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ABSTRACT

Silicon-based materials are promising candidates to replace com-
mercial graphite-based anodes in lithium ion batteries. Silicon-
based anodes can possess 10 times more capacity than graph-
ite, but with a humongous volume expansion of 300%. At the
atomic scale, the rate of lithium migration plays a key role in
controlling the volume expansion. Thus, understanding the lith-
ium atom migration and the structural evolution of Si atoms
at atomic scale is essential to mitigate volume expansion and
achieve maximum capacity. In this thesis, we approached this
problem from two ends: 1) Studying diffusion of lithium in bulk
silicon and lithiated LiSi from first-principles methods within
the transition state theory framework, and 2) Analysing delith-
iation dynamics through first-principles followed by an empir-
ical potential to study large supercells. Our approach provides
a better agreement with the experimental data as compared to
the previous experimental or theoretical data with useful insight
on the diffusion mechanism. The impact of quantum tunnelling
effects and anharmonicity on lithium diffusion have also been
estimated for the first time and are moderate for Si and negli-
gible for the LiSi case. A novel first-principles-based approach
has been developed to study the step-by-step delithiation of lith-
ium atoms, which can capture the change in the local environ-
ment of silicon during delithiation. The analysis of the local en-
vironment of delithiated Si suggests that most of the delithiated
silicon atoms (75%) returns back to the tetrahedral coordination.
The characterization of delithiated silicon obtained by empirical
potential shows strong resemblance with amorphous Si.
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INTRODUCTION

Climate change or global warming is one of the biggest prob-
lems that life is facing on earth. There was a large debate on
whether the global warming is a cyclic process of glacial advance
and retreat due to the movement of earth’s tectonic plates or
it is a man made/Anthropogenic Global Warming (AGW). Sys-
tematic research has confirmed that it is an anthropogenic event
as more than 97% of the ~12,000 scientific papers published on
climate change, agrees that human activities are causing global
warming [1, 2].

The earth’s temperature has fluctuated in a cyclic way through-
out its history as represented by the CO; level in Fig. 1.1. In the
last roughly 650,000 years there have been 7 cycles of glacial
advance and retreat with the last end of ice age marking the
beginning of human civilization roughly 11,000 years ago [3].
However, the level of CO; has never been as high as the post in-
dustrialization era suggesting it as an anthropogenic event. Nu-
merous evidences of global warming have been reported such as
the increase in earth’s temperature, glaciers retreat, increase of
sea level and extreme hot conditions in some parts of the world
where climate change is already a matter of life and death [4, 5].

These growing concerns of climate change is not only sub-
jected to a part of the world but affects everyone in one way
or the other. Thus, all the major countries participated in the
Paris climate agreement, signed in 2016, to take effective meas-
ures for limiting the human induced global warming. Based
on scientific evidences, the Intergovernmental Panel for Climate
Change (IPCC) suggested policy makers to limit their carbon
emission to keep the increase in global average temperature be-
low 2°C above pre-industrial levels [5]. Although the required
efforts to meet the expectations of the Paris agreement is relat-
ively debated [7, 8], it pushes the policy makers to move from
fossil fuels to renewable energy sources on an urgent basis.
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Figure 1.1: Growing CO; level in the atmosphere computed
from the comparison of ice cores and more recent direct
measurements [3]. Plot adapted from “NASA’s Global Climate
Change website" [6]

Scientific research has played a significant role in coming
up with innovative solutions to provide alternate green energy
solutions to the policymakers. Whether it is in the field of energy
generation (finding organic materials for photovoltaic cells [9]),
or for energy consumption (e.g. search for new Light Emitting
Diode (LED) materials [10]), or for efficient energy storage [11].
The technological advancement, especially in the energy storage
plays a central role in the life cycle of energy creation and con-
sumption irrespective of source and consumption. For example,
two main sources of renewable energy, wind and solar energy,
are intermittent and require efficient storage units to supply
power when there is no wind for the former and no sun for the
latter, respectively. Other renewable energy sources like nuclear
reactors and geothermal energy also benefit from energy storage
and transmission.

The energy can be stored mechanically (hydroelectric dams),
thermally (thermal energy storage), chemically (hydrogen stor-
age), electrochemically (batteries) or electrically (capacitors). How-
ever, our current storage technologies are not sufficient for the
growing energy demand and will increase further with more re-
newable energy generated by solar and wind energy. Some key
limitations are environmental consequences and geographical



INTRODUCTION

limitations (dams), energy leakage (capacitors), energy density
and capacity (batteries), etc.

Out of the above-mentioned technologies, batteries have a
wide range of applications from small portable devices to elec-
tric vehicles [12]. Specifically, Li-ion batteries (LIB) are the most
commonly used batteries owing to their higher energy density,
higher operating voltage, lower cost and longer life-cycle as com-
pared to other alternatives [13]. However, the current commer-
cially available Li-ion batteries are not sufficient to meet the high
energy density demand of electric vehicles (EV) or high capacity
demand of power grids [14]. In portable devices, they occupy a
significantly large volume and limit the designing capability to
make smaller devices. Thus, there is a huge demand to make
smaller batteries and/or increasing the time between two con-
secutive charges. Moreover, incidents of battery failure, ranging
from portable mobile phones to EV’s and airplanes, have raised
serious safety concerns over the Li-ion batteries [15, 16]. Thus,
researchers have been actively working on augmenting the capa-
city of existing Li-ion batteries [17], designing safer solid state
batteries [18], or replacing Li with Na-ion batteries [19] avoiding
environmental hazard of Li mining [20]. The interdisciplinary
nature of the problem, involving materials science, electrical en-
gineering, electrochemistry, health and environmental science,
makes it an enormously challenging problem of the 21st century.
The importance of this problem can be felt in the fact that the No-
bel prize of 2019 in Chemistry was awarded to three researchers
(John Goodenough, M. Stanley Whittingham and Akira Yoshino)
for the development of Li-ion batteries [21].

In this thesis, we will address the material perspective of the
LIB problem and associated limitations for commercial applica-
tions. More precisely, we will focus on the application of silicon-
based materials for anodes, Li migration in them and the struc-
tural changes during charging and discharging. In this scope, the
application of first-principles-based methods to study Li migra-
tion will be discussed, along with the validation of associated ap-
proximations and limitations. The structural changes that silicon
atoms undergo during charging and discharging will also be in-
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vestigated followed by future potential to use this information
in designing next-generation batteries. The first section briefly
introduces the basics of a LIB.

1.1 WORKING MECHANISM OF A BATTERY

This section introduces the reader to the basic working prin-
ciples of a Li-ion battery and areas of opportunities for designing
next generation batteries. The section is largely based on various
review papers on LIB [17, 19, 22].

Fig. 1.2 shows a schematic representation of a LIB and all
its vital components. It consists of a positive electrode (cathode)
and a negative electrode (anode) immersed in a liquid electro-
lyte that acts as an ionic carrier to transport Li* ions from one
electrode to the other and a separator that avoids electron trans-
fer. In a commercial LIB, normally LiCoO; is used as cathode,
though other metals oxides of form Li\MO, (M =Mn, Al, Ni)
can also be used. The anode is graphite and the electrolyte typ-
ically consists of a lithium salt (LiPF;) in an organic solvent [19].
During discharging of a battery, the current is generated by the
following electrochemical reactions at the two electrodes:

Anode: LiyCg(s) — xLi(soln) + 6C(s) + xe ™ (1.1)
Cathode: Li;_,CoO;(s) + xLi*(soln) + xe~ — LiCoO, (1.2)

The Li* ion and e~ generated at the anode migrate to cath-
ode to complete the cell reaction, where the former migrate via
the electrolyte and the latter goes through the load (providing
current to the device). The layered structure of both the elec-
trodes facilitate the movement of Li ions from one interlayer
location at anode (graphite intercalation) to another interlayer
location between CoO; crystals. During charging of a battery, a
voltage is applied across the electrodes that reverses the above-
mentioned reactions and forces lithium ions to move from the
LiCoO; crystal to be intercalated between graphite sheets at an-
ode. The potential application of this intercalation behaviour led
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Figure 1.2: Schematic representation of a commercial Li-ion
battery. Extracted from Ref. [19] - Published by The Royal
Society of Chemistry

the commercialization of these electrodes for LIB and the process
has been optimized over the years [19].

The design of LIB’s has evolved in the last 2 decades to cater
different applications. Fig. 1.3 shows 4 common types of batter-
ies we use in daily applications, along with a schematic repres-
entation of different components.

The selection of electrodes (anode and cathode) has to be
in agreement with their electrochemical stability in presence of
the electrolyte. For instance, an anode with an electrochemical
potential pa greater than the Lowest Unoccupied Molecular Or-
bital (LUMO) of the electrolyte will reduce the electrolyte. Sim-
ilarly, a cathode of electrochemical potential pc lower than the
Highest Occupied Molecular Orbital (HOMO) will oxidize the
electrolyte [17]. The reaction between the electrolyte and the elec-
trodes can lead to loss of active material from electrodes result-
ing in significant capacity fading and poor cyclability, i.e. capa-



INTRODUCTION

a Liquid electrolyte c
—
) Cellcan —___
+ D in.or A= ,
== = Liquid electrolyte
Carbon_Cu—3 )
— <Cell can
3-4.1W

3.8v i \Separawr 1.1 Ah 6
1.5 Ah Cu JI\ Al

) Carbon Liy,,Mny0,

Separator
Al Mesh
b d

+Plastic electrode
(Cathode)

TREERR .
e .~ Plastic electrolyte

Liquid
electrolyte

Carbon

@ Separator
+ \ Liy,Mn,0, g _\

Cell can

~—_~ Plastic electrode

\ (Anode)
+

Cu mesh

Figure 1.3: Schematic drawing of different types of batteries
and their essential battery components for a) cylindrical, b)
coin, c) prismatic, and d) thin and flat Li-ion batteries.
Reprinted by permission from Springer Nature: Nature
(Ref. [13]), Copyright 2001.

city loss after few charge-discharge cycles. This can be avoided
either by selecting the electrodes with electrochemical potentials
pa and pc similar to LUMO and HOMO of the electrolyte, or
by a passivation layer (SEI) that blocks electron transfer while
maintaining fast Li* ion migration between the active material
and the electrolyte (refer Fig. 1.4).

The existing technology of a commercial LIB is highly optim-
ized incorporating these above-mentioned limitations. However,
the technology in itself has reached a saturation point mainly
limited by material constraints. Thus, to cater growing energy
demands of EV’s, power grids and small portable devices, innov-
ation is demanded for finding new materials to upgrade existing
components. Moreover, for an economically viable and sustain-
able solution, the next-generation battery materials should be
readily available and environmental friendly [19]. For instance,
the CoO; can be replaced by other multivalent elements such as
Fe or Mn to increase the capacity while maintaining the layered
oxide structure for easy Li intercalation. Similarly, the flammable
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Copyright 2010 American Chemical Society.

liquid electrolyte that has resulted in thermal hazards [15] can

be replaced with safer solid-state electrolytes [23]. On the other

side, replacing standard graphitic anodes with materials of higher
specific capacity (amount of charge stored per gram) will open

new commercial market for LIB applications. Some of these pro-
spective anode materials (silicon and lithium metal) show as

high as 10x more capacity than graphite as shown in Fig. 1.5.

Replacing the graphitic anode by these high capacity anodes
will significantly reduce the battery size or increase the capa-
city by accommodating more active material. It will facilitate
the option to either design smaller portable devices which are,
at present, restricted by the battery size or make EVs that can
go longer distance within one charge. One can choose depend-
ing on the end application. Although these new materials look
promising, different issues limit their commercial development.



INTRODUCTION

Cathode Capacity (mAh/g)

0 200 400 600 800 1000
5

e e e e e ] [ T

i
[ LixMn204 1, Co0;

| LixNin01.y02 S

a4l 2,
_ LiyFePO4 20
+ [ n S
3 [ 7 2
— T N o
= 3K LixV20s 3
2 | LixV6013 a
% g LixMnO>
g 2F :Battery Potenti_a[ g
o
>

[ Carbons
[ Graphite /' i Silicon

[P LICg Germanium i
[ ‘ / / Lithium ﬂ
[ gy L s s s a2l 33 x :

0
0 1000 2000 3000 4000 5000
Anode Capacity (mAh/g)

apoia|3 aneban
apouy

Figure 1.5: Diagram illustrating capacity of prospective cathode
and anode materials along with electrochemical reduction
potential compared to Li metal. Reproduced from Ref. [24] with
permission from The Royal Society of Chemistry.

For instance, new cathode materials (such as LiFePO,4) do not
always form a layered structure restricting the Li" ion migra-
tion only to 1-D channels, which can then be easily blocked by
defects [19]; solid-state electrolytes show lower ionic conductiv-
ity as compared to the liquid counterpart [25]. On the anode
side, prospective materials replacing graphite show poor cyc-
lability caused either due to mechanical failure of anodes [26],
the loss of electrical contact [27], or due to the Solid Electro-
lyte Interface (SEI) formation [28] or due to the formation of Li
dendrites (only in bulk lithium anodes) [13]. Thus, the develop-
ment of next-generation battery, even from just the materials per-
spective, is three-fold: to find new low cost and environmentally
benign materials for (1)a thermodynamically stable solid-state
electrolyte with a high Li*-ion conductivity, (2)an anode, and
(3) a cathode with electrochemical potential uy and pc matching
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with the LUMO and HOMO of the electrolyte. Going forward in
this thesis we will only focus on the anode part of this challen-
ging three-fold problem and the following sections introduce the
working of a commercial anode material in LIB.

1.2 COMMERCIAL ANODE MATERIAL IN LIB

In commercial LIB, graphite is the standard anode material with
a gravimetric capacity of (370 mAh/g). During charging, graph-
ite stores Li" ions in between graphene sheets up to a concentra-
tion of LiCg for an applied voltage difference of 0.3V [19]. The
sp? hybridized carbon atoms in graphite form strong C-C bonds
in-plane with half-filled p, orbitals out-of plane [17]. These half-
filled p, orbitals can interact with the 2s orbitals of Li atoms
sitting on top of hexagonal centres of graphene, separated by a
few A. This Li-C bonding maintains the mechanical integrity of
graphite during intercalation and limits the volume expansion.

As mentioned in the previous section, the interface with
electrolyte and the formation of SEI layer plays an important
role in the mechanical stability of anodes and overall cyclabil-
ity of the battery. For graphite, an organic solvent (a blend of
ethylene carbonate and diethyl carbonate), identified in the early
years of lithium-ion batteries [29], limits and stabilize the form-
ation of SEI in the first charge-discharge cycle, otherwise ever
growing. Thus, a stable conductive SEI layer and a negligible
volume expansion in Li intercalation between graphene layers,
largely explains the good cyclability of graphitic anodes. This
also highlights one of the key issues with the next-generation
anode materials that suffer from poor cyclability either due to
large volume expansion or unstable SEI formation. The next sec-
tion covers these new prospective materials and associated prob-
lems.

1.3 PROSPECTIVE ANODE MATERIALS

The intercalation mechanism in graphite provides an efficient
way of LiT-ion insertion and removal while minimizing the volume
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expansion, but it also limits the maximum number of Li atoms
stored per host atom. In graphite this ratio is 0.1667 (1/6) for
most lithiated LiCg structure. To overcome this limitation, most
of the next-generation anode materials are based on alloy form-
ation, which is also sometimes refered as Type B or conversion
materials [30]. As the name suggests, these materials convert
and undergo structural transformation to form lithiated alloys
during lithiation (charging of the battery). The alloy formation
allow to increase the Lihost ratio as high as 4.4 for silicon form-
ing Liy;Si5s [31] or 3 for phosphorus forming LizP [32] upon
lithiation resulting in theoretical gravimetric capacity of ~4400
mAh/g and ~2500 mAh/g, respectively. Experiments suggest
that the maximum possible lithiated level for silicon at room
temperature is close to Lij5Sis [33, 34], which gives a ratio of
3.75 Li atoms per Si atom that is way higher than for graphite.

The alloy formation ability of these new anode materials on
one hand benefit from alloying capability to store more Li atoms,
on the other hand, induces huge volume expansion. For instance,
the alloy formation in both silicon and phosphorus is accompan-
ied by a huge volume change (~200-300%) [33, 35] to accom-
modate the large amount of Li atoms, which can not be endured
mechanically by the material [36]. Moreover, the structural trans-
formation changes the crystallographic orientation and local en-
vironments of host atoms [31, 37], which often leads to the break-
ing of SEI and the loss of electrical contact [38]. Furthermore, the
breaking of SEI would expose the anode for reduction, leading
to a loss of active material and reduced Li diffusion through
thicker SEI interface [28]. These factors mainly associated with
volume change result in significant capacity loss within the first
few cycles [35].

Another material of interest is Lithium metal that got re-
newed scientific interest owing to its high specific capacity, low
density, and lowest redox potential [28]. Its commercial poten-
tial as an anode material was first observed by Whittingham
in 1976 [39] that motivated Exxon to commercialize its develop-
ment as an anode material in LIB [22]. Unfortunately, the forma-
tion of Li dendrites had limited its development. These Li dend-
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rites grow upon extensive cycling and reach cathode by penetrat-
ing the SEI layer, resulting in short circuiting the battery leading
to dangerous thermal hazards [22]. This material has been revis-
ited by scientists recently in hope of finding a suitable SEI forma-
tion mechanism that can limit the dendritic formation, which up
to the best of our knowledge has not yet been tackled entirely.
Thus, these new prospective materials show huge potential to
improve the capacity of LIBs but with associated challenges that
motivate researchers to bring innovative solutions. More specific-
ally, in terms of silicon/phosphorus, the innovative use of nano-
composites and nanoengineering has shown promising results
in tackling the main problem of volume expansion and a signi-
ficant improvement in cyclability [14, 40].

The use of nanostructures limits the volume expansion in
1-D (for nanowires), 2-D(nanotubes or nanoribbons) or in a re-
latively small 3-D space (nanospheres) and provides a greater
design control to accommodate the volume expansion while main-
taining the mechanical integrity [41, 42]. The nanoengineering
of anodes results in better cyclability and better overall perform-
ance as compared to their bulk counterparts as shown in the
schematic illustration in Fig. 1.6 [43].

This elegant solution significantly increased the practical ap-
plication of silicon-based anodes [41, 44, 45]. Though, the prob-
lem of forming a stable SEI becomes more tricky as the use of
nanostructures increase the surface area to volume ratio. Several
options to overcome the issue have been suggested for surface
passivation [27, 46, 47]. Not exhaustively for silicon, suggestions
include: carbon coating of silicon nanowires [42], encapsulation
by carbon spheres [46, 48], mixing carbon nanotubes (CNT) with
silicon nanowires (NW) [49, 50], etc. The benefit of using carbon
here is 2-fold. Firstly, it provides the mechanical integrity as it
has lower affinity towards lithium and thus acts as an elastic
buffer for silicon/phosphorus to expand. Secondly, it enhances
the electrical conductivity as it is a better conductor than sil-
icon/phosphorus. The use of carbon-based nanocomposites in-
crease the stability of anodes but at the expense of active mater-
ials, a compromise which might be fair depending on the end

11
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Figure 1.6: Illustration of structural changes that different
nanostructures undergo upon several lithiation-delithiation
cycles. Silicon NW show better performance than thin films and
microparticles. Reprinted by permission from Nature Springer:
Nature Nanotechnology (Ref. [43]), Copyright 2007.

application. Nonetheless, the underlying mechanism of phase
transformation during lithiation have to be understood. Since
this is largely governed by the reaction rate and diffusion of Li
atoms, the next section focuses on the importance of Li diffusion
in lithiation/delithiation mechanism at the atomic scale.

1.4 LI DIFFUSION IN SI-BASED ANODES

During initial lithiation of Si-based anodes, Li atoms are ad-
sorbed at the surface forming a layer of amorphous Li\Si (a-
Li,Si), through which they diffuse to reach the bulk Si (two
phase reaction) [51-53] (see Fig. 1.7). The rate of further lithi-
ation then depends on the interplay between the Li diffusion

12
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rate and the reaction rate of Si-Si bond breaking and of Li-Si
bond formation [54, 55]. Nanostructured Si anodes, with shorter
diffusion length and high surface-volume ratio facilitates effect-
ive diffusion and thus, the lithiation process is reaction-rate con-
trolled [55], while in bulk Si, it is largely diffusion controlled at
room temperature [56]. Moreover, the rate of Li diffusion is 1-2
magnitudes higher in a-Li,Si as compared to crystalline Si (c-5i).

Phase
oundary

Figure 1.7: TEM images showing the formation a-Li,Si layer
during the lithiation of a) c-Si wafer and b) c-Si nanoparticle. In
both the cases, a sharp phase boundary can be observed.
Reprinted figure a) from Ref. [51]. Copyright 2011 by the
American Physical Society. Figure b) adapted with permission
from Ref. [57]. Copyright 2012 American Chemical Society.

In-situ Transmission Electron Microscopy TEM studies have
revealed that above a certain size of Si nanoparticle, this inter-
play between reaction rate and Li diffusion results in concen-
tration mismatch between the two phases leading to a stress in-
duced fracture [57]. Conversely, the induced stress also affects
the diffusion barrier, i.e. the application of a tensile (compress-
ive) stress lowers (increases) the diffusion barrier as confirmed
by theoretical calculations [58]. The effect of stress on diffusion
partially explains the improved performance with kinked and
curved Si NW [50, 59]. Most of these above-mentioned experi-
mental and theoretical analysis are based on certain range of Li
diffusivity values obtained from experiments or computations.
Thus, it is important to have accurate diffusivity values of Li in
bulk Si as well as in lithiated Li,Si phases.

13
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Li diffusion in bulk Si is well researched experimentally as
well as theoretically establishing the migration of Li atom from
one tetrahedral (T;) interstitial to another via a hexagonal (H)
position. The ab-initio computed value of the diffusion barrier for
this jump is 0.60 eV [60], which is in good agreement with the
experimental data of 0.655+0.01 €V [61]. However, the value for
Li diffusivity in lithiated phases, for instance in LiSi, is still de-
bated [62] owing to the slow kinetics of formation of LiSi phase.
The reported values (experimental and theoretical) vary from
107 to 10~ cm?/sec spanning 5 orders of magnitude [62-66].
Such a large window of diffusivity values raises questions on
the reliability of any model based on this data.

Computational methods provide an alternative way to calcu-
late properties of materials which are difficult to synthesize at
room temperature conditions. Empirical potentials are computa-
tionally faster but difficult to parametrize and are subjected to a
restricted window of application. The ab-initio molecular dynam-
ics (AIMD) simulations are accurate but often conducted at high
temperatures to expedite diffusion and low temperature extra-
polation might amplify the errors. Furthermore, the estimation
of diffusion barrier from Mean-Squared Displacement (MSD) ob-
tained from AIMD as well as from experimental data points at
discrete temperature, use the Arrhenius relation of diffusivity.
The Arrhenius equation relates the diffusion barrier AE,, as the
exponential factor of the diffusion coefficient with a constant
pre-factor Dy [67]

—AE /KT

D = Dpexp (1.3)

This relation is a special case of a more general expression and
holds true for most diffusing atoms at room temperature. It con-
sists of temperature independent pre-factor and energy barrier
using the classical harmonic approximation without taking into
account quantum mechanical effects. At lower temperature or
with relatively smaller diffusing atom than the host atom, the
quantum effects become important, resulting in a significant de-
viation of diffusivity values from the Arrhenius behavior (H in
Fe) [68, 69]. Li is also very small and quantum mechanical effects
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lower its diffusivity values in graphite at room temperature by
30% as compared to the classical Arrhenius equation [70]. Such
a calculation to estimate the quantum mechanical effects on Li
diffusivity in Si has not yet been explored to the best of our
knowledge. Moreover, as silicon shows anharmonic behavior at
high temperature [71-73], its effect on Li diffusivity should also
be studied to get a correct estimate of Li diffusivity values for
a varied temperature range. In this thesis we first address these
two problems and estimate the effect on Li diffusivity in Si and
LiSi. Another important aspect we explored in this thesis is the
delithiation process of Si based anodes and analyzing the delith-
iated Si structure that is summarized in the next section.

1.5 DELITHIATION OF SILICON-BASED ANODES

Lithiation of silicon-based anodes is well studied experiment-
ally [14, 27] and theoretically [31, 74] as discussed in the pre-
vious section. However, the removal of Li atoms or delithiation
is not yet fully understood, at least theoretically [37, 75]. For
instance, Si lithiates via a two-step process but what is the de-
lithiation mechanism? Is it diffusion controlled or reaction rate
controlled? Crystalline silicon transforms to a-Si upon delithi-
ation but does a-Si comes back to a structure similar to a-5i?
How does the local environment of Si evolves as Li atoms are re-
moved? Does Si retains the tetrahedral structure (4-fold coordin-
ation) upon delithiation?

Lithium insertion (lithiation) is thermodynamically favour-
able and thus easier to study computationally, at least by us-
ing AIMD techniques [54]. At variance delithiation is thermody-
namically unfavourable and thus AIMD techniques can not be
used to study delithiation unless an external potential is applied.
One of the most commonly used method is the step-by-step Li
removal followed by a volume reduction (associated to per Li
atom) and relaxation of atomic positions at fixed volume [37,
75]. The volume reduction at each step (~14 A3) is the average
volume occupied by a Li atom obtained experimentally [33]. Al-
though this strategy provide a stable method, the assumption of
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constant volume reduction at each Li atom removal might not be
true, especially if Li atoms are coordinated differently. Moreover,
this algorithm only allows volume scaling and no cell relaxa-
tion is allowed, while we know that silicon undergoes structural
transformation upon lithiation/delithiation [31]. In this thesis
we have proposed a modification in this method including com-
plete cell relaxation followed by a few molecular dynamics (MD)
steps to allow free structural evolution (Chapter 4). Furthermore,
to gather statistics and analyze amorphous structure, we have
used empirical potentials validated for Li-Si system in Chapter 5.
Motivated by the method used in Ref. [76], a shell method has
been adopted in studying delithiation that involves removing n
Li atoms followed by a few MD time steps. This way we have
tried to answer some of the above stated questions that will
augment the understanding of delithiated silicon structures and
guide in designing next-generation batteries.
The outline of the thesis is as follows:

e Chapter 2 recalls the fundamentals of Density Functional
Theory used for ground state calculations and Density Func-
tional Perturbation Theory used for phonon calculations. It
also covers the basics of diffusion mechanisms, the Trans-
ition State Theory and the Kinetic Monte Carlo methods.

e Chapter 3 includes the calculation of Li diffusion coeffi-
cient in bulk Si and LiSi using the transition state theory.
The effect of quantum tunneling effects, and anhamonicity
has also been assessed for future applications.

e Chapter 4 covers the delithiation studies of lithiated Li,Si
phases by the means of first-principles calculations. The
local environment of delithiated structures are analyzed
by the Chemenv code within Pymatgen package.

e Chapter 5 outlines the validation of classical potential, which
is used for studying large scale delithiation simulation.
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This chapter introduces the theoretical framework of first-principles
methods that are used in the subsequent chapters for study-
ing properties of silicon as an anode material. In Sec. 2.1.1 and
Sec. 2.2, we briefly introduced the development of density func-
tional theory (DFT) and its applicability to study the electronic
structure of materials and computing their properties. In 2.3,
the density-functional perturbation theory (DFPT) [77, 78] intro-
duces the perturbative approach in DFT to calculate derivatives
of the ground state energy for the computation of interatomic
force constant, phonon frequencies, etc . Sec. 2.4 then introduces
diffusion laws followed by the transition state theory framework
for studying diffusion from first-principles. Subsequent approx-
imations for the inclusion of quantum tunnelling effects and an-
harmonic effects are also discussed.

2.1.1 Schrodinger equation

The ground state of a system at equilibrium with N;, nuclei
and N, electrons can be completely described by its many-body
wavefunction, M8 according to the time-independent Schrédinger
equation.

HMB(+ R)WMB(y R) = EYMB (1 R) (2.1)

where HMB is the many-body Hamiltonian that can be written
as:

HMB (1, R) = Tu(R) + Van (R) + Te(r) + Vee (1) + Vie(1,R)  (2.2)

where T, (R) and Vi1n(R) are the kinetic energy and the potential
energy operators for nuclei. Similarly, Te(r) and Vee(r) denotes
the kinetic and potential energy operators for electrons. The in-
teraction between electrons and nuclei is denoted by Vye(r, R).
The notation r and R is used as a shorthand representation for
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the position coordinates of all the electrons (i, fori =1,2,3,...,N¢)
and all the nuclei (Ry, for x =1,2,3, ..., Ny,), respectively. The ex-
plicit definition of different operators appearing in Eq. 2.2 can be
written as:

1
T.R)=—) —V3 2,
"R ==Y Vi (23
ZoZ
vnn(R) = Z R(xfg’ (2.4)
a<a’ X @
1
Te(r) == 5V3 (25)
i
1
Veer) = ) P— (2.6)
<t/ Pt
Z
Vne(r,R) = Z h_—o];’| (2.7)
i,00 t o

where M, is the mass of atom «, and Z, is the atomic mass
number of nuclei «.

Given all these ingredients a-priori, the many-body Hamilto-
nian HMP and the wavefunction YM8, in principle, can be de-
termined and the corresponding ground-state energy (E) can be
obtained from the eigenvalue problem in Eq. 2.1. However, in
practice it is already difficult to obtain these many-body terms
for He atom with only 2 electrons, without using any approxim-
ations. The complexity increases many fold with an increase in
number of atoms and thus obtaining YMB or HMB is nearly im-
possible. Thus, in the last few decades, researchers in this field
have tried controlled approximations to the many-body Hamilto-
nian HMB and wavefunction YMP for computing properties of
interest in a reasonable computational time while keeping the
desired accuracy and physical significance.

2.1.2  Born-Oppenheimer approximation

One of the first approximation that significantly reduce the com-
plexity of the problem is by taking into account the heavy mass
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of nuclei and thus their dynamics (T,n) are comparatively much
slower. Moreover, the nuclei-nuclei interaction (Vi) is constant
for a given set of atomic coordinates. Thus, for a given set of nuc-
lear positions, their kinetic energy term T, (R) and the potential
term Vnn(R) can be dissociated from Eq. 2.2 and can be treated
as a perturbation or as an external potential:

H(r,R) = He(r) + Vext (R) (2.8)

where
Vext(R) = Tn(R) + Vnn(R) (2-9)
He(r,R) = Te(7) + Vee (1) + Vie(T,R) (2.10)

It is the Born-Oppenheimer (BO) approximation [79], which re-
duces the problem to an electronic system. The information of
nuclei are the parameters of the Hamiltonian in the form of an
external potential experienced by the electrons. This is why, this
field of physics is also called as electronic structure theory

The BO approximation is based on the instantaneous and
adiabatic adaptation of the electronic density with the change in
the positions of nuclei. This holds true for the ground state cal-
culations of most solids at equilibrium and in this thesis, we will
restrict ourselves within the realm of its applicability. Although
BO approximation significantly simplifies the many-body prob-
lem, the remaining electronic Hamiltonian still contains electron-
electron interaction terms, which are not trivial to compute for
large systems with many electrons. Thus, further approxima-
tions are needed to transform this many-body problem to a sim-
pler form, which led to the development of Density Functional
Theory.

2.2 DENSITY FUNCTIONAL THEORY

Density Functional Theory (DFT) [80o, 81] is currently the most
widely used first-principles approach to compute material prop-
erties by studying their electronic structure. Over the decades
the theory has developed rigourously. Consequently, its scope
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has extended to compute advanced material properties from
electron-phonon coupling, electronic excitations and anharmonic
effects [82-84]. Moreover, the increase in computational resources,
and the efficiency of DFT codes has made it possible to study
systems of hundreds or thousands of atoms [85]. Though there
is a tradeoff between accuracy and computational time and de-
pending on the computed property, the balance has to be made
to get the desired accuracy. This is where a thorough knowledge
about the working of DFT is useful for adjusting the paramet-
ers. However, the description in this thesis will be limited to
basic understanding of the theory and its relevant application to
the scientific inquiry in subsequent chapters. More pedagogical
reviews can be found in Ref. [77, 86, 87] and books by [80, 81, 88—

91]-
2.2.1 Hohenberg and Kohn theorem

The development of DFT was primarily motivated by the works

of Hohenberg, Kohn and Sham [92, 93] that demonstrated the

possibility to map the many-body wavefunction to a one-body

electronic density for solving the Schrodinger equation. Although
the original idea of using the electronic density was proposed by

Thomas and Fermi [81], the Hohenberg and Kohn theorem [92]

followed by Kohn-Sham scheme [93] provided the theoretical

foundation for developing the framework.

For a system of N interacting particles with non-degenerate
ground state, it is evident that there exists a unique ground state
density n,(r) associated to the external potential Vet (r). In 1964,
Hohenberg and Kohn [92] proved the opposite, which was not
straightforward. They proposed two important theorems. The
first theorem states that:

Theorem 1: The ground state electronic density n,(r)
of an interacting many-electron system can uniquely
determine the external potential Vey(r), up to a con-
stant.
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This proved that the mapping from density to the external
potential is unique. In other words, if there are two potentials
Vext and V., that differs by more than a constant, they will
always leads to two different ground state densities n and n’.
Moreover, given a charge density n(r), the external potential
Vext (1) is fixed, and so in turn the Hamiltonian. Thus, the Hamilto-
nian as well as the other associated quantities (wavefunction,
total energy, etc) can then be written as a functional of the dens-
ity. Using this relation and applying the variational principles,
the total energy and the ground state energy can then be written
as:

E= JVeXt(T)n(r)dr + glﬁlIT’t1 { (dITe + Vee|¢>}
(2.11)

Theorem 2: The total energy of an interacting elec-
tron gas is a universal functional of its density, E[n(r)],
independent of Ve (r). The ground state is thus ob-
tained by the wavefunction that minimizes this func-
tional.

As the total energy is one of the observables and thus the above
statement can be generalized for any observable to be defined
as a universal functional of the density. These findings sugges-
ted a way to find the ground state of the electronic system by
minimizing the energy functional:

En(r)] = J Vew(r)u(r)dr + Fin(r) (2.12)

under the constraint to yield the correct total number of elec-
trons N.. Hohenberg and Kohn proved the existence of a func-
tional of the density E[n] that defines the ground state. How-
ever its exact form was unknown untill Kohn and Sham demon-
strated a practical way [93] and only after then DFT became use-
ful to solve the Schrodinger equation.
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2.2.2  Kohn-Sham formulation

In 1965, Kohn and Sham [93] proposed a scheme to approxim-
ate the unknown energy functional based on the energy of a
non-interacting system of the same density n. The formulation
is in the following context. Imagine a system of fictitious non-
interacting electrons with the same ground state density as the
interacting system. For such a non-interacting electronic system,
the Schrodinger equation can be written as:

2

(5 Vi) ok = ok @a3)

using a basis set of single-particle orbitals, $pX°. The correspond-
ing electronic density can be written as:

Ne
nsr) = ) [oK8 ([ =) (214)

The first term in Eq. 2.13 is the kinetic energy operator of the non-
interacting electron system, and the second term is the Kohn-
Sham potential. Thus, given the exact Kohn-Sham potential, one
can find the ground state of the non-interacting system which
will give the same density as the interacting one, and by Hohenberg-
Kohn theorem [92], the corresponding ground state. This maps
the real system to the fictitious Kohn-Sham system, whose total
energy can be written as:

En(r)] = Txsn(r)] + Enn(r)] + Eext[n(r)] + Excn(r)]  (2.15)

where,
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are the kinetic and the potential energy functional or the Hartree
functional of the Kohn-Sham system. These two terms can be
computed exactly and the third term is the energy associated to
the external potential:

Eext[n(r)] = jvext(r)n(r)dr (2.18)

which is also fixed by fixing the n (from the first Hohenberg-
Kohn theorem). Thus, the only unknown is the last term, the
exchange-correlation energy functional Exc[n(r)] that contains
the effect of all the many-body interactions in the interacting sys-
tem. By definition, it includes the exchange interaction to obey
Pauli’s exclusion principle and the electron-electron correlation
effect due to electrostatic repulsion.

From the second Hohenberg-Kohn theorem [92], the ground
state of the Kohn-Sham system can be obtained by minimizing
the energy functional. Thus applying the variational principle
with a constraint to conserve the total number of electrons N,
yields:

5
) [E[n(r)] _ A(Jn(r)dr _ N)} —0
SEMm(r)]
= oni) A (2.19)

where the parameter A is the Lagrange multiplier for the con-
straint. Substituting expression of E[n(r)] from Eq. 2.15 leads to:

dTksn(r)]  SExM(r)] = OEexim(r)] N dExcm(r)] _
on(r) on(r) on(r) on(r)

OTh
‘gfl[ggr)] + Vs (1) = A (2.20)

Thus, the Kohn-Sham potential is defined as:

Vks (1) = Vi (1) + Vext (1) + Vxc(7) (2.21)
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where the first two terms are the Hartree potential and the ex-
ternal potential as defined earlier and the last term is the poten-
tial corresponding to the exchange-correlation energy Excn(r)l:

Vxc(r) = ZSE%[;)(?)] (2.22)
Thus, given the exact form of Exc[n(r)], the Kohn-Sham poten-
tial Vks is known and the corresponding charge density, which is
linked to the Kohn-Sham orbitals providing a new Kohn-Sham
potential. These equations must be solved by self-consistent field
(SCF) cycles. The SCF cycles should be iterated until the n and
Vks are converged within a certain tolerance level to get the de-
sired accuracy.

2.2.3 Exchange-correlation energy

The Kohn-Sham formulation thus presents a practical approach
to define the ground state in exact form, except the value of
Excn(r)] that require approximation. The accuracy of most of
the DFT implementations rely significantly on the efficiency to
approximate this exchange-correlation part. Thankfully, several
good approximations have been proposed, however none is uni-
versal and one has to choose an appropriate one based on the
tradeoff between the desired accuracy and the computational
cost.

Amongst them, the most crudest one is the local-density ap-
proximation (LDA) [81], in which a) the density is assumed to
vary slowly such that the exchange-correlation at any point r
only depends on the local density n(r) and b) which is equal to
the exchange-correlation energy of a homogeneous electron gas
of the same density n(r), i.e.:

xc

ELOA (1)) = [ nir)ele™ (nr)dr (2.23)

To be more precise, the spatial variation of the electronic density
can also be incorporated, which is known as the generalized

24



2.2 DENSITY FUNCTIONAL THEORY

gradient approximation (GGA) [81]. The exchange-correlation
energy can then be written as:

Exeln(r)] = Jn(r)f(nm, Vn(r)dr (2.24)

Then there is meta-GGA approximation that also includes the
second derivative of the kinetic energy density [94]. The hybrid
functional family [95] mix a term of Hartree-Fock exchange term
to better reproduce the electronic band gap of materials but at
an additional computational cost. There are several other meth-
ods to approximate the exchange-correlation term, but we will
restrict ourselves to LDA and GGA for the scope of this thesis
as they work well for covalent and metallic solids.

Regarding the accuracy, LDA is generally known to under-
estimate the lattice parameters as it results in binding the atoms
relatively tightly [81]. On the other hand, GGA tends to under-
bind and results in an overestimation of the lattice parameter.
The selection of one thus, depends on the error in other physical
quantities like bulk modulus, cohesive energy, vacancy forma-
tion energy, etc. With all the ingredients, the ground state can be
obtained by minimizing the energy functional in Eq. 2.15 with
respect to the Kohn-Sham orbitals using SCF iteration. There ex-
ists numerous methods to achieve faster convergence for SCF
cycles and a detailed literature can be found in Ref. [96, 97].

2.2.4 Structural relaxation

DFT total energy calculations provide the ground state of the
system with a pre-defined atomic positions, which is utilized by
the BO approximation. However, often the equilibrium atomic
positions (minima of the total energy with respect to the atomic
positions) are required to compute physical properties like co-
hesive energy, bond length, lattice parameter, etc [81, 98]. The
minima can be obtained by geometry optimization (cell and the
internal degrees of freedom of atoms) based on the forces and
stresses computed by the Hellman-Feynman theorem [99] and
the stress theorem [100], respectively.

25



THEORETICAL BACKGROUND

According to the Hellman-Feynman theorem, the force on
an atom k in the direction « is related to the derivative of the
total energy with respect to the displacement in that direction
Rt

O ot oH
Feo = (v
K ARy < ' IRy

‘1’> (2.25)

Accordingly, the stress tensor oyp in the direction o« upon the
surface 3 can be written as the first derivative of the total energy
with respect to the the corresponding macroscopic strain in that
direction:

W> (2.26)

O—OCE):_ et

R4

Based on these forces and stresses, the energy minima can
be obtained by a minimization scheme such as Broyden-Fletcher-
Goldfarb-Shanno (BFGS) or Low memory BFGS (L-BFGS) [101].
Both these methods are quasi-newton methods targeted to solve
non-linear optimization problems. The former is one of the most
commonly used technique for structural relaxation, while the
latter is a modified version of BFGS that uses less memory and
often reach faster convergence, especially for large systems. The
key difference is that unlike BFGS, L-BFGS remove old gradients
after some iterations to leave more space for freshly computed
gradients. This solves the problem of the memory, and it avoids
the bias towards the initial gradient.

2.3 DENSITY FUNCTIONAL PERTURBATION THEORY

So far we have discussed the ground state calculations within
DFT formalism and obtaining material properties from total en-
ergy (forces and stresses). Similar to the calculation of forces as
a first derivative of total energy, the response of the system to a
small perturbation can be studied formally by applying the per-
turbation theory within the DFT framework. This is known as
the density functional perturbation theory (DFPT).
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2.3.1 Introduction

The response of the system to perturbations of different order
can provide useful material properties that are directly related
to the successive derivatives of the total energy with respect to
these perturbations. Material properties like the dielectric tensor
and phonon frequencies harnessed using this method are in
good agreement with the experimental data and thus became
a standard technique in this domain [78, 102, 103]. In the next
subsections, the basics of DFPT formalism will be presented, fol-
lowed by the computation of the interatomic force constants and
phonon frequencies.

2.3.2  Response functions

The successive derivatives of the total energy can be obtained
either by the finite difference method using frozen phonon ap-
proach or using a perturbative approach like DFPT. The former
method uses only the ground state calculations but several of
them, with varying amplitude of collective displacements are
needed, to obtain a good numerical accuracy. Moreover, this
approach can not incorporate incommensurate perturbations or
perturbations due to a homogeneous electric field and is restric-
ted to a small cell size [103]. Thus one prefers to use DFPT,
which is used in this work as well to compute material prop-
erties.

Let us consider a small perturbing potential Vey(A) charac-
terized by a dimensionless parameter A that can take any value
between o (no perturbation) and 1 (full perturbation). Using the
perturbation theory, if the perturbation A < 1, the external po-
tential and thus all observables can be written as a perturbation
series:

Vet (A) = VO pavill o azvi2 oy (2.27)
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where the expansion coefficient can be written as:

n 1 dnvext
ot ol dan

(2.28)
A=0

Thus, the change in the eigen states and eigen energies due
to a perturbation in the Hamiltonian

HA) = HO 4+ AR + A2HP L (2.29)
can be written as:

0 1 2
o) = o7 + A0l + A2 + ... (2.30)
EA) =EY 4 AE 4 A2EP 4 (2.31)
The goal is to express the eigen energies and wavefunctions of
the perturbed Hamiltonian in terms of those of the old unper-
turbed ones. The new perturbed Hamiltonian H(®) can then be

written as:
H(A) = HO + Ve (M) (2.32)

and the corresponding revised Schrodinger equation for the per-
turbed Hamiltonian is:

H(A)

o) =B o)
d>§°)(7\)> =0 (2.33)

[H(A) — E;(A)]

which has to be solved with the orthonormalization constraint
for the wavefunctions

(o[ A)) =1 (2:34)

The variable A is supressed for brevity of equations, however
the quantities still have explicit dependency on A. Expanding the
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first-order derivative of Eq. 2.33 and Eq. 2.34 results in Sternheimer
equation

H—EJ©

o)+ H—E"

1

d>§°)> —0 (2.35)

and the corresponding orthonomal constraint, respectively

(o2l o0

The first-order Hamiltonian is the derivative of the operators,
which are supposed to be known. The aim is to calculate the first-
order wavefunction and the corresponding eigenenergies. Out of
which, the latter can be obtained by projecting the Sternheimer
equation (Eq. 2.35) in the subspace spaneed by the basis set

(o

(o - o)+ (o

Using the relation in Eq. 2.33, the first term of Eq. 2.37 vanishes
and rearranging the second term gives the first-order eigenen-

ergy

) =0 (2.36)

H—EJ H—EJ

¢§°)> =0 (237)

£ = <¢(03‘Hm‘¢(0)> (2.38)

This result is also the Hellmann-Feynman theorem [99] as de-
rived earlier. Similarly, the second-order eigenenergy can be writ-
ten as [102]:

B2 = <¢m‘ " ‘¢(0)> +2<¢m) [H—E© ’d>“)>
n <¢(O)‘ H() ‘¢(1)> n <¢(0)’ H2) ’¢(O)> (2.39)
Note that in the above equation, only the zeroth-order and the
first-order wavefunctions are required to calculate the second-
order derivative of the total energy. The former is known from

the Kohn-Sham-based DFT approach and the latter can be ob-
tained from the self-consistent Sternheimer equation (Eq. 2.35).
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Eq. 2.38 and 2.39 can be used to compute the dynamical mat-
rix, the interatomic force constant, and phonon frequencies as
described in the subsequent section. However, the description is
limited to understand the calculations in the subsequent chapters
of the thesis, for more details the reader can refer the appropri-
ate literature [104—108].

2.3.3 Interatomic force constants and phonon frequencies

The total energy of a periodic system with a small perturbation
can be expanded around its ground-state configuration in terms
of atomic displacements [105]:

a Etot
Etot(T) = Etot—i-z Z Z 3R<_ORY, o anp TkwaTpp T (2.40)

Ko, a / (3

where 1¢, is the displacement of atom k along the direction o
from its equilibrium position in the cell labeled as a (with co-
ordinates R®). Within harmonic approximation, the higher-order
terms can be neglected. The derivative term is the interatomic
force constant (IFC) between the atom k in cell a and the atom
k' in cell b defined as:

C  .(ab)= _O%Fuor (2.41)
Kok B ORZORY,

Assuming the translational invariance, the fourier transform of
the IFC in the reciprocal (q) space can be written as:

CK%Klﬁ(q) - Z CKa,Klﬁ(O’b)eiq.Rb (242)
b

which is related to the dynamical matrix Dm B (q) as:

= . CKO(,K/B(q)

D / = — .
KoK ﬁ(q) \/m (2.43)
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The phonon frequencies can be obtained as solutions of the ei-
genvalue problem for the restoring force acting on an atom «
in a periodic cell a when is displaced T« from its equilibrium
position:

2
07Ty
ot?

My = — Z CKOC,K/ﬁ(a’b)TE/[S (2.44)

K/B,b

where M is the mass of atom k. Note that the displacement of
atom « in cell a is coupled with the displacement of atom «’
in cell b. For a periodic structure, the displacement can be writ-
ten as a periodic oscillation in both time and space around the
equilibrium position. The previous equation can then be written
as:

McwigUca(mq)etdRe = 3 C  sa(a,b)U s (mq)etdRe
k'B,b

_ eldRa Z CKa’K/B(q)UK/B(mq) (2.45)
"B

where wm,q is the phonon frequency of mode m at point q and

Ukx(mq) is the corresponding amplitude of oscillation. Every

atom has 3 such equations of motion, one for each Cartesian dir-
ection, i.e. a total of 3xNgtoms. This eigenvalue problem relates

the spectrum of phonon frequencies to the IFC, which can be

computed from the derivative of total energy as shown in Eq. 2.41.
Once the IFC are computed then the phonon frequencies and

amplitudes are simply the eigenvalues and the corresponding

eigenvectors of the problem.

According to the acoustic sum rule (ASR), the crsytal energy
is invariant under any global translation of the whole crystal, i.e.

D Crnwpla=01=0 (2.46)
K/f)
which suggests that 3 (acoustic) phonon modes (one for each

Cartesian direction) have zero frequency at the zone center (q =
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0). However, due to the use of real space grid for calculating the
exchange-correlation energy, the acoustic modes are not exactly
zero at q = 0 in computations. Thus in order to restore the ASR,
all the phonon modes are corrected as:

C:::\li/ﬁ(q) - CKOC/K/B(q) o 6KK/ Z CKoc,K”[S(q =0) (2'47)

|<//

Phonon frequencies can be used for material characterization
(phonon frequencies can be obtained experimentally by Raman
spectroscopy, inelastic neutron scattering and infrared measure-
ments) as well as for computing their electrical and mechan-
ical properties. In the next section, we will see how we can
use phonon frequencies to compute the jump rate of a diffus-
ing atom in a host lattice.

2.4 DIFFUSION

Up to this point, we have developed a sufficient understanding
for studying the dynamics of electrons with respect to fixed nuc-
lei positions by solving Kohn-Sham equations. The response of
this system due to small perturbations in the nuclear positions
owing to the external potential or an electric field can be studied
by DFPT. This understanding has enabled us to calculate mi-
croscopic properties of anode materials like lattice parameters,
Gibbs free energy, defect formation energy, and relate it to mac-
roscopic properties like bulk modulus, specific heat, etc [81, 88].
Another important macroscopic property of an anode material
is the rate of transfer (diffusion) of Li ions during charging and
discharging of the battery [12, 14]. In this subsection, we will dis-
cuss how we can use electronic structure calculations to study
diffusion.

2.4.1 Introduction

Diffusion plays a fundamental role in numerous materials sci-
ence phenomena like phase transformations, nucleation and growth
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kinetics, rate of chemical reactions, intermixing of phases, etc.
The understanding of diffusion mechanism helps in designing
materials for technological advancement for wide-ranging ap-
plications. Non-exhaustively, in designing better electrodes and
electrolytes for batteries and fuel cells, in controlled hardening
of steel by carburization process, in doping of semiconductors,
in designing containers for nuclear waste, and also in clinical
therapy such as diffusion magnetic resonance imaging (MRI)
and studying atmospheric pollution [67]. Therefore, diffusion
has been studied extensively from both experimental and the-
oretical points of view in various fields [62, 109-112]. In this
thesis we will restrict the discussion related to atomic diffusion
for understanding Li diffusion in Si and lithiated Li,Si alloys.

The structure of this section is as follows: Sec. 2.4.2 discusses
the driving force for diffusion followed by Sec. 2.4.3 briefly sum-
marizing basic concepts of diffusion. Sec. 2.4.4 introduces the
transition state theory (TST) followed by Sec. 2.4.5 outlining the
quantum mechanical effects within the TST framework to study
diffusion. Finally, Sec. 2.4.6 delineates methods to study the val-
idation of harmonic approximation and including anharmonic
effects in the diffusion coefficient.

2.4.2 Driving force for diffusion

The main driving force for diffusion follows from the extremum

principle of Lagrangian formalism to minimize the Gibbs free
energy. If we consider atomic diffusion, atoms diffuse in order
to minimize the overall Gibbs free energy resulting in the change
of concentration gradient. However, the minimization of Gibbs
free energy and the resulting transfer of atoms do not always
follow minimization of concentration gradient [113]. It can be
explained in the following context.

Let us consider two blocks from the same solid solution A-B
but with different concentrations that are joined together as illus-
trated in Fig. 2.1 a). The molar free energy curve of the system is
as shown in Fig. 2.1b). If the Gibbs free energy of the two blocks
before mixing is represented by G and G;, then the initial Gibbs
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free energy of the welded piece will be represented by point G3
on the line joining G; and G;. The position of G3 on this line
is defined by lever rule based on the composition of two pieces.
Now, the joined piece is held at sufficiently high temperature to
allow long-range diffusion across the two blocks. Thus, in order
to minimize the Gibbs free energy, the minima Gy is reached res-
ulting in diffusion of atoms from region of higher concentration
to that of lower concentration. However, this is not always the
case.

Now, lets consider a similar situation but with the molar free
energy curve having a miscibility gap as illustrated in Fig. 2.1 d).
In this case, the atoms diffuse towards the region of high con-
centration but still decreasing the Gibbs free energy to G4. Due
to the miscibility gap, the curvature is negatve at points Gy and
Gy, which drives the atoms towards region of higher concentra-
tion to minimize the overall Gibbs free energy. Such transfer of
atoms against the concentration gradient is known as “up-hill”
diffusion.

Instead of concentration gradient, if we consider chemical
potential as illustrated in Fig. 2.1 e) and f), the understanding is
much clear. For both the cases, atoms diffuse from the region
of higher chemical potential to that of lower chemical potential.
Thus, chemical potential gradient is more accurate to represent
as a driving force for diffusion. However, the miscibility gap can
vanish at the high temperature and often the former “down-hill”
diffusion case is encountered. Moreover, measuring concentra-
tion gradient is easier than measuring chemical potential. Thus,
it is more convenient to relate diffusion process with concentra-
tion gradient. In the following subsections we will assume this
approach though one should keep in mind this intricacy while
studying diffusion. Moreover, as we proceed we will see that
at atomic level we will redefine the driving force for diffusion.
The following subsections briefly introduce the basic equations
of diffusion.
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Figure 2.1: Gibbs free energy change (b) and (d) for “down-hill"
diffusion (a) and “up-hill" diffusion (c), respectively.
Corresponding chemical potential change are represented in (e)
and (f). Reproduced with permission of Taylor &; Francis
Group LLC - Books from Ref. [113]. Copyright 2008; permission
conveyed through Copyright Clearance Center, Inc.

2.4.3 Fundamental concepts of diffusion
In this subsection, we will briefly introduce some fundamentals

of diffusion followed by theoretical framework to study atomic
diffusion from quantities obtained from first-principles calcu-
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lations. These fundamental concepts are largely based on the
books mentioned in Ref. [67, 113].

Diffusion processes are governed by a set of empirical laws
deduced by Adolf Fick in 1855 and are known as Fick’s laws [67].
Though these laws are purely phenomenological, numerous fun-
damental diffusion studies have not violated their validity till
date.

Fick’s first law

Fick introduced the concept of diffusion of particles (atoms, ions
or molecules) based on the concentration gradient. In an iso-
tropic medium, the diffusion flux can be written as:

Jox VC
=—-DVC (2.48)

where VC is the concentration gradient vector and the propor-
tionality factor, D, is called the diffusion coefficient or the diffus-
ity of the particle in the medium. Fick’s first law follows a
similar intuition discussed in Sec. 2.4.2 that the flow of flux is
directly proportional to the concentration gradient and the —
sign suggests that the direction of flux is from higher to lower
concentration.

Equation of continuity

Generally, the total number of diffusing particles are fixed or
conserved. For such a diffusion process obeying the conserva-
tion law, the total amount of flux coming inside a test volume
(AxAyAz) is equal to the amount of flux going out

Jout — Jin = net accumulation or loss (2.49)
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Expanding flux ] with Taylor expansion for the infinitesimal
volume (AxAyAz)

o] 9] 9]
—| == + == + == |AxAyAz = —AxAyA
<ax+ay+az)xyz xAyAz

—V =50 (2.50)

where the accumulation or loss of particles is denoted by the
rate of change of concentration multiplied by the infinitesimal
volume. Eq. 2.50 is the continuity equation.

Fick’s second law

Applying the Fick’s first law (refer Eq. 2.48) in the continuity
equation yields the Fick’s second law

% =V-.-(DVCQC) (2.51)
which is a non-linear partial differential equation (PDE). If there
is a composition dependency on the diffusion coefficient, this
equation holds and thus can not be solved analytically. However,
if there is no explicit concentration dependency on the diffusion
coefficient, which is the case with tracer diffusion or in solid
state diffusion, D can be taken out of the divergence.

% = DV?C (2.52)
Note that the revised equation is a linear PDE and given the
initial and boundary conditions, can be solved analytically. For
detailed review on solutions of PDE in diffusion, refer the dif-
fusion textbook by Mehrer [67]. As Fick’s laws were deduced
phenomenologically, it is interesting to understand their validity
while studying diffusion from atomistic level that is covered in
the subsequent subsections.
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Atomic diffusion mechanisms

Based on the type of position occupied by the diffusing atom,
there are two main diffusion mechanisms involved in atomic
diffusion, namely interstitial diffusion and substitutional diffu-
sion. Substitutional diffusion often occurs via vacancy mechan-
ism whereas interstitial diffusion involves migration of intersti-
tial atom between larger atoms. The latter is observed when the
diffusing specie is much smaller in size than the host atoms.
There are other diffusion mechanism such as divancy mechan-
ism, ring diffusion, direct exchange mechanism, however for the
relevance of this thesis we will restrict ourselves to these two
types of diffusion mechanisms.

In substitutional diffusion, the substitutional atom usually
oscillates about a given site surrounded by neighboring atoms.
In case of vacancy diffusion, the substitutional atom jumps to
the next available vacant site (assuming vacancy diffusion). Thus,
the rate of migration depends on the rate at which it encounters
a vacancy, which is directly related to the vacancy concentration.

Interstitial diffusion occurs when the solute atom is much
smaller in size than the solvent atom and prefers to occupy one
of the interstitial void as the most stable site. In face-centered
cubic (FCC) and body-centered cubic (BCC), octahedral and tet-
rahedral voids are the prominent sites to occupy [67]. The in-
terstitial atom can migrate through the gaps between the host
atoms. Often the interstitial concentration is low such that an
interstitial atom is always surrounded by vacant interstitial sites
to which it can jump, provided it has sufficient vibrational en-
ergy to overcome the energy barrier. Having understood the ba-
sic mechanism of these two types of diffusion, let us derive the
rate equations and see what ingredients can be calculated from
electronic structure calculations.

Random-walk theory

At the microscopic level, diffusion occurs through Brownian mo-
tion. This phenomenon was observed by the Scottish Botanist
Robert Brown in 1827, even before Fick introduced Fick’s laws
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of diffusion. He studied this phenomenon in the motion of gran-
ules from pollen in water. This line of thought gave way to
the development of Random-walk theory in diffusion when Ein-
stein and Smoluchowski, independently, came up with a relation
between mean displacement of particles and the diffusion coef-
ficient.

According to random-walk theory for diffusion in solids, the
diffusing atom randomly jump to the next available site depend-
ing on the type of diffusion. These small elementary jumps res-
ults in the long range diffusion at the macroscopic level. These
jumps are usually very rapid as compared to the average resid-
ence time of an atom on a lattice site and thus depends on two
factors:

1. The frequency of such jumps that relates physical proper-
ties like jump distance, jump rate, available jump sites, etc.

2. Individual jump process and energy barrier

Let us consider a simplified model of an interstitial jump
in a cubic lattice for understanding the concepts. The formal-
ism remains the same for vacancy diffusion and/or any other
lattice type. Imagine a cubic lattice with a low concentration of
interstitial atoms and they jump randomly to the next available
interstitial site. Considering one such jump of atoms from the
atomic plane 1 to 2 with a jump distance of A, the net flux in the
absence of any other driving force can be written as:

J=my—my (2.53)

where 7 is the jump rate (number of jumps per unit time) and n;
and n; are the number of interstitials per unit area in plane 1 and
2, respectively. Note that in the absence of a driving force, the
forward and backward jump can happen with equal probability
or in other words the same jump rate T. Writing n; and n; in
terms of concentration gradient, we get:

ny —ny = A(Cy —C) (2.54)
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Assuming a slow change of concentration gradient with re-
spect to distance x in terms of interatomic distance, it can be
expanded with Taylor expansion as:

oC
Cy, =y +7\a_x (2.55)

Substituting Eq. 2.54 and 2.55 in Eq. 2.53 gives:

oC
= N1— 56
J Tox (2.56)
and by comparing from Fick’s first law, the diffusion coefficient

is:
D = A1 (2.57)

However, this relation is just for one-dimensional diffusion along
the x axis on a cubic lattice. In the following subsections we
will generalize this relation for any type of lattice with different
coordination numbers.

Einstein-Smoluchowski relation

Following the approach of random-walk theory, the change in
the concentration gradient can also be expanded with respect to
time. Expanding the change in the concentration with respect to
a small time &t up to the second derivative gives [67]:

dC  (R)oC (R%)d*C
3t st or 6ot or (259
In the above equation, (R) is the mean displacement of the diffus-
ing atom and (R?) is the mean-squared displacement. The first
term corresponds to the change in concentration due to an ex-
ternal driving force or drift. In the absence of this driving force,
first term can be dropped and the Fick’s second law is repro-
duced

2
D= <6RTt> (2.59)
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In 1905 Einstein and Smoluchowski, independently, derived
this equation at the same time and is commonly known as Einstein-
Smoluchowski relation [67]. This relation is often used in mo-
lecular dynamics study to calculate the diffusion coefficient of
a particle from the mean-squared displacement of its trajectory.

According to the random-walk theory, the diffusing atom on
a lattice can have discrete diffusion steps and thus the mean-
squared displacement can be written as:

(R?) = (n)d? (2.60)

where (n) is the mean number of jumps with a jump length of
d. For such a lattice jump with z possible jump sites, the jump
rate can be defined as

) _ R

TT T @zt (2.61)
Substituting Eq. 2.61 in Eq. 2.59 yields the diffusion coefficient
as:
1 2

D= gzd T (2.62)
which directly relates diffusivity to the jump rate T, which can
be computed by the transition state theory (TST) as explained in
the next section.

2.4.4 Classical transition state theory

The TST framework was developed simultaneously by Eyring [114]
and by Evans and Polanyi [115] that relates the reaction rate of

a reaction in terms of the free energy change. According to TST,
the jump rate can be written as:

T= %e‘AF/kT (2.63)

where AF is the change in the free energy between the initial
state and the transition state of a reaction at a given temperature
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T. Other variables are the Boltzmann constant k and the Plank’s
constant h. Similarly, the diffusing atom jumps from one stable
position to another stable position via a transition state and the
rate of this jump can thus be written in terms of the free energy
difference between the initial and the transition state.

From thermodynamic relation, the change in the free energy
can be written as:

AF = AU — TAS (2.64)

where AU and AS are the free energy change and the entropy
change, respectively. Going forward in this thesis, the energy
difference in terms of diffusion always refer to the difference
between the initial state and the transition state, unless stated
otherwise. The free energy can be expressed in terms of the par-
tition function Z(T), using Boltzmann statistics [98]

F(T) = —kTInZ(T) (2.65)
(2.66)

Employing the classical expression of partition function within
the harmonic approximation for the lattice vibrations [98]:

Z(T) — e—Eo/kt Z e_Ei/kT
i
— e*Eo/kt Z e*h\/i/kT (267)

i=1

The total free energy including the ground-state energy E, of the
static lattice where atoms are in their mean position can then be
written as:

h .
Fo(T) = Eg+ kTIn (H va1> (2.68)
i
N_] hvis
= AF¢(T) = AE+KkTIn (_:1 h]\{; ) (2.69)
[Iis
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where v; is the vibrational frequency of the ith mode with hv;
being the quantum of energy of the harmonic oscillator. The
superscripts S and 0 denote the initial point and the saddle
point, respectively, while the subscript Q and C represent the
quantum and classical expression, respectively. The summation
in the saddle point case runs only till N — 1 because there is
one degree of freedom less corresponding to the imaginary fre-
quency associated with the negative curvature at the saddle point
[08]. The first term is the ground-state energy difference between
the initial point and the saddle point configuration (migration
energy barrier) and the second term is the vibrational free en-

ergy, i.e.

AF(T) = kTIn w (2.70)
) I () ’

Then the vibrational entropy (phonon entropy) difference can be
calculated by differentiating Eq. 2.70 with respect to T:

_ 0AF
AS =

> T

= ASY® = —kIn ];T gt} VO ] —k (2.71)
TTE
Substituting Eq. 2.69 in Eq. 2.63, yields the jump rate as:
N 0

Te = Me*AE/W (2.72)

N—1
[1is Vis

which when substituted to Eq. 2.62 provides the diffusivity value
as:

D¢ = dz H1 1V o—AE/KT
6 Hl 1 V

This diffusivity relation was derived thanks to the TST frame-
work. However before the development of TST, a similar expres-

(2.73)
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sion has been derived empirically that follows Arrhenius equa-
tion and can be written as:

Dawr = DOeiAEm/kT (2'74)

where Dy is the pre-exponential factor or simply prefactor and
En is the migration energy barrier. Since it was developed empir-
ically, the physical meaning of Dy and E,, remained unclear until
the development of TST that provided the physical meaning to
these parameters. Comparing Eq. 2.74 to Eq. 2.84, the paramet-
ers reads as:

P B OERY

Do = —zd ]tj:] ; (275)
6 L5 Vis

At = AE (2.76)

As there is no explicit temperature dependence in either of these
parameters, the natural logarithm of diffusivity goes linearly
with the inverse of the temperature as per the Arrhenius law.
All the ingredients of Eq. 2.84 can be computed from first-
principles-based DFT calculations. Phonon frequencies can be
computed within the DFPT framework as shown in the pre-
vious section and the energy barrier AE can be computed by
finding the minimum energy path (MEP) for the diffusing atom.
This can be obtained either by the nudged elastic band (INEB)
method [116] or by the climbing image NEB (CI-NEB) method
[117], provided the initial and final points are known a-priori.
Given an arbitrary number of images between the initial
and the final point configuration, the NEB method obtains the
MEP by optimizing these intermediate images while maintain-
ing equal spacing between the images. This constrained optim-
ization is performed by using a spring constant along the band
connecting images and by projecting out the normal component
of the force due to the potential. Each image is thus relaxed to its
lowest energy state by moving perpendicular on the band while
maintaining equal distance. The accuracy of this method relies
on the number of images required to mimic the MEP within
a certain level of accuracy, which can be very large for some
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cases depending on the potential energy surface and the jump
distance.

The CI-NEB method can partially overcome this limitation
of NEB method to obtain the exact saddle point. In order to find
an accurate MEP, one must increase the number of intermediate
images. However, most of the time, we are interested in finding
the saddle point configuration and not the whole MEP (as in the
present case for calculating AE). In CI-NEB, the tangential com-
ponent of the force on the highest energy image is inverted and
cancel the spring force. Thus the highest energy image climbs to
the top of the energy barrier while relaxing in other directions,
unless it reaches the maximum where the tangential force is zero.
The modification to climb the highest energy image to the top of
the barrier gave this method the name, climbing-image NEB.

This description of diffusivity is based on the classical ex-
pression of the partition function within the TST framework that
reproduces the Arrhenius behavior. The quantum mechanical
definition of the partition function uses the same ingredient but
incorporates the effect of zero-point motion and is valid over a
larger temperature range, which we will see in the next subsec-
tion. Moreover, we will also introduce approximations to include
quantum tunneling corrections.

2.4.5 Quantum mechanical effects in TST

The classical TST-based diffusion coefficient follows the Arrhe-
nius behavior, i.e. the log of diffusivity goes linear to the inverse
of the temperature. Most of the experimental studies exploit this
relation to obtain the diffusion barrier and the prefactor [61, 62,
112]. However, some experimental diffusion studies have shown
that the curve deviates upwards from the Arrhenius behavior
due to higher diffusivity values in the low temperature range as
compared to the linear approximation [68, 118]. This deviation
is due to the quantum mechanical effects, which are more pro-
nounced in the low temperature range and become negligible at
high temperature [68, 119, 120]. Thus, in principle, the diffusion
coefficient follows a non-Arrhenius type behavior [121].

45



THEORETICAL BACKGROUND

Quantization of phonon vibrations

The quantum mechanical corrections can be incorporated to the
classical TST approach in different ways. The first one is to in-
clude the discretization of the vibrational energy levels within
the harmonic approximation, and the second one is to include
the quantum tunneling corrections. Firstly, to include the quant-
ized vibrations, the partition function can be re-defined with the
quantum mechanical expression as [98]:

1
— —Eo/kt
z=e E 2sinh(hv;/2kT) (2.77)

Substituting this expression for the partition function in the defin-
ition of vibrational free energy (Eq. 2.65) gives:

FUb(T) = kT ; In {z sinh ]zlva } (2.78)

=y {%h\/i +kTIn [1 — e*miﬂﬂ } (2.79)
i

whose classical limit is given by [70]:

FEO M) =kT Y In (}]‘:r) (2.80)

Thus, the change in the vibrational free energy AF‘Sb can be writ-
ten in terms of the vibrational frequencies at the saddle point (S)
and at the initial point (0) as:

N—1
AFGP(T) =)~ {%mf +KTIn [1— e ™ /4T] }

i
N
— Z {%h\/? +kTIn [1 — e*h"?/kT] }, (2.81)

1
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with the classical limit given by [70]:

s o T () -T2 s

1

Substituting the expression for AF‘Sb from Eq. (2.81) in Egs. (2.62),
the diffusion coefficient can be written as:

N . hv©
1 kT 1L 2sinh {54
Dqo(T) = _R2EL T <ZkT> e AE/KT (2.83)

6 h H?’q 2sinh (%)

This expression for the diffusion coefficient correctly approaches
the classical limit given by the TST at the high and low temper-
ature [68, 122]:

lim Dq(T) = D¢(T) = Dsr(T)

T—00
_ ' Rz Hl 1V e AE/KT (2.84)

6 Hl 1 Vf

%ILI}) Dq(T) = Drsryazee(T)
_ észk}T ~(AE+AZPE)/KT. (2.85)

where ZPE is the zero-point energy, defined as the low temper-
ature limit of Eq. (2.78) so that

z

—1

N
'V Z ’V

1 i=1

AZPE = %135 AFGP(T) = (2.86)

i

The diffusion equation taking into account the quantum approx-
imation (Eq. (2.83)) can also be written in the Arrhenius form [68]:

D(T) = Dja(T)e Ateall/T, (2.87)
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where the temperature-dependent pre-factor and the energy bar-
rier are given by:

1 2KT I Smh<2kT>eXP [ZI\I1] }ZIIZTC th(ZkT)]

* (T) — _
QA 6 h ]1\] 1 sinh <2k'ls'> exp [Zl 1 ZkT COth (Zk'l(i)]
(2.88)
AEQA(T) = AE— KT L) = o
alT) = Z ZkT <2kT> * Z ZkT (ZkT>
(2.89)

The above equations present the correct high and low temperat-
ure limits, such that Eq. (2.87) approaches Egs. (2.84) and (2.85),
respectively.

The second correction to the TST, i.e. the effect of quantum
tunneling, can also be incorporated based on the type of tun-
neling mechanism being studied. The next subsection briefly in-
troduces the type of tunneling mechanisms and approaches to
incorporate the quantum tunneling effects in diffusion studies.

Quantum tunneling corrections

There are two types of tunneling mechanisms, each dominating
in different temperature regime in addition to the classical over-
barrier jump given by the TST framework. They are:

e Coherent tunneling: In this tunneling mechanism, the dif-
fusing atom moves freely without any barrier similar to
the Bloch-like states. It has not yet been observed for ex-
perimentally reachable low temperature limit, so we will
neglect it. However, it has been observed for the diffusion
of muons in metals [123].

e Incoherent tunneling: Incoherent tunneling is similar to
the classical over-barrier jump where the tunneling of the
diffusing atom is thermally activated. This is a more com-
mon approximation to include the quantum mechanical
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tunneling effects [68, 119, 120] and we will briefly explain
a couple of models often used for studying incoherent tun-
neling. Going forward, the quantum tunneling effects refers
to the one due to incoherent tunneling, unless stated other-
wise.

The effect of quantum tunneling (incoherent tunneling) can be
included either by the Flynn and Stoneham [119] approach or
by the Fermann and Auerbach [120] method. The former treats
the quantum mechanical tunneling as an individual diffusion
mechanism with its own diffusion coefficient while the latter
treats them as a multiplicative correction factor.

Flynn and Stoneham [119] have suggested to consider quantum
tunneling as a distinct diffusion process with its own diffusion
coefficient calculated as Eq. (2.62). The jump rate for this diffu-
sion process between two neighboring sites p and p’ is given
by [68, 119]

1
2
FS _ T 2 —ie
T <4hEckT) Jopre *Ts (2.90)

where J,,» and E. are the tunneling matrix element and coin-
cidence energy, respectively. Calculating these quantities is com-
putationally demanding and often approximations are made to
reduce this cost [68].

Fermann and Auerbach proposed another method to include
the quantum tunneling effects as a correction factor I' to provide
the overall diffusion equation as:

Dosr = Dq, (2.91)

49



THEORETICAL BACKGROUND

where T is a dimensionless multiplying factor incorporating
the effect of thermally activated incoherent tunneling to the dif-
fusion equation. The factor I' is defined as [120]

oAE/KT

rT) = 1 1+ e2nAE/nivi]

+ = ehvH10/mkT sach2 9dg, (2.92)

1 nAE /hivE|
3

—00

in which v* is the imaginary frequency associated with the curvature
at the saddle point. The above expression for I' must be eval-
uated by using numerical integration with a sufficient lower
limit for —oo. At low temperature, I' becomes proportional to

eAE/KT [120]:
- AE/KT —27AE /hiv] 27k
%1&1) NT) —e e <1 + —h!vi] , (2.93)

thus cancelling the temperature dependence term e F/FT res-

ulting in a non-zero diffusion coefficient as known from both
theoretical and experimental results. While at high temperature,
it goes as [120]:

B = 1 [ hivH/kT oy
F(T)_HZE( s 1+ e2%
n=1
1 (% 5
+§J 0™ sech” 0d0 |, (2.94)

where 0y = TAE/h|v#|. This expression tends to 1 as T increases,
thus the diffusion coefficient converges to the classical diffusion
equation, Eq. (2.84). Therefore, this quantum tunneling correc-
tion shows the correct high and low temperature limits.

As all the ingredients required for calculating I' (AE and v;)
are already available in evaluating Eq. (2.83), we used this ap-
proach to include the quantum tunneling correction. It should
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be noted that in the original study [120], the correction factor I
was multiplied by the diffusion coefficient obtained by the clas-
sical TST approach, while in the present work, the expression
based on the quantum-mechanical approximation, according to
Egs. (2.87) is used.

The classical as well as the quantum mechanical expression
of TST framework has so far been discussed within the har-
monic approximation and ignoring higher-order terms. These
higher-order terms might become important at high temperat-
ure resulting in significant deviation from the harmonic approx-
imation [72, 109, 124]. Thus, the validity of harmonic approxim-
ation should be analyzed and the effect of anharmonicity must
be computed quantitatively to estimate their significance. The
next section briefly introduces couple of methods to study an-
harmonic effects.

2.4.6  Anharmonic effects

The anharmonic effects due to the volume expansion can be
studied consistently using the quasiharmonic approximation. In
this approach, the diffusion barrier is not constant and is defined
as a function of the volume V, at a given temperature T, i.e.
AE(T) = AE(V(T)), where V(T) is determined by minimizing
the free energy curve vs volume for a given T using the quasi-
harmonic approximation (QHA) [71, 125, 126].

In the QHA all the phonon frequency shifts are associated
to the volume change so that phonon frequencies are explicitly
volume dependent and are temperature dependent only through
the thermal expansion. Although this approach is a common
practice in the literature to incorporate anharmonic effects, it
does not include the anharmonic effects caused by phonon-phonon
interactions or in other words explicit temperature dependence.

The ¢cBQ model proposed by Varotsos and Alexopoulos [127,
128] incorporates both the volume and phonon-phonon temper-
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ature dependence, approximately, by defining the diffusion en-
ergy barrier as:

AE(T) =cB(T)Q(T) (2.95)

where B(T) is the isothermal bulk modulus, Q(T) is the mean
volume per unit atom, and c is the dimensionless constant with
respect to temperature and pressure. The constant ¢ can be ob-
tained by fitting the Eq. (2.95) with the diffusion energy barrier
(AE) estimated from the experimental data or with the one cal-
culated from first-principles at T = 0.

The quantum-mechanical treatment and the incorporation of
anharmonic effects provide an accurate description of the diffu-
sion coefficient, which is valid for a wide temperature range and
can be compared directly with the experimental data. However,
it is limited to only one type of jump, which might not be the
case in most diffusion studies [129-131], for example Li diffu-
sion in c¢-LiSi. However, one can use methods like kinetic monte
carlo (KMC) simulations [132, 133] to get the effective diffusion
coefficient from multiple types of jumps [129, 130]. The next sub-
section briefly introduces the KMC algorithm and its implement-
ation to obtain the effective diffusion coefficient in the presence
of multiple jumps.

2.4.7 Kinetic Monte Carlo method

The KMC method treats each jump as an independent process, i
with a jump rate 1; defined as [114, 122]

T, = yie AB/KT (2.96)

where v; is the attempt frequency, AE; is the energy barrier ob-
tained by NEB calculation, k is the Boltzmann constant and T is
the temperature. Substituting Egs. (2.83) and (2.84) in Eq. (2.63),
the jump rate (t;) can be obtained with the quantum and clas-
sical approximations, respectively. The main steps of KMC sim-
ulation are mentioned below, for a detailed review of KMC al-
gorithm we refer the reader to the literature [134-136]:
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Step 2:

Step 3:

Step 4:

2.4 DIFFUSION

Identify all the events (q) that can take place in the cur-
rent atomic configuration.

Determine rates (k;) of all the possible events. The jump
rate T; for an event i is given by the transition state theory
[114, 122] as:

—AE;{ /KT
7

Ty = Yie (2.97)

where v; is the attempt frequency, AE; is the energy bar-
rier, k is the Boltzmann constant and T is the temper-
ature associated with event i. For all the events, the at-
tempt frequency was calculated using the phonon vibra-
tion modes and energy barriers by the NEB method. For
classical approximation, the attempt frequency (yv;) is the
ratio of phonon frequencies for initial and saddle point
within the classical transition state theory framework,
and is temperature invariant. For the quantum approx-
imation it varies with temperature and is given by:

N ) hv?
KT [[iL; 2sinh (%)
T h N1 g (Y
[[i5; 2sinh (%)

Yi (2.98)

Generate a uniform random number between o and 1 (17)
to select the event p out of all the q events to take place
as:

P

p—1
D ki<rikior <) ki (2.99)
i=1

i=1

where kot is the cumulative sum of rates of all the pos-
sible events.

Reconfigure the system according to the selected event.
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Step 5: Since, selecting an event randomly is a type of Poisson
process, the time evolution for each KMC step can be
evaluated as [137]:

t — t—In(r2)/Kiot, (2.100)

where 1, is a second random number between o and 1.

Step 6: Update new positions of Li atoms and vacancy, update
the time according to Step 5.

Step 7: Return to step 1.

The process need to be repeated for sufficiently large num-
ber of times. The diffusion coefficient can then be calculated as
the time-weighted average of the diffusion coefficients for each
site 1 [136]

D =) DiAti/t, (2.101)
i

where Dj is the diffusion coefficient calculated for each site 1 over
time At;, and t is the total time for the entire KMC simulation,
and the expression

D; = ([r(ty) — 7(to)]?)/2dAt;, (2.102)

gives the diffusion coefficient of each site i. The vectors r(t;)
and r(tp) represents the final and initial position of the vacancy,
respectively. The variable d denotes the dimensions of the simu-
lation and the (..) denotes the average over all particles.

It should be noted that the effective diffusion coefficient thus
obtained are discrete data points for a particular temperature T
unlike the continuous curve obtained by TST. The overall diffu-
sion equation can then be obtained by fitting these data points.

Now, we are equipped with calculating the diffusion barrier
and the phonon frequencies with DFT calculations including
quantum mechanical effects and anharmonic effects for single
or multiple diffusion process. The next section briefly introduce
the classical potential based methods, which are more suitable to
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deal with large simulation cells at the expense of limited range
of applicability.

2.5 CLASSICAL POTENTIALS

First-principles methods indeed provide an accurate description
of material properties with good reproducibility [138-140]. These
methods are computationally expensive and are often limited to
a few hundreds of atoms. For applications involving large num-
ber of atoms, empirical-potentials or force-field-based methods
are often helpful. Most of these empirical potentials are based on
an empirical model of the interatomic interaction taking into ac-
count bond angles, dihedral angles, Coulomb repulsion, van der
Waals forces, etc and thus often known as interatomic potentials
as well [141-143]. These interatomic potentials are parameter-
ized using experimental or first-principles results [144, 145], thus
providing an ad-hoc functional to obtain quantum mechanical
effects without solving the computational extensive Schrodinger
equation again. However, one has to be careful with the window
of validation based on the parameterization and the theoretical
constraint of the potential. For instance, in Lennard-Jones type
pair potentials, the cohesive energy (E.on) scales linearly with
the coordination number (Z) because one bond is unaffected by
the presence of another. However, in reality the strength of an
additional bond is not the same but rather decreases with Z (
Econ o —Z!/?) resulting in a slower decrease of cohesive energy
(Econ) [146]. Thus, these potentials should be validated before
trying any simulations.

For system containing just silicon atoms, several empirical
potentials have been developed in the past that accurately de-
scribe the properties of silicon atoms. Not exhaustively, some
important Si potentials are Tersoff [141, 147], Stillinger-Weber
(SW) [142], and Modified Embedded Atom Method (MEAM) [143,
148]. Out of which, the last one was able to be modified for
including interactions with other atoms e.g. Li, Fe, O, etc. An-
other class of classical potentials capable of dealing with inter-
actions of Si with other atoms are called Reactive force-field
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(Reaxff) [149, 150]. Reaxff is a bond order based potential that
allows bond formation and bond dissociation during MD sim-
ulations. However, the number of energy terms involved in the
definition make it a tedious process to optimize this potential
and also limits the transferability. The MEAM potential is based
on the idea of Embedded Atom Method (EAM) proposed by
Daw and Baskes [148, 151] in 1983. In this approach, the energy
of an atom is computed by embedding an atom in the local elec-
tron density created by the remaining atoms, resulting in a better
relation of cohesive energy with coordination number. The total
energy in EAM is defined as:

1
E= Z Fi(p3) + 7 'g) $i5(Ryz) (2.103)
i j(#1

where F; is the embedding function that defines the energy re-
quired to embed an atom i in a local electron density ¢; at site 1.
The parameter ¢; denotes the pair interaction energy between
two atoms Rj; distance apart. Later on Baskes proposed a Mod-
ified EAM (MEAM) [143], which was more suitable to study
metals, and diamond structure of Si. However, Lee et al. [152]
pointed out that it is not predicting the most stable crystal struc-
ture of Li at room temperature and proposed a 2NN MEAM.
In 2NN MEAM the energy per atom can be obtained from a
universal equation of state, which made it quite popular. In this
Chapter we will compare two different parameterizations of this
2NN MEAM to select one for studying delithiation. For more
details about EAM or MEAM potential formulation, the reader
can go through these references [143, 146, 148, 151-154]. The next
section briefly introduce a relatively new tool to characterize the
local environment of individual species, which has been used in
this thesis.

2.6 CHEMENV TOOL

Chemenv uses the Voronoi tessellation method [155] to find the
best possible local environment for any site in a crystal struc-
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ture [156]. It has already been tested to accurately find local en-
vironments of several oxides [157-159]. The two important para-
meters in this Voronoi tessellation is the cutoff values for the
dihedral angle and the distance cutoff, above which the edge is
considered in the tessellation and the neighbour is counted (see
Fig. 2.2). For more details, the reader can go through the original
paper by Waroquiers et al. [156]. This tool has been used in this
thesis for analysing local environments of Si and Li.

N
o

Figure 2.2: A 2-dimensional schematic representation of the
distance and angle cut- offs used in the Voronoi procedure for
determining the neighbors of a given atom. a) Distance cutoff «.
Any atom with a distance smaller than or equal to the distance
cutoff « times the minimum neighbour distance dﬁm, is
considered as a neighbour. b) Angle cutoff y. Any neighbour
forming the solid angle greater than or equal to y times the
largest solid angle QY ., is considered as a neighbour.
Reprinted with permission from Ref. [156]. Copyright 2017

American Chemical Society.

Equipped with tools and techniques to perform first-principles
calculations as well as classical molecular dynamics and to char-
acterize resulting structures, the next chapters provide the ap-
plications of these techniques to study Li dynamics in silicon-
based materials.
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DIFFUSION OF LI IN BULK SI AND
CRYSTALLINE LISI

3.1 INTRODUCTION

The practical application of silicon-based anode materials in Li-
ion batteries (LIB) has been limited primarily due to the huge
volume change they experience. Silicon-based anodes expand
up to 300 % during charge/discharge cycles [40, 160] resulting
in electrode disconnection, irreversible capacity loss and mech-
anical failure of electrodes [14, 27, 161]. This is primarily due to
the structural transformation silicon undergoes during Li inser-
tion and removal [162]. Unlike Li intercalating between graphitic
layers, in case of silicon it can form several lithiated Li-Si phases
during lithiation [31].

Over the years, nanostructure engineering has significantly
reduced the problem of volume expansion and consequent pul-
verization [48, 50, 163-166]. The engineering of nanostructures
provides great control in anode design to accomodate the volume
expansion and increase the mechanical strength by coating [47,
50, 167]. Although these approaches have improved the electro-
chemical cycling performance, intrinsic challenges such as stress
generation and phase transformation remain largely unsolved
due to a lack of critical knowledge about the dynamics of lithi-
ation [129]. Furthermore, as silicon forms lithiated Li-Si phases
upon lithiation [57, 168], the lithiation/delithiation dynamics as
well as the phase transformations are largely governed by the
Li diffusivity within these Li-Si phases and at the interface re-
gion with pristine Si [129, 169]. Thus, in order to understand the
structural changes, it is paramount to investigate the kinetics of
Li in both bulk Si and in various lithiated phases.

Several experimental methods such as potentiostatic and/or
galvanostatic intermittent titration technique (PITT, GITT) [62],
nuclear magnetic resonance (NMR) [170], electrochemical strain
mapping (ESM) [63], and electrochemical impedance spectro-
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scopy (EIS) [171] have been used to estimate Li diffusion coef-
ficients in Si-based anode materials. Nevertheless, an accurate
quantitative measurement of the Li diffusion coefficient in lithi-
ated Si is still a challenging task, because of phase transforma-
tions upon lithiation, precise sample preparation and controlling
other experimental parameters. Consequently, there is a large
discrepancy in the experimentally reported values of Li diffus-
ivity in lithiated LisSi (x >1), spanning 4 orders of magnitude
from 108 to 107 "% cm?/s in room temperature values [62, 63, 65,
66, 171].

First-principles methods based on Density functional theory
(DFT) have been very successful in providing an atomic-level
description of diffusion mechanisms as well as overall diffusiv-
ity values. Such DFT studies have shown that Li occupies the
tetrahedral (Tj) site in the Si lattice during the initial phase of
lithiation and jumps to the adjacent T, site via the hexagonal
(Hy) transition site [60]. The diffusion barrier calculated from
first-principles (0.59€V) [60, 172, 173] is in a reasonable agree-
ment with the experimental value of 0.655+0.01eV [61]. While
on the other hand, Li diffusion barrier in a-Si is much more
tricky to study using NEB method. Tritsaris et al. [172] have ob-
tained a series of energy barriers ranging from o.1eV to 2.4€V,
where a high energy barrier and centrality of the site can act
as a bottleneck in long range diffusion . However, most of these
first-principles studies have been limited to the calculation of the
diffusion barrier while the diffusion coefficient is at most estim-
ate.

In order to study the kinetics, DFT-based ab-initio molecu-
lar dynamics (AIMD) simulations have been used frequently to
compute the diffusion coefficient. Despite the overall success of
such simulations in particular for electrolytes [23], the technique
is limited to fast diffusion processes. It is indeed computation-
ally expensive and sometimes even infeasible to get the desired
convergence, especially in dilute doping limits. Consequently,
the diffusion coefficients of Li in Li,Si (x >1) calculated from
AIMD simulations at 300 K show a variation of 5 orders of mag-
nitude spanning from 10~’ to 107'* cm?/s [174-178]. In fact,
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AIMD simulations are generally conducted at high temperature
to accelerate the diffusion process and the diffusion coefficient is
then extrapolated to room temperature. The discrepancy in the
reported values can be due to small errors due to convergence,
which are then amplified by the extrapolation to room temperat-
ure. Additionally, the diffusion mechanism at high temperature
may be qualitatively different than at room temperature and the
extrapolation of the diffusion coefficient might not be a plaus-
ible approximation, especially if there is a phase change and a
consequent change in the diffusion mechanism.

Recently, Moon et al. [129] studied Li diffusion in Si and vari-
ous Li,Si alloys using the Kinetic Monte Carlo (KMC) method
based on the energy barriers calculated from first-principles. They
found a diffusion coefficient of Li in LiSi in the range of 107 ''-
10~ 2 cm?/sec at 300K with an effective barrier of 0.306eV. Al-
though their results are in good agreement with the experimental
data at 700K, it is not clear whether they used classical or quantum
approximations in calculating the diffusion prefactor for the KMC
studies. The treatment of atomic nuclei as pointlike classical
particles may lead to inaccuracies in the description of Li atoms.
A few studies have suggested the presence of quantum effects
in studying Li atoms in FePO [179] and graphite [70] but it has
not yet been studied explicitly for the Li-Si system.

An approach to obtain a non-classical description of diffu-
sion based on the transition state theory (TST) has been pro-
posed [68, 70]. The suggested method is computationally cheaper
and yet it provides a comparable accuracy to expensive path in-
tegral (PI) based on AIMD methods. This approach has been
successfully tested for hydrogen diffusion in metals [68], Li dif-
fusion in graphite [70], self diffusion of Si [180], and many more
systems [181-183]. This method is often used with harmonic ap-
proximation for computing the phonon frequencies, and it is im-
portant to estimate the effect of anharmonicity in the system that
might become significant at high temperature.

The literature on anharmonicity in diffusion discusses mainly
two types of effects: 1) those due to the change in the lattice
parameter owing to thermal expansion at high temperature [184,
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185], and 2) those due to the phonon-phonon interactions [72,
186]. The first effect, i.e. the volume change, is often studied
through the quasiharmonic approximations (QHA) that provides
a first-order anharmonic correction [187]. However it can un-
derestimate the phonon frequency change when the phonon-
phonon interactions contribute significantly in phonon soften-
ing at high temperature [72]. In order to address both effects,
Varotsos and Alexopoulos [127, 188] proposed the ¢cBQ model
that connects the Gibbs free energy (for defect formation or for
migration) to the isothermal bulk modulus (B) and the volume
per atom (Q)), changing as a function of temperature. The model
gives slightly better agreement with the experimental data as
compared to a similar model proposed earlier by Wert and Zener
that connects the gibbs free energy of formation to the shear
modulus, p of the material [111, 189, 190].

In the present Chapter, the methodology based on TST is fol-
lowed and its limitations are discussed along with a measure of
anharmonic effects in calculating the diffusion coefficient. We ex-
amine Li interstitial diffusion in bulk Si, as well as Li diffusion in
the crystalline lithiated phase LiSi. The LiSi phase is selected as
it is difficult to observe its formation in room temperature exper-
iments due to the slow kinetics of formation and narrow temper-
ature range of stability [191, 192]. Thus, it is often not considered
in studying Li-Si system [62, 193]. However, it is a stable phase
below 600 K and it can be synthesized at a pressure of 1—2.5 GPa
and a temperature range of 773 K—993 K (500—700°C) [31, 194].
Thus our study on Li diffusion in LiSi might reduce the gap
in the literature of LiSi alloy. The effect of anharmonicity is es-
timated by the cBQ model and compared with the quasihar-
monic approximation. For this purpose, we compute from first
principles the temperature-dependent primitive cell volume and
bulk modulus for the LiSi phase, which had not yet been com-
puted or measured, to the best of our knowledge.
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3.2 COMPUTATIONAL DETAILS

The first-principles total energy calculations were performed with
DFET as implemented in the ABINIT code [195-198] using a plane-
wave basis set within the generalized-gradient approximation
(GGA-PBE) [199]. The converged plane-wave cutoff energy was
32Ha (~871€eV) and 12Ha (~327€V) for bulk Li and Si, respect-
ively. For bulk Si doped with Li and for LiSi structure, a cutoff
energy of 32 Ha (~870.76 €V) was used. The optimized norm con-
serving pseudopotentials (ONCVPSP) pseudopotentials [200] from
the PseudoDojo project [201] were used with 1s and 2s electrons
as valence electrons for Li while, for Si, 3s and 3p electrons were
treated as valence electrons.

A supercell of 96 Si atoms (2x3x2 of the conventional unit
cell) was used for studying bulk Si, then adding one intersti-
tial Li atom, and a supercell of 128 atoms (2x2x2 of the prim-
itive unit cell) was considered for the c-LiSi structure, then de-
pleted of one Li atom. For sampling the Brillouin zone, a 2x2x2
Monkhorst-Pack k-point mesh was used. The kinetic energy cut-
off and the k point sampling were obtained from convergence
studies with a tolerance level of 0.5 mHa/atom (~14 meV /atom).
The self consistent field (SCF) cycles for the total energy calcula-
tions were converged until the difference in forces between the
two consecutive cycles was less than 10~/ Ha/Bohr (0.005 meV / A)
twice in a row. The structural relaxations were performed us-
ing the (BFGS) minimization until the forces on each atom were
smaller than 5x10~° Ha/Bohr (0.3 meV/A). For metallic sys-
tems, a Gaussian smearing of 0.01 Ha (0.23 eV) was used for the
occupation of states [202].

In the case of Li diffusion in bulk Si, the most stable posi-
tion for a single Li atom is the tetrahedral (T,) interstitial site.
Li atoms diffuse by jumping to the next vacant T site via an
hexagonal (H,) site [60, 203]. The corresponding jump distance,
i.e. the distance between two T, sites in a diamond lattice, is
av/3/4. The energy barrier for Li diffusion was calculated by the
NEB method [117]. In order to find the diffusion barrrier profile,
at least 7 images were used with 2 fixed (initial and final images)
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and 5 dynamic images. All the images were relaxed until the ab-
solute energy difference was less than 107> Ha (0.27meV). The
effective diffusion coefficient of Li in LiSi was obtained through
KMC simulations. In order to obtain better statistics, each KMC
simulation was run for 10,000 steps and averaged over 40,000
sites, an approach suggested in previous KMC studies [130, 136].

The TST formalism requires to compute the phonon frequen-
cies only at the I' point. This is what was done in calculating the
diffusion coefficient for computational efficiency. However, the
full phonon band structures of smaller cells were also produced
for illustration purposes. All these calculations were performed
using the density functional perturbation theory (DFPT) as im-
plemented in the ABINIT code [104, 105, 204].

For computing the volume expansion using the QHA, the
phonon contribution of the free energy has been calculated at
three volumes, i.e. at the equilibrium point as well as for 1% and
6% volume expansion at temperatures from 10K to 1000 K with
a step of 10K, and fitted with a quadratic expression for each
temperature. The total energy was calculated at 34 points start-
ing from a structure with 3% lower volume to the one with 30%
higher volume than the equilibrium structure and fitted with a
fourth-order polynomial, appropriate in that range. The summa-
tion of the total energy and the phonon free energy gives the free
energy curves at a temperature interval of 10K. The equilibrium
volume is thus obtained by minimizing the free energy curves
and the isothermal bulk modulus, B(T) is obtained as [205]:

o

BT) =<5 V(T) )
V(T)

The volume dependent diffusion barrier in the QHA was
obtained by computing first the energy barrier calculated at oK
and at an increased volume corresponding to high temperature
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(Ty), say 1000 K, then performing a linear interpolation of the
volume-dependent energy between these two values

AEt. — AE,

AE(T) = AEy +
T Ve = Vo

(V(T) = Vo) (3-2)

where AEy and V, are the diffusion barrier and mean volume
per atom calculated at oK from first principles, AEy, and V7,
represents the diffusion barrier and the associated mean volume
per unit atom calculated at a high temperature Ty,, respectively,
and V(T) represents the mean volume per unit atom at a given
temperature T. In the case of bulk Si, the data from Ref. [71]
have been used to calculate V(T) and B(T), while for LiSi, these
thermodynamic quantities has been calculated from DFPT as im-
plemented in ABINIT [104, 105] with the above-mentioned com-
putations.

3.3 LI DIFFUSION IN BULK SI
3.3.1 Li insertion into bulk Si

In bulk Si, the most stable position for a single Li atom is the
tetrahedral (T) interstitial site [60]. The optimized lattice para-
meters for our pristine g6-atoms Si supercell are 10.93, 10.93, and
16.41 A, which increase to 10.94, 10.94, and 16.41 A after the ad-
dition of 1 interstitial Li atom. It is less than 0.1% increase in
the lattice parameters. The corresponding formation energy per
Si atom for 1 Li interstitial was computed as ~0.002 €V, which is
in line with known positive formation energy in dilute doping
limits [206]. Fig. 3.1 shows the effect of one Li atom addition
on the electronic density of states (DOS) of bulk Si (16 atom
supercell, for illustration purposes) in an energy window cor-
responding to the valence and conduction states spanning the
interval [-15eV,5eV] around the Fermi energy. Upon Li addition,
the DOS is almost unchanged. However, the peak heights near
the conduction bands are modified since the 2s electron of the
interstitial Li is added to the conduction band. Consequently the
Fermi energy moves into the conduction band making it a metal-
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lic system. The Fermi energy increases by 0.34 €V upon addition
of one Li atom to the 16-atom supercell.
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Figure 3.1: Electronic density of states of a) bulk Si and b) bulk
Si with 1 Li atom at the T interstitial site. The Fermi energy is
set to zero on the x-axis (dotted line). A 2x2x2 supercell with

16 Si atoms has been used to simulate bulk Si. These small-cell
results are shown for illustration purpose only.

Fig. 3.2 shows the effect of Li addition on the vibrational
properties of bulk Si (16-atom cell, for illustration purpose). First
of all, after Li addition, three new high energy vibrational modes
are observed. These three modes represent the vibrational fre-
quency of the light Li atom in the three spatial dimensions. In
order to check the convergence with respect to the supercell
size, supercells of 54 atoms (3x3x3 of the primitive unit cell)
and 96 Si atoms (2x3x2 of the conventional unit cell) were also
considered. The corresponding diffusion barriers and diffusion
coefficients are included in the Appendix A (see Fig. A.1). Con-
vergence tests confirmed that a supercell of 96 Si atoms is large
enough to avoid any inter-atomic interaction across periodic bound-
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aries and thus the 96 atom supercell was used to study bulk and
doped Si.

a) b)
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Figure 3.2: Phonon band structures of a) bulk Si and b) bulk Si
with 1 Li atom at the T4 interstitial site. The three extra Li
modes are clearly seen around 65 meV in the latter. A 2x2x2
supercell with 16 Si atoms has been used to simulate bulk Si.
These small-cell results are shown for illustration purpose only.

a) — Li
— Si
—— Total PHDOS

]
)

—_
ja)

o

0.751

DOS [states/meV]

0.501
0.251

0.00
0

20 40 60
Energy [meV]

Figure 3.3: Partial phonon density of states (PPDOS) of a)
g6-atom supercell with 1 Li atom and b) a zoomed-in image of
the same PPDOS showing the the partial contribution of Li
atoms overlapped with those of Si atoms.
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The partial phonon density of states (PPDOS) from this 96
atom supercell (Fig. 3.3) allows us to identify the three modes
predominantly associated with localized vibrations of the inter-
stitial Li atom in the three cartesian directions. Moreover, these
modes also involve significant Si displacements, i.e. the intersti-
tial Li atom can not vibrate freely without affecting the neigh-
boring Si atoms. Despite this collective behavior, we shall call
such modes “Li modes" in this work. These coupled vibrations
are due to the partial charge transfer between the interstitial Li
and the neighboring Si atoms that inhibit the free movement of
the Li atom like a neutral interstitial atom [60]. Thus, unlike in
the case of hydrogen diffusion in metals (metals are heavier than
Si) [68], here it is not possible to assume that the light Li atoms
move freely in the host lattice. Therefore, all the phonon modes
have to be considered for calculating the diffusion coefficient.
After analyzing the effect of Li insertion into bulk Si, in the fol-
lowing section, the diffusion of this interstitial Li atom in bulk
Si is discussed.

3.3.2 Diffusion mechanism: Interstitial diffusion

The energetically favorable diffusion pathway for a single Li
atom is Tq— Hy— T4 as suggested by previous studies [60].
The diffusion barrier computed by the NEB method is 0.59 eV
(Fig. 3.4), which is in good agreement with previous experi-
mental and theoretical studies [60, 61, 206]. As expected, the
diffusion path is symmetric across the barrier.

Figs. 3.5 a and 3.5 b show the phonon density of states for the
initial (Li at T4 site) and saddle (Li at Hy site) point configura-
tions, respectively. The initial point configuration shows three Li
modes coupled with Si as mentioned in the previous section. For
the saddle point configuration, two of these Li modes become de-
generate at 8omeV and the remaining one is an unstable mode
with an imaginary frequency 32meV (represented as negative
in Fig. 3.5 b). The degeneracy of the two high-energy Li modes
comes from the crystal symmetry, and the unstable mode from
the displacement in the direction that connects the two local min-
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Figure 3.4: Diffusion barrier calculated by the NEB method for
one Li atom diffusing in bulk Si.

ima. However, similar to the initial state, all three Li modes are
still coupled with Si. The hardening of the doubly degenerate
mode can be understood from the proximity of the Li atom to
Si atoms at the saddle point, causing faster increase of the po-
tential felt by the Li atom when vibrating perpendicular to the
transition path direction.

Fig. 3.6 shows the difference in vibrational free energy AFZ?
and AFVQib calculated adopting the classical and quantum approx-
imations as described in Chapter 2. At 0K, the quantum AF‘Sb
has a finite value of 16 meV, while the classical approximation
reaches zero. The difference between both approximations re-
duces to ~7 meV at room temperature as they converge to the
same value at high temperature.

These vibrational energies were then used to calculate the
diffusion coefficient with the classical and quantum approxima-
tions. The jump distance is the distance between two tetrahedral
voids in a diamond lattice, i.e. 2.368 A. The calculated diffusion
coefficient was plotted on a logarithmic scale vs 1000/ T (Fig. 3.7),
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Figure 3.5: Partial phonon density of states (PPDOS) of bulk Si
(96 atoms) with one Li a) at the T site (minimum energy
geometry) and b) at the H, site (saddle point geometry). At the
saddle point, two Li modes become degenerate at higher
vibrational frequency (at 8omeV) and the third one shifts to an
imaginary frequency (at — 32 meV) represented as negative for
illustrating purposes, corresponding to the vibration in the
direction of propagation at the saddle point.

showing an Arrhenius-like behavior for both the quantum (blue)
and classical (red) theories. Their ratio is also shown in Fig. 3.8:
it is close to one at high temperature (> 1000K), while it can
be significantly smaller at lower temperature, e.g. 0.6 near room
temperature. Both approaches are in reasonable agreement with
the experimental data of Pell et al. [61] and the theoretical calcu-
lation of Fedorov et al. [207], specially at high temperature given
the usual uncertainties, and rapid changes with temperature of
such quantities. The pre-factor of 1x10~3 cm? /s calculated for Li
diffusion in bulk Sj, is in a reasonable agreement with the exper-
imental value of 2.3+0.2x 10 3cm?/s. However, the other values
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Figure 3.6: Temperature dependence of the change in
vibrational free energy between the initial and the saddle point
with classical (red) and quantum (blue) approximations.

reported in literature (Ref. [63, 66, 178]) at room temperature are
at least 3 to 4 orders of magnitude higher.

Johari et al. [178] studied Li diffusion by the means of AIMD
during the mixing of Li and Si atoms, where the host lattice
transforms from c/a-Si in the beginning to a-Li,Si phase. We
know that Li diffuses at least one order of magnitude faster in
Li,Si phases as compared to bulk-Si [62], which justifies a higher
value. Balke et al. used a value of ~ 1078 — 1071 cm? /sec to study
diffusion of Li-ion by means of ESM in a-Si, where Li diffusivity
is expected to be higher as compared to c-Si [178, 207]. Moreover,
it was not a direct measurement of Li diffusivity and they also
reported some problems during probing the sample, which they
suggested was either due to a higher or lower Li-ion mobility
than they assumed. The result of Yoshimura obtained with sil-
icon thin film et al. [66] (2x10~''em?/sec) is the closest, among
these three, to the values reported by Pell et al. [61] for single
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crystal at room temperature. They suggested that a lower density
(1.2g/cm™3) of the thin film as compared to that of single crys-
tal results in a comparatively loose structure and consequently
a higher Li diffusivity. Moreover, they were not sure if it was
without any alloy formation of Li,Si during polarization, which
will also attribute to a higher diffusivity value.
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L ¢ Balke et. dl.
Q *  Yoshimura et. al.
10_13 +  Pell et. al.
¥ Johari et. al.
A Fedorov et. al.

1 2 3 4
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Figure 3.7: Temperature dependence of the diffusion coefficient
calculated for Li in bulk Si. Blue and red lines represent the
diffusion coefficient calculated with quantum and classical
approximations, respectively. The black line shows the classical
approximation with ZPE correction only and the green line
represents the quantum approximation with quantum
tunneling correction. The markers represent the values reported
in the Ref. [63, 66, 112, 178, 207].

3.3.3 Effect of quantum mechanical approximation
The diffusion equation in the Arrhenius form with the quantum

mechanical approximation has a temperature-dependent energy
barrier (AE, ) instead of a constant energy barrier with the clas-
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Figure 3.8: Temperature dependence of the effect of quantum
corrections on the diffusion coefficient measured as a ratio of
Dq/Dc (blue). The ratio Dgr/Dc (green) shows the added
effect of quantum tunneling corrections that slightly increases
the diffusion coefficient in the low temperature regime.

sical approximation. Fig. 3.9 a shows this temperature depend-
ence of the energy barrier along with the constant barrier from
the classical TST framework. The effective activation barrier in-
creases in the lower temperature range to reach a maximum and
then decreases tending to converge to the classical limit at high
temperature. At 0K, the effective energy barrier is higher than
the classical limit because of the zero-point energy (A ZPE).

Similarly, the effective diffusion pre-factor (D*Q A) increases
in the low-temperature regime to reach a maximum and then
decreases to tend to the classical limit in the high-temperature
regime (Fig. 3.9b). However, it is worth noting that due to a sig-
nificant contribution from quantum tunneling effects (I') in the
low-temperature range (Fig. 3.10), the corrected diffusion pre-
factor (D’g2 A-l) does not reach a maxima but rather diverges at
low temperature. This exponentially increasing value of (D5 .I")
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Figure 3.9: Temperature dependence of a) the effective
activation barrier (AEga) and b) the effective diffusion prefactor
D§a), in blue, along with the quantum tunneling corrected
pre actor (D.'), in green. These parameters of Arrhenius-like
diffusion equat10n tend to their temperature-invariant classical
limits, AE, and Dy, respectively (dashed line), at high

temperature.

cancels out the Arrhenius exponential temperature dependence
in Eq. (2.87), thus resulting in a finite value of the diffusion
coefficient in the low-temperature range [120]. The inclusion of
quantum tunneling corrections slightly increases the diffusion
coefficient ratio from 0.6 to 0.66 (Fig. 3.8) owing to an additional
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______________________________________________

Figure 3.10: Temperature dependence of the tunneling
correction factor (') for Li diffusion in bulk Si. Dashed green
and blue curves are high- and low-temperature limits,
respectively. At high temperature, I converges to 1, represented
by the dashed black line.

diffusion pathway. The effect is very small as tunneling effects
are more prominent in the low temperature range. At high tem-
perature, I' converges to 1 as expected since the quantum tunnel-
ing corrections become less important and the classical barrier
jump is the dominating mechanism governing the overall diffu-
sion coefficient.

The quantum mechanical approximation for the diffusion
coefficient converges to the classical limit at high temperature. It
differs significantly from it only at low temperature. The effects
observed in the Li-Si system are the same as for the H-metals
system, however lower in magnitude. Thus, in order to clarify
whether this suppression is due to the larger mass of Li or to
the difference in chemistry of Li-Si, we have performed a mass
rescaling analysis in the following section.
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3.3.4 Effect of mass rescaling

In this mass rescaling analysis, the quantum mechanical effects
on the diffusion coefficient were compared with the ones ob-
tained if the lithium mass is replaced by the hydrogen mass, for
which quantum effects are clearly seen even at room temperat-
ure in their diffusion in metals.

Due to such mass rescaling, there is a significant increase of
the phonon frequencies of the vibrations that have a high parti-
cipation ratio of the light atom (Li with H mass): the mass ratio
being about seven, the vibration frequency ratio is approxim-
ately /7 for Li- dominated modes. The quantum modification of
the vibrational free energy is much more pronounced as shown
in Fig. 3.11. At 0K, the classical limit is absolutely zero so the
mass rescaling has no effect. For the quantum approximation,
the zero-point energy slightly increases due to the scaling of
frequencies and tends to the classical limit at high temperature.
At high temperature, both approaches show lower values of the
free energy difference due to the mass rescaling. After the mass
rescaling, there is a significant quantum effect not only at room
temperature but even at high temperature (near 1000 K).

The classical (and quantum) decrease of the free energy with
mass rescaling is a consequence of the higher vibrational fre-
quency of the mode along the transition path in the initial geo-
metry. The contribution from this mode is only present in the last
term of Eq. (2.70) and Eq. (2.78), i.e. in the initial point configur-
ation. This extra mode is stretched to higher energy by the fre-
quency ratio resulting in a higher vibrational free energy differ-
ence (AF''?) between the initial point and the saddle point config-
urations. Since all three Li modes overlap with the Si modes (see
Fig. 3.3b), the latter are also affected by the mass rescaling, es-
pecially the two lateral high-frequency modes seen in Fig. 3.2b,
that are higher at the saddle point geometry than at the initial
point geometry. The global qualitative picture of the mass res-
caling effect at high temperature is nevertheless dominated by
the removal of the phonon mode rescaled in the saddle point
configuration as compared to the initial point configuration.
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Figure 3.11: Temperature dependence of the change in
vibrational free energy with classical (red) and quantum (blue)
approximation, when the Li mass is replaced by the H mass
(rescaling), in view of separating the mass effect from the
quantum/classical effect. Solid lines show the results obtained
with the unchanged mass of Li atom, dashed lines show results
with the rescaled mass of the Li atom.

This increase in the phonon frequencies due to mass rescal-
ing shifts the diffusion coefficient upwards as shown in Fig. 3.12.
However, in the low temperature range, it is shifted downwards
for the quantum case (Dq) due to higher AF'™" after mass res-
caling. Similar to what was obtained before mass rescaling, the
quantum value after mass rescaling D{, is lower than its clas-
sical counterpart D~ near room temperature but it increases at
lower temperature as the quantum tunneling correction becomes
dominant and eventually tends to flatten out surpassing D¢.
Fermann et al. [120] defined this temperature as the tunneling
crossover temperature (Tx) below which the quantum tunneling
is dominant. According to their definition, it is the temperat-
ure where the two linear sections could hypothetically intersect,
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Figure 3.12: Temperature dependence of the diffusion
coefficient calculated using classical (red) and quantum (blue)
approximations with quantum tunneling correction (green).
Mass-rescaled values (see text) are represented by dashed lines.
The corresponding room temperature values are shown in the
inset. The dotted line marks the tunneling crossover
temperature, Ty, for the mass rescaled case. Markers represent
the values reported in Ref. [63, 66, 112, 178, 207]. This crossover
temperature is much lower when the mass is not rescaled, and
out of the temperature range shown here.

which in the present case is ~150 K. This tunneling crossover tem-
perature is roughly three times larger than the one before mass
rescaling (~50K).

Fig. 3.13 shows the difference between the two approaches
(classical and quantum), which is obviously much more pro-
nounced near room temperature (and at lower temperature) after
mass rescaling. The ratio between the quantum and classical
approximations at room temperature increases from ~30% to
around 50% and 66% with (Dq4r/D¢) and without (Dg/Dc)
tunnelling correction, respectively (see inset of Fig. 3.12). The
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Figure 3.13: Effect of mass rescaling on quantum corrections
with respect to their classical counterpart is plotted as a ratio
against the inverse of the temperature (1000/T). Dashed lines
represent the mass-rescaled values. Corresponding plots near
room temperature are also shown in the inset.

inflection point in the Dgr/Dc ratio curve represents the tem-
perature above which tunneling corrections start becoming sig-
nificant, resulting in a comparative increase of the diffusion coef-
ficient with further lowering of temperature and eventually sur-
passing D¢ above T.. Moreover, the Dg/Dc ratio shows that
without this tunneling correction, the diffusion coefficient tends
to o faster than its classical counterpart, which contradicts theor-
etical and experimental results [120].

In order to disentangle the effect of the quantum tunneling
correction, the ratio of Dgr/Dq was plotted against the inverse
of temperature along with the mass-rescaled one (dashed line in
Fig. 3.14). After the mass rescaling, the effect of quantum tun-
neling corrections increases significantly: it reaches ~ 50% even
near room temperature while it was less than ~7% before mass
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rescaling. This analysis of mass rescaling shed light on how the
heavier atomic mass of Li reduces quantum effects. However the
local chemical environment might also play an important role,
complementing the understanding brought by the effective ac-
tivation barrier and the effective diffusion pre-factor analysis in
Fig. 3.8. Note that the current approach is based on the harmonic
approximation, and to go one step beyond, the next section dis-
cusses the effect of anharmonicity on the diffusion coefficient.
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Figure 3.14: Effect of including quantum tunneling corrections
on the diffusion coefficient as measured by the ratio Dgr/Dq
plotted as a function of the inverse of the temperature (1000/T).
Dashed lines represent the corresponding ratio after
mass-rescaling.

3.3.5 Effect of anharmonicity
Fig. 3.15 compares the temperature dependence of the diffu-

sion barrier AE calculated by the ¢cBQ model and the QHA
along with the values obtained by NEB calculation at two dif-
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ferent volumes. The diffusion barrier decreased by ~35meV at
higher volume as compared to the equilibrium volume at oK.
The temperature associated with this volume has been obtained
as 853.65K from the V(T) curve (Appendix A). The QHA only
includes the explicit volume dependence by means of thermal
expansion. Thus the temperature dependence of AE comes from
the linear interpolation of the values at 0K and at an elevated
temperature (853K in this case) using the temperature depend-
ence of the volume curve as outlined in Eq.( 3.2).

o —— AFE(T) from QHA
=== linear part of AFE(T) from QHA
— ¢BQ
o AL
AEq, from QHA

=~ 5801
k=
Q ]
= 570
560
0 200 400 600 300 1000
T K]

Figure 3.15: Temperature dependence of the diffusion barrier
obtained from the cBQ) model (purple curve) and the QHA
(orange curve). Filled circles mark the values calculated using
NEB calculations and dotted line shows the linear interpolation
of the high temperature limit of the QHA.

The ¢BQ model includes (approximately) both the explicit
volume dependence and the phonon-phonon temperature de-
pendence by employing the temperature dependence of the volume
and bulk modulus, respectively. The temperature dependence of
the volume and the bulk modulus of silicon were obtained from
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Ref. [71] and can be found in Appendix A. The curves (orange
and purple) are adjusted for the ZPE resulting in a deviation
from the value obtained at o K without phonon contribution (red
filled circle). The cBQ model and the QHA differ by about 10
meV in the low temperature regime, but stay within ~5-8 meV
above 200K and up to 1000K, which gives some confidence that
both allow us to include the dominating trend due to anhar-
monic effects. These energy barriers were then used to replace
AE in Eq.( 2.89) to give the overall temperature dependence of
the diffusion coefficients. Fig. 3.16 shows these additional dif-
fusion coefficient curves obtained with the cBQ model (purple
curve) and with the QHA (orange curve).
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1 2 3 4
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Figure 3.16: Temperature dependence of the diffusion
coefficient calculated for Li in bulk Si including anharmonic
effects. The orange curve shows the diffusion coefficient
obtained with QHA and the purple curve represents the one
obtained with the cBQ model.

At high temperature, no severe deviation from the Arrhenius
equation are observed. This suggests that the anharmonic effects
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are not very strong. Though, both the approximations show a
lateral shift towards higher values of the diffusion coefficient for
the entire temperature range. In order to get a better comparison
of the two anharmonic models, the ratio of diffusion coefficients
are plotted w.r.t. to the one obtained with the harmonic approx-
imation (Fig. 3.17).

The comparative ratios in Fig. 3.17 show roughly a 60-70%
increase in the diffusion coefficient by including anharmonic ef-
fects by means of either model. This increase is more important
than the one obtained by including the quantum approximation
(~ 33% in Fig. 3.8). The cBQ) model suggests a shift of roughly
70% at high temperature and tends to stay constant at ~60%.
While the QHA shows an initial shift of ~55%, it keeps increasing
with temperature as compared to the harmonic approximation.

3.3.6  Discussion

The results presented in previous sections demonstrate the ap-
plication of quantum mechanical framework within the TST frame-
work to study Li diffusion in bulk Si. Moreover, the QOHA and the
cBQ model provide useful insight on the validity of harmonic
approximation. These results are based on several assumptions
and approximations: (i) low concentration of the impurity Li
atoms, i.e. there is no interaction between the impurity atoms; (ii)
the diffusion process is described by the TST framework assum-
ing every diffusing specie that reach the transition state must
also cross it; (iii) there are no correlated multiple jumps; (iv)
only thermally activated incoherent quantum tunneling effects
are included and coherent tunneling effects are negligible in the
studied temperature range; (v) assessment of anharmonic effects
is limited, because they depend on the validity of the QOHA and
the cBQ) model; (vi) electronic energies and phonon frequencies
for both the ground state and the transition state has been ob-
tained from DFT with GGA-PBE functional.

Within the framework of these approximations, several ef-
fects have been analyzed to estimate the sensitivity of the res-
ults, namely (i) the effect of quantum mechanical approximation;
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Figure 3.17: Temperature dependence of the effect of
anharmonicity on the diffusion coefficient measured as a ratio
of the diffusion coefficient obtained with the cBQ) model
(violet) and the QHA (orange) w.r.t. the one obtained with the
harmonic approximation (D).

(i) the effect of quantum tunneling corrections; (iii) the effect of
mass rescaling; and (iv) the effect of anharmonicity. The analysis
shows that the diffusivity of Li in bulk-Si decreases by roughly
30% by including quantum mechanical approximation as com-
pared to the classical TST framework.

The decrease in the diffusion coefficient is in agreement with
the increase in the effective diffusion barrier as compared to
the classical one (refer Fig. 3.8). On the other hand, the pre-
exponential factor (Dg, ) is slightly higher than the classical one.
Globally, the increase in the barrier height dominates and lowers
the overall diffusion coefficient as expected in an Arrhenius type
equation. The effective diffusion barrier written in Eq. (2.87) is
another form of Eq. (2.63) that relates the diffusion barrier to the
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change in the vibrational free energy AF''* and a temperature
independent term AE. Therefore, a higher value of AF‘Sb than its
classical counterpart increases the diffusion barrier and results
in a lower diffusion coefficient. The value of AF‘Sb at oK corres-

ponds to the ZPE and converges to its classical limit (AF‘éib) at
high temperature. However, it is different than simply adding
the ZPE to the classical equation because a simple shift rectifies
the low temperature limit but overestimates the high temperat-
ure limit [68, 208].

The solubility of Li in Si is very low at room temperature [192,
209], which justifies the assumption of low concentration of the
diffusing Li atom. Moreover, unless two Li atoms are in the adja-
cent tetrahedral void (<6 A apart), there is no effect on the diffu-
sion barrier [206]. Thus with a supercell with lattice parameters
>104, it is safe to assume no interaction between Li atoms in
the adjacent cells.

Now we turn to the discussion of the TST framework for
studying diffusion. In the original work of Eyring [114], a factor
c accounts for the recrossing when the activated complex jumps
over the barrier and comes back to the initial state without de-
composing. This factor is known as the dynamical-correction
factor in the literature and decreases the overall diffusion coeffi-
cient. It was implicitly set as 1 by Eyring [114], and later some re-
searchers have investigated this correction factor and discussed
the complexity in estimating its value [210, 211]. However, in
most of the diffusion studies, it is considered a good assump-
tion to neglect any recrossing, i.e. ¢ = 1 is a reasonable approx-
imation [179, 187].

The correlation factor (f) associated with the correlation in
multiple jumps is another factor, which is not considered in the
present work. The value of this correlation factor is < 1 and
depends on the diffusion mechanism and lattice geometry [67].
Thus, if these correlations are present, it will decrease the diffu-
sion coefficient. Bloch et al. [212] have showed that this factor is
negligible for H diffusion in Si. Moreover, in case of dilute inter-
stitial diffusion (as in the present case), the diffusing atom does
not have an interaction from a neighboring interstitial atom and
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thus there is no correlation between multiple jumps resulting in
f = 1 [67]. Thus we can neglect the correlation factor in this case
without any loss of generality.

Quantum tunneling corrections have been included only by
the means of thermally activated incoherent tunneling mechan-
isms. The coherent tunneling is only active at a very low temper-
ature, near oK, and thus has never been observed experiment-
ally, even for hydrogen diffusion [213, 214]. Thus, it is safe to
neglect it in the temperature range of interest, between 50 K to
high temperature.

The only remaining concern is the validation of harmonic
approximation and the applicability of models used to estim-
ate the anharmonicity in the system. With either of the mod-
els, the diffusion coefficient increases by 60-70% as compared to
the harmonic approximation. This effect is roughly double than
the one observed after including the quantum mechanical ef-
fects, which decreased the diffusion coefficient by ~30%. Regard-
ing the accuracy, the OHA estimation of the diffusion constant
depends on the precision of NEB calculations and the volume
curve. The former was converged till the average energy toler-
ance was < 1 x 107> Ha (~27 meV) and the latter had a very good
agreement with the experimental data [71]. The cBQ model has
an additional dependence of bulk modulus, which is a second-
order derivative of the volume and can be sensitive to small er-
rors in the volume curve. The literature [127, 186] suggests to
fit the factor c to the experimental data. However in the present
work, the energy barrier calculated at oK is used to adjust c
to avoid any accumulation of fitting error. Although it shows
a reasonable agreement with the QHA as well as the oK NEB
result (Fig. 3.15), it is a simplistic model incorporating both the
V and the T dependency without including the phonon-phonon
interaction, which might be important at high temperature.

The GGA-PBE functional that has been used for all the com-
putations slightly overestimates the lattice parameter by <o0.7%
and shows a very good agreement with the experimental data
for the total energy as well as phonon calculations for silicon [139].
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In the future, one could perform a comparative study of diffu-
sion coefficients calculated with different functionals.

3.4 LI DIFFUSION IN LISI
3.4.1 Bulk LiSi and Li vacancy effect

Li diffusion in Li\Si is at least one order of magnitude faster
than in bulk Si [62]. LiSi is the first stable crystalline phase in
terms of increasing Li:Si ratio and has a higher symmetry (space
group: I41/a) than other Li,Si phases, with a regular Si network.
Three-fold coordinated Si atoms form rings of 8 atoms (S8) as
shown by Evers. et al. [215] and Li atoms occupy the voids in the
chain as shown in Fig. 3.18. The Si and Li sublattices are topo-
logically equivalent, forming tetrahedral clusters. The presence
of Li atoms distorts the Si network and the Si-Si bond distance
increases from 2.368 A in bulk Si to 2.418 A and 2.497 A which
is in good agreement with the previous first-principles calcula-
tions [129] and the experimental data [194, 215]. The primitive
cell of LiSi consists of 8 Si and 8 Li atoms where each Si atom
gets one electron from the Li atom to satisfy the octet rule [31].
The calculated lattice parameters of the fully relaxed primitive
LiSi structure studied in this work are: a = b = ¢ = 14.40 A,
with the angles o = 3 = 99.15° and 'y = 133°. The conventional
standard structure contains 16 Si and 16 Li atoms with the lat-
tice parameters: a = b = 9.367 A, ¢ = 5.743 A with the angles
o = B = v = 90.00°, which is in good agreement with the ex-
perimental XRD data (a = b = 9.354 A, ¢ = 5.746 A) reported by
Stearns ef al. [194].

Four Li atoms in LiSi structure form a slightly distorted tet-
rahedron with Li-Li bond distance of 2.935 A and 2.944 A. Each
Li atom in this tetrahedral network is connected to three other
Li atoms within the same tetrahedra and to three Li atoms (from
two other tetrahedra) by three paths (see Fig. 3.18): one at a dis-
tance of 2.683 A and the other two at a distance of 3.052 A (one
in each tetrahedron). In total, each Li atom is connected to 6 Li
atoms: 3 Li atoms within the same tetrahedron and 3 Li atoms
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Figure 3.18: a) Conventional unit cell (32 atoms) of LiSi
structure, showing three-fold coordinated Si and tetrahedral Li
clusters (Si atoms in blue, Li atoms in green). b) Zoomed in
image of the same structure centered on one Li vacancy and
showing possible jumps to the neighboring Li atoms. Green
jumps are intra-tetrahedral jumps and pink/red are
inter-tetrahedral jumps.

from other tetrahedra, which is consistent with the experimental
data [215].

A previous study by Moon et al. [129] has shown that va-
cancy diffusion is the most energetically favorable mechanism
for Li diffusion in LiSi. Since all Wyckoff sites of Li atoms are
identical, any Li atom can be removed to create a Li vacancy
without loosing generality. After removing one Li atom, the volume
decreases slightly and the lattice parameter reduces to 14.392 A
(i.e. a decrease of ~0.05%) and angles remain unchanged. The
vacancy formation energy for this supercell, calculated with:

N—1

Ey =En-1— N

En (33)
was 1.51 eV, which is in good agreement with the previous the-

oretically reported value of 1.2eV. The energy terms En_; and
En in Eq. 3.3 represents the total energy of the system with and
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without 1 Li atom vacancy, respectively, and N is the total num-
ber of atoms present in the starting structure. Similar to the ad-
dition of 1 Li atom in bulk Si, the removal of 1 Li atom from
LiSi does not affect much the valence band, except for the re-
moval of two 1s core electrons. The peaks in the conduction band
change due to the removal of the 2s electron. Accordingly, in a
16-atom primitive cell, removing a Li atom yield a Fermi energy
decrease by 0.62eV and consequently moves it to the valence
band as shown in Fig. 3.19. In the next section, different types
of possible vacancy jumps have been studied for calculating the
diffusion coefficient.

a) LiSi
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Figure 3.19: Electronic density of states of a) primitive LiSi cell
(16 atoms) with b) one Li vacancy. The Fermi energy is set to
zero on the x-axis (dotted line). These small-cell results are
shown for illustration purpose only.

3.4.2 Migration path and enerqy barrier

As discussed above, each Li atom can jump to 6 neighboring Li
sites within a radial distance of 3.5 A. Beyond this distance, the
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calculated migration barriers are very high (>1eV), and thus will
have a negligible contribution in Li diffusion [129]. Out of these 6
jumps, there are 3 intra-T4 jumps (Vac-Li1, Vac-Li2, Vac-Li3) and
3 inter-T4 ones (Vac-Lig, Vac-Li5, Vac-Li6) (see Fig. 3.18b). Out
of them, there are 2 pairs of identical jumps: Vac to Lig and Lis
and Vac to Li1 and Li3 jumps and remaining two unique jumps
from Vac to Li6 and Vac to Li2, leaving a total of 4 different types
of jumps. The convergence study with respect to the size of the
cells was conducted on supercells of size 32 atoms (c-LiSi), 64
atoms (2x1x1 of ¢-LiSi), and 128 atoms (2x2x2 of p-LiSi) for
individual energy barriers and the overall diffusion coefficient
calculated by KMC simulations (see Figs. A.2 and A.3 in Ap-
pendix A). Although the 64-atom cell was well converged, the
biggest supercell of 128 atoms was used in the study for better
accuracy. Table 3.1 outlines the calculated jump distances and
the migration energy barriers for these 4 types of jumps along
with the first-principles calculations of Ref. [129]. Fig. 3.20 shows
the corresponding energy profiles. The agreement is very reason-
able given that the present study relies on GGA while Ref. [129]
uses the local density approximation (LDA), which is known to
underestimate the lattice parameters and hence Li-Li distances.

Table 3.1: Calculated Li migration jump distances and energy
barriers compared with the values reported in literature [129].

Jump Distance(A) Ep(eV)
This work Ref. [17] This work Ref. [17]
Vac-Li1 2.935 2.900 0.247 0.252
Vac-Li2 2.944 2.911 0.261 0.235
Vac-Lig 3.056 3.003 0.430 0.466
Vac-Li6 2.695 2.644 0.252 0.272

The two types of pathways connecting different tetrahedra
are Vac-Lig and Vac-Li6 with energy barriers of 0.430 and 0.252¢€V,
respectively. In order for Li atoms to diffuse in the LiSi struc-
ture, they have to go through one of these inter-tetrahedral paths,
therefore these jumps are rate-limiting. Comparing both energy
barriers, the latter is roughly half of the former and thus it is

90



3.4 LI DIFFUSION IN LISI

more likely to control the effective Li diffusion at room temper-
ature and above.

= 0.4 - i
N L N S ——
S 0.2 1 N [T/ X | i
<] 0.247 0.261 0.430 0.252
0.0 - Y Y Y Y

Vac-Lil Vac-Li2 Vac-Li4 Vac-1i6

Figure 3.20: Minimum energy paths for lithium vacancy
diffusion for four types of jumps. The energy barrier height is
indicated by the peak height inside the graph (in eV). (Refer to
Fig. 3.18 and Table 3.1 for the nomenclature associated with the
type of jump). The horizontal dashed line indicates the value
reported in Ref. [129]

3.4.3 Phonon calculations

Fig. 3.21 shows the vibrational energy calculated from phonon
frequencies at the initial and saddle point configurations with
the quantum and the classical approximations using Egs. (2.78)
and (2.70), respectively. As noticed in bulk Si case, the ZPE cor-
rection due to quantum approximation is small and only sig-
nificant below room temperature. The classical vibrational free
energy (F°) goes to zero at 0K as shown in Eq. (3.4), and the
limit of the quantum vibrational free energy (FVQ“’) has a finite
value as shown in Eq. (3.5):

: hv;
: vib _ 1: 1)
IR =g T3 n (7)<
lim AFEP =0, (3-4)

lim Py = 3 (54),

i
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Figure 3.21: Temperature dependence of the vibrational free
energy for different types of vacancy jumps (refer Fig. 3.18 for
nomenclature). The red and blue curves indicate the results
obtained using the classical and quantum approximations,
respectively.
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Instead of only one type of jump in the case of bulk Si, there are
six possible vacancy jumps in LiSi. Consequenty, there will be six
diffusion equations, one for each corresponding jump and thus
the overall diffusion coefficient of Li in LiSi can not be computed
directly. Therefore, a KMC simulation is used to estimate the
effective diffusion coefficient due to all these jumps using the
DFT data (refer Chapter 2 for more details about KMC method).

3.4.4 Effective diffusion coefficient: KMC

KMC simulations were performed on a conventional LiSi lat-
tice with a single Li vacancy through which Li atoms will dif-
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fuse with the above calculated energy barriers. The diffusion
coefficient for each one of the six jumps was calculated with
the quantum and the classical approximations using Egs. (2.83)
and (2.84). Similar to bulk Si, the quantum tunneling correc-
tion shows a very small effect on the diffusion coefficient near
room temperature. The ratio of Dg4r/Dgq for all four jumps
(Fig. A.4 in Appendix A) is less than 1.05 (i.e. less than 5%
change) near room temperature and it increases for lower tem-
perature. But unlike bulk Si, the overall diffusion coefficient of
Li in LiSi is calculated at discrete temperature values which are
at or above room temperature. Moreover, we have already seen
in section (3.3.4) that the heavy mass of Li, as compared to H,
significantly diminishes the quantum effect. Thus, it was safe to
ignore the quantum tunneling corrections in the KMC study for
the LiSi case.

Fig. 3.22 shows the distribution of the diffusion coefficients
D; obtained from KMC simulations at different temperature from
40,000 sites with 10,000 steps each, based on the jump rates de-
termined from the classical approximation. Because the selection
of an event in the KMC algorithm gives a Poisson’s distribu-
tion [130], we also show a Poisson distribution fit (red curve) as
a guide for the eyes. The good agreement between the distribu-
tion obtained from the KMC study (histograms) and the Poisson
fit (red curve) suggests that the KMC simulations provide suffi-
ciently converged results.

The effective diffusion coefficient of this distribution has been
calculated by using Eq. (2.101) as suggested in Refs. [130, 134].
Similarly an effective diffusion coefficient was also calculated
based on the jump rate calculated from the quantum approxim-
ation. Fig. 3.23 shows the Arrhenius fit for these values obtained
for the classical and quantum approximations, and a comparison
with the experimental data [62] and previous KMC simulations
performed by Moon et al. [129]. Due to the scarcity of experi-
mental data for the LiSi phase, the diffusion data from Wen et
al. [62] on other LicSi phases was used as a rough estimate for
the diffusion of Li in LiSi, Moon et al. [129] also used the same
reference.
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Figure 3.22: Statistics showing the distribution of the diffusion
coefficients (D; for each of the 40,000 runs) obtained from KMC
simulation for each temperature. The solid line (red) is
obtained by fitting a Poisson distribution. The data is
normalized (|D;| = D;/max(D;)) and binned into 50 bins for
curve fitting over the distribution. The y-axis represents the
probability of the Poisson distribution.

The diffusion coefficients obtained from both approximations
provide a good fit for the Arrhenius equation with an effective
barrier of 0.27eV and a diffusion pre-factor of 2.81 +£0.5x 107> cm?/s.
Quantum effects have a marginal role in the diffusion coefficient
of Li in LiSi, providing the same diffusion barrier of 0.27eV and
a prefactor of 3.14 x10>cm?/s. The diffusion coefficients ob-
tained from both approximations are in close agreement with
the experimental data [62] at 700 K. The filled markers in the plot
represent other theoretical values of the diffusion coefficients ob-
tained from ab-initio molecular dynamics studies at high temper-
ature.
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Figure 3.23: Temperature dependence of the effective diffusion
coefficient (D) obtained from KMC simulation. Dots in red and
blue indicate values obtained with classical and quantum
approximations of attempt frequencies, respectively. Solid lines
show the fitted Arrhenius plot to get the effective pre-factor
and the effective energy barrier. Experimental data point is
shown by the empty square (black) and results from previous
theoretical investigations [62, 129, 174, 176, 177] are indicated
by filled markers (black).

3.4.5 Effect of anharmonicity

Similar to the bulk Si case, the effect of anharmonicity on the
diffusion of Li in LiSi is studied by the means of QHA and the
cBQ) model using the temperature-dependent volume and bulk
modulus. Figs. 3.24 and 3.25 show these quantities calculated
from first principles.

Because of the slow kinetics of formation, the LiSi phase is
difficult to form at room temperature and normal pressure (NP)
and thus, there are limited experimental data on its structural
properties [192, 194]. Stearns et al. [194] have synthesized c-LiSi

95



DIFFUSION OF LI IN BULK SI AND CRYSTALLINE LISI

17.51

0 500 1000 1500
T [K]

Figure 3.24: Temperature dependence of the LiSi primitive
volume from first principles.
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Figure 3.25: Temperature dependence of the LiSi bulk modulus
from first principles.
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in laboratory at high temperature and high pressure (HP), and
reported a volume of 15.75 A3/atom from X-ray diffraction data
by Rietveld refinement. Our zero point corrected volume at zero
temperature (15.83 A3/atom) is 0.08 A3/atom higher than their
value as shown in Fig. 3.24. At the time of writing we are not
aware of any experimental data for elastic properties of c-LiSi
phase.

A previous DFT (with the LDA functional) calculation by
Taubert et al. [216] has reported a value of 56.8 GPa for the bulk
modulus of LiSi at zero temperature. This is roughly 55% higher
than our calculated value of 32 GPa shown in Fig. 3.25. There is a
well-established general tendency of GGA-PBE to underestimate
the bulk modulus [138], while LDA can present errors of both
signs, i.e. higher as well as lower [139].

Fig. 3.26 shows the temperature dependence of the diffusion
barriers for all four types of vacancy jumps calculated with the
cBQ model and the OHA according to Egs. 2.95 and 3.2, re-
spectively. The cBQ) model shows the same overall trend for all
the four jumps as expected. The temperature varying ingredient,
the volume per unit atom (Q) and the bulk modulus, remains
the same for all the four types of jumps, and thus resulting in
the same curve scaled to a different energy level corresponding
to each jump.

The overall decreasing trend is due to the lattice softening
with the thermal expansion, which in most cases decreases the
diffusion barrier. This ability of ¢cBQ model to incorporate the
anharmonic effects in a simple model by the means of volume
and bulk modulus makes it a promising approach to study an-
harmonicity and has shown good results in studying diffusion
in several semiconductors and metal oxides [190]. However, in
the case of the Vac-Li1 jump, according to the QHA, the diffu-
sion barrier increases with temperature. Thus in this case, the
cBQ model and the QHA approach disagree. The QHA uses an
additional information about the diffusion barrier at an elevated
temperature (920K in this case) and thus it treats more accur-
ately the volume dependence, but the lack of treatment of the
phonon-phonon interaction prevents us to conclude it is better
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Figure 3.26: Temperature dependence of the diffusion energy
barrier calculated with the cBQ model (violet) and with the
QHA (orange) for all the 4 jumps. Red and orange dots are the
values obtained from NEB calculations at 0K and 920K,
respectively.

than the cBQ model. We can simply note that while both ap-
proaches agree on the decrease of the barrier energy with tem-
perature for three out of four types of jump, they disagree for
the Vac-Li1 jump. Similar to what was done in the harmonic
approximation, the KMC simulation was used to calculate the
effective diffusion coefficient for Li vacancy jump for both these
models to study the anharmonic effects.

Fig. 3.27 shows the effective diffusion coefficients obtained
with the KMC simulation at discrete temperatures using the in-
dividual vacancy diffusion coefficient calculated with the cBQ
model (violet) and the QHA (orange). The individual points fit
very well with the Arrhenius equation with a R? value of 0.99
in all the cases. The corresponding values of diffusion pre-factor
Dy and the diffusion barrier Ey, are within an error range of
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+0.6 x 107> and +0.01 eV, respectively. The diffusion coefficient
obtained from the cBQ model shows a similar curve as the har-
monic approximation. Although the QHA shows a slightly lower
value of the diffusion coefficient, the difference is within the er-
ror limits of the KMC simulation.
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Figure 3.27: Temperature dependence of the Li diffusion
coefficient in LiSi obtained from the KMC simulations. The
harmonic classical (red) and quantum (blue) approximations
are plotted along with the ¢cBQ model (violet) and with the
QHA (orange) to study anharmonicity in the system. The error
(variance) in the values of Ey, and Dy are +0.01eV and +0.6 x
107, respectively.

In order to have a better comparison, the effective diffusion
coefficients from both the approximations are plotted in Fig. 3.28
as a ratio with respect to the harmonic approximation with quantum
mechanical corrections (Dg). The effect of quantum mechanical
corrections are also plotted on the secondary axis as ratio of Dg
vs D¢ for comparison.
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Figure 3.28: The effect of anharmonicity is shown as a ratio of
the diffusion coefficient obtained with the QHA (orange) and
the ¢cBQ model (violet) with respect to the one obtained with
the harmonic approximation (D) at each temperature using
KMC. The ratio of Dg/Dc is also plotted on the secondary axis
with the same scale for comparison.

3.4.6 Discussion

In this subsection, all the results obtained for Li diffusion in LiSi
via the vacancy mechanism are discussed and compared with
the reported literature. The values of the effective diffusion coef-
ficient obtained in the KMC study is in good agreement with
the experimental data at yooK [62] (see Fig. 3.23). In a previ-
ous KMC study, Moon et al. [129] also reported a similar value
at 700 K. However, their low temperature diffusivity values are
at least one order of magnitude smaller than our results. The
least square fit of their reported values gives an effective bar-
rier of 0.40€eV. Nonetheless, they reported an effective barrier of
0.306 eV for Li diffusion in LiSi, which is close to the value ob-
tained in our study (0.27+0.01 eV). Moreover, an effective barrier
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of 0.40eV is much higher than the smallest inter T4 barrier of
0.27eV and close to the higher energy inter T4 jumps (0.47¢€V)
(refer Table 3.1). These high energy jumps are unlikely to con-
tribute significantly at room temperature and thus the effective
barrier should be close to the smallest one and not to the largest
one. The discrepancy can be due to insufficient statistics of the
KMC calculation and error bars.

AIMD studies conducted by Chiang et al. [176] reported a
higher diffusion coefficient (filled triangle) of the order of 10 *cm? /s
with an effective barrier of 0.38 €V in the high temperature range.
It is one order of magnitude higher than the values obtained in
this study. Their extrapolated value at 700K is also roughly an
order of magnitude higher than the experimental data. A sim-
ilar AIMD study by Kim et al. [177] (filled square) also showed
a similar value of diffusion coefficient at 1050 K. However, both
these studies were performed with liquid LiSi phase, in which
diffusion is expected to be slightly higher than the correspond-
ing solid phase. Thus, the room temperature extrapolation is not
an accurate description of diffusion in the c-LiSi phase.

In another study, Wang et al. [174] calculated the Li diffusion
coefficient (upside down filled triangle) during lithiation of Si to
form LiSi in a similar temperature range. However, unlike Chi-
ang et al. [176], they started with the room-temperature structure
of solid Si to form LiSi instead of a liquid /amorphous one. Their
reported values are in a better agreement with the experimental
data and their room temperature value is also in close agreement
with our results. The discrepancy in the above mentioned two
sets of AIMD studies carried out in a similar temperature range
shows roughly a difference of 2 orders of magnitude between
the solid and liquid LiSi phase and thus one has to be careful
about the phase while doing the AIMD studies at elevated tem-
peratures.

Regarding the validation of the harmonic approximation in
LiSi case (refer Fig. 3.28), both approximations (cBQ model and
QHA), separate at high temperature (except at 1000K). For in-
stance the ¢cBQ model increases the diffusion coefficient, while
the QHA decreases it. The divergence in the two approxima-
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tions might be due to the discrepancy in the estimated diffusion
barrier for one of the four inter-tetrahedral jumps (Vac-Li1) as
shown in Fig. 3.26. Additionally, the QHA can underestimate the
anharmonicity as it does not include the phonon-phonon interac-
tion that can play a significant role at high temperature [72, 126].
Although, in the low temperature range, the overall trend from
both the approximations shows an increase in the diffusion coef-
ficient with an increase in temperature, none of them provide a
convincing proof of having significant anharmonic effects on the
diffusion of Li in LiSi.

3.5 CONCLUSION

In this study, we have performed a first-principles-based study
of Li diffusion in bulk Si and c-LiSi phase, within the transition
state theory framework and also taking into account nuclear
quantum approximations and anharmonic effects. As compared
to the classical approach, the addition of quantum effects for
Li diffusion in Si lowers the value of the room temperature dif-
fusion coefficient by 33% because of a higher effective energy
barrier. The cBQ) model and the quasi-harmonic approximation
suggest an increase in the diffusion coefficient by 60% in case
of bulk Si by including anharmonic effects. However, they fail
to give a compelling evidence of the sign of the anharmonicity
effect in case of LiSi.

The obtained results are in good agreement with previous
experimental and theoretical studies. For Li diffusion in bulk Si,
we obtained an energy barrier of 0.59eV with a diffusion pre-
factor of 1x103cm?2/s. In the case of LiSi, our calculations are
in better agreement with the experimental data than previous ab-
initio molecular dynamics studies conducted at higher temperat-
ures. We obtained an effective diffusion barrier of 0.27+0.01eV
with a pre-factor of 2.841.1x10~>cm?/sec for Li diffusion in LiSi.
Closeness in results with both classical and quantum approxim-
ations suggests that quantum approximations only play a mar-
ginal role for Li diffusion in LiSi. Moreover, we propose that one
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of the inter tetrahedral jump with an energy barrier of 0.25€V is
the rate limiting step for long range Li diffusion in LiSi.

The main advantages of using the current approach over
molecular dynamics are: 1) unlike molecular dynamics, this ap-
proach can be used for slow diffusion processes near room tem-
perature; 2) it gives a better understanding of the different dif-
fusion mechanisms involved and thus it is helpful in design-
ing new materials with the desired diffusion properties. This
makes it a potential approach in studying even more complex
systems, for instance Li diffusion in lithiated Li Si phases with
defects. Based on our results, this approach can be used in study-
ing room temperature Li diffusion in different anode materials
and can possibly increase our understanding in designing next-
generation batteries.
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DELITHIATION OF C-LI;3SI4 BY
FIRST-PRINCIPLES

This chapter outlines a novel first-principles based delithiation scheme
tested for the delithiation of c-Liy3Sis.

4.1 INTRODUCTION

The process of delithiation with respect to LIB anodes refers to
the removal of Li*-ions from the anode. These Li"-ions diffusing
through the electrolyte combine with electrons at the cathode
(discharging of a battery). Though it seems reverse of the lith-
iation (charging) process, it is not. Lithiation is thermodynam-
ically favorable (at least after x > o.5 in Li,Si) [206] favoring a
mixing of Li and Si atoms, while one has to apply external driv-
ing force for delithiation [27, 217]. Where lithiation of ¢-Si or a-5i
has been studied extensively by theory and experiments [35, 74],
delithiation is not yet fully understood [26, 217].

At room temperature, lithiation of c-Si forms a-Li,Si via a
two-phase reaction [51, 52, 168]. In-situ TEM results showed a
clear phase boundary (approx 1 nm thick) between c-Si and a-
Li,Si during the lithiation of c-Si [52, 168], which was later ob-
served for the a-Si case as well but with a thicker phase bound-
ary [53, 168]. First-principles calculations also confirmed the sta-
bility of a two-phase region as compared to a single phase [76,
218], while at high temperature (above 415 °C), Si forms crystal-
line Li Si phases [62] upon lithiation. The formation of c-LiSi
phases at room temperature is limited by kinetics with an excep-
tion of c-Lij5Sis [219], which can be avoided during room tem-
perature lithiation if the voltage is kept above yomV [34, 171].

The delithiation of these lithiated a-Li,Si phases results in
a-Si with approximately 0.1-0.4 €V higher energy per Si atom as
compared to starting c-Si phase, which is roughly the energy
difference between the amorphous and crystalline phase of bulk
silicon [37]. However, whether the a-Si after lithiation and delith-
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iation, return to its original form is still not clear. Some empirical-
potentials-based studies [76, 217] tried to answer this question,
which is discussed in the next chapter with our comparison by
using classical potential. In this chapter, we will focus on the
first-principles based approaches.

Chevrier et al. [75] suggested a lithiation and delithiation
protocol that has been used successfully to obtain the forma-
tion energies as well as the voltage profile (explained in the next
section) within an accuracy of +0.1V as compared to experi-
ments [37, 220]. The delithiation part of the method involves
step-by-step random removal of Li atoms followed by volume
scaling and constant volume relaxation. One can in principle
control the delithiation rate by varying the number of Li atoms
removed at a time. Although the volume rescaling (~14 A3) per
Li atom is in line with the experimental evidence of average
volume occupied by a Li atom, restricting relaxation under fixed
cell parameters might result in artifacts. This limitation was also
mentioned in their original work but due to the instability of re-
laxation routines (cell and ionic) they chose this approach. This
scheme has also motivated the development of similar method-
ologies with improvements to study lithiation and delithiation
from first-principles [221, 222].

In this work, we have also proposed a small modification
in the method to incorporate the full cell relaxation followed by
a few steps of AIMD simulations. We hope this will provide a
more robust method to study delithiation with experimentally
comparable results. Moreover, we hope that our analysis on the
evolution of local environment of Si will enhance the limited
understanding on the structural evolution of Si during lithiation
and delithiation [37, 222, 223].

4.2 COMPUTATIONAL DETAILS

The first-principles total energy calculations were performed with
DFET as implemented in the ABINIT code [195-198] using a plane-
wave basis set within the generalized-gradient approximation

(GGA-PBE) [199]. The converged kinetic energy cutoff for plane-
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waves was 32Ha (~871€V) as obtained for calculations in the
previous chapter with ONCVPSP pseudopotentials [200, 201]
having 1s and 2s valence electrons for Li while, for Si, 3s and
3p electrons were treated as valence electrons.

The primitive cell of Lij3Sis consisting of 26 Li atoms and
8 Si atoms, was used for testing the algorithm. One might per-
haps perform a systematic study with larger supercells that will
give a more discrete step size for the concentration change. For
sampling the Brillouin zone, a 3x3x3 Monkhorst-Pack k-point
mesh was used. As it is a metallic system, a Gaussian smear-
ing of 0.01 Ha (0.23 eV) was used for obtaining the occupation of
states [202]. The convergence criteria for k-points grid, total en-
ergy cutoff and SCF cycles are the same as mentioned in the pre-
vious chapter. The Broyden-Fletcher-Goldfarb-Shanno (BFGS) and
the Low-memory BFGS (L-BFGS) minimization algorithms were
used for structural relaxation until the forces on each atom were
smaller than 5x10~° Ha/Bohr (0.3 meV/A).

4.2.1 Delithiation protocol

The delithiation method adopted in this study is inspired by the
one suggested by Chevrier et al. [75] for step-by-step removal of
Li atoms to mimic delithiation. However, unlike a constrained
search for relaxed atomic positions for a scaled volume, we mod-
ified the protocol to include complete cell relaxation in between
consecutive steps of delithiation as illustrated in Fig. 4.1. The
complete structural relaxation of cell parameters and atomic po-
sitions will allow the system to traverse the closest valley in
the energy-configuration landscape. This will essentially help in
reproducing the experimental delithiation process of Si anodes.
Similar approaches have been proposed by Cubuk et al. [222] al-
lowing a full structural relaxation at each step of Li insertion in
a-Si, and by Chan et al. [37] removing the Li atom that provides
the lowest energy configuration followed by a full structural re-
laxation. In this work we build up on this idea of full structural
relaxation in between two consecutive delithiation step in ad-
dition with few steps of molecular dynamics to assist structural
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relaxation. The process was automated by using the Abipy work-
flow manager to efficiently run the whole procedure. The im-
portant steps of the delithiation workflow are:

Delithiation scheme:

1. Relax the atomic positions of the structure.
2. Perform complete structural relaxation.

3. Calculate the total energy of the structure.
Perform 50 molecular dynamics steps.

Randomly remove a Li atom.

AN L S

Return to step 1 until there is no Li atom to remove.

In principle, instead of random removal, one can first make
a test to select the Li atom that minimizes the total energy upon

Relax Full cell Molecular
atoms relaxation dynamics

Randomly
remove Iy A
1 Li

Characterization

Figure 4.1: Illustration of the workflow of the proposed
delithiation scheme. It is inspired from the original routine of
Chevrier et al. [75] with a complete structural relaxation step,
instead of fixed volume scaling and constant volume ion
relaxation.
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removal. However, the advantages do not outweigh the added
complexity and the computational cost. Moreover, it has been
shown that the final energy after structural relaxation is inde-
pendent of the site selection [37, 75].

4.2.2  Characterization:

In literature, there are two definitions of formation energies, one
defined as per total number of atoms and the other as per Si
atom. In this Chapter we have adopted the definition of per Si
atom, simply for comparison purposes with the literature. This
is defined as:

Ef(x) = Erisi— (xEri + Esi) (4.1)
(4-2)

where x is the number of Li atoms per Si atom and Ep;_s; is the
total energy of Li Si per Si atom, Ep; is the total energy of one
Li atom in body-centered cubic structure and Eg; is the energy
per unit Si atom in a diamond cubic structure.

The chemical potential can be written in terms of the Gibbs
free energy change by using the Nernst equation [193, 224] as:

AG  AG

V== 3¢ = A&

(4-3)
where AG is the Gibbs free energy change combined for the reac-
tions at cathode and anode and Aq is the amount of charge trans-
ferred, which is also equal to Ax as one electron is transferred
per Li atom. The Gibbs free energy can be written in terms of
entropy and internal energy term as:

AE +PAV +TAS N AE
Ax T Ax

V(x) = (4-4)

At low temperature the entropy and pressure terms can be neg-

lected, and the Gibbs free energy can be approximated to the
internal energy change (AG ~ AE) that can be computed from
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DEFET calculations [224]. Thus, if the energies are expressed in eV,
the potential can be defined as a function of lithium content:

o,

Vi) =-— 0x

(4.5)
This approximation is a common practice in the field to compute
the potential change from the total energy calculations and have
been successfully tested for a variety of electrode materials [37,
193, 223, 224]. Nonetheless, being the first-order derivative of the
total energy, the quantity becomes sensitive to small fluctuations
in the energy curve. Appropriate smoothing of the energy profile
should be done before computing the derivatives.

The local structure evolution of Si atoms during delithiation
is studied by using the chemenv tool provided under Pymatgen
library. Based on several trials, we obtained 0.7 and 1.6 as a suit-
able set of values for the angle and distance cutoff parameters
for Chemenv, respectively. For more details about the limitations
and theoretical details, reader can go through the original pa-
per by Waroquiers et al. [156]. This local environment is used in
computing the coordination number, average number of Li and
Si neighbours as well as analysing the local environments of Si
atoms in fully delithiated Si structure.

4.3 STRUCTURE OF LI 3SI4

The primitive cell of c-Li135is was selected as the test case to test
our suggested delithiation protocol. It is the most lithiated crys-
talline phase with Si-Si bonding, as above this lithiation level, Si
atoms are isolated in a sea of Li atoms [31]. Fig. 4.2 shows the
crystal structure of the primitive Lij35is containing 26 Li atoms
and 8 Si atoms. There are 7 different Wyckoff sites for Li atoms
and 2 for Si atoms as outlined in Tab. 4.1 along with the lat-
tice parameters. The optimized lattice parameters are in good
agreement with the published literature [31, 177]. The 2 different
Wyckoff sites for Si can be observed in the crystal structure with
4 Si atoms forming dimers as one type and 4 remaining isolated
Si atoms as another type. The corresponding local environment
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observed for these two sites are triagonal bipyramidal (T:5) and
square planar (S:4), respectively, as shown in Fig. 4.3.

Figure 4.2: Crystal structure of primitive Lij3Sis cell showing 8
Si atoms (blue) and 26 Li atoms (green).

oy

T5: Triangular
bipyramidal

S4: Square
planar

Figure 4.3: lllustration of triagonal bipyramidal (T:5) and square
planar (S:4) local environments for Si in c-Lij3Sis. Other atoms
are suppressed for easy visualization of the selected atoms.
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The evolution of the local environment of these two types
of Si atoms can provide some useful insight in the structural
transformation during delithiation.

Table 4.1: Optimized coordinates of Wyckoff sites for Lij35i4
crystal structure [31]. The optimized lattice parameters
obtained in this work using GGA-PBE are: a = 7.9004,
b=15.1141,c = 4.4403A, x =B =v = 90° with the space
group Pbam (# 55).

Wyckoff site X y z
Li1 2¢ 0 1/2 0
Li2 48 0.0965 0.1942 O
Li3 48 0.2708 0.3461 O
Lig 48 0.1529 0.0258 0
Lis 4h 0.2596 0.0952 1/2
Li6 4h 0.4098 0.2564 1/2
Liy 4h 0.0969 0.3939 1/2
Si1 48 0.4175 0.1603 0
Si2 4h 0.4284 0.4318 1/2

4.4 VOLUME AND FORMATION ENERGY

The fractional volume change has been used as the first valida-
tion criteria of our delithiation protocol. Fig. 4.4 shows the plot
of fractional volume change versus Li concentration as the de-
lithiation proceeds. Overall our delithiation protocol follows a
similar volume change curve as compared to the experimental
Atomic Force Microscopy (AFM) data [225] as well as the pre-
vious ab-initio calculation [75], except that the starting lithiated
structure is more highly packed. This is expected as we started
with a relaxed c-Lij35is structure as compared to a-LiSi formed
during lithiation experiments or in case of Chevrier et al. [75],
obtained during several lithiation and delithiation cycle of c-Si.
Fig. 4.5 shows the formation energy per Si atom (Ef(x) as
per Eq.( 4.1)) plotted at each delithiation step as a function of Li
concentration (x) in LixSi. The delithiation scheme was repeated
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Figure 4.4: Fractional volume change with respect to
crystalline-bulk Si vs. lithium concentration (hollow circles).
Experimental AFM data (hollow squares with solide line) [225]
and the data from Chevrier et al. (dashed line) [75] has also
been plotted for comparison.

5 times from the same starting structure of Lij35i4 to gather stat-
istics. Literature data from the original method of Chevrier et
al. [75] for lithiation-delithiation cycles of 5-8 Si atoms cells are
also plotted for comparison along with the ab-initio and experi-
mental values for crystalline Li,Si phases.

Only the smooth spline of the formation energy has been
shown for the data of Chevrier et al. [75], the original data points
spread within a range of +o.1eV. The calculated formation ener-
gies in this work lie within that range with a slight shift on the
upper side, expecially for Li concentration (x) < 2. This kink
around x ~ 2 is in agreement with a previous study suggest-
ing a change in the local environment of Si atoms above a Li
concentration level of approx. 2.25 [226]. In the vicinity of this
concentration, there are some delithiated structures close to the
experimental value of Li;Si3, but none of them has the same
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Figure 4.5: Computed formation energies (open circles) plotted
as a function of delithiation stage for 5 different runs along
with gaussian smoothing (blue) with o = T and cubic spline
(orange). Solid (black) line represents the delithiation data
reported by Chevrier et al. [75]. Open markers represent the
experimental (star) [62] and the ab-initio data (diamond)
calculated with PAW [193] for crystalline Li,Si phases. Filled
markers are the formation energies calculated in this work.

space group and symmetries. Moreover, due to the concentra-
tion step chosen in this work, the Li concentration associated
with LiSi3 (2.33) falls in between two consecutive concentration
steps (2.28 and 2.40).

Overall the formation energy curve is in good agreement
with their data showing a similar slope, except with a jump near
the start corresponding to x ~ 3.0. The jump in the formation
energy is consistent with all the 5 runs suggesting a pattern,
within the statistical limitation of 5 runs. The slope of the curve
is also higher at x > 3.0, after which the delithiation follows
a lower slope. This points towards formation of some strong
bonds or restoration of some local order resulting in lowering
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of formation energy. In another study with crystalline phases,
Chan et al. [37] had also observed similar kinks in the formation
energies near the start of the delithiation process. Perhaps the
delithiation of an amorphous phase will not involve breaking of
these symmetries and the curve will be smoother as observed by
Chevrier et al. [75].

In order to further support our hypothesis about the change
in local order around x = 3, the two structures were analyzed
(refer Fig. 4.6), one corresponding to the peak with concentration
x = 2.88 (on the left) and the other one formed just after crossing
the peak with concentration x = 2.75 (on the right). In terms of
concentration, they only differ by one Li atom. The left one has
roughly a similar structure as the starting one in terms of Si
atoms with two dimers and 4 isolated Si atoms. With a removal
of one Li atom, the right structure forms which has an extra Si-Si
dimer as compared to the left one. This explains the drop in the
formation energy after x = 2.88 due to the formation of a strong
Si-Si dimer bond.

Figure 4.6: Crystal structure obtained at Li concentration

x = 2.88 (on the left) during delithiation of c-Lij55i4 is
compared with the next consecutive delithiated structure at
x = 2.75 (on the right). The formation of an additional Si-Si
dimer in the right one is associated with a drop in the
formation energy curve, otherwise increasing during
delithiation.

The formation energy curves fitted with the cubic spline and
the gaussian smoothing were then used to compute the voltage
curve (Fig. 4.7) as per Eq. 4.5. The spline provides a simplest fit-
ting of formation energy with a cubic polynomial that results in
a quadratic behaviour of voltage profile(orange). The gaussian
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Figure 4.7: Potential-composition curve for delithiated silicon
obtained from the derivative of cubic smoothing spline(orange)
and a gaussian smoothing (blue) with o =5 of the cohesive
energies. Markers represent the values calculated from the
experimental date calculated at 415 °C [62, 193] and the solid
black line is the smoothing spline from a previous ab-initio
study of silicon lithiation [75].

smoothing (with o = 5) provides a more accurate description
(blue) with the potential curve flattening as the Li concentration
reaches zero. To avoid divergence at the other extreme, last 3 val-
ues were not used in gaussian smoothing, as discussed earlier
these fluctuations might be due to symmetry breaking of crys-
talline phase. The literature data from Chevrier et al. obtained
from a piecewise smoothing curve with a weight of 500 [75] is
also plotted for reference along with experimental data of lithi-
ation of c-Si at 415 °C [62, 193]. Both smoothing approximations
(spline and gaussian smoothing) used in our work is in good
agreement with the previous ab-initio data as well as the experi-
mental data within a range of (£0.1V). As the formation energy
curves and the voltage profile is in good agreement with the lit-
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erature, the structural evolution of Si atoms are discussed in the
next section.

4.5 STRUCTURAL EVOLUTION OF SI ATOMS

The change in the radial distribution function is used as a first
measure to study the structural evolution during delithiation.
Fig. 4.8 shows the change in RDF for Si-Si, Li-Li and Li-Si pairs
at different stages of delithiation. In the RDF of Si-Si, the Si-Si
bond of dimers correspond to the first peak at 2.37A and the
second peak at 4.69 A corresponds to a pairing of an isolated
Si atom to another Si atom forming a dimer. The first peak re-
main as is during delithiation but the second peak shifts close to
~4.1A. In the RDF of Li-Si, the first peak corresponding to Li-Si
bonds is observed at 2.5 A. The other peaks for long range order
disappear first as more Li atoms are removed and the system
move from Si atoms sitting in a Li rich state to Li atoms isolated
in Si rich state. Specifically, the second and third peaks disap-
pear after a 1:1 ratio of Li and Si atoms (LigSig. On comparing
the RDF of fully delithiated Si with a-Si experimental data, it
shows a good resemblance (Fig. 4.9). The position of the first
peak as well as the full width at half peak is in good agreement
with that of a-Si. The second peak identified at 3.8 A is in good
agreement with that of exp. data at ~3.8A, however the shape
is not the same and there is a shoulder peak as well. Although
the RDF of delithiated Si is in close agreement to a-Si case with
a strong first peak and a distinguishable second peak, the smal-
ler cell size restricts us from making a conclusive remark on it.
However, an analysis on the evolution of coordination number
(CN) and neighbours of Si atoms will provide more details on
the structural change that Si atoms undergo during delithiation.

Fig. 4.10 shows the values of coordination number per Si
atom averaged over 5 runs for varying Li concentration along
with the derivative of the gaussian fit (solid line) to highlight
changes of slope. The pie charts on the top illustrates the distri-
bution of local environments of all the 8 Si atoms at the fully
lithiated c-Lij5Sis(right) and the completely delithiated Si struc-
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Figure 4.8: Radial distribution functions of Si-Si (first column),
Li-Li (second column) and Li-Si (third column) averaged over 5
runs are plotted at different stages of delithiation of
p-Lij3Sis(rows). The concentration at each stage (row) is
mentioned in the legend of Li-Si RDF. Dashed lines indicate the
location of the first peak for Si-Si (2.38 A) and Li-Si (2.67 A)
neighbours.

ture (left). The average coordination of the completely delithi-
ated silicon structures is 4 with Tetrahedral (T:4) and See-saw
(SS5:4) environment, suggesting a similarity with some form of
Si (amorphous or crystalline). The sudden rise in the coordin-
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Figure 4.9: Radial distribution function of completely
delithiated a-Si obtained from our delithiation process along
with experimental data for amorphous Si at 300K [227]. RDF
intensities are scaled to match the height of first peak.

ation number at the other end (near x ~ 3) is in line with the
increase in the cohesive energy observed earlier due to breaking
of crystalline symmetry. The derivative curves shows two major
peaks of change in CN at x ~ 2.3 and x ~ 1.3. The first one is at
the concentration close to that of Li;Si3 (x = 2.33) and the closest
crystalline phase near the second peak is LiSi (x = 1). The form-
ation energy of structures near the concentration of Li;Si3 was
closer to that of the crystalline phase and a drop in coordination
number also suggests some restoration of order.

As discussed earlier, there are two different Wyckoff sites of
Si atoms in the starting c-Lij35i4 (with S:4 and T:5 local environ-
ment), their CN shows that their local structure also evolves dif-
ferently during delithiation, at-least till Li concentration reaches
x ~ 2.3. This finding also supports the restoration of some local
order as observed in the change in overall coordination num-
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Figure 4.10: Average coordination number (dots) per Si atom
for 5 runs are plotted vs Li concentration as the delithiation
proceeds (top ). Solid line is the gaussian smoothing (o = 1)
curve used for computing the derivative (bottom) to show the
change in CN of Si atom. Coordination numbers of Si atoms
with two different Wyckoff sites 4g (dashed) and 4h (dotted)
are also plotted, where the latter is associated to the Si dimers
in the original Lij35i4 structure. The pie charts on top shows the
distribution of local environment for the starting c-Lij3Sis
structure (right) and the completely delithiated Si structure
(left).
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4.5 STRUCTURAL EVOLUTION OF SI ATOMS

ber and the cohesive energy. Moreover, the average coordina-
tion number between 4g and 4h becomes much closer after the
second peak at x ~ 1.3, however the difference is within the stat-
istics of the data and no conclusive remark can be made for this
observation.

In order to observe the local structure of Si atoms with re-
spect to their neighbouring Si and Li atom, average number of Li
and Si neighbours of a Si atom are plotted along with their deriv-
ative curve (Fig. 4.11 and 4.12). The standard gaussian smooth-
ing was used with o =1 for finding the peaks by taking its de-
rivative. Both the curves, i.e. the average Li neighbours and the
average Si neighbours, are relatively smoother and roughly lin-
ear as compared to the coordination number plot (Fig. 4.10). The
difference in the 4g and 4h are visible here as well but disappear
below x ~ 2.5. The starting points of average Si neighbours for
4g and 4h depicts the isolated Si and dimer Si characteristics
discussed above. Moreover, the calculated values of average Si
neighbour are in good agreement with the values reported in a
previous ab-initio calculations (hollow squares in Fig. 4.12) for
lithiation of c-Si [177].

Overall the trend of the Li neighbour plot is similar to the
change in the coordination number. As the delithiation proceeds
Si-Li bonds break and new Si-Si bonds form and as there are
more Li atoms (at-least at x > 1), the decrease in coordination
number is expected to be dominated by the breaking of Li-Si
bonds. This correlation in the coordination number and effect-
ive Li neighbour was also reported by Cubuk et al. [222] during
lithiation of a-Si. However, they observed a more steeper change
in the coordination number at-least till x < 2 and saturates after-
wards. The steeper slope might be due to the starting amorphous
phase with a relatively more open structure, i.e. more places to
put a Li atom as compared to the crystalline counterpart. The
discrepancy can also be attributed to the method used for count-
ing the near neighbours and the cutoff distance. Kim et al. [177]
showed that the average CN of Si atoms in a-Si can vary from
2.9—5.7 at the lower end (x = 0.33) to 1.23 — 9.97 at the higher
end (x = 4.33) of lithium concentration with a variation of cutoff
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Figure 4.11: Average number of Li neighbours (filled circles) of
Si atoms observed during delithiation are plotted vs Li
concentration(top) along with the gaussian smoothing (0=1) in
solid line, which is used for computing the derivative curve
(bottom). Similar data is also plotted for Wyckoff sites 4g and
4h of Si atoms.

radius from 2.5 to 3.1 A. Note that with a lower cutoff radius
of 2.5A, the average CN decrease from 2.9 to 1.23 as there are
fewer tightly bonded atoms as lithiation proceeds. In the work
of Cubuk et al., this cutoff range is not mentioned explicitly and
rather it changes with the lithiation level, making it difficult to
have a fair comparison. In this work, we have used a robust
Voronoi tesselation provided by chemenv tool to obtain the local
environment of each site, which in turn provides the average
coordination number. Nonetheless, our reported values of aver-
age Si neighbours are in good agreement with those reported by
Kim et al. [177].

The data for the effective Li neighbours reported by Chevrier
et al. [223] also confirms a linear relationship with an increase in
the lithiation level as observed in our work. However, they used
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Figure 4.12: Average number of Si neighbours (filled circles) of
Si atoms observed during delithiation are plotted vs Li
concentration(top) along with the gaussian smoothing (0=1) in
solid line, which is used for computing the derivative curve
(bottom). Similar data is also plotted for Wyckoff sites 4g and
gh of Si atoms. Reference data of crystalline phases (empty
squares) from first-principles calculations [177] are also plotted
for comparison.

a partial counting of Li neighbours shared between multiple Si
atoms, i.e. one Li atoms shared by two Si atoms is counted as
0.5 for each Si atom as illustrated in Fig. 4.13. A partial count-
ing yields a lower number of Li neighbours for each Si atom,
which can be observed on comparing with our values. More spe-
cifically, our values goes from 0-8 at x = 3 as compared to their
values going from o to 3 for the same range of lithiation.

Thus, our findings for the delithiation dynamics and struc-
tural evolution of Si atoms are in line with the literature. Moreover,
the formation of an extra Si-Si dimer has been observed in the
formation energy curve as well as the change in the local co-
ordination of Si atoms.
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Figure 4.13: Schematic illustration of the method to partial
count the number of Li atoms. a) Li atoms are shared with
multiple Si atoms and are counted partially based on the type
of sharing and b) the summation of these partial Li atoms
yields an effective Li neighbour for the corresponding Si atom.
Reproduced with permission from Ref.[223]. All rights
reserved, Copyright 2010 IOP Publishing.

46 DELITHIATED SILICON

The average CN and the average number of Si neighbours sug-
gest that the Si atoms in fully delithiated Si structures are 4-fold
coordinated. The local environment analysis by Chemenv also
confirms this as a majority of Si atoms were in the tetrahedral
environment (T:4 refer to Fig. 4.10). To further analyze the local
order, the RDF’s are plotted for these structures as shown in
Fig. 4.14. The space groups obtained by ABINIT shows three
types of Si structures obtained from 5 different runs. The RDF’s
of all the 5 structures show a strong first nearest neighbour peak
as well as a very strong second neighbour peak as well suggest-
ing a restoration of crystalline nature. This recrystallization be-
haviour has also been observed by Jung et al. [76] during delith-
iation of Si NWs. However, the small structure of 8 atoms in the
current work has forced symmetries due to the periodic bound-
ary conditions and thus one can not comment on the crystalline
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or amorphous nature of the Si structure. Perhaps working with
a bigger supercell or another lithiated structure with sufficiently
large number of Si atoms can help in answering this question.
This often comes at an additional computational cost or with a
classical potential parameterized to study the interaction of Li-Si
system. In the next chapter, we will use one of these classical po-
tentials for studying delithiation of larger supercells that might
be helpful in answering further questions regarding delithiation
of Si based anodes.
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Figure 4.14: Delithiated Si structures (left) and their
corresponding RDF’s (right) obtained from 5 delithiation runs
of c-Liy5Sis. Space groups of each structure are also mentioned
on the top left.
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POTENTIALS

This chapter covers the validation of two different MEAM potentials
followed by the use of one of them to study delithiation of a-Liy5Sis
that can overcome the size limitation of first-principles calculations

and possibly answer some questions on the morphology of delithiated
Si.

In the previous Chapter, we have seen that first-principles
DFT-based calculations can be used to compute properties at ex-
treme conditions (low temperature effects) or those which are
not well studied experimentally (diffusion of Li in c-LiSi). How-
ever, these methods are computationally expensive and are often
limited to a few hundreds of atoms. We have observed this lim-
itation in the previous Chapter while comparing the delithiated
Si structure with a-Si, which needs thousands of atoms to have
the correct statistics.

For these kinds of applications involving very large number
of atoms, empirical-potentials like Modified Embedded Atom
MethodMEAM potentials, are often helpful. The next section
introduces two parameterization of MEAM potential and their
validation against literature values.

5.1 VALIDATION OF MEAM POTENTIAL

This section compares two forms of second nearest neighbours
(2NN) MEAM potential and their values are compared with the
first-principles data. For comparison purposes, the version of
MEAM parameterized by Cui et al. [153] will be referenced as
Mi, and the other one proposed by Godet et al. [228] will be
referenced as M2 in the rest of the Chapter. All the classical mo-
lecular dynamics simulations are performed using the LAMMPS
code [229] with a time step of 2fs. The first value used for com-
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parison is the cohesive energy for all the known c-Li,Si phases
calculated as:

_ Erot —mpikn —nsiksg
Econ = (5.1)
npi + Nsi

where Ep;, Es; and Eto¢ represent, respectively, the energy of one
Li atom in the bcc structure, the energy of one Si atom in the dia-
mond structure and the total energy of the phase studied. The
number of Li and Si atoms are denoted by ny; and ng;, respect-

ively.

Cohesive energy [eV /atom]

~0.351 . | X ?
0.4 0.5 0.6 0.7 0.8 0.9
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Figure 5.1: Cohesive energy of Li,Si alloys, computed with
MEAM potential (M1) parameterized by Cui et. al. [153] and
(M2) by Godet et al. [228], and the DFT data reported by
Chevrier et al. [75]. Connecting lines for each method marks the

respective convex-hull.

Fig. 5.1 shows that the values obtained with M2 are closer
to the DFT values as compared to the original M1, except for an
overbinding of Lij5Sis. M1 shows LiSi phase as the most stable
phase, followed by Li1155i4 and Liy;Si5 on the convex hull with
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5.1 VALIDATION OF MEAM POTENTIAL

an increase in Li concentration. The cohesive energies of stable
Liy,Si7, Lij3Sis, and Liy;Sis lies above the convex hull and are
thus unstable at oK. While on the other hand, M2 only has
LiSi and Liy5Sis as the stable phases with Lij55i4 overbonded by
~o0.1 eV /atom. However, according to DFT results, the Lij55i4 is
slightly above the convex hull at o K. Both the versions of MEAM
potentials, miss out on Liy;Si; and Li;Sis, which are otherwise
stable. However, M1 forms one more extra stable phase and does
not strictly overbind any phase. The next metrics is the volume
of formation, which is calculated in a similar way as cohesive
energy:

~ Vror — iV —nsi Vs

Vi
N+ Nsi

(5-2)

where Vi, Vs; and Vo represent the volume/Li atom for Li in
the bcc structure, volume/Si atom for Si atom in the diamond
structure and the total volume of the phase studied, respectively.
The number of Li and Si atoms are denoted by n; and ns;, re-
spectively. Fig. 5.2 shows the calculated volume of formation
curves from M1, M2 along with the DFT data from Ref. [75]. It
shows that M1 values are in good agreement with DFT values
for the overall trend and are shifted upward by ~ .0.75 A3 /atom.
While values obtained from M2 are largely underestimated by
~2 A3 /atom, specially for Li;Si3, Lij3Sis and Liy5Sis crystal struc-
tures. Two of these structures (Li;Si3 and Li;5Si4) are overbonded
(as per their cohesive energies shown in Fig. 5.1), which could
have resulted in an understimation of lattice parameter and thus
yielding a higher volume of formation. However, the volume of
formation for both these structures are amongst the lowest.

In order to confirm the stability of the Li,Si structures, bulk
modulus and the elastic modulus have also been computed from
both the MEAM potentials and are compared with the DFT data
from Ref. [230] as shown in Tab. 5.1. Before comparing the val-
ues, the negative values in the off diagonal terms have been veri-
fied for the mechanical stability criteria [98] and all the struc-
tures fulfil these criteria. First, let us compare the three struc-
tures (LiSi, Lij35is, and Lij55is), which are observed being under-
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Figure 5.2: Volume of formation computed with MEAM
potential (M1) parameterized by Cui et. al. [153] and (M2) by
Godet et al. [228]. DFT data from Ref. [75] are also plotted for
comparison.

estimated on their volume of formation by Mz2. Firstly, for two of
them, namely Li;35i4 and Liy5Sis, the bulk modulus are severely
underestimated by M2 (~ 30%). Furthermore, for the latter one
all the elastic constants are underestimated by roughly the same
amount or more. For these structures, M1 stays roughly within a
range of +10% error. For LiSi, we do not have the reference data
of bulk modulus but in terms of first three diagonal elements,
M1 overestimates by roughly 20%, while M2 overestimates by
more than 50%. For the remaining structures both are roughly
the same on the level of accuracy.

On the basis of these three tests: cohesive energy, volume
of formation and elastic constants, M2 shows improvement as
compared to M1 in the first to make it closer to DFT data, but it
overbinds the Liy55i4 structure making LiSi go above the convex
hull, that can be an issue for studying lithiation. For the second
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metrics, M2 is significantly off from DFT data while M1 is in
line with the overall trend of DFT data within close proximity.
The third one, elastic constants depends on both the energy and
volume to a higher order and thus are much more sensitive to
inaccuracies in volume or energy [98]. In this section where M1
performs within the range of £10 — 15%, M2 deviates by more
than 30-40% for some structures. Moreover, M1 is well studied
and has been used for studying different properties of Li-Si sys-
tem [150, 230-232], and M2 parameterization has recently been
published and perhaps it needs some more tuning to improve
the accuracy to a desirable level. Thus, we will use M1 for study-
ing delithiation of a-Lij5S5is.

5.2 SIMULATION METHOD

For studying delithiation, the starting a-Lij55i4 structure has been
created from a (10 x3x3) supercell of c-Lij55i4 containing 6840
atoms. The starting structure is completeley melted at 4000K
for 100 ps using NPT ensemble followed by quenching to 300K
at a rate of ~9 K/ps. After quenching, the structure was further
equilibrated at room temperature for another 100 ps and finally
a conjugate gradient (CG) minimization was applied to get the
room temperature density. This method has already been val-
idated in literature [217, 228]. The obtained density of a-Lij5Sis
thus obtained was 1.099 g/cm? at 300K, which is in good agree-
ment with the experimental [33] and theoretical data [217].

For delithiating this a-Lij55i4 structure, we adopted the shell
method suggested by Jung et al. [76] to randomly remove x num-
ber of atoms from a thin shell of thickness o followed by n num-
ber of molecular dynamics run to let the system evolve. In an-
other delithiation study, Kim et al. [217] has used a buffer layer of
a-LigAl, O3, from which the Li atoms are removed, which in turn
reduce the concentration of Li atoms in the anode (a-Lij55iy),
however the current MEAM potential is only optimized for Li-
Si system and we can not use such a design. Nonetheless in
either of these methods, removal of Li atoms are from the sur-
face that creates a concentration gradient for Li to diffuse from
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Table 5.1: Bulk properties of known Li,Si computed from the
MEAM potential (M1) parameterized by Cui et. al. [153] and
(M2) by Godet et al. [228]. The superscripts ¢ and ° represents
the DFT data (LDA) from Ref. [230] and DFT data (GGA-PBE)
from Ref. [153].

B Cii Cap G333 Gy Ciz Gz Cyg

Si M1 99.3 169.1 169.1 169.1 64.4 64.4 64.4 56.0
M2 99.2  163.4 163.4 1634 672 672 67.2 63.3
DFT® | 96.2  161.3 161.3 161.3 63.6 63.6 636 76.7

LiSi M1 80.5 1124 112.4 94.5 57.9 722 722 41.6
M2 93.79 164.3 164.6 129.9 53.6 69.5 69.6 58.2
DFT® 101 101 77 19 37 37 45

Liy,Si; Ma 56 87.4 86.5 79.4 406 43.9 40.0 16.5
M2 428 929 789 738 275 221 19.9 294
DFT® | 40.5 100.3 106.5 101.5 57 135 8.7 31.2

Li;Si; M1 48 987 987 933 36.2 172 17.3 22.6
M2 327  134.8 134.8 727 90 -7.5 -75 42.8

Liy35i4 M1 406 741 753 70.5 23.5 279 21.4 13.7
M2 2838 913 815 856 145 -83 -7.8 36.1
DFT® | 407 752 69.9 74.1 217 237 28 20.3

LiysSis M1 37.5 47.1 470 47.0 327 328 327 225
M2 23.5 43.5 43.5 435 13.6 13.6 13.6 10.0
DFT® | 33.9 503 503 50.3 257 257 257 344

Liy1Sis M1 36.4 56.7 566 566 265 2064 264 21.5
M2 288 94.7 947 94.7 42 -42 -42 224
DFT® | 349 655 655 655 197 19.7 19.7 33

Li»Sis M1 35.9 517 517 517 28.0 28.0 28.0 29.6
M2 263 905 905 905 -58 -58 -58 297
DFT® | 35.1 55 55 55 25.1 25.1 251 41.7

Li M1 12.9 230 230 230 78 78 78 202
M2 12.9 230 230 230 78 78 78 202
DFT® | 153 163 163 163 14.8 148 14.8 145

center to outwards. The rate of delithiation can be controlled by
either the number of Li atoms removed at each step or the num-
ber of MD timesteps. However, the rate of delithiation should
be comparable to the diffusion of Li atoms from center to sur-
face to avoid any artifacts. Moreover, to speed up the simulation
without any loss of generality, the delithiation process was car-
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5.3 DELITHIATED SILICON

ried out at 1200 K, which is well below the melting temperature
of bulk Si.

Based on the literature and the knowledge of Li diffusivity
in a-Li,Si, we selected a removal rate of 100 Li atoms per 100 ps,
which is equivalent to a current density of ~6.4 x10°> A/cm?. This
is much higher than the current density used in laboratory ex-
periments of the order 103 ~ 107 A/cm? [217]. Though, this is
100 times slower than the one used for delithiation of a similar
block but 1/5™ in size (2.4nm) as compared to the size of sim-
ulation cell (11nm) used in this work [217]. They have roughly
estimated that it takes ~ 1ps to equilibrate the change in con-
centration (Ac ~ 3% due to 100 Li atoms) for a cell of 2.4nm
thick. As the simulation cell in the current work is larger Ac will
be smaller for 100 Li atoms removal and thus we suggest that
100 ps is large enough to equilibrate the structure.

In order to have a concentration gradient similar to using a
buffer layer, an extra 20 A vacuum layer is added on both sides
of the cell along the x axis, along which the delithiation will
take place and the system is allowed to evolve during MD steps
within NVT ensemble. At each delithiation step, a dynamic shell
of 5A thickness is created on the either edge of the atoms, from
which 100 atoms are removed randomly as shown in Fig. 5.3.
This creates a concentration gradient of Li atoms between the
center and at the edge of the box and the added vacuum will
amplify this gradient. During MD run, the Li atoms from center
will diffuse towards the edge and will produce a homogenized
structure for the next delithiation step. If there are less than 100
atoms in this buffer zone at any stage, then all the atoms are
removed from the shell.

5.3 DELITHIATED SILICON

Fig. 5.4 shows a snapshot of initial delithiation setup (top) and
after 30 delithiation steps(below). After repeating go such delith-
iation steps, the completely delithiated Si structure has been ob-
tained. The delithiated structure is again quenched to 300K un-
der NVT thermostat followed by a CG minimization for further

133



DELITHIATION USING CLASSICAL POTENTIALS

Buffer zone (5 A) Buffer zone (5 A)

B Ce L ‘L")"r}:""ixq"_, f % ,s.\
"% r»ﬁ’fj;.r.' \‘3\ A LN }{‘:}' .3-«1{;}"
> h

-~

Vacuum (20 A) Vacuum (20 A)

Figure 5.3: Illustration showing the vacuum of 20 A added on
either side of the simulation cell for creating Li concentration
gradient when Li atoms are removed from the buffer zone at
each delithiation step.

characterization. As a vacuum layer was used to facilitate delith-

Figure 5.4: Snapshot of a-Lij55i4 delithiation at a) Step 1 and at
b) Step 30 conducted under NVT ensemble at 1200 K. Li atoms
are marked by red and Si atoms by blue spheres. Noticeable
volume change can be observed in 30 delithiation steps.

iation, density calculation was not straightforward and thus an
approximation was used. The cell dimension along the diffusion
direction is discretized into a range of point and at each such
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point z, with a pre-defined width w, a local density centered at
z, Ppw(Z) is obtained as:
_ MiMmpy + NgiMms;

pu(2) = THTD SIS 166 (5:3)

where my; and mg; are the mass of Li and Si atoms in the atomic
mass unit (a.m.u), respectively and thus 1.66 is multiplied to con-
vert the density into g/cm3. Ay is the cross sectional area of the
slice. This results in a noisy density curve, which was then av-
eraged to obtain the approximate density of the delithiated Si
structure. Fig. 5.5 shows the delithiated structure and the calcu-
lation of average density from the local density p,,(Z).

The average density calculated from the above-mentioned
method is 2.2340.05 g/cm?, which is close to the density of a-Si
reported experimentally, i.e. 2.28 g/cm? [233]. However, the aver-
age density of a-Si computed with MEAM potential separately
is 2.52g/cm3, which suggests that with respect to MEAM po-
tential, the delithiated structure is loosely bonded as compared
to a-Si. Though the RDF (refer Fig. 5.6) of a-Si (orange) and de-
lithiated Si (blue) looks very similar (at 300 K), both having their
first peak at ~2.45 A. For the second peak there is a peak shift
of ~0.2 A. The a-Si has its second peak at 3.95 A, while the de-
lithiated Si has the second peak at roughly 4.1 A. The third peak
is also shifted a bit on right, which agrees with a lower density
as compared to a-Si. The RDF peaks of a partially delithiated a-
Liy 551 structure (green), from another study [76], are much more
shifted to the right owing to the entrapped Li atoms and compar-
atively loosely bonded structure. Even the first peak is shifted by
1A to the right.

Nonetheless, MEAM potential was developed to study bulk
properties of silicon and is not the best to replicate liquid sil-
icon [152, 154]. As compared to the experimental data of a-Si
(grey), there is significant peak broadening at the base. The second
peak of the experimental data is at 3.8, i.e. a shift of 1 A as well as
the height of the second and the third peak is significantly lower
in height. Cook et al. [154] has summarized these shortcomings
of MEAM potential in depicting a-Si structure in a comparat-
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a) Structure of completely delithiated Si
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Figure 5.5: Completely delithiated Si structure (a). Plot of local
density profile to estimate the average density of the delithiated
structure (b). The above structure is not up to scale and is
enlarged for visual inspection.
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Figure 5.6: Radial Distribution Functions plotted for a-Si
(orange) and delithiated Si (blue) obtained with the M1
potential along with the experimental data of a-Si (grey) for
comparison [144, 227]. Green curve represents the RDF plot
from another delithiation study on SINW using Reaxff by Jung
et al. [76]. RDF intensities are scaled to match the first peak
height.

ive study of Tersoff, Stillinger-Weber (SW) and MEAM potential.
Fig. 5.7 shows a comparative RDF of a-5i at 300K obtained with
these three potentials. It can be seen that, only Tersoff poten-
tial provide a clear peak separation, both SW and MEAM fail to
do so and the former even has a signifcant shoulder to the first
peak. As noticed while comparing with the experimental data,
the second peak is shifted to the right as well as the peak height
of second and third peaks are relatively smaller. Although Ter-
soff and SW give better results, they are limited to study pure Si
and thus knowing the limitations of MEAM potential, one can
draw useful insights about Li-Si interaction.

The shortcomings of MEAM potentials confirm that the dis-
crepancy in the RDF of a-Si computed in this work as compared
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to the experimental data is due to the limitation of the MEAM
potential. The closeness in RDF between a-Si and delithiated Si
also strongly indicates that the delithiated Si has a close resemb-
lance to a-Si, which we further confirmed by performing the
rings analysis.
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Figure 5.7: Comparison of a-S5i RDF produced with MEAM
potential, Tersoff and Stillinger-Weber at 300 K. Reprinted
figure with permission from Ref. [154]. Copyright 1993 by the
American Physical Society.

Fig. 5.8 shows the statistics of rings analysis performed on a-
Si phases obtained from classical potentials, from first-principles
and also some reference first-principles data on a-Si. All the a-
Si structures produced with classical potentials (MEAM [153]
and SW [142]) have very similar distributions and the DFT data
agrees more closely with the the reference DFT data of Johari
et al. [178]. Perhaps this can be attributed to the restriction of
number of atoms in the first-principles calculations due to which
there is not enough statistics. Even within the DFT data, the a-
Si structure with 64 atoms shows some distribution on either
extremes (10 member and 3 member rings), while the 8 atom
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Figure 5.8: Statistics of rings analysis for a-Si and delithiated Si
studied with MEAM potential [153] and a-Si obtained with
Stillinger-Weber [142]. DFT data from delithiated structure (8 Si
atoms cell) obtained in the previous Chapter is also plotted for
comparison along with another ab-initio data on 64 atoms Si cell
from Johari et al. [178].

DFT data from delithiated Si peaks doesn’t show such a spread.
Nevertheless, rings analysis augment the analysis from density
computation and RDF analysis that delithiated Si resembles very
close to a-Si. One can in principle performs more sophisticated
study on the statistical analysis of local environments of a-Si and
delithiated Si using chemenv as we did in the last chapter. It will
provide more useful insight about how similar or different are
the local environment of Si in both these cases and how it will
affect the relithiation and cyclic capacity loss in LIBs.

139






CONCLUSIONS AND PERSPECTIVE

The scientific investigation of silicon-based anode materials is
challenging from the application point of view as well as from
fundamental understanding. Over the years, researchers have
contributed by proposing innovative solutions from application
side by using nanoparticles or nanocomposites, or by providing
new theoretical/experimental tools for probing materials. Either
way, we are moving closer every day to have a better understand-
ing of how silicon-based anodes expands on lithiation and its
effect on Li diffusivity or vice versa. A fundamental understand-
ing of this interplay between Li transport and structural change
in silicon can enable us to accurately design next-generation bat-
teries. In this thesis, we tried to address both the issues: study-
ing diffusion of Li in Li,Si and analysing the change in the local
environment of Si during lithiation/delithiation. As the former
project was oriented towards assessing limitations of approxim-
ations while the motivation for the latter was from a physical
understanding of the process, this thesis contains technically as
well as physically oriented results and discussions. For this pur-
pose, we used first-principles calculations as well as the classical
empirical potentials, discussing their limitations and their po-
tential applications. The main outcomes, challenges and future
perspectives will be summarized in what follows.

From a methodical point of view, the transition-state-theory-
based framework has been exploited to accurately describe Li
diffusivity in bulk Si. The two main ingredients required for
this: diffusion energy barrier and jump rate were obtained by
the nudged elastic band method and phonon frequencies at the
initial and the saddle point. Phonon frequencies were calculated
by Abipy workflow within Density-Functional Perturbation The-
ory framework. In our work we recalled that the famous Arrhe-
nius equation of diffusion, often used to measure diffusivity is
in fact a special case of a more generic diffusion equation that
arises from quantization of phonons. However, the input para-
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meters for both definitions: quantum and classical approxima-
tions are the same, the simpler form of the latter seems more
convenient for fitting the data. Nevertheless, we showed that at
no additional computational cost, a more accurate description of
diffusivity can be obtained. Furthermore, we have also applied
this method on Li diffusivity in c-LiSi with multiple (6) jumps,
in which case we developed a kinetic Monte Carlo-based com-
putation to get the effective diffusion coefficient.

The low temperature quantum tunnelling effects and the
high temperature anharmonic effects were also analyzed. The
former is included by the Fermann and Auerbach model to in-
clude incoherent tunneling and the latter by the cBQ model
as well as the quasiharmonic approximation. The Fermann and
Auerbach model treat incoherent tunneling also as a barrier jump
and is augmented to the diffusion equation as a multiplier factor
that goes to 1 as its approaching the classical limit. The cBQ
model relates the diffusion energy barrier to the bulk modulus
(B) and the volume per atom (Q). As both depend on temperat-
ure, the model brings a temperature-dependent energy barrier
corresponding to the anharmonic effects in the system. On the
other hand, the quasiharmonic approximation only rely on the
first-order dependence on the volume. These methods are ex-
plained in detail in Chapter 2

The effect of these approximations on diffusivity has been
analyzed. Firstly, we observed that the quantum tunneling ef-
fects, which significantly deviate proton diffusivity from the Arrhe-
nius equation even at room temperature, are not that significant
for Li atoms because of the heavier mass of Li atoms. Though
they decrease the diffusivity values by 30% near room temper-
ature, which has not been estimated yet for the Li-Si case. The
anharmonic effects are also relatively small, although they in-
crease the diffusion coefficient by 66%. In case of Li diffusion in
c-LiSi, the quantum effects were negligible and the anharmonic
effects were inconclusive. We have also discussed the limitations
of these models and underlying assumptions in Chapter 3.

After developing the theoretical understanding from Chapter 2
and 3, a novel first-principles-based delithiation routine has been
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developed and tested for the delithiation of c-Li;35is in Chapter 4.
The study was motivated by the step-by-step delithiation pro-
cess proposed by Chevrier et al. [75], with a modification to in-
clude full structural relaxation in between two steps, instead of
fix volume scaling. A full structural relaxation will allow the
structure to access the minima of the energy landscape. Further-
more 50 steps of molecular dynamics were included to remove
any anharmonicity in the system due to removal of a Li atom.
The whole flow was automated using Abipy and Pymatgen lib-
raries for efficient computations.

We observed that at a certain lithiation level, the formation
of an extra Si-Si dimer was associated with a sudden drop in the
formation energy as well as the average coordination number
of Si atoms. Moreover, the local environment of the delithiated
structure was also studied by chemenv tool that showed 75%
of the Si atoms return back to the tetrahedral coordination en-
vironment. Further comparison to a-Si was not possible due to
limited cell size and thus an empirical-potential-based method
was adopted in Chapter 4 that can enable a large scale simula-
tion to find the resemblance between a-Si and the fully delithi-
ated Si. For this purpose 2NN MEAM potential was validated
and used to study the delithiation of a-Lij5Sis by using a shell
method of removing 100 atoms followed by few MD steps for re-
laxation. Through this approach, we obtained a big supercell of
delithiated Si that was characterized by density, RDF and rings
statistics suggesting a strong resemblance to a-Si structure.

The first technical issue we faced in this study was the struc-
tural relaxation in ABINIT far from equilibrium during step-by-
step Li removal. The flow has to be monitored manually and
debug for errors related to structural relaxation possibly due
to some numerical error that blows out. Similar limitation was
mentioned by Chevrier et al. [75] as well to avoid full structural
relaxation.

Comparative limitations of ab-initio methods have been dis-
cussed briefly in Chapter 4 and 5. It is important to find the
correct balance between accuracy and compute efficiency. How-
ever, especially for the empirical potentials, proper validation
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and testing has to be performed before starting to use them in a
project. We had started with the Reactive force-field (Reaxff) to
study the lithiation-delithiation kinetics in Li-Si system. Reaxff
has performed quite well in terms of hydrocarbons and also
for metals like Al, Si, Li, etc. However, its complicated form
with several parameters makes it difficult to tune and limit its
portability. Thus, we selected a simpler MEAM potential, which
worked well within the domain of interest.

These limitations also open doors to future opportunities
and scope of the project. On a broader view, several preliminary
studies introduced in in Chapter 4 and Chapter 5 can provide
a sound basis for a thorough analysis. For instance, the delith-
iation process tested in Chapter 4 can be used on a bigger su-
percell to get better statistics on delithiated Si atoms. Or to try
an amorphous LiSi case, which might provide a better com-
parison with the experimental data without a jump in the co-
ordination number curve. Silicon atoms in such a relatively open
structure might evolve in a different way and the local environ-
ment of the fullly delithiated Si forms different proportion of
coordination geometry. Some studies have already explored the
lithiation-delithiation dynamics. However, a careful study of the
change in the local environment of Si atoms in different lithi-
ation/delithiation condition is still largely unexplored.

Another direction to proceed is to build up on the inform-
ation provided in Chapter 3 to study diffusion of Li in bulk
Si with defects. Understanding the effect of defects on trans-
port properties are exciting to design and tune materials [72].
One can also perhaps explore the design of silicon entrapped by
graphene as a battery material, something which is tested exper-
imentally but not yet explored fully from a theoretical point of
view [234]. It could be interesting to study the diffusion path-
way of Li atom in a silicon-graphene heterostructure and how
it is affected by the layers of graphene/silicon [28, 235-237].
How the presence of graphene increases or decreases the diffu-
sion of Li atom, or during delithiation of such a heterostructure,
what can be the rate limiting step? On a similar line of thought,
phosphorene-graphene heterostructures are also of interest for

144



CONCLUSIONS AND PERSPECTIVE

battery applications owing to high stability, cyclability and spe-
cific capacity [32, 238]. These are some of the questions worth
looking for answers in order to provide a significant contribu-
tion in the field of electrochemical energy storing devices.
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This Appendix contains additional plots for convergence tests and sup-
plementary material of Chapter 3

0.6 1

96 atoms cell
e 54 atoms cell
e 16 atoms cell

1 2 3 4 5 6 7 8 9 10 11

NEB images
Figure A.1: Diffusion barrier for one interstitial Li atom to jump

to adjacent interstitial position in bulk Si for varying supercell
size.

147



CONVERGENCE RESULTS

Table A.1: Calculated Li migration energy barriers in different
supercell size along with values reported in the literature.

Jump Ep(eV)
31-atoms 63-atoms 127-atoms Ref.[129]
Vac-Li1 0.242 0.266 0.247 0.252
Vac-Li2 0.218 0.247 0.261 0.235
Vac-Lig 0.439 0.428 0.430 0.466
Vac-Li6 0.281 0.259 0.252 0.272
e 31 atoms ® (3 atoms ® 127 atoms

Vac-Lil Vac-Li2 Vac-Li4 Vac-Li6

Figure A.2: Minimum energy paths for lithium vacancy
diffusion in LiSi with varying supercell size. The solid
horizontal line indicates the value reported in literature [129]
(Refer Fig. 3.18 and Table 3.1 for nomenclature associated with
the type of jump).
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Figure A.3: Temperature dependence of the diffusion coefficient
calculated for all the four types of Li vacancy jumps in LiSi
with varying supercell size.
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Figure A.4: Effect of including the quantum tunneling
correction on the diffusion coefficient measured as a ratio of
Dq+r/Dq has been plotted as a function of temperature for all
the four types of Li vacancy jumps.
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Figure A.5: Temperature dependence of the overall diffusion
coefficient obtained using KMC simulation for a) 31 (green), b)
63 (blue), and ¢) 127 (red) atoms LiSi cell. Black Markers
indicate previous experimental [62] and theoretical

results [129, 174, 176].

Figure A.6: Phonon band structures of a) bulk LiSi structure (32
atoms), and b) LiSi structure with one Li vacancy (31 atoms).
These small-cell results are shown for illustration purpose only.
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Figure A.7: Temperature dependence of the volume of bulk Si
(orange curve) obtained from the first-principles calculations of
Ref. [71]. The dashed (red) line represents the linear part of the

high temperature approximation and dots are the DFT
calculated values at equilibrium volume (red dot) and at

20.71 A3 (orange dot), corresponding to 853.65 K.
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Figure A.8: Temperature dependence of the theoretical bulk
modulus for bulk Si (orange curve) obtained from the
first-principles calculations of Ref. [71]. The dashed (red) line
represents the linear part of high temperature approximation
and the green curve is the rescaled one to match the room
temperature experimental values (blue dots) from Ref. [239].
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COORDINATION ENVIRONMENTS

L 2 Linear
S:1 Single W \ A:2 Angular
T:4 Tetrahedral
TL:3 Trigonal plane SS:4 See-saw
TY:3 Trigonal S:4 Square plane
non- coplanar I

PB:7 Pentagonal

T:5 Trigonal 0:6 Octahedral T:6 Trigonal prism bipyramid
S:5 Square pyramidal bipyramid . |
DDPN:8 Dodecahedron HB:é Hexagonal
bipyramid

with triangular faces C:12 Cuboctahedral

¢ &

Figure B.1: Illustration of most commonly identified
coordination environments. Reprinted with permission from
Ref. [156]. Copyright 2017 American Chemical Society.
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principles investigation of Li diffusion in Si and LiSi including
nuclear quantum effects," (submitted in J. Chem. Phys.)

e Sandhu, G., Coulombier, M., Kumar, V., Kassa, H. G., Av-
ram, L., Ye, R., Stopin, A.Bonifazi, D., Gohy, J-E, Leclere, P,
Gonze, X., Pardoen, T., Vlad, A., Melinte, S., “Kinked silicon
nanowires-enabled interweaving electrode configuration for

lithium-ion batteries," Scientific Reports 8:9794, 2018,
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