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Phonon-limited mobility for electrons and
holes in highly-strained silicon
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Strain engineering is a widely used technique for enhancing the mobility of charge carriers in
semiconductors, but its effect is not fully understood. In this work, we perform first-principles
calculations to explore the variations of themobility of electrons and holes in silicon upon deformation
by uniaxial strain up to 2% in the [100] crystal direction. We compute the π11 and π12 electron
piezoresistances based on the low-strain change of resistivity with temperature in the range 200 K to
400 K, in excellent agreement with experiment. We also predict them for holes which were only
measured at room temperature. Remarkably, for electrons in the transverse direction, we predict a
minimum room-temperature mobility about 1200 cm2V−1s−1 at 0.3% uniaxial tensile strain while we
observe a monotonous increase of the longitudinal transport, reaching a value of 2200 cm2V−1s−1 at
high strain. We confirm these findings experimentally using four-point bending measurements,
establishing the reliability of our first-principles calculations. For holes, we find that the transport is
almost unaffected by strain up to 0.3% uniaxial tensile strain and then rises significantly, more than
doubling at 2%strain. Our findings open newperspectives to boost themobility by applying a stress in
the [100] direction. This is particularly interesting for holes for which shear strainwas thought for a long
time to be the only way to enhance the mobility.

Semiconductors are the core of the electronics industry. In particular, silicon
is the most used material due to its electronic performances and the mature
CMOS technology, leading to reduced manufacturing cost1. However, the
relatively low electron (resp. hole) mobility of silicon compared to other
semiconductors suchasGaN2,3 and InGaAs4,5 (resp.Ge6) limits its use inhigh-
speed devices, essential for optical7,8 and microwave9,10 communications.

Elastic strain is a proven technique to boost the performances of
semiconductors, inparticular to increase themobility of their charge carriers
at low additional cost11. Mechanical stress can be applied using different
types of microfabrication schemes such as substrate-induced12,13, on-chip
actuator14,15 or pressure-induced membrane16,17 methods.

The deformation of the crystal structure has, in fact, several possible
benefits. It can be used for tuning the band gap in a range favorable for
optoelectronic applications18,19, for varying the vibrational energies that can
be exploited inmetrology such as Raman spectroscopy20, and formodifying
the carrier mobilities which can be used for strain sensing21, or to improve
the conductivity of electronic devices22. The type of deformation applied to
the crystal (uniaxial, biaxial, or hydrostatic) and the direction of the applied
stress are critical for tuning the semiconductor properties23,24.

The mobility enhancement in strained devices is a well-known
mechanism that has already been exploited to develop semiconductor
strain gauges or high-mobility silicon transistors25,26. Different theo-
retical methods have been elaborated to predict the improvement or
degradation of the mobility, starting from an empirical linear model27

valid at low strain, and later based on semi-empirical analysis using the
calculated band structure of strained silicon24. The band structure and
its strain dependence can be theoretically computed using semi-
empirical approaches based on fitting parameters such as the k ⋅ p
method28,29, empirical pseudopotentials30, and the tight-binding
method31,32, or with ab initio computations based on density-
functional theory (DFT) that do not require fitting parameters33. Pre-
vious mobility models were based on the theoretical knowledge of the
band structure but they relied on empirical parameters for the electron-
phonon scattering34,35 that is important in the transport mechanism in
silicon. Only recently, first-principles calculations of the Boltzmann
transport equation (BTE) have become available within EPW36,37,
PERTURBO38, PHOEBE39 or ABINIT40,41, which made it possible to
predict the mobility in semiconductors fully-theoretically42. These new
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techniques can now be used to compute the mobility variation in a
deformed crystal from first principles, without the empirical bias.

In this work, themobility variation for holes and electrons is computed
from first principles for silicon tensely strained (up to 2%) in the [100]
direction, and measured for n-doped sample, up to 1%, in the same crys-
tallographic direction. The presentedmethod is general and can be used for
any strain type anddirection for any semiconductor forwhich themobilities
are limited by the electron-phonon scattering.We find excellent agreement
for the electron and hole mobility variations with strain and temperature
compared to experimental data. In particular, resorting to first-principles
calculations is found to be particularly crucial for the holes for which the
proximity of the valence bands and the important modification of their
shapes under strain conditions limit the accuracy that can be achievedwhen
adopting an analytic approach. In addition, the calculations allow the study
of intrinsic phenomena that cannot be achieved experimentally due to the
challenge of obtaining low-doped samples43.

Results
Impact on the electronic structure
Adirect impact of the crystal deformation under uniaxial tensile strain is the
modification of the band structure, particularly the variations of the band
edges, as illustrated in Fig. 1. In silicon, the six electron valleys are located
along the high-symmetry path fromΓ towardsXwhile the top of the valence
bands is located at Γ. The spin-orbit (SO) valence band is slightly separated
(~47meV) from the heavy-hole (HH) and light-hole (LH) valence bands
due to the spin-orbit coupling (SOC). Under uniaxial stress in the [100]
direction, the degeneracy of the conduction band minima is lifted and the
two valleys (Δ2) along the symmetry path longitudinal to the stress direction
increase in energy while the four others (Δ4) decrease, as shown in Fig. 1b.
This effect increases the electron population at the conduction minima
while decreasing it for the higher energy valleys. The variations of the band
edges due to stress applied in the [100] direction with and without SOC
taken into account are shown in Fig. 1c. In the case of the valence bands, the
strain slightly separates the HH and LH bands up to 28 meV at 2% while
pushing further down the SO band by 200meV at 2% deformation. Apart
from a reduction of the band gap of 17 meV, the edge variations of the
electron valleys are not strongly impacted by the inclusion of SOC in the
calculation.

The directional effective masses for the three valence bands (HH, LH
and SO) have been computed using the second derivatives of the band
energy along the [100], [001], [110], and [111] crystal directions and are
shown in Fig. 2a–c, respectively. The high anisotropy of the HH band is
reduced under uniaxial tensile strain as the effective masses in the [110]
(resp. [111]) direction present a strong reduction from0.539me (resp. 0.678
me) to 0.203 me (resp. 0.223 me) at 0.03% strain. The LH band presents a
sharp increase in the presence of strain, going from 0.137me to 0.235me for
the masses computed in the [110] direction and from 0.130 me to 0.214 me

for the ones computed in the [111] direction. The values in the absence of
strain are discontinuous for the effectivemasses in the [001], [110] and [111]
directions of the HH and LH bands due to the removal of band degeneracy.
We illustrate in Fig. S1 of the SI44 this discontinuity between a strain-free
structure and that strained at 0.03% by computing the electronic density at
the zone center.We find that the density in the strain direction (heavy hole)
stretches significantly while the transverse direction’s density, light hole, is
reduced and less affected. The strain breaks the isotropy of the effective
masses computed for the SO band that presents the same value of 0.224 me

in the absence of strain. The electron effective masses are only computed
along the [100] and [001] directions as the electron valleys have a regular
ellipsoid shape that is preserved under this strain condition. The directional
effective masses for the Δ2- and Δ4-valleys present small linear variations
with the strain compared to the holes effective masses, as shown in Fig. 2d.
The decrease (resp. increase) of the longitudinal component and the
increase of the transverse one (resp. decrease) of the Δ4-valleys (resp. Δ2-
valleys) are the sign of an elongation (resp. compression) of the ellipsoid
shape that is formed by the equipotential surfaces, as illustrated in Fig. 1a.

The density-of-states (DOS) effective mass of a band is computed by
integrating the DOS and is defined as the one giving the same density of
states as if the band was parabolic. In the case of the valence band, it is
obtained through45,46
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Fig. 1 | Strain impact on the band structure. a Illustration of the deformation of the
silicon conventional cell under an applied stress along the [100] crystal direction and
the reciprocal space equipotential surface of the six electron-valleys (brown)with the
lift of the degeneracy between theΔ2-valleys (red) and theΔ4-valleys (blue). b Impact
on the extrema of the valence bands and conduction bands. The density of states
(DOS) of the three valence bands and the two valleys are indicated next to the band
structure. Dashed brown curves are used for the unstrained case. c Band edges
variations of theΔ4-valleys (blue), Δ2-valleys (red), heavy-hole (HH) band (orange),
light-hole (LH) band (dark green) and spin-orbit (SO) band (light green) with the
strain with spin-orbit coupling taken into account (continuous line) and without
(dashed line). The energy is scaled to the valence bandmaximum at zero strain while
the band gap (Eg) is obtained from the energy difference between the band edges.
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where Ev is the energy of the valence bandmaximumand g(E) is the density
of states integrated on a dense 150 × 150 × 150 momentum grid for each
strained configuration. The energy integral makes it possible to take into
account the lift of the degeneracy due to strain to retrieve a global DOS
effective mass.

The evolution of the DOS effective masses is shown in Fig. 2e for the
holes and Fig. 2f for the electrons. In silicon, theDOS effectivemass of holes
is dominated by the top band (HH) with the largest mass going down from
0.723 me to 0.498 me at 2%-strain, while the two other valence bands are
pushed away due to strain. As the strain increases, theΔ2-valleys increase in
energy compared to theΔ4-valleys and the contributionof the formers to the
global DOS effective mass decreases. In the absence of strain, the global
conduction effective mass gathers contributions from all 6 valleys equally
and is of 1.116me.At 1%strain, the globalDOSeffectivemass is equal to that
of the Δ4-valleys, i.e., 0.860me.

Finally, in Table S1 of the SI44, we compare directional effective masses
obtained for unstrained silicon and strained at 1% to the existing literature.
We find an excellent agreement with experiment except for theHHband in
the [001] direction where an underestimation of a factor of two is observed
between the experimental observation and the computed value. This dis-
agreement on the [001] effective mass of the HH band between experiment
andfirst-principles calculationshasbeen reportedmany times47–51 and is still
an open question. Interestingly, all the masses (including HH [001]) found
for the strained silicon are in good agreement with the literature, both at
0.1% compared to the experimental values measured52 for the HH and LH
bands and at 1% with regards to other theoretical calculations49.

Phonon-limited mobility
In the low-field limit, the carrier mobility μαβ is defined as the ratio between
the electrical conductivityσαβ and the product of the electron charge e by the
carrier density nc:

μαβ ¼
σαβ
e nc

����
����; ð2Þ

where α and β are Cartesian directions. The conductivity is obtained by
solving iteratively the BTE42 with the approach described in the methods
section, which involves the direct calculation of the scattering rates τ�1

nk and
electronic velocity vnk of a state with band index n and electron momen-
tum k.

Figure 3a presents the phonon-limited scattering rates τ�1
nk computed

for allkpointswith energy statesnear theminimumof the conduction band
or themaximumof the valence band for a 0%, 0.3%, and 1%-strain and for a
temperature of 200 K, 300 K, and 400 K. As the temperature increases from
200 K to 400 K, the maximum scattering rates in the absence of strain
increase by 72% for the electrons and 52% for the holes as the temperature
rises. The phonon band structure is only slightly altered by strain, resulting
in anegligible impact on the scattering variations.An increase of 76% for the
electrons and 54% for the holes is observed at 1% strain as the temperature
rises from 200 K to 400 K. The evolution of the phonon band structure and
the shift in the phonon energy due to strain are discussed in Fig. S2 of
the SI44.

In silicon, the electron scattering can be divided into two categories:
intravalley scattering, where long-wavelength phonons (q→ 0) scatter the
electrons within a single valley (Δ2- orΔ4-valley), and intervalley scattering,
where electrons scatter from one valley to another due to short-wavelength
phonons (large q). Similarly, the hole scattering is described by intraband
scattering, where phonons scatter a hole within a single band (LH, HH or
SO), and interband scattering, where the holes are scattered from one band
to another. Figure 3b presents the scattering rates at 300 K for the different
strain levels. To get a deeper understanding, the intravalley scattering
contributions have also been explicitly calculated by considering only
higher-wavelength phonon modes with a norm ∣q∣ < 0.06 bohr−1. The
results are given in Fig. S3a of the SI44. In the vicinity of the conduction band
minimum(up to53meVat 0%-strain), intravalley scatteringprevails for the
electrons, as confirmed by Yang et al.53. More specifically, the calculations
show the independence of the intravalley scattering with strain, as both the
phonon band structure and the shape of the valley do not change sig-
nificantly. In contrast, for energies above 53meV, intervalley scattering
becomes the dominant process but it is reduced by the splitting of the

a. b.

d.

c.

e. f.

HH LH SO

Δ2

Δ4 

Fig. 2 | Directional and density-of-states effective masses evolution with strain.
Effectivemasses as a function of strain computed at themaxima of the valence bands
along the [100], [001], [110] and [111] crystal directions for (a) the heavy-hole (HH)
band (orange), (b) the light-hole (LH) band (dark green), and (c) the spin-orbit (SO)
band (light green)with spin-orbit coupling included. dEffectivemasses computed at
theminima of the conduction bands along the longitudinal and transverse directions

for the Δ4-valleys (blue) and Δ2-valleys (red). e Valence density-of-states effective
mass with the contribution of the three valence bands and (f) the conduction
density-of-states effective mass with the contribution of the two types of valleys. The
values in the absence of strain are discontinuous for the effective masses in the [001],
[110], and [111] directions of the HH and LH bands and are not shown here.
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electron valleys with strain. Therefore, the energy limit between intra- and
intervalley scattering increases linearly with strain and reaches 63meV at
1%-strain. At higher strain, all electrons occupy theΔ4-valleys, resulting in a
reduction of intervalley scattering by approximately one-third, as observed
in the right panel of Fig. 3b. For the holes, the scattering rate is dominated by
the intraband scattering of theHHband as shown in Fig. S3b of the SI44. The
LH intraband scattering is almost one order of magnitude smaller than the
HH scattering, similarly to the interband scattering. It can be observed that
the intraband scattering is significantly impacted at low strain due to the
variations of the band shapes around the Γ-point, as illustrated by the
effective mass variations in Fig. 2. Furthermore, the splitting between the
HH and LH bands, reaching a separation of 28 meV at 1%-strain, causes a
reduction in the interband scattering. However, this has a limited impact on
the total scattering rate.

The components of the electronic velocity vnk,α are shown in Fig. 4 as a
function of state energy for different strain configurations. The separation of
the Δ4-valleys and the Δ2-valleys leads to a separation of the longitudinal
component of the velocity vnk,x (oriented along the direction of the applied
stress) and the transverse components vnk,y and vnk,z.

The room-temperature electron and hole mobilities attained at
longitudinal strain levels up to 2% are shown in Fig. 5. Spin-orbit
coupling has been taken into account and lead to significant change for
holes but not for electron mobility and is discussed in detail in the next

section. Under the applied strain conditions, the mobility tensor is no
longer isotropic and gives rise to longitudinal and transversemobilities.
As can be seen, first-principles computations are able to reproduce the
nonlinear behavior of the mobility with increasing strain, especially at
larger strain levels for the electron mobility that saturates around 1%-
strain at 2249 cm2V−1 s−1 for the longitudinal component and
1321 cm2V−1 s−1 for the transverse one, while the zero-strainmobility is
1366 cm2V−1 s−1. Remarkably, we find a minimum in the transverse
electron mobility at 0.3% strain with a value of 1195 cm2V−1 s−1. In
relaxed silicon, the longitudinal and transverse components are iden-
tical, and the six electron valleys contribute to the mobility. For the
mobility in a specific Cartesian direction, the two valleys along this
direction contribute with their low longitudinal curvature and velocity,
while the four others contribute with their high longitudinal curvature

Fig. 3 | Carrier scattering rates. a Scattering rates for all relevant k points under 0%,
0.3%, and 1%-strain at 200 K (blue dots), 300 K (orange dots) and 400 K (red dots).
The strain level is indicated on the right of the figure. The black lines are the
scattering rates density at the three temperatures. b Scattering rates for all relevant
k points at 300 K under strain ranging from 0% (blue) to 2% (red). The panels show
the hole (left) and electron (right) scattering rates. The intravalley contribution of the
electron scattering rates at 0%-strain dominates for energy below 53 meV and is
highlighted (gray area), while the intervalley scattering is seen at higher energies. The
minimum and maximum of the conduction and valence bands are indicated by Ec,0
and Ev,0, respectively.

0%

0.3%

1%

Fig. 4 | Carrier velocities. Band velocities along the three Cartesian directions for all
relevant k points under 0%, 0.3%, and 1%-strain indicated on the right of the figure.
The velocities in the x, y, and z directions are indicated with blue, orange, and red
dots, respectively. The minimum and maximum of the zero-strain conduction and
valence bands are indicated by Ec,0 and Ev,0, respectively. The continuous and dashed
lines represent the velocity density of the longitudinal (vnk,x) and transverse (vnk,y,
vnk,z) components, respectively. They have been computed using linear-tetrahedron
method88 with steps of 25 meV.

hole (long.)

hole 
(trans.)

elec. (trans.)

elec. (long.)300 K

Fig. 5 | Phonon-limitedmobility at 300 K. Phonon-limitedmobilities as a function
of the longitudinal strain in the transverse (green for the electrons and orange for the
holes) and longitudinal (blue for the electrons and red for the holes) directions of the
applied stress in the [100] crystal direction. The experimental data (white dots) have
been obtained by scaling and offsetting the resistance variations obtained experi-
mentally by the zero-strain mobility, i.e., 1366 cm2V−1s−1. The experimental linear
model using the piezoresistive coefficients from Smith60 is indicated with the dashed
black lines while the computation of the electron mobilities from Ma et al.69 and
Ungersboeck et al.35 are represented by dotted and dash-dotted lines.
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and velocity. The reduction at low strain is explained by the significant
depletion of electrons from the Δ2-valleys to the Δ4-valleys due to the
energy splitting. The difference in valley occupancy results in the dif-
ferentiation between the longitudinal and transverse mobility com-
ponents. Additionally, the longitudinal mobility is oriented along the
transverse axis of the Δ4-valleys, with low curvature resulting in a
notable increase in mobility. On the other hand, the two equivalent
transverse mobilities are oriented both longitudinally to two Δ4-valleys
and transversely to the two others. The calculation of this component
combines both low curvature from the transverse axis and high cur-
vature from the longitudinal axis, resulting in a pronounced reduction
of the mobility, particularly at lower strain levels. This is in contrast
with the relaxed value, which considers two transverse curvatures and
one longitudinal curvature from the valleys oriented along the trans-
port direction. The reduction of intervalley scattering tends to increase
themobility. However, this is hidden at lower strains by the depletion of
electrons into the lower energy valleys. At approximately 0.3%, more
than 80% of the electron population can be found in theΔ4-valleys, and
the increase due to the reduced scattering rates begins to be visible for
the transverse mobility. At levels above 1%, the vast majority of elec-
trons are localized in the Δ4-valleys and no longer interact with the Δ2-
valleys, resulting in a stable intervalley scattering with the strain.

The change in resistivity of the transverse and longitudinal com-
ponents was measured on a n-doped silicon sample with a doping level
of approximately 5 × 1017 cm−3. The relative variations were scaled and
offset by the zero-strain mobility, i.e., 1366 cm2V−1 s−1. This was done
to enable comparison of the experimental results with the theoretical
ones. Excellent agreement was found, as illustrated by the white circles
in Fig. 5. Although doping can affect the absolute value ofmobility54, the
relative variations in mobility with strain are not significantly influ-
enced by doping, as evidenced both theoretically27 and
experimentally55. It has been shown that ionized impurity scattering
acts as a screening and renormalization of the intrinsic phonon-limited
mobility42,51. The stress has been applied on the devices using a four-
point bending equipment that brings constant strain field on the
sample43. Strain levels up to 1% have been accurately measured using an
aluminum strain gauge as reference bonded next to the silicon sample.
The experimental results show the same trend as the first-principles
calculations, with a saturation of the electron mobility for the long-
itudinal component starting at around 0.5%, but with a reduced
intensity. The transverse mobility decreases similarly to the calcula-
tions but reaches a minimum just before the 0.3%-strain minimum, to
finally reach the same reduction of about −3.4% at a strain of 1%. The
enhancement (resp. reduction) found experimentally is 51% at 1%-
strain (resp.−7% at 0.3%-strain) for the longitudinal (resp. transverse)
component. The doped sample shows smaller variations compared to
the theoretical values of 65% and −12.5% for the longitudinal and the
transverse mobilities, respectively.

Since carriermobility decreases with increase doping56, we expect a
larger increase of mobility with strain when using a lower doping
sample, even closer to the theoretical prediction. The hole mobility at
zero strain is about 609 cm2V−1s−1, in agreement with previous
calculations40,57, and presents initially little enhancement but strongly
increases for strain levels above 0.4% to reach 1340 cm2V−1s−1 and
1330 cm2V−1s−1 for the longitudinal and transverse components at 2%,
respectively. The obtained results highlight, for the first time, the
potential of uniaxial strain in the [100] direction for hole mobility
enhancement in both directions. We stress that these strain levels are
achievable with microfabrication processes14,58,59, more than doubling
the hole mobility, which could transform the high-speed sector of the
semiconductor industry. These electron and hole mobility predictions
as a function of strain and their experimental confirmation represent
one of the key result of this work.

Importantly, the linear behavior of the mobility at low strain gives a
direct access to piezoresistive coefficients. Indeed, at low strain level, a linear

relation can be used to express the relative variation of the resistivity as a
function of the applied stress60:
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where πij are the piezoresistive coefficients using the Voigt notation
61,62, σαβ

are the stress components and Δραβ ¼ ðραβ � ρ0αβÞ=ρ0αβ are the relative
variations of the resistivity components with respect to the unstrained
situation ρ0αβ. In the low electric field regime, the resistivity variation is
inversely proportional to the change of carrier mobility:

Δραβ / Δ
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Under a uniaxial stress applied in the [100] direction, the longitudinal and
transverse mobility variations are respectively given by
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where εxx is the longitudinal strain component and s11 = 6.032 TPa−1 is the
principal stiffness component62.

In the case of silicon, the π44 piezoresistive coefficient determines the
resistivity variations under shear strain. The shear coefficient is significant
for the holes and has already been well studied with values ranging from
1018 TPa−1 to 1381 TPa−1 at 300 K for slightly doped samples60,63–66. The
results obtained in this work however demonstrate that the shear con-
tribution nomore dominates the enhancement of the hole mobilities as the
strain increases. The π44 coefficients for the electron is less important than
π11 and π12 with values ranging from -123 TPa−1 to -200 TPa−1 at 300 K for
slightly doped samples55,60,64. Here, this coefficient is not accessible with
uniaxial strain along the [100] crystal direction. In contrast, the two pie-
zoresistive coefficients π11 and π12 for the holes have been much less
investigated while few works55,60,64 manage to obtain the coefficients for the
electrons at low impurity concentration due to the challenge of producing
low-doped samples. They can be respectively computed from the slope of
the longitudinal and transverse mobility variations for the holes and elec-
trons at low strain level. In practical terms, the slope has been calculated by
taking the mobility variations between 0%-strain and 0.03%-strain. The
values of the hole (resp. electron) coefficient is 148 TPa−1 (resp. -989 TPa−1)
for π11 and -72 TPa

−1 (resp. 502 TPa−1) for π12. The coefficients computed
from the experimental results are -632 TPa−1 and 403 TPa−1 for the long-
itudinal and transverse contributions, respectively.

Previous experimental measurements of the piezoresistive coefficients
for p-type and n-type silicon at low strain level are summarized in Table 1.
The coefficientsmeasured by Smith60 are also used in Fig. 5. The coefficients
extracted from the first-principles results are in good agreement for elec-
trons but slightly differ for holes. We suspect that the impurity scattering
resulting from the fabrication and doping processes introduces a deviation
among experimental measurements43,67 in addition to the reduction of the
measured coefficients55,64, as shown in Table 1. It has been shown that
despite the significant effect of strain on zero-strainmobility54,68, the relative
changes due to strain are much less sensitive to the doping level when it is
maintained at a low or moderate level27,55. In addition, the small variations
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associated with the non-linear behavior of the hole mobility introduce
greater uncertainty into the experimental measurements at low strain64.
Theoretical computations from Ungersboeck et al.35 and Ma et al.69 for the
electron mobility have been able to reproduce the nonlinear behavior as
represented in Fig. 5, but failed to predict the holesmobility due to the triple
contributions of the valence bands (HH, LH, andSO) in addition to the high
variations of the effectivemasses of those bandswith the strain65,70. Here, the
first-principles methodology is not restricted to single parabolic bands and
constitute a novel computation method.

The temperature dependence of the mobilities and piezoresistive
coefficients at low strain are presented in Fig. 6. The mobility variations
present a typical T−1.5 decrease71, going from 3562 cm2V−1 s−1 (resp.
1780 cm2V−1 s−1) at 200 K to601 cm2V−1 s−1 (resp. 261 cm2V−1 s−1) at 400K
for the electrons (resp. holes). The piezoresistive coefficients are less sensi-
tive to the temperature but still decrease from -1265TPa−1 (resp. 170TPa−1)
at 200 K to -816 TPa−1 (resp. 128 TPa−1) at 400 K for the longitudinal
coefficient and from 676 TPa−1 (resp. -84 TPa−1) at 200 K to 411 TPa−1

(resp. -55 TPa−1) at 400 K for the transverse coefficient for the electrons
(resp. holes). So far, thepredictionof the temperature dependenceofπ11 and
π12 has only be done relatively

27, i.e., without computing the exact value of
the coefficients.

Finally, we studied the impact of temperature together with the
different strain levels as shown in Fig. 7. The impact is quite weak but we
find that lower temperature samples show a smaller electron mobility
variation with strain. The maximal value at 2%-strain of the long-
itudinal mobility increases by 50.3%, 63.1%, and 70.1%, and the
transverse one decreases by 12.5%, 4.3%, and 0.3% at 200 K, 300 K, and
400 K, respectively. Regardless, the electron mobilities still present a
saturation effect for strain larger than 1% and this limit ismainly related
to the valleys splitting. As the strain increases, the electron population
spreads on a larger energy range. The valley splitting needed to have all
the carriers in the lower-energy valleys thus increases with the tem-
perature. In contrast to electrons, the strain decreases the hole mobility
with the temperature, going from an enhancement at 2%-strain of
155.7% at 200 K to 98.7% at 400 K for the longitudinal component and
from 118.4% at 200 K to 107.2% at 400 K for the transverse one. As the
temperature decreases, the hole population reduces into the upper HH
band and partially in the LH band, which remain close to each other
even at larger strains, as shown in Fig. 1. An important parameter for
the enhancement (resp. reduction) of the high-strain mobilities for the
electrons (resp. holes) with the temperature is the increase (resp.
decrease) of the scattering rates variations with strain. The scattering
rates to be considered are only the ones near the band edge where the
carriers remain. As the temperature increases, scattering rates further
away from the band edges starts to contribute to the mobility.

Discussion
The impact of SOC on the mobility enhancement for the holes at 300 K
is shown in Fig. 8. The zero-strain value first shows an error around
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Fig. 6 | Phonon-limited mobility and piezoresistive coefficients as a function of
temperature. a Phonon-limited mobilities and b piezoresistive coefficients as a
function of temperature. The coefficients are computed by finite difference between
the results at zero strain and 0.03% in the longitudinal direction (blue for the elec-
trons and red for the holes) and transverse direction (green for the electrons and
orange for the holes). Experiments by Smith60 and Tufte and Stelzer55 are indicated
with white diamonds and black squares, respectively. The theoretical model from
Kanda27 has been scaled using the piezoresistive values computed at 300 K, and is
indicated with dotted lines.
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Fig. 7 | Phonon-limitedmobility ratio at several temperatures.Relative variations
of the phonon-limited mobilities with regards to the longitudinal strain for the
electrons (blue for the longitudinal component and green for the transverse one) and
the holes (red for the longitudinal component and orange for the transverse one) for
a temperature of 200 K (dotted lines), 300 K (continuous lines), and 400 K (dashed
lines). The zero-strain mobility is taken as a reference to compute the relative
variations.

Table 1 | Piezoresistive coefficients for the holes (p-Si) and
electrons (n-Si) of silicon determined experimentally (exp.) or
theoretically (th.) in TPa−1

n-Si p-Si Doping

π11 π12 π11 π12 (cm−3)

Smith60 (exp.) −1022 534 66 −11 5 × 1014

Matsuda et al.64 (exp.) −840 430 — — 4 × 1016

Tufte and Stelzer55 (exp.) −1077 — — — 5 × 1016

Cho et al.86 (exp.) −691 390 29 −6 1018

This work (exp.) −632 403 — — 5 × 1017

Matsuda et al.64 (th.) −970 480 — — undoped

Dorey and Maddern87 (th.) — — 213 −108 undoped

This work (th.) −989 502 148 −72 undoped
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-5%, then the longitudinal component reaches a minimum value near
0% to finally increase up to -15% as the strain increases at 2%. An error
of around -6% can be observed for the transverse component when the
SOC is not considered. The curves for the transverse mobility are
similar with and without the coupling taken into account but with an
error factor while the discrepancy between the longitudinal mobilities
vary with the strain.

Taking into account the couplingfirst lifts the degeneracy of the SO
band, as shown in Fig. 1c. Furthermore, the linear strain dependence in
absence of SOC of the SO and LH bands, respectively -97 meV/% and
-7 meV/%, is showing non-linear trend at low strain when SOC is
considered. The variations of these bands with SOC finally reached the
same linear variations at high strain than without. The HH band var-
iations do not show significant differences and maintain a linear var-
iation of about -7 meV/% with and without SOC. The calculations with
and without SOC did not present any significant difference for the
electron mobilities as the coupling does not influence the shape and the
splitting of the electron valleys51. In addition, the strain dependence of
the valleysminima around -66 meV/% for theΔ4-valleys and 44meV/%
for the Δ2-valleys remain unchanged with the coupling taken into
account, as shown in Fig. 1c.

Solving the Boltzmann transport equation instead of using an
empirical model brings more confidence to the evolution of the elec-
tron mobility with the strain. Indeed, the studies from Ungersboeck
et al.35 andMa et al.69 seem to underestimate the enhancement factor at
high-strain for the longitudinal component but we find the same
mobility for the transverse one, as shown in Fig. 5. In addition, the low-
strain variations predicted using first principles show excellent
agreement with the experimental values found by Smith60. The ana-
lytical prediction of the electron mobility can be achieved as the var-
iation mainly originates from the energies of one conduction band.
Indeed, the band curvature, and so the effective mass, does not change
significantly with the strain. Themain phenomenon to be considered is
then the energy shift between theΔ4− andΔ2−valleys that can be easily
computed using DFT. Once all the electrons lie in the lower-energy
valleys, the mobilities stabilize. The difference in the mobility shift of
the longitudinal and transverse components is due to the difference in
the longitudinal and transverse effective masses of the lower-energy
valleys69. Other strain configurations with fourfold degenerated valleys
lead to similar plateaus for both components. Strain configurations
such as compressive uniaxial and tensile biaxial strain in the [100]
direction or tensile uniaxial and compressive biaxial strain in the [110]
direction present only a double-degenerated lower-energy valley that

leads to larger mobility shifts, especially for the transverse
component35,48,72.

The prediction of the holemobility ismore challenging using semi-
empirical models. Indeed, the motion of the three valence bands (LH,
HH and SO) has to be correctly predicted and the spin-orbit coupling
has to be taken into account. Furthermore, important variations in the
effective masses, which depend on the strain configuration applied to
the material, have to be taken into account in addition to the dis-
tribution of holes between the valence bands. For these reasons, a first-
principles scheme, such as the one presented here, is essential. The
mobilities obtained by solving the iterative Boltzmann transport
equation (IBTE) can be compared to the momentum relaxation time
approximation (MRTA) or the self-energy relaxation time approx-
imation (SERTA)73,74. The first approximation assumes only a com-
ponent of the linear response in the direction of the band velocity and
partially incorporates the effect of scattering, while the second
approximation entirely neglect the rate for backscattering. The com-
parison between the SERTA, MRTA and IBTE results presented here
are shown in Fig. S4 of the SI44. As expected, MRTA presents globally
lower deviation (below 3%) compared to SERTA that shows a deviation
as large as 7% (resp. 3%) for the electron (resp. hole) mobility in the
longitudinal direction. The deviation with respect to the IBTE results is
more important for the electrons under the SERTA, especially for the
longitudinal contribution. The SERTA results for the hole mobility
remain closer to the IBTE results, especially for the transverse con-
tribution. At low-strain value, the MRTA presents very little variations
that increase with the strain but stay below 1% for the transverse
components and below 3% for the longitudinal ones. We note that this
is specific to silicon but much larger differences between the SERTA,
MRTA, and IBTE can be observed in other systems57,74,75. Piezoresistive
coefficients π11 of -876 TPa

−1 (resp. -841 TPa−1) and π12 of 475 TPa
−1

(resp. 514 TPa−1) are obtained for the electrons while coefficients π11 of
139 TPa−1 (resp. 133 TPa−1) and π12 of -70 TPa

−1 (resp. -79 TPa−1) are
computed for holes under SERTA (resp. MRTA) at 300 K.

Our first-principles computations bring better confidence and
reliability in the evolution of the mobilities in strained silicon and
predict an important enhancement for the mobility of the holes at
moderate strain. This contrasts with the limited variations observed
experimentally at low strain. Our work highlights the potential to
enhance the longitudinal component of holes and electrons by applying
the same strain configuration, paving the way towards mobility-
enhanced devices for both types of carriers. In addition, our compu-
tations allow for an in-depth study of the intrinsic values of the pie-
zoresistances over a wide range of temperatures, bypassing the
experimental constraints. The method presented here can be easily
applied to other stress configurations or to other semiconductors to
predict the variations of the phonon-limited mobilities due to the
crystal deformation, leading to new discovery in the field of strain
engineering.

Methods
Strained silicon structure
We used the ABINIT41,76 software with norm-conserving pseudopotentials
from Pseudo Dojo77 in the generalized-gradient approximation (GGA)
using the Perdew-Burke-Ernzerhof (PBE)78 parametrization with a plane-
wave cutoff of 20Ha and a 18 × 18 × 18 k-point grid and we find a relaxed
lattice parameter a0 of 0.547 nm, slightly overestimating the experimental
value of 0.543 nm79.

The silicon crystal structure consists of two inter-penetrating face-
centeredcubic (FCC) latticeswith twoatoms in theprimitive cell. In a crystal
deformed along the [100] axis, the new set of lattice vectors (a0; b0 and c0) is
given by

ða0 b0 c0Þ ¼ ðIþ E100Þ � ða b cÞ; ð7Þ

hole (long.)

hole (trans.)

Fig. 8 | Impact of the spin-orbit coupling on the holes mobility. Mobilities with
longitudinal strain at 300K (bottompanel) for the holes in the longitudinal (red) and
transverse (orange) components with (continuous lines) and without (dashed lines)
the spin-orbit coupling (SOC) taken into account, and the relative difference
induced by the coupling (top panel).

https://doi.org/10.1038/s41524-024-01425-0 Article

npj Computational Materials |          (2024) 10:242 7

www.nature.com/npjcompumats


where I is the unit matrix, E100 is the tensor for uniaxial strain in the [100]
crystal direction and (a b c) is the set of unstrained lattice vectors.

The deformation of the crystal with the applied stress can be expressed
as62
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where εαβ are the strain components from the E100matrix, σαβ are the stress
components, and sαβ are the stiffness components. In the particular con-
figuration of stress applied in the [100] crystal direction, i.e., σαβ = 0 except
for σxx, the strain components can be expressed as

εxx ¼ s11 σxx; ð9Þ

εyy ¼ εzz ¼ s12 σxx; ð10Þ

εyz ¼ εxz ¼ εxy ¼ 0: ð11Þ

As a consequence, the longitudinal strain component εxx is related to
the transverse components εyy = εzz by

εxx ¼ � s12
s11

εyy: ð12Þ

The strain tensor E100 for a uniaxial stress applied in the [100] direction can
finally be written as

E100 ¼
εxx 0 0

0 εyy 0

0 0 εyy

0
B@

1
CA ð13Þ

with εxx = s11 σxx.

Phonon-limited mobility
The mobility in Eq. (2) depends on the carrier density nc and electrical
conductivity at low electric field σαβ ¼ ð∂Jα=∂EβÞjE¼0, defined as the ratio
between themean current density Jα inCartesian directionα and the electric
field Eβ in Cartesian’s direction β

80. The carrier density nc for the electron or
hole can be computed as42

ne;h ¼
1

Vcell

X
n

Z
d3k
ΩBZ

f 0nkðμ;TÞ � f 0nkðεF; 0Þ
� �

; ð14Þ

where the band index n runs over the valence bands for the holes and over
the conduction bands for the electrons, ΩBZ is the volume of the Brillouin
zone,μ is the chemical potential,T is the temperature, εF is the Fermi energy,
f 0nkðμ;TÞ ¼ 1=fð exp½ðεnk � μÞ=kBT� þ 1g is the Fermi-Dirac distribution
evaluated at the band energy εnk in the absence of electric field.

The conductivity can be expressed as

σαβ ¼ � e
Vcell

X
n

Z
d3k
ΩBZ

vnk;α∂Eβ
f nk ð15Þ

withVcell the volumeof theprimitive cell, vnk,α=ℏ
−1∂εnk/∂kα the component

of the band velocity with crystalline moment k and band index n and
∂Eβ

f nk ¼ ð∂f nk=∂EβÞ∣E¼0
where fnk is the electronicoccupationdistribution

at the band energy εnk.

This last term can be computed recursively solving the IBTE51,81:

∂Eβ
f nk ¼ evnk;β

∂f 0nk
∂εnk

τnk þ 2πτnk
_

P
mν

R d3q
ΩBZ

× ∣gmnνðk; qÞ∣2½ðnqν þ 1� f 0nkÞδðεnk � εmkþq þ _ωqνÞ
þ ðnqν þ f 0nkÞδðεnk � εmkþq � _ωqνÞ�∂Eβ

f mkþq;

ð16Þ

with the scattering rate

τ�1
nk ¼ 2π

_

P
mν

R d3q
ΩBZ

∣gmnνðk; qÞ∣2

½ðnqν þ 1� f 0mkþqÞδðεnk � εmkþq � _ωqνÞ
þ ðnqν þ f 0mkþqÞδðεnk � εmkþq þ _ωqνÞ�

ð17Þ

where nqν ¼ 1=½expð_ωqν=kBTÞ � 1� is the Bose-Einstein distribution
evaluated at the phonon energy ℏωqν and gmnν(k, q) is the e-ph matrix
element for the scattering of an electron fromstateψnk into stateψmkþq with
a phonon of mode ν and wavevector q. The matrix elements are given by82

gmnνðk; qÞ ¼ hψmkþq∣ΔqνV
KS∣ψnki; ð18Þ

where ψnk is the Kohn-Sham (KS) Bloch state and ΔqνV
KS is the first-order

variation of the self-consistent KS potential defined as75

ΔqνV
KS ¼ 1ffiffiffiffiffiffiffiffiffiffi

2ωqν
p X

pκα

∂VKS

∂τκα

eκα;νðqÞffiffiffiffiffiffiffi
Mκ

p eiq�Rp ; ð19Þ

where eκα,ν(q) is the α-th Cartesian component of the phonon eigenvector
for the atom κ in the unit cell, Mκ its atomic mass, Rp are lattice vectors
identifying the unit cell p, and τκα the ion position in the unit cell.

In practice, the scattering potentials were first computed from density-
functional perturbation theory (DFPT) on a coarse 36 × 36 × 36 q-grid.
Then, they were Fourier interpolated onto a fine 150 × 150 × 150 q-grid
usingdielectric tensors83 andquadrupoles40,84 for the long-range electrostatic
contributions. Born effective charges are zero as strain along [100] direction
does not break the symmetry of the silicon crystal. Changes of dielectric
tensor and dynamical quadrupoles with strain are provided in SI44. The KS
wavefunctions are obtained by performing a self-consistent (SCF) calcula-
tion on a coarse 18 × 18 × 18 k-grid before a non-self-consistent calculation
(NSCF) on a fine 150 × 150 × 150 k-grid. To reduce the computation cost,
the e-ph computation is only performed at the k-pointswith energieswithin
a window of 200 meV above or below the band edges, i.e., close to the
extrema of the valence and conduction bands. The spin-orbit coupling was
taken into account to compute the electronic properties and neglected to
retrieve the vibrational properties, dynamical quadrupoles and e-ph scat-
tering potentials. A schematic representation of this framework is provided
in Fig. S5 of the SI44.

Four-point bending measurements
A four-point bending setup is used to apply strain levels ranging from 0 to
1%, by steps of 0.02%, on an n-type silicon strain gauge supplied byKyowa
bonded on a polycarbonate substrate. The samples are obtained from a
silicon beam oriented along the [100] crystal direction and encapsulated in
two layers about 50 μm-thick of polyimide. Figure S8 of the SI44 shows the
experimental setup and a microscope picture of the samples. The samples
are 2mm-long with a cross-section of 250 μm by 20 μm. The resistivity has
been estimated to 0.03Ω cm, leading to a doping level to 5 × 1017 cm−3. An
aluminum strain gauge from Micro-Measurements is placed next to the
silicon to measure the strain applied by the bending equipment with a
Keithley DMM7510 multimeter. The silicon resistance has been obtained
from current-voltage measurements using an Agilent 4145 semiconductor
analyzer in a voltage range from -0.5 V to 0.5 V with 20-mV steps.
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The resistance variations computed from the current-voltage curves
are shown inFig. S9of the SI44. The experimental results shown inFig. 5have
been obtained with the devices oriented transversely and longitudinally to
the strain direction. The zero-strain resistance of the two samples is 126Ω
and decreases (resp. increases) with a strain parallel (resp. perpendicular) to
the current flowing in the device. Even though the mobility variations
dominate, the dimensional variations have been subtracted from the
resistance measurements to retrieve the resistivity changes by considering a
Poisson’s ratio of 0.2885.

Data availability
The underlying code and generated datasets for this study are available on
the Materials Cloud and can be accessed via this link https://doi.org/10.
24435/materialscloud:sy-4g.
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