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1 Introduction

Researchers and policymakers often focus on the performance of groups of individuals (e.g.,

firms), such as the efficiency of firms with different ownerships. This raises the question of

estimating the aggregate efficiency of groups of individuals. The topic is inspired by Farrell

(1957) and further developed by Färe and Zelenyuk (2003), Simar and Zelenyuk (2007, 2018,

2020), Pham et al. (2024), Simar et al. (2024), to mention a few. The previous literature

mainly focused on aggregate efficiency for the Farrell-type efficiency measures, be it in input

or output orientation. Recently, Zelenyuk and Panchenko (2023) generalized the theory for

the aggregation of directional distance functions (DDFs), which embeds the aggregation of

the Farrell-type efficiency metrics as well as the simple mean DDFs as special cases.

The statistical properties for the aggregation of the Farrell-type input and output oriented

measures of technical efficiency have also recently been developed by researchers (Simar and

Zelenyuk, 2018; Simar et al., 2024), while those for the aggregate DDFs have remained

unknown until now. Moreover, to the best of our knowledge, the statistical properties of

non-parametric frontier efficiency methods under the weak disposability (i.e. when there are

undesirable outputs) have not been explored, neither in theory nor in simulations and so we

will try to break the ice on this important aspect of modeling.

In a nutshell, in this paper, we establish the central limit theorems (CLTs) for the aggre-

gation of DDFs with general disposability, including: (i) the strong disposability where all

the inputs and outputs are assumed to be freely disposed; (ii) the weak disposability where

the undesirable outputs are not freely disposed and its decrease must be accompanied by the

decrease of desirable outputs. Our contribution to the literature is twofold: (i) establishing

the CLTs for the aggregate DDFs (not only for simple means but also for aggregate means)

and (ii) accounting for undesirable outputs. Our statistical results for the aggregation of

DDFs further enrich the recent developments of the statistical theories for the efficiency and

productivity measures estimated using non-parametric frontier efficiency methods.

Moreover, Monte-Carlo (MC) simulations are employed to assess the performance of the

developed CLTs for the aggregate DDFs for different scenarios in the presence of undesirable

outputs. These scenarios mimic the true (or hypothetical) technology that involves unde-

sirable outputs in practice. Our MC simulations affirm the effectiveness of the statistical
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inference built upon the novel CLTs we have formulated. Furthermore, they highlight the

potential pitfalls of inference relying on the conventional CLTs (e.g. the Lindeberg-Feller

CLT).

We also use the publicly available data set for the large US commercial banks to illustrate

the developed theoretical results for the aggregate DDFs. In this illustration, we consider the

non-performing loans as the undesirable outputs and model them under weak disposibility.

The findings suggest that employing the conventional CLTs for statistical inference in this

context could potentially yield misleading results.

The remainder of our paper goes as follows. We lay out the production economics model

as well as the definition of the aggregate DDFs in Section 2. Section 3 provides the back-

ground for the estimation theory. Section 4 gives an alternative formulation of the directional

distance functions and its estimator considering the existence of undesirable outputs, when

they are modeled under the weak disposability of desirable and undesirable outputs. Section

5 formally derives the CLTs for the aggregate DDFs. The MC experiments are given in

Section 6 to examine the developed theoretical results. Section 7 uses the data of the large

US banks to illustrate the theoretical results. Section 8 concludes this paper. Additional

results are provided in the online Supplement.

2 The Conceptual Framework

2.1 The Production Model

The typical technology production set can be defined as

T = {(x, y) | outputs y ∈ R
q
+ can be produced from inputs x ∈ R

p
+}. (2.1)

Equation (2.1) depicts the collection of achievable input-output combinations (x, y) within

the pertinent input-output domain. The upper bound of T is referred to as the technology

frontier, given by

T ∂ := {(x, y) | (x− δdx, y + δdy) /∈ T , ∀ (x, y) ∈ T , δ > 0, dx ∈ R
p
+, dy ∈ R

q
+} . (2.2)

The efficiency of a specific DMU at (x, y) can be assessed by calculating the distance between

the coordinates in T and its boundary, T ∂, in a certain direction (−dx, dy), chosen by the
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researcher. All the points on the technology frontier are deemed as technically efficient and

all the points in the interior of T are not technically efficient, conditional on the direction

of measurement (−dx, dy). When evaluating the performance of the firms, the common

assumptions in the literature (Shephard, 1953, 1970; Färe and Primont, 1995, etc) are used

in this paper. Specifically:

Assumption 1. T is a closed set.

Assumption 2. ∀ x ∈ R
p
+, (x, y) ∈ T , the output set defined as P (x) = {y | (x, y) ∈ T } is

bounded.

Assumption 3. If y ≧ 0, y ̸= 0, x = 0, then (x, y) ̸∈ T ; i.e., free lunch is not allowed.

Assumption 4. ∀ x ∈ R
p
+, (x, 0) ∈ T ; i.e., zero production is possible.

Assumption 5. ∀ (x, y) ∈ T , if y ≧ ÿ ≧ 0 and x ≦ ẍ, then (ẍ, ÿ) ∈ T ; i.e., both outputs

and inputs are strongly disposable.

The efficiency measure based on the DDF for a DMU with an input-output combination

(x, y) (Chambers et al., 1996, 1998) is given by

δ(x, y | dx, dy, T ) := sup{δ ∈ R1 | (x− δdx, y + δdy) ∈ T }, (2.3)

where (−dx, dy) ∈ R
p
− × R

q
+ specifies the projection direction that moves (x, y) to the

technology frontier. Note that all the points lying on the frontier have zero values for

δ(x, y | dx, dy, T ) while all the points lying in the interior of T have positive values for

δ(x, y | dx, dy, T ). There are many possible choices for the direction vector (−dx, dy),

such as a specific direction for each producer or a common one for all producers. More-

over, we can recover the Farrell-type input and output oriented measures of technical ef-

ficiency from δ(x, y | dx, dy, T ) upon a certain directional vector is specified. For exam-

ple, δ(x, y | 0, y, T ) = λ(x, y | T ) − 1 and δ(x, y | x, 0, T ) = 1 − θ(x, y | T ), where

λ(x, y | T ) ∈ [1,∞) and θ(x, y | T ) ∈ (0, 1] are the Farrell-type output and input effi-

ciency, respectively.1

When the firms also produce undesirable/bad outputs, the assumption of free (strong)

disposability of all (desirable and undesirable) outputs (i.e., Assumption 5) is not reasonable

1 See Chambers et al. (1996, 1998) for more details on this measure.
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(Färe et al., 1989), whenever it is not free (i.e., incurs a cost) to cut down the undesirable

outputs. In order to account for this scenario, let y = (g, b) and q = qg + qb, where g ∈ R
qg
+

and b ∈ R
qb
+ are, respectively, desirable and undesirable outputs. With the existence of

undesirable outputs, following the literature (Shephard, 1970; Färe et al., 1989), we replace

Assumption 5 by the following two assumptions,

Assumption 6. ∀ (x, g, b) ∈ T , if g ≧ g̈ ≧ 0 and x ≦ ẍ, then (ẍ, g̈, b) ∈ T ; i.e., both

desirable outputs and inputs are strongly disposable.

Assumption 7. ∀ (x, g, b) ∈ T , if α ∈ [0, 1], then (x, αg, αb) ∈ T ; i.e., desirable and

undesirable outputs are jointly weak disposable.

Assumption 7 indicates that to reduce undesirable outputs, it is necessary to decrease

desirable outputs in the same (or less desirable) proportion.2

The DDF in (2.3) can also be extended to the case with undesirable outputs as

δ(x, g, b | dx, dg, db, T ) := sup{δ ∈ R1 | (x− δdx, g + δdg, b− δdb) ∈ T }, (2.4)

where the vector (−dx, dg,−db) ∈ R
p
− × R

qg
+ × R

qb
− specifies the projection direction that

moves (x, g, b) to the frontier of the technology. Thus, δ(x, g, b | dx, dg, db, T ) measures the

maximal value of decrease in both undesirable outputs and inputs as well as simultaneous

increase in desirable outputs along the specified directional vector (−dx, dg,−db).

2.2 Aggregate DDFs

Following Zelenyuk and Panchenko (2023), the aggregation of DDFs for a set of n DMUs

can be done via

∆ :=
n∑

i=1

δ(xi, yi | dix, diy, T )Si
d. (2.5)

Here Si
d represents the weight of the ith DMU, given by

Si
d =

wyd
i
y + wxd

i
x∑n

i=1(wydiy + wxdix)
, (2.6)

2 See Shephard (1970), Färe et al. (1989), and Pham and Zelenyuk (2019) for more discussion.
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where wx ∈ R
p
+ and wy ∈ R

q
+ are the input and output prices (respectively), and (−dix, d

i
y) is

the individual specified directional vector. Note that the weight Si
d is derived from assump-

tions on the optimization behavior of firms and depends on the input and ouptut prices as

well as the chosen individual directional vector. Consequently, the aggregation of DDFs, ∆,

also depends on the chosen directional vectors for all the producers.

In the presence of undesirable outputs, we first partition yi as yi = (gi, bi) ∈ R
qg
+ × R

qb
+ ,

diy as diy = (dig,−dib) ∈ R
qg
+ × R

qb
− , and wy as wy = (wg,−wb) ∈ R

qg
+ × R

qb
− .

3 We then can

extend the definition of the aggregation of DDFs in Zelenyuk and Panchenko (2023) as

∆ =
n∑

i=1

δ(xi, gi, bi | dix, dig, dib, T )Si
d, (2.7)

where Si
d represents the weight of the ith DMU, given by

Si
d =

wgd
i
g + wbd

i
b + wxd

i
x∑n

i=1(wgdig + wbdib + wxdix)
. (2.8)

To save space and to avoid confusions, in the following equations we will use yi to represent

the outputs and it will be partitioned as desirable and undesirable outputs when needed.

Following the discussion in Zelenyuk and Panchenko (2023), next we consider several specific

directions for ∆ in (2.5) to clarify how it embeds various efficiency measures as special cases.4

2.2.1 The Case of Input Orientation: (dix, d
i
y) = (xi, 0)

Given the directional vector (dix, d
i
y) = (xi, 0), we have δ(xi, yi | dix, diy, T ) = 1− θ(xi, yi | T ),

where θ(xi, yi | T ) ≤ 1 is the Farrell-type input oriented measure of technical efficiency

(Farrell, 1957), defined as

θ(xi, yi | T ) := inf{θ ∈ R1
++ | (θxi, yi) ∈ T }. (2.9)

Thus, equation (2.5) reduces to

∆ = 1−
n∑

i=1

θ(xi, yi | T )Si
d, (2.10)

3 The prices for the undesirable outputs are assumed to be non-positive, reflecting the fact that it is not
free to reduce the undesirable outputs. Moreover, for most cases in practice they are not observed and might
need to be estimated, see the discussions in Färe et al. (1993), Färe et al. (2005) and Färe et al. (2006).

4 More details can be found in Table 1 of Zelenyuk and Panchenko (2023), where they list 13 special cases
in total.
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where

Si
d =

wxxi∑n
i=1wxxi

. (2.11)

Moreover,
∑n

i=1 θ(xi, yi | T )Si
d is the aggregate input efficiency proposed in Färe and Ze-

lenyuk (2003). It is clear that the aggregate DDFs embed the aggregate input efficiency as

a special case.5

2.2.2 The Case of Output Orientation: (dix, d
i
y) = (0, yi)

Given the directional vector (dix, d
i
y) = (0, yi), we have δ(xi, yi | dix, diy, T ) = λ(xi, yi | T )− 1,

where λ(xi, yi | T ) ≥ 1 is the Farrell-type output oriented measure of technical efficiency

(Farrell, 1957), given by

λ(xi, yi | T ) := sup{λ ∈ R1
++ | (xi, λyi) ∈ T }. (2.12)

Thus, equation (2.5) reduces to

∆ = −1 +
n∑

i=1

λ(xi, yi | T )Si
d, (2.13)

where

Si
d =

wyyi∑n
i=1wyyi

. (2.14)

Moreover,
∑n

i=1 λ(xi, yi | T )Si
d is the aggregate output efficiency proposed in Färe and

Zelenyuk (2003). It is clear that the aggregate DDFs embed the aggregate output efficiency

as a special case.6

We can also extend (2.5) to the case of the output orientation with desirable and unde-

sirable outputs by considering two cases for the directional vector. For the first case, given

the directional vector (dix, d
i
g, d

i
b) = (0, gi, bi), equation (2.5) reduces to

∆ =
n∑

i=1

δ(xi, gi, bi | 0, gi, bi, T )Si
d, (2.15)

5 The CLTs for the aggregate input efficiency have been established and also further improved in large
dimensions and finite sample sizes by Simar et al. (2024).

6 The CLTs for the aggregate output efficiency have been established by Simar and Zelenyuk (2018) and
further improved by Simar and Zelenyuk (2020), Nguyen et al. (2022), and Simar et al. (2024).
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where

Si
d =

wggi + wbbi∑n
i=1(wggi + wbbi)

. (2.16)

Moreover, δ(xi, gi, bi | 0, gi, bi, T ) is somewhat similar to the Farrell-type output efficiency and

the so-called hyperbolic technical efficiency, because it measures the maximal proportional

decrease in undesirable outputs as well as the simultaneous increase in desirable outputs by

the same proportion, while keeping all inputs and the technology fixed.

It might be also interesting to represent it in terms of the Farrell-type technical efficiency

with the undesirable-output orientation, defined analogously to the Farrell-type technical

efficiency with input or output orientation, but contracting all undesirable outputs. For the

second case, given the directional vector (dix, d
i
g, d

i
b) = (0, 0, bi), equation (2.5) reduces to

∆ =
n∑

i=1

δ(xi, gi, bi | 0, 0, bi, T )Si
d, (2.17)

where

Si
d =

wbbi∑n
i=1wbbi

. (2.18)

Moreover, δ(xi, gi, bi | 0, 0, bi, T ) measures the maximal proportional decrease in undesirable

outputs given the desirable outputs, inputs and the technology fixed.

2.2.3 The Case of One Specific Orientation: (dix, d
i
g, d

i
b) = (xi, 0, bi)

Given the directional vector (dix, d
i
g, d

i
b) = (xi, 0, bi), equation (2.5) reduces to

∆ =
n∑

i=1

δ(xi, gi, bi | xi, 0, bi, T )Si
d, (2.19)

where

Si
d =

wxxi + wbbi∑n
i=1(wxxi + wbbi)

, (2.20)

and δ(xi, gi, bi | xi, 0, bi, T ) represents the maximal proportional decrease in inputs and un-

desirable outputs, while keeping desirable outputs and the technology constant.7

7 The case of this specific orientation was considered in the empirical illustration.
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2.2.4 The Case of A Fixed Direction

When the directional vector is fixed for all observations, i.e., (dix, d
i
y) = (dx, dy) for all i,

which includes the unitary directions, i.e., (dx, dy) = (1, 1), the weight reduces to Si
d = 1/n.

Equation (2.5) reduces to

∆ =
1

n

n∑
i=1

δ(xi, yi | dx, dy, T ). (2.21)

Thus, here the aggregate DDFs embed the simple mean DDF as a special case.

3 Estimation Theory Background

3.1 Estimators of Individual Efficiency: the Standard Case

For the empirical analysis, however, we do not observe δ(x, y | dx, dy, T ) and therefore it

needs to be estimated using the sample data. The theory and the simulation framework

we present in this paper should be valuable (with appropriate adaptations) to a range of

approaches, such as Data Envelopment Analysis (DEA), Stochastic Frontier Analysis (SFA),

Free Disposal Hull (FDH), or their hybrids.8 Considering them all in one paper is clearly

infeasible, so we will focus on the adaptations to one of them, the DEA approach, which

originated in the seminal works of Farrell (1957) and Charnes et al. (1978) and elaborated

further and applied in many studies afterwards.9

Consider Xn = {(Xi, Yi)}ni=1 as a sample consisting of the observed inputs and outputs for

n observations. If Assumption 5 is imposed, i.e., both outputs and inputs are freely dispos-

able, and if the convexity and CRS (constant returns to scale) property for the production

set T are assumed, the CRS-DEA estimator can be used, which is defined as

δ̂CRS(x, y | dx, dy,Xn) = max
δ,s1,...,sn

{
δ ≥ 0 | (y+δdy) ≦

n∑
i=1

siYi, (x−δdx) ≧
n∑

i=1

siXi, ∀ si ≥ 0
}
.

(3.1)

8 For different SFA-type approaches, e.g., see Aigner et al. (1977), Schmidt and Sickles (1984), Greene
(2005), Centorrino and Parmeter (2024), and Chapters 11–16 in Sickles and Zelenyuk (2019) for a textbook-
style review and many more references therein.

9 For DEA-type approaches, e.g., see Banker et al. (1984), Deprins et al. (1984), Bogetoft (1994),
Olesen and Petersen (1995), Korostelev et al. (1995), Ruggiero (1996), Kuosmanen (2005), Kuosmanen
and Podinovski (2009), Podinovski (2022) and a comprehensive review in Ray (2004) and Chapter 8–10 of
Sickles and Zelenyuk (2019) and many more references therein.
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Alternatively, if T still exhibits convexity but may first exhibit increasing returns, possibly

turning to some local constant returns to scale and eventually to decreasing returns, then

one could use the VRS-DEA estimator given by

δ̂VRS(x, y | dx, dy,Xn) = max
δ,s1,...,sn

{
δ ≥ 0 |(y + δdy) ≦

n∑
i=1

siYi, (x− δdx) ≧
n∑

i=1

siXi,

n∑
i=1

si = 1, ∀ si ≥ 0
}
.

(3.2)

The above estimators of δ(x, y | dx, dy, T ) demonstrate consistency with a convergence

rate of nκ, where κ = 2/(p + q) if the CRS-DEA estimator is used, or κ = 2/(p + q + 1) if

the VRS-DEA estimator is applied. See Simar et al. (2012), Simar and Vanhems (2012) as

well as Simar and Wilson (2015) for a recent review. Moreover, all the estimators are biased

with the order as O (n−κ). Finally, Kneip et al. (2015) developed CLTs for the simple mean

Farrell-type input efficiency, and this framework can be further generalized to the simple

mean DDFs.

3.2 Estimators of Individual Efficiency: the Undesirable Outputs
Case

If Assumption 6 and Assumption 7 are imposed instead of Assumption 5 , i.e., apart from

assuming strong disposability of inputs and desirable outputs, the desirable and undesirable

outputs exhibit joint weak disposability, the standard DEA estimators discussed above do

not apply. The DEA-type estimation of T has been discussed by Färe et al. (1989), Färe

et al. (1994), Färe and Grosskopf (2003), Kuosmanen (2005), Färe and Grosskopf (2009),

Kuosmanen and Podinovski (2009), and more recently summarized and further developed

in Pham and Zelenyuk (2019). The method of Färe and Grosskopf (2003) is equivalent to

that of Kuosmanen (2005) for CRS, yet they are generally different for VRS (see Pham and

Zelenyuk, 2019 for recent theoretical results and related discussions).

In this study, we use the method in Kuosmanen (2005). We first partition Yi as Yi =

(Gi, Bi), where Gi and Bi are the desirable and undesirable (respectively) outputs in the

sample. If T exhibits convexity and VRS, one could employ the VRS-DEA estimator given
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by

δ̂VRS(x, g, b | dx, dg, db,Xn) = max
δ,s1,...,sn,α1,...,αn

{
δ ≥ 0 | (g + δdg) ≦

n∑
i=1

αisiGi,

(b− δdb) =
n∑

i=1

αisiBi, (x− δdx) ≧
n∑

i=1

siXi,

n∑
i=1

si = 1, ∀ si ≥ 0, ∀ 0 ≤ αi ≤ 1
}
,

(3.3)

which is a nonlinear programming (NLP) problem that can be reformulated as the following

linear programming (LP) problem (Kuosmanen, 2005)10:

δ̂VRS(x, g, b | dx, dg, db,Xn) = max
δ,λ1,...,λn,µ1,...,µn

{
δ ≥ 0 | (g + δdg) ≦

n∑
i=1

λiGi,

(b− δdb) =
n∑

i=1

λiBi, (x− δdx) ≧
n∑

i=1

(λi + µi)Xi,
n∑

i=1

(λi + µi) = 1, ∀ λi, µi ≥ 0
}
.

(3.4)

Alternatively, if T exhibits convexity and CRS, the CRS-DEA estimator could be used as

follows,

δ̂CRS(x, g, b | dx, dg, db,Xn) = max
δ,s1,...,sn,α1,...,αn

{
δ ≥ 0 | (g + δdg) ≦

n∑
i=1

αisiGi,

(b− δdb) =
n∑

i=1

αisiBi, (x− δdx) ≧
n∑

i=1

siXi, ∀ si ≥ 0, ∀ 0 ≤ αi ≤ 1
}
,

(3.5)

which can be reformulated as the following LP problem,

δ̂CRS(x, g, b | dx, dg, db,Xn) = max
δ,λ1,...,λn

{
δ ≥ 0 | (g + δdg) ≦

n∑
i=1

λiGi,

(b− δdb) =
n∑

i=1

λiBi, (x− δdx) ≧
n∑

i=1

λiXi, ∀ λi ≥ 0
}
,

(3.6)

where αi disappeared because it can be shown its optimal value reached 1 for all i in instances

of CRS, and so the programming problem becomes equivalent to the formulation in Färe

and Grosskopf (2003).

To the best of our knowledge, the asymptotic properties for δ̂CRS(x, g, b | dx, dg, db,Xn)

and δ̂VRS(x, g, b | dx, dg, db,Xn) are yet unknown in the literature. We fill the gap by deriving

them formally in the following Section 4.

10 To see this, let λi = αisi and µi = si − λi = (1− αi)si. Using 0 ≤ αi ≤ 1 and 0 ≤ si ≤ 1, we can show
that 0 ≤ λi ≤ 1 and 0 ≤ µi ≤ 1. Substituting λi and µi into (3.3) yields (3.4).
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4 Asymptotic Properties of the Estimators of Individ-

ual Efficiency: the Undesirable Outputs Case

4.1 Additional Assumptions

We concentrate on the presentation of the VRS case, because the CRS case follows analogous

arguments. To get the result, we will need additional assumptions as in Kneip et al. (2008)

and Simar et al. (2012), mainly:

Assumption 8. Strict convexity of T .

Assumption 9. Joint density for (X,G,B) on a compact support D ⊆ T .

Assumption 10. The observations in Xn are i.i.d on T .

Assumption 11. ∀ (x, g, b) ∈ T and ∀ (dx, dg, db) ∈ R
p+qg+qb
+ , δ(x, g, b|dx, dg, db, T ) is three

times continuously differentiable.

For the CRS case, Assumption 8 needs to be replaced by the following assumption.

Assumption 12. T exhibits convexity and CRS.

In what follows we will write w = (x, g, b) as a generic point in T and we will use the

notation d = (−dx, dg,−db) where dx, dg, db ≥ 0. Also we will use the simplified notation

δ(w) = δ(x, g, b|dx, dg, db, T ) and δ̂VRS(w) = δ̂VRS(x, g, b|dx, dg, db,Xn) when there is no am-

biguity.11 Hence w has a size r = p+ qg + qb = p+ q.

4.2 Basic Arguments

We start as in Kneip et al. (2008) and Simar et al. (2012) and by looking to the directional

distance of a particular production plan denoted by w0 = (x0, g0, b0) and we analyse the DEA

estimator of δ(w0). This is given in equation (3.4) by replacing (x, g, b) by (x0, g0, b0). In

order to analyze the asymptotic properties of δ̂VRS(w0), we will alter the coordinate system

to express both the frontier and its estimator in terms of scalar-valued functions. By doing

this, we are able to rely on the basic results of Kneip et al. (2008) and Simar et al. (2012) to

11 Note that δ(w) and δ̂VRS(w) also depend on the direction, and are defined w.r.t. T and the sample Xn,
respectively, which we drop in the simplified notation to keep it simpler.
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establish the statistical properties of the DEA estimators with the existence of undesirable

outputs.

The transformation is in the spirit of the one suggested in Simar et al. (2012). Given a

direction vector d, we can build v1, . . . , vr−1, which is an orthonormal basis for d. We define

the r× (r− 1) matrix V with the jth column representing vj. Clearly we have V ′d = Or−1,

a vector of zeros of dimension r − 1. Simar et al. (2012) subsequently examine the linear

transformation from Rr to Rr as follows:

hw0 : w → ξ = T (w − w0), (4.1)

where

T =

(
V ′

d′/||d||

)
. (4.2)

We see that T is a r × r orthogonal matrix, and Figure 1 in Simar et al. (2012) illustrates

the transformation when r = 2. It is a translation (w − w0) to place the origin of the new

axes at the point w0 and the rotation T puts one coordinate, say u in the direction of d, and

the remaining r − 1 coordinates, say z, in a space orthogonal to d (and hence to u). If we

define ξ = (z′ u)′, we have

z = V ′(w − w0), (4.3)

and

u = ||d||−1d′(w − w0). (4.4)

Note that this is a one-to-one transformation, that can be easily inverted since T ′T = Ir.

We have

w = w0 + T ′ξ. (4.5)

This transformation is specific to the chosen point w0 and the chosen direction d, but can

be used for all w0 ∈ T and direction vector d. In this transformed coordinate system, we

can depict the production set T as:

Γw0 = {ξ ∈ Rr | ξ = hw0(w), w ∈ T } . (4.6)

For any point ξ (or w), u in (4.4) is a scalar measuring the gap between w and w0 along

the direction d (it is the projection of w − w0 on d). So for this point ξ, the frontier will be

reached by maximizing the value of u for this value of z, defining the scalar frontier function:

ϕw0(z) = sup {u | ξ = (z′ u)′ ∈ Γw0} . (4.7)

12



For any arbitrary point w ∈ T and a given direction d, we also obtain

δ(w) = ||d||−1(ϕw0(z)− u), (4.8)

where ξ = (z′ u)′ = hw0(w). The latter can be seen by defining w∂ = w + δ(w)d, which

is the frontier point for w. In the ξ units this point is given by ξ∂ = (z′ ϕw0(z))
′. Simple

calculation of hw0(w
∂) leads indeed to(

z
ϕw0(z)

)
=

(
V ′(w + δ(w)d− w0)

||d||−1d′(w + δ(w)d− w0)

)
=

(
z

u+ δ(w)||d||

)
,

(4.9)

where for the last equality we used V ′d = Or−1 and d′d = ||d||2. Note that (4.8) provides

what we wanted, i.e., a representation of the directional distance in the form of a scalar-

valued function. Additionally, it should be noted that for the point of interest w0, we have:

δ(w0) = ||d||−1ϕw0(0), (4.10)

because for w0, both u and z are zero.

4.3 Asymptotic Properties

Now we will turn to the DEA estimator and see that even in the presence of undesirable

outputs, which modify its definition, we keep a similar representation to the one derived for

standard DEA estimators (as in Simar et al., 2012).

We first rewrite the DEA estimator (given by the linear program in equation (3.4)) as

δ̂VRS(w) = max
δ,λ,µ,β

{δ ≥ 0 | w + δd ∈ T̂VRS}, (4.11)

where, due to the presence of undesirable outputs, T̂VRS is given by

T̂VRS =

{
(x, g, b) |x =

n∑
i=1

(λi + µi)Xi + βx + δdx,

g =
n∑

i=1

λiGi − βg − δdg,

b =
n∑

i=1

λiBi + δdb,

i′n(λ+ µ) = 1, λ, µ, β, δ ≥ 0

}
,

(4.12)
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and where λ and µ are vectors of length n, β = (β′
x β′

g)
′ has length p + qg, and δ is

scalar. The β’s are there to ensure the strong disposability of the inputs and desirable

outputs. In matrix notation, with X = (X1, . . . , Xn) : p× n, G = (G1, . . . , Gn) : qg × n and

B = (B1, . . . , Bn) : qb × n and W = (X ′ G′ B′)′ : r × n, we have

T̂VRS =

w |w = Wλ+

 X
Oqg ,n

Oqb,n

µ+

 βx

−βg

Oqb,1

− δd,

i′n(λ+ µ) = 1, λ, µ, β, δ ≥ 0

.

(4.13)

In the new coordinates system defined above, this transforms into

Γ̂w0,VRS =

ξ |ξ = TWλ+ T

 X
Oqg ,n

Oqb,n

µ+ T

 βx

−βg

Oqb,1

− Tδd− Tw0,

λ, µ, β, δ ≥ 0, i′n(λ+ µ) = 1

,

(4.14)

which, by partitioning V as V ′ = (V ′
x V ′

g V ′
b ) and remembering that V ′d = 0 and d′d = ||d||,

can be written element-wise as

Γ̂w0,VRS =
{
(z, u) | z = V ′Wλ+ V ′

xXµ+ V ′
xβx − V ′

gβg − V ′w0,

u = ||d||−1d′Wλ− ||d||−1d′xXµ− ||d||−1d′xβx − ||d||−1d′gβg − ||d||δ − ||d||−1d′w0,

i′n(λ+ µ) = 1, λ, µ, β, δ ≥ 0
}
,

(4.15)

Now, for a given z, the efficient boundary Γ̂w0,VRS is given by the function

ϕ̂w0,VRS(z) = max
u,λ,µ,β,δ

{u | (z, u) ∈ Γ̂w0,VRS}, (4.16)

where we use the definition of Γ̂w0,VRS described in (4.15). Since we maximize in u, and since

δ ≥ 0 appears only in the definition of u with a negative sign, the solution of (4.16) in δ is

δ = 0. Thus, we arrive at the following definition of the function ϕ̂w0,VRS(z) for any z,

ϕ̂w0,VRS(z) = max
u,λ,µ,β

{
u | z = V ′Wλ+ V ′

xXµ+ V ′
xβx − V ′

gβg − V ′w0,

u = ||d||−1d′Wλ− ||d||−1d′xXµ− ||d||−1d′xβx − ||d||−1d′gβg − ||d||−1d′w0,

i′n(λ+ µ) = 1, λ, µ, β ≥ 0
}
,

(4.17)
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which is the analog to the equation (4.11) obtained in Simar et al. (2012), that had no

undesirable outputs. The linear program is different but it has the same structure. Similarly

for the true values of the DDF at any w ∈ T , we have the VRS estimator

δ̂VRS(w) = ||d||−1(ϕ̂w0,VRS(z)− u), (4.18)

where ξ = (z′ u)′ = hw0(w). Moreover, at the specific point of interest w0, we obtain

δ̂VRS(w0) = ||d||−1ϕ̂w0,VRS(0). (4.19)

As pointed out by Simar et al. (2012), the equations (4.10) and (4.19) indicate an equiv-

alent formulation for defining the directional distances and their DEA estimator with the

existence of undesirable outputs, similar to the approach used for the Farrell-type input effi-

ciency in Kneip et al. (2008, 2015). Therefore, given the regularity conditions we obtain the

desired results. First, for any point w ∈ T we have a nondegenerate limiting distribution

with a rate of n2/(p+qg+qb+1) = n2/(p+q+1) (as Theorem 1 in Kneip et al., 2008 and Theorem 4.1

in Simar et al., 2012). Secondly, we have the asymptotic behavior of the moments described

for the Farrell-type input efficiency in Theorem 3.1 in Kneip et al. (2015). The following

theorem provides the asymptotic moments for the VRS case.

Theorem 1. Under Assumptions 1–4, 6–7, 8–11, as n → ∞, a constant 0 < C1 < ∞ exists

so that ∀ i ∈ {1, 2, . . . , n},

E
(
δ̂VRS(wi)− δ(wi)

)
= C1n

− 2
p+qg+qb+1 +O

(
n
− 3

p+qg+qb+1 (log n)
p+qg+qb+4

p+qg+qb+1
)
, (4.20)

and

VAR
(
δ̂VRS(wi)− δ(wi)

)
= O

(
n
− 3

p+qg+qb+1 (log n)
3

p+qg+qb+1
)
, (4.21)

and for j ∈ {1, 2, . . . , i− 1, i+ 1, . . . , n},∣∣∣Cov(δ̂VRS(wi)−δ(wi), δ̂VRS(wj)−δ(wj)
)∣∣∣ = O

(
n
− p+qg+qb+2

p+qg+qb+1 (log n)
p+qg+qb+2

p+qg+qb+1
)
= o(n−1). (4.22)

For the CRS case, the asymptotic moments for any w ∈ T go along the same lines,

as described in Park et al. (2010) and in Theorem 3.2 in Kneip et al. (2015). Under the

CRS assumption, the rates are now given by n2/(p+qg+qb) = n2/(p+q). The following theorem

presents the asymptotic moments for the CRS case.
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Theorem 2. Under Assumptions 1–4, 6–7, 9–12, as n → ∞, a constant 0 < C2 < ∞ exists

so that ∀ i ∈ {1, 2, . . . , n},

E
(
δ̂CRS(wi)− δ(wi)

)
= C2n

− 2
p+qg+qb +O

(
n
− 3

p+qg+qb (log n)
p+qg+qb+3

p+qg+qb

)
, (4.23)

and

VAR
(
δ̂CRS(wi)− δ(wi)

)
= O

(
n
− 3

p+qg+qb (log n)
3

p+qg+qb

)
, (4.24)

and for j ∈ {1, 2, . . . , i− 1, i+ 1, . . . , n},∣∣∣Cov(δ̂CRS(wi)−δ(wi), δ̂CRS(wj)−δ(wj)
)∣∣∣ = O

(
n
− p+qg+qb+1

p+qg+qb (log n)
p+qg+qb+1

p+qg+qb

)
= o(n−1). (4.25)

To summarize, the CRS and VRS estimators of δ(x, g, b | dx, dg, db, T ) under weak dispos-

ability demonstrate consistency with a convergence rate of nκ, where κ = 2/(p+ qg + qb) =

2/(p+ q) if the CRS-DEA estimator is used, or κ = 2/(p+ qg + qb +1) = 2/(p+ q+1) if the

VRS-DEA estimator is applied.12 It is clear that given the same dimensions, the estimators

under weak disposability have the same convergence rate as the corresponding estimators

under strong disposability. These results indicate that the aggregate DDFs under strong and

weak disposability have the same theoretical results, which are discussed in the next Section

5.

5 CLTs and Inferences for Aggregate DDFs

Due to the results derived in the previous sections, the CLT results for the aggregate DDFs

can be developed on the analogy with the aggregate Farrell-type output oriented measure of

technical efficiency established by Simar and Zelenyuk (2018). We briefly summarize them

here for future references and provide the guidance for practitioners who want to implement

it by coding in a software or to modify it to certain needs. With a sample denoted as

Xn = {(Xi, Yi)}ni=1, input price vector wx, output price vector wy, and the chosen set of

directional vectors Dn = {(dix, diy)}ni=1, we will focus on

∆n =
n∑

i=1

δ(Xi, Yi | dix, diy, T )Si
d, (5.1)

12 The statistical results from Park et al. (2010) and Kneip et al. (2015) regarding the free disposal
hull (FDH) estimator without undesirable outputs might be extended to the partial FDH estimator with
undesirable outputs proposed by Podinovski and Kuosmanen (2011). However, the mathematical structure
of the problem is completely different when using FDH approaches with undesirable outputs, necessitating
further investigation. We defer this aspect to future research endeavors.
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where Si
d represents the weight of the ith DMU, given by

Si
d =

wyd
i
y + wxd

i
x∑n

i=1(wydiy + wxdix)
. (5.2)

To simplify the notation, denote H1i = δ(Xi, Yi | dix, diy, T )H2i, where H2i = wyd
i
y+wxd

i
x.

Then equation (5.1) becomes

∆n =
n−1

∑n
i=1H1i

n−1
∑n

i=1H2i

, (5.3)

which is an estimate of the ratio of the true means

∆ =
E(H1i)

E(H2i)
=

µ1

µ2

. (5.4)

If we observe the true DDF, δ(Xi, Yi | dix, diy, T ), according to the typical CLT for the ratio

of means (Kendall and Stuart, 1968), the following holds:

√
n (∆n −∆)

L−→N(0, σ2
∆), (5.5)

where

σ2
∆ = ∆2

[
σ2
1

µ2
1

+
σ2
2

µ2
2

− 2
σ12

µ1µ2

]
. (5.6)

In equation (5.6), σ2
1 = Var(H1i), σ

2
2 = Var(H2i), and σ12 = Cov(H1i, H2i).

13 However, as

δ(Xi, Yi | dix, diy, T ) is not directly observed, the corresponding ∆n remains unobserved. Our

best recourse is to derive an estimate of δ(Xi, Yi | dix, diy, T ) from Xn, for instance, through

methods like CRS-DEA, or VRS-DEA as elaborated in Subsection 3.1 for the standard case

or Subsection 3.2 for undesirable outputs case, to obtain δ̂(Xi, Yi | dix, diy,Xn).

Substitute δ̂(Xi, Yi | dix, diy,Xn) into (5.3) to obtain an estimate of ∆n, given by:

∆̂n =
µ̂1,n

µ̂2,n

=
n−1

∑n
i=1 Ĥ1i

n−1
∑n

i=1 H2i

, (5.7)

where Ĥ1i = δ̂(Xi, Yi | dix, diy,Xn)H2i, is the estimate of H1i. The following theorem formu-

lates the basic properties for ∆̂n.

13 As discussed in Section 2, when we have the fixed direction, i.e., the directional vector (dix, d
i
y) = (dx, dy)

for all i, the aggregate DDF ∆n reduces to the simple mean DDF. However, the CLT for ∆n in (5.5) is still
valid for the simple mean DDF. This is left as an exercise for the reader.
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Theorem 3. Subject to the relevant set of assumptions detailed in the preceding sections for

the case of CRS-DEA or VRS-DEA, we have

E(∆̂n) = ∆ + Cn−κ + o(n−κ), (5.8)

∆̂n − E(∆̂n) = ∆n −∆+ op(n
−1/2), (5.9)

√
n
(
∆̂n − E(∆̂n)

)
L−→N (0, σ2

∆), (5.10)

where C is an unknown constant term.

From (5.8), we see that the estimator ∆̂n consistently estimates ∆, albeit with a bias

term on the order of n−κ. The above theorem also shows why the standard CLT cannot

work. To see this, substituting (5.8) into (5.10) yields

√
n
(
∆̂n −∆− Cn−κ − o(n−κ)

)
L−→N (0, σ2

∆). (5.11)

The bias term Cn−κ multiplied by
√
n is constant if κ = 1/2, or explodes if κ < 1/2;

in these two cases, the standard CLT which ignores the bias term Cn−κ cannot be used.

Otherwise (i.e., if κ > 1/2), it can be ignored and the standard CLT can be applied. This

result indicates that in the presence of undesirable outputs, the standard CLT cannot work

in general except in one CRS case (i.e., when p = 1, qg = 1, and qb = 1 so that κ = 2/3).

Now we can formulate the new CLTs for ∆̂n. The essence of such developments is presented

in the following theorem.

Theorem 4. Subject to the relevant set of assumptions detailed in the preceding sections for

the case of CRS-DEA or VRS-DEA, if κ ≥ 1/2, we obtain

√
n
(
∆̂n − B̂∆,n −∆− o(n−κ)

)
L−→N (0, σ2

∆); (5.12)

and if κ < 1/2, we have

√
nκ

(
∆̂nκ − B̂∆,n −∆− o(n−κ)

)
L−→N (0, σ2

∆), (5.13)

where

κ =

{
2/(p+ q), if the CRS-DEA estimator is used,

2/(p+ q + 1), if the VRS-DEA estimator is used.
(5.14)
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In Theorem 4, B̂∆,n is the bias estimate for ∆̂n, akin to the approach taken by Simar

and Zelenyuk (2018) for the aggregate Farrell-type output oriented measure of technical

efficiency.14 Moreover, ∆̂nκ is a subsample variant of ∆̂n, with a size of nκ = ⌊n2κ⌋ < n

rather than n.15 More specifically,

∆̂nκ =
n−1
κ

∑
{i|(Xi,Yi)∈Snκ}

δ̂(Xi, Yi | dix, diy,Xn)H2i

n−1
κ

∑
{i|(Xi,Yi)∈Snκ}

H2i

, (5.15)

where Snκ represents a randomized subset with a sample size of nκ, derived from Sn.
16

Theorem 4 could enable researchers to conduct the statistical inference. Specifically, the

asymptotic confidence intervals with a level of 100(1−α)% for the true aggregate ∆ derived

from Theorem 4 are given by[
∆̂n − B̂∆,n ± Φ−1

1−α/2 σ̂∆/
√
n

]
, if κ ≥ 1/2, (5.16)

and [
∆̂nκ − B̂∆,n ± Φ−1

1−α/2 σ̂∆/
√
nκ

]
, if κ < 1/2, (5.17)

where σ̂∆ is an estimate of σ∆, given by

σ̂2
∆,n = ∆̂2

n

[
σ̂2
1,n

µ̂2
1,n

+
σ̂2
2,n

µ̂2
2,n

− 2
σ̂12,n

µ̂1,nµ̂2,n

]
, (5.18)

and where σ̂2
1,n = V̂ar(Ĥ1i), σ̂

2
2,n = V̂ar(H2i), and σ̂12,n = Ĉov(Ĥ1i, H2i).

17

To conclude this section, it is worth noting that while the theory presented so far and

the simulations that follow are done specifically for the case when CRS-DEA and VRS-DEA

estimators are used, they should also be valuable as a guide for adaptations to the contexts

when other methods are used for estimating the directional distance functions and their

aggregates.

14 The procedures are described more precisely in the separate Appendix A of the online Supplement.
15 ⌊n2κ⌋ indicates the largest integer that is no greater than n2κ.
16 As pointed out in the Remark 1 of Simar and Zelenyuk (2018), when κ = 2/5 in the case of CRS-DEA

or VRS-DEA, both (5.12) and (5.13) can be used. However, it is advisable to use (5.13) due to a smaller
remainder term, which is also evident in the simulations presented in the next section.

17 There are several other options in the literature to estimate σ∆. In particular, one can consider to adapt
the alternative estimators for the variance of the simple mean and aggregate technical efficiency proposed by
Simar and Zelenyuk (2020) and Simar et al. (2023a, 2024) and the data sharpening method recommended
by Nguyen et al. (2022) to the case of the aggregate DDFs. These adaptions to the DDF case are not obvious
and may need further examinations, which we leave for further research.
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6 Monte-Carlo Evidence

To our knowledge, the existing literature lacks clarity on the best ways to parametrically

characterize technologies with undesirable outputs that are cohesive with the existing DEA

estimators, either in theory or in simulations and so in this section we will attempt to explore

and shed light on this crucial aspect of modeling. There are different ways to think of how

one should view the true (or hypothetical) technology that involves undesirable outputs and,

perhaps, there is no one specific way that fits all (or most) realistic scenarios, as it might

depend on the context.

For example, one could think of the undesirable output as being a function (e.g., mono-

tonically increasing) or more generally as a correspondence of the desirable output given

inputs. In other words, a firm might be able to use some inputs to produce a bundled out-

put composed of both the desirable and undesirable outputs, where reducing the undesirable

output may require reducing the desirable output. An example of such relationships could

be seen in the banking industry: the undesirable output (e.g., the non-performing loans) is

often viewed/expected as a function (related to probability of success/failure) of the desirable

output (e.g., good loans).

Alternatively, one could think of an undesirable output as being a function (or a cor-

respondence) of some inputs, which are used in a production of (and hence enters into a

function or a correspondence with) the desirable output, along with other inputs. An ex-

ample of such relationships could be seen in the energy generation business: the undesirable

output (pollution) is often viewed as being a function of a particular input (e.g., coal), de-

fined by some natural laws, which may be substituted by another input (e.g., gas) with a

different functional relationship with the same pollution or yet another input (solar) with

no (known) relationship with the pollution.

We will explore both of these scenarios here. Hereafter, we will provide the MC results for

the first scenario while leaving the results for the second scenario to the separate Appendix

B of the online Supplement.
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6.1 The Data Generation Process

For the simulations in the main text, we consider the following technology

Y∂
i = c

p∏
j=1

(x∂
ij)

βj , (6.1)

where c is a constant term, x∂
ij is the jth efficient input, and Y∂

i is the efficient bundled

output of desirable and undesirable outputs, specified as,

Y∂
i = g∂i /(b

∂
i )

βb , (6.2)

and where g∂i and b∂i are the desirable and undesirable (respectively) outputs on the frontier.

The technologies specified in (6.1) and (6.2) indicate that given fixed inputs, to reduce the

undesirable outputs, it is necessary to decrease the desirable outputs, i.e., Assumption 7 is

satisfied.

In the MC experiments, we let the specified directional vector be the observed inputs and

outputs, i.e., (dix, d
i
g, d

i
b) = (xi, gi, bi), which means the directional distance δi = δ(xi, gi, bi |

xi, gi, bi, T ) ∈ [0, 1] measures the maximal percentage of feasible increase of the desirable

outputs and simultaneous decrease (with the same percentage δi) of the undesirable outputs

and inputs. The ith true directional distance score is generated from δi
iid∼ Beta(1, 2), i.e.,

we generate δi from the Beta distribution to ensure δi ∈ [0, 1] for all i = 1, . . . , n. In

addition, we generate the ith observed input as xi
iid∼ Unif(0, 1) and observed undesirable

output as bi
iid∼ Unif(0, 1), then calculate the points on the frontier as (x∂

i , g
∂
i , b

∂
i ), where

x∂
i = xi(1− δ), b∂i = bi(1− δ), and g∂i = c(b∂i )

βb
∏p

j=1(x
∂
ij)

βj . Finally, we set the ith observed

output as gi = g∂i /(1 + δi). Thus, we obtain a simulated sample Xn = {(xi, gi, bi)}ni=1. As

the technology exhibits VRS, we employ the VRS-DEA estimator in the simulations.

In each experiment, 1, 000 MC trials are performed. During each trial, we assess the

coverage, i.e., whether the true value of the aggregate DDFs is covered by the estimated

confidence intervals. Subsequently, the average coverage is reported across these 1, 000 MC

trials. The true values for the aggregate DDF are calculated through using the randomly

simulated 10, 000, 000 realizations of δi, xi, gi, bi and the specified prices (wx, wg, wb). Table

1 presents the parameter values used in the MC experiments.

Before showcasing our Monte Carlo results, for ease of notation, we designate as follows:

(i) the standard CLT (i.e., using the CLT in (5.5) by replacing ∆n and σ2
∆ by ∆̂n in (5.7)
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Table 1: The Values of Parameters in the MC

p 1 2 3 4

β1 0.4 0.4 0.4 0.4
β2 0.2 0.2 0.2
β3 0.1 0.1
β4 0.15
βb 0.2 0.1 0.15 0.05
c 1 1 1 1

w1 1 1 1 1
w2 2 2 2
w3 0.5 0.5
w4 1
wg 1 1 1 1
wb 1 1 1 1

and σ̂2
∆ in (5.18), respectively), which ignores the bias correction and uses the wrong rate of

convergence.18

(ii) the developed CLT (with bias correction) for the aggregate DDFs with n observations

(i.e., using (5.16));

(iii) the developed CLT (with bias correction) for the aggregate DDFs with nκ observa-

tions (i.e., using (5.17)).

6.2 Main Results

The simulation results are reported in Table 2. Panel A presents the results with low di-

mensions where p + qg + qb < 4 while Panel B presents those for high dimensions where

p + qg + qb ≥ 4. From Panel A, we observe that with the sample size increasing, the cover-

ages using approach (ii) for the aggregate DDFs with the existence of undesirable outputs

converge towards the corresponding nominal coverages. In contrast, those using approach

(i) (i.e., the standard CLT) fail to provide any sensible results, as expected by the theory:

the bias will explode and the rate is incorrect. This is also true when we examine the re-

18 Further insights into why the standard CLT cannot work in this case are in the discussions following
Theorem 3.
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Table 2: Coverages of Estimated Confidence Intervals for Aggregate Directional Distance
Functions using VRS-DEA Estimator

Panel A: The Cases with p+ qg + qb < 4

—— 0.90 —— —— 0.95 —— —— 0.99 ——
p qg qb n (i) (ii) (i) (ii) (i) (ii)

1 1 1 10 0.144 0.501 0.216 0.580 0.360 0.690
1 1 1 20 0.124 0.647 0.198 0.720 0.352 0.842
1 1 1 50 0.105 0.747 0.170 0.820 0.345 0.934
1 1 1 100 0.111 0.817 0.182 0.888 0.397 0.958
1 1 1 200 0.123 0.839 0.182 0.911 0.388 0.968
1 1 1 500 0.114 0.856 0.182 0.918 0.382 0.972
1 1 1 1000 0.119 0.874 0.187 0.934 0.388 0.983

Panel B: The Cases with p+ qg + qb ≥ 4

—— 0.90 —— —— 0.95 —— —— 0.99 ——
p qg qb n (i) (ii) (iii) (i) (ii) (iii) (i) (ii) (iii)

2 1 1 10 0.032 0.324 0.386 0.065 0.376 0.445 0.146 0.451 0.527
2 1 1 20 0.020 0.491 0.592 0.039 0.549 0.670 0.104 0.669 0.776
2 1 1 50 0.010 0.631 0.716 0.015 0.712 0.796 0.042 0.825 0.908
2 1 1 100 0.000 0.726 0.827 0.002 0.795 0.895 0.022 0.911 0.967
2 1 1 200 0.000 0.746 0.837 0.001 0.823 0.903 0.015 0.927 0.966
2 1 1 500 0.000 0.814 0.865 0.000 0.891 0.926 0.002 0.963 0.982
2 1 1 1000 0.000 0.841 0.895 0.000 0.903 0.947 0.002 0.965 0.985

3 1 1 10 0.005 0.176 0.253 0.012 0.205 0.309 0.029 0.274 0.381
3 1 1 20 0.001 0.272 0.414 0.003 0.319 0.483 0.012 0.404 0.602
3 1 1 50 0.000 0.460 0.680 0.000 0.533 0.778 0.002 0.665 0.891
3 1 1 100 0.000 0.566 0.775 0.000 0.642 0.859 0.000 0.770 0.943
3 1 1 200 0.000 0.654 0.856 0.000 0.742 0.916 0.000 0.869 0.973
3 1 1 500 0.000 0.713 0.874 0.000 0.793 0.920 0.000 0.921 0.980
3 1 1 1000 0.000 0.726 0.884 0.000 0.810 0.937 0.000 0.915 0.985

4 1 1 10 0.002 0.081 0.151 0.003 0.102 0.182 0.006 0.141 0.233
4 1 1 20 0.000 0.127 0.291 0.000 0.158 0.353 0.000 0.227 0.448
4 1 1 50 0.000 0.255 0.523 0.000 0.308 0.605 0.000 0.404 0.753
4 1 1 100 0.000 0.392 0.730 0.000 0.456 0.811 0.000 0.556 0.911
4 1 1 200 0.000 0.528 0.822 0.000 0.600 0.909 0.000 0.722 0.972
4 1 1 500 0.000 0.639 0.871 0.000 0.715 0.928 0.000 0.818 0.983
4 1 1 1000 0.000 0.598 0.875 0.000 0.692 0.937 0.000 0.817 0.983
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sults in Panel B for high dimensions. The coverages using approach (iii) increase toward the

nominal coverages while those using approach (i) go to zero when the sample size increases.

These results validate our developed theoretical results for the aggregate DDFs in Section

5. Moreover, comparing coverages using approaches (ii) and (iii) in Panel B, we see that

the performance of approach (ii) is not so good (far away from the nominal coverage) when

p = 3 or 4. When p = 2, as n increases, the coverages using approach (ii) also increase

toward to the nominal coverage, but are much smaller than that using approach (iii), which

verifies the previous arguments that if κ = 2/5 for VRS-DEA case, both (5.12) and (5.13)

can be used. However (5.13) is recommended.

Moreover, it should be noted that when the sample size is not large (e.g., ≤ 500), the

estimated confidence intervals based on (ii) or (iii) undercover the true values. For example,

when the sample size is 100 and p = 2, the coverage using (iii) is only 0.827 when the

nominal coverage is 0.900. Further, this undercovering phenomenon is more severe when the

dimensions (p+ qg + qb) increase. This undercovering phenomenon in large dimensions and

finite sample sizes is well known for the various nonparametric efficiency estimators, e.g., see

also the related discussions in Simar and Zelenyuk (2020), Nguyen et al. (2022), and Simar

et al. (2023a, 2024).

7 An Empirical Illustration

To illustrate our developed theoretical results for the aggregate DDFs, we use the data set

for the large US commercial banks obtained from the Federal Reserve Bank of Chicago.19

This data set was used by Malikov et al. (2016) and more recently by Tsionas et al. (2023)

in the SFA context. Following Malikov et al. (2016) and Wheelock and Wilson (2018), five

desirable outputs, five inputs and one undesirable output (the non-performing loans, bi)

are specified for the banks’ production function. Theorem 4 shows that given the sample

size, the estimation errors for the non-parametric efficiency estimators increase with the

dimensions. To enhance the accuracy of the estimation, we employ the dimension reduction

method introduced by Daraio and Simar (2007) to consolidate five desirable outputs into one

19 The code for this illustration can be found on GitHub at the following link: https://github.com/

srzhao89/szz-ddf.
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Table 3: VRS-DEA Estimates of Aggregate DDFs, Standard Deviations, and the 95% Con-
fidence Intervals for the Large US Banks

——— 95% CI ———

Year ∆̂n B̂∆,n ∆̂n − B̂∆,n σ̂∆ — (i) — — (ii) —

2001 0.0706 -0.0506 0.1213 0.2552 0.0404 0.1009 0.0911 0.1515
2002 0.0574 -0.0381 0.0954 0.2307 0.0302 0.0845 0.0683 0.1226
2003 0.0670 -0.0434 0.1105 0.2595 0.0364 0.0977 0.0798 0.1411
2004 0.0558 -0.0308 0.0865 0.2346 0.0281 0.0834 0.0589 0.1142
2005 0.0556 -0.0350 0.0907 0.2356 0.0271 0.0841 0.0622 0.1191
2006 0.0534 -0.0388 0.0922 0.2217 0.0256 0.0811 0.0644 0.1199
2007 0.0494 -0.0390 0.0884 0.2098 0.0224 0.0764 0.0614 0.1154
2008 0.0336 -0.0236 0.0572 0.1530 0.0119 0.0553 0.0355 0.0789
2009 0.0292 -0.0166 0.0458 0.1305 0.0103 0.0480 0.0269 0.0646
2010 0.0426 -0.0321 0.0746 0.1998 0.0133 0.0718 0.0454 0.1039

NOTE: (i) means using the standard CLT; (ii) means relying on our developed CLT, i.e., using (5.16).

aggregated output g∗i , and five inputs to one aggregated input x∗
i .

20 Through this process,

we obtain the aggregated input-output data, Xn = {(x∗
i , g

∗
i , bi)}ni=1, where p = 1, qg = 1 and

qb = 1.21

In addition, for the illustration purpose, we set the price of the non-performing loans

as −1. Note that the input prices are available while the output prices are not provided

by Malikov et al. (2016). Hence, we choose (dix∗ , dig∗ , d
i
b) = (x∗

i , 0, bi) when estimating the

aggregate DDFs, which depends on prices and specified directions as expressed in (2.7). By

doing so, the individual weight Si
d in (2.8) does not depend on the desirable outputs or

their prices. In this situation the estimate of the aggregate DDFs under weak disposibility

measures the aggregate (or the weighted-average) of the individual maximal percentages of

feasible decrease of the aggregated input and the non-performing loans while maintaining

the aggregated desirable output and technology unchanged.

Table 3 summarizes the estimation outcomes obtained through VRS-DEA estimators

20 Wilson (2018) has shown in various MC experiments that the gain of accuracy in statistical inference
can be important by using this dimension reduction method.

21 For more details about the specifications of inputs and outputs and also the dimension reduction method,
see the separate Appendix C of the online Supplement.
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when the non-performing loans are considered as undesirable outputs and modeled under

weak disposibility, utilizing the estimator outlined in (3.4). It is worth noting that modeling

the undesirable outputs in the framework of weak disposability is more consistent with

economic theory and also reflects the production for the firms in practice.

First, it is beneficial to reiterate the intuitive meaning of efficiency based on the DDF.

For example, the estimate of the true DDF for the bank with the ID equal to 89 is 0.0784 in

2001, indicating that this bank has the potential to simultaneously decrease the aggregated

input and the undesirable output by 7.84 percent while keeping the aggregated desirable

output and technology constant, if it reaches the estimated best-practice frontier, in the

chosen direction of measurement (i.e., (−x∗
i , 0,−bi) here, where x∗

i and bi are the values

observed for this bank).22 We then aggregate by employing a specific formula that computes

the weighted average of these DDFs across all observations, where the weights reflect an

economic significance corresponding to the measurement orientation, according to (2.19) and

(2.20). By doing so, we obtain the estimate of the aggregate DDFs before the bias correction.

Then, we implement the bias correction procedure outlined in the separate Appendix A of

the online Supplement, estimate the standard errors using (5.18), and obtain the confidence

intervals using (5.16).

Second, we see that the differences among the estimates of the aggregate DDFs before

and after the bias correction are very large for most years. For example, the estimate of the

aggregate DDFs after the bias correction in 2001 (0.1213) is more than 1.7 times larger than

that before the bias correction (0.0706), thus illustrating the importance in the empirical

research to correct the bias for the estimate of the aggregate DDFs.

Third, the 95% CIs constructed using approach (ii) (i.e., the developed CLT with κ ≥ 1/2

as p + qg + qb = 3) exhibit significant differences from that using approach (i) (i.e., the

standard CLT) for each year. As indicated by our MC results in Section 6, the standard

CLT demonstrates poor performance for the aggregate DDFs, implying that the statistical

inference relying on the standard CLT in this context might lead to misleading results. For

example, approach (ii) indicates that the true value of the aggregate DDFs for the large US

banks in 2001 was larger than 0.0706 (i.e., the estimate of the aggregate DDFs before the

22 For the sake of conserving the space, the individual estimates are not provided in the table but are
available upon request.
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bias correction) as the lower bound of the 95% CIs constructed using approach (ii) was larger

than 0.0706. On the other hand, approach (i) cannot reject the null hypothesis that the true

value is 0.0706 as the 95% CIs constructed using approach (i) contain 0.0706 in 2001.

Finally, the large US banks became more efficient (relative to their annual best-practice

frontiers) over time as a decreasing trend is observed for the bias-corrected estimates of the

aggregate DDFs. For example, Panel A shows that the estimates of the aggregate DDFs

for the large US banks have gradually (with some fluctuations) decreased from 0.1213 in

2001 to 0.0746 in 2010. Moreover, the large US banks were more efficient especially after

2007, indicating that although the global financial crisis has greatly disrupted the banking

sector, it might have also brought a benefit by enforcing the large US banks to improve their

performance to get through these tough times.

8 Conclusions

This article contributes significantly to the existing literature in two key aspects. On one

hand, we established the central limit theorems for aggregate directional distance functions,

which embed those for the simple mean and aggregate Farrell-type efficiency as special cases.

Consequently, our paper supplements to the recent developments of the statistical results for

the various nonparametric efficiency estimators, such as the Farrell-type technical efficiency

(Kneip et al., 2015; Simar and Zelenyuk, 2018), Malmquist productivity indices (Pham et al.,

2024; Kneip et al., 2021), Hicks–Moorsteen productivity indices (Simar et al., 2023b), etc.

On the other hand and most importantly, we develop the central limit theorems for aggre-

gate directional distance functions under the weak disposability of undesirable and desirable

outputs and also conduct Monte-Carlo experiments to assess the efficacy of the developed

central limit theorems. The simulations affirm that employing the developed central limit

theorems for statistical inference yields significantly improved performance in comparison to

the standard central limit theorems. As far as we are aware, the statistical results of the var-

ious non-parametric efficiency methods under weak disposability have not been investigated,

either theoretically or through simulations, and so we endeavor to make a breakthrough on

this important aspect of modeling. We also use the data from the large US banks to illus-

trate the developed theoretical results for the aggregate directional distance functions in the

presence of undesirable outputs. The results imply that utilizing the traditional CLTs for
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statistical inference in this context might lead to potentially misleading outcomes.

Future research could try to adapt the recently introduced improving methods from Simar

and Zelenyuk (2020), Nguyen et al. (2022), Zelenyuk and Zhao (2023), and Simar et al.

(2023a, 2024) to further increase the performance of the statistical results for the aggregate

DDFs with general disposability. Another fruitful avenue for further research could be to

derive new CLTs for the aggregate productivity indexes based on the DDFs (for technologies

with undesirable outputs and accounting for economic weights), and their decompositions.

Such work can build on the earlier works paved by Jeon and Sickles (2004) and more recent

CLTs established by Simar and Wilson (2019), Kneip et al. (2021) and Pham et al. (2024).
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Färe, R., S. Grosskopf, and W. L. Weber (2006), Shadow prices and pollution costs in US
agriculture, Ecological Economics 56, 89–103.
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Färe, R. and S. Grosskopf (2003), Nonparametric productivity analysis with undesirable
outputs: Comment, American Journal of Agricultural Economics 85, 1070–1074.

29



— (2009), A comment on weak disposability in nonparametric production analysis, American
Journal of Agricultural Economics 91, 535–538.
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Appendix A The Procedures of Estimating the Bias

The steps outlined by Simar and Zelenyuk (2018) to estimate the bias term of ∆̂n are detailed

as follows. For b = 1, split Xn into two mutually exclusive and evenly sized subsamples X (1)
n/2

and X (2)
n/2 (for simplicity, assuming n is even). Then we estimate the simple mean of H1i

using the observations only in X (j)
n/2, where j = 1, 2, and obtain

µ̂
(j)
1,n,b = 2n−1

∑
{i|(Xi,Yi)∈X

(j)
n/2

}

Ĥ1i = 2n−1
∑

{i|(Xi,Yi)∈X
(j)
n/2

}

δ̂(Xi, Yi | dix, diy,X
(j)
n/2)H2i. (A.1)

Then compute

µ̂1,n,b =
1

2
(µ̂

(1)
1,n,b + µ̂

(2)
1,n,b). (A.2)

Increasing b by 1 and iterating through the described process for a total of B repetitions,

will yield {µ̂1,n,b}Bb=1. The bias term for µ̂1,n can be estimated as

B̂µ1,n =
B∑
b=1

(2κ − 1)−1(µ̂1,n,b − µ̂1,n), (A.3)

which leads to the estimate of the bias term for ∆̂n, expressed as

B̂∆,n =
B̂µ1,n

µ̂2,n

. (A.4)
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Appendix B Simulation Results for the Second Sce-

nario

For the second scenorio, we consider the following technology

g∂i = c

p∏
j=1

(x∂
ij)

βj , (B.1)

where c is a constant term, x∂
ij is the jth efficient input, and g∂i is the efficient desirable

output. The production process for the undesirable output b∂i is specified as,

b∂i = 0.2x∂
i1, (B.2)

where for simplicity we assume that the undesirable output (e.g., pollution) is produced using

just the first input (e.g., coal). In addition, the ith true directional distance score is generated

from δi
iid∼ Beta(1, 2), i.e., we generate δi from the Beta distribution to ensure δi ∈ [0, 1]. We

first generate the ith observed input as xi
iid∼ Unif(0, 1), then calculate the points on the

frontier as (x∂
i , g

∂
i , b

∂
i ), where x∂

i = xi(1 − δi), g
∂
i = c

∏p
j=1(x

∂
ij)

βj , and b∂i = 0.2x∂
i1. Finally,

we set the ith observed desirable output as gi = g∂i /(1+ δi) and observed undesirable output

as bi = b∂i /(1− δ). Thus, a simulated sample Xn = {(xi, gi, bi)}ni=1 is created. The values of

the other parameters (e.g., c and βjs) are the same as the first scenario in the main text.

Table B.1 shows the simulation results, which are similar to those in the main text for

the first scenario.
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Table B.1: Coverages of Estimated Confidence Intervals for Aggregate Directional Distance
Functions using VRS-DEA Estimator for the Second Scenario

Panel A: The Cases with p+ qg + qr < 4

—— 0.90 —— —— 0.95 —— —— 0.99 ——
p qg qb n (i) (ii) (i) (ii) (i) (ii)

1 1 1 10 0.439 0.623 0.525 0.703 0.669 0.805
1 1 1 20 0.535 0.732 0.615 0.799 0.782 0.882
1 1 1 50 0.633 0.762 0.736 0.849 0.870 0.940
1 1 1 100 0.698 0.798 0.802 0.873 0.916 0.960
1 1 1 200 0.710 0.837 0.806 0.917 0.931 0.966
1 1 1 500 0.761 0.848 0.852 0.917 0.950 0.983
1 1 1 1000 0.790 0.893 0.882 0.930 0.967 0.985

Panel B: The Cases with p+ qg + qr ≥ 4

—— 0.90 —— —— 0.95 —— —— 0.99 ——
p qg qb n (i) (ii) (iii) (i) (ii) (iii) (i) (ii) (iii)

2 1 1 10 0.132 0.460 0.549 0.168 0.527 0.624 0.309 0.643 0.719
2 1 1 20 0.108 0.599 0.697 0.167 0.670 0.783 0.324 0.806 0.889
2 1 1 50 0.092 0.709 0.802 0.153 0.790 0.883 0.310 0.894 0.956
2 1 1 100 0.111 0.722 0.808 0.169 0.795 0.880 0.369 0.905 0.959
2 1 1 200 0.115 0.730 0.812 0.173 0.823 0.883 0.380 0.914 0.967
2 1 1 500 0.118 0.744 0.841 0.177 0.820 0.907 0.376 0.938 0.974
2 1 1 1000 0.118 0.742 0.858 0.185 0.830 0.909 0.395 0.936 0.979

3 1 1 10 0.021 0.303 0.403 0.036 0.342 0.463 0.092 0.423 0.552
3 1 1 20 0.010 0.454 0.623 0.022 0.525 0.701 0.070 0.649 0.810
3 1 1 50 0.004 0.601 0.759 0.009 0.679 0.839 0.027 0.807 0.930
3 1 1 100 0.000 0.629 0.829 0.000 0.713 0.890 0.011 0.838 0.966
3 1 1 200 0.000 0.586 0.817 0.000 0.675 0.881 0.008 0.818 0.968
3 1 1 500 0.000 0.525 0.842 0.000 0.636 0.908 0.000 0.792 0.976
3 1 1 1000 0.000 0.455 0.835 0.000 0.547 0.903 0.001 0.736 0.974

4 1 1 10 0.004 0.147 0.248 0.008 0.179 0.285 0.017 0.223 0.363
4 1 1 20 0.000 0.273 0.491 0.000 0.317 0.547 0.005 0.413 0.657
4 1 1 50 0.000 0.450 0.708 0.000 0.527 0.809 0.001 0.649 0.916
4 1 1 100 0.000 0.526 0.819 0.000 0.614 0.894 0.000 0.751 0.966
4 1 1 200 0.000 0.521 0.838 0.000 0.603 0.914 0.000 0.747 0.979
4 1 1 500 0.000 0.418 0.839 0.000 0.488 0.912 0.000 0.630 0.970
4 1 1 1000 0.000 0.252 0.832 0.000 0.321 0.904 0.000 0.456 0.970
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Appendix C More Details on the Dimension Reduc-

tion Used in the Empirical Illustration

In this appendix, we present some details not shown in the paper for the empirical illustration.

Following Malikov et al. (2016) and Wheelock and Wilson (2018), five desirable output

quantities are specified for the banks’ production function: g1 = consumer loans, g2 = real

estate loans, g3 = commercial and industrial loans, g4 = securities, and g5 = off-balance-

sheet items. Further, five input quantities are specified: x1 = purchased funds, x2 = physical

capital, x3 = the number of full-time employees, x4 = interest-bearing transaction accounts,

and x5 = non-transaction accounts. Moreover, we specify one undesirable output: b = the

non-performing loans. Altogether, we have a total of 2, 397 bank-year observations with

the number of banks in each year ranging from 179 to 277 over 2001–2010. The estimation

results are obtained by estimating the technology frontiers for each year in the sample.

Before presenting the results, we first address the necessity to reduce the dimensions of

the data. Theorem 4 shows that given the sample size, the estimation errors for the non-

parametric efficiency estimators increase with the dimensions. In our specification, we have

11 dimensions in total while the sample size in each year is no larger than 277. To enhance

the accuracy of the estimation, we first consolidate three types of loans (g1, g2, and g3) into a

single aggregated loan (g6), and similarly, we combine two types of accounts (x4 and x5) into

a unified account (x6); by implementing this approach, we form the matrix for the desirable

outputs G = [g4, g5, g6] and the matrix for the inputs X = [x1, x2, x3, x6]. Subsequently, we

employ the dimension reduction method introduced by Daraio and Simar (2007) to reduce

the dimensions for both G and X, separately for each year. Our computations show that

the ratio of the largest eigenvalue to the sum of the eigenvalues for the matrix G′G is no

less than 0.9004 for each year; and it is no less than 0.9437 in each year for the matrix

X ′X. These two values fall comfortably within the guidelines outlined in Wilson (2018) and

hence we use only the first principal components for the matrices of the inputs and desirable

outputs, which are denoted as x∗ and g∗, respectively. Through this process, we obtain the

aggregated input-output data, Xn = {(x∗
i , g

∗
i , bi)}ni=1, where p = 1, qg = 1 and qb = 1.
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