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Introduction

Leibniz algebras were first introduced by J.-L. Loday in [1] as a non-antisymmetric 
version of Lie algebras, and many results of Lie algebras were also established in Leibniz 
algebras. Earlier, such algebraic structures had been considered by A. Blokh, who called 
them D-algebras [2]. Leibniz algebras play a significant role in different areas of mathe-
matics and physics.
In [3] and [4] Lie algebras with small dimensional commutator ideals have been consid-
ered. In this paper our main goal is to classify all the two-step nilpotent Leibniz algebras 
over a field of characteristic different from 2.
The first Section is devoted to some background material on Leibniz algebras which will 
be useful for the rest of the paper. We refer the reader to [5] for more details.
In the second Section we use the definition of Kronecker module to classify all the in-
decomposable nilpotent Leibniz algebras with one-dimensional commutator ideal. We 
associate with each of them a pair of bilinear forms, one symmetric and one skew-
symmetric, and we use the simultaneous reduction of this pair to show that there are 
only three classes of nilpotent Leibniz algebras with one-dimensional commutator ideal. 
Up to isomorphisms, the first class is determined by the companion matrix of the power 
of a monic irreducible polynomial, and the other two are unique. In this way, we give 
the definition of Heisenberg Leibniz algebra, Kronecker Leibniz algebra and Dieudonné 
Leibniz algebra.
In Section 3 we study the complex and the real case of the indecomposable Heisenberg 
Leibniz algebras. In this case, when the field is C, it is more convenient to use the Jor-
dan canonical form of the companion matrix of the polynomial (x − a)k, that is a k × k

Jordan block of eigenvalue a. Moreover, when the dimension is 3, we determine all the 
isomorphism classes of these algebras.
In the last Section we give a global answer to the coquecigrue problem for nilpotent 
real Leibniz algebras. We mean the problem, formulated by J.-L. Loday [1], of finding 
a generalization of Lie third theorem, which associates a Lie local group with any (real 
or complex) Lie algebra, to Leibniz algebras. That is, given any Leibniz algebra g, one 
wants to find a manifold endowed with a smooth map which plays the role of Ad for 
Lie groups, and such that the tangent space at a distinguished point, endowed with the 
differential ad of Ad, is a Leibniz algebra isomorphic to g. In the special case of (real) Lie 
algebras g, one wants to obtain the usual simply connected Lie group associated with g.
We prove that, if a Lie rack R integrating a left Leibniz algebra g is idempotent (i.e. a 
quandle), then g is a Lie algebra and the multiplication of R is induced by the conjuga-
tion of a Lie group integrating g. Moreover, we show that the integration of nilpotent 
Leibniz algebras is global. As an application, we describe the Lie global racks integrating 
the indecomposable nilpotent Leibniz algebras with one-dimensional commutator ideal 
classified in the second section.
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1. Preliminaries

We assume that F is a field with char(F) �= 2. For the general theory we refer to [5].

Definition 1.1. A left Leibniz algebra over F is a vector space L over F endowed with a 
bilinear map (called commutator or bracket) [−, −] : L × L → L which satisfies the left 
Leibniz identity

[x, [y, z]] = [[x, y], z] + [y, [x, z]] ∀x, y, z ∈ L.

In the same way we can define a right Leibniz algebra, using the right Leibniz identity

[[x, y], z] = [[x, z], y] + [x, [y, z]] ∀x, y, z ∈ L.

A Leibniz algebra that is both left and right is called symmetric Leibniz algebra. From 
now on we assume that dimF L < ∞.
An equivalent way to define a left Leibniz algebra, is to say that the (left) adjoint map 
adx = [x, −] is a derivation, for every x ∈ L. Clearly every Lie algebra is a Leibniz algebra 
and every Leibniz algebras with skew-symmetric commutator is a Lie algebra. Thus it 
is defined an adjunction (see [6]) between the category LieAlg of the Lie algebras and 
the category LeibAlg of the Leibniz algebras. The left adjoint of the functor inclusion 
i : LieAlg → LeibAlg is the functor π : LeibAlg → LieAlg that associates with every 
Leibniz algebra L the quotient L/ Leib(L), where Leib(L) = SpanF{[x, x]| x ∈ L}. We 
observe that Leib(L) is the smallest bilateral ideal of L such that L/ Leib(L) is a Lie 
algebra. Moreover Leib(L) is an abelian Lie algebra.
As in the case of Lie algebras, a derivation of a Leibniz algebra is a linear map d : L → L

such that

d ([x, y]) = [d(x), y] + [x, d(y)] ∀x, y ∈ L.

The left multiplications are particular derivations called inner derivations. With the 
usual bracket
[d1, d2] = d1 ◦ d2 − d2 ◦ d1, the set Der(L) is a Lie algebra and the set Inn(L) of all 
inner derivations of L is an ideal of Der(L). Furthermore, Aut(L) is a Lie group and the 
associated Lie algebra is Der(L).
We define the left and the right center of a Leibniz algebra

Zl(L) = {x ∈ L | [x, L] = 0} , Zr(L) = {x ∈ L | [L, x] = 0} ,

and we observe that they coincide when L is a Lie algebra. The center of L is Z(L) =
Zl(L) ∩ Zr(L). In the case of symmetric Leibniz algebras, the left center and the right 
center are bilateral ideals, but in general Zl(L) is an ideal of the left Leibniz algebra L, 
meanwhile the right center is not even a subalgebra.
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Definition 1.2. Let L be a left Leibniz algebra over F and let

L(0) = L, L(k+1) =
[
L,L(k)

]
, ∀k ≥ 0,

be the lower central series of L. L is n-step nilpotent if L(n−1) �= 0 and L(n) = 0.

One can directly prove the following.

Proposition 1.3. If L is a left two-step nilpotent Leibniz algebra, then L(1) = [L, L] ⊆ Z(L)
and L is symmetric.

Proposition 1.4. If L is a left nilpotent Leibniz algebra with dimF L(1) = 1, then L(1) ⊆
Z(L) and L is symmetric.

2. Nilpotent Leibniz algebras with one-dimensional commutator ideal

Let L be a two-step nilpotent Leibniz algebra, and let {z1, . . . , zt} be a basis of the 
commutator ideal [L, L], thus, for any x, y ∈ L,

[x, y] = φ1(x, y)z1 + · · · + φt(x, y)zt,

where φi : L × L → F is a bilinear form, for every i = 1, . . . , t. In the Lie algebra case, 
φ1, . . . , φt are skew-symmetric forms. In this section we reduce such a given bilinear form 
to a suitable canonical representation.

Let L be a nilpotent Leibniz algebra with one-dimensional commutator ideal [L, L] =
SpanF{z}, where z ∈ L is fixed, and let [x, y] = φ(x, y)z, where φ : L × L → F is a 
bilinear form. We observe that, if L is not a Lie algebra, then Leib(L) = [L, L] ⊆ Z(L).
We can decompose φ into its symmetric and skew-symmetric parts

σ = φ + φt

2 , α = φ− φt

2 .

A complete classification of this pair of bilinear forms gives a classification of this class 
of Leibniz algebras. The simultaneous reduction to canonical form of a pair of bilinear 
forms was initiated by Kronecker in [7] and then was studied by J. Dieudonné in [8].

Definition 2.1. A Kronecker module is a quadruple (V1, V2, f1, f2), where V1, V2 are vector 
spaces over F and f1, f2 : V1 → V2 are linear maps.

Every Kronecker module is the direct sum of indecomposable modules and these 
were completely classified by several authors (cf. [9]). Given a pair of bilinear forms 
α, σ defined over a Leibniz algebra L as above, it is possible to associate the Kronecker 
module (L, L∗, ᾱ, ̄σ), where L∗ is the algebraic dual space of L and, for every x, y in L, 
ᾱ(x) and σ̄(y) are defined by
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ᾱ(x) : z �→ α(x, z), σ̄(y) : z �→ σ(y, z), ∀z ∈ L.

We say that L is decomposable if L = U ⊕ U⊥, where U⊥ is the orthogonal space of 
U with respect to both α and σ. In this case it is possible to find a basis of L such that 
the matrix associated with φ is a diagonal block matrix. With standard arguments we 
can assume that L is indecomposable.
The indecomposable modules (L, L∗, ᾱ, ̄σ) turn out to be one of the following three pairs

(
0 In

−In 0

)
,

(
0 A
At 0

)
(1)(

0 A
−At 0

)
,

(
0 In
In 0

)
(2)(

0 J1
−J t

1 0

)
,

(
0 J2
J t

2 0

)
(3)

where A ∈ Mn(F), and J1, J2 are the matrices associated with linear applications 
F1, F2 : Fn → Fn+1 defined by F1(x1, . . . , xn) = (x1, . . . , xn, 0) and F2(x1, . . . , xn) =
(0, x1, . . . , xn).
The following result is a useful tool for the classification of the indecomposable nilpotent 
Leibniz algebras with one-dimensional commutator ideals..

Proposition 2.2. Let L1 and L2 be Leibniz algebras of dimension n with one-dimensional 
commutator ideals [L1, L1] = Fz1 and [L2, L2] = Fz2, and let φ1 and φ2 be the bilinear 
forms associated with L1 and L2 respectively. One can fix bases of L1 and L2 such that, 
if Φ1 and Φ2 are the matrices of φ1 and φ2 respectively, then L1 is isomorphic to L2 if 
and only if Φ1 is congruent to Φ2.

Proof. Let ϕ : L1 → L2 be a Leibniz algebras isomorphism and let {e1, . . . , en−1, z1} be 
a basis of L1. Then ϕ(z1) = kz2, for some k ∈ F∗, and {ϕ(e1), . . . , ϕ(en−1), kz2} is a 
basis of L2 such that the associated matrix is Φ1. Then there exists a matrix P ∈ GLn(F)
such that PΦ2P

t = Φ1.
Conversely, we suppose that there exists P ∈ GLn(F) such that PΦ1P

t = Φ2. Φ1
and Φ2 are matrices associated with bilinear forms, so P induces a change of basis 
{e1, . . . , en−1, z1} → {e1, . . . , en−1, kz1}, with k ∈ F∗, of L1. Thus the isomorphism 
between L1 and L2 is given by the linear map

ϕ(ei) = e′i, ∀i = 1, . . . , n− 1, ϕ(kz1) = z2,

where {e′1, . . . , e′n−1, z2} is a basis of L2. �
We observe that, if X ∈ GLn(F), then the matrix

(
X 0
0 (X−1)t

)



124 G. La Rosa, M. Mancini / Linear Algebra and its Applications 637 (2022) 119–137
induces a change of basis that transforms the canonical pairs (1) and (2) respectively in

(( 0 In
−In 0

)
,

(
0 XAX−1

(XAX−1)t 0

))
,

((
0 XAX−1

−(XAX−1)t 0

)
,
( 0 In
In 0

))
,

so we can always reduce A in its rational canonical form. Thus, with the assumption 
that L is indecomposable, if A ∈ Mn(F) is not the zero matrix, then A is the companion 
matrix of a power of a monic irreducible polynomial f(x) ∈ F [x] (see [10]).
Moreover, if A is not a singular matrix, then the second canonical pair is equivalent to 
the first one, in fact

(
A−1 0
0 In

)(
0 A

−At 0

)(
A−1 0
0 In

)t

=
(

0 In
−In 0

)
(
A−1 0
0 In

)(
0 In
In 0

)(
A−1 0
0 In

)t

=
(

0 A−1

(A−1)t 0

)
.

Otherwise, we can represent a singular matrix as an n ×n Jordan block of eigenvalue 
zero and we have a unique Kronecker module of type (2) up to isomorphisms.

Definition 2.3. Let f(x) ∈ F [x] be a monic irreducible polynomial. Let k ∈ N and let 
A be the companion matrix of f(x)k. We define the Heisenberg Leibniz algebra lA2n+1
as the (2n + 1)-dimensional indecomposable Leibniz algebra with associated Kronecker 
module of type (1).

In general, if A = (aij) ∈ Mn(F) and if we fix a basis {e1, . . . , en, f1, . . . , fn, h} of 
lA2n+1, then the non-trivial commutators are

[ei, fj ] = (δij + aij)h, [fj , ei] = (−δij + aij)h, ∀i, j = 1, . . . , n,

so we can associate with lA2n+1 the following structure matrix

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0 In + A
...
0
0

−In + At 0
...
0

0 · · · 0 0 · · · 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Notice that, if (aij) is the zero matrix, then we obtain the classical Heisenberg algebra 
h2n+1.



G. La Rosa, M. Mancini / Linear Algebra and its Applications 637 (2022) 119–137 125
Definition 2.4. Let n ∈ N and let A be the companion matrix of the polynomial xn. 
We define the Kronecker Leibniz algebra kn as the (2n +1)-dimensional indecomposable 
Leibniz algebra with associated Kronecker module of type (2).

Definition 2.5. We define the Dieudonné Leibniz algebra dn is the (2n + 2)-dimensional 
Leibniz algebra with associated Kronecker module of type (3).

We observe that, for every n ∈ N, the Kronecker Leibniz algebra kn and the Dieudonné 
Leibniz algebra dn are not Lie algebras and they are unique up to isomorphism, because 
of the unicity of the Kronecker modules of type (2) and (3).

3. Complex and Real Heisenberg Leibniz algebras

Now we want to describe in details the indecomposable Heisenberg Leibniz algebras 
in the case the field F is C or R.

3.1. The case F = C

Let k ∈ N and let f(x) = x − a ∈ C[x]. Then the companion matrix of f(x)k is

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 · · · · · · 0 −ck

1
. . .

... −ck−1

0 1
. . .

...
...

...
. . . . . . 0

...
0 · · · 0 1 −c1

⎞
⎟⎟⎟⎟⎟⎟⎠

∈ Mk(C),

where cj =
(

k
j−1

)
(−a)k−j+1, for every j = 1, . . . , k. In this case, however, it is more 

convenient to use the Jordan canonical form. Indeed, it is well known that the matrix A
is similar to the k × k Jordan block of eigenvalue a

Ja =

⎛
⎜⎜⎜⎜⎜⎜⎝

a 0 0 · · · 0

1
. . . . . .

...
...

. . . . . . . . . 0
...

. . . . . . 0
0 · · · · · · 1 a

⎞
⎟⎟⎟⎟⎟⎟⎠

Thus lA2k+1
∼= l

Ja

2k+1 and the Leibniz bracket is given by

[e1, fj ] =δ1,j(1 + a)h

[ei, fj ] = (δi,j(1 + a) + δi−1,j)h, ∀i = 2, . . . , k;

[fj , ei] = (δi,j(−1 + a) + δi,j+1)h, ∀j = 1, . . . , k − 1
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[fk, ei] =δi,k(−1 + a)h,

where {e1, . . . , en, f1, . . . , fn, h} is a basis of lJa

2k+1.

Proposition 3.1. Let a ∈ C. The Heiseberg-Leibniz algebras lJa

2k+1 and lJ−a

2k+1 are isomor-
phic.

Proof. The algebras lJa

2k+1 and l−Jt
a

2k+1 are isomorphic via the linear map ϕ defined by

ϕ(ei) = f ′
i , ϕ(fi) = e′i, ϕ(h) = −h′, ∀i = 1, · · · , n

where {e1, · · · , en, f1, · · · , fn, h} and {e′1, · · · , e′n, f ′
1, · · · , f ′

n, h
′} are bases of lJa

2k+1 and 

l
−Jt

a

2k+1 respectively. Moreover the matrix −J t
a is similar to the n × n Jordan block J−a. 

Thus lJa

2k+1
∼= l

J−a

2k+1. �
When k = 1 the converse result is also true.

Proposition 3.2. Let a, a′ ∈ C. The Heisenberg Leibniz algebras la3 and la
′

3 are isomorphic 
if and only if a′ = ±a.

Proof. It is easy to check that the matrix

(0 1 0
1 0 0
0 0 −1

)

defines a Leibniz algebras isomorphism between la3 and l−a
3 . Conversely, let ϕ : la3 → la

′
3

be a Leibniz algebra isomorphism defined by

ϕ(x) = αx′ + βy′ + γz′, ϕ(y) = α′x′ + β′y′ + γ′z′, ϕ(z) = kz′,

where {x, y, z} and {x′, y′, z′} are basis of la3 and la
′

3 respectively. Thus

0 = ϕ ([x, x]) = [ϕ(x), ϕ(x)] = αβ (1 + a′ − 1 + a′) z′ = 2αβa′z′,

0 = ϕ ([y, y]) = [ϕ(y), ϕ(y)] = α′β′ (1 + a′ − 1 + a′) z′ = 2α′β′a′z′,

k(1 + a)z′ = ϕ ([x, y]) = [ϕ(x), ϕ(y)] = (α′β (1 + a′) + αβ′ (−1 + a′)) z′,

k(−1 + a)z′ = ϕ ([y, x]) = [ϕ(y), ϕ(x)] = (αβ′ (1 + a′) + α′β (−1 + a′)) z′.

We have that (α′, β) = (0, 0) or (α, β′) = (0, 0). In the first case ϕ is the identity map 
and a = a′. In the second case ϕ is defined by ϕ(x) = y′, ϕ(y) = x′ and ϕ(z) = −z′, 
thus a′ = −a. �



G. La Rosa, M. Mancini / Linear Algebra and its Applications 637 (2022) 119–137 127
3.2. The case F = R

Irreducible polynomials in R[x] have degree one or two. Let f(x) ∈ R[x] be an ir-
reducible monic polynomial. If f(x) = x − a, then we obtain the same results of the 
previous case. So we suppose that f(x) = x2 + bx + c, with b2 − 4c < 0.
Let z = α + iβ ∈ C be a root of f(x). Then f(x) = (x − z)(x − z̄) and the companion 
matrix A of f(x)k in similar to the 2k × 2k real block matrix

JR =

⎛
⎜⎜⎝

R 0 · · · 0
I2 R · · · 0
...

. . . . . .
...

0 · · · I2 R

⎞
⎟⎟⎠ ,

where

R = Rα,β =
(

α β
−β α

)

is the realification of the complex number z. Thus lA4k+1
∼= l

JR

4k+1 and the structure matrix 
is given by

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0 In + JR
...
0
0

−In + J t
R 0

...
0

0 · · · 0 0 · · · 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

In the case that k = 1, the real Heisenberg Leibniz algebra lR5 is the realification of the 
complex algebra lz3. Thus we can conclude that

Proposition 3.3. Let f(x), g(x) ∈ R[x] be two irreducible monic polynomials of degree 
two and let z, z′ ∈ C be roots of f(x) and g(x) respectively. Let R, R′ ∈ M2(R) be the 
realification of the complex numbers z and z′. Then lR5 ∼= lR

′
5 if and only if R′ = ±R.

Proof. The algebras lR5 and lR
′

5 are the realification of the complex Heisenberg Leibniz 
algebras lz3 and lz

′
3 respectively. From Proposition 3.2 we know that lz3 ∼= lz

′
3 if and only if 

z = ±z′. Moreover, these are R-linear isomorphisms because the matrix associated with 
the isomorphism ϕ : lz3 � l

−z
3 is the rotation

(0 1 0
1 0 0

)
∈ SO(3)
0 0 −1
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Thus lR5 ∼= lR
′

5 if and only if R = ±R′. �
4. Global integration of two-step nilpotent Leibniz algebras

In the case of the correspondence between a Lie group G and its Lie algebra g = T1G, 
the bracket

[x, y] = adx(y),

where ad : g → gl(g), is the differential of the adjoint representation Ad : G → GL(g), 
which in turn is the differential of the conjugation map γ : x �→ γx, where γx(y) := x � y

and x � y = xyx−1, for every x, y ∈ G. In the case of Leibniz algebras, there is no hope, 
as we will see, of finding such a map Ad, but it is still possible to define an algebraic 
structure (X, �), called a rack, whose operation, differentiated twice, defines on T1X a 
Leibniz algebra structure.
From now on, unless explicitly stated, the underlying field of any vector space will be 
the real numbers.

Definition 4.1. A (left) rack is a set X with a binary operation � : X ×X → X which 
is (left) autodistributive, that is, for all x, y, z ∈ X, x � (y � z) = (x � y) � (x � z) and 
such that x �− : X ×X → X is a bijection for all x ∈ X. A rack is said to be pointed if 
there exists an element 1 ∈ X, called the unit, such that 1 � x = x and x � 1 = 1 for all 
x ∈ X. A rack (X, �) is a quandle if x � x = x, for every x ∈ X (i.e. � is idempotent).

A pointed rack homomorphism is a map f : X → Y such that f(x � y) = f(x) � f(y), 
for all x, y ∈ X and such that f(1X) = 1Y .
Every group endowed with the conjugation is a pointed rack, so there is a functor Conj :
Grp → Rack, between the category Grp of groups and the category Rack of racks.
This functor has a left adjoint As : Rack → Grp defined by

As(X) = F(X)/〈{xyx−1 (x � y−1) | xy ∈ X}〉,

where F(X) is the free group generated by X.

Definition 4.2. A Lie rack is a pointed rack (X, �, 1) such that X is a smooth manifold, 
� is a smooth map and such that for all x ∈ X x � − is a diffeomorphism.

In [11] M.K. Kinyon shows that the tangent space at the unit element of a Lie rack
(X, �), endowed with the bracket

[x, y] = adx(y),



G. La Rosa, M. Mancini / Linear Algebra and its Applications 637 (2022) 119–137 129
where ad : T1X → gl(T1X) is the differential of the map Φ : X �→ GL(T1X), where 
Φ(x) = T1φ(x) and φ(x) = x � −, for every x ∈ X, is a Leibniz algebra. Summarizing 
we have

Proposition 4.3. [11] If X is a Lie rack, then the above bracket [x, y] = adx(y) defines 
on T1X a Leibniz algebra structure.

The converse problem, that is to find a manifold endowed with a smooth operation 
such that the tangent space at the distinguished point, endowed with the differential 
of this operation, gives a Leibniz algebra isomorphic to the given one, is known as the 
coquecigrue problem. In [11] M. Kinyon solves the coquecigrue problem for the class of 
split Leibniz algebras, that are Leibniz algebras g with a bilateral ideal Leib(g) ⊆ a ⊆
Zl(g) and with a Lie subalgebra h ⊆ g such that g = h ⊕ a (as a direct sum of vector 
spaces) and

[(x, a), (y, b)] = ([x, y], ρx(b)) , ∀(x, a), (y, b) ∈ h⊕ a

where ρ : h ×a → a is the action on the h-module a. More precisely, we have the following.

Proposition 4.4. [11] Let g be a split Leibniz algebra. Then there exists a Lie rack X such 
that T1X is isomorphic to g.

More recently S. Covez in [12] gives a solution to this problem which in general is 
only local: he shows how to integrate every Leibniz algebra into a local Lie rack. The 
central point of his result is to see every Leibniz algebra g as an abelian extension of 
his left center Zl(g) and to integrate explicitly the corresponding Leibniz algebra 2-
cocycle into a Lie local rack 2-cocycle. However M. Bordemann and F. Wagemann (see 
[13]) and J. Mostovoy (see [14]) give independently two different answers to the general 
coquecigrue problem: Bordemann and Wagemann’s solution is not functorial (as well as 
Covez’s method, because the left center does not depend in a functorial manner on the 
Leibniz algebra in general); Mostovoy’s solution is global but does not generalize the 
classical Lie solution. The general coquecigrue problem is still open.

The aim of this section is to use the Leibniz algebras - Lie local racks correspondence 
proposed by S. Covez to show that the integration of the two-step nilpotent Leibniz 
algebras is global.
In [12] S. Covez gives the definition of smooth rack modules, rack cohomology and co-
homology theory for Leibniz algebras. In particular, for X a Lie rack and A a smooth 
X-module, he defines a cochain complex {CRn(X, A), dnR}n∈N by setting

CRn(X,A) = {f : Xn → A | f(x1, . . . , 1, . . . , xn) = 0,

f is smooth in a neighborhood of (1, . . . , 1) ∈ Xn}
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and dnR is the differential operator. Moreover, for g a left Leibniz algebra and M a 
g-module, he defines a cochain complex {CLn(g, M), dLn}n∈N by setting

CLn(g,M) = Hom
(
g⊗n,M

)
and dLn is the differential operator.
Given a left Leibniz algebra g, there are several ways to see g as an abelian extension of 
a Lie subalgebra g0 ⊆ gl(V ) by a g0-module a. For example we can take a = Zl(g) and 
g0 = g/ Zl(g). Thus we can associate with g a short exact sequence

0 → Zl(g) ↪→ g � g0 → 0,

in the category LeibAlg. Zl(g) is a g0-module (in the sense of Lie algebras), so there is 
a Leibniz algebras 2-cocycle ω ∈ ZL2(g0, Zl(g)) such that g = g0 ⊕ω Zl(g). The Leibniz 
bracket in g can be written as follows

[(x, a), (y, b)] = ([x, y]g0 , ρx(b) + ω(x, y)) ,

where ρ : g0 × Zl(g) → Zl(g) is the action induced by the g0-module structure of Zl(g).

Theorem 4.5. [12] Every Leibniz algebra g = g0 ⊕ω a can be integrated into a local Lie 
rack of the form

G0 ×f a

with operation defined by

(g, a) � (h, b) =
(
ghg−1, φg(b) + f(g, h)

)
and unit (1, 0), where G0 is a Lie group such that Lie(G0) = g0, φ is the exponentiation 
of the action ρ,
f : G0 ×G0 → a is the Lie local racks 2 − cocycle defined by

f(g, h) =
∫
γh

⎛
⎜⎝∫

γg

τ2(ω)eq

⎞
⎟⎠

eq

, ∀g, h ∈ G0

and τ2(ω) ∈ ZL1(g0, Hom(g0, a)) is defined by τ2(ω)(x)(y) = ω(x, y), for all x, y ∈ g0.

We finally can answer the question whether a Lie rack integrating a Leibniz algebra 
can be the quandle Conj(G), for a suitable Lie group G. The answer is no in general, as 
the following theorem shows.
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Theorem 4.6. Let R be a Lie rack integrating a Leibniz algebra g. R is a quandle if and 
only if g is a Lie algebra. In particular R = Conj(G), where Lie(G) = g.

Proof. If g is a Lie algebra, then it is clear that R = Conj(G), where Lie(G) = g. 
Conversely, we suppose that R is a Lie quandle. Again we can write g = g0 ⊕ω Zl(g), 
thus R is of the form G0 ×f Zl(g), with multiplication

(g, a) � (h, b) =
(
ghg−1, φg(b) + f(g, h)

)
,

where f is the Lie racks 2-cocycle integrating ω. To prove that g is a Lie algebra, we 
have to show that [(x, a), (x, a)] = (0, 0), for all (x, a) ∈ g.
The condition (g, a) � (g, a) = (g, a) implies that f(g, g) = 0, for all g ∈ G0, and then 
φg(a) = a, for all a ∈ Zl(g). Indeed the action ρ of g0 on Zl(g) is trivial and ω(x, x) = 0
for all x ∈ g0. Finally R = Conj(G), where G = G0 ×F Zl(g) is the Lie group with 
operation

(g, a)(h, b) = (gh, a + b + F (g, h)) ,

and F : G0 ×G0 → Zl(g) is a Lie group 2-cocycle such that

f(g, h) = F (g, h) − F
(
g, g−1) + F

(
gh, g−1) ∀g, h ∈ G0.

In fact with this condition we have that

(g, a) � (h, b) = (g, a)(h, b)(g, a)−1 ∀(g, a), (h, b) ∈ G0 × Zl(g)

and the Lie algebra of the Lie group G is clearly g. �
Now we will claim a result about the integration of nilpotent Leibniz algebras. We 

will show that, for this class of Leibniz algebras, the integration proposed by S. Covez is 
global.

Theorem 4.7. Every nilpotent real Leibniz algebra g has a global integration into a Lie 
rack.

Proof. Let g be a nilpotent real Leibniz algebra g, seen as the abelian extension of 
g0 = g/ Zl(g) by its left center Zl(g). Thus g0 is a nilpotent Lie algebra and for every 
x ∈ g0 the action ρx defined by

ρx(a) = adx(a), ∀a ∈ Zl(g),

can be represented as m × m strictly lower triangular matrix (see [15]), where m =
dimR Zl(g). If G0 is the simply connected Lie group integrating g0, the automorphism 
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φexp(x) = exp(ρx) ∈ Aut(Zl(g)) is a unitriangular matrix whose entries are polynomial 
expressions of the coordinates of the vector x ∈ g0, with respect to a fixed basis. Thus, 
for every g, h ∈ G0, fixed the two smooth paths γg(s) = gs and γh(t) = ht in G0 from 1
to g and from 1 to h respectively, we have that the Lie racks 2-cocycle

f(g, h) =
∫
γh

⎛
⎜⎝∫

γg

τ2(ω)eq

⎞
⎟⎠

eq

, ∀g, h ∈ G0

is everywhere defined because it involves the integration of matrices with polynomial 
entries in R[s] and R[t]. Then the vector space supporting G0 ×f Zl(g) has a Lie global 
rack structure integrating the nilpotent Leibniz algebra g. �

In the case that g is a two-step nilpotent Leibniz algebra, a Lie rack integrating g can 
be defined without integrating the Leibniz algebras 2-cocycle associated with g, a fact 
that we note explicitly in the following Theorem.

Theorem 4.8. Let (g, [−, −]) be a two-step nilpotent Leibniz algebra and let ω : g0 ×g0 →
[g, g], where g0 = g/[g, g], be the Leibniz algebras 2-cocycle associated with the short exact 
sequence

0 → [g, g] ↪→ g � g0 → 0.

Then the multiplication

(x, a) � (y, b) = (y, b + ω(x, y)) , ∀(x, a), (y, b) ∈ g0 × [g, g]

defines a Lie global rack structure on g0 × [g, g], such that T(0,0)(g0 ×ω [g, g], �) is a 
Leibniz algebra isomorphic to g.

Proof. We have [g, g] ⊆ Z(g), so we can see g as an abelian extension of [g, g] by the 
quotient g0 = g/[g, g] via a Leibniz algebras 2-cocycle ω ∈ ZL2(g0, [g, g]). Thus g =
g0 ⊕ω [g, g] with bracket

[(x, a), (y, b)] = (0, ω(x, y)) .

Actually, the condition [g, g] ⊆ Zl(g) ∩ Zr(g) implies that the action of g0 on [g, g] is 
trivial. Moreover g0 is an abelian Lie algebra, thus a Lie group integrating g0 is G0 = g0. 
Then we can define a Lie rack structure on the cartesian product g0 × [g, g] by setting

(x, a) � (y, b) = (y, b + ω(x, y)) ∀(x, a), (y, b) ∈ g0 × [g, g],

with unit element (0, 0). Finally, the tangent space T(0,0)(g0×[g, g]) has a Leibniz algebra 
structure isomorphic to g. In fact
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∂2

∂s∂t
|s,t=0(sx, sa) � (ty, tb) = ∂2

∂s∂t
|s,t=0 (ty, tb + ω(sx, ty)) = (0, ω(x, y))

= [(x, a), (y, b)] . �
Remark 4.9. The effective strategy in the proof of Theorem 4.8 was to choose G0 = g0
as a Lie group integrating the abelian Lie algebra g0. If we change the Lie group G0, 
then the integration may not be global, as the following example illustrates.

Example 4.10. Let a ∈ R and let g = la3 be the three-dimensional Heinseberg Lebiniz 
algebra. Then [g, g] = Z(g) ∼= R and we can see g as an abelian extension of the Lie 
algebra g0 = g/[g, g] ∼= R2 by R. The corresponding Leibniz algebras 2-cocycle is

ω ((x, y), (x′, y′)) = (1 + a)xy′ + (−1 + a)x′y.

Now we can choose

G0 = SO(2) × SO(2) ∼=
{(

eix, eiy
)
| x, y ∈ R

}
as a Lie group integrating g0. In this case a Lie local rack integrating g is (G0×SO(2), �)
with multiplication
(
eix, eiy, eiz

) � (
eix

′
, eiy

′
, eiz

′
)

=
(
eix

′
, eiy

′
, ei(z

′+ω((log(eix),log(eiy)),(log(eix
′
),log(eiy

′
)))
)
,

that is defined only for (x, y), (x′, y′) ∈ [0, 2π[×[0, 2π[, where we choose [0, 2π[ as the 
domain of the principal value of the function log. Thus the integration is not global.

In order to show that Theorem 4.8 provides an effective tool for the construction of 
a global rack integrating a Leibniz algebra g with [g, g] ⊆ Z(g), we can reformulate an 
example proposed by S. Covez in [12].

Example 4.11. Let g = (R4, [−, −]) with basis {e1, e2, e3, e4} and nonzero brackets

[e1, e1] = [e1, e2] = [e2, e2] = [e3, e3] = e4,

[e2, e1] = −e4.

It is easy to see that g is a left Leibniz algebra with [g, g] = Z(g) = Re4. We have that 
g = g0 ⊕ω Re4, where g0 ∼= SpanR{e1, e2, e3}, and the Leibniz 2-cocycle is given by

ω(x, y) = [(x1, x2, x3, 0), (y1, y2, y3, 0)] = (0, 0, 0, x1y1 + x1y2 − x2y1 + x2y2 + x3y3).

Thus, by Theorem 4.8, a Lie global rack integrating g is (g0×ωRe4, �) with multiplication 
given by

(x1, x2, x3, x4) � (y1, y2, y3, y4) = (y1, y2, y3, y4 + ω(x, y)) .
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Now we can globally integrate all the indecomposable nilpotent real Leibniz alge-
bras with one-dimensional commutator ideal classified in the previous sections. For the 
Heisenberg Leibniz algebras, we will obtain Lie racks that are “perturbations” of the con-
jugation of the Heisenberg Lie group H2n+1. From now on we suppose that A ∈ Mn(R)
is the companion matrix of the power of an irreducible monic polynomial f(x) ∈ R[x]. 
Thus A is a n ×n Jordan block of eigenvalue a ∈ R or A = JR, where R ∈ M2(C) is the 
realification of some complex number z = α + iβ.

Example 4.12. Let g = lA2n+1 and let {e1, . . . , en, f1, . . . , fn, h} be a basis of g. Then 
[g, g] = Rh ⊆ Z(g), thus we can use Theorem 4.8 to find the Lie global rack integrating 
g. The Leibniz bracket of g is given by

[(x1, . . . , xn, y1, . . . , yn, z), (x′
1, . . . , x

′
n, y

′
1, . . . , y

′
n, z

′)]

=

⎛
⎝0, . . . , 0,

n∑
i,j=1

(δij + aij)xiy
′
j +

n∑
i,j=1

(−δij + aij)x′
iyj

⎞
⎠ ,

so we obtain a Lie rack RA
2n+1 = (g0 ×f Rh, �) with multiplication

(x1, . . . , xn, y1, . . . , yn, z) � (x′
1, . . . , x

′
n, y

′
1, . . . , y

′
n, z

′) =

=

⎛
⎝x′

1, . . . , x
′
n, y

′
1, . . . , y

′
n, z

′ +
n∑

i,j=1

[
(δij + aij)xiy

′
j + (−δij + aij)x′

iyj
]⎞⎠

and T(0,0)R
A
2n+1 = lA2n+1.

Definition 4.13. We define (RA
2n+1, �) as the Heisenberg rack.

We want to make explicit that the multiplication � in RA
2n+1 is a perturbation of the 

conjugation of the Heisenberg Lie group H2n+1. To do this, we will use the canonical 
matrix representation

H2n+1 =
{(1 x z

0 In yt

0 0 1

)
| x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn, z ∈ R

}
≤ GLn+2(R).

The conjugation formula for two matrices in H2n+1 is given by

(1 x z
0 In yt

0 0 1

)(1 x′ z′

0 In y′ t

0 0 1

)(1 x z
0 In yt

0 0 1

)−1

=

⎛
⎜⎜⎝

1 x′ z′ +
n∑

i=1
(xiy

′
i − yix

′
i)

0 In y′ t

0 0 1

⎞
⎟⎟⎠

With the same representation, the multiplication � of RA
2n+1 turns into
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(1 x z
0 In yt

0 0 1

)
�
(1 x′ z′

0 In y′ t

0 0 1

)

=

⎛
⎜⎜⎝

1 x′ z′ +
n∑

i,j=1
[(δij + aij)xiy

′
j + (δij − aij)x′

iyj ]

0 In y′ t

0 0 1

⎞
⎟⎟⎠ ,

hence for A = 0n×n, it holds R0n×n

2n+1 = Conj(H2n+1).

Example 4.14. Let g = kn and let {e1, . . . , en, f1, . . . , fn, h} be a basis of g. Then the 
Leibniz bracket of g is given by

[(x1, . . . , xn, y1, . . . , yn, z), (x′
1, . . . , x

′
n, y

′
1, . . . , y

′
n, z

′)]

=
(

0, . . . , 0, x1y
′
1 +

n∑
i=2

(
xiy

′
i + xiy

′
i−1 + x′

i−1yi−1 − x′
iyi−1

)
+ x′

nyn

)
,

so we obtain a Lie global rack Kn = (g0 ×f Rh, �) with multiplication

(x1, . . . , xn, y1, . . . , yn, z) � (
x′

1, . . . , x
′
n, y

′
1, . . . , y

′
n, z

′) =

=
(
x′

1, . . . , x
′
n, y

′
1, . . . , y

′
n, z

′ + x1y
′
1 +

n∑
i=2

(
xiy

′
i + xiy

′
i−1 + x′

i−1yi−1 − x′
iyi−1

)
+ x′

nyn

)

and T(0,0)Kn = kn.

Definition 4.15. We define (Kn, �) as the Kronecker rack.

Example 4.16. Let g = dn and let {e1, . . . , e2n+1, h} be a basis of g. Then the Leibniz 
bracket of g is given by

[
(x1, . . . , x2n+1, z),

(
x′

1, . . . , x
′
2n+1, z

′)] = (0, . . . , 0, z̄),

where

z̄ = x1x
′
n+2 +

n∑
i=2

xi

(
x′
i+n + x′

i+n+1
)

+ xn+1x
′
2n+1 +

2n+1∑
i=n+2

xi

(
x′
i−n − x′

i−n−1
)
,

thus a Lie global rack integrating g is Dn = (g0 ×f Rh, �) with multiplication

(x1, . . . , xn, y1, . . . , yn, z) � (x′
1, . . . , x

′
n, y

′
1, . . . , y

′
n, z

′) = (x′
1, . . . , y

′
1, . . . , y

′
n, z

′ + z̄)

and T(0,0)Dn = dn.
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Definition 4.17. We call (Dn, �) the Dieudonné rack.

We want to conclude our paper with the following example. The realification of an 
indecomposable nilpotent Leibniz algebra with one-dimensional commutator ideal over 
the field C is a nilpotent real Leibniz algebra with two-dimensional commutator ideal. 
In the following example, we integrate the realification of the complex indecomposable 
Heisenberg Leibniz algebra lJa

2n+1, where Ja ∈ Mn(C) is the Jordan block of eigenvalue 
a ∈ C.

Example 4.18. Let h = l
Ja
2n+1 and let {e1, . . . , en, f1, . . . , fn, h} be a basis of h over C. 

Then dimRh = 4n + 2 and {e1, ie1, . . . , en, ien, f1, if1, . . . , fn, ifn, h, ih} is a basis of 
h over R. For every (x1, . . . , xn, y1, . . . , yn, z), (x′

1, . . . , x
′
n, y

′
1, . . . , y

′
n, z

′) ∈ C2n+1, the 
Leibniz bracket of h over R is given by

[(x1, . . . , xn, y1, . . . , yn, z), (x′
1, . . . , x

′
n, y

′
1, . . . , y

′
n, z

′)] = (0, . . . , 0,�(z̄),�(z̄)) ,

where �(a + ib) = a, �(a + ib) = b and

z̄ =
n∑

i=1
[(1 + a)xiy

′
i + (−1 + a)x′

iyi] +
n∑

i=2

(
xiy

′
i−1 + x′

iyi−1
)
.

Thus a Lie global rack integrating (h, [−, −]) is (h0 ×f SpanR{h, ih}, �) with multiplica-
tion

(x1, . . . , xn, y1, . . . , yn, z) � (
x′

1, . . . , x
′
n, y

′
1, . . . , y

′
n, z

′) =

=
(
�
(
x′
1
)
,�

(
x′
1
)
, . . . ,�

(
x′
n

)
,�

(
x′
n

)
,�

(
y′1
)
,�

(
y′1
)
, . . . ,�

(
y′n

)
,�

(
y′n

)
,�

(
z′ + z̄

)
,�

(
z′ + z̄

))
.

Declaration of competing interest

There is no Competing Interest.

References

[1] J.-L. Loday, Une version non commutative des algebres de Lie: les algebres de Leibniz, in: Les 
rencontres physiciens-mathematiciens de Strasbourg-RCP25, vol. 44, 1993, pp. 127–151.

[2] A. Blokh, A generalization of the concept of a Lie algebra, Dokl. Akad. Nauk SSSR 165 (3) (1965) 
471–473.

[3] G. Falcone, A. Figula, The action of a compact Lie group on nilpotent Lie algebras of type {{n, 
2}}, Forum Math. 28 (4) (2016) 795–806, De Gruyter.

[4] C. Bartolone, A. Di Bartolo, G. Falcone, Nilpotent Lie algebras with 2-dimensional commutator 
ideals, Linear Algebra Appl. 434 (3) (2011) 650–656.

[5] S. Ayupov, B. Omirov, I. Rakhimov, Leibniz Algebras: Structure and Classification, 
ISBN 9781000740004, 2019.

[6] S. Mac Lane, Categories for the Working Mathematician, Vol. 5, Springer Science & Business Media, 
2013.

[7] L. Kronecker, Algebraische Reduktion der Scharen bilinearer Formen, Sitzungsber. Akad. (1890).

http://refhub.elsevier.com/S0024-3795(21)00442-0/bib7FD6BFAC608A0A9593ED92EAE56E1403s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib7FD6BFAC608A0A9593ED92EAE56E1403s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib7289373073227E36B8FA0AFFA0B04530s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib7289373073227E36B8FA0AFFA0B04530s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib87F85CE7BC3A3FFAC8921D925A1B44D4s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib87F85CE7BC3A3FFAC8921D925A1B44D4s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bibD2D7D346D77985B54CBED2DCB89B32F4s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bibD2D7D346D77985B54CBED2DCB89B32F4s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bibFFDCA9645C93FFD7106CE6AEF23C5BE7s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bibFFDCA9645C93FFD7106CE6AEF23C5BE7s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib85937A4986E3753C30E82EE4F3FE0BCBs1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib85937A4986E3753C30E82EE4F3FE0BCBs1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bibF6AA602DD99A0B8D8E6300808FBF51CBs1


G. La Rosa, M. Mancini / Linear Algebra and its Applications 637 (2022) 119–137 137
[8] J. Dieudonne, Sur la reduction canonique des couples de matrices, Bull. Soc. Math. Fr. 74 (1946) 
130–146, https://doi .org /10 .24033 /bsmf .1380.

[9] G. Falcone, M.A. Vaccaro, Kronecker modules and reductions of a pair of bilinear forms, Acta Univ. 
Palacki. Olomuc., Fac. Rerum Nat., Math. 43 (1) (2004) 55–60.

[10] N. Jacobson, Basic Algebra I, second edition, Dover Books on Mathematics, ISBN 9780486135229, 
2012.

[11] M.-K. Kinyon, Leibniz algebras, Lie racks, and digroups, J. Lie Theory 17 (1) (2007) 99–114.
[12] S. Covez, The local integration of Leibniz algebras, Ann. Inst. Fourier 63 (1) (2013) 1–35.
[13] M. Bordemann, F. Wagemann, A dirty integration of Leibniz algebras, J. Lie Theory 27 (June 

2016).
[14] J. Mostovoy, A comment on the integration of Leibniz algebras, Commun. Algebra 41 (1) (2013) 

185–194, https://doi .org /10 .1080 /00927872 .2011 .625562.
[15] K. Erdmann, M.J. Wildon, Introduction to Lie Algebras, Springer Undergraduate Mathematics 

Series, Springer, London, ISBN 9781846284908, 2006.

https://doi.org/10.24033/bsmf.1380
http://refhub.elsevier.com/S0024-3795(21)00442-0/bibE63F1E58B3832058096F8A4EF56F419As1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bibE63F1E58B3832058096F8A4EF56F419As1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib6805266EFAAE1A7D559814C6A024D300s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib6805266EFAAE1A7D559814C6A024D300s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bibC9723F7222D1D1652CC8ED9474893608s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib0B853EA6E2B2DD3F26236F04876FDE76s1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib4F84FA6C05ABE53ABC8E4D7ABF42EDABs1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib4F84FA6C05ABE53ABC8E4D7ABF42EDABs1
https://doi.org/10.1080/00927872.2011.625562
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib4DCD1F17A9DC8DF930002C219E90BFECs1
http://refhub.elsevier.com/S0024-3795(21)00442-0/bib4DCD1F17A9DC8DF930002C219E90BFECs1

	Two-step nilpotent Leibniz algebras
	Introduction
	1 Preliminaries
	2 Nilpotent Leibniz algebras with one-dimensional commutator ideal
	3 Complex and Real Heisenberg Leibniz algebras
	3.1 The case F=C
	3.2 The case F=R

	4 Global integration of two-step nilpotent Leibniz algebras
	Declaration of competing interest
	References


