa.bv(y)

We begin with an elementary property which seems to be new; it follows from a simple integral repre-
sentation given in Appendix A. Related convexity and reciprocal convexity properties of Gamma—Mills

ratios can be found in Baricz (2012).
Lemma 1.3. The function y — M, ,(y) is absolutely monotone on (0,00), while y — Map(y) is com-
pletely monotone on (0,00). Equivalently, for every n € N and y > 0,

n (n)
MT () =0, ()M (y) = 0.

In particular, M, , is increasing and convex with increasing second derivative, whereas M,y is decreasing

and conver with decreasing second derivative.

In particular the lower and upper Gamma-Mills ratios are therefore three times continuously differ-
entiable on (0, 00). For z,y > 0, define

— P, ()

K23 (w9) = (1) 2 Puole)

Pa,b(T)

1{93<1/} Ma b( ) 1{w>y}7 (4)

— P, y(x

— a, T
K2 (z,y) = — T, (y) Fotl®)

1,
Pan(@ {z<y} —

)

Kyy(z,y) =M, (y)pa (x))l (e<y} *M&b(y) P, ((x) sy}
)
)

We also use the second-order kernels

)
Pa,b

Pyp(z)
DPa,b (I)

a, b(y)

{z>y}-

J— X Flll i

ng(x y) M ( ) ((x))l{x<y} Z,b(y)paf((x))l{m>y}v (7)
W x P, ,(x

K23 = M 2y i e, ®

where

Finally, for y > 0, set

C;,b(y) = _M;,b(y)gtlz,b(y) + M,

/!

By scaling,
1 Y
C;,b(y) = 503,1 (g) )

The basic kernel estimates are as follows.

,b( ) y)u
C2y(y) =M, (y) /0' Pl () de + M



Lemma 1.4. Let X ~ G, . Then, for every y > 0,

E[lKq, (X 9)l=1,  E[Kg,(X.y)l] =EIK;5 (X, )l =

)

by
and

(K., (X 9)ll = Canly),  ElKg;(X,)] = C2u(y).

We now connect the kernels with solutions of the Gamma-Stein equation (3). Let X ~ G, 5. For
x > 0, define

Frsap(@) = B[N (X) Ky (X, 2)), (12)
Gnsap(@) = B[R/ (XK, (X, )], (13)
Chiap(z) = B[N (X)K2) (X, 2)] + hb(? (14)
Uhsap(@) = B[R (X)K27 (X, )], (15)

2)

M) = BN (X)KE3(X, )] + L (16)

T

These representations require the corresponding regularity of h: (12) and (13) require h to be a.e.
differentiable; (14) requires differentiability on (0, 00); (15) requires h to be twice a.e. differentiable; and
(16) requires twice differentiability on (0, c0).

Lemma 1.5. Fiza >0 and b > 0. If h € Z1, the function fp.q defined in (12) solves (3). Moreover,
friap and gn.ap are differentiable on (0, 00), with f,’w)b = Ghia,p aNd g;w,b =Ulhiap. The functions fuiap,
Ghsa,bs TGhiabs and xlp.qp are bounded on (0,00), hence integrable with respect to Gy, ., for every u,v > 0.

If h € 25, then, in addition, lp.qp = Zh;a,b on (0,00). Moreover, £y, is differentiable on (0, 00), with
Eﬁm’b = Mp.ap- The functions ly.qp and xmpy.qp are bounded on (0,00), hence integrable with respect to
Gu,w for every u,v > 0.

Lemma 1.5 gives pointwise representatives of the Stein solution and of its derivatives. From now on,
for convenience and under the regularity assumptions on h required by Lemma 1.5, we use the notation
fh = fh;a,ba f]{L ‘= 9h;a,b> f}/L/ = éh;a,ba }/L// = Mhp;a,b,
where the derivatives are understood in the pointwise representative sense given by Lemma 1.5. In
particular, these representatives satisfy the weighted boundedness properties needed to apply the Gamma

integration-by-parts identity. The following bounds then follow directly from Lemma 1.4 after taking
absolute values.

Lemma 1.6 (Non-uniform Stein factors). Let a > 0 and b > 0, and put z = x/b. If h € 21, then, for
every x > 0,

[fa@) <1, 1fi@)] < %03,1(2)7 2 fi(2)] < 2Caq(2),  Jafi(@)] <

U‘\l\?

If h € Z5, then, for every x > 0,

G“\l\')

1
@] < 3CeG),  [efi' (@) <

Remark 1.7 (Sharpness of the non-uniform Stein factors). The non-uniform bounds in Lemma 1.6 cannot
be improved as bounds uniform over h € Z; or h € Z,. Indeed, each estimate is obtained from a kernel
representation by taking the absolute value inside the expectation. This loss is unavoidable.

More precisely, the sign properties of the Gamma-Mills’ ratios from Lemma 1.3 determine the signs
of the relevant kernels: Kg ;, Kg ;, and K have a fixed sign, whereas Ki:; and szg change sign only



(a)a=5 (b) a =50 (¢) a =500

Figure 1: Normalized non-uniform Stein-factor envelopes for increasing values of the Gamma shape
parameter. From left to right, the plots correspond to a = 5, a = 50, and a = 500. In each panel,
the solid blue curve is C} | (2)/(y/2/(na)), the dashed orange curve is zC} | (2)/(y/2a/7), and the dotted

green curve is C2 1 (z)//m/(8a). The grey dot-dashed horizontal line marks the reference level 1. The
stabilization of the curves illustrates the large-shape asymptotics in (17).

at the evaluation point. Therefore the usual L>®°-L' duality identity

sup |E[p(X)K (X, z)]| = E[|K (X, z)]]
llelloo<1
shows that the envelopes appearing in Lemma 1.6 are the best possible ones. The supremum is attained
over bounded measurable functions by taking ¢ to be the sign of the relevant kernel; within the original
smooth test classes, the same conclusion follows by smooth approximation.
The pointwise optimal bounds Cj ;(z), 2C, ;(z), and CZ (z) are given explicitly in terms of the
Gamma density and distribution function. Their analytic properties can therefore be studied directly. In

Proposition A.1, we obtain their behaviour at zero and at infinity, and show in particular that they are
bounded on (0, 00). Thus

Cq 1= Sup 0371(2), dg := sup ZC;J(Z), €q 1= Sup Cg,l(z)
z>0 z>0 z>0

are finite. Taking the supremum over the evaluation point z in Lemma 1.6 yields the following bounds,

now uniform in z, for the corresponding Stein factors.

Lemma 1.8 (Stein factors). Let a >0 and b > 0. If h € Z;, then

Ca 2
Mille <1, fille <55 lefille <dar llefillso < 5.
If h € Z5, then
€q 2

Finally, Proposition A.1 gives, as a — oo,

2 d, 2 T
\/aca%\/;, ﬁ% ;, \/aea%\/g. (17)

These asymptotics, illustrated in Figure 1, make explicit the dependence of the Stein factors on the shape
parameter in the large-a regime, and will be used below to compare our sharp estimates with existing
bounds in the literature.

Remark 1.9. For completeness, we also mention that one can derive simple elementary upper bounds for

the constants appearing above. For instance, as shown in Appendix A, for every a > 16,

5
< .
e“*zﬁ

The constant 5/2 is not sharp and is chosen only for convenience. This bound is not needed in its
explicit form below, where we keep the notation e, but it confirms that e, has the correct order a='/2,

in agreement with (17).

Remark 1.10. The closest comparable bounds we are aware of are those of Gaunt et al. (2017); Gaunt



(2013). Translated into our notation, they imply that, for every m > 1,

(m) < 1 27 log(a +m+1) 2 1 ()
”fh;a’b”m - b { a+m e(a+m) + a+m + e(la+m+1) I loo-

For m = 1 and m = 2, these bounds have the same order as the estimates obtained above, namely
a Y/ 2 /b, but with different leading constants: our leading constants are smaller by asymptotic factors 7
for the first derivative and 4 for the second derivative. Since we do not pursue higher-order derivatives
here, we make no formal comparison for m > 3.

A similar comparison can be made for weighted bounds. Lemma 2.1 in Gaunt et al. (2017) translates,

in our notation, into
4
it oo < 1Al m > 1.

ja,b >
For the derivatives considered here, our corresponding weighted estimates have constant 2/b, and hence
improve this bound by a factor 2. This constant is the sharp one for the kernel representations used
above, in the sense explained in Remark 1.7.
Finally, the comparison with Dobler and Peccati (2018) is less direct, since there the Gamma Stein
equation is studied on the whole real line rather than only on the support (0, 00) of the target distribution.
The kernel representations used here are intrinsically tied to the positive half-line, so it is not immediate

whether they admit a natural analogue in that setting.
We can now wrap up this section with the final ingredient of the Gamma—Stein method: the transfer

principle, which rewrites the d;-discrepancy from a Gamma target as an expected Stein operator.

Corollary 1.11 (Stein transfer principle). Let Y be a positive random variable. Fix a > 0, b > 0, and
let Gap ~ Gap. Assume that Y has a finite first moment if j = 1, and a finite second moment if j = 2.
Then

4. Gas) = sup [E (0¥ F0 (V)] = EIY ~ ab)fian (V)] (18)

where f.q.b s the Stein solution defined in (12), and f,’uayb denotes the pointwise representative gp.qp
from (13).

The regularity and boundedness guaranteed by Lemma 1.5, together with the Stein factors from

Lemma 1.8, make (18) tractable in Gamma comparison problems.

2 Gamma approximation for sums of independent Gamma vari-

ates

In this section we turn the Gamma—Stein machinery of Section 1 into quantitative bounds for sums of
independent Gamma random variables. Let N > 1, let G; ~ G, 3,, ¢ = 1,..., N, be independent, and

set

Let Uy ~ Gqo g, where o and 3 are chosen by matching the mean and variance of Gy :
N N
aB=> i,  ap’=) wfi. (20)
i=1 i=1

Equivalently,
N N ?
D ALY 2iz1 @il
=S5 a=-—y——
Zi:l a; B; Zi=1 0‘1‘61‘2



With this choice, Gy and Uy have the same mean and variance. The approximation error is controlled

by the discrepancies between the individual scales 8; and the matched scale (.

Theorem 2.1. Assume that G; ~ Gq, 8,, 1 =1,..., N, are independent, and let Un ~ G, g, where o, 8

are chosen by (20). Set
Bi _ 5
g v {5}

= o |
di1(Gn,Un) < 24y, d2(Gn,Un) < 2Bn + afleq An.

Then

Moreover, if a > 1, then

1/2
An 1
dxol (G, Un) . re=exp|— ). 21
kol(Gy, Un (51/27705_1 > p(uan) 1)

Proof. Let h € Z;. Write

fh = fh;a,ﬁv 9h = Gh;a,B; eh - Eh;a,ﬁ'

By Lemma 1.5, f; = g5, and g;, = 5, on (0,00). The Stein transfer principle gives
E[h(Gn)] — E[R(Un)] = E[BGNgn(GN)] — E[(GN — aB) fu(GN)]- (22)

For each i, set Gg\i,) =Gy —G;. Since ), a;3; = af,
E[(Gy —aB)fu(Gn)] = ZE[(Gz — aiBi) fn(Gi + G§?)].

For fixed 4, put 9;(x) := E[fn(x + Gg\i,))]. Since G; and G%) are independent, and since 9. (x) = Elgn(x +
Ggf,))], the Gamma integration-by-parts identity gives

E[(Gn — af) fn(GN)] Zﬂz Gign(Gn)].

The required integrability follows from Lemma 1.5, since

EIG4(G)l < B | £ Gulon(Gn)] < o
Substituting this identity into (22) yields
E[h(Gx)] - - —BZ ( - 1) Gign (G,

By variance matching,
N
z(%—l)az@_ﬁzw Z%&—O

Hence

Blh(Gw )]~ Elh(Ux) = 53" (51 - ) E[(Gs — asfi)on(Gw)].

IS



Applying integration by parts once more, now to z — E[gy(z + Gg\i,))], gives

E[h(Gx)] - _ —BZ ( - 1) E[Gin ()] (23)

Using ||zl |leo < 2/8, we obtain

Taking the supremum over h € Z; proves the d;-bound.
We now let h € Z5. Starting from (23), write

N
B0 (6] ~ EIbUN)] = -8 (5 ~ 1) BEIC: - aifi)n (6]

i=1

S (5 1) aszEiinGn)

i=1

Applying integration by parts to x — E[ly(x + Gg\i,))], and using ¢, = my, gives

E[h(Gr)] ~ E[h(U)] = —ﬁz (5 1) sEiGamn(Gn zsz (5 1) aszmitncon)

Rt

The first term is at most 2By, because ) . E[G;/Gxn] = 1. For the second term,

The Stein-factor bounds ||zmp|leo < 2/8 and ||€ ]| < €4/8 imply

Bi

= — 1.

[E[A(Gn)] = E[R(UN) |<2Z

:|+€QZ

=1

Bi

N
— 187 < Ay Zazﬂi = Anap.
i=1

Thus
[E[2(Gn)] — E[A(Un)]| < 2By + afeaAn.

Taking the supremum over h € Z5 proves the ds-bound.
It remains to prove the Kolmogorov bound. By the smoothing inequality (1),

dKol(GN7 UN) S \/2004,[3 dl(GN7 UN), Ca,ﬁ = Suro)pa,g(ﬂj).
>

If @ > 1, the density of G, s is maximized at + = (o — 1). Robbins’ refinement of Stirling’s formula
(Robbins, 1955) gives

Cos < ! ( L )
pf < T =€xXp | — .
#= 5 2m(a 1) ra P\iza—11

Combining this estimate with the d;-bound gives (21). O

Theorem 2.1 reduces the approximation problem to Ay and By. Under (20), the matched scale S is

10



a weighted mean of the individual scales:
N )
B = szﬂi, Wi = — (24)
i=1 Zj:l o;B;

Here w; > 0 and ), w; = 1. Thus, whenever the individual scales are all of the same order, the matched
scale is of that order as well.

Lemma 2.2. Let N > 1, and let {a;}., and {8}, be positive real numbers. Let o, 3 > 0 be defined
by (20). Assume that there exists a positive quantity T, possibly depending on the parameters, such that
Bi <1 uniformly ini=1,...,N. Then B <,

Av=0(8),  Bn=0(8),

and consequently
di(Gn,Un) = O(B), d2(Gn,Un) = O(aB?eq + 7).

If, in addition, o > 1, then
dKol(GN; UN) = O((Oz — 1)71/4).

Proof. Since (24) expresses [ as a weighted mean of f1,..., 8N,
min f3; < f < max 3;.

The assumption [; =< 7 uniformly in ¢ therefore implies 5 < 7. Hence there exist constants 0 < ¢ < C' <
00, independent of the regime, such that ¢g < ; < Cp for all i. It follows immediately that

Ay =0(8).  Bn=0(8%.
Combining these estimates with Theorem 2.1 gives
di(Gn,Un) = 0(B),  da(Gn,Un) = O(B* + af’eq).
For the Kolmogorov bound, use (21), the estimate Ay = O(8), and r, > 1 for a > 1. This gives

An

1/2
—_— = a— 1)V,
e 1) O((a— 1))

dkol(Gn, Un) = O (

3 Satterthwaite approximations

We now return to the statistical motivation of the paper. The examples below come from different
settings—heteroscedastic variance estimation, dependent Gaussian observations, Wishart traces, and
high-dimensional repeated-measures testing—but they share the same algebraic core. In each case, the
statistic can be diagonalized as a finite sum

of independent Gamma random variables with possibly unequal scale parameters. The Satterthwaite

approximation replaces this sum by a single Gamma distribution with matching mean and variance.
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Throughout this section, we write

|
—

}/ti ~ gai,Q‘rm 1

with Y7,...,Yy independent. Thus the scale parameters in Theorem 2.1 are 8; = 27;. If the moment-

matched Gamma approximation is U ~ G, 2, with g = E[W] and 7 = /v, define

AT = max{‘ﬁ -1
1 T

Tf} , r=1,2.
Then Theorem 2.1 gives directly
di(W,U) <4AW | dy(W,U) < 8ADP + 2pe, o AD,

and, if v > 2,

1/2
AD)
dKol(W; U) S 2 Y .
p/2m(v/2 = 1)1, )9

Indeed, Ay =2AM, By =4A®) and af = p.

Related Gamma approximation bounds for sums of independent nonnegative random variables were
obtained by Liu and Xia (2022), in particular through their Corollary 3.4 for convolutions of independent
Gamma variables. The bounds below are different in spirit: they are tailored to the Satterthwaite
construction and express the error directly through the discrepancy between the individual half-scales 7;

and the matched half-scale 7 = p/v.

3.1 Unequal-variance pooled variances

We begin with the classical setting behind Welch—Satterthwaite type approximations. Let K be fixed
and suppose that, for k=1,.... K, Xp1,..., Xk n, i N(0,0%), with the samples mutually independent

across groups. Consider

K 1% ) 1 "k __ 92
W, = ;;1 R ; (Xni — X1)"- (25)
Since 52 o2 \
rT;; ~ mxm,l ~ Glni—1)/2, 202 /(g (np—1))>

the half-scales are 7y, := 0} /(ng(ny —1)). The Satterthwaite approximation is U, ~ G, /2.2, /v, » Where

2
e i 0’7]%7 . K(Ei(—l Uk/”k) .
— 1k > k=1 0%/ (i (g, — 1))

(26)

The matched half-scale is 7, = pn/vn.

Corollary 3.1. Let W, be defined by (25), and let Up ~ Gy, /2,20, jvn» With pin, vy defined by (26). For

r=1,2, set
T]:n}

di (Wi, Un) <4AD, do(Wy, Up) < 8AD + 2pine,, AL,

A = max {‘ Thn 4
,Un/Vn

Then

12



If v, > 2, then

1/2
VHAS) /
tnr/ 27 (v /2 — )7y, /2 .

Remark 3.2. Assume that K is fixed and that ny = ¢k ,n, where n = Zszl ng, Ele Ckn = 1, and
the proportions ¢y, are bounded away from 0. This balanced regime ensures that all group sizes grow

dKOl(W’I'L7 Un) S 2 (

at the same order; otherwise a small group may dominate the largest scale discrepancy. If the variances

0,3 are fixed, then u, < n= %, v, < n, Thpn =< n~=2, and 7, < n~2. Consequently Asll) = O(n~?) and

AP = O(n=*). Since e, /o = O(n='/?), Corollary 3.1 gives
dl(Wna Un) = O(?’LiQ), dQ(Wna Un) = O(TL77/2), dKOl(Wn’ Uﬂ) = O(n71/4)'

For K = 2, this is the usual Welch—Satterthwaite approximation.

3.2 Sample variance of a stationary Gaussian time series

The second example shows how serial dependence enters the approximation through the spectrum of the
covariance matrix. Let (X¢)iez be a zero-mean stationary Gaussian process with Cov[X;, Xi 5] = v, =

Y—n, and assume ), . |yn| < oo. Its spectral density is

1
Flw) = o };Z’yhe“”h, w € [-m, 7.

Write 02 := 9 = Var[X;]. For X,, := (X1,...,X,,)’, we have X,, ~ N, (0,T},), where ', = (Ya—b)1<ab<n-

Write the normalized spectral decomposition as

n

T, = UZQnAnQ;p Ap = diag()\l,nv ey /\n,n)a Z )\j,n =n.
=1

By Szegd’s theorem and its refinements, for every continuous g,

%zn:g(kj,n) - % /W 9 (@) dw. @7

—T

Consider the normalized sample variance
I & oo
LLn = W t:E - Xt . (28)

If Z ~ N,(0,1,), then

A iid o

J,n
n fjv gla”'vgnNXl'

1 n
W o~ 7Z/ / o~
S ASINVADD
j=1
Thus 7, := Ajn/n. Since Zj Ajn =n, we have p1,, = 1. Put
o 1 S /\2 . n . Wn 29
Wn = z; s Vp = —, Tp = —. (29)
J:

The Satterthwaite approximation is U, ~ G,, /2.2/4, -

Corollary 3.3. Let W, be defined by (28), and let Up ~ Gy, /2.9/0,., with vy, defined in (29). Forr =1,2,

13



set

1<j<n

Ag) := max {

(5 )
Wn, n

dy(Wp,Uy,) < 4AM) do(Wy, Un) < 8AP) + 26, ALY,

Then

If v, > 2, then

1/2
AlY
dKol(Wn; Un) S 2 i .
Wi/ 2m(Vn /2 = 1)1y, /2

Remark 3.4. The quantity w,, measures the spectral dispersion of the normalized covariance matrix. By
(27) with g(z) = 22, one has w,, = O(1), while Cauchy—Schwarz gives w,, > 1. Thus v, = n/w, < n.

Moreover,
1
1%52n Ajin S o2 Z yal-
h€eZ
It follows that AL = O(n~1) and AP = O(n~=2). Corollary 3.3 therefore gives
d(Wp,Up) = 0(n™h),  do(Wy,Up) = O(n™*2),  dicot (W, Up) = O(n /%),
An illustration is given in Figure 2. We consider stationary Gaussian AR(1) processes

Xt:pXt—1+€t7 EtNN(O71_p2)7 ‘p‘ <17

so that Var[X;] = 1. Hence W), is the normalized sample variance in Corollary 3.3. For n = 10, 20, .. ., 200,
we approximate dy (W, U, ) by Monte Carlo simulation with M = 1,000,000 replications. We also compare

the Satterthwaite approximation with the normal approximation Z, ~ N(1,2/v,).

Relative empirical d; : AR(1) processes Comparison with normal approximation : AR(1) processes
=)
° — rho=0.95 =
= — rho=07 2 o |
@ o rtho = 0.5 s °
2 — rtho=0.1 T
) © L
s S g .
o -
E E « — rho=0.95
L © i<} — rho=0.7
—_ o -
= S 2 9 4 rho=0.5
c ® — rho=0.1
= < [ \
= <o R
E o N
S 3
= o é
[=% o —
= <) ° ~
= 3
g
o =
o =3 N
; £
e \ T T \ v \ T T \
50 100 150 200 50 100 150 200
n n

Figure 2: Left: empirical dy(W,,U,) relative to the upper bound from Corollary 3.3. Right: empirical
dy (W, Zy,) relative to empirical dy(W,,, Uy,).

The left panel shows that the theoretical upper bound has the correct scale in this example: the empir-
ical Wasserstein distance remains below the bound and the ratio is fairly stable over the displayed range
of sample sizes. The effect of dependence is visible. Larger values of |p| produce a more heterogeneous
covariance spectrum and therefore a larger scale-discrepancy term A&P.

The right panel compares the Satterthwaite approximation with the normal approximation having
the same first two moments. The ratios are systematically larger than one, indicating that the Gamma

approximation is closer in Wasserstein distance throughout the simulation. This is natural here: W, is a
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positive quadratic form, and the Gamma approximation preserves both positivity and the skewed finite-
sample shape, whereas the normal approximation is symmetric. When p = 0, the covariance spectrum is

flat and the Satterthwaite approximation is exact.

3.3 Traces of Wishart random matrices

We next consider trace functionals of Wishart matrices. This example is useful because the same Sat-
terthwaite mechanism covers both the standard one-sample Wishart model and sums of independent
Wishart matrices with different covariance structures.

Let 20, ~ Wy(n,n" 1Y), where ¥ is symmetric positive definite, and define W, := tr(20,). If
Y = 021y, then W, ~ (0?/n)x2,. For general ¥, writing A1,...,\s for its eigenvalues, the Laplace

transform gives (Khatri and Srivastava, 1971)

d
~ NN iid
Wa22d 206, &b X
j=1

Thus 7, := Aj/n. Here

The Satterthwaite approximation is Uy ~ G, /2 2te(5) /v, -

Corollary 3.5. Let W, = tr(20,,), with 25,, ~ Wy(n,n™'¥), and let U, ~ G, /2,26x(S) Jvy» With vy

defined in (30). Forr =1,2, set
Ajtr(X) 1 Aj "
tr(X%2) n '

Ag) ‘= max {
di(Wo,Up) <4AAD,  do(W,,Uy) < 8AD + 2tx(2)e,, pALY.

1<j<d

Then

If v, > 2, then

tr(22) /27 (v, /2 — 1)

Remark 3.6. Assume that 0 < ¢ < \; < C < o0, j =1,...,d, with constants independent of d. Then
tr(X) < d, tr(¥?) < d, v, < nd, AP = O(n=1), and AP = O(n=%). Since e,, ;2 = O((nd)~'/?),
Corollary 3.5 gives

tr(X) nA®Y 12
dKol(Wna Un) S 2 -
r’/n/z

dl(Wn’ Un) = O(n_l)’ d2(Wn’ U") = O(n_3/2d1/2) + O(n_2)7 dKol(Wna Un) = O((nd)_l/4)

Thus increasing the dimension improves the Kolmogorov bound through the effective degrees of freedom
U, while the da-bound also carries the natural size factor tr(X) =< d. If d < n, the Kolmogorov rate is of

Berry—Esseen order in n.

The same calculation extends directly to sums of independent Wishart matrices. Let K € N be fixed,

let ni,...,nxg € N, set n := 25:1 ny, and consider
K
Wn = Zm]k:ﬂu QHk,n ~ Wd(nka n;lzk)7 (31)
k=1

with the summands independent. A Satterthwaite approximation for such sums was proposed by Tan

and Gupta (1983), based on matching mean and variance through the generalized variance, that is, the
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determinant of the d(d+ 1)/2 x d(d + 1)/2 covariance matrix of W,,. Here we consider only the trace. If

Ak1,- -+, Akq are the eigenvalues of X, then

d

Akl 9
> nfk'fkh Ekl ~ X,

11=1

M=

Wy, = tr(W,,) =

E
I

independently. Hence 7y, := Ag;/ng. Write

K (Th ()
= tr(Xg), V= T=
g ,; ) Dk 1 r(7)

S

(32)

The Satterthwaite approximation is Up, ~ G, /2.2,/1-

Corollary 3.7. Let W, = tr(W,,), with W,, defined in (31), and let Up ~ G, /29,1, with p,v defined in
(32). Forr=1,2, set

A A\
Al = 1g}€a<XK{ kl//nk - 1‘ (H) }
1<i<d wrv "tk
Then
di(Wy,Uyp) <4AD,  do(Wa,Uyp) < 8AD 4 2pe, /o AD.
If v > 2, then
1/2
ALY
dKoI(Wna Un) S 2 v .
K 277(’//2 - 1) Tv/2

Remark 3.8. Assume that K is fixed, ny = cg ,n with Zi(:l ck,n = 1, and the ¢, are bounded away
from 0. Assume also that 0 < ¢ < A\j; < C' < oo uniformly in k,I,n,d. Then p =< d, v < nd, 7 < n~?!,

r=n-t A = O(n=1), and AP = O(n~2). Since e, /o = O((nd)~'/2), Corollary 3.7 gives
A (Wo,Up) =0(n7Y),  do(W,,Up) = 0(n~%2d"?) + 0(n™2),  dxot(Wn,Uy) = O((nd)~/*).

If d is fixed, the Kolmogorov rate reduces to O(n~1/4); if d grows with n, the effective degrees of freedom

increase accordingly.

3.4 High-dimensional repeated-measures designs

We finally consider an ANOVA-type statistic for high-dimensional repeated measurements. The distinc-
tive feature of this example is that, in the oracle case where ¥ is known, the quality of the Gamma
approximation is governed by the rank ¢ of the hypothesis projection rather than directly by the number
of subjects.

Let H € R9%? be a full-rank hypothesis matrix, and let X; ~ Ng(u, %), i = 1,...,n, be independent
repeated-measurement vectors. The null hypothesis is Hy : Hu = 04, or equivalently Hy : Tp = 0g,
where

T =H'(HH)*H.

Here (-)T denotes the Moore-Penrose inverse. The matrix T is the orthogonal projection onto the
hypothesis space generated by H, and rk(T) = q.

When the number of repeated measurements exceeds the number of subjects, classical Wald-type tests
cannot be used because they require inversion of the covariance matrix. In this setting, Rauf Ahmad et
al. (2008) proposed an ANOVA-type statistic whose null distribution is approximated by a Satterthwaite
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approximation. In the oracle setting where X is known, the statistic is

n ! =
= XTX.
Wa tr(TX) (33)

Under Hy, X ~ Ng(0,n7'%), and a spectral decomposition gives

q
~ >\J iid 2
Wn:Z I‘(TE)gj’ glv"'agqNXh

o+

Jj=1

where Aq,..., )\, are the non-zero eigenvalues of $'/2T%/2. Since i Ay = tr(TE) and 39, A% =
tr((TX)?), the half-scales are 7; := A;/tr(TX). Thus p =1 and

tr(TY)?

" BT 3

R

v

The Satterthwaite approximation is Uy ~ G, 2.2/,

Corollary 3.9. Let Wy, be defined in (33), and let Uy ~ G, 2.2/, with v defined in (34). Forr =1,2,

set ( )
Ajtr(TS Ao\
Al = Zool g (2L ) b
‘ m{ tr((TD)?) ‘ (tr(TE)) }
Then
di(Wy, Uy) < 4A0, da(Wy, Uy) < 8AP + 26, AlD.
If v > 2, then
1/2
dicor(Wn, Uy) < 2 vy /
fol e Fa) = w2 —rypn)

Remark 3.10. Assume that the non-zero eigenvalues of L/2TX1/2 satisfy 0 < ¢ < A < C < oo,
j=1,...,q. This condition is implied, for instance, by corresponding uniform eigenvalue bounds on 3,
since T is an orthogonal projection of rank ¢. Then tr(TY) < ¢, tr((TX)?) < ¢, v < q, Agl) = 0(q7Y),
and Af) = O(q™?). Since e, 2 = O(q~'/?), Corollary 3.9 gives

dl(Wn7 Uq) = O(q_1)7 d2(Wn7 Uq) = O(q—3/2)’ dKol(Wn7 Uq) = O(q_1/4)~

If ¢ = ¢, grows with n, these rates are read along the chosen high-dimensional regime. For instance,
qn = n yields

di(W,,U,) = O(n™1), doa(W,,Uy) = O(n=3/?), Aot (Wi, Uy) = O(n~1/4).

In many high-dimensional repeated-measures regimes, the sample size, the number of repeated measure-

ments, and the rank of the hypothesis projection are assumed to grow at comparable rates.

4 Outlook

The results of this paper show that the Satterthwaite approximation can be studied directly on its natural
Gamma scale, without passing through distribution-function expansions or asymptotic normalizations.
The kernel representations developed above make the relevant Stein factors explicit and lead to bounds
whose dependence on the individual scale parameters is transparent. Several extensions seem worth
pursuing.

First, the non-uniform Stein factors obtained here could be used to sharpen other Gamma approxima-

tion results. In normal approximation, non-uniform bounds often capture local features that are invisible
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in global estimates; see (Chen et al., 2011, Chapter 8). The Gamma kernels derived in this paper suggest
that an analogous refinement is possible for positive approximations, especially in regimes where the
target shape parameter is large.

Second, it would be natural to develop higher-order versions of the present kernel calculus. The bounds
of Gaunt (2013); Gaunt et al. (2017) indicate that Gamma—Stein estimates should persist at arbitrary
derivative order, but the representations used here are currently tailored to the first two derivatives
needed for moment matching. Extending the construction to higher orders could provide a Stein-based
treatment of higher-order moment-matching approximations, including Wood’s F-approximation Wood
(1989).

Third, the present kernels are intrinsically adapted to the positive half-line. As discussed in Re-
mark 1.10, this makes the approach different from whole-line Gamma Stein equations such as those
studied in Débler and Peccati (2018). A natural next step is to understand whether analogous one-sided
kernel representations can be built for signed targets or for approximations involving both positive and
negative components.

Finally, the method should apply beyond Gamma summands. The proof of Theorem 2.1 separates
two ingredients: a Gamma—Stein transfer identity for the target law, and integration-by-parts identities
for the summands. Replacing the latter by suitable Stein identities for other positive variables would
lead to Satterthwaite-type bounds for linear combinations of independent squared variables that are not

necessarily chi-square distributed.

Declaration on Al-assisted language editing.
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A Proofs from Section 1
Proof of Lemma 1.3. By scaling, it is enough to prove the result for b = 1. For y > 0, we get
1
R
0

Since the integration range is bounded, differentiation under the integral sign is immediate. Hence, for

every n € N and every y > 0,
1
M (y) = / (1 —t)"totev=0 gt > 0.
0

Thus y = M, ;(y) is absolutely monotone on (0, cc).

Similarly, with the change of variables u = yt, we obtain

. oo
st - [ e
1
For every compact interval I C (0,00) and every n € N, the function

t (t— 1)t e = inf T > 0,
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is integrable on (1, 00). Hence differentiation under the integral sign is justified locally uniformly in y € I.

It follows that, for every n € N and every y > 0,
M) (y) = (1) / (t— 1yngate=v(t=D) gp.
1

Consequently, y — M, 1(y) is completely monotone on (0, c0).

Proof of Lemma 1.4. Recall that

Y _ o
PL) = [ Pustdn  Po)= [ Puswan
Y

We shall use

(11,17(3/) = (ab —y)Pap(y) + by pap(y),

gl

Pl ,(y) = (y — ab)Pas(y) + by pap(y),
which follows by integration by parts from
(bxpap(z)) = (ab — x)pap(z).

Since the two pieces in Kg’; have disjoint supports and Ma,b’MtI,b >0,

E[|K%} (X, y)l] = Map(y)PL o(y) + M, (5)Po s (v)-

Using (35), we obtain
E[K2 (X, )] = Pap(y) + Pas(y) = 1.

Then, using the signs from Lemma 1.3,

_ / —1
B[ Koy (X, 9] = =M, ,(1)Ph ,(y) + M., ,(4)P, (1) = Ch 4 (y).

Introduce the second iterated tails

A second integration by parts yields

{(y = ab—b)Py ,(y) + byPap(y)},

| =

Ia,b(y) =

and
Ja,b (y) =

Now, direct differentiation gives

{(ab+b =P, () + byPus(v) }

N | =

—1
P! (y) — P b(y)
M:l Yy) = —a.b ) Ma y)=— - .
o) = By ) o) =~

Differentiating one more time, and using (37)—(38), gives

2145 (y) ! _ 2Jap(y)

My (y) = 5=, My,(y) = =——".
»l9) b3y pab(y) »0) b3y pas(y)

20
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Hence by (37), (38) and (40),

—1 1

-/
B[ (X )] = Mo p(0)Pa,o() + My (4)Pa,p(y) = 5

/!

For K27, since M/, ,(y), M, ,(y) > 0,

_ Y , g
E[|K22(X, y)[] = 7oy(v) / P, (2)dz + M ,(y) / P (x) dr = C2 (1),
Yy

Finally, differentiating (40) gives

M) = g { Phal) ~ (2 = 3 ) Tl

and

M) = {‘Pib(y) - (a v ;’> Ja’b(y)} |

B3 YPpas(y)

Using again the signs from Lemma 1.3,

-/ "

BK22(X, y)[] = ~ T2y () a () + My () Ju () = i

by the identity already proved above. This completes the proof. O

Proof of Lemma 1.5. We first prove the assertions for smooth compactly supported h; the general case
follows by approximation, using the bounds obtained below.

Expanding the kernel in (12), we get, for every > 0,

fhiap(x) = —m /; P,y ()R (t) dt — m /Oo Pop(t)h () dt. (41)
For brevity, set . .
B,(0) = [ PO Ot Bu(o)i= [T Pasin o)
Then
Frsap(@) = =M p(2) @y, (x) — M, ,(2)®p(z)
Since

differentiating gives

Fhian(@) = =M, (2)@), (x) — MY, ()T ()
— Moy (@) Pap(@)B () + M, o (2)Pap(2) (2).

The last two terms cancel, because

Mo (2)Pap(z) = M, (2)Pay(z) = W

s ) —

Therefore

s (#) = =M, (@)@, (2) = M, (@) () = B [B(X)K L3 (X, 0)| = ga(@):
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We now check the Stein equation. By integration by parts,

0, (0) = Pusla)ile) - [ Ch()pas(t) dt,

and, since h is compactly supported,

@h(x) = 7Pa7b(l‘)h(93) + /OO h(t)pa’b(t) dt.

It follows that

Py ()8 (@) + Pa(@)B1(2) = Pop(2)Ganh — / " h(pas(t) d.

Hence (41) is equivalently

1 x
o) = s [ 000) = G} pus(t) .
Using
(bxpa,b(m))/ - (ab - ‘T)pa,b(x)v

we obtain

bl‘f;b;a,b('r) — (z = ab) frap(x) = h(x) — Gaph.

Thus fr.q,p solves the Gamma-Stein equation.

Next, differentiating the expression

Ihian(x) = — M, (1)@, (x) — M), ()T ()

gives
— _
g;z;a,b(x) = _Ma,b(x)@h(x) - M:z/,b(x)q)h(x)
!

= M, (%) Pap(2)l () + My, 4 (2) Pa ()b ().

The first line is
E [1'(X) K2 (X, x)} .

For the diagonal contribution, use

P!, (x) _ P, ()

!

7a,b(x) b2x2pa,b($) ) a,b(z) b2$2pa,b(l’)

Then ., o
— M, (x)Pap(x) + M, ,(2)Pap(2)
P y(2)P, () + Pay(2)Ph ,(x)
a b222p, ()
By (35), . B
Pap(2)P, 4(2) + Pap(2)Py 4 (x) = bxpap(z).
Therefore 1
M () Pap () + My (2) Py () = 7.
Consequently,
h(x
Gran@) = B[ OKZE. )] + 5 = gy )
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Assume now that h € Z;. From the preceding identity,

Chiap(@) = _M;/,b(x)gh(x) — My, (2)@n(z) + h;)(;)

We integrate by parts in the representation of Zh;a,b. Since h is compactly supported,

/0 CBL (R (1) dt = P () () — / " Pyt (1) di

and

/ - P, (DR (1) dt = P, ,(x)l' () + / - Poy(t)H (1) dt.

Therefore, using (7),

fran(@) = E [0 (X)K23(X,2)|
= M, ()@ (z) — M, (2)Bn(x)
+ (@) {7, (@)PL () + M4 ()P (@)}
By Lemma 1.4, or directly from (40) and (35),

—1 1

Pa,b(x) =3

——/
Ma,b(I)Bfll,b(x) + M, (x) br

Hence
Chsab(T) = Lhiap(T).

It remains to differentiate this second-order representation. Write

ohw) = [ PLONO® B = [P0

0 x

Then
— 1

Chia () = Moy ()@ () — MY ()8, (2).

Since
1/ _ pl " =1/ 5l "
@), (z) =Py (@)h"(z), @) (x) = =P, (2)h" (2),

we get

—1 =1
%;a,b(x) = Ma,b(x)Q;lL(x) - 7Zfb($)q’h(93)
— —1
+ (@) { My (@) (@) + MLy (0)Py () }
The first line is
E [h"(X)Kj;g(X, z)] ,

and the factor in braces is again 1/(bx). Thus

|G (l‘
bx

s (@) = B [ (OK (X, 2)] + 55 = mpa (@),

We have proved the differentiability statements and the identities for the pointwise representatives.

It remains to prove the boundedness assertions. If h € 21, then ||h/||coc < 1, and Lemma 1.4 gives
[ fhsan(@)] < E[Kqy (X, 2)] =1,

|gnsan(@)| < B[K 3 (X, 2)[] = C) (),
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and ) )
Ui <E[|KZ) (X — =
hasle)] S BIKE (X)) + 5o =

Using the scaling relation (11) and Proposition A.1, it follows that fr..p, Ghiab, TGhiab, and xlp.q b are

bounded.

If h € Z5, then ||h||s < 1, and the representation 5.4 p = Zh;a’b gives
[hsa(2)| < E[[Ko (X, 2)[] = C2 ().

Moreover,

1 2
3,2
mian(@)] < EIKZX )]+ - =

Again by (11) and Proposition A.1, £, and zmp.qp are bounded.
Finally, the extension from smooth compactly supported h to Z; and Z, follows by mollification and

truncation, using the same bounds and dominated convergence. O

Proposition A.1. For every a > 0, the functions
Z Ciyl(z), Z zC’iJ(Z)7 Z Cil(z)
are bounded on (0,00). Consequently,

Cq 1= SUpP C’il(z), dg = sup ZC;J(Z), €q := sup 6’271(2) (42)
z>0 2>0 2>0

are finite. Moreover, as a — 00,

2 dq 2 T
\/5ca—>\/;, \/E—>\/;’ \/5@@—>\/;.

Proof. Throughout the proof we take b = 1. Recall the notation (36). From (39) and (40),

—1
Po1(2)P,, (@)

In1(z)Jgq(2)
x2pa,1(z) .

cli(zx)=2
a,l( ) xgpa,l(x)

) C§,1<x) =4
If X ~ Gg 1, then, by Fubini,

_ 1 1
Pl (2) =E[(z - X)), P, (2) =E[(X —2).], La(z)= FEl(z ~ X3 Jaale) = ZEI(X — )]

As z | 0, using p,.1(z) ~ 271 /T(a) and P, 1(x) ~ 2*/T(a+ 1), we get

zotl —1 T2 ala+1)
p! ~——— P — 1 ~— ] -
—a,l(x) I‘(a—|—2)’ a,l(‘:c) a, a,l(x) ((L+2)F(CL+2)’ a,l(‘r) 2
Thus 5 5
Conlz) — pRnEE zCy 1 (z) = 0, CZi(z) = PSS

=1 . . . -
As z — oo, B}Ll(x) — P, 1(z) = x — a, while the standard incomplete-gamma expansion gives P 1(z) ~

Pa(z) and Ell’l(x) ~ pg,1(x). Hence
1 2 1
Caﬁl(x) ~ xCa,l(x) — 2.

Moreover Io1(x) ~ 2?/2 and Jo1(2) ~ pa,1(x), so C2,(x) ~ 2/x — 0. By continuity and the finite
one-sided limits just computed, the three functions C} ;, #C} |, and C? are bounded on (0,00), and
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therefore c,,d,, e, < 0.
We turn to the large-a behaviour. Put z = a + t\/a and Y, = (X — a)/+/a. The local central limit
theorem gives, locally uniformly in ¢,

Vapai(a+tva) — ¢(t).

Since sup,>; E[Y,!] < oo, the family (Y;?),>1 is uniformly integrable, and hence, also locally uniformly in
2

P.  (a+ty/a)
J/a

where Z ~ N(0, 1). Consequently,

P, (a+tya)

= E[(t = Z)4] = t2(t) + ¢ (1), 7

= E[(Z —t)+] = o(t) — tD(t),

(a + ty/a)Cla(a + tv/a)

VaCl i (a+tva) — Ki(t), NG — Ki(t),
locally uniformly, with it VB Z 1
P CBLCAuR)
Similarly,
fa@r WO Agi gy, PaOENVD A gz

locally uniformly, and therefore

VaC2(at tva) > Kalt),  Kn(t) = D ZNIEIZ Z 03]

It remains only to pass from local convergence to convergence of the suprema. We use the standard
Gamma Mills estimates, obtained by integration by parts at the endpoint. They imply that, for some
universal constant C,

Cl
limsup sup max< aCl,(2), M, VaC?,(z) p <C(R™'+ R7?).
=00 |z—a|>RVa ’ va ’

Indeed, the smaller one-sided first and second truncated moments are O(p, 1(z)2?/|r—a|?) and O(pg 1 (x)z3 /|2~
al?), respectively. Thus no maximizer can escape the window x = a+O(y/a). Since also K;(t), Ka(t) — 0
as [t| = oo, the locally uniform convergence above yields

da
Vac, — sup K1(t), — — sup K (t), Vae, — sup Ko(t).
teR Va o ier teR

A direct differentiation, using E[(t — Z),] = t®(t) +¢(t) and E[(Z —t)4] = ¢(t) —t®(t), shows that K; is
even and strictly decreasing on (0, 00). The analogous computation with the second truncated moments

gives the same conclusion for Ks. Hence both are maximized at 0. Since

Ko=y2 Ko=5

the announced limits follow. O

Proposition A.2. For every a > 16,
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Proof. We take b =1 and write [ = 1,1, J = Jo,1, p = Pa,1- Let X ~ G, 1. By Fubini,

1 1
I@)= 1Bl - X)), @) = JE(X - 2)3],
0 )
I(z) + J(x) = §{a+ (z —a)?}. (43)
Putn=a—-1.I0<z<n,set 7= (n—2z)/v/n Withs=z—y,
1 /"5
I(z) =< s*p(x — s) ds.
2Jo
For 0 < s <,
pla—s) S\
PEZ5) (1= 2) e
p(z) ( x) €
Taking s = xz/y/n and using x = n — 74/n, the inequality log(1 — u) < —u — u?/2 gives
p(x — S) < e—‘rz—zz/Q.
p(z)
Thus () -
rp\xr . 2 772722/2
I(z) < 5703/ L(7), L(r) .—/O z%e dz.
Since J(z) < I(x) + J(x), (43) yields
vn+1
VaCZ(@) < Lu(r) = Y= {n+ 1+ (rv/n + 1) L(7).
Moreover Ly, is decreasing: differentiating and using L'(7) = — [~ 2¢=7#72"/2 4z, one obtains L (1) <0

after one integration by parts. Hence

Ln(T) S L’ﬂ(o) = n3/2 -9

\/n+1(n+2)\/§<5

for a > 4. Therefore 5
\/acﬁ,l(x)gi, 0<z<a-—1
If x >n,set 7= (x—n)/y/n. With s =y — z,

/ s*p(x + s) ds.
0

Taking s = xz/+/n and using x =n + 7/n,

Cﬂg X
) = 2753(/2) n(7);

where Ry (r) = /OOO 2 exp {nlog (1 + \jﬁ) — (Vi + T)Z} dz.

Since I(z) < I(z) + J(z), (43) gives

VaC? (z) < Ry(r) = V:gj; Lin 14 (rvi = 12} R,

Again En is decreasing: differentiating under the integral sign and integrating by parts in z gives }NB; (1) <
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0. Hence
~ ~ e™(n + 2)ExpIntegralE(—n — 2, n)

vn+1

for a > 16, where
ExplntegralE(v, z) ::/ e FttTV dt.
1

Thus

Do | Ot

\/503,1(13) <

The two ranges cover (0,00), and the result follows.

z>a—1.
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