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ABSTRACT

Gravitational wave (GW) galaxy lens reconstruction is a crucial step for many GW lensing science applications. However, dark
siren GW lensing without observed electromagnetic (EM) counterpart suffers from similarity transformation and mass-sheet
degeneracy. We review these two degeneracies and discuss their implications on GW-based lens reconstruction and two well-
known GW lensing science cases: Hubble constant measurement and testing modified GW propagation. Building upon previous
works, our conclusions are (1) GWs can only infer the scale-free lens model parameters, dimensionless source position, GW
luminosity distance and time-delay scaling (a combination of Einstein radius, redshifts, and cosmology). (2) Lens reconstruction
(of singular isothermal ellipsoid lens) with only two GW signals is unlikely to yield a complete lens model, while four (three)
signals can measure all the above parameters accurately (with large uncertainties). (3) The similarity transformation degeneracy
causes the redshifts/Einstein radius/cosmology to be degenerate in dark siren measurements. Breaking the degeneracy can be
achieved by supplementing the GWs with EM observation of lens redshifts/Einstein radius (source redshift is not required). (4)
The mass-sheet degeneracy causes the GW luminosity distance to be degenerate with a constant mass sheet. (5) Contrary to
expectation, the Hubble constant is degenerate with the mass-sheet even when supplemented with EM counterpart and can only
be lifted with lens galaxy velocity dispersion measurement, while modified GW propagation test is unaffected. These properties
highlight the need for GW observations to be supplemented by EM observations, which could become accessible through a lens
archival search or a rapid EM follow-up.

Key words: gravitational lensing: strong — gravitational waves —cosmological parameters.

near massive objects (De Paolis et al. 2002). GW science itself

1 INTRODUCTION is undergoing rapid development since its first direct detection by

The gravitational lensing of light has been captured by electro-
magnetic (EM) telescopes and studied for many decades, and it
has become a standard yet powerful tool in modern astronomy
(Wambsganss 1998; Bartelmann 2010). Its mature development and
methodology allow scientists to probe the universe, with some of
its science applications including cosmological studies [such as
Hubble constant measurement (Williams & Schechter 1997)], dark
matter studies (for instance, testing if massive compact halo object
(MACHO) is a possible candidate (Basak et al. 2022)], lens galaxy
density profile, and substructure studies, as well as galaxy cluster
structure studies (Bartelmann 2010).

Meanwhile, according to general relativity, gravitational waves
(GWs) are expected to be lensed like light when they propagate

* E-mail: jason.poon@link.cuhk.edu.hk

Laser Interferometer Gravitational-Wave Observatory (LIGO) in
2015 (Abbott et al. 2016): it opened up new windows to probe and
study countless scientific problems, including neutron star and black
hole physics (such as their structure and formation channels), testing
general relativity and cosmological studies such as expansion of
universe and dark energy (Sathyaprakash & Schutz 2009; Lattimer
2012; Gair et al. 2013; Yunes & Siemens 2013; Will 2014; Berti
et al. 2015; Lasky 2015; Baiotti 2019; Abbott et al. 2019a, b; Bailes
et al. 2021; Abbott et al. 2021a, 2022). Thanks to technological
advancement, current GW detectors (i.e. the second generation
detectors), such as alLIGO (Aasi et al. 2015), aVIRGO (Acernese
etal. 2014), and KAGRA (Somiya 2012; Aso et al. 2013; Akutsu et al.
2020), are undergoing substantial upgrades (Cahillane & Mansell
2022; Bagnasco 2023), and more new and advanced detectors are
being planned, such as the ground-based detector Einstein Telescope
(Punturo et al. 2010) and Cosmic Explorer (Reitze et al. 2019), as
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well as the space-based detector Laser Interferometer Space Antenna
(LISA; Amaro-Seoane et al. 2017).

One avenue that has garnered recent interest is the gravitational
lensing of GWs. Several groups have forecasted that, at their design
sensitivity, second-generation detectors would detect strongly lensed
GW with a detection rate of around one such event per year, assuming
standard formation channels (Li et al. 2018; Ng et al. 2018; Oguri
2018; Wierda et al. 2021; Xu, Ezquiaga & Holz 2022; Gupta et al.
2024; Smith et al. 2023). These forecasts have helped motivate a
recent effort to search for GW lensing (see Hannuksela et al. 2019;
Mclsaac et al. 2020; Dai et al. 2020; Abbott et al. 2021b, 2024;
Diego, Broadhurst & Smoot 2021; Liu, Hernandez & Creighton
2021; Janquart et al. 2023b) and develop scientific applications for
them.

Indeed, if detected, GW lensing might allow several applications
in fundamental physics, astrophysics, and cosmology. For example,
GW lensing might allow subarcsecond localization of GW sources
(Hannuksela et al. 2020; Wempe et al. 2024). Other applications
include tests of modified GW propagation (Finke et al. 2021; Narola
et al. 2023), testing the speed of gravity (Collett & Bacon 2017; Fan
et al. 2017), GW polarization test (Smith et al. 2017; Goyal et al.
2021a; na Hernandez 2022), other GW properties (Sereno et al. 2010;
Liao et al. 2017; Li, Fan & Gou 2019; Yang et al. 2019; Mukherjee,
Wandelt & Silk 2020a, b; Chung & Li 2021; Goyal et al. 2021a;
Hou, Fan & Zhu 2021; Hernandez 2022; Iacovelli et al. 2022; Wang
et al. 2022; Wu et al. 2023) including high-redshift cosmography
(Jana et al. 2023), probing dark matter, subhaloes, and compact
objects (Takahashi 2006; Dai et al. 2018; Liao et al. 2018; Diego
2020; Oguri & Takahashi 2020; Choi, Park & Jung 2021; Wang,
Herrera-Martin & Hu 2021b; Basak et al. 2022; Cao et al. 2022;
Guo & Lu 2022; Oguri & Takahashi 2022; Fairbairn, Urrutia &
Vaskonen 2023; Liu 2024; Liu et al. 2023; Seo, Li & Hendry 2024;
Tambalo et al. 2023), associating fast radio burst source and GW
source (Singh et al. 2024), constraining binary system formation
channel (Mukherjee et al. 2021). Indeed, detections could enable a
plethora of applications.

For many science applications, such as those in cosmography
and tests of modified GW propagation, ‘reconstruction’ of the
gravitational lens is one of the crucial steps in the analysis. In
particular, lensed GWs encode information about the mass profile
of the objects that gravitationally lensed them. The attempt to
reconstruct this lens mass profile and other extrinsic properties of the
lens is collectively called ‘lens reconstruction.” Such reconstructions
allow one to study the lens model itself, including its profile and the
possible substructures within.

However, strong GW lensing suffers from two major degeneracies
which limit these reconstructions. The first one is the similarity
transformation degeneracy (Gorenstein, Falco & Shapiro 1988),
which refers to the fact that lensed GWs cannot disentangle the
size of the gravitational lens from the angular diameter distances.
That is, the lens size is degenerate with the distances between the
lens, source, and observer. The second degeneracy is mass-sheet
degeneracy (Falco, Gorenstein & Shapiro 1985), which refers to the
fact that adding a ‘constant mass sheet’ to the lens profile will leave
the image positions and flux ratios invariant. In GW observations, as
we will see, such a constant mass sheet is degenerate with the inferred
luminosity distance and the overall time delay. These degeneracies
limit the scientific applications of GW lensing and what can be done
with GWs alone.

The similarity transformation degeneracy was originally reviewed
by Gorenstein et al. (1988) and Saha (2000), but the effect has yet to
be discussed significantly in the context of lensed GW observations.

Gravitational wave lensing degeneracies 2213

In this work, we would introduce this degeneracy, but more in the
context of GWs, based on their findings. Due to the similarity
transformation degeneracy, lens systems with different redshifts,
sizes and cosmological parameters (such as the Hubble constant)
can produce identical lensing observables. In particular, the size of
the lens is degenerate with the distances in the source-lens-observer
system. The degeneracy can be broken when the ‘size’ of the lens
can be obtained from complementary EM observation. For example,
a complementary telescope image of the lensing object can break
the degeneracy (because the lens size and a redshift of the source
and the lens can be directly observed in the telescope). Such a
telescope image might be available if the lens system is located
by an archival strong lens catalogue' search (Hannuksela et al. 2020;
Wempe et al. 2024; Shan et al. 2024), which could be performed
without an EM counterpart. Alternatively, a rapid EM follow-up,
if an EM counterpart to the event is available, would also allow
us to retrieve such a telescope image (Smith et al. 2023). If no
supplementary EM information is available, the degeneracy limits
GW applications. Thus, it is crucial to understand the effect.

The second degeneracy is the mass-sheet degeneracy, which leaves
the image positions, flux ratios, and time-delay ratios unchanged
when a uniform and infinitely-spanning mass sheet is added to the
lens model (Falco et al. 1985). Such mass sheet can approximate
scenarios where a galaxy lens is embedded in low-mass galaxy
cluster, there are massive structures along the line of sight, or the
lens has a positive power-law slope that differs from an isothermal
profile (Falco et al. 1985; Schneider & Sluse 2013; Birrer, Amara &
Refregier 2016; Oguri 2019). It has been a known degeneracy affect-
ing strong lens modelling (of light) for many decades (Schneider &
Sluse 2013), and it affects GW lens reconstruction the same way.
In particular, the constant mass sheet will be degenerate with the
luminosity distance and time delay measured by the GWs. However,
as we will see, complementary information about the source redshift
can alleviate the degeneracy, but not in cosmological applications.
Even when the source redshift is known, the degeneracy causes the
Hubble constant to be degenerate with the mass-sheet density. It is
suggested that wave optics effects (when the lens size is comparable
to the wavelength of the GW) may break the degeneracy, but it is
still under discussion (Cremonese, Ezquiaga & Salzano 2021; Chen
et al. 2024; Meena 2024). Nonetheless, without wave optics effects
or complementary EM redshift information, the degeneracy limits
many GW applications, so it is important to understand the effect.

This work reviews the idea of GW-based lens reconstruc-
tion/modelling of galaxy-type lenses. We also discuss the nature and
effect of the two degeneracies and how one should consider them in
the GW lensing context. In Section 2, we first review the basics of
strong gravitational lensing for both light and GWs, before focusing
more on its effect on GWs. Section 3 explains lens reconstruction for
lensed GW signal using a Bayesian framework. Section 4 introduces
the similarity transformation degeneracy and discusses its impact on
GW-based lens reconstruction. In Section 5, we discuss the mass-
sheet degeneracy problem in the context of GW lensing. In Section 6,
we present the impact of the degeneracies on the test for modified
GW propagation using lens reconstruction. We also discuss their
implications for various other science cases.

Throughout the paper, we assume a flat ACDM universe with
cosmology from Plank18 data: €2,, = 0.308, Qg =0, 2, = 0.692
(Aghanim et al. 2020), with H, being a free (and unknown) parameter
unless stated.

I'Such as, with 1enscat https:/github.com/lenscat/lenscat.
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Figure 1. Geometry of a lens system: D;, Ds, D, are the angular diameter
distances from observer to lens, observer to source, and lens to source,
respectively. Aligning our principal axis with the centre of the lens, 3, 6
are the angular position of the source and image, respectively, with 7j = Dy B
and § = D1§ being the (Cartesian) source and image position(s) (on source
plane and lens plane), respectively.

2 BASICS OF GRAVITATIONAL WAVE STRONG
LENSING

In Section 2.1, we will first review the basics of strong gravitational
lensing in geometrical optics, which applies to both EM waves and
GWs as long as the wavelength is much shorter than the scale of
the lens object. If the wavelength is comparable or longer than the
characteristic lens scale, wave optics (which includes diffraction and
interference effect) must be considered (Nakamura & Deguchi 1999;
Takahashi & Nakamura 2003). However, because the typical size
of strong galaxy lenses is much larger than the wavelength of GWs
measurable with ground-based detectors, we limit our discussion to
the geometrical optics effects. We will also neglect microlensing
effects.” Then, in Section 2.2, we will review the effect of strong
gravitational lensing on GWs, especially on the observation end.

2.1 Strong gravitational lensing

Fig. 1 illustrates the typical set-up of a lens system. We denote the
angular diameter distance from the observer to the lens, observer to
source, and lens to source as D;, Dy, D, respectively. The redshift of
lens and source are denoted as z; and zy, respectively. We also denote
the angular position of the source and image by ,3 and @, respectively.
The characteristic scale of the lens is the angular Einstein radius
Ok (some literature may refer to this as the Einstein angle), which
depends on the lens mass and the angular diameter distances in all
generality.

In this work, we should work in dimensionless coordinates of the
lens system: we define the dimensionless source and image positions
as y = (y;, y2) = ,5/95 and X = (x1, xp) = 5/05, respectively. The
dimensionless deflection/lensing potential W (deflection potential
scaled by 02) is then defined by

. 1 I,
V(x)=— [ «()n|x —x'|d"x’, (L
b4

2Note that microlensing could become relevant in actual galaxy lensing
scenarios and will likely require further investigation (Diego et al. 2019;
Cheung et al. 2021; Mishra et al. 2021; Meena et al. 2022; Yeung et al. 2023;
Mishra et al. 2024).
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where the convergence « is defined by

$(E = Difg¥)

K(x) = s

; @3
where Z(E) is the surface mass density of the lens (in Cartesian
coordinate 5 on the lens plane) and ¥, = 2D, /A G D, Dy is the
critical density (Takahashi & Nakamura 2003; Tambalo et al. 2023).
This particular definition highlights the fact that W(X) does not
contain scaling information, such as the total mass of the lens. As
we will see, the notation is advantageous because the dimensionless
quantities are unaffected by the similarity transformation degeneracy.
The lens equation in dimensionless form can then be written as

§ =X - Viu(@@), 3)

which solving for X will give us the (dimensionless) image position(s)
under a known source position and lens model (there can be multiple
images in general).

Meanwhile, the time delay 7, of an image compared to an unlensed
ray is given by

.. l+z DD ,Ix—3P
(%) = — 0z

D, 7 ‘P(X)] , @

where |¥ — ¥|?/2 accounts for the delay due to extra distance
travelled by the lensed ray, and W(x) accounts for the delay due
to gravitational time dilation effect (Takahashi & Nakamura 2003;
Bulashenko & Ubach 2022). Also, the magnification u of the image
is given by

- 05\
wx) = {det (g)} , )]

where 1s given by

- 1 — a2y d%w
0y ox? 9x19x;

W7 ot TAamdn ) ©
ox _ 0¥ _ o
0x20x1 E)x,z

We note that the magnification of an image is scale-free, which means
it only depends on the dimensionless system.

2.2 Effect of strong lensing on gravitational waves

Denoting /i( f) the original unlensed GW waveform in the frequency
domain and & (f) the observed lensed ones, the relation between
the two waveforms is

hi(f) = ho(f) Y InGENI exp [2rif1a(F)) — izrnsign(£)/2],
J

)

where the index j denotes the jth lensed image/signal, and n; is its
Morse index, withn; = {0, 1, 2} (referred as type I, II, and IIl image)
when the image X; is at a local minimum, saddle point and local
maximum of the time-delay surface 7,(X ;), respectively (Takahashi &
Nakamura 2003). We also note that the emergence of Morse indices
results from stationary phase approximation in geometrical optics
(Nakamura & Deguchi 1999).

Therefore, in time domain, if n; = 0 or 2, the lensed signal i ()
and unlensed signal /((¢) are related by

hi() =Y RGN ho [t — ta(E)] (—1)77, ®

J
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Figure 2. Illustration of dark siren GW lensing: the left panel shows the set-up of the lens system, which the GWs will arrive the observer (obs.) at different
time, with different amplitude and different Morse index. The observables in a dark siren GW lensing scenario are shown on the right panel: from the data
recorded by the GW detector, one can measure the relative time delay Azy,;; and the relative Morse index An;; between images, and since GW is a standard

eff

siren, from the amplitude of the GW signal (together with waveform analysis), one can measure the effective/apparent luminosity distance dy'; of the images.

and if n; = 1, the relation is
+00 R
ho() =Y |Gl / —ho(f)sign(frie” 2=l (9)
j —00

which different images arrive at different times and have different am-
plitudes (due to magnification) (Dai & Venumadhav 2017; Ezquiaga
et al. 2021).> However, they will have the same frequency-domain
evolution (up to magnification and the phase shift (Morse phase)
caused by the Morse index) (Takahashi & Nakamura 2003), which
is what strong lensing GW searches rely on, trying to find events
with compatible characteristics (Haris et al. 2018; Kim et al. 2021;
Janquartetal. 2021a; Goyal etal. 2021b; Janquart et al. 2022; More &
More 2022; Janquart et al. 2023a; Li et al. 2023a, b; Chakraborty &
Mukherjee 2024). Such searches have already been carried out on real
data, but there is no universally accepted evidence for GW lensing
detections yet, although many authors have considered the situation
(Hannuksela et al. 2019; Diego et al. 2021; Liu et al. 2021; Abbott
et al. 2021b; Bianconi et al. 2023; Abbott et al. 2024; Janquart et al.
2023b).

For a lens and GW source system, assuming we successfully
identified all of its lensed images (i.e. we identify the lensed GW
signals from the detector data stream), we can then measure the
lensing observables, namely the magnifications, time delays, and
Morse phases of the strong lensing images. First, since GW is a
standard siren (Holz & Hughes 2005), from the lensed GW images
(denote the ith image by subscript hereafter), we can observe the
effective (or apparent) luminosity distance dzf_f,-, which is related to
the image magnification u; by

dr
Vil
where d; is the true luminosity distance without the lensing effect.

Note that, in many traditional strong lensing scenarios, the absolute
flux of the light source is not known.* In such scenarios, one

st (10)

31f the GW system is symmetric and contains no higher order modes, the
Morse phase is absorbed into the phase of coalescence (Dai & Venumadhav
2017; Ezquiaga et al. 2021).

4Exceptions to this would be strong lensing of standard candles such as
supernovae.

can only measure the relative magnification ratios j;/u; between
two images (from the flux ratios) (Congdon & Keeton 2018). The
absolute flux or the effective luminosity distance are not accessible.
However, in lensed GWs (and standard candles), one can measure
the effective luminosity distance. This allows for an extra degree of
information on d; . Secondly, in GW lensing, the relative time delay
between two images, Aty ;; = t4; — t4; can also be measured with
submillisecond accuracy (Fan et al. 2017). Hence, the precise time
delay can further constrain the lens model. Thirdly, by comparing the
waveform of the lensed GW signals, we can also observe the relative
Morse index (or difference in Morse index) An;; = n; — n; between
different images (Janquart et al. 2021b). The direct GW observables
are then the effective luminosity distances, relative time delays, and
relative (or in some cases, absolute®) Morse phases of the strong
lensing images.

In many traditional strong lensing scenarios, the telescope angular
resolution is sufficiently good to locate and resolve the multiple
strong lensing images. However, due to the broad sky localization
area of a GW signal [order of ten to hundreds of square degrees
in the near future (Pankow et al. 2018)], unlike in many traditional
lensing observation, we would not be able to directly localize the
precise sky location of the GW signals/images individually from
the GW data alone (Hannuksela et al. 2020). Therefore, we will
henceforth name ‘dark siren GW lensing’ as the scenario in which
we only have observation of lensed GW from the GW detectors but
do not have any EM information on the lens and source system due
to lack of EM counterpart for the compact binary merger or broad
sky localization.® All the GW data will be denoted by JGW. The
data include information regarding the images’ effective luminosity
distance diffi, the relative time delay between image pairs Aty ;;, and
the relative Morse index An;; between different images (Fig. 2).

5Often we can only accurately resolve the relative Morse phase due to a
degeneracy between the Morse phase and GW coalescence phase (Dai et al.
2020; Janquart et al. 2021b; Lo & Magaiia Hernandez 2023), which however
can be lifted in the presence of higher order modes.

®However, we note that it is still possible to identify the dark siren GW lens
system to the same lens system that lensed the GW source’s host galaxy if
it is observed by EM telescopes. The identification would require statistical
comparison of the lensing observables measured in the two channels. It will
be discussed in Section 3.
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3 LENS RECONSTRUCTION USING BAYESIAN
ANALYSIS

This section reviews the basics of lens reconstruction using a
Bayesian analysis framework for GW lensing. In particular, we will
focus on galaxy lenses. We note that similar methods have been
adopted by various works previously (e.g. Hannuksela et al. 2020;
Wempe et al. 2024; Wright & Hendry 2022; Seo et al. 2024; Wright,
Janquart & Hendry 2023).

There are various ways to model lenses, with some approaches
being parametric and others non-parametric. Based on strong galaxy
lensing quasar measurements, it was realized early on that even
relatively simple smooth lens profiles [such as the singular isothermal
ellipsoid (SIE) model (Kormann, Schneider & Bartelmann 1994)]
fitted the time delays of quasars relatively well, but the fluxes
were difficult to be reproduced due to so-called flux-ratio anomalies
(Mao & Schneider 1998; Metcalf & Madau 2001). Since these early
works, more sophisticated parametric models have been developed
to study strong galaxy lenses, accounting for additional degrees
of freedom such as parameters to describe substructures, shearing,
convergence, and non-singular density profiles (Congdon & Keeton
2018). However, to first order (and neglecting shears), one could
assume that the general morphology of many strong galaxy lenses
is modelled reasonably well using an SIE when supplemented with
conservative modelling errors to account for the additional degrees of
freedom not included in the SIE model (Keeton, Kochanek & Seljak
1997).7

After choosing a lens model, the gravitational lens is characterized
by the parameters of the lens. We denote the lens parameters (i>1. The
lens parameters encode all information strictly related to the lens,
including the lens redshift z; and the parameters describing the lens
surface mass density ¥ (i.e. the mass distribution of the lens). For
instance, for point mass lens, the main lens parameter would be its
mass Mpy (i.e. &D/ = (z;, Mpy)). For SIE, we have <f>1 =(z, f,v)
where f is the lens’ minor to major axis ratio and v is the velocity
dispersion. In this work, we restrict our discussion to the SIE model
as an approximate representation of a galaxy lens.®

The second set of parameters encompasses the GW source infor-
mation ®;, including the source position ﬂ and the source redshift
Zs. Since we only focus on the effects induced by lensing but not
the nature of the GW waveform, we do not need the binary orbital
information (such as its chirp mass and mass ratio).” The last set of
parameters contains the cosmological information &)C. For simplicity,
we only include the Hubble constant H as a free parameter here (and
we also only consider a flat ACDM universe).'” Table 1 summarizes
the different parameter sets.

"Ultimately, corrections to the SIE model are necessary; for example, the
addition of shear will introduce a larger spread on the expected, allowed
magnification values, which would need to be marginalized over. However,
to understand the degeneracies and the general idea behind strong GW lens
modelling, an SIE model with generous modelling uncertainties is expected
to provide a fair qualitative description and starting point.

8The effect of making the lens mass profile more complex will be discussed
in a later section.

9The other GW waveform parameters are nevertheless important, but they
do not enter into lens modelling unless there is a relationship between, for
example, the total mass of the binary and the brightness of the galaxy (see
Wempe et al. 2024 for more information).

101 general, one could also include radiation energy density €2,, matter
density €2,,, and dark energy density €25 as free parameters. However, we
limit the analysis to only Hy for simplicity.

MNRAS 536, 2212-2233 (2025)

Table 1. Three types of parameters in a GW lens system: the lens
parameters <I>1, the GW _source parameter @, and the cosmological
parameters <1>, Within <I>1, z; is the lens redshift and ¥ is the mass
distribution of the lens, for which one should assume a mass model
(in this work, we assume the SIE model with conservative time-delay
and magnification modelling uncertainties, which characterize the
mass distribution by two parameters: the minor to major axis ratio
f and galaxy velocity dispersion v). For ®,, note that we are only
considering the effect induced by lensing (which are magnification
and delayed arrival time of the signal, but not the detail of the signal
or waveform 1tself) hence for the GW source, only its redshift z; and
source position /3 are relevant. For @, in this work, we only consider
the Hubble constant Hy as a free parameter in our flat ACDM universe.

Type: &>1 (lens) 53 (source) EDC (cosmology)

Free parameters: 2, Z Zs5, B Hy

The idea of lens reconstruction is to reconstruct the lens informa-
tion 5>1 based on given observables: in the case of dark siren GW
lensing, the observables are the effective luminosity distances deff
relative time delays Aty ;; and relative Morse index (Morse index
difference) An;; (Fig. 2). If the lens system is located through, e.g.
archival search, then a telescope image of the source galaxy would
be available. The telescope image would provide the flux ratios (and
therefore the magnification ratios u;/u ;) as a function of the image
positions 9,, 9 In the case that an EM counterpart is available, the
GW image positions and fluxes could also be retrieved. Other supple-
mentary information would include the photometric/spectroscopic
redshifts of the lens galaxy z; and the source galaxy z,, and the
measurement of the galaxy lens velocity dispersion o,. Nevertheless,
without supplementary EM information, the lens reconstruction can
only rely on the effective luminosity distances, time delays, and
relative Morse phases retrieved from the GWs.

Aside from the lens profile, inferring source and cosmological
information CTDS and (TDC is also interesting. Lens reconstruction turns
out to be a very important tool or middle-step in various science
applications of lensing, including subarcsecond localization of GW
source, measuring Hubble constant and testing modified gravity
effect on the propagation of GWs (Hannuksela et al. 2020; Finke
et al. 2021; Narola et al. 2023). However, as we will see, even in the
presence of a supplementary, high-resolution telescope image and
photometric/spectroscopic redshifts, the mass-sheet degeneracy will
limit cosmological applications, while, contrary to expectations, the
degeneracy does not affect modified GW propagation tests.

‘We use standard Bayesian parameter estimation to reconstruct the
lens. In particular, our goal is to infer the posterior distribution of
the lens and source parameters, and also cosmological information
given measured data:

P(®;, Dy, D |dow),

where JGW = {dszl, Aty i, An;;} is the GW lensing observables
that we measured. For simplicity, denote all system parameters as
d>a,, = {<I>,, <I>s, o } As mentioned, in this work, we will adopt
parametric models'! in reconstructing the lens. Hence, the dimen-
sionless deflection potential W(X) and Einstein radius 6 will be
parametric.'> So, we denote the parameters that characterize the
selected dimensionless lens profile as &S\p (for example, for an
SIE lens, &y = f), and now the lens parameters are represented

Primarily the SIE lens model.
RThat is, U(X) — W(X; ;) and O — O (oy, Dy, Dyg, Dy).
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by P, = Ok, Dy, 21)- Then, the system parameters are effectively
(Du,, = (/3 Zs, OF, quJ, 21, Hy). As a word of caution, however, some
of these parameters will turn out to be degenerate with one another
when only GW observations (i.e. dark siren) are available. We will
nevertheless first proceed with the Bayesian formulation using the
full set of parameters.

The Bayes theorem allows one to formulate the inference problem.
In particular, using the Bayes theorem, we can write

.- P(dw| D) P(D,
P(@utldow) = (dGWI')(J”))( 24 (11)
GW

where P(JGW@DM) is the likelihood of obtaining measured data
given system parameters, P(&)all) is the prior (probability distribution
Cf>,,” set by prior knowledge) and P(JGW) is the evidence. One
can obtain the posterior P(®yy|dgw) by nested sampling.'> The
nested sampling procedure would then output both the posterior
P(dD,,uldGW) and the evidence P(dGW) The evidence is important
for model comparison (say, comparing the point mass lens model
against the SIS lens model as demonstrated in Wright et al. (2023),
or comparing the SIE lens model versus PEMD (power law elliptical
mass density profile) lens model), which we do not do here. We
focus on the lens reconstruction (inference of the lensing parameters)
instead of model selection/comparison.

We note that the likelihood P(JGW@M) cannot be written down
dlrectly, as the GW data only contains the measured image properties
dL i» Aty ;j and An;;, but no information about d)a” dlrectly Hence,

we would need a mapping to relate dcw and dD,,,,. We denote
the image properties as V;,, = (difﬁ, Aty ij, An;j). Note that image
properties are functions of the system parameters: V;,, = Gim(&)a”).
Assuming a suitable noise model, we can obtain P (JGW|171,,,) easily
[as demonstrated in previous works such as Liu et al. (2021);
Lo & Magaiia Hernandez (2023); Janquart et al. (2023b)]. To
obtam the llkehhood P(dGW|fI>a”) we note that P(dGW|CDa,,) =
f P(dgwlv,m)P(v,m|d>an)dv,m Since the mappmg from d>a” t0 Dim
is a one to one mapping, we have P(v,m|d>au) = 8Wim — v,,,,(dDa,,)).
Therefore, to sample the likelihood, one can set all the system
parameters ®, as free parameters, then solve the image positions
from the lens equation (equation 3), then calculate the image
properties 17,-,,1(5),,”) using equations (4), (5), and (10), and relate
it to the measured data by the likelihood P(JGW|D,-,,1).

As mentioned, in dark siren GW lensing observation, due to
various degeneracies, we would not be able to infer the posterior
P(&Dauﬂgw) of all the parameters &%/1 in the lens system. Instead,
only posterior distributions of some of all free parameters and a
combination of some free parameters can be inferred. Nevertheless,
the idea of lens reconstruction in the Bayesian framework discussed
here remains unchanged.

After dark siren GW lens reconstruction, one could attempt
to localize the corresponding lens-source system in a follow-up
archival search (Hannuksela et al. 2020). Such a joint analysis
could lead to a positive identification of the lens system in EM
channels if the lens galaxy is found and it is sufficiently unique
such that a joint analysis between the EM lens reconstruction and
the GW data could rule out a sufficient number of lenses. The
methodology was demonstrated in Hannuksela et al. (2020) and
Wempe et al. (2024). If the source and host galaxy are localized,

BNested sampling can be used to infer the posterior parameters as long as
a hkehhood P(dGW |<I>a11) (which included the measured data dGW) and a
prior P(<1>u11) is defined.

Gravitational wave lensing degeneracies 2217

one could obtain the redshifts of the source and the lens through
photometric/spectroscopic measurement, and a supplementary lens
reconstruction that could resolve some of the quantities that cannot
be resolved from GWs, such as the Einstein radius, in addition to
giving a supplementary constraints on the other lensing parameters
(such as the axis ratio). However, the localization starts with a dark
siren GW lens reconstruction analysis. Furthermore, understanding
what type of information GW-based strong lensing reconstructions
can provide by themselves and what type of caveats or degeneracies
they are subject to without supplementary information will help in
outlining complementary avenues between the two. Thus, in this
work, we perform lens reconstruction based on (injected) dark siren
lensed GW observations.

To infer the lens parameters, we use the GW Bayesian infer-
ence tool Bilby (Ashton et al. 2019) and the nested sampler
PyMultiNest (Buchner et al. 2014). To model the gravitational
lensing effects, we use the multi-purpose gravitational lensing tool
lenstronomy (Birrer & Amara 2018).

4 SIMILARITY TRANSFORMATION
DEGENERACY

The similarity transformation degeneracy is a degeneracy between
the (angular diameter) distances in the lens system and the angular
scale (i.e. the Einstein radius 0¢) of the lens, and the main reason
for this degeneracy is due to the scale-free nature of many lensing
observables (such as the magnification and time-delay ratio) (Saha
2000). It was first discussed in Gorenstein et al. (1988) from the
perspective of lens equation, and Saha (2000) provided a compre-
hensive review of the degeneracy from the point of view of time-
delay surfaces. Here, we revisit this degeneracy in the context of
GW lensing and formulate it using the dimensionless lens system.
Because of the similarity transformation degeneracy, all (dark siren)
strongly lensed GW observations will be unable to disentangle
the size of the lens from the distances in the source-lens-observer
system and cosmology. Complementary information (either from
EM observations or otherwise) breaks the degeneracy.

We recall that the time delay of an image (relative to unlensed ray)
is given by

l+2z DD , [li -5
i 915
c 2

- ‘1’(3)} ,

which we emphasize again, X and y are dimensionless image and
source position, and W(X) is the dimensionless deflection potential.
Also, recall that the solutions of the dimensionless image position can
be solved entirely from the dimensionless lens equation (equation 3).
Hence, one can write down the time delay in the following form:

t:(X) = T.t(%), (12)

where we define 7(X) as the dimensionless (scale free) time delay:

232
(X)) = ['x 2y| —\y(i)], (13)
and T, as the time-delay scaling:
1 + 2] D/DJ 2
T, = — 0. 14
c D[s E ( )

Note that the time-delay scaling 7, is closely related to the time-delay
distance D, commonly used by other works by

Dy
¢

T, = —2g2, (15)

MNRAS 536, 2212-2233 (2025)
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as Dy, is given by

DD,
DAtE(l—FZz)LI) . (16)

s

Furthermore, assuming a flat universe (i.e. 2; = 0) with fixed
cosmology but a free Hubble constant, we can see % would be a
function of source and lens redshift and the Hubble constant, as the

angular diameter distance D (at redshift z away) is given by
c / d7’
(A+2Hy Jo /Q(I+2) + (1 + 20 + Qa
an

D(Z7 HO) =

where Q,, Q,,, and 2, are the (normalized) present-day radiation
energy density, matter density, and dark energy density, respectively.
Hence, the time-delay scaling is a function of the lens and source
redshift, the (angular) Einstein radius, as well as the Hubble constant:
T. = Ti(z1, 25, O, Hp). All the information containing the scale of
the system (i.e. the redshifts, the angular diameter distances and the
Einstein radius of the lens), as well as cosmological information (such
as Hp) are coupled together in the time-delay scaling 7. Therefore, in
GW lensing, when we measure the relative time-delay between two
images i and j, Aty;; = T,1;, with t;; = (r; — 7;) and ©; = T(X;),
we will have a common factor 7, for all the image pairs. Since the
factor T, enters as an overall multiplication in the time delay, one
cannot disentangle the angular diameter distances, the Einstein radius
0 and the Hubble constant Hy from each other, as they are coupled
together inside 7. In other words, different sets of {z;, z;, 0, Ho}
can give the same value of T, and we would not be able to separate
the two by just examining Aty ;;.

Meanwhile, in GW lensing, we also measure the effective lumi-
nosity distance of each image dsz, =d; //Tii].** We then also note
that the original luminosity distance would be a function of source
redshift and Hubble constant: d; = d; (zs, Hp), as

)c /* d7’
HoJo QI+ 2y +Qu(1+ 2P +Qn

dp = (1+z (18)

We note that in GW observation of compact binary coalescence,
we cannot measure z, directly due to the source mass-redshift
degeneracy.'” The role of dy is very similar to T,: for all the images
and their observed effective luminosity distances, d; would appear
as a common factor, and the (GW source) redshift z; and Hubble
constant Hj are coupled inside d .

4.1 Degenerate transformations

4.1.1 z;-0f degeneracy

Let us illustrate the degeneracy between the distance and the size of
the lens. Suppose, that we introduce a transformation such that the
distance to lens changes in such a way that the overall time-delay
distance changes by factor a. Suppose, furthermore, that the Einstein
radius of the lens changes by factor 1/a'/? with all other quantities

14We stress again that y; is scale free.

151t may be possible for binary neutron star merger if the equation of state is
known and tidal effects are analysed, but we neglect these indirect methods
in the following analysis (Messenger et al. 2014; Pang et al. 2020).

MNRAS 536, 2212-2233 (2025)

t.16

kept constant.'® That is, we introduce the following transformation:

u = 7 = Xou,
Or/a'?,

’
DA, — DAI = DA,a.

GE_)HE;

(Here, xq is chosen such that the Einstein radius gains a factor of
a~'/2) In this case, the overall time delay does not change:

/
T, — T, = @(92)2 = @92 =T,

c c
Since the magnification depends only on the dimensionless quan-
tities, they do not change. For this reason, the effective luminosity
distances also do not change. Thus, under the transformation, all GW
lensing observables are unchanged:

eff eff,/ eff

dp, —dp; = dL,i
Al‘d’,'j — Att;,ij = Ald‘ij

nj—n}=n;j. (19)

That is, the lens system before/after produces identical GW observ-
ables.

4.1.2 Hy-0p degeneracy

Alternatively, one can introduce a transformation in the Hubble
constant and the angular size of the lens (all other quantities kept
constant):
Ho d Hé = H()/a,
O — 0 = Og/a'?,
DA, e d D/At = DA,a,
which is likewise degenerate since
ff 1./ ff
dp; —dp; =dp;,
Atd’,'j — A[(,i,ij = Ald‘ij,
n; —n’;, =n;j. (20)

J

4.1.3 Partial z5-z;-0p-Hy degeneracy

Finally, there exists a non-trivial transformation involving the source
redshift transformations, the Hubble constant, the scale of the lens,
when keeping the luminosity distance fixed:
s = 7y = XiZy,

H() — H(; = H()/a,

d, — d; =d|(z,, Hy) =d,

0E —> Q/E = QE/bl/z,
DA[ e d D/At = DA,b,
where x; is chosen such that d; = d;. The above transformation
likewise leads to the same GW observables:

£ £,/ £f

di; — di,i =dj;,
= Alyij,
nj. 21

Al‘d‘,'j — Al:“j

’
nj—>nj

16The dimensionless source/image positions are kept fixed. Because the lens
equation only depends on these dimensionless quantities, they are not affected
by the transformation.
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Table 2. Three different lens system set-ups leading to the same lensing observables under similarity transformation degeneracy: for the SIE lens parameters,
z1, v, f are the redshift, velocity dispersion, and SIE axis ratio respectively. For the GW source, z;, E are the redshift and the (angular) source position in
arcseconds, respectively. Lastly, Hy is the Hubble constant. The first and second set-ups share the same source redshift and Hubble constant, but the second
set-up has a larger lens redshift and smaller velocity dispersion compared to the first. Meanwhile, the first set-up has relatively low lens redshift and also a
smaller lens galaxy velocity dispersion v compared to the third set-up. For the angular Einstein radius, the first set-up has a larger angular Einstein radius of
0.635 arcsec versus the second set-up’s 0.376 arcsec and the third set-up’s 0.245 arcsec. Since the three systems’ dimensionless system are the same (i.e. they
share the same dimensionless source position y and SIE axis ratio f), and they share the same value of time-delay scaling T, and luminosity distance df, so they
share the same observed effective luminosity distances dzﬂl and Morse index for each of the four images (with the first two images having n = 0 and the last
two images having n = 1), as well as the relative time delay between the image pairs Aty ;; as shown above. The physical picture of the degeneracy represented

by the first two set-ups is illustrated in Fig. 3.

Type of parameters <f>1 (SIE lens)

<f>s (GW source) Cf>c (Cosmology)

Set-up 1 z7=04,v=180kms™!, f =0.7 z;=1.8, 8~ (4.45 x 1073, 6.35 x 10~3) (in arcseconds) Ho = 67.8 kms~! Mpc~!
Set-up 2 2 =08v=175kms™!, f =0.7  z;, =1.8, f~ (2.63 x 1073,3.76 x 1073) (in arcseconds) Hy = 67.8 kms~! Mpc~!
Setup 3 z=11Lv=185kms™ !, f =07 z,=17, 8~ (1.72 x 1073,2.45 x 10~?) (in arcseconds) Hy = 63.2km s~ ! Mpc™!
Lensing observables dzf_fl s dszz dzfg, dIe‘f_f4 (in Mpc) Atg 12, Aty 23, Atg 3 (in's)

Common result for set-ups 1, 2, 3

6383, 6216, 7260, 7624

—33629, —228960, —42685

However, it is worth noting that this final degeneracy is a partial
degeneracy, because d; must be kept fixed in the transformation.
For this reason, the degeneracy can be broken by measuring z; and
6 only, even without z, measurement.'” Section 4.4 will provide a
more detailed formalism for this partial degeneracy.

4.1.4 What quantities are degenerate?

From the above considerations, one should conclude that it is
possible that for two systems with very different absolute scales
and distances as well as different values of the Hubble constant (i.e.
different set of {z;, z;, O, Hp}) can share the same time delays and
effective luminosity distances in their lensed signals. That is, the
scale of the lens 6, the redshift to the lens and source z;, z,, and
the Hubble constant H, are entirely degenerate with one another.
To further illustrate the effect, Table 2 shows three very different
SIE lens systems that would lead to the same lensing observables.
The first two systems considered are illustrated in Fig. 3. Saha
(2000) referred to the transformation that induced the degeneracy
presented above as the similarity transformation; therefore, we call
this degeneracy the similarity transformation degeneracy. To back up
these arguments, we will give further evidence of these degeneracies
in our lens reconstruction results, where the degeneracies between
{z1, zs, O, Hy} are obvious.

4.2 Lens reconstruction with similarity transformation
degeneracy

What can GWs tell us about the galaxies that lens them? For dark siren
GW lensing (i.e. observation without EM counterpart or any other
supplementary information), we can only measure the relative time
delays Aty ;;, effective luminosity distances diffi and relative Morse
indices An;; of the images.'® In this case, only a limited amount of
information can be reconstructed. We focus on galaxy lenses here:

"More technically, if there are 4 degrees of freedom in allowing for zy, z/, 0k,
and Hj to vary, then the condition d’L = dy, produces one ‘constraint’, such
that there are really only 4 — 1 = 3 degrees of freedom, so a measurement of
two out of the four degenerate quantities is sufficient to break the degeneracy.
18The absolute Morse phase of type-II images may also be measurable when
the GW experiences higher order modes (Dai & Venumadhav 2017; Ezquiaga
etal. 2021; Wang et al. 2021a; Janquart et al. 2021b).

img. 1(" Setup 1 Common Result
® of Both Setups
z;=04
z,= 1.8
(™ = N o Aty =-33629 s
- >
img. 2 L.a me 1 e
lens: 6 = 0.635" i Ja) [\
Setup 2 i !
img. 1 ¢ up
& o
™ 5=08 d?; ;=6383 Mpc
z,=18¢ :
L.\ — ~ d, ,=6216 Mpc
~ . - 0 '
o
im ZL. .
g.
lens: 6= 0.376"

Figure 3. Illustrative example of similarity transformation degeneracy in
GW lensing: the upper and lower lens system on the left panel corresponds
to set-ups 1 and 2 described in Table 2, respectively. They share the same
dimensionless system, source redshift and Hubble constant, but they have
different lens redshift z; (0.4 versus 0.8), velocity dispersion v (180 km s~!
versus 175 km s~1) and hence Einstein radius 8z (0.635 arcsec versus 0.376
arcsec). However, as shown on the right panel and in Table 2, they lead to the
same measurement of relative time delays and effective luminosity distances
of the images as their dimensionless system are the same and the values of
T, and d;, also match.

as the image with Morse index n; = 2 (i.e. the type III image) is
a highly demagnified (central) image that can rarely be observed in
galaxy lensing for the current generation of GW detectors (Dahle
et al. 2013; Collett & Bacon 2016; Collett et al. 2017; More &
More 2022), we neglect it (we would leave analysis that includes
the central image to future studies). Meanwhile, the images with
Morse index n; = {0, 1} correspond to positive and negative value
of magnification p, respectively (Vijaykumar, Mehta & Ganguly
2023). In addition, for a typical galaxy lens system with four images,
the arrival order of images is types I-I-II-II (Schneider, Ehlers &
Falco 1992; Wierda et al. 2021). Hence, assuming all four images
are observed, we can sort out the image types by arrival order, which
would be included in the lens reconstruction process. GWs can thus

MNRAS 536, 2212-2233 (2025)
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Table 4. GW lensing observables of injected system setup shown in Table 3. Note that we have four images, and the image types are I-I-1I-II.

Observables eff  geff  jgeff

Effective luminosity distance: dj |, dj 5, dj 3, de“ (in Mpc)

Relative time delay between images: Aty 12, Atg 23, Aty 34 (in's)

Injected values 9404, 9237,12596,13169

—176409, —1554126, —210470

Table 3. Injection values of the system parameters for our lens reconstruction example: (1) for the lens parameters, z;, v, f are the redshift, velocity dispersion
and SIE axis ratio, respectively. Note that we align the long axis of the SIE with the vertical axis (i.e. the y, or x2 axis). (2) For the source, z;, B are the redshift
and the (angular) source position in arcseconds, respectively. (3) For cosmology, Hy is the Hubble constant.

Type of parameters Cf)l (SIE lens)

&>S (GW source) Cf)c (cosmology)

Injection values 27 =05v=240kms™!, f =0.5

s =2~

(0.00592, 0.00887) (in arcseconds) Hp=67.8kms™! Mpc_1

yield the effective luminosity distances dL ;» relative time delays
Aty ;j, and absolute Morse phases n; as observables. However, it is
important to understand what lensing quantities these observables
can map to; it is clear that due to the similarity transformation
degeneracy, not all lensing quantities can be measured. '’

From a reverse engineering point of view, after we obtain the GW
observables (dszi, Aty ij, n;), we can obtain the absolute value of the

magnification ratio of images by

deff
= ( st ) ) 22

which is completely determined by the dimensionless lens system®
after d; is cancelled out. We note that, for our galaxy lensing
case where we ignore type III images, one can also obtain the
magnification ratio (signs included) by taking the Morse index into
account:

. deff 2
o= ( = ) (=12, 23)
J

Meanwhile, we can also make use of the ratio of relative time
delay of different image pairs and obtain the ratio of dimensionless
time delay:

K
i

T _ Alaij , 24)
Tmn Atd,mn
which is completely fixed by the dimensionless lens system, meaning
it does not depend on the time-delay scaling 7. Suppose we have
sufficient number of observed images and a parametric lens model
(for instance, four images and an SIE lens mass profile). In that case,
we can reconstruct the dimensionless lens system from the effective
luminosity distance ratios and relative time-delay ratios. For instance,
if we choose SIE to be our lens model, using the magnification ratios
wi/p; and dimensionless time-delay ratios 7;;/T,,, one would be
able to reconstruct the axis ratio f (which is part of the dimensionless
system), as well as the dimensionless source position y (hence also
the dimensionless image positions X by equation 3). In Section 4.5,
we use a SIS lens to demonstrate this idea analytically.

After reconstructing the dimensionless lens system, using equation
(13), we can calculate the dimensionless time delay 7; of the ith
image. Then we can obtain the value of T, from the observed

19For example, can we retrieve the Einstein radius? How about the axis ratio?
‘What about the redshifts?

20That is, it only depends on the scaled image/source positions and the scaled
lens potential, but not on the angular diameter distances or the Einstein radius
(scale of the lens).
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Aty ;; using equation (12). Similarly, we can calculate the ith
image’s magnification yu; from equation (5) and use the relation
d;, = d§" \/Iu;] to calculate d; .

What, therefore, can GWs alone infer? GWs can be used to
recover the dimensionless system: dimensionless source position y
and dimensionless deflection potential parameters ®, from the ratios
Wi/m; and 7;; /T,,,. However, in terms of the scale of the system, we
can only recover the time-delay factor/scaling 7, and the absolute
luminosity distance d; . Therefore, we will not be able to infer the
actual physical scales and sizes (such as D;, D;, and 6g) and the
actual mass distribution X. In other words, we can only reconstruct
the posterior P(y, &DW, T., dL|JGW) (under a selected lens model
and form of W(X)), but not the posterior of all free parameters
P(<i>au |JGW) that would allow inferring the cosmological parameters
from the lens system. Therefore, in the process of lens reconstruction
from dark siren lensed GW in the Bayesian framework, we should
only set {V, <I>.p, T,,d.} as the (1rreduc1ble) free parameters in our
lens model, mstead of CDa” = (,3 Zs, 0k, d>q, 2, Hp). That is, the
inference of {¥, (D\p, T., d;} is a data driven, while inference of <I>u1,
is a prior-driven.?!

Below, we demonstrate parameter estimation results using our
‘irreducible’ parameters, which accounts for the similarity trans-
formation degeneracy. We inject an SIE lens with the parameters
described in Table 3. After obtaining the injected observables for
the four images as described in Table 4, we perform Bayesian
parameter estimation of the lens system. We note that, for simplicity,
we do not inject any GW waveform nor perform any GW param-
eter estimation. Instead, we assume the GW analysis is already
completed beforehand (similar to Caligkan et al. 2023) and we
directly work on the resulting postenors/measurement of the GW
lensing observables dGW = {dL i» Aty ij, An;;}: motivated by Liao,
Biesiada & Zhu (2022), Wempe et al. (2024), and Abbott et al. (2023),
for P(nghjim) we assume a simple and uncorrelated Gaussian
with 5 per cent error on the measured deff and Aty j.22 Under the
similarity transformation degeneracy for dark siren GW lensing,

211y particular, prior information about z; and 6 are required to perform
meaningful reconstructions with &>ull (such a prior-information-driven ap-
proach was demonstrated in Jana et al. (2023), which supports the assertion).
22This is to roughly account for both measurement and lens model uncertain-
ties. Note that a correlated probability distribution of the measured deff and
Aty ;; that emerge from direct GW data analysis (such as Haris et dl 2018
Hannuksela et al. 2019; Janquart et al. 2021a; Goyal et al. 2021b; Janquart
et al. 2022, 2023a, b; Lo & Magafia Hernandez 2023; Abbott et al. 2024)
should be used in an actual quantitative analysis; we are primarily interested
in understanding the various lensing degeneracies qualitatively, where a rough
representative error estimate should be sufficient.
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= 0.01345

y2 = —0.01368

Y2

= 0.4910%8

Figure 4. Result of SIE lens reconstruction of dark siren lensed GW using
injected parameters shown in Tables 3 and 4, which an uncorrelated Gaussian
likelihood with 5 per cent error on observed relative time delays and effective
luminosity distances is assumed. After taking similarity transformation
degeneracy into account, the five free parameters in the inference are
{y = 1, y2), f Tx, dr}, which are the dimensionless source position, the
SIE axis ratio, the time-delay scaling 7, = H',Z’ Dll)—l:“ﬂ%, and the (unlensed)

c
luminosity distance, respectively. In this figure, we show the posterior

distribution of the parameters that represent the dimensionless lens system:
¥ = (y1, y2) and f. We can see, the parameters are recovered fairly well. We
note that the dimensionless source position suffers from multiple solutions
only because SIE lens has two degrees of reflectional symmetry. Other than
that, there is no degeneracy among the parameters.

we would only sample five free parameters in this case: the two-
dimensional dimensionless source position ¥ = (y;, y»), the SIE axis
ratio f, the luminosity distance d;., and the time-delay scaling T,.
We also assume a uniform prior for all parameters for simplicity.
Figs 4 and 5 show the lens reconstruction result of the system’s
dimensionless parameters (y, f) and parameters that represent the
scale of the system (7, d|.), respectively. First, there are four peaks
in the posterior for the dimensionless source position y. This is
to be expected due to the reflectional symmetry of the SIE lens.
Then, we can see for all five parameters, the injected values are
included in the recovered posteriors. The full parameter estimation
result of all five parameters is shown in Fig. 1 in the supplementary
material.

We then repeat the exercise with seven free parameters: {y =
1, ¥2), f» 098, 25, 21, Hp}, which does not account for similarity
transformation degeneracy. The set-up is identical to the run pre-
sented in Figs 4 and 5, with a uniform prior on all sampling
parameters. Fig. 6 shows the posterior distribution of the parameters
that describe the scale of the system: namely, the Einstein radius
6r, the source and lens redshifts, z,, z; and the Hubble constant
Hj. The full result of the parameter estimation is shown in Fig. 2
in the supplementary material. As expected, the four quantities that
describe the actual scale of the system, {6g, z, z;, Hp}, are poorly
recovered and constrained due to the degeneracies that are present
among these parameters: for instance, the z,-H, relation is spanned
across the entire parameter space diagonally, implying that the two
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Figure 5. Result of SIE lens reconstruction of dark siren lensed GW using
injected parameters shown in Tables 3 and 4, which an uncorrelated Gaussian
likelihood with 5 per cent error on observed relative time delays and effective
luminosity distances is assumed. After taking similarity transformation de-
generacy into account, the five free parameters are {y = (y1, y2), f, Tx, dL},
which are the dimensionless source position, the SIE axis ratio, the time-
delay scaling T, = ltz’ %Gﬁ and the (unlensed) luminosity distance, re-
spectively. In this figure, we show the posterior distribution of the parameters
that represent the scale of the lens system: 7y (in seconds) and d;, (in Mpc).
We can see, the two parameters are recovered fairly well.

are fully degenerate (due to their combination within d; ). Similarly,
the z;-0f pair is also highly degenerate. Meanwhile, we note that the
dimensionless system parameters are still recovered (see Fig. 2 in the
supplementary material). Therefore, despite having seven constraints
from the dark siren GW observations (four dszj and three Aty ;;),
which, naively, could be matched to the seven free lensing parameters
(f,v, ¥, zs» 25, Ho), one cannot constrain the full system due to the
similarity transformation degeneracy. Indeed, these results support
our earlier discussion.

A detected, strongly lensed GWs would give us a measurement
of the relative time delays Aty ;; and effective luminosity distances
dsz, With just P(Atg;;) and P(dzr:';-), as demonstrated above, we
would suffer from similarity transformation degeneracies and can
only infer a reduced number of parameters of the system. This
may not be very useful for science application that rely on lens
reconstruction. However, if the lens system is localized through
an archival search or a rapid EM follow-up, complementary EM
information of the corresponding lens system, especially the lens and
source redshift and Einstein radius of the lens, can break the similarity
transformation degeneracy. In Section 4.4, we demonstrate that such
identification and EM information is crucial to the Hubble constant
measurement.

4.3 Lens reconstruction with two or three images only

Here, we provide additional examples of dark siren GW SIE lens
reconstruction attempt with only two or three of all four GW images
are used in the process of parameter estimation. In practice, this may
have to be done when the remaining lensed images have not arrived
yet, or they are too dim to be detected. We also assume the order of
the two or three images are identified or assumed correctly within
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Figure 6. Result of SIE lens reconstruction of dark siren lensed GW using injected parameters shown in Tables 3 and 4, without accounting for similarity
transformation degeneracy. An uncorrelated Gaussian likelihood with 5 percent error on observed relative time delays and effective luminosity distances is
also assumed. The seven free parameters are {¥ = (y1, y2), f, O (in arcseconds), zs, z;, Ho (in km s7! Mpc_l)}, which are the dimensionless source position,
the SIE axis ratio, the Einstein radius, the source and lens redshift and the Hubble constant, respectively. Here, we show the posterior distribution of the four
parameters that represent the scale of the system: 6 (in arcseconds), z;, z;, Ho (in km g1 Mpc_l). They are poorly recovered (which can be sensitive to prior
choice) and showed high degree of degeneracies, which is expected from similarity transformation degeneracy.

all images.?* The set-up of the lens system is presented in Tables 3
and 4.

Fig. 7 presented the result of parameter estimation of the dimen-
sionless system parameters y = (y1, y») and f in the case of only
using the first two images. The full result is shown in Fig. 3 in the
supplementary material. We note that an uncorrelated Gaussian like-
lihood with only 0.001 per cent error on the observables is assumed
in order to minimize uncertainty. As shown, the injected parameters
are not recovered and the posteriors appears uninformative. This is
expected, as there is a mismatch in degree of freedom: we only have
three observables (d§, d§™, and Aty,12), but the entire lens system
has five irreducible free parameters ({y = (yi, y2), f» Tx, d}).

Figs 8 and 9 show the result of the inference of the lens system’s
dimensionless parameters using the first three images, with the

2370 elaborate, we first obtain the injected observables from, for instance,
the first three images (in practice, since the first two images are type I image
and the third one is type II image, we would not be able to distinguish if we
observed the first three images or the first two and fourth images from the
lens system). Then we attempt lens reconstruction by (correctly) assuming
that the three images we obtained are the first three of the four images.

MNRAS 536, 2212-2233 (2025)

difference being they assume a 5 and 0.01 percent error on the
(uncorrelated) Gaussian likelihood of the observables, respectively.
The full results are also shown in Figs 4 and 5 in the supplementary
material. From Fig. 8, we can see the injection overlaps with the
posterior, although the uncertainties are quite broad. From Fig. 9,
which the error of the Gaussian likelihood is small and the parameter
estimation uncertainty is minimized, we recover the injection value
accurately. This result is also expected, as the five degrees of
information in the observables (d§", d§™, d§", Aty 1, and Aty 23)
match the five degrees of freedom in the irreducible free parameters
({y = (y1, »2), f, Ty, d}). However, we note that the inference
accuracy will not be as good as the case of using all four images.
None the less, it may still allow us to predict the image property of
the fourth image and help for preparing or searching for the fourth
image in the GW data, given that we identify the order of the images
correctly, as discussed in Ng et al. (2024).

4.4 Science application: Hubble constant measurement

Here, we review the procedures of measuring Hubble constant from
lensed GW in the context of the various degeneracies. Demonstra-
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Figure 7. Resultof SIE lens reconstruction of dark siren lensed GW using in-
jected parameters shown in Table 3 and the observables of the first two images
from Table 4, which an uncorrelated Gaussian likelihood with 0.001 per cent
error on observed relative time delays and effective luminosity distances is
assumed. After taking similarity transformation degeneracy into account, the
five free parameters in the inference are {3y = 01, y2), f, Ts, dr}, which are
the dimensionless source position, the SIE axis ratio, the time-delay scaling
T, = Lf’ D[’)—ID_J@% and the (unlensed) luminosity distance respectively. In this
figure, we show the posterior distribution of the parameters that represent the
dimensionless lens system: ¥ = (y;, y2) and f. We can see the parameters

cannot be recovered and the posterior is uninformative.

tions of such Hubble constant measurements have been done by
various authors in the context of supplementary EM data, including
Liao et al. (2017), Hannuksela et al. (2020), and statistical studies by
Jana et al. (2023).

Suppose one has access to the EM counterpart or observation
of the lens galaxy and the lensed host galaxy of the GW source,
for example, through an archival search or a rapid EM follow-up
Hannuksela et al. (2020) and Smith et al. (2023). In this case, we
have access to the source and lens redshifts (z; and z;). With this
additional information, one can measure the Hubble constant H,
as follows. Since the (unlensed) luminosity distance of the source
d; and angular diameter distance to the source D, are related by
D, = d; /(1 + z,)?, T, can be written as

1 + Vi D[ dL 2 D[ 1 + 2] 2
T, = — 7295 =d; | — ——%
C Dls (1 + Z.v) Dl.v C(l + Zs)
For our flat universe, we note that the Hubble constant information

is encoded in the luminosity distance d; as shown in equation (18).
Then, we write

(25)

D, 14z
Aty = Tty =d; [ ! ! 2] ij

Dy c(1+2,)° *
= dL GT,‘/', (26)

where G is defined as

ﬂ 1+2z 92

Dy c(1+2,)* °

We stress that G is independent of the Hubble constant (as it cancels
outin the factor D;/ Dyy). In addition, some may argue that the angular

G =G, 2, 08) = e4))
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Figure 8. Result of SIE lens reconstruction of dark siren lensed GW using
injected parameters shown in Table 3 and the observables of the first three im-
ages from Table 4, which an uncorrelated Gaussian likelihood with 5 per cent
error on observed relative time delays and effective luminosity distances is
assumed. After taking similarity transformation degeneracy into account, the
five free parameters in the inference are {3 = &1, y2), f, Ts, dr}, which are
the dimensionless source position, the SIE axis ratio, the time-delay scaling
T, = #D[’)—?Seé and the (unlensed) luminosity distance, respectively. In
this figure, we show the posterior distribution of the parameters that represent
the dimensionless lens system: y = (y;, y2) and f. We can see, the parameters
can be recovered, but with very large uncertainty.

Einstein radius 6z may be dependent on H,, for instance, for a point
mass lens with mass M, 0 = /4G M D;;/c? D, D,. But we note that
for some lenses, such as the SIE (and SIS) that we are considering
here, 8z = 4w v?Dy,/c* Dy is independent of the Hubble constant
(Biesiada, Piorkowska & Malec 2010; Cao et al. 2015). Therefore,
one should treat 6 as just an angular scale of the lens that one can
observe with an EM telescope (Gonzélez et al. 2020).

To summarize, from lensed GWs, we would obtain At,;; =
d; Gt;; and dszl = d; /+/Iui]. Previously, we mentioned we would
be inferring 7, and d; in GW lens reconstruction, but here, we note
it being equivalent to inferring the value of d; and G instead. This
would collectively describe the degeneracies outlined in Section 4.1,
especially the partial degeneracy as a result of {z;, z;, Or} being
coupled in the two separate quantities dy (zy, Hy) and G(z;, zs, OF).

If the gravitational lens system is identified in the EM band,
the EM telescope image data, as well as source and lens redshift
information from photometric/spectroscopic redshift measurement,
will yield a measurement for zy, z;, and 0 directly. In principle, it
may be possible, in certain rare scenarios, that the lens system is
identified without identification of the source galaxy. In such a case,
z; and O might be known and one would be able to solve for z; from
the inferred value of G. That is, z, can be inferred and is not required
for cosmological applications. Indeed, one can solve for Hy from the
inferred luminosity distance d; (z;, Hp) together with the time-delay
distance. That is, the source redshift is not strictly speaking required
for cosmological applications.

To illustrate this, we perform a post-lens reconstruction anal-
ysis using the result from the last section (i.e. the posterior
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Figure 9. Result of SIE lens reconstruction of dark siren lensed GW
using injected parameters shown in Table 3 and the observables of the first
three images from Table 4, which an uncorrelated Gaussian likelihood with
0.01 per cent error on observed relative time delays and effective luminosity
distances is assumed. After taking similarity transformation degeneracy into
account, the five free parameters in the inference are { ¥ =01, y2), f> T, dr},
which are the dimensionless source position, the SIE axis ratio, the time-delay
scaling T, = 1%‘””[1,7250% and the (unlensed) luminosity distance, respec-
tively. In this figure, we show the posterior distribution of the parameters
that represent the dimensionless lens system: y = (y;, y2) and f. We can
see that the parameters have been recovered fairly well. We note that the
dimensionless source position suffers from multiple solutions only because
SIE lens has two degrees of reflectional symmetry. Other than that, there is
no degeneracy among the parameters.

P, f, T, dLIJGW) showed in Fig. 4, Fig. 5 (and also Fig. 1 in
the supplementary material), from which we infer Hy. We assume
the correct lens system is identified from EM observations, and we
further assume the precise value of z; = 0.5, 0 =~ 0.592 arcseconds
and z, = 2 are obtained without uncertainty. Fig. 10 shows the result,
in which we recovered the injected value of the Hubble constant
without source redshift. Therefore, the similarity transformation
degeneracy can be broken, and the Hubble constant can be measured
when one can observe the lens and the host galaxy through another
channel.

In our discussion, we stated that, due to the similarity transforma-
tion degeneracy, we could only perform precise cosmological studies
in GW lensing when complemented with EM information (source
and lens redshift, as well as Einstein radius). But we stress that, it is
still possible to constrain cosmological parameters (such as Hy) to
some degree if a known statistical distribution of the source and lens
redshift (z; and z;), as well as the velocity dispersion v of the lens are
applied in the analysis (such statistical distribution can be obtained
by non-lensing related survey). Such methodology is demonstrated
in Jana et al. (2023) (in which they also studied the constraint on
the matter density €2,,). In our work, we restrict ourselves to the
case of precise measurements, where we do not use the statistical
distributions of the source and lens parameters z;, z;, and v. This
explains the apparent discrepancy between our conclusions.
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Figure 10. Result of Hubble constant Hy inference using result from the run
shown in Figs 4 and 5 (and also Fig. 1 in the supplementary material),
after assuming accurate information of z; = 0.5, 0 ~ 0.592 arcsec and
Zs = 2 obtained from EM observation and lens system identification. The
parameters shown: {7, (ins), d; (in Mpc), Hy (in km s~! Mpc™!)} are the
time-delay scaling, the luminosity distance and Hubble constant, respectively.
‘We note that the peak of the inferred Hy overlaps with the injection value of
67.8 km s~! Mpc™!.

4.5 Analytical example: SIS lens

Here, we provide an analytical example to explicitly demonstrate
the idea of dark siren GW lens reconstruction under similarity
transformation degeneracy. Consider a singular isothermal sphere
(SIS) lens, with its surface density given by

1)2

28’
where v is the velocity dispersion of the lens galaxy and {,? is the
(Cartesian) impact parameter on the lens plane (i.e. g? = X0p D; in our
notation). Its (angular) Einstein radius is given by 8z = 4w v’ Dys/ D
and the dimensionless deflection potential is W(X) = |¥| (Taka-
hashi & Nakamura 2003).

Therefore, the dimensionless lens equation is now

) = (28)

S . . 1
y=x—V;|x|=x(1—m). 29)

Since this is a symmetric system, we expect the source and images
to lie on the same line (which goes through the centre of the lens).
Hence, it becomes a one dimensional problem: y — y, ¥ — x.
Moreover, we can set y > 0 without loss of generality. Then, the
dimensionless lens equation becomes

1
y:x(l—m>, (30)

which has two solutions for the dimensionless image position when
O<y<l:

xy=y+1,

x_=y—1. 31)
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We then have the time delay of the x, image as

14z DDs , [ly+1—yP
t = 0 — 1
a(xy) o Dy E 2 »+D
1+z DD, , 1
= — 0| —y—=], 32
C Dlx E Y 2 ( )
and that of the x_ image as
1+z DD, , 1
ti(x_) = —— 0% -—= . 33
ax-) e D, eV 3 (33)

Hence, the relative time delay between the two images is

_ 1+Zl Dle

At
a Dy,

02(2y) = T.(2y). (34)

Meanwhile, the image magnifications are given by
ne =141/, (35)

The corresponding effective luminosity distances are

di" =dp/\/lnsl = do//1E£1+1/y]. (36)

Now, assume we only have dark siren lensed GW observation
so that we only observe Az, and d§",. Furthermore, assume the
observables we obtained are certain. One can then solve for the

dimensionless source position y fully in terms of the observables: by

realizing p4 /pu_ = — (dzfﬁ/dff&)z, we have

2
Cope/pe =1 (T /dT) 41

- = Lo . (37
€ €] 2
Me/p—+1 (gt et )" — 1

Then, from equation (34), T, can be calculated from the observables
directly as

At Aty (a5 ydst )t -1

Ty T2 (g e 3%
y (i /di )" +1
and d;, can be calculated by
(a5 /)" —1
dp=dj", | |1+ ———= (39

(a5 /dif, )+ 1
At this stage, we have used up all the information we have, finding
the value of T, but not being able to find the values of its components,
including 6 (which is then related to the velocity dispersion v of
the galaxy). Therefore, in a more general dark siren SIS lens recon-
struction scenario, we would only be able to infer P(y, Ty, d,. |jGW),
instead of the full joint posterior distribution P(v, z;, B, zs, Ho |JGW),
which would be the optimal result.

5 MASS-SHEET DEGENERACY

The mass-sheet degeneracy (or magnification degeneracy) was first
pointed out by Falco et al. (1985). It refers to a transformation of
the lens system that leaves observables such as image positions and
flux/magnification ratio of images invariant, except for the quantity
Hyt,. This degeneracy is a well-known issue in lensing observation
and analysis on the EM side, and it can lead to a biased estimation of
the Hubble constant H, from lensing if unaccounted for (Schneider &
Sluse 2013).

The mass-sheet transformation modifies the convergence of lens
model as follows (Schneider & Sluse 2013):

7(6) = (1 — ko) (6) + Ko, (40)

Gravitational wave lensing degeneracies 2225

where £ denotes the transformed convergence of the new lens model
and « denotes the original convergence of the original lens model.
Physically, it can be interpreted as adding a uniform and infinitely-
spanning mass sheet with convergence « at the lens while reducing
the mass density of the original lens by the factor of (1 — k(). The
presence of such mass sheet may be due to external convergence,
such as the lens being embedded in low-mass galaxy cluster, or due to
structures along the line of sight (Falco et al. 1985; Schneider & Sluse
2013; Birreretal. 2016). Schneider & Sluse (2013) also demonstrated
that the infinitely spanned uniform mass sheet has very similar effect
as a finite mass sheet that is located within 265 from the centre of
the lens, hence the mass-sheet transformation can also approximate
a similar transformation of the lens model just near the core region of
the lens. Note that the Einstein radius 6 is not modified.** We also
note that, the transformed dimensionless deflection potential, W (X),
becomes

() = (1 = k)W (F) + %Iflz- (41)

The transformation also changes the old source position E to the
new source position B by

>

B =(—r)p. (42)
In dimensionless coordinates, the transformation is simply
y =~ (43)

where y is the new dimensionless source position.
Therefore, the transformed lens equation is

y=X—-Vi¥@). (44)

Directly substituting the transformation above, we have the following
steps:

- - - L
(1= ) = % = Vi [(1 = ) W@ + T [7F]
o > Ko -2
= %= (1 =) Ve V(@) — T Vi
=X — (1 —k)Vz¥(X) — kX
= (1 —k0)¥ — (1 — ko) Vz W (X),

which, after cancelling (1 — k) from both sides, reduces to the
original lens equation of the system before mass-sheet transforma-
tion: y = X — V;W(¥X). Hence, the solution of dimensionless image
position X remains the same, and since the Einstein radius is not
changed, the actual image positions of the lens system are not altered
by the mass-sheet transformation. Therefore, it is impossible to lift
the degeneracy from image position alone, even in the case of EM
lensing observation (Congdon & Keeton 2018).

Under the mass-sheet transformation, the new image magnification
is
_—_— Hi
ST
where p is the original magnification before mass-sheet transfor-
mation and the subscript i denotes the ith image. We note that,
since all image magnifications are affected by the same factor of
(1 — ko) ~2, the magnification ratios are preserved under mass-sheet
transformation
A B
mj ny

(45)

(46)

24n fact, for a circular lens, the mass-sheet degeneracy also preserves the
total mass within the Einstein radius (Saha 2000).
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Figure 11. Illustrative example of mass-sheet degeneracy in multimessenger lensing: the upper and lower lens system on the left panel corresponds to a lens
system before and after mass-sheet transformation respectively. We note that the source emits both EM waves and GW waves (for instance, a binary neutron star
merger, or a binary black hole merger and its host galaxy). The middle panel illustrates the image position and magnification observed through EM telescope,
and the right panel illustrates the relative time delay between images observed by GW detectors. Due to mass-sheet degeneracy, the two systems lead to the
same image positions, flux ratio, and relative time-delay ratio of different image pairs.

Hence, in the case of EM lensing observation, as long as the actual
source flux is unknown and we only have access to flux ratio between
images, we cannot lift the mass-sheet degeneracy.

For GW lensing, since it is a standard siren, in the case of no lens
and source redshift measurement, after mass-sheet transformation,
we will be measuring effective luminosity distance of the images:

g:ff = dL = dL(l — KO) = dzo
VA Vil Vil

where we define d;° = (1 — ko)d;, as the mass-sheet-degenerated

luminosity distance. We also note that the Morse index of the images

remain unchanged.
Moreover, the new relative time delay is

47

Aty = (1 — ko) Aty j, (48)

where Atg;; = T,7; is the original relative time delay between
image i and j, and again, we emphasize that 7;; is difference of the
dimensionless time delay for image pair i, j of the original system.
Hence, we can define the mass-sheet-degenerated time-delay scaling
as

T = (1 — k)T, (49)
We can then write the new relative time delay as
At_d,ij = T*KU Tij- (50)

In addition, we note that, similar to the invariant magnification ratio
of different images, the relative time-delay ratios of different image
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pairs:
Alaij _ Ty (51)
Al T

are also invariant under mass-sheet transformation due to the com-
mon factor of 7, on all time delays. Fig. 11 summarizes the physical
picture and the invariant observables of a multimessenger lens system
under mass-sheet transformation.

5.1 Lens reconstruction with similarity transformation and
mass-sheet degeneracy

Here, for dark siren GW lensing, we can only measure relative
time delays Af;;; and effective luminosity distances Jfﬁ- of the
images. In lens reconstruction, since 70 and d;° are common
factor of all the images’ relative time delay and effective luminosity
distance, respectively, similar to the case of similarity transformation
degeneracy, we can eliminate them and obtain the magnification
ratios as

Feff \ 2
ﬂ — (d_le‘s] (—I)An”
i dif; 7

(52)
and the dimensionless time-delay ratios as
Tii Af, if
Sy 2y (53)

Tmn At_d,mn

From these ratios, we can only reconstruct the dimensionless system
that does not have mass-sheet transformation taken into account,
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Table 5. Injection values of the system parameters for our lens reconstruction example under mass-sheet transformation: (1) for the lens parameters, z;, v, f, ko
are the redshift, velocity dispersion, SIE axis ratio and mass-sheet convergence, respectively. Note that we align the long axis of the SIE with the vertical axis
(i.e. the y, or x3 axis). (2) For the source, z;, B are the redshift and the (angular) source position in arcseconds (before mass-sheet transformation is applied),

respectively. (3) For cosmology part, Hy is the Hubble constant.

Type of parameters <f>l (SIE lens with mass sheet)

<f>s (GW source) <f>(, (cosmology)

Injection values z;1 = 0.5, v =240 km s f=0.5,k =0.05

s = 2, E ~
(0.00592, 0.00887) (in arcseconds)

Ho = 67.8 kms~! Mpc~!

Table 6. GW lensing observables of injected system setup shown in Table 5. Note that we have four images and the image types are I-I-II-11.

Relative time delay between images: Aty 12, Aty 23, Atg 34 (in's)

—167588, —1476420, —199947

Observables Effective luminosity distance: dszl R dz“z dzfg dzfa (in Mpc)
Injected 8934, 8775, 11966, 12510
values
Tro/108]s] = 7.81+5 23 Parameter
Estimation With:
GW Data
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Figure 12. Result of SIE lens reconstruction of dark siren lensed GW using
injected parameters shown in Table 5 and Table 6. After taking similarity
transformation degeneracy and mass-sheet degeneracy into account, the five
free parameters are {y = (y1, y2), f, T,fo, dzo}, which are the dimensionless
source position (before mass-sheet transformation), the SIE axis ratio, the
mass-sheet-degenerated time-delay scaling T =(1 - Ko)# Dg)—,‘jseg and
the mass-sheet-degenerated luminosity distance, respectively. Here, we show
the posterior distribution for the parameters that describe the scale of the
system: 7,* (in seconds), dzo (in Mpc). We can see, the two parameters are
recovered fairly well without degeneracy.

namely the original (pre-mass-sheet-transformation) lens profile
W(X) (for instance, the axis ratio f in SIE lens) and also the original
dimensionless source position y. Then, we can only infer the values
of the mass-sheet-degenerated time-delay scaling 7,° and the mass-
sheet-degenerated luminosity distance d;°, and we emphasize that we
cannot resolve any terms inside of them. In summary, we can only
reconstruct P(y, W(X), T/, dZ‘)lJGW) with dark siren GW lensing.
Here, we show an example of dark siren GW lens reconstruction
under both similarity transformation degeneracy and mass-sheet
degeneracy. Similar to Section 4, we inject an SIE lens with the sys-
tem parameters shown in Table 5, which gives injected observables
presented in Table 6. Same as the likelihood P(c?GW |Vi,n) described
in Section 4.2, we assume an uncorrelated 5 per cent Gaussian error
on the measured d;"; and Aty ;. Fig. 12 shows the result of lens
reconstruction of the free parameters {70, d;°} (the full result of
parameter estimation of the parameters {y, f, T, d;"} is shown in

Fig. 6 in the supplementary material), and we are able to recover
them accurately. However, it is not possible to distinguish the effect
of mass-sheet convergence xy from the absolute time-delay scaling
T, or luminosity distance d;. We note that, in Section III A of
Cremonese et al. (2021), they also demonstrated the scaling relation
of mass-sheet density and the GW amplitude [which is related to the
effective luminosity distance defined in equation (47)], as well as
mass-sheet degeneracy itself from the perspective of GW waveform
in the geometric optics.

5.2 Inability to resolve mass-sheet degeneracy even with a
telescope image and spectroscopic redshifts

Similar to Section 4.4, we assume we obtain the source and lens
redshift (z; and z;) through identifying the corresponding lens system
in EM observations. We furthermore assume that the Einstein radius
O can be obtained from a high-resolution image of the lens. Since
GW is a standard siren, it may intuitively make sense that one should
be able to break the mass-sheet degeneracy and measure both «, and
H, at the same time. Unfortunately, this is not the case. Under the
mass-sheet transformation, the relative time delay between images
are given by

_ D, 14z 2
Atgij = (1 — ko) Titij = [(1 — ko). ] [FhmeE i

= dZOGT,'j, (54)

where d;° = d°(z,, Ho, ko) = (1 — ko)dL(zs, Ho) and G(z;, zs, O)
is defined in equation (27). In a flat universe, we have

c(l —« s dz7’
4o = (1 ~ o) / . ‘ : . (59
Ho  Jo /Q(I+2)*+Qu(l+2) + Qa
. - 40 _
Thus, after mass-sheet transformation, diffi = Jﬁ and Aty ;; =

d;°Gt;. Recall that for the absolute scale of the lens system, we can
only infer the values of the pair (7, d;°). Given the relationship
between the luminosity distance and the angular diameter distance
to the source, we can conclude that, effectively or equivalently, one
can only infer the values of the pair d;°(z;, Hy, ko) and G(z;, zs, O)-

As mentioned in Section 4.4, with EM information, we will have
Zs, 27, and Og information. Under fixed cosmology, we can infer
G(z, 75, Or). However, after we infer the value of d;°(z,, Ho, ko),
even with knowledge of z,, we still have a coupled pair of unknown
(Hy, ko) hidden in dzo in the form of (1 — x¢)/Hy (equation 55),
making the two fully degenerate. The reason behind is the effect of
mass-sheet transformation modifies the effective luminosity distance

MNRAS 536, 2212-2233 (2025)
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Figure 13. Result of the Hubble constant Hy and mass-sheet convergence kg
inference for lensed GWs. Injection model and parameters shown in Tables 5
and 6 are used. In the run presented in the upper panel, the prior of kg is set
to be uniform from 0 to 0.9, while that of the lower panel is set to be uniform
from —0.9 to 0.9. We assume z, z;, and 0 are known from identifying the
corresponding lens system in EM telescope observation. As we can see, the
Hubble constant Hy and mass-sheet convergence k¢ are poorly constrained,
degenerate, and sensitive to the choice of prior.

and time delay in the same way, namely multiplying the factor (1 —
ko). Therefore, lensed GWs with EM counterpart (or observation
of the lens and the lensed host galaxy) will not be able to break
mass-sheet degeneracy with just lensing observables.

Fig. 13 illustrates parameter estimation attempts trying to infer xq
and H, with a known (fixed) z;, z; and 6. Both panels have the same
setup as the one described in Tables 5 and 6. We assume the same
uniform prior for Hy. The difference between the two panels is that
the prior of «y in the simulation shown in the upper panel is set to be
uniform from 0 to 0.9, while the simulation shown in the lower panel
is set to be uniform from —0.9 to 0.9.2° For both results, we can see
there is a Hy—k( degeneracy spanning across the parameter space.

23This is unphysical since we include the possibility of negative mass sheet,
but mathematically, it is still valid, and we intend to use this prior to check
the validity of the result shown in the upper panel.
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In the upper panel, it may look as if the peak of the posterior
of Hj still roughly overlaps with the injected values. However, it is
just a coincidence due to assumption of priors for Hy and «y.When
we assume a different prior on kg, as shown in the lower panel,
the posterior peak of Hy is far off from injection, and the posterior
probability of ko drops as k increases, even in region where k is
negative. It becomes clear that the inferred posterior distribution of
ko is not informative and affected by prior choice. These results
indicate that constraining both «y and Hj simultaneously from GWs
strongly lensed by galaxy is not possible even when an EM lens
reconstruction is available, due to the mass-sheet degeneracy.

If we perform Hubble constant measurement ignoring the possible
presence of a mass-sheet (as demonstrated in Section 4.4), our mea-
sured Hubble constant would be biased from the true Hubble constant
by a factor of ﬁ Such issues in Hubble constant measurement via
observing lensing of EM waves are further discussed in Schneider &
Sluse (2013).

In addition, the above analysis can be applied to similar situations
in lensing of light. For instance, for time varying light sources that
may not be standard candle, such as quasars, if one assume a fixed
cosmology and known Hj, mass-sheet degeneracy can be broken
and the mass-sheet density «y can be found as follows. Despite
there will not be measurement of the effective luminosity distance
dS (as the total flux is not known), from the image position and
time-delay measurement from the EM telescope, one should be
able to measure the Einstein radius 6, as well as reconstruct the
dimensionless source position and calculate the dimensionless time
delay 7;; between images. Together with redshift measurement of the
lens and source, G(z, Hy, 6¢) can be calculated, hence the value of
d;° can be calculated with equation (54). As cosmology is fixed and
Z, is known, k¢ can be found from equation (55) easily. This would
be helpful if one would like to study the lens galaxy, such as it being
possibly embedded in a galaxy cluster or a possible finite mass sheet
located near the centre of the lens that can mimic the mass-sheet
transformation (Falco et al. 1985; Schneider & Sluse 2013; Birrer
et al. 2016), without standard candle sources (but an accurate value
of Hy from other measurement is required).

6 SCIENCE APPLICATIONS AND
IMPLICATIONS OF THE TWO DEGENERACIES

6.1 Test of modified gravitational wave propagation

Some theories modifying general relativity on cosmological scales
have as typical signature a modified GW dispersion relation (prop-
agation effect) (Deffayet & Menou 2007; Belgacem et al. 2018,
2019; Lagos et al. 2019; Finke et al. 2021). Moreover, modified
GW propagation may be one of the most promising window to
observationally test such theories (Mirshekari, Yunes & Will 2012;
Finke et al. 2021). The idea of testing modified GW propagation
effect on the luminosity distance of GW (which we will refer as GW
luminosity distance, d" , below) by lensing was previously discussed
in Finke et al. (2021), Iacovelli et al. (2022), and Narola et al. (2023),
on which the results presented in this section build. In addition,
here we ask the question: ‘Given that the proposed modified GW
propagation tests rely on luminosity distance measurements, could
the mass-sheet degeneracy alter their results?” The answer appears
to be no.

The relationship between GW and EM luminosity distance d;™
[which is just the original/standard luminosity distance as defined in
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equation (18)] is written as
di" = B(zo)d;™, (56)

where for a wide range of modified gravity theories, the GW to EM
luminosity distance ratio E(z;) can be parametrized as in Belgacem
et al. (2018):

1- g

B(zs) =8B+ —,
(z5) ot ary

(57)
where the parameters E( and n are determined by the specific theory
(Belgacem et al. 2019).

‘We now include mass-sheet degeneracy in our analysis, using same
convention as Section 5. The measured effective luminosity distance
for the ith GW lensed image is given by

Jeff __ diw(l — Ko) _ dl%w'KU
ST BV

where we defined the mass-sheet-degenerated GW luminosity dis-
tance as df " = df" (1 — ko) = E(z,)d¢" (1 — ko).

Meanwhile, the relative time delay between images is not affected,
which means we still have Af;;; = T/°t;; as before. Since the
angular diameter distance to source and EM luminosity distance
relation is Dy, = d¥™/(1 + z,)?, we have

(58)

720 = [d™(1 = k0)] Gz, 25 Op). (59

Therefore, in dark siren GW lens reconstruction, besides from all
the pre-mass-sheet transformation dimensionless quantities of the
lens system (i.e. the dimensionless source position y and the SIE
axis ratio f in our example), we can only infer the values of d"
and T,°. Assume z;, zy, and O are known from EM observation
after identifying the lens system, we can calculate the value of
G(z;, 75, 0£),%® and the GW to EM luminosity distance ratio can
then be calculated by

gW.k0
E(z5) = - G2, 25, ), (60)
T
which means that we do not even need to have knowledge on the
Hubble constant H, or the mass-sheet convergence ko. We only
require a good lens reconstruction process that infer accurate values
of df™" and T*, as well as z;, z; and @y information of the
system. In other words, contrary to a naive expectation, this type
of modified gravity test is immune to mass-sheet degeneracy. It can
be understood as a result of the modified GW propagation only
affecting the effective luminosity distance measurement (equation
58) while not affecting the angular diameter distances and hence the
time-delay scaling (equation 59) and time-delay measurement.
Using the injection parameters given in Table 5, also injecting
n =2, Eyp = 1.8, whichleads to E(z;) = 1.71, we show the recovery
of E(zy) for an SIE model under unknown mass-sheet transfor-
mation. The full lens reconstruction result of the free parameters
{3 = (1, y), f, T, d¥""*°} is shown in Fig. 7 in the supplementary
material. Assuming z,, z; and 6 are known from EM observation,
we can infer the value of E(zy) using equation (60). The recovered
posterior distribution of 70 and d7"*" is shown in Fig. 14.

26We note that unlike in Sections 4.4 or 5.2 where GW and EM luminosity
distance are the same, G(z;, z;5, 6£) here cannot be inferred directly.
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Figure 14. Result of E(zs) inference from lensed GW under injected
parameters shown in Table 5 (with the addition of n = 2, B¢ = 1.8). After a
posterior distribution of 7,° and d%w‘m is obtained in the lens reconstruction
run shown in Fig. 7 in the supplementary material, assuming zs, z; and 6g
are known from EM observation and lens system identification, equation (60)
is used to infer E(zy). The peak of the posterior overlaps with the injection
value of E(z;) = 1.71.

6.2 Implications on selected other applications of strongly
lensed gravitational waves

As demonstrated, the modified GW propagation test is affected
by the similarity transformation degeneracy but not the mass-sheet
degeneracy. In short, the two degeneracies affect different strong
lensing applications differently. Studies that do not require lens
reconstruction should not be affected by both degeneracies. Two
of such examples are testing speed of GW against light (Collett &
Bacon 2017; Fan et al. 2017) and associating fast radio burst sources
with GW sources (Singh et al. 2024): they are model independent
and only require comparing the time delay between GWs and EM
counterpart. In addition, GW polarization tests are also unaffected,
as they rely on comparing the polarization content of the lensed GW
signals that are each detected by a different detector configuration
(Smith et al. 2017; Goyal et al. 2021a; Hernandez 2022) and do not
require lens modelling.

Meanwhile, cosmography studies with strongly lensed GWs, such
as Hubble constant measurement as demonstrated above are affected
by the similarity transformation degeneracy, as they generally require
lens reconstruction to single out the effect induced by lensing and a
further decoupling of the astronomical quantities (such as redshifts
and the angular diameter distances) inside the time-delay scaling 7,
and luminosity distance d,. Specific applications such as Hubble
constant measurement would suffer from mass-sheet degeneracy as
well. Non-lensing related means from EM telescope observation, for
instance, independent estimates of the lens mass using spectroscopic
measurement on velocity dispersion (Schneider & Sluse 2013), are
required to break such degeneracy. In addition, GW lensing in the
wave optics regime may break the mass-sheet degeneracy from GW
observation alone, but it is still being explored and under discussion
(Cremonese et al. 2021; Chen et al. 2024; Meena 2024).
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Table 7. Summary table of the measurability of SIE lens system parameters (the dimensionless observables position y, the axis ratio f, the time-delay scaling
T, the luminosity distance d; and the angular Einstein radius 6f), can the similarity transformation degeneracy and the mass-sheet (ko — Hp) degeneracy
be broken, and can the modified GW propagation test be done under seven different observation scenarios, which from top to bottom are (1) when only two
of the four lensed GWs are observed; (2) when only three of the four lensed GWs are observed, with the ordering of the three images identified or assumed
correctly within the four; (3) all four lensed GWs are observed without complementary information from EM telescope (dark siren); (4) all four lensed GW's
are observed and the lens system is identified in EM observation, but redshifts of lens and source are both unavailable; (5) all four lensed GWs are observed
and the lens system is identified in EM observation, only redshift of lens is available; (6) all four lensed GWs are observed and the lens system is identified in
EM observation, with redshifts of both lens and source available; (7) all four lensed GWs are observed and the lens system is identified in EM observation, with
redshifts of both lens and source available, and the lens galaxy’s velocity dispersion can be measured.

Can we measure...?

Can we break... degeneracy? Can we test...?

Observations y f T. dr, Ok Similarity transformation Mass-sheet Modified GW propagation
2 GW images X X X X X X X X
3 GW images (correct ordering) T S S X X X X
4 GW images v v v v X X X X
4 GW images & EM obs (w/0 z;, z5) v v v v v X X X
4 GW images & EM obs (W/ z;, w/o z5) v v v v v v X X
4 GW images & EM obs (W/ z;, z;) v v v v v v X v
4 GW images & EM obs (W/ z;, z; & v) v v v v v v v v

Notes. v/': can measure/break the degeneracy/test.
*: can measure, but with large uncertainty.
X: cannot measure/break the degeneracy/test.

Table 8. Summary table of can the similarity transformation degeneracy and the mass-sheet degeneracy be broken under eight different
lensing of GW and/or lensing of light observation scenarios (which we assumed a SIE lens system, with all four images are observed for all
cases). From top to bottom are (1) dark siren lensed GWs are observed; (2) lensed GWs observation with complementary EM information
(redshift of source and lens) (i.e. bright siren); (3) lensed GWs are observed with complementary EM information (redshift of source and
lens), with the addition of lens galaxy velocity dispersion v measurement; (4) lensed standard candle (such as supernovae) are observed, with
redshift measurement of source and lens; (5) lensed standard candle (such as supernovae) are observed, with measurement of redshift of source
and lens, as well as velocity dispersion v of lens galaxy; (6) lensing of a time-varying, but non-standard candle light source is observed, with
redshift measurement of source and lens; (7) lensing of a time-varying, but non-standard candle light source is observed, with measurement
of redshift of source and lens, as well as velocity dispersion v of lens galaxy; (8) lensing of a non-time-varying and non-standard candle light
source is observed, with measurement of redshift of source and lens, as well as velocity dispersion v of lens galaxy.

Can we break... degeneracy?

Observations (all four images observed)

Dark standard siren (GW)

Bright standard siren (GW and EM obs w/ z;, z5, w/o v)

Bright standard siren (GW and EM obs W/ z;, z;, v)

Standard candle (w/ z;, zg, wW/o v)

Standard candle (W/ z;, zg, v)

Time-varying, non-standard candle light source (w/ z;, zs, w/0o v)
Time-varying, non-standard candle light source (W/ z;, zs, v)
Non-time-varying, non-standard candle light source (W/ z;, z;, v)

Similarity transformation Mass-sheet

X X

X

v v

v X

v v

v X

v v

vk X

Notes. v/ can break the degeneracy.

*: can break the degeneracy, but Hy cannot be measured even neglecting mass sheet.

X: cannot measure/break the degeneracy.

7 SUMMARY AND OUTLOOK

We have presented a framework for performing lens reconstruction
based on dark siren strongly lensed GWs using a Bayesian analysis
framework and ‘irreducible’ lensing parameters. GW-only lensing
will always suffer from two major degeneracies, which we have
detailed in this work. The first one is the similarity transformation
degeneracy, which is a degeneracy between the lens and source
redshift, as well as Einstein radius of the lens and cosmological
parameters such as the Hubble constant. The second one is the mass-
sheet degeneracy, which can alter the lens model and together with
modification on the Hubble constant, they can keep the lensing ob-
servables unchanged. Not accounting for the mass-sheet degeneracy
will lead to biased Hy measurements.

MNRAS 536, 2212-2233 (2025)

The similarity transformation degeneracy can be broken once we
have a EM counterpart of the GW signal or we localize and identify
the corresponding lens system (when there is no EM counterpart
from the GW event) as demonstrated in Hannuksela et al. (2020).
Unfortunately, the mass-sheet degeneracy will not be broken in our
strong lensing case even if we have the redshift information and the
Einstein radius from high-resolution telescope images. Instead, other
observation such as spectroscopic measurement on lens galaxy’s
velocity dispersion is needed to break the degeneracy (Schneider &
Sluse 2013).

Furthermore, we have also reviewed two GW lensing science
applications and how they are affected by these degeneracies.
Table 7 summarizes the quantities that we can measure (in an SIE
lens system), the degeneracies that we can break, and if modified

G20Z U2JBIN B0 U0 15aNB Aq 291 116./2122/€/9€G/PI0IME/SEIUW/WO0d"dNO"0lWapED.//:Sd)y WOy PaPEojumMoq



GW dispersion relations can be tested for different observation
scenarios, such as dark siren GW observation and GW observation
complemented by redshift and lens galaxy’s velocity dispersion
measurement. In Table 8, we also summarized whether similarity
transformation and mass-sheet degeneracy can be broken under
eight different observational scenario of GW and/or EM lensing.
In addition, for Hubble constant measurements, one advantage of
GW strong lensing is that one can take advantage of the millisecond
accuracy of arrival time measurements afforded by the detectors
Fan et al. (2017), which can complement the more traditional time-
delay measurements (Tewes et al. 2013). For this Hubble constant
measurement, one needs to have knowledge of the lens redshift
and size/Einstein radius, but the source redshift is, intriguingly, not
required.

In addition, we also summarized the resolvability of the similarity
transformation and mass-sheet degeneracy under different scenarios
of observation of GW and/or light sources (such as standard candle,
non-standard candle but time-varying light sources) in Table 8.

Secondly, we also showed the modified GW propagation test is
immune to mass-sheet degeneracy (and does not require knowledge
on Hubble constant), which can be beneficial for testing theories
modifying general relativity.

Besides, understanding these GW-based lens reconstructions and
their degeneracies will be important also for other science applica-
tions, for instance, broader cosmography study. Understanding the
galaxy modelling capabilities will also play a role in understanding
how GWs will help probe dark matter and substructure within galaxy
lenses. Indeed, we hope that our work will help motivate further
studies into complementary avenues in multimessenger lensing,
where GWs and EM can provide complementary information that
will help in understanding of strong lenses and forming a rich
scientific case.
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