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Building on the well-known Prandtl Lifting Line (PLL), this work proposes an extended
framework for mollified lifting lines, valid for multi-dimensional Gaussian smoothings. The
smoothing length scale o can be taken as constant or variable across the span. In this frame-
work, a slender lifting device and its wake are represented by a mollified vortex tube and a
mollified vortex sheet. While the resulting formulation is similar to the original one, it is shown
that a sectional mean downwash must be used in the integro-differential equation from which
the circulation distribution is obtained. Interestingly, it is also shown that this equation is
unaffected by the presence of mollification in the streamwise direction. As an application, the
case of the elliptical wing is revisited with several smoothing configurations. The results are
consistent with the original singular lifting line, and the peculiarities of the circulation and
downwash distributions are investigated. A uniform downwash is also recovered for a specific
configuration. Finally, the constant and the variable o regularizations are found to yield sim-
ilar results. Overall, the proposed method provides accurate results which can be compared
with those from numerical methods, such as the Actuator Line Model, Immersed Lifting Lines

or other similar methods.

Nomenclature
a = geometrical angle of attack
ao = slope of the airfoil lift coefficient
b = wing span
c = chord length
c = mean aerodynamic chord
G = airfoil lift coefficient
0 = Dirac delta
D;,D = induced and total drag force on the wing
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£ = local downwash angle

€00 = mollified downwash at the centerline
o = mean regularized downwash
€.,€,,&; = unit vector defining an orthonormal frame
F = total force on the wing

r = circulation distribution

H = Heavyside step function

KA = 3-D Biot-Savart kernel

K*’A = 2-D Biot-Savart kernel

L = lift force on the wing

¢ = sectional lift of the airfoil

e = fluid density

S = surface of the wing

4 = spanwise variable

u = local velocity

u = local velocity component

Uy = effective velocity

Us = norm of the upstream velocity

éo = regularization function

X = spacial coordinate

Ws = local singular vorticity

Wq, Wy = local regularized vorticity

w = local vorticity component
Subscripts

0 = evaluation at mid span or at the centerline

b = related to bound quantity
o = mollified quantity
s = related to shed quantity

I. Introduction
The lifting line theory, originally formulated by Prandtl [[1, 2] almost a century ago, is a very powerful tool to model

the aerodynamics of a 3-D slender lifting device, in an unbounded domain. The simplicity of the formulation, together



with the fact that it yields sensible results at a low computational cost, explains why it is still widely used in preliminary
design of wings and for crude aerodynamics predictions. Still, the classical Prandtl Lifting Line (PLL) has its limitations:
the represented lifting device must have a sufficiently high aspect ratio [? ], AR> 7...8. The latter condition ensures
an error of less than 3% on the predicted effective lift slope of the device [9]. Moreover, it is constrained to straight
geometries, where the aerodynamic center of every airfoil lies on a straight line (i.e. no sweep or dihedral). Small
angles of attack and steady conditions are also assumed.

Researchers proposed variations and adaptations of the method in order to relax these strong assumptions and make
it more general. Their thorough enumeration would be quite tedious; we can however mention efforts that worked
toward a generalization of the theory, in order to make it compatible with curved, swept or arbitrary-shaped wings
(among which [3| 4]), or to integrate unsteady aspects (see e.g. [SH7]]). Several methods for solving the underlying
numerical problem have also been proposed (e.g. [8H10])

More recently, the development of Computational Fluid Dynamics (CFD) has enabled the numerical resolution of
3-D complex flows past arbitrary geometries, with an ever increasing accuracy. However, the (very) high computational
costs associated with large simulations sometimes prevent the use of body-resolved CFD, e.g. for the computation of the
wake of complex machines such as full aircraft, rotorcraft, wind turbines, etc. For such applications, numerical methods
derived from the PLL have been proposed in order to model the presence of the device in the flow.

One of the most popular modeling method is the Actuator Line Model (ALM), proposed by [[11]], which has been
further developed and extensively used in the past decade (see e.g. [12, [13] for recent inputs and [[14]] for a review),
for the Large Eddy Simulation (LES) of wind turbine wakes. The method consists in adding a source term in the
Navier-Stokes equations to take into account the forces applied by the bodies (e.g. wings or blades) on the fluid. For
numerical purposes, this force needs to be regularized on a grid using smoothing functions, often Gaussian. Generally,
a good agreement with blade-resolved simulations is observed in terms of force distributions, despite some noticeable
difficulties in the prediction of tip loads. Tip correction functions can be introduced in order to partially circumvent this
issue [? ].

While 3-D isotropic regularization functions with constant parameter were initially employed, it was proposed in
[15,[16] to use a variable smoothing length scale in the spanwise direction, in order to improve the tip loads. Another
variation of the ALMs was recently brought by the use of non-isotropic regularization functions in [17]], stemming
from the proposition that the shape of the regularization function should match the shape of the airfoil. In the latter
work, distinct values for the smoothing length scale were used in the chord and thickness directions of an airfoil so as to
maximize the likelihood between the potential flow around a resolved blade and the flow induced by the actuator line.
Other smoothing functions were proposed through the Actuator Curve Embedding (ACE), where the regularization
function is essentially 2-D [18] (i.e. oy, < 0, 0;), and with a significant improvement in the results at the tip.

Similar techniques have also been developed in flow solvers using the vorticity—velocity formulation of the Navier-



Stokes equations. We mention here the Immersed Lifting Line (ILL) approach, formulated in [19] using an Eulerian
solver (the Vorticity Transport Model), and in [20H22]] using a Lagrangian framework (the Vortex Particle-Mesh method).
Both approaches were used to describe the physics of the wake of a Vertical Axis Wind Turbine.

In view of these numerical progresses, this paper comes back to the framework of the PLL in order to investigate the
effect of smoothing on the theoretical circulation distribution and the induced velocities (downwash). The equations
involved are written for the general case of 3-D regularization functions (also with variable spanwise smoothing), and are
trivially extended to the case of anisotropic smoothing functions. The results obtained here are meant to shed light on
the behavior of a mollified lifting line, and to provide high quality references for comparison with ALM, ILL and other
similar methods. Indeed, in these methods, mollification has been extensively used as a necessary numerical ingredient,
yet with a lack of theoretical background. Building on the mathematical framework introduced here, three key aspects
of the mollification are here investigated in order to identify their respective influence: the shape of the regularization
kernel, the definition of the downwash angle and the variation of the smoothing parameter along the span.

The paper is organized as follows: in Section [[I] we recall the classical PLL theory. Section [[II] presents the
framework leading to the mollified PLL with a uniform smoothing parameter. The method is developed for the specific
cases of 3-D, 2-D and 1-D smoothing functions and applied to a wing with an elliptical planform. In Section [[V] the
case of a smoothing parameter scaling with the chord distribution of the wing is developed, and results for the elliptical

wing are compared with those with uniform smoothing. Finally, conclusions are drawn in Section [V}

II. Classical PLL
The classical lifting line theory uses the assumption of slender lifting devices, meaning that the span b (along the y
direction) is significantly greater than any other dimension of the device (along x and z, see Fig.[I). Small angles of
attack (AoA) are assumed everywhere. The device, represented by a straight line, is segmented in the spanwise direction.

On each segment, we assume that the aerodynamics can be described using the 2-D (infinite span) relations, neglecting

ws(x) dy

Fig.1 Classical lifting line setup.



any transverse flow component. On the one hand, the Kutta-Joukowski theorem [23| 24] gives the sectional lift density

2(y) = pUs T(y). (D

On the other hand, the definition of the sectional lift coefficient is

= ap a.(y), 2)

where the “effective angle of attack™ is @.(y) = @ — &(y). In order to keep short expressions, the twist angle «,, is
neglected in the following developments. However, the latter can easily be introduced as a modification in the effective
angle of attack @ (y) = @ + @, (y) —&(y). The downwash angle £(y) is deduced from the Biot-Savart law which gives
the velocity induced by the wake on the lifting line. In the original theory, the line is a singular vortex tube, and the

wake is a singular vortex sheet. The vorticity field is thus also singular,

dr
ws(x) =6(x)I'(y)6(z) & + H(x) (—E(y)) 6(z) &, 3)

where ¢ denotes the Dirac delta. The first term is the bound vorticity ws,p (i.€., the lifting line), and the second one is

the shed vorticity ws, 5. The local velocity is

u(x) = Us & + (K(X)A) * w5 (X), “4)

with (KA) the Biot-Savart kernel. Finally, the downwash angle, as measured on the lifting line, is

u(y) - &, 111 (P2 1 ( dF) ,
e(y)= =0 % _ © (&) (5)
Y U U22r Jopp G-y Ty ] ©

where the factor % comes from the fact that the shed vortex lines go from x = 0 to x = oo, and not from x = —oo to
x = co. Combining Eqgs. (I), (Z) and the latter expression of the downwash angle leads to Prandtl’s integro-differential

equation,

['(y)

1
560¢(3) U (a = £())
b/2
( 11 1odr, )

(6)

a - — —

1
—_ Uoo
%) Us 47 J_p =y dy’
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As to the total lift and induced drag of the device, they are obtained as

L b/2

L_u. f T(y)dy )
1Y% -b/2
D, b/2
— =Ux f e(y) I'(y)dy, ®)
P -b/2

again using the assumption of small angles.
I11. Mollified PLL

We define regularization functions &, (x), where o is a smoothing length scale. In this work, Gaussian regularization

functions are used. This allows to write &, (X) as the product of 1-D functions &, (x;). Three types of regularization

are here considered (as depicted in Figs. [2] [3]and [4):

* a 3-D isotropic Gaussian regularization:

a2\ [ 2 _z2 1 _lx2
[ [ R

§or(X) = €o (00 (V)0 (2) = NP

Vi o3

Anisotropic cases (as in [17]) are also easily obtained as &, (X)éo, (¥)éo. (2), where different o; were used.

Fig.2 3-D mollified lifting line setup (isotropic case)

* a 2-D (x-z slice) isotropic regularization:

1 2 -z
o (X) = £r ()OS (2) = —3 (e 02) 6(y) (e 2), (10)

It corresponds to the 3-D regularization with o, — Oand oy = 0, = 0, as in [18]. Anisotropic cases are also

easily obtained using o # 0.
* a 1-D (z, vertical) regularization:

1 _z2
Eo(X) = 6(x)6(y)éo(2) = —=—6(x) 6(y) (e ‘72) . (11)
\no



Fig.3 2-D mollified lifting line setup (isotropic)

Fig. 4 1-D mollified lifting line setup

In all cases, we have that fQ £ (x)dQ = 1, with Q = R3. We first consider that o is constant along the span. The case
where o~ varies in y is examined in Section[[V] In the following development, we will obtain the expressions considering
the case of a 3-D isotropic regularization.

The vorticity field, which was previously singular, becomes regular:

We (X) = €5 (X) * ws(X)
b/2
= Er(x,y =y, 2)T(y)dy &
-b/2
Wo, b
b2 oo dr X
+f f Er(x—x",y=¥'2) (—H(X') d—(y')) dx'dy' &,

-b/2 J-o Y

Weo, s
b/2

=§O'(x)( Es(y=yHTO) dy,) fo-(z)éy
-b/2

o b/2 dr 12
+ (f Eo(x - x’)H(x’)dx’) ( E(y =) (—d—(y')) dy') &0 (2) &y, (12)
—c0 -b/2 y

=£o (x)+H (x)=Hg (x)



where we defined a mollified Heavyside function H, (x) = fooo Eo(x = xNdx' = %[1 + erf(x/o)]. It is worth noticing
that the convolution of ws, which is solenoidal by construction, with a regularization kernel of prescribed o, preserves
its solenoidal property, V - w, = 0. The associated induced velocity field can be computed everywhere using the

Biot-Savart (BS) law,

Uy (X) = U & + (K(X)A) * 0 (X)
= Uy & + (KX)A) * (wO',b(X) éy) + (K(x)A) * (wo',s(x) €y)

= Uso &x + (K5 (X)) * (w5, (%) &) + (Ko (X)A) # (05,5 (X) €x) 13)

where we used the 3-D BS kernel, K(x)A = —(1/(4x ||x3]])) xA. Notice that the associativity of the convolution product
allows us to define the “mollified BS kernel”, K, (x)A = &5 (x) * K(x)A. Taking advantage of the vector product of this
kernel with the vorticity components of known orientation, we obtain the velocity components induced by the bound

vorticity (o, b, x, Uo,b,z) and by the shed vorticity (uy s, y, Uo,s,2):
U, (X) = U & + (”o’,b,x(x) €y + g b,z (X) &)+ (Mo',s,y (x) éy + Ug 5,7 (X) ). (14)

For example, usp x is the x component () of the velocity induced by the regularized () bound () vorticity. The
detailed expression of these velocity components can be found in the Appendix, together with their symmetry properties

which will be invoked in the following developments.

In the singular case, the Kutta-Joukowski theorem (Eq. @)) was used. Because of the mollification however, it can
no longer be used to relate the circulation and the sectional lift. As mentioned in [4], we will rather rely on the general

3-D vortex lifting law demonstrated in [25, 226]],

E = fug(x)/\a)(r(x) dx. (15)
P Q

In the particular case of a singular vortex line, it becomes

F b/2
—= f uo(y) A (F(y)&y) dy,
Y -b/2

where ug is an effective velocity: the velocity as seen by the lifting line. Under the small angle assumption,
ug(y) = Uy — €(¥)Us€, and we recover the classical results for the lift and induced drag forces.
Equation (T3] can be reworked using the regularized velocity components, Eq. (T4), and the vorticity components,

Eq. (I2) in order to obtain a simpler expression. Taking advantage of the known symmetries of these components (found



in the Appendix) and their product, only a few terms remain after the integration of the cross product over €,

E = (f Us U.)O',b(x) dx) éz - (f Mo',s,z(x) U.)o—’b(x) dx) éx
P Q o

(16)
+ (f uo‘,b,z(x) Weo,s (X) dX) éy + (f Ug,s,z (X) Wo,s (X) dX) éy .
Q Q

The latter expression results from the fact that the integral over the domain of an odd function is zero. We finally obtain

the expressions for the lift and induced drag forces using projections of g along z and x,

L b2 b/2

~ o, f éo(X) ( £r(y —Y)T(O) dy’) o (2) dx = Us f T (y)dy a7
0 o b2 -b/2
D. b/2
Di__ f U5, (X) er. 1y (X) dX = Uso f £ () T()dy, (18)
1Y Q —b/2

where &4 (y) is an effective “sectional mean downwash” (see below). As expected, the expression for the lift force is

identical to that of the singular case.

In order to derive the right-hand side of the mollified Prandtl integro-differential equation, we will obtain another
expression for the lift by introducing a regularization of the lift coefficient. In the general case of a 3-D mollification,
the support of u, and w, is IR? and we will obtain that the total force is the sum of every infinitesimal contribution
from any point in that space. In other words, we need to define a local lift coefficient for all x; to this end, we define
a “regularized chord”. Considering that the chord distribution can be expressed as a singular distribution in 3-D,
cs(X) = 6(x)8(y)c(y), we define ¢y (X) = £ (X) * C5(X) = £ (X) ( f_’;/fz Ex(y =y e(y") dy') &, (z), which satisfies
fQ cor(X)dx = fj)//zz c(y)dy = S, with S being the wing surface. In the case of the 2-D or the 1-D mollification defined
above, where there is no mollification in the spanwise direction, ¢, (x) can readily be replaced by c(y) times the 2-D (or
1-D) mollification kernel.

It is now possible to express the lift as the integral over Q of the mollified lift coefficient. We obtain

L= %pUiLco-(x) (a0(a - 85 (x))) dx, (19)

_ Uy, (x) 'éz
U

with the regularized downwash angle £, (x) = —=. By equating this expression and Eq. || , we obtain



b/2 1
f_ ,, TV = 5a0Us fg (ér(0) * c5(0)) (@ =~ 80 (%)) dx

1
= 3a0Us [ a0 (€30 %) = (60 2 (x1) ) dx
Q

1 b/2
Ja0Us [ e (o= 16030 < 20 (0] o) 0)
-b/2

where the last equality is obtained using the above definition of cs(x). We used the associative property of the
convolution, which is here a keystone of all developments.
Importantly, the last result leads us to define the sectional mean downwash angle (simply referred to as mean

downwash hereafter),

Eo(y) = —Ui ([0 cue0] ) -2 1)

Invoking symmetry properties again, the only non-zero contribution to the convolution comes from the velocity induced

by the vorticity shed in the wake (through u, s, ., cfr. Appendix),

= 1 ’ ’ ’ ’
Sa(y)=—U—L§a(X,y—y,Z)Mo—,x,z(X )dx’. (22)

A natural way to satisfy Eq. is to write

1
I'(y) = 540 Uoo c(y) (@ = &5 (), (23)

which can be viewed as the equivalent Prandtl integro-differential equation for the regularized lifting line, and which
indeed uses the mean downwash angle as the effective one. We notice the strong similarity between the equation just

formulated and Eq. () for the singular case.

It is also worth noticing that Eq. could have been decomposed so as to identify a sectional lift, as performed in

the singular case,

£ ) ) b/2
U'(y) — Uoo f f fa— (xl’ y _ yl’ ZI) r(y/) dy/ dx/ dZ/
P —c0 J—0co J=b/2

b/2

I /2 Er(y=Y)T(O)dy = U Ty (). 24)

A mollified circulation distribution I'- appears, which is the circulation that would be measured in the domain by

applying the definition I' = f u - dl. This quantity can be related to the mollified lift coefficient, integrated over a section,

10



through
1 (o) (o)
Ty () = 5Us f f (&0 (0 c®)) ao(a - &5 () )dx dz, (25)

where the convolution does not commute with the multiplication, due to the absence of the integral in y. We stress that,
although /% = f_o; I'(y)dy = f_O:o ' (y) dy, itis not true that I',-(y) = I'(y) if the mollification kernel also acts in y. In

that case, the circulation distribution I'(y) is not readily accessible from the integration of w on a section.

The definition of the mean downwash (Eq. (21)) recalls the integral velocity sampling proposed in [12] for the
computation of the effective angle of attack in an ALM. Indeed, we here demonstrated the necessity of using a mean
downwash to maintain the consistency of the approach. The mean downwash is obtained through an additional
convolution of the regularized velocity with the regularization function &,. We recall that the mathematical reasoning
developed here holds in a fully 3-D framework.

This being said, it is worth mentioning that another option for defining the effective downwash angle to be used in
Eq. (23) would be

e =~ [wr0 & . 6)

- x=2=0
i.e. the local downwash angle resulting from the evaluation of the regularized downwash at the “center” of the line.
Although it is formally not consistent with the regularized approach developed above, many implementations of the
ALM use the latter definition for the effective downwash angle. In what follows, we will therefore also consider the
solution of Eq. with that centerline downwash angle, and compare the results to those obtained when using the
mean downwash angle.

In the remainder of this section, Eq. (23) is particularized to the cases of a 3-D Gaussian regularization in

Section[[ITLA] a 2-D Gaussian regularization in Section[[IL.B] and a 1-D Gaussian regularization in Section [[IL.C]

A. 3-D Gaussian Regularization
1. Mean and Centerline Downwash Expressions

We recall the 3-D Gaussian isotropic regularization kernel (Eq. (9)), spanning over the three dimensions,

_ Ixlf?
e o?

1
(o (X) =€ (N)Ex (V)0 (2) =
V_3

n o3

The vertical velocity induced by the wake, required for the evaluation of the downwash angle, can be obtained by

computing the integral given in the Appendix. We use the mollified Biot-Savart kernel convoluted with the singular

11



voriticty field ws s,

dr
Uos,z(X) = (Ko (X) - &) * (H(X) (—d—y(y)) 5(1)) 27)

1 b2 e
(Gl

2
(=L e[ S et (X)
VO? + x2/o? o o

1 x —x2/o? —p2ox2/o? ar ,
-—— - — dy’, 28
\/;G(e e ) 2 Oy (28)

where p? = (y_y(;# More details about this can be found in Appendix B of [27].

On the one hand, the centerline downwash angle (Eq. (26))) corresponds to the evaluation of this expression at

_(y—yz')2
1o\l

co0(y) = —— — L —(y)dy' 2
€0,0(¥) Undn)yp O=y)  d (y)dy (29)

x=2z=0,

On the other hand, the mean downwash angle (Eq. (Z1)) requires the evaluation & (X) * Uy (X) = &5 (X) * &5 (X) * U(X).
Using the important property that the convolution of a Gaussian function of smoothing parameter o~ with itself leads to

a Gaussian function of smoothing parameter equal to V20~ the mean downwash finally corresponds to

(1 _(y—y;)z

— 200

11 e\ AT

o) = — L f A WG (30)
7" Us 4r b (-y)  dy

Note Interestingly, the exact same result can be obtained from a mollification without regularization in the streamwise

direction. Let’s define a Gaussian regularization kernel spanning over y and z,

YZ 1 _oXd
o =0 {mme ) 31)
In this particular case, the velocity induced on the support of the attached vorticity (i.e. x = 0) is
1 dr X
Wz (2 = 5 (KL (2= 8] - &
2 dy
b2 1 — e o2
11 dT
2 —¥) 7,004y, 32
228 Jppp (y=y)P+2? o y)dy(y)y (32)

12



where, in this specific case, we used a 2-D convolution and the (y-z) mollified Biot-Savart kernel. The expressions for

the downwash angles are then

(1 7(y7.v2')2
11 o2\ T ar
22 A T (yay, (33)
Usdrn J ppp  (y=)) dy >

BOE

and

_<.vfy;)2
11 opee(\tme 7 )y

r

=YZ ’ ’

&, () = —— —— 0y (34)
o V= U an b -y) dy Yo

These are exactly the same expressions as those obtained with the 3-D regularization. This conclusion suggests that the

mollification in the streamwise direction has no influence on the formulation of the problem.

2. Application to an Elliptical Wing

The constant parameter mollified PLL method is applied to the case of a wing of aspect ratio AR = 20 with an
elliptical chord distribution, and compared to the classical PLL method for which the solution is the elliptical circulation
distribution. We note that this very high aspect ratio is typical of wind turbine blades; todays commercial aircraft wings
generally have more moderate aspect ratios (AR = 7...10). Nevertheless, the selection of a specific aspect ratio does not
really matter when discussing the influence of the mollification, at least for AR > 7...8. The particular case of the
elliptical circulation distribution was elected for its significance to the classical PLL, which yield the minimum induced
drag and a constant downwash distribution. All results presented below were obtained by numerically solving Eq. (Z3)),
using the downwash angle expressions of Eqs. (29) and (30).

We first study the influence of the parameter o-/b on the circulation distribution and on the mean downwash angle.
This ratio is the core parameter governing the level of influence of the mollification on the results. The aspect ratio, on
the other hand, contributes to a much lesser extent in the study of the mollification, and will therefore not be varied here.
The distributions are made non-dimensional using the circulation at mid-span Iy and the uniform downwash angle &

2
obtained with the classical PLL. We recall that L = p U, 'y bg. For the elliptical wing with [es(y) /Ty = /1 — <bL/2) s

the classical PLL gives by = %b and and Cp, = ﬁCi. Therefore,
Iy AR
C =———
L,ref ) Uss b
and
o I? AR
CDi,ref = ZU—DZOﬁ

Figure E] shows the circulation distribution computed with the mollified PLL. It deviates from the ellipse, [;¢, with

13
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¢=y/(b/2) ¢ ¢=y/(b/2)
Fig. 5 Difference between the circulation distribution of Fig. 6 Downwash angle on the mollified
the mollified PLL and the elliptical distribution, for a 3-D PLL for a 3-D regularization kernel, with
regularization kernel with mean downwash evaluation and mean downwash evaluation and constant o
constant o along the span. along the span.

an overall increase in circulation over the wing. The maximum difference is observed in the tip region and decreases for
decreasing values of o; it never exceeds 4 percent of the circulation at mid-span for the “large” o case, though. Of
course, the circulation at the tip is zero for all regularizations in order to enforce the zero lift condition. It can be seen
that the regularized method is consistent with the classical PLL results when o — 0, with a behavior close to linear as
far as the 2-norm is concerned (see Table[T). Yet, the maximum value of (I — ['r) decreases at a reduced rate with o-/b.

As a consequence of the increased circulation over the wing, the lift coefficient Cy, is slightly higher than the
reference one. In other words, for a given lift coefficient, the mollified wing would fly at a slightly lower angle of attack
than the singular one, and with less induced drag.

This observation is explained by the smaller downwash angle obtained on the mollified PLL (see Fig.[6). While
the reference case has a constant downwash angle along the wing, and a singular behavior at the tip, the smoothing
introduced here results in the continuity of the downwash angle and of its derivative. Consequently, the downwash angle
is lower than the reference in the tip region, therefore inducing a lower contribution of the tip region to the induced drag.
In the tip region, a portion of the wing (the size of which decreases with o) even benefits from an upwash velocity.

There, the lift vector is tilted forward and induces thrust.

olb e 2= IT-Turll T~ Terllo
1/32 1.014 0.871 0.183 0.037
1/64 1.008 0.925 0.082 0.036
1/128  1.005 0.957 0.036 0.034
1/256  1.003 0.976 0.016 0.032

Table 1 Lift and drag coefficients on the mollified PLL for a 3-D regularization kernel, with constant o along
the span.
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B. 2-D (Slice) Gaussian Regularization

1. Mean and Centerline Downwash Expressions
We recall the 2-D Gaussian isotropic regularization kernel (Eq. (TI0)), spanning over the streamwise and vertical

directions,

1 _(x2422
£r (%) = £ (D3(NE (D) = —5 (e X >) ().
TOo

There is thus no regularization in the spanwise direction. Incidentally, this is what the Actuator Curve Embedding (ACE)
[L8] aims at doing: a cancelation of the filtering effect in y on the aerodynamic distributions. In the ACE however, the
regularization kernel cannot be infinitely thin. The force acting on each segment is distributed in a very narrow region
in y, so that there is always a small overlap of the kernel between two adjacent segments (meaning that the size of the
smoothing in y is larger than the distance between nearby collocation points). In our 2-D regularization, the kernel is
effectively infinitely thin in y, and no effect of explicit filtering will be observed in that direction. In particular, we have
I'c(y) = I'(y), meaning that the circulation measured on a cross-section of the lifting line is equal to the one of interest.

The vertical velocity induced by the vorticity in the wake is computed using the 3-D Biot-Savart law on the mollified

vorticity wq s,

dar
Uo,s,z(X) = ((K(y, 7)) * (Ha'(x) (_d_(y)) fa'(Z))) - &,

1 o rb/2 (y—-y) (I+erf(: ') ( ) =
~ an -— dx' dy’ dz’ 35
ﬂf—oo f—b/z foo [Ix — x’||3 2 o) Jio X day dz'. (35)

Evaluating the velocity at the centerline leads to the expression for the centerline downwash angle,

b2 Hy(x") e%zz dz’
foa = dx’ dy’
£r003) = 73 m(f U ER V| U)(y IGO0 dy

11 h/z( ® ] e<r2 dz

)(y y) (y)dy

U 41 —bJ2 \/_((y V)2 +z?) o
_ 11 Wg(|y—y'|) Ldr
Uso 47t J_p )2 o ) (y=-y)dy
where we defined the function g(s) = \‘/—; ffoo (t2+ 2) dt which has a primitive (see Faddeeva function in [28} Egs. (7.2.3)

and (7.7.2)]): g(s) = s s’ erfc(s). This function is normalized such that g(0) = 0 and lim;_,., g(s) = 1. Therefore,

we finally obtain

11 (b2
U 47T -b/2

vyz 1
£ 0(y) = [\/_ly M erse ('y (Ty') | ] vy ay (36)

(y—y) dy
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Fig. 7 Difference between the circulation distribution of Fig. 8 Mean and centerline evaluation of
the mollified PLL and the elliptical distribution, obtained the downwash angle for the 3-D and the 2-

with the 3-D and the 2-D (or 1-D) mollifications, and with D (or 1-D) mollified PLL with constant o
constant o along the span (o-/b = 1/32). along the span (o/b = 1/32).

For the mean downwash angle, we introduce the additional convolution,

b/2 H,(x") < Leg?
_ \/ e o dzd7 ,.dr ,
= — Y dxdy| ——= - V) —=(")d
£ () e 47T e ff ﬂ eI — 5 | y)dy(y) y

n,..2

Z

o G dz’ dz dr
—Y) 0Ny 37
Uss 4" ~b/2 ff Ty - y)2+(z—z’)2) - o |V Y)dy(y) y (37

where we computed the integrals in x, x’. The remaining integrals have to be evaluated numerically.

2. Application to the elliptical wing and comparison

Results for the elliptical wing regularized with the 2-D (x-z slice) kernel are presented and compared to those from
the 3-D regularization, for a single value of o-/b = 1/32. For both regularizations, the differences between the two
downwash evaluations (mean or centerline evaluation) are also emphasized.

Regarding the circulation distribution, it appears, from Fig.[/| that the 3-D regularization using the mean downwash
has the largest difference with the reference case. Even though the formulation is not mathematically justified, the use of
the downwash evaluation at the centerline virtually reduces the difference, and especially its maximum value, for the
2-D and 3-D regularizations. As to the circulation obtained with the 2-D regularization, it compares more favorably to
the reference case than that obtained with the 3-D smoothing, as expected.

Once again, we relate this behavior to the downwash distribution (Fig.[8). As described above, the 3-D regularization
kernel explicitly introduces a smoothing in the spanwise direction. The 2-D regularization conserves a discontinuity
in the derivative of the downwash angle at the tip, which is more in line with the reference case. However, in both

regularized cases, the downwash angle itself is continuous at the tip, because of the regularization in the vertical
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direction.

From these results it can be seen that the PLL with downwash evaluation at the centerline always produces results
closer to the singular case than the formulation which uses the mean downwash evaluation. This is explained by the
fact that using the centerline downwash evaluation virtually removes the regularization from the right hand side of
Eq. (23). The resulting problem fortuitously produces a solution closer to that of the singular case. Taking advantage of
this property could justify the use of the centerline downwash evaluation if one desires to stay as close as possible to
the singular case. However, if one needs to use the present mathematically-consistent formulation, it was shown in
Sections [Tl and [[V|that the regularization must involve the mean downwash angle evaluation.

Transposed to the context of numerical methods, this means that the use of the centerline downwash evaluation
will provide results as close as possible to those of the singular PLL (in the sense that they minimize the integral of
the squared error on the circulation distribution). We recommend this option in methods where the mollification is
necessary for numerical reasons (like in the regular ALM).

However, if the objective is to obtain a consistent mollified method (e.g. if the computational mesh allows for a
small o /c ratio and if the mollification is introduced to support a physical argument rather than as a numerical trick, as
in the Advanced Actuator Line [12]), then the the mean downwash evaluation should be used. When it is possible, we
discourage the use of an additional spanwise regularization as it introduces a spurious mollification in the circulation

and downwash distributions.

C. 1-D (Vertical) Gaussian Regularization

We recall the 1-D Gaussian regularization kernel (Eq. (TT)), spanning over the vertical direction only,

1 _z2
£ (%) = 5(0)3(y) ( e )

This kind of smoothing is actually used in a numerical method proposed in [20-22]. Notice that the latter is not
formulated as an ALM, but the line is seen as a vorticity source instead. There is no smoothing in x.

Interestingly, we show that the present case of 1-D vertical regularization yields the exact same integrals as those
obtained in the case of the 2-D slice regularization derived above.

The vertical velocity induced at x = 0 by the shed vorticity is computed using the Biot-Savart law on the z-mollified
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vorticity w. s,

dr
Uo,s,z (¥, 2) = ((K(X)) * (H(X) (—d—y(y)) &(Z))) é;

_1 2D 3 _dr .

-1 ((K (.2) (( o (y)) é‘}r(z))) 2,
11 b/2 00 (y_y/) e% dZ/ ( dr ) ) )

T2 s dy’. 38
22w -b/2 (j:w &y - y/)2 +(z-27)2) \/7—_[ o dy ) dy (38)

Evaluating the velocity at the centerline leads to the exact same expression as Eq. (36)) for the centerline downwash angle,

22

b/2 = dz’

(39)
:UL_ :Z[\/—Iy yIef (chryl) by - 1y)d_( " dy
The mean downwash angle is obtained as
bi2 222 dz’ dz dr
o) = g 47r o [ff YT y)2+(z_z,)2) - U}(y—y’)d—y(y')dy', (40)

which is the same expression as Eq. (37). Therefore, the results obtained with the 1-D (z, vertical) regularization are
identical to those obtained with the 2-D (x-z slice) regularization.

Again, it was shown that the formulation of the problem is not sensitive to the regularization in the streamwise
direction. This has also been observed above in the case of the 3-D regularization compared to the (y-z) only
regularization (see Eqs. and vs. Egs. and (34)). It is also true for the 2-D slice regularization compared to

the z only regularization.

IV. Mollified PLL with spanwise variable smoothing
In this section, the smoothing is generalized to the case of regularizations with a variable smoothing length scale
in the spanwise direction. As mentioned in the introduction, such regularizations were exploited in [[L5,[16], using a
3-D Gaussian function, and in [[18] using the quasi 2-D regularization function of the ACE. We notice that both used
pointwise velocity sampling (equivalent to our definition of &, ) instead of a mean value (resp. £, ).

Taking advantage of the present lifting line framework, variable smoothing length scale mollifications can also be
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studied. We define the mollified vorticity as

WOy (X) = Lfa(x')(x -x)ws(x') dx’

b2
= ((;:(r(y') (x,y - y,, 2) F(y/) dy/ éy
b2

Wo,b

b2 oo dr
+f f ey =X,y =y 2) (—H(x’) d—y(y’)) dx" dy’ &,. (41)

b/2

Wer, s

As opposed to wy, this vorticity field is generally not divergence free, and we have V - @ (x) = fg Vérxy(xX—X') -

ws(x") dx’. As explained in [29]], a solenoidal vorticity field can be obtained considering an additional term
wo(X) = f (o oy (X = X) 05 () + V (Ko (x ~ X') - 05 (x)) )dx'. (42)
Q

However, as this term is the gradient of a scalar field, it does not contribute to the velocity field. Indeed, recalling that
V2u, = -V A w,, we obtain that V>u,, = =V A @,,. In other words, when computing the velocity using the Biot-Savart
law, we have that

Uy (X) = U & + (K(X)A) * 0 (X) = Uso &5 + (K(X)A) * @g (X), (43)
and the decomposition proposed in Eq. (I4) still holds. Additionally, the force (Eq. (I3)) is obtained equivalently as

E = f Uy, (X) A ws(X)dx = f U, (X) A @y (X) dXx, 44)
Y Q Q

given the symmetry properties of the second term in Eq. (#2). The subsequent steps of the development in Section [III]
thus remain unchanged, and we therefore obtain the integro-differential equation (23) again, where the downwash now
accounts for the variable smoothing length scale.

Only the 3-D Gaussian regularization with variable smoothing parameter in y will be considered in this work. The

regularization function is

_ o2+2?)

1 2
o) (X) = 8(x) (We 07 ) (45)

using the property that the problem is insensitive to the mollification in x. As in [15], we choose a smoothing length

scale proportional to the elliptical chord distribution,

2
() = or|1 - (ﬁ) . (46)

19



The two expressions for the downwash are

_o=y)?

11 (b (1 —e ‘TW) dr
Ex0(y) = ———f —— ——("dy’
b G-y) dy

and

_ (yz—y,)z 5
1 —e (@*+oy)
1 1 b/2

dr
= [ _ ’ d /,
Eo(¥) Un 7 J o) o=7) & (y)dy

Notice that, in an ALM, arbitrary small values of o~ cannot be achieved due to numerical constraint{? Previously
cited studies proposed the truncation of o-(y) to a minimum affordable value near the tips. This case is also considered
here.

As depicted in Fig.[9] three distributions of o~ are here compared. For the variable o, the ratio between the smoothing

length scale and the local chord is o (y)/c(y) =~ 0.25, which is compatible with the guidelines proposed in [135].

A0 /b=1/256
1/64 o0/b=1/64, g
and 0,0 /b = 1/256
o0/b=1/64
3/256 i
~
~
)
1/128 |- 8
1/256 A A A A A A A A A

Fig.9 Distribution of the variable smoothing length scale (with and without truncation) compared to the case
of constant o along the span (o-/b = 1/256).

Figure[T0|shows that the case with variable o~ and with downwash evaluation at the centerline has a favorable outlook
in terms of circulation distribution. When there is no truncation, the difference with I',ef monotonically decreases to
zero at the tip. Additionally, the evaluation of the downwash angle at the centerline (Fig.[TT)) yields a constant value
across the span, similar to the behavior of the classical PLL. Because o is zero at y = i%, there is a discontinuity in the

downwash velocity at the tip. With truncation, the circulation difference has a maximum close to the tip, just as in the

*In an ALM, forces are applied on the mesh using the regularization kernel. For a given mesh size, there is a minimum value for the volume of
that kernel under which the force can’t be correctly captured on the grid [15].
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constant o case. As to the downwash angle, a large plateau is observed in the central region, and it finally decreases in
the tip region.

A very similar behavior was observed in [16] in the framework of the ALM, and [[18] in the ACE. In both references,
a fairly constant downwash angle was measured, despite the use of a truncation in o at the tip. Therefore, our opinion
regarding the benefits of a variable o along the span in numerical methods is that it depends on the available resolution.
If the affordable grid size is of the order of the thickness of the blade, then the use of a variable smoothing along the
span will likely improve the load distribution relatively to blade resolved CFD, as observed with the Advanced Actuator
Line method [12]. Conversely, if the affordable grid size is of the order of (or larger than) the mean chord of the blade,
then using a uniform smoothing produces results of the same quality as those using a variable smoothing, provided that
the uniform smoothing used (o) is the same as that used for the cutoff value in the variable smoothing (o pip)-

For the sake of completeness, the lift and drag coefficients are given in Table[2] All cases exhibit similar values.

0.01 . . T T
o/b=1/256, with &,
0.009 - a/b=1/256, with g,
o*/b=1/64, with ¢,
0.008 - and oyin/b = 1/256
o*/b=1/64, with go,
0.007
£ 0.006 -
=
L% 0.005 |-
|
= 0.004 |-
0.003 -
0.002
0.001
O ’7 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

C=y/(b/2)

Fig. 10 Difference between the circulation distribution of the mollified PLL and the elliptical distribution, for
a 3-D regularization kernel with variable o and with/without truncation at o-/b = 1/256.

Cr Cp;
CL,ref CD[,ref

variable  1/32 0 go0 1.002 0.986
variable  1/32 17256  e50 1.002  0.977
constant  1/256  1/256 e, 1.002  0.982
constant 1/256  1/256 & 1.003 0.976

o(y)  oo/b omin/b eval

Table 2 Lift and drag coefficients of the mollified PLL for a 3-D regularization kernel, with constant and
variable o and with/without truncation at o-/b = 1/256.
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Fig.11 Downwash angle of the mollified PLL for a 3-D regularization kernel, with variable o and with/without
truncation at /b = 1/256.
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V. Conclusions

This work introduced a formalism for the regularization of the classical Prandtl Lifting Line theory. The model
for a mollified lifting line was obtained, where the vorticity field introduced by a slender device in the flow field is
regularized using an generally anisotropic Gaussian-based smoothing kernel. The integro-differential equation which
must be solved to obtain the circulation distribution over the device was derived, and particularized for the 3-D, 2-D and
1-D Gaussian kernels. The equation with a smoothing variable across the span was also obtained.

We showed that the equation to be solved involves the evaluation of a “sectional mean downwash” & computed using
the convolution of the regularized velocity field with the regularization function. Additionally, we obtained that the
mollification in the streamwise direction does not modify the final equation. As a result, there is a formal equivalence
between the 2-D (slice) and the 1-D (vertical) mollifications considered here.

Lifting lines with various mollifications were then applied to an elliptical wing. As a conclusion of our analyses,
the mollification generally induces an increase in the lift coefficient, and a decrease in the induced drag coeflicient,
relatively to the classical PLL at the same angle of attack. If o is very small, the reduction in induced drag with respect
to the singular case is relatively small, and likely negligible compared to the parasitic drag which would also be present
in reality (due to the boundary layers).

It was shown that the results (both in terms of circulation and downwash distributions, and in terms of lift and
induced drag coefficients) are quite sensitive to the smoothing kernel used. While the smoothing in the streamwise
direction has actually no effect on the results, regularizing in the spanwise direction introduces a filtering operation on
the distributions which usually induces large errors in the tip region (compared to the singular case). If possible, it is
therefore preferable to remove the smoothing in the spanwise direction, or at least, to use a small smoothing length scale
in this direction, in order to obtain results close to the singular case.

In a similar attempt to limit the filtering effect, previous works proposed regularization functions with a variable
o (y) defined as a function of the span, and going to some minimum value o, at the tip. This work showed that the
results obtained with such a variable o~ approach are actually comparable to those using a smoothing with a uniform
0 = Omin (at least when it comes to the circulation distribution over an elliptical wing). However, if o can be taken
as small as the local airfoil thickness, other studies showed that the use of a variable smoothing which distributes the
forces on a volume corresponding to the shape of the device is likely to improve the load distribution, relatively to blade
resolved CFD.

Finally, an alternative formulation of the mollified lifting line consists in replacing the mean downwash &, by a local
evaluation of the downwash &, ¢ at the centerline. Although it is not fully consistent with the framework developed
here, results obtained with the latter method showed better agreement with the singular case, even recovering a constant
downwash on the elliptical wing.

The presented mollified lifting line provides a simple model which can be advantageously used to compare with
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and advise on the use of numerical methods such as the Actuator Line Model, Immersed Lifting Lines and other
similar methods. In view of our conclusions, we generally recommend the use of the centerline downwash evaluation,
in combination with a 2-D or a 1-D regularization, for numerical methods where the smoothing is introduced as a
numerical trick. However, in the case of very highly resolved simulations where the smoothing parameter can be chosen
almost everywhere regardless of any grid size constraint (except in the tip region), o can be adapted in order to match
the local airfoil thickness. In such conditions, we suggest to opt for a sectional mean downwash evaluation as the

resulting approach is more consistent with respect to blade resolved CFD.
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Appendix
The induced velocity components can be readily identified from the Biot-Savart law (the kernel of which is
K(x)A = —(1/||x*||) xA) and the vorticity components. Symmetry properties are also useful when computing the

integral of the velocity, the vorticity, or their product, over the whole domain.

Expression Symmetries
X z
b/2
W p(X) = +Eq(X) (fb/z oy =¥HTG dy') £o(2) even  even
b/2
wo’,s(x) =-Hqs(x) (fh Ec(y -y ) (y )dy )fo‘(z) - cven
Uo,b,x(X) = [(KEA) * (0g,p (X)8y)] - &x even  odd

(Z_Z/) ’ b2 ’ ” ” ” ’
o [ B e ([ -y T @y €z ax
a llx=x)|I -b/2

= [(Ks (X)A) * * (Wwg, b(x)é) )] - @

b/2
) ((z-z)-2") ,,] g
- d ro')d
f§ i) —xnip &y OO

-b/2

Ug b,z (X) = [(KEXA) * (0o, p(X)8y)] - &; odd  even

- b/2
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