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A B S T R A C T 

Gra vitational wa ve (GW) galaxy lens reconstruction is a crucial step for many GW lensing science applications. Ho we ver, dark 

siren GW lensing without observed electromagnetic (EM) counterpart suffers from similarity transformation and mass-sheet 
de generac y. We re vie w these tw o degeneracies and discuss their implications on GW-based lens reconstruction and tw o well- 
known GW lensing science cases: Hubble constant measurement and testing modified GW propagation. Building upon previous 
works, our conclusions are (1) GWs can only infer the scale-free lens model parameters, dimensionless source position, GW 

luminosity distance and time-delay scaling (a combination of Einstein radius, redshifts, and cosmology). (2) Lens reconstruction 

(of singular isothermal ellipsoid lens) with only two GW signals is unlikely to yield a complete lens model, while four (three) 
signals can measure all the abo v e parameters accurately (with large uncertainties). (3) The similarity transformation de generac y 

causes the redshifts/Einstein radius/cosmology to be degenerate in dark siren measurements. Breaking the degeneracy can be 
achieved by supplementing the GWs with EM observation of lens redshifts/Einstein radius (source redshift is not required). (4) 
The mass-sheet de generac y causes the GW luminosity distance to be degenerate with a constant mass sheet. (5) Contrary to 

expectation, the Hubble constant is degenerate with the mass-sheet even when supplemented with EM counterpart and can only 

be lifted with lens galaxy velocity dispersion measurement, while modified GW propagation test is unaffected. These properties 
highlight the need for GW observations to be supplemented by EM observations, which could become accessible through a lens 
archi v al search or a rapid EM follow-up. 

Key words: gravitational lensing: strong – gravitational waves – cosmological parameters. 
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 I N T RO D U C T I O N  

he gravitational lensing of light has been captured by electro-
agnetic (EM) telescopes and studied for many decades, and it

as become a standard yet powerful tool in modern astronomy
Wambsganss 1998 ; Bartelmann 2010 ). Its mature development and
ethodology allow scientists to probe the universe, with some of

ts science applications including cosmological studies [such as
ubble constant measurement (Williams & Schechter 1997 )], dark
atter studies (for instance, testing if massive compact halo object

MACHO) is a possible candidate (Basak et al. 2022 )], lens galaxy
ensity profile, and substructure studies, as well as galaxy cluster
tructure studies (Bartelmann 2010 ). 

Meanwhile, according to general relativity, gravitational waves
GWs) are expected to be lensed like light when they propagate
 E-mail: jason.poon@link.cuhk.edu.hk 
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ear massive objects (De Paolis et al. 2002 ). GW science itself
s undergoing rapid development since its first direct detection by
aser Interferometer Gra vitational-Wa ve Observatory (LIGO) in
015 (Abbott et al. 2016 ): it opened up new windows to probe and
tudy countless scientific problems, including neutron star and black
ole physics (such as their structure and formation channels), testing
eneral relativity and cosmological studies such as expansion of
niverse and dark energy (Sathyaprakash & Schutz 2009 ; Lattimer
012 ; Gair et al. 2013 ; Yunes & Siemens 2013 ; Will 2014 ; Berti
t al. 2015 ; Lasky 2015 ; Baiotti 2019 ; Abbott et al. 2019a , b ; Bailes
t al. 2021 ; Abbott et al. 2021a , 2022 ). Thanks to technological
dvancement, current GW detectors (i.e. the second generation
etectors), such as aLIGO (Aasi et al. 2015 ), aVIRGO (Acernese
t al. 2014 ), and KAGRA (Somiya 2012 ; Aso et al. 2013 ; Akutsu et al.
020 ), are undergoing substantial upgrades (Cahillane & Mansell
022 ; Bagnasco 2023 ), and more new and advanced detectors are
eing planned, such as the ground-based detector Einstein Telescope
Punturo et al. 2010 ) and Cosmic Explorer (Reitze et al. 2019 ), as
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ell as the space-based detector Laser Interferometer Space Antenna 
LISA; Amaro-Seoane et al. 2017 ). 

One avenue that has garnered recent interest is the gravitational 
ensing of GWs. Several groups have forecasted that, at their design 
ensitivity, second-generation detectors would detect strongly lensed 
W with a detection rate of around one such event per year, assuming

tandard formation channels (Li et al. 2018 ; Ng et al. 2018 ; Oguri
018 ; Wierda et al. 2021 ; Xu, Ezquiaga & Holz 2022 ; Gupta et al.
024 ; Smith et al. 2023 ). These forecasts have helped moti v ate a
ecent effort to search for GW lensing (see Hannuksela et al. 2019 ;

cIsaac et al. 2020 ; Dai et al. 2020 ; Abbott et al. 2021b , 2024 ;
iego, Broadhurst & Smoot 2021 ; Liu, Hernandez & Creighton 
021 ; Janquart et al. 2023b ) and develop scientific applications for
hem. 

Indeed, if detected, GW lensing might allow several applications 
n fundamental ph ysics, astroph ysics, and cosmology. For example, 
W lensing might allow subarcsecond localization of GW sources 

Hannuksela et al. 2020 ; Wempe et al. 2024 ). Other applications
nclude tests of modified GW propagation (Finke et al. 2021 ; Narola
t al. 2023 ), testing the speed of gravity (Collett & Bacon 2017 ; Fan
t al. 2017 ), GW polarization test (Smith et al. 2017 ; Goyal et al.
021a ; na Hernandez 2022 ), other GW properties (Sereno et al. 2010 ;
iao et al. 2017 ; Li, Fan & Gou 2019 ; Yang et al. 2019 ; Mukherjee,
andelt & Silk 2020a , b ; Chung & Li 2021 ; Goyal et al. 2021a ;
ou, Fan & Zhu 2021 ; Hernandez 2022 ; Iaco v elli et al. 2022 ; Wang

t al. 2022 ; Wu et al. 2023 ) including high-redshift cosmography
Jana et al. 2023 ), probing dark matter, subhaloes, and compact 
bjects (Takahashi 2006 ; Dai et al. 2018 ; Liao et al. 2018 ; Diego
020 ; Oguri & Takahashi 2020 ; Choi, Park & Jung 2021 ; Wang,
errera-Mart ́ın & Hu 2021b ; Basak et al. 2022 ; Cao et al. 2022 ;
uo & Lu 2022 ; Oguri & Takahashi 2022 ; Fairbairn, Urrutia &
askonen 2023 ; Liu 2024 ; Liu et al. 2023 ; Seo, Li & Hendry 2024 ;
ambalo et al. 2023 ), associating fast radio burst source and GW
ource (Singh et al. 2024 ), constraining binary system formation 
hannel (Mukherjee et al. 2021 ). Indeed, detections could enable a 
lethora of applications. 
F or man y science applications, such as those in cosmography 

nd tests of modified GW propagation, ‘reconstruction’ of the 
ravitational lens is one of the crucial steps in the analysis. In
articular, lensed GWs encode information about the mass profile 
f the objects that gravitationally lensed them. The attempt to 
econstruct this lens mass profile and other extrinsic properties of the 
ens is collectively called ‘lens reconstruction.’ Such reconstructions 
llow one to study the lens model itself, including its profile and the
ossible substructures within. 
Ho we ver, strong GW lensing suf fers from two major degeneracies

hich limit these reconstructions. The first one is the similarity 
ransformation de generac y (Gorenstein, F alco & Shapiro 1988 ), 
hich refers to the fact that lensed GWs cannot disentangle the 

ize of the gravitational lens from the angular diameter distances. 
hat is, the lens size is degenerate with the distances between the

ens, source, and observer. The second degeneracy is mass-sheet 
e generac y (F alco, Gorenstein & Shapiro 1985 ), which refers to the
act that adding a ‘constant mass sheet’ to the lens profile will leave
he image positions and flux ratios inv ariant. In GW observ ations, as
e will see, such a constant mass sheet is degenerate with the inferred

uminosity distance and the o v erall time delay. These degeneracies 
imit the scientific applications of GW lensing and what can be done
ith GWs alone. 
The similarity transformation de generac y was originally re vie wed 

y Gorenstein et al. ( 1988 ) and Saha ( 2000 ), but the effect has yet to
e discussed significantly in the context of lensed GW observations. 
n this work, we would introduce this de generac y, but more in the
ontext of GWs, based on their findings. Due to the similarity
ransformation de generac y, lens systems with different redshifts, 
izes and cosmological parameters (such as the Hubble constant) 
an produce identical lensing observables. In particular, the size of 
he lens is degenerate with the distances in the source-lens-observer 
ystem. The de generac y can be broken when the ‘size’ of the lens
an be obtained from complementary EM observation. For example, 
 complementary telescope image of the lensing object can break 
he de generac y (because the lens size and a redshift of the source
nd the lens can be directly observed in the telescope). Such a
elescope image might be available if the lens system is located
y an archi v al strong lens catalogue 1 search (Hannuksela et al. 2020 ;
empe et al. 2024 ; Shan et al. 2024 ), which could be performed
ithout an EM counterpart. Alternatively, a rapid EM follow-up, 

f an EM counterpart to the event is available, would also allow
s to retrieve such a telescope image (Smith et al. 2023 ). If no
upplementary EM information is available, the de generac y limits 
W applications. Thus, it is crucial to understand the effect. 
The second de generac y is the mass-sheet de generac y, which leav es

he image positions, flux ratios, and time-delay ratios unchanged 
hen a uniform and infinitely-spanning mass sheet is added to the

ens model (Falco et al. 1985 ). Such mass sheet can approximate
cenarios where a galaxy lens is embedded in low-mass galaxy 
luster, there are massive structures along the line of sight, or the
ens has a positive power-law slope that differs from an isothermal
rofile (Falco et al. 1985 ; Schneider & Sluse 2013 ; Birrer, Amara &
efregier 2016 ; Oguri 2019 ). It has been a known de generac y affect-

ng strong lens modelling (of light) for many decades (Schneider &
luse 2013 ), and it affects GW lens reconstruction the same way.
n particular, the constant mass sheet will be degenerate with the
uminosity distance and time delay measured by the GWs. Ho we ver,
s we will see, complementary information about the source redshift 
an alleviate the de generac y, but not in cosmological applications.
ven when the source redshift is known, the de generac y causes the
ubble constant to be degenerate with the mass-sheet density. It is

uggested that wave optics effects (when the lens size is comparable
o the wavelength of the GW) may break the degeneracy, but it is
till under discussion (Cremonese, Ezquiaga & Salzano 2021 ; Chen 
t al. 2024 ; Meena 2024 ). Nonetheless, without wave optics effects
r complementary EM redshift information, the de generac y limits 
any GW applications, so it is important to understand the effect. 
This work re vie ws the idea of GW-based lens reconstruc-

ion/modelling of galaxy-type lenses. We also discuss the nature and 
ffect of the two degeneracies and how one should consider them in
he GW lensing context. In Section 2 , we first re vie w the basics of
trong gravitational lensing for both light and GWs, before focusing 
ore on its effect on GWs. Section 3 explains lens reconstruction for

ensed GW signal using a Bayesian framework. Section 4 introduces 
he similarity transformation de generac y and discusses its impact on
W-based lens reconstruction. In Section 5 , we discuss the mass-

heet de generac y problem in the conte xt of GW lensing. In Section 6 ,
e present the impact of the degeneracies on the test for modified
W propagation using lens reconstruction. We also discuss their 

mplications for various other science cases. 
Throughout the paper, we assume a flat � CDM universe with

osmology from Plank18 data: �m 

= 0 . 308 , �K 

= 0 , �� 

= 0 . 692
Aghanim et al. 2020 ), with H 0 being a free (and unknown) parameter
nless stated. 
MNRAS 536, 2212–2233 (2025) 
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M

Figure 1. Geometry of a lens system: D l , D s , D ls are the angular diameter 
distances from observer to lens, observer to source, and lens to source, 
respectively. Aligning our principal axis with the centre of the lens, � β, � θ

are the angular position of the source and image, respectively, with � η = D s 
� β

and � ξ = D l 
� θ being the (Cartesian) source and image position(s) (on source 

plane and lens plane), respectively. 
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 BA SIC S  O F  G R AV I TAT I O NA L  WAV E  STRO NG  

ENS ING  

n Section 2.1 , we will first re vie w the basics of strong gravitational
ensing in geometrical optics, which applies to both EM waves and
Ws as long as the wavelength is much shorter than the scale of

he lens object. If the wavelength is comparable or longer than the
haracteristic lens scale, wave optics (which includes diffraction and
nterference effect) must be considered (Nakamura & Deguchi 1999 ;
akahashi & Nakamura 2003 ). Ho we ver, because the typical size
f strong galaxy lenses is much larger than the wavelength of GWs
easurable with ground-based detectors, we limit our discussion to

he geometrical optics effects. We will also neglect microlensing
ffects. 2 Then, in Section 2.2 , we will re vie w the ef fect of strong
ravitational lensing on GWs, especially on the observation end. 

.1 Strong gravitational lensing 

ig. 1 illustrates the typical set-up of a lens system. We denote the
ngular diameter distance from the observer to the lens, observer to
ource, and lens to source as D l , D s , D ls , respectively. The redshift of
ens and source are denoted as z l and z s , respectively. We also denote
he angular position of the source and image by � β and � θ , respectively.
he characteristic scale of the lens is the angular Einstein radius
E (some literature may refer to this as the Einstein angle), which
epends on the lens mass and the angular diameter distances in all
enerality. 
In this work, we should work in dimensionless coordinates of the

ens system: we define the dimensionless source and image positions
s � y = ( y 1 , y 2 ) = 

� β/θE and � x = ( x 1 , x 2 ) = 

� θ/θE , respectively. The
imensionless deflection/lensing potential 	 (deflection potential
caled by θ2 

E ) is then defined by 

( � x ) = 

1 

π

∫ 
κ( � x ′ ) ln | � x − � x ′ | d 2 x ′ , (1) 
NRAS 536, 2212–2233 (2025) 

 Note that microlensing could become rele v ant in actual galaxy lensing 
cenarios and will likely require further investigation (Diego et al. 2019 ; 
heung et al. 2021 ; Mishra et al. 2021 ; Meena et al. 2022 ; Yeung et al. 2023 ; 
ishra et al. 2024 ). 

N  

r  

(
 

a

h

here the convergence κ is defined by 

( � x ) = 

�( � ξ = D l θE � x ) 

� cr 

, (2) 

here �( � ξ ) is the surface mass density of the lens (in Cartesian
oordinate � ξ on the lens plane) and � cr = c 2 D s / 4 πGD l D ls is the
ritical density (Takahashi & Nakamura 2003 ; Tambalo et al. 2023 ).
his particular definition highlights the fact that 	( � x ) does not
ontain scaling information, such as the total mass of the lens. As
e will see, the notation is advantageous because the dimensionless
uantities are unaffected by the similarity transformation de generac y.
The lens equation in dimensionless form can then be written as 

�  = � x − ∇ � x 	( � x ) , (3) 

hich solving for � x will give us the (dimensionless) image position(s)
nder a known source position and lens model (there can be multiple
mages in general). 

Meanwhile, the time delay t d of an image compared to an unlensed
ay is given by 

 d ( � x ) = 

1 + z l 

c 

D l D s 

D ls 

θ2 
E 

[ | � x − � y | 2 
2 

− 	( � x ) 

]
, (4) 

here | � x − � y | 2 / 2 accounts for the delay due to extra distance
ravelled by the lensed ray, and 	( � x ) accounts for the delay due
o gravitational time dilation effect (Takahashi & Nakamura 2003 ;
ulashenko & Ubach 2022 ). Also, the magnification μ of the image

s given by 

( � x ) = 

[
det 

(
∂ � y 

∂ � x 

)]−1 

, (5) 

here ∂ � y 
∂ � x is given by 

∂ � y 

∂ � x 
= 

⎛ 

⎝ 

1 − ∂ 2 	 

∂ x 2 1 
− ∂ 2 	 

∂ x 1 ∂ x 2 

− ∂ 2 	 

∂ x 2 ∂ x 1 
1 − ∂ 2 	 

∂ x 2 2 

⎞ 

⎠ . (6) 

e note that the magnification of an image is scale-free, which means
t only depends on the dimensionless system. 

.2 Effect of strong lensing on gravitational waves 

enoting ̃  h 0 ( f ) the original unlensed GW waveform in the frequency
omain and ˜ h L ( f ) the observed lensed ones, the relation between
he two waveforms is 

˜ 
 L ( f ) = 

˜ h 0 ( f ) 
∑ 

j 

| μ( � x j ) | 1 / 2 exp 
[
2 πif t d ( � x j ) − iπn j sign ( f ) / 2 

]
, 

(7) 

here the index j denotes the j th lensed image/signal, and n j is its
orse index, with n j = { 0 , 1 , 2 } (referred as type I, II, and III image)
hen the image � x j is at a local minimum, saddle point and local
aximum of the time-delay surface t d ( � x j ), respectively (Takahashi &
akamura 2003 ). We also note that the emergence of Morse indices

esults from stationary phase approximation in geometrical optics
Nakamura & Deguchi 1999 ). 

Therefore, in time domain, if n j = 0 or 2, the lensed signal h L ( t)
nd unlensed signal h 0 ( t) are related by 

 L ( t) = 

∑ 

j 

| μ( � x j ) | 1 / 2 h 0 

[
t − t d ( � x j ) 

]
( −1) n j / 2 , (8) 
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Figure 2. Illustration of dark siren GW lensing: the left panel shows the set-up of the lens system, which the GWs will arrive the observer (obs.) at different 
time, with different amplitude and different Morse index. The observables in a dark siren GW lensing scenario are shown on the right panel: from the data 
recorded by the GW detector, one can measure the relative time delay 
t d,ij and the relative Morse index 
n ij between images, and since GW is a standard 
siren, from the amplitude of the GW signal (together with waveform analysis), one can measure the ef fecti ve/apparent luminosity distance d eff 

L,i of the images. 
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nd if n j = 1, the relation is 

 L ( t) = 

∑ 

j 

| μ( � x j ) | 1 / 2 
∫ +∞ 

−∞ 

− ˜ h 0 ( f ) sign ( f ) ie −i2 πf [ t−t d ( � x j ) ] , (9) 

hich different images arrive at different times and have different am- 
litudes (due to magnification) (Dai & Venumadhav 2017 ; Ezquiaga 
t al. 2021 ). 3 Ho we v er, the y will hav e the same frequenc y-domain
volution (up to magnification and the phase shift (Morse phase) 
aused by the Morse index) (Takahashi & Nakamura 2003 ), which 
s what strong lensing GW searches rely on, trying to find events
ith compatible characteristics (Haris et al. 2018 ; Kim et al. 2021 ;

anquart et al. 2021a ; Goyal et al. 2021b ; Janquart et al. 2022 ; More &
ore 2022 ; Janquart et al. 2023a ; Li et al. 2023a , b ; Chakraborty &
ukherjee 2024 ). Such searches have already been carried out on real

ata, but there is no universally accepted evidence for GW lensing 
etections yet, although many authors have considered the situation 
Hannuksela et al. 2019 ; Diego et al. 2021 ; Liu et al. 2021 ; Abbott
t al. 2021b ; Bianconi et al. 2023 ; Abbott et al. 2024 ; Janquart et al.
023b ). 
For a lens and GW source system, assuming we successfully 

dentified all of its lensed images (i.e. we identify the lensed GW
ignals from the detector data stream), we can then measure the 
ensing observables, namely the magnifications, time delays, and 

orse phases of the strong lensing images. First, since GW is a
tandard siren (Holz & Hughes 2005 ), from the lensed GW images
denote the i th image by subscript hereafter), we can observe the
f fecti ve (or apparent) luminosity distance d eff 

L,i , which is related to
he image magnification μi by 

 

eff 
L,i = 

d L √ | μi | 
, (10) 

here d L is the true luminosity distance without the lensing effect. 
ote that, in many traditional strong lensing scenarios, the absolute 
ux of the light source is not known. 4 In such scenarios, one
 If the GW system is symmetric and contains no higher order modes, the 
orse phase is absorbed into the phase of coalescence (Dai & Venumadhav 

017 ; Ezquiaga et al. 2021 ). 
 Exceptions to this would be strong lensing of standard candles such as 
upernovae. 

d
2
c
6

s
i
c
b

an only measure the relative magnification ratios μi / μj between 
wo images (from the flux ratios) (Congdon & Keeton 2018 ). The
bsolute flux or the ef fecti ve luminosity distance are not accessible.
o we ver, in lensed GWs (and standard candles), one can measure

he ef fecti ve luminosity distance. This allo ws for an e xtra de gree of
nformation on d L . Secondly, in GW lensing, the relative time delay
etween two images, 
t d,ij = t d,i − t d,j can also be measured with
ubmillisecond accurac y (F an et al. 2017 ). Hence, the precise time
elay can further constrain the lens model. Thirdly, by comparing the
aveform of the lensed GW signals, we can also observe the relative
orse index (or difference in Morse index) 
n ij = n i − n j between

ifferent images (Janquart et al. 2021b ). The direct GW observables
re then the ef fecti ve luminosity distances, relati ve time delays, and
elative (or in some cases, absolute 5 ) Morse phases of the strong
ensing images. 

In many traditional strong lensing scenarios, the telescope angular 
esolution is sufficiently good to locate and resolve the multiple 
trong lensing images. Ho we ver, due to the broad sky localization
rea of a GW signal [order of ten to hundreds of square degrees
n the near future (Pankow et al. 2018 )], unlike in many traditional
ensing observation, we would not be able to directly localize the
recise sky location of the GW signals/images individually from 

he GW data alone (Hannuksela et al. 2020 ). Therefore, we will
enceforth name ‘dark siren GW lensing’ as the scenario in which
e only have observation of lensed GW from the GW detectors but
o not hav e an y EM information on the lens and source system due
o lack of EM counterpart for the compact binary merger or broad
ky localization. 6 All the GW data will be denoted by � d GW 

. The
ata include information regarding the images’ ef fecti ve luminosity 
istance d eff 

L,i , the relative time delay between image pairs 
t d,ij , and
he relative Morse index 
n ij between different images (Fig. 2 ). 
MNRAS 536, 2212–2233 (2025) 

e generac y between the Morse phase and GW coalescence phase (Dai et al. 
020 ; Janquart et al. 2021b ; Lo & Maga ̃ na Hernandez 2023 ), which ho we ver 
an be lifted in the presence of higher order modes. 
 Ho we ver, we note that it is still possible to identify the dark siren GW lens 
ystem to the same lens system that lensed the GW source’s host galaxy if 
t is observed by EM telescopes. The identification would require statistical 
omparison of the lensing observables measured in the two channels. It will 
e discussed in Section 3 . 
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Table 1. Three types of parameters in a GW lens system: the lens 
parameters � � l , the GW source parameter � � s and the cosmological 
parameters � � c . Within � � l , z l is the lens redshift and � is the mass 
distribution of the lens, for which one should assume a mass model 
(in this work, we assume the SIE model with conserv ati ve time-delay 
and magnification modelling uncertainties, which characterize the 
mass distribution by two parameters: the minor to major axis ratio 
f and galaxy velocity dispersion v). For � � s , note that we are only 
considering the effect induced by lensing (which are magnification 
and delayed arri v al time of the signal, but not the detail of the signal 
or waveform itself), hence for the GW source, only its redshift z s and 
source position � β are rele v ant. For � � c , in this work, we only consider 
the Hubble constant H 0 as a free parameter in our flat � CDM universe. 

Type: � � l (lens) � � s (source) � � c (cosmology) 

Free parameters: z l , � z s , � β H 0 
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 L ENS  R E C O N S T RU C T I O N  USING  BAYESI AN  

NALY SIS  

his section re vie ws the basics of lens reconstruction using a
ayesian analysis framework for GW lensing. In particular, we will

ocus on galaxy lenses. We note that similar methods have been
dopted by various works previously (e.g. Hannuksela et al. 2020 ;
empe et al. 2024 ; Wright & Hendry 2022 ; Seo et al. 2024 ; Wright,

anquart & Hendry 2023 ). 
There are various ways to model lenses, with some approaches

eing parametric and others non-parametric. Based on strong galaxy
ensing quasar measurements, it was realized early on that even
elatively simple smooth lens profiles [such as the singular isothermal
llipsoid (SIE) model (Kormann, Schneider & Bartelmann 1994 )]
tted the time delays of quasars relatively well, but the fluxes
ere difficult to be reproduced due to so-called flux-ratio anomalies

Mao & Schneider 1998 ; Metcalf & Madau 2001 ). Since these early
orks, more sophisticated parametric models have been developed

o study strong galaxy lenses, accounting for additional degrees
f freedom such as parameters to describe substructures, shearing,
onvergence, and non-singular density profiles (Congdon & Keeton
018 ). Ho we ver, to first order (and neglecting shears), one could
ssume that the general morphology of many strong galaxy lenses
s modelled reasonably well using an SIE when supplemented with
onserv ati ve modelling errors to account for the additional degrees of
reedom not included in the SIE model (Keeton, Kochanek & Seljak
997 ). 7 

After choosing a lens model, the gravitational lens is characterized
y the parameters of the lens. We denote the lens parameters � � l . The
ens parameters encode all information strictly related to the lens,
ncluding the lens redshift z l and the parameters describing the lens
urface mass density � (i.e. the mass distribution of the lens). For
nstance, for point mass lens, the main lens parameter would be its

ass M PML (i.e . � � l = ( z l , M PML )). For SIE, we have � � l = ( z l , f , v)
here f is the lens’ minor to major axis ratio and v is the velocity
ispersion. In this work, we restrict our discussion to the SIE model
s an approximate representation of a galaxy lens. 8 

The second set of parameters encompasses the GW source infor-
ation � � s , including the source position � β and the source redshift
 s . Since we only focus on the effects induced by lensing but not
he nature of the GW waveform, we do not need the binary orbital
nformation (such as its chirp mass and mass ratio). 9 The last set of
arameters contains the cosmological information � � c . For simplicity,
e only include the Hubble constant H 0 as a free parameter here (and
e also only consider a flat � CDM universe). 10 Table 1 summarizes

he different parameter sets. 
NRAS 536, 2212–2233 (2025) 

 Ultimately, corrections to the SIE model are necessary; for example, the 
ddition of shear will introduce a larger spread on the expected, allowed 
agnification values, which would need to be marginalized o v er. Ho we ver, 

o understand the degeneracies and the general idea behind strong GW lens 
odelling, an SIE model with generous modelling uncertainties is expected 

o provide a fair qualitative description and starting point. 
 The effect of making the lens mass profile more complex will be discussed 
n a later section. 
 The other GW waveform parameters are nevertheless important, but they 
o not enter into lens modelling unless there is a relationship between, for 
xample, the total mass of the binary and the brightness of the galaxy (see 
empe et al. 2024 for more information). 

0 In general, one could also include radiation energy density �r , matter 
ensity �m , and dark energy density �� 

as free parameters. Ho we ver, we 
imit the analysis to only H 0 for simplicity. 
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The idea of lens reconstruction is to reconstruct the lens informa-
ion � � l based on given observables: in the case of dark siren GW
ensing, the observables are the effective luminosity distances d eff 

L,i ,
elative time delays 
t d,ij and relative Morse index (Morse index
ifference) 
n ij (Fig. 2 ). If the lens system is located through, e.g.
rchi v al search, then a telescope image of the source galaxy would
e available. The telescope image would provide the flux ratios (and
herefore the magnification ratios μi / μj ) as a function of the image
ositions � θi , � θj . In the case that an EM counterpart is available, the
W image positions and fluxes could also be retrieved. Other supple-
entary information would include the photometric/spectroscopic

edshifts of the lens galaxy z l and the source galaxy z s , and the
easurement of the galaxy lens velocity dispersion σv . Nevertheless,
ithout supplementary EM information, the lens reconstruction can
nly rely on the ef fecti ve luminosity distances, time delays, and
elative Morse phases retrieved from the GWs. 

Aside from the lens profile, inferring source and cosmological
nformation � � s and � � c is also interesting. Lens reconstruction turns
ut to be a very important tool or middle-step in various science
pplications of lensing, including subarcsecond localization of GW
ource, measuring Hubble constant and testing modified gravity
ffect on the propagation of GWs (Hannuksela et al. 2020 ; Finke
t al. 2021 ; Narola et al. 2023 ). Ho we ver, as we will see, even in the
resence of a supplementary, high-resolution telescope image and
hotometric/spectroscopic redshifts, the mass-sheet de generac y will
imit cosmological applications, while, contrary to expectations, the
e generac y does not affect modified GW propagation tests. 
We use standard Bayesian parameter estimation to reconstruct the

ens. In particular, our goal is to infer the posterior distribution of
he lens and source parameters, and also cosmological information
iven measured data: 

 ( � � l , � � s , � � c | � d GW 

) , 

here � d GW 

= { d eff 
L,i , 
t d,ij , 
n ij } is the GW lensing observables

hat we measured. For simplicity, denote all system parameters as
� 
 all = { � � l , � � s , � � c } . As mentioned, in this work, we will adopt

arametric models 11 in reconstructing the lens. Hence, the dimen-
ionless deflection potential 	( � x ) and Einstein radius θE will be
arametric. 12 So, we denote the parameters that characterize the
elected dimensionless lens profile as � � 	 

(for example, for an
IE lens, � � 	 

= f ), and now the lens parameters are represented
1 Primarily the SIE lens model. 
2 That is, 	( � x ) → 	( � x ; � � l ) and θE → θE ( σv , D l , D ls , D s ). 



Gravitational wave lensing degeneracies 2217 

b  

�  

o  

w
n
f

I

P

w  

g  

�  

c  

n
P  

f
a  

o  

m  

f
i

 

d
d  

w
t  

p
A  

[  

L  

o  ∫
i  

T  

p
f
p  

i

v  

P  

o
c
t
h

t
a  

c  

c  

s
t  

m
W  

1

a
p

o  

p
r
b  

g
(  

s
w
c
t
o
w
l

 

e  

P
l
l

4
D

T  

t  

s  

f  

o
2  

p  

h  

d  

G
B  

s
t  

s
E

 

i

t

w
s
A
b  

H

t

w

τ

a

T

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/536/3/2212/7914167 by guest on 09 M
arch 2025
y � � l = ( θE , � � 	 

, z l ). Then, the system parameters are ef fecti vely
� 
 all = ( � β, z s , θE , � � 	 

, z l , H 0 ). As a word of caution, ho we ver, some
f these parameters will turn out to be degenerate with one another
hen only GW observations (i.e. dark siren) are available. We will 
evertheless first proceed with the Bayesian formulation using the 
ull set of parameters. 

The Bayes theorem allows one to formulate the inference problem. 
n particular, using the Bayes theorem, we can write 

 ( � � all | � d GW 

) = 

P ( � d GW 

| � � all ) P ( � � all ) 

P ( � d GW 

) 
, (11) 

here P ( � d GW 

| � � all ) is the likelihood of obtaining measured data
iven system parameters, P ( � � all ) is the prior (probability distribution
� 
 all set by prior knowledge) and P ( � d GW 

) is the evidence. One
an obtain the posterior P ( � � all | � d GW 

) by nested sampling. 13 The
ested sampling procedure would then output both the posterior 
 ( � � all | � d GW 

) and the evidence P ( � d GW 

). The evidence is important
or model comparison (say, comparing the point mass lens model 
gainst the SIS lens model as demonstrated in Wright et al. ( 2023 ),
r comparing the SIE lens model v ersus PEMD (power la w elliptical
ass density profile) lens model), which we do not do here. We

ocus on the lens reconstruction (inference of the lensing parameters) 
nstead of model selection/comparison. 

We note that the likelihood P ( � d GW 

| � � all ) cannot be written down
irectly, as the GW data only contains the measured image properties 
 

eff 
L,i , 
t d,ij and 
n ij , but no information about � � all directly. Hence,

e would need a mapping to relate � d GW 

and � � all . We denote 
he image properties as � νim 

= ( d eff 
L,i , 
t d,ij , 
n ij ). Note that image

roperties are functions of the system parameters: � νim 

= � νim 

( � � all ). 
ssuming a suitable noise model, we can obtain P ( � d GW 

| � νim 

) easily
as demonstrated in previous works such as Liu et al. ( 2021 );
o & Maga ̃ na Hernandez ( 2023 ); Janquart et al. ( 2023b )]. To
btain the likelihood P ( � d GW 

| � � all ), we note that P ( � d GW 

| � � all ) =
 

P ( � d GW 

| � νim 

) P ( � νim 

| � � all ) d � νim 

. Since the mapping from 

� � all to � νim 

s a one to one mapping, we have P ( � νim 

| � � all ) = δ( � νim 

− � νim 

( � � all )).
herefore, to sample the likelihood, one can set all the system
arameters � � all as free parameters, then solve the image positions 
rom the lens equation (equation 3 ), then calculate the image 
roperties � νim 

( � � all ) using equations ( 4 ), ( 5 ), and ( 10 ), and relate
t to the measured data by the likelihood P ( � d GW 

| � νim 

). 
As mentioned, in dark siren GW lensing observation, due to 

arious degeneracies, we would not be able to infer the posterior
 ( � � all | � d GW 

) of all the parameters � � all in the lens system. Instead,
nly posterior distributions of some of all free parameters and a 
ombination of some free parameters can be inferred. Nevertheless, 
he idea of lens reconstruction in the Bayesian framework discussed 
ere remains unchanged. 
After dark siren GW lens reconstruction, one could attempt 

o localize the corresponding lens-source system in a follow-up 
rchi v al search (Hannuksela et al. 2020 ). Such a joint analysis
ould lead to a positive identification of the lens system in EM
hannels if the lens galaxy is found and it is sufficiently unique
uch that a joint analysis between the EM lens reconstruction and 
he GW data could rule out a sufficient number of lenses. The

ethodology was demonstrated in Hannuksela et al. ( 2020 ) and 
empe et al. ( 2024 ). If the source and host galaxy are localized,
3 Nested sampling can be used to infer the posterior parameters as long as 
 likelihood P ( � d GW 

| � � all ) (which included the measured data � d GW 

), and a 
rior P ( � � all ) is defined. 

N  

d

T

ne could obtain the redshifts of the source and the lens through
hotometric/spectroscopic measurement, and a supplementary lens 
econstruction that could resolve some of the quantities that cannot 
e resolved from GWs, such as the Einstein radius, in addition to
iving a supplementary constraints on the other lensing parameters 
such as the axis ratio). Ho we ver, the localization starts with a dark
iren GW lens reconstruction analysis. Furthermore, understanding 
hat type of information GW-based strong lensing reconstructions 

an provide by themselves and what type of caveats or degeneracies 
hey are subject to without supplementary information will help in 
utlining complementary avenues between the two. Thus, in this 
ork, we perform lens reconstruction based on (injected) dark siren 

ensed GW observations. 
To infer the lens parameters, we use the GW Bayesian infer-

nce tool Bilby (Ashton et al. 2019 ) and the nested sampler
yMultiNest (Buchner et al. 2014 ). To model the gravitational 

ensing effects, we use the multi-purpose gravitational lensing tool 
enstronomy (Birrer & Amara 2018 ). 

 SIMILARITY  T R A N S F O R M AT I O N  

E G E N E R AC Y  

he similarity transformation de generac y is a de generac y between
he (angular diameter) distances in the lens system and the angular
cale (i.e. the Einstein radius θE ) of the lens, and the main reason
or this de generac y is due to the scale-free nature of many lensing
bservables (such as the magnification and time-delay ratio) (Saha 
000 ). It was first discussed in Gorenstein et al. ( 1988 ) from the
erspective of lens equation, and Saha ( 2000 ) provided a compre-
ensi ve re vie w of the de generac y from the point of view of time-
elay surfaces. Here, we revisit this de generac y in the context of
W lensing and formulate it using the dimensionless lens system. 
ecause of the similarity transformation de generac y, all (dark siren)

trongly lensed GW observations will be unable to disentangle 
he size of the lens from the distances in the source-lens-observer
ystem and cosmology. Complementary information (either from 

M observations or otherwise) breaks the de generac y. 
We recall that the time delay of an image (relative to unlensed ray)

s given by 

 d ( � x ) = 

1 + z l 

c 

D l D s 

D ls 

θ2 
E 

[ | � x − � y | 2 
2 

− 	( � x ) 

]
, 

hich we emphasize again, � x and � y are dimensionless image and 
ource position, and 	( � x ) is the dimensionless deflection potential. 
lso, recall that the solutions of the dimensionless image position can 
e solved entirely from the dimensionless lens equation (equation 3 ).
ence, one can write down the time delay in the following form: 

 d ( � x ) = T ∗τ ( � x ) , (12) 

here we define τ ( � x ) as the dimensionless (scale free) time delay: 

( � x ) ≡
[ | � x − � y | 2 

2 
− 	( � x ) 

]
, (13) 

nd T ∗ as the time-delay scaling: 

 ∗ ≡ 1 + z l 

c 

D l D s 

D ls 

θ2 
E . (14) 

ote that the time-delay scaling T ∗ is closely related to the time-delay
istance D 
t commonly used by other works by 

 ∗ = 

D 
t 

c 
θ2 
E , (15) 
MNRAS 536, 2212–2233 (2025) 
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s D 
t is given by 

 
t ≡ (1 + z l ) 
D l D s 

D ls 

. (16) 

urthermore, assuming a flat universe (i.e. �k = 0) with fixed
osmology but a free Hubble constant, we can see D l D s 

D ls 
would be a

unction of source and lens redshift and the Hubble constant, as the
ngular diameter distance D (at redshift z away) is given by 

( z, H 0 ) = 

c 

(1 + z) H 0 

∫ z 

0 

dz ′ √ 

�r (1 + z ′ ) 4 + �m 

(1 + z ′ ) 3 + �� 

, 

(17) 

here �r , �m 

, and �� 

are the (normalized) present-day radiation
nergy density, matter density, and dark energy density, respectively.
ence, the time-delay scaling is a function of the lens and source

edshift, the (angular) Einstein radius, as well as the Hubble constant:
 ∗ = T ∗( z l , z s , θE , H 0 ). All the information containing the scale of

he system (i.e. the redshifts, the angular diameter distances and the
instein radius of the lens), as well as cosmological information (such
s H 0 ) are coupled together in the time-delay scaling T ∗. Therefore, in
W lensing, when we measure the relative time-delay between two

mages i and j , 
t d,ij = T ∗τij , with τij = ( τi − τj ) and τi = τ ( � x i ),
e will have a common factor T ∗ for all the image pairs. Since the

actor T ∗ enters as an o v erall multiplication in the time delay, one
annot disentangle the angular diameter distances, the Einstein radius
E and the Hubble constant H 0 from each other, as they are coupled
ogether inside T ∗. In other words, different sets of { z l , z s , θE , H 0 }
an give the same value of T ∗, and we would not be able to separate
he two by just examining 
t d,ij . 

Meanwhile, in GW lensing, we also measure the ef fecti ve lumi-
osity distance of each image d eff 

L,i = d L / 
√ | μi | . 14 We then also note

hat the original luminosity distance would be a function of source
edshift and Hubble constant: d L = d L ( z s , H 0 ), as 

 L = (1 + z s ) 
c 

H 0 

∫ z s 

0 

dz ′ √ 

�r (1 + z ′ ) 4 + �m 

(1 + z ′ ) 3 + �� 

. (18) 

e note that in GW observation of compact binary coalescence,
e cannot measure z s directly due to the source mass-redshift
e generac y. 15 The role of d L is very similar to T ∗: for all the images
nd their observed ef fecti ve luminosity distances, d L would appear
s a common factor, and the (GW source) redshift z s and Hubble
onstant H 0 are coupled inside d L . 

.1 Degenerate transformations 

.1.1 z l - θE degeneracy 

et us illustrate the de generac y between the distance and the size of
he lens. Suppose, that we introduce a transformation such that the
istance to lens changes in such a way that the o v erall time-delay
istance changes by factor a. Suppose, furthermore, that the Einstein
adius of the lens changes by factor 1 /a 1 / 2 with all other quantities
NRAS 536, 2212–2233 (2025) 

4 We stress again that μi is scale free. 
5 It may be possible for binary neutron star merger if the equation of state is 
nown and tidal effects are analysed, but we neglect these indirect methods 
n the following analysis (Messenger et al. 2014 ; Pang et al. 2020 ). 




1

e
b

ept constant. 16 That is, we introduce the following transformation: 

z l → z ′ l = x 0 z l , 

θE → θ ′ 
E = θE /a 

1 / 2 , 

 
t → D 

′ 

t = D 
t a. 

Here, x 0 is chosen such that the Einstein radius gains a factor of
 

−1 / 2 .) In this case, the o v erall time delay does not change: 

 ∗ → T ′ ∗ = 

D 

′ 

t 

c 
( θ ′ 

E ) 
2 = 

D 
t 

c 
θ2 
E = T ∗

ince the magnification depends only on the dimensionless quan-
ities, they do not change. For this reason, the ef fecti ve luminosity
istances also do not change. Thus, under the transformation, all GW
ensing observables are unchanged: 

d eff 
L,i → d 

eff , ′ 
L,i = d eff 

L,i 

t d,ij → 
t ′ d,ij = 
t d,ij 

n j → n ′ j = n j . (19) 

hat is, the lens system before/after produces identical GW observ-
bles. 

.1.2 H 0 - θE degeneracy 

lternatively, one can introduce a transformation in the Hubble
onstant and the angular size of the lens (all other quantities kept
onstant): 

H 0 → H 

′ 
0 = H 0 /a, 

θE → θ ′ 
E = θE /a 

1 / 2 , 

 
t → D 

′ 

t = D 
t a, 

hich is likewise degenerate since 

d eff 
L,i → d 

eff , ′ 
L,i = d eff 

L,i , 

t d,ij → 
t ′ d,ij = 
t d,ij , 

n j → n ′ j = n j . (20) 

.1.3 Partial z s - z l - θE - H 0 degeneracy 

inally, there exists a non-trivial transformation involving the source
edshift transformations, the Hubble constant, the scale of the lens,
hen keeping the luminosity distance fixed: 

z s → z ′ s = x 1 z s , 

H 0 → H 

′ 
0 = H 0 /a, 

d L → d ′ L = d L ( z 
′ 
s , H 

′ 
0 ) = d L , 

θE → θ ′ 
E = θE /b 

1 / 2 , 

 
t → D 

′ 

t = D 
t b, 

here x 1 is chosen such that d ′ L = d L . The abo v e transformation
ikewise leads to the same GW observables: 

d eff 
L,i → d 

eff , ′ 
L,i = d eff 

L,i , 

t d,ij → 
t ′ d,ij = 
t d,ij , 

n j → n ′ j = n j . (21) 
6 The dimensionless source/image positions are kept fixed. Because the lens 
quation only depends on these dimensionless quantities, they are not affected 
y the transformation. 
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Table 2. Three different lens system set-ups leading to the same lensing observables under similarity transformation de generac y: for the SIE lens parameters, 
z l , v, f are the redshift, velocity dispersion, and SIE axis ratio respectiv ely. F or the GW source, z s , � β are the redshift and the (angular) source position in 
arcseconds, respectively . Lastly , H 0 is the Hubble constant. The first and second set-ups share the same source redshift and Hubble constant, but the second 
set-up has a larger lens redshift and smaller velocity dispersion compared to the first. Meanwhile, the first set-up has relatively low lens redshift and also a 
smaller lens galaxy velocity dispersion v compared to the third set-up. For the angular Einstein radius, the first set-up has a larger angular Einstein radius of 
0.635 arcsec versus the second set-up’s 0.376 arcsec and the third set-up’s 0.245 arcsec. Since the three systems’ dimensionless system are the same (i.e. they 
share the same dimensionless source position � y and SIE axis ratio f ), and they share the same value of time-delay scaling T ∗ and luminosity distance d L , so they 
share the same observed ef fecti ve luminosity distances d eff 

L,i and Morse index for each of the four images (with the first two images having n = 0 and the last 
two images having n = 1), as well as the relative time delay between the image pairs 
t d,ij as shown abo v e. The physical picture of the de generac y represented 
by the first two set-ups is illustrated in Fig. 3 . 

Type of parameters � � l (SIE lens) � � s (GW source) � � c (Cosmology) 

Set-up 1 z l = 0 . 4 , v = 180 km s −1 , f = 0 . 7 z s = 1 . 8 , � β ≈ (4 . 45 × 10 −3 , 6 . 35 × 10 −3 ) (in arcseconds) H 0 = 67 . 8 km s −1 Mpc −1 

Set-up 2 z l = 0 . 8 , v = 175 km s −1 , f = 0 . 7 z s = 1 . 8 , � β ≈ (2 . 63 × 10 −3 , 3 . 76 × 10 −3 ) (in arcseconds) H 0 = 67 . 8 km s −1 Mpc −1 

Setup 3 z l = 1 . 1 , v = 185 km s −1 , f = 0 . 7 z s = 1 . 7 , � β ≈ (1 . 72 × 10 −3 , 2 . 45 × 10 −3 ) (in arcseconds) H 0 = 63 . 2 km s −1 Mpc −1 

Lensing observables d eff 
L, 1 , d 

eff 
L, 2 , d 

eff 
L, 3 , d 

eff 
L, 4 (in Mpc) 
t d, 12 , 
t d, 23 , 
t d, 34 (in s) 

Common result for set-ups 1, 2, 3 6383 , 6216 , 7260 , 7624 −33629 , −228960 , −42685 
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Figure 3. Illustrative example of similarity transformation degeneracy in 
GW lensing: the upper and lower lens system on the left panel corresponds 
to set-ups 1 and 2 described in Table 2 , respectiv ely. The y share the same 
dimensionless system, source redshift and Hubble constant, but they have 
different lens redshift z l (0.4 versus 0.8), velocity dispersion v (180 km s −1 

versus 175 km s −1 ) and hence Einstein radius θE (0.635 arcsec versus 0.376 
arcsec). Ho we ver, as sho wn on the right panel and in Table 2 , they lead to the 
same measurement of relative time delays and ef fecti ve luminosity distances 
of the images as their dimensionless system are the same and the values of 
T ∗ and d L also match. 
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o we ver, it is worth noting that this final degeneracy is a partial
e generac y, because d L must be kept fixed in the transformation.
or this reason, the degeneracy can be broken by measuring z l and
E only, even without z s measurement. 17 Section 4.4 will provide a 
ore detailed formalism for this partial de generac y. 

.1.4 What quantities are degenerate? 

rom the abo v e considerations, one should conclude that it is
ossible that for two systems with very different absolute scales 
nd distances as well as dif ferent v alues of the Hubble constant (i.e.
ifferent set of { z l , z s , θE , H 0 } ) can share the same time delays and
f fecti ve luminosity distances in their lensed signals. That is, the
cale of the lens θE , the redshift to the lens and source z l , z s , and
he Hubble constant H 0 are entirely degenerate with one another. 
o further illustrate the effect, Table 2 shows three very different 
IE lens systems that would lead to the same lensing observables. 
he first two systems considered are illustrated in Fig. 3 . Saha
 2000 ) referred to the transformation that induced the de generac y
resented abo v e as the similarity transformation; therefore, we call 
his de generac y the similarity transformation de generac y. To back up
hese arguments, we will give further evidence of these degeneracies 
n our lens reconstruction results, where the degeneracies between 
 z l , z s , θE , H 0 } are obvious. 

.2 Lens reconstruction with similarity transformation 

egeneracy 

hat can GWs tell us about the galaxies that lens them? For dark siren
W lensing (i.e. observation without EM counterpart or any other 

upplementary information), we can only measure the relative time 
elays 
t d,ij , ef fecti ve luminosity distances d eff 

L,i and relative Morse
ndices 
n ij of the images. 18 In this case, only a limited amount of
nformation can be reconstructed. We focus on galaxy lenses here: 
7 More technically, if there are 4 degrees of freedom in allowing for z s , z l , θE , 
nd H 0 to vary, then the condition d ′ L = d L produces one ‘constraint’, such 
hat there are really only 4 − 1 = 3 degrees of freedom, so a measurement of 
wo out of the four degenerate quantities is sufficient to break the de generac y. 
8 The absolute Morse phase of type-II images may also be measurable when 
he GW experiences higher order modes (Dai & Venumadhav 2017 ; Ezquiaga 
t al. 2021 ; Wang et al. 2021a ; Janquart et al. 2021b ). 
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s the image with Morse index n j = 2 (i.e. the type III image) is
 highly demagnified (central) image that can rarely be observed in
alaxy lensing for the current generation of GW detectors (Dahle 
t al. 2013 ; Collett & Bacon 2016 ; Collett et al. 2017 ; More &
ore 2022 ), we neglect it (we would leave analysis that includes

he central image to future studies). Meanwhile, the images with 
orse index n j = { 0 , 1 } correspond to positive and negative value

f magnification μ, respectively (Vijaykumar, Mehta & Ganguly 
023 ). In addition, for a typical galaxy lens system with four images,
he arri v al order of images is types I-I-II-II (Schneider, Ehlers &
alco 1992 ; Wierda et al. 2021 ). Hence, assuming all four images
re observed, we can sort out the image types by arri v al order, which
ould be included in the lens reconstruction process. GWs can thus
MNRAS 536, 2212–2233 (2025) 
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Table 4. GW lensing observables of injected system setup shown in Table 3 . Note that we have four images, and the image types are I-I-II-II. 

Observables Ef fecti ve luminosity distance: d eff 
L, 1 , d 

eff 
L, 2 , d 

eff 
L, 3 , d 

eff 
L, 4 (in Mpc) Relative time delay between images: 
t d, 12 , 
t d, 23 , 
t d, 34 (in s) 

Injected values 9404, 9237,12596,13169 −176409 , −1554126 , −210470 

Table 3. Injection values of the system parameters for our lens reconstruction example: (1) for the lens parameters, z l , v, f are the redshift, velocity dispersion 
and SIE axis ratio, respectively. Note that we align the long axis of the SIE with the vertical axis (i.e. the y 2 or x 2 axis). (2) For the source, z s , � β are the redshift 
and the (angular) source position in arcseconds, respectively. (3) For cosmology, H 0 is the Hubble constant. 

Type of parameters � � l (SIE lens) � � s (GW source) � � c (cosmology) 

Injection values z l = 0 . 5 , v = 240 km s −1 , f = 0 . 5 z s = 2 , � β ≈ (0 . 00592 , 0 . 00887) (in arcseconds) H 0 = 67 . 8 km s −1 Mpc −1 
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21 In particular, prior information about z l and θE are required to perform 

meaningful reconstructions with � � all (such a prior-information-driven ap- 
proach was demonstrated in Jana et al. ( 2023 ), which supports the assertion). 
22 This is to roughly account for both measurement and lens model uncertain- 
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ield the ef fecti ve luminosity distances d eff 
L,i , relative time delays

t d,ij , and absolute Morse phases n i as observ ables. Ho we ver, it is
mportant to understand what lensing quantities these observables
an map to; it is clear that due to the similarity transformation
e generac y, not all lensing quantities can be measured. 19 

From a reverse engineering point of view, after we obtain the GW
bservables ( d eff 

L,i , 
t d,ij , n i ), we can obtain the absolute value of the
agnification ratio of images by ∣∣∣∣μi 

μj 

∣∣∣∣ = 

( 

d eff 
L,j 

d eff 
L,i 

) 2 

, (22) 

hich is completely determined by the dimensionless lens system 

20 

fter d L is cancelled out. We note that, for our galaxy lensing
ase where we ignore type III images, one can also obtain the
agnification ratio (signs included) by taking the Morse index into

ccount: 

μi 

μj 

= 

( 

d eff 
L,j 

d eff 
L,i 

) 2 

( −1) 
n ij . (23) 

Meanwhile, we can also make use of the ratio of relative time
elay of different image pairs and obtain the ratio of dimensionless
ime delay: 

τij 

τmn 
= 


t d,ij 


t d, mn 
, (24) 

hich is completely fixed by the dimensionless lens system, meaning
t does not depend on the time-delay scaling T ∗. Suppose we have
ufficient number of observed images and a parametric lens model
for instance, four images and an SIE lens mass profile). In that case,
e can reconstruct the dimensionless lens system from the ef fecti ve

uminosity distance ratios and relative time-delay ratios. For instance,
f we choose SIE to be our lens model, using the magnification ratios
i / μj and dimensionless time-delay ratios τij / τmn , one would be
ble to reconstruct the axis ratio f (which is part of the dimensionless
ystem), as well as the dimensionless source position � y (hence also
he dimensionless image positions � x by equation 3 ). In Section 4.5 ,
e use a SIS lens to demonstrate this idea analytically. 
After reconstructing the dimensionless lens system, using equation

 13 ), we can calculate the dimensionless time delay τi of the i th
mage. Then we can obtain the value of T ∗ from the observed
NRAS 536, 2212–2233 (2025) 

9 F or e xample, can we retriev e the Einstein radius? How about the axis ratio? 
hat about the redshifts? 

0 That is, it only depends on the scaled image/source positions and the scaled 
ens potential, but not on the angular diameter distances or the Einstein radius 
scale of the lens). 
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t d,ij using equation ( 12 ). Similarly, we can calculate the i th
mage’s magnification μi from equation ( 5 ) and use the relation
 L = d eff 

L,i 

√ | μi | to calculate d L . 
What, therefore, can GWs alone infer? GWs can be used to

eco v er the dimensionless system: dimensionless source position �y 
nd dimensionless deflection potential parameters � � 	 

from the ratios
i / μj and τij / τmn . Ho we ver, in terms of the scale of the system, we
an only reco v er the time-delay factor/scaling T ∗ and the absolute
uminosity distance d L . Therefore, we will not be able to infer the
ctual physical scales and sizes (such as D s , D l , and θE ) and the
ctual mass distribution �. In other words, we can only reconstruct
he posterior P ( � y , � � 	 

, T ∗, d L | � d GW 

) (under a selected lens model
nd form of 	( � x )), but not the posterior of all free parameters
 ( � � all | � d GW 

) that would allow inferring the cosmological parameters
rom the lens system. Therefore, in the process of lens reconstruction
rom dark siren lensed GW in the Bayesian framework, we should
nly set { � y , � � 	 

, T ∗, d L } as the (irreducible) free parameters in our
ens model, instead of � � all = ( � β, z s , θE , � � 	 

, z l , H 0 ). That is, the
nference of { � y , � � 	 

, T ∗, d L } is a data driven, while inference of � � all 

s a prior-driven. 21 

Below, we demonstrate parameter estimation results using our
irreducible’ parameters, which accounts for the similarity trans-
ormation de generac y. We inject an SIE lens with the parameters
escribed in Table 3 . After obtaining the injected observables for
he four images as described in Table 4 , we perform Bayesian
arameter estimation of the lens system. We note that, for simplicity,
e do not inject any GW waveform nor perform any GW param-

ter estimation. Instead, we assume the GW analysis is already
ompleted beforehand (similar to C ¸ alıs ¸kan et al. 2023 ) and we
irectly work on the resulting posteriors/measurement of the GW
ensing observables � d GW 

= { d eff 
L,i , 
t d,ij , 
n ij } : motivated by Liao,

iesiada & Zhu ( 2022 ), Wempe et al. ( 2024 ), and Abbott et al. ( 2023 ),
or P ( � d GW 

| � νim 

), we assume a simple and uncorrelated Gaussian
ith 5 per cent error on the measured d eff 

L,j and 
t d,ij . 22 Under the
imilarity transformation de generac y for dark siren GW lensing,
ies. Note that a correlated probability distribution of the measured d eff 
L,j and 

t d,ij that emerge from direct GW data analysis (such as Haris et al. 2018 ; 
annuksela et al. 2019 ; Janquart et al. 2021a ; Goyal et al. 2021b ; Janquart 

t al. 2022 , 2023a , b ; Lo & Maga ̃ na Hernandez 2023 ; Abbott et al. 2024 ) 
hould be used in an actual quantitative analysis; we are primarily interested 
n understanding the various lensing de generacies qualitativ ely, where a rough 
epresentative error estimate should be sufficient. 
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Figure 4. Result of SIE lens reconstruction of dark siren lensed GW using 
injected parameters shown in Tables 3 and 4 , which an uncorrelated Gaussian 
likelihood with 5 per cent error on observed relative time delays and ef fecti ve 
luminosity distances is assumed. After taking similarity transformation 
de generac y into account, the five free parameters in the inference are 
{ � y = ( y 1 , y 2 ) , f , T ∗, d L } , which are the dimensionless source position, the 
SIE axis ratio, the time-delay scaling T ∗ ≡ 1 + z l 

c 
D l D s 

D ls 
θ2 
E , and the (unlensed) 

luminosity distance, respectively. In this figure, we show the posterior 
distribution of the parameters that represent the dimensionless lens system: 
� y = ( y 1 , y 2 ) and f . We can see, the parameters are reco v ered fairly well. We 
note that the dimensionless source position suffers from multiple solutions 
only because SIE lens has two degrees of reflectional symmetry. Other than 
that, there is no de generac y among the parameters. 
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Figure 5. Result of SIE lens reconstruction of dark siren lensed GW using 
injected parameters shown in Tables 3 and 4 , which an uncorrelated Gaussian 
likelihood with 5 per cent error on observed relative time delays and ef fecti ve 
luminosity distances is assumed. After taking similarity transformation de- 
generacy into account, the five free parameters are { � y = ( y 1 , y 2 ) , f , T ∗, d L } , 
which are the dimensionless source position, the SIE axis ratio, the time- 
delay scaling T ∗ ≡ 1 + z l 

c 
D l D s 

D ls 
θ2 
E and the (unlensed) luminosity distance, re- 

spectively. In this figure, we show the posterior distribution of the parameters 
that represent the scale of the lens system: T ∗ (in seconds) and d L (in Mpc) . 
We can see, the two parameters are reco v ered fairly well. 

a  

t  

d  

s
f  

w  

(  

s
o

o  

d  

w
o  

m  

r  

a  

i
s  

t  

i
m

4

H  

r  

a  

h  

y  

t  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/536/3/2212/7914167 by guest on 09 M
arch 2025
e would only sample five free parameters in this case: the two-
imensional dimensionless source position � y = ( y 1 , y 2 ), the SIE axis
atio f , the luminosity distance d L , and the time-delay scaling T ∗.

e also assume a uniform prior for all parameters for simplicity. 
igs 4 and 5 show the lens reconstruction result of the system’s
imensionless parameters ( � y , f ) and parameters that represent the 
cale of the system ( T ∗, d L ), respectively. First, there are four peaks
n the posterior for the dimensionless source position � y . This is
o be expected due to the reflectional symmetry of the SIE lens.
hen, we can see for all five parameters, the injected values are

ncluded in the reco v ered posteriors. The full parameter estimation 
esult of all five parameters is shown in Fig. 1 in the supplementary
aterial. 
We then repeat the e x ercise with sev en free parameters: { � y =

 y 1 , y 2 ) , f , θE , z s , z l , H 0 } , which does not account for similarity
ransformation de generac y. The set-up is identical to the run pre-
ented in Figs 4 and 5 , with a uniform prior on all sampling
arameters. Fig. 6 shows the posterior distribution of the parameters 
hat describe the scale of the system: namely, the Einstein radius
E , the source and lens redshifts, z s , z l and the Hubble constant
 0 . The full result of the parameter estimation is shown in Fig. 2

n the supplementary material. As expected, the four quantities that 
escribe the actual scale of the system, { θE , z s , z l , H 0 } , are poorly
eco v ered and constrained due to the degeneracies that are present
mong these parameters: for instance, the z s - H 0 relation is spanned 
cross the entire parameter space diagonally, implying that the two 
re fully degenerate (due to their combination within d L ). Similarly,
he z l - θE pair is also highly degenerate. Meanwhile, we note that the
imensionless system parameters are still reco v ered (see Fig. 2 in the
upplementary material). Therefore, despite having seven constraints 
rom the dark siren GW observations (four d eff 

L,j and three 
t d,ij ),
hich, naively, could be matched to the seven free lensing parameters

 f , v, � y , z s , z s , H 0 ), one cannot constrain the full system due to the
imilarity transformation de generac y. Indeed, these results support 
ur earlier discussion. 
A detected, strongly lensed GWs would give us a measurement 

f the relative time delays 
t d,ij and ef fecti ve luminosity distances
 

eff 
L,i . With just P ( 
t d,ij ) and P ( d eff 

L,i ), as demonstrated abo v e, we
ould suffer from similarity transformation degeneracies and can 
nly infer a reduced number of parameters of the system. This
ay not be very useful for science application that rely on lens

econstruction. Ho we ver, if the lens system is localized through
n archi v al search or a rapid EM follo w-up, complementary EM
nformation of the corresponding lens system, especially the lens and 
ource redshift and Einstein radius of the lens, can break the similarity
ransformation de generac y. In Section 4.4 , we demonstrate that such
dentification and EM information is crucial to the Hubble constant 

easurement. 

.3 Lens reconstruction with two or three images only 

ere, we provide additional examples of dark siren GW SIE lens
econstruction attempt with only two or three of all four GW images
re used in the process of parameter estimation. In practice, this may
ave to be done when the remaining lensed images have not arrived
et, or they are too dim to be detected. We also assume the order of
he two or three images are identified or assumed correctly within
MNRAS 536, 2212–2233 (2025) 



2222 J. S. C. Poon et al. 

M

Figure 6. Result of SIE lens reconstruction of dark siren lensed GW using injected parameters shown in Tables 3 and 4 , without accounting for similarity 
transformation de generac y. An uncorrelated Gaussian likelihood with 5 per cent error on observ ed relativ e time delays and ef fecti ve luminosity distances is 
also assumed. The seven free parameters are { � y = ( y 1 , y 2 ) , f , θE (in arcseconds) , z s , z l , H 0 (in km s −1 Mpc −1 ) } , which are the dimensionless source position, 
the SIE axis ratio, the Einstein radius, the source and lens redshift and the Hubble constant, respectively. Here, we show the posterior distribution of the four 
parameters that represent the scale of the system: θE (in arcseconds) , z s , z l , H 0 (in km s −1 Mpc −1 ) . They are poorly recovered (which can be sensitive to prior 
choice) and showed high degree of degeneracies, which is expected from similarity transformation degeneracy. 
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ll images. 23 The set-up of the lens system is presented in Tables 3
nd 4 . 

Fig. 7 presented the result of parameter estimation of the dimen-
ionless system parameters � y = ( y 1 , y 2 ) and f in the case of only
sing the first two images. The full result is shown in Fig. 3 in the
upplementary material. We note that an uncorrelated Gaussian like-
ihood with only 0.001 per cent error on the observables is assumed
n order to minimize uncertainty. As shown, the injected parameters
re not reco v ered and the posteriors appears uninformative. This is
xpected, as there is a mismatch in degree of freedom: we only have
hree observables ( d eff 

L, 1 , d 
eff 
L, 2 and 
t d, 12 ), but the entire lens system

as five irreducible free parameters ( { � y = ( y 1 , y 2 ) , f , T ∗, d L } ). 
Figs 8 and 9 show the result of the inference of the lens system’s

imensionless parameters using the first three images, with the
NRAS 536, 2212–2233 (2025) 

3 To elaborate, we first obtain the injected observables from, for instance, 
he first three images (in practice, since the first two images are type I image 
nd the third one is type II image, we would not be able to distinguish if we 
bserved the first three images or the first two and fourth images from the 
ens system). Then we attempt lens reconstruction by (correctly) assuming 
hat the three images we obtained are the first three of the four images. 

i  

c

4

H  

l  
ifference being they assume a 5 and 0.01 per cent error on the
uncorrelated) Gaussian likelihood of the observ ables, respecti vely.
he full results are also shown in Figs 4 and 5 in the supplementary
aterial. From Fig. 8 , we can see the injection o v erlaps with the

osterior, although the uncertainties are quite broad. From Fig. 9 ,
hich the error of the Gaussian likelihood is small and the parameter

stimation uncertainty is minimized, we reco v er the injection value
ccurately. This result is also expected, as the five degrees of
nformation in the observables ( d eff 

L, 1 , d 
eff 
L, 2 , d 

eff 
L, 3 , 
t d, 12 and 
t d, 23 )

atch the five degrees of freedom in the irreducible free parameters
 { � y = ( y 1 , y 2 ) , f , T ∗, d L } ). Ho we ver, we note that the inference
ccuracy will not be as good as the case of using all four images.
one the less, it may still allow us to predict the image property of

he fourth image and help for preparing or searching for the fourth
mage in the GW data, given that we identify the order of the images
orrectly, as discussed in Ng et al. ( 2024 ). 

.4 Science application: Hubble constant measurement 

ere, we re vie w the procedures of measuring Hubble constant from
ensed GW in the context of the various degeneracies. Demonstra-
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Figure 7. Result of SIE lens reconstruction of dark siren lensed GW using in- 
jected parameters shown in Table 3 and the observables of the first two images 
from Table 4 , which an uncorrelated Gaussian likelihood with 0.001 per cent 
error on observed relative time delays and ef fecti ve luminosity distances is 
assumed. After taking similarity transformation de generac y into account, the 
five free parameters in the inference are { � y = ( y 1 , y 2 ) , f , T ∗, d L } , which are 
the dimensionless source position, the SIE axis ratio, the time-delay scaling 
T ∗ ≡ 1 + z l 

c 
D l D s 

D ls 
θ2 
E and the (unlensed) luminosity distance respectively. In this 

figure, we show the posterior distribution of the parameters that represent the 
dimensionless lens system: � y = ( y 1 , y 2 ) and f . We can see the parameters 
cannot be reco v ered and the posterior is uninformative. 
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Figure 8. Result of SIE lens reconstruction of dark siren lensed GW using 
injected parameters shown in Table 3 and the observables of the first three im- 
ages from Table 4 , which an uncorrelated Gaussian likelihood with 5 per cent 
error on observed relative time delays and ef fecti ve luminosity distances is 
assumed. After taking similarity transformation de generac y into account, the 
five free parameters in the inference are { � y = ( y 1 , y 2 ) , f , T ∗, d L } , which are 
the dimensionless source position, the SIE axis ratio, the time-delay scaling 
T ∗ ≡ 1 + z l 

c 
D l D s 

D ls 
θ2 
E and the (unlensed) luminosity distance, respectively. In 

this figure, we show the posterior distribution of the parameters that represent 
the dimensionless lens system: � y = ( y 1 , y 2 ) and f . We can see, the parameters 
can be reco v ered, but with very large uncertainty. 
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ions of such Hubble constant measurements have been done by 
arious authors in the context of supplementary EM data, including 
iao et al. ( 2017 ), Hannuksela et al. ( 2020 ), and statistical studies by
ana et al. ( 2023 ). 

Suppose one has access to the EM counterpart or observation 
f the lens galaxy and the lensed host galaxy of the GW source,
or example, through an archi v al search or a rapid EM follow-up
annuksela et al. ( 2020 ) and Smith et al. ( 2023 ). In this case, we
ave access to the source and lens redshifts ( z s and z l ). With this
dditional information, one can measure the Hubble constant H 0 

s follows. Since the (unlensed) luminosity distance of the source 
 L and angular diameter distance to the source D s are related by
 s = d L / (1 + z s ) 2 , T ∗ can be written as 

 ∗ = 

1 + z l 

c 

D l 

D ls 

d L 

(1 + z s ) 2 
θ2 
E = d L 

[
D l 

D ls 

1 + z l 

c(1 + z s ) 2 
θ2 
E 

]
. (25) 

or our flat universe, we note that the Hubble constant information 
s encoded in the luminosity distance d L as shown in equation ( 18 ).
hen, we write 

t d,ij = T ∗τij = d L 

[
D l 

D ls 

1 + z l 

c(1 + z s ) 2 
θ2 
E 

]
τij 

= d L Gτij , (26) 

here G is defined as 

 = G ( z l , z s , θE ) ≡ D l 

D ls 

1 + z l 

c(1 + z s ) 2 
θ2 
E . (27) 

e stress that G is independent of the Hubble constant (as it cancels
ut in the factor D l / D ls ). In addition, some may argue that the angular
instein radius θE may be dependent on H 0 , for instance, for a point
ass lens with mass M , θE = 

√ 

4 GM D ls / c 2 D l D s . But we note that
or some lenses, such as the SIE (and SIS) that we are considering
ere, θE = 4 πv 2 D ls / c 

2 D s is independent of the Hubble constant 
Biesiada, Pi ́orkowska & Malec 2010 ; Cao et al. 2015 ). Therefore,
ne should treat θE as just an angular scale of the lens that one can
bserve with an EM telescope (Gonz ́alez et al. 2020 ). 
To summarize, from lensed GWs, we would obtain 
t d,ij = 

 L Gτij and d eff 
L,i = d L / 

√ | μi | . Previously, we mentioned we would
e inferring T ∗ and d L in GW lens reconstruction, but here, we note
t being equi v alent to inferring the v alue of d L and G instead. This
ould collectively describe the degeneracies outlined in Section 4.1 , 

specially the partial de generac y as a result of { z l , z s , θE } being
oupled in the two separate quantities d L ( z s , H 0 ) and G ( z l , z s , θE ). 

If the gravitational lens system is identified in the EM band,
he EM telescope image data, as well as source and lens redshift
nformation from photometric/spectroscopic redshift measurement, 
ill yield a measurement for z s , z l , and θE directly. In principle, it
ay be possible, in certain rare scenarios, that the lens system is

dentified without identification of the source galaxy. In such a case,
 l and θE might be known and one would be able to solve for z s from
he inferred value of G . That is, z s can be inferred and is not required
or cosmological applications. Indeed, one can solve for H 0 from the
nferred luminosity distance d L ( z s , H 0 ) together with the time-delay
istance. That is, the source redshift is not strictly speaking required
or cosmological applications. 

To illustrate this, we perform a post-lens reconstruction anal- 
sis using the result from the last section (i.e. the posterior
MNRAS 536, 2212–2233 (2025) 
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Figure 9. Result of SIE lens reconstruction of dark siren lensed GW 

using injected parameters shown in Table 3 and the observables of the first 
three images from Table 4 , which an uncorrelated Gaussian likelihood with 
0.01 per cent error on observed relative time delays and ef fecti ve luminosity 
distances is assumed. After taking similarity transformation de generac y into 
account, the five free parameters in the inference are { � y = ( y 1 , y 2 ) , f , T ∗, d L } , 
which are the dimensionless source position, the SIE axis ratio, the time-delay 
scaling T ∗ ≡ 1 + z l 

c 
D l D s 

D ls 
θ2 
E and the (unlensed) luminosity distance, respec- 

tively. In this figure, we show the posterior distribution of the parameters 
that represent the dimensionless lens system: � y = ( y 1 , y 2 ) and f . We can 
see that the parameters have been recovered fairly well. We note that the 
dimensionless source position suffers from multiple solutions only because 
SIE lens has two degrees of reflectional symmetry. Other than that, there is 
no de generac y among the parameters. 

P  

t  

t  

f  

a  

i  

w  

d  

w  

c
 

t  

i  

a  

s  

s  

r  

a  

b  

i  

t  

c  

d  

e

Figure 10. Result of Hubble constant H 0 inference using result from the run 
shown in Figs 4 and 5 (and also Fig. 1 in the supplementary material), 
after assuming accurate information of z l = 0 . 5 , θE ≈ 0 . 592 arcsec and 
z s = 2 obtained from EM observation and lens system identification. The 
parameters shown: { T ∗ (in s) , d L (in Mpc) , H 0 (in km s −1 Mpc −1 ) } are the 
time-delay scaling, the luminosity distance and Hubble constant, respectively. 
We note that the peak of the inferred H 0 o v erlaps with the injection value of 
67 . 8 km s −1 Mpc −1 . 
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 ( � y , f , T ∗, d L | � d GW 

) showed in Fig. 4 , Fig. 5 (and also Fig. 1 in
he supplementary material), from which we infer H 0 . We assume
he correct lens system is identified from EM observations, and we
urther assume the precise value of z l = 0 . 5 , θE ≈ 0 . 592 arcseconds
nd z s = 2 are obtained without uncertainty. Fig. 10 shows the result,
n which we reco v ered the injected value of the Hubble constant
ithout source redshift. Therefore, the similarity transformation
e generac y can be broken, and the Hubble constant can be measured
hen one can observe the lens and the host galaxy through another

hannel. 
In our discussion, we stated that, due to the similarity transforma-

ion de generac y, we could only perform precise cosmological studies
n GW lensing when complemented with EM information (source
nd lens redshift, as well as Einstein radius). But we stress that, it is
till possible to constrain cosmological parameters (such as H 0 ) to
ome degree if a known statistical distribution of the source and lens
edshift ( z s and z l ), as well as the velocity dispersion v of the lens are
pplied in the analysis (such statistical distribution can be obtained
y non-lensing related surv e y). Such methodology is demonstrated
n Jana et al. ( 2023 ) (in which they also studied the constraint on
he matter density �m 

). In our work, we restrict ourselves to the
ase of precise measurements, where we do not use the statistical
istributions of the source and lens parameters z s , z l , and v. This
xplains the apparent discrepancy between our conclusions. 
NRAS 536, 2212–2233 (2025) 
.5 Analytical example: SIS lens 

ere, we provide an analytical example to explicitly demonstrate
he idea of dark siren GW lens reconstruction under similarity
ransformation de generac y. Consider a singular isothermal sphere
SIS) lens, with its surface density given by 

( � ξ ) = 

v 2 

2 ξ
, (28) 

here v is the velocity dispersion of the lens galaxy and � ξ is the
Cartesian) impact parameter on the lens plane (i.e. � ξ = � x θE D l in our
otation). Its (angular) Einstein radius is given by θE = 4 πv 2 D ls / D s 

nd the dimensionless deflection potential is 	( � x ) = | � x | (Taka-
ashi & Nakamura 2003 ). 
Therefore, the dimensionless lens equation is now 

�  = � x − ∇ � x | � x | = � x 

(
1 − 1 

| � x | 
)

. (29) 

Since this is a symmetric system, we expect the source and images
o lie on the same line (which goes through the centre of the lens).
ence, it becomes a one dimensional problem: � y → y, � x → x.
oreo v er, we can set y > 0 without loss of generality. Then, the

imensionless lens equation becomes 

 = x 

(
1 − 1 

| x| 
)

, (30) 

hich has two solutions for the dimensionless image position when
 < y < 1: 

 + 

= y + 1 , 

 − = y − 1 . (31) 



Gravitational wave lensing degeneracies 2225 

t

a

t

H




M

μ

T

d

s  

o
d
r

y

T  

d

T

a

d

A  

t  

i  

t  

s  

i  

w

5

T  

p  

t
fl
H  

a  

t
S

m

κ

w
a
P  

s
t  

p
s  

s  

2  

t  

a  

t
a  

t  

n
b

	

n

β

I

y

w

y

D  

s

(

w  

o
t  

p  

c  

b
t  

l

i

μ

w
m  

s  

(
t

24 In fact, for a circular lens, the mass-sheet de generac y also preserv es the 
total mass within the Einstein radius (Saha 2000 ). 
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We then have the time delay of the x + 

image as 

 d ( x + 

) = 

1 + z l 

c 

D l D s 

D ls 

θ2 
E 

[ | y + 1 − y| 2 
2 

− ( y + 1) 

]

= 

1 + z l 

c 

D l D s 

D ls 

θ2 
E 

(
−y − 1 

2 

)
, (32) 

nd that of the x − image as 

 d ( x −) = 

1 + z l 

c 

D l D s 

D ls 

θ2 
E 

(
y − 1 

2 

)
. (33) 

ence, the relative time delay between the two images is 

t d = 

1 + z l 

c 

D l D s 

D ls 

θ2 
E (2 y) = T ∗(2 y) . (34) 

eanwhile, the image magnifications are given by 

± = ±1 + 1 /y. (35) 

he corresponding ef fecti ve luminosity distances are 

 

eff 
L, ± = d L / 

√ 

| μ±| = d L / 
√ 

| ± 1 + 1 /y| . (36) 

Now, assume we only have dark siren lensed GW observation 
o that we only observe 
t d and d eff 

L, ±. Furthermore, assume the
bservables we obtained are certain. One can then solve for the 
imensionless source position y fully in terms of the observables: by 
ealizing μ+ 

/ μ− = − (
d eff 

L, −/ d eff 
L, + 

)2 
, we have 

 = 

μ+ 

/μ− − 1 

μ+ 

/μ− + 1 
= 

(
d eff 

L, −/ d eff 
L, + 

)2 + 1 (
d eff 

L, −/ d eff 
L, + 

)2 − 1 
. (37) 

hen, from equation ( 34 ), T ∗ can be calculated from the observables
irectly as 

 ∗ = 


t d 

2 y 
= 


t d 

2 

(
d eff 

L, −/ d eff 
L, + 

)2 − 1 (
d eff 

L, −/ d eff 
L, + 

)2 + 1 
, (38) 

nd d L can be calculated by 

 L = d eff 
L, ±

√ √ √ √ 

∣∣∣∣∣±1 + 

(
d eff 

L, −/ d eff 
L, + 

)2 − 1 (
d eff 

L, −/ d eff 
L, + 

)2 + 1 

∣∣∣∣∣. (39) 

t this stage, we have used up all the information we have, finding
he value of T ∗ but not being able to find the values of its components,
ncluding θE (which is then related to the velocity dispersion v of
he galaxy). Therefore, in a more general dark siren SIS lens recon-
truction scenario, we would only be able to infer P ( y, T ∗, d L | � d GW 

),
nstead of the full joint posterior distribution P ( v, z l , β, z s , H 0 | � d GW 

),
hich would be the optimal result. 

 MASS-SHEET  D E G E N E R AC Y  

he mass-sheet de generac y (or magnification de generac y) was first
ointed out by Falco et al. ( 1985 ). It refers to a transformation of
he lens system that leaves observables such as image positions and 
ux/magnification ratio of images invariant, except for the quantity 
 0 t d . This de generac y is a well-known issue in lensing observation

nd analysis on the EM side, and it can lead to a biased estimation of
he Hubble constant H 0 from lensing if unaccounted for (Schneider & 

luse 2013 ). 
The mass-sheet transformation modifies the convergence of lens 
odel as follows (Schneider & Sluse 2013 ): 

¯ ( � θ) = (1 − κ0 ) κ( � θ ) + κ0 , (40) 
here κ̄ denotes the transformed convergence of the new lens model 
nd κ denotes the original convergence of the original lens model. 
hysically, it can be interpreted as adding a uniform and infinitely-
panning mass sheet with convergence κ0 at the lens while reducing 
he mass density of the original lens by the factor of (1 − κ0 ). The
resence of such mass sheet may be due to external convergence, 
uch as the lens being embedded in low-mass galaxy cluster, or due to
tructures along the line of sight (Falco et al. 1985 ; Schneider & Sluse
013 ; Birrer et al. 2016 ). Schneider & Sluse ( 2013 ) also demonstrated
hat the infinitely spanned uniform mass sheet has very similar effect
s a finite mass sheet that is located within 2 θE from the centre of
he lens, hence the mass-sheet transformation can also approximate 
 similar transformation of the lens model just near the core region of
he lens. Note that the Einstein radius θE is not modified. 24 We also
ote that, the transformed dimensionless deflection potential, 	̄ ( � x ), 
ecomes 

¯
 ( � x ) = (1 − κ0 ) 	( � x ) + 

κ0 

2 
| � x | 2 . (41) 

The transformation also changes the old source position � β to the 
ew source position � β̄ by 

� ¯ = (1 − κ0 ) � β. (42) 

n dimensionless coordinates, the transformation is simply 

� ¯ = (1 − κ0 ) � y , (43) 

here � ȳ is the new dimensionless source position. 
Therefore, the transformed lens equation is 

� ¯ = � x − ∇ � x 	̄ ( � x ) . (44) 

irectly substituting the transformation abo v e, we hav e the following
teps: 

1 − κ0 ) � y = � x − ∇ � x 
[ 
(1 − κ0 ) 	( � x ) + 

κ0 

2 
| � x | 2 

] 
= � x − (1 − κ0 ) ∇ � x 	( � x ) − κ0 

2 
∇ � x | � x | 2 

= � x − (1 − κ0 ) ∇ � x 	( � x ) − κ0 � x 

= (1 − κ0 ) � x − (1 − κ0 ) ∇ � x 	( � x ) , 

hich, after cancelling (1 − κ0 ) from both sides, reduces to the
riginal lens equation of the system before mass-sheet transforma- 
ion: � y = � x − ∇ � x 	( � x ). Hence, the solution of dimensionless image
osition � x remains the same, and since the Einstein radius is not
hanged, the actual image positions of the lens system are not altered
y the mass-sheet transformation. Therefore, it is impossible to lift 
he de generac y from image position alone, ev en in the case of EM
ensing observation (Congdon & Keeton 2018 ). 

Under the mass-sheet transformation, the new image magnification 
s 

¯ i = 

μi 

(1 − κ0 ) 2 
, (45) 

here μ is the original magnification before mass-sheet transfor- 
ation and the subscript i denotes the ith image. We note that,

ince all image magnifications are affected by the same factor of
1 − κ0 ) −2 , the magnification ratios are preserved under mass-sheet 
ransformation 
μ̄i 

μ̄j 

= 

μi 

μj 

. (46) 
MNRAS 536, 2212–2233 (2025) 
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Figure 11. Illustrativ e e xample of mass-sheet de generac y in multimessenger lensing: the upper and lower lens system on the left panel corresponds to a lens 
system before and after mass-sheet transformation respectively. We note that the source emits both EM waves and GW waves (for instance, a binary neutron star 
merger, or a binary black hole merger and its host galaxy). The middle panel illustrates the image position and magnification observed through EM telescope, 
and the right panel illustrates the relative time delay between images observed by GW detectors. Due to mass-sheet de generac y, the two systems lead to the 
same image positions, flux ratio, and relative time-delay ratio of different image pairs. 
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ence, in the case of EM lensing observation, as long as the actual
ource flux is unknown and we only have access to flux ratio between
mages, we cannot lift the mass-sheet de generac y. 

For GW lensing, since it is a standard siren, in the case of no lens
nd source redshift measurement, after mass-sheet transformation,
e will be measuring ef fecti ve luminosity distance of the images: 

¯
 

eff 
L,i = 

d L √ | ̄μi | 
= 

d L (1 − κ0 ) √ | μi | 
= 

d 
κ0 
L √ | μi | 

, (47) 

here we define d κ0 
L ≡ (1 − κ0 ) d L as the mass-sheet-degenerated

uminosity distance. We also note that the Morse index of the images
emain unchanged. 

Moreo v er, the new relative time delay is 

 ̄t d,ij = (1 − κ0 ) 
t d,ij , (48) 

here 
t d,ij = T ∗τij is the original relative time delay between
mage i and j , and again, we emphasize that τij is difference of the
imensionless time delay for image pair i, j of the original system.
ence, we can define the mass-sheet-degenerated time-delay scaling

s 

 

κ0 ∗ ≡ (1 − κ0 ) T ∗ (49) 

e can then write the new relative time delay as 

 ̄t d,ij = T κ0 ∗ τij . (50) 

n addition, we note that, similar to the invariant magnification ratio
f different images, the relative time-delay ratios of different image
NRAS 536, 2212–2233 (2025) 
airs: 


 ̄t d,ij 


 ̄t d,kl 

= 

τij 

τkl 

, (51) 

re also invariant under mass-sheet transformation due to the com-
on factor of T κ0 ∗ on all time delays. Fig. 11 summarizes the physical

icture and the invariant observables of a multimessenger lens system
nder mass-sheet transformation. 

.1 Lens reconstruction with similarity transformation and 

ass-sheet degeneracy 

ere, for dark siren GW lensing, we can only measure relative
ime delays 
 ̄t d,ij and ef fecti ve luminosity distances d̄ eff 

L,i of the
mages. In lens reconstruction, since T κ0 ∗ and d 

κ0 
L are common

actor of all the images’ relative time delay and effective luminosity
istance, respectively, similar to the case of similarity transformation
e generac y, we can eliminate them and obtain the magnification
atios as 

μi 

μj 

= 

( 

d̄ eff 
L,j 

d̄ eff 
L,i 

) 2 

( −1) 
n ij , (52) 

nd the dimensionless time-delay ratios as 

τij 

τmn 

= 


 ̄t d,ij 


 ̄t d,mn 

. (53) 

rom these ratios, we can only reconstruct the dimensionless system
hat does not have mass-sheet transformation taken into account,



Gravitational wave lensing degeneracies 2227 

Table 5. Injection values of the system parameters for our lens reconstruction example under mass-sheet transformation: (1) for the lens parameters, z l , v, f , κ0 

are the redshift, velocity dispersion, SIE axis ratio and mass-sheet convergence, respectively. Note that we align the long axis of the SIE with the vertical axis 
(i.e. the y 2 or x 2 axis). (2) For the source, z s , � β are the redshift and the (angular) source position in arcseconds (before mass-sheet transformation is applied), 
respectively. (3) For cosmology part, H 0 is the Hubble constant. 

Type of parameters � � l (SIE lens with mass sheet) � � s (GW source) � � c (cosmology) 

Injection values z l = 0 . 5 , v = 240 km s −1 , f = 0 . 5 , κ0 = 0 . 05 z s = 2 , � β ≈
(0 . 00592 , 0 . 00887) (in arcseconds) 

H 0 = 67 . 8 km s −1 Mpc −1 

Table 6. GW lensing observables of injected system setup shown in Table 5 . Note that we have four images and the image types are I-I-II-II. 

Observables Ef fecti ve luminosity distance: d eff 
L, 1 , d 

eff 
L, 2 , d 

eff 
L, 3 , d 

eff 
L, 4 (in Mpc) Relative time delay between images: 
t d, 12 , 
t d, 23 , 
t d, 34 (in s) 

Injected 
values 

8934, 8775, 11966, 12510 −167588 , −1476420 , −199947 

Figure 12. Result of SIE lens reconstruction of dark siren lensed GW using 
injected parameters shown in Table 5 and Table 6 . After taking similarity 
transformation de generac y and mass-sheet de generac y into account, the fiv e 
free parameters are { � y = ( y 1 , y 2 ) , f , T 

κ0 ∗ , d 
κ0 
L } , which are the dimensionless 

source position (before mass-sheet transformation), the SIE axis ratio, the 
mass-sheet-degenerated time-delay scaling T κ0 ∗ ≡ (1 − κ0 ) 

1 + z l 
c 

D l D s 

D ls 
θ2 
E and 

the mass-sheet-degenerated luminosity distance, respectively. Here, we show 

the posterior distribution for the parameters that describe the scale of the 
system: T κ0 ∗ (in seconds) , d κ0 

L (in Mpc) . We can see, the two parameters are 
reco v ered fairly well without de generac y. 
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amely the original (pre-mass-sheet-transformation) lens profile 
( � x ) (for instance, the axis ratio f in SIE lens) and also the original

imensionless source position � y . Then, we can only infer the values 
f the mass-sheet-degenerated time-delay scaling T κ0 ∗ and the mass- 
heet-degenerated luminosity distance d κ0 

L , and we emphasize that we 
annot resolve any terms inside of them. In summary, we can only
econstruct P ( � y , 	( � x ) , T κ0 ∗ , d 

κ0 
L | � d GW 

) with dark siren GW lensing. 
Here, we show an example of dark siren GW lens reconstruction 

nder both similarity transformation de generac y and mass-sheet 
e generac y. Similar to Section 4 , we inject an SIE lens with the sys-
em parameters shown in Table 5 , which gives injected observables 
resented in Table 6 . Same as the likelihood P ( � d GW 

| � νim 

) described
n Section 4.2 , we assume an uncorrelated 5 per cent Gaussian error
n the measured d eff 

L,j and 
t d,ij . Fig. 12 shows the result of lens
econstruction of the free parameters { T κ0 ∗ , d 

κ0 
L } (the full result of

arameter estimation of the parameters { � y , f , T κ0 ∗ , d 
κ0 
L } is shown in
ig. 6 in the supplementary material), and we are able to reco v er
hem accurately. Ho we ver, it is not possible to distinguish the ef fect
f mass-sheet convergence κ0 from the absolute time-delay scaling 
 ∗ or luminosity distance d L . We note that, in Section III A of
remonese et al. ( 2021 ), they also demonstrated the scaling relation
f mass-sheet density and the GW amplitude [which is related to the
f fecti ve luminosity distance defined in equation ( 47 )], as well as
ass-sheet de generac y itself from the perspectiv e of GW wav eform

n the geometric optics. 

.2 Inability to resolve mass-sheet degeneracy even with a 
elescope image and spectroscopic redshifts 

imilar to Section 4.4 , we assume we obtain the source and lens
edshift ( z s and z l ) through identifying the corresponding lens system
n EM observations. We furthermore assume that the Einstein radius 
E can be obtained from a high-resolution image of the lens. Since
W is a standard siren, it may intuitively make sense that one should
e able to break the mass-sheet de generac y and measure both κ0 and
 0 at the same time. Unfortunately, this is not the case. Under the
ass-sheet transformation, the relative time delay between images 

re given by 

 ̄t d,ij = (1 − κ0 ) T ∗τij = [ (1 − κ0 ) d L ] 

[
D l 

D ls 

1 + z l 

c(1 + z s ) 2 
θ2 
E 

]
τij 

= d 
κ0 
L Gτij , (54) 

here d κ0 
L = d 

κ0 
L ( z s , H 0 , κ0 ) ≡ (1 − κ0 ) d L ( z s , H 0 ) and G ( z l , z s , θE )

s defined in equation ( 27 ). In a flat universe, we have 

 

κ0 
L = 

c(1 − κ0 ) 

H 0 

∫ z s 

0 

dz ′ √ 

�r (1 + z ′ ) 4 + �m 

(1 + z ′ ) 3 + �� 

. (55) 

Thus, after mass-sheet transformation, d̄ eff 
L,i = 

d 
κ0 
L √ | μi | and 
 ̄t d,ij = 

 

κ0 
L Gτij . Recall that for the absolute scale of the lens system, we can
nly infer the values of the pair ( T κ0 ∗ , d 

κ0 
L ). Given the relationship

etween the luminosity distance and the angular diameter distance 
o the source, we can conclude that, ef fecti vely or equi v alently, one
an only infer the values of the pair d κ0 

L ( z s , H 0 , κ0 ) and G ( z l , z s , θE ).
As mentioned in Section 4.4 , with EM information, we will have

 s , z l , and θE information. Under fixed cosmology, we can infer
 ( z l , z s , θE ). Ho we ver, after we infer the value of d κ0 

L ( z s , H 0 , κ0 ),
ven with knowledge of z s , we still have a coupled pair of unknown
 H 0 , κ0 ) hidden in d κ0 

L in the form of (1 − κ0 ) / H 0 (equation 55 ),
aking the two fully degenerate. The reason behind is the effect of
ass-sheet transformation modifies the ef fecti ve luminosity distance 
MNRAS 536, 2212–2233 (2025) 
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Figure 13. Result of the Hubble constant H 0 and mass-sheet convergence κ0 

inference for lensed GWs. Injection model and parameters shown in Tables 5 
and 6 are used. In the run presented in the upper panel, the prior of κ0 is set 
to be uniform from 0 to 0.9, while that of the lower panel is set to be uniform 

from −0 . 9 to 0.9. We assume z s , z l , and θE are known from identifying the 
corresponding lens system in EM telescope observation. As we can see, the 
Hubble constant H 0 and mass-sheet convergence κ0 are poorly constrained, 
degenerate, and sensitive to the choice of prior. 
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nd time delay in the same way, namely multiplying the factor (1 −
0 ). Therefore, lensed GWs with EM counterpart (or observation
f the lens and the lensed host galaxy) will not be able to break
ass-sheet de generac y with just lensing observables. 
Fig. 13 illustrates parameter estimation attempts trying to infer κ0 

nd H 0 with a known (fixed) z s , z l and θE . Both panels have the same
etup as the one described in Tables 5 and 6 . We assume the same
niform prior for H 0 . The difference between the two panels is that
he prior of κ0 in the simulation shown in the upper panel is set to be
niform from 0 to 0.9, while the simulation shown in the lower panel
s set to be uniform from −0 . 9 to 0.9. 25 For both results, we can see
here is a H 0 –κ0 de generac y spanning across the parameter space. 
NRAS 536, 2212–2233 (2025) 

5 This is unphysical since we include the possibility of ne gativ e mass sheet, 
ut mathematically, it is still valid, and we intend to use this prior to check 
he validity of the result shown in the upper panel. 

p  

t  

t

[  
In the upper panel, it may look as if the peak of the posterior
f H 0 still roughly o v erlaps with the injected v alues. Ho we ver, it is
ust a coincidence due to assumption of priors for H 0 and κ0 .When
e assume a different prior on κ0 , as shown in the lower panel,

he posterior peak of H 0 is far off from injection, and the posterior
robability of κ0 drops as κ0 increases, even in region where κ0 is
e gativ e. It becomes clear that the inferred posterior distribution of
0 is not informative and affected by prior choice. These results
ndicate that constraining both κ0 and H 0 simultaneously from GWs
trongly lensed by galaxy is not possible even when an EM lens
econstruction is available, due to the mass-sheet de generac y. 

If we perform Hubble constant measurement ignoring the possible
resence of a mass-sheet (as demonstrated in Section 4.4 ), our mea-
ured Hubble constant would be biased from the true Hubble constant
y a factor of 1 

1 −κ0 
. Such issues in Hubble constant measurement via

bserving lensing of EM waves are further discussed in Schneider &
luse ( 2013 ). 
In addition, the abo v e analysis can be applied to similar situations

n lensing of light. For instance, for time varying light sources that
ay not be standard candle, such as quasars, if one assume a fixed

osmology and known H 0 , mass-sheet de generac y can be broken
nd the mass-sheet density κ0 can be found as follows. Despite
here will not be measurement of the ef fecti ve luminosity distance
¯
 

eff 
L (as the total flux is not known), from the image position and
ime-delay measurement from the EM telescope, one should be
ble to measure the Einstein radius θE , as well as reconstruct the
imensionless source position and calculate the dimensionless time
elay τij between images. Together with redshift measurement of the
ens and source, G ( z s , H 0 , θE ) can be calculated, hence the value of
 

κ0 
L can be calculated with equation ( 54 ). As cosmology is fixed and
 s is known, κ0 can be found from equation ( 55 ) easily. This would
e helpful if one would like to study the lens galaxy, such as it being
ossibly embedded in a galaxy cluster or a possible finite mass sheet
ocated near the centre of the lens that can mimic the mass-sheet
ransformation (Falco et al. 1985 ; Schneider & Sluse 2013 ; Birrer
t al. 2016 ), without standard candle sources (but an accurate value
f H 0 from other measurement is required). 

 SCI ENCE  APPLI CATI ONS  A N D  

MPLI CATI ONS  O F  T H E  TWO  D E G E N E R AC I E S  

.1 Test of modified gravitational wave propagation 

ome theories modifying general relativity on cosmological scales
ave as typical signature a modified GW dispersion relation (prop-
gation ef fect) (Def fayet & Menou 2007 ; Belgacem et al. 2018 ,
019 ; Lagos et al. 2019 ; Finke et al. 2021 ). Moreo v er, modified
W propagation may be one of the most promising window to
bservationally test such theories (Mirshekari, Yunes & Will 2012 ;
inke et al. 2021 ). The idea of testing modified GW propagation
ffect on the luminosity distance of GW (which we will refer as GW
uminosity distance, d gw 

L , below) by lensing was previously discussed
n Finke et al. ( 2021 ), Iaco v elli et al. ( 2022 ), and Narola et al. ( 2023 ),
n which the results presented in this section build. In addition,
ere we ask the question: ‘Given that the proposed modified GW
ropagation tests rely on luminosity distance measurements, could
he mass-sheet de generac y alter their results?’ The answer appears
o be no. 

The relationship between GW and EM luminosity distance d em 

L 

which is just the original/standard luminosity distance as defined in
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Figure 14. Result of � ( z s ) inference from lensed GW under injected 
parameters shown in Table 5 (with the addition of n = 2 , � 0 = 1 . 8). After a 
posterior distribution of T κ0 ∗ and d gw ,κ0 

L is obtained in the lens reconstruction 
run shown in Fig. 7 in the supplementary material, assuming z s , z l and θE 

are known from EM observation and lens system identification, equation ( 60 ) 
is used to infer � ( z s ). The peak of the posterior o v erlaps with the injection 
value of � ( z s ) = 1 . 71. 
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quation ( 18 )] is written as 

 

gw 
L = � ( z s ) d 

em 

L , (56) 

here for a wide range of modified gravity theories, the GW to EM
uminosity distance ratio � ( z s ) can be parametrized as in Belgacem
t al. ( 2018 ): 

 ( z s ) = � 0 + 

1 − � 0 

(1 + z s ) n 
, (57) 

here the parameters � 0 and n are determined by the specific theory
Belgacem et al. 2019 ). 

We now include mass-sheet de generac y in our analysis, using same 
onvention as Section 5 . The measured ef fecti ve luminosity distance
or the ith GW lensed image is given by 

¯
 

eff 
L,i = 

d 
gw 
L (1 − κ0 ) √ | μi | 

= 

d 
gw ,κ0 
L √ | μi | 

, (58) 

here we defined the mass-sheet-degenerated GW luminosity dis- 
ance as d gw ,κ0 

L ≡ d 
gw 
L (1 − κ0 ) = � ( z s ) d em 

L (1 − κ0 ). 
Meanwhile, the relative time delay between images is not affected, 

hich means we still have 
 ̄t d,ij = T κ0 ∗ τij as before. Since the
ngular diameter distance to source and EM luminosity distance 
elation is D s = d em 

L / (1 + z s ) 2 , we have 

 

κ0 ∗ = 

[
d em 

L (1 − κ0 ) 
]
G ( z l , z s , θE ) . (59) 

Therefore, in dark siren GW lens reconstruction, besides from all 
he pre-mass-sheet transformation dimensionless quantities of the 
ens system (i.e. the dimensionless source position � y and the SIE 

xis ratio f in our example), we can only infer the values of d gw ,κ0 
L 

nd T κ0 ∗ . Assume z l , z s , and θE are known from EM observation
fter identifying the lens system, we can calculate the value of
 ( z l , z s , θE ), 26 and the GW to EM luminosity distance ratio can

hen be calculated by 

 ( z s ) = 

d 
gw ,κ0 
L 

T 
κ0 ∗

G ( z l , z s , θE ) , (60) 

hich means that we do not even need to have knowledge on the
ubble constant H 0 or the mass-sheet convergence κ0 . We only 

equire a good lens reconstruction process that infer accurate values 
f d gw ,κ0 

L and T κ0 ∗ , as well as z l , z s and θE information of the
ystem. In other words, contrary to a naive expectation, this type 
f modified gravity test is immune to mass-sheet de generac y. It can
e understood as a result of the modified GW propagation only 
f fecting the ef fecti ve luminosity distance measurement (equation 
8 ) while not affecting the angular diameter distances and hence the
ime-delay scaling (equation 59 ) and time-delay measurement. 

Using the injection parameters given in Table 5 , also injecting 
 = 2 , � 0 = 1 . 8, which leads to � ( z s ) = 1 . 71, we show the reco v ery
f � ( z s ) for an SIE model under unknown mass-sheet transfor-
ation. The full lens reconstruction result of the free parameters 

 � y = ( y 1 , y 2 ) , f , T κ0 ∗ , d 
gw ,κ0 
L } is shown in Fig. 7 in the supplementary

aterial. Assuming z s , z l and θE are known from EM observation, 
e can infer the value of � ( z s ) using equation ( 60 ). The reco v ered
osterior distribution of T κ0 and d gw ,κ0 is shown in Fig. 14 . 
∗ L 

6 We note that unlike in Sections 4.4 or 5.2 where GW and EM luminosity 
istance are the same, G ( z l , z s , θE ) here cannot be inferred directly. 

i
m
r  

w
o  

(

.2 Implications on selected other applications of strongly 
ensed gravitational waves 

s demonstrated, the modified GW propagation test is affected 
y the similarity transformation de generac y but not the mass-sheet
e generac y. In short, the two degeneracies af fect dif ferent strong
ensing applications differently. Studies that do not require lens 
econstruction should not be affected by both degeneracies. Two 
f such examples are testing speed of GW against light (Collett &
acon 2017 ; Fan et al. 2017 ) and associating fast radio burst sources
ith GW sources (Singh et al. 2024 ): they are model independent

nd only require comparing the time delay between GWs and EM
ounterpart. In addition, GW polarization tests are also unaffected, 
s they rely on comparing the polarization content of the lensed GW
ignals that are each detected by a different detector configuration 
Smith et al. 2017 ; Goyal et al. 2021a ; Hernandez 2022 ) and do not
equire lens modelling. 

Meanwhile, cosmography studies with strongly lensed GWs, such 
s Hubble constant measurement as demonstrated abo v e are affected
y the similarity transformation de generac y, as the y generally require
ens reconstruction to single out the effect induced by lensing and a
urther decoupling of the astronomical quantities (such as redshifts 
nd the angular diameter distances) inside the time-delay scaling T ∗
nd luminosity distance d L . Specific applications such as Hubble 
onstant measurement would suffer from mass-sheet de generac y as 
ell. Non-lensing related means from EM telescope observation, for 

nstance, independent estimates of the lens mass using spectroscopic 
easurement on velocity dispersion (Schneider & Sluse 2013 ), are 

equired to break such de generac y. In addition, GW lensing in the
ave optics regime may break the mass-sheet degeneracy from GW 

bservation alone, but it is still being explored and under discussion
Cremonese et al. 2021 ; Chen et al. 2024 ; Meena 2024 ). 
MNRAS 536, 2212–2233 (2025) 
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Table 7. Summary table of the measurability of SIE lens system parameters (the dimensionless observables position � y , the axis ratio f , the time-delay scaling 
T ∗, the luminosity distance d L and the angular Einstein radius θE ), can the similarity transformation de generac y and the mass-sheet ( κ0 − H 0 ) de generac y 
be broken, and can the modified GW propagation test be done under seven different observation scenarios, which from top to bottom are (1) when only two 
of the four lensed GWs are observed; (2) when only three of the four lensed GWs are observed, with the ordering of the three images identified or assumed 
correctly within the four; (3) all four lensed GWs are observed without complementary information from EM telescope (dark siren); (4) all four lensed GWs 
are observed and the lens system is identified in EM observation, but redshifts of lens and source are both unavailable; (5) all four lensed GWs are observed 
and the lens system is identified in EM observation, only redshift of lens is available; (6) all four lensed GWs are observed and the lens system is identified in 
EM observation, with redshifts of both lens and source available; (7) all four lensed GWs are observed and the lens system is identified in EM observation, with 
redshifts of both lens and source available, and the lens galaxy’s velocity dispersion can be measured. 

Can we measure...? Can we break... de generac y? Can we test...? 
Observations � y f T ∗ d L θE Similarity transformation Mass-sheet Modified GW propagation 

2 GW images � � � � � � � � 

3 GW images (correct ordering) � ∗ � ∗ � ∗ � ∗ � � � � 

4 GW images � � � � � � � � 

4 GW images & EM obs (w/o z l , z s ) � � � � � � � � 

4 GW images & EM obs (w/ z l , w/o z s ) � � � � � � � � 

4 GW images & EM obs (w/ z l , z s ) � � � � � � � � 

4 GW images & EM obs (w/ z l , z s & v) � � � � � � � � 

Notes. � : can measure/break the de generac y/test. 
∗: can measure, but with large uncertainty. 
� : cannot measure/break the de generac y/test. 

Table 8. Summary table of can the similarity transformation de generac y and the mass-sheet de generac y be broken under eight different 
lensing of GW and/or lensing of light observation scenarios (which we assumed a SIE lens system, with all four images are observed for all 
cases). From top to bottom are (1) dark siren lensed GWs are observed; (2) lensed GWs observation with complementary EM information 
(redshift of source and lens) (i.e. bright siren); (3) lensed GWs are observed with complementary EM information (redshift of source and 
lens), with the addition of lens galaxy velocity dispersion v measurement; (4) lensed standard candle (such as supernovae) are observed, with 
redshift measurement of source and lens; (5) lensed standard candle (such as supernovae) are observed, with measurement of redshift of source 
and lens, as well as velocity dispersion v of lens galaxy; (6) lensing of a time-varying, but non-standard candle light source is observed, with 
redshift measurement of source and lens; (7) lensing of a time-varying, but non-standard candle light source is observed, with measurement 
of redshift of source and lens, as well as velocity dispersion v of lens galaxy; (8) lensing of a non-time-varying and non-standard candle light 
source is observed, with measurement of redshift of source and lens, as well as velocity dispersion v of lens galaxy. 

Can we break... de generac y? 

Observations (all four images observed) Similarity transformation Mass-sheet 
Dark standard siren (GW) � � 

Bright standard siren (GW and EM obs w/ z l , z s , w/o v) � � 

Bright standard siren (GW and EM obs w/ z l , z s , v) � � 

Standard candle (w/ z l , z s , w/o v) � � 

Standard candle (w/ z l , z s , v) � � 

Time-varying, non-standard candle light source (w/ z l , z s , w/o v) � � 

Time-varying, non-standard candle light source (w/ z l , z s , v) � � 

Non-time-varying, non-standard candle light source (w/ z l , z s , v) � ∗ � 

Notes. � : can break the de generac y. 
∗: can break the de generac y, but H 0 cannot be measured even neglecting mass sheet. 
� : cannot measure/break the de generac y. 
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 SUMMARY  A N D  O U T L O O K  

e have presented a framework for performing lens reconstruction
ased on dark siren strongly lensed GWs using a Bayesian analysis
ramework and ‘irreducible’ lensing parameters. GW-only lensing
ill al w ays suffer from two major degeneracies, which we have
etailed in this work. The first one is the similarity transformation
e generac y, which is a de generac y between the lens and source
edshift, as well as Einstein radius of the lens and cosmological
arameters such as the Hubble constant. The second one is the mass-
heet de generac y, which can alter the lens model and together with
odification on the Hubble constant, they can keep the lensing ob-

ervables unchanged. Not accounting for the mass-sheet de generac y
ill lead to biased H 0 measurements. 
NRAS 536, 2212–2233 (2025) 

l  
The similarity transformation de generac y can be broken once we
ave a EM counterpart of the GW signal or we localize and identify
he corresponding lens system (when there is no EM counterpart
rom the GW event) as demonstrated in Hannuksela et al. ( 2020 ).
nfortunately, the mass-sheet de generac y will not be broken in our

trong lensing case even if we have the redshift information and the
instein radius from high-resolution telescope images. Instead, other
bservation such as spectroscopic measurement on lens galaxy’s
elocity dispersion is needed to break the de generac y (Schneider &
luse 2013 ). 
Furthermore, we have also re vie wed two GW lensing science

pplications and how they are affected by these degeneracies.
able 7 summarizes the quantities that we can measure (in an SIE

ens system), the degeneracies that we can break, and if modified
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W dispersion relations can be tested for different observation 
cenarios, such as dark siren GW observation and GW observation 
omplemented by redshift and lens galaxy’s velocity dispersion 
easurement. In Table 8 , we also summarized whether similarity 

ransformation and mass-sheet de generac y can be broken under 
ight different observational scenario of GW and/or EM lensing. 
n addition, for Hubble constant measurements, one advantage of 
W strong lensing is that one can take advantage of the millisecond

ccuracy of arri v al time measurements af forded by the detectors
an et al. ( 2017 ), which can complement the more traditional time-
elay measurements (Tewes et al. 2013 ). For this Hubble constant 
easurement, one needs to have knowledge of the lens redshift 

nd size/Einstein radius, but the source redshift is, intriguingly, not 
equired. 

In addition, we also summarized the resolvability of the similarity 
ransformation and mass-sheet de generac y under different scenarios 
f observation of GW and/or light sources (such as standard candle, 
on-standard candle but time-varying light sources) in Table 8 . 
Secondly, we also showed the modified GW propagation test is 

mmune to mass-sheet de generac y (and does not require knowledge 
n Hubble constant), which can be beneficial for testing theories 
odifying general relativity. 
Besides, understanding these GW-based lens reconstructions and 

heir degeneracies will be important also for other science applica- 
ions, for instance, broader cosmography study. Understanding the 
alaxy modelling capabilities will also play a role in understanding 
ow GWs will help probe dark matter and substructure within galaxy 
enses. Indeed, we hope that our work will help moti v ate further
tudies into complementary avenues in multimessenger lensing, 
here GWs and EM can provide complementary information that 
ill help in understanding of strong lenses and forming a rich 

cientific case. 
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