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Using density functional theory calculations with spin-orbit coupling (SOC), we report on the temperature-
dependent thermodynamic properties of Pb: electrical resistivity, thermal expansion (TE), heat capacity, bulk
modulus, and its pressure derivative. For the former, we employed the state-of-the-art ab initio Boltzmann
transport equation formalism, and we calculated the effect of TE. In accordance with previous work, we
show that SOC improves the description of the phonon dispersion and the resistivity. We argue that this is
caused by a joint mutual effect of an increase in the electronic nesting and an increase in the electron-phonon
coupling. Interestingly, including TE incorporates nonlinearity into the resistivity at high temperatures, whose
magnitude depends on whether SOC is included or not. We suggest that mechanisms beyond the quasiharmonic
approximation should be considered to get a better description of Pb with SOC at high temperatures.
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I. INTRODUCTION

The thermodynamic properties of bulk face-centered-cubic
lead, Pb, have been studied in detail over the past century.
Indeed, as one of the simplest elemental metals with a single
atom in its unit cell, Pb is a well-known conventional super-
conductor with one of the highest transition temperatures and
electron-phonon coupling (EPC) strength [1–5].

Furthermore, Pb exhibits strong spin-orbit coupling (SOC)
effects in both its electronic and vibrational degrees of free-
dom [6–13]. As such, from the point of view of ab initio
calculations, Pb was a prime candidate to be studied within the
framework of density functional perturbation theory (DFPT)
in its early years [3,4,10] and in the past decade when SOC
was added to the DFPT frameworks [6–8,13]. It was shown
that SOC is needed to correctly describe the finer structures in
the phonon dispersion, such as Kohn anomalies [6–8,11,13],
where a general phonon softening throughout the whole first
Brillouin zone, particularly pronounced at the q = X point,
was observed. The overall results agree better with inelas-
tic neutron scattering data taken at 100 K than with the
results obtained without SOC [14,15]. Generally, SOC also
changes the EPC matrix elements, which induces striking
changes in the Eliashberg spectral function and the electronic
self-energy [7,13].

Over the years, many thermodynamic properties of Pb
have been computed from first principles, including free
energy [11,16], equation of states [11,17], phonon disper-
sion and EPC strength [3,4,6–8,10,12,13,16,18], thermal
expansion (TE) [16], and transport properties [3,11,12,18].

Regarding the latter, the published calculated phonon-limited
temperature-dependent resistivity curves, albeit close to
experiments, all present some discrepancies at high tempera-
tures, which remains an open question. Instead, for harmonic
vibrational properties, most of the disagreements with respect
to experimental data seen in the earlier work of Savrasov and
Savrasov [3] were accounted for by including SOC as shown
by Smirnov [11] and Poncé, et al. [12].

Additionally, the reported ab initio computations of lead’s
resistivity were all done within approximated solutions to
the Boltzmann transport equation (BTE), namely the lowest-
order variational approximation (LOVA) [19,20] used in
Refs. [3,11,12] or the momentum relaxation time approxima-
tion (MRTA) and the constant relaxation time approximation
(cRTA) used in Ref. [18]. As all these methods are different
approximations of a more general approach called the ab
initio BTE (aiBTE) [21], and because a recent report showed
significant differences between the aiBTE, MRTA, and cRTA
schemes [22], we have yet to see if a higher level of theory
could explain these discrepancies observed in Pb at high tem-
peratures.

In this work, we use density functional theory (DFT)
within the quasiharmonic approximation (QHA) to compute
the effect of TE and SOC on Pb’s thermodynamic properties,
namely the bulk modulus and its pressure derivative, the heat
capacity, and the phonon-limited temperature dependence of
its electrical resistivity. The latter is computed using the state-
of-the-art aiBTE formalism, which has not been applied to Pb
so far. Furthermore, to the authors’ knowledge, we first report
the computation of Pb’s TE, heat capacity, and bulk modulus
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pressure derivative with SOC. The theoretical framework is
laid out in Sec. II and the computational methodology in
Sec. III. The results obtained are shown and discussed in
Sec. IV. Finally, we present our conclusions and outlooks.

II. METHOD

A. Thermodynamic properties

The thermodynamic properties of Pb can be computed
from the Helmholtz free energy F (V, T ) curves of the system,
where V is the unit-cell volume and T is the temperature. In
a system comprised of noninteracting electrons and phonons,
the free energy can be decomposed into electronic F el and
phononic F ph terms, which yields [23–25]:

F (V, T ) = F ph(V, T ) + F el(V, T ), (1)

where F el can be further decomposed in two contribu-
tions: F el(V, T ) = U (V ) + F el,∗(V, T ), where U (V ) is the
clamped-ion energy at 0 K, and F el,∗(V, T ) is the free energy
due to thermal electronic excitations [23]. The F el,∗(V, T )
term is typically neglected in insulators when the elec-
tronic energy gap is much larger than thermal energies. In
metals, F el,∗ cannot be discarded, and we rely on the finite-
temperature formulation of DFT introduced by Mermin [26],
which was reported to be the most accurate method for com-
puting F el,∗ compared to other approximations such as the
density of states (DOS) approach or the Sommerfeld approx-
imation [27]. As such, for each sampled unit cell volume and
temperature, we set F el(V, T ) as the total energy of a ground-
state DFT calculation where the single-particle occupation
numbers are determined by a Fermi-Dirac distribution.

The vibrational contribution to the Helmholtz free energy
can be written within the QHA as [23,24]

F ph(V, T ) = kBT

Nq

∑
qν

ωqν (V )�=0

ln

[
2 sinh

(
h̄ωqν (V )

2kBT

)]
, (2)

where Nq is the number of q points in the first Brillouin
zone, ωqν (V ) is the phonon frequency for branch ν and wave
vector q for a given unit-cell volume V , and h̄ and kB are,
respectively, the reduced Planck’s and Boltzmann’s constants.

Once F (V, T ) is known for a given set of temperatures and
volumes, we extract the various thermodynamic properties
by fitting it to the third-order Birch-Murnaghan isothermal
equation of state, which can be written as [28,29]

F (V, T ) = F0(T ) + 9B(T )V0(T )

16

[(
V0(T )

V

) 2
3

− 1

]2

×
{[(

V0(T )

V

) 2
3

− 1

]
B′(T )

+
[

6 − 4

(
V0(T )

V

) 2
3

]}
, (3)

where F0, V0, B, and B′ are the minimum of the free energy,
the equilibrium volume, the isothermal bulk modulus, and the
pressure derivative, respectively. By extracting V0(T ) from the

fit at each sampled temperature, we obtain the temperature-
dependent lattice parameter a(T ).

The heat capacity at constant volume can be derived from
the free energy using CV = −T ∂2F

∂T 2 |V. As F consists of a
phonon term and an electronic term, we can also compute
CV(T ) = Cph

V (T ) + Cel
V (T ) separately. For phonons, we have

Cph
V (T ) = kB

∑
qν

(
h̄ωqν

2kBT

)2

sinh−2

(
h̄ωqν

2kBT

)
, (4)

while the electronic part Cel
V is computed using a finite-

difference formula and interpolated at the equilibrium volume
V0(T ). Most experiments are instead done at constant pres-
sure, which can be obtained as [30]

CP(T ) = CV(T ) + α2BV0(T )T, (5)

where B is taken from the free-energy fits of Eq. (3), and
α(T ) = 1

V0

∂V0(T )
∂T |P is the linear TE coefficient, evaluated at

constant pressure P.
Equation (3) allows the computation of the isothermal

bulk modulus and its pressure derivative. But, as for the heat
capacity, what is typically measured experimentally is the
adiabatic bulk modulus, BA, and its pressure derivative, B′

A.
The relationships between BA and B are [30]

BA =B
CP

CV
, (6)

B′
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(
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B
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∂�k
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T

, (7)

where �k = 1/B − 1/BA and
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+ 2
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}
. (8)

B. Electronic transport

The phonon-limited dc conductivity can be obtained by
solving the full aiBTE as [21]

σαβ = − e

(2π )3

∑
n

∫
d3kvnk,α∂Eβ

fnk, (9)

where e is the electron charge and ∂Eβ
fnk is the derivative

of the occupation factor for the electronic state |nk〉, where
n is the band index and k is the wave vector, with respect
to the electric field E, and vnk,α = 〈nk|(i/h̄)[Ĥ , rα]|nk〉 is
the diagonal element of the electronic band velocity operator
for the state |nk〉, with Ĥ being the Kohn-Sham Hamiltonian
and r being the position operator [31]. Considering the latter,
in this work we explicitly compute the commutator in order
to correctly capture the effects of the nonlocal part of the
potential [12,32–35]. Without external fields, the occupation
factor fnk reduces to the Fermi-Dirac distribution denoted
as f 0

nk. In Eq. (9), the integral is carried out over the first
Brillouin zone, Greek indices denote Cartesian directions, and
the temperature dependence is contained within the occupa-
tion factor term. The ∂Eβ

fnk term can be computed using
the linearized BTE formalism where, in the context of EPC
scattering without magnetic fields and temperature gradients,
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it can be computed iteratively from [21,36]

τ−1
nk ∂Eβ

fnk = e
∂ f 0

nk

∂εnk
vnk,β + 2π

h̄

∑
mν

∫
d3q
�BZ

|gmnν (k, q)|2

× [(
1 + nqν − f 0

nk

)
δ
(
�nm

k,q + h̄ωqν

)
+ (

nqν + f 0
nk

)
δ
(
�nm

k,q − h̄ωqν

)]
∂Eβ

fmk+q, (10)

where �BZ is the Brillouin zone volume, gmnν (k, q) is the
EPC matrix element, which measures the coupling strength
between states |nk〉 and |mk + q〉 via a phonon with a wave
vector q on branch index ν, nqν is the Bose-Einstein occupa-
tion factor for that phonon mode, and �nm

k,q = εnk − εmk+q is
the single-particle electron eigenvalue difference between the
initial and scattered states that are obtained from DFT. The
scattering rate τ−1

nk is defined as

τ−1
nk = 2π

h̄

∑
mν

∫
d3q
�BZ

|gmnν (k, q)|2

× [(
1 − f 0

mk+q + nqν

)
δ
(
�nm

k,q − h̄ωqν

)
+ (

f 0
mk+q + nqν

)
δ
(
�nm

k,q + h̄ωqν

)]
. (11)

In Eqs. (10) and (11), the EPC matrix element is computed
at the linear-response level using the perturbed Kohn-Sham
potential V as gmnν (k, q) = 〈mk + q|�qνV |nk〉 [37]. This
formalism is at a higher level of theory than the so-called
LOVA approach [21]. Thus, it should be more accurate as
the latter may be derived by averaging out the relaxation
times on the Fermi surface and assuming all electrons within
the partially filled conduction band participate equally to the
transport [19–21,38], which might be inaccurate for materials
with complex anisotropic Fermi surfaces such as Pb.

C. Fermi surface nesting and phonon linewidth

The inclusion of SOC in the phonon calculation of Pb leads
to phonon softening due to an increased electronic nesting
within the Fermi surface [6–8,12], which can be computed
using

ζq = s
∑
nm

ζnmq ≡ s

Nk

∑
nmk

δ(εnk − εF)δ(εmk+q − εF), (12)

where εF is the Fermi energy, Nk is the number of k-points in
the Brillouin zone, and s is a spin factor, which is equal to 4
without SOC and 1 with it. We also define the band-resolved
Fermi surface nesting ζnmq, where n and m are band indices.
A drawback of the nesting function is that it does not take
into account the EPC matrix elements. Indeed, the nesting
function acts like a joint density of states, and in order to get a
more accurate picture one can compute the phonon linewidths,
which, at low temperature, can be approximated as [37,39]

γqν = 2πωqν

Nk

∑
kmn

|gmnν (k, q)|2

× δ(εnk − εF)δ(εmk+q − εF). (13)

III. COMPUTATIONAL DETAILS

The ground-state properties of Pb were calculated us-
ing DFT within a plane-wave basis as implemented in

the QUANTUM ESPRESSO (QE) software package [40]. We
used an energy cutoff of 90 Ry, a (0.5 , 0.5, 0.5) shifted
36 × 36 × 36 k-point mesh, and a Gaussian smearing of
1 mRy. Since a Gaussian smearing can have a small effect on
the ground-state and phonon properties of metals within DFT
as it introduces a nonphysical effective temperature [41,42],
we use the Fermi-Dirac occupation function to compute
F el at the reported temperatures. When using the Gaussian
smearing, we performed careful convergence studies [see the
Supplemental Material (SM), Figs. 6–8 [43]]. We used DFT
within the local density approximation (LDA) [44] and a fully
relativistic ultrasoft [45] pseudopotential from the PSLibrary
version 0.2.2 [46]. The equilibrium volume at 0 K, V DFT, was
obtained by optimizing the cell structure until the pressure was
less than 0.01 kbar. The Fermi surface plot shown at the bot-
tom of Fig. 1 was generated using the FERMI SURFER program
[47]. The phonon properties were computed using a coarse
6 × 6 × 6 unshifted q-mesh from which the phonon disper-
sion and phonon free energies were obtained using Fourier
interpolation. The phonon free energy was computed using
frequencies interpolated on a finer 64 × 64 × 64 q-mesh in
Eq. (2). Free-energy calculations of Eq. (1) sampled unit-cell
volume variations of ±2%, ±6%, ±8%, +10%, and +12%
around the optimized volume V DFT. The nesting function and
phonon linewidth calculations of Eqs. (12) and (13) were
performed on a 40 × 40 × 40 unshifted k-mesh, and the δ

functions were approximated by normalized Gaussian func-
tions with a width of 0.5 eV. The calculations of transport
properties [Eqs. (9)–(11)] were carried out using the EPW
code [12,48], which enables the interpolation of all relevant
quantities on fine grids via maximally localized Wannier
functions [49–52]. Thus, the phonon frequencies ωqν , elec-
tronic eigenvalues εnk, electron velocities vnk, and EPC matrix
elements gmnν (k, q) were computed on 60 × 60 × 60 k and
q meshes. To speed up fine-grid interpolation, the coarse
36 × 36 × 36 k-grid used to compute the SCF ground state
was downsampled using a non-SCF calculation to an un-
shifted 12 × 12 × 12 k-grid. Extensive convergence studies
with respect to coarse and fine momentum grid sizes are given
in the SM [43]. Finally, the computation of Eqs. (10) and
(11) requires an evaluation of Dirac δ distributions, which
are approximated using the state-dependent Gaussian adaptive
broadening approach detailed in Refs. [35] and [53], which is
implemented in EPW to avoid convergence studies related to
these distributions.

IV. RESULTS AND DISCUSSION

A. Ground-state and volumetric effects

Geometry optimization yielded a lattice parameter of 4.88
Å both with and without SOC. This value is within 0.5 % of
the experimental lattice parameter extrapolated at T → 0 K,
which is 4.905 Å [16]. Consistent with previous reports [6–8],
SOC only provides marginal changes to the optimized lattice
parameter. Figures 1(a) and 1(b) show the Fermi-level aligned
band structure and DOS of Pb with and without SOC us-
ing their respective optimized lattice spacing. Pb having two
bands crossing the Fermi level, the two resulting sheets in the
Fermi surface are denoted α and β, and they are marked by
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FIG. 1. (a) Electronic band structures with (solid orange) and without (dashed blue) SOC computed at the DFT-optimized volume V DFT.
(b) The corresponding DOS. (c), (d) Band structure and DOS with varying unit-cell volume going from δV/V DFT ≡ (V − V DFT)/V DFT = −8%
to +12% without SOC. The shaded area represents where bands from intermediate volumes lie, and the solid curve in the center of the shaded
area is for δV/V DFT = 0. The red shaded area depicts curves with decreasing volume, while the blue shaded area depicts curves of increasing
volumes. (e), (f) Same as (c) and (d) with SOC. In all plots, the Fermi level is set at 0. The α and β Fermi surface sheets are shown at the
bottom of panel (b) in red and blue, respectively, and they are marked with an arrow in panel (a).

arrows. Globally, SOC has little effect on the band structure
and the DOS. The main differences can be seen in the band
structure where the degeneracies are lifted close to the �

and W points, which is consistent with what was previously
reported in Refs. [6–8,54]. Notably, almost no changes occur
around the Fermi level, which means that the Fermi surface is
negligibly affected by SOC. However, we note that the slope
of the bands near the Fermi level is slightly affected by SOC,
and these effects, albeit small as discussed in Sec. IV E, have
an influence on transport calculations.

Figure 2(a) shows the phonon dispersion of Pb with and
without SOC using their respective optimized lattice param-
eter. The two transverse modes T1 and T2, as well as the
longitudinal mode L, are identified by arrows. As reported by
others [6–8,12], taking into account SOC softens the phonon

frequencies, such that agreement with the inelastic neutron
scattering data from Ref. [14] is improved. Globally, this
softening occurs almost everywhere in the Brillouin zone
and appears to be strongest near the X point. Furthermore,
SOC improves the agreement with the kinks in the dispersion
attributed to Kohn anomalies [55] on the �-K line and close
to the L point.

For each volume variation listed in Sec. III, we computed
the ground state and phonon properties. The changes in the
band structure and DOS of Pb using these variations are
depicted in Figs. 1(c) and 1(d) without SOC and Figs. 1(e)
and 1(f) with SOC. The shaded areas represent the change of
eigenvalues upon a change in volume with respect to the Fermi
energy. We observe that volume variations do not drastically
change the band structures and have little to no effect on the

FIG. 2. (a) Phonon dispersion of Pb with (solid orange) and without (dashed blue) SOC computed at the DFT-optimized lattice parameter.
Markers represent neutron diffraction experimental data at 100 K from Ref. [14] (× markers) and from Ref. [15] (open and closed circles).
(b) Phonon dispersion of Pb without SOC at different volumes. The relative volume difference δV/V DFT is denoted by the curve color, where
red corresponds to δV/V DFT = −8 % and magenta to δV/V DFT = +12 %. (c) Same as (b) with SOC.
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DOS at the Fermi level. In general, a higher volume (blue)
decreases the bandwidths and vice versa for decreasing vol-
ume (red). From this we conclude that both SOC and lattice
variations have a negligible effect on the electronic structure
close to the Fermi level.

The corresponding phonon dispersions are shown in
Fig. 2(b) without SOC and in Fig. 2(c) with SOC. We see
that the cell volume inversely correlates with the phonon
frequencies, where smaller volumes yield higher frequencies,
and vice versa. This is expected because a smaller volume
generally gives higher interatomic force constants, which, in
turn, increases the phonon frequencies. Hence, contrasting
with the electronic band structure, which is more sensitive
to SOC than to the lattice parameter, the phonon dispersion
is more sensitive to the volume than to SOC. The effect is
so strong that the phonon softening induced by SOC at X is
enhanced to the point where the structure becomes unstable
above an 8 % dilation of the unit-cell volume. This is seen
in Fig. 2(c), where the frequencies become imaginary in the
vicinity of q = X . Still, Pb is known to be stable up to a
temperature of 600 K, where its experimental variation in the
volume of the unit cell is close to 8 % with respect to its
low-temperature value [16]. Therefore, such imaginary fre-
quencies at these volumes should not occur, and we infer that
there are possible mechanisms beyond the QHA that might
stabilize the system, such as anharmonic lattice dynamics. In-
deed, anharmonic phonons were shown to have a strong effect
at high temperatures. For instance, they are required in PbTe
as the usual harmonic approximation employed in DFPT fails
at high temperature [56]. Furthermore, a recent work showed
that anharmonic effects combined with a special displacement
method were able to fix imaginary phonon modes obtained
by DFPT in various other materials such as SrTiO3 [57].
Therefore, this avenue should be explored in future work in
order to alleviate the phonon softening seen in Pb with SOC
near q = X .

B. Fermi surface nesting and phonon linewidths

To shed light on the SOC-induced phonon softening in
Pb, we computed the Fermi surface nesting function using
Eq. (12) with its band-resolved version ζnmq. A detailed study
of ζnmq without SOC was already reported by Rittweger, et al.
[18], where it was shown that both interband and intraband
transitions play an important role in the nesting. In this sec-
tion, we expand this analysis with SOC, the EPC matrix
elements, and volume variations.

The nesting function is shown in Figs. 3(a) and 3(d), re-
spectively, without SOC and with SOC. As for Figs. 1 and 2,
the shaded areas represent the regions spanned by the curves
computed by expanding (blue) or compressing (red) the vol-
ume. We distinguish between the intraband nesting for the α

sheet (dashed-dotted curve) and the β sheet (dotted curve),
the interband nesting between the two sheets (dashed curve),
and the total sum of all of these (plain curve). We observe
that the total nesting function increases with SOC by a factor
of 5 − 15 % depending on q. Furthermore, the nesting does
indeed peak at q = X , which explains why the phonon soften-
ing at this point is higher. From the band-resolved curves, we
see that this peak is mainly due to intraband nesting, whereas

FIG. 3. (a), (d) Electronic nesting function ζq from Eq. (12)
where the dashed-dotted curve denotes the contribution from intra-
band transitions within the α sheet, the dotted curve denotes that
within the β sheet, and the dashed curves denote the interband
transitions between the two. The solid curve is the sum of all the
band-resolved nestings. (c), (f) Phonon linewidths γqν computed
from Eq. (13) where the dashed-dotted and dashed curves represent
contributions from the transverse modes T1 and T2 and the dotted
curve represents the longitudinal mode L. The solid curves represent
the sum of all the mode-resolved linewidths. (b), (e) g-weighted nest-
ing function γqν/ωqν . Mode-resolved contributions are depicted with
the same line styles as for (c). (a)–(f) All black lines are computed
at the DFT-optimized volume V DFT, the blue shaded area spans the
curves with increasing volumes up to δV/V DFT = +6 %, while the
red shaded area represents decreasing volumes δV/V DFT = −6 %.
Panels (d), (e), and (f) include SOC, while (a), (b), and (c) do not.

the interband nesting is mostly constant across the Brillouin
zone except in the vicinity of �, where it diverges in an
integrable way. Also, the intraband transitions are much larger
with the β sheet than for the α sheet, except at q = X , while
they are even lower for the interband nesting, which barely
contributes to the nesting. This is interesting, as the shape
of the β sheet is quite complicated and anisotropic, with its
tubular geometry near the edge of the Brillouin zone [18]
compared to the α sheet, which holds seemingly large par-
allel surface areas [8,18]. As such, intuitively, one could have
expected that the nesting within the α sheet would be higher
than that within the β sheet. Regardless, changing the volume
has quantitative effects on the nesting, where an increase in
volume increases the nesting and vice versa.
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On the other hand, as mentioned in Sec. II C, the nesting
function only contains part of the information, and one needs
to take into account the EPC transition probabilities in or-
der to analyze phonon softening. Figures 3(c) and 3(f) show
the mode-resolved phonon linewidth from Eq. (13) (dashed,
dashed-dotted, and dotted curves) and their sum (solid lines),
respectively, without SOC and with it. We observe that the
total linewidth with SOC is much higher than that without it,
which implies that the phonon lifetimes are lower with SOC.
Also, we see that the phonon linewidth without SOC does not
peak at X compared to SOC, where it strongly peaks at this
point. As such, we conclude that the EPC matrix element is
enhanced at X specifically with SOC. In particular, the peak
at X with SOC is due to the linewidth of the transverse modes
T1 (dashed-dotted curve) and T2 (dashed curve) where a peak
suddenly appears with SOC, while the longitudinal mode L,
which already peaks at X without SOC, has its peak en-
hanced with SOC. Furthermore, there is a global trend upward
throughout the Brillouin zone of the linewidth for all modes,
which correlates with the global phonon softening. As for the
volumetric effect, it is almost nonexistent for the linewidth,
which implies that the volume dependence of the EPC matrix
elements is mostly contained within the phonon frequencies.
Indeed, this is seen in Figs. 3(b) and 3(e), where we show
the phonon linewidth divided by their corresponding phonon
frequencies, namely γqν/ωqν . This is equivalent to a nesting
function weighted by the EPC matrix element, and doing so
exposes the effect of the frequency changes onto the matrix
element as g scales with ω

−1/2
qν . Due to this relation and the

fact that phonon frequencies strongly soften with SOC, the
volume dependence of γqν/ωqν increases with expanding vol-
ume with SOC [see the blue-shaded area in Fig. 3(e)]. Without
SOC [Fig. 3(b)], the volume dependence is much smaller and
similar to the volume changes seen in the nesting function
[Fig. 3(a)]. As for the linewidth, the peak at X remains with
SOC while it is flattened without SOC.

In summary, electronic nesting does indeed peak at X ,
which is due to interband transitions [Figs. 3(a) and 3(d)], and
this is seen both with and without SOC. However, this nesting
peak is flattened out by the EPC matrix element without SOC
[Figs. 3(b) and 3(c)], while it is enhanced with SOC [Figs. 3(e)
and 3(f)]. This suggests that the softening of the phonon
frequencies is stronger at X because the EPC matrix element
becomes larger. Simultaneously, the enhanced phonon soft-
ening with increasing volume affects only the frequency part
of the EPC matrix element, which makes it even stronger. As
such, we conclude that there is a mutual interplay between the
phonon softening and the EPC matrix element, which yields
the observed dispersion. Therefore, from our observations we
conclude that not only is nesting important to explain the
phonon softening in Pb, but also the EPC matrix elements play
a role in this phenomenon.

C. Free energy and thermal expansion

From the volume-dependent phonon frequencies calcu-
lated, we used Eq. (2) to obtain the phonon contribution to
the free energy at various temperatures. The results are shown
in Fig. 4(a), where the solid curves include SOC while the
dashed ones do not. The × markers denote values where

FIG. 4. (a) F ph as a function of δV/V DFT and T . (b) F el as a func-
tion of δV/V DFT and T . The curves were shifted vertically such that
F (V DFT, T = 610 K) = 0 without SOC and −20 meV with SOC.
The inset shows δF el = F el(V, T ) − F el(V, T = 10 K). (c) Total free
energy F = F el + F ph as a function of δV/V DFT and T . The dashed
(without SOC) and solid (with SOC) lines are fits to Eq. (3). The
free energy is shifted vertically so that F (V DFT, T = 10 K) = 0. The
black rounded (squared) markers signal the position of V0(T ) as
extracted from the fit without (with) SOC. (a)–(c) Dashed curves
with square or × markers include SOC, while the plain ones with
round markers do not. The × markers denote points where negative
phonon frequencies occurred.

some phonon frequencies become imaginary. Such frequen-
cies were simply discarded when using Eq. (2). As expected,
F ph decreases if the temperature or volume increases.
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The electronic contribution to the free energy is shown in
Fig. 4(b) for different temperatures and volumes. Again, the
solid curves include SOC while the dashed ones do not. It is
clear from this plot that most of the variation in the electronic
free energy comes from changes in the lattice parameter. This
is shown by subtracting the free energy at the lowest temper-
ature for each curve: δF el = F el(V, T ) − F el(V, T = 10 K),
as depicted in the inset. Doing so effectively cancels out the
variation due to the lattice parameter, and the remainder only
shows a temperature variation of less than 3 meV, which is
roughly two orders of magnitude smaller than temperature
variations in F ph. As such, we conclude that, although Pb is
metallic, the term F el,∗ is negligible compared to F ph.

Finally, Fig. 4(c) shows the total free energy for different
temperatures with respect to the sampled volumes. The solid
and dashed curves are fits to the third-order Birch-Murnaghan
EOS [Eq. (3)] with and without SOC, respectively. As for
Fig. 4(a), × markers denote points where negative phonon
frequencies occurred. The black dots and squares denote the
(V0, F0) pairs extracted from the fit for each temperature with
and without SOC, respectively.

Figure 5(a) reports the values of the lattice parameter ob-
tained from the EOS fits as a function of temperature. For
comparison, we show the DFT results without SOC obtained
in Ref. [16] with a red dashed line. Our results closely match
theirs with LDA. Further comparison is also possible with
experimental measurements from Ref. [58] denoted by black
stars. We observe that SOC induces a higher absolute variation
in the lattice parameter than without SOC, which places the
equilibrium lattice parameter in better agreement with the
experimental measurements at high temperature. Nonethe-
less, equilibrium volumes both with and without SOC remain
lower than the experimental data, which is consistent with the
fact that LDA typically underestimates the lattice parameter.
PBE results from Ref. [16] are indicated with a yellow line;
they overestimate the equilibrium lattice parameter for all
temperatures, as is also expected for this functional. The rela-
tive temperature variation δa/a0 = [a(T ) − a0]/a0 is shown
in Fig. 5(b), where a0 = a(T = 298 K). Without SOC, we
observe that the slope is smaller than the experimental vari-
ation, while with SOC it is larger. In comparison, the PBE
variation (without SOC) is the best matched to experimental
measurements for this variation. To our knowledge, there are
no reports on the temperature variation of the equilibrium
lattice parameter computed using PBE with SOC for Pb.

D. Heat capacity and bulk modulus

Figure 6 shows the heat capacity as computed from Eq. (5)
using the equilibrium lattice volume V0 and the isothermal
bulk modulus B extracted from the EOS fits. The dashed blue
curves denote our results without SOC, while the solid orange
curves include it. The total heat capacity at constant pressure
as computed from Eq. (5) is shown using square markers.
We also show the different contributions to Eq. (5), where
triangles represent the Cph

V term and diamonds denote the
α2BV0(T )T offset. We also compare with previously reported
DFT results computed without SOC by Grabowski, et al.
[16] and experimental data from Ref. [59]. Our results with-
out SOC are in excellent agreement with experimental and

A

FIG. 5. (a) Lattice parameter as a function of temperature ex-
tracted from the free-energy minimum V0. (b) Lattice parameter
relative variation δa/a0, where a0 is the lattice parameter at a ref-
erence temperature of T = 298 K. Experimental data from Ref. [58]
are shown as black stars. (a), (b) The solid orange curve includes
SOC, while the dashed blue one does not. DFT results without SOC
using LDA (dashed red) and PBE (dashed yellow) from Ref. [16] are
shown for comparison.

reference DFT data, while results with SOC overestimate the
experimental data at high temperature. This is surprising, as
both the phonon dispersion and TE are in better agreement
with SOC than without SOC. This difference is mainly at-
tributable to the last term of the right-hand side of Eq. (5),
where α, V0, and B are all higher with SOC than without
it, while Cph

V is almost the same with and without SOC.
Meanwhile, the Cel

V term (not shown) is less than 10−2kB at
600 K both with and without SOC and is thus negligible. It
is interesting to note that the reported PBE results without
SOC display better agreement with experimental data than
our LDA results with SOC. As the reported results so far
showed good agreement between energy functionals, a bet-
ter description of the electronic structure might be needed
in order to improve the results with SOC. For instance, the
GW formalism might be worth investigating as it often pro-
vides better band structures, ground state, and phonon-related
properties with respect to experiments compared to bare DFT
calculations [36,60–63]. This suggests that GW could yield
better heat capacity results when coupled with SOC. However,
such investigations are beyond the scope of this work.
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FIG. 6. Decomposition of the heat capacity of Pb at constant
pressure as a function of temperature. The solid orange curves in-
clude SOC while the dashed blue ones do not. Square markers denote
the total heat capacity at constant pressure as computed from Eq. (5),
triangles represent the contribution from Cph

V , and diamonds show the
contribution from the α2BV0T term. We compare with experimental
data from Ref. [59] shown as black stars and DFT results without
SOC from Ref. [16] computed using the LDA (red dashed curve) and
the PBE (yellow dashed curve) exchange-correlation functionals.

Figures 7(a) and 7(b) show the temperature dependence
of the adiabatic and isothermal bulk modulus and their pres-
sure derivative calculated using Eqs. (6)–(8). The orange
solid curves include SOC, while the dashed blue ones do
not. Curves with square markers represent the adiabatic bulk
modulus, whereas the ones with round markers represent the
isothermal bulk modulus, and the same goes for their pres-
sure derivative. We compare our results with experimental
data taken from Refs. [65,66] for BA (red and brown stars),
Ref. [17] for B and B′ (purple stars), and Ref. [67] for B′

A
(black stars). We also compare with DFT calculations from
Refs. [16,64] (green and pink triangles and gray diamond)
and isothermal calculations from Ref. [11] (yellow and teal
lines). To our knowledge, there are no reports of DFT cal-
culations of the full temperature dependence of the adiabatic
bulk modulus and its pressure derivative for Pb both with
and without SOC. Our results with SOC are in good agree-
ment with experimental data at low temperature both for
B and BA whereas, our results show that neglecting SOC
yields an overestimated adiabatic and isothermal bulk mod-
ulus. Furthermore, our isothermal results with SOC are in
good agreement with previous PBEsol results from Smirnov
[11]. The high-temperature discrepancy with SOC is probably
due to the one seen in the heat capacity, as BA is directly
proportional to it; see Eq. (6). Compared to other T = 0 K
LDA calculations, both of our low-temperature results for
BA and B′

A agree well with the ones from [16], while the

FIG. 7. (a) Bulk modulus of Pb. (b) The pressure derivative of
the bulk modulus. (a), (b) The dashed blue and solid orange lines are
results from this work without and with SOC, respectively. Round
markers represent the isothermal bulk modulus B (a) or its pressure
derivative B′ (b) as extracted from the third-order Birch-Murnaghan
fit of the free energy from the left panel of Fig. 5. Meanwhile, square
markers denote the adiabatic bulk modulus BA (a) or its pressure
derivative B′

A (b) computed from Eqs. (6)–(8). The dashed yellow
and teal lines represent the isothermal bulk modulus computed using
the PBESol functional from Ref. [11]. Other LDA results computed
at T = 0 K are from Refs. [16] (green triangle) and [64] (pink open
triangle without SOC and gray open diamond with SOC). Isothermal
experimental data are from Ref. [17] (purple stars), while adiabatic
experimental data are from Refs. [65] (red stars), [66] (brown stars),
and [67] (black stars).

difference is much larger for Ref. [64], although the latter
did not use a free-energy description. In the end, as for the
phonon dispersion, SOC seems to soften both the isothermal
and adiabatic bulk modulus.

As for the bulk modulus pressure derivative depicted in
Fig. 7(b), we observe a strong deviation from the experimen-
tal measurements, where our results for B′ and B′

A decrease
with temperature while the experiments show an increase.
Both B′ and B′

A are also relatively close to each other at all
temperatures with and without SOC, which qualitatively
agrees with experimental results and indicates that pressure
has a similar effect on both of B and BA. Although it has a
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different temperature trend from the experimental measure-
ments, the overall quantity is positive for all temperatures,
which means that an increase in pressure would lead to an
increase of the bulk modulus. Our low temperature results are
also in good agreement with the previous T = 0 K result from
Ref. [16] without SOC (green inverted triangle). We see that
including SOC causes B′ to decrease faster with temperature
than without it. As for heat capacity calculations, GW quasi-
particle corrections could be employed in order to have a more
accurate description of the electronic structure and free ener-
gies. These effects could change the temperature trends of the
bulk modulus and its pressure derivative both with and without
SOC. In addition, taking into account anharmonic phonon
contributions might affect the TE, the heat capacity, and the
bulk modulus results. Such contributions were computed in
Pb without SOC, and a non-negligible positive contribution
to the free energy and a negative one to the heat capacity
were found [68]. If these corrections were carried out for a
calculation with SOC, the agreement with experimental data
might improve.

E. Charge-carrier transport

In this section, we report our results for the phonon-limited
temperature-dependent resistivity of Pb as computed using
Eqs. (9)–(11). The results are shown in Fig. 8(a) without
TE and in Fig. 8(b) with it. When TE is included, we com-
pute a resistivity of ρ = 13.2 µ� cm without SOC and ρ =
28.2 µ� cm with SOC at T = 310 K. When neglecting TE,
we obtain ρ = 11.3 µ� cm without SOC and ρ = 21.9 µ� cm
with it. The experimental value at this temperature is ρ =
22.2 µ� cm [71]. For comparison, we also show earlier results
by Savrasov and Savrasov [3] (green dashed curve) and Rit-
tweger, et al. [18] (red dashed curve with rounded markers),
where the former used Allen’s formula (LOVA) [19] and the
latter used MRTA [21,22] without SOC. In MRTA, the second
term of Eq. (10) is neglected and a geometric factor of (1 −
vnk·vmk+q

|vnk|2 ) is inserted within the integral of Eq. (11). For both
the red and green dashed lines, SOC was neglected. We com-
pare against the experimental data from Refs. [70–73], which
are represented by the purple, pink, gray, and brown stars. For
both panels, solid orange curves include SOC, whereas the
dashed blue ones do not. Curves with square markers were
computed using DFT geometry obtained from relaxation for
Fig. 8(a) or from minimization of the free energy at each
temperature, as shown in Fig. 8(b). In contrast, the curves
with round markers were computed using the experimental
lattice parameter at room temperature taken from Ref. [69]
in Fig. 8(a) and the experimental temperature-dependent lat-
tice parameters of Ref. [58] in Fig. 8(b). We observe that
curves computed using the experimental lattice parameter
(with round markers) all have higher resistivity than their cor-
responding DFT analogs. This is expected as the experimental
volume is higher for all temperatures, yielding softer phonons
and increased EPC matrix elements. As such, this increases
the probability that an electron diffuses via a phonon, thus
decreasing the mean free path of electrons, which increases
the resistivity. The same can be said when SOC is turned
on (solid orange curves), where, in all cases, the resistivity
increases. This was also seen using the LOVA approach, as

µ

FIG. 8. (a) aiBTE results without thermal expansion. The solid
orange curves include SOC while the dashed blue ones do not.
Curves with square markers were computed using the optimized
geometry V DFT, while those with round markers used the experi-
mental lattice parameter at room temperature of aexp = 4.95 Å taken
from Ref. [69]. The purple, pink, gray, and brown stars represent the
experimentally measured resistivity from Refs. [70–73]. The green
dashed curve is the resistivity obtained using the LOVA approach
as reported in Ref. [3], while the red dashed line represents MRTA
results obtained with the experimental lattice parameter as reported
in Ref. [18]. Both the green and red dashed curves neglect SOC.
(b) Same as (a) except TE is included in the computation of the
solid orange and dashed blue curves. Curves with squared markers
make use of the TE computed from the minimum of the free energy
V0(T ), while those with round markers used the experimental lattice
parameters taken from Ref. [58].

reported in Refs. [11,12], and it is consistent with the strong
phonon softening observed with SOC, which increases the
EPC matrix element, as discussed in Sec. II C.

Focusing on Fig. 8(a), the resistivity results obtained are all
linear at high temperature. This is expected as the occupation
number of phonons nqν ∝ T when kBT 
 h̄ωqν in Eqs. (10)
and (11). We see that, as for the LOVA approach [11,12],
SOC needs to be taken into account to have values close to
the experimental data. Nevertheless, this is still insufficient to
explain the small deviation from linearity at high temperature,
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and thus we conclude that the aiBTE is unable to explain the
discrepancy seen in previous reports. When introducing TE,
we see that DFT results without SOC do indeed get a small
nonlinear component at high temperature, but with SOC this
effect is much stronger, which makes the resistivity increase
rapidly at high temperature.

In addition, the aiBTE formalism gives a slightly different
result from the so-called self-energy relaxation time approx-
imation (SERTA) approach, where the second term on the
right-hand side of Eq. (10) is neglected. At T = 310 K, the
SERTA overestimates the resistivity with TE by 14.7 % with-
out SOC and by 5.7 % with SOC compared to the aiBTE.
Without TE, the relative difference is similar, where the
SERTA overestimates the resistivity by 16.1 % without SOC
and 7.0 % with SOC compared to the aiBTE. See the SM for a
comparison of the SERTA and aiBTE with temperature [43].

It is worth noting that our resistivity results with SOC
using the experimental lattice parameter are higher than exper-
imental measurements, which is quite unusual [solid orange
curve with round markers in Fig. 8(a)]. In fact, typical re-
sistivity calculations employing the aiBTE formalism usually
underestimate the experimental data. Since the results with
aDFT and SOC are quite close to experiments, and because
the EPC matrix elements with SOC are quite sensitive to
geometry variations as depicted in Fig. 3(e), we argue that
this substantive increase of the lattice parameter might cause
such a gain, which is reflected in the resistivity through the
relaxation times as per Eqs. (9)–(11). This is supported by a
similar trend when TE is taken into account in Fig. 8(b), where
the temperature-dependent lattice parameters with SOC are
much higher than the optimized one at high temperature (see
Fig. 5). However, the velocity matrix elements also need to
be taken into account in the analysis since they are needed
to compute the conductivity in Eq. (9). Despite the fact that
the bands barely change with SOC, their slope does change
slightly. The difference can be measured via a Fermi surface
average of the squared velocity matrix elements 〈v2(ε)〉 =
1

Nk

∑
nk ‖vnk‖2δ(ε − εnk), which is depicted by the blue curves

in Fig. 9(a) without TE and Fig. 9(b) with TE at T = 310 K.
In these figures, solid curves include SOC while dashed
ones do not. We observe that SOC does indeed decrease
〈v2(ε)〉 at the Fermi level by ∼15 % without TE and ∼35 %
with TE at this temperature. For comparison, we compute
the relaxation times averaged on the Fermi surface 〈τ (ε)〉 =
1

Nk

∑
nk τnkδ(ε − εnk), which is depicted by the orange curves

in Fig. 9. We see that SOC induces a decrease of ∼20 %
without TE and ∼50 % with it at the Fermi level for the same
temperature. To see the combined effect of these decreases,
we compute the averaged product of these functions on the
Fermi surface using 〈v2τ (ε)〉 = 1

Nk

∑
nk ‖vnk‖2τnkδ(ε − εnk),

which amounts to computing the first term of Eq. (10) without
the derivative of the occupation factor − df 0

dε
, the latter being

depicted by the gray shaded area in Fig. 9. Doing so brings
forward the total effect of SOC, where 〈v2τ (ε)〉 is decreased
by ∼38 % without TE and ∼56 % with it at the Fermi level
at the same temperature. We thus see that the SOC effect on
the squared velocities and relaxation times adds up to yield
a higher difference when these functions are combined both
with TE and without it. We notice that the total decrease is

FIG. 9. Fermi surface averages of the squared velocity matrix
elements 〈v2(ε)〉 in blue, the relaxation times 〈τ (ε)〉 in orange, and
their product 〈v2τ (ε)〉 in green. See text for the corresponding equa-
tions. Solid lines include SOC while dashed lines do not. All curves
are computed at T = 310 K. The gray shaded area represents − df 0

dε
,

where f 0 is the Fermi-Dirac occupation function at the same temper-
ature. (a) Without TE. (b) With TE. All δ functions are approximated
as Gaussians with a width of 5 meV.

closer to the decrease of the relaxation times than the squared
velocities, which suggests that the final resistivity calculation
is more sensitive to the former than the latter.

To shed light on the anomalously high resistivity with SOC
and TE, in Fig. 10 we show the inverse relaxation times
resolved by temperature computed from Eq. (11) as a function
of their corresponding electronic eigenvalue εnk. The results
without SOC are shown in Figs. 10(a) and 10(c), while those
with SOC are shown in Figs. 10(b) and 10(d). Meanwhile,
the results without TE are depicted in Figs. 10(a) and 10(b)
and those with TE are shown in Figs. 10(c) and 10(d). In
all cases, increasing the temperature decreases the relaxation
times, which in turn increases the resistivity. This is due to
the increased phonon population, as described in a previous
paragraph. When SOC is turned on, we see that the inverse
relaxation time increases by about ∼25 % at high temperature
before TE is considered. The effect of TE without SOC has
a similar effect to that of SOC without TE and increases
the inverse relaxation times by ∼10 % at high temperature.
However, the effect of TE with SOC is more drastic as it
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FIG. 10. EPC relaxation times inverse as computed from Eq. (11)
in function of the difference between the corresponding single-
particle energy eigenvalues εnk and the chemical potential μ. (b) and
(d) include SOC while (a) and (c) do not. (c) and (d) include TE while
(a) and (b) do not. It is worth nothing here that μ is temperature-
dependant.

yields an increase of ∼75 %, thus tripling the effect of SOC
alone. This signals an interplay between SOC and TE with
respect to relaxation times, and these behaviors are correlated
with those seen in γqν/ωqν depicted in Fig. 3(e). Indeed, the
phonon linewidth is increased by SOC but is independent of
the volume, while the phonon frequencies are sensitive to it.
As such, EPC matrix elements experience a strong increase
with volume because the phonon dispersion is significantly
softened by it [see Fig. 2(c)]. Therefore, we conclude that
the anomalously high resistivity with TE and SOC is caused
in part by the strong phonon softening and by the high TE
with SOC as shown in Fig. 5(a). We postulate that a better
description of the TE with SOC might significantly change
the computed resistivity at high temperature and that anhar-
monicity might be important.

V. CONCLUSION

We computed the thermodynamic properties of Pb and
assessed the impact of SOC. In all cases, we obtained rel-
atively good agreement with experiments, especially for the
TE where SOC agrees with the experimental values closely.
As for the phonon frequencies, where a strong softening is

observed with SOC, the bulk modulus and its pressure deriva-
tive all undergo a similar decrease. Only the heat capacity
displayed a better agreement with experiments without SOC
than with it. To shed light on these results, we computed
the electronic nesting function, the phonon linewidth γqν and
a g-weighted nesting function γqν/ωqν . We showed that the
nesting function might not be sufficient to explain the phonon
softening, especially at q = X where it is the largest. We
argued that it is induced by a combined effect of the EPC
matrix elements being increased by the softening itself, which,
in turn, would increase the softening until self-consistency is
achieved. In the end, the difference with SOC is mostly seen
in the EPC matrix elements, which is stronger with SOC than
without, especially at X , where the nesting function peaks.

We then computed the phonon-limited temperature-
dependent resistivity of Pb from first principles using the
state-of-the-art aiBTE formalism both with and without SOC.
We obtained results similar to previously reported resistiv-
ity data obtained via the LOVA approach, where the best
agreement with experiments was obtained with SOC. Thus,
we note that the aiBTE approach does not yield a significant
difference from the LOVA in the particular case of Pb. In an
attempt to improve results at high temperatures, we incor-
porated the TE effects by using the temperature-dependent
lattice parameter obtained by minimizing the free energy.
With TE, non-linearity did appear at high temperature, but the
computed resistivity is subject to a large increase with SOC
as compared to that without SOC resulting in an overestima-
tion with respect to experiments. To understand these results,
we investigated the scattering rates and noticed that TE had
a similar effect than SOC, while including both makes the
inverse relaxation times double, which explains the resistivity
behavior with these parameters. This non-linear effect with
expanding volume correlates with the volume dependency of
the γqν/ωqν function, hinting that the strong phonon softening
caused by lattice expansion transfers to the relaxation times
and the resistivity.

Among possible avenues to improve this behavior at high
temperature, one could include the choice of exchange-
correlation functional (XC) as it generally has strong effects
on the phonon properties, especially in Pb [6,16]. A compara-
tive study of the thermodynamic properties of Pb without SOC
was already carried out by Grabowski, et al. [16] where the
authors compared the LDA and PBE XC. As such, since all
our results were obtained with the LDA, further investigations
should compare the effects of the XC on the resistivity while
considering TE and SOC. Other XC functionals such as the
recently developed r2SCAN [74] could also be interesting
to investigate, however for the latter, its implementation in
DFPT frameworks has yet to be done. Alternatively, one could
investigate mechanisms beyond the QHA such as temperature
dependent effective potential (TDEP) [75] or the stochastic
self-consistent harmonic approximation [76–79] in order to
improve the overly softened phonon dispersions seen in this
work. Additionally, considering the phonon self-energy and
including non-anharmonic contributions could also improve
the phonon dispersions. Finally, considering a formalism be-
yond DFT such as the GW approximation might improve
the electronic structure, especially with SOC. A better de-
scription could perhaps relieve the discrepancies of some
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thermodynamic properties with SOC such as the heat capacity,
bulk modulus and the resistivity at high temperatures.
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