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Abstract 
 

In least squares, least absolute deviations, and even generalized M-estimation, outlying observations 

sometimes strongly influence the estimation result, masking an important and interesting relationship 

existing in the majority of observations. The S-estimators are a class of estimators that overcome this 

difficulty by smoothly downweighting outliers in fitting regression functions to data. 

 

In this paper, we propose a method of model selection suitable in S-estimation. The proposed method 

chooses a model to minimize a criterion named the penalized S-scale criterion (PSC), which is decreasing 

in the sample S-scale of fitted residuals and increasing in the number of parameters. We study the large 

sample behavior of the PSC in nonlinear regression with dependent, heterogeneous data, to establish sets 

of conditions sufficient for the PSC to consistently select the model with the best fitting performance in 

terms of the population S-scale, and the one with the minimum number of parameters if there are multiple 

best performers. Our analysis allows for partial unidentifiability, which is often a practically important 

possibility when selecting one among nonlinear regression models. We offer two examples to 

demonstrate how our large sample results could be applied in practice. We also conduct Monte Carlo 

simulations to verify that the PSC performs as our large sample theory indicates, and assess the reliability 

of the PSC method in comparison with the familiar Akaike and Schwarz information criteria.  
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Introduction 

 

In econometric analysis, a data set often contains several outlying observations. These outliers 

are sometimes grossly mismeasured observations. In other situations, they reflect some 

exceptional situations, events, or behavior, which the model of interest is not designed to explain. 

In these cases, a researcher would not prefer that the results of his analysis be driven by the 

outlying observations. Hence, he would naturally like to employ an estimation method that is 

sufficiently resistant to outliers. The S-estimators are a class of estimators that meet these needs. 

In this paper, we develop a method of model selection suitable in S-estimation. The proposed 

method of model selection itself also tolerates many outliers. 

 

   The high sensitivity of the least squares (LS) estimator to outliers is well known in linear 

regression. The least absolute deviations (LAD) estimator is subject to the same problem, if there 

are outlying observations of the regressors, which form leverage points. Even the generalized M-

estimators designed to attain higher robustness to outliers can only tolerate a small number of 

outliers. Rousseeuw and Leroy (1987) offer a detailed discussion on this point. Stromberg and 

Ruppert (1992) and Sakata and White (1995) demonstrate that the LS, LAD, and some other 

familiar estimators are also sensitive to outliers in nonlinear regression as well as in linear 

regression. This raises a serious concern, especially in time series analysis, where each outlying 

observation may appear in the regressor vector multiple times due to the presence of lagged 

variables, as discussed in Sakata and White (2001). 

  

     Hampel (1975) offers a solution to the problem caused by outliers. He suggests that an 

estimator that minimizes a highly outlier-resistant scale measure of the fitted residuals would be 

less sensitive to outliers. The least median of squares (LMS) estimator (Rousseeuw 1984), the 

least trimmed sum of squares (LTS) estimators (Rousseeuw 1983), the S-estimators (Rousseeuw 

and Yohai 1984), and the τ -estimators (Yohai and Zamar 1988) are implementations of 

Hampel's idea. Stromberg and Ruppert (1992) and Sakata and White (1995) formally verify that 

these estimators have good resistance to many outliers in nonlinear regression as well as in linear 

regression. 

 

     Among the estimators with resistance to many outliers, the S-estimators are particularly 

attractive. Unlike the LTS and LMS estimators, the S-estimators smoothly downweigh outlying 

observations. This smooth handling of outliers is not only natural from practitioners' point of 

view, but also it tends to make the S-estimators efficient relative to the LMS estimator. Further, 

as shown in Sakata and White (2001), the S-estimators are more efficient than the LS estimator 

under various error distributions. In addition, they are computationally less demanding than the 

LTS and τ -estimators. 

 

      In this paper, we develop a method to select models in S-estimation.  Model selection is an 

important step in S-estimation, as is true for other regression methods. For example, the number 

of variables that are potentially useful for explaining the dependent variable is often large, even 

after the irrelevant variables are carefully screened out. Given the sample size, however, the 

danger of the over-fitting problem usually precludes using all of the potentially relevant 

regressors. This common situation requires a method to choose variables for the regressors. 

Besides the variable selection, it is often necessary to choose a functional specification. This 
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includes selection of the number of regimes in the regime switching models or choice of the 

number of hidden units in the neural network models. Thus, availability of a reliable model 

selection method is essential for successful application of S-estimation. 

 

    A common approach taken in model selection is to choose the model that maximizes an 

information criterion (IC). In the LS regression, each selection method of this type chooses a 

model that minimizes the sum of the logarithm of the sample root mean square error (RMSE) of 

the fitted residuals and a monotonically increasing function of the number of parameters. The 

first term in the sum can be interpreted as a goodness-of-fit measure, while the second term 

penalizes richer models and encourages the use of parsimonious models. Leading examples of 

the IC's are the Akaike (1974) information criterion (AIC), the Schwarz (1978) information 

criterion (SIC), and the Hannan and Quinn (1979) information criterion (HQ). 

 

    The S-estimator minimizes the sample S-scale of the fitted residuals, while the LS estimator 

minimizes the sample RMSE. Motivated by this fact, we replace the sample RMSE in the IC's 

for LS estimation with the sample S-scale. We call the resulting criteria the penalized S-scale 

criteria (PSC). In the PSC model selection method, we choose the model whose PSC is the 

minimum among the competing models. In the context of M-estimation, similar approaches have 

been taken, and the properties of the proposed methods have been studied (Martin 1980, 

Ronchetti 1985, Tsai 1990, Machado 1993, Ronchetti and Staudte 1994, Qian and Kunsch 1996, 

Ronchetti et al. 1997). In our approach, each model is estimated by the S-estimator, which not 

only delivers an outlier-robust estimate of regression parameters, but also provides a scale 

measure of the fitted residuals that is resistant to many outliers. This feature makes the PSC less 

sensitive to outlying observations; so, it is natural to expect that the PSC method is outlier-

robust. Our Monte Carlo simulations positively verify this conjecture. 

 

    The adaptation of IC to generate model selection criteria described above could be applied in 

other robust scale-minimizing regression such as LMS, LTS, and τ -estimation. One could also 

adapt the cross validation method, such as the one by Craven and Wahba (1979), in an analogous 

way, though the application of the cross validation approach in robust scale-minimizing 

regression is likely to be computationally challenging. In this paper, we focus on the PSC 

method, leaving the analysis of the other methods for future work. 

 

       Given the formulation of the PSC, one might think that its asymptotic properties are covered 

by the results readily available in the literature; Nishii (1988) Vuong (1989), Sin and White 

(1996), Kapetanious (2001) to mention a few. Sin and White (1996) establish the consistency of 

the IC based model selection methods and their variants. Nevertheless, even their general result 

is not applicable to our problem, due to the fact that the sample S-scale is only defined as an 

implicit function of the fitted residuals. We therefore study the behavior of the PSC method and 

establish useful sets of conditions sufficient for its weak and strong consistency. 

 

        In selecting one in a collection of nonlinear models, the parameters of the “large” models 

are often only partially identified. This occurs, for example, when the models have additive 

nonlinear components, threshold type nonlinearities, or switching parameters. The PSC method 

is useful in such situations as well. We formally verify that the PSC method consistently selects 

the best and parsimonious model, even when the parameters of the “larger” models are partially 
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unidentified.  With the partial unidentifiability, regular statistical tests fail to work due to the 

“flatness” of the objective function. To handle this nonstandard setup, we adapt the framework of 

Davies (1977, 1987), which treats the statistic of interest as a function of unidentified 

parameters. A similar approach is also taken by Bierens (1990), Bierens and Ploberger (1997), 

Hansen (1996a), and Stinchcombe and White (1998) in the context of specification testing. A 

difficulty in applying a test developed in this framework is that the critical value of the test 

typically has to be determined through simulations in each application, reflecting the fact that the 

limiting distribution of the test statistic is nonstandard, and its percentiles cannot be tabulated. 

Fortunately, the PSC method is not subject to this difficulty, as it requires no critical values. 

 

          The rest of this paper is organized as follows. Section 2 introduces the basic setup of our 

model selection problem, discusses some aspects of the setup in detail, and formally defines the 

PSC. Section 3 then establishes sets of conditions sufficient for strong and weak consistency of 

the PSC method, covering a wide range of regression models and allowing for dependent, 

heterogeneous data generating processes. Section 4 refines the results of section 3, imposing 

additional conditions that typically hold in the nested model selection. The analysis of section 4 

allows for partial identification of the larger model, which makes our result applicable in a wide 

range of situations. Section 5 offers two examples to demonstrate how the consistency results in 

sections 3 and 4 apply in practice. Section 6 conducts Monte Carlo simulations to verify that the 

PSC method performs as our large sample results indicate, and assess the reliability of the PSC 

method in comparison with the familiar IC method. Finally, section 7 concludes the paper with 

some remarks. The proofs of the theorems as well as the definitions of some technical terms are 

collected in the appendices.    

 

2. General Framework 

 

We consider the model selection problem in regression of a variable tY  on the current and past 

variables. Our analysis focuses on the selection between two competing models. This is not 

restrictive, because when the choice is made by linearly ordering a finite number of models, as is 

the case in the PSC model selection as well as information criterion based selection, the 

consistency of the model selection method is equivalent to the consistency of the method in the 

pairwise selection between the best parsimonious model and each of the other models. 

 

    Suppose that model }2,1{∈k  specifies a regression function ),2,1(, …=ttkµ  with a parameter 

space kΘ . For each metric space A , let )(AΒ  denote the Borel σ-field on A  and write vΒ  

)( vℜΒ≡  for simplicity. 

  

Assumption 1 

  

a) The series Ntttt XYZ ∈≡ )}',({  is an vℜ -valued stochastic process on a complete probability 

space ),,( PℑΩ ,  where tY  is 11×  and tX  is 1)1( ×−v . 

 

b) For each 2,1=k , kΘ  is a compact subset of the kp -dimensional Euclidean space and 

Ν∈ℜ→Θ×Ω tktk }:{ ,µ  a sequence of functions measurable- ΒΘΒ⊗ℑ /)( k such that for each 
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Ν∈t  and P -almost all Ω∈ω , ℜ→Θ⋅ ktk :),(, ωµ  is continuous. Further, for each 2,1=k  

and kk Θ∈θ , Nt

t

t Z ∈
−

− ≡ℑ )}({ 1

1
ɺɺσ  is adapted to Ν∈⋅ tktk )},({ , θµ  , where )',',( 11

1

tt

t
XZZZ −

− ≡ …ɺɺ , 

Ν∈t . 

  

The compactness imposed on the parameter space kΘ  is standard and innocuous in many 

applications, as we can often take a large compact set for it. Because 1−ℑt  is the σ -field 

generated by the past variables and the current variables other than tY , ),(, ktk θµ ⋅  can be  written 

as a function of the current and past variables (but not of the future variables). It, of course, does 

not prevent ),(, ktk θµ ⋅  from depending only on the current variables; so, our analysis covers the 

cross sectional setup as well. 

  

     Our goal is to select the model that fits tY  better than the other. In case the two models fit tY  

equally well, we aim to choose the more parsimonious one. We ignore the possibility that the 

two models have the same number of parameters and fit tY  equally well, as it does not matter 

which model is chosen in such situations. 

  

      When we analyze the case in which the two models share the same fitting performance, we 

assume that the first model is more parsimonious than the second ( 21 pp < ).  We now introduce 

the precise notion of better and equal fits in a way suitable in our large sample analysis. 

Following Rivers and Vuong (2002), we consider two types of relationship between two models. 

Let *

,Tks  denote the (population) measure to assess the goodness-of-fit of the model k . In LS 

regression, *

,Tks  would be the minimum of the square root of the average mean squared residuals, 

where the minimum is taken over the parameter space, and the average is taken over the sample 

periods. If 0)(inflim *

,2

*

,1 >−∞→ TTT ss , we say that the second model is asymptotically better than 

the first model. If instead 0)(lim *

,2

*

,1 =−∞→ TTT ss , we say that the two models are asymptotically 

equivalent. When 0)( *

,2

*

,1 =− TT ss  for each sample size T , the two models are called equivalent. 

Note that when the process is strictly stationary, the notion of the asymptotic equivalence 

reduces to the equivalence, provided that the models are time homogenous and have no feedback 

mechanisms such as the one of the autoregressive moving average model, because the scale 

minimizing parameter values are independent from the sample size in such setup, and so are the 

population scales. 

  

     Our method of model selection in S-estimation, which is described later in this section, is a 

natural adaptation of the IC based approach in the qL  estimation. The qL  estimator is the 

regression estimator that picks the parameter value that minimizes the sample q th moment of the 

fitted residuals, where q  is the real number no less than unity. The LS and LAD estimators are 

qL  estimators with 2=q  and 1=q , respectively. The q th root of the minimized sample q th 

moment can be interpreted as the sample scale of the fitted residuals or the goodness-of-fit of the 

estimated model. The IC based approach of model selection in the qL  estimation leads to the 

decision rule that picks the model with the smaller criterion value, where this criterion is 
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obtained by adding a penalty term, increasing in the number of parameters, to the product of the 

sample size and the logarithm of the minimized sample scale of the fitted residuals. 

 

     The scale measures employed in the qL  estimators are very sensitive to outliers. A measure of 

the sensitivity of estimators to outliers is the breakdown point, which is defined to be the 

minimum proportion of the data for which contamination by outliers can lead to completely non-

informative estimation results. Several measures of the breakdown point have been suggested, 

notably by Hampel (1968, 1971), Donoho and Huber (1983), Stromberg and Ruppert (1992), and 

Sakata and White (1995). Under all measures, it has been shown that the qL  estimators for 

regression models tend to be easily affected by a small number of outliers. More specifically, 

these estimators are shown to have a breakdown point of T/1 , where  T  is the sample size. This 

means that a single bad observation can already cause a breakdown. Furthermore, Sakata and 

White (2001) show that a small change in the underlying distribution can cause a large change in 

the qL  scale measure; so, it may also have a significant impact on the model selection in qL  

regression. 

 

    On the other hand, the S-scales are highly resistant to outlying observations, as mentioned 

above.  The estimators based on these scale measures have a high breakdown point accordingly. 

We now formally introduce our method to select models in S-estimation. Our method employs 

the penalized S-scale criterion (PSC) defined by 

 

  

                   TkTkTk cSTPSC ,,,
ˆlog +≡ ,                                                              (1) 

 

where TkS ,
ˆ  denotes the S-estimation objective function of model k , evaluated with the S-

estimator, namely, the sample S-scale of the fitted residuals; and Tkc ,  is the penalty term for 

model k . We allow Tkc ,  to be random in our analysis, though all applications we consider in this 

paper take nonstochastic penalty terms. This criterion takes into account the trade-off between 

the complexity and the fitting performance of each model. Our selection method chooses the 

model Tk̂  with the lower PSC. The penalty term can be a sequence of numbers such as 

k

p

Tk pc =, , Tpc k

L

Tk log5.0, = , and Tpdc k

LL

Tk loglog, ⋅=  with 1>d , which are analogs of the 

familiar penalty terms of the AIC, SIC and HQ, respectively.  

     

    For later discussion, we now formally define the S-estimators. The construction of an S-

estimator requires a function ρ  from ℜ  to +ℜ , the set of all nonnegative numbers, that satisfies 

a set of conditions stated in the next assumption. 

 

Assumption 2 

 

The function +ℜ→ℜ:ρ  is even, bounded, twice continuously differentiable on ℜ , and its 

derivative 'ρ  is positive at every positive point where ρ  has not achieved its supremum ρ . 

Let, ),0( +∞≡ℜ ++ , and define ℜ→Ω×ℜ×Θ ++k

k

Th :   by  
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∑
=








 −
≡

T

t

ktkt

TkTk
s

Y
sh

1

,1
,

),()(
),,(

θωµω
ρωθ ,                       Ω×ℜ×Θ∈ ++kk s ),,( ωθ  

 

and ℜ→ℜ×Θ ++kTkh :,   by 

 

∑
=
















 −
≡

T

t

kTkt

TkTk
s

Y
Esh

1

,1
,

)(
),(

θµ
ρθ  ,                             ++ℜ×Θ∈ kk s),(θ . 

 

The S-estimation objective function is then:  

 

 

{ }MshsS kTkkTk <ℜ∈≡ ++ ),,(:inf),( ,, ωθωθ  ,                                            (2) 

 

where ),0(
2
1 ρ∈M . The random vector Tk ,θ̂  that minimizes this function over kΘ   is called the 

S-estimator associated with ),( Mρ . The breakdown point of the S-estimator in cross sectional 

regression is approximately equal to ),0(
2
1∈ρM ; so, they can resist up to 2/T  outliers. In the 

case with time series data, the regressors often include lagged variables, so that a single outlier 

may appear multiple times in the regressor vector. Suppose p  is the maximum lag order of the 

regression function for each Ν∈t , Sakata and White (1998, 2001) show that a lower bound for 

the breakdown point is approximately ))1(( pM +ρ . The smaller the maximum lag order is, the 

higher this lower bound is.  

 

      The population counterpart of TkS ,  is +ℜ→ΘkTkS :,  is defined by 

 

{ }MshsS kTkkTk <ℜ∈≡ + ),(:inf)( ,, θθ .                                                    (3) 

  

The function TkS , , being continuous on the compact space kΘ , attains its minimum *

,Tks  on kΘ  

(see Lemma 5.1 of Sakata and White (2001)). In the following sections, we use the uniform laws 

of large numbers (ULLN), the law of iterated logarithm (LIL), and the concept of stochastic 

equicontinuity (SE). The precise definitions of these terms are found in appendix A. 

 

3. The consistency of the PSC method 

 

       In this section, we establish useful sufficient conditions for the weak and strong consistency 

of our model selection method. Notice that  

 

)()ˆlogˆ(log ,2,1,2,1,2,1 TTTTTT ccSSTPSCPSC −+−=−                                                  (4) 

 

            )()]logˆ(log)logˆ(log)log[(log ,2,1

*

,2,2

*

,1,1

*

,2

*

,1 TTTTTTTT ccsSsSssT −+−−−+−=  
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Suppose that the second model is asymptotically better than the first. If the second and third 

terms inside the square brackets on the right-hand side converge to zero a.s.- P  (prob- P ), as one 

naturally expects, and if the penalty terms are chosen in such a way that the fourth term is 

)(.. To sa  ( )(ToP ), the difference in the penalized S-scale criterions is dominated by 

)log(log *

,2

*

,1 TT ssT − , so that the PSC should tend to pick the second model, once the sample size 

grows large. If, instead, the first model is asymptotically better than the second, the same 

argument suggests that the PSC would be likely to pick the first model, when the sample size is 

large. On the other hand, when the two models are asymptotically equivalent and 21 pp <  (so 

that TT cc ,2,1 < ), and the PSC method should tend to pick the  more parsimonious first model, as 

we desire, if the order of magnitude of the penalty term asymptotically dominates that of 

)ˆlogˆ(log ,2,1 TT SST − .  

 

    To formally establish the consistency of the PSC method, we first make the following 

assumptions. 

 

Assumption 3 

 

 For each 2,1=k :  

a) The set *

,TkΘ  of minimizers of TkS ,  is identifiable, i.e. for all 0>δ , 

0)]()([infinflim *

,,,)(,

>−
∈∞→ TkTkkTkT SSc

Tk
k θθ

δηθ
,  where  

}inf:{)( *

,)(, **
,

δθθθδη
θ

≥−Θ∈≡
Θ∈ Tkkkkk

c

Tk
TTk

 ( ⋅  is the Euclidean norm). 

 

b) ( ) )/(1),(supsuplim 0 ραθµθα MYP kttTt kk
−<≤⋅−Θ∈∈→ . 

 

c) tY and ),(, ktk θµ ⋅ are P -integrable uniformly in Tt ∈  and kk Θ∈θ . 

 

Assumption 4 

 

For each 2,1=k   and each ++ℜ∈21 , ss  such that 21 ss ≤ : 

a) Ν∈TTkh }{ ,  is equicontinuous in ],[),( 21 sss kk ×Θ∈θ . 

 

b) 

Nt

ktkt

s

Y

∈














 ⋅− ),(, θµ
ρ  obeys the uniform weak law of large numbers (UWLLN) on 

],[ 21 ssk ×Θ . 

 

     Assumption 3 allows *

,TkΘ  to contain more than one point. This generality is useful in certain 

applications, as discussed later. The identifiability of *

,TkΘ  is implied by the identifiability of the 

set of minimizers of ),( *

,, TkTk sh ⋅  (see Lemma 5.2 of Sakata and White (2001)). The second 
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condition in assumption 3 requires that the probability of good fit is not too high and does not 

have an upward trend in t , while the third condition requires that the distributions of tY  should 

not become more and more dispersed as t  grows larger. These conditions and assumption 2 

above ensure that the function TkS ,  is "identifiable". Application of a suitable uniform strong law 

of large numbers (USLLN) (Ranga Rao (1962) and Jennrich (1969)) typically shows that 

assumption 4 is automatically satisfied, when the DGP is i.i.d. or stationary ergodic, due to the 

continuity and boundedness of ρ . Under heterogeneous and possibly dependent DGP’s, the 

UWLLN can be established, by using the results of Andrews (1987, 1992). Assumptions 3-4 

guarantee that for each }2,1{∈k , Ν∈− TTkTk sS }ˆ{ *

,,  converges in probability to zero. This property 

gives us a way to establish that the PSC method is weakly consistent when one model is 

asymptotically better than the other.  

 

    To cover the case with two asymptotically equivalent models, we examine the stochastic order 

of Ν∈TTT SS )}ˆ/ˆ{log( ,2,1  for each }2,1{∈k , which we use for finding the growth rate of the 

penalty terms that ensures the consistency of the PSC method. If the regression functions 

ℜ→Θ⋅ ktk :),(, ωµ  are differentiable for P -almost all Ω∈ω , for each }2,1{∈k , the S-

estimator Tk ,θ̂  and the minimized sample S-scale TkS ,
ˆ  satisfy that  

 

0),ˆ,ˆ(),ˆ,ˆ(
1

,,,
1

,,, =⋅≡⋅Ψ ∑
=

T

t

TkTktkTTkTkTk SS θψθ ,                                           (5) 

 

as shown in Sakata and White (2001), where Tk ,Ψ  is the generalized score function; and 

),( ,2,,1,, tktktk ψψψ ≡ ,   

 

 ),(
),()(

'),,( ,

,

,1, ktk

ktkt

ktk
s

Y
s θωµ

θωµω
ρωθψ θ∇







 −
≡ ,                           (6)                                       

 

and 

M
s

Y
s

ktkt

ktk −






 −
≡

),()(
),,(

,

,2,

θωµω
ρωθψ                                         (7)                                                    

 

for each kk Θ∈θ , each ++ℜ∈s , and each Ω∈ω , (here, we employ the rule that the derivative 

of a non-differentiable function is zero). 

 

Assumption 5 

 

For each 2,1=k   and each ++ℜ∈21 , ss  such that 21 ss ≤ : 

a) For almost all Ν∈T , *

,TkΘ  contains only one element *

,Tkθ  that is interior to kΘ   

     uniformly in Ν∈T .   
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b) For each Ν∈t , ℜ→Θ⋅ ktk :),(, ωµ  is twice continuously differentiable on kΘ  a.s.- P .  

 

c) Ν∈⋅Ψ≡ TTkTkTkTk sTV ))},,(var({ *

,

*

,,

2/1

, θ  is uniformly positive definite, and 

{ }
Ν∈

⋅Ψ∇
TTkTkTk sE ))),,(('( *

,

*

,, θ  is uniformly nonsingular, where '∇  denotes the Jacobian 

operator with respect to ),( skθ . 

 

d) ),0(~),,( *

,

*

,,

2/12/1

, INsTV
A

TkTkTkTk ⋅Ψ− θ . 

 

e) The families of functions,  

 

Ν∈
= 



















⋅∇⋅⋅∇⋅







 ⋅−
∑

T

T

t

kktk

ktkt

T kks

Y
E

1

,

,1 )',(),(
),(

'' θµθµ
θµ

ρ θθ , 

 

Ν∈
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

















⋅∇⋅







 ⋅−
∑

T

T

t

ktk

ktkt

T kks

Y
E

1

,

,1 ),(
),(

' θµ
θµ

ρ θθ , 

 

Ν∈
= 



















⋅∇⋅−⋅







 ⋅−
∑

T

T

t

ktkktkt

ktkt

T k
Y

s

Y
E

1

,,

,1 ),()),((
),(

'' θµθµ
θµ

ρ θ , 

 

Ν∈
= 



















⋅∇⋅







 ⋅−
∑

T

T

t

ktk

ktkt

T ks

Y
E

1

,

,1 ),(
),(

' θµ
θµ

ρ θ , 

 

and 

 

Ν∈
= 



















⋅−⋅







 ⋅−
∑

T

T

t

ktkt

ktkt

T
Y

s

Y
E

1

,

,1 )),((
),(

' θµ
θµ

ρ  

 

are equicontinuous in ],[),( 11 sss kk ×Θ∈θ .  

 

f) The sequences of random functions of ),( skθ , 

  

Ν∈







⋅∇⋅⋅∇⋅






 ⋅−

t

kktk

ktkt

kks

Y
)',(),(

),(
'' ,

, θµθµ
θµ

ρ θθ , 

 

Ν∈







⋅∇⋅






 ⋅−

t

ktk

ktkt

kks

Y
),(

),(
' ,

, θµ
θµ

ρ θθ , 
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Ν∈







⋅∇⋅−⋅






 ⋅−

t

ktkktkt

ktkt

k
Y

s

Y
),()),((

),(
'' ,,

, θµθµ
θµ

ρ θ , 

 

Ν∈







⋅∇⋅






 ⋅−

t

ktk

ktkt

ks

Y
),(

),(
' ,

, θµ
θµ

ρ θ , 

 

and 

 

Ν∈







⋅−⋅






 ⋅−

t

ktkt

ktkt
Y

s

Y
)),((

),(
' ,

, θµ
θµ

ρ , 

 

obey the UWLLN on  ],[ 11 ssk ×Θ .  

 

Unlike assumption 3(a), assumption 5(a) requires that *

,Tkθ  is identifiably unique. Nevertheless, 

this assumption is sometimes violated, and *

,TkΘ  may contain finitely many elements. For 

example, the smooth transition autoregressive (STAR), neural network, and switching regression 

models have this problem due to “label switching”. Fortunately, this problem can be overcome 

by merging all parameter values that yield the same regression function into a single equivalence 

class (see e.g. Leroux (1992) and Redner (1981)) and taking the set of such equivalence classes 

for Tk ,Θ . The topology over the parameter values is translated into a topology over equivalence 

classes known as the quotient topology. We will not concern ourselves further with the details of 

this remedy. Assumption 5(c) imposes a mild smoothness condition on the regression function. 

Assumption 5(d) is a high-level assumption, which can be verified under more primitive 

assumptions by using a variety of central limit theorems (CLT), such as the Lindeberger-Feller 

CLT (White (2001), p.117) for the i.i.d. processes and the double array CLT for near epoch 

dependent (NED) processes on a strong mixing processes by Wooldridge (1986). Assumptions 

5(e) and 5(f) can be verified by applying the UWLLN as mentioned in the paragraph following 

assumption 4. Sakata and White (2001) also provide a set of primitive conditions that ensures the 

CLT and UWLLN assumptions in the case with a process NED on a strong mixing process. 

 

Let Tk̂  denote the model selected by the PSC method , i.e., )(minargˆ
}2,1{ kPSCk TkT ∈= . 

 

Proposition 1: 

 

Suppose assumptions 1–4 hold. Then: 

(i) If model 2 is asymptotically better than model 1, and if 0,

1

PTkcT →− , then 2ˆ
PTk → . 

 

(ii) Suppose in addition that assumption 5 holds, and that ∞→−−
PTT ccT )( ,1,2

2/1
.  

If )()( 2/1*

,2

*

,1

−=− TOss TT , then 1ˆ
PTk → . 
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   Proposition 1(i) shows that the PSC with penalty terms that grows more slowly than T tends to 

select the asymptotically better model, once the sample size becomes large. This result does not 

require that the set of minimizers *

,TkΘ  be a singleton. When the models are asymptotically 

equivalent, the conditions imposed in proposition 1(ii) ensure that 

)()ˆlogˆlog( 2/1

,1,2 TOSST pTT =− , which is asymptotically dominated by the difference in the 

penalty terms growing faster than 2/1T , so that the more parsimonious model is selected with a 

probability approaching one as the sample size becomes large. The conditions imposed upon the 

penalty terms in proposition 1 are satisfied, if we pick 2/1

, )loglog( TTpc kTk =  or 

2/1

, )log( TTpc kTk = ,  for example. 

   It is important to note that the requirement in proposition 1(ii) that )( 2/1*

,2

*

,1

−=− TOss TT  is in 

general a stronger condition than the asymptotic equivalence between the two models. If  
*

,2

*

,1 TT ss −  converges to zero more slowly than 2/1−
T , the requirement in proposition 1(ii) is not 

met, despite that the two models are asymptotically equivalent. Depending on the growth rate of 

TT cc ,1,2 − ,  the PSC method may not be consistent in this case. When the data generating process 

(DGP) is stationary, however, this problem never happens, provided that the models are time-

homogeneous and have no feedback mechanism, because the asymptotic equivalence reduces to 

the equivalence in such setup, as discussed in section 2. 

 

    We now turn to investigation of the strong consistency of the PSC method. If one model is 

asymptotically better than the other, the strong consistency holds as long as *

,,
ˆ

TkTk sS −  converges  

to zero a.s. and )(.., Toc saTk = . For the case with two asymptotically equivalent models, we apply 

the LIL to obtain almost sure bounds for )ˆlogˆ(log ,2,1 TT SST −  and find what growth rate for the 

difference between the penalty terms leads to the strong consistency of the PSC method. The 

next assumption strengthens the requirements in assumptions 4(b) and 5(f) along this line. 

 

Assumption 6 

 

For each 2,1=k   and each ++ℜ∈21 , ss  such that 21 ss ≤ : 

a) Ν∈⋅ tTkTktk s )},,({ *

,

*

,, θψ  obeys the LIL. 

 

b) 

Ν∈














 −

t

tkt

s

Y ),()( , θωµω
ρ  obeys the USLLN on ],[ 21 ssk ×Θ . 

 

c) The sequences of random functions of ),( skθ  in assumption 5(f) obeys the USLLN on 

],[ 21 ssk ×Θ . 

 

      Assumption 6(a) could be verified by applying an appropriate LIL such as the Harman-

Winter LIL for i.i.d. (Davidson (1994), p.408) or the LIL for martingale difference processes 

(Hall and Heyde (1980)). Assumptions 6(b) and 6(c) hold if the sequences in question obey the 

pointwise strong law of large numbers and are strongly stochastically equicontinuous. The strong 
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stochastic equicontinuity can be verified in various ways. See Andrews (1987) and Gallant and 

White (1988) for details. 

 

Proposition 2: 

 

Suppose assumptions 1–3, 4(a), and 6(b) hold. 

 

(i) If model 2 is asymptotically better than model 1, and if )(.., Toc saTk = , then  2ˆ
..saTk → . 

 

(ii) Suppose in addition that assumptions 5(a, b, c, e) and 6(a, c) hold, and that 

∞→−−
..,1,2

2/1 )()loglog( saTT ccTT . If ))loglog(()( 2/11*

,2

*

,1 TTOss TT

−=− ,  then 1ˆ
..saTk → . 

 

We can pick 2/1

, )log( TTpc kTk = , for example,  to yield a strongly consistent PSC method. As 

is the case for the weak consistency of the PSC method, the strong consistency may not follow, if 

the models are asymptotically equivalent and )()log(log *

,2

*

,1

2/12/1

TT ssTT −−  diverges as the 

sample size grows to infinity, which might happen in the absence of strict stationarity.  

 

4. Model selection when some of the regression parameters are unidentified  

 

In the previous section, a key assumption in establishing the consistency of the PSC method in 

the case with two asymptotically equivalent models is that *

,1 TΘ  and *

,2 TΘ  are singletons. For 

certain types of models, this condition is necessarily violated. Suppose, for instance, that the first 

model is a linear regression model and the second model is a STAR model (Luukkonen et al. 

1988) that nests the first model. When the two models can reach the same population fitting 

performance, the nonlinear part of the second model contains unidentified parameters. The 

exponential autoregressive models (Ozaki (1985)) and the neural network models (Kuan and 

White (1994)) may be also partially unidentified in similar ways. 

.  

     In this section, we modify assumptions 5 and 6 to allow the second model to be partially 

unidentified. Because, propositions 1(i) and 2(i) do not require that *

,1 TΘ  and *

,2 TΘ  be singletons, 

this change of the assumptions does not affect the weak and strong consistency of the PSC 

method in the case in which one model is asymptotically better than the other. We therefore 

focus on the case with two asymptotically equivalent models. Suppose that the parameter vector 

of the second model is partitioned into two subvectors as 2

2

2

1

2

2

2

1

22 ),( Θ≡Θ×Θ∈= θθθ , where 
1

2θ  consists of  the parameters that are not identified and 2

2θ  contains the other parameters.  

 

Assumption 5' 

 

a) The conditions imposed in assumption 5 hold for 1=k . 

 

b) 2

2

1

22 Θ×Θ=Θ  for some compact sets 
1
21

2

pℜ⊂Θ  and 
2
22

2

pℜ⊂Θ  ( so that 2

2

2

1

2 ppp =+ ). 
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c) For almost all Ν∈T  and each 1

2

1

2 Θ∈θ , +ℜ→Θ⋅ 2

2

*

,2

1

2,2 :),,( TT sh θ  is uniquely minimized at a 

point )( 1

2,2 θθ +
T  interior to 2

2Θ  uniformly in 1

2

1

2 Θ∈θ  and Ν∈T . Also, Ν∈
+

TT )}({ 1

2,2 θθ  is 

identifiable uniformly in  1

2

1

2 Θ∈θ  in the sense that for each real number 0>δ . 

 

0},||)(:||))(,(),(inf{inflim 1

2

1

2

1

22

2

2

1

22

1

2,2

2

2

1

2,2 >Θ∈>−− ++
∞→ θδθθθθθθθθ TTT SS . 

 

d) Assumptions 5(b, e, f) hold for 2=k . 

 

e){ }
NTTTTT sTV

∈

+ ⋅Ψ≡ )],),(,(var[)( *

,2

1

2,2

1

2

2

,2

2/11

2

2

,2 θθθθ  is bounded and positive definite, where the 

function 2

,2 TΨ  is the vector consisting of the last )1( 2

2 +p  elements of T,2Ψ  (which corresponds 

to ),( 2

2 sθ ). In addition, { }
Ν∈

+ ⋅Ψ∇
TTTTk sE )],),(,('[ *

,2

1

2,2

1

2

2

, θθθ  is nonsingular uniformly in Ν∈T  and 

1

2

1

2 Θ∈θ , where '∇ denotes the Jacobian operator with respect to ),( 2

2 sθ . 

 

f) For each 1

2

1

2 Θ∈θ , ),0(~),),(,()( *

,2

1

2,2

1

2

2

,2

2/12/11

2

2

,2 INsTV
A

TTTT ⋅Ψ +− θθθθ  as ∞→T . 

 

g) { }
Ν∈

+ ⋅Ψ
TTTT sT ),),(,( *

,2

1

2,2

1

2

2

,2

2/1 θθθ  is stochastically equicontinuous in 1

2

1

2 Θ∈θ  

 

h) For 2,1=k ++ℜ∈21 , ss  such that 21 ss ≤ ,    

 

Ν∈
= 



















⋅−⋅







 ⋅−
∑

T

T

t

ktkt

ktkt

T
Y

s

Y
E

1

2

,

,1 )),((
),(

' θµ
θµ

ρ is equicontinuous in ],[),( 11 sss kk ×Θ∈θ .  

 

i ) 

Ν∈







⋅−⋅






 ⋅−

t

ktkt

ktkt
Y

s

Y
2

,

,
)),((

),(
' θµ

θµ
ρ obeys the UWLLN on ],[ 21 ssk ×Θ . 

 

Assumption 6’ 

 

a) The conditions imposed in assumption 6 hold for 1=k . 

 

b) { }
Ν∈

+ ⋅
tTTt s ),),(,( *

,2

1

2,2

1

2

2

,2 θθθψ  satisfies the LIL for each 1

2

1

2 Θ∈θ . 

 

c) { }
Ν∈

+−− ⋅Ψ
TTTT sTT ),),(,()loglog( *

,2

1

2,2

1

2

2

,2

2/11 θθθ  is strongly stochastic equicontinuous in 1

2

1

2 Θ∈θ . 

d) Assumptions 5(b, e) and 6(b, c) holds for 2=k . 

 

e)  For each 2,1=k   and each ++ℜ∈21 , ss  such that 21 ss ≤ ,  

 

Ν∈= 







⋅−⋅






 ⋅−
∑

T

T

t

ktkt

ktkt

T
Y

s

Y

1

2

,

,1 )),((
),(

' θµ
θµ

ρ obeys the USLLN on ],[ 21 ssk ×Θ . 
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        Assumption 5'(c) modifies assumption 5(a) to ensure the identifiability of the second set of 

parameters uniform in the first set of parameters. Assumptions 5’(f) and 6’(b) can be verified 

using an appropriate CLT and LIL, respectively. In order to establish assumption 5’(g), we can 

apply Hansen’s (1996b) results for martingale difference, strong mixing, and NED processes. 

These results are in particular suited for Lipschitz smooth functions of the unidentified 

parameters. The stochastic equicontinuity property is also available for other types of functions; 

see Andrews (1993, 1994) and numerous references cited therein. The strong stochastic 

equicontinuity requirement stated in assumption 6’(c) will be met if the generalized score 

function is differentiable almost surely at each point of 1

2Θ , and the Jacobian vector of the score 

function with respect to 2

1θ  is bounded uniformly over 1

2Θ  by the LIL (see e.g. Andrews (1992) 

and Altissimo and Corradi (2002)). Assumptions 5'(h,i) and 6'(e) are high-level assumptions, 

which can be verified using a suitable ULLN, as discussed earlier.   

 

     In order to establish the consistency of the PSC method, we use assumption 5’ to show that 

the sample S-scales employed in the S-estimation are bounded in probability. In addition, 

assumption 6’ allows us to form almost sure bounds for these sample scales. These results, 

combined with suitable conditions on the penalty term, imply that model 1 tends to be selected, 

once the sample size becomes large.  

 

Proposition 3:  

 

Suppose that assumptions 1–3, 4(a), and 5’(b) hold . Also, assume that there exists 

Ν∈
⊕ Θ∈ TT }{ 2

2,2θ  such that ),,(),( ,2

1

2,2

*

,1,1

⊕⋅=⋅ TtTt θθµθµ  for each Ν∈Tt,  and each 1

2

1

2 Θ∈θ . 

 

(i) Suppose in addition that assumptions 4(b) and 5'(a, c-i) hold, and that 

)(||)(||sup 2/1

,2

1

2,21
2

1
2

−⊕+

Θ∈
=− TOTT θθθ

θ
. If ∞→− PTT cc ,1,2 , 

then 1ˆ →Tk in probability. 

 

(ii) Suppose instead that assumptions 5(a, b, c, e) hold for 1=k ,  that assumptions 5’'(c, e, h) 

and 6' hold, and that ))log(log(||)(||sup 2/12/1

,2

1

2,21
2

1
2

TTOTT

−⊕+

Θ∈
=−θθθ

θ
.  If  

∞→−−
..,1,2

1 )()log(log saTT ccT ,  then 1ˆ →Tk  a.s. - P . 

 

     The conditions in propositions 3(i) and 3(ii) imply that the )ˆlogˆlog( ,1,2 TT SST −  is )1(PO  and 

)log(log.. TO sa , respectively, and it tends to be dominated by the difference between the penalty 

terms in large samples. The conditions imposed on the penalty terms in proposition 3 are milder 

than those in propositions 1 and 2 and satisfied by L

Tkc ,  introduced above to obtain strong 

consistency of selection. In proposition 3, we require an additional condition on the regression 

functions. The refined conditions reflect the assumptions on the relationship between the two 

models imposed in proposition 3, which is typically satisfied when one model is strictly nested in 

the other.  
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    The full identifiability of the first model in proposition 3 is employed for simplicity. It is 

possible to modify proposition 3 to cover the PSC selection between two partially unidentified 

models, if we impose an appropriate structure on the relationship between the two models, so 

that the two models approach each other in a suitable way under the asymptotic equivalence. We, 

however, do not pursue this extension in this paper. Proposition 3 readily covers the PCS 

selection between two fully identified models. To appreciate this point, take any fully identified 

model and add to it a parameter that does not appear anywhere in the model.  This, of course, 

does not change the model itself at all. The added parameter is, however, unidentified by 

construction. With this modified parameterization, the model is now only partially identified.  

Thus, we can apply proposition 3 to the PSC model selection between two fully identified 

models, by using this modified parameterization to the second model. The result obtained in this 

way is formally stated in proposition 4 below. 

 

Proposition 4:  

 

Suppose that assumptions 1–3 and 4(a) hold. Also, assume that there exists Ν∈
⊕ Θ∈ TT }{ 2,2θ  such 

that ),(),( ,2,2

*

,1,1

⊕⋅=⋅ TtTt θµθµ  for each Ν∈Tt, . 

 

(i) Suppose in addition that assumptions 4(b), 5, and 5'(h,i) hold, and that ∞→− PTT cc ,1,2 . If 

)(|| 2/1

,2

*

,2

−⊕ =− TOTT θθ , then 1ˆ →Tk in probability. 

 

 (ii) Suppose instead that assumptions 5(a, b, c, e), 5'(h), 6, and 6'(e) hold, and that  

))log(log(|| 2/12/1

,2

*

,2 TTOTT

−⊕ =−θθ . If ∞→−−
..,1,2

1 )()log(log saTT ccT , then 1ˆ →Tk  a.s. - P  

 

5. Some Applications 

 

In this section, we demonstrate how the large sample results established in Sections 3 and 4 can 

be applied in practice, by analyzing two examples of the model selection problem. In the first 

example, we consider the choice of the number of regimes in a STAR model, where some of the 

parameters are possibly unidentified under the true model. In the second example, we examine 

selection of the lag order in an autoregressive (AR) model.  

 

   The STAR model belongs to the class of regime switching models and it is widely used for 

modeling nonlinearity in time series (see, e.g., Granger and Terasvirta (1993) and Terasvirta 

(1994)). It has been, however, pointed out that the presence of outliers may lead to spurious 

detection of regimes (see e.g. Balke and Fomby (1994) and Dijk et al. (1999)). The PSC model 

selection method is useful for avoiding this problem. The STAR model with h  regimes is given 

by the following equation:  

 

t

h

j

ptjptjtjjptptt yysGyyy εββγγββ ++⋅+++= ∑
=

−−−−
2

,11101,111 ][)(][ …… .                      (8) 

The variable ts  is called the transition variable. In our example, we set 1−= tt ys . The set of 
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Figure 1: The 'Tukey' function (
6
1=ρ , 1=c ). 

 

models being considered is indexed by }3,2,1{∈h , while the true model has two regimes. We 

assume that these models are estimated by an S-estimator with the function ρ  defined by 

 

          













>

≤
+−

≡

,||
6

,||622
)(

2

4

6

2

42

cwfor
c

cwforc

w

c

ww

wρ                                                  (9) 

 

which can be obtained by integrating Tukey's biweight function (Rousseeuw and Yohai (1984) 

and Beaton and Tukey (1974)). This function ρ  is plotted in Figure 1, setting 1=c . 

 

    The model is the linear autoregression for 1=h . Since the true process has two regimes, our third 

model is only partially identified, having a redundant regime. We can view the parameters 03γ , 13γ  

as the unidentified parameters, while the other parameters are identified. Thus, the setup of section 

4 applies to the current problem. The number of regimes is chosen by minimizing the PSC: 

 

                   )}({minargˆ
}3,2,1{ hPSCh hT ∈= .                                                                  (10) 

 

We now state a set of conditions, under which we establish the strong consistency of the PSC 

method in selecting the number of regimes. 

 

(A1) For 2,1=h , assumptions 5(a,c) hold; and for 3=h  assumptions 5’(b,c,e) hold in the 

above-mentioned setup; and the parameter set of each model is compact. 
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(A2) The true DGP is a STAR process ( 20 =h ) initiated in the infinite past, and the error term 

tε  is i.i.d. with a density continuous, symmetric about the origin, and positive on the entire real 

line. Assume that ∞<)|(| κε tE  for 6≥κ , and 1)(0 ≤≤ uG  for each ℜ∈u . 

 

(A3) The function G  is twice continuously differentiable on ℜ , and for some real numbers 1α  

and 2α , 1|)('|sup α≤ℜ∈ uGu  and 2|)(''|sup α≤ℜ∈ uGu . 

 

(A4) The ρ  is as in (9). 

 

(A5) All zeros of the polynomial ip
p

i

i

p
dB

−

=
∑−= λλλ

1

)(  are in the open unit disk, where 

||sup 21]1,0[ zd iizi ββ += ∈ , for pi ,,1…= . 

 

 (A6) The penalty term satisfies that )(., Toc saTh =  and ( ) ∞+→− ..,2,3 )log(log saTT Tcc .    

 

    Applying the standard results in the Markov chain theory with these assumptions proves that 

the STAR process with two regimes (the true model) is stationary, ergodic, and regular mixing 

with an exponential decay rate. Note that assumption (A.2) may be weakened to allow for an 

stationary error term that is a function of some i.i.d. variables. For example, we can consider an 

ARCH or GARCH error process (see e.g. Zhang et al. (2001)). Given these results, the 

smoothness of the regression function and the moment conditions imposed in (A2) allow us to 

establish the strong stochastic equicontinuity required for the generalized score function as well 

the LIL and other regularity conditions. Thus, we can apply propositions 2(i) and 3(ii) to show 

the strong consistency. 

 

Proposition 5: Suppose conditions A1-A6 hold. Then 0
ˆ hhT →  a.s. 

 

Next, we consider the lag order selection in an autoregressive (AR) model, which is given by  

 

tptptt yyy εββ +++= −− …11 .                                                           (11) 

Various methods have been developed for selection of the lag order of the AR model; see, for 

example, Hannan and Quinn (1979), Lutkepohl (1985), and Koreisha and Pukkila (1993).  It is 

known that the common selection criteria such as the SIC and HQ are not robust to outliers. For 

example, Basci and Zaman (1998) establishes that excess kurtosis, which can be interpreted as 

generating uncontaminated outlying innovations, may affect various model selection criteria. 

Raftery, and Martin (1996) also argue that additive outliers downward bias the standard selection 

criteria, showing that under an AR(1) process with heavy contamination, the SIC tends to select 

the AR(0) model instead of the true AR(1) model. Given these observations, a researcher may 

desire to use the PSC method, rather than the popular IC method.  
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The set of AR models being considered in our example have the lag orders }3,2,1{∈p  and the 

true lag order is 20 =p . A set of conditions sufficient for strong consistency of the correct lag 

order is provided below: 

 

(B1) Assumptions 5(a,c) hold in the above-mentioned setup; and the parameter set of each model 

is compact. 

 

(B2) The true DGP is a AR process ( 20 =p ) initiated in the infinite past and the error term tε  is 

i.i.d. with a density continuous and symmetric about the origin and positive on the entire real 

line. Assume  ∞<)|(| κε tE  for 2≥κ . 

 

(B3) The ρ  is as in (9). 

 

(B4) The polynomial ip
p

i

i

p −

=
∑−=Ρ λβλλ

0

0

1

)(  has all its zeros in the open unit disk. 

 

(B5) The penalty term satisfies that )(., Toc saTp =  and ( ) ∞+→− ..,2,3 )log(log saTT Tcc .    

 

As in the first example, we can show that the true process is stationary, ergodic, and β -mixing 

with an exponential decay rate. Using this result, we can also establish the other regularity 

conditions employed in propositions 2(i) and 4(ii) and prove the strong consistency.  

 

Proposition 6: Suppose conditions B1-B5 hold. Then the PSC-selected order 0
ˆ ppT →  a.s. 

 

We do not include the proof of proposition 6, because it is very similar to that of proposition 5. It 

is available from the authors upon request. 

 

6. Monte Carlo simulations 

 

In this section, we conduct Monte Carlo simulations to compare the PSC method and the 

information criteria combined with the LS estimator. Because the latter methods are familiar, this 

comparison should provide insights on the behaviour of the PSC method. 

 

  In each of our simulations, we consider a stationary AR process Ν∈tty }{  that satisfies the 

stochastic difference equation 

 

tttt uyyy +++= −− 22110 θθθ  ,                                                            (12) 

 

or a stationary STAR process that satisfies 

 

ttttt uyyGyy ++++= −−− 11102110 )( γγβββ  ,                                           (13) 
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Table 1: The distributions of tε  

Name Distribution 

Norm Standard Normal 

Laplace Laplace distribution 

T5 Student T-distribution with 5 degrees of freedom 

MixedNorm2 The distribution obtained by mixing N(0, 1) and N(0, 9) with probabilities 

0.8 and 0.2, respectively. 

MixedNorm4 The distribution obtained by mixing N(0, 1) and N(0, 9) with probabilities 

0.6 and 0.4, respectively.  

 

where 00 =θ , 25.021 == θθ , 00 =β , 25.01 =β , 12 =β , 10 =γ , and 11 =γ ; Ν∈ttu }{ is a stationary 

and ergodic process described below; and ℜ→ℜ:G  is a logistic distribution function shifted 

downwards by 0.5, that is  1))exp(1(5.0)( −−++−= vvG . The process Ν∈ttu }{  is an ARCH 

process with a unit variance such that ttt uu εαα 2/12

110 )( −+= ,  where 0α  and 1α  are positive real 

constants,  and Ν∈tt }{ε   is  an univariate  i.i.d.  process  such  that  for  each  Ν∈t ,  tε   and 

),,( 21 …−− tt yy are independent. We set 10 =α  and 01 =α  (conditionally homoskedastic 

innovations) in some of our simulations and 5.00 =α , 5.01 =α  (conditionally heteroskedastic 

innovations) in others. The process Ν∈tt }{ε  is generated by random draws from the distributions 

listed in Table 1. 

    

     The candidate models from which a model is selected are the AR(p) models with p  ranging 

from one to five in the simulations with the AR DGP. In the simulations with the STAR DGP, 

we take for the candidate models the AR(1) model, the STAR model of (13), and the two models 

obtained by adding one and two more nonlinear terms, respectively, where the nonlinear terms 

are the function of 1−ty  in the form of the third term on the right-hand side of (13). Note that the 

STAR experiments offer the situations in which the two largest models contain unidentified 

parameters.  

 

    The sample sizes used in our simulations are 200 and 1000. The former is of piratical 

relevance, being in the range of typical sample sizes in time series applications using monthly 

observations. The latter is of interest, because it not only can arise in using daily observations, 

but it also gives us a way to verify the large sample behaviour of the PSC method, which is 

studied in sections 3-4. The model selection is performed based on the LS estimator and the S-

estimators with the ρ  function of (9), taking 0.1, 0.3, and 0.5 for ρ/M , which are respectively 

denoted S10, S30, and  S50.  

 

   In each of our simulations, tu  is symmetrically distributed conditionally given …,, 21 −− tt yy . In 

such a setup, the population scales of the fitted residuals behind the S10, S30, S50, and LS 

estimators are minimized by the same parameter value. The optimal model with the minimum 

complexity is thus common across the four estimators and coincides with the simulation DGP 

(Sakata and White (2001), Theorem 2.1). This makes meaningful our comparison among the 

model selectors based on the S- and LS estimators.  
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Table 2: The standard error of the estimated probability of correction selection. 

 

 

 

 

 

 

 

 

 

 

 

    Since our simulations involve repeated S-estimation, it is computationally demanding. 

Reflecting this fact, we set the number of replications in each of our simulations equal to 250. 

We summarize the simulation results in tables of the probability of selecting the “true model”. 

To inform the reader of the magnitude of the errors involved in the figures in the tables, Table 2 

shows the standard error of the probability of selecting the “true model” estimated in the 

simulation under a few selected true probabilities of the correct selection.  

  

    Among various model selection methods using information criteria, the AIC and SIC are most 

widely used in practice. As described in Section 2, we can construct the corresponding PSC 

selectors by choosing p  and Tp log5.0   for the penalty term, respectively, where p  is the 

number of parameters in the model. Let PSC-A and PSC-S respectively denote them. It is well 

known that AIC is not a consistent model selector. Because the PSC-A violates the conditions 

imposed in proposition 3, it is not surprising to see that PSC-A also lacks consistency. Our 

simulation confirms this inconsistency of PSC-A in all experiments. As an example, we provide 

Table 3, which shows the probability of correct selection by AIC and PSC-A in the AR 

experiments with conditionally homoskedastic innovations. It is clear that the probability stays 

away from 100% regardless of the sample size. (The results for AIC and PSC-A in the other 

experiments are available from the authors upon request). 

 

    We now focus on SIC and PSC-S. Tables 4–7 show the probability that each of the four 

selectors chooses the true model, which provides very clear pictures on the behaviour of PSC-S. 

First, the probability  of  the  correct  selection  becomes  higher  when  the  sample  size  goes 

up.  This is true for each of the four selectors and in all experiments, as our large sample theory 

predicts. Second, the PSC-S methods with S10 and S30 perform equally well or better than the 

SIC based on LS (taking into account the standard error in Table 2), and the PSC-S sometimes 

wins by a large margin. Third, PSC-S with S30 does not necessarily outperform that with S10, 

even when the innovation distribution has fat tails (MixedNorm2 and MixedNorm4). This may 

reflect the trade-off between the efficiency and the outlier robustness. Fourth, the performance of 

PSC-S with S50 is very poor in some cases, in particular when the sample size is small. 

 

    Given the simulation results, it is fair to say that the PSC-S method in the S10 and S30 

regression is at least as trustworthy as the SIC method in the LS regression. Also, stability of the 

PSC-S with S10 and S30 can be viewed as demonstrating the outlier-robustness of the PSC-S 

method. On the other hand, a large sample size may be required in order for the PSC-S method to  

True Probability of  

Correct Selection (%)  

Standard 

Error 

50 3.16 

60 3.10 

70 2.90 

80 2.53 

90 1.90 

95 1.38 
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Table 3: The probabilities (%) that the AIC and PSC-A select the true model in the AR 

experiments with conditionally homoskedastic innovations 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Note: The column labeled LS shows the probability that AIC selects the true model, while S10, S30, and S50 gives 

the probability that PSC-A selects the true model based on the S10, S30, and S50 estimates, respectively. 
 

 

 

Table 4: The probabilities (%) that the SIC and PSC-S select the true model in the AR experiments 

with conditionally homoskedastic innovations. 

Estimators 
Distribution Sample Estimators of tε  

 

Sample Size 
LS    S10    S30    S50 

200 86.8    86.0    75.6   39.6 Norm  

1000 98.4    98.0    95.2   77.6 

200 82.4    90.4    89.2   68.4 Laplace 

1000 98.8    99.2    96.8   89.2 

200 86.0    91.2    86.8   64.4 T5 

1000 98.4    98.8    96.4   76.8 

200 82.0    93.6    94.0   62.4 MixedNorm2 

1000 99.6    99.6    97.2   82.8 

200 82.4    90.4    92.8   66.8 MixedNorm4 

1000 99.2    99.2    96.8   83.6 
Note: The column labeled LS shows the probability that SIC selects the true model, while S10, S30, and S50 gives the 

probability that PSC-S selects the true model based on the S10, S30, and S50 estimates, respectively. 
 

 

Estimators 
Distribution Sample Estimators of tε  

 

Sample Size 
LS    S10    S30    S50 

200 76.8    76.0    54.4   18.4 Norm  

1000 76.4    78.8    60.4   30.8 

200 73.6    76.4    60.8   30.4 Laplace 

1000 75.6    75.6    63.6   40.4 

200 76.4    77.6    64.0   25.6 T5 

1000 77.6    74.8    54.8   30.8 

200 72.0    75.2    60.0   20.8 MixedNorm2 

1000 77.2    78.4    63.6   31.6 

200 76.8    75.2    58.8   24.4 MixedNorm4 

1000 73.6    75.6    61.2   40.0 
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Table 5: The probabilities (%) that the SIC and PSC-S select the true model in the AR experiments 

with conditionally heteroskedastic innovations. 

Estimators 
Distribution Sample Estimators of tε  

 

Sample Size 
LS    S10    S30    S50 

200 78.4    80.8    70.8   44.4 Norm 

1000 96.8    98.0    94.4   75.6 

200 68.4    84.8    85.2   68.4 Laplace 

1000 92.4    98.4    98.0   86.8 

200 74.0    85.2    80.0   54.4 T5 

1000 92.8    98.0    92.8   76.0 

200 72.8    88.0    89.2   65.6 MixedNorm2 

1000 94.4    99.2    95.6   76.4 

200 72.4    90.0    91.2   64.4 MixedNorm4 

1000 91.6    98.8    95.2   80.0 
Note: See the note of Table 4. 

 

 

    

Table 6: The probabilities (%) that the SIC and PSC-S select the true model in the STAR 

experiments with conditionally homoskedastic innovations 

Estimators 
Distribution Sample Estimators of tε  

 

Sample Size 
LS    S10    S30    S50 

200 53.2    49.2    50.4   47.6 Norm  

1000 100.0 100.0 100.0   94.8 

200 72.4    83.6    92.0   94.8 Laplace 

1000 100.0 100.0 100.0   98.0 

200 63.6    74.0    81.6   78.0 T5 

1000 100.0 100.0 100.0   98.8 

200 83.2    94.4    95.6   89.2 MixedNorm2 

1000 99.6   100.0  100.0  99.6 

200 75.2    85.2    97.6   97.2 MixedNorm4 

1000 100.0 100.0 100.0   99.6 
Note: See the note of Table 4. 
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Table 7: The probabilities (%) that the SIC and PSC-S select the true model in the STAR 

experiments with conditionally heteroskedastic innovations 

Estimators 
Distribution Sample Estimators of tε  

 

Sample Size 
LS    S10    S30    S50 

200 52.8    44.8    34.8   33.6  Norm  

1000 79.6    97.6    97.2   90.4 

200 59.2    68.8    73.2   77.2 Laplace 

1000 74.0    98.4    99.2   96.0 

200 57.6    57.6    54.8   51.2 T5 

1000 70.8    99.2    97.6   94.4 

200 65.2    72.4    72.0   59.6 MixedNorm2 

1000 70.4    96.4    97.6   95.2 

200 64.0    72.4    78.8   72.4 MixedNorm4 

1000 69.6    98.0    96.4   96.4 
Note: See the note of Table 4. 

 

perform reliably, when the S50 estimator is used. This again seems to reflect the well-known 

efficiency-robustness trade-off in S-estimation. 

 

7. Conclusion 

In this paper, we propose a method of model selection suitable in S-estimation. The proposed 

method chooses a model to minimize a criterion named the penalized S-scale criterion (PSC), 

which is decreasing in the sample S-scale of the fitted residuals and increasing in the number of 

parameters.  

 

We study the large sample behaviour of the PSC in nonlinear regression with dependent, 

heterogeneous data, to establish sets of conditions sufficient for the PSC to consistently select the 

model with the best fitting performance in terms of the population S-scale, and the one with the 

minimum number of parameters if there are multiple best performers. Our large sample analysis 

allows the models to be partially unidentified. We offer two examples to demonstrate how our 

large sample results could be applied in practice. We also conduct Monte Carlo simulations to 

verify that the PSC performs as our large sample analysis predicts.  

     

    Our simulation results indicate that the PSC method has good resistance to outlying 

observations, in addition to its ability to select the simplest, best performing model in terms of 

the S-scale. This feature is very useful for a researcher who uses the S-estimation method to find 

an interesting relationship in the majority of observations, avoiding the strong effects of outliers. 

It is, however, important to note that, in general, the stochastic limit of the LS and S estimators 

are different. It is senseless to use the PSC method with the LS estimator of regression 

parameters, because the scales used in the PSC and the LS estimation are not compatible. We 

should first decide which estimation method is the most appropriate for the purpose of the 

research project and than apply a model selector suitable for it, rather than focus on which 

selection method performs better under special conditions. 
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   The large sample results for the PSC method established in this paper are essentially the same 

as those for the familiar information criteria found in Sin and White (1996). This is not 

surprising, given the smoothness of the objective function in S-estimation and the similar 

appearances of the formulas of the PSC and information criteria. Nevertheless, the similarity 

between the PSC and information criteria is not an indication that our analysis is redundant. The 

objective function in S-estimation is implicitly defined through an equation dependent on data, 

unlike the objective functions in M-estimation, which are covered by Sin and White’s 

framework. This nature of S-estimation adds substantial complexity and requires a separate 

treatment. Also, our analysis extends the problem setup of Sin and White, by allowing for 

partially identified models. This extension makes our results applicable to a substantially wider 

range of regression models.  

 

   The framework of our large sample analysis that allows for possibly partially unidentified 

models may be used to extend Sin and White’s analysis of information criteria. Also, it is 

possible to use the framework of our analysis to study the behaviour of the PSC method with 

non-stationary or long memory data, by using recent developments in the large sample theory for 

S-estimators (see Lucas (1995) and Sibbertsen (1999, 2001)). These topics are beyond the scope 

of this paper and are left for future research. 
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Appendix A (Definitions): 

 

Throughout the following definitions, assumption 1 is imposed, and Γ  is a compact set  

 

a) Uniform Weak Law of Large Numbers (UWLLN) 

 

A sequence }:{ m

t Rq →Γ×Ω  is said to obey the UWLLN on Γ  if 

 

( ) )1()),((),(sup
1

1
P

T

t

ttT
oqEq =⋅−⋅∑

=
Γ∈ γγγ . 

 

b) Uniform Strong Law of Large Numbers (USLLN) 

 

 A sequence }:{ m

t Rq →Γ×Ω  is said to obey the USLLN on Γ if 

 

( ) )1()),((),(sup ..

1

1
sa

T

t

ttT
oqEq =⋅−⋅∑

=
Γ∈ γγγ . 

 

c) Law of Iterated Logarithm (LIL) 

 

A sequence }:{ m

t Rq →Γ×Ω  is said to satisfy the LIL for all Γ∈γ  if 

 

( ) ( ))log(log)),((),(suplim ..

1

TTOqEq sa

T

t

ttT =⋅−⋅∑
=

∞→ γγ . 

d) Stochastic Equicontinuity  

 

A sequence }:{ m

T RQ →Γ×Ω  is said to be stochastically equicontinuous on Γ   

 

if for all 0>ε  and 0>η , there exists 0>δ  such that 

 

( ) εηγγδγγγ <>⋅−⋅∈Γ∈∞→ )~,(),(supsupsuplim ),(~ TTOT QQP , 

 

where ),( δγO  is a closed sphere with a radius 0>δ  centered at γ . 

 

e) Strongly Stochastic Equicontinuity  

 

A sequence }:{ m

T RQ →Γ×Ω  is said to be strongly stochastically equicontinuous on Γ   

 

if 0)~,(),(supsupsuplim ),(~ →⋅−⋅∈Γ∈∞→ γγδγγγ QQTOT  as 0→δ  a.s. 
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Appendix B  

 

Proof of Proposition 1  

 

i) Given assumptions 1-4, Ν∈− TTkTk sS }ˆ{ *

,,  converges in probability to zero (Sakata and White 

(2001), Theorem 5.3). For each 2,1=k  there exists an interval ],[ ul ssI =  where ls  and us  are 

in ++ℜ  such that  Is Tk ∈*

,  for any Ν∈T  (Sakata and White (2001), Lemma 5.1(a)). Hence, 

there exists a real number 01 >Λ  such that 

 

(A.1)                                      *

,,1

*

,,
ˆlogˆlog TkTkTkTk sSsS −⋅Λ≤−  

 

with a probability approaching to one as T grows to infinity. Since model 2, is asymptotically 

better than model 1, we also have that 0)log(loginflim *

,2

*

,1 >−=∆ ∞→ TTT ss . It follows from 

(A.1) and equation (4) that 

 

(A.2) ( ))()logˆ(log)logˆ(log ,2,1

1*

,2,2

*

,1,1,2,1 TTTTTTTT ccTsSsSTPSCPSC −+−−−+∆≥− −                                                  

                                      

                                     ))1(( PoT +∆≥ . 

 

The desired result therefore follows. 

 

ii) Under Assumptions 1–5, Ν∈TTkS }ˆ{ ,  is T -consistent for NTTks ∈}{ *

,  (Sakata and White (2001), 

Theorem 6.1), where  NTTks ∈}{ *

,  is bounded away from zero, as discussed above. It follows by 

(A.1) that )()logˆ(log 2/1*

,,

−=− TOsS PTkTk . Analogously, the assumption that 

)()( 2/1*

,2

*

,1

−=− TOss TT  yields that )()log(log 2/1*

,2

*

,1

−=− TOss PTT . By applying these results in 

(4), we obtain that 

 

(A.3)                        )()( 2/1

,1,2,1,2 TOccPSCPSC PTTTT +−=− . 

 

If we dividing both sides of this equality by 2/1
T  the first-term on the right hand side (RHS) 

diverges to infinity by hypothesis, while the second term is )1(PO  . Thus, TT PSCPSC ,1,2 −  is 

positive with a probability converging to one as ∞→T . The desired result therefore follows. 

 

Proof of Proposition 2 

 

i) The proof is the same as that of proposition 1(i), except that (A.1) holds for almost all Ν∈T  

a.s.- P  and the remainder term in (A.2) is replaced with )1(..sao  because under the given 

assumptions Ν∈− TTkTk sS }ˆ{ *

,,  converges to zero a.s.- P  (Sakata and White (2001), Theorem 5.3). 
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ii) The standard linearization technique (e.g., White (1994), Theorem 6.10) used to establish the 

asymptotic normality of the S-estimator and the objective function in the S-estimation 

(i.e., )ˆ,ˆ( ,, TkTk Sθ ) in our context) shows that there exists a real number 0>∆  such that  

),,(ˆ *

,

*

,,

*

,, ⋅Ψ∆≤− TkTkTkTkTk ssS θ  a.s.- P  (for example, we can set ∆  equal to 2 times the 

operator norm of  1*

,

*

,, )],,([ −⋅Ψ∇ TkTkTk sE θ ). We thus have by assumption 6(a) 

))log(log(|ˆ| 2/12/1

..

*

,, TTOsS saTkTk

−=− , from which it further follows by (A.1) that 

))log(log(|ˆ| 2/12/1

..

*

,, TTOsS saTkTk

−=− . Since, ))loglog(()( 2/1*

,2

*

,1

−=− TTOss TT we can also show 

analogously that ))loglog((|loglog| 2/1*

,2

*

,1

−=− TTOss TT . By applying these results in (4), we 

obtain that 

 

(A.4)                    ))loglog(()( 2/1

..,1,2,1,2 TTOccPSCPSC saTTTT +−=− . 

 

If we dividing both sides of this equality by 2/1)loglog( TT  the first-term on the RHS diverges to 

infinity by hypothesis, while the second term is )1(..saO . Thus, TT PSCPSC ,1,2 −  is positive a.s.-

P  The desired result therefore follows. 

 

Proof of Proposition 3 

 

i) If )1()ˆlogˆ(log ,1,2 PTT OSST =− , then )1()( ,1,2,1,2 PTTTT OccPSCPSC +−=− , so that 

TT PSCPSC ,1,2 −  is positive with a probability approaching to one, provided that ∞→− TT cc ,1,2  

is assumed in this proposition. Thus, it suffices to show that )1()ˆlogˆ(log ,1,2 PTT OSST =− .   

  

   By the definition of Ν∈
⊕

TT }{ ,2θ  we have that for each 1

2

1

2 Θ∈θ , )(),( *

,1,1,2

1

2,2 TTTT SS θθθ =⊕ ; in 

particular )(),ˆ( *

,1,1,2

1

2,2 TTTT SS θθθ =⊕ , where 1

,2
ˆ

Tθ  is the vector consisting of the first 1p  elements 

of T,2θ̂ . Using this fact we obtain that    

 

(A.5)   ))(logˆ(log)),ˆ(logˆ(log)ˆlogˆ(log *

,1,1,1,2

1

2,2,2,1,2 TTTTTTTT SSTSSTSST θθθ −−−=− ⊕ . 

 

As Sakata and White (2001, Lemma 5.1(a, f)) state, for each  2,1=k  Ν∈− TkTkkTk SS )}()({ ,, θθ  is 

convergent in probability to zero uniformly in kk Θ∈θ , and )(, kTkS θ  is positive uniformly in 

kk Θ∈θ  and Ν∈T . As the logarithmic function is Lipschitz on any closed interval in ++ℜ , it 

follows that )1()ˆlogˆ(log ,1,2 PTT OSST =−  if both  )),ˆ(ˆ( ,2

1

2,2,2

⊕− TTT SST θθ and ))(ˆ( *

,1,1,1 TTT SST θ−  

are )1(PO . In what follows, we only show that  )),ˆ(ˆ( ,2

1

2,2,2

⊕− TTT SST θθ  is  )1(PO  because the 

proof for  ))(ˆ( *

,1,1,1 TTT SST θ−  is analogous and simpler.  
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For each Ν∈T , each 1

2

1

2 Θ∈θ  and each Ω∈ω , let ),(
~ 1

2

2

,2 ωθθ T  be the random vector that 

minimizes ),,( 2

2

1

2,2 ⋅θθTS  in terms of 2

2θ  on 2

2Θ . For simplicity we write 2

,2

~
Tθ  and +

T,2θ  instead of 

),(
~ 1

2

2

,2 ωθθ T  and )( 1

2,2 θθ +
T , respectively. Also let  

 

(A.6)                       ),
~

,(),(
~ 2

,2

1

2,2

1

2

2

,2 ωθθωθ TTT SS ≡ ,                         Ω×Θ∈ 1

2

1

2 ),( ωθ ,    Ν∈T . 

 

Under assumptions 1-4 and 5’(b,c) and, repeating the proofs of Lemma 5.1 and 5.2 in Sakata and 

White (2001) establishes the identifiability of +
T,2θ  uniformly in 1

2

1

2 Θ∈θ , namely, for each 0>δ   

 

(A.7)                0)),((infinfinflim *

,2

2

2

1

2,2),( 2
2

2
2

1
2

1
2

>−
∈Θ∈∞→ TTT sSc

T

θθ
θδηθθ

, 

where { }+−Θ∈≡ T

c

T ,2

2

2

2

,

2

2

2

2 :),( θθθθδη . The convergence of Ν∈− TTT SS )}()(ˆ{ 2,22,2 θθ  in 

probability to zero uniformly in 22 Θ∈θ  (Sakata and White (2001), Lemma 5.1(f)) combined 

with this uniform identifiability yields the convergence of Ν∈
+− TTT }

~
{ ,2

2

,2 θθ  and Ν∈− TTT sS }
~

{ *

,2

2

,2  in 

probability to zero uniformly over 1

2

1

2 Θ∈θ  (see also Andrews (1993)). Further, by hypothesis 

Ν∈
⊕+ − TTT }{ ,2,2 θθ  converges to zero uniformly in 2

1

2 Θ∈θ . It follows that Ν∈
⊕− TTT }

~
{ ,2

2

,2 θθ . 

converges to zero uniformly in 2

1

2 Θ∈θ ,  Given this fact, we take the first-order Taylor 

expansion of ),,( 2

2

1

2,2 ⋅θθTS  as a function of 2

2θ  about 2

,2
ˆ

Tθ with the Lagrange remainder, to obtain 

that  

 

(A.8)   )1())(,()'ˆ()),()ˆ,(ˆ( ,2

2
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1

2,2,2

2

,22
1

,2

1

2,2

2
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1

2,2 2
2

2
2

PTTTTTTTTTT oSTSST +−∇−−=− ⊕⊕⊕ θθθθθθθθθθ
θθ

, 

 

where  TS ,22
2

2
2θθ

∇  denotes the Hessian of TS ,2 with respect to the second parameters, T,2θ  is 12 ×p  

random vector on the chord between 2

,2
ˆ

Tθ  and ⊕
T,2θ , and the remainder term reflects the fact that 

the gradient of TS ,2  at 2

,2
ˆ

Tθ  may not vanish, when  2

,2
ˆ

Tθ  is on the boundary of 2

2Θ . The remainder 

term converges to zero in probability uniformly in 1

2

1

2 Θ∈θ  , because of the uniform convergence 

of Ν∈
+− TTT }

~
{ ,2

2

,2 θθ  to zero discussed above. Because of this nature of the remainder term, we can 

now replace 1

2θ  with 1

2θ̂  to obtain that   

 

(A.9) )1()ˆ)(,ˆ()'ˆ()),ˆ()ˆ,ˆ(ˆ( ,2

2

,2,2

1

,2,2,2

2

,22
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,2

1

2,2

2

,2

1

2,2 2
2

2
2

PTTTTTTTTTTT oSTSST +−∇−−=− ⊕⊕⊕ θθθθθθθθθθ
θθ

. 

 

We below show that both Ν∈∇ TTTTS )}ˆ,ˆ({ ,2

1

,2,22
2

2
2

θθ
θθ

 and Ν∈
⊕− TTT )}ˆ{( ,2

2

,2 θθ  are )1(PO  to establish 

the desired result. 
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Since, TS ,22
2

2
2θθ

∇  is a continuous function of  TA ,2 , TB ,2 , TC ,2  and TD ,2  defined in appendix C and 

Ν∈− TTT AA }{ ,2,2 , Ν∈− TTT BB }{ ,2,2 , NTTT CC ∈− }{ ,2,2 and NTT DD ∈− }{ ,2  converges to zero in 

probability uniformly on 2Θ  under assumptions 1–4 and 5’(d, h), where TA ,2 , TB ,2 , TC ,2 and TD ,2  

are defined in appendix C. It follows that Ν∈∇−∇ TTT SS }{ ,2,2 2
2

2
2

2
2

2
2 θθθθ

 converges to zero in 

probability uniformly on 2Θ .  Since, Ν∈
⊕− TTT }

~
{ ,2

2

,2 θθ  converges in probability to zero uniformly 

in 1

2

1

2 Θ∈θ , )1(|),(),(|sup ,2,2,2,2 2
2

2
2

2
2

2
2

1
2

1
2

PTTTT oSS =⋅∇−⋅∇ ⊕

Θ∈
θθ

θθθθθ
. By assumptions 5'(d, i), we 

also have that )1(|),(|sup ,2

1

2,22
2

2
2

1
2

1
2

OS TT =∇ +

Θ∈
θθ

θθθ
. Combining these facts proves that the middle 

factor on the RHS of (A.9) is )1(PO . 

 

We next show that Ν∈
⊕− TTTT )}ˆ({ ,2

2

,2 θθ  is )1(PO . Note that  
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1
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2

,2,2

2

,2

⊕++⊕ −+−=− TTTTTTTT TTT θθθθθθθθ  

 

                ))((sup)
~

(sup ,2

1

2,2,2

2

,2 1
2

1
2

1
2

1
2

⊕+

Θ∈

+

Θ∈
−+−≤ TTTT TT θθθθθ

θθ
. 

 

Since the second term on the RHS is bounded by definition, it is sufficient to show that the first 

term is )1(PO . In order to do so, we apply the standard linearization of the generalized score 

function, 2

,2 TΨ , to obtain the mean-value approximation to )
~

,
~

( ,2

2

,2 TT Sθ  for each 1

2

1

2 Θ∈θ . In the 

linear approximation, the consistency of Ν∈TTT S )
~

,
~

( ,2

2

,2θ  for ),( *

,2,2 TT s
+θ  uniformly in 1

2

1

2 Θ∈θ  and 

assumptions 5'(d, e) imply that the difference between the component containing the inverse of 

the Jacobian of 2

,2 TΨ  and the inverse of )],,
~

,('[ *

,2

2

,2

2

,2 ⋅⋅Ψ∇ TTT sE θ  converges to zero in probability 

uniformly in 1

2

1

2 Θ∈θ . Because )],,,('[ *

,2,2

2

,2 ⋅⋅Ψ∇ +
TTT sE θ  is bounded and nonsingular uniformly in 

1

2

1

2 Θ∈θ  and Ν∈T , it follows that the operator norm of the inverse Jacobian part in the linear 

approximation is bounded. Therefore, the stochastic order of  { }
NT

TTT
∈

+
Θ∈

− )
~

(sup ,2,21
2

1
2

θθ
θ

 is 

dominated by that of the supremum magnitude of the score, { }
Ν∈

+ ⋅Ψ≡
T

TTTT s ),,,()( *

,2,2

1

2

2

,2

1

2 θθθξ . 

Hence, the remaining task is to show that  

 

(A.11)                                         )1()(sup 1

21
2

1
2

PT OT =
Θ∈

θξ
θ

. 

Let ε  be an arbitrary positive number. Then there exists a real number 0>δ  such that  
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2 δθθθξθξ <−−∞→ TTT TTP  

 

                                       } ] 2/2/),(, 1

2

1

2

1

2

1

2 εεθθ <>Θ×Θ∈ , 
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since Ν∈TT }{ξ  is stochastically equicontinuous by assumption 5’(g) . Since, 1

2Θ  is compact, we 

can cover it by a finite number, say m , of open balls with radiusε . Let )(1

2

iθ  denote the center of 

the i th radius ( mi ,,2,1 …= ). Then Ν∈T

i

TT |)})({| )(1

2θξ  is )1(PO  by assumptions 5'(e, f). Also, it 

follows from (A.12) that 

 

(A.13)                            )2/()(max)(sup )(1

2},,2,1{

1

21
2

1
2

εθξθξ
θ

+≥ ∈Θ∈

i

TmiT TT
…

 

 

with a probability less than 2/ε . Because the first term on the RHS of this inequality is an 

)1(PO , we can choose a real number 0>∆ , so that  

  

(A.14)                              [ ] )2/()(max )(1

2},,2,1{ εθξ ≤∆≥∈
i

Tmi TP
…

. 

By the application of the implication rule, we obtain:  

 (A.15)                             [ ] εθξ
θ

≤∆≥
Θ∈

*1

2 )(sup 1
2

1
2

TTP , 

where )2/(* ε+∆=∆ . Because 0>ε  was chosen arbitrarily, this proves (A.11). Hence, (A.9) is 

bounded in probability, and the desired result follows. 

 

ii) If  )log(log)ˆlogˆ(log ..,1,2 TOSST saTT =− , than TT PSCPSC ,1,2 −  is positive a.s.- P  given the 

assumption that ∞→−−
..,1,2

1 )()log(log saTT ccT . Thus, it suffices to establish that 

)log(log)ˆlogˆ(log ..,1,2 TOSST saTT =− . As in proposition 3(i), it sufficient to establish that the 

order of magnitude of  )),ˆ(ˆ( ,2

1

2,2,2

⊕− TTT SST θθ  is given by )log(log.. TO sa .  

 

    The proof of proposition 3(ii) takes steps analogous to those taken in the proof of proposition 

3(i). Replacing each convergence in probability with almost sure convergence and each 

stochastic equicontinuity with strong stochastic equicontinuity in the proof of proposition 3(i), 

we obtain that )1(|),(| ,2

1

2,22
2

2
2

OS TT =∇ +θθ
θθ

 and )1(|),(),(| ..,2,2,2,2 2
2

2
2

2
2

2
2

saTTTT oSS =⋅∇−⋅∇ ⊕θθ
θθθθ

 

uniformly over 1

2Θ . In addition, we have that ( ))(sup)
~

(sup 1

2..,2,2 1
2

1
2

1
2

1
2

θξθθ
θθ TsaTT O

Θ∈
+

Θ∈
=− .  

 

Now, given (A.9) with the )1(..sao  remainder term, the desired result follows if 

))log(log()ˆ( 2/12/1

..,2

2

,2 TTO saTT

−⊕ =−θθ  uniformly over 1

2Θ .  Let 2/12/1 )log(log −= TTaT  and note 

that  
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+
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−+−≤ TTTTTT aa θθθθθ

θθ
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Since, the second term on the RHS is bounded by definition, it is sufficient to show that the first 

term is )1(..saO . By assumption 6'(c), there exists a real number 0>δ  such that 

 

(A.17)               1)()(supsupsuplim 1

2

1

2),( 1
2

1
2

1
2

1
2

≤−
∈Θ∈∞→ θξθξ

δθθθ TTBT , 

 

where ),( 1

2 δθB  denotes the closed sphere with radius δ centered at 1

2θ . Since 1

2Θ  is a compact 

set, it has a finite cover { }niB i ,,2,1:),( 1

2 …=δθ . It follows that  

 

(A.18) ∑
=

∞→≤≤∞→Θ∈∞→ +≤+≤
n
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1

21

1

2 1)(suplim1)(maxsuplim)(supsuplim 1
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θ
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Further, applying assumption 6'(b) to the first term on the RHS of this inequality, we obtain that 

)))log((log()(sup 2/12/1

..

1

21
2

1
2

TTO saT

−
Θ∈

=θξ
θ

 this complete the proof. 

 

Proof of Proposition 5: 

 

We begin by introducing some notations. Let hΘ , ThS , , th,µ  and th,ψ  be respectively the 

parameter space, the population S-scale measure, the regression function, and the summands in 

the generalized score function for the model with h - regimes. Denote by *

,Thθ  the parameter 

value that minimizes the population S-scale measure and )( *

,

*

, hThTh Ss θ≡ . Also, for the partially 

unidentified model ( 3=h ) the parameter vector is partitioned as 3

2

3

1

3

2

3

1

33 ),( Θ≡Θ×Θ∈= θθθ , 

where 1

3Θ , 2

3Θ , +
T,3θ , 1

3θ , and 2

3θ  are as in section 4 (for 2=k ). 

 

     Conditions (A1)-(A4) clearly imply assumptions 1-2, 3(a,b) for all h ; assumptions 5(a,b,c) 

for 2,1=h , and assumptions 5’(b,c’,e) for 3=h  also follow from them. To establish the rest of 

the assumptions, we first show that the true STAR process ( 20 =h ) is a strictly stationary, 

ergodic and exponential β - mixing process.  

 

    In order to show the geometric ergodicity of }{ ty , we use results in the theory of continuous 

state Markov chains. We formulate the STAR process in its state space representation. Letting 

)',,,( 11 +−−= ptttt yyyx …  and )'0,,0,( …ttu ε= , define matrix 

 

















 ⋅+⋅+⋅+

=Φ

−−−

010

001

)()()( 2,1,12,11,11211

⋯

⋮⋮⋱⋮

⋯

… GGG pppp ββββββ

, 

 

so that 
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(A.19)                                                     ttt uxx +⋅Φ= −1 . 

 

The assumption on the density function of the error term implies that the STAR process is λ - 

irreducible (λ  is the Lebesgue measure) and aperiodic (Chan, 1993). The boundedness of G  

implies that anyλ  non-null relatively compact sets, i.e., sets whose closure are compact, are 

small (Chan and Tong (1985), Chan (1993)). Given these results, if there exists a drift function 

],1[: ∞→ΩV , a compact set Ω⊂C  and constants )1,0(∈η , 0>a  such that 

 

(A.20)            )(1)()|)(( 1 xaxVxxxVE Ctmt ⋅+⋅≤=−+ η  for all Ω∈x , 

 

the process is geometrically ergodic and there exists an invariant measure for the process. If tx  is 

initiated at the invariant distribution or in the infinite past then the Markov chain is stationary, 

ergodic and β -mixing with exponential decay. Finally, ∞<)( txEV  (see Tjosthem (1990) and 

Meyen and Tweedie (1993), Ch.15-16).  Let   

 


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


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

 +++

=Φ

−−−

010

001

||sup||sup||sup 2,1,12,11,11211

⋯

⋮⋮⋱⋮

⋯

… zzz ppzppzz ββββββ

, 

 

where ]1,0[∈z . Note that Φ≥Φ , where the inequality means that it holds for each of the 

elements. Now, there exists a matrix Ξ  such that ΛΞΞ=Φ −1  and Λ has its eigenvalues along its 

diagonal and arbitrarily small off-diagonal elements (Bellman (1960), pp.198-199). We consider 

the function 
k

xxV ⋅Ξ+=1)(  and a compact set { }cxxC
p ≤ℜ∈= :  for some ∞<c , where 

⋅ denotes the Euclidean norm for a vector or the spectral norm for a matrix. We have that 

 

(A.21)     )(1)(1)|( 11

1

−−
− +Ξ+ΦΞ+≤+Ξ+ΞΦ+≤= kk

t

kkk

t

k

tt xOuxxOuxxxxV       

               )(1 1−+Ξ⋅Λ+≤ kkk
xOx . 

 

The first inequality follows from the Minkowski inequality and the binomial formula, the second 

inequality is straightforward since Φ≤Φ , and the last inequality results from condition (A2). 

By (A5), the largest eigenvalue of Φ  is less than one, and 1)( <Λ
k

diag . Since the off diagonal 

elements of Λ  can be made arbitrarily small, there exists )1,0(∈η  such that 1<<Λ ηk
. Thus, 

we can choose ∞<c  such that 

 

(A.22)                      )(1)()|)(( 1 xaxVxxxVE Ctt ⋅+⋅≤=− η . 

 



 33

Hence }{ ty  is ergodic, asymptotically stationary and it satisfies that ∞<)( κ
tyE  for 6≥κ . Since 

the STAR process is started in the infinite past, it is strictly stationary, ergodic and β -mixing 

with an exponential decay.  

   

  These results, the compactness of the parameter set, and the boundedness of the function G  

imply the uniform integrability condition stated in assumption 3(c). Also, conditions (A2), (A3) 

and Theorem 3.35 of White (2001) imply that the sequences of random functions of ),( shθ  

defined in assumption 5(f) are stationary and ergodic (note that kθ  is replaced by hθ ). 

Furthermore, the existence of higher order moments, the compactness of the parameter set, the 

boundedness of ρ , 'ρ  and ''ρ  and successive applications of the Holder inequality imply that 

these sequences are bounded uniformly by some integrable function. Hence, we can apply the 

USLLN for stationary ergodic processes (see, Ranga Rao (1962)) to show that these sequences 

obey the USLLN on ],[ 21 ssh ×Θ  and the family of functions defined in assumption 5(f) are 

continuous on ],[ 21 ssh ×Θ  where 21 ss ≤ . Therefore, assumptions 3(c), 4(a), 5(e), 6(b,c) hold 

for each h  and 5'(h), 6'(d,e) hold for 3=h . So, condition (A7) and proposition 2(i) imply that 

}3,2{ˆ ∈Th  a.s. because these models are asymptotically better in comparison to the model with 

one regime.   

 

     Now, using conditions (A1)-(A3) and after some tedious calculations we have that the j -

element of th,ψ  satisfies, ||||
)(

1

)(

,,
21 j

t

j

itjh

j

th yyC
ττψ −−≤ , where 1,0)(1 =jτ , 1,0)(2 =jτ and jhC ,  are 

some positive constants; hence, Holder inequality and ∞<)( κ
tyE  for 6≥κ  imply that 

( )2

, || j

thE ψ  is bounded uniformly over hΘ  for each h . Since the stationarity, ergodicity and the 

mixing properties of ty  are preserved by any continuous transformation, we can deduce that 

Ν∈tth }{ ,ψ  is strictly stationary, ergodic and β -mixing with an exponential decay process, which 

is bounded in the 2L -norm. So, the regular mixing zero-mean process Ν∈− tthth E )}({ ,, ψψ  is 

adapted 2L -mixingale of size –1/2 with respect to the subfields tℑ  (see Davidson (1994), 

Theorem 14.2). Therefore, we can apply corollary AIII.3 of Sin and White (1992) to establish 

that this sequence satisfies the LIL for all hh Θ∈θ   for each h , so assumptions 6’(a, b) are 

satisfied.  

  

  Let 2/1)loglog( −= TTbT , we have to show that ),,,(
1

*

,3,3

1

3,3 ⋅∑
=

+
T

t

TTtT sb θθψ  is strongly 

asymptotically equicontinuous on 1

3Θ  that is  

 

0),,,(),,,(supsupsuplim
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1
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1
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1
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++
∈Θ∈∞→

T

t

T

t
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h

tTTTthTBT sbsb θθψθθψ
δθθθ

ɺɺ
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as 0→δ  a.s., where ),( 1

3 δθB  denote the closed sphere  with radius 0>δ  centered at 1

3θ . 

By using the smoothness and boundness of the first and second derivatives of ρ  and G , the 

mean-value expansion around 1

3θ  and Holder inequality and noting that +
3θ  is independent of 1

3θ  
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and sample size, we can show that the difference between the j -elements of    

),,,(
1

*

,3,3

1

3,3 ⋅∑
=

+
T

t

TTtT sb θθψ  evaluated at 1

3θ  and 1

3θɺɺ  satisfies that  
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where 1,0)(1 =jτ , 2,1,0)(2 =jτ  and jC
~

 is some positive constant. Using similar arguments as 

mentioned above, we have that )1(||suplim ..

1

)(

1

)( 21

sa

T

t

j

t

j

itTT Oyyb =∑
=

−−∞→
ττ

. Therefore, the RHS of 

the inequality approaches zero a.s. as 0→δ  and assumption 6’(c) is verified. Since all 

assumptions imposed in 3(ii) are satisfied and the models are nested; condition (A7) on the 

penalty term implies that 2ˆ →Th  a.s.  

 

 

Appendix C (the derivatives of the scale function) 

 

When  NT ∈  and Ω∈ω  satisfy that ∞<< ),(0 , ωθ kTkS  then for each kk Θ∈θ    

 

(C.1)    MSh kTkkTk =)),(,( ,, ωθθ     and    MSh kTkkTk =))(,( ,, θθ , 

 

as Lemma 3.1(c) in Sakata and White (2001) shows. By the implicit function theorem, we obtain that 
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and 0>TB , since TkS ,  is a positive bounded number and 'ρ  is an odd function. Taking the 

further derivatives of TkS ,θ∇ delivers that 
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Let  TkTkTk CBA ,,, ,,  and  TkD ,  be the population counterparts of TkTkTk CBA ,,, ,, , and TkD , , 

respectively (in which TkS ,  is replaced by TkS , ). The first and second derivatives of TkS , , which 

can be calculated analogously, are: 
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