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Abstract— Abstraction techniques provide formal guarantees
for generic optimal control problems on nonlinear and hybrid
systems. Computing an abstraction solving the problem over
the whole state-space is computationally demanding in high-
dimensional spaces. We circumvent this curse of dimensionality
by introducing a hierarchical abstraction approach for solving
an optimal control problem for nonlinear systems with three
nested partitions. These nested partitions allow the construction
of auxiliary systems that characterize simulation relations,
which are suitably exploited to provide upper and lower bounds
for a branch and bound algorithm to yield an optimal solution
for the control problem. An example illustrates the proposed
method.

I. INTRODUCTION

Generalizing classical control techniques based on fre-
quency analysis or convex optimization to hybrid systems
is challenging. In the literature, some works achieve this for
specific classes of hybrid systems but this is usually limited
to systems for which the discrete part is not too complex.
However, the increasing interconnection between computers
and dynamical systems demands more general frameworks,
which should be able to match the current challenges of
these cyber-physical systems in a seamless way. On the other
hand, abstraction techniques rely on the relation between the
system and an automaton to leverage algorithms on graphs or
hyper-graphs. While these techniques suffer from the curse
of dimensionality, their complexity is less affected by the
complexity of the discrete part. The classical abstraction
method [1] suffers from having to compute the abstraction
on the complete state space. In [2] the authors propose to
adapt the size of the abstraction gradually but uniformly
over the whole state space. In this work, we propose to
co-design the abstraction and the controller guided by the
optimal control problem in order to reduce the computed
part of the abstraction. To this end, we provide algorithms
based on the following three observations.

First, a common approach is to seek for an abstraction that
is in alternating bisimulation relation with the original system
like in [3]. That is, the abstraction is both an alternating sim-
ulation of and alternatingly simulated by the original system.
This requires both that the system satisfies some assumptions
such as incremental stability and that the abstraction is
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sufficiently fine-grained, which heavily intensifies the curse
of dimensionality. It is shown in [4] that bisimulation can
be replaced by alternating simulation relations, while still
retaining some key properties enabled by bisimulation. In
particular, two of these properties are Lyapunov functions
and BQ-functions (see Definition 3). While similar concepts
had been used in particular frameworks, e.g in [5] where
the concept of Lyapunov function was used for a specific
case of alternating simulation, the conjugate use of alter-
nating simulation and BQ- and Lyapunov functions allows
for leveraging optimal control tools in the framework of
symbolic control. As we show in this paper, for any partition
of the state-space, one can build an alternating simulation and
an alternatingly simulated system, together with a BQ- and
Lyapunov function, which in turn provides lower and upper
bounds to the optimal cost of an optimal control problem [4,
Lemma 13]. While finer abstractions reduce the gap between
the two bounds, the techniques developed in this work do not
have any requirements on this gap thus allowing the use of
coarser abstractions to improve scalability.

Second, while computing a fine enough abstraction over
the whole state-space is often impossible due to high compu-
tational cost, computing the abstraction in a restricted area,
close to the optimal trajectory is much less affected by an in-
crease in the number of dimensions. In practice, this optimal
trajectory is unknown, and we propose a methodology based
on the so-called A* algorithm (revisited in Algorithm 1)
in order to determine it in an incremental way. The A*
algorithm is commonly used in artificial intelligence and
usually dramatically reduces the computational time when a
good consistent lower bound on the optimal cost is provided.
For discrete-time systems, this lower bound takes the form
of a BQ-function. We show in Algorithm 1 how to exploit
the BQ-function to compute lazily an alternatingly simulated
system and its associated Lyapunov function. By lazy, we
mean that the computation of the transitions for each state
of the abstraction is postponed until the moment when it is
needed. This is a key difference between search algorithms
such as A* or minimax with «-f3 pruning [6, Section 6.3.2],
which explore part of the state space of a 2-player game and
classical value or policy iteration strategies [6, Section 7.2],
which require the computation of all transitions of a Markov
Decision Process.

Third, similarly to the crucial importance of adaptive step-
size for simulations, using a uniform grid as partition of
the state-space is not appropriate. We show in Theorem 3
and Theorem 7 how to decouple the abstraction into distinct
parts of the state-space in which the Lyapunov function
or BQ-function as well as the abstraction itself can be
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computed independently and then combined. This allows the
computation to be carried out in a distributed manner.

Our main goal is to combine these ideas in a hierarchical
approach with three nested levels of partitions in order to
solve an optimal control problem for a nonlinear system
while mitigating classical problems induced by the curse of
dimensionality. We provide a Branch-and-Bound algorithm
that is able to exploit the decoupling to avoid computing
some part of the abstraction if it is pruned by bounds
provided by the Lyapunov and BQ-functions.

An extended version of this work is available in [7].

II. BQ-FUNCTIONS

In this section we define the first building blocks of our
method, starting by a formal definition of the system to be
considered.

Definition 1 (Discrete-time control system). A discrete-time
control system is defined as a triple S = (X, U, ~~) where X
is the set of states, U is the set of inputs and ~ is the subset
of transitions (x,u,x') such that the system can reach ©’ €
X from x € X with input uw € U. We denote (x u,x') € ~»
as x ~ x', and the set of «' such that © ~ z’ as Post.., ( ).

We denote the set of *' such that ©’ ~ x as Prew (:E)

We denote the set of inputs associated with transitions
departing from some state x € X as U(x) = {u € U |
Post..(xz) # @ }. Also, we say that a discrete-time control
hybria system is deterministic if for every state z € X and
control input u € U, Post... () is either empty or a singleton.
Otherwise, we say that it is non-deterministic.

The simulation used in this paper is commonly referred
to as an alternating simulation, which was introduced in [8]
and can be defined as follows.

Definition 2 (Alternating simulation relation [9, Defini-
tion 4.19 and Definition 4.22]). Consider discrete-time con-
trol systems Sy = (X1,Uy,~1) and Sy = (Xo, Uy, ~2), as
defined in Definition 1. Given a relation R C X} X AXj,
consider the extended relation R® defined by the set of
(1, @2, u1, u2) such that for every x; € Post ; (22), there

v
exists oy € Post, (z1) such that (z%,23) € R. If for

all (z1,22) € R, and for all uy € Uy(x1), there exists
ug € Us(xo) such that (x1,x9,u1,us) € R® then R is an
alternating simulation relation, R is its associated extended
alternating simulation relation and S is an alternating sim-
ulation of Si.

We denote the empty tuple as (), the I-tuple (u;)!_, as u;
and the concatenation of tuples u,, , ugz as the (I +12)-tuple
(y,;u;,). A cost function is a given function c¢: X x U —
R U {oo}, a value function is a function V : X — R U {o0}
and a Q-function is a function Q : X x U' — R U {oo}.
Given a Q-function Q : X x U' — R U {oco} for some
! € N with some cost function ¢, we recursively define the
value of Q(z,uy) for I’ > | with the following identity for

k=1+1,...,I"

Q(z,u;) = c(z,u1)+ max

/ k
i i)i—o)- 1
z’€Post ., (z) Q(:L ’ (u )1_2) ( )
ul
Given a cost function ¢ and a value function V, 7;QV denotes
the Q-function with cost function ¢ such that 7RV (z,0) =
V(x).
The Bellman operator T, is defined as':

TV (@) = min T2V (2, u) )
7-CQ('T7 ul) = 7131%1,1/1{ Q(IE, (ul; U/))

The value function V' solving the Bellman equation
T.V(x) = V(z), commonly referred to as the Bellman value
function, is the Grail of optimal control but its computation is
challenging. We show in this paper that a function satisfying
an inequality instead, e.g., 7.V (z) < V/(x), still provides
most of the useful properties of the Bellman functions and
the computation of such functions is more reasonable. As
the inequality 7.V (z) < V(x) corresponds to the Lyapunov
inequality, we refer to such functions as Lyapunov functions
and detail their properties and computation in Section III. In
the case of the inequality 7.Q(z,0) > Q(x,0), we use the
name Bellman-like Q-function (BQ-function for short).

Definition 3 (BQ-function [4, Definition 4]). Consider a
discrete-time control system S = (X,U,~). A function
Q: X xU* = R is a BQ-function of S with cost function
c if Q(z,u;) < Q(z, (uy; ) for all x € X,uy, € U* and
u) € Ul, where Q(z, (uy; ) is defined from Eq. (1).

As described in the next theorem, knowing an alternating
simulation for a discrete-time control system allows the
derivation of BQ-functions under given conditions.

Theorem 1 ([4, Theorem 6]). Consider discrete-time control
systems S1 = (X1,Uy,~1), Sy = (Xo,Us,~?), defined
in Definition 1, and an alternating simulation relation R
such that for each xr1 € Xy, there is exactly one xo € Xs
such that (x1,x2) € R, which we denote by R(x1). Given a
cost function c1 for Sy, consider an associated cost function
satisfying, for all xo € X, us € U,
min

ca(x2,u9) <
(z1,2,u1,u2)ERE

c1(w1,u1). 3)
If Va(x) is a Bellman-like value function for Sa with cost
function ¢y, then Vi(x1) = Va(R(x1)) is a Bellman-like
value function for Sy with cost function cy.

The following proposition allows us to combine different
BQ-functions, e.g., one that is known by the control engineer
and one that is determined with an abstraction.

Proposition 1. Consider a discrete-time control system S =
(X,U,~), two BQ-functions Q1,Qz : X x U’ — R of S
with cost function ¢ and the Q-function @ : X x U° = R
defined by Q(z,0) = max(Q1(z,0), Q2(x,0)). Then Q is a

BQ-function of S with cost function c.

"Note that we have 7.V (z) = TcTcQV(lU 0).
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Fig. 1. Left: Illustration of the set of ¢’ such that Postw(Xq) NXy # 2.

Middle: Corresponding transitions created in Theorem 2. nght Correspond—
ing transition created in Theorem 5.
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Fig. 2. Illustrations of transitions defined for a given state ¢ € Q and
an input v € U for the abstraction defined in Theorem 2 (left) and in
Theorem 5 (right). In the case on the left, one can choose the destination
(optimistic) while in the case on the right, one cannot (pessimistic).

Given a partition of the state-space, the following theorem,
inspired by discussions in [4, Section 4], allows us to
compute a deterministic alternating simulation for a discrete-
time system.

Theorem 2. Consider a discrete-time control system S =

(X,U,~), as defined in Definition 1, a set of discrete states

Q and a partition (Xy)qeo of X. Let 8" = (Q,U x Q ~)

be the discrete-time control system such that q ~' ¢’ if and
u,q’

only if Post..(X,) N Xy # @. Then S is an alternating
simulation of S.

To summarize the implications of Theorem 1 and Theo-
rem 2, if O is a finite set then the abstraction defined in
Theorem 2 with the cost given by Theorem 1 is a weighted
directed graph as illustrated by Figs. 1 and 2. Thus, a
BQ-function for the abstraction can be computed using a
shortest path algorithm such as the Dijkstra or Bellman-Ford
algorithm. The corresponding BQ-function for the original
system given by Theorem 1 is a piecewise constant function.

Theorem 3. Consider a discrete-time control system S =
(X,LL:M), as defined in Definition 1, and a subset Z C X.

Let S = (X,UU (U X Z),~3) be the discrete-time control
system such that for all v,x’ € X,u € U, x =~ 2’ if and
only if x ~ x' and ' ¢ Z and for all z,x',2" € X ,u € U,
z =~z ifandonly ifr' =" € ZandPost ( NZ # 2.

u fE
Then S~ is an alternating simulation of S.

Let S = (XU{t},UUZ, x) be the discrete-time control
system such that, for all x,z’" € X,u € U, we have: x :Z !

if and only if ' € Post..(z) \ Z; xwtlfandonlylf
Post..., ()ﬂZ%@ andth zfandonlylfx e Z. If

Q: X xU® — R is a BO- functlon for S with cost function

&(z,u) = c(x,u) and &(t,x') = 0 then the Q-function Q :
X xU° — R defined by Q(x,0) = Q(z,0) for all z € X
is a BQ-function for S with cost function &(x,u) = c(x, u)
and é(x, (u,x")) = c(z, u).

IIT. LYAPUNOV FUNCTIONS

Analogously to the definition of BQ-function and its
implications given in the previous section, at this point
we define the Lyapunov function for a given discrete-time
control system and present associated results.

Definition 4 (Lyapunov function). Consider a discrete-time
control system S = (X,U,~), a set Xy C X and a cost
function c. A value function L is a Lyapunov function with
cost function c for S in Xy if, for all x € X\ Xy, L(z) = oo,
and for all x € Xy, L(x) is finite and L(x) > T.L(x) where
T. is defined in Eq. (2).

Theorem 4 ([4, Theorem 8]). Consider discrete-time control
systems Sy = (X1,Uy,~1), So = (Xa,Us,~?), as defined
in Definition 1, and an alternating simulation relation R
such that for each xo € X, there is exactly one x1 € X
such that (x1,x2) € R, which we denote by R(x5). Given a
cost function co for Ss, consider an associated cost function
satisfying, for all x1 € X,u; € U,

c1(xy,ur) > max co(xa, uz). )

(z1,22,u1,u2)ER®
If Li(x) is a Lyapunov function for S1 with cost function
c1, then Lay(22) = L1(R(x2)) is a Lyapunov function for Sy
with cost function cs.

The following proposition allows us to combine different
Lyapunov functions, e.g., one that is known by the control
engineer and one that is determined with an abstraction.

Proposition 2. Consider two Lyapunov functions Ly, Ly :
X — RU{oo} and the function L : X — RU{oco} defined by
L(z) = min(L4(z), La(x)). Then L is a Lyapunov function.

Given a partition of the state-space, the following theorem
allows us to compute a (non-deterministic / hypergraph)
alternating simulation for a discrete-time system.

Theorem 5 ([10, Theorem 4.1]). Consider a discrete-time
control system S = (X,U,~), as defined in Definition 1, a
set Q and a partition (Xy)qeo of X. Let 8" = (Q,U,~>')
be the discrete-time control system such that ¢ ~' ¢’ if and
only if Post..(X,) N Xy # @. Then S is an alternating

simulation of S’.

If Q is a finite set, the abstraction defined in Theorem 5
with the cost given by Theorem 4 is a weighted directed
forward hypergraph G. That is, each transition corresponds
to a forward hyperarc which is a hyperarc with one tail and
multiple heads as illustrated by Figs. 1 and 2; see [11] for a
introduction to hypergraphs. The transpose of the hypergraph
G'T (which corresponds to the hypergraph where the heads
and tails are reversed) is a backward hypergraph. That is,
each transition corresponds to a backward hyperarc which
is a hyperarc with one head and multiple tails. A Lyapunov
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Fig. 3. Tllustration of the generalization of the Dijkstra algorithm to forward
hypergraphs detailed in Algorithm 1. We represent in blue the set M =
{q € X | £*[q] < oo}, which contains the cells for which we already know
the optimal control law to lead them to the target set. A cell can be added
in M when for at least one input, all destinations are in M. This is the
case for g; and not yet for g2. In Algorithm 1, the A* procedure smartly
selects the next cell ¢ and input u to expand, i.e. to compute Post..(q).

function for the abstraction can be obtained by finding the
minimal weight forward (resp. backward) hyperpath to (resp.
from) any node of Xy in G (resp. G'") where the weight of a
hyperpath corresponds to the distance in G (resp. G ). While
shortest hyperpath problems on hypergraphs are NP-hard in
general [12], this particular case can be solved in polynomial
time by a generalization of the Dijkstra or Bellman-Ford
algorithm [11]. The corresponding Lyapunov function for the
original system given by Theorem 4 is a piecewise constant
function.

The following definition formalizes the time-reverse of a
discrete-time control system.

Definition 5. Given a discrete-time control systems S =
(X,U,~), its controlled reverse is the discrete-time control

= — — .
system defined by S= (X, U x X,~) where v ~ z" if

u,z’
and only if ' = 2" and &’ ~ x. Given a cost function c for
u
system S, its corresponding controlled reverse cost function
« . —
c is defined as c (z,(u,2")) = c(z’,u).

Algorithm 1 lazily builds an abstraction and computes a
Lyapunov value function for it. The tighter the BQ-function
is, the smaller part of the abstraction we will have to build.
Theorem 4 then allows us to deduce a Lyapunov function
for the original system. The following theorem is based on
a generalization of the A* algorithm for hypergraphs [13].
Algorithm 1 computes a controller for a subset of the state
space given by N = {q € X | £[q] < 00,£*[g] = oo}. The
controller is optimal for the subset M = {q € X | £*[q] <
oo} that contains at the end of the execution the initial set
Xs.

Theorem 6. Consider a discrete-time control system S =
(X,U,~), a cost function ¢, a source set Xs C X, a target
set Xy C X, a BQ-function Q for the controlled reverse of
S. If the state-space X is finite then Algorithm 1 terminates

Algorithm 1: Algorithm for the computation of a
Lyapunov function ¢* based on a generalization of
the A* algorithm for hypergraphs. The abstraction
is computed lazily leveraging the ability of the A*
algorithm to explore a reduced part of the state-space
while still guaranteeing optimality. See Fig. 3 and [7,
Figure 4] for an illustration of the algorithm.

Data: A discrete-time control system S, a cost
function c, a source set X; C X, a target set
X; C X, a BQ-function @) for the controlled
reverse of S with cost function c.

*[q] < o0, Vg € X,

gq] <= o0, Vg € X\ Ay

lq] + Q(g,0), Vg € Xy

N — X

M +— @,

while N # & and 3q € X, such that (*[q] =

q + argmin{{[q] | ¢ € N'};

*[g] < £[q] — Q(q,0);

N N\ {a};

M+~ MU{q};

for v € U do

for ¢’ € Pre..(q) do

if Post...
14 ‘ Compute Post..(¢');

oo do

N-I-TREN S Y N L

=
D=2

[
w

(¢") not computed yet then

end

15 if Post..(¢') C M then

16 é[q} < min(¢[q'], Q(¢', V) + c(d,
maxquepostw(q ) A [ ])

17 N<—./\/U{q}

end

u) +

)

end

end
end
18 return (*;

in finite time and returns a Lyapunov value function.

Theorem 7. Consider a discrete-time control system S =
(X,U,~), as defined in Definition 1, and a subset Z C X.

Let S = (X U,~S) be the discrete-time control system
such that x =5 ' if and only if x wx or 2’ € Z and

Post..,
S.
Let S = (XU{t},Z/IU{@}, ~%) be the discrete-time control
system such that for all v,z’ € X,u € U, we have x :73 x,
if and only if ' € Post...(z) and 2’ ¢ Z, mwt lfandonly
ifPost ()N Z #£ g, andth tfandonlytf:c eZ.If
L:X >RU{co} isa Lyapunov function for S with cost
function ¢(x,u) = c(x,u) and &(t,0) = O then the value
function L : X — RU {oo} defined by L(z) = L(x) is a
Lyapunov function for S with cost function &z, u) = c(x, u).

( n z #+ &. Then S is an alternatzng simulation of
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IV. HIERARCHICAL ABSTRACTION CONTROL

We will now combine these lower and upper bounds in a
hierarchical approach with three nested levels of partitions.
Consider a discrete-time system Sy = (Xo,Up,~>) and
a partition (2Xy)gec0, of X. For each ¢» € Qo, consider
the partition (1X¢2) g of 2y, with Q1 =, <0, QT
Also, for each ¢o € Qa,q1 € Q%, consider the partition
(*1XQ)quqjl’(12 of 1.)((;112 with qul = UQ1€Q({2 Q‘ijlz and
Q1= UQQ6Q2 qul

Let §0 with cost ¢ be the controlled reverse of So with
cost c. ConsideL the alternating simulation Sg = (Qa,U %
X Wz) (resp S_ 1= (Q 1,2/[ X X W 1) 51: (QLZ/{ X
X, wl)) of Sy (resp. S 0, S —1) provided by Theorem 2 with
the partition (2Xy)geq, (resp. (—1Xy)qeo s (1X5)qe0,)-
Moreover, consider the system S_; = (Q_1,U,~>_1) for
which Sy is an alternating simulation provided by Theorem 5
with the partition (_1X;)4eo_,. The goal of the coarser ab-
straction S5 is to decouple the problem into local objectives
in order to reduce the part of the state space where the
Lyapunov and the BQ-function are computed. These local
objectives are defined by the following sets.

For any q,q¢ € Qa, we define the sets

I, ={te 0¥ |3se QL uecldst.t s s},

u,sq

I;;, ={teQ?,|3s€Ql,uel st szilt},

We then define S_; = (Q_1,U,~5_1) and S, =
(Q_1,U,~_1) as the systems S and S obtained by suc-
cessively applying Theorem 7 for S_; with 2 = 7~ ;, for
each ¢,q’ € Q. Analogously, we define S = (Q1,U,~57)
and S; = (Q1,U,~~1) by applying Theorem 3 for §1 with
Z =1, foreach q,¢' € Qa.

By Theorem 2, Theorem 3, Theorem 5 and Theorem 7,
we have the following where A < B means that B is an
alternating simulation of A:

S 1 =<8 1=<8 =5,

— — N
S0=X5-12%8:1=2 54

Therefore, by Theorem 3 and Theorem 1, we can deduce
a BQ- functlon for So with cost ¢ given a BQ-function for
51 with cost c Similarly, by Theorem 7 and Theorem 4, we
can deduce a Lyapunov function for Sy with cost ¢ given a
Lyapunov function for S_; with cost c.

The computation of the BQ-function (resp. Lyapunov
function) for S; fori=1 (resp. ¢ = —1) can be decoupled
into the computation of such function for the subsystem
corresponding to a specific ¢ € Qs defined by the subset
of states

{thy]d €Q}U{th, |deQ}uQl

— “—
As S is an alternating simulation of S _1, a BQ-function
— —
for §_; can be deduced from a BQ-function of S; using
—
Theorem 2. Moreover, as S_7 is the controlled reverse of

Algorithm 2: Lower bound algorithm that can be
used as « function for Algorithm 4.

Data: A discrete-time control system Sy, sequence
of states (g;)%_,, initial state g € 22X,
alternating simulation <§1 with alternating
simulation relation R, alternating simulation
So and corresponding BQ-function Q3.

for j < 0 to k do

if 7 = 0 then

| source; « {Ri(z0)};

else

‘ source; < {t}
end

qj— 1(1]}-

end

for j < 0tok—1do

Qj + Dijkstra for subsystem of S; at q; with
target source;;

end
return Q2(qx) + Z?Zl Q;—1(source;);

S_1, this provides the BQ-function required for applying
Algorithm 1 on S_;. Note that as these BQ-function are
already computed by Algorithm 2, they can be memoized
for Algorithm 3 to avoid recomputing.

Remark 1. The time and space needed for the computation
of the BQ-function and Lyapunov function in Algorithm 2
and Algorithm 3 can be drastically reduced by memoization
techniques. The abstraction only depends on the state g € Qo
so it only needs to be computed at most once. For the BQ-
function, the value of the function only depends on the target,
not on the whole sequence (g;)%_, which allows different
sequences to reuse the same computation. For the Lyapunov
function, the abstraction is computed lazily and is stopped
once the source is completely covered. Therefore, when
computing the Lyapunov function for the same target and a
different source, the computation may need to be continued
where it was left off until this new source is covered, reusing
the part of the function and abstraction that was already
computed.

Theorem 8 ([4, Theorem 15]). Algorithm 4 returns an
optimal solution in finite time for the system S_;.

V. CONCLUSION

In this paper, we formulated modular foundations for the
construction of hierarchical abstractions. We formalized the
connections between alternating simulations and the Bellman
operator. This provides a modular methodology to transfer
bounds on the optimal cost from abstractions from different
levels of nested partitions. We developed a branch and
bound algorithm that leverages the bounds gathered from the
the constructed abstractions. Finally, numerical experiments
illustrate the practical significance of these results.
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Algorithm 3: Upper bound algorithm that can be
used as S function for Algorithm 4.

Data: A deterministic discrete-time control system

Sp with cost o, sequence of states (q;)F_

with g;, = ¢, initial state xg € X, a target

set Xy C o4&y, and an alternatingly simulated
<«

system ,§_; with alternating simulation

relation R_;.

T < x0; | < 0; cost < 0;
for j « 0 to k do

if j = 0 then

for i < —1 to 1 by 2 do
| source; + {Ri(w0)};
end

else

for i < —1 to 1 by 2 do
| source; + {t}
end

j*qu'};

end

if g = q; then
| target <+ {q€ Q" | 1 X, C X}

else
| target « {t. L}

end

Q1 « Dijkstra for subsystem of S; at q; with
target sourceq;

@Q_1 < Theorem 2 with Q1;

L < Algorithm 1 for subsystem of S_y at q;
with target target, source source_; and reverse
BQ-function Q_1;

while R_; (z) ¢ target do

if L(R_1(z)) = oo then
| return (), 0o

end

< 1+1;

w < argmin,, co(x,u) +
mMaXycPost..,, () L(R—l(x/));

x < unique element in Post..., (z);

cost «— cost + co(x, u;);

end

end
return u;, cost;
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