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Abstract

We consider the probability that no points lie on g large intervals in the bulk of the Airy point
process. We make a conjecture for all the terms in the asymptotics up to and including the oscillations
of order 1, and we prove this conjecture for g = 1.

1 Introduction and statement of results

The Airy point process is a determinantal point process on R which plays an important role in many
seemingly unrelated topics: for example, it models the largest eigenvalues of certain large random matri-
ces [10, 15, 29], the fluctuations at the solid-liquid boundary of certain tiling models [25], the largest parts
of Young diagrams with respect to the Plancherel measure [4, 9], the fluctuations of the length of the
longest increasing subsequence of a random permutation of {1,2,..., N}, N > 1 [3], and the Brownian
particles near the edge-curve in non-intersecting Brownian paths [1]. It has also recently been shown to
appear at the liquid-gas boundary of the two-periodic Aztec diamond [5]. The correlation kernel of the
Airy point process is given by
Ai(u)Ai’ (v) — Ai'(w)Ai(v)

KA (u,v) = , u,v € R, (1.1)
u—v

where Ai denotes the Airy function. There are infinitely many random points which are almost surely
all distinct, and there is almost surely a largest point. The Airy process is rigid, in the sense that given
a bounded Borel set A, the restriction of any point configuration to R\ A almost surely determines the
number of points in A, see [11]. We also mention that the maximum fluctuations of the points have been
studied in [14, 32] and in [12, Theorem 1.4].

A gap probability refers to the probability that a given region is free from points. It is well-known from
the general theory of determinantal point processes (see e.g. [28]) that gap probabilities are Fredholm
determinants. In particular, if Z C R is a finite union of intervals, then the probability of finding no
points in Z for the Airy process is given by

F(Z) := P(no points lie in Z) = det(I — ICAiXI), (1.2)

where A is the integral operator whose kernel is KA1, and 7 is the projection operator. The properties
of F(Z) depend on the structure of Z: given g € N = {0,1,2,...} and Zo,21,...,224 € R such that
Tog < -+ <1 < To, we distinguish the cases

Iée) = (.’Egg,xQQ,l) J---u (.’EQ,.’El) U (i"(), +OO),

IV = (299, @2g-1) U+ U (2, 21).

If ;1 <0, then F (Iéb)) is the probability of finding no points on a union of g intervals in the bulk, while
F(Zg(e)) is the probability of finding no points on these g intervals and a gap at the edge. Note that the
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case Iéb) = () leads trivially to F (Iéb)) = 1. The distribution F (Iée)) = F((%9,+00)) is the well-known
Tracy—Widom distribution of the largest point which is naturally expressed in terms of the solution to a
Painlevé IT equation [29]. More generally, F (Iée)) (resp. F (Iéb))) can be expressed in terms of a solution
to a system of 2g + 1 (resp. 2g) coupled Painlevé II equations [13, 31].

Gap probabilities are transcendental functions, but in certain cases they possess convenient approx-
imations. For example, for small values of r > 0, F(rZ) represents the probability of a small gap, and
can be estimated from its Fredholm series representation. A classical and much harder problem is to find
large gap asymptotics, which are asymptotics for F(rZ) as r — 4o00. Large r asymptotics for F (rIée))
and F(rIfe)) have been analysed in [2, 16, 29] and [6, 26], respectively. In this work, we focus on F(rIéb))
with g > 1 (the case g = 0 is trivial, since F(rIéb)) =1 for all ).

Large gap asymptotics on g intervals in the bulk

In Conjecture 1.1 below, we formulate a conjecture for the large r asymptotics of F’ (rIg(b)) for any finite
number of intervals g > 1, up to and including the oscillations of order 1. This conjecture has been
verified numerically for g = 1,2, 3, and we prove it rigorously for g = 1.

To formulate the conjecture, let g > 1 be an integer and let ¥ = (z1,...,%2,) € R* be such that
Tog < -+ < Ty < x1. Define the square root \/R(z) by

VR(z) = H Vz—xj,
5=0

where the principal branch is taken for each of the square roots, and x¢ = (&) is defined below. Let
Gg+1 = —1 and define {m;;}7;_, and {m;}{_; by

XT2i—1 Jj—1 XT2i—1 g+1 + g 1 29
mi; = Sids, m; = —/ Mds, where Qg == ij.
Z2i Vv R(S) T2i R(S) 2 j=0
The conjecture involves the solution (zg, o, - - -, gg—1) = (0 (F), qo(Z), . . ., qg—1(Z)) € RITL of the follow-

ing system of equations:

mir Mmiz v Mig q0 my
Mma1 Moz -+ Moy q1 Mo
= )
R (1.3)
Mg1  Mg2 - Mgy dg—1 My

g+1 J
Zj:() gy =0,

xo > max{zy,0}.

Let A= {F € R¥ : 1y, < --- < 25 < z7 and there exists z satisfying (1.3)}. For all g > 1, we expect
that {¥ € R : Tog < -+ < xy < 1 <0} C A, and we completely characterize A for g = 1 in Theorem
1.2 below (see also Proposition 3.1). The conjecture also involves the two-sheeted Riemann surface X of
genus g associated to /R (z) where \/R(z) > 0 for z € (zg, +00) on the first sheet. We define A-cycles
and B-cycles on X as in Figure 1 and consider the matrix A € R9*Y given by

k=1 9 T2 k-1
Aj,c:?{ ds =2 ds € R, 1<j,k<g.

4; V/R(s) 1= Jwaa VR(s) - -

It follows from the general theory of Riemann surfaces [22] that A is invertible. Consider

(w1 wo -0 wy) = (1 2z - 297 )AL (1.4)




Figure 1: The canonical homology basis on the genus g Riemann surface X. The solid parts lie on the
first sheet, and the dashed parts lie on the second sheet.

By definition, the holomorphic differentials wg, k = 1,

..., g, satisfy
1, j=k, )
f wp=9" 7 1<ik<g.
A]‘ 07 J # k?
The period matrix 7 defined by
T .= [% w;| GiRng7
Bj k=1

(1.5)
seensd

is symmetric with positive definite imaginary part [22, page 63]. The Riemann theta function § : C¢ — C
associated to 7 is defined by

0(z,7) = 0(2) == Y mITIHAE  ze, (1.6)
neLI

where ¢ denotes the transpose operation. This is an entire function in each component of Z which satisfies
0(-2)=0(2) and  O(Z+ N +71X) = e TN TN g 7
for all 7€ CY and X, X € Z9.

(1.7)
Conjecture 1.1. Let g > 1 be a positive integer and let & = (z1,...,294) € A. For r > 0, define
V=10(rZ) = (1,...,vg_1) by

Vj

Q. Ty g+1 k
=—Zri with Q= 2¢/ 2o S e >0, j=0,.
27 T2j+1 R(£)+

.., — 1.
Assume that there exist d1,ds > 0 such that

g g —02
ijﬁj,l > 41 <Zm?) , for all mq,
j=1

Jj=1

9
...,mg € Z such that ijﬂj,l # 0. (1.8)
j=1

Also suppose that Qo, €1, ...,Q4_1 are rationally independent, that is, if (ny,no,

...,ng) € Z9 satisfies
Q0n1 + Qing + -+ nglng =0,
then ny =ng =---=ng =0. As r — 400,

(1.9)

F(rz) = exp (cr3 — 3@9 logr + log (V) + C + O(r*%)>,
where C' = C(Z) is independent of r and ¢ = ¢(Z) is given by

(1.10)
1 29 q 2g
—1
‘T 12 doal— Y (@wmoraEi) -2 ) wma| - 3l9-2 ~ 93 > ay, (111
J=0 0<j<k<2g 0<j<k<i<2g =0
with g_; := 0. Furthermore, {7 € R?9 : Tog < -+ <y <11 <0} C A



Remark 1. If condition (1.8) fails, then the error term O(r~2) in (1.10) must be replaced by o(logr)

as in [19]. On the other hand, if condition (1.9) does not hold, from [19] and [7, Theorems 1.1-1.3] we

expect that the log-coefficient —%g should be replaced by a rather complicated hyperelliptic integral.

Again from [19, 7], we expect the map (z1,...,225) — (Qo,...,Qy—1) to contain open balls in (0, +00)9.
Since the set {(Qo,...,Q¢—1)} C (0,4+00)? for which either (1.8) or (1.9) does not hold has Lebesgue
measure zero, the asymptotics (1.10) are expected to hold for generic (x1,...,2z24) € A. Note that for
g =1, both (1.8) and (1.9) are satisfied for all (x1,22) € A.

Remark 2. The fact that the oscillations are described in terms of the Riemann #-function related to a
genus ¢g Riemann surface is not surprising; this also happens in the case of the sine process [19, 21, 30].

Remark 3. The above conjecture has been verified numerically for g = 1,2,3 for several choices of &
by using the Bornemann Linear Algebra package [8].

Theorem 1.2. Let g = 1; then Conjecture 1.1 holds and moreover A is given by
A={(x1,22) € R?:ag <2y < 0} U{(z1,22) € R?: 2y >0 and 22 < —2x1}.
More precisely, taking (x1,22) € A and r — 400,
3
F(rZ) = exp (cr?’ ~3 logr +logf(v) + C + O(r*%)), (1.12)

where C' = C(&) is independent of r, ¢ = (&) is given by

T 12

o 1s the implicit solution to the equation

E(k) —2(%0 — .’El) r1 — T2
= , k=4 ——, 1.14
K(k) xzo+xz+ a2 V 2o — 2 ( )

with K, E denoting the complete elliptic integrals of the first, second kind, respectively, and v = v(r,T)
is given by

1 T
c=— [azg + ¥+ 2 — (zo + 21) (20 + T2) (21 + mg)] — Eo(aco — 1 — x2)(xo + 1 + 2), (1.13)

QD) - -
. (@) 3. with Q(f):ﬂ'\/ﬂ?o T2 (xo + 71 +x2).

v(r, &) = — o 3K () (1.15)

Remark 4. The complete elliptic integrals of the first and second kind are given by (see [23, Eqs. 8.111.2
and 8.111.3])

El dt 5
K(k) := —_— E(k) := V1 —k2sin?t dt. (1.16)
9
0 1 —k2sin“t 0

Outline of the paper. In Section 2, we use the method developed by Its, Izergin, Korepin and Slavnov
[24], combined with a result of Claeys and Doeraene [13], to express , log F(rZ{") = 9, log F(r(x2,x1))
in terms of the solution, denoted ¥, of a 2 x 2 matrix Riemann-Hilbert (RH) problem. In Sections 3-6,
we obtain the asymptotics of ¥ as r — 400 via the Deift-Zhou steepest descent method [17, 20]. As a
consequence of our RH analysis, we obtain large r asymptotics for 9, log F/(r(z2,21)). The simplification
of these asymptotics is the most challenging part of this work; this is done in Section 7. Finally, we prove
Theorem 1.2 by integrating the asymptotics of 9, log F'(r(z2,z1)) with respect to r.

2 Differential identity for F

The method of Its, Izergin, Korepin and Slavnov [24] applies to kernels of the integrable form K(x,y) =
FH@)h(y) 7 7 e PN .
Tyy, where f(x) and h(y) are column vectors satisfying f*(z)h(z) = 0. Given a subset A C R, we

write x4 for the characteristic function of A. It is easy to see that

KAi|,,(m27ml)(l‘»y) = KAi(xa y)Xr(zQ,xl)(y)7 T,y € Ra



6 )

Figure 2: The jump contour I" for the RH problem for W.

is integrable with f and h given by
7 Ai(fﬂ)) ” (Ai'(y)x (r2,21) (Y) )
=4 , h(y) = AT .
o = () W)= A W)X ren @)
The associated integral operator K, acting on L?(rzs, +00), is given by
T A 2
K:60) = [ KN Oy, 0 € L, +00), 1)
)

By definition, F(r(z2,x1)) = det (I — K,.) = P(no points lie in (ras,rz1)) > 0. Hence, using standard
properties of trace class operators, we obtain

no

9, logdet (I — K,) = —Tr [(1 k) 8TICT} =3 (- 1)ay T [(I — ) K,
j=1
2

2
=3 (1Y Tr [Rydra,] = > (—1)z; lim R, (u,u), (2.2)

u—)’I‘IEj

Jj=1 Jj=1

where the limits v — rxz;, j = 1,2, are taken from the interior of (rzz,rz1), 0, is the Dirac delta
operator, the integral operator R, is given by

Ro=(I—-K) 'Kp=I-K,)" =1,

and R, is the kernel of R,. Now, we invoke a result of Claeys and Doeraene [13]: for u € (rza,r21), We
have

1
R (u,u) = 5 (\P;l\llg_)m (u;rzy,res), (2.3)

where ¥ is the solution to the following RH problem.

RH problem for ¥ = U(:; 21, 25)
(a) ¥:C\T — C?*2 is analytic, where

27

5 (22, 400) U (=00, z2) U [21, +00) (2.4)

I =e*
is oriented as in Figure 2.

(b) ¥(2) has continuous boundary values as I'\{x1, 22} is approached from the left (4 side) and from



the right (— side) and they are related by

i) =0 () ?) for z € €75 (2, +00),

U,(z)="_(z) Pl (1) for z € (—o0, z2),
U, (z2)="T_(2) (1) }) for z € (1, +00).
(¢) As z — oo, we have K
U(z) = (I+0(z71)) 2178 M Le 52278, (2.5)

o 3 1
where principal branches of z2z and z7 are taken, and

b))

(d) ¥(z) =O(log(z — x;)) as z = x5, j = 1,2.

By combining (2.2) with (2.3), we arrive at

2
Oy log F(r(x2,x1)) :Z mJ lim (U0, ), (rzsray,ras), (2.6)
Z_)xj
Jj=1

where the limits as z — z;, j = 1,2 are taken with z € (z2,21).

3 Asymptotic analysis of U: first steps

The goal of this section is to implement the first steps of the steepest descent method for the RH problem
for W. In Subsection 3.1, we construct the g-function and list its important properties. In Subsection
3.2, we use g to normalize the RH problem at co, and then proceed with the so-called opening of the
lenses. We henceforth assume that g = 1.

3.1 g-function

Our first goal is to prove that the system of equations (1.3) has a unique solution (g, qo) € Rt xR, where
R* = (0, +00). According to the last equation in (1.3), the degree two polynomial ¢(z) := Z‘ﬁo g7 =
@222 + q1z + qo satisfies q(z) = 0, and is therefore of the form

2 z o
q(z) = —2" + 5(560 + 21+ 22) + qo, qo = ?(fﬂo —x1 — T3), (3.1)

for a certain z( that will be determined so that the first equation in (1.3) holds, i.e., so that m1190 = M.
Defining the function F : [z1,00) — R by

/ \/m 3+ (x—x1—$2))ds7 (3.2)

(1 — 8)(s — x2)

the equation mi1go = 71 can be rewritten as F(zo) = 0. Hence the following proposition implies that
(1.3) has a unique solution (zo, qo) € RT x R.

Proposition 3.1.
(a) Given xo < w1 <0, there is a unique xo > 0 such that F(xg) = 0. Moreover, xg € (0,21 — x2).

(b) Given x1 > 0, the equation F(xo) = 0 admits a solution xg € (z1,+00) if and only if xo < —2x7.
Moreover, the solution xq is unique and satisfies xo € (21,21 — x2).



Proof. (a) It is clear that F(z) is continuous and differentiable on its domain. We will show that
F(0) < 0, F(xy — xz2) > 0, and that F’'(z) > 0 for all z € (0,00) and F'(z) — +oo as x — 400, which
implies the stated result. The inequality F(x1 — x2) > 0 is easy to establish from a direct inspection of
(3.2). Also, we note that

o 3x —x1 — X2
Fl(w) = ds, )
( ) /xz 4\/(:5 — S)(l’l — 5)(5 —1'2) (3 3)

which is clearly positive for z > 0 because zo < 1 < 0, and F'(z) ~ 2%/T — +00 as x — +o0. To
show that F(0) < 0, let z, = 1 (21 + x2), and note that F(0) can be written as

</ / > xl—s)(S%)xg)ds<0'

Since f(s) = m satisfies f(z, +s) = —f(x. — s) for all s € (—#5%2, 1522 and since /—s

is positive and decreases as s € (z2, 1) increases, this implies that F(0) < 0.

b) The numerator in (3.3) is positive if and only if x > I1+z2 Since 1 > 0, we have ©t%2 < 2, and
p Yy ) 3

therefore F'(x) > 0 for all z € (x1,+00). By a direct computatlon we get

X1 2

s— 2 1

mds = g\/:nl — z2(2x1 + x2).

This shows that F(x1) < 0, and therefore that there exists zy € (x1,+00) such that F(zg) = 0, if
and only if 9 < —2z7. Since z3 < 0, the inequality F(z1 — 22) > 0 still holds, which implies that
z € (21,71 — T2). [

Flz1) =

Throughout the remainder of this paper, x( is defined as in Proposition 3.1. Since
_ _ 1
42 = A —a0), () = —2 w0 — o — ),

and z9 < —%(mo — 21 — x9) < x1, we have

q(z2) <0, q(z1) >0, qlxo) =0,  ¢'(z0) =q(x0) <O (3-4)

The square root \/R(z) = /z — Zo\/z — #1/Z — ¥z is analytic on C\ ((—o0,z2] U [x1,20]), behaves
as /R(z) ~ 2% as z — oo, and satisfies the jump relation

VR(z), +VR(z)_ =0, z € (—o0,x2) U (21, 20). (3.5)

We define the g-function by

_ 7 as)
g(z)—/xo R(S)d, (3.6)

where ¢ is given by (3.1), and the path of integration does not cross (—oo, xg].
Lemma 3.2. The g-function satisfies the following properties:
1. g is analytic in C\ (—oo,xo] and satisfies g(z) = g(Z) for z € C\ (—o0, z0).
2. g satisfies the jump conditions

g+(2)+g-(2) =0, z € (—00,x2) U (x1, o), (3.7)
g+(Z) - g*(z) =142, z € (mQ’xl)’ (3-8)

where Q = 2i f‘ro " (s)ds = —=2ig4 (1) > 0.



3. As z — oo, we have

2 1 1
g(z) = —gz% + 1 ((z1 — 22)* — 2o(3mg — 221 — 222)) 272 + (’)(z_%). (3.9

In particular, Re g(z) — +00 as z — oo along either of the two rays arg(z — xo) = +2°.
4. There exists an open neighborhood ¥V C C of (—o0,xg) and an M > 0 such that

21

{zE(C:arg(zsz)e <77T7f7

3 } U {%,ﬂ') and |z| > M} cVv (3.10)

and such that
Reg(z) >0 forall z €V, (3.11)

where equality holds in (3.11) if and only if z € (—o0, x2] U [21, x0].

Proof. The analyticity of g follows from (3.6). The symmetry g(z) = g(Z) follows from the fact that ¢

fo
has real coefficients. The jumps (3.5) combined with f \/%ds = —F(x0) = 0 imply (3.7). The jump
(3.8) is a consequence of (3.5) and (3.6); the fact that £ > 0 follows from (3.4) and (3.6). Expanding
¢'(z) as z — oo, and then integrating these asymptotics gives

2 1
g(z) = _§Z% +go + 1 ((wl — 29)? — 20(3z0 — 221 — 2x2)) PaEit (’)(z_%) as z — 00,
for some gy € C. Equation (3.7) implies that go = 0, which proves (3.9). Equation (3.9) implies that

there exists an M > 0 such that Reg(z) > 0 for all z € C with |z| > M and argz € (—m, —2F] U [2F, 7).

Also, from (3.7) and the symmetry g(z) = g(z), we deduce that Reg;(z) = Reg_(z) = 0 for z €
(=00, z2]U[z1, 2g]. Since ¢(z) < 0 for z € (—o0,x2) and ¢(z) > 0 for z € (x1,z0) by (3.4), the imaginary
part of g (z) is decreasing as x € (—oo, x2)U(x1, o) increases. Hence, by the Cauchy-Riemann equations,
for each z € (—o0, z2)U(x1,x0), there exists € = ¢(z) > 0 such that Re g(z +iue(x)) > 0 for all u € (0, 1].
Assertion 4 will follow if we can show that € can be chosen independently of x. This can be achieved
by a local analysis of g near each of the points zg,x1,22. As z — =g, since g(zg) = 0, we have
9(z) ~ 2¢ (o) (2 — 20)%/2/\/(xg — x1)(z0 — 2). Since ¢’(zg) < 0, there exists a small neighborhood Vj
of zg such that Reg(z) > 0 for z € VoN{Rez < ¢}, with equality only if z € [x1,20]NVh. As z = x1, we
have g(2) ~ 2q(z1)v/z — 21/v/(#1 — 22)(x0 — z1). Recalling that g(z1) > 0, Reg(z) > 0 in a full open
neighborhood Vj of 1, with equality only if z € [z1,20] N Vi. The local analysis near x5 is similar. [

Remark 5. For future reference, we note that the equation F(xg) = 0 can be rewritten as

E(k) = —2(zo — 1) , where k.= - :c27
K(k) xo+x1+ 22 o — T2

(3.12)

and K, E are the complete elliptic integrals of the first and second kind defined in (1.16). Also, using
[23, Egs. 3.131.6, 3.131.11, 3.132.5, 3.141.23, 8.122] and (3.12), the constant  can be written as

0 = 2V = D200 £ T2) (g0 g 1) - K(KB(K) — B(F)K(K)) = W0 T200 ton o)

3K (k) —3K(k) ’
(3.13)
where &' 1=, /20=71 = V1—k2
3.2 Rescaling and opening of the lenses
The first transformation ¥ — T of the steepest descent analysis is defined by
_1 9 _ 2 _ 2 7 3
T(z) = <r04 L (2zo(z1 + x2) 3%"0 + (1 — z2) )r4) U(rz:ra, ras)e" 82)0s. (3.14)
ri



Figure 3: The jump contour Xg.

The asymptotics of T'(z) as z — oo can be computed using the asymptotics (2.5) of ¥ and (3.9) of g.
The first matrix on the right-hand side of (3.14) is chosen to compensate for the behavior (3.9) of g(z)
as z — oo. It follows that

T(z)=(I+0(z7")) ZEM as z — 00, (3.15)

where the complex powers are defined using the principal branch. Using (3.7), we note the following
factorization of the jump T_(2) T, (2) for z € (w1, 0):

672r%g+(z) 1 1 0 0 1 1 0
0 232 ) 2o 1 \=1 o) \e2far 1) (3.16)

Let 44 and 4_ be two simple curves oriented from z; to x¢ lying in the upper and lower half-planes,
respectively, see Figure 3. The second transformation 7" — S is defined by

1 0
) , 2 1is below 44 and Im z > 0,

_6727“%9(2) 1
S(z) =T(2) 1 0 (3.17)
_ardga) E z is above 4_ and Im z < 0,
e
1, otherwise.

S satisfies the following RH problem, whose properties can be deduced from those of ¥, combined with
Lemma 3.2, the definition (3.14) of T and the factorization (3.16).

RH problem for S

ori

5 (—00,22)). The

(a) S :C\Xg — C?*2 is analytic, where g := RU~4 U7y and 74 = 74+ U (e*
orientation of ¥g is shown in Figure 3.

(b) The jumps for S are given by

S.(2) = S_(2) (01 é) , 2 € (—o00,22) U (w1, 20), (3.18)
S, (2) = 5_(2) (e_zrlgg(z) 2) , 2 € s U, (3.19)
S, (2) = S_(z)e 05, 2 € (22,21), (3.20)
S.(2) = S_(2) ((1) e”i“”) , 2 € (29, 50). (3.21)



(c) As z — oo, we have S(z) = (I + 0O (271)) 2T ML
(d) As z — zj, j =0,1,2, we have S(z) = O(log(z — z;)).

Choose V as in Lemma 3.2. Deforming the contours 4 and ~y_ if necessary, we may assume that they
lie in V. Since Reg(z) > 0 for all z € V with equality only if z € (—o0, z2] U [21, Z¢], the jumps for S
are exponentially close to I as r — 400 on 4 U~_. This convergence is uniform except for z in small
neighborhoods of z;, 7 =0,1,2.

4 Global parametrix

Ignoring the exponentially small jumps for S, and ignoring small neighborhoods of xq, x1, z2, we are led
to consider the following RH problem.

RH problem for P(>)
(a) P : C\(—o0,xq] — C?*? is analytic.

(b) The jumps for P(>) are given by

PJ(r )(z) — p- )(z) (1 0) , z € (—o0,x2) U (21, x0),
(o) _ ploo) 71'97“%0'3
P (2) =P (2)e , z € (xa,21). (4.1)

(c) As z — oo, we have P(™)(2) = (I + 0O (271)) 2 F M~
(d) As z =z, j =0,1,2, we have P®)(2) = O((z — :cj)’%).

The above RH problem was solved in [6] (the points y;, y2 and 0 in [6] should be identified with zq, 21
and x2 in the present paper, respectively). Consider the function ¢ : C\ (—o0, z9] — C defined by

() = / ) Cod> N R (4.2)

w, W = 5 Co = )
. RGeS 4K()

where the path of integration lies in C \ (—o0,z¢], and k has been defined in (3.12). Note that the
holomorphic differential wy of (1.4) with g =1 coincides with w. By [6], P() is given by

1 7’L'Cg
)y = | 9(3) 6(0) | B()7 G(—¢(2)) —iG(p(2))
P(z) = I U s (—z-g<—ga<z> -3 Glelz) - é)) 3
G(0)
with
O 5 2 —x0) Y4z — xo)V/4
G(z) = 9(0(—;), v= —%rf, cg = 2co(logG)'(5), B(z) = ( (Z)_ £1)1/4 2 ’ (4.4)

where the principal branch is taken for the roots. The function 6 is defined by (1.6) with ¢ = 1, and is
associated to the parameter 7 € iR™ defined in (1.5).

5 Local parametrices

The goal of this section is to construct local approximations (called “parametrices”) of S in small open
disks D, centered at z;, j = 0,1,2. The local parametrix P3) possesses the same jumps as S inside
D,,, P#1) = O(log(z —z;)) as z — =, and satisfies P(*3) () P(>)(2)~! = I +0(1) as r — +oo uniformly
for z € 9D,,;. In our case, the local parametrices are standard: P(0) can be built in terms of Airy
functions (as in [17]), and P®1) and P(*2) in terms of Bessel functions (as in [19]).
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5.1 Parametrix at xg

. 2
The function fo(z) := (—2g(2))® is a conformal map from D, to a neighborhood of 0, and satisfies

fo(2) = cao(z — ) (1 + 05020)(2 —x9) + cfg)(z —20)? +O((z — 20)?)) as z — xo, (5.1)
_ (= @(xo))g >0 @ _ _ —2rotzitry 2 (5.2)
O (wo—x1)E (o —a2)F 0 b(xo —x1)(wo —@2)  5G(wo)’ .
17568) — 432% — 43wox1 + 1722 — 437072 + 92170 + 1723 18(2x9 — w1 — x2) T
o (2o — x1)*(z0 — 22)? (zo — z1) (20 — 22)4(20)  G(20)?’

where we recall that —§(zo) > 0. The model RH problem of [17], which is needed for the construction
of P(*0) is presented in Appendix A for convenience; its solution is denoted by ®a;. Deforming 74 if
necessary, we may assume that fo(5+ ND,,) C et* ' RT. It can be verified that

3 o3
PO () = By (2)@ni(rfo(2))e 07, Ba(:) = POEM (o) T (53)
where E,,(z) is analytic for z € D,,. Furthermore, due to (5.1) and (A.2),
(

P (2)P 51 P (2) 7!
7% fo(2)2

P@E) ()P ()~ =T+ +0(r™®) (5.4)

as r — +oo uniformly for z € dD,,,.

5.2 Parametrices at z; and z»

We define f(z) = 1 (a(2) F %)2, where we take the —/+ sign when z is above/below the real axis. As
z — x5, j = 1,2, we have

f(z) = —cml(z—xl)(l—i—cgﬁ)(z—xl) +0((z —21)%), o = @ 5259&2 g as z = x1, (5.5)
~ 2 )
f(z) :cm(zf:1:2)(1+c§722)(zfxz)+0((zfx2)2)), Cyy = o _ig(xz — ) as z — x2. (5.6)

Again, deforming the lenses if necessary, we may assume that f(3+ND,,) C eFH R and f(y2ND,,) C

et* ' RT. The local parametrices P(®1) and P®2) are given by
~ 3 P 3 - 73
P)(2) = By, (2)03®p0 (1 f(2))ose 2907 B, (2) = PO ) ¥ eonr (2am B f2)h) T (5.7)
- 3 o 3 n o N
P2)(2) = By, (2)®po(r® f(2))e 72907, Euy(2) = PO (@)t Frion (ami f()h) 7, (5.8)

where E, (z) is analytic in D,,, j = 1,2, and ®p. is the solution of the Bessel model RH problem
recalled in Appendix B. As r — +o0, we have P (2)P()(2)~1 =T + Jg)(z)r_% + O(r~3) uniformly
for z € OD,,, for a certain matrix Jg)(z) that will be computed in (6.3).

6 Small norm problem

Let us define

(6.1)

S(z)P@i)(2)71, z€D,,, j=0,1,2,
R(z2) = (00){ N1 5 —
S(z)P\>®)(z)~t, zeC\ szo Dy, .

From the asymptotics of S(z) and P(*)(z) as z — oo, we have R(z) = I + O(z7') as z — oo. Also,
by definition of P(*s) j = 0,1,2, R(z) is analytic for z € UJ oDz;. Therefore, the jump contour for R,
denoted by Xg, is given by

2 2
YR = ((mo,—i—oo) Uvyy Uy_ U U 8]])1;1.) \ U Dy,

Jj=0 Jj=0

11



bas—

Figure 4: The jump contour Xg.

where we orient (for convenience) the boundaries of the disks in the clockwise direction, see Figure 4. It
follows from the steepest descent analysis that

I+ (’)( ~élrz|? ), uniformly for z € ¥ U%_, dD, .,
Jr(z) = R (=)' Re(2) = . , 0 (6.2)
I+72 “a 2 4+ O(r=3), uniformly for z € UZ_o0Dy;,
r2
where ¢ > 0 is a sufficiently small constant, and J ](,-cl)(z) is given by
(00 p(oo) ()
L )(Z)‘Ij’f('*l)i( () if 2 € 9D,
@y — 0
Jr'(z) = PO (e +ig,3,, . 1UJQ¥TQT%P(°°)(Z)_1 (6.3)

)i if z€ Dy, j=1,2.

Since Q2 € R, Jl(zl)(z) = O(1) as r — 400 uniformly for z € U2_03]D) The jump matrix Jg is uniformly
close to the identity, thus R(z) exists for sufficiently large r and [17 18, 20]

_ R(l)(z) -3 (1) 1 Jz(?/l)(f)
RG)=T+7 524067, where RO(:) =5 /Ujo o (6.4)

as r — +oo uniformly for z € C\ Xg, and these asymptotics can be differentiated with respect to z
without changing the error term. In Section 7, we will need explicit expressions for

[Buya) RO @) By )], G=12 (65)

These quantities can be computed from (6.3) and (6.4) by residue calculations. Let us define J,,(2) :=
(B, (xj)_ng)(z)Ew.(xj)]gl for j =1,2. By (6.3), as z = xj, 7' = 0,1,2, we have

Toy(2) = D (Tu)) Pz —a5)" + O((z = 20)%), (Te))5? = (72,)52 =0, (6.6)
k=-—2

for certain matrices (jxj)gj? that can be computed if needed. Since the circles D, ;, j = 0,1,2, have

clockwise orientation in (6.4), we obtain

(-2) 2 (-1)
2(Tz o Tz )w, .
= (T80 + Ao )eo > (( 2 s, j=L2.  (6.7)

(wo —j)* = () — wjr)
i'#i

| e (@) RY @) B ()|

7 Proof of Theorem 1.2

Substituting the transformations ¥ +— 7"+ S +— R of Sections 3-6 into the differential identity (2.6) and
using the expansion (6.4) of R, we obtain the following asymptotics:

Orlog F(r(xe,x1)) = I1(r) + Ix(r) + Is(r) + C’)(r‘g) as r — +oo, (7.1)
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where

2 2
, 1 , _
L(r)=1") (=1 wje,,  I(r):= omirs > (1) a; [ij () R () B, (%‘)Ll
= mir:
1 2
I . 1V ()L E! :
)= e 2D |Bey (@) B ()]s

with ¢, j = 1,2, given by (5.5)-(5.6). A straightforward calculation shows that
I (r) = cO,13,
where

¢ 2+ 2% + 2 — (20 + 21) (o + 22) (11 + )] — L (wo + 21 + 32),

1
:E[ 3

(7.2)

(7.3)

and the constant qp is defined in (3.1). By a simple rearrangement of the terms, it is easy to see that ¢
in (7.3) coincides with the constant ¢ defined in (1.11) for g = 1. This establishes the leading term in

(1.10) for g = 1; the two subleading terms are more complicated to evaluate.

7.1 Explicit expression for I5(r)

From the definition of E, j = 1,2, it is possible to obtain explicit expressions for E, (2;) and Ej (z;).
These expressions are rather long, so we only write down E,, (z1) and E} (x1) (the expressions for

E.,(22) and E_(x2) are similar):

o 85 (airy S Brr
By, (@) = ere— Fo [g” <9<0 H oAb m)

1 cg ¢ 1 0 3 1
e (F DA ) Crieh)
Bay *7G(0) 0

y &) (2) 5(=7)
/ iy —%03 Q(I) @iﬁ)g'(l) ﬁxl Cxy Ba:l )
B () = e K 0 o e Taey )Y

1
_l) 3 T 2 T 3 T
4B (;wéf’fg"(g) oG (3) + é<so£f>>3g"'<2>> P S (Cf Cf) y
G(s) 0 0 :El—z)g(o)
@ 2 BN\ 5147 (3) _
Cay Ba ey \9(FD) | Pa 147
(4 e sl <;>> o+ 0
% Bar o2 o " 5 " (
( J:§ )2 > T :Bzz 01,2 5 T
0 g e - (L + 5
z1

~ _1 3 1 3
where G(z) = G(2)(z — HTT), the coefficients ﬂg(cl 4), ﬁg(cf), wi’;’), @éf), 05221) are defined through the

expansions
(-1) EERNE) 3 z
B(2) =By ¥ (z—x1)7% + Bl (2 —x1)* + O((z — 1) %), as z — xq1, Imz > 0,
w(z) = gagé)(z — xl)% + @é%)(z — xl)% +0((z — xl)g), as z — Ty, Imz > 0,

and via (5.5), and they are given by

(-1 xi 1 1 (3) e (zo — 221 + 22) 1 —2icy
B L 1V —ed (g — x1)% (0 — ¢ 1, ;1 — , ? — :
x ( 0 1) ( 0 2) x 4(1‘0 — $1)%(£L'1 _ 1‘2)% Px \/1'0 — 371\/1'1 s
o) ico(wo — 221 + 23) (o 2@) @ —2m 4oy
' 3(580 — Il)%(xl — .CEQ)% ’ o 3(](371) 3(.’1?0 - xl)(ml — 1‘2)
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Each of the expressions for E,, (21), Ey,(x2), E, (x1) and E/, (x2) contain the f-function and its deriva-

tives at the points 0, %, % and HTT We use f-function identities to simplify these expressions following

the strategy of [6].

The function ¢ can be analytically continued to the Riemann surface X defined in the introduction,
and its quotient p4(z) := ¢(z) mod (Z + 77Z) is a bijection from X to C/(Z + 7Z) [22]. The following
proposition can be taken straight from [6] after replacing vy, y2 and z with zg — 29, 1 — 2 and z — x5,
respectively, and noting that ¢4 (z — z2) in [6] equals @ 4(z) here.

Proposition 7.1 (Some f-function identities). For all o € X, we have

L D2 miT
00+ 3)* = eizmyﬁﬂﬁ)a Dy = (o — 22)3 (21 — w2)Te” ", (7.4a)
— L2
D - _ 1 it
9(17 + HTT)Q _ e_QWVMQ(V)2, Dy = iwv (7,4b)
a— Ty (ko —x1)7
D2(a - — zp)7
0(]} + %)2 _ M9(0)2, Dy = M. (74C)
a— T (vo —x1)7

where @ = ;' (). These expressions make it possible to express 00 (%), 00)(Z), 00 (LT for j > 0 in
terms of 0U)(0), 5 > 0. For example,

T 7m'r (l‘l — .ZQ) 1 ($0 — Il)% (T . _ miT (3]1 — IL’Q)%
0(5)=e 1 —F70(0), 0z ) = —0(0), ' =) = —ime™ 7 ——=20(0),
(2) ($0—$2) ( ) (2) :EO_:EQ)Z ( ) <2) l'o—JCQ)Z ( )
1T\ i (20 —l‘l)i(l‘l —9132)i p(1+T\ _ xiz (20 —xl)i(xl — 1‘2)%
0 ( 5 ) =ie 4 2eq 6(0), 0 ( 5 ) =me 4 o 6(0),
1
9" T _ I (m1_$2)4 0"(0) — |72 Lo —T1 0(0
(2) 7 wo—m)} O = |+ =3z |PO),
1 (1‘0 — l‘l)%
0" (=) = ———((x1 — 22)0(0) + 420" (0
(3) = 1oyt (o1~ 22)000) + 4307(0).
As previously mentioned, we compute Ey;(z;), Ey (z;), j = 1,2, via (5.7), (5.8) and now use
Proposition 7.1 to obtain '
—I —1gpv —8mcoz1q(T1) d
g, E — 2 Nog o)1,
2mir [ (@) zl(fl)} 21 3Q(zg — x1) (21 — 22) dr [log 6(v)]
T2 1 8meoraq(rs) d
= 1
2mir {sz (w2) ™" B, (332)} 21 3Q(zg — z2)(x1 — 2) dr [log 0(v)],

where v is defined in (4.4). It follows that I3(r) = c3 0, log 6(v), where the constant c5 is given by

—87'1'00 .’Elq(l'l) . l’zq((EQ) _ _47TC()
39(331 — 132) o — 1 To — T2 3Q
Using (3.13) and (4.2), we find

C3 —

(ZL’O +x + 1’2).

Q 4
— = —?(xo + 21 + .’L‘Q),

which shows that ¢z = 1. This proves that
Is(r) = Oy log 0(v). (7.5)

7.2 Analysis of I1(r)
By (6.7), we have
2 (—-2) 2 1 (-1)
1 ) —1) (T )a,
Io(r) — 1+ (T ) + 0 — . (7.6
)= g S ) Z . +§Z e G
J= Jj=14'=0
J'#j
To simplify the right-hand side, we need Proposition 7.1 as well as the following identities.
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Proposition 7.2. We have
9”(0) _ (331 — 332)(’}/330 + 5) . (JZQ — .1‘1)(31‘0 +x — Iz)

_ _ , 7.7

6(0) 4ck(yxa +0) 4t (zo + z1 + 22) (7.7)

d [0'(e(2)] _ 240 ,
where

(w0 — 22) (3w — 1 + T2) P (xg — @2)(wo (21 + 222) + w1 (71 — 22))
4 (o + 1 +22) 4ck(zo + z1 + 22) '
Proof. We will first show that there exist v,0 € C such that
0" (p(2)0lp(:) ~ #(pl:)? 1248 70

0(p(2))? z =
Let h(z) denote the left-hand side of (7.9). Using (1.7) and the fact that 14T is a simple zero of 6(u),

we verify that (9 ((“))) = W is well-defined on C/(Z + 7Z) with a double pole at 11 and

no other poles. Since the Abel map ¢4 : X — C/(Z + 7Z) is an isomorphism, it follows that h is a
meromorphic function on X with a double pole at ;' (3~) = 25 and no other poles. In fact, since 6(u)
is an even function of u and ¢(z) = —p(1(z)), where ¢ : X — X denotes the sheet-changing involution, h
descends to a meromorphic function on the Riemann sphere with a simple pole at z2 and no other poles.
This shows that (7.9), and hence also (7.8), holds for some choice of v, d € C.

Taking z — oo in (7.9) and using Proposition 7.1, we see that

B 0" (3) oz —ax 607(0)

03 4d 0(0)
Multiplying (7.9) by ¢'(z), integrating from z( to > z, and using (4.2) and [23, Egs. 3.131.7, 3.133.17],
we obtain

(7.10)

/ _ E (sin™! 0k

0(p(x) @1 — 22 To — T2 2(z1 — a2) K (k) ’

where k& = ,/ﬁ, and E(p, k) = fo“o V1 —k2sin?t dt is the elliptic integral of the second kind.

Sending  — oo in (7.11) and using (3.12), we obtain ¢ in terms of 4. Then, taking z — z¢ in (7.9),
we find (7.7). Substituting (7.7) into (7.10), we find the asserted expression for vy and as an immediate
consequence we find the asserted expression for 6. O

(7.11)

The quantity a := 3021(1/) € X appears in the large r asymptotics of (7.6). From (4.2), we note that
¢(z) is monotone for z € (zg,+00), and satisfies ¢4 (zo) = 0 and @a(c0) = 1. Hence, as r increases,
a oscillates between xg and +oo (and changes sheet). More precisely, a belongs to the upper sheet and
satisfies /R(a) > 0 if » mod 1 € (0, 3), while a belongs to the lower sheet and satisfies /R (a) < 0 if v

mod 1 € (3,1).
Proposition 7.3. We have

L2(r) = ci{éo log(r) + / T {f(&é—jvgﬁ + f(&éilasg) + 617(:&) Z((:))
2P () s (o) o) 1

o L@ — o) (21 — ) (331Q(3?1) — 12q(x2))
-2 48¢(xo)(xo — 1) ’

_ 1 {3x2q(x2) 3214(z1)  x1q(21)(—2923 — 202071 + 217072 — 1123 + 92179 + 3023)
1= —
48

q(x1) q(w2) q(zo)(xo — x1)(z0 + 1 + 22)
22q(w2) (2923 + 13woz1 — 1dzowe + 403 — 92122 — 2323)  3(x0 — 22)(21G(21) — 22G(22))
+ - + p 5 )
q(z0)(wo — 1)(x0 + 71 + T2) q(zo)
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Co =

1{2302@(@) (—1190% + 2zo(w1 + x2) + 323 + 2170 + 33:%) + Tz1G(z1) (0 — 22) (20 + 21 + T2)

48 G(zo)(xo — x1)(x0 — 2)(m0 + 21 + 2)
322q(12) 3zig(z1)  3wag(a2) 6 1 1
4(xo)? * G(x2)(x1 —x2)  q(w1)(21 — 72) 3 (xo +T1+x2  TO— 21 * To — xz)
B 3z1q (w1) B 3x2q’(x2)}
q(z1) q(x2)
& (a) = co (z1G(z1) — w2G(x2)) /R(a)
q(wo)(wo — 1) (@ —wx2)?
~ oy —7c} 5(x1G(w1) — w2q(w2)) | 5w2g(w2) — 920q(20)
CQ(U/) - 9QQ(I0)(IO — «Il) ( G — Ty + To — o ) )
& — —8mcg(wo + 1 + x2)

QQ[]V(IL'())(SCQ — $1)(I0 — 332) '

Proof. First, using (6.3), we compute the coefficients in the expansion of Jg)(z) as z — xj, j = 1,2.
By combining these coefficients with the expressions for E i (x5) (already needed in Subsection 7.1), this
gives us expressions for the quantities (JJCJ)TJ ) (ij)TO and (jmJ)T 7, for 5 =1,2and j/ = 0,1
j # 7. These expressmns contain the #-function and its derivatives evaluated at the eight points O, 5
% 142'7, v, v+ 2, v+ % and v+ 1J2”. Second, we use Proposition 7.1 to express the quantities 9(7)( ),
0U)(Z), 0V (£7), 09 (v + 1), 09 (v+ Z) and 6Y) (v + LET) in terms of only a, §)(0) and 69 (v), j > 0.
This allows us to obtain the following simplified expressions:

(jTl):(tl) -8 +

q(x1) (zo — @1) (21 2)

2 (6 (v) 0" (v) 0”(0
W _ itrs [q/(xz) 4cg (0(1/) ) + 1200 ( + 20 — 221 + 29

2
o' (v 0" (v 9” 0
i lq/(wl) 13 (5) +1263 (5 - G8) + 20 — 201 + 25

(Tzs) s 8 |qlzs) (xo — xl)(a?1 - 552)

(—2) _ Bmir® (wo — x1)(wo — w2)g(w1) (-2) _ bmir# (a — 20)(zo — 25)q(x2)
VO “24(a — 22)d(x0) : (Jaz )z, 24(a — x2)q(wo)

(‘7%2);?1) _ i3 (z1 — 22)q(22) (1 _m— xz) ’ (jm);:l) _ imr3 (21 — 22)G(21) (1 _m— x2> '

8q (1) a— T2 8G(w2) )
The expressions for (ij)gc0 1), j = 1,2, are significantly larger and also contain the quantities (%l((:)))Q,
0" (v) 6"(0) 9 (V)

TORNIO) and a. In addition, they contain terms involving /R

99”(%)) in terms of the z;, and we also use the relation 9/((”)) = (00((:))) —|— 9 (V . Collecting all of the terms

. Third, we use (7.7) to express

involving 0((7))2, we obtain

%9’@)2 ya+ 6
rs 0(v)? a— o

’l"l/7

which can be rewritten as %% {09/(” } by using (7.8). O

T

The next proposition generalizes [6, Proposition 8.6].

Proposition 7.4. Let M > 0 and let H € L'([0,1]) be a periodic function of period 1 satisfying
H(—u) = H(u) for all u € [0, ] As r — 400,
g7
H(D) = log(r / H(s)ds + C + O(r~2),
M

and C is a constant independent of r. In particular, there are no oscillations of order
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Proof. Recall that © > 0. Hence,

n,—1
T Q s\dr 2 dz/ 2 ~du 2'
/M”(zw )fsM,*‘ 53(/, /) ?) Z/ sﬂ :

where M’ = —%M% <0, ng=|M'| and n, = [v]. Because H € L'(]0,1]) and j < ny < 0, we have

[t o

nel -1y 1 ~
= - H(s)ds + Co+ O(r~3),
Z/ Mg, ;OJO (s)ds + G + O(—)

as 1 — 400, for certain constants Cy, Cy. Finally, since #(—s) = H(s) and n, < 0, we deduce that

m

ny—1 1
/ H(s)ds Z fzglogr/ ’H(s)derCN'ngO(r*%), as r — 400,
0
Jj=mno
for some constant Cs. O

We next extract the leading order behavior from Proposition 7.3.

Proposition 7.5. Fiz M > 0. As r — 400,

/ L(F)di = ¢z log(r) + Cy + O(r~ %), (7.13)
M
where Cy is independent of r and

N 5,1(31}0 — X1+ 1‘2) ~ 21‘% + .%‘0(.’1?1 — 3332) — (1‘1 — 3?2)2

Cco = Cg + C_o 5
(w1 — 22)(T0 + 21 + 22) (xo — x2) (21 — 22)% (20 + 1 + 2)
7 /°° L\ O(e()
- = ¢1(x) ———==¢ (x)dx, 7.14

with the integration contour from xq to oo taken on the upper sheet of X.

Proof. The first term on the right-hand side of (7.14) follows trivially from (7.12). Since u +— ¢, (u)
572 61
a2 | a0 e

Moreover, with the help of [23, Eqgs. 3.133.18, 3.134.18], (3.12), and (4.2), we compute

is even and periodic of period 1, we can apply Proposition 7.4 with H () =

1 3zo — x1 + T2
/0 ‘PA 5) — Ty / f — 9 (1 — x2) (20 + 1 + 22)’ (7.15a)
1 _ 4 _ * Q(€de 2%+ xo(xy — 3xa) — (w1 — w2)?
/0 (@Zl(S) — x2)? = 2/560 (€ —29)2 (w0 — x2)(21 — 22)% (w0 + 21 + 22) (7.15Db)

where the integration contours in the integrals with respect to d¢ lie on the upper sheet. Using these
identities to evaluate fol H(s)ds explicitly, we obtain the second and third terms on the right-hand side

of (7.14). Next, we use Proposition 7.4 with H(P) = ¢; (&)% to obtain

/T @) D) e g og(r) /Oo El(x)m@’(x)dx +C5 +0(r™ %), (7.16)

where the contour in the z-integral lies on the upper sheet. Furthermore, integrating by parts and then
using Proposition 7.4 again, we find

[l e
)

M 75 dF

OV S (w)da + C + O(r™ ), (7.17)



where again the contour in the x-integral lies on the upper sheet. We obtain the last term on the
right-hand side of (7.14) by adding (7.16) and (7.17). Lastly, an integration by parts shows that

"z d [0(0)°] . A 3
/M S ar {9(17)3 dr = C7 + O(r™2),

which completes the proof. O
We finally simplify the constant cs.
Proposition 7.6. We have co = f%.

Proof. We start by evaluating the integral in (7.14), which can be written as

/mél(x)ﬁ'(@(x))(p/(x)dx cg(z1q(x1) — 224(2)) /°° 0'(p(x))  dx

0 0(¢(x)) (o) (w0 — 1) o O(p(2)) (2 —22)%
Using Proposition 7.2, an integration by parts gives
/OO 0'(p(x)) de [T yr+6  d
s O(p(@) (x—22)?  Joy /R(z) (- 12)*

Computing the integral on the right-hand side as in (7.15), we infer that

/°° _ 0 (p(2)) w)d = xo(Tzo — 221 — 223) — (71 — 72)?
z 8(5(10—1—31‘1 +$2)(3.’EQ — X1 —.’172)

and substituting this into (7.14), we obtain the result. O

Theorem 1.2 follows by combining (7.1), (7.2), (7.3), (7.5), (7.13), and Proposition 7.6.

A Airy model RH problem

The Airy model RH problem consists of finding a function ®4; satisfying the following properties.
(a) ®a;: C\ Xa; — C2%2 is analytic, where X,; is shown in Figure 5.

(b) ®a; has the jump relations

0 1
Dpi 1 (2) = Pai—(2) 1 0), on R,

11
Qpi 1+ (2) = Pai—(2) 0 1) on R,
10 . (A1)
Cait(2) =Pai-(2) (| 1) ones RY
]_ O _ 273 +
Dpi+(2) = Dai —(2) 1) one 3 R
(c) As z — 00, z ¢ Xai, we have
_o3 N Dain | 2.4,
Dpi(z)=2"F M| I+ Z sz | €07 (A.2)
=1~
here M= 2 (1 ) and @y, =2 (5
where = % i 1 an Ail = g i _% .

(d) As z — 0, we have ®u;(z) = O(1).

The unique solution ®,; can be written in terms of Airy functions [17], but its exact expression is
unimportant for us. The quantity we need is the explicit expression for ®4; ;.
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Figure 5: The jump contour X,j;.

Figure 6: The jump contour ¥pe.

B Bessel model RH problem

The Bessel model RH problem consists of finding a function ®p, satisfying the following properties.
(a) ®pe: C\ Ype — C?*? is analytic, where Y, is shown in Figure 6.

(b) ®p, satisfies the jump conditions

Dpe +(2) = Ppe,—(2) 0 1) , z€R™,

-1 0
1 0 2mi o 4
Dpe,+(2) = Ppe,—(2) 1 1) #€e€’ R, (B.1)
(I)Bc,—‘r(z) = (I)Bc,—(z) i (1) ) z € ei%RJr
(c) As z — 00, z ¢ Y., we have
1,_23 QBC 1 —1 Qz%o'
Ppe(2) = (2m22) 2 M (I 4+ —=+0(z" ") ) e**7" %2, (B.2)
22
-1 -2 1 4
where ®p,,1 = 1—16 <—2i 1 ) and M = % (2 1).
(d) As z — 0, we have
O(1)  O(|log z|) 2
by~ ] LOG) ologzp) e < B3
Be O(|log z|) (9(|logz|)> 2 _ larg | <. .
O(llogz|) O(|logz[)) " 3

The unique solution @, is given in terms of Bessel functions [19], but its exact expression is unimportant
for our purposes. Again, the quantity we need is the explicit expression for ®pe ;.
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