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Abstract

We consider estimation problems on graphs known as synchronization. Each node
in the graph has a state to be estimated. An edge between two nodes is present
if a (noisy) measurement of the relative state of those two nodes is available. It is
known from other work that, under some assumptions including that noise be i.i.d.,
the variance of unbiased estimators for the states is lower-bounded by some constant
times the trace of the pseudoinverse of the Laplacian of the measurement graph. In
this work, we show that for Erdés-Rényi random graphs the latter bound (which is
now a random variable) concentrates around its expectation, and we give a formula for
the expectation. For synchronization, the results imply that acquiring measurements
uniformly at random is a good strategy to drive the lower-bound to zero. This holds
even for vanishing edge density, provided the graph remains sufficiently connected.

Keywords: Estimation on graphs, synchronization, Cramér-Rao bounds, graph
Laplacian, random matrices.

1 Introduction

Synchronization is the general problem of estimating n elements g1, ..., g, in a group G
based on certain relative measurements h;; € G which bear information about g, - g;l. The
set of measurements defines an undirected graph G on n nodes, with a link between nodes 4
and j if a measurement h;; is available. Synchronization is an important class of estimation
problems on graphs and it occurs frequently in applications [14] [8, 17, [15] [I, [T}, 16].

Synchronization proves useful for both discrete groups (e.g., Zy = {+1,—1} [7] and
the group of permutations) and Lie groups (e.g., the group of translations [I} [7] and the
group of rotations [3]). For example, consider synchronization of translations (the group
is R? and the group operation - is the sum). Let z1,...,2, € R? be the n state vectors
to estimate. In a sensor network localization context, they could represent the positions
of n agents in some coordinate system. For each edge (7,j) in the (fixed) graph G, a
measurement h;; bears information about the relative position z; — ;.

For some Lie groups, namely the group of translations and the group of rotations,
Cramér-Rao bounds (CRB) were established that put a lower-bound on the variance of
any unbiased estimator for these estimation problems [2] [4] [I1]. In the case of isotropic,
ii.d. noise on the measurements h;;, these bounds are proportional to trace(L(n)), the
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trace of the (Moore-Penrose) pseudoinverseEl of the Laplacian L(,) = D(,) — A, of the
measurement graph G, where Dy, is the diagonal degree matrix and A, is the adjacency
matrix of G. There is ground to believe that a similar statement applies to more Lie groups.

Continuing the sensor network localization example, assume the measurements are
given by h;; = —hj; = x; —x;+n;;, with the n;; ~ N(0,Y) i.i.d. normal random variables.
Let &1,...,Z, be any unbiased estimator of the state vectors. Assuming the x;’s and the
Z;’s are centered (since the estimation can only be resolved up to a global translation),
then the CRB for this synchronization problem lower-bounds the variance as [2]:

{Z llx; — 24| } > trace(X )trace(LJ(rn)).

The expectation is taken w.r.t. the noise n;;. The maximum likelihood estimator achieves
this bound [I]. In such applications, for a growing number of nodes n it is desirable to
drive the lower-bound on the average variance per node trace(LI )/n to zero, if possible.

It is well-known that the spectrum of L, captures the connectwlty properties of the
graph, and it is hence not surprising to see it appear in bounds for estimation problems
on graphs. Expander graphs for example, which are both sparse and well connected, have
eigenvalues bounded away from zero (except for one) [I0]. In turn, this translates in
small eigenvalues for LJ(rn) and a small value of trace(LJ(rn)), meaning that CRB’s allow for
accurate synchronization on expanders.

A natural endeavor then is to assess the synchronizability of certain classes of random
graphs by studying the random variable trace(LJ(rn)). The purpose may be, for example,
to study existing graphs which form randomly based on local interactions between nodes.
Alternatively, the goal may be to devise decentralized experiment plans which can lead
to accurate estimation, where each node (or sensor) i chooses which measurements h;; to
acquire, based on local rules (such as a budget constraint) and randomness.

2 Contribution

We address the simplest case: Erdos-Rényi random graphs with n nodes, where each edge
is present with probability p,, independently from the other edges. Consider a sequence
of increasingly large Erdos-Rényi graphs. For each n > 2, let {AZ(?)}, 1<i<j<n,bea
collection of independent Bernoulli random variables with
A _ {1 with probability p,,
" 0  with probability 1 — p,,

for some edge probability 0 < p,, < 1 which may depend on n. Because we consider simple,
undirected graphs, define A( n) Agl) and A(n) = 0. We also require the AE?) for various
n to be independent. For 7 75 7,

E{A{} = p, > 0,
E{(AYY —pa)?} = 02 2 pu(l — p).

For a symmetric matrix A which admits an eigenvalue decomposition A = UDU', U'U = I and
D = diag(\1, ..., An), the pseudoinverse of A is given by AT = UDTUT, with Dt = diag()ﬂ;7 ..., AL). The
pseudoinverse of a scalar A; is Al = 1/; if A; # 0 and A\ = 0 if \; = 0.




Define the n x n adjacency matrix A, as

0 A A
A271L 0 AZ:'LL
Awm=| " .
AL A 0

Let 1,, denote the all-ones vector of length n. The diagonal degree matrix is given by
D,y = diag(A,)1,). Then, the n x n Laplacian matrix is defined as L,y = D) — Ay:

Sia (A)ﬁ?) —Aﬁ’?() —A?Z;
- _A2? Zi;ﬁQ AZ? T _Azz
Lw) = : : - :
—AW Ay, Al

The Laplacian is a symmetric, positive semidefinite matrix since for all u € R™,

uTL(n)u = ZAE;L) (uz — u]‘)Q > 0.
1<

(

Its eigenvalues )\in), 1 <1t < n, are thus real and nonnegative, with the smallest eigenvalue
necessarily equal to zero, since L1, = 0:

0=A" <Al <o <A,
The scalar random variable
X, = pntrace(LG)) (1)

is the variable of interest in this paper. We may gain a quick insight into this variable by
considering the expected value of Ly,:

Linyo = E{Lm)} = pu(nX(n) — Lnxn),

where I,y denotes the n x n identity matrix and 1, is the all-ones matrix of size n x n.
The eigenvalues of L, g are 0,npp, npn, . . ., np,. Thus, pntrace(LTn)’o) = (n—1)/n, which
goes to 1 as n — oo. Indeed, we will see that as n goes to infinity, L(,) “behaves more and
more like L, 7, so that X,, — 1. We aim at a more precise statement that will already
be useful for moderate n.

In the limit, the positive eigenvalues of L(,) tend to be distributed symmetrically
around np,, [9]. Thus, the positive eigenvalues of Lj(rn) will be distributed asymmetrically
around 1/np, and the expected value of X,, will be biased away from 1. In this commu-
nication, we establish a formula for the expected value of X, for large n and bound its
fluctuation around its mean, confirming concentration.

To this end, we look at the spectrum of the centered Laplacian. Define these centered
random variables:

(n) a 4(n)
Xij _Aij — Pn.



Then, E{XZ(]")} = 0 and E{(XZ(]"))Q} = 07. Define the n x n matrix L, ; such that
Ln) = Lm0 + L 1

Yoa Xy o-xiyo —x

S CTUNED DRS¢ LIRS ¢ )
L1 = : : .

-x o =xl s o, X

We make two working assumptions on the edge density p,,, which is the only parameter
in the present setting. The first assumption ensures almost sure connectivity of the graph.
When the graph is connected, g is known to be positive. Adding the second assumption
further ensures that the eigenvalues of L, 1/(np,) concentrate around 0, which will limit
the fluctuation of X,, around its mean.

logn __ 0

Assumption 1 (connectivity). np, > logn, that is, lim,_, ry

Assumption 2 (concentration). For all ¢y > 0, almost surely as n — oo,

[Lny,1llop < (2+ EO)W-

For a symmetric matrix M € R™*", ||M||p denotes the operator norm of M:

[M|lop £ max Vu'MTMu= max |\ (M)|.

u€R™ u Tu=1 1<i<n

Under both assumptions, the following two theorems about the expectation and the fluc-
tuation of X,, are established:

Theorem 1 (Expectation). Under assumptions [l and[2, almost surely as n — oco:

o 2
EXn:1+<21 p"—1>1+0<—10g Z) (2)
Pn n (npn)

with X, = pntrace(LJ(rn)) @.

Theorem 2 (Fluctuation). Under assumptions [ and[2, as n — oo and for all 0 < € <
1/2, it holds with probability at least 1 — 2¢ that:

X, — EX,| < 1,012 V1e(l/e)

npn

The constant 1.01 can be made arbitrarily close to 1 for large enough n.

We show in a third theorem that a stronger version of Assumption [ also implies
Assumption Bt
logbn _
o 0.

Assumption 3 (stronger Assumption D). np, > log®n, that is, lim,
Theorem 3. Assumption [3 implies assumptions 1 and 2.

Theorem B rests essentially upon results from Chung et al. [6]. The latter paper treats
a more general class of random graphs with given expected degrees. For the special case of
Erdés-Rényi graphs, the condition could be replaced by the slightly weaker np, > log*n
(details omitted).

We spell out two simple examples. In both cases, Assumption [ is readily checked so
that Theorem Bl authorizes the use of theorems [ and 2
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Figure 1: For a number of nodes n ranging from 100 to 2000 on a log-scale and for
three different scenarios of edge densities p,, (decaying as 1 / /n, decaying as 1/+/n and
constant), we computed 500 realizations of X,, = pptrace(L! (n )) (blue dots). The middle
black curve is the established formula for EX,, (B]). The black curves above and below are
separated from the middle one by the bound on the fluctuation (), such that as n — oo,
almost surely, all blue dots are within the two black lines with probability at least 99%.
These bounds appear to make sense already for reasonable values of n.

Example 1 (p, bounded away from 0 and 1). Assuming the edge presence probability
pn remains bounded away from zero and one, i.e., there exist constants cy,c, such that
0<cy <pn<cy<l forall n, then Assumption[3 holds and, almost surely as n — oo:

1— 1 log?
EXn:1+<2 p"—1>—+0<°g2”>
Pn n n

Furthermore, for all 0 < e < 1/2, as n — oo, with probability at least 1 — 2e,

X, — EX,| < 1012 VIe/9) _ o <l> .

NPn n

Example 2 (vanishing p,). Assuming the edge presence probability p, decays as p, =
yn~tre ] for some constant v >0 and 0 < a <1 (and v < 1 if « = 1), then Assumption[3
holds and, almost surely as n — oco:

2 3 log?n
Furthermore, for all 0 < e < 1/2, as n — oo, with probability at least 1 — 2e,

log(1
X, — EX,| §1.012M:(’)<i>_ (4)

All the aforementioned results have an “as n goes to infinity” proviso, which in theory
limits their usability. Through numerical tests, Figure [ illustrates the fact that already
for small values of n (in the hundreds), the predictions hold quite well.

With respect to synchronization, the take home message of this second example is
the following. If we could afford a complete graph of measurements, the Cramér-Rao
lower-bound on the average variance per node would decay as trace(LJr ) /n=0(1/n). If
on the other hand we can only afford to obtain a vanishing fraction of say, pn ~ 1/v/n
of the O(n?) measurements following an Erdds-Rényi graph—which is easy to set up
in a decentralized manner—then we would have that E{traee(LJ(rn))} /n = EX, /np, =
O(1/+/n) and that this quantity concentrates around its mean as O(1/n). Hence, although



we only acquire a vanishing fraction of the measurements, acquiring them uniformly at
random guarantees sufficient connectivity in the graph that the average CRB still goes to
zero as n — oo, with a fairly predictable price to pay in accuracy.

Of course, in practical applications it may be impossible or overly expensive to acquire
measurements between arbitrary pairs of nodes. Physical sensors may indeed be con-
strained by range limitations, so that sensors (embedded in R?) can only sense close-by
sensors. This calls for the study of the synchronizability of so-called disk graphs, where
nodes are placed at random in a region of space and are connected if the distance sepa-
rating them is smaller than some visibility radius. Other random connectivity models of
interest in this respect (to the social sciences for example) include small-world graphs and
scale-free networks [12].

The remainder of the paper presents proofs for theorems [IH3l

Further notation. We denote the (random) eigenvalues of L, ; as
M=o, <<

These can be either positive or negative. The eigenvalues of L, obey
)\gn) =0, )\Z(Z)l =np, + tgn).

3 Proof of Theorem [I] about the expectation

In this proof of Theorem [Il we establish an expression for the expectation of X, ().
Consider the sequence

logn
¢ = 2.01, 221
NPn
Assumption [2] implies that HL (n),1llop < ¢ almost surely as n — oo. Furthermore,
Assumption [Il guarantees that ¢n — 0 as n — oo. In particular, for all n larger than some

threshold, ¢, < 1. For n large enough then, almost surely )\gn) =np, + té") > (0, meaning

that the graph defined by the adjacency matrix A, is connected. When such is the case,
X, obeys

- Dn - Pn 1 & 1
A= =\ :Z-Z;npnﬂg") B 5; 14 Lt
Then, using the series expansion H—Lm =1—az+a%>—23+2*—--., which is convergent for
lz| < 1, we get:
Xn Z 1+Z<——t >k]—l[(n—1)+i y <—it<">>k]
1tPn " e SN .

The summations commute because the series is convergent. Observe that

Z(tgn))k = trace(LIE‘n)vl).

=2



Thus,

X, = % [(n -1+ i (—%)k trace(Lfn)’l)] .

In order to compute the expectation of trace(L(n)) then, we must understand the expec-

tations E{ trace(L* for K =1,2,... The first few terms are given by:
(n),1

E{trace(L%n)J)} = E{ ZXZ(J")} =0,

i#j
E{trace(L%n)’l)} = E{HL(n)JHi} = 2n(n — 1)ay,
{

3 _
E trace(L(n)l)} =0
So,
o2 > 1 k
EX,=—|(n—1)4+2(n—1)—2% —-— | E Lk
==l -1+ 2 >np%+k§4j( npn) {trace(L,) )} |
o2 1 021 1 1\"
=14 (222 —1)—-—222— 4 — —— ) E{trace(L 5
+< P} >n p%n2+nkzz4< npn> {race( ("“)} )

Let us bound the series:

%i (-nip)k E{trace(L’gW)}' -

k=4

IN
S|
=
—N— —
3
MR
=~
e
: |
S| =
3
b';\
2
N———
e

n
1
SR
npn

1+ %tﬁ”)

Notice that |z| < e <1 = |——=| < —=. Since under assumptions [ and [, almost surely
1+z l—e p

npn 1

< ¢, < 1, it holds that:

as n — oo, we have that

1S 1\" 1 [ 4
-l Z - IE{tmce(Lé€ ) 1)} <-E Z ‘n =
ni—~ npy, ") no | = 1—¢, 1—g¢,

Plugging the latter in (@) yields (2)).

4 Proof of Theorem 2] about the fluctuation

We now show that X,, concentrates around its expected value—Theorem 2l The proof
rests on McDiarmid’s inequality [I3], Thm. 3.1], which can be stated as follows:



Lemma 1 (McDiarmid’s inequality). Let Yi,...,Y,, be independent random variables
taking values in the set ). Let f: Y™ — R be a function of these random variables such
that for all realizations y1,...,ym € Y and for all 1 <i <m, y. € Y, it holds that

‘f(yla7yl77yM)_f(y17ay;77ym)‘ Sch

where ¢; only depends on i. Then, for all a > 0,

Pr{|f —Ef| > a] <2exp (ﬁ) :
=11

Define the following matrices for all n > 2:
1 _
M) = ——=Ln),1, and Ry = (M) + v/ApaTim)) "

nPn

Under Assumption [, the random variable of interest X,, is linked to these matrices as
follows:

n n
1 1/ /npn
X,=p trace(LJr )=p = =D
el = S T e

P | v 1 1 Pn 1
=, /2 E — =/ —trace(R,)) — —. (6)
n |4 Q) nPn n n
=1/ + g

Thus, the fluctuation of X,, is governed by the fluctuation of trace(Ryy)):

p
| X, —EX,| = 1/;" ‘trace(R(n)) — Etrace(R(n))‘ .
We set out to apply McDiarmid’s inequality to the function
f(Xlg, X13, PN ,Xln, X23, PN ,Xgn, PN ’X(n—l),n) = trace(R(n)).

The inputs Xj; are i.i.d. shifted Bernoulli’s. For any fixed pair (7,7),7 < j, let M’(n) and
R’(n) be M(,) and Ry, respectively, with X;; replaced by X]; =1 — Xj; + 2p, (the other
possible value for this random variable). We find a bound ¢, uniform over the choice of

(i,7), such that for all realizations of the random variables,

trace(Ry)) — trace(R'(n))‘ <ec.

Since M/

()~ M@y = (R{,)) "' = R, it holds that

(n)’

-1 —1
Ry (M, = Mu)R{,) = Ry ((R(,)) ™ — R

r /
mﬂmm—Rm—R<

n)

so that

trace(Ryy)) — trace(R’(n))‘ =

trace(R(n)(M/(n) — M(n))R/(n)) . (7)

The matrix M’(n) — My, is zero except for the entries affected by X;;. More specifically,
letting e; denote the i*" canonical basis vector of length n, by definition,

nPn

(ei —ej)(ei —e5) . (8)



Since Xz/] - Xij = ﬂ:l,

1 TR/

npntrace (R(n)(ei —ej)(ei—ej) R n)>
+1

= (ei — ej)TR'n)R(n)(ei — ej).

nPn

trace(R(n)(M/(n) — M(n))R/(n)) =

Combine this with (7) and ||e; — e;|| = v/2 to obtain the following inequality:

2
trace(Ry,)) — trace(Rl(n)) < \/TWHR(TL)”OPHRI(VL)HOP' (9)

Assumptions [I] and [ guarantee that \/np, > v/logn and that almost surely, as n — oo,
M) [lop < 2.01y/log n. Thus, it holds almost surely as n — oo that

1 1 1.01
R = ma < < :
R llop = max N(M ) + /Bn|  /ipn — 2.01/logn  /ipn

At the same time, ||(e; — €;)(e; — €j) |lop = 2 and equation (8] yield,

2 2
M,y lop < 1My llop + N < 2.01y/logn + < 2.02¢/logn,
n

\/ WPn

1.01
vV NPn

so that, similarly to Ry,), we have HR’(n)HOp < (almost surely as n — o0). As a

result, going back to (@), we have that

2-1.01%
trace(Ryy,)) — trace(R,(n)) < W

Applying McDiarmid’s inequality to X,, using (@) and (), it is seen that almost surely
as n — oo, for all a > 0,

(10)

—2a2

n(n—1) pn 4-1.014
2 n (npn)3

Pr[|X, —EX,| > a] < 2exp < 2exp (—a’(np,)?/1.01%) .

Let us fix —a?(np,)%/1.01* = log e for some ¢ > 0. Then, almost surely as n — oo, with
probability at least 1 — 2e,

Jlog1
X, — EX,| < 1.012Y1081/€

npn

This concludes the proof.

5 Proof of Theorem [3, about a stronger condition

Assumption [ is certainly satisfied. Let us investigate Assumption Pl We prove that, for
any € > 0, almost surely as n — oo,

HL(n),l Hop < (2 + 60)\/ npn 10g n.



Recall that L)1 = L) — E{L(n)}. Define similarly

D)1 =Dy —E{D,)} = Dy — (n = )ppl(y),  and
Ayt =Ap) —E{Ap)} = Aw) = Pallnxn — In)

so that L,y 1 = D)1 —A(n),1- We show subsequently that for all €1, €2 > 0, almost surely
as n — 0o,

[ Ay, 1llop < (24 €1)y/npn, and (11)

D), 1llop < (2 + €2)v/npnlogn. (12)

Then, since [|Ly) 1llop < [[Am),1llop + [P m),1llops the proof will be complete. Proving (I2I)
just requires Assumption [l We require np, > log®n to establish () using results
from [6].

We first consider A, and resort to [0, Thm. 3.2]. In the latter paper, self loops in the

graph are allowed. To take this into account, let Y(n) n > 2,1 <1i<n, bei.id. Bernoulli

(n),

random variables with the same distribution as, and independent from, the A s, 1 <7,

and let Y, = dlag(Yl( ), e 7Yn(n)). Then, in the present work’s notation, reference [6]
defines a matrix C' such that

npnC = Ay + (YY) — pulm))- (13)

Theorem 3.2 in that reference states that, provided np,, > log®n, then almost surely

C =(1 1 . 14
1C€lop = (14 o(1))—= (14)
The contribution of Y (,) — pnl(,) is negligible:
— (n)
Sup [[Y (n) = Pnln) lop = sup max [Y;7 —pa| < 1. (15)

Combining (I3)), (I4) and (IH), it is seen that for all ¢; > 0, almost surely as n — oo:

A ) 1llop < NMPnCllop +1 = (2 + o(1))y/np, + 1
< (24 €1)\/npn.

This shows ().
Now consider [|D ) 1llop = maxi<i<n [(Dn),1)i|- Each diagonal entry

(D) = DX = (3 AG) = (0= 1)y

JFi J#i

is the difference between a sum of independent, nonnegative Bernoulli random variables
and its mean. The Chernoff bound for nonnegative Bernoulli’s [5, Thm. 2.4] controls such
differences as follows, for positive A:

AQ
Pr [(D(n1)ii > +A] < exp <_2((n —pn + %)> ,

)\2
Pr [(D(n),l)zi < —A] <exp <—m> .

10



Combining these two inequalities and setting A = v/cnp, logn for some positive ¢ yet to
determine, we obtain:

cnpy logn cnpy, logn
Pr [ (Dn)1)ii| = V/enpplog n] <exp |- + exp (—7>
|(Dgy1)il = v 2 ((n— 1 + Yemagoum) 5(n — 1)pn

c log n

<exp|-—= + exp (—Elogn>.
2n + clogn 2

npn

Given that /clogn/np, — 0 as n — oo, for all € > 0, there exists n. such that for all

n > ne, the denominator in the first exponential obeys ”Tfl + % c}f% <1+ €. Hence,

we further obtain:

P ([0 )| = Ve oan] < o (<5122 ) e (<5 o)

21+
<9 clogn 2
exp | —= = —.
S W na+a2d

By the union bound, which states that the probability of at least one event among n events
to occur is bounded by the sum of the probabilities of those n events, it follows that:

2
Pr U (D1 “‘ < +/cenpy logn, for all z] >1— ——-

n 242¢/

For all €5 > 0, let \/c = 2+ €5. We may pick € > 0 such that ¢ > 4(1 + ¢'). Thus, it holds
that for all eo > 0 and for large n, with probability at least 1 — 2/n? for some v > 1,

Dy llop < (2+ €2)y/npy log n.

By the Borel-Cantelli lemma, this shows ([I2) holds almost surely as n — oo.
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