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Abstract—In this paper, performance bounds for the multi-
antenna near-field range estimation of extended targets are
provided. First, analytic expressions of the ambiguity functions
are obtained, emphasising the cooperation between the waveform
delay and the near-field phase shift information. The impact of
estimating the range of an extended target with a point target
model is analysed, showing that a model mismatch leads to severe
performance degradation in the near-field region. Secondly,
Cramér-Rao bounds are derived. Expressions emphasising the
impact of various parameters, such as the carrier frequency
and the central frequency and root-mean-square bandwidth of
the waveform, are obtained. The near-field range information
is shown to depend on the root-mean-square value of the
propagation delay derivatives, this value scaling with the fourth
power of the ratio between the antenna array dimension and the
target range.

Index Terms—Near-field, range detection, extended targets,
ambiguity function, Cramér-Rao bound

I. INTRODUCTION

Wireless communication models usually consider Far-Field
(FF) propagation, which amounts to approximate the spher-
ical wavefront by a plane one at large distances. However,
emerging wireless networks target higher carrier frequencies,
lower propagation distances, and larger antenna arrays. This
implies that the wavefront curvature must be accounted for
with Near-Field (NF) propagation models. This NF effect
can then be leveraged upon, providing significant gains in
positioning applications.

The NF effect can be exploited when an active point source
is located in the NF region of an antenna array. In that
case, the array can perform source positioning based on the
received signals [1]. As no control is exerted on the signal,
this latter is either modelled as a parametric or stochastic
narrowband signal [2], with performance depending on the
quantities measured by the receiver [3]. The NF effect can also
be leveraged upon in radar applications, in which signals are
reflected by passive targets. Performance bounds are derived in
[4] for 3D localisation. OFDM signals are exploited in [5], the
localisation performance being demonstrated experimentally
and evaluated with the Cramér-Rao Bound (CRB). Continuous
waveforms are studied in [6], in which the associated CRB is
computed, and the parameter impact emphasised.
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The above works consider dimensionless Point Targets
(PTs), which re-emit the impinging signals isotropically. Yet,
when large targets are close to the arrays, such a model might
be too simplistic, as noted in [5]. Such large targets are named
Extended Targets (ETs), and call for specific signal processing.
In [7], we have designed an electromagnetic-based propagation
model and the associated range estimator. Numerical results
have demonstrated the estimator efficiency, calling for the
associated theoretical performance bounds.

Therefore, this paper provides analytic performance bounds
for the range estimation of ETs. On the one hand, closed-form
ambiguity function expressions are provided, highlighting the
cooperation between the NF phase shifts and the classical
waveform delay information. Moreover, the impact of a model
mismatch between the signal reflected by an ET, and the range
detection through a PT model is analysed. It is shown that
such a mismatch leads to a severe performance degradation.
On the other hand, the CRB on the range estimation is derived.
The obtained expression reveals the impact of the parameters,
namely the carrier frequency, and the central frequency and
Root-Mean-Square (RMS) bandwidth of the waveform. The
NF effect is shown to depend on the RMS value of the
propagation distance derivative, scaling with the fourth power
of the ratio between the array dimension and the target range.
Analysing the CRB, an expression of the range at which the
NF effect becomes insignificant with respect to the waveform
information is obtained.

Below, the system model is described in Section II, while
the ambiguity function expressions are provided in Section III
and the CRBs in Section IV.

II. SYSTEM MODEL

The scenario of Figure 1 is considered, in which a large
metallic reflector is located in front of two linear antenna
arrays of respectively Nt and Nr antennas, whose maximum
dimension is denoted D. The reflector is parallel to the arrays
and located at a distance R, named the target range. The
z-axis position of the lth transmit and receive antennas is
respectively denoted zl and yl. In order to estimate the range
R, each transmit antenna emits the same waveform s (t)
on orthogonal time resources, in a Time Division Multiple
Access (TDMA) manner. TDMA indeed leads to an eas-
ier implementation than systems in which orthogonality is
achieved in other domains, such as frequencies or codes [8].
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The waveform is characterised by an autocorrelation func-
tion C (τ) ≜

∫
s (t) s∗ (t− τ) dt, its energy being denoted

Ec ≜ C (0). Its frequency content ranges from −B/2 to B/2
with B the bandwidth, and its central frequency and RMS
bandwidth are denoted and defined as

fM ≜
1

Ec

∫
f |S (f)|2 df, (1)

BRMS ≜

√
1

Ec

∫
(f − fM )

2 |S (f)|2 df, (2)

with S (f) the Fourier transform of s(t). At the l′th receive
antenna, Nt noisy signals are received, the lth one reading as

ul′l (t) = ξµl′l;R (t) + wl′l (t) , (3)

with µl′l;R (t) ≜ e−jkrl′ls
(
t− rl′l

c

)
. (4)

In the above, ξ is an unknown complex coefficient, k = 2π/λ
with the wavelength λ = c/fc and the carrier frequency fc, c
is the speed of light, rl′l is the propagation distance between
the lth transmit and l′th receive antennas, and wl′l (t) is an
additive white Gaussian noise with power spectral density γn.
In the signal model µl′l;R (t), the waveform delay provides
the classical range information while the range-dependent
phase shifts are specific to the NF propagation. The path-
loss is considered independent of the antenna locations and
thus included in ξ. This is valid for ranges above the so-
called uniform power distance, which is within a constant
factor of the array dimension D [9]. Regarding the propagation
distances rl′l, they depend on the target model, as represented
in Figure 1. For a PT located at z = 0, this distance is given
by

rPT
l′l ≜

√
R2 + z2l +

√
R2 + y2l′ . (5)

In [7], we have shown that for a large parallel planar ET1, the
propagation distances depend on the specular point locations,
different for each pair of antennas. In that case [7]

rET
l′l ≜

√
4R2 + (zl − yl′)

2
. (6)

1Other PT locations or ET geometries would lead to different distance
expressions. In the following, the focus is made on the two target models of
Figure 1, and the acronyms PT and ET will refer to these specific instances
of PTs and ETs.

The Maximum Likelihood (ML) range estimator associated
with (3) reads as

R̂, ξ̂ = argmaxρ,ξ̃ TU

(
{ul′l (t)}l,l′,t

∣∣∣ρ, ξ̃) , (7)

with TU

(
{ul′l (t)}l,l′,t

∣∣∣ρ, ξ) the likelihood function of the
received signals ul′l (t) for all antenna pairs (l, l′) and all times
t, for R = ρ and ξ = ξ̃. Eliminating ξ, the range estimator is
given by R̂ = argmaxρ Λ (ρ), with [7]

Λ (ρ) ≜

∣∣∣∑Nr
l′=1

∑Nt
l=1

∫
t
ul′l (t)µ

⋆
l′l;ρ (t) dt

∣∣∣2∑Nr
l′=1

∑Nt
l=1

∫
t
|µl′l;ρ (t)|2 dt

. (8)

It has been numerically shown that this estimator provides
significant gains in the NF region, compared to classical range
estimators [7]. Yet, a theoretical basis for this improvement
is lacking. Thus, the below section studies the associated
ambiguity function and the CRB is developed in Section IV.

III. AMBIGUITY FUNCTION

In order to obtain the normalised ambiguity functions, (8) is
evaluated for noise-free signals ul′l (t) = ξµl′l;R (t), and then
normalised to a unit maximum. The case of targets very close
to the antenna arrays being difficult to handle, two assumptions
are introduced, with the Rayleigh distance RD ≜ 2D2/λ.

Assumption 1. The ranges satisfy R ≥ 1.2D [10].

Assumption 2. The ranges satisfy R ≥ RD
B
fc

.

Under Assumption 1, the distance rl′l is well approximated
by its second-order Taylor series, denoted r̃l′l and reading as

r̃PT
l′l = 2R+

z2l + y2l′

2R
, r̃ET

l′l = 2R+
(zl − yl′)

2

4R
, (9)

these approximations being named the Fresnel approximations.
The following proposition gives an expression of the ambigu-
ity function as a function of the classical waveform normalised
ambiguity function χC(ρ−R) ≜ |C(2(ρ−R)/c)/Ec|2. In the
proposition, the notations ρl′l and ρ̃l′l respectively refers to the
propagation distances (5) and (6), and approximate distances
(9), for a range equal to ρ instead of R.

Proposition 1. The normalised ambiguity function of (8) is

χ (ρ,R) =

∣∣∣∣∣∣ 1

NrNt

Nr∑
l′=1

Nt∑
l=1

ejk(ρl′l−rl′l)
C
(

ρl′l−rl′l
c

)
Ec

∣∣∣∣∣∣
2

.

(10)

Under Assumptions 1 and 2, (10) is approximated as

χ (ρ,R) ≈ χC (ρ−R)χNF (ρ,R) , (11)

with the NF ambiguity function

χNF (ρ,R) ≜

∣∣∣∣∣ 1

NrNt

Nr∑
l′=1

Nt∑
l=1

ejk(ρ̃l′l−r̃l′l)

∣∣∣∣∣
2

. (12)

Proof. By developing (8) for noise-free signals, one obtains
Λ (ρ) = |ξ|2 EcNrNtχ (ρ,R) with χ (ρ,R) ≤ χ (R,R) = 1.



This thus proves (10). Under Assumption 2, C(rl′l/c) ≈
C(2R/c), since the difference (rl′l − 2R)/c remains lower
than a fraction of 1/B. This enables to have the waveform
terms independent of l and l′, leading to the desired result.

The product of (11) implies that the global ambiguity
function has a main lobe narrower than the one of χC and
χNF alone. It thus appears that the waveform and the phase
information act collaboratively to provide the range estimation.

A. Point and extended target models

While (10) and (12) can be evaluated for different antenna
configurations, the impact of the parameters remains elusive.
Therefore, the NF ambiguity function is analysed in this
section for two antenna configurations. The first configuration
is with a single transmit antenna located at z = 0 and a receive
array of dimension D, centred at z = 0. In the second case,
the transmit and receive arrays have the same dimension D,
are centred at z = 0 and have a possibly different numbers
of antennas. The transmit antennas emits in a MIMO-TDMA
manner. These two cases will be referred to with the SIMO
and MIMO acronyms in the following. In these configurations,
Corollary 1 shows that the NF effect is captured by the
parameter β defined as

β ≜

√
RD

∣∣∣∣1ρ − 1

R

∣∣∣∣ =
√

RD

R

√
|R− ρ|

ρ
, (13)

this being reminiscent of the performance of beamfocusing
in NF communications [11]. It also shows that under As-
sumption 3, analytic functions can be obtained in terms of
the Fresnel integral F (x) ≜

∫ x

0
ej

π
2 t2dt and cardinal sine

sinc (x) ≜ sin(πx)/(πx).

Assumption 3. The array size and the numbers of antennas
are such that the summations on the antennas of the arrays
can be replaced by integrals [11].

Corollary 1. The NF ambiguity functions (12) read as

χPT,SIMO
NF (ρ,R) = χNF,r (β) ,

χPT,MIMO
NF (ρ,R) = χNF,r (β)χNF,t (β) ,

χET,SIMO
NF (ρ,R) = χNF,r

(
β√
2

)
,

χET,MIMO
NF (ρ,R) = χNF,rt

(
β√
2

)
,

with

χNF,t (β) ≜

∣∣∣∣ 1
Nt

∑Nt
l=1 e

j π
2

(
βzl
D

)2
∣∣∣∣2 ≈

∣∣∣ 2βF (
β
2

)∣∣∣2 ,
χNF,r (β) ≜

∣∣∣∣ 1
Nr

∑Nr
l′=1 e

j π
2

(
βy

l′
D

)2
∣∣∣∣2 ≈

∣∣∣ 2βF (
β
2

)∣∣∣2 ,
χNF,rt (β) ≜

∣∣∣∣ 1
NtNr

∑Nt
l=1

∑Nr
l′=1 e

j π
2

(
β

zl−y
l′

D

)2
∣∣∣∣2 ,

≈
∣∣∣2F (β)

β − ejπ
β2

4 sinc
(

β2

4

)∣∣∣2 ,
the approximations holding under Assumption 3.

Proof. This follows from the NF ambiguity function definition
(12), and the fact that under Assumption 3, the summations
are approximated by integrals.

0 2 4 6 8 10

0

0.5

1

β

Near-field ambiguity functions χNF (β)

PT,SIMO
PT,MIMO
ET,SIMO
ET,MIMO

Fig. 2. NF ambiguity function of Corollary 1 as a function of β.

The NF ambiguity functions, as a function of β, are depicted
in Figure 2. They are decreasing with β, possibly with some
oscillations. From (13), it appears that the range resolution in-
creases with RD/R, i.e. the estimation performance improves
at small ranges, for which the NF effect is significant.

B. Impact of a model mismatch

This section investigates the effect of using the PT model
when the target is a large plane ET, focusing on the SIMO
case. This amounts to analysing (12) with ρ̃PT

l′l and r̃ET
l′l , as

given by (9). Corollary 2 provides the associated ambiguity
function, its proof being similar to the one of Corollary 1.

Corollary 2. When the range of an ET is estimated with a PT
model, the ambiguity function, in the SIMO case, is given by

χMis,SIMO (ρ,R) ≈ χC (ρ−R)χNF,r

(
γ√
2

)
,

with γ ≜

√
RD

∣∣∣ 2ρ − 1
R

∣∣∣.
This corollary shows that in the cases of a model mis-

match, the ambiguity function has a similar form as those of
Corollary 1, yet with the parameter β replaced by γ. The NF
ambiguity function has then its maximum at ρ = 2R instead
of R, and thus it provides erroneous information. This is
explained by the presence of ξ, which erases the absolute phase
information. Thus, only phase differences between antennas
can be measured. Using (9), the phase difference between
the signal received at the antenna l′ and l′′ is given by
∆PT

ϕ = k(y2l′ − y2l′′)/2R and ∆ET
ϕ = k(y2l′ − y2l′′)/4R for

a PT and ET, zl being 0 in the SIMO case. For the same
phase difference, the estimated range will thus be affected by
a factor 2 if the erroneous model is considered. Contrarily, the
waveform delay of each antenna pair can be directly measured.
For a given delay, the range estimation will mainly be obtained
from the 2R terms in (9) as it is much larger than the term in
O(1/R). The 2R terms being identical for both target models,
the waveform ambiguity function is not impacted by the model
mismatch. This shows that the target model may have an
enormous impact on the range estimation in the NF region.
However, in the FF region, γ → 0, and thus the NF ambiguity



function becomes almost constant, the target model having
hence no impact on the estimation performance.

IV. CRAMÉR-RAO BOUNDS

In this section, the CRBs are developed in Proposition 2,
without relying on Assumptions 1 and 2, this being in contrast
with the ambiguity function results.

Proposition 2. The CRB on the range estimation is given by

CRBR =
(NrNtSNR)−1

32π2

c2

(
(η − β2) (fc + fM )

2
+ ηB2

RMS

) , (14)

with SNR ≜ |ξ|2Ec

γn
, the η and β factors defined as

η ≜
1

NrNt

Nr∑
l′=1

Nt∑
l=1

(
1

2

∂rl′l
∂R

)2

, (15)

β ≜
1

NrNt

Nr∑
l′=1

Nt∑
l=1

(
1

2

∂rl′l
∂R

)
, (16)

and with fM and BRMS defined in (1) and (2).

Proof. This result is obtained by computing the 3× 3 Fisher
Information Matrix (FIM) for R, and the real and imaginary
parts of ξ, the log-likelihood of the estimation problem (7)
reading as

log TU = K − 1

γn

Nr∑
l′=1

Nt∑
l=1

∫
|ul′l (t)− ξµl′l;R (t)|2 dt,

with K a constant. Partitioning the FIM and using the block-
matrix inversion lemma, the CRB is obtained as

CRBR =
γn

8 |ξ|2 EcNrNt

(
−R{M} − |N |2

) ,
with R{·} the real part operator, and N and M defined as

N ≜
1

2NrNtEc

Nr∑
l′=1

Nt∑
l=1

∫
µl′l;R (t)

∂µ⋆
l′l;R

∂R
(t) dt,

M ≜
1

4NrNtEc

Nr∑
l′=1

Nt∑
l=1

∫
µl′l;R (t)

∂2µ⋆
l′l;R

∂R2
(t) dt.

It remains to develop the expressions of M and N for model
(4). After lengthy developments present in the arXiv version
of this paper [12], using the Parseval theorem to translate the
time derivatives in the frequency domain and linking them to
fM and BRMS, the proposition is obtained.

In (14), one can identify the array gain NrNt which multi-
plies the SNR. This expression also highlights the cooperation
existing between the NF phase term (fc + fM )2(η − β2),
and the waveform term ηB2

RMS, similarly to what has been
observed for the ambiguity functions. The NF effect depends
on the carrier frequency and waveform central frequency while
the waveform information depends on its RMS bandwidth. The
NF effect also depends on the array geometry through the

√
η − β2 term, which is the RMS value of the propagation

distance derivatives, since it can be written as

η − β2 =
1

NrNt

Nr∑
l′=1

Nt∑
l=1

(
1

2

∂rl′l
∂R

− β

)2

. (17)

While significant in the NF region, this term goes to 0 in the
FF region of an array, as all propagation distance derivatives
becomes identical when R is large. Figure 3 illustrates the
range CRB for an ET in the MIMO case, for two bandwidths
and carrier frequencies. One can observe that for small ranges,
the NF information is dominant, depending on the carrier
frequency. For large ranges, the NF effect vanishes compared
to the waveform information. Therefore, the CRB saturates to
the waveform limit.
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Fig. 3. CRB for the ET MIMO case, for two bandwidths and carrier
frequencies, with Nt = Nr = 25, D = 1.5m, and SNR = 10dB.
The corresponding Rayleigh distances are respectively 360m and 1155m.
The considered waveform is a cardinal sine, for which fM = 0Hz and
BRMS = B/

√
12. The dashed lines correspond to the analytical expressions

of Proposition 3. The circles depict the ranges at which the NF information
vanishes with respect to the waveform one, as given by (19).

A. Point and extended target models

As for the ambiguity functions, analytic expressions for η
and β are obtained in Proposition 3 for the system model of
Figure 1, to gain insights on the parameters’ impact.

Proposition 3. With Assumption 3, the factors η and β only
depend on u ≜ R/D as follows:{

ηPT,SIMO ≈ 1
4 + u

2 atan
(

1
2u

)
+ u asinh

(
1
2u

)
,

βPT,SIMO ≈ 1
2 + u asinh

(
1
2u

)
,{

ηPT,MIMO ≈ u atan
(

1
2u

)
+ 2u2asinh2

(
1
2u

)
,

βPT,MIMO ≈ 2u asinh
(

1
2u

)
,{

ηET,SIMO ≈ 4u atan
(

1
4u

)
,

βET,SIMO ≈ 4u asinh
(

1
4u

)
, ηET,MIMO ≈ 4u atan

(
1
2u

)
− 4u2 log

(
1 + 1

4u2

)
,

βET,MIMO ≈ 4u asinh
(

1
2u

)
− 8u2

(√
1 + 1

4u2 − 1
)
.



Proof. The proposition is obtained by computing the deriva-
tives of the propagation distances, and then approximating
the sums as integrals which have the above closed-form
expressions.

The above shows that the ratio R/D is the key parameter
for the CRB. As it can be observed in Figure 3, the analytic
approximations are in very close agreement with the exact
CRB expressions even for low antenna densities, e.g., 25
antennas over 1.5m in this case. Focusing on the NF geometry
term η − β2, the analytic expressions of Proposition 3 are
depicted in Figure 4. As it can be observed, while the above
functions are intricate, the CRB term evolves almost linearly,
in log-scale, when R ≥ D. This observation is formalised in
the below corollary, which provides a Taylor series expansion
of the CRB for R ≥ D.

Corollary 3. If Assumption 1 holds,

CRBR ≈ (NrNtSNR)−1

32π2

c2

(
α(fc+fM )2

11520

(
D
R

)4
+B2

RMS

) , (18)

with the factor α = 4 (resp. 8, 1, 16) in the PT SIMO case
(resp. PT MIMO, ET SIMO, ET MIMO).

Proof. The corollary is obtained by developping the expres-
sions of Proposition 3 for η−β2 and η alone, in Taylor series
around D/R = 0. Under Assumption 1, only the lowest power
of D/R is kept, concluding the proof.
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Fig. 4. Analytic expressions of Proposition 3 for the NF term η− β2 of the
range CRB, as a function of R

D
. The series developments of Corollary 3 are

depicted with dashed lines.

The above corollary enables to obtain simple closed-form
expressions of the NF CRBs for R ≥ D. In all cases (SIMO
and MIMO, PT and ET), the NF effect evolves in (D/R)4.
Yet, a constant vertical offset differentiates the cases, which
mirrors the difference in curvatures observed in Figure 2. This
offset depends on the value of the factor α: in order to achieve
the same CRB as the one of a MIMO array of size D with a PT
(i.e. the best case), the array size must be equal to

√
2 4
√
αD,

leading to 1.03D for the MIMO ET for instance. Another
insight provided by Corollary 3 is the range at which the NF
effect vanishes with respect to the waveform effect, and thus

the performance saturates to the FF performance. Denoting
this range as Rsat, it is obtained when the two terms of the
CRB denominator are equal, leading to

Rsat = D

√
fc + fM
BRMS

4

√
α

11520
. (19)

These ranges are highlighted in Figure 3, showing their ability
to predict the region in which NF gains are significant.

V. CONCLUSION

This paper provides analytic performance bounds for the
multi-antenna range estimation of PTs and ETs. The con-
sidered performance metrics are the ambiguity function and
the CRB. Both metrics reveal a cooperation between the NF
phase information and the waveform delay information. For
the considered settings, the obtained performance bounds have
a particularly simple forms from which the parameter impact
can be evaluated. Among others, this reveals that the NF
CRBs improve with the RMS value of the propagation distance
derivatvies. Moreover, an expression of the range at which
the NF effect vanishes with respect to the waveform one is
provided. Future works include the study of other antenna
configurations, and performance bounds for the problem of
range and angle estimation.
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