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Structure of the thesis

The heart of this thesis is composed of four independent chapters, related by
a common flavor of systems theory and computer science.

Chapter 3: Almost periodic configurations and undecidable dynam-

ics. We describe Turing machines, tilings and infinite words as dynamical
systems and analyze some of their dynamical properties. It is known that
some of these systems do not always have periodic configurations; we prove
that they always have almost periodic configurations and we quantify al-
most periodicity. We then study the decidability of dynamical properties
for these systems. In analogy to Rice’s theorem for computable functions,
we derive a theorem that characterizes dynamical system properties that
are undecidable. As an illustration of this result, we prove that topological
entropy is undecidable for Turing machines and for tilings.

Chapter 4: Decidability and universality in symbolic discrete-time

dynamical systems. Many different definitions of computational univer-
sality for various types of dynamical systems have flourished since Turing’s
work. We propose a general definition of universality that applies to arbi-
trary discrete time symbolic dynamical systems. Universality of a system
is defined as undecidability of a model-checking problem. For Turing ma-
chines, counter machines and tag systems, our definition coincides with the
classical definition. It yields, however, a new definition for cellular automata
and subshifts. Our definition is robust with respect to perturbations on the
initial condition, which is a desirable feature for physical realizability.
We derive necessary conditions for undecidability and universality. For in-
stance, a universal system must have a sensitive point and a proper subsys-
tem. We conjecture that universal systems have an infinite number of sub-
systems. We also discuss the idea according to which computation should
occur at the ‘edge of chaos’ and we exhibit a universal chaotic system.



ii

Chapter 5: Complexity of control on finite automata. We consider
control questions for input-output automata. In particular, we find estima-
tions of the minimal number of states of an automaton able to control a
given automaton. We prove that, on average, feedback closed-loop control
automata do not have fewer states than open-loop control automata when
the control objective is to steer the controlled automata to a target state.

Chapter 6: An optimal quantized feedback strategy for scalar linear

systems. We give an optimal (memoryless) quantized feedback strategy
for stabilization of scalar linear systems, in the case of integral slope. As
we do not require the quantization subsets to be intervals, this strategy
has better performances than allowed by the lower bounds recently proved
by Fagnani and Zampieri. We also describe a general setting, in which we
prove a necessary and sufficient condition for the existence of a memoryless
quantized feedback to achieve stability, and provide an analysis of Maxwell’s
demon in this context.

The four main chapters are preceded by an introduction and prerequisites,
and are followed by conclusions.

The introductory chapter describes the contributions in an informal and
intuitive manner, along with a summary of the background. Chapter 2 contains
the basic material needed in the subsequent chapters, or gives references to this
material. Short conclusions are drawn in Chapter 7.

All the results appearing in this thesis and for which no source or reference
is indicated have been published or accepted for publication. Section 3.2 and a
part of Chapter 5 have grown from my unpublished master thesis, supervised
by Prof. Vincent D. Blondel. The results of Chapter 3 have been published as
a journal paper [DB04b]:

J.-Ch. D. and V. D. Blondel. Quasiperiodic configurations and undecidable
dynamics for tilings, infinite words and Turing machines. Theoretical Computer
Science, 319:127–143, 2004.

The results of Chapter 4 have been obtained in collaboration with Prof.
Petr Kůrka and Prof. Vincent D. Blondel and are accepted as a journal article
[DKB05b]:

J.-Ch. D., P. Kůrka and V. D. Blondel. Computational universality in sym-
bolic dynamical systems. Fundamenta Informaticae. Accepted in 2005.

They are also published in proceedings [DKB05a] under a short form:

J.-Ch. D., P. Kůrka and V. D. Blondel. Computational universality in sym-
bolic dynamical systems. In M. Margenstern, editor, MCU 2004, Lecture Notes
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in Computer Science 3354, 104–115, Springer-Verlag 2005.

The results of Chapter 5 have been published in proceedings [DB04a]:

J.-Ch. D. and V. D. Blondel. Complexity of control on finite automata. In
B. De Moor, B. Mortmans, J. Willems, P. Van Dooren, and V. D. Blondel,
editors, Proceedings of the Symposium on Mathematical Theory of Networks
and Systems (MTNS 2004), Leuven, 2004.

They are also to appear as a journal article [DB06]:

J.-Ch. D. and V. D. Blondel. Complexity of control on finite automata.
IEEE Transactions on Automatic Control. Accepted in 2005.

Chapter 6 was accepted as a journal article [Del06]:

J.-Ch. D. An optimal quantized feedback strategy for scalar linear systems.
IEEE Transactions on Automatic Control. Accepted in 2005.

All these results have also benefited from discussions with Jarkko Kari (who
pointed out Example 1), Eugene Asarin (who suggested Proposition 15), Anahi
Gajardo, Sandro Zampieri, Alexander Megretski, Petr Kůrka, Vincent D. Blon-
del, and many more.

The drafts of the above mentioned articles have amply served to constitute
a preliminary version of the present text.

This thesis does not include all the work performed during the last years. I
have also collaborated to the following journal paper [HADB05]:

J. M. Hendrickx, B. D. O. Anderson, J.-Ch. Delvenne and V. D. Blondel.
Directed graphs for the analysis of rigidity and persistence in autonomous agent
systems. International Journal of Robust and Non-Linear Control. Accepted in
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Introduction

A simple observation is the seed from which this thesis has grown out. On the
one hand, a dynamical system is a ‘thing that evolves in time’. On the other
hand, a computer is a ‘thing that performs calculations’ and writes down par-
tial results in its memory. So a computer must change its memory at every
new operation, and may thus be seen as a dynamical system. Conversely, an
arbitrary dynamical system might be perceived as computing a particular func-
tion across time, the state of the system at every moment being the memory.
This let us hope that the theory of systems and the field of computer science
interfere in a fruitful way, allowing to solve problems of systems with methods
and tools from computer science or conversely.

Of course, such connections are already actively studied. For instance, cel-
lular automata have been of interest for both their computational and dynamic
properties since their discovery in the fifties. However the words ‘system’ and
‘computer’ are susceptible of many interpretations. A system may have an in-
put or not, may be finite or infinite, may be endowed with a topology or a
probability measure, etc. A computer may be modelled by a Turing machine,
a finite automaton, can interact with its environment or not, etc. Such diverse
models may intermingle very diversely, leaving room for plenty of interesting
questions.

Such a broadly defined theme is of course not to be explored exhaustively,
and we can only propose an impressionist picture. As such, little effort has been
made to provide an unified framework that would underlie the results presented
here. Hence Chapters 3 to 6 can be read independently.



2 1 Introduction

1.1 Almost periodic configurations and undecidable

dynamics

Turing machines, tilings and subshifts, common tools of theoretical computer
science, may also be seen as dynamical systems and in Chapter 3 we analyze
some of their dynamical properties. Several questions and properties of these
objects appear at first to be different and are given a unifying presentation in
this chapter. We do not provide explicit correspondences from one class to the
other, but show instead that several properties for these dynamical systems
can be proved in a common abstract context. The dynamical systems that
we consider are tilings of the plane, Turing machines and infinite words. We
describe them briefly below.

A Wang tile is a unit square with colored borders. Given a finite set of
Wang tiles, we consider the set of all tilings of the plane Z

2. In a tiling of
the plane every integer grid point of the plane is the center of a Wang tile
and adjacent borders of tiles have the same color (see Figure 1.1 for a simple
example). Note that no rotation of the tiles is allowed. Once a tiling of the
plane is given, other tilings can be obtained by horizontal and vertical shifts
of the entire tiling. The dynamical system resulting from a set of Wang tiles is
given by the set of all possible tilings of the plane, together with the horizontal
and vertical shifts. The problem of determining if a given tile set can tile the
plane (the domino problem) was proved undecidable by Berger [Ber66]. Tiles
sets that cannot tile the plane and those that can tile the plane in a periodic
way are both recursively enumerable, as can be shown (see Section 2.9). From
this it follows that some tile sets may tile the plane without being able to do so
periodically; a fact that disproves the conjecture initially made by Wang that
no such sets of tiles exist [Wan61].

The Turing machine model that we consider in this chapter is a Turing
machine model with one or more tapes, infinite on the left and on the right, filled
with symbols taken from a finite alphabet, and a head reading one symbol on
each tape and able to write a new symbol and shift every tape independently to
the left or to the right. This model differs from the perhaps more traditional one
in that the machine is multi-tape, there is no ‘blank’ symbol, and all tapes are
entirely filled with symbols taken from the alphabet. The head is characterized
by an internal state and acts deterministically. Among the possible states is the
so-called halting state. An example is shown on Figure 1.2. A more detailed
description of Turing machines is given in Chapter 2. Let us fix now some
Turing machine and consider the set of configurations of the machine that
never reach the halting state (a Turing machine configuration is given by a
tape content and a state of the head). This is a dynamical system for the
global transition function of the machine. The mortality problem for Turing
machines is the problem of determining if the machine possesses a configuration
that never reaches the halting state, i.e., whether or not the corresponding
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Fig. 1.1. A set of three Wang tiles and a piece of tiling generated by the tile set.
Colors are represented by numbers. This is Wang’s original example [Wan61].

dynamical system is empty. As explained below, this problem is the Turing
machine equivalent to the domino problem and was proved undecidable by
Hooper [Hoo66]. As for tiles, it follows from this result that there are Turing
machines whose immortal configurations are all non-periodic. Kůrka [Kůr97b]
has conjectured that no such Turing machine exists that has no halting state.
This conjecture is disproved by Blondel, Cassaigne and Nichitiu [BCN02] where
a never-halting Turing machine with six states and four letters and no periodic
configurations is constructed. For tilings, it is known that there is a set of 13
tiles with five colors that tile the plane and can only do so in a nonperiodic
way [ČI96]. The decidability of the problem of determining if a Turing machine
with no halting state possesses a periodic configuration is yet unsettled but is
conjectured to be undecidable in [BCN02].

Our final example is that of infinite words. A (right) infinite word on a
finite alphabet A is a function w : N → A. The shift is the map σ defined
by σ(a0a1a2a3 . . .) = a1a2a3. . . . Any set of infinite words that is closed in the
product topology—explained in more details in Chapter 2—and that is stable
under the shift constitutes a dynamical system called a subshift . In particular,
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Fig. 1.2. A two-tape Turing machine. Here the head is jumping from state q to state
q′, writing a 1 in the cell of the upper tape, writing a 0 in the cell of the lower tape,
then shifting the upper tape to the left and the lower tape to the right.

the set of infinite words that do not contain as subwords words taken from a
particular finite set is called a subshift of finite type.

Thus we have three natural examples of dynamical systems. All three sys-
tems are constructed in the following way: In the set of all possible configura-
tions, we identify a subset of ‘bad’ configurations Z. This subset Z is character-
ized by a finite number of constraints on symbols present in a finite number of
places of the configurations. For Turing machines, Z is the set of configurations
whose state is the halting state, for a tile set T , Z it is the set of sequences
Z

2 → T having a tiling error at the origin, and for a subshift, Z is the set of
infinite words having a forbidden subword as a prefix. Then we consider the set
of all configurations that never reach Z under the system transformations. The
resulting sets are respectively the set of immortal configurations of a Turing
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machine, the set of tilings or the subshift of finite type. In this context Hooper’s
problem (‘Is there an immortal configuration?’) and Berger’s problem (‘Is there
a tiling of the plane?’) are the same questions. The corresponding question for
infinite words is: ‘Is a given subshift of finite type empty?’. This last problem
is easily shown to be decidable.

Motivated by those observations, we are lead to think that Turing machines,
tilings and subshifts may be fruitfully studied in the common framework of
topological dynamics. In this chapter, we aim at unifying questions and the-
orems that are usually stated separately, and at deriving abstract theorems
about dynamical systems that directly apply to tilings, Turing machines and
infinite words.

In the first part of the chapter, we prove from classical results of topo-
logical dynamics that the class of dynamical systems that we consider always
have almost periodic configurations. An almost periodic configuration is a con-
figuration whose associated trajectory regularly comes back near its starting
point (in particular, periodic configurations are almost periodic). We also prove
that dynamical systems that have an almost periodic configuration that is not
periodic have uncountably many such configurations. We then define almost-
periodicity functions, which are a way to measure the regularity of almost
periodic configurations. Abstracting from the case of tilings and subshifts we
give a general definition that can be applied to any dynamical system and we
prove that global convergence is a property that can be characterized in terms
of almost-periodicity function.

In the second part of the chapter, we study the decidability of dynamical
properties of dynamical systems. We are interested in this part by the follow-
ing general question: What properties of dynamical systems are decidable? (A
more precise meaning to this question is given in Section 3.4.) In the theory of
computability the answer to the question: What properties of computable func-
tions are decidable? is given by Rice’s Theorem: All nontrivial properties of
computable functions are undecidable, where a property is trivial if it is verified
by all computable functions or by none of them. In this chapter we propose a
Rice-style theorem for a class of dynamical systems that includes Turing ma-
chines and tilings. Here again we undertake a general approach that holds for
any ‘rich enough’ family of dynamical systems. Our result allows us to prove
the undecidability of questions related to the number of invariant sets and the
topological entropy of tilings and Turing machines.

Let us note here that several results analogous to Rice’s theorem are avail-
able in the literature for particular families of dynamical systems. Kari [Kar94]
proved that every non-trivial property of the limit sets for cellular automata
is undecidable. Cervelle and Durand [CD00] showed that it is undecidable to
test whether two tile sets generate the same tilings, even when one of the tile
sets is fixed and (almost) arbitrary. However, in this last reference ‘tilings’ are
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understood in a way that is different from ours and the proofs given in [CD00]
cannot be transposed to our set-up.

1.2 Decidability and universality in symbolic

discrete-time dynamical systems

Computability is often defined via universal Turing machines. As in Chapter
3, a Turing machine can be regarded as a discrete-time dynamical system, i.e.,
a set of configurations together with a transformation acting on this set. A
configuration consists of the state of the head and the content of the tape.
Computation is done by observing the trajectory of an initial point under iter-
ated transformation.

There is no reason why Turing machines should be the only dynamical
systems capable of universal computation. Indeed, such capabilities have been
also claimed for artificial neural networks [Sie99, Koi96], piecewise linear maps
[KCG94], analytic maps [KM99], cellular automata [Wol02], piecewise constant
vector fields [AMP95], billiard balls on particular pool tables [FT82], or a ray
of light between a set of mirrors [Moo90]. For all these systems, many par-
ticular definitions of universality have been proposed. Most of them mimic
the definition of computation for Turing machines: an initial point is chosen,
then we observe the trajectory of this point and see whether it reaches some
‘halting’ set; see for instance [BC96, SF98]. However, many variants of these
definitions are possible and lead to different classes of universal discrete-time
dynamical systems. In particular, there is no consensus for what it means for
a cellular automaton to be universal. Moreover, in the presence of noise many
of these systems loose their computational properties [AB01, Gác97, MO98];
see [Moo98a, Moo98b, Orp97] for definitions of analog computation and issues
relative to noise and physical realizability.

Another field of investigation is to make a link between the computational
properties of a system and its dynamical properties. For instance, Wolfram
classifies the cellular automata into four categories, according their dynamical
properties revealed by their space-time diagrams, and conjectures that ‘uni-
versal’ cellular automata are in the class four; see [Wol02]. It has also been
suggested that a ‘complex’ system must be on the ‘edge of chaos’: this means
that the dynamical behavior of such a system is neither simple (i.e., a globally
attracting fixed point) nor chaotic; see [CY89, Lan90, MHC94]. Other authors
nevertheless argue that a universal system may be chaotic; see [Sie99].

The basic questions we would like to address are the following:

• How to define computational universality for discrete-time dynamical sys-
tems?

• What are the dynamical properties of a universal discrete-time dynamical
system?
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A long-term motivation is to answer these questions from the point of view
of physics. What physical systems are universal? Is the gravitational N-body
problem universal [Moo90]? Is the Navier-Stokes equation universal [Moo91]?
However in this chapter we focus on symbolic discrete-time dynamical systems
that are effective, i.e., systems defined on the Cantor set {0, 1}N or a subset of
it, whose transformations are computable. Some motivating examples of such
systems are Turing machines, cellular automata and subshifts.

Turing’s machine was originally meant as a model of a computation per-
formed by a human operator using paper and pencil [Tur36]. We adapt Tur-
ing’s reasoning to the case where the human operator does not compute by
himself/herself with a pencil and paper, but relies on a dynamical system to
make the computation. The system is said to be computationally universal if
the observations made by the human operator on the system allow him/her to
solve any problem that could also be solved by a universal Turing machine. We
conclude that a system is universal if some property of its trajectories, such
as reachability of a halting set, is r.e.-complete. This is an extension of Davis’
definition of universal Turing machine [Dav56].

In this contribution, rather than considering point-to-point or point-to-set
properties, we consider set-to-set properties. Typically, given an initial set and
a halting set, we want to know whether there is at least one configuration in
the initial set whose trajectory eventually reaches the halting set. We require
the initial and halting sets to be clopen (closed and open) sets of the Cantor
state space. Clopen sets can be described in a natural way with a finite number
of bits. Considering clopen sets can be justified by supposing that the human
operator cannot separate points that are too close to each other, so we can only
check whether the initial state of the system is in some clopen set. Hence the
set of initial points that can be distinguished is a clopen set.

We model a human operator who has finitely possible mental states by a
finite automaton, similarly to Turing’s assumption. Therefore, we do not re-
strict ourselves to the property ‘Is there a trajectory going from U to V ?’
alone, but consider all properties that can be observed by some finite automa-
ton. Checking whether such a property is verified is a ‘model-checking problem’.
Model-checking problems are usually defined for finite or countable systems;
see [JGP99] for instance. Finally, a universal system is a system that has an
r.e.-complete model-checking problem.

This definition addresses the two issues raised above. Firstly, it is a gen-
eral definition directly applicable to any (effective) symbolic system. Secondly,
dealing with clopen sets rather than points takes into account some constraints
of physical realizability, such as robustness to noise. With this definition in
mind, we prove necessary conditions for a symbolic system to be universal.
In particular, we show that a universal symbolic system is not minimal, not
equicontinuous and does not satisfy the shadowing property. We conjecture
that a universal system must have infinitely many subsystems, and we show
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that there is a chaotic system that is universal, contradicting the idea that
computation can only happen at the ‘edge of chaos’.

1.3 Complexity of control on finite automata

In control theory, feedback is used to obtain a desired behavior from a sys-
tem. A variety of arguments have been proposed to explain why feedback is
useful. Most arguments rely on the notions of uncertainty and lack of infor-
mation: feedback is useful in particular when the system we want to control
is not perfectly known, or when the signals between the system and its envi-
ronment suffer from noise. In Chapter 5, we study another possible interest of
feedback, namely, that feedback may result in a reduction of the controller size
or complexity.

We assume that the system we wish to control is perfectly known, and that
we would like to steer it from a given initial state to a target state in the
simplest possible way. Does the availability of feedback lead to smaller, less
complex controllers? And how can this gain of complexity be measured?

The following motivating example is adapted from an example appearing
in Egerstedt and Brockett [EB03]. Imagine that one must guide a driver from
one particular crossroad to another crossroad in a city. One possible sequence
of instructions may be: Turn right onto Regent St., Turn left onto Oxford St.,
Turn right after 3.3 km.

Another possible description would be to enumerate what direction to follow
at every crossroad encountered: Straight, Straight, Right, Straight, Straight,
Left, Straight, Straight, Straight, Straight, Straight, Right.

What is the difference between these two descriptions of the same path? The
first description needs observations on the environment to be effective: street
names, milestones. On the other hand, the second description needs more (but
simpler) instructions.

We may see a city as a graph whose vertices are crossroads and edges are
streets. We start from an initial vertex and at every step we follow the edge
whose input label corresponds to the given input, and we read the output label
attached to the edge. In the above example, the edge input labels are Straight,
Left or Right, while the output label could for instance be the names of the
streets. Such a graph is a particular example of an input-output automaton.
An input-output automaton is an input-output discrete-time system with a
finite state space and finite input and output alphabets. At every time step an
input letter is read, the state is changed accordingly, and an output letter is
produced. These automata may also be viewed as approximations of continuous
state space systems, where space, inputs and outputs are quantized by finitely
many values.
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In the context of this chapter, we will consider the objective of driving an
automaton from an initial to a target state, and the complexity of an automaton
will be identified with its number of states. An automaton can be controlled
by another automaton, either in open-loop or in feedback. In order to steer an
automaton from an initial state to a target state, feedback control automata
can in some cases be much less complex than open-loop control automata. In
the main result of this chapter, we prove that, even though this may be the
case for particular automata, it is not true on average. More precisely, we prove
in our main result that the average number of states needed to drive an n-state
automaton from one state to another is

• in the order of ln n for an open-loop control automaton;
• between the order of ln n/ ln ln n and the order of ln n for a feedback control

automaton.

Therefore, although it is not proved that open-loop and feedback have the
same order of complexity, little room is left for improvement. As a conclusion,
measuring the output is of little use on a system with a random structure.
However it is easy to find examples with particular structures on which feedback
leads to controllers of very low complexity. We suggest that it could also be the
case for classes of automata, such as quantized linear systems for example.

Our results are in contrast with those presented in [EB03], where the au-
thors also compare the complexity of open-loop versus feedback controllers,
and reach the opposite conclusion. The reason for these apparently contradic-
tory results is that the model used in [EB03] is very different from ours. The
results presented in [EB03] apply to a sophisticated variant of automata called
free-running feedback automata. Essentially, these are automata that do not
read an input letter at every time step, and for which an input letter contains
a complete description of the feedback law to be applied to the automaton.
Thus the input alphabet may be quite large. The complexity of control is the
length of the input word realizing the objective, multiplied by the logarithm of
the input alphabet cardinality. Then, for such devices, with hypotheses on the
structure of the automaton, a strategy based on a mixture of open-loop and
feedback is proved to be less complex than pure open-loop.

The work presented here is also in the spirit of Chapter 6 where systems
have a continuous state space, but discrete time, discrete inputs and discrete
outputs. The goal is then to study the amount of information needed to control
the system. In this chapter we pursue similar goals but with quite different
methods.

Before we can control a system, we must sometimes identify it. In 1956,
Moore [Moo56] proposed some algorithms to identify a black-box automaton,
on which we can test inputs and observe the corresponding outputs. Then
Trakhtenbrot, Barzdin and Korshunov developed a probabilistic point of view
and showed that automata are much easier to identify on average than in the
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worst case. They also designed efficient algorithms able to identify ‘most’ au-
tomata; see [TB73]. We stick to a similar framework, but explore one step
beyond: supposing that the automaton is correctly identified, how can we con-
trol it in the least complex way?

1.4 An optimal quantized feedback strategy for scalar

linear systems

The theory of control with communication constraints, which is at the core
of Chapter 6, deals with the following question. We want to control a system
but the amount of information that can be transmitted from the output to
the input is limited, e.g., because it must transit through a small bandwidth
transmission line. This problem has been the subject of intense research since
1990, and has been formalized in several different ways; see, e.g., [BL00, Del90,
EM01, FZ03, FZ04a, NEMM04, TM04, TL04]. A sample of these results is
given in Chapter 6.

The following setting is described and studied by Fagnani and Zampieri
[FZ03, FZ04a, FZ05]. We are given a discrete-time scalar linear system

xk+1 = axk + uk+1, (1.1)

where k ≥ 0 and |a| > 1. We suppose that x0 is in [−1, 1]. A feedback map is a
map

uk+1 = Γ (xk).

Note that such a feedback map is said to be memoryless because Γ takes
into account only the last value xk of the state, instead of the whole history
x0, x1, . . . , xk. It is said to be quantized if Γ is piecewise constant with finitely
many discontinuities.

We want to design a memoryless quantized feedback map such that if we
plug the feedback map into Equation 1.1, the state of the system eventually
reaches [−1/C, 1/C], for some C > 1, and stays in this interval for almost
every initial condition x0 ∈ [−1, 1], with respect to normalized Lebesgue mea-
sure (‘almost every’ means ‘all but a subset of measure zero’). In other words,
the control must succeed with probability one. The parameter C is called the
contraction rate. The number of subintervals on which the feedback map Γ is
constant, called quantization intervals, is denoted N .

For almost every x0 ∈ [−1, 1] we can define the first entrance time as the
smallest integer t for which xt, xt+1, xt+2, . . . are in [−1/C, 1/C]. The average
first entrance time with respect to normalized Lebesgue measure on [−1, 1] is
denoted by T .

The fundamental question is the following: given a triple (C,N, T ), can we
design a quantized feedback strategy with N quantization intervals, achieving
a contraction ratio of C in average time T?
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Both necessary and sufficient conditions on C,N, T are given in [FZ05]. For
instance, for any r > 0, there exists some s > 0 such that

N ≤ r log2 C ⇒ dT e ≥ s log2 C. (1.2)

Several families of feedback maps are also exhibited, and their optimality is
proved. For instance, a family with the following parameters is designed:

N/|a| = Θ(log C), T = Θ(log C).

The case of higher dimensions is discussed in [FZ04a].
In this chapter, we relax the condition that the quantization subsets should

be intervals. In other words, we partition the interval [−1, 1] into N subsets on
which the feedback map Γ is constant, and these subsets are not necessarily
intervals. This allows us to design a family of feedback maps that do better
than allowed by (1.2). In fact we show that when the slope a is integral, we can
design a feedback map with parameters C, N , T if and only if T log N & log C.





2

Prerequisites

In this chapter we explain some of the fundamental notions needed for the
following chapters. Elements of general topology, measure theory, dynamical
systems, computability, language and automata theory are covered, and we
describe Turing machines, cellular automata and tilings. Naive set theory and
elementary calculus are not reviewed.

Most of this material is classical and may be skipped by a reader familiar
with the concepts, except perhaps the terminology and classification of systems
(Sections 2.3 and 2.4), and the presentation of Turing machines (beginning of
Section 2.7) and tilings (Section 2.9) as dynamical systems.

2.1 Topology

We briefly recall some definitions and facts about general topology. Many text-
books are available on this subject, for instance [Kel55]. The notions below are
mainly useful for Chapters 3 and 4.

A topological space is a set endowed with a family of subsets closed under
arbitrary (finite or infinite) unions, finite intersections and that contains the
empty set and the full set. The family is called a topology and the subsets
are the open sets. The closed sets are the complements of the opens sets; they
are closed under finite unions and arbitrary intersections. A neighborhood of
a point is a subset that includes an open set to which the point belongs. The
closure of a set S is the smallest closed set including S. The closure of a set
always exists, because it is the intersection of all closed sets in which the set is
included. The interior of S is the greatest open set contained in S. The interior
of a set always exists. The border of S, denoted ∂S, is the closure of S minus the
interior of S. An open cover of a topological space is a family of open sets whose
union is X. A topological space is compact if from every open cover a finite
open cover can be extracted. Equivalently, a space is compact if any family
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of closed subsets for which finite intersections are nonempty has a nonempty
intersection. A point x is isolated if {x} is an open set. A perfect space has no
isolated point. A subset of a topological space is dense if its closure is the full
space. A topology T is coarser than another topology T ′ on the same set, or
T ′ is finer than T , if T ⊆ T ′. The discrete topology is such that every subset
is open, and is the finest possible topology. A basis of the topology is a family
of sets that generates the topology by arbitrary unions.

A map between two topological spaces is continuous if the preimage by the
map of any open set is open. Recall that the preimage, or inverse image, of a
set S by a map f , denoted f−1(S), is the set of points x in the domain of f
such that f(x) ∈ S. Equivalently, a map is continuous if the preimage of any
closed set is closed. If the topology of the destination set is generated by a
basis, the map is continuous if and only if the preimage of any set of the basis
is an open set. A continuous bijective map whose inverse map is continuous is
a homeomorphism, and two spaces between which a homeomorphism exists are
said to be homeomorphic. Homeomorphic spaces can be seen as ‘essentially the
same, as topological spaces’.

The product of a family of topological spaces is the set given by the cartesian
product of all underlying sets of the family, endowed with the coarsest topology
that makes the projection maps continuous. A basis for this product topology is
composed of all finite intersections of preimages of open sets by the projection
maps. A subset of a topological space can be endowed with the subset topology
made of all intersections of open sets with the subset.

A Hausdorff space is a topological space in which any two points have
disjoint neighborhoods. A metric or distance on a set X is a map d : X×X → R

that satisfies the following axioms:

• symmetry: d(x, y) = d(y, x) for all x, y;
• positive definiteness: d(x, y) ≥ 0 with equality iff x = y, for all x, y;
• triangle inequality: d(x, z) ≤ d(x, y) + d(y, z).

The ultrametric inequality d(x, z) ≤ max(d(x, y), d(y, z)) is strictly stronger
than the triangle inequality.

The open ball of radius ε > 0 centered at x is the subset B(x, ε) =
{y | d(x, y) < ε}. The closed ball B[x, ε] is the subset {y | d(x, y) ≤ ε}.

A set endowed with a distance is a metric space; it is endowed with the
topology generated by the basis of all open balls as basis. A metric space
is obviously Hausdorff: for two points x, y, the balls B(x, ε) and B(y, ε), for
ε = d(x, y)/2, are disjoint neighborhoods. We can check that closed balls are
indeed closed for the topology.

The metric restricted to the subset of a metric space yields the subset
topology. The product of countably many metric spaces (Xi, di)i∈N is again a
metric space with the metric
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d((xi)i∈N, (yi)i∈N) =
∑

i∈N

1

2i

di(xi, yi)

1 + di(xi, yi)
.

The proof is straightforward, although somewhat tedious.
A sequence of points (xn)n converges to a point x, called a limit of the

sequence and denoted limn xn, if every neighborhood of x contains all but
finitely many members of the sequence. In a Hausdorff space a sequence has at
most one limit. A metric space is compact if and only if every sequence in the
space has a converging subsequence.

The image by a continuous map of a compact Hausdorff space is compact.
A subset of a compact Hausdorff space is compact for the subset topology if
and only if it is closed. These facts, although nontrivial, can be proved in an
elementary way by unwinding down the definitions. A bijective continuous map
between compact Hausdorff spaces is a homeomorphism. Indeed, the preimage
of closed subset by the inverse map is the direct image of the subset by the
map. And the direct image of a closed (thus compact) subset is compact (thus
closed).

Lebesgue number lemma states that for any open cover of a compact metric
space, there is a number δ > 0 such that for any point x the ball B(x, δ) is
included in some element of the cover. Such a δ is called a Lebesgue number of
the cover.

Baire category theorem states that in a compact metric space, a countable
union of closed sets of empty interior has an empty interior. Baire category
theorem is actually more general than that, applying to so-called ‘complete’
metric spaces and to so-called ‘locally compact’ Hausdorff spaces. But the above
version is enough for us. As an application, we can prove that a perfect compact
metric space is uncountable. Indeed, a point is a closed set of empty interior,
and if there were only countably many points, then the full set would have
an empty interior, which is a contradiction. For instance, the interval [0, 1]
endowed with the usual metric d(x, y) = |x − y| is uncountable.

A proof of Baire category theorem goes like this. Given a countable family
Y1, Y2, Y3, . . . of closed subsets with empty interior of a compact metric space
and an arbitrary open set U , take a compact set U1 with nonempty interior,
e.g., a closed ball, included in U \Y1. Now take a compact set U2 with nonempty
interior included in U1\Y2, etc. The intersection of all Ui is nonempty, included
in U , and does not meet

⋃

j Yj , hence no open set U is included in
⋃

j Yj , which
has an empty interior.

2.2 Measure theory

Elements of measure, probability, and information theories are summarized in
this section. A reference on measure theory is [Hal50], and [Abr63] on informa-
tion theory. These concepts are useful in Chapters 5 and 6.



16 2 Prerequisites

Given a set X, a σ-algebra on X is a family of subsets of X closed under
complementation and countable unions and that contains the empty set. A
measure µ on X endowed with a σ-algebra is an assignment of a number µ(Y ) ∈
R ∪ {+∞} to any set Y of the σ-algebra such that µ(Y ) ≥ 0, µ(∅) = 0 and
µ(

⋃

i∈N
Yi) =

∑

i∈N
µ(Yi) for every countable family of pairwise disjoint sets

(Yi)i∈N. A set endowed with a σ-algebra and a measure is called a measure
space, and the sets of the σ-algebra are called the measurable sets.

A measurable function between two measure spaces is a map such that the
preimage of a measurable set is measurable. It is said to preserve measure if
the preimage of a measurable set is a measurable set of same measure.

A finite or countable set can be endowed with the uniform measure: every
set is measurable and measured by its cardinality. Any topological space can
be endowed with the σ-algebra of Borel sets, which is the smallest σ-algebra
that contains the open sets. Such a smallest σ-algebra always exists because
the intersection of a family of σ-algebras is a σ-algebra.

The set R
n is usually endowed with the Lebesgue measure. We require the

measure of a box ]a1, b1[× · · · ×]an, bn[ to be (b1 − a1) × · · · × (bn − an). The
measure of a Borel set Y is the infimum value of

∑

i∈N
µ(Yi), where (Yi)i is a

countable family of boxes such that Y ⊆ ⋃

i Yi. The measure of a subset of a
Borel set of measure zero is zero as well.

The σ-algebra of Lebesgue-measurable sets is the smallest σ-algebra con-
taining the Borel sets and subsets of Borel sets with measure zero. It can be
proved that the Lebesgue measure is a measure well defined on the Lebesgue-
measurable sets.

We now define the (Lebesgue) integral of a measurable function f : X → R,
for any measure space X of measure µ. Given a set Y ⊆ X, its characteristic
function takes value 1 on Y and 0 elsewhere. The integral of the characteristic
function is defined as µ(Y ); it might be infinite. The integral of a positive
linear combination of finitely many characteristic functions is defined as the
linear combination of the integrals. If f ≥ 0, then the integral of f is defined
as the supremum of the integral of g, where g ≤ f runs over all positive linear
combinations of finitely many characteristic functions. If f = f+ − f−, where
f+ ≥ 0 and f− ≥ 0, and the integral of the measurable functions f+ and f−

are not both infinite, the integral of f is defined as the difference of the integrals
of f+ and f−. For instance, the integral of a function defined on N with the
uniform distribution, is simply the sum of the function.

A measure space for which the full set has measure one is said to be a proba-
bility space, and the measure is a probability measure or probability distribution.
Measurable sets are identified events and the measure of a set to the probability
of an event.

Any measure such that the measure of the full set is finite can be normalized
to a probability measure. For instance a finite set can be endowed with the
uniform distribution.
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A random variable is a measurable function from a probability space to
R. The expected value, or average value, of a random variable is its integral,
whenever it exists.

An important result of measure theory is Lebesgue’s dominated convergence
theorem. Given a measure space X, a sequence of measurable functions (fn :
X → R)n∈N, a function f such that f(x) = limn fn(x) for all x, a measurable
function g such that |fn| ≤ f . Then f is measurable and the integral of fn

converges to the integral of f .
Given a finite or countable set X endowed with a probability distribu-

tion, the (Shannon) entropy in base b > 1 of the distribution is the quantity
−∑

x px logb px, where px is the probability of {x} and with the convention
0 logb 0 = 0. It is always nonnegative and it is equal to 0 exactly when the
distribution is concentrated on a unique element. For a finite set, it takes its
maximal value log2 |X| for the uniform distribution.The notation |X| indicates
the cardinality of X. The intuitive meaning of the entropy is the average infor-
mation carried by an event, or the uncertainty about the outcome of picking
up an element of X at random.

2.3 Dynamical systems

The mathematical notion of system is originally intended to model physical
systems that evolve in time. As Nature can be modelled in many ways, many
definitions of systems have been proposed. In this section and the next, we list
those needed in subsequent chapters.

A fairly general definition, used in Chapter 3, is the following. A dynamical
system (X,G) is given by a set X, whose elements are called points, states
or configurations, and a monoid G acting on X. By a monoid we mean a
set of elements endowed with an associative internal law . : G × G → G :
(g1, g2) 7→ g1.g2 and an identity element. The monoid acts on X if to every
g ∈ G is associated a transformation fg (the action of g) of X such that for
any g1, g2 ∈ G, we have fg1.g2

= fg1
◦ fg2

. To simplify notations, we often
identify an element of the monoid g to its action fg. The orbit or trajectory of
a configuration x is the set {g(x) | g ∈ G}. An invariant subset of X is a subset
Y of X that is invariant for all transformations in G, i.e., ∀g ∈ G : g(Y ) ⊆ Y .

If G is the monoid R
+ endowed with + and 0, then we have a continuous-

time dynamical system. Continuous-time dynamical systems do not appear in
this thesis. If G is the monoid N endowed with + and 0, then we have a discrete-
time dynamical system. Discrete-time dynamical systems appear mainly in
Chapter 4. A discrete-time dynamical system is completely described by the
set X and the map f1 : X → X associated to 1, thus a discrete-time dynamical
system can be denoted as (X, f1) or f1 : X → X. A discrete-time dynamical
system can be thought of as modelling the following situation. At time zero,
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the system is in some arbitrary initial state x; then at every step of time the
state is transformed via the map f1; at time step t (for any t ∈ N) the system
is in state xt = ft(x) = f t

1(x) (the power denotes iterated composition). Note
that for discrete-time dynamical systems, what we call the orbit of x in the
literature and also in this thesis is sometimes the sequence (f t

1(x))t∈N rather
than the set {f t

1(x) : t ∈ N}. The distinction is inessential.
Tilings are examples of dynamical systems whose monoid is Z

2 endowed
with + and (0, 0); see Section 2.9 and Chapter 3.

In most cases, we put some additional structure on the set X. From now,
we will always assume that X is a compact metric space and that every action
of an element of the monoid is a continuous map from X to X.

A subsystem of the system (X,G) is a closed subset of X invariant under
every action of the monoid G. Endowed with the subset topology and the
monoid G, whose actions are restricted to the closed subset, the subsystem
is itself a system. A closed orbit is the closure of an orbit. Closed orbits are
obvious examples of subsystems. Indeed, an orbit is invariant for every action
of the monoid, and since every action is continuous, the closed orbit is also
invariant under every action. Another example of subsystem is the limit set
∩g∈Gg(X). The limit set is invariant and closed, hence is a subsystem.

Consider the systems (X,G) and (Y,G) and assume that there is a contin-
uous map h : X → Y such that for all g ∈ G, fg ◦ h = h ◦ fg, where fg is the
action of g. If h is surjective then (Y,G) is a factor of (X,G). If h is bijective
then (Y,G) and (X,G) are conjugated and f is a conjugacy. Note that a bijec-
tive continuous map between compact metric spaces is a homeomorphism (see
Section 2.1). A factor of a system can informally be seen as a simplification of
the system. Conjugated systems can informally be seen as essentially identical.

Products of dynamical systems will also be considered, however we prefer
not to give an overgeneral definition and redefine a well-suited version every
time we need it.

A minimal dynamical system is a dynamical system that has no proper
subsystem, except the empty set. A point whose orbit is finite is said to be
eventually periodic. If the orbit is finite and minimal, then the point is said to
be periodic. Minimal dynamical systems can be characterized as follows.

Proposition 1 A dynamical system (Y,G) is minimal if and only if the closed
orbit of any point is Y .

Proof. If a dynamical system is minimal, every closed orbit (itself a subsystem)
must be the full system. Conversely, if a dynamical system is not minimal then
there exists a proper nonempty subsystem; any configuration of this subsystem
generates an orbit, the closure of which does not fill the whole space. 2
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Consider now the set of all nonempty subsystems of a dynamical system and
order them by inclusion. Then minimal subsystems are precisely the systems
minimal for this order. Given a totally ordered family of nonempty subsystems,
their intersection is again a subsystem; indeed, it is closed and invariant. From
compactness, it is also nonempty.

Zorn’s lemma states that in any partially ordered set, if any totally ordered
subset has a lower bound, then there exists a minimal element. Zorn’s lemma is
equivalent to the axiom of choice, which states that the cartesian product of a
family of nonempty subsets is nonempty; see [HJ84]. Applying Zorn’s lemma to
the nonempty subsystems ordered by inclusion, we get a theorem of Birkhoff:

Proposition 2 Every nonempty dynamical system has a minimal subsystem.

The study of minimal systems is pursued in Section 3.2.

2.4 Input-output discrete-time systems

Input-output discrete-time dynamical systems, input-output systems for short,
are more general than discrete-time dynamical systems. They are needed in
Chapters 5 and 6. An input-output discrete-time dynamical system is given by
a set X of points, states or configurations, a set U of inputs and a set Y of
outputs, a map f : X × U → X and a map h : X × U → Y . Note that if we
forget the output set Y and the function h, then an input-output system is
essentially the same as the system (X,U ∗), where the monoid U∗ is the set of
finite sequences of elements of U , with concatenation as internal product, and
where the action of u ∈ U ⊆ U∗ is the map x 7→ f(x, u). Such a system can be
thought of as modelling the following situation.

At every step of time, the environment feeds the system with an element
u ∈ U , the state of the system is updated from x to f(x, u) and y, meant as
the observation performed by the environment during the transition, is set to
h(x, u). We must know the state of the system at time zero and the input given
by the environment at every time in order to compute all the successive values
of x and y.

Sometimes we assume that the environment is itself an input-output discrete-
time system, called the controller, whose input is the output of the system and
whose output is the input of the system; see top of Figure 2.1. The system and
the environment alternatively update their states. To determine the sequence of
states of the system in the course of time, it is enough to know the initial states
of the system and the environment, and the first input given to the system by
the environment.

We can also model the environment by a feedback map which computes the
next value of u as a function of the past values of y; see bottom of Figure
2.1. This is equivalent to modelling the environment as a system. Indeed every
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such function can be represented by an input-output system whose state space
is the set of all possible finite sequences of past values of y, and conversely,
every input-output system with an initial state can be represented by function
mapping a finite sequence of inputs (here a sequence of values of y) to the last
output of the system (here u).
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Fig. 2.1. An input-output dynamical system is interacting with an environment,
modelled by another input-output dynamical system or by a feedback map. The
values of u, x, y are indexed by the time t.
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When X, U and Y are finite sets and we specify an initial state in X,
then the system is called an input-output finite automaton, which is the central
object of Chapter 5. An example of input-output finite automaton is given on
Figure 5.1.

For input-output systems, we can put an additional structure on the set X.
In Chapter 6 we suppose that X is endowed with a probability measure and
that for every u ∈ U , the map f(., u) : X → X is measurable and preserves
measure, i.e., the preimage of a measurable set is a measurable set of same
measure.

Such systems are used in control theory, where a typical problem is the
following: given an input-output discrete-time system, design an environment
(under the form of another input-output system or of a feedback map) such
that the initial state is finally driven to a prescribed final state. Such a problem
is studied in Chapters 5 and 6.

2.5 Languages and automata

We review the basics of the theory of formal languages and finite automata, as
we need these notions in all subsequent chapters. Extensive treatments can be
found in [Lot97, PP04].

An alphabet is a finite set, the elements of which are called the letters or
symbols. A (finite) word over the alphabet A is a finite sequence of letters.
By convention, there is exactly one word of length 0, called the empty word.
The set of words over A is denoted A∗. An infinite word over A is a sequence
of letters indexed by the natural integers. The set of infinite words over A is
denoted AN or Aω. A language over A is a subset of A∗ and an ω-language over
A is a subset of AN. The concatenation of a word u and a (finite or infinite)
word v is the word uv. The word v is a subword of the (finite or infinite) word
t if t can be written as uvw; if u is the empty word then v is a prefix of t.

If L is a language and L′ is a language or an ω-language, then LL′ denotes
the language or ω-language obtained by concatenation of all elements of L with
all elements of L′. The expression Ln denotes the language LL . . . L (n times).
The expression L∗ denotes L∪L2 ∪L3 ∪ · · · and Lω denotes LLLL. . . . Finally,
a letter a sometimes denotes the language {a}, depending on the context. For
instance, an stands for aa . . . a (n times) or {aa . . . a}, and the expression 0∗10ω

is the set of infinite words over {0, 1} with exactly one occurrence of 1.
A prefix language is a language in which no word is a prefix of another

word. Suppose that a prefix language over N letters is endowed with a proba-
bility distribution. Shannon’s noiseless coding theorem states that the expected
length of a word is at least the entropy in base N of the distribution. Shan-
non’s theorem provides a lower bound on the shortest possible encoding of a
finite or countable set of events into words over a finite alphabet. Let us see a
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proof. Let L be a binary (say) prefix language. Play head and tail with a fair
coin an infinite number of times. The probability that the sequence of tosses
begins by a binary word u is qu , 2−length(u). For any u, v ∈ L the events that
the sequence begins by u or by v are disjoint. Hence the probability that the
sequence starts by a word of L is

∑

u∈L qu ≤ 1. The expected length of a word
of L is

∑

u∈L pulength(u) = −∑

u∈L pu log2 qu. Hence

−
∑

u∈L

pu log2 pu −
∑

u∈L

pulength(u) =
∑

u∈L

pu log2(qu/pu)

≤ (ln 2)−1
∑

u∈L

pu(qu/pu) − 1)

= (ln 2)−1(
∑

u∈L

qu − 1)

≤ 0,

which is the desired result. We used the fact that ln 2 log2 x = ln x ≤ x − 1. A
reference on information and coding theory is [Abr63].

A finite automaton is given by a finite set of states Q, a set of initial
states Q0 ⊆ Q, a set of final states Q1 ⊆ Q, an input alphabet A and a
transition function ∆ : Q × A → 2Q. The transition function is extended to
∆ : Q × A∗ → 2Q by ∆(q, ua) = ∆(∆(q, u), a). A language L ⊆ A∗ is regular
if there exists a finite automaton which accepts L, i.e., u0u1u2 . . . un ∈ L iff
there exists q0q1q2 . . . qn+1 with q0 ∈ Q0, qi+1 ∈ ∆(qi, ui) and qn+1 in Q1. A
finite automaton can be represented graphically. For instance, the automaton
accepting the language 0∗10∗ is represented on Figure 2.2. Kleene’s theorem
states that regular languages over an alphabet A are exactly those languages
that can be defined by an expression using the empty word, the letters of A,
concatenation, union, and .∗ operation; see [PP04]. Such expressions are called
regular expressions. The proof of Kleene’s theorem is constructive: it provides
an explicit way to construct a regular expression from a finite automaton and
conversely.

A deterministic finite automaton is a finite automaton with only one initial
state and such that the subset ∆(q, a) has exactly one element for every q and
a. So we can write ∆ as a function from Q × A to Q. Notice the similarity
with input-output automata defined in Section 2.4; the output function is here
replaced by a set of final states. It is easy to prove that a language is accepted
by a finite automaton if and only if it is accepted by a deterministic finite
automaton. The trick is to replace the set of states Q of a finite automaton by
the power set 2Q; then the transition function becomes deterministic.

An ω-language L ⊆ AN is ω-regular if there exists a finite automaton which
accepts L, i.e., u ∈ L iff there exists at least one sequence q0q1q2 . . . such that
q0 ∈ Q0, qi+1 ∈ ∆(qi, ui) for all i, and qj ∈ Q1 for infinitely many j. A finite
automaton intended to accept an ω-language is called a Büchi automaton (there
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Fig. 2.2. A deterministic finite automaton accepting the language 0∗10∗. The vertices
are the states, and the edges are labelled with the input alphabet. The initial state
is q0 and the final state is q1. On the input word 0010, the automaton successively
passes through the states q0, q0, q0, q1 and q1 which is a final state, hence the input
word is accepted.

is no formal difference between a finite automaton and a Büchi automaton). It is
not always possible to accept an ω-regular language with a deterministic Büchi
automaton. For instance, the ω-language {0, 1}∗0ω of infinite words with finitely
many 1s is accepted by the nondeterministic Büchi automaton represented on
Figure 2.3, but cannot be accepted by a deterministic Büchi automaton. We
prove the latter fact, following [PP04]. Let ∆ : Q×{0, 1} → Q be the transition
function of a deterministic Büchi automaton accepting {0, 1}∗0ω, with initial
state q0 and final states Q1. Since 10ω is in the ω-language, ∆(q0, 10

i) ∈ Q1,
for some i. Since 10i10ω is in the ω-language, ∆(q0, 10

i10j) ∈ Q1, for some j.
Since 10i10j10ω is in the ω-language, ∆(q0, 10

i10j10k) ∈ Q1, for some k, etc.
Then the word 10i10j10k1 . . . is also accepted by the automaton, but is not in
the ω-language: contradiction.

An adaptation of Kleene’s theorem states that ω-regular languages over an
alphabet A are exactly those languages that can be expressed by an ω-regular
expression, that is, an expression of the form S1(T1)

ω ∪ · · · ∪ Sn(Tn)ω, where
Si and Ti are regular expressions. The proof is constructive; see [PP04].

A Muller automaton consists of a finite set of states Q, a transition function
∆ : Q × A → Q, an initial state q0 ∈ Q and a family F of subsets of Q. Thus
a Muller automaton is basically a deterministic finite automaton with several
sets of final states. A language L ⊆ AN is accepted by a Muller automaton if
u ∈ L iff the set {q ∈ Q : ∀n,∃m > n : ∆(q0, u0 . . . um−1) = q} of states
visited infinitely often when u is read as input belongs to F . For example,
the ω-language {0, 1}∗0ω is accepted by the Muller automaton represented on
Figure 2.4.

McNaughton’s theorem essentially states that a language L ⊆ AN is accepted
by a Büchi automaton if and only if it is accepted by a Muller automaton; see
[PP04] for instance. Hence Muller automata are exactly as powerful as Büchi
automata. The proof of McNaughton’s theorem is constructive. Although Büchi
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Fig. 2.3. A Büchi automaton accepting the ω-language {0, 1}∗0ω. The initial state is
q0 and the final state is q1. Notice the nondeterminism: from q0, whatever the input
is, the automaton can jump either to q0 or to q1.
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Fig. 2.4. A Muller automaton accepting the ω-language {0, 1}∗0ω. The initial state
is q0 and the family of subsets is {{q0}, {q1}}.

automata are simpler to define, Muller automata are deterministic, which is
sometimes an advantage. Note that several other formalisms, including the so-
called µ-calculus and monadic second-order formulae, have been proved equiv-
alent to Büchi and Muller automata; see [PP04, Kai96, JGP99].

2.6 Symbolic spaces and symbolic discrete-time

dynamical systems

As mentioned above, we consider dynamical systems taking place on compact
metric spaces. Of special interest for Chapters 3 and 4 are the so-called symbolic
spaces. A symbolic space is a compact Hausdorff space for which the closed
open sets (called the clopen sets) form a countable basis: every open set is
a union of clopen sets. A typical example of symbolic space is the Cantor
set {0, 1}N endowed with the metric d(x, y) = 0 if x = y and d(x, y) = 2−n

if x 6= y, where n is the index of the first bit on which x and y differ. For
instance, d(0ω, 0n1 . . .) = 2−n. This metric satisfies the ultrametric inequality.
The topology given by this metric is often called the product topology on the
Cantor set, because it is indeed the topology of the product of N copies of the
discrete space {0, 1}, as defined in Section 2.1. Let us prove that the Cantor
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space, i.e., the Cantor set endowed with the product topology, is indeed a
symbolic space.

If w ∈ {0, 1}∗ (the set of finite binary words), then [w] denotes the set of
all infinite sequences beginning by w. In fact, sets of this form, usually called
cylinders, are exactly the (open and closed) balls of the metric space, as readily
seen. Hence cylinders are clopen sets and form a basis for the metric space.

To show compactness, let us take a sequence of points. There is a subse-
quence either in [0] or in [1], or both. Let x0 be 0 or 1 such that there is
a subsequence in [x0]. Similarly, there is subsequence of this subsequence in
[x0x1], for x1 = 0 or 1. There is a subsequence of this new subsequence in
[x0x1x2],etc. Now take one point of the sequence in [x0], one further point of
the sequence in [x0x1], one further point of the sequence in [x0x1x2], etc. This
subsequence converges to the configuration x0x1x2. . . .

Note that any clopen set of the Cantor space {0, 1}N is a finite union of
cylinders, since any clopen set is compact (because closed in a Hausdorff com-
pact space) and is the union of cylinders (because open).

The same definition of distance is extended almost immediately to the

spaces {0, 1}∗ ∪ {0, 1}N, AN, Q × AZ, AZ
d

where Q and A are finite and d

is a positive integer. For instance, the set AZ
2

is endowed with the metric
d(u, v) = 0 if u = v and d(u, v) = 2−n if u 6= v, with n the smallest integer for
which there are i and j such that n = min{|i|, |j|} and uij 6= vij . If a square
pattern of odd size 2s+1 is centered at the origin, then the set of configurations
extending that pattern is an open ball of radius 2−s. Conversely, to an open
ball of radius r < 1 is associated a square pattern of size 2b− log2 rc + 1.

Closed subsets of the Cantor space, endowed with the subset topology, are
symbolic spaces themselves. The converse is well known to hold as well:

Proposition 3 Every symbolic space is homeomorphic to a closed subset of
the Cantor space. Every perfect symbolic space is homeomorphic to the Cantor
space.

Proof. Let X be an effective symbolic space, and let (Pn)n∈N an enumeration
of the clopen sets of X. For every point x ∈ X, construct the infinite sequence
g(x) ∈ {0, 1}N, where g(x)n = 1 if and only if x ∈ Pn. Then the map g : X →
{0, 1}N is injective, because every two points are separated by a clopen set (i.e.,
there is a clopen set that contains one point but not the other). It is continuous
because the preimage of a clopen set of {0, 1}N is clopen in X, and because the
clopen sets are a basis of the topology of {0, 1}N. As X is compact, g(X) is
closed.

If the space is perfect, then we construct another map h : X → {0, 1}N.
We may write X as a partition of two clopen sets X = X0 ∪ X1, where X0 is
the clopen set of smallest index to be different from X and ∅; this is always
possible thanks to perfectness. Suppose that we have already constructed Xu,
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where u is a binary word. Let n be the first index such that Xu ∩ Pn differs
from both Xu and ∅. Set Xu0 = Xu ∩ Pn and Xu1 = Xu \ Pn. For x ∈ X let
h(x) ∈ {0, 1}N be such that x ∈ Xu for all prefixes u of h(x). We claim that
h : X → {0, 1}N is a homeomorphism.

First we prove that h(x) is well defined. From construction, Xu and Xv

have a nonempty intersection if and only if u is a prefix of v or v is a prefix of
u. Hence for a point x, the set of words u such that x ∈ Xu is totally ordered
by the relation ‘is a prefix of’, and there is a unique limit infinite word.

We now consider the map h′ : {0, 1}N → X sending the configuration
u0u1u2 . . . to the unique point of Xu0

∩ Xu0u1
∩ Xu0u1u2

∩ · · · . Let us show
that it is indeed unique. Any two distinct points x and y in Xu0

∩ Xu0u1
∩

Xu0u1u2
∩ · · · are separated by some clopen set Pm. As only finitely many

clopen sets have an index smaller than m, Pm must have been taken into
consideration in the process of refining Xu0u1...ui

into Xu0u1...ui0 and Xu0u1...ui1

(for some i). As Pm separates x from y (both in Xu0u1...ui
), then we have, say,

Xu0u1...uiui+1
= Xu0u1...ui

∩Pm. Then x or y belongs to Xu0u1...uiui+1
, but not

both: contradiction.
We easily check that h and h′ are inverse maps. They are continuous, be-

cause they map clopen sets to clopen sets. Hence h is a homeomorphism. 2

For instance, the perfect space AZ
d

, where A is finite and d is a positive
integer, is homeomorphic to {0, 1}N. The set of finite and infinite words {0, 1}∗∪
{0, 1}ω is homeomorphic to the set {10, 11}∗(00)ω ∪ {10, 11}ω ⊆ {0, 1}ω.

Hence every symbolic space is metrizable with a metric that satisfies the
ultrametric inequality and such that there are finitely many balls of radius ε,
for any ε > 0.

A symbolic discrete-time system is a continuous transformation of a sym-
bolic space.

An invariant subset of the discrete-time symbolic system f : X → X is
subset Z ⊆ X such that f(Z) ⊆ Z. A closed invariant subset Z endowed with
the subset topology is a symbolic space, and f restricted to Z is a subsystem of
f : X → X. The discrete-time symbolic systems f : X → X and g : Y → Y are
conjugated if there exists a homeomorphism h : X → Y such that h ◦ f = g ◦h.
Two conjugated systems are seen as ‘essentially the same’. If h : X → Y is
a surjective map (rather than bijective), then the system g : Y → Y is said
to be a factor of f : X → X and h is the factor map. The factor g can be
seen as a ‘simplification’ of f . These are of course the specializations of the
corresponding notions for general dynamical systems defined in Section 2.3.

The identity on any symbolic space is perhaps the simplest example of
symbolic discrete-time system. Another simple symbolic system is the map
f : {0, 1}ω → {0, 1}ω : x 7→ 0x, where all orbits converge to 0ω.

A one-sided or two-sided shift is a discrete-time dynamical system on AN or
AZ (where A is a finite alphabet) with the map σ : AN → AN or σ : AZ → AZ
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defined by σ(x)i = xi+1. This map is obviously continuous. A subshift is a
subsystem of a shift, i.e., a closed subset of the Cantor space that is invariant
under the shift map. In particular, a subshift is an ω-language and the set of
subwords appearing at least one infinite word of the subshift is the language of
the subshift. Subshifts are important partly because any discrete-time symbolic
system can be ‘approximated’ by a subshift, as we now explain.

From any symbolic discrete-time dynamical system, we can generate one-
sided subshifts in a natural way. A clopen partition of a symbolic space is a
partition of the space into a finite number of disjoint clopen sets. A partition
C is finer than C′, or C′ is coarser than C, if every clopen set of C is included
in some clopen set of C′. Given a clopen partition C = {C1, . . . , CN} of X, the
subshift induced by this partition is the set of infinite words c0c1c2c3 . . . ∈ CN,
such that there is a point in c0 whose trajectory goes successively through c1,
c2, c3, . . . . Note that here C1, say, is both a subset of X and a symbol from
a finite alphabet. Thus C1C3C1, for instance, denotes a word of three symbols
over the alphabet C. The language of the subshift is also said to be induced by
the partition. An induced subshift is a factor of the system and conversely any
factor subshift is induced by the clopen partition {h([a1]), . . . , h([aN ])}, where
h is the factor map and {a1, . . . , aN} is the alphabet of the subshift.

A subshift is sofic if its language is regular. A subshift is sometimes given by
a set of forbidden words: the subshift is described as the largest set of infinite
words that do not have any of the forbidden words as subword. A subshift is
of finite type if it can be defined by a finite set of forbidden words. In other
words, a subshift a finite type is the set of infinite words whose orbit under
the shift map does not intersect Z, for some clopen set Z; such a set is always
closed, because it is the intersection of all sets σ−n(Zc), where .c denotes the
complement. Sofic subshifts are exactly factor subshifts of subshifts of finite
type, as shown by Weiss; see [Kůr04] for a proof.

In the next sections, other nontrivial examples of symbolic discrete-time
dynamical systems are given: Turing machines and cellular automata.

2.7 Turing machines and computability

We now detail the definition of Turing machine, insisting on the fact that
Turing machines are dynamical systems. We then review the basic theory of
computability. These notions are useful in Chapters 3 and 4.

A (multi-tape, deterministic) Turing machine is given by a head and a finite
set of tapes, infinite on left and right sides, divided into cells. Every cell contains
a symbol taken in a finite alphabet. At any time the head can read the symbol
of exactly one cell on each tape, write a (possibly) new symbol in the same cell,
and make each tape move one cell to the right or one cell to the left. The head
is described by a finite set of internal states and a transition function. Given
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the set of symbols currently read on the tapes and the present internal state
of the head, the transition function tells the head which operations to perform
on each tape and updates the internal state. An example of Turing machine is
given on Figure 1.2.

The space of configurations of a Turing machine is thus given by X =
Q × AZ

1 × · · · × AZ

k , where k is the number of tapes, A1, . . . , Ak the alphabets
and Q the set of internal states of the head. The head is formally an input-
output system with A1 × · · · ×Ak as input set, A1 × · · · ×Ak × {Left,Right}k

as output set and Q as state set.
The space X is a compact metric space, with a metric similar to the metric

of the Cantor space {0, 1}N. As it is a perfect symbolic space, it is homeomor-
phic to the Cantor space. Hence a Turing machine is a symbolic discrete-time
dynamical system. This corresponds to the model of Turing machine with mov-
ing tape studied by Kůrka [Kůr97b].

A variant often encountered in the literature is the Turing machine with
blank symbol. Every tape is supposed to be of finite length at any time. Hence
the configurations are A∗×Q×A∗ if one tape (and similarly for several tapes).
The first occurrence of A∗ denotes the content of the tape to the left of the
head and the second A∗ denotes the right part of the tape. Of course, the head
may increase the length of the tape. One may think the rest of the infinite tape
as filled with all blank symbols. In other words, one may think of A∗ as A∗bω,
where b is the blank symbol.

However, A∗ is not naturally equipped with a compact topology, so we
consider the compactification W = A∗ ∪ AN, i.e., the set of finite and infinite
binary words. Then the Turing machine function is also defined on W ×Q×W
(if there is only one tape), which is a compact space, whose isolated points
are A∗ × Q × A∗. Note that an isolated point is clopen in W × Q × W . In
conclusion, a Turing machine with a blank symbol is a symbolic system on the
space W × Q × W .

Note that the ‘state’ of a Turing machine usually refers to the the internal
state of the head, rather than the whole content of the head and of the tapes,
for which we rather use the term ‘configuration’.

Considering Turing machines as dynamical systems is a rather recent point
of view, adopted for instance in [BCN02, Hoo66, Kůr97b, Moo91]. Turing ma-
chines were originally designed as a model of computation, that is, as a formal
definition of algorithm or effective procedure. We now quickly review the clas-
sical theory of Turing machines and computability; more details can be found
in references such as [Cut80, Rog87].

Turing [Tur36] argued in the following manner to conceive his machine.
An algorithm is informally defined as a finite set of nonambiguous and finitary
instructions to manipulate finite objects, such as symbols, integers, graphs, etc.
The aim of an algorithm is usually to compute a function (e.g., ‘Given n ∈ N,
what is the square of n?’) or to decide membership to a class of finite objects
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(e.g., ‘Given n ∈ N, is n a perfect square?’). By a finite object, we mean that
it can be characterized by a finite description. Turing imagined a human being
applying an algorithm to compute a function or decide a property. The human
being is assumed to be at every step of the algorithm in a unique state of mind,
and is supposed to have finitely many possible states of mind. Hence he/she can
only distinguish finitely many symbols. The data of the problem is written on a
sheet of paper under the form of a finite sequence of symbols. He/she writes or
deletes intermediate and final results on other sheets of paper, available in any
quantity. Paper is modelled by the tape(s), and the human operator is modelled
by the head. We now describe in little more detail how a Turing machine is
used to perform a formal computation.

First note that all finite objects (pairs of integers, rational numbers, finite
words, automata, etc.) can be encoded into natural integers, or equivalently
into binary words, in an effective way. What is meant exactly by ‘effective’
remains nonformalized.

Properties, sets and problems are customarily identified. Given a natural
integer (or a word or a Turing machine or a graph, etc.), called the instance,
the problem of checking whether a property is verified by a natural integer
(or, etc. ) is identified to the set of positive instances, i.e., of natural integers
(or, etc.) that satisfy the property. A subset of N can also be identified to the
characteristic function N → {0, 1}. And a function k : N → N can be identified
to the set of couples (n, k(n)). Hence it is enough to say what an algorithmically
computable function is, or to say what an algorithmically decidable set is.

So a Turing machine is used to compute a function k : Dom(k) ⊆ N →
N : n 7→ k(n) (we allow partial functions). A convention must be taken as how
to encode the initial data —a natural integer n— on the tape. For instance,
n is written in binary on the right side of the head, and the rest of the tape
is filled with blank symbols; the other tapes, if any, are also filled with blank
symbols. A similar convention can be taken if there is no blank symbol. The
head is initially in some initial state, and we let the Turing machine run on
this initial configuration. There is a special state of the head, called the halting
state. Whenever we reach it, we look at the content of the tape(s). From this
content we can decode in an ‘effective’ way an integer, which is k(n). The partial
functions for which such a Turing machine exists are called computable, and
every Turing machine computes a partial function. It is important to note that
a computable function may be partial, because a Turing machine may never
reach the halting state from initial configuration.

A computable function is in a sense a finite object, since it can be described
by a corresponding Turing machine (although this description is not unique).
Hence it makes sense to ask whether a given partial function is defined on a
given number. Turing proved this problem, called the halting problem, to be
undecidable, i.e., its characteristic function is not computable. An equivalent
form of the halting problem is the following. Given a Turing machine and an
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initial finite configuration (‘finite’ because almost all cells are filled with a blank
symbol, or another fixed symbol), does the Turing machine reach the halting
state?

A set is recursively enumerable or r.e. if it is the domain of a computable
partial function. The class of r.e. problems is denoted Σ1.

A problem is (many-one) reduced to another problem if there exists a to-
tal computable function, called a (many-one) reduction that maps positive
instances of the first problem to positive instances of the second problem and
negative instances of the first problem to negative instances of the second prob-
lem. Intuitively, the second problem is at least as hard as the first one: if you
can solve the second problem, you can solve the first one by first translating
an instance of the first problem into an instance of the second problem. We
consider two problems to be equivalent if they can be reduced to one another.

Given a class Σ of problems, for instance the r.e. problems, a Σ-hard problem
is one to which every problem of Σ can be reduced. A Σ-complete problem is
a problem of Σ that is Σ-hard. Intuitively, a Σ-complete problem is ‘the most
difficult problem of Σ’. The class co-Σ denotes the problems whose complement
is in Σ.

The halting problem is r.e.-complete, almost by definition. A common tech-
nique to prove that a problem is undecidable is to show that it is r.e.-complete,
by a reduction from the halting problem.

According to Turing, a Turing machine is universal if it can simulate any
other Turing machine, i.e., it computes the partial function that maps a Turing
machine m and a number n to the output computed by m when given n as initial
data. Such Turing machines, both with or without blank symbol, even with
one tape, are known to exist. If we fix once for all a universal Turing machine,
an equivalent form of the halting problem is to check, given a finite initial
configuration, whether the universal Turing machine halts on this configuration.

An oracle Turing machine is one which has a special tape called the oracle
tape, whose content is interpreted as an oracle function from N to N. For
instance an arbitrary total function k : N → N can be encoded in the form
10k(0)10k(1)10k(2)1 . . . at the right side of the head. Note that not every initial
content of the oracle tape encodes a correct function from N to N. The Turing
machine can use the oracle tape to query the value of the oracle function
on a natural integer. Of course, the function computed by an oracle Turing
machine depends on the oracle given as initial content of the oracle tape. If the
oracle function is computable, the function computed by the Turing machine
is computable too. An oracle Turing machine provided with a noncomputable
oracle function may compute a noncomputable function. A universal oracle
Turing machine is one which can simulate any other oracle Turing machine, in
a sense similar to universal Turing machines. Universal Turing machines with
an oracle tape and another tape, encoding configurations with or without blank
symbol, can be constructed.
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Church-Turing thesis claims that Turing machines are the right formaliza-
tion of ‘algorithm’ or ‘effective procedure’. Hence, according to the thesis, every
procedure described in English or another natural language that computes a
function or decides a problem and that is ‘effective’ (in the intuitive meaning)
can be translated into a corresponding Turing machine. Church-Turing thesis
cannot be formally proved, but is supported by several strong arguments. One
of them is the fact that a Turing machine is a model of a human being per-
forming a computation, as explained above. In addition to that, no intuitively
computable function has ever been found that cannot be computed by a Turing
machine. Another argument is the fact that other attempts to formalize the no-
tion of computable function, such as Church’s λ-calculus or Kleene’s recursive
functions, have led to the same class of functions than those computable by a
Turing machine. Church-Turing thesis is widely accepted by computer scien-
tists, and it is adopted in this text without restriction. In particular, we shall
consider the words ‘computable’, ‘effective’ or ‘recursive’ as mere synonyms.

Church-Turing thesis simplifies proofs a lot. For instance, consider the prob-
lem of primality: we must determine whether a given integer n is prime. There
is an simple, informal algorithm to solve it: for all numbers i between 2 and
n − 1, check with the method of euclidian division whether i divides n. This
algorithm can clearly be carried out in a mechanical way by a human being.
Hence Church-Turing allows us to conclude that there is a Turing machine that,
when given the encoding of an integer, decides primality.

As another example, the existence of a universal Turing machine becomes
trivial if we admit Church-Turing thesis, since simulating a given machine on
a given initial configuration until it stops is obviously effectively feasible by a
human brain, thus it is feasible by some Turing machine.

The undecidability of the halting problem is also proved easily. Suppose by
contradiction that it is decidable, Then you can build a Turing machine that,
given n, halts if the Turing machine n does not halt on the data n, and does
not halt if the Turing machine n halts on the data n. But this Turing machine
is coded by a number, say m. Does m halt on the data m? The answer leads to
a contradiction. The existence of the machine m is provided by Church-Turing
thesis.

A set which is r.e. and co-r.e. is decidable, and that can also be proved
easily. Indeed, if a natural integer (say) n is in the set, there is an effective
procedure to prove it in finite time. If n is not in the set, then there is an
effective procedure to prove it as well. Given n, we can launch both procedures
in parallel and see which one ends first. Church-Turing thesis prevents us from
the necessity to describe a Turing machine that simulates two Turing machines
in parallel.

Rice’s theorem [Ric53] goes as follows. A ‘nontrivial property’ of computable
functions is a subset of computable functions different from the empty set and
the full set of computable functions. Such a property is undecidable, i.e., one
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cannot decide whether a given a Turing machine computes a function that
satisfies the property.

Let us outline the proof. We suppose, without loss of generality, that the
empty function (i.e., the nowhere defined function) does not satisfy the nontriv-
ial property, and let k be a partial function that does. Given a Turing machine
m and an initial finite configuration n, construct a new Turing machine that,
given a data p, simulates m on n until it stops and then computes k(p). The
function computed by the new Turing machine satisfies the nontrivial property
if and only if m halts on n. Thanks to Church-Turing thesis, the construction
of the new Turing machine is computable. Hence we have reduced the halting
problem to the problem of deciding whether a computable function satisfies the
nontrivial property. Hence the latter problem is undecidable.

2.8 Cellular Automata

We now define cellular automata, which are used as examples of symbolic
discrete-time systems in Chapter 4.

Given a vector v ∈ Z
d, the shift map associated to v is the map from AZ

d

to AZ
d

that maps x = (xu)u∈Zd to x = (xu+v)u∈Zd . This is a generalization
of the shift map on AZ, defined in Section 2.6 . A cellular automaton is a

symbolic discrete-time system on AZ
d

that commutes with all shifts maps, for
an alphabet A and an integer d ≥ 1 called the dimension. The identity, the

shifts and the map sending every configuration to aZ
d

(for a letter a) are trivial
cellular automata.

A more combinatorial definition is the following. Given a finite set of vectors

V ⊆ Z
d and a table AV → A, we define a cellular automaton as a map on AZ

d

with the following property. The image of a configuration x = (xu)u∈Zd is the
configuration y = (yu)u∈Zd such that for every u, the letter yu is given by the
table applied to the list (xu+v)v∈V .

The equivalence between these two definitions was shown by Hedlund
[Hed69] in 1969.

Introduced in the 1950s and 1960s by Ulam [Ula52], von Neumann [vN66] et
Zuse [Zus69], cellular automata have received a lot of attention over the years,
as discrete-time dynamical systems and as models of computation.

For instance, a great deal of work has been done on the classification of
cellular automata according to their dynamical and computational properties;
let us mention the classifications of Wolfram [Wol02], Čulik et al. [ČHY90],
Gilman [Gil87], Kůrka [Kůr97a].

Conway’s Game of Life [Gar70] is a classical example. On Z
2, every cell

is ‘dead’ or ‘alive’; at every step a cell that is alive remains so if two or three
among the eight neighbors are alive and dies otherwise; a dead cell becomes
alive if exactly three neighbors are alive.
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Another well-known example is the one-dimensional automaton 110. The
table is the following. The next value of a cell is 0 if the left neighbor of the
cell, the cell and the right neighbor are in state 000, 100 or 111; otherwise the
next value is 1. The evolution of a configuration is represented on Figure 2.5.
For a detailed account, see [Wol02].

Fig. 2.5. The space-time diagram of the automaton 110. An empty cell is a 0, a black
cell is a 1. The top row contains the initial configuration: all cells are set to 0 except
one. Every row is the image of the row just above. This figure was produced with the
help of Christian Schwarzer’s Matlab Random Boolean Network Toolbox [Sch].
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Game of Life and automaton 110 have been proved to be computation-
ally universal [BCG85, DR99, Wol02], in the sense that given two spatially
ultimately periodic configurations x and y, checking whether x belongs to the
trajectory of y is r.e.-complete. By spatially ultimately periodic we mean that
the configuration, as an element of Z

d, is composed of an indefinitely repeated
finite pattern, except perhaps on a finite number of symbols.

2.9 Tilings

A Wang tile is a square of unit size with colored borders. Let T be a finite
set of colored Wang tiles. A tiling is a configuration of T Z

2

such that adjacent
borders of tiles always have the same colors.

The set T Z
2

is endowed with the monoid of all shifts (this monoid is iso-

morphic to Z
2 with + and (0, 0)). The shifts for T Z

2

are defined in Section
2.8.

The set of tilings is a subset of T Z
2

that is invariant under all shifts. Let
Z be the clopen set of all configurations of T Z

2

that have a tiling error at tile
(0, 0). Then the set of tilings is the closed set ∩v∈Z2σ−1

v (Zc), where σv is the
shift associated to v and Zc the complement of Z. Hence the set of tilings is
a dynamical system. Tilings may be thought of as subshifts of finite type in
dimension two. A simple example of set of Wang tile is given on Figure 1.1.

Tilings were introduced by Wang [Wan61] to study the decidability of a frag-
ment of first-order logic. Wang asked whether the domino problem of checking
if a given tile set can tile the whole plane is decidable. Berger [Ber66] answered
negatively, and Robinson [Rob71] provided a simpler proof. Both proofs work
by embedding the space-time diagram of a Turing machine into a tiling.

The compactness of T Z
2

leads to an interesting consequence. If the set of
tilings is empty, then a set

⋂

v∈V σ−1
v (Zc) is already empty, for some finite

V ⊆ Z
2. Hence, if a tile set cannot tile the plane, it cannot tile a sufficiently

large finite square of the plane. Subsequently, we can eventually know it by
trying to tile larger and larger squares. The family of tile sets that cannot tile
the plane is therefore recursively enumerable.

Furthermore, if a tile set can tile the plane periodically, then we can even-
tually know it, by testing all periodic patterns.

If it is true that every tile set that can tile the plane can tile it in a periodic
way, as we might expect by considering simple examples, and as Wang himself
conjectured, then the domino problem would be decidable, because both tiles
sets that can tile the plane and tiles sets that cannot would be recursively enu-
merable. Hence the result proved by Berger and Robinson proves the existence
of tiles sets that can tile the plane only in a nonperiodic way, and in fact both
proofs explicitly construct such tiles sets. Nowadays small such tile sets, with
no more than 13 tiles, have been constructed [ČI96, ČIK97].
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Almost Periodic Configurations and

Undecidable Dynamics

3.1 Introduction

In this chapter, we consider families of dynamical systems. Recall that a dy-
namical system is for us a compact metric space on which a monoid acts con-
tinuously, as stated in Section 2.3. The notions of metric space, compactness
and continuity are explained in Section 2.1.

To illustrate our results, we are especially interested by three families of dy-
namical systems: subshifts of finite types, tilings and Turing machines restricted
to immortal configurations. Subshifts of finite type are defined in Section 2.6
and tilings in Section 2.9. A Turing machine is here a discrete-time dynamical
system f : Q × AZ

1 × · · · × AZ

k → Q × AZ
1 × · · · × AZ

k , where Q is the set of
internal states and A1, . . . , Ak are the tape alphabets; see Section 2.7 for a full
description. In the rest of this chapter, we suppose for simplicity of notation
that A1 = · · · = Ak = A. There is no blank symbol. An internal state of Q is
called the halting state. If we call Z the set of configurations whose internal
state is the halting state, immortal configurations are those that never fall in
Z. The set of immortal configurations, which is

⋂

n∈N
f−n(Zc), is closed and

invariant under f , thus defines a dynamical system.
Hence the three kinds of systems we consider are constructed similarly, as

the subsystems of all configurations avoiding a certain open set Z.
For a gentle introduction to this chapter, including motivation and literature

background, we report the reader to Section 1.1.
Section 3.2 is a background section where we take a closer look at minimal

dynamical systems, already defined in Section 2.3. We define almost periodic
configurations, which are a well-known generalization of periodic configura-
tions, and we describe the link between minimality and almost-periodicity. In
Section 3.3, a function quantifying almost-periodicity is proposed, that gener-
alizes similar functions already known for tilings and subshifts, and we prove
that global convergence to a single configuration can be characterized in terms
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of the almost-periodicity of that configuration. In Section 3.4 we sketch a Rice-
like theorem, giving sufficient conditions for a property to be undecidable in a
class of dynamical systems. In particular, the number of invariant subsets and
the topological entropy of tilings and of Turing machines restricted to immortal
configurations are uncomputable. Section 3.5 proposes some paths for future
work.

3.2 Minimal dynamical systems and almost periodicity

In this section we define almost periodic configurations and prove that mini-
mal systems (defined in Section 2.3) are exactly closed orbits of almost peri-
odic configurations. We also show that minimal systems are perfect and un-
countable, under some condition. These results are classical; see for instance
[Bro76, Kůr04] in the case of discrete-time dynamical systems and [EEN00] for
the general case. We also propose a function that quantifies almost periodicity
and investigate basic properties of this function.

3.2.1 Minimal dynamical systems

Let us introduce finite-to-one dynamical systems, i.e., systems for which ev-
ery action of the monoid is a finite-to-one transformation. Turing machines,
subshifts and tilings are finite-to-one systems (the latter are even one-to-one
systems). We prove that minimal finite-to-one dynamical systems are either fi-
nite or uncountably infinite. Recall that an isolated point is an open singleton,
and a perfect space is a space without isolated point.

Proposition 4 A minimal finite-to-one dynamical system is finite if and only
if it has an isolated point. Infinite minimal finite-to-one dynamical systems are
perfect and uncountable.

Proof. Let (Y,G) be a minimal dynamical system. If x ∈ Y is isolated then
{x} is an open set and, from minimality,

⋃

g∈G g−1(x) = Y (otherwise the set

Y \⋃

g∈G g−1(x) of points that cannot reach {x} would be a nonempty invariant
closed subset of Y ). From compactness, a finite cover may be extracted. But
each set g−1(x) of the cover is finite, hence Y must be finite. Conversely, if Y
is finite, then all points are obviously isolated.

It is known that any perfect compact metric space is uncountable (as a
corollary of Baire category theorem; see Section 2.1). We thus infer that a min-
imal finite-to-one dynamical system is either finite or uncountable. 2

Recall from Section 2.3 that a finite minimal dynamical is said to be peri-
odic. Note that if we do not ask the system to be finite-to-one, the proposition
above is no longer valid, as shown by the following counterexample.
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Example 1 Let Y be the set {1, 1/2, 1/4, 1/8, . . . , 0}, f be the transformation
x 7→ 1, g be the transformation x 7→ x/2 and G the monoid generated by f and
g. Notice that the system is not finite-to-one because f is not, and (Y,G) is an
infinite minimal system with isolated points.

3.2.2 Almost periodic configurations

A configuration x of a dynamical system (X,G) is said to be almost periodic,
or uniformly recurrent, if for every neighborhood U of x there is a finite subset
H ⊆ G such that for every y in the orbit of x, the set Hy of all images of y
under the actions of the elements of H, has some configuration in U . In other
words, a configuration x is almost periodic if one can choose a finite number of
transformations that send every point of the orbit near x.

Notice in particular that periodic configurations are almost periodic. In-
deed, the orbit of a periodic configuration x is a minimal system, and from
Proposition 1, any point of the orbit can be brought to x under the action of
some element of the monoid. As the orbit is finite, finitely many such elements
are enough to bring any configuration of the orbit to x.

We can easily find a combinatorial characterization of almost periodicity for
our particular examples of dynamical systems. For this we need the notion of
pattern. For tilings on the set of tiles T , a pattern [Dur97] is a partial function
Z

2 → T of finite domain. For an infinite word a pattern is a finite subword. For
a Turing machine, a pattern is the conjunction of a finite set of constraints on
the content of cells (i.e., a finite partial function Z → A for each tape, where A
is the tape alphabet) and/or on the state. To every pattern we can associate a
clopen sets in a natural way: the set of configurations extending some pattern is
a clopen set. Clopen sets are studied in Section 2.6. The following proposition
is a direct translation of the general definition of almost periodicity in terms of
patterns.

Proposition 5 An infinite word w is almost periodic if and only if for every
pattern u of w there is an integer k such that the pattern u appears in every
pattern of length k.

A configuration of T Z
2

(for a finite set T ) is almost periodic if and only if
for every pattern u of the configuration there is an integer k such that u appears
in every k × k square pattern.

A configuration of a Turing machine is almost periodic if and only if for
every pattern u occurring in the configuration there is an integer k such that
the pattern u occurs infinitely often, and the time between two successive oc-
currences is at most k.

The next proposition relates minimal subsystems and almost periodicity.

Proposition 6 Let x be a configuration of a dynamical system . The following
statements are equivalent:
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1. x is almost periodic;
2. the closed orbit of x is minimal;
3. the preimages of any neighborhood of x cover of the closed orbit of x.

Proof. (1)⇒(2) Let x be an almost periodic configuration of (X,G) and y be in
the closed orbit of x. Then for any closed neighborhood U of x there is a finite
subset H of G such that

⋃

h∈H h−1(U) covers the orbit of x. But this set, finite
union of preimages of closed sets, is closed (recall from Section 2.1). It therefore
also covers the closed orbit. Since this applies for any closed neighborhood U ,
we deduce that x is in the closed orbit of y. Thus the closed orbits of x and
y are the same. As it is true for any y in the closed orbit of x, we find from
Proposition 1 that the closed orbit of x is minimal.

(2)⇒(3) For any nonempty open set U of a dynamical system (X,G), the
set X \ ⋃

g∈G g−1(U) of all points that cannot fall into U is invariant and
closed. Thus it must be empty if the system is minimal, and the preimages of
U cover the space. If U is an arbitrary neighborhood of x, the interior of U is a
nonempty open set and the same conclusion applies: the preimages of U cover
the closed orbit of x.

(3)⇒(1) If the preimages of an open neighborhood of x cover the closed
orbit of x, then from compactness, a finite number of preimages already cover
the closed orbit. As it is true for any open neighborhood of x, thus for every
neighborhood of x, x is almost periodic. 2

By Zorn’s lemma and compactness, in every dynamical system there ex-
ists a minimal subsystem, as detailed in Section 2.3. According to the above
proposition, minimal subsystems exactly correspond to closed orbits of almost
periodic configurations, and so we have the following well-known corollary, due
to Birkhoff.

Proposition 7 Every nonempty dynamical system has an almost periodic con-
figuration.

From Proposition 4 we also get the following.

Proposition 8 If a finite-to-one dynamical system has an almost periodic con-
figuration that is nonperiodic, then it has uncountably many such configura-
tions.

We can apply these results to tilings, infinite words and Turing machines:

Proposition 9 Every tile set that can tile the plane can tile it in an almost
periodic way. If a tile set can generate a nonperiodic almost periodic tiling, then
it generates uncountably many of such tilings.

Every Turing machine that has an immortal configuration has an almost
periodic immortal configuration. If a Turing machine has a nonperiodic almost
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periodic immortal configuration then it has uncountably many of such configu-
rations.

In every subshift there is an almost periodic word.

The result for infinite words, as well as the characterization of Proposition 5,
have been known for long; see [MH36, Kůr04] for instance. The results for tilings
are proved by Durand [Dur97], where the uncountability part is established
using combinatorial arguments. Our topological proof has the advantage that it
is applicable to any dynamical system. The result for Turing machines appeared
in [DB04b] for the first time. It nicely complements the result proved in [BCN02]
that Turing machines do not always have periodic configurations.

It is interesting to note that, contrarily to tilings and Turing machines,
subshifts of finite type always have a periodic configuration. Indeed, suppose
that all forbidden patterns have length less than n. Any configuration of the
subshift contains a word of the form uvu, where u has length n. Then the
periodic configuration (uv)ω is in the subshift as well, because it does not
contain any forbidden word.

This suggests that by some aspects at least, the dynamics of tilings is closer
to that of Turing machines than to that of infinite words, even though tilings
can be thought of as subshifts of finite type in two dimensions.

3.3 Almost-periodicity functions

To study almost periodic configurations in greater length, a special function is
defined for tilings in [Dur97] and for words in [MH36, Cas01] (the function is
called recurrence function in the latter reference). In both cases, these functions
quantify how far an almost periodic configuration is from periodicity. In this
subsection we introduce an almost-periodicity function in the context of dy-
namical systems and prove that our definition essentially coincides with those
for tilings and infinite words.

The almost-periodicity function QT : N → N of an almost periodic tiling of
the plane is the function that to n associates the smallest k such that every
(2k + 1)× (2k + 1) pattern of the configuration contains all (2n + 1)× (2n + 1)
patterns observable on the configuration. Note that this is not exactly the
function introduced in [Dur97]; we restrict ourselves to pattern of odd size,
in order to simplify the presentation. We can prove [Dur97] that an almost
periodic configuration is periodic if and only if its almost periodicity function
is bounded by n 7→ n + c for some constant c. The ‘only if part’ is easy. The
converse is proved along the following line. Take larger and larger patterns
centered at (0, 0). Each pattern can be shifted by a vector in Z

2 with both
components between 1 and 2c, such that the pattern and the shifted pattern
agree on their common domain. Infinitely many patterns must have the same
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vector, hence the whole tiling is invariant under one shift map. We repeat the
argument to find another shift map with an independent translation vector. A
tiling which is periodic along two independent directions is periodic.

Moreover, Cervelle and Durand [CD00] prove that for any increasing time-
constructible function f : N → N, there is a tile set such that all tilings gener-
ated are almost periodic and have f for almost-periodicity function. A function
n 7→ f(n) is time-constructible if there is a Turing machine whose halting time
on data n is defined and is exactly f(n). The idea of the proof is to simulate this
Turing machine in the way provided by Berger’s proof. By simulating a Turing
machine that enumerates a nonrecursive r.e. set, we can construct [CD00] a tile
set whose almost periodic tilings have an almost periodic function that grows
faster than any total recursive function.

A function that quantifies almost-periodicity is also defined for infinite
words; see [Cas01, MH36]. The recurrence function QW : N → N of an almost
periodic infinite word of AN is the function that to n associates the smallest k
such that every subword of length k contains all subwords of length n. Some
properties of this function are derived in [Cas01]. In particular, it is shown
that, as for tilings, an almost periodic configuration is periodic if and only if
its recurrence function is bounded by n 7→ n + c for some constant c.

We now define almost-periodicity functions for arbitrary dynamical systems.
Let (Y,G) be a minimal subsystem of the dynamical system (X,G). The almost-
periodicity function of Y relatively to (X,G) is the function Q : R → R ∪ {∞}
defined by ε 7→ infy∈Y {λy,ε}, where

λy,ε = sup{λ > 0|∀x ∈ Y ∃g ∈ G : B(x, λ) ⊆ g−1(B(y, ε))}.
Notice that, thanks to Proposition 6, for every y ∈ Y the collection of open

sets {g−1(B(y, ε)) : g ∈ G} is an open cover of Y , and λy,ε is a Lebesgue
number of this cover; see Section 2.1 for a definition of Lebesgue number. This
function depends on the metric of the space, not just on the topology.

Proposition 10 When specialized to tilings and words, the almost-periodicity
function defined above satisfies Q(2−n) = 2−QT (n) and Q(2−n) = 2−QW (n).

Proof. We only prove Q(2−n) = 2−QT (n); the proof for infinite words is similar.

Let T be a finite set of tiles and suppose that u ∈ T Z
2

is an almost periodic
configuration whose almost-periodicity function relatively to T Z

2

is ε 7→ Q(ε)
and fix a square pattern of size 2n + 1 present in u. If k = QT (n) then this
pattern is extended by every (2k + 1) × (2k + 1) square pattern of u. It is also
extended by every (2k + 1)× (2k + 1) square pattern of every configuration in
the closed orbit of u, because every such configuration is the limit of elements
of the orbit of u.

This exactly means that for every point of the closed orbit of u, the open
ball of radius 2−k around this configuration is included in a preimage (by some
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shift) of the open ball of radius 2−n around some (fixed) configuration of the
orbit of u. Indeed recall from Section 2.6 that the set of configurations extending
a (2k + 1) × (2k + 1) square pattern is open ball of radius 2−k in T Z

2

.
Thus QT (n) = k means that for every configurations v, w of the closed or-

bit of u, B(w, 2−k) is included in the preimage by some shift of B(v, 2−n), and
that k is the smallest integer to have this property. But this also means that
Q(2−n) = 2−k. 2

It would be interesting to see to what extent properties of the almost-
periodicity function for tilings and infinite words may be generalized to ar-
bitrary dynamical systems. For instance, remark that for tilings and infinite
words, the almost-periodicity function QT or QW is greater than the identity.
Formulated in our context this would suggest that almost-periodicity functions
are bounded above by the identity function. However, this turns out to be false
in general, as shown by the following example. Let

f : [−1, 1] → [−1, 1] : x 7→ x

2
.

The only almost periodic point of this dynamical system is the origin, and the
corresponding almost periodicity function is identically equal to infinity.

More generally, we can exactly characterize the dynamical systems that
have an almost periodic configuration with the infinite almost-periodicity func-
tion. Let us say that a subsystem Y of a dynamical system (X,G) is globally
attracting if for every open neighborhood U of Y , there is a g ∈ G such that
Gg(X) ⊆ U (once g is applied the remaining part of the orbit remains in U).
In the map f on [−1, 1] defined above, 0 is globally attracting.

Let us call a monoid weakly commutative if ∀g ∈ G : gG = Gg. In particular,
commutative monoids and all groups are weakly commutative. If the monoid
is weakly commutative, a subsystem Y is globally attracting iff Y contains the
limit set ∩g∈Gg(X) (as defined in Section 2.3). Indeed, if Y is globally attracting
then for any open neighborhood U of Y there is a g ∈ G such that g(X) ⊆ U ;
so the limit set in included in U . As U is an arbitrary open neighborhood
of Y , the limit set is included in Y . Conversely, if Y contains the limit set
then for any open neighborhood U of Y , there exist g1, . . . , gn ∈ G such that
g1(X) ∩ · · · ∩ gn(X) ⊆ U (from compactness). From weak commutativity, for
any i and every h ∈ G there is an h′ ∈ G such that hg1 . . . gn(X) = gih

′(X) ⊆
gi(X). Thus hg1 . . . gn(X) ⊆ ∩igi(X) ⊆ U . Hence for g = g1 . . . gn, we have
Gg(X) ⊆ U , and Y is globally attracting.

Proposition 11 A minimal subsystem of a dynamical system with a weakly
commutative monoid has its almost-periodicity function identically equal to in-
finity if and only if it is a globally attracting point.

Proof. Suppose x is a globally attracting point of (X,G), and choose an open
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neighborhood U of x. Then there is a g ∈ G such that g(X) ⊆ U , i.e., g−1(U) =
X . Then B(x,+∞) = X is included in some preimage of U .

Conversely, if a minimal subsystem Y of (X,G) has an almost-periodicity
function ε 7→ ∞, then for every y ∈ Y and every ε > 0 there is a g ∈ G
such that g−1(B(y, ε)) = X. Thus if there are distinct y1, y2 ∈ Y then for
any ε, there are g1 and g2 in G such that for all x ∈ X, Gg1(x) ⊆ B(y1, ε)
and Gg2(x) ⊆ B(y2, ε). From weak commutativity g1g2(x), equal to g′2g1(x)
for some g′2, is in B(y1, ε). But it is also in B(y2, ε), which is impossible if ε
is small enough. Hence Y is a singleton. This singleton is globally attracting,
since g(X) ⊆ U implies Gg(X) = gG(X) ⊆ U . 2

In the proof of the result, we need to assume that the monoid is weakly com-
mutative. We do not know if the statement remains valid when this assumption
is removed.

The existence of a globally attracting point may thus be read in the almost-
periodicity functions of the system. We do not know what other properties of
systems may be characterized in terms of their almost-periodicity functions.
Also, we do not know what conditions should be put on a system to ensure
that the almost-periodicity functions of minimal subsystems are bounded above
by identity.

3.4 Undecidable properties

In this section we give sufficient conditions for dynamical properties of dynam-
ical systems to be undecidable, and illustrate the interest of these conditions
by deriving new undecidability results for questions related to the topological
entropy and the number of invariant subspaces of Turing machines and tilings.

3.4.1 Families of dynamical systems

A family of dynamical systems is a set (Yn, Gn)n∈N of dynamical systems,
indexed by the natural integers. A system (Y,G) for which Y is empty is said
to be an empty system. In the sequel we assume that the families we consider
always contain an empty system. Examples of families of dynamical systems
are given by tilings, subshifts of finite type and Turing machines restricted to
immortal configurations, as described in Section 3.1.

We say that a dynamical system property is decidable if for every given n, we
can algorithmically decide whether or not (Yn, Gn) satisfies the property. One
of the most basic property we may want to test is whether the system is empty.
This problem is undecidable for tilings [Ber66] and for Turing machines (even
with only one tape) [Hoo66]: there is no algorithm to decide whether the system
of valid tilings built on a given tile set is empty, and there is no algorithm to
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decide whether the system of immortal configurations of a given Turing machine
is empty. By contrast, the emptiness problem for subshifts of finite type is
decidable, because if it is nonempty we can prove it by exhibiting a periodic
infinite word, and if it is empty we can prove that all long enough words contain
a forbidden pattern. Motivated by this common feature of Turing machines and
tilings, we investigate what properties are undecidable for dynamical systems.

This point of view is to be compared to Chapter 4 where we study the
decidability of properties of a single system, instead of a family.

3.4.2 A Rice-style theorem for dynamical systems

Not all properties of all dynamical systems are undecidable. In order to derive
a general undecidability result we therefore need to impose conditions on the
families and the properties that we consider.

Firstly, we will consider dynamical systems that have an undecidable empti-
ness problem and for which it is possible to effectively compute cartesian prod-
ucts (tilings and Turing machines restricted to immortal configurations satisfy
these conditions, see below). Secondly, we will consider properties that are in-
variant under conjugacies and that are not affected by cartesian product. The
former condition, invariance under conjugacies, is quite natural; we do not know
if our theorem remains valid if we remove the second condition.

Let us now formalize all this. We need several definitions. A system property
that is invariant under conjugacy is said to be a dynamical property. Conjugacy
between dynamical systems was defined in Section 2.3.

The (cartesian) product of the two dynamical systems (X,G) and (Y,G) is
the system (X × Y,G). Notice that products of systems are defined only for
systems with the same monoids and that the product of two systems is always
empty when one of the systems is. Products of systems may or may not be
computable. We say that products are computable for a family of dynamical
systems if given two indices i, j, an index kij can be effectively computed such
that the system of index kij is conjugated to the product of the systems i
and j. Products are computable for tilings as well as for Turing machines.
Indeed, to make the product of two sets of tilings, just make the product of the
corresponding sets of tiles: this is an effective operation. To make the product of
two Turing machines, just make the disjoint union of the corresponding tapes,
and the product of the internal states of the heads.

Finally, we say that a dynamical property is not affected by product if the
product of any system that has the property with a nonempty system is a sys-
tem that has the property. Examples of such properties are given in Corollaries
1 and 2. We are now ready to state our result.

Proposition 12 Consider a family of dynamical systems for which products
are computable and emptiness is undecidable. Then, any dynamical property
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that is not affected by product and that is satisfied by at least one member of
the family, but that is not satisfied by the empty system, is undecidable.

Proof. The proof proceeds by reduction to the emptiness problem and is as
simple as the proof of Rice’s theorem. Let (Sn)n∈N be a family satisfying the
conditions of the proposition. Suppose we have a suitable property P , that is
verified by the system Si, and assume there is an algorithm that decides that
property. Then the following algorithm decides emptiness of the system Sn:

Input n;

Compute an index for Si × Sn;

If Si × Sn has property P
then print ‘Sn is not empty’

else print ‘Sn is empty’. 2

We now apply this result to tilings and multi-tape Turing machines.

Corollary 1 The following questions about tilings and Turing machines re-
stricted to immortal configurations are undecidable: Given a system of the fam-
ily,

1. are there at least two disjoint invariant subspaces?
2. is there an infinite number of pairwise disjoint invariant subspaces?

For any fixed nonempty system S of the family, the problem of determining,
for a given system, if S is a factor of the system, is undecidable.

Factors of a system are defined in Section 2.3.

Proof. Tilings and Turing machines restricted to immortal configurations have
computable cartesian products, and their emptiness problem is undecidable.
The latter fact was proved by Berger [Ber66] and Hooper [Hoo66] respectively.

Properties (1) and (2) easily verify conditions of Proposition 12. In par-
ticular, a Turing machine shifting the tapes to the left, and a set of tilings
conjugated to 2Z

2

have both properties.
For a proof of the second statement, remark that S is not a factor of ∅, but

it is a factor of S and if it is a factor of S ′ then it is a factor of any product of
S′ by a nonempty system. 2

Note that the presence of two disjoint invariant subsets in a set of tilings
exactly means that we can find two tilings of the plane and an integer N such
that they have no pattern of size N × N in common.
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3.4.3 Topological entropy

We apply Proposition 12 to derive results on the topological entropy of dy-
namical systems. Entropy was proved to be uncomputable for cellular au-
tomata [HKČ92] and for piecewise affine maps [Koi01], we show that it is not
computable for Turing machines restricted to immortal configurations and for
tilings. Let us first recall some definitions and basic properties (the material
presented here is essentially taken from [Jen01, Bro76, Kůr04]).

The topological entropy of a subshift is given by

lim
n→∞

log2 Nn

n
,

where Nn is the number of patterns (subwords) of length n in the subshift. Using
the fact that Nn+m ≤ NnNm, we can show that the limit exists; see Section
2.10 in [Kůr04], for instance. Given the system of immortal configurations of
a Turing machine, every clopen partition induces a subshift. The topological
entropy of the system is the supremum of the topological entropy of induced
subshifts. This definition makes sense for any symbolic discrete-time system
(as defined in Section 2.6) and can be extended to any discrete-time system,
but we only need it for Turing machines restricted to immortal configurations.

Now consider the set of tilings generated by some tile set. Call Nn the
number of n×n patterns that may be found in at least one of the tilings. Then
the topological entropy of the tile set is given by

lim
n→∞

log2 Nn

n2
,

which always exists.
These two definitions of entropy can be generalized to any system with a

finitely generated monoid (i.e., a monoid containing a finite set that generates
all the monoid by making all possible products): see [Bís04], for instance.

One can prove in a straightforward manner that in both cases the entropy
of the product of two nonempty systems is the sum of the individual entropies,
and the entropy of the sum of two nonempty systems is the maximum of the
individual entropies. We define the entropy of the empty system to be equal to
zero.

Corollary 2 For any fixed α > 0, the following questions about tilings and
Turing machines restricted to immortal configurations are undecidable: Given
a system of the family,

1. Is the topological entropy of the system greater than or equal to α?
2. Is the topological entropy of the system greater than α?
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Proof. The topological entropy of the product of two systems is the sum of the
individual entropies, and is consequently greater than or equal to the individual
entropies. Moreover, for any α ≥ 0, it is easy to build a tiling or a Turing ma-
chine, whose entropy is greater than α (just think to the Turing machine that
does nothing but shifts dαe tapes to the left, with an alphabet of size two or
more). From Proposition 12, this ensures the undecidability of both questions.2

The reader might feel skeptical about the entropy argument: since entropy
of the empty set is actually not defined except by convention, we could not
blame an algorithm that correctly decides whether the entropy is greater than
α except for the empty set, for which it would not halt. But we can easily modify
the proof of Proposition 12 in a more satisfactory way: instead of testing the
entropy of Si × Sn we test Si × Sn + Sk, where ‘+’ is the disjoint union of
dynamical systems, defined similarly to cartesian product, and Sk is a system of
the family with entropy zero. For tilings, we can make the disjoint sum of tilings
sets by making the disjoint sum of tile sets: this is an effective operation. For
two Turing machines with the same number of tapes and the same alphabets,
we can make the disjoint sum of immortal systems by making the disjoint sum
of internal states: this is an effective operation. Thus in the latter case, we
choose for Sk a Turing machine that has the same number of tapes and the
same alphabets as Si × Sn, and whose entropy is zero.

Let us mention a consequence of the uncomputability of entropy for tilings
on data storage. One can see a configuration of the plane as the encoding of
some data on a two-dimensional surface. If we impose that the encoding must
avoid certain patterns (because, for instance, they would be misinterpreted by
the lecture head) then the encoding results in a (piece of) tiling. In this case, the
topological entropy is interpreted as the average ‘capacity’ of the storage, i.e.,
the number of bits that can be encoded in one cell. This approach is undertaken
for instance in [HCR+04] (see also references within). Corollary 2 says that the
capacity of a two-dimensional data storage cannot be computed in general, but
only in particular cases.

3.5 Conclusions

In this chapter we introduce a common method to formulate and solve ques-
tions about various objects such as tilings, Turing machines and infinite words.
The method is to study them as dynamical systems rather than combinatorial
objects.

We give a general result about the existence and cardinality of almost pe-
riodic points for dynamical systems. Then we introduce an almost-periodicity
function for dynamical systems that generalizes similar functions introduced
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in the literature for the specific case of tilings and infinite words. Finally, we
study decidability of dynamical systems properties. A number of properties
are shown to be undecidable for tilings and Turing machines. In particular
topological entropy is shown to be uncomputable.

Many questions remain open. As explained in Section 3.3, the form of the
almost periodicity functions of a dynamical system can be connected to the
properties of the system. For example, what kinds of systems verify the prop-
erties of this function mentioned from [Cas01, CD00, Dur97]? Also, it would
desirable to characterize more completely what properties of dynamical sys-
tems are undecidable. A natural improvement would be to lift or weaken the
hypothesis made in Proposition 12 that the property to be proved undecidable
is not affected by product. Along this way, an ambitious goal would be to find
general conditions for emptiness of a system to be undecidable. This could lead
in particular to a unified proof of Berger’s and Hooper’s theorems, stating the
undecidability of the existence of a tiling and an immortal configuration of a
Turing machine respectively.

Another direction of research would be to study which of our results apply
to a broader set of dynamical systems, such as cellular automata, piecewise
affine maps of R

n and ordinary differential equations.





4

Decidability and Universality in Symbolic

Discrete-time Dynamical Systems

4.1 Introduction

The basic aim of this chapter is to define and characterize computational uni-
versality in dynamical systems. We propose an approach for the case of symbolic
discrete-time dynamical systems. A presentation of the motivations as well as
pointers to the existing literature are provided in Section 1.2.

We recall that a symbolic discrete-time dynamical system is a continuous
transformation of a symbolic space, which can be seen as a closed subset of
the Cantor space {0, 1}N endowed with the product topology; see Section 2.6.
Symbolic systems are a particular case of the dynamical systems considered
in Chapter 3. The main motivating examples are subshifts, Turing machines
(with or without blank symbol) and cellular automata. All these objects are
defined in Chapter 2.

In Sections 4.2, 4.3 we enrich symbolic systems with a structure of effec-
tiveness. Clopen sets are assumed to be numbered by N, in such a way that the
boolean operations (∩, ∪, .c) and the preimage (f−1(.), if f is the map) are
computable.

If a clopen partition is given on a symbolic system, the system can be
observed by a Büchi automaton (defined in Section 2.5). A system is said to
be ‘decidable’ if given the partition and the Büchi automaton, one can decide
whether there is an initial configuration of the system that induces an infinite
word accepted by the automaton. In other words, a system is decidable if
the emptiness of a given induced subshift with a given ω-regular language is
decidable. Some elements of the theory of languages are reviewed in Section
2.5.

If we observe the symbolic system with a finite automaton (also defined in
Section 2.5 ), we can ask whether the language induced by the partition has
an intersection with the regular language defined by the finite automaton. If
this problem is r.e.-complete, we call the system ‘(computationally) universal’.
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Following Turing’s classic argumentation, we can interpret the finite automaton
as a human observer with finitely many possible mental states, taking advantage
of his/her observations on the symbolic system to perform computations; as
the observer cannot distinguish configurations that are too close, the space
is partitioned into clopen sets of undistinguishable points. Decidability and
universality are discussed in Section 4.5 and a discussion of our definition of
universality with respect to other definitions proposed in the literature is the
subject of Section 4.8.

What are the dynamical properties of a universal symbolic system? In Sec-
tion 4.6, necessary conditions for a system to be universal are given, related to
minimality, equicontinuity and the shadowing property. For instance, minimal
systems are proved to be decidable, hence a universal system has at least one
proper nonempty subsystem. In Section 4.7 we build a chaotic system that
is computationally universal. As conclusions, some ideas for future work are
sketched in Section 4.9.

4.2 Effective symbolic spaces

To define computational universality, we need effective symbolic spaces, in
which we can perform boolean combinations on clopen sets effectively.

An effective symbolic space is formally a pair (X,P ), where X is a symbolic
space and P : N → 2X is an injective function whose range is the set of all clopen
sets of X, such that the intersection and complementation of clopen sets are
computable operations. This means that there exist total computable functions
f : N → N and g : N × N → N such that P c

n = Pf(n) and Pn ∩ Pm = Pg(n,m).
Of course, union of clopen sets is then also computable. When no confusion

is possible, we allow ourselves to denote an effective symbolic space by X rather
than (X,P ). In the Cantor space {0, 1}N, the lexicographic ordering yields a
standard enumeration

∅, [], [0], [1], [00], [01], [10], [11], [00]∪[11], [01]∪[10], [00]∪[01]∪[10], [00]∪[01]∪[11], . . .

Other widely used symbolic spaces like {0, 1}∗ ∪{0, 1}N, AN
d

, AZ
d

, Q×AZ,
have also their standard enumerations. Note that we could require intersections
and complements to be primitive recursive rather than computable, without
altering the examples and results of the chapter.

Let (X,P ) and (Y,Q) be two effective symbolic spaces. An effective con-
tinuous map is a continuous map h : X → Y such that h−1(Qn) = Pk(n),
for some computable map k : N → N. If h is bijective then it is an effective
homeomorphism, and (X,P ) is said to be effectively homeomorphic to (Y,Q).

Note that the composition of effective continuous maps is an effective con-
tinuous map, the identity is an effective continuous map and the inverse map of
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an effective homeomorphism is also an effective homeomorphism. In particular,
being effectively homeomorphic is an equivalence relation for effective symbolic
spaces.

Given an effective symbolic space (X,P ), a closed subset Y is said to be
effective, if the family of clopen sets intersecting Y is decidable. In particular
any clopen set is effective. An effective closed subset Y can be endowed with
the subset topology, whose clopen sets are all intersections of clopen sets of
X with Y . Thus, the enumeration P0, P1, P2, . . . of clopen sets of X yields an
enumeration of clopen sets of Y : Y ∩P0, Y ∩P1, Y ∩P2, . . . . This enumeration
may contain empty sets and repetitions, but we can detect them in an effective
way and renumber the sequence accordingly. Hence we get an effective topology
for the effective closed set Y . Equivalently, the inclusion i : Y ↪→ X is an
effective continuous map. Note that the image of an effective closed set by an
effective continuous map is effective closed.

The following is a straightforward generalization of Proposition 3.

Proposition 13 Every effective symbolic space is effectively homeomorphic to
an effective closed subset of the Cantor space. Every perfect effective symbolic
space is effectively homeomorphic to the Cantor space.

Proof. Let (X,P ) be an effective symbolic space. The injective map g : X →
{0, 1}N constructed in the proof of Proposition 3 is effective, since every step of
the construction is effective. The range of an effective map is an effective closed
set. If X is perfect, then the homeomorphism h : X → {0, 1}N is effective as
well. 2

We see that there is no loss of generality in supposing that in any effective
symbolic space, for any rational ε there exists a finite number of balls of radius
ε and that we can compute all of them. Indeed, this is the case for all effective
subsets of the Cantor space.

4.3 Effective symbolic systems

An effective symbolic discrete-time dynamical system is an effective continu-
ous map from an effective symbolic space to itself. In other words, an effective
symbolic system is a symbolic space with a continuous self-map in which inter-
sections, complements, and inverse images of clopen sets are computable. This
definition of effective function in a Cantor space is equivalent to classical defi-
nitions in computable analysis; see for instance [Wei00]. We denote an effective
symbolic system by a map f : X → X or simply f , when the enumeration P
of X is implicit. Extending the definition of effective homeomorphism in the
preceding section, we define a relation of equivalence between effective systems.
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The effective symbolic systems f : X → X and g : Y → Y are effectively
conjugated if there exists an effective homeomorphism h : X → Y such that
h ◦ f = g ◦ h. If h : X → Y is an effective surjective map (and not necessarily
bijective), then the system g : Y → Y is said to be an effective factor of
f : X → X. The factor g can be seen as a ‘simplification’ of f .

An effective subsystem of an effective symbolic system is an effective closed
subset that is invariant under the map. With the subset topology, it is itself an
effective symbolic discrete-time system.

The identity on any symbolic space is the simplest example of an effective
symbolic system. A cellular automaton is an effective symbolic system on the

space AZ
d

, where A is the finite alphabet and d is the dimension. Turing ma-
chines, with or without blank symbol, are also effective symbolic discrete-time
dynamical systems (see Section 2.7 for details about Turing machines inter-
preted as dynamical systems).

4.3.1 Shifts and subshifts

A (one-sided or two-sided) shift is an effective symbolic system. A subshift that
is an effective closed subset of AN (for some alphabet A) is again an effective
symbolic discrete-time system. All subshifts we consider in this chapter are
one-sided subshifts. It is easy to see that a subshift is effective if and only if
its language is decidable. In particular every sofic subshift is effective, since a
regular language is decidable.

Recall from Section 2.6 that any clopen partition of a symbolic discrete-time
system induces a factor subshift. If the system is effective than the subshift is
effective. We can actually characterize effective discrete-time symbolic systems
in terms of their induced subshifts.

Proposition 14 A symbolic discrete-time dynamical system is effective if and
only if there is an algorithm deciding whether a given word belongs to the lan-
guage of the subshift induced by a given partition.

Proof. Let A = {A1, . . . , AN} be a clopen partition. Then a word a0a1 . . . al−1 ∈
A∗ is in the language of the subshift induced by the partition if and only if a0∩
f−1(a1)∩· · ·∩f−(l−1)(al−1) is not empty. This can be checked algorithmically.

Conversely, suppose that all induced subshifts have decidable languages,
and that given the partition we can effectively find a decision algorithm for the
corresponding language. Let Pn be a clopen set of X. There exists a clopen
partition A = {A1, . . . , AN} such that

• for every i, either Ai ⊆ Pn or Ai ⊆ P c
n;

• if AiAj and AiAk belong to the language of the induced subshift, then Aj

and Ak are either both parts of Pn or both parts of P c
n.
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The first condition says that the partition is finer then {Pn, P c
n}, the second

condition says that the partition is finer than {f−1(Pn), f−1(P c
n)}. It can be

checked algorithmically whether a clopen partition has these two properties.
Thus a partition with these properties can be found algorithmically. Then we
can compute f−1(Pn) as the union of all Ai such that there exists a word AiAj

in the language of the induced subshift and that Aj ⊆ Pn. 2

If the subshifts have decidable languages, but decision algorithms are not
computable with respect to the clopen partition, then the system may fail to
be effective. This happens in the following example.

Example 2 Assume k : N → N is a noncomputable strictly increasing to-
tal function. We define a function f on the Cantor space {0, 1}N by f(x) =
f0(x)f1(x)f2(x) . . ., where fi(x0x1x2 . . .) = max{x0, x1, x2, . . . , xk(i)}. There
are two fixed points, 0ω and 1ω, and the image of a point is of the form 0∗1ω.
Then it is easy to see that for any point x either f(x) = 0ω or fn(x) = 1ω for
some n ≥ 0. For any partition A = {A1, . . . , AN}, if 0ω ∈ A1 and 1ω ∈ A2

(say), then every point in A2 ∪ · · · ∪ AN reaches A2 in bounded time (not de-
pending on the point) and does not leave it any more. Then the language of the
subshift induced by the partition is of the form A∗

1SA∗
2, where S is some finite

language. This is certainly a decidable language. However f is not effective, for
otherwise we could compute k.

In the rest of the chapter, we use the terms ‘symbolic system’ or even
‘system’ to denote an effective symbolic discrete-time dynamical system.

4.3.2 Products

Let (fn : Xn → Xn)n∈N be a family of uniformly effective systems on the
effective symbolic spaces (Xn, Pn); we mean that there exists an algorithm that,
given n and two clopen sets of Xn, can compute their intersection, complements
and preimages. Then the effective product of (fn)n∈N is the system f : X → X
on the effective symbolic space (X,P ) such that

• the set X is the cartesian product of all sets Xn;
• the clopen sets of X are all products of clopen sets

∏

n∈N
An such that only

finitely many An ⊆ Xn are different from Xn (this is the product topology);
• the clopen sets are indexed by finite sets of integers in a straightforward

manner, and f is defined componentwise.

We see that this is indeed an effective symbolic dynamical system. The pro-
jections πn : X → Xn are effective maps as well. Products are useful to build
examples of systems with particular properties, as illustrated in the forthcom-
ing Propositions 25 and 30.
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4.4 Automata and the halting problem

Consider an effective system f : X → X and two clopen sets U, V ⊆ X. We
would like to know if there is a point of U that eventually reaches V , that is,
if there exists an x such that

x ∈ U and ∃n ∈ N : fn(x) ∈ V. (4.1)

We call halting problem of f , the problem of answering this question given
U and V . We will see later that this is indeed a generalization of the halting
problem traditionally defined for Turing machines or counter machines.

Consider now another formulation of the halting problem. Suppose that
the system f is only partially observable. All we know about f is whether the
system is currently in U , in V or in W = (U ∪ V )c (we suppose for simplicity
that U and V are disjoint). The system is observed by a finite automaton as
illustrated in Figure 4.1. At every time step, the automaton jumps to a new
state, according to which set U , V or W the system is currently in. The halting
problem amounts to deciding whether it is possible, for some initial point of
the space X, that the automaton eventually reaches the final state from the
initial state.

We would also like to consider variants of the halting problem. For instance,
given three disjoint clopen sets U , V and W , we want to check whether the
following formula is satisfied for some x:

x ∈ U and ∃n : fn(x) ∈ V and ∀m < n : fm(x) /∈ W, (4.2)

where n and m are nonnegative integers. A finite automaton that accepts ex-
actly the points with this property is constructed in Figure 4.2.

We can also ask whether the formula

∀n : fn(x) ∈ U (4.3)

is satisfied for some x ∈ X. This is the case if and only if the automaton in
Figure 4.3, starting from the initial state and observing the system f , reaches
infinitely often the final state from the initial state.

In general we are interested in all properties that can be observed by finite
automata and by Muller or Büchi automata; see Section 2.5 for the definitions
of these terms.

Given a clopen partition A = {A1, . . . , AN} and a finite automaton over
A, we would like to know whether there is a nonempty intersection between
the language induced by the partition and the regular language accepted by
the automaton. In other words, the problem is to know whether there exists a
point of the symbolic system whose trajectory, observed through the partition,
can make the automaton reach a final state form the initial state. We call this
problem the model-checking problem for finite automata.
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V ,W

U ,V ,W

VU ,V ,W

q0

U ,V or W

System

Automaton

U ,W

Fig. 4.1. The symbolic space X of the system is partitioned into U , V and W =
(U ∪V )c. At every time step, the finite automaton is fed with the symbol U , V or W
and jumps to a new state. It is possible to reach the final state qf from the initial state
q0 iff it is possible that qf (and only qf ) is reached infinitely often from the initial
state q0 iff there is a point of U that eventually reaches V . Checking whether this is
true given U and V , is the halting problem of f . The automaton can be considered
as a finite automaton (the final state is qf ), as a Büchi automaton (the final state
is qf ) or as a Muller automaton (for the family {{qf}}). In agreement with Kleene’s
theorem (see Section 2.5), the finite automaton accepts the language U(V c)∗V and
the Büchi or Muller automata accepts the ω-language U(V c)∗V Xω. )

The same question can be asked for a Büchi automaton instead of a finite
automaton. Given a clopen partition and a Büchi automaton, we want to know
whether there is a nonempty intersection between the ω-language induced by
the partition and the ω-regular language accepted by the Büchi automaton. In
other words, the problem is to know whether there exists a point of the symbolic
system whose trajectory, when observed through the partition, is accepted by
the Büchi automaton. We call this problem the model-checking problem for
Büchi automata.

In both cases the automaton may be interpreted as observing the system.
This formalism includes all three properties described above, including the
halting problem. Model-checking aims at finding decision algorithms to check
whether the trajectories of a dynamical system satisfy a given property. Systems
considered in the literature of model-checking are often nondeterministic and
finite or countable, whereas we deal with deterministic systems with a possibly
uncountable configuration space.

We mentioned already that Büchi and Muller automata are powerful to
express properties on infinite words and are equivalent to several logical for-
malisms, including the so-called µ-calculus and monadic second-order formulae.



56 4 Decidability and Universality in Symbolic Discrete-time Dynamical Systems

......
.......
..........

....................
........................................................................................................................................................

...........
.......
......
.

......
.......
..........

....................
.......................................................................................................................................................

...........
........
......

......

......

......
......
.......
........
..........

..........................................................................................................................................................................................

..........
........
.......
......
......
......
......

......

......

......
......
.......
........
..........

..........................................................................................................................................................................................

..........
........
.......
......
......
......
......

......

......

......
......
.......
........
..........

..........................................................................................................................................................................................

..........
........
.......
......
......
......
......

......

......

......
......
.......
........
..........

..........................................................................................................................................................................................

..........
........
.......
......
......
......
......

......
.......
..........

......................
..................................................................................................................................

..........
.......
......
.

......................
................

......
......
......
..........................

......
......
....................

.......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......................
................

.............
..........
.........
..........

..........
...................................................................................................

..................................................................................
.........
........
........
.........
.......
.......
.......
........
.......
..

......
......
......
....................

..........................................................................
..........

.........
.......
........
.......
........
........
........
..................................................................

..............

............................
.....................

..................
..............

.............
............

............
...........

..........
.........

..........
..........
........
........
........
........
........
........
.........
.........
..............
.........
.......
.......
........
.......
........
........
.......
.......
.

........
........

......................

...........
.........
..........
...............
.........................................................................................................................................................................................................

................
...............

..............
... ......................................

U

V

qf

V ,W ,T

U ,V ,W ,T

q0

U ,V , W or T

System

Automaton

U , T

U

W
U ,V ,W ,T VW

T

Fig. 4.2. The symbolic system is partitioned into U , V , W and T = (U ∪ V ∪ W )c.
There is a point of U that stays in W c until it eventually reaches V , iff it is possible
that qf (and only qf ) is reached from the initial state q0, iff it is possible that qf (and
only qf ) is reached infinitely often from the initial state q0. The finite automaton
accepts the language U(U ∪ V ∪ T )∗V and, when interpreted as a Büchi or Muller
automaton, the ω-language U(U ∪ V ∪ T )∗V Xω
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Fig. 4.3. The system is partitioned into U and V . There is a point that never leaves
U iff it is possible that q0 (and only q0) is reached infinitely often from the initial
state q0. The ω-language accepted is Uω.

First-order formulae, including (4.1), (4.2), (4.3), are equivalent to the so-called
linear temporal logic and strictly weaker than Muller automata. For precise def-
initions of all these formalisms, see for instance [PP04, Kai96, JGP99].
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4.5 Decidable and universal systems

An effective symbolic system is decidable if the model-checking problem for
Büchi automata associated to the symbolic system is decidable. As we have
seen in the preceding section and in Section 2.5, Büchi automata is a simply-
defined and well-established framework to express a wide range of properties of
a system, such as ‘Is there a trajectory that reaches the set A infinitely often’,
for instance. Büchi automata are nothing else than finite automaton that accept
infinite words instead of finite words. Informally, they observe all properties that
can be observed with a finite memory of the past. Many interesting properties
of trajectories in dynamical systems appear to be of that kind.

Clearly, decidability is preserved by effective conjugacies. The factor of a
decidable system is decidable. Indeed, if g : Y → Y is a factor of f : X → X,
then a given partition of Y can be lifted through the factor map to a clopen
partition on X. So given a partition of Y and a Büchi automaton, it suffices to
solve the problem with the lifted partition on X and the same Büchi automaton.

The identity map on any effective symbolic space is decidable. Indeed, for
a partition {A1, A2, . . . , AN}, the only words induced by the partition are Aω

1 ,
Aω

2 , . . . and Aω
N . Given a Büchi automaton, it is enough to check whether one

of these paths starting from an initial state of the automaton passes infinitely
often through a final state. Alternatively it is a consequence of the forthcoming
Proposition 23. The map x 7→ 0x on {0, 1}N with a unique attracting fixed
point 0ω is decidable. This follows from Proposition 21. The full shift on any
finite alphabet is a decidable system by a corollary to Proposition 27.

If a system is not decidable, how undecidable can it be? We show that
the problem of model-checking is at most Σ1

1 -complete, which is rather highly
undecidable. A Σ1

1 set is the set of integers m satisfying a formula of the kind

∃k, Q1n1, · · · , Qini : R(k,m, n1, . . . , ni),

where k runs over all total functions from N to N, Q1, . . . , Qi are quantifiers,
n1, . . . , ni run over N, and R is a recursive relation. By ‘recursive’ we mean that
there is a Turing machine with k as oracle and m,n1, . . . , ni as data that decides
in finite time whether R(k,m, n1, . . . , ni) holds or not. Oracles are defined in
Section 2.7. A Σ1

1 set is Σ1
1 -complete if every Σ1

1 is many-one reducible to
it. The class of Σ1

1 problems belongs to the so-called analytical hierarchy; see
[Rog87] for more details.

Proposition 15 The problem of model-checking for Büchi automata on an
effective symbolic system is at most Σ1

1 -complete.

Proof. Let f : X → X be an effective symbolic system. First we show the the
model-checking problem is in Σ1

1 . Then we construct a system simulating a
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universal Turing machine with oracle for which the problem of model-checking
is Σ1

1 -complete. The proof, although rigorous, is not completely formalized.
We can suppose that the space X of the system is an effective closed subset

of the Cantor space 2N. Let x be a sequence taking values in N. Then the asser-
tion ‘x ∈ X’ is equivalent to the formula ‘∀t ∈ N : RX(x, t)’, where the relation
RX(x, t) is the recursive relation ‘x0, x1, . . . , xt ∈ {0, 1} and [x0x1 . . . xt]∩X 6=
∅’. Let m be a natural integer encoding a Büchi automaton whose alphabet is
a partition of X. Here Büchi automata are of easier use than Muller automata.
Recall that a Büchi automaton is given by a finite set of states, an alphabet
and a transition relation, a set of initial states and a set of final states. For
any x ∈ X, call Rf (x,m, t) the relation ‘For the initial condition x, the Büchi
automaton m observing the system can be in a final state at time t’. We say
‘can be’ to take into account the possible nondeterminism of the automaton.
It is a recursive relation; the configuration x can be seen as a function from
N to N. Then the problem of model-checking can be expressed by the logical
formula ‘∃x : x ∈ X and ∀t,∃t′ > t : Rf (x,m, t′)’, with m as free variable;
hence model-checking for Büchi automata is in Σ1

1 .
The set of natural integers n such that there exists a sequence of integers

k : N → N for which the universal Turing machine with initial data n and
oracle k does not halt is well known to be Σ1

1 -complete; see [Rog87]. Consider
an oracle universal Turing machine of the following form. The Turing machine
has two tapes, one of which encodes the oracle function k at the right side
of the initial position of the head under the form 10k(0)10k(1)10k(2)1. . . . We
can suppose that tape alphabet is {0, 1}, without blank symbol. The head has
access to both tapes. Not every possible content of the oracle tape is a valid
oracle; indeed the word 0ω cannot appear on the tape. We can suppose without
loss of generality that when the head wants to query k(i), it first checks that
k(i) is properly encoded by scanning the tape in some state qsearch until it
discovers a 1 and then jumps to the state qfound. This two-tape Turing machine
is an effective dynamical system, as described in Sections 4.3 and 2.7.

Call Q the states of the head, q0 the initial state and qh the halting state.
It can be supposed that it is impossible to leave qh once we reach it. We want
to know whether there is an initial configuration of this system, composed of
a state of Q and the contents of both tapes, such that we start in the clopen
set {q0} × [n] × [1] (i.e., the head is in state q0, the initial data n is encoded
at the right of the head on the first tape and a symbol 1 is read by the head
on the second tape) and the head reaches infinitely often Q \ {qsearch, qh}. For
if an initial configuration is such that the head does not reach infinitely often
Q\{qsearch, qh}, then it either reaches the halting state or gets stuck in a query
on an invalid oracle.

This property can be observed by a Büchi automaton in a straightforward
manner. Indeed call U the clopen set {q0} × [n] × [1], call V the clopen set
(Q \ {qsearch, qh}) × {0, 1}Z × {0, 1}Z of configurations with the head in Q \
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{qsearch, qh} and let W . Then we want to accept the configurations that induce
the ω-language U(X∗V )ω, in the partition of configuration space X into U \V ,
V \U , U ∩V and (U ∪V )c. We use Kleene’s theorem for ω-regular languages to
find a Büchi automaton. Alternatively, it is easy to directly design a suitable
Büchi or Muller automaton.

Putting all together, we have constructed a reduction from a Σ1
1 -complete

problem to a model-checking problem for Büchi automata of some fixed sym-
bolic system; the latter is therefore Σ1

1 -complete as well. 2

We are now ready to state the main definition of computational universality.
We define a universal symbolic system as a special kind of undecidable system.
The universality of Turing machines is a particular example of this definition,
as we show below.

An effective dynamical system is universal if the model-checking problem
for finite automata is r.e.-complete.

An r.e.-complete problem, or Σ1-complete problem, is a recursively enu-
merable problem, to which any recursively enumerable problem is many-one
reducible.

Recall that the model-checking problem for finite automata is checking
whether the the language induced by a given partition intersects a given regu-
lar language. This problem is always recursively enumerable, because the lan-
guage induced by a clopen partition is recursively enumerable and the regular
language accepted by a finite automaton is recursive; the intersection can be
recursively enumerated and if it is nonempty then we can know this after a
finite time. Universality is obviously preserved by effective conjugacies, and a
symbolic system with a universal factor is also universal.

Proposition 16 A universal system is not decidable.

Proof. If the model-checking for Büchi automata is decidable then so is the
model-checking problem for finite automata. Indeed, the latter is reducible to
the former in the following way. Given a finite automaton, modify it in a such
a way that the final states are fixed points of the transition function, whatever
the input is; the resulting automaton is interpreted as a Büchi automaton, with
the same set of final states. 2

Note that a nondeterministic scheme of computation underlies the definition
of universality. The computation succeeds if and only if at least one trajectory
exhibits a given behavior. For example, recall from Section 4.4 that the halting
problem consists in determining, given the clopen sets U and V , whether there
is a configuration in U that eventually reaches V . We may think of V as the
halting set and of U as an initial configuration of which we know only the
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first digits. The unspecified digits of the initial configuration may be seen as
encoding the nondeterministic choices occurring during the computation.

4.5.1 Examples

Turing machines with blank symbol.

A Turing machine with blank symbol that is universal in the sense of Tur-
ing, is also universal according to our definition, because the halting problem
‘Can we go from a clopen set U to a clopen set V ?’ is r.e.-complete. Indeed
the halting problem restricted to clopen sets that are isolated points is already
r.e.-complete. Recall that isolated points are exactly finite configurations. In-
cidentally, we have shown that what we have called ‘halting problem’ for a
general symbolic system is indeed a generalization of the usual halting problem
for Turing machines.

Turing machines without blank symbol.

It is only slightly more complicated to build a universal Turing machine with-
out blank symbol. In such a Turing machine, there is no obvious notion of
‘finite configuration’. The trick is basically to encode the initial data in a self-
delimiting way. Take a Turing machine that is universal in the sense given by
Turing. Then add two new symbols L and R to the tape alphabet. On an initial
configuration, put an L on the left end and an R on the right end of the encoded
data. When the head encounters an L, it pushes it one cell to the left, leaving
some more space available for computation. It acts similarly for an R symbol.
The working space is always delimited by an L and an R; the symbols situated
outside this zone are considered as noise, and do not influence the computa-
tion. For this modified universal Turing machine, the (clopen-set-to-clopen-set)
halting problem is again undecidable.

Cellular automata.

Let us take a universal Turing machine with a blank symbol. We suppose
that when the halting state is reached, then the head comes back to the cell
of index 0. We can simulate it in a classic way with a one-dimensional cellular
automaton. The alphabet of the automaton is A∪(A×Q)∪{L,R,Error}, where
A is the tape alphabet (including the blank symbol) and Q the set of states.
Let us take a point in the cylinder [L, initial data of the Turing machine, R],
and observe its trajectory. The symbol L moves to the left at the speed of
one cell per time step, leaving behind blank symbols. The symbol R moves to
the right in a similar way. Meanwhile, the space between L and R is used to
simulate the Turing machine and is composed of symbols from A and exactly
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one symbol from A × Q, which denotes the position of the head. When L or
R symbols meet each other, then a spreading Error symbol is produced, that
erases everything.

This cellular automaton is again universal, because the (clopen-set-to-
clopen-set) halting problem is r.e.-complete. Indeed, there is an orbit from
the cylinder [L, initial data of the Turing machine, R] to the cylinder [A ×
{halting state}] (both cylinders centered at cell of index zero) if and only if
the universal Turing machine halts on the initial data.

Tag systems.

Tag systems were introduced by Post in 1920. A tag system is a transforma-
tion rule acting on finite binary words. At every step, a fixed number of bits is
removed from the beginning of the word and, depending on the values of these
bits, a finite word is appended at the end of the word. Minsky [Min61] proved
that there is a so-called universal tag system, for which checking whether a
given word will eventually produce the empty word when repeating the trans-
formation is an r.e.-complete problem.

To infinite words, just remove the fixed number of bits. This extends the
rule of tag systems from finite to infinite words in a continuous way. Thus we
have a dynamical system on the compact space {0, 1}∗∪{0, 1}N, in which finite
words are clopen sets. Again, if the tag system is universal for the word-to-word
definition, then it is universal for our definition with the halting problem on
clopen sets of {0, 1}∗ ∪ {0, 1}N.

Counter machines.

A k-counter machine is composed of k counters, each containing a nonnegative
integer, and a head that can test which counters are at zero and can increment
or decrement every counter (with the convention 0 − 1 = 0). Thus a counter
machine is a map f : Q × N

k → Q × N
k, where Q is the finite set of states

of the head. There exists such a machine f for which given two configurations
x, y ∈ Q × N

k, the problem to check whether the trajectory of x reaches y is
r.e.-complete; see Minsky [Min61].

Let N∪{∞} be the topological space with the metric d(n,m) = |2−n−2−m|.
This is effectively homeomorphic to the set {1n0ω|n ∈ N} ∪ {1ω}. The map f
is easily extended to the compact space Q × (N ∪ {∞})k, with the convention
∞± 1 = ∞. The points of Q× N

k are clopen sets of Q× (N ∪ {∞})k, hence f
is universal for the halting problem, even if k = 2.

Collatz functions.

We can also apply our definition to functions on integers. Some functions on N

may be extended to N ∪ {∞}. For instance, the famous 3n + 1 function sends
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even ns to n/2, odd ns to 3n + 1 and ∞ to ∞. Whether this map is decidable
is unsettled.

Collatz functions generalizes the 3n + 1 function. For a fixed k, find the
remainder of n divided by k. Apply a linear map depending on the remainder,
such that the result is always a natural integer. Conway [Con72] proved that
there exist universal Collatz functions, by showing that such maps can simulate
counter machines.

More examples.

In Section 4.7 we give an example of a universal system that is chaotic, and for
which the halting problem is decidable, but not the variant expressed by logical
formula (4.2). In Section 4.6.4 we build a system which is neither decidable
nor universal. In the setting of point-to-point properties, it was proved by
Sutner [Sut03] that there exist cellular automata with a halting problem of an
intermediate degree between decidability and r.e.-completeness. The same kind
of examples for Turing machines are known for long time (Friedberg-Muchnik
theorem, see for instance [Rog87]). However we have not been able to build
a system for which finite-automata properties of trajectories are undecidable,
but not r.e.-complete.

4.6 Sufficient conditions for decidability

The purpose of this section is to link computational capabilities of a system to
its dynamical properties. Most results proved in this section are in fact sufficient
conditions of decidability and can thus be interpreted as necessary conditions
for universality. For instance, we prove that minimal systems are decidable,
hence universal systems are not minimal.

The following constructions and propositions are useful in several proofs.
Given an effective system f : X → X, a clopen partition A = {A1, . . . , AN} of
X and a transition function ∆ : Q ×A → Q of a deterministic automaton, we
construct the observation system f∆ : X × Q → X × Q by

f∆(x, q) = (f(x),∆(q,Ai)), where x ∈ Ai.

Clearly f∆ is an effective symbolic system, and the projection πX : X×Q → X
is an effective factor map of f∆ to f .

We say that a dynamical system f : X → X has clopen basins, if for every
clopen set V ⊆ X, its basin B(V ) =

⋃

n≥0 f−n(V ) is a clopen set.

Proposition 17 If f : X → X is an effective system with clopen basins, then
the operation V 7→ B(V ) is computable.
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Proof. If V and B(V ) are clopen sets, then by compactness there exists m > 0
such that

B(V ) =
⋃

n<m

f−n(V ) =
⋃

n<m+1

f−n(V ).

Given V we can determine m effectively so the operation B(V ) is effective too.
Consequently, there exists a computable total function k : N → N such that
B(Pn) = Pk(n), where Pn is the clopen set of index n. 2

Proposition 18 If an effective system is such that for any transition function,
the resulting observation system has clopen basins, then the system is decidable.

Proof.
For every clopen partition A, for every finite set Q and for every transition

function ∆ : Q ×A → Q, the system f∆ : X × Q → X × Q has clopen basins.
Assume now that V ⊆ X×Q is clopen, so that B(V ) is clopen and the index

of B(V ) can be computed from the index of V . Moreover I(V ) , B(B(V )c)c is
a clopen set too and its index can be again computed from that of V . A point
(x, q) belongs to I(V ) iff the trajectory of (x, q) passes through V infinitely
often. Given q0, q1 ∈ Q, then (X × {q0}) ∩ I(X × {q1}) is again a computable
clopen set, so the set {x ∈ X : ∀n,∃m > n, fm

∆ (x, q0) = q1} is computable as
well. It follows that for a family F of subsets of Q, the set

{x ∈ X : {q ∈ Q : ∀n,∃m > n, fm
∆ (x, q0) = q} ∈ F}

is computable too. In particular, whether this set is empty can be decided
algorithmically. Hence the model-checking problem for Muller automata is de-
cidable. 2

4.6.1 Minimality

We first prove that an undecidable system must have a ‘thin’ subsystem.

Proposition 19 A symbolic system such that all nonempty subsystems have a
nonempty interior is decidable.

Proof. Consider an effective symbolic dynamical system f : X → X whose
subsystems have a nonempty interior, a partition A = {A1, A2, . . . , AN} of
X and consider a Muller automaton whose set of states is Q, alphabet is
{A1, A2, . . . , AN} and transition function is ∆ : Q ×A → Q.
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We check that the observation system has no subsystem with an empty
interior (except the empty set). Indeed let Y ⊆ X×Q a closed subset such that
f∆(Y ) ⊆ Y . For every q ∈ Q, call Yq ⊆ X the projection on X of Y ∩X ×{q}.
Then the projection of Y is the union of all Yq and is a subsystem of X. By
hypothesis, it has a nonempty interior; thus one of the Yq has a nonempty
interior (this follows from Baire’s theorem). This implies that one of the sets
Y ∩ X × {q} has a nonempty interior. Hence Y itself has a nonempty interior
in X × Q.

We want to show that the observation system f∆ has clopen basins.
Given a clopen set V ⊆ X × Q, we show that the border ∂B(V ) is f∆-

invariant. Indeed f∆(B(V ) \ V ) ⊆ B(V ) and, since V is clopen, ∂B(V ) =
∂(B(V ) \V ). If y ∈ ∂B(V ) and U is a neighborhood of f∆(y), then f−1

∆ (U) is a
neighborhood of y that contains a point z ∈ B(V )\V . Thus f∆(z) ∈ U ∩B(V ).
Since U is arbitrary, this proves that f∆(y) ∈ ∂B(V ). But f∆(y) 6∈ B(V ),
because y 6∈ B(V ) \ V . This proves the invariance of ∂B(V ).

Since ∂B(V ) is a subsystem with empty interior, it must be empty, so B(V )
is clopen. So the observation system has clopen basins. By Proposition 18, this
proves the system f to be decidable. 2

Recall that a minimal dynamical system is a system with no subsystem
(except the empty set and itself). In minimal system, all orbits are dense and
the basin of any clopen set is the full set. A minimal system trivially satisfies
the hypothesis of the preceding proposition, and so we have the following.

Proposition 20 A minimal symbolic system is decidable.

This is in a way not surprising since in some way all trajectories of a minimal
system have the same behavior. For instance, consider the Fibonacci subshift.
The Fibonacci is the smallest nonempty subshift that is invariant under the
map ϑ : {0, 1}N → {0, 1}N : x0x1x2 . . . 7→ y0y1y2 . . ., where yi = 10 if xi = 1
and yi = 1 if xi = 0. It is a minimal effective subshift (see [Kůr04]), hence it is
decidable.

Recall that any dynamical system has a minimal subsystem, thanks to
Zorn’s lemma and compactness. In particular, any point comes arbitrarily close
to a minimal system, since the closed orbit of the point is itself a dynamical
system. Suppose that the symbolic system is not minimal but consists of one
minimal subsystem attracting the whole space of configurations. In other words,
the limit set is minimal. The limit set of a dynamical system f : X → X is
the set

⋂

n≥0 fn(X). Then such a system is again decidable. The following
proposition is more general.

Proposition 21 A symbolic system whose limit set is the union of finitely
many minimal systems is decidable.
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Proof. Given a symbolic system f : X → X and a Muller automaton whose set
of states is Q, we build the observation system f∆ : X × Q → X × Q.

First we prove that the observation system f∆ contains finitely many min-
imal sets. Let X1, . . . , Xk be the minimal subsystems of f : X → X. For every
i = 1, . . . , k choose an arbitrary point xi ∈ Xi. A minimal subsystem of f∆,
when projected on X, is exactly a minimal subsystem of f , as easily seen. Thus
any minimal subsystem of f∆ must contain at least one point of the form (xi, q),
for some q ∈ Q. Since any two different minimal subsystems are disjoint, this
means that there are at most k|Q| minimal subsystems in f∆.

Then we show that the limit set of f∆ is exactly the union of all minimal
subsystems.

It is clear that the minimal subsystems are in the limit set of f∆. Now we
prove that each minimal subsystem Z of f∆ has a nonempty interior in the
limit set of f∆ (for the subset topology). The projection of the limit set of f∆

on X is the limit set of f . The projection of Z on X is a minimal subsystem
of f , which has a nonempty interior in the limit set of f , and the projection
of Z is

⋃

q∈Q Zq, where Z =
⋃

q Zq × {q}. From Baire’s theorem, one of these
Zq has a nonempty interior in the limit set of f , and Z itself has a nonempty
interior in the limit set of f∆.

Let Yi be a set included in Zi that is open in the limit set of f∆, where
Z1, . . . , Zm are the minimal subsystems of f∆. All sets

⋃

n∈N
(f−n

∆ (Yi)) are
disjoint sets, are open in the limit set and cover the limit set, since the closed
orbit of every point in the limit set of f∆ must include a minimal subsystem.
From compactness, all points of the limit set of f∆ fall in a minimal subsystem
in bounded time. We conclude that the union of all minimal subsystems is the
exactly the limit set of f∆.

So the limit set of the observation system f∆ is a finite union of minimal
subsystems. We get from the lemma below that f∆ has clopen basins. From
Proposition 18 we deduce that f is decidable. 2

For instance, the system f : {0, 1}N → {0, 1}N : x 7→ 0x is decidable, as
expected. The following lemma finishes the proof.

Lemma 4.1. A symbolic system whose limit set is the finite union of minimal
systems has clopen basins.

Proof. Suppose that the limit set is Y1 ∪ · · · ∪Yk, where Yi are minimal subsys-
tems, so that Yi∩Yj = ∅ for i 6= j. Let V ⊆ X be a clopen set. If V ∩Yi = ∅, then
B(V ) ∩ Yi = ∅. If V ∩ Yi 6= ∅, then for some m > 0, Yi ⊆ Vm =

⋃

n<m f−n(V ).
Thus there exists m > 0 such that for all i either Yi ⊆ Vm or Yi ∩ Vm = ∅.
Then Wm = f−m(V ) \ Vm is a clopen set disjoint from the limit set. From
compactness there exists k > 0 such that f−k(Wm) = ∅, so B(Wm) is a clopen
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set. It follows that B(V ) = Vm ∪ B(Wm) is a clopen set too. 2

The above proposition is in fact more general than Proposition 19:

Proposition 22 A symbolic system such that all nonempty subsystems have
a nonempty interior has a limit set composed of finitely many minimal subsys-
tems.

Proof. Let f be a system such that all nonempty subsystems have a nonempty
interior. In the interior of every minimal subsystem choose a clopen set Ui. The
basin of the open set

⋃

i Ui is the full space, because every point of the system
must come arbitrarily close to some minimal subsystem, thus must fall in some
Ui. By compactness, there is a finite set of is and a natural integer m such
that

⋃

i∈I

⋃

n<m f−n(Ui) is the full space. So there are finitely many minimal
subsystems, and every point falls in a finite time into a minimal subsystems.
The union of the minimal subsystems is therefore the limit set. 2

A stronger statement than Proposition 21 is suggested by the intuition that
an undecidable system (and especially a universal system) is likely to be able
to ‘simulate’ many other systems, for example all Turing machines. One could
expect that every simulated system would be simulated in a different subset of
the universal system. We can also assume that the simulation preserves some
of the dynamical properties. For instance, it seems reasonable to think that a
subsystem simulating a Turing machine with periodic points will have periodic
points. We therefore state the following conjecture.

Conjecture 1 A universal symbolic system has infinitely many minimal sub-
systems.

Of course, nothing proves that universal systems must ‘simulate’, say, Tur-
ing machines, and we have not given a precise meaning to ‘simulation’.

4.6.2 Equicontinuity

A system f : X → X is equicontinuous if for every ε > 0 there exists a δ > 0
such that d(x, y) < δ implies d(f t(x), f t(y)) < ε, for any points x, y and t ∈ N.
In other words, close points have close trajectories. Note that equicontinuity
in symbolic systems is a topological property not just a metric one. Instead
of ‘For every ε > 0, there is a δ . . . ’ we could say ‘For every clopen partition,
there is a finer clopen partition such that if two points are in the same subset
of the finer partition, then they generate the same infinite word in the coarser
partition.’

Proposition 23 An equicontinuous symbolic system is decidable.
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Proof. First we prove that an equicontinuous system has clopen basins. Let V
be a clopen set. Then from equicontinuity there exists a δ such that any two
points distant of less than δ either both eventually reach V or both never reach
V . Hence B(V ) is the union of balls of radius δ, and is a clopen set.

Then we show that the observation system of an equicontinuous symbolic
system f : X → X is equicontinuous. The space X ×Q (for a finite set Q) can
be endowed the metric d((x, q), (x′, q′)) = d(x, x′) if q = q′ and 1 otherwise.
For a partition A = {A1, . . . , An} of X, let ζ such that every Ai is a union
of open balls of radius ζ. Then for any ε, choose a δ such that any two points
of X distant of less than δ have orbits distant of less than min(ε, ζ). Then
two points of the observation system distant of less than δ < 1 have the same
second component, will always be in the same partition subset and will always
have the same second component. Hence their distance will always be less than
ε. Consequently, the observation is equicontinuous.

It follows by Proposition 18 that the system is decidable. 2

We say that a point x of a dynamical system f is sensitive if there is an
ε > 0 such that for every δ > 0 there is a point y with d(x, y) < δ and a natural
integer t such that d(f t(x), f t(y)) > ε. It is easy to show by compactness that
an equicontinuous discrete-time dynamical system is exactly a system with no
sensitive point. Hence, Proposition 23 implies that an undecidable symbolic
system must have a sensitive point. Equicontinuity in the case of cellular au-
tomata has been given a combinatorial characterization in [Kůr97a], where it
is also proved that equicontinuous cellular automata are eventually periodic,
thus confirming in this particular case that equicontinuity is incompatible with
computational universality.

4.6.3 Regular Systems

A subshift is called sofic if its language is regular. A symbolic system is called
regular, if all its induced subshifts are sofic; see [Kůr93, Kůr99]. Can a regular
system be universal? We first consider a closely related question. We say that
an effective system is effectively regular if it is regular and there is an algorithm
that builds from a given clopen partition the finite automaton recognizing the
regular language induced by the partition.

Proposition 24 An effectively regular system is decidable.

Proof. The intersection of two ω-regular languages is well known to be an ω-
regular language. Indeed, the union of ω-regular languages is ω-regular, because
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ω-regular languages can be represented by ω-regular expressions. And the com-
plement of an ω-regular language is ω-regular: just complement the family of
subsets in a Muller automaton accepting the language.

Moreover, whether the language accepted by a given Muller automaton is
empty is a decidable problem too. A sofic subshift is an ω-regular set: the finite
automaton accepting the language, interpreted as a Büchi automaton with the
same set of final states, accepts the sofic subshift.

Suppose that we are given an effectively regular system, a clopen partition
A of the space and a Büchi or Muller automaton over the alphabet A. Then we
construct another Muller automaton that accepts exactly the subshift induced
by A and verify whether the languages accepted by these two Muller automata
has a nonempty intersection. Hence the system is decidable. 2

If the system is regular but not effectively regular, then the argument of
the proof fails.

Proposition 25 There exists a symbolic system that is regular and universal.

Proof. Let Xn be the subshift of {0, 1}N whose forbidden words are words
of the form 10t1, where t is less than the (possibly infinite) halting time
of the universal Turing machine launched on data n. If the Turing machine
does not halt, then Xn is the sofic subshift {0∗10ω, 0ω}. If the Turing machine
halts in k steps, then Xn is the subshift of finite type with forbidden words
11, 101, 1001, . . . , 10k−11 (see Section 2.6 for a definition of subshift of finite
type). So all subshifts are sofic, but we cannot effectively build the automaton
recognizing the language, for it would allow to solve the halting problem.

Now consider the product of all Xn. This product is again an effective sym-
bolic system X, and all its induced subshifts are sofic, due to the fact that
the finite product of sofic subshifts is a sofic subshift and the induced sub-
shift of a sofic subshift is again sofic; see [Kůr04]. Thus the system is regular,
but not effectively regular. Finally, it is r.e.-complete to check whether there
is a trajectory starting from π−1

n ([1]) which eventually reaches π−1
n ([01]). Here

πn : X → Xn is the canonical projection. 2

4.6.4 Shadowing property

Let f : X → X be a symbolic dynamical system. A δ-pseudo-orbit is a (finite
or infinite) sequence of points (xn)n≥0 such that d(f(xn), xn+1) < δ for all n.
A point x ε-shadows a (finite or infinite) sequence (xn)n≥0 if d(fn(x), xn) < ε
for all n. See Figure 4.4 for an illustration. A dynamical system is said to have
the shadowing property if for every ε > 0 there is a δ > 0 such that any δ-
pseudo-orbit is ε-shadowed by some point. If moreover such a rational δ can
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be effectively computed from a rational ε then we say that the system has the
effective shadowing property.
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Fig. 4.4. The sequence x0, . . . , x4 is a δ-pseudo-orbit which is ε-shadowed by x. Every
arrow links a point to its image.

For example, the one-sided and two-sided shifts have the shadowing prop-
erty for δ = 2ε. For instance, the 2−2-pseudo-orbit 00000 . . ., 00010 . . ., 00120 . . .,
01230 . . ., 12320 . . . is 2−3-shadowed by the configuration 00001232. . . . By a
theorem of Walters, a subshift of finite type has the shadowing property; see
[Kůr04] for a proof.

It is easy to see that the effective shadowing property is invariant under
effective conjugacies. We can give the following interpretation to the effective
shadowing property. Suppose that we want to compute numerically the tra-
jectory of x such that at every step numerical errors are bounded by δ. The
resulting sequence of points is a δ-pseudo-orbit, and the shadowing property
ensures that this pseudo-orbit is ε-close to an actual trajectory of the system,
ensuring that the result of the numerical computation is not meaningless.

Proposition 26 A symbolic system (effective or not) with the shadowing prop-
erty is regular. An effective symbolic system with the effective shadowing prop-
erty is effectively regular.

Proof. The proof generalizes Proposition 5.69 of [Kůr04] about cellular au-
tomata. Consider a symbolic system f : X → X with the shadowing property
and a clopen partition A = {A1, . . . , AN}. There exists an ε such that all
clopen sets of the partition are finite unions of balls of radius ε. By the shad-
owing property, there exists δ such that every δ-pseudo-orbit is ε-shadowed.
We may suppose without loss of generality that δ ≤ ε. Let B = {B1, . . . , BM}
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the clopen partition where each Bi is a ball of radius δ. Then the set of of all
infinite words induced by all δ-pseudo-orbits through B is a subshift of finite
type: the word BiBj is forbidden iff Bi ∩ f−1(Bj) = ∅, i.e., we cannot go from
Bi to Bj in one step. But the partition A is coarser than B, so the subshift
induced by A is a factor of a subshift of finite type, hence is sofic. If the system
has the effective shadowing property, then we can effectively find δ, effectively
describe the subshift of finite type and effectively build the sofic subshift. 2

Proposition 27 A symbolic system that has the effective shadowing property
is decidable.

Proof. By Propositions 26 and 24. 2

In particular, the full shift and any subshift of finite type are decidable.
Proposition 27 is stronger than Proposition 23, as we now show.

Proposition 28 An equicontinuous effective symbolic system has the effective
shadowing property.

Proof. Let f : X → X be an equicontinuous system. Then for every ε > 0, there
is a δ such that any two points distant of less than δ have ε-close trajectories.
We show that any δ-pseudo-orbit is ε-shadowed by some point.

Let x0, x1, x2, . . . be a δ-pseudo-orbit. We show by induction on m that
d(fn(xm), fn+m(x0)) < ε for every m and n. The case m = 0 is obvious.
If it is true for m then in particular d(fn+1(xm), fn+m+1(x0)) < ε. But
d(xm+1, f(xm)) < δ implies d(fn(xm+1), f

n+1(xm)) < ε. From the ultrametric
inequality we have d(fn(xm+1), f

n+m+1(x0)) < ε.
It is now enough to prove that a suitable δ is computable from ε, i.e., an

equicontinuous symbolic system is always ‘effectively’ equicontinous. Take the
partition B0 of all balls of radius ε. For n = 0, 1, 2, . . ., let Bn+1 be the coars-
est partition finer than Bn and f−1(Bn). From equicontinuity, this sequence of
finer and finer partitions must stabilize to some Bn = Bn+1 = Bn+2 = · · · . To
check that we have reached this point it is enough to check that Bn = Bn+1.
We choose δ so that the clopen sets of Bn can be expressed as balls of radius δ.2

We also have the following result.

Proposition 29 A symbolic system that has the shadowing property is not
universal.

Proof. Let f : X → X be a symbolic system with the shadowing property.
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Given a deterministic finite automaton observing the system through a given
clopen partition, the problem is to check whether there exists a finite word
induced by the clopen partition that is accepted by the automaton. As we have
noticed just above Proposition 16, this problem is recursively enumerable. We
show that it is also co-recursively enumerable. This will prove that the problem
is decidable and that f is not universal.

Let A = {A1, . . . , AN} be a clopen partition and ∆ : Q × A → Q the
transition function of a deterministic finite automaton. We must essentially
prove that the halting problem is decidable for the observation system f∆ :
X × Q → X × Q.

But f∆ is an effective symbolic system with the shadowing property, as we
now show. We can suppose that the distance between (x, q) and (x′, q′) is 1 if
q 6= q′ and d(x, x′) otherwise. For an ε > 0, choose an ε′ ≤ ε such that any
Ai can be written as a union of open balls of radius ε′. Then the shadowing
property for f yields a corresponding δ′. Choose a δ ≤ δ′ such that δ < 1. Then
any δ-pseudo-orbit of f∆ is ε-shadowed by some point of X×Q: such a pseudo-
orbit is projected onto a δ-pseudo-orbit of f , which is ε-shadowed by some
point, and this point can be lifted to a point that ε-shadows the pseudo-orbit
of f∆.

Take two clopen sets U, V ⊆ X × Q. There exists an orbit from U to V iff
for every δ > 0 there exists a δ-pseudo-orbit from U to V . The ‘only if’ part is
trivial. For the ‘if’ part, take a δ corresponding to an ε such that U and V are
unions of open balls of radius ε: the δ-pseudo-orbit from U to V is ε-shadowed
to an actual orbit, which also goes from U to V ; alternatively, see Proposition
2.15 of [Kůr04].

If there is no orbit starting in U that reaches V , then there exists a δ such
that no δ-pseudo-orbit goes from U to V , and we can algorithmically check it
by the following method. For a fixed δ, define V ′ as the union of balls of radius δ
whose center is in f−1

∆ (V ). Then compute V ′′, V ′′′, and so on. As there are only
finitely many balls of radius δ, V (t) = V (t+1) for some t. Then check whether
V (t) ∩ U is empty; it is the case if and only if there is no δ-pseudo-orbit from
U to V . Start again with smaller and smaller δ.

Thus the halting problem for f∆ is decidable. In particular if U = X ×{q0}
(where q0 is the initial state of the automaton) and V = X ×F (where F ⊆ Q
is the set of final states of the automaton), then we can algorithmically check
whether there exists a point of X which induces through the clopen partition
a word that is accepted by the automaton. 2

The following proposition shows that the effective shadowing property is
stronger than the shadowing property.

Proposition 30 There exists an undecidable effective symbolic system that has
the shadowing property, but not the effective shadowing property.
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Proof. Let Xn be the subshift with forbidden words 0t, where the universal
Turing machine stops on data n in at most t steps. If the Turing machine does
not halt on n, then Xn is the full shift; if it stops in k steps, then the forbidden
word is 0k. All these subshifts are effective, but we cannot compute their set of
forbidden words.

The product X of all Xn is an effective system. Whether there is a point
that remains for ever in π−1

n [0] is co-r.e.-complete (where πn : X → Xn is
the canonical projection). This property has been shown in Figure 4.3 to be
expressible in terms of Muller automata. Hence the system is undecidable.

Recall that a subshift of finite type has the shadowing property. We show
that the countable product of subshifts that have the shadowing property also
has the shadowing property. A ball of radius ε in the product system may be
expressed as the finite union of products of balls of radius ε′ in a finite number
of constituent subshifts. We choose the smallest of the corresponding δ ′ given
by shadowing property in the subshifts. The product of balls of radius δ′ may
be expressed as union of balls of radius δ; this is the δ corresponding to ε.

Hence the system X has the shadowing property but not the effective shad-
owing property, since it is undecidable. 2

As the shadowing property implies nonuniversality, it also proves that uni-
versality is stronger than undecidability.

Corollary 3 There exists a symbolic system that is neither decidable nor uni-
versal.

Note also that Turing machines that satisfy the shadowing property have
been given a combinatorial characterization in [Kůr97b]; in particular, the proof
shows that the link between ε and δ (of the definition of shadowing property)
is linear. Hence the effective shadowing property is not stronger than the shad-
owing property in the case of Turing machines.

4.7 A universal chaotic system

According to Devaney [Dev89], a discrete-time dynamical system is chaotic if
it is infinite, topologically transitive and has a dense set of periodic points. A
discrete-time dynamical system is topologically transitive if for any nonempty
open sets U and V , there is a point in U that reaches V . One can prove that a
chaotic system is sensitive [BBC+92], i.e., there is an ε such that for any point
x, there exist points arbitrarily close to x whose trajectory diverges from the
trajectory of x by at least ε. For instance the (one-sided or two-sided) full shift
is chaotic.
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It is not difficult to construct a universal subshift. Indeed, in {0, 1}N consider
all forbidden words of the form 01n00t1, where the universal Turing machine
launched on data n does not halt in less than t steps. Then the subshift of all
configurations avoiding this set of words is effective and universal: the problem
‘Can we reach the clopen set [001] from [01n0]?’ is r.e.-complete. Modifying
this construction, we get the following result:

Proposition 31 There exists an effective system on the Cantor space that is
chaotic and universal.

Proof. Consider a subshift X ⊆ {0, 1, §}N whose forbidden words are all 01n00t1,
where the universal Turing machine launched on data n does not halt in less
than t steps. Denote by L ⊂ {0, 1}∗ the language of binary words with no
forbidden subword. Then the language of X consists of words w1§w2§ . . . §wn,
where wi ∈ L. We show that X is a universal chaotic system.

First note that X is a perfect subshift, so it is effectively conjugated to a
system on the Cantor space. Then X has dense periodic points: if w is in the
language of X, then (w§)ω is in X. Finally X is topologically transitive: for
any two finite words v, w of the language of X we can go from [v] to [w] with
the point v§w. . . . Thus X is chaotic.

Moreover, given n it is undecidable whether there is a point of [01n0] that
eventually reaches [001] without passing through [§]. This property can be ex-
pressed by the finite automaton constructed in Figure 4.2. Thus X is universal.
2

Note that the system built in the proof is a one-sided subshift, hence it is
expansive: there is an ε such that any two points are eventually separated by
at least ε. Note also that the halting problem for a chaotic symbolic system is
trivially decidable, because of the topological transitivity.

The central idea of the ‘edge of chaos’ is that a system that has a complex
behavior should be neither too simple nor chaotic. There are several ways to
understand that. Here we interpret ‘complex system’ by ‘universal symbolic
system’. Then ‘too simple’ could refer to the situation treated in Proposition 21:
one or several attracting minimal subsystems. This includes of course the case
of a globally attracting fixed point. If we take ‘chaotic’ as meaning ‘Devaney-
chaotic’, then computational universality need not be on the ‘edge of chaos’,
since we have just constructed a chaotic system that is universal.

However, many examples of chaotic discrete-time dynamical systems (what-
ever the exact meaning given to ‘chaotic’, and for symbolic systems as well as
for analog ones), have the shadowing property. For instance the shift and the
so-called Smale’s horseshoe (present in some physical systems), as well as the
class of so-called hyperbolic systems, satisfy the shadowing property.
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Thus we suggest that the term ‘edge of shadowing property’ would be more
appropriate (at least for symbolic systems), although not as thrilling.

Note nevertheless that the ‘edge of chaos’ has been much studied in cellular
automata, and we don’t know whether an example of a chaotic universal cellular
automaton exists. Also, Devaney’s definition of chaos is one of the earliest.
Several other definitions have been proposed since then, for instance Li-Yorke’s.
In physics, positivity of Lyapunov exponents is often taken as a criterion of
chaos. For more on these definitions, see for instance [NB99].

4.8 Discussion of universality

Turing [Tur36] justified the form of his machine along the following lines. A
human operator applying an algorithmic procedure can be supposed to be at
every step of time in a unique mental state. He can be supposed to have finitely
many possible mental states, and to have at his disposal a pencil and as much
paper as needed, on which he may write out letters or digits. In a finite time he
may read or write only finitely many symbols on the paper. Paper is modelled
by the tape and the human by a kind of finite automaton that is able to read,
write or shift the tape.

Now suppose that the human operator has no paper or pencil, but can
observe a (physical realization of) a symbolic dynamical system, without having
any control on it. The system can serve as a ‘universal computer’ if with its
help, the human operator is able to solve all problems he could also solve with
paper and pencil. As the human operator has finitely many possible mental
states, at every step he can distinguish only finitely many configurations of
the system. If we group together all points that are undistinguishable between
them, we obtain a partition of the system configuration space. We suppose
that this partition is clopen, because clopen partitions express in a natural
way that finitely many symbols are observed from the system at every step of
time, analogously to Turing’s assumption. Clopen partitions also express the
fact that close enough points are undistinguishable for the observer.

A symbolic system can be used as a ‘computer’, if it is computationally
universal. When we observe the system using a given finite automaton acting
on a clopen partition, then deciding whether the finite automaton can reach a
final state from an initial state is at least as difficult as deciding the halting
problem for a universal Turing machine. This means that when we look for the
answer to a recursively enumerable problem, then we can obtain the answer by
observing the system, provided that we are ‘lucky’ and wait long enough.

Our definition of universality perhaps differs in several ways from what we
could expect at first glance from a generalization of Turing machine universal-
ity. We give now various arguments to support the present definition against
seemingly more obvious attempts. In particular, we justify the use of set-to-set
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properties, observed by finite automata, on systems defined by a computable
map.

4.8.1 Set-to-set properties

Davis [Dav56] proposed the following definition: a Turing machine is universal
if the relation ‘xn is in the orbit of xm’ is r.e.-complete, where xm and xn are
arbitrary finite configurations. This definition has the advantage to bypass the
need for a description of a way to encode the input and decode the output of a
computation. Many definitions of universality for particular systems (cellular
automata, for instance) propose to observe point-to-point properties.

Hemmerling [Hem02] proposes a definition for an effective metric space; the
basic idea is to endow a metric space with a countable dense set of points. Ex-
amples include the reals with rational points, the Cantor space with ultimately
constant configurations, the Cantor space with ultimately periodic configura-
tions. This seems to provide a suitable framework to generalize Davis’ defini-
tion. Let us say that a metric space endowed with a dense set of points (xn)n∈N

is universal if the property ‘xn is in the trajectory of xm’ is r.e.-complete.
However, as remarked in [DR99], this leads to conclude that the shift is

universal; a consequence that is counter-intuitive. Indeed, consider the set of
all configurations with primitive recursive digits. This set is countable and
dense. Then we take as an initial configuration the sequence of pairs (state
of the head, currently read symbol) of a universal Turing machine during a
computation. And we only have to shift it to know whether the halting state
will ever appear. It sounds unreasonable to classify the shift among universal
systems, because it does not compute anything but just reads the memory.

The definition presented in Section 4.5 overcomes this problem in a simple
manner: the user needs only to specify a finite number of bits as an initial
condition. Instead of initial configurations we should rather talk about initial
sets, which may be seen as ‘fuzzy points’, points defined with finite accuracy.
This solution is also more satisfactory from the point of view of physical re-
alizability. Indeed, we expect the set of configurations of a physical system to
be uncountable in general, and specifying an initial point for the computation
means a priori that we must give an infinite amount of information. Prepar-
ing a physical system to be in a very particular configuration is likely to be
impossible, because of the noise or finite precision inherent to every measure.

4.8.2 Finite automata

What kind of property are we going to test on clopen sets (or, equivalently,
on induced subshifts)? Here again, we must avoid trivialities. Suppose that we
look at identity on the Cantor space. We now choose to observe the following
property: a clopen set satisfies the property if and only if its index (i.e., the
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integer describing the clopen set) satisfies some r.e.-complete property on N.
Then we find that the identity is computationally universal, which is a result
not to be desired. The complexity of computation is artificially hidden in the
decoding.

On the other hand, we see no reason to restrict ourselves to the sole halting
property: ‘there is a trajectory from this clopen set to that clopen set’. Any
observable property could a priori be used as a basis for computation. For
instance, the chaotic system built in Section 4.7 is universal but the halting
problem is decidable. So we must precisely define a class of observable proper-
ties of clopen sets, not too large and not too restricted. Finite automata used
to express properties of finite words have been extensively studied in the lit-
erature. They also agree with Turing’s idea of modelling a human operator
as having finitely many possible mental states. We do not use the powerful
setting of Büchi or Muller automata in the definition of computational univer-
sality, because it may need an infinite time to check that a trajectory has the
required property, which goes against the idea that a successful computation
should end in a finite time. Whether a given observer Büchi automaton can
accept a trajectory of the system is actually a more general question, which is
dealt with in our definition of ‘decidable system’. Properties observed by Büchi
automata are interesting for themselves and are often considered in the theory
of model-checking.

4.8.3 Effectiveness

Finally, we show by an example that it is useful to add an effectiveness struc-
ture on dynamical systems. Fix an r.e.-complete set H ⊂ N of integers and
consider the symbolic system f : {0, 1}N → {0, 1}N such that f(1ω) = 1ω and
f(1n0x0x1x2 . . .) = 1m0x0x1x2 . . ., where m depends on n. If n ∈ H, then m is
the largest integer strictly smaller than n such that m ∈ H or 0 if no such num-
ber exists. If n 6∈ H, then m = n. Suppose now that 13 ∈ H. Then the relation
‘the clopen set [1n0] will eventually reach [1130]’ is r.e.-complete, because H is.

On the other hand, if we were provided with an actual implementation of
f : {0, 1}N → {0, 1}N, we could decide an undecidable problem (namely, H)
by observing the trajectories. So there is a discrepancy between the computa-
tional complexity of properties of clopen sets and the actual possibilities of the
machine. This is because we cannot compute even a single step of f : it is a
‘nonsimulable’ system. We therefore restrict ourselves to systems such that the
inverse image of a clopen set is computable. Note that for instance in [Sie99]
Siegelmann allows neural networks with non-recursive weights, leading to a
non-computable maps and to super-Turing capabilities.
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Limit set is finite union of minimal subsystems

Regular

Obs. syst. have clopen basins

Fig. 4.5. Summary of the results. Arrows read ‘implies’, crossed arrows read ‘does
not imply’.

4.9 Conclusions

We provided a definition of decidability and universality for a symbolic systems,
and established some links between decidability and the dynamical properties
of the system. We also constructed a chaotic system that is universal. These
results are summed up in Figure 4.5.

We have already formulated some open problems. Is there a cellular au-
tomaton that is chaotic and universal? Do undecidable system have infinitely
many disjoint subsystems? And many more questions are yet to be solved. For
instance, can we find sufficient conditions of universality? Among the simplic-
ity criteria proposed in [Kůr93], which of those are sufficient conditions for
decidability? Are the Game of Life and the automaton 110 universal for our
definition? Can a linear cellular automaton be universal?

It also remains to extend the definitions and results to systems in R
n in

discrete time or even continuous time. The resulting definition of universality
could then be compared to existing definitions, for instance [BC96, Moo98a,
Orp97, SF98]. Then, results such as those of Section 4.6 could hopefully be
adapted. For instance, are minimal systems capable of universal computation?
Such results could then be applied to physical systems. What systems that can
be found in Nature are able to compute? For instance, hyperbolic dynamical
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systems are known to have the effective shadowing property. This would suggest
that hyperbolic systems are not universal.

A theory a computational complexity could also be investigated. What prob-
lems can be solved in polynomial time with a discrete-time dynamical system?
Can we formulate a ‘P6=NP’ conjecture? See [BHSF02, SF98] for theories of
complexity in analog computation.



5

Complexity of Control on Finite Automata

5.1 Introduction

In this chapter we consider a control-theoretic problem for input-output au-
tomata. Input-output automata, also called transducers, are quite similar to
the deterministic finite automata used in Chapter 4. While deterministic finite
automata accept or reject a word, input-output automata transform an input
word into an output word. The motivation and intuitive description of the con-
tent of this chapter is given in Section 1.3, along with a literature background.

Given an input-output automaton in some initial state, we want to make
it reach a given target state. In order to achieve this goal, we can feed the
automaton directly with a suitable input sequence, computed in advance: this
is the open-loop strategy. The input sequence can also be produced by another
input-output automaton, whose input alphabet is a trivial one-letter alphabet.
Or we can provide a first input, and at every step produce an input that is
function of the past outputs of the automaton: this is the feedback strategy.
We suppose that the feedback control is also performed by an input-output
automaton.

In either case, open-loop or feedback, we quantify the complexity of the
problem as the minimal number of states of the controller automaton needed
to fulfill the objective.

Then we propose to evaluate the average complexity of controlling a random
n-state automaton from a random initial state to a random target state. The
random distribution is uniform.

This average complexity is proved to be in Θ(ln n) in the case of open-loop
control and, in the case of feedback, between Ω(ln n/ ln ln n) and O(ln n). This
proves that the feedback strategy has no or little advantage over open-loop in
terms of complexity when it comes to control a random automaton. Recall that
f(n) = O(g(n)), or g(n) = Ω(f(n)), means that |f(n)| ≤ c|g(n)| for some c > 0
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and all large enough n. If f(n) = O(g(n)) and f(n) = Ω(g(n)) then we write
f(n) = Θ(g(n)).

The main proposition is stated in Section 5.2, along with preliminary defini-
tions, and proved in Sections 5.3, 5.4 and 5.5. Conclusions and ideas for future
work are presented in the last section.

5.2 Formulation and results

In this section we give precise definitions of automaton, control, and complexity
of control. Then we describe our main result.

In this chapter, we use the term ‘automata’ to denote input-output au-
tomata, as defined in Section 2.4. We recall the definition.

An (input-output) automaton is given by

• a finite set Q, the elements of which are called the states;
• a finite set U , called the input alphabet ;
• an initial state q ∈ Q;
• a finite set Y , called the output alphabet ;
• a transition function ∆ : Q × X → Q;
• an output function Γ ∈ Q × X → Q.

An automaton is a special case of input-output dynamical system, defined
in Section 2.4 . To maintain the analogy with deterministic finite automata
described in Section 2.5, we include the initial state in the definition. Given an
input word u0u1 . . . un, the automaton starts from the initial state q, moves to
the state q′ = ∆(q, u0) and emits the output letter y0 = Γ (q, u0). Then it reads
the input letter u1, moves to state q′′ = ∆(q′, u1) and emits the output letter
y1 = ∆(q′, u1), etc. Finally, the output word corresponding to u0u1 . . . un is
given by y0y1 . . . yn (see Figure 5.1 for an example).

We set ∆(q, u0u1 . . . uk) = ∆(∆(q, u0u1 . . . uk−1), uk), for any u0u1 . . . uk in
U∗. Recall that U∗ denotes the set of finite words over the alphabet U .

If U has only one symbol then we say that the automaton is inputless,
because the input contains no information. The length of the sequence is simply
the time variable.

Note that we only consider deterministic automata. This implies that the
dynamics of the system is perfectly known, as well as the initial state and
the output function. We emphasize that our aim is to compare feedback and
open-loop in terms of complexity, not in terms of robustness with respect to
noise or uncertainty. We leave the case when noise, lack of information or
nondeterminism is present for future research.

Suppose we have an automaton and we would like to drive it from one state
to another state, by feeding the automaton with an appropriate word. This is
what we call the reachability problem. An instance is given by an automaton,
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Fig. 5.1. An example of automaton. The vertices are the states, and the edges have
labels of the form u/y, where u is an input symbol and y an output symbol. The initial
state is q0. Upon the input of the word 011010010, the automaton passes through the
successive states q0, q2, q1, q1, q0, q1, q0, q2, q1, q0 and outputs the word 000111001.

called the system automaton, and a state (the target state). The problem is to
find a word (the control word) of U ∗ that makes the automaton go from the
initial state through the target state at least once.

The control word can be chosen to be the output of another automaton.
We compare two kinds of strategies in order to solve a reachability problem:
open-loop and feedback.

• The open-loop strategy: An inputless automaton O (the control automaton)
is connected to the input of the target automaton, as indicated on the top
of Figure 5.2.

• The feedback strategy: An automaton F (the control automaton) is con-
nected in feedback (bottom of Figure 5.2). We can see it as a game played
between the control automaton and the system automaton; the goal of the
former is to force the latter to enter the target state. Let us mention a de-
tail: for the process to be completely specified, the first input feeding the
system automaton must be specified, too.

Thus an open-loop solution for an instance of the reachability problem is an
inputless automaton that makes the system automaton evolve and reach the
target state, when connected in open-loop as described above. A feedback solu-
tion is composed of a control automaton and a symbol of its output alphabet,
that makes the system automaton reach the target state when the control au-
tomaton is connected in feedback with the system automaton and the specified
symbol is given as initial input to the system automaton.
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Our goal is to find for both strategies an estimate of the number of states
of the control automaton needed to steer a given system automaton. We would
also like to know whether open-loop control is more complex than feedback
control. In other words, we ask the following question: does the possibility to
make a measurement on the system lead to less complex controllers?

Given a solvable instance of the reachability problem, we naturally define
the open-loop complexity of the instance as the number of states of the smallest
open-loop solution, and the feedback complexity as the number of states of the
smallest feedback solution.
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System automaton
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q0

qfA

Fig. 5.2. We want to drive the system automaton A from q0 to qf . Above: The open-
loop strategy. Note that no input has been drawn towards O, since only one input
word is possible, up to the length (which may be seen as the time variable). Below:
The feedback strategy. The control automaton F is supposed ‘to play first’: the first
value of u0 ∈ U must be given as input to A, leading to an output y0 ∈ Y , leading
to a new output u1 of F , etc. The control and system automata update their states
alternatively. Hence there is a delay between the time at which y is output and the
time at which the next value of u is given as input to the system.

For the sake of simplicity, we will focus on automata with binary input
and binary output alphabets. However our results have immediate extension
to alphabets of arbitrary fixed cardinality.
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The following example shows that feedback can be much less complex than
open-loop.

Example 3 We want to solve the reachability problem for the n-state automa-
ton represented on Figure 5.3 and the target state qn−1. We assume that the
word u0u1 . . . un−2 is not eventually periodic, except trivially. An inputless au-
tomaton producing this word as output must therefore have at least n−1 states.
And the complexity of the open-loop strategy for this instance is n − 1.

But the particular form of the output function allows a one-state automaton
put in feedback to solve the problem. Actually, even a zero-state automaton
suffices! It is enough indeed to connect the output of the automaton directly to
the input.
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1/0

0/1

0/0

1/1

ui/ui+1

1 − ui/1 − ui+1

1/1

0/0

Fig. 5.3. An example of automaton for which the feedback strategy is much less
complex than open-loop. The initial state is q0, and we want to reach state qn−1. The
word u0u1u2 . . . un−2 is not eventually periodic. In the open-loop strategy, an (n−1)-
state control automaton is needed. In the feedback strategy, a zero-state automaton
is enough.

As announced in the introduction, the gap of complexity between open-loop
and feedback is quite small on average.

To make this statement precise, we must endow the set of n-state automata
with a probability measure.

Let us compute the number of different n-state automata with input and
output alphabets of cardinalities |U | and |Y | respectively. From every state |U |
edges must be drawn and for each of these there are n possible end states and
|Y | possible outputs. This leads to (|Y |n)|U |n possible graphs. For any of them
there is a choice of n possible initial states, and so there are finally n(|Y |n)|U |n

different automata. For simplicity, we suppose that the set of states is always
{0, 1, . . . , n − 1}.
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Of course, many different automata are isomorphic, i.e., they are identical
up to a permutation of the states. And even more automata define the same
input-output function on words.

However, keeping the formalism of [TB73], we shall do averages on the class
of n(|Y |n)|U |n different automata. For that purpose we endow this set with
uniform probability measure. A random n-state instance of the reachability
problem is composed of a random n-state automaton and a random state chosen
uniformly among {0, 1, . . . , n − 1}. From now we will also restrict ourselves to
the case |U | = |Y | = 2, as already mentioned.

Why the uniform distribution? This distribution reflects the fact that we
have made no assumption on the origin or properties of the system automaton.
The choice of the uniform distribution is consistent with the so-called ‘maxi-
mum entropy principle’, stating that an a priori probability distribution on a
family of objects is best chosen as the less informative distribution, given the
constraints that we know to be satisfied. Here ‘less informative’ is technically
defined as ‘maximizing the Shannon entropy’; see [Ros83]. As we have no a pri-
ori knowledge on the system automaton, the uniform distribution is certainly
the less informative. Choosing a simple distribution also makes the problem
tractable. The uniform distribution is the one considered in [TB73].

Of course, we might argue that ‘real-life’ systems are not all equally fre-
quent or equally interesting, and most real-life situations would lead to a non-
uniform distribution on system automata. For instance, the automaton might
result from the quantization of a linear system. Depending on the method of
quantization and the distribution of probability chosen for linear systems, we
are likely to get a non-uniform distribution on finite automata. More generally,
the quantization of any continuous discrete-time system should reflect the fact
that ‘close’ states have ‘close’ images for the same input. Here again we ex-
pect that not all automata are equally represented. Similarly, if we quantize a
continuous-time system with a small step of time, then the image of a state of
the automaton is likely to be a ‘close’ state.

When we say that a statement is true for ‘almost all n-state automata’, we
mean that it is true for ‘a proportion of n-state automata that tends towards
1 as n increases’.

A solvable n-state instance of the reachability problem is made of an n-state
system automaton and a target state that is reachable from the initial state.
A random solvable instance is picked up by choosing at random an n-state
automaton, and choosing at random a reachable state of the automaton. We
now state the main result of the chapter.

Proposition 32 Consider the uniform probability measure on n-state au-
tomata.
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There are constants c1, c2 such that for any large enough n, the expected
number of states of the smallest open-loop control automaton that solves a solv-
able n-state instance reachability problem is between c1 ln n and c2 ln n.

There are constants c1, c2 such that for any large enough n, the expected
number of states of the smallest feedback control automaton that solves a solv-
able n-state instance reachability problem is between c1 ln n/ ln ln n and c2 ln n.

In other words, the expected complexity of open-loop is in Θ(ln n), while
the expected complexity of feedback is in Ω(ln n/ ln ln n) and O(ln n).
Proof. Corollary 4 of Section 5.4 proves that the complexity for both strategies
is in O(ln n). Proposition 36 of Section 5.5 proves that the open-loop complex-
ity is in Ω(ln n). Proposition 38 of Section 5.5 proves that the complexity of
feedback is in Ω(ln n/ ln ln n). 2

Sections 5.3, 5.4 and 5.5 are devoted to filling the details of the proof of
Proposition 32, and may be skipped in a first reading.

5.3 Solvable instances of the reachability problem

It is clear that the expected complexity can be computed only over solvable
instances. The following proposition essentially says that more than one third
of the instances of the reachability problem are solvable. Recall that we consider
only automata with binary input and output alphabets.

Proposition 33 For any α < 1/e = 0.36... and any large enough n, a random
n-state instance of the reachability problem is solvable with probability at least
α. More precisely, for almost all n-state automata at least dαne states are
reachable from the initial state.

Proof. Let Q = {0, 1, . . . , n − 1} the set of states of a random automaton.
A subset R ⊆ Q is invariant if, starting from a state of R, it is impossible

to leave R. In other words, no edge leaves R.
We are going to prove that in almost all n-state automata, there is no

invariant subset of bαnc states or less, for 0 < α < 1/e. As the set of states
that are reachable from the initial state is an invariant set, this is enough to
prove the proposition.

The probability for any set R of r states to be invariant is ( r
n )2r, since 2r

edges start from R, and each of them arrive in R with probability r/n.
For any R ⊆ Q, consider the random variable IR that is equal to 1 if the

set R is invariant and 0 otherwise. The expectation of IR is the probability of
the event IR = 1, which is (r/n)2r. The probability that there is a invariant
set of size at most αn is equal to
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P(
∑

R⊆Q

0<card(R)≤αn

IR > 0),

where P denotes the probability of an event.
For any nonnegative integer-valued random variable X, Markov’s inequality

P(X > 0) ≤ EX

holds, where E is the expectation. Indeed, EX =
∑

i>0 iP(X = i) ≥ ∑

i>0 P(X =
i) = P(X > 0).

Here we take X =
∑

0<card(R)≤αn IR. The probability that there is an in-
variant set of size at most αn is

P(X > 0) ≤ EX

=
∑

0<card(R)≤αn

EIR

=

bαnc
∑

r=1

(
n

r

)

(r/n)2r.

If we prove that this last quantity converges to 0 as n → ∞, then we
conclude from Markov’s inequality that almost all automata of size n have
have no invariant set of states of size at most αn. This argument is an example
of the so-called first moment method.

It remains to prove that limn→∞

∑bαnc
r=1

(
n
r

)
( r

n )2r = 0. For every n and for
every term of the series, the following relations hold:

(
n

r

)

(r/n)2r ≤ r2r

r!nr

≤ errr

nr
≤ (eα)r.

We used the inequalities
(
n
r

)
≤ nr

r! and rr/r! ≤ ∑

i≥0 ri/i! = er, and the fact
that r ≤ αn.

Let us consider for every n the function

fn : r 7→
{(

n
r

)
( r

n )2r if 0 < r ≤ αn;
0 otherwise.

We want to prove that limn→∞

∑

r fn(r) = 0. But the following properties are
verified:

• The sequence (fn)n converges pointwise to the constant function 0, since
fn(r) ≤ errr

nr .
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• Every fn is bounded by the function g : r 7→ (eα)r, and g is summable:
∑

r≥0(eα)r = 1
1−eα .

From Lebesgue’s dominated convergence theorem (see Section 2.2), this is
enough to conclude that the sequence (

∑

r fn(r))n converges to
∑

r 0 = 0. 2

We don’t know how much the ratio 1/e can be improved. It might be the
case that all states are reachable for almost all automata. As far as we know
this is an open problem.

5.4 An upper bound on complexity

If a state of an n-state automaton is reachable from the initial state, then it is
so with an input word of length at most n; hence the complexity of feedback
and open loop are both bounded by n. On average much more can be said.

Proposition 34 There is a constant c such that for almost all n-state au-
tomata, if a state is reachable from another state, then it is reachable with an
input word of length at most c ln n.

We do not prove this involved result, due to Trakhtenbrot and Barzdin; the
interested reader is referred to [TB73]. The idea is to prove that the graph of
the automaton around the initial state looks very much like a directed tree,
that contains most of the reachable states. This proposition may be seen as
stating a ‘small world property’ for automata. Small world properties roughly
say that any two points of a graph are always linked by a path of short length,
and are proved to be almost always true for large classes of random graphs.
They are a mathematical expression of the ‘six degrees of separation’ theory,
stating that any two humans on earth are very likely to be connected to each
other through a chain of no more than five intermediate acquaintances. Small
world phenomena are observed in numerous social networks; see [AB02] for a
survey on related questions.

Corollary 4 There is a constant c such that for almost all n-state instances
of the reachability problem, there are feedback and open-loop solutions of c ln n
states or less. In particular, the expected complexity of a solvable instance is in
O(ln n) for both strategies.

5.5 Lower bounds on complexity

Let us a take a random instance of the reachability problem of size n, i.e., a
random n-state automaton (with binary input and output alphabets) with a
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random target state. Take a random p-state inputless automaton (with binary
output alphabet). We will denote by Pol(n, p) the probability that the random
p-state control automaton solves the random n-state instance of the reachability
problem in open-loop.

Now take a random p-state automaton (with binary input and output al-
phabets) and a random initial bit. We will denote by Pf (n, p) the probability
that the random p-state control automaton together with the random initial
bit solves the random n-state instance in feedback.

In this section, we compute estimates of these quantities that allow us to
give lower bounds on complexity. First of all, a technical lemma:

Lemma 1 There is a constant c > 0 such that for any large enough p, any
n ≥ p3 and k = 2p

√
n ln n we have

npe−k

(1 − k+p
pn )pn−k

≤ c
1

n
.

Proof. Taking the logarithm:

ln
npe−k

(1 − k+p
pn )pn−k

= −k + p ln n −
(
pn − k

)
ln(1 − k + p

pn
)

= −k + p ln n +
(
pn − k

)k + p

pn
+

1

2

(
pn − k

)(k + p

pn

)2

+O
((

pn − k
)(k + p

pn

)3
)

We used the expansion ln(1+x) = x−x2/2+O(x3). A little calculation yields:
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ln
npe−k

(1 − k+p
pn )pn−k

= −k + p ln n + k + p − k(k + p)

pn
+

1

2

(k + p)2

pn

−1

2

k(k + p)2

(pn)2
+ O

(
pn

k3

(pn)3
)

= p(ln n + 1) +
(p − k)(k + p)

2pn
− 1

2

k(k + p)2

(pn)2
+ O

( k3

(pn)2
)

= p(ln n + 1) +
p2

2pn
− k2

2pn
− 1

2

k(k + p)2

(pn)2
+ O

(p ln3/2 n√
n

)

= −p(ln n − 1) +
p

2n
− 1

2

k(k + p)2

(pn)2
+ O

(p ln3/2 n√
n

)

≤ −p(ln n − 1) +
p

2n
+ O

(p ln3/2 n√
n

)

We used the fact that ln(1 + x) = x − x2/2 + O(x3). The last two terms
of the last line are bounded by a constant, provided that n ≥ p3. We can also
suppose p − 1 ≥ 1. Thus

e−k

(1 − k+p
pn )pn−k

≤ c
1

n
,

for some c > 0. 2

Finally, a Stirling-like formula taken from [DK03].

Lemma 2 For all n ≥ 1,

e(
n

e
)n ≤ n! ≤ en(

n

e
)n

Proof. From bxc ≤ x ≤ dxe, we have lnbxc ≤ ln x ≤ lndxe. Integrating between
1 and n, we find:

n−1∑

i=1

ln i ≤ [x ln x − x]n1 ≤
n∑

i=2

ln i,

which is equivalent to

ln(n − 1)! ≤ n ln n − n + 1 ≤ ln n!.

The result follows almost immediately by exponentiation. 2
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5.5.1 A lower bound for open-loop complexity

We may obtain the following bound on Pol(n, p):

Proposition 35 For any large enough p and any n ≥ p3, the probability
Pol(n, p) for a random inputless p-state automaton to solve a random n-state
instance of the reachability problem in open-loop is bounded by

Pol(n, p) ≤ 3p

√

ln n

n
.

Proof. We fix an arbitrary inputless control automaton of p states, and plug
the output to the input of a random n-state automaton.

In a first step we give an upper bound on the probability for the path
described in the random target automaton to pass through at least k +1 of the
n states. In a second step we use Lemma 1 to compute a bound on Pol(n, p).

Step 1 To explore at least k + 1 different states, we must explore at least
k different edges. We may express the probability to explore at least k edges
as

∏k
i=1 Pi, where Pi is the probability that at least i edges are discovered,

knowing that at least i − 1 edges are discovered.
Each time a new edge is being explored, the end state of the edge is randomly

chosen among the n states. If this new edge occurs after l steps (i.e., when the
path already drawn has length l), and if less than k edges are explored at
that moment, then at most n − bl/pc are allowed for the end state of the edge
(in order not to loop before having seen k states). This is because if the pair
(state of the control automaton, state of the system automaton) is the same at
two steps, then the system enters a loop, and because the succession of states
of an inputless automaton is eventually periodic with period at most p. Thus
at least bl/pc states are ‘forbidden’. Moreover, the ith new edge is discovered

after a length l ≥ i. This shows that Pi ≤ n−bi/pc
n .

Thus the probability to explore at least k edges is less than the following
product of k factors:

p
︷ ︸︸ ︷
n

n
· · · n

n

p
︷ ︸︸ ︷

n − 1

n
· · · n − 1

n
· · · · · ·

≤p
︷ ︸︸ ︷

n − bk/pc
n

· · · n − bk/pc
n

, (5.1)

where each factor —except maybe the last— is repeated p times. Dropping the
last factor, this product is smaller than:

( n!

(n − bk/pc)!nbk/pc

)p

≤
(

n
e−bk/pc

(1 − 1
nbk

p c)n−bk/pc

)p

≤ np e−k′

(1 − k′+p
pn )pn−k′

,
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where k′ = k − p (implying k′/p < bk/pc ≤ k′/p + 1). Lemma 2 has been used
to derive the first inequality.

Step 2 Let k′ be equal to 2p
√

n ln n. Then Lemma 1 ensures that

e−k′

(1 − k′+p
pn )pn−k′

≤ c
1

n
,

for some c > 0, if p is large enough and n ≥ p3. Thus the probability to explore
more than 2p

√
n ln n + p + 1 states is at most c/n. The expected number of

states visited by the control automaton in the system automaton is therefore
at most

(
1 − c

1

n

)(
2p

√
n ln n + p + 1

)
+ c

1

n
n ≤ 3p

√
n ln n

for p large enough and n ≥ p3. As any of the n states may be chosen as the
target state with equal probability, we conclude that Pol(n, p) ≤ 3p

√

ln n/n
for p large enough and n ≥ p3. 2

In fact, the proof shows that the result holds not only for a random control
automaton but for any fixed control automaton.

We now derive a lower bound on open-loop complexity.

Proposition 36 There is a c such that for any large enough n the expected
complexity of the open-loop strategy for an n-state solvable instance of the reach-
ability problem is at least c ln n.

Proof. The behavior of an inputless automaton is completely characterized by
the infinite word it produces as output. This output word is eventually periodic.

The number of inputless p-state automata generating different output se-
quences is p2p. Indeed, p is the sum of lengths of the nonperiodic part and
the period, and there are p possibilities for the length of the period. This also
includes the control automata of less than p states. Let {O1, O2, . . . Op2p} be
a family of p-state inputless automata covering all possible output sequences
of all inputless automata of at most p states. Then the probability that an
n-state instance of the reachability problem is solved by at least one p-state
open-loop automaton is the probability that an n-state instance of the reach-
ability problem is solved by at least one automaton among {O1, O2, . . . Op2p},
which is bounded by the sum over i of probabilities that an n-state instance of
the reachability problem is solved by Oi.

So, using Proposition 35, the probability that an n-state instance of the
reachability problem is solved by at least one p-state open-loop automaton is
(provided that n ≥ p3 and p is large enough) bounded above by

p2p3p

√

ln

n
.
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Assume that this quantity is lower than 1/6:

2p3p

√

ln n

n
≤ 1

6
,

which may be written as

3p22p ≤ 1

6

√
n

lnn
.

This is satisfied if
p ≤ c0 ln n,

for some c0 > 0. This condition is stronger than n ≥ p3, for p large enough.
Thanks to Proposition 33, we know that for n large enough, at least one

third of the n-state instances of the reachability problem are solvable. If p ≤
c0 ln n, at most one sixth of the n-state instances are solved by open-loop control
automata of p states or less.

Hence at least one half of the n-state solvable instances are not solved by
any open-loop control automaton of at most p states. Consequently, the aver-
age complexity of an n-state solvable instance is at least c0

2 ln n. So the result
follows with c = c0/2. 2

5.5.2 A lower bound for feedback complexity

We now adapt the arguments of the preceding subsection to the case of feed-
back.

Proposition 37 For any large enough p and for any n ≥ (2p)3, the probability
Pf (n, p) for a random p-state automaton and a random first bit to solve in
feedback a random n-state instance of the reachability problem is bounded by

Pf (n, p) ≤ 6p

√

ln

n
.

Proof. First we fix an arbitrary feedback control automaton F .
The main idea of the proof is the same as in the proof of Proposition 35.

There we used the fact that if the system automaton is twice in the same
state while the open-loop control automaton is also in the same state, then the
whole system falls into a loop and will not discover new states. The case of the
feedback strategy is slightly more complicated. Indeed, knowing the states of
the control and system automata is not sufficient to determine the evolution of
the system.

Suppose that the system automaton A ‘has just played’ (remember the
game-theoretic terminology) and is now in state q, emitting a symbol y. The
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control automaton F is about to play and is in state s. Now we have enough
information to determine the evolution of the system. If during two different
steps, A is in state q, outputs the symbol y and F is in state s, then the whole
system enters a loop. Since y can take two values, the system automaton and
the control automaton can only be twice in the same states if we still hope to
discover new states of A. Heuristically, we thus expect the same result as in
Proposition 35, except that that p becomes 2p. The rest of the proof rigorously
establishes this fact.

Let the states of F be denoted by s1, . . . , sp. At every step of time, when F
has just played, and for every state si, we define

• ai as the number of states of A that have been reached exactly once while
F was in state si;

• bi as the number of states of A that have been reached exactly twice while
F was in state si;

• ri as n − ai − bi; as long as the whole system has not entered a loop, ri is
the number of states of A that have never been reached while F was in si.

At the beginning of the process, ri = n and ai = bi = 0 for all states si. At
every step of time, if F is in si, then ai, bi, ri must be updated. If a state of A
is reached for the first time while F is in si, then ai is increased (‘ai := ai +1’)
and ri is decreased. If a state of A is reached for the second time while F is in
si, then ai is decreased and bi is increased. If a state of A is reached for the
third time or more, then we will not discover any new state of A anymore.

In the first two cases, the quantity ai

2 + ri decreases by 1
2 .

We now want to estimate the probability that at least k + 1 states of the
system automaton are visited when F is connected in feedback to it. To explore
at least k+1 different states of the system automaton, we must explore at least
k different edges. Every time a new edge is being explored, the end state of the
edge is chosen randomly among the n states. Suppose that after l steps (i.e.,
when the path already drawn has length l), less than k edges have been reached,
the system automaton is in state q̃, F has just sent the output u and the edge
starting from q̃ labelled by u has never been used: we must choose an end state
q = ∆A(q̃, u) for this new edge, as well as an output value y = ΓA(q̃, u) for this
edge.

Suppose in addition that the current state of F is si. The end state of the
new edge is to be chosen among three kinds of states:

• Those that have been reached once while F was in state si. There are ai of
them. If one of these states is chosen, then the probability for the trajectory
to fall into a loop is at least 1/2, because one of the two possible values for
ΓA(q̃, u) is “forbidden” (remember we do not want to loop before having
explored k states).
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• Those that have been reached (exactly) twice while F was in state si. There
are bi of them. They may not be chosen as end state of the edge, since the
whole system would loop.

• Those that have not been explored yet when F was in state si. There are
ri of them. They may be chosen without restriction.

So the probability to choose a ‘good’ end state for a new edge (i.e., not
to fall into a loop) is at most 1

2
ai

n + ri

n . Remember that 1
2ai + ri is equal to

n − 1
2 (number of times that F has been in state si).

Call ti the number of occurrences of si while exploring a new edge, i.e., the
number of times that F was in si when we took an edge of the path for the first
time. If k edges at least have been explored, then t1 + · · · + tp ≥ k. Knowing
that k edges at least have been explored, we can encode with a natural integer
every possibility of repartition of the number of edges into t1, . . . , tp.

The probability of discovering at least k new edges, conditional to the num-
ber encoding the repartition into t1, . . . , tp, is thus bounded above by

∏

1≤i≤p

n

n

n − 1
2

n

n − 2
2

n
· · · n − ti

2

n
. (5.2)

The probability of discovering at least k new edges is this product, averaged
over all possible repartitions into t1, . . . , tp.

On the other side, a product of this form, under the constraint t1+· · ·+tp ≥
k takes its maximum value when t1, . . . , tp are all equal to bk/pc or dk/pe, as
some elementary calculus can show.

Hence the probability of discovering at least k states in A is at most

(n

n

n − 1
2

n

n − 2
2

n
· · ·

n − dk
p e 1

2

n

)p

,

itself bounded by

(n

n

n

n

n − 1

n

n − 1

n
· · ·

n − d k
2pe

n

n − d k
2pe

n

)p

,

where each factor is repeated twice.
Comparing with Equation 5.1, we see that nothing has changed, except

that p has become 2p. So the end of the proof remains unchanged in its prin-

ciple: the conclusion is that the probability that Pf (n, p) is less than 6p
√

ln n
n . 2

Again, the proof holds not only for a random feedback control automaton
but for any feedback control automaton. Thus:

Proposition 38 The expected number of states of the smallest feedback control
automaton that solves an n-state solvable instance of the reachability problem
is, for some constant c and any large enough n, at least c ln n

ln ln n .
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Proof. The number of different p-state automata is p(2p)2p and there are two
possible initial bits. So, using the preceding proposition, the probability that a
random n-state instance of the reachability problem is solved by at least one p-
state feedback automaton is, for p large enough and n ≥ (2p)3, bounded above
by:

2p(2p)2p6p

√

lnn

n
.

We want this quantity to be lower than 1/6:

2p(2p)2p6p

√

ln n

n
≤ 1

6
.

This is equivalent to

3(2p)2p+2 ≤ 1

6

√
n

ln n
,

or

(2p + 2) ln(2p) ≤ 1

2
(ln n − ln ln n) − ln 18.

This is satisfied if

p ≤ c0
ln n

ln ln n
,

for some c0 > 0 and n large enough. Indeed, this condition implies

(2p + 2) ln(2p) ≤ 3p ln(p/c0)

≤ 3c0
ln n

ln ln n
(ln ln n − ln ln ln n)

= 3c0(ln n − ln n ln ln ln n

ln ln n
)

≤ 3c0(ln n − ln ln n)

≤ 1

2
(ln n − ln ln n) − ln 18,

for any large enough p. This condition is stronger than n ≥ (2p)3.
Thanks to Proposition 33, we know that for n large enough, at least

one third of the n-state instances of the reachability problem are solvable.
If ln n/ ln ln n, it means that at least half of the solvable n-state instances are
not solved by any p-state open-loop control automaton. Hence the expected
complexity of an n-state instance is at least c0

2 ln n. So the result follows with
c = c0/2. 2
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5.6 Conclusions

We have studied finite automata as input-output systems, and have analyzed
the complexity needed to control them. It follows from our results that making
measurements on the output of a system is not very useful for automata with
a completely random structure. Of course, feedback cannot be more complex
than open-loop, and we gave an example where it is actually much less complex.

Thus, we are led to the conclusion that feedback is useful to gain complexity
only in connection with a particular structure of the automaton. Future work
could be devoted to finding classes of particular systems for which feedback is
particularly interesting. For instance, it would be natural to see what happens
if the automaton results from the quantization of a continuous linear system.
If we dare extrapolate this to a very general situation by considering that any
input-output system can be approximated by an automaton, we could conclude
that a system is controllable in feedback with a relatively small controller only
if the system is highly structured; for instance our eyes do help us to navigate
in an environment only if there is a great amount of order in it.

The introduction of some noise or nondeterminism in the model is also a
logical direction of research. The need for some robustness with respect to noise
is expected to give feedback the advantage over open-loop.

Finally, it can be argued that we did not really address the introductory
example of Section 1.3 (describing a path in a city by a set of instructions in
a concise way), since in that case the size of the output alphabet (number of
streets, for instance) is not fixed, but depends on the size of the automaton
(number of crossroads). For what kind of dependence between sizes of input
alphabet, output alphabet, and number of states does Proposition 32 remain
valid?

It can also be argued that in control theory one often need to remain in the
target state once we reach it, which we do not require in what we called the
reachability problem. Are the results of this chapter robust to modifications of
the objective?



6

An Optimal Quantized Feedback Strategy for

Scalar Linear Systems

6.1 Introduction

In Section 1.4 we explained the problem investigated by Fagnani and Zampieri
[FZ03, FZ04a, FZ05], namely, how to control the system x := ax + u ( with
a > 1) with a memoryless feedback map that has a finite range, in order to
contract the interval [−1, 1] to [−1/C, 1/C] (for C > 1). Input-output systems
and feedback maps are rigorously defined in Section Motivation and background
are also given in Section 1.4. In Section 6.2 we give a brief overview of the results
of [FZ03, FZ04a, FZ05].

In Section 6.3 we study a different, but related, problem. Finitely many
maps act on a space endowed with a probability measure. All maps preserve
the measure. We show that when it is possible to concentrate all the space to a
given subset, it is possible to do so with a memoryless feedback. An information-
theoretic lower bound on the time needed to reach this objective is derived.
A link with Maxwell’s demon and the second law of thermodynamics is also
pointed out.

When a is an integer, the map f : [−1, 1] → [−1, 1] : x 7→ ax + u mod 2
preserves measure. By this way we can use the bound derived in Section 6.3 to
get a bound on the system x 7→ ax + u. Thus the results of Section 6.3 apply.

We exhibit in Section 6.4 a family of feedback maps for f(x, u) = ax +
u mod 2 and a integer. The idea is to write the expansion of x in base a,
and choose a feedback map that eventually transforms the first digits of the
expansion to 0s. As it nearly achieves the information-theoretic bound, it is
close to be optimal. These feedback maps can be converted into feedback maps
for the original system x 7→ ax + u. The subsets on which the feedback map is
constant are not intervals. In light of this, the assumption of ‘intervalness’ made
in [FZ03, FZ04a, FZ05] is discussed. The final section draws some conclusions
for future work.
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6.2 Control on scalar linear systems

To get familiar with the problem, we review some of the results of [FZ03, FZ04a,
FZ05] on the problem of quantized memoryless feedback on scalar linear maps.
Given numbers N , C and T , we wish to find a partition [−1, 1] into N intervals
X1, . . . , XN and a feedback map u = Γ (x) that is constant on every Xi such
that every point of [−1, 1] is driven to [−1/C, 1/C] in average time T (for the
uniform distribution on [−1, 1]). Basics of probability and measure theory are
covered in Section 2.2.

The deadbeat feedback map is u = − (2j+1)
C if x ∈] 2j

aC , 2(j+1)
aC ]. It is a piece-

wise constant approximation of u = −ax and sends every quantization in-

terval ] 2j
aC , 2(j+1)

aC ] into [−1/C, 1/C]. Thus every point of [−1, 1] is driven to
[−1/C, 1/C] in one step of time. We can check that N = 2d|a|(C − 1)/2e and
T = 1 − 1/C.

If |a|(C − 1)/2 is an integer (say n), then after one step with deadbeat
feedback map, the state is uniformly distributed in [−1/C, 1/C]. In the same
time, we can apply the same feedback map, scaled by a factor 1/C, that drives
[−1/C, 1/C] to [−1/C2, 1/C2]. We can repeat this operation several times: this
is the nested feedback map. Thus for any integers n and k, we can construct a
feedback map with parameters C = (2n/|a|+1)k, N = 2kn and T = k 1

1+|a|/2n .

Here k is the number of nestings, and for k = 1 we get back the deadbeat
feedback map.

If we fix k, then we get a family of feedback maps for which T ' k = Θ(1)
and N ' |a|TC1/T . If we fix n we get a family of feedback maps for which
T = Θ(log C) and N = Θ(log C).

The chaotic feedback map is such that the state x is sent to ax mod 2
if |x| ∈ [1/C, 1] and to ax mod 2/C if x ∈ [−1/C, 1/C]. By ‘ax mod 2’ we
mean that we add or subtract 2 to ax if necessary, in order to stay in [−1, 1].
Similarly, ‘ax mod 2/C’ ensures that the interval [−1/C, 1/C] is invariant.
The map x → ax mod 2 in [−1, 1] is such that almost every point visits any
interval. Thus the chaotic feedback map drives almost every state of [−1, 1] to
[−1/C, 1/C], where it stays forever.

If |a| is integral then we can apply the chaotic feedback map to [−1/C, 1/C]
itself, in order to contract it to [−1/C2, 1/C2]. Repeating this operation to
contract to [−1/Ck, 1/Ck], we get the nested chaotic feedback. One can prove
that for any integers n and k, we have the parameters C = |a|nk, N ' k|a| and
T ' k|a|n. Thus k is the number of nestings and n is such that the contraction
ratio of one degree of nesting is |a|n. If we fix k, then we have a family of
feedback maps such that N ' k|a| = Θ(1) and T ' N

|a|C
N/|a|. If we fix n, then

N = Θ(log C) and T = Θ(C).
These feedback maps provide examples of realizable triples of parameters

N,C, T . Lower bounds are also derived, proving that some triples are nonreal-
izable. The main of them are listed below.
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• For any r > 0, there exists s > 0 such that N ≤ r log2 C implies dT e ≥
s log2 C;

• For any r > 0, there exists s > 0 such that dT e ≤ r log2 C implies N ≥
s log2 C;

• There exist K1 > 0, β1 > 0, C1 > 1 such that C ≥ C1 and N ≤ β1 log2 C
imply T ≥ K1NC1/N ;

• There exist K2 > 0, β2 > 0, C2 > 1 such that C ≥ C2 and dT e ≤ β2 log2 C
imply N ≥ K1dT eC1/dTe.

The proofs are quite involved and use tools of symbolic dynamics: given
a feedback map and a partition of the space, the combinatorics of language
induced by the partition (in a sense similar to Section 2.6) is studied.

These bounds prove that the particular families of feedback maps (for k or
n fixed) are optimal: we cannot significantly simultaneously improve all three
parameters N,C, T .

6.3 Control on measure-preserving maps

We now study a slightly different situation than the problem studied by Fagnani
and Zampieri, and see how it relates to the problem of memoryless quantized
feedback on scalar linear systems. We consider an input-output system

xk+1 = f(xk, uk+1),

where for any k ≥ 0, xk is supposed to lie in a probability space X, endowed
with the probability measure µ. The control input uk+1 takes values in a set
U . We suppose that for any u, the map f(., u) : X → X is measure-preserving,
i.e., the preimage of a measurable set is a measurable set of same measure.

If we control the system in open-loop, i.e., we apply a sequence u1u2 . . . that
does not depend on the initial state x0, then the probability distribution of xi

is equal to µ, thus it is not possible to concentrate the state to a small region
of the space.

We now define a (memoryless) quantized feedback map in this context. We
partition the set X into finitely many measurable subsets X1, X2, . . . , XN called
quantization subsets, and we choose a map uk+1 = Γ (xk) that is constant on
every set Xi. In other words, the only information available to choose the next
input is whether the present state of the system is in X1, X2, . . . or XN . The
objective is that almost every initial condition eventually reaches a specified
subset of measure 1/C and stays in this subset forever. The parameter C is
again called the contraction ratio.

Someone observing the sequence of quantization subsets Xi0 , Xi1 , Xi2 , . . .
(where xk ∈ Xik

) should also know when the control objective is fulfilled.
From now, when we talk of the random variable t as the first entry time,
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we mean the first time that we know for sure, given the past observations,
that the state lies in the prescribed set of measure 1/C and will not leave
it. More precisely, observing the sequence Xi0 , Xi1 , Xi2 , . . . , Xit−1

is enough
to deduce that the goal is reached (with probability 1), but not the sequence
Xi0 , Xi1 , Xi2 , . . . , Xit−2

. Thus the set made of all such observable finite se-
quences Xi0 , Xi1 , Xi2 , . . . , Xit−1

is a prefix set, meaning that no finite sequence
is a prefix of another.

By T we denote the expected value of t, with respect to measure µ.
The problem of scalar memoryless quantized feedback can be expressed

in this formalism for the case when a is integer. Indeed, take the map f :
[−1, 1] × R → [−1, 1] : x 7→ ax + u mod 2. As −1 is then equivalent to 1
modulo 2, it seems at first sight that we should work with ] − 1, 1] or [−1, 1[
instead of [−1, 1]; but since these three intervals only differ by a set of measure
zero, it makes no difference at the end.

If a is an integer then it is well known that f(., u) preserves Lebesgue
measure for every u. Indeed, the preimage of a small interval of length δ is
composed of |a| intervals of length δ/|a|; as the measurable sets are generated
by small intervals, the preimage of any measurable set is a measurable set of
same measure. If we fix finitely many values u1, . . . , uN , then we must choose
at every step which of the N measure-preserving maps f(., u1), . . . , f(., uN ) to
apply.

Moreover, given a feedback map on f with a partition of [−1, 1] into N
subsets, there is a corresponding feedback map for the map (x, u) 7→ ax + u
with a partition into at most (|a| + 1)N subsets leading to the same closed-
loop map. Indeed, consider the map “If x is in Xi then apply x 7→ ax + ui

mod 2”, where i = 1, . . . , N . It is equal to the map “If x is in Xi,j then apply
x 7→ ax + ui + 2j”, where Xi,j = [(−1 − ui − 2j)/a, (1 − ui − 2j)/a[∩[−1, 1]
is an interval on which x 7→ ax + ui is continuous. The equality between these
two closed-loop maps is straightforward. As there are at most |a|+ 1 values of
j for which [(−1 − ui − 2j)/a, (1 − ui − 2j)/a[∩[−1, 1] is nonempty, there are
at most (|a| + 1)N sets Xi,j .

In the following, when we write N we mean the number of quantization
subsets for f(x, u) = ax + u mod 2.

In [FZ03, FZ05] it is supposed that the target interval [−1/C, 1/C] is it-
self the union of one or several quantization intervals, and is invariant when
the feedback map is applied (i.e., almost all points of [−1/C, 1/C] remain in
[−1/C, 1/C]). Thus the first time at which we know for sure that the system
has reached the target interval and will remain in this interval is exactly the
first time at which the target interval is reached.

As already explained, there is a crucial difference between the problem
described in Sections 1.4 and 6.2, which is taken from [FZ03, FZ05], and the
control on f(x, u) = ax+u mod 2, following the setting of the present section.
Indeed, in [FZ03, FZ05] the quantization subsets are required to be intervals,
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whereas in the setting of this section all measurable subsets are allowed. As
shown below, if we drop the hypothesis of ‘intervalness’, then the inequalities
listed at the end of 6.2 do not hold.

6.3.1 When is memoryless quantized feedback possible?

Let us come back to the general problem. We have N maps f1, f2, . . . , fN acting
on the space X, and the goal of a memoryless quantized feedback map is to
choose at every step a map f1, f2, . . . or fN to apply to the system, in order to
confine almost every initial point to a subset Y .

Hence if there exists a memoryless quantized feedback, then for almost every
initial state there is a sequence of maps driving the state to Y where it stays
forever.

The following proposition says that the converse also holds.

Proposition 39 Let f1, f2, . . . , fN be measure-preserving maps of a probability
space X, and Y a measurable subset of X. Then the following conditions are
equivalent:

(a) there exists a memoryless quantized feedback map contracting almost all
X to Y ;

(b) for almost every point x, there is a sequence fi1 , fi2 , fi3 , . . . such that
the sequence of points fi1(x), fi2fi1(x), fi3fi2fi1(x), . . . eventually reaches
Y and stays in Y forever;

(c) there is a measurable set Z ⊆ Y of positive measure with the following
properties:

• ⋃N
i=1 f−1

i (Z) ⊇ Z up to a set of measure zero;
• Every subset of positive measure that is invariant under f1, f2, . . . and

fN has an intersection of positive measure with Z.

A subset is said to be invariant under a measure-preserving map if almost
all points of Z are sent into Z.
Proof.

(a) ⇒ (b) Obvious.
(b) ⇒ (c) Let us take Z to be the set of points of Y that are and will remain

in Y for a suitable sequence of maps chosen in {f1, . . . , fN}. If Y0 = Y and
Yj+1 = Yj ∩

⋃

i f−1
i (Yj), then Yj is the set of points of Y such that stay in Y

during j consecutive steps, for a suitable sequence of maps.
We prove that Z =

⋂

j∈N
Yj . Indeed if, for every j, a point stays in Y during

j steps for the sequence of maps wj ∈ {1, . . . , N}j , then from compactness of
{1, . . . , N}N we can extract an infinite sequence w ∈ {1, . . . , N}N that has
arbitrarily long prefixes of the form wj , and this sequence is a sequence of
maps that makes the point remain in Y forever.

Thus Z is measurable, and the first condition of (c) is satisfied.
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Now consider Z0 = Z and Zj+1 = Zj ∪ ⋃

i f−1
i (Zj). As it is possible to

confine almost every point to Y , then X =
⋃

j∈N
Zj , up to a set of measure

zero. Then Z has a positive measure, because the countable union of sets of
measure zero is also a set of measure zero. Moreover, the second condition of
(c) is satisfied, because a subset invariant under all N maps and disjoint from
Z must be included in X \ ⋃

j∈N
Zj .

(c) ⇒ (a) Given such a Z, we construct a partition of X into N subsets
X1, X2, . . . , XN .

First label with a ‘1’ all points x of Z such that f1(x) ∈ Z. Then label with
a ‘2’ all points of Y that have no label and whose image by f2 is in Z. Do the
same for all N functions. From the first condition, almost every point of Z gets
a label.

Then go successively through the following steps

• among the yet unlabelled points of X, label with a ‘1’ those that will reach
a labelled point via one application of f1;

• among the yet unlabelled points of X, label with a ‘2’ those that will reach
a labelled point via one application of f2;

• . . .
• among the yet unlabelled points of X, label with an ‘N ’ those that will

reach a labelled point via one application of fN ;
• among the unlabelled points of X, label with a ‘1’ those that will reach a

labelled point via one application of f1;
• . . .

and so on, cycling through 1, 2, . . . , N . The set of points that never get a
label through this process is invariant under every map f1, f2, . . . , fN and is
disjoint from Z. From the second condition of (c), this set must have measure
zero. Thus almost every point gets a label.

Now call X1 the set of points labelled by ‘1’, X2 the set of points labelled
by ‘2’, etc. By construction, the feedback map ‘If the state is in Xi then apply
fi’ drives almost every point to Z ⊆ Y , where it stays for ever.

Now we refine the partition {X1, . . . , XN} with the partition {Z,X \ Z},
i.e., we consider the partition {Xi ∩Z,Xi \Z|i = 1, 2, . . . , N}. We finally have
2N quantization subsets. The feedback map becomes ‘If the current state is in
Xi ∩ Z or in Xi \ Z then apply fi’, and once we reach Xi ∩ Z, for some i, we
know that we are in Z and will not leave it anymore (with probability 1). 2

Note that measure-preserving property of maps is not essential in the proof;
we could require only that the maps are measurable and that the inverse image
of set of measure zero has measure zero.

Roughly speaking, this proposition tells that feedback is equivalent to mem-
oryless quantized feedback. A system can be controlled in feedback if and only
if it can be controlled by a memoryless quantized feedback. However it says
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nothing on the performance that can be obtained with memoryless quantized
feedback.

6.3.2 An information-theoretic bound

The following inequality can be obtained easily.

Proposition 40 Suppose that with a certain quantized feedback map, almost
all the space X is eventually concentrated to a set of measure 1/C. Then

log2 C ≤ H(Xi0 , Xi1 , . . . , Xit−1
), (6.1)

where t is the first entry time, X1, . . . , XN are the quantization subsets and
H(Xi0 , Xi1 , . . . , Xit−1

) is the Shannon entropy in base 2 of the set of sequences
of quantization subsets that can be observed.

See Section 2.2 for the definition of entropy.
Proof. Let Y be the target set of measure 1/C. Call Xi0i1...it−1

⊆ X the
set of initial conditions that generate the sequence of quantization subsets
Xi0 , Xi2 , . . . , Xit−1

when the feedback map is applied. The set of all Xi0i1...it−1

forms a finite or countable partition of X, and we can write

H(Xi0 , Xi1 , . . . , Xit
) = −Σµ(Xi0i1...it

) log2 µ(Xi0i1...it
).

Recall that µ denotes the probability measure on space X.
Now consider the set f−1

i0
f−1

i1
. . . f−1

it−1
(Y ), where fi is the map applied to

quantization subset Xi. From the measure-preserving property of fi, the mea-
sure of this set is 1/C. But Xi0i1...it−1

⊆ f−1
i0

f−1
i1

. . . f−1
it−1

(Y ) (up to a set of

measure zero); this follows from the fact that all points of Xi0i1...it−1
go to Y

in time t. Thus µ(Xi0i1...it−1
) ≤ 1/C. Thus the function − log2 µ(Xi0i1...it−1

) is
at least log2 C and its average H(Xi0 , Xi1 , . . . , Xit−1

) is at least log2 C. 2

Note that the probability measure of the state after time t is no longer µ in
general, but is concentrated on the target subset.

The first term of Inequality (6.1) can be seen as the amount of information
that we have gained on the present state of the system. The second term is the
average information collected on the initial state of the system by observing all
the quantization subsets during the control.

In other words, after the process of control we know more about the initial
state than about the current state. Informally, we can say that it is easier to
observe a system than to control it.

A more concrete bound is the following.

Corollary 5 With the hypotheses of Proposition 40,
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log C ≤ T log N, (6.2)

where C is the contraction ratio, T the average first entry time and N is the
number of quantization subsets.

Proof. This follows from Proposition 40, Shannon’s noiseless coding theorem
(see Section 2.5) and the fact that the set {(Xi0 , Xi1 , . . . , Xit−1

)} of observed
sequences of quantization subsets before the control objective is known to be
completed is a prefix language. 2

Proposition 40 and Corollary 5, proved in the general case of measure-
preserving maps, thus apply to the case of the map f(x, u) = ax + u mod 2
(where |a| > 1 is an integer) and fixed finite set of values u1, . . . , uN . These
facts however were already proved by Fagnani and Zampieri [FZ04b], under
the form of equivalent bounds holding for the case of the map f(x, u) = ax+u
with arbitrary real slope a.

6.3.3 Maxwell’s demon

The thermodynamic entropy of a physical system is identified, according to
Boltzmann’s formula, to the quantity kB ln Ω, where kB is Boltzmann’s con-
stant and Ω is the number of microscopic configurations of the physical system
compatible with the macroscopic observations. The second law of thermody-
namics states the the entropy of an isolated physical system cannot decrease.

Maxwell’s demon is a small but clever being that stands near a physical
system; he performs measurements on the system and, according to the result
of these measurements, modifies the physical system without any expense of
energy. By its measurements, the demon is able to reduce the thermodynamic
entropy of the system, in apparent contradiction with the second law of ther-
modynamics. Bennett proposed a solution to this paradox: at every step the
demon, who has a limited memory of the past, erases the result of the preced-
ing measurement, thus generating entropy. Indeed Landauer’s Principle states
that erasing a bit of information is an irreversible process and must therefore
increase the thermodynamic entropy of the universe by at least kB ln 2 (where
kB is Boltzmann’s constant); see [Ben82] for a detailed description. See also
Bricmont [Bri95] for an account of the second law of thermodynamics and
Maxwell’s demon with a historic perspective.

The setting presented in this section can be viewed as a formalization of
Maxwell’s demon paradox in control theory. The demon is the feedback map
and the physical system is the system of space X.

If the physical systems manipulated by the demon are at equilibrium, this
means that all statistical quantities of the system are preserved in time; this also
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means that the probability distribution on the state of the system is invariant.
This corresponds to the fact that f(., u) preserves the measure.

If the feedback map tends to concentrate the state to a subset of measure
1/C, then the thermodynamic entropy of the system is decreased by (at least)
kB ln 2 log2 C. Now recall the bound given by Corollary 5:

log2 C ≤ H(Xi0 , Xi1 , . . . , Xit−1
).

If we want to encode the result of all measurements performed on the sys-
tem, then the average length of the transcription of these measurements will be
greater than H(Xi0 , Xi1 . . . Xit−1

), in virtue of Shannon’s noiseless coding the-
orem (see Section 2.5). So the erasure of information gained during the process
of control (up to a factor of kB ln 2) must increase the thermodynamic entropy
of the environment by at least kB ln 2H(Xi0 , Xi1 , . . . , Xit−1

). We conclude that
the total thermodynamic entropy of the universe (system and environment)
has not decreased. As such, Corollary 5 can be viewed as an application of the
second law of thermodynamics in control theory.

6.4 An optimal scalar quantized feedback map

We now show how to construct a memoryless quantized feedback map for scalar
linear systems with integral slope that comes close to the bound given by
Corollary 5. For the sake of simplicity, we first work on the interval [0, 1], then
a change of variable will bring us back to [−1, 1].

Let us consider the map f : [0, 1] × R → [0, 1] : (x, u) 7→ ax + u mod 1.
The idea is the following. Suppose, with a = 10, that we want to drive the
points of [0, 1] to [0, 10−6]. This means that we need to force the first six
decimal digits to be zeros. First remark that the system x 7→ 10x mod 1
(with u = 0) has the effect to shift the decimal expansion to the left, and
suppress the first digit. Switching off six digits can be done in six steps if
at every step we measure the seventh digit of the state and we choose the
input u in order to cancel it. If x0 = 0.12345678987654321 . . . (in decimal),
then the system goes through the states x1 = 0.2345608987654321 . . . , x2 =
0.345600987654321 . . . , x3 = 0.45600087654321 . . . , x4 = 0.5600007654321 . . . ,
x5 = 0.600000654321 . . . , x6 = 0.00000054321 . . . , x7 = 0.0000004321 . . . , etc.

If a < 0, then we write x in base a again: x = b1a
−1 + b2a

−2 + b3a
−3 + · · ·

mod 1, where bi = 0, 1, . . . or |a|− 1. For instance, in base −10, the numbers of
the form 0, b1b2b3 . . . range from 0.909090 . . . = −9(10−1+10−3+10−5+ · · · ) =
−10/11 to 0.09090 . . . = 9(10−2 + 10−4 + 10−6 + · · · ) = 1/11. Taken modulo 1,
this covers the whole interval [0, 1].

Proposition 41 If |a| ≥ 2 is an integer, then for every integer n there is a
feedback map for f : (x, u) 7→ ax + u mod 1 contracting [0, 1] to an interval of
length |a|−n in time n with |a| quantization subsets.
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Proof. Let us represent x ∈ [0, 1] in the form x = Σi=1,2,3,...bia
−i mod 1, where

bi ∈ {0, 1, . . . , |a| − 1}. If a is positive then this is the usual representation in
base a. In any case, this representation is unique except for a subset of measure
zero.

Now call Xi,b the set of reals of [0, 1] whose ith digit in expansion is b. We
use the sets Xn+1,0, . . . , Xn+1,|a|−1 as quantization subsets, and it is clear that
the feedback map ‘Apply x 7→ ax − ba−n if x ∈ Xn+1,b’ will have for effect to
switch progressively all first n digits to 0, as in the example above.

If a is positive, then after n steps we are and we stay in the set [0, a−n].
If a < 0, then after n steps we stay in the set X1,0 ∩ · · · ∩ Xn,0 =

[−|a|−n 1−|a|−1

1−|a|−2 , |a|−n |a|−1
|a|2−1 [ if n is even and in the set X1,0 ∩ · · · ∩ Xn,0 =

[−|a|−n |a|−1
|a|2−1 , |a|−n 1−|a|−1

1−|a|−2 [ if n is odd. In any case, this is an interval of length

a−n. Note that one endpoint is negative. The interval taken modulo 1 is actu-
ally composed of two intervals in [0, 1]. 2

On Figure 6.1, the feedback map for a = 2 and n = 3 is graphically repre-
sented.
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2x + γ(x)

0

γ(x)

Fig. 6.1. An optimal feedback for the map x 7→ 2x+u mod 1 on the interval [0, 1]. In
thick line is the feedback map x 7→ u = γ(x), which takes two values: 0 and −1/8. In
thin line is the closed-loop map x 7→ 2x+γ(x) mod 1. There are N = 2 quantization
subsets, the contraction ratio is C = 8, the time needed to drive every point of [0, 1]
to the interval [0, 1/8] is T = 3.
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If at every step we change k digits to 0 in the expansion of the state x
(instead of just one), then the time needed is divided by k.

For instance, if a = 10, k = 2 and we want to switch off the first six
digits of the initial state, say, x0 = 0.12345678987654321 . . . , then at every
step we measure the fourth and seventh digits and choose the right input.
The successive states of the system are x1 = 0.2305608987654321 . . . , x2 =
0.300600987654321 . . . , x3 = 0.00000087654321 . . . , x4 = 0.0000007654321 . . . ,
x5 = 0.000000654321 . . . , etc.

We thus extend the proposition in the following way.

Proposition 42 If |a| ≥ 2 is an integer, then for every integer n and every
divisor k of n there is a feedback map for f contracting [0, 1] to an interval of
size |a|−n in time n/k with |a|k quantization subsets.

Proof. We extend the argument used in the preceding proof. The state x ∈ [0, 1]
is expressed in the form x = Σi=1,2,3,...bia

−i mod 1, where bi ∈ {0, 1, . . . , |a| −
1}.

We measure the digits of position n/k+1, 2n/k+1, . . . , n+1s in this expan-
sion and we apply the feedback map x 7→ ax− bn/k+1a

−n/k − b2n/k+1a
−2n/k −

· · · − bn+1a
−n mod 1.

This strategy reduces [0, 1] to an interval of length |a|−n in n/k steps by
partitioning the interval into |a|k subsets. 2

Note that it is possible to contract the interval to any subinterval of length
|a|−n instead. Indeed, suppose that the feedback map ‘x 7→ ax + ui if x ∈ Xi’
reduces [0, 1] to [0, ε], and consider the change of variables y = x + r mod 1,
v = u − ar + r and Yi = Xi + r mod 1. Then the feedback map ‘y 7→ ay + vi

if y ∈ Yi’ reduces [0, 1] to [r, r + ε].
Moreover, by the change of variables y = 2x − 1, v = 2u − 1 + a and

Yi = 2Xi − 1, we transport the conclusions to the system f(x, u) = ax + u
mod 2 on [−1, 1].

Proposition 43 Consider the system f(x, u) = ax+u mod 2 on [−1, 1], with
|a| > 1 an integer. For any C ≥ 1 and N ≥ |a|, there is a feedback map taking

a constant time T = d log|a| C

blog|a| Nce ≤ min{ log C
log N−log |a| +1, 2 log C

log N +1} that reduces

the interval [−1, 1] into [−1/C, 1/C] with at most N quantization subsets.

Proof. Take k = blog|a| Nc and n = kd log|a| C

k e in Proposition 42 and then ap-

ply appropriate change of variables. The bound d log|a| C

blog|a| Nce ≤ 2 log C
log N + 1 comes

from the fact that 1
2 log|a| N ≤ blog|a| Nc. 2
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Note that, provided that we specify how to handle states that have two
expansions in base a, this feedback map works for all points of the interval
[−1, 1], and not only for almost all of them.

This family of feedback maps satisfies the bound log C ≤ T log N given by
Corollary 5 with approximate equality, if N,C, T are not too small. Hence this
family is optimal, in the sense that if two parameters among T,N,C are fixed,
then the third cannot be much improved.

According to Proposition 43 for every integers n and k, where k divides n,
we have a feedback map with T = n/k,N = |a|k, C = |a|n. This is a family
with two parameters. If we add a constraint on k and n, then we have a family
of one parameter.

In particular if we take n = k|a|k then we obtain a family of feedback maps
for which T = N = |a|k = n/k and C = |a|n = NN = TT . For this family some
of the main bounds linking N , C and T proved in [FZ05] and listed below do
not hold, as easily checked.

• For any r > 0, there exists s > 0 such that N ≤ r log2 C implies dT e ≥
s log2 C;

• For any r > 0, there exists s > 0 such that dT e ≤ r log2 C implies N ≥
s log2 C;

• There exist K1 > 0, β1 > 0, C1 > 1 such that C ≥ C1 and N ≤ β1 log2 C
imply T ≥ K1NC1/N ;

• There exist K2 > 0, β2 > 0, C2 > 1 such that C ≥ C2 and dT e ≤ β2 log2 C
imply N ≥ K1dT eC1/dTe.

Let us remark that this ‘counter-example’ does not formally contradict the
results of Fagnani and Zampieri, according to which N counts the number of
intervals on which the feedback map is constant. This essentially amounts to
imposing that quantization subsets are intervals, whereas we only require the
quantization subsets to be measurable.

Recall also that between the number N of subsets in the case of the map
x 7→ ax + u mod 2 and the map x 7→ ax + u, there might be a factor at most
|a| + 1, but this does not affect the conclusions. On Figure 6.2, an example
of optimal feedback map for for the map x 7→ 2x + u on the interval [0, 1],
with N = 4 quantization subsets; compare with Figure 6.1, where for the map
x 7→ 2x + u mod 1, there are only two quantization subsets.

This shows that imposing a topological condition on the quantization sub-
sets, like being an interval, is actually a restriction. This constraint is however
not a communication constraint (‘How many bits can I transmit?’) but rather a
measurement constraint (‘What kind of information can I acquire on the state
of the system?’).

We therefore think that if the problem of quantized feedback is motivated
by a bounded rate of transmission between the output and the input of the
system (because, for instance, the information needed to control the system
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2x + γ(x)

γ(x)

0

-1

Fig. 6.2. An optimal feedback for the map x 7→ 2x + u on the interval [0, 1]. In thick
line is the feedback map x 7→ u = γ(x), which takes four values: 0, −1/8, −1 and
−9/8. In thin line is the closed-loop map x 7→ 2x + γ(x), which is the same as in
Figure 6.1. There are N = 4 quantization subsets, the contraction ratio is C = 8, the
time needed to reach the interval [0, 1/8] is T = 3.
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must be sent via the internet), then we can drop the constraint of intervals
without harm.

But if the quantized feedback theory is used to model a situation where
the measurement instruments have finite precision, thus quantizing the state
space into finitely many subsets, then it is very plausible that the quantization
subsets are connected (i.e., are intervals, in the scalar case).

6.5 Conclusions

We studied the framework of memoryless quantized feedback for scalar linear
systems proposed by Fagnani and Zampieri, and exhibited a new family of opti-
mal feedback maps, provided that we drop the hypothesis that the quantization
subsets are intervals. Our solution works only for integral slopes. Extension to
nonintegral slopes and higher dimensions is to be studied.

Future work could also be devoted to developing the general formalism
sketched in Section 6.3.
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Conclusions

I started this research with a feeling and an ambition. I had the feeling that
computation, control, dynamical systems and information are all intermingled
concepts, the interrelations of which are not fully understood, and my ambition
was to think hard on this and build, at least for myself, a coherent vision
incorporating all these concepts in their most general meaning.

Even such a vast programme has to start somewhere. A paper of Blondel,
Cassaigne and Nichitiu [BCN02] exhibited a Turing machine with no periodic
configuration, refuting a conjecture by Kůrka [Kůr97b]. At the same time, an
article by Bruno Durand [Dur97] proved that, although not all tile sets that
can tile the plane can do so periodically (as known since Berger [Ber66]), it
can always do so in an almost periodic way. I therefore attached myself to
parallel these two situations, and it seemed to me that several results had
some common points. For instance, not only Berger and Hooper theorems both
express the undecidability of checking the existence of a configuration that
avoids some pattern (respectively, a valid tiling or an immortal configuration
of a Turing machine), but their proofs bear some strong resemblance. I pushed
this similarity as far as I could, translating some theorems known about tilings
to Turing machines and trying to give the most general framework to express
the results: dynamical systems, as sets on which acts a monoid. I sowed the
seeds of this research in my master thesis and made it grow in my Ph.D. thesis,
giving birth to Chapter 3. In particular, I came to prove some properties to be
undecidable for classes of dynamical systems, including Turing machines and
tilings.

Following this result of undecidability, I shifted my interest towards com-
putational universality of a single dynamical system, rather than considering a
whole class of systems. Universality of cellular automata, e.g., automaton 110
or the Game of Life, relies on checking whether a ultimately periodic config-
uration is in the orbit of another ultimately periodic configuration, while for
analog systems, e.g., piecewise polynomial maps, rational points are observed.
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The choice of such a particular set of states to work with appeared to me as
both physically unrealizable and mathematically arbitrary. I therefore worked
out a new definition, which I improved several times to eventually reach the
definition of Chapter 4, which can be applied to any symbolic discrete-time
system, such as cellular automata or Turing machines. Unfortunately I could
not reach a fully satisfactory definition for analog systems. Exploring the prop-
erties of this new definition, looking for examples and necessary conditions was
the occasion to collaborate fruitfully with Prof. Petr Kůrka.

During my master thesis, my advisor Prof. Vincent Blondel attracted my
attention on a paper by Egerstedt and Brockett [EB03]. It proposed an appeal-
ing example, how to describe a path in a town in the most concise way, and
showed how incorporating some feedback allowed shorter descriptions. The so-
lution proposed by Egerstedt and Brockett was however rather complex, and I
wondered how would behave a simpler formalism. I started this research during
my master thesis and pursued it in my Ph.D. thesis. The conclusion is that in
this simple framework, feedback is not much shorter than open-loop. The final
results of this research are exposed in Chapter 5.

Meanwhile, my advisor, Vincent Blondel again, made me aware of the work
of Fagnani and Zampieri [FZ01], who proposed a simply-formulated question,
yet with highly nontrivial developments. How to control a scalar linear system
with a limited number of possible inputs? This raised the question of how much
information is needed to control an input-output system, a question also exam-
ined by other authors. Dropping a hypothesis made by Fagnani and Zampieri,
I derived a solution of unexpected simplicity for integer slopes, which achieves
an information-theoretic bound already derived in some form by Fagnani and
Zampieri [FZ04b]. I also attached myself to investigate a general formalism of
control with a quantized input, inspired by classical ergodic theory and consid-
erations on Maxwell’s demon dating back to the 1980’s [Ben82]. This general
theory is only sketched in Chapter 6.

Many more chapters could be written on the interplay of dynamics and
computation. Let us see some possible ways for further research.

For instance, we can consider a Turing machine (say, without blank symbol)
as an input-output system, whose state is the content of the tape, that is
controlled by an input-output automaton, that can at every step measure one
symbol on the tape and apply one of these maps: shift to the left, shift to the
right, switch the currently read symbol. That point of view may be seen as
an extension of Chapter 4, where the automaton is not only an observer but
a controller. If we endow the symbols of the tape with independent and equal
probabilities (this is the so-called Bernoulli distribution), then we can check
that all maps that can be applied by the controller automaton preserve the
measure. Hence we are almost in the framework of Chapter 6; the only difference
is that the controller has a finite memory instead of having no memory at all.
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Hence we could apply ideas and methods of both Chapters 4 and 6. In
particular, analyzing the flow of information in a universal Turing machine
may be related to the possibility of reversible computation (because reversibility
is intuitively the fact that no information is destroyed), and to the so-called
universal measure on integers, which gives the probability for a number to be
the output of a universal Turing machine with random input data.

If we believe that the (classical) physical world is a dynamical system on a
real manifold rather than on a Cantor set—but not everyone thinks so, see for
instance Wheeler’s ‘it for bit’ [Zur89], Toffoli [Zur89] or Wolfram [Wol02]—then
we really should find a satisfactory formalism adapted to analog systems, that
would extend Chapter 4. The question of which systems of classical physics are
capable of computation, if any, could be asked in this framework. One might
feel that the gravitational N -body system, for instance, is not universal. A
further step would be to consider quantum systems.

One could also dream of formulating and solving in a unified context in-
cluding dynamical systems and input-output dynamical systems. Universal co-
algebra [Rut00], theory advocated as a unifying framework for all formalisms
of dynamical systems, could possibly help for this goal. A coalgebra is a map
X → F (X), where F (X) is a set built from the state space X. For discrete-
time dynamical systems, F (X) = X, while for input-output dynamical systems,
F (X) = (X × Y )U , where U is the input set and Y the output set. Thus a
coalgebra is a very general dynamical system.

While the time has come to end this thesis, I remain with the feeling that
computation, control, dynamical systems and information are all intricately in-
termingled concepts, in a way far from being fully understood, and my ambition
for future research is to shed some light in the dark.
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