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Abstract

A common assumption when working with randomly right censored data, is the
independence between the variable of interest Y (the survival time) and the censoring
variable C. This assumption, which is not testable, is however unrealistic in certain
situations. In this paper we assume that for a given covariate X, the dependence
between the variables Y and C is described via a known copula. Additionally we
assume that Y is the response variable of a heteroscedastic regression model Y =
m(X) + o(X)e, where the error term ¢ is independent of the explanatory variable X,
and the functions m and o are ‘smooth’. We propose an estimator of the conditional
distribution of Y given X under this model, and show the asymptotic normality of this
estimator. We also study the small sample performance of the estimator, and discuss
the advantages/drawbacks of this estimator with respect to competing estimators.
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1 Introduction

Consider the following nonparametric location-scale model
Y = m(X)+o(X)e, (1.1)

where the error ¢ is assumed to be independent of a one dimensional covariate X. The
function m(-) is a conditional location functional and o(-) is a conditional scale functional
representing possible heteroscedasticity. We assume that Y is a possible (given) transforma-
tion of a survival time and is subject to random right censoring, i.e. instead of observing Y
we only observe (T, A), where T' = min(Y, C), A = I(Y < C) and C represents the censoring
time. Let (T}, X;,A;), i =1,...,n be n independent vectors having the same distribution as
(T, X, A).

The motivation for considering model (1.1) comes from the fact that the model offers
important advantages with respect to the completely nonparametric model when one is
interested in the estimation of the conditional distribution F'(-|x) = P(Y < | X =z) of Y
given X = z. Van Keilegom and Akritas (1999) showed how advantage can be taken from
model (1.1) to estimate this conditional distribution. The advantages are especially apparent
in the right tail of the distribution. In this region the completely nonparametric competitor
proposed by Beran (1981) (see also Dabrowska (1989), Gonzélez-Manteiga and Cadarso-
Suarez (1994), Akritas (1994), Van Keilegom and Veraverbeke (1997), Du and Akritas (2002),
among others) suffers from inconsistency problems especially when censoring is heavy. This
phenomenon is similar to what happens in the right tail of the Kaplan-Meier estimator in the
absence of covariates. Under model (1.1), Van Keilegom and Akritas (1999) showed that the
right tail of the distribution F'(-|z) can be well estimated for all values of X, provided there
is a region of X where censoring is light. This is because under model (1.1) the conditional
distribution F'(y|x) can be written as

y—m(x
Fylz) = F. (ﬁ) , (1.2)
where F,(-) is the distribution of the error variable ¢, and this error distribution is the same
for all x.

Aside Van Keilegom and Akritas (1999) the nonparametric estimation of the above
location-scale model with censored data has also been studied in other papers. See e.g.
Lewbel and Linton (2002), Van Keilegom and Veraverbeke (2002), Chen, Dahl, and Khan
(2005), Linton, Mammen, Nielsen, and Van Keilegom (2011) and Lambert (2013). Instead
of studying the estimation of the model, other authors have investigated testing procedures
for several aspects of the model (again in the case of censored data). We refer to Pardo-
Ferndndez and Van Keilegom (2006) and Dette and Heuchenne (2012) for goodness-of-fit
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tests for the location respectively scale function, and to Pardo-Ferndndez, Van Keilegom,
and Gonzalez-Manteiga (2007) for comparing regression curves under this model. Finally,
semiparametric location scale models with censored data have been studied in Heuchenne
and Van Keilegom (2007a,b) among others.

Whereas all the above papers restrict attention to the case where Y and C' are indepen-
dent given X, we will go one step further in this paper, and consider the case where for
a given value of X, the survival time and censoring time are related. The motivation for
considering this situation is multifold. In many situations, the latent censoring mechanism
is not of pure administrative or random nature, but is at the contrary linked (in a weak
or strong way) to the survival time. This is e.g. the case when the medical condition of a
patient (good or bad) makes him/her decide to leave the study or to change treatment. It
is also the case in a study on the duration of unemployment, where a person might decide
after long and unsuccessful attempts to find a job, to move to another region where the job
market is more attractive, and hence this person will be lost to follow up. In addition, in
many situations the strength of the dependence between Y and C' will depend on the value
of the covariate(s). Therefore, in this paper we will allow the dependence between Y and C
to depend on the value of X. We will model this dependence by means of a copula func-
tion, because copulas have the attractive feature to model the dependence structure without
affecting the margins (see Sklar (1959)).

In the absence of covariates and leaving the marginal distributions of ¥ and C' com-
pletely unspecified, Zheng and Klein (1995) and Rivest and Wells (2001) supposed that the
dependence structure between Y and C' is known and is described by a known copula, and
they showed that the marginal distributions of Y and C' are identifiable under very weak
conditions. They developed an estimator of the distribution of Y, which they called the
copula-graphic estimator, and which reduces to the Kaplan-Meier estimator when Y and C'
are independent. In the presence of covariates, Braekers and Veraverbeke (2005) extended
the work of Rivest and Wells (2001) to the case of a fixed design regression model, and they
proposed and studied an estimator of the conditional distribution F(-|z) for a given covariate
x without assuming any model restriction on F'(-|z). Their estimator generalizes the Beran
(1981) estimator, in the sense that it reduces to Beran’s estimator when the independence
copula is chosen. In the case of a random design, Sujica and Van Keilegom (2013) built
further on the work of Braekers and Veraverbeke (2005). They proposed estimators of a
location and scale function of Y given X and studied their asymptotic properties.

In this paper we will propose and study an estimator of the conditional distribution
F(-|X) assuming that Y and C' are copula dependent given X (as in Braekers and Ver-
averbeke (2005)), and that (X,Y") satisfy the nonparametric location-scale model (1.1). We



will do this by first estimating the marginal error distribution F,(-) taking the dependence
between Y and C into account. Next, the conditional distribution F(-|x) will be estimated
via relation (1.2), by plugging-in the obtained estimator of F, and the estimators of m(-)
and o(-) studied by Sujica and Van Keilegom (2013).

Before continuing we give an overview of the paper. In the next section we introduce
the precise definitions of the estimators of the error distribution and of the conditional dis-
tribution of Y given X, and we state the assumptions needed for our asymptotic results.
In Section 3 we give the main results. Proofs of the main results are in Section 4. Sec-
tion 5 contains results of a small sample comparison between the suggested estimator and
the estimators of Van Keilegom and Akritas (1999) and Braekers and Veraverbeke (2005).

Additional lemmas needed for the main results are in Appendices A and B.

2 Estimation method

We start this section with a number of definitions. Let the random vector (T, X, A) be as
defined in Section 1 and denote F(y|lz) = P(Y < y|X = ), G(y|z) = P(C < y|X = z),
H(y|lx) = P(T < y|X =x), H*(y|lx) = P(T < y,A =1|X =z) and Fx(z) = P(X < ).
Further, denote F.(y) = P(e <vy) = P(Y;&()X) <), Ge(y|z) = P(C;&()X) <y|X =z), and
for B = (T'-m(X))/o(X) denote H.(y) = P(E <vy), H(y) = P(E <y,A=1), H(ylx) =
P(E < y|X =x) and H"(y|z) = P(E < y,A = 1|X = x). The probability density functions

of the distribution functions defined above will be denoted by the corresponding lower case

letters, and for any distribution function F'(-), we denote the corresponding survival function
by F(-)=1-F(-).

As explained in Section 1, we build further on the work of Zheng and Klein (1995),
Rivest and Wells (2001), and Braekers and Veraverbeke (2005), and model the conditional
dependence between Y and C via a known copula C, that is allowed to depend on the value
of X:

PY >y, C>cX =x)=C,(1 - F(ylz),1 — G(c|z)).

Moreover, we will assume that the copula belongs to the family of Archimedean copulas,
which have attractive properties and which cover a broad range of different copula structures.

This means that we suppose that

P >y, C>dX=2) = ¢ [ou{1 = Flylo)} + 6. {1-Gleln)}], (1)

for an Archimedean copula generator ¢,, i.e. a function from (0, 1] to IR™ that is decreasing,
convex and that satisfies ¢,(1) = 0.



In order to construct an estimator of the conditional distribution F'(y|z) given in (1.2),
we start with focusing on the error distribution F.(y). The assumption of an Archimedean

copula allows to write F.(y) in the following way:

F.(v) { / | shears |x>dFX<x>} (22)

(see Lemma A.1 in Appendix A), where ¢, (u) = | B, ¢, (u) dFx(x). Statement (2.2) holds
for every nonempty set B, C A, :== {z : H (y]x) > n} (n > 0), which will be defined later.
In order to derive an estimator of F,(-), we will replace the distribution functions H., HY
and Fy in (2.2) by corresponding estimators H., f]g and Fy.

We start with Fy, which we estimate by the empirical distribution function ﬁX() =
n~tY"  I(X; <-). Next, to estimate H, and H*, we first need to find appropriate estima-

tors of the functions m and o, for which we use the following definitions:

m(m):/o F~Y(s|x)J(s)ds and 02(x):/0 F~Y(s|x)*J(s)ds — m(z)?, (2.3)

where F~!(s|lz) = inf{y : F(ylr) > s} and J(s) is a given score function satisfying
fol J(s)ds = 1.

To estimate the functions m(x) and o(x), we replace the conditional distribution F'(y|z)
in (2.3) by the conditional copula-graphic estimator, introduced by Braekers and Veraverbeke
(2005) and adopted to random design by Sujica and Van Keilegom (2013):

%<y|x>:¢;1{_ > e () -0 (ﬁmx))}}. (2.4

Here, ﬁ(y\x) = > Whi(z, hy)I (T; < y) is the Stone (1977) estimator of the distribution

of T" given X = x, where

K (0 — X))/ha)
Waile: hn) = S = %) /)

are Nadaraya-Watson weights, K is a kernel function, h, is a bandwidth sequence, and
H(y~|z) = limyy, H(t|z). This leads to

i(z) = /0 F(s|z)J(s)ds and &%(z) = /0 F(s|z)2J(s)ds — m(z)?,  (2.5)

where the score function J(s) is chosen in such a way that m(x) and o(x) are consistent.
The estimators m(z) and 3%(z) have been the object of study in Sujica and Van Keilegom
(2013), and are generalizations of the estimators proposed by Van Keilegom and Akritas
(1999) to the case where Y and C are copula dependent given X.
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Next, we estimate the (sub)distribution functions H.(y|z) and H!(y|x) by the following
Stone (1977)-type estimators:

H,(ylz) = }:WMxh (E; <y) and H!(ylz) =Y Wailw, ha)I(A; = DI (E; < y),

where E; = (T, — m(X,))/5(X,), i = 1,.

~

= M.
Plugging-in the estimators Fy, I/-j nd ﬁ[ in (2.2), we obtain the following estimator of

- [ iz 0Pl . (26)

where ¢ fB ¢ (u) dFy(z). We choose the set B, in (2.6) as a subset of the set
A, that excludes all small segments, that is B, = argmaxpgeg pca, \N(B), where B = {B =

the error distribution:

@)

F.(y) =

U;B; : B is nonempty, B; is convex, \(B;) > (8}, A is the Lebesgue measure and 5 > 0 is an
arbitrary small constant. It is easy to show that {x — Ip(z): B € B} is a Donsker class of
functions (where Ig(x) = I(x € B)). We stress that the set B, could also be estimated, but
proving the asymptotic results in Section 3 would fill the paper with very technical details
with no significant contribution (for more details see Remarks 3.1 and 3.2).

Finally, (2.6) together with (2.5) lead to our final estimator:

Flyle) = (y;(—ﬁ@) | .7)

3 Asymptotic results

3.1 Definitions and assumptions

The primary objective of this section is to study the asymptotic distribution of the estima-
tors ﬁe(y) and F (y|x), proposed in the previous section. For establishing the asymptotic

representation of these estimators we will need the following functions:
)

B A yIX) = — [ S (EL(1X))dH (51 X) + / " S (HL(s1X)) Ho (5] X )dH (5] X)

Eny

ST IXNI(E <y, A=1) / " S (FL(s1)dH (| X),



-1 Y " T U
§(T A, y1X) :m{/m Ox (H(s| X)) (T < s) = H(s| X)]dH" (5] X)
— ¢ (H(y|X)) [(T <y, A=1) — H"(y|X)]

- /y Sx(H(sX))(T <s,A=1) - H“(SIX)]dH(SIX)}»

D80 = [T AX) i

y —m(X)

A = [ aEu0E A Yt

(I X) = / & (T (31) e (51X T (5] X) + / e (T (51))dh (5] ),
(] X) = / & (I (31) ) she (5| X)dH (5] X) + / B (T, (51 X))d(sh? (s X)).

Finally, let 7, = inf{y : H.(y) > n} for some small n > 0. The following assumptions are

important for proving the asymptotic results in the next section.

(A1) (i) The sequence h,, satisfies nht = o(1) and nh3**(log h.;1)~1 — oo for some § > 0.
(7i) The support Rx of X is a bounded interval in IR.

(#ii) The probability density function K has compact support [—a, a] for some a > 0,
JuK(u)du =0 and K is twice continuously differentiable.

Let T, be any value less than the upper bound of the support of H(:|z) such that
infyen, (1 — H(T,|z)) > 0

(A2) (i) There exist 0 < sy < s; < 1 such that s, < inf, F(T,|z), so < inf{s € [0,1] :
J(s) # 0}, s1 > sup{s € [0,1] : J(s) # 0} and inf,cr, infs <s<s, f(F71(s]2)|T)
> 0.

(#) The function J is bounded and twice continuously differentiable on the interval
(S0, 51), fol J(s)ds=1and J(s) >0 for all 0 < s < 1.
(A3) (i) The distribution Flx is three times continuously differentiable and inf,c g, fx(z) >
0.
(i) The functions m and o are twice continuously differentiable and inf,cp, o(x) > 0.

(A4) (i) The functions ¢! (u) = a%gbx(u), ¢! (u) and gb(m?’)(u) exist and are continuous in
(z,u) € Rx x (0,1].



(i4) The functions ¢ (u) = %g—;wqﬁx(u), ¢§;3)(u) and ¢\ (u) exist and are continuous

in (z,u) € Rx x (0,1].

(#i) The function ¢, satisfies ¢/ (1) < 0.
For a (sub)distribution function L(y|x) we will use the notations L'(y|x) = %L(mx),
L(y|z) = 2 L(y|z) and similar notations will be used for higher order derivatives. (In
the proofs, the function L(y|z) of assumption (A5) will be either H(y|z), H.(y|x), H*(y|z)
or H(y|z).)
(A5) (i

(ii

L(y|z) is continuous in (x,y).
L'(y|r) exists, is continuous in (z,y) and sup, , |yL'(y|z)| < oc.

(id1) L"(y|z) exists, is continuous in (z,y) and sup, , |y>L" (y|z)| < co.

v) L(yl|r) exists, is continuous in (z,y) and sup,, 2 Ly|z)| < co.

—~

L'(y|x) exists, is continuous in (,y) and sup, , lyL (y|z)| < oo.

)
)
)
(iv) L(y|x) exists, is continuous in (z,y) and sup,, |yL(y|x)| < 00.
)
(vi)
)

(vii) L'(y|x) exists, is continuous in (z,7y) and sup, , lyL (y|z)| < oo.

(A6) There exist continuous and non-decreasing functions M; with M;(—oco0) = 0 and
M;(+00) < o0 (j =1,...,4) such that

|L(y2|z) — L(s|z)| < [Mi(y2) — Ma(yr)l,
|L(ya|z) — L(yi|2)| < [Ma(yz) — Ma(y1)l,

L' (y2|z) — L' (y1]2)| < [Ms(ya) — Ma(y1)l,

1L (yal2)y2 — L' (y1|2)ys] < [Ma(y2) — Ma(y)l,

for all z € Rx, —0o < yp, 92 < +00.

Note that assumption (A6) comes from Du and Akritas (2002), and is required to prove an
i.i.d. representation for our estimator F (y|x), whose remainder term is negligible uniformly
in z and y (for details see Lemma B.6).

Throughout the rest of this paper, we let C' denote a generic positive constant, whose

value may differ from line to line.

3.2 Asymptotic properties of the estimator F\e(y)

We will extend the result in Van Keilegom and Akritas (1999) concerning the weak conver-

gence of the estimator of the residual distribution function under independent censoring to
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the case where the dependence between censoring and survival time is described via a known
copula. The weak convergence of the estimator will follow from its asymptotic representation,

which we give first.

Theorem 3.1. [Asymptotic representation for Z/fe(y)/ Assume (A1)-(A4), and assume that
(A5) and (A6) hold for H(y|x) and H"(y|z). Let y < ,. Then,

Fo(y) = Fly) = n" Y ky(Ti, A, Xo) + Ra(y),

i=1

where sup{| Ru(y)| - —00 <y <7} = op (n~/%), and

ky(T7A7X> = [[(X = By)fe(EvAamx)

+I(X € B,y (T, AlX) 'V;((y)‘;)()

Y2(y|X)
+I(X € B,)( (T, A|X) W

n {I<X e 5) [ A0 61)

- y [ oz o o) |

+{rx e moxtiw) - [ %(R@»d&@)}] .

Note that if we replace B, by Rx, H.(y|z) by Hc(y), H*(y|z) by H!(y), and set ¢,(u) =
—log u, the first term above corresponds to the i.i.d. representation of the usual Kaplan-
Meier estimator due to Lo and Singh (1986). Furthermore, under the same changes, the first
three terms give exactly the i.i.d. representation of the estimator studied in Van Keilegom
and Akritas (1999) in the case of independent censoring. The second and third term come
from the fact that in the estimating procedure we replaced (T; — m(X;))/o(X;) by (T; —
m(X;))/o(X;). Finally, the fourth and fifth terms above are caused by replacing Fy(x) by

Fx(z).

Corollary 3.1. [Weak convergence of ﬁe(y)/ Under the assumptions of Theorem 3.1, the

process n1/2(ﬁe(y) —F.(y)), —oo <y < 7, converges weakly to a zero-mean Gaussian process

Z(y) with covariance function

Cov(Z(y), Z(y)) = Cov (ky(T, A, X), ky (T, A, X)) .



3.3  Asymptotic properties of the estimator F(y|z)

Using the results from Theorem 3.1 and Corollary 3.1 we will show the asymptotic repre-
sentation and the weak convergence of the estimator F (y|z) of the conditional distribution
under dependent censoring described via a known copula. This result will extend the results
in Van Keilegom and Akritas (1999) which are obtained under independent censoring, to the

case of dependent censoring described by a copula model.

Theorem 3.2. [Asymptotic representation for F(y|z)] Assume (A1)-(A4), and assume that
(A5) and (A6) hold for H(y|x) and H"(y|z). Let (y — m(z))/o(x) < 1,. Then,

Flyle) - Pl = £ (U500 - (L))

o(x)

= (nh,)™! Z K (x ;an) hy (T3, Ai|z) + R (y|x),
where sup{| R, (y|z)| : (x,y) € Q} = op ((nh,) %), Q@ = {(z,y) : (y—m(x))/o(zx) <7, T €
Rx} and

_ . aymm@) ]y —m@) e
T, 8k) = [T Ale) + ¢ (7:810) L £ (U ) oo,

Corollary 3.2. [Weak convergence of F(y|x)] Under the assumptions of Theorem 8.2, the
process (nhy)Y2(F(y|lz) — F(y|z)), = € Ry fized, (y — m(z))/o(z) < T,, converges weakly to

a zero-mean Gaussian process Z(y|x) with covariance function
Cou(Z(yla), Z(|x)) = fx (=) / K2(u)du Cou (h, (T, Ale), hy (T, Alz) X = ).

Remark 3.1. [t can be shown that all the results from this section hold (with no extra terms
in the i.i.d. representations in Theorems 3.1 and 3.2), if we replace B, by an estimator Ey
that is converging a.s. to B, in Lebesque measure for every fivzed —oo < y < 7,, and for
which the set Ey belongs a.s. to B for all —oo <y < 7,. The required modifications of the

proofs are very technical with a small contribution of novelty, and are therefore omitted.

Remark 3.2. Using the notation A,(n) = {x : H.(y|z) > n} and A\y(n) ={z: ﬁe(yu) >
n}, one potential estimator of B, s Ey = argmaxBE&Bng(Han))\(B), where
an = (nhy) Y2 (logn)Y/?+* and o > 0. This estimator satisfies the conditions of Remark 3.1
by the following reasoning. First, because of Lemma B.4, we have P(lim,,_,o I{A,(n+2a,) C

-~

Ay(n+a,) C Ay(n)} = 1) = 1. Additionally, simple calculus shows that the function
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n — AAy,(n)] is a right continuous function, that is A[A (n+ 2a,)] = AAy(n)] a.s. Hence,
we have a.s. convergence in Lebesque measure of A[A o(n+ay)] to A\[4, ( )], which implies
that /\[By] converges to A\[By]. On the other hand, by definition, the set B belongs to B for
all —oo <y < 7.

4 Proofs of main results

In this section we give the proofs of the main results from Section 3. The proofs are based on
a number of technical lemmas and propositions, which can be found in Sujica and Van Kei-
legom (2013) and Appendices A and B.

Proof of Theorem 3.1. [Asymptotic representation for F,(y)]
First, we will brake down F,(y) — F.(y) into several terms, in such a way that each term
depends on a single plug-in estimator. This decomposition will end at (4.6). Then, in a

second step we will deal with each term in this decomposition. We start by using Lemma

Al
Fw) - El) = a{- [ sz iy )}
-5f- A / OLH(sla) A slo) P
- [T} — o v} + [ v} - T}
+ a0} - 0w}
— (I) + (IT) + (ITT), (4.1)
where

_ /B y / " (HL(s)e) A (sl)dFx (),

= L

/B/ ¢, (H.(s|x))dH (s|x)dFx ().

ml>

(s|x) dH“( |z)dFx(x) and (4.2)

Next, we examine each of the three terms. Starting with the first one, we have by a second

order Taylor expansion:

(1) = —{U<y>—Un<y>}+R2’3<y>,



where
&, (¢4 0))

» 3{U(y) — Ualy)},
2¢’(y) <¢(y) (51(y>>)

ROy) =

with €1(y) an intermediate value between U, (y) and U(y). By adding and subtracting terms,

we further have that

¢< ) {/ / G (H.(sl) | dH (sl)dFx (a)

+ /B /_ S (H(sf))d [ B (sl) — HY (sl)] dFX(x)}+R£?(y>+R£’£(y>

[e.9]

:m{_/,g /y GU(H(s|2)) | Helslw) = Helslo)| dH (s]x)dFx (2)
W) \"° v

+ R (y) + R (y) + R (v), (4.3)

with & (s, z) between ﬁe(su) and H.(s|z).

Next, we examine (IT).

where




with 5(y) between U, (y) and U, (y). Let us further decompose (II):

(sl))dH (sl)d | Fx(x) = Fx(a)|

+R ”>< >+Rn2 (y) + RE () + R (), (4.4)

(b(y)(ﬁe(y)) By
(ZI) = 1_ ’ H.(s|z))d | H"(s|2x) — H*(s|x d|Fx Fx
) ¢(y)(Fe(y))/By/_w¢< (sle))d [H2 (sla) <\>} [Fe(e) — Fx(o)]

Next we examine (IIT). By applying a second order Taylor expansion on &E(y){@;(ﬁn(y))} —
{qzﬁ ( »(y))}, we obtain

-5 (¢(—;)1<z7n<y>>) [0 (85, T)) ~ Tulw)] + BRI ()
0 (%%1<(7n<y>>) [ (85, 0uw)) ~ Tal)] + B (w) + BED(w)
0 (%;zf(y))) b (95 T))) = Tuw)] + BE @)+ R () + R )
where
RU(y) = 25@)_&2;?52)» EAORHEDN
Ry (y) = 0 (¢(—;1(z7n<y>)) G 1@@)))] 6w (9 (0uw)) = Onl)]
R (y) = ” <¢@;1<Un<y>>) ” <¢(_£(U(y))> ) (00 (60 (Tat)) = Tn(y)]

with &(y) between (;ﬁ\@l)(ﬁn(y)) and gb(’yﬁ(ﬁn(y)) Further, we continue with (IIT) by calcu-
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lating

= ﬁ/B O (Fe(y)) d [ﬁx(l’) — FX(SU)} + RnI4H (v), (4.5)
where

R = o [ (95@00) - (0] @ [Bxe) - xw]

()
Combining (4.1), (4.3), (4.4) and (4.5), we subsequently obtain

ﬁe(y)—Fe(y):/ { | sl [Butsle) — B (sko)] anslo)aFx (o)
v) v
+ /B / O (H.(s|)d | B2 (sl) = HE(sla)| dFx(a)

/B / &' (H.(s|x))dH"(s|z)d [F\x(x) —FX(CU)}
4 /B b (Fe@)) a|Fx(z) - Fx(x)] } + Ra(y)
1

:=—_{K1<y> + Raly) + Raly) + K4<y>} £ Ry(y). (46)
) (F( >)

where Ra(y) = Ry + R (5)+ B3 () + Rt (o) + o () + B35 () + Rl () + R () +

RUD () + RUD () + RUID (). Now, by applying Lemmas A.2 and A.3 for the main terms

we get after some simple algebra that
~ 1 & -
Fo(y) = Fuly) = — 3 ky(T5 80, X0) + Ru(y) + 0p(n™12),
i=1

uniformly in —oo <y < 7,

Remainder terms R (y) and R (y) are o(n~'/?) a.s. by Lemma B.5 and Lemma B.4,
respectively. Now, by using a Taylor expansion, we can easily show that each of the other
remainder terms in R,(y) can be a.s. bounded by a product consisting of some of the
following terms: U, — U, U, — U, (E( — O fB d[FX( ) — Fx(z)] (where G, is a

13



function satisfying the assumptions of Lemma B.2). From here it is easy to verify that all

the remainder terms are o(n~'/?) a.s. by using the orders given in Lemmas B.1 to B.4. [

Proof of Corollary 3.1. We will prove the weak convergence by showing that the class of
functions X = {k, : —oo < y < 7,} from Theorem 3.1 is a Donsker class. The function
T~ [gb’(y)(ﬁe(y))]_l is a uniformly bounded, deterministic function because of assumptions
(A3)(i), (A4)(iii) and because B, is nonempty for all —oo < y < 7,. The term inside the
square brackets in the definition of k, belongs to a sum of Donsker classes (see (4.6) and
Lemmas A.2 and A.3), which is also a Donsker class by Example 2.10.7 in Van der Vaart
and Wellner (1996). Furthermore, it is easy to show that k, is uniformly bounded. Hence,
since multiplying uniformly bounded functions preserves the Donsker property (by Example
2.10.8 in Van der Vaart and Wellner (1996)), the class of functions X is Donsker. O

Proof of Theorem 3.2. [Asymptotic representation for A(y|x)] Write

Plyle) - Plylz) = [ﬁ (y—

Note that (nh,)"?al (x,y) = op(1) uniformly in (z,y) € €2, because of the weak convergence

result established in Corollary 3.1. For o?(x,y) we have

m(z) —mz) . (y - m(w)) 41 (m(x) — m(z)

(T, y) == 5(2) 2 ()

for some &, between (y — m(x))/c(z) and (y — m(x))/5(x). The second term above is of

~

o(x)

)2 )

order O ((nh,) 'logn) a.s. by Proposition 3.5 in Sujica and Van Keilegom (2013), together
with the boundedness of f! (which follows from assumption (A5)(ii)). For the first term, we
first replace o(z) by o(x) by using Proposition 3.5 and then apply Proposition 3.8 in Sujica

and Van Keilegom (2013) to obtain an asymptotic representation. For a3 (x,y) we have

where &, is between (y — m(x))/o(x) and (y — m(x))/o(x). The second term above is
O ((nh,) *logn) a.s. by Proposition 3.5 in Sujica and Van Keilegom (2013), the fact that
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sup,, |y* fl(y)| < oo and assumption (A3)(ii). After replacing & with o by using again Propo-
sition 3.5 in Sujica and Van Keilegom (2013), the first term above has an asymptotic repre-
sentation given by Proposition 3.8 in Sujica and Van Keilegom (2013). This combined with

the asymptotic representation for a2 (z,y) completes the proof. ]

Proof of Corollary 3.2. The proof is similar to the proof of Corollary 3.4. in Van Keilegom
and Akritas (1999). It suffices in fact to replace the function ¢ defined in Van Keilegom and
Akritas (1999) by the function ¢ defined in Section 3.1. Apart from this, the proof is
identical. O

5 Simulations

In this section we illustrate the finite sample behavior of our estimator F (y|z) by means of
Monte Carlo simulations. We compare the estimator F (y|z) proposed in this paper with the
estimator F (y|z) proposed by Brackers and Veraverbeke (2005) and defined in (2.4). We
expect that under the assumption of the location-scale model (1.1), the estimator F (y|x)
outperforms F(y|z). Further, the estimator F(y|z) is a generalization of the estimator
proposed by Van Keilegom and Akritas (1999) and the two will be compared under the
assumptions of the latter estimator, that is under independence between Y and C' given X.
We expect that they perform similarly.

To compare the performance of the estimators we use the mean squared error (MSE)
and the integrated mean squared error (IMSE), to be defined further on. The simulations
are carried out for samples of size n = 100, n = 200 and n = 400, and the results are
obtained by using 500 Monte Carlo simulations.

In the first setting, we generate i.i.d. data from the following regression model:
Y =8(X —0.5)? +0.5¢,

where X has a uniform distribution on [0, 1] and the error € has a standard normal distribu-
tion and is independent of X. The censoring variable C' satisfies C' = oy (X —0.5)*+ay+0.5¢,
where ¢ is standard normal and independent of X, and the constants «; and «s are chosen
so that the global censoring rate is 45% and the local censoring rate (for a fixed value of x)
is between 42% and 48%. Finally, to model the dependence between Y and C given X = x

(i.e. the dependence between ¢ and € given X = z) we use a Gumbel copula:

Cr(ur, uz) =exp {— [ — (log Ul)W(I) — (log UQ)V(I)]IM(‘T)} ) (5.1)

where v(x) = max(5 — 5x,1). This means that the corresponding Archimedean copula gen-

erator equals ¢,(u) = —(logu)”®@. Under this setting the conditional dependence between
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Y and C given X = x decreases from strong positive dependence to complete independence
as x goes from 0 to 1 (Kendall’s tau coefficient decreases from 0.8 to 0). We work with the
score function J(s) = b~11(0 < s < b). In order to estimate the functionals m(-) and o(-)

~

consistently the constant b has to be smaller than or equal to inf,cg, F'(4+00|x). Therefore,

we choose b = 0.8 which is smaller than the average of 1000 simulated infima. Note that
x=0.2 x=0.8
0.02
0.015 7 /7N
. , ! / \
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Figure 1: MSE of F(y|z) (solid line) and F(y|z) (dashed line) for samples of size n = 100, n = 200 and
n = 400 (row 1, row 2, row 3) and for covariate z = 0.2, z = 0.5 and = = 0.8 (column 1, column 2, column
3). The number under the curve represents the ratio of the approximated IMSE of F(-|z) and F(-|z).

an equivalent way of writing the estimator () is

n

*(x) = Y [Yi = ()] [F(Yile) — B (Y, [2)] J(Fy(Yil)),

=1

where Fy(y|z) := min{F(y|z), b}, and this is close to

n

S [ — X)) [F(Vile) = By, |0)] J(Fy(Yile).

=1

In the sequel we work with the latter estimator, since simulations showed that it outperforms

the former (which is expected, since Y; —m(X;) is a proper ‘error’, whereas Y; —m/(z) is not).
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Figure 2: MSE of F(y|z) (solid lines) and F(y|z) (dashed lines) for samples of size n = 100, n = 200 and
n = 400 (row 1, row 2, row 3) and for covariate z = 0.2, z = 0.5 and = = 0.8 (column 1, column 2, column
3). Every subgraph contains the curves of F(-|z) and F (+|z) for different values of the bandwidth ranging
from 0.075 to 0.350 (with increments of 0.025). The bandwidths for estimating m(-) and o(-) are taken equal
to hy,(m) and h,(7) respectively.

Also, we can easily show that both estimators are asymptotically equivalent under certain
assumptions on the bandwidth.

For the weights that appear in our estimators F(y|z) and F(y|z) we use the kernel
function K(u) = (15/16)(1 — v*)?I(Ju| < 1). For a fixed x, to select a bandwidth for
F(-]z), we minimize the integrated mean squared error IMSE(F(-|z)) := E[[{F(y|z) —
F(y|z)}*dF(y|z)] over a grid of 12 equidistant possible values of h, between 0.075 and
0.350. The so-obtained estimator is denoted by h,(F(:|z)). To calculate IMSE(F(-|x)),
we use 500 simulated data sets. For each simulated data set, we compute the integrated
squared error f{f(y|$) — F(y|z)}*dF (y|z), and we approximate IMSE(F(|z)) by taking
the average over these 500 values. On the other hand, to estimate F(-|z) we need to choose
4 bandwidths corresponding to #i(-), 3(-), H.(|-) and H*(-|-). In the first step we choose
bandwidths h,(m) and h, (o) for m(-) and o(-), so that they minimize the approximated
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Figure 3: MSE of F(y|z) (dashed line) and F(y|a) (solid line) for samples of size n = 100, n = 200 and
n = 400 (row 1, row 2, row 3) and for covariate z = 0.2, z = 0.5 and = = 0.8 (column 1, column 2, column

3). The number under the curve represents the ratio of the approximated IMSE of F(-|z) and 13(|x)

IMSE(m) = E| 09'28{7?1(x) — m(z)}?dFx(x)] and IMSE(7), respectively, where, by abuse
of notation, IMSE is used to denote both the integrated mean squared error of m, o, F (‘|z)
and F (-|z). Note that we do not take into account values of z close to the boundary of
the support of X to avoid boundary effects of the Nadaraya-Watson weights. We calculate
the approximated IMSE(m) and IMSE(c) by using the same approach as for calculating
the approximated IMSE(F(-|z)). In the next step we choose the same bandwidth for both
H,(-|z) and f]g(|x) so that it minimizes the corresponding approximated IMSE(F(:|z))
(where F (+|x) uses the bandwidths h, (m) and h,(c) for m and &, obtained in the previous
step). This bandwidth is denoted by hy,(F(-|z)).

Figure 1 shows the MSE of F(y|z) and F(y|z) for bandwidths chosen by the above
procedure. Each subgraph contains the ratio of the approximated IMSE of F (-|x) and
F(-|z), which shows that F(-|z) outperforms F(-|z) for all sample sizes and all values of
the covariate. We believe that this is a consequence of the fact that F (y|z) uses the extra

information given by the location-scale regression model (1.1). One could argue that in
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this comparison, having two optimization steps for choosing the bandwidths for F (|x) gives
an unfair advantage over a one step optimization for choosing the bandwidth for F (+|x).
To address this issue, in Figure 2, we plot the MSE of F(y|z) and of F(y|z) for several
bandwidths ranging from 0.075 to 0.350. To estimate m and o we use the optimal bandwidths
hn(m) and h, (o) for all curves. Figure 2 shows that the second optimization step has little
influence on the performance of the estimator F (y|z), which once again shows the advantage
of our estimator F(y|z) over F(y|z).

Figure 3 shows the MSE of the estimator F'(y|z) and the estimator F(y|z) under the
assumption that Y and C' are independent given X (i.e. in (5.1) we use the independent
copula). The estimator F(y|z) is defined by relation (2.7), when ¢,(t) = —logt (which is

used in estimating m and o, that is in estimating ﬁ), and F, is replaced by

Fy)=1- ][ (Fﬁ)'

E;<y,A;=1

Note that we use the same 7 and & as plug-in estimators for F'(-|z) as we do for F(-|z). The
only bandwidth selection for F'(-|z) is the one used for m and @, and is obtained as above.
The second-step bandwidth for F(-|z) is chosen from the grid [0.075,0.350] as before, so that
it minimizes IMSE(F(-|z)). As expected, we see that the MSE of the estimators F(y|z)
and F(y|z) are virtually identical, with the ratio of the approximated /M SE of F(-|z) and

F(-|z) approaching 1, as the sample size increases.

A Appendix A

Appendices A and B contain the results needed for the proof of Theorem 3.1. Lemma A.1
is a small technical result that helps to break down F.(y) — F.(y) into a sum of terms each
depending only on one plug-in estimator, and remainder terms (see (4.6)). The two main
lemmas in this section are Lemmas A.2 and A.3, which derive asymptotic representations
for the main terms in the representation of F,(y) — F.(y), while Appendix B contains the
results needed for showing the negligibility of the remainder terms.

In the proofs of Lemmas A.2 and A.3 we use empirical process theory. The result that
we use most frequently is Lemma A.5, which is an adaptation of a result in Giné and
Nickle (2008) to our framework. This result is allowing us to asymptotically approximate
sums of the form Y1 | [ G, (x, Vi)Wyi(z, hy)dFx (z) by L 377 G,(X;, Vi) + op(n~'/%), where
Vi = (X;,T;). Lemma A.4 is used to show the Donsker property of classes of functions
appearing in the proofs of Lemmas A.2 and A.3.
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Before proceeding, we define a certain set of functions that will be used throughout
Appendix A:
Ch(Rx) ={f:Rx = R: [|flla < M},

_ | (A1)
CRi(Rx) = {f € Ciy(Rx) : inf f(x) > bu).

where 0 < M < 00, biys = inf,cp, o(x)/2 and

I£lla := max sup SO @)+ sup [l (@) = f1 ()] |1 — wof 7T,

<la Ja?E Rx x1,x2€Rx

where |« is the greatest integer smaller then a.
The following lemma gives a specific form for the error distribution F,, which we use to

construct the estimator ﬁe.

Lemma A.1. Assume that H(y|x) and H"(y|z) satisfy (A5)(ii) and let ¢ (u) ezist for
(x,u) € Rx x (0,1] . Then for every y < 7,

i = o] / [ Clonanz i)}

(Y—m(X) C —m(X)
o(X)

Proof. Define

He(y1,y2|$) =P > 12

Then, using relation (2.1), we can easily show that H.(y, ya|7) = ¢, {0 (Fe(y1))+¢(Ge(ya|x)}.
Using Tsiatis (1975), for all y < 7, we get

/ d —
H (y|z) = —d—ylHe(yl7y2|$)

y1=y2=y - o, (ﬁe(ylx))

For every z such that H,(y|z) > n this leads to

/cb (s]))dH2(s]x) = /¢ )P (3)ds

- / & (w)dw = &, (Fuly)).

Now, by integrating over the set B, with respect to dFx(z), and solving for F,(y) we finish
the proof. O]

In the next two lemmas we establish i.i.d. representations for the terms A (y), /A\g(y),
/A\g(y) and A\, (y) given in (4.6). These representations are needed for the i.i.d. representation
of F.(y) — F.(y) given in Theorem 3.1.
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Lemma A.2. [Asymptotic representation for Kl(y)/
Assume (A1)-(A4), and assume that (A5) holds for H(y|x) and H"(y|z). Then fory < t,,

Zgy (Xi, T, A) + Ra(y),

where g (X, T,A) = I(X € By) [*. ¢%(He(s|X))[~ "5 {s¢(T, A|X) + (T, A|X)} —
I(E < s)+ He(s|X)|dH!(s|X), sup,<, [Ru(y)| = op(n~"/?) and Ai(y) is defined in (4.6).

Furthermore, the class of functions G = {(x,t,0) — gg(,l)(x,t,(S) —o00 <y < T, isa

Donsker class of functions.

Proof. By using the notation

Y

Gy (1,02, 8) = (1 € By)/ Oy, (He(sl21)) {He<s|a:1) ~1 (% < sﬂ he(s|z1)ds,

P U($2

we can write

B = 3 [ Ll [l 1B < ] B )

- Z/gny Xiy T)Wi(w, ha) fx (2)da

Now, thanks to Lemma A.5 we have

Zg!flm Xi X 1) 4 0p(n ™)

~

— EZ[(Xi € By) /_y ¢’ (He(s|X;)) [H6(3|Xi) —I(E; < 3)] B (s X:)ds + op(n~ ).

By adding and subtracting terms we get,

~

_ %ZI(XZ- € B,) /y O (Ho(s| X)) | 1(Bi < 5) = I(E; < 5)| hi(s]X;)ds

+ % Z[(Xi € By) /y ¢g<i(ﬁe(s|xi)) [Ho(s|X;) — I(E; < s)] h(s| X;)ds + OP(n—1/2)

= Ai(y) + Aa() + op(n 2. (A.2)

The second term on the right hand side is of the desired form, and the corresponding class of
functions {(z,t,0) = I(z € B,) [*_ ¢ (H.(s|z))[H,(s]z) — (=22 < 5)|h¥(s|z)ds 1 —o00 <

ox

y < 7,} is a Donsker class by Lemma A.4. To deal with the term AH( ), we define the class

of functions

gl .= {(x,t) — gl[f]mwl(x,t) Yy < Ty, m € C’]}j‘s, o1 € @}j‘s},
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where gl o) (2,t) = Iz € By)[' oi(H.(slo) () < 5) — I(50d) < )]

xh¥(s|z)ds. The class of functions G is Donsker by Lemma A.4. Therefore, by Corol-
lary 2.3.12 in the book of Van der Vaart and Wellner (1996) we have

L2

lim lim sup P sup
[Pleg

O‘¢O n—o00 [2] s Va/r(g[Q] ) <«

Zg[g](Xi’Ti) - E[Q[Q](X’ T)]' > 6) =0,
i=1

for every € > 0. Since it follows from Propositions 3.5, 3.6 and 3.7 in Sujica and Van Kei-
legom (2013) that lim, P(gz[f] s € G2y = 1, and since it can be easily verified that

2 ]

Var( ma(X T)) = o(1) a.s., we can approximate g, - > in /A\H(y) by its expectation:

~

/Axn(y) = E{I(X € B,) /_y ¢ (H.(5]X)) [[(E <s)—I(F< s)} hZ(s|X)ds} +op (n—1/2) .
Further, we calculate

A11 — Op ( 1/2)

/ 5 &' (H.(s|))h*(s|z) :P (E<s|X=x)—P (E < s[X,, X = g;)] dFy(z)ds
¢! (H(s|x))h¥(s|x) p (E<s|X =2) : < s\ X =z )| dFx(z)ds
By : U(
" (H.(s|x))h"(s|z) |H, (s|z) — H, o(z) () —m(z ) dFx(z)ds
/ B, i ( ( )

— [ [ st opeel) ) 05(0) = o) + o)  mla)} P )
-3/ / LSl 1 olo) " (5[50 = o] + () — (e (o)

where s; is between s and o(z) " ![so(z)+m(z)—m(z)], and X,, = {(T}, A, X3) : i = 1,...,n}.
Because of assumption (A5)(iii) we have that sup, , |y*h,(y|x)| < oo, so the second term
above is of order O((nh,) 'logn) a.s. by Proposition 3.5 in Sujica and Van Keilegom
(2013). By using the asymptotic representation for m and ¢ given in Proposition 3.8 in

Sujica and Van Keilegom (2013), we get

-~

A1 (y) —op (nilﬂ)
1 v he(s|z) K( i
- / [ ) 22 T ) + (T )] —

= —Z/ Bl(X; + whn, Ty, A K (u) du.
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We can write

g?’](az t,0)=—I(r € B )/y qs(x,t,8)dH} (s|x),

where qy(z,t,0) = ¢ (H(s|x))helz) U(x L [sC(t,8|z) + n(t,d|x)]. By assumptions (A4) and
(A5)(ii,iii) we have that for every s < y < 7, the function z > ¢ (H,(s|z))2l) ((Slf)s is
uniformly bounded (by a constant not depending on s and y) in x € By, as well as the

corresponding first derivative. Therefore, using the notation Q = {z — ¢/ (H.(s|z))" ((x‘;”)s :

s < 7,}, we have that the bracketing number Nj(e,Q, Ly(P)) equals exp (—Ce), for some
constant C' (see Corollary 2.7.2 in Van der Vaart and Wellner (1996)). By a similar reasoning

we have that the bracketing number of the class Q' = {z — ¢/ (H.(s|z))" ((Jf) s <71}

equals exp (—C¢). Now, Q and Q" are Donsker by Theorem 2.5.6 in Van der Vaart and Well-
ner (1996). Hence, Lemma A.4 entails that 8 = {(z,t,0) — g (2,t,0) : —oo <y < 7,}

is a Donsker class of functions, while Lemma A.5 entails that
Zg3] (X, T, A;) + op (nil/Q) .

Now, by using (A.2) we get A;(y) = Iy g X;, Ty, A + op (n='/%). The class of func-
tions G(V) is a Donsker class as it is a sum of two Donsker classes (see Example 2.10.7 in
Van der Vaart and Wellner (1996)), which completes the proof. O

Lemma A.3. [Asymptotic representation for /AXg(y), /A\g(y) and /A\4(y)/
Assume (A1)-(A4), and assume that (A5) holds for H(y|x) and H"(y|z). Then fory < t,,

1 n
A2(y) - E ng)(Xiv,Ti?Ai) + Rn<y>7
i=1
1 n
As(y) = EZQS’)(Xi,Ti’Ai),

As(y) Z—Zgy (X, T, A),

where

dOCTA) = 10X € 8) [ 0| T (T, A1) 4 (T, 81X
+I(E<s,A=1)— H;L<S|X):|,

d(X,T,A) = I(X € B)) / D (L (s| X)) AH (5]X)

/B/_ ¢, (He(s|w))dH (s|7)dFx (x),
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93(14)()(7 T7 A) = [(X € By)(bX(Fe(y)) - ¢x(Fe(y))dFX(x)a

By

SUp, <., |Rn(y)| = op (n=Y2), and the terms /A\g(y), /A\g(y) and /AX4(y) are defined in (4.6).
Furthermore, the class of functions §® = {(z,t,6) gz(f)(x,t,é) r—oo <y < 7,} isa

Donsker class of functions for every 1 = 2,3,4.

Proof. The expressions of Ay (y) and K4(y) are obtained from simple algebra. Showing the
Donsker property of @ and G is very similar, and therefore we will only show it for
G®). The first factor of the first term in 93(13) (x,t,6) belongs to a class of functions that is
Donsker by construction. The second factor of the first term in gz(,g) (x,t,d) is bounded and
monotone in the parameter y, uniformly in y < 7,,. Therefore, its e-bracketing number is
bounded by Ce™!, which by Theorem 2.5.6 in Van der Vaart and Wellner (1996) implies
the Donsker property. The second term of gé‘g) (x,t,0) is a deterministic, uniformly bounded
function in y < 7, by (A4), and therefore trivially Donsker. Since multiplying and adding
uniformly bounded functions preserves the Donsker property (by Examples 2.10.7 and 2.10.8
in Van der Vaart and Wellner (1996)), the class of functions G is also Donsker. To deal

with the expression of /A\g(y) we start by using integration by parts:
Roly) = | ¢(Hylr) |H (ylo) - H(ylx) | dFx ()
B?I

+/B /1¢g(ﬁe(s|aj))h6(s|x) [ (sl) — HY(sl)| dsdF(a).

From here on the proof is very similar to the proof of Lemma A.2 and is therefore omitted. [

The following lemma shows the Donsker property for the classes of functions that are

showing up in the proofs of Lemmas A.2, A.3 and A.5.

Lemma A.4. Assume (A1)-(A4), and assume that (A5) holds for H(y|z) and H"(y|x).

Then, the following classes of functions are Donsker:

91 — {(Qj’l,l‘g,t} — gy,m1,o’1,1(x17x2;t) ) S TT]7 my S OJI\Z—CS(RX)a (o] S éjl\j—d(RX)}v

Gy = {(fﬂlaxzat) = Gyamon2(T1,22,8) 1y <7, my € Cf°(Rx), o1 € ézleé(RX)},
G0 = { (0:6:0) = gywalint.0) sy < 7w € (G
0= { (0.0) 7 dypalo D)y < v e 6

where

24



Gymior,1 (21, T2, t) = I(21 € By) /y qs(21) {I (M < s) — He(slml)] he(s|xy)ds,

—o 01 (4172)

Bumenatan ) = 1o € Bayfon) |12 <) < ko) ol
sl t.8) = e € B,) [ qa)ult.slo)hi(slo)ds,

gy,w,4($a ta 5) = I(l’ € By)Qy($>w(t> (5\3:)hg(y]a:),

the sets Cy1°(Rx) and 5}/}“5(1%)() are defined in (A.1), and the class {x — q,(x) :y < 1,} is

a Donsker class of non-negative (non-positive) functions, such that sup,<, sup,ep {lg,(z)l,

|52 (@)]} < oo

Proof. First, we will prove that the class of functions G is Donsker. Note that the class
of functions {(x1,zs,t) — [[(% <y)— H(ylv)]: y <7, mi € Ci°(Rx), o1 €
C1H(Rx)} is Donsker by calculations in Lemma A.1 in Van Keilegom and Akritas (1999).
The class of functions {x +— Ig(x) : B € B} is Donsker (see Section 2). Hence, the class
of functions G, is Donsker since it is a product of uniformly bounded, Donsker classes of
functions (see Example 2.10.8 in the book of Van der Vaart and Wellner (1996)). Since it is
easy to see that the functions ¢ and n are uniformly bounded, G, is a product of uniformly
bounded, Donsker classes of functions, and therefore Donsker itself (see Example 2.10.8 in
Van der Vaart and Wellner (1996)).

Proving that G; and G5 are Donsker is similar, therefore we will only prove that G; is
Donsker, which is the hardest of the two. We will use results from the book of Van der Vaart

and Wellner (1996). By Theorem 2.5.6 in their book it is sufficient to show that

/ V1o N (.50 - ac)de < o, (A.3)
0

7, my € CHP(Ry), oy € CLP(Rx)}, where Gy .oy (T1, T2, 1) = fi’qu(xl)l(% <
s)h¥(s|z1)ds. By Theorem 2.7.1 in the aforementioned book we know that C}/°(Rx) and
é}\j‘s(RX) can be covered by M; = exp(Cie 09} and My = exp(Cae™/1+9) c-brackets
with respect to the supremum norm, respectively. Let {[mé,m;’] cj = 1,..,M;} and
{lot,07] : k = 1,..., My} be those e-brackets. Let zy,...,xp be a grid of Ry such that
Trp1 —xp < e, =1,..., My —1 and let {y,; : r = 1,..., M3,i = 1,..., My} be such that
HY(yriv1|xj) — H (yri|lz;) < e. Let {y; : i = 1,..., M5} be the union of all y,; in ascending

We will restrict ourselves to showing (A.3) for §1 = {(x1,22,t) = g} ) 0, (T1,22,1) + ¥ <

order. There are M5 = Ce™? of them. Now, we define brackets {[g,, .. ol s Gyirrm? ot Vi
1 ]7 ’ ) W
There are at most Ce~2exp {Ce/1+9} of them. Hence, they satisfy condition (A.3) and

25



they cover Gi, because g}, _(-,+) is a monotone function of its parameters. Now, to show

that G} is Donsker, we only need to show that the defined brackets are e-brackets:

(A.4)

“gyi,mé,afc - gyi+1,m§-70£ ||00

S ||gyi,m§-,0'fC - gyi,mé,a};“OO + ||gyi,m§-,az - gyi,m}o,znoo + ||9yi,m§,02 - gyi+17m§y02||00‘

We start with the second term:

19yemt o7 = Gysmr o7 lloo

0o
o |
t<ty,x1,72€Rx J —c0

<C sup

t<7y,r1,72€Rx

he(s|xy)ds

< [[hlls sup
r2ERX

< C |lm} —ml||lo < Ce.

The fourth inequality follows from (A5)(ii) for HY, and the fact that oy is bounded away

from zero as a function belonging to 5;;5(3)(). Similarly, we can bound the first term:

(y — mb(22)) (0} (22) — o4 (22))
o} (22)07(2)

<Pl sup

gt ot — Gyt o]
Yi, M0, Yi,M,0p 1100
’ ! y<mp,z2€Rx

< C |lok ~ of |l < Ce.

The second inequality follows from (A5)(ii) for H¥, and the fact that o, and o; are bounded

away from zero as functions belonging to 5}]5(1% x). For the third term we calculate

Yi4+1
”gyz',m}UZ - gyi+1,m§,o;||oo <C sup / he (s|lz)ds
rERX Yi

< C sup |H(Yig1]x) — H (yi|v)]

rERXx

< C’IH?X\JYE(yﬂqwzj)—-ffﬁ(yday)!+—2sup\hﬁ(yhrﬂe
y?x
< Ce.

To get the last inequality we used the uniform boundedness of hY. Now, we have that

expression (A.4) is bounded by Ce. Because C' is independent of the bracket selection (i.e.

of £), we have that the brackets {[g, i o1, Gy;.1,m7.01]}ij0 are e-brackets, therefore by the
3l J? ) 7 2J

previous reasoning §1 (and hence G;) is Donsker. O
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The next lemma is an adaptation of the result on convergence of smoothed processes in
Giné and Nickle (2008) to our framework. We will use this result in the proofs of Lemmas A.2
and A.3 to asymptotically replace expressions of the form >\ | [ g,(z, Vi)Wy(x, h,)dFx ()
by the simpler expressions = > | §,(X;, Vi), where V; = (X;, T;).

Lemma A.5. Assume the conditions and notations of Lemma A.4. Then, using the notation

Gy = Gyingr, for r=1,2, and Gy, = Gy, for r = 3,4, we have

sup —Z{/gyr (X + uhy, Vi) K (u) du—/g\w(Xi,Vi)} = op(n71?), (A.5)

y<ty

n

sup Z{ [ Gt VWt ) £ >dt—%ay,r<xi,v;>} _ o). (A6)

YSTh |i=1

Proof. Before we start, we give the results that will be used throughout the proof and which

will be shown at the end of this proof. For r = 1,2, 3,4 we have

sup [|g[|oe < o0, (A7)
9€Sr
JLHSOP({gyT:_OO<y<T"}C9 )= (A.8)
2
sup B [/g(X + uhy,, V)K (u) du — g(X, V)} =o(1), (A.9)
9€9r
sup E{/fq\y,r(X + why,, V)K (u) du — g, (X, V) xn} =o(n V%) a.s., (A.10)
ySTn

where V' = (X,T) and X,, = {(X;,T;,4;) : i = 1,...,n}. The aforementioned results also
hold when we replace g, and G, by g, . = Gy fo_fX and G := G, x C}°(Rx), respectively,
’ X

where fy () = =371, K(5=%).
In the following calculations we will use the notation g, to represent g, ,, for all r =

1,2,3,4, since the proof is the same in all cases. Similarly, for all » = 1,2,3,4. , we will
use the notation g for g, € G/, and §' for G.. Conditions (A.7) to (A.10) allow us to apply
Theorem 2 (a) in Giné and Nickle (2008) to the term in (A.5), which gives

n

1 1 (Xi—t
— gy(t,Vi)—K (| = dt — §,(Xi, Vi
sup n;{/gy(, i ( - ) 9y )H
1 (X —t
= sup |F [//g\y(t, V)h—K( . >dt—§y(X, V) xn} + op (n_l/Q).
y<my mn n

The first term on the right hand side is o(n~'/2) a.s. by (A.10), which implies (A.5). Next,
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to prove statement (A.6), we write
Q@) = Y B VIWatt b))
i=1
=235 [aewn il (B0,
= fx(t) i e
_ %i/gy(t, I/;)hiK (th_ t) dt

4z Z/ M—(f()hn[( (th—n_t) dt +o(n~'?) a.s.

= Q1(gy) + Q2(gy) + O(n_l/Q) a.s.

Because of conditions (A.7)-(A.10) for g, and §', we can use (A.5) to write Q2(7,) as

By Corollary 2.3.12 in the book of Van der Vaart and Wellner (1996) we have

lim lim sup P ( sup n~1/2

a0 noo g'€g’, Var(g')<a

Zg’(Xi,Vi) —E(J(X,V)) ‘ > g> =0, (A11)

for every ¢ > 0. Since, lim,, P(gyfx Ix ¢ g ) =1 and Var(y, fxf fX) = o(1), we can use
X
(A.11) to approximate Q2(g,) with the corresponding expectation:

. . Fx(X) = fx(X)
2(9y) = E|gy(X,V =~
Q2(9y) 9y(X,V) o)

— B |EG,X, V)X, %] fx(X) = [x(X)

fx(X)

X, |+ 0p (n72)

X, | + op (n712)

= op (n’l/Q) .

To obtain the last equality we used that ||fx — fXHOO = O((nh,)"**(logn)"/?) a.s. and
SUP,ep, | E[0,(X,V)|X = z,X,]| = O((nh,)"/*(logn)'/?) a.s. (see Proposition 3.5 in Sujica
and Van Keilegom (2013)). Now, applying (A.5) on @Q1(g,) we get

Q(gy = Zgy Xuv) +op ( 1/2) )

which concludes the proof.
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Now, it remains to show that conditions (A.7), (A.8), (A.9) and (A.10) are satisfied
(proving the corresponding conditions for g, and §’ will be omitted since it uses the same
techniques and reasoning). Condition (A.7) is easily verified, while condition (A.8) follows
from Propositions 3.5, 3.6 and 3.7 in Sujica and Van Keilegom (2013). Because of condition
(A.7) we can bound the expectation in condition (A.9) by

C sup Elg(X + uh,, V) = g(X,V)].

u€[—a,al

Now, we decompose the function g as g(X,V) = I(X € B,)z(X,V) and write
Qy(uhy) = E|E[g(X + uh,, V)| X] - Blg(X, V)| X]]
= E|I(X + uhy, € B))E[z(X 4 uh,,V)|X] — I(X € B,)E[2(X,V)|X]|.

By using assumptions (A4) and (A5)(iv,vi), it is easy to see that the function (z,e) —
E[z(z + €,V )|X = x| has uniformly bounded partial derivative over e, for e small enough.

This allows us to use a Taylor expansion and to obtain
Qy(uha) = E{|I(X +uh, € B,) — I(X € B,)| |E[(X,V)|X][} + O(uh,)

< C’/ \I(z 4+ uh,, € By) — I(z € By)|dz + O(uh,,)
Rx

= C’/ I (x € ByA{B, — uh,})dz + O(uh,)
Rx

k sup By;+uhn k inf By;+uhn,
ch/ daH—CZ/ dz + O(uh,,)

i=1 up By —uhp i=1 inf By;—uhp
= O(uhy,),
where A is the symmetric difference, B, = Ule By, the sets By are convex and £k <
AMRx)/B < oo (for the definition of § see Section 2). This implies condition (A.9). To
prove condition (A.10), we use the notation E[ - | = E[ - |X,,] and write the expectation in

condition (A.10) as

/ E {gy(x b, V) — Gy (X, V)} K (u) du.

Using the decomposition g,(z,v) = I(x € By)z,(z,v), we can write the expectation in the

integral above as
Qg, (uhy,) =E {I(X + uh, € B,) {E[Ey(X + uh,, V)| X] — E[z,(X, V)\X]] }
VB { {I(X +uh, € B,) — I(X € By)} E[5, (X, V)\X]}
=Qg,1(uhy) + Qg, 2(uhy).
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In order to bound the second term on the right hand side, we use similar calculations as
when dealing with Q) ,(uh,,) to get

sup B Z—i—uhn

|Qg 2(uhy) <CZ/ EZy(z,V)|X = z]|dx

sup By;—uhp

k inf By;+uhp
+CZ/ |E[Z,(x,V)|X = z]|dz

inf By; —uhn

=1

<2Cksup sup |E[zy(z, V)| X = z]|uhy,

ySTﬂ d(vay)SUhn

=0 ((nh,)""*(logn)?h,) = o(n™/?) a.s.,

uniformly in y < 75 and u € [—a, a], where d(z, By) = inf{|z — 21| : 21 € B,}. To get the
first equality we used Proposition 3.5 in Sujica and Van Keilegom (2013), and assumptions
(A4) and (A5)(iv,vi). The term Qj, 1(uh,) can be bounded as follows:

E [(%E 2, (2, V)X = x]} wh,

|Q§y,1(uhn)‘ <sup sup
y<7yn d(z,By)<uhn,

=0 ((nhn)_l/z(log n)l/th) =o(n™V?) a.s.

uniformly in y < 75 and u € [—a,a]. To get the first equality we used again Proposition
3.5 in Sujica and Van Keilegom (2013), and assumptions (A4) and (A5)(iv,vi). This implies
(A.10). 0

B Appendix B

This section contains results on uniform convergence rates of quantities needed for showing

that the remainder terms in (4.6) of Theorem 3.1 are o(n~"/?) a.s.

Lemma B.1. Assume (A1)(i,it) and (A4). Then, for a € (0,1] and 0 < M < oo,

sup |0 (v) — ) (v)] = O(n~ Y (logn)'/?) a.s., (B.1)
vela,1], y<m,

sup |6, (v) — ¢,y (0)] = O(n~Y(log n)"?) a.s., (B.2)
vela,l], y<m,

sup |60, (v) — o,y (0)] = O(n~ V3 (log n)?) a.s., (B.3)
vE[a,1], y<my,

sup o) (w) — ok (u)] = O(n 3 (logn)/?) a.s. (B.4)

u€[0,M], y<m,
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Proof. Statements (B.1), (B.2) and (B.3) can be proven in an analogous way. Therefore,

we will prove only statement (B.3). We can write
o) = ol (@) = [ lwaPute) - Fx(w)

Now, since ¢(v) and ¢?(v) are uniformly bounded in (v,z) € [o, 1] X Ry, we can easily
show by following calculations done for proving (B.5) in Lemma B.2 below, that statement

(B.3) is true. To prove statement (B.4) we use a first order Taylor expansion to get

by (W) = dhw) = =— [(/b\(y) <¢_1(U)> — bw) (5‘1(10)] :
(v) ) Cb/(y) (f(u, y)) ) )
where &(u,y) is between qg(;l)(u) and gb(_yﬁ (u). The second factor on the right hand side is
O(n="3(logn)'/?) a.s. by (B.1). The first factor on the right hand side is a.s. uniformly
bounded (in u € [0, M] and y < 7,,) because of assumption (A4)(iii). O

When showing the negligibility of the remainder terms in the proof of Theorem 3.1 via
Lemma B.2 below, we need to verify certain assumptions regarding the rate of G,,(y, x) and

a%Gn(y, x), where G,,(y, z) is a stochastic process. This will either be trivial or will reduce to
verifying that sup,., [L(y[)~L(y]z)| = O((nh,) (105 1)) a.s. sup,, [L(yl)~L(yla)| =
O(1) a.s. or sup,, |Z(y|x) — L(y|z)| = O((nh3)"*?(logn)'/?) a.s., for L € {H,, H*}, which
is true by Lemma B.4.

Lemma B.2. Assume (A1)(i,it). Let Gn(y,x) be a stochastic process that is satisfying
SupySTn SupxeByﬂGn(y?x”? |(‘%Gn(y7$>|} = O(l) a.s. Then;

sup
ySTn

Gy, z)d [FX() FX(:U)H_O(n—1/3(1ogn)1/2) a.s. (B.5)

By
If in addition we assume that sup,<, sup,cp, |Gn(y, )| = O((nhy,)~Y2(logn)'/?) a.s. and

SUD, <, SUD,ep, | Z2Gn(y, )| = O((nh3)~*(logn)'/?) a.s., then

sup
yST’q

/ Gy, 2)d [Fx(z) — Fx (o )]‘:o(nm) @.s. (B.6)

Proof. We start by partitioning Rx = [a,b] using a grid a = 21 < 23 < ... < z,,, = b such

that x; 1y —x; < ap, i =1,...,m — 1, where m = C a;' and a, is a sequence of constants to
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be specified further on. We can then write

[ Gt [Futo) - peto)]|
mX:Gn(nyi)/

d [ﬁx(:c) _ FX(;U)}

i=1 Byﬂ[l‘i,l‘i+1]
:I:iEBy
m—1
+ X [ ) - Gl [Felo) - Exa]|
i=1 ﬂ[xz 1’1+1]
T;€EBy
< Ca,'sup sup |Gy, x)| x  sup  |[Fx(2)) — Fx(2/) — Fx(2) + Fx ()]
y<t, x€By le—a!|<an
0
+2k sup sup |—G,(y, )| an,
y<tn xEBy 8x

where the last equality holds for n big enough, and k < |A\(Rx)/]. Under the assumption
that %Gn(y, r) is a.s. uniformly bounded, by defining a, = n~'/3, the second term on the
right hand side is of the order O(a,) = O(n~*/?) a.s. By using Theorem 0.2 in Stute (1982)
we can bound the first term by a;'O(n=2a)/*(logn)/2) = O(n""/3(logn)"/?) a.s. This
proves (B.5).

By taking now a,, = n~/2, statement (B.6) is true, because under the additional assump-
tions for (B.6), the second term above is anO(n*1/2h53/2(log n)'/2?) = o(n"Y/2) a.s. Again by
using Theorem 0.2 in Stute (1982) we can bound the first term above by
a0 ((nhy)~2(log n)/2) x O(n=2ay*(log n)'/2) = o(n~1/2) a.s. O

Lemma B.3. Under the conditions of Theorem 3.1 we have

sup |Un(y) — U(y)| = O ((nh,)"?(logn)'?) a.s., (B.7)
y<7’n
sup ’Un(y) (y)| = n~43 logn)1/2) a.s., (B.8)
y<tp

where U(y), Un(y) and U,(y) are defined in (4.2)

Proof. To deal with (B.7) we calculate

) = Ut) == [ [ ot (Bl @ [ le) — 2] apx(e)
n / / [0k (Eutelo) = o, (Fetole)) | ab2 sl iPs @)
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Now, by using integration by parts for the first term, and a first order Taylor expansion for

the second term we get
Un(y) — Uly) = — /B &, (Hole)) [A2(0le) — HE(yl2)] dF (@)

o[ o (Ftl) [Frtoie) — 2061 4P o)

B /B | / 1 1 (B (sl0) [B.(sle) — . (olo)] dH sl)dFx (@)

o /B y / ooqb (€(s.2) [Fosle) —~ Holslo)] dH (sla)dF (a),

where £(s, ) is between H(s|z) and ﬁe(s|x) Now, by using assumption (A4) and Lemma
B.4 below we get the desired order.

Statement (B.8) can be bounded by sup, U, (y) = Un ()] +sup,<,, [Un(y) —U(y)|. The
first term is of the order O (n*1/3(log n)1/2) a.s. by Lemma B.2, while the second term is
O ((nhy)~"*(logn)'/?) a.s. by (B.7). This concludes the proof. O

The following lemma is a generalization of Lemma 4.1 in Van Keilegom and Akritas
(1999) regarding the uniform (in y € IR and x € Rx) rate of convergence of the difference
H(y|z) — H(y|z) to the uniform rate of convergence of H,(y|z) — H.(y|z). The former
difference is a sum of i.i.d. random variables, while the latter difference is a sum of non-

independent random variables.

Lemma B.4. Assume (A1)-(A3), and assume that (A5)(i,ii,iv,v) holds for H.(y|z) and
H!(y|z). Then,

(i) sup sup ﬁ[e(y]x)—He(yM)’ = O((nhy,)"2(logn)?) a.s.
r€Rx y€RR

(i1) sup sup ﬁ[e(y]a:)—He(yu)’ = O((nh?)~Y2(logn)'/?) a.s.
r€Rx y€RR

(iii) sup sup ﬁg(ylx)—HS(mfﬁ)‘ = O((nhn)""*(logn)'?) a.s.
x€ERx yER

(iv) sup sup | Ax(yle) — H2Gol)| = O((nhS) (05 m) ) as
x€ERXx yER

Proof. The proofs of statements (i), (i7), (ii7) and (iv) use the same idea so we will only

show (7). For that we define a new estimator
H:(y|l’) = ZWRZ(Iahn)I(EZ < y):
i=1
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for which statement () is true by Lemma 4.1 in Van Keilegom and Akritas (1999). To finish
the proof we will show that the difference between H, and ﬁ: is uniformly of the order
O((nhy,)~2(logn)/?) a.s. Consider

Aeyle) = B (wlo)| = |3 Waslar.ha) [1(B: < y) — 1(Bx < )

_ zZZ;Wm(x’h") {[ (El < yigii + ﬁ”b(X;(;;)n(X)) —I(E; < y)} ‘

<D Wil ho) [I(E; < y+ [yl B + o) — I(E; <y — |yl Bn — )]
i=1
= H(y+ |yl + anl) — H: (y — lylBn — ),

~

where o, = sup,cg, [(M(x) —m(z))/o(x)| and B, = sup,cx, |(@(z) —o(x))/0o(z)]. Now, by
adding and subtracting H.(y + |y|8. + an|x) — He(y — |y|Brn — an|x), we get

sw |Auyla) — Hl)| < swp [H(y+ 1B+ aule) = Holy + 1918 + aulo)|

yeIR, zeRx yEIR, t€ERx

+ sup |Hi(y = |yl — aula) = Holy = [yl — aula)
yeIR, t€Rx

+  sup  [He(y + [y|Bn + anl®) — He(y — |y[ By — )]
yeIR, t€Rx

= 2 swp  |H(yle) — Holyl)

yeR, zr€Rx

+ sup [helGeyl) [28uly] + 200
yeIR, zeRx

where &, ,, is between y — |y|5,, — v, and y+ |y| B, + . As explained in the beginning the first
term on the right hand side is of the order O((nh,) "/?(logn)'/?) a.s. The second term is
of the same order because sup,cr ,ery |he(y|2)y| < oo by assumption (A5)(ii) and because
an and B, are O((nh,)~2(logn)*?) a.s. by Proposition 3.5 in Sujica and Van Keilegom
(2013). O

Lemma B.5. Under the assumptions of Theorem 3.1 we have

sup sup [ [0 (L, (sJo) — o, (Fo(sf2)]| d [2(sl) — HE(slo)

y<my z€By J —c0
= O((nhy)~**(logn)¥***) a.s., (B.9)
where o > 0 1s an arbitrarily small constant.

Proof. The proof is very analogous to the proof of Lemma A.1 in Sujica and Van Keilegom
(2013). The only difference is that we use Lemma B.6 below for the uniform rate of con-

vergence of the modulus of continuity H,(y;|z) — H.(ys|z) — Ho(y1|z) + H.(ys|z), whereas
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they use Lemma 4.4 in Du and Akritas (2002) for H(y|z) — H(ys|z) — H(y1|z) + H(y|x).
Details of the proof are omitted and can be found in Lemma A.1 in Sujica and Van Keilegom
(2013). O

The following lemma is a uniform modulus of continuity result for the Nadaraya-Watson
type estimator H(y|z). It is an adaptation of Lemma 4.4 in Du and Akritas (2002). A major

difficulty in this adaptation is that H,(y|z) is not a sum of independent random variables.

Lemma B.6. Assume (A1)-(A4), and assume that (A5) and (A6) hold for H.(y|x). Let
= O((nh,)""?(logn)'/?). Then,

sup  sup | He(yi|z) — He(yo|z) — He(y1|7) + He(ya|) |
z€ERx (y1,y2)€Jap,

=0 (a}/Q(nhn)_lﬂ(log n)/2re 4 a? + anhy) =0 (n_l/Q) a.s., (B.10)

for an arbitrarily small constant o« > 0, J,, = {(y1,92) : |[M(y1) — M(y2)| < a,} and
M(y) =Y, Mily) (see (A6) for L= H.).
Proof. In this proof we will use an index (—r) to denote estimators that leave out the

random variables E, and A,:

n(ylz) = Zmeh (T; <),

1=1i#r

Fnla) = ;' {— > [qﬁz (B (T 10)) = 60 (Hin(Til2) ) } } ,

T;<y,A;=1,i#r

Fin@)i= Y AFCo(TIa) T (Fn (Tio)),

i= 1z7ér

Z AF_y(Tia) T2 T (F oy (Ti]z)) — i, (2).

1=1i%#r

We will also use the notation A(y,z) = yAs(z) + Aq(x), where Ay(x) = G(x)=0(x) .1

" o(z)
m(z)—m(z)

A(x) = - Further we will denote A(_,), Ay, and Ay_,y when replacing m and

o by m_,y and &(_,) in the functions A, A; and A,, respectively.

We will prove the main statement of the Lemma by showing the following two statements:

sup  sup | Ho(yi|2) — He(ys|r) — Ho(yi|2) + Heo(yol2) |
z€Rx (y1,y2)€Jan,

= O(al*(nh,)"Y*(ogn)***) a.s., (B.11)
sup  sup | He(yi|w) — He(yolw) — Ho(yr|2) + He(yol) |
reRx (y1,y2)€Jan

= O(a? + ayhy) a.s., (B.12)
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where H,(y|z) = Yo Wan (2, hy)He(y + Ay (y, X,)| X;). To show (B.12) we calculate, for
all y; and yo such that |(My + M5 + My)(y1) — (Mo + M3 + My)(y2)| < an, the following:

H(y1|2) — He(ys|7) — He(yn|z) + He(ye|z)

= ZWnr x, h { (yl + A r)(ylaX )’XT‘) - He(yZ + A(—r)(?/QaXr)er)

_ H (o) + He<yzrx>}

= Z W (2, hn){Hé(yﬂXr)A(—r)(yla X)) — Hé(yﬂXr)A(—r) (y2, X)

r=1

H"<£1r|x> (1, X)) — H”(ﬁzr!X JAL (Y2, X7)

L () — (gl )](X, — m>}
= O(a2 + a2 + ayhy) a.s.,

where 2. is between x and X,, &, is between y; and y; + Ay (y;, X;) for i = 1,2 and
r = 1,...,n. In the last equality we used assumptions (A5)(ii,iii), Proposition 3.5 in Sujica
..... (W ()] = O(h) ™)
a.s., which is easy to show.

To prove (B.11) we start by partitioning IR into m,, = | M (4+00)/a, | subintervals —oo =
Yo < Y1 < ... < Ym, = 00, such that M(y;1) — M(y;) = a, := M(+00)/m,. For each
i=1,..,m, —1define I,; = [yi—1,yit1]. Further partition each interval I,,; into 2b, smaller
intervals [y, ¥i j+1] for j = —by,, —b, + 1, ..., b,, where b,, = O(ai/Q(nhn)l/Q(log n)~%/2), such
that M(y; 1) — M(yi;) = ‘Z—: It can be easily verified that a, < a, < 2a, for n large
enough, and for any vy, y» € IR with |M(y1) — M (y2)| < a,, there exists an interval I,,; such
that y1,y2 € I,;. Hence, by using the monotonicity of ﬁe(|x), it can be seen that (B.11) is

bounded by

Sup | max | max | Helyile) — Helyij|2) — He(yanlz) + Ho(yigle) | (B.13)

+2 sup sup{] H.(yilz) — Ho(gale) |+ [M(y1) = M(yo)| < n/bu}. (B.14)

TERX

We can write the term between absolute values in (B.14) as

oo ) { il + Ao, X01) = e+ S X1
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n

= 3 W ) Hl11X,) = Hl0e1X,)

r=1

+ H (1| Xo) Ay (51, Xo) — H(y2] Xo ) Ay (92, X5

1 1
+ EHg(51T|X7")A(2—r) (y17 Xr) - EH;/(€2T|XT’)A%—T) (y27 Xr)}a

where &, is between y; and y; + Ay (y;, X,) for i = 1,2, The first difference on the right
hand side is of the order = = O(a 2 (nhy)~Y2(log n)"/2). The third difference is of the order
O((nhy,) 'ogn) a.s., because of assumption (A5)(iii), and because the terms Ay (y;, X;)
and Ay (i, X,) are uniformly O((nh,)~'/?(logn)'/?) a.s. (by Proposition 3.5 in Sujica
and Van Keilegom (2013), and the relation sup,cz, max,—1,..n |[War(2, hn)| = O((nh,)™)

.....

a.s.). To show that the second difference is negligible we calculate

|[HL(n ] X0 )y — Ho(y2] X0 )y2] Doy (X)) + [Ho (1| X)) — Ho (2| X)) | Arn X))
< |M<y1) - M(y2)| |A2(fr)(Xr)‘ + |M(y1) - M(y2)| |A1(77")(Xr)|

=0 (bn (nhy)~ 1/2(logn)l/2> a.s.

Hence, we showed that (B.14) is O(ay/*(nhy,)~Y2(logn)"/?) a.s.

To deal with (B.13) we define the grid a = 2y < 27 < ... < xp, = b of Rx = [a,b]
such that z; — x; 1 < a,ll/Q(nhn)*l/Q(log n)Y2h3 i = 1,..,k,. By similar calculations as in
Lemma 4.2 in Du and Akritas (2002), we have uniformly, up to a remainder term of order
O(ar/*(nhy)~Y2(log n)/?) a.s., that (B.13) is bounded by

Api= max  max = max -\ He(yilzr) = He(yijlon) — He(yarlz) + Helysslan)).

Before continuing we define D,, as a set where for a fixed constant 0 < C’ < oo the following

conditions are satisfied:

sup max Wi (z, h)| < C'(nhy,) (logn)®, (B.15)
z€Rx T=1ss
sup max maX]A ()] < C'(nhy,) 2 (log n)' /2t (B.16)
z€Rx T=1) n i=
sup max maX\AZ( n (@) = Ay(x)] < C'(nhy,) " (logn)*. (B.17)

rERx ™= 1,...,n i=1

We can show that P(US_, N2 D,) = 1. Indeed, as mentioned before we have that
SUD,e gy MaXp—1, . n |Wr (7, hy)| = O((nh,)™') a.s. By additionally using Proposition 3.5 in
Sujica and Van Keilegom (2013), we have that the term on the left hand side in (B.16) is
O((nhy,)™') a.s. Proving that the term on the left hand side in (B.17) is O((nh,) 'logn)
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a.s. is a straightforward but tedious calculation and is omitted. On the set D,,, we can write
He(yix|r) — He(yijlr) — He(yirlxr) + He(yijlzi) = D20_; Xpijm, where

Xm'jkl = /Wnr(xla hn){I(Er § Yik + z(fr) (yzka Xr)) - [(Er S Yij + E(fr) (yija Xr)) + Zrijkl

i+ B XD + Hilo + B X1 |,
Zr(y) = 1E <y + Ay, Xo)) = 1By <y + By, X7)), Zyije = 1Ze(yir) — Ze(yij)Ip,.
Wor (@, 1) = War (2, ) p,s Aoy, @) = yBar (@) + Aoy (2) and Ay (@) = Ay ()
xIp,, 1 = 1,2. We define a (centered) version of the random variable X, ;i by X,ijm =
Xrijhl — E[Zijkm(_r),Xr], where X(_,) = {X;, T}, A; }izr. Now in order to prove (B.13) we
will use a modification of Bernstein’s inequality (see Theorem 1.2A in de la Pena (1999)).

Using the notation ir_lﬂ-jkl = {)zujkl, ey )?T_Lijkl}, if the following is satisfied

E[Xrijklﬁcr—l,ijkl] =0, (B.18)
Z E[)foijklﬁcr—l,ijkl] < Up. (B.19)
r=1

- 1 o~ o~
BIXT il X1 im] < §E[Xfijkz!xrfl,ijkl]L?pr!a (B.20)

where L, > 0 and v, > 0 are constants, we have

r=1

We will use now, and show later that the conditions (B.18), (B.19) and (B.20) can be
verified for constants v, = Ca,(nh,) *(logn)* and L, = C(nh,) '(logn)*. Now, for \, =
clai/z(nhn)*lm(log n)Y/2*® where ¢; is a positive constant to be specified further on, we

have

1=1,....kn 1<i<mn—1 —bp <j,k<bn,

P({A,>2\,}ND,) <P < max  Imax max ZX”W > 2)\n>
r=1

n

< P| max max max E Xrigkt| > A
=1,k 100 =1 —~bn < k<bn | £—
r=

-----

< 9% (1 — 1)(2by + 1)2€Xp{ oy (an(qlloffn) + An(:lohgn) ) }

< 2k, (my, — 1)(2b, + 1)*nC,

for some constant C' > 0. For the second inequality we used that A, > >""_| F [Zrijk|x(—r)a X,
by (B.23) below, while for the third inequality we used the modified Bernstein’s inequality.
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Since, by proper choice of ¢, this can be made summable, using the Borel-Cantelli lemma
we get P(N>_, U~ {{A, > 2X\,} N D,}) = 0. From here we can calculate

P(ﬁ G{An>2An}> §p<ﬁ U {{{An>2/\n}ﬂDn}UDgD

m=1n=m m=1n=m

gp(ﬁ G {{An>2)\n}ﬂDn}> +P<ﬁ [j D;f).

m=1n=m m=1n=m

As we have just shown, the first term on the right hand side is 0 by the Borel-Cantelli lemma,
while the second term is 0, since P(UX_, N, D,) = 1. Therefore, this proves (B.13) and
subsequently (B.11). Finally, to show the conditions that allowed us to use the modified
Bernstein’s inequality, we start with condition (B.18), that is satisfied since by definition
E[)?Mjkl]x(_,,«),Xr] = 0. Condition (B.20) follows from

E[ ~mjkl|x7‘ 1 Z]kl] E[XEZ]MWP_2(ZEZ, h )|%7‘—1 ijkl]

< E| mgkl|x7“ Ligut) (C'(nhn) ™ '(log n)a)(p—Q)’
where the last inequality is uniform in r,, j, k and [. Before continuing we calculate:
E[Xfijkl’x(*r)’Xr] =W2 (1, hn { )H Yir + A i X1 X0) — He(yig + A n (vig, X0)| X,
— [He(yik + 3(—r) (i, X0)| Xr) — He(ysy + z(—r) (Yij» Xr)|Xr)] 2
+E [{Zrz’jk - E[Zrijk|x(—r)7XT]}le(—r)er] } (B.21)
=W (1, ) [an + Ra

where |R,| < C(a?(logn)** + (nh,) '(logn)®) uniformly in 7,4, j,k and [. To bound the

first and the second difference above we use the following calculation:

H (yzk + A (yzka r)’Xr) - H (yz] + A (ylja T‘)’XT)
= [He(yzk|X7“) - He(yij|X7")]
S LATIRINE S SRy AN D NI e &)

| FH DB ) = JHGDIE s X)| (B2
= O0(a,) + R,

uniformly in 7,4, j and k, where |R,| < C(a?(logn)® +a?(logn)?*) and &; is between y;; and
Vi + A(_T) (yit, Xr), t =k, j. For the second and the third term of (B.22) we used (B.16) and
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assumptions (A5)(ii) and (A5)(iii). To bound the third term in (B.21) we use the following
reasoning. We first define ¢, = C’'(nh,) ' (logn)®. Now, on the set D,, we can conclude that
the variable I(E, < s+ A(s, X)) lies in between I(E, < s+ A (s, X;) — sc, — ¢,) and
I(E, < s+ Acy(s, X,) + s, + ¢,). Therefore, we have that

|E[Zr(s)an|DC(_r), X,]

<FE [I(ET <s+ E(_r)(s, X,) + scn + ¢n)

— I(E, < s+ A5, X,) — s — )| X, Xr]
< H, (s + ﬁ(,r)(s, X,) + sc, + cn\Xr>
— H, (s + ﬁ(_r)(s, X,) — sc, — cn|XT)
< 2sup | HL(sf2) slen + <)
<C (’nhn)l(log n)<, (B.23)

for some constant C' > 0, uniformly in —co < s < oo and for all » < n. The last inequality
follows from assumption (A5)(ii). This proves (B.21). Condition (B.19) is now satisfied, since
S, E[X'fijkl]ﬁar_l,ijkl] < Cay,(nhy,) *(logn)® uniformly, because of (B.21). This completes
the proof. n
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