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Abstract

Proton therapy is able to deliver highly conformal dose distributions with a signif-
icant reduction in dose to healthy tissue compared to conventional radiotherapy.
To turn these theoretical advantages into clinical reality, however, a complex time-
and resource-intensive treatment planning process is needed, including highly accu-
rate Monte Carlo dose calculations and robust optimization. Robust optimization
can already be challenging for clinics due to the long runtime and high memory
usage that often require a reduction of plan complexity. These issues are ampli-
fied in novel treatment techniques such as adaptive proton therapy and proton
arc therapy, which are highly dependent on fast, memory-efficient treatment plan-
ning tools. This work seeks to address these challenges by proposing a deviation
from the conventional treatment planning workflow. The conventional workflow
requires a separate beamlet dose calculation for each spot, the concatenation of
the individual beamlet dose distributions to a large-scale dose influence matrix
and matrix operations in the optimization. The proposed beamlet-free treatment
planning approach avoids the computation and handling of the huge dose influ-
ence matrix by performing the dose calculation and optimization in a concurrent
fashion. Over the course of this thesis this new method is developed, refined,
extended and validated. This cumulates in a novel robust optimization method
for proton therapy that addresses current issues and opens new pathways for even
more elaborate treatment modalities.
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Members

Prof. Nick Reynaert, PhD, Ir
Medical physics department, Institut Jules Bordet
Radiophysics and MRI physics laboratory, Université libre de Bruxelles
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2 CHAPTER 1. OVERVIEW

1.1 Research motivation

Cancer is one of the leading causes of death worldwide, with almost 10 million
cancer deaths in 2022 [1]. This number is only expected to increase in years to
come due to increases in both population size and longevity.
Over the years, different cancer treatment modalities have been discovered and
refined. The different modalities vary strongly in how they affect and target spe-
cific forms of cancer. The choice of which modalities are used depends on the type
of cancer, the stage it is in, whether it is localized and its location in the body.
Some, like chemotherapy and immunotherapy, are non-localized and are able to
act across the body, while others such as surgery and radiotherapy are only able
to target localized tumors in accessible locations, but also limit the impact of side
effects. In many cases, a combination of several treatment modalities is used.
External beam radiotherapy is one such modality and is recommended for about
half of all cancer patients [2, 3, 4]. It works by using beams of ionizing radiation,
which can cause DNA damage and cell death. A combination of factors is ex-
ploited to increase the damage within certain regions, the tumor, while reducing
it in others, the healthy tissue and organs.
While the most common form of radiotherapy utilizes photon beams as their ion-
izing radiation, charged particles such as electrons, protons and ions have the
potential to create preferential dose distributions due to their unique physical
characteristics. Instead of traversing the patient like high-energy photons do, they
have a finite range and the additional advantage of losing most of their energy
close to the end of this range in a phenomenon known as the Bragg peak. Cur-
rent clinical standard is intensity modulated proton therapy, where several thin,
monoenergetic proton pencil beams are combined to create a homogeneous dose
region covering the tumor. To achieve this, the individual pencil beams are as-
signed weights, which are optimized in a computational pre-treatment process,
the treatment planning.
Treatment planning for proton therapy involves several steps, including imaging,
segmentation and plan creation, as described in section 2.2.2. After patient image
data in the form of a voxelized geometry has been obtained, the tumor and rel-
evant organs are contoured. A number of beams, each defined through a unique
set of angles, are determined. Each beam is made up of several thin pencil beams.
The tumor is then devided into energy layers orthogonal to the beam direction and
a spot grid is placed across each energy layer to cover the tumor. A spot refers to
the location of the Bragg peak of a pencil beam. The dose distribution created
by a single pencil beam is known as a beamlet. Before the spot weights can be
optimized, their individual impact on the total dose distribution d is determined
by calculating their beamlet dose distribution and the concatenation of all 3D
beamlet dose distributions in the so-called beamlet matrix Di,j , which contains



CHAPTER 1. OVERVIEW 3

the dose contribution of each beamlet j to each voxel i.
In radiotherapy with photons, dose calculations are often performed using analyt-
ical dose calculation engines, that predict the 3D dose distributions based on the
well known shape of the photon beam.
Analytical dose calculation engines are available for protons as well and model the
shape of individual pencil beams, however, they are often insufficient to accurately
model the dose, due to the sharp dose gradients involved, especially around the
Bragg peak, and the strong dose distortions caused by heterogeneous media.
The most accurate way of calculating dose distributions are Monte Carlo (MC)
particle transport methods, which are presented in section 2.4. Monte Carlo meth-
ods are comparatively much slower than analytical dose calculation tools though,
which greatly increases the time required for treatment planning.
Another challenge in the treatment planning process is the size of the beamlet
matrix D. Since both the number of spots and the number of voxels are high,
this is a huge matrix with considerable memory needs.
In the subsequent spot weight optimization step, the beamlet matrix is multiplied
with the spot weights xj to obtain the total dose distribution

d =
∑
j

Dijxj . (1.1)

Large scale matrix multiplications and optimizations based on them are computa-
tionally heavy and increase the computation time considerably.
Both the time required for beamlet dose calculation and the time and memory
requirements during optimization depend on the number of voxels and spots. To
decrease them, one can reduce the number of spots by placing them further apart,
which might lead to less homogeneous dose distribution, or reduce the number of
voxels by rescaling the voxel grid of the patient data or using an independent dose
grid with a coarser voxel distribution. Both of these strategies, while effective in
reducing computational costs, reduce accuracy and optimization quality.
It would be desirable, especially for big plans with multiple beams, to remove the
dependency on the number of spots entirely. However, that would require the
omittance of the calculation of and optimization based on the individual beamlet
dose distributions and the beamlet matrix.
The aforementioned problems are amplified when using methods such as robust
optimization, as described in section 2.5.4. Novel treatment approaches, such
as proton arc therapy (PAT) or online adaptive proton therapy, are also affected
by the high computational costs during treatment planning. Arc proton therapy
is the proton therapy equivalent to volumetric modulated arc therapy (VMAT),
where photons are delivered by a gantry rotating around the patient. Different
strategies in optimal Arc therapy optimization are being explored, but they usually
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require a significant increase in the number of spots. Online adaptive therapy on
the other hand does not necessarily require an increase in the number of spots,
but it does rely on very fast reoptimizations, including dose recalculations. Online
real-time adaptations seems an impossibility based on current treatment planning
standards.
Because of these challenges and hurdles, new strategies in proton therapy treat-
ment planning are needed and are an open field of research that the present work
seeks to contribute to.
Relevant works in the field of proton therapy treatment planning typically address
either the dose calculation or the optimization aspects. In dose calculation, rele-
vant advances include the development of faster Monte Carlo tools through the
use of parallelization or approximations [5, 6, 7, 8, 9, 10, 11, 12, 13, 14], or the
development of more accurate analytical models [15]. More details on current
dose calculation tools can be found in section 2.4.
With regards to the optimization, there are papers investigating how to reduce
the computational impact of the optimizer in particularly challenging cases like
robust optimization [16, 17, 18, 19], as discussed in section 2.5.4.
There are altogether few papers investigating a deviation from this established
workflow. Yang et al. [20] proposed a concurrent MC dose calculation and flu-
ence optimization algorithm for photon therapy and Li et al. [21, 22] developed a
similar approach both for photon and proton therapy. In their method referred to
as adaptive particle sampling, they simulate a total of nk

j protons for each spot j
proportional to the spot weight xj at iteration k. This results in higher statistical
accuracy in high intensity spots and allows the reduction of particles simulated
towards low intensity spots. However, all of these methods still rely on a beam-
let matrix and consequentially need to exert computation time and memory for
the resulting matrix operations. The reported benefits, an efficiency increase of
41.6 ± 15.3% [22], result from improved spot targeting during the Monte Carlo
simulation.
Over the course of this thesis, a novel treatment planning approach is investigated,
that seeks to remove the need of individual beamlets altogether. A beamlet-free
treatment planning approach was proposed, implemented and compared against
conventional methods with an emphasis on plan quality, computation time and
memory requirements. The suitability of this approach to computation-heavy
robust optimization was investigated and a robust beamlet-free optimizer imple-
mented and validated.
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1.2 Main contributions
This project aims to address the various challenges in proton therapy treatment
planning and propose a new beamlet-free treatment planning approach to mitigate
them. Over the course of the thesis, a beamlet-free optimizer was implemented
and compared against conventional methods.

1.2.1 Beamlet-free optimization

A beamlet-free optimization algorithm was developed and integrated within the
CPU-parallelized Monte Carlo code MCsquare [12]. It follows a concurrent dose
calculation and spot weight optimization, similar to the methods proposed by Yang
et al. [20] for photons and Liu et al. [23] for protons, but differs in its concrete
implementation. In particular, it is unique in that it doesn’t require the calculation
of a beamlet matrix at all.
The new method is validated against conventional treatment planning approaches
on several patient cases.
This work lead to a publication which chapter 3 is based on [24].

1.2.2 Expected-value beamlet-free robust optimization

In a second part, the beamlet-free framework is adapted for use in robust op-
timization. The challenges that the beamlet computation and optimization pose
on the treatment planning process are exacerbated in robust optimization. There
are different approaches to robust optimization that are not equally suitable to a
beamlet-free approach. The main robust optimization approaches include worst-
case scenario, or minimax, robust optimization [25] and expected-value robust
optimization [26, 27]. An expected-value beamlet-free optimizer is presented
and compared to conventional worst-case and expected-value robust optimiza-
tion methods.
A publication resulting from the work on robust optimization presents the basis
for chapter 4.

1.2.3 Contributions to the open-source treatment planning system
OpenTPS

As described in Chapter 2.3.3, treatment planning is typically performed using
a treatment planning system (TPS) combining several individual treatment plan-
ning tools. Clinical TPS are commercially available from several vendors, however,
they are based on proprietary source code and are hard to modify as that is not
their intended use. Researchers working on the development of new treatment
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planning tools need accessible, open-source systems that allow them to smoothly
integrate and test their proposed methods.
The open-source treatment planning system OpenTPS [28] was developed specif-
ically for proton therapy, but was recently expanded to include photon dose cal-
culations as well. It is written in python making it completely open and easily
accessible even for people without a strong programming background. It has
served as basis for several proton therapy related research projects so far and was
the TPS used for the validation and testing of the presented beamlet-free opti-
mizer in Chapter 3 and robust beamlet-free optimizer in Chapter 4 as well as the
respective comparisons.
The beamlet-free optimizer, and its robust successor, have been directly integrated
within the code of the open-source MC dose engine MCsquare [12]. Additionally,
expected-value robust optimization has been implemented by the author to allow
conclusions about the comparative performance of different robust optimization
methods to be drawn.

1.3 Structure of the thesis

This thesis is constructed around two main papers and is structured as follows:

Chapter 1: Introduction
The present chapter outlines the research motivation for the thesis project, as
well as a list of the main contributions of the author to the research field and the
present section on the structure of the thesis.

Chapter 2: Background
The second chapter is dedicated to introducing some key concepts to the reader
in order to provide context and orientation. The base concepts of external beam
radiotherapy are presented and a motivation for charged particle therapy is pro-
vided. The basics of proton therapy are outlined, including an overview of the
current proton therapy treatment planning workflows. Monte Carlo methods as
a dose calculation tool are examined in more detail due to their importance for
the thesis project. Finally, an introduction to optimization theory provides the
reader with the necessary mathematical background knowledge to understand the
algorithms and methods mentioned later on.

Chapter 3: Beamlet-free optimization for Monte Carlo based treatment
planning in proton therapy
The third chapter is centered around the first main publication, which introduces
the beamlet-free algorithm. The beamlet-free algorithm is a new, proposed treat-
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ment planning approach that seeks to address current challenges with respect to
high computational requirements in proton therapy treatment planning. It in-
cludes a description of the algorithms, as well as its validation on phantom and
patient cases.

Chapter 4: Robust beamlet-free optimization
The fourth chapter is centered around the second main publication, which inves-
tigates an expected-value beamlet-free robust optimization approach and com-
pares it to conventional worst-case scenario beamlet-based robust optimization
and expected-value beamlet-based robust optimization.

Chapter 5: Discussion and conclusion
The last chapter of this thesis reviews the findings presented in the chapters
above in the context of proton therapy research at large. Future perspectives for
the proposed methods are discussed and conclusions drawn.
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The following chapter introduces some base concepts related to radiotherapy
and optimization theory and can be skipped by readers already well-acquainted
with the topics at hand. Since large parts of this background chapter consist of
well-established tenants of radiotherapy, the use of citations is reserved for specific
works that are to be highlighted or examined in more detail. All other information
can be easily verified or extended with additional details by perusing any of the
many available resources on medical physics, including

• An Introduction to Medical Physics by Maqbool [29],

• Introduction to Medical Physics by Keevil et al. [30],

• Hadron Therapy Physics and Simulations by Nunes [31],

• Basic Clinical Radiobiology by Joiner et al. [32] and

• Proton therapy physics by Paganetti [33].

2.1 External beam radiotherapy
External beam radiotherapy is one of several cancer treatment modalities at our
disposal. It is used instead of, or in combination with, other treatment modalities,
including surgery, chemotherapy, immunotherapy and brachytherapy.
Which modality is chosen for a specific case depends on the type of cancer, the
stage it is in, whether it is localized and its location in the body. Radiotherapy is
recommended for about half of all cancer patients [2, 3, 4].

2.1.1 Basics of radiobiology

External beam radiotherapy uses one or several beams of ionizing radiation di-
rected at localized tumors. The ionizing radiation traverses the body and transmits
energy to particles it encounters along its path. The transferred energy causes ion-
izations and the creation of free radicals which cause DNA strand breaks. While
human cells have extensive DNA repair mechanisms, too many strand breaks at
once, and especially more difficult to repair double strand breaks, can lead to cell
death [34].
These ionizations do not occur everywhere equally. They depend on the amount
of energy that is transferred from the incident ionizing particle to the surrounding
tissue. The amount of energy transferred depends in turn, on the type of radiation
and particle used, its initial energy and the material it is traversing. The effect
that the particle has on the tissue is quantified and reported in terms of dose. The
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Figure 2.1: Depth dose curve for 6 MV photons. (Figure taken from [35].)

dose d is defined as the energy E that is actually absorbed per unit mass m,

d =
E

m
, (2.1)

and is measured in Gray.
Photons are by far the most common choice of particle used in radiotherapy and
the energy they transfer to surrounding tissue depends on their initial energy and
their current depth. A depth dose curve as in Figure 2.1 shows the dose absorbed
at a certain depth integrated over the other dimensions. The percentage depth
dose (PDD), is a normalization of the dose such that the maximum corresponds
to 100.
The absorbed dose initially increases until a maximum is reached after which

it decreases exponentially. The reason for the initial increase, also known as the
build-up region, lies in the fact that the incident photons transfer most of their
energy to electrons through particle interactions. These electrons are considered
secondary particles and travel themselves through matter until they have lost all
their energy in further particle interactions. The amount of energy transferred in
a single interaction is small compared to typical beam energies in charged parti-
cle therapy and the secondary electrons only travel a short distance before having
transferred their entire energy to the local tissue. The peak in the depth dose curve
coincides with the point at which the number of electrons created by the incident
photons equals the number of previously created secondary electrons reaching the
end of their range. The exact depth of the maximum dose depends on the energy
of the photon beam and the traversed material.
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Figure 2.2: Therapeutic Window (Figure taken from [36].)

2.1.2 Therapeutic window and tumor control

Radiotherapy seeks to cause DNA damage and cell death through ionizing ra-
diation. It is not possible to restrict the resulting damages to only tumor cells,
however, a combination of different factors can be exploited to maximize damage
to the tumor and limit damage to healthy surrounding tissue. Healthy cells are
better able to repair damage to the DNA than cancer cells. This phenomenon can
be exploited to deliver a dose that falls in the therapeutic window. The tumor
control probability (TCP) describes how high a dose needs to be to reliably kill
cancer cells. The normal tissue complication probability (NTCP) on the other
hand gives probability that a healthy cell is killed at a certain dose, which allows
conclusions to be drawn on how high the dose to healthy tissue may be while still
allowing a good percentage of healthy cells to survive. The therapeutic window
refers to the colored section between the TCP and NTCP curves, as visualized in
Figure 2.2. A wider therapeutic window is desirable in radiotherapy, and there are
strategies that actively try to increase it.
Typically a radiotherapy treatment is not delivered all at once, but over the course
of several sessions that may stretch across multiple days or weeks. Such a treat-
ment is referred to as fractionated radiotherapy, where each session a fraction of
the total prescribed dose is delivered. Fractionation brings several advantages,
among them the ability to limit the dose to healthy tissue per fraction to a level
that can mostly be repaired, while exceeding these levels for the tumor region.
Fractionation also allows the exploitation of the oxygen effect [37]. About two
thirds of the DNA damage caused by ionizing radiation is caused through free
radicals which are created as a consequence of the ionization of oxygen atoms
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Figure 2.3: The impact of fractionation on cell survival. (Figure taken from [39].)

[38]. As a consequence oxygen levels of cells impact their radiosensitivity. Since
the peripheral sections of tumors tend to be better oxygenated, they are first to
be killed during radiotherapy. Fractionation allows the reoptimization of the new
peripheral cells before the next treatment session and therefore the maximization
of its impact.
The survival fraction (SP) describes the fraction of cells that survive after receiv-
ing a non-lethal amount of radiation between two fractions. It can be calculated
with the linear quadratic model as

SF = e−αnd−βnd2

= e−αD−βdD ,
(2.2)

where d is the dose per fraction, D = nd the total dose over n fractions and α
and β tissue dependent constants. The impact of fractionation on the cell survival
of tumor and healty tissue cells is presented in Figure 2.3.
To further limit normal tissue complications, a combination of several beams

is employed to create a high, homogeneous dose level in the tumor. By utilizing
multiple beams overlapping within the tumor the dose delivered to the surrounding
healthy tissue can be kept below the target prescription. The impact of different
beam configurations on the dose distribution is demonstrated in Figure 2.4. It can
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Figure 2.4: The impact of different beam configurations on the dose distribution.
The used beam configurations are (S1) two posterior oblique beams, (S2) a lateral
right beam and a left posterior oblique beam, (S3) two oblique posterior beams
plus a right-sided non-coplanar beam, and (S4) three non-coplanar beams from
posterior and the right side. The beam angles are indicated in white for coplanar
beams and in green for non-coplanar beams. The beam angles are given in ranges
utilized across several patients in the respective study by Stefanowics et al. (Figure
taken from [40].)

be observed that using a three beam instead of a two beam configuration reduces
the dose outside the target region. In intensity modulated radiotherapy (IMRT)
the dose is sculpted through optimization to achieve the desired distribution.
Utilized together, these techniques result in a higher dose to the tumor region

with a high chance of cell death and a comparative lower dose to healthy sur-
rounding tissue that, while unable to completely prevent damage, modulates the
damages to normal tissue and to critical organs.
Another option to reduce the dose to the surrounding tissue relative to the dose to
the tumor is to switch from using photons, common in conventional radiotherapy,
to charged particles, like electrons, protons or ions, which display a preferential
dose profile. The dosimetric advantages and particularities of charged particle
therapy are explored in the next section.
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Figure 2.5: Relative depth dose profile of monoenergetic photon and proton beam
in water.

2.2 Proton therapy

Proton therapy is a specialized form of radiotherapy that utilizes proton beams,
instead of the more common photon beams. Both, photons as well as protons,
are forms of ionizing radiation that can, in essence, be used to exploit the basic
principles of radiotherapy. Where they differ is the manner in which they interact
with matter and give off their energy. The number of photons travelling through
matter decreases exponentially with the distance traveled. How much energy is
deposited depends on the initial photon energy, the depth at which the measure-
ment is taken and the material it traverses. Protons, and other charged particles,
exhibit a different depth-dose behavior. They have a finite range that depends on
initial energy and traversed material. In protontherapy, the particle energy can be
chosen in such a way that the end of their range does not exceed the distal edge
of the target region, drastically reducing the dose to surrounding healthy tissue.
This almost completely eliminates any dose that would be deposited behind the
tumor.
Additionally, the dose deposited by protons does not exponentially decrease like
for photons. Instead, the deposited dose is relatively constant until the proton
reaches the end of its range. Then, the protons start transferring more energy to
the surrounding matter in a behavior known as the Bragg peak. This difference
is easily demonstrated in a depth-dose profile like in Figure 2.5.
The reason for this difference lies in the physics of particle interactions. The
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Figure 2.6: Electron depth dose curves at various energies. (Figure taken from
[41].)

interactions a particle experiences depend on several factors and will be examined
in more detail in section 2.4.

2.2.1 Why protons? - Other forms of charged particle therapy

These dosimetric advantages are not unique to protons and are shared between
charged particles in general. However, not all kinds of charged particles are suit-
able for radiotherapy. Electrons are used in some cases, but they are typically only
used for tumors at relatively shallow depths due to the high costs associated with
accelerating them to higher energies and lead to high scattering and are therefore
restricted to specific cases. The relative depth dose profiles of electrons, photons
and protons are displayed in Figure 2.6.
Heavier ions can be used as well. The most common type are carbon ions which
are considered the most effective particle type due to their superior radiobiological
effectiveness, but the dosimetric differences between ions heavier than protons
are relatively slim. Proton therapy is the most common, since they are easy to
produce and were among the first particles studied.

2.2.2 Cost of proton therapy

Despite the seemingly obvious advantages from a physics perspective, proton
therapy is still rare compared to conventional radiotherapy with photons. A big
reason for this is the increased cost of proton therapy [42, 43]. Photons can be
produced by a Cobalt-60 source or, as is more common today, a linear accelerator,
a so called Linac. Complete treatment machines based on either technology can
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Figure 2.7: Visual representation of passive scattering (top) and active spot scan-
ning (bottom) beam delivery. (Figure taken from [46]).

be directly purchased from manufacturers and placed into a treatment room. Pro-
tons require a much bigger accelerator to achieve the required energies for clinical
applications. Clinics are typically outfitted with a cyclotron, or a synchrotron,
which services one or several treatment rooms to minimize beam downtime. Due
to this, particle therapy centers usually require considerable upfront building cost,
as well as more space, specifically trained experts and, if desired, huge and com-
plex gantries and higher maintenance costs.
Due to these high associated cost, proton therapy is typically only used for specific
indications, and it is closely monitored that the theoretical dosimetric benefits can
indeed be translated into improved patient outcomes for the selected groups [44].
These issues are only amplified for heavier particles such as carbon ions [45].

2.2.3 Beam delivery

The finite range and narrow Bragg peak necessitate a few adaptations in proton
beam delivery compared to photons. While in radiotherapy with photons, high-
energy photons are created and the beam is shaped and modulated through the
so called multileaf collimators, proton therapy requires a different approach.
One way to modulate a proton beam is to accelerate the protons to a specific

energy and then shoot the beam through an aperture equipped with a range mod-
ulator [47, 48]. The range modulator is a piece of matter, often ridges or pins,
that force protons to loose part of their energy passing through it, thus decreasing
their range. By varying the material or thickness, the proton range can be ad-
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justed flexibly throughout the beam. This method is known as passive scattering.
Modern proton therapy centers, usually opt for a technique called pencil beam
scanning instead [49, 50]. Here, individual thin pencil beams are delivered. To
this end, a spot grid is defined with each spot corresponding to the Bragg peak
location of a pencil beam. These spots are arranged in distinct energy layers in
beam direction. An energy layer corresponds to a specific depth within the patient.
All spots in one energy layer are delivered and then the cyclotron accelerates a
new batch of protons for the next energy layer. Magnets are used to adapt the
Bragg peak position perpendicular to the beam direction.
Both beam delivery techniques are illustrated in Figure 2.7. When discussing the
challenges of treatment planning for proton therapy in the following, pencil beam
scanning is assumed.

2.3 Proton therapy treatment planning

2.3.1 Treatment planning workflow

Treatment planning is a necessary process at the beginning of each radiotherapy
treatment. The treatment plan is comprised of information on the number and
angle of beams, the spot placement and weights, and represents the relevant ma-
chine input parameters needed for delivery. In proton therapy, treatment planning
consists of the following steps:

• Pre-treatment imaging

• Segmentation of regions of interest

• Definition of dose prescriptions and limits

• Plan creation

• Beamlet dose calculation

• Spot weight optimization

• Final dose calculation

• Plan evaluation

• Reoptimization/-evaluation (if necessary)
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Pre-treatment imaging

Before the radiotherapy treatment can commence, high quality 3D images of
the patient need to be obtained. This usually involves acquiring CT data, which
allows conclusions to be drawn about the electron density or material composi-
tion. Information on the material composition and density is required for the dose
computation later on. It is one of the key factors that determine the energy loss
during particle transport. Magnetic resonance imaging (MRI) or positron emission
tomography (PET) might be used in addition to CT data, since they are better
able to visualize soft tissue contrasts. In conventional radiotherapy with photons,
a workflow consisting of only MRI images is feasible, but requires the creation of
a pseudo-CT [51, 52, 53] to still provide electron density information. The use of
pseudo-CTs in proton therapy is under investigation [54, 55], but poses consider-
able challenges due to the considerable effects that density errors can have on the
proton range and dose distribution.
The CT data comes in the form of a three-dimensional (3D) matrix, or rather a set
of two-dimensional (2D) images called slices, that can be combined to form a 3D
matrix, where each entry represents a so-called voxel and contains the matching
Houndsfield unit (HU) value. Houndsfield units are defined as

HU = 1000 · µtissue − µwater

µwater − µair
, (2.3)

with µtissue, µwater and µair being the total linear attenuation coefficient of the
imaged tissue, water and air respectively. Relevant magnitudes in radiotherapy
include the HU values of air, HUAir = −1000, which appears black on greyscale
CT images, and water, HUWater = 0. Bone takes much higher values and appears
white on CT images.

Segmentation of regions of interest

Within the CT data, the tumor is identified and delineated. The visible tumor
region is referred to as the gross tumor volume (GTV). It is extended to the clini-
cal target volume (CTV), which contains both the visible tumor and surrounding
tissue that is likely to contain microscopic tumor-spread that cannot be identified
on the imaging data. The CTV is itself often extended to the planning target
volume (PTV) [56, 57], which takes uncertainties, like potential beam alignment
errors, CT conversion errors or organ motion, into account. The PTV is supposed
to ensure that no part of the CTV is affected from underdosage as a consequence
of these uncertainties, however, it is a concept more relevant in conventional ra-
diotherapy with photons. In proton therapy, uncertainties tend to have a much
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GTV

CTV

PTV

Figure 2.8: Representation of the Gross Tumor Volume (GTV), Clinical Target
Volume (CTV) and Planning Target Volume (PTV) concept.

stronger impact on the resulting dose distribution, rendering conventional PTV
margins insufficient to properly account for them. Robust optimization is used
instead, which will be introduced in section 2.5.4.
The different target volume classifications are visualized in Figure 2.8. If different
parts of the tumor receive different dose prescriptions, they need to be segmented
independently. Besides the tumor, all relevant organs, the organs-at-risk (OAR),
are segmented as well. The segmented regions relevant in the treatment planning
process are referred to as regions of interest (ROI).
The segmentation can be performed manually by a radiation oncologist, or per-
formed with segmentation software [58, 59] that is double checked by a clini-
cian [60]. The contours of the ROI are delineated on each 2D slice of the imaging
data and usually saved as a binary map.

Definition of dose prescriptions and limits

A dose prescription is set for the target, usually the CTV or PTV. The tumor
region can be split into sections with different dose prescriptions, if required. Sim-
ilarly, dose limits are defined for critical organs at risk (OAR) in the vicinity of
the tumor or beam path. These dose prescriptions and limits are realized in dose
objectives. There are different objective types including minimum dose, maximum
dose, mean dose or dose-volume objectives, which control respectively the mini-
mum dose that any voxel within a ROI should receive, the maximum dose that
any voxel within a ROI should receive, the mean dose over all voxel that a ROI
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Figure 2.9: Representation of treatment room setup consisting of the rotating
patient couch and the revolving gantry. (Figure taken from [65].)

should receive, or the dose that a certain percentage of a ROI should not exceed.
The thus defined objectives regulate the aim of the optimization and should be
set based on experience and guidelines for an optimal patient outcome.

Plan creation

The plan creation includes the definition of the beams, including their angle and
number, and the spot placement.
Beams are described by two angles, the gantry angle and the couch angle. The
gantry angle describes the orientation of the gantry, while the beam angle describes
the orientation of the treatment couch perpendicular to the gantry angle. The
basic setup is depicted in Figure 2.9. Usually the beam configuration is chosen
based on clinical experience, but methods for automatic beam angle optimization
are being investigated [61, 62, 63, 64].
Range shifters can be used to reduce the energy of the protons beyond the

machine’s capacity in order to better irradiate shallow regions. They are usually
slabs of uniform matter placed in the beam path near the nozzle [66].
In pencil beam scanning IMPT, a 3 dimensional spot grid is placed across the
target region. Each spot corresponds to the Bragg peak location of a thin pencil
beam. For each beam, spots are placed independently. The spots are sorted in
discrete energy layers in beam direction, the distance between layers can be defined
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Figure 2.10: Representation of rectilinear (b) and hexagonal (c) spot placement
on a conical target (a). (Figure taken from [69].)

by the operator. Within each layer, spots are placed to cover the target region
and a user defined margin surrounding it. They are ordered in a grid-like pattern,
the concrete shape of which might vary between machines. Most common are
evenly spaced spots in a rectilinear or hexagonal pattern, as shown in Figure 2.10,
but alternatives have been proposed to optimize dose distributions [67, 68, 66].

Beamlet dose calculation

Each spot corresponds to a thin proton pencil beam known as a beamlet. The
beamlets are modulated with the spot weights to achieve the optimal dose distri-
bution. To this end, each beamlet dose distribution must be calculated and stored
individually, in order to quantify its impact on the total dose.
For each beamlet, a separate dose calculation is performed based on the patient
CT and the resulting dose distribution stored. The beamlet dose distribution can
be understood as a 3D matrix or vector whose elements represent the elementary
dose contributions of the corresponding pencil beam on each voxel of the CT data.
The beamlet dose distributions are combined into a sizeable matrix known as the
beamlet or dose-influence matrix D, usually stored in sparse format due to the
large number of zero dose voxels. A sparsity of over 90% is not uncommon. The
number of voxels depends on the CT scanner utilized during image acquisition and
the location of the tumor and relevant geometry. It can be reduced to decrease
the required memory, but usually still ranges in the hundred thousands or more.
The number of spots depends on the tumor size, spot resolution and number of
beams and typically lies in the realm of several thousands. It is significantly bigger
for robust optimization.
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The total dose d can then be determined as

di =
∑
j

Dijxj , (2.4)

where di is the dose to voxel i and xj is the spot weight of beamlet j, which is at
this stage still unknown. It will be determined in the subsequent optimization step.
For dose calculations in proton therapy, either analytical pencil beam algorithms [70]
or Monte Carlo (MC) tools may be used. Analytical pencil beam algorithms have
the advantage with speed, but Monte Carlo tools are considered the gold stan-
dard in dose calculation, since they are able to model even complex situations, like
highly heterogeneous geometries, with good accuracy [71, 72, 73, 74, 75]. Dose
calculation tools and their relevance in proton therapy will be discussed in more
detail in section 2.4.
In the presented work, beamlet dose calculations are always performed with MC
methods.

Spot weight optimization

The aim of the treatment planning process is to obtain a set of machine param-
eters that result in the best possible outcome for the patient. This includes the
so called spot weights x, which are modulation factors that define the impact of
individual beamlets on the total dose distribution d defined in equation (2.4).
An optimal total dose distribution is one that fulfills the prescriptions and dose lim-
its defined in the previous steps. Compliance with the prescriptions and dose limits
is quantified in the objective function f(x), which is applied to an optimization
problem:

min
x

f(x) =
∑
k

wkfk(d)

=
∑
k

wkfk(Dx)

s.t. xj ≥ 0 ∀j ,

(2.5)

where wk is the weight of objective k and fk(·) is the objective term.
This process is referred to as inverse planning where the spot weights are derived
from the dose information contained in the dose influence matrix. It mostly re-
placed the so-called forward planning where plan parameters are chosen based on
experience and a subsequent dose calculation is used to determine plan quality.
Parameters are then manually adapted as necessary in a ”trial and error” approach.
More information on optimization in general, and the spot weight optimization in
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particular, can be found in section 2.5.

Final dose calculation

Once a suitable set of spot weights x is identified, they are used as input in a
final dose computation where the resulting dose distribution is calculated. Often,
a MC simulation with a high particle number is used, to ensure a high degree
of accuracy. Since only the total dose is computed, not individual beamlet dose
distributions, the computation time is much lower than during the beamlet dose
computation step.

Plan evaluation

The thus obtained treatment plan is evaluated to ensure sufficient plan quality.
This usually includes the evaluation dose volume metrics of the target, such as
the D5 and D95. These metrics refer to the highest dose that 5% and 95% of the
target volume receive. Both values should ideally be close to the dose prescription.
A D5 higher than the prescription indicates overdosage, while a D95 lower than
the prescription indicates underdosage within the target. It should be noted, that
a fully homogeneous dose distribution is not usually attainable, and the treatment
planning process focuses on keeping under- and overdosage of individual voxel
within acceptable bounds.
Other dose volume metrics report the dose that a specific volume of the ROI
receive, for example D0.03cm3 , or the percentage of the volume of an ROI that
receives at least a specific dose, like V60 Gy or V95 for 95% of the prescription dose.
Dose volume metrics can be visually portrayed in dose volume histograms (DVH).
A DVH is a cumulative histogram in which the dose (x-axis) is plotted against
the volume percentage of a ROI receiving at least this dose (y-axis). An example
DVH with several ROI is presented in Figure 2.11.
Dose volume metrics can further be used to calculate secondary plan quality

metrics. Other plan quality metrics including

• Homogeneity index (HI): The HI is a measure for how even the dose is
distributed across a region, usually the target. The concrete definition varies
across different papers, but the following definition will be assumed in this
work:

HI = D5 −D95 . (2.6)

A lower HI corresponds to a more homogeneous dose distribution.

• Conformity index (CI): The CI is a measure for how well the dose distribution
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Figure 2.11: Example of a computed DVH for a prostate case showing a target
region and several OARs optimized on OpenTPS.

conforms to the shape of a region, usually the target. The concrete definition
varies across different papers [76], but the following definition, corresponding
to the formulation proposed by Paddick in 2000 [77], will be assumed in this
work:

CI =
V 2
TV,95

Vp,95VTV
, (2.7)

where VTV,95 is the subvolume of the target receiving at least 95% of the
prescribed dose, Vp,95 is the total volume in the patient receiving at least
95% of the prescription dose and VTV is the target volume. A CI of 1
indicates perfect conformality, while a CI of 0 indicates no conformality
whatsoever.

• Integral dose (ID): The ID refers to the dose integrated over the entire body.
It can give a general measure for the exposure of healthy tissue to radiation.

• NTCP: The NTCP can be used as an additional metric to quantify the risk
of complications on the OAR [78].

Additionally, 3D dose maps can be used to visually identify over- or under-dosage.

Reoptimization/-evaluation

If the optimized plan is unable to deliver an acceptable dose distribution, the
plan needs to be reoptimized. Ideally this only requires the definition of new dose
limits and objectives, proposed by the physician to achieve a compromise between
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conflicting constraints. These types of changes require a repeat of the optimiza-
tion, final dose computation and evaluation steps. If the beam or spot parameters
need to be changed, the time expensive beamlet dose computation needs to be
repeated as well. This cycle repeats until acceptable plan quality is reached.

2.3.2 Adaptive proton therapy

Most proton therapy treatments are delivered across several fractions. Anatom-
ical differences like tumor shrinkage, weight loss, cavity fillings or differences in
patient positioning can lead to vastly different conditions between sessions, and
potentially even within one session. These differences can have a strong impact on
the resulting dose distribution and can cause significant under- or over-dosage if
not accounted for [79, 80, 81, 82, 83, 84]. To prevent this, parts of the treatment
planning cycle can be repeated over the course of the treatment. This is referred
to as adaptive proton therapy.
The field of adaptive PT can be divided into offline adaptive PT, online adaptive
PT and real-time adaptive PT.
Offline adaptive PT is performed between sessions in a fractionated treatment.
It is therefore not able to account for all types of geometry changes. Since it is
performed between sessions, there is ample time to perform the computational
plan adaptation. A similar workflow as for the original treatment plan can be
followed.
Online adaptive PT is performed right before a treatment session while the pa-
tient is already on the treatment couch. It is therefore tailored to the anatomy
of the day. In turn it is limited in how much time can be dedicated to the plan
adaptation. The adaptation workflow can therefore differ. It typically consists of

• Daily imaging: The most common imaging modality used in APT is cone
beam CT (CBCT). It provides good tissue-bone contrast and is suitable for
precise image registration. On the downside, it provides poor soft tissue
contrast and is prone to image artifacts [85].

• Contouring: Deformable image registration (DIR) can be used to to quickly
and efficiently generate the updated ROI contours by reusing information
from the original plan. They still require verification by a clinician. AI
autosegmentation models start to emerge as an alternative [86], but further
research is desirable to ascertain their accuracy.

• Plan adaptation: The plan adaptation can be quite time and resource ex-
pensive. A full MC-based replanning would be very costly with current
methods, therefore several fast alternatives have been proposed [87, 88, 89,
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90, 91, 92, 93]. A full analysis of these methods would exceed the scope of
this work. A more comprehensive overview can be found in the review by
Paganetti et al. [94].

If one also wants to take intrafraction motion into account, which is an issue for
certain treatment sites, one has to go even faster than that. Real-time adaptive
PT assumes that image data is obtained during an ongoing treatment session
and plan adaptations are performed at such a speed that they can alter the plan
during delivery [95]. There are still plenty of technical challenges to be solved on
the path to real-time PT, both including hardware and software challenges [96].

2.3.3 Treatment planning system

The treatment planning is typically carried out in a computational system that
is equipped to handle most or all the required steps. Such treatment planning
systems are available commercially from different companies, both in combination
with a treatment machine and separately.
Since these commercial systems are typically black-box systems, there are also
some open-source treatment planning systems developed by researchers that al-
low for easy access and adaptation of the source code. Compared to commercial
systems, these open-source systems are typically slower and the code less opti-
mized since it is developed by researchers and intended for use in research, not in
clinics. Well known examples for open-source, research treatment planning sys-
tems are matRad [97] and OpenTPS [28].

2.4 Monte Carlo dose calculation
Monte Carlo methods are a set of mathematical, usually computational, methods
based on the sampling of random variables from a given probability distribution.
They are highly flexible methods and can be used for all kinds of applications,
including numerical integration and optimization. Their grand benefit lies in the
fact that they are able to solve problems that are too complex to be solved by an
analytical approach alone, or that are analytically unsolvable.
A drawback of Monte Carlo methods is that they require large numbers of sampled
random variables to lower the statistical noise to acceptable levels. This results in
substantial computation times and often a trade-off needs to be found between
statistical accuracy and computational cost. The statistical noise σ correlates
with the sampled number of random variables N with σ ∝ 1√

N
. Luckily, Monte

Carlo methods are inherently parallelizable in nature and significant improvements
with respect to computation time can be achieved with modern parallelization
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Figure 2.12: Simplified particle track across a voxelized geometry.

techniques.
In physics, their most prominent application is in particle simulations.

2.4.1 Particle transport Monte Carlo

Particle transport Monte Carlo methods are, usually quite extensive, software
tools that simulate particle trajectories and model their interactions with other
particles or surrounding matter with a high degree of accuracy. Their main uses
are in particle physics, where they are used as a theoretical counterpart to large
scale particle experiments and to predict particle behaviors. In medical physics
they are mainly used as dose prediction tools.
Monte Carlo tools for medical physics applications typically model a phantom or
patient as a voxelized geometry, often based on the already voxelized CT data.
Particles are moved a certain distance until an interaction occurs. This distance,
also referred to as step length, is determined by the interaction cross section of
the simulated particle type at the current particle energy within the material of
the voxel. A simplified particle trajectory across a voxelized geometry is shown in
Figure 2.12. The shown trajectory shows how a charged particle is transported
between interactions, at which its energy and direction may change. It should
be noted that this visualization is strongly simplified and distances are not an
accurate representation of reality.
Heavy charged particles like protons have three primary interaction types.

• Elastic scattering is a common type of interaction where the particles
kinetic energy remains unchanged but its direction is changed, because the
charged particle is affected by the magnetic field of particles in its path.
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Figure 2.13: The three types of proton interactions with matter: inelastic collisions
with atomic electrons (a), elastic scattering (b) and inelastic nuclear interactions
(c). (Figure taken from [98].)

.

• Inelastic scattering with atomic electrons are another frequent interac-
tion type, during which the particle scatters of an atomic electron, trans-
ferring part of its energy. The particle energy is reduced and the electron is
knocked from its atomic bond and travels itself through the geometry until
its energy is lost.

• Inelastic nuclear interactions are rarer. The particle scatters off the
atomic nucleus, possibly creating secondary particles.

The three interaction types are depicted in Figure 2.13. How likely each interaction
type is to occur depends on the energy and the traversed material.
Often, electromagnetic interactions are simulated in a condensed way. Only

certain interactions are simulated explicitly at the end of each step, while others
are combined in a stopping power describing the averaged energy loss over the
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length of one step, and scattering models that take the combined effect of the
soft electromagnetic interactions into account. The step length is usually giving
an upper bound, a maximum step length after which a step may be capped if no
interaction is occurring. Additionally, a step may be artificially capped at voxel
boundaries to ensure accurate modeling at material boundaries. These type of
Monte Carlo algorithms are called class-II algorithms, a classification that includes
MCsquare [12], the Monte Carlo code used during this thesis.
The stopping power is the mean energy loss a particle experiences while traversing
matter. For charged particles, this mean energy loss can be calculated using the
Bethe-Bloch equation [99],

− dE

dx
=

4π

mec2
· nz

2

β2
·
(

e2

4πϵ0

)2

·
[
ln

2mec
2β2

I · (1− β2)
− β2

]
, (2.8)

where dE is the energy lost while traversing distance dx of a material with elec-
tron density n and mean excitation energy I, c is the speed of light, e and me

the electron charge and mass, ϵ0 the vacuum permittivity, β = v
c , v the particle

velocity and z the particle charge in units of electron charge, meaning z = 1 for
protons.
Nuclear interactions are simulated explicitly at the end of the step. The cross sec-
tions of the relevant interaction types are calculated based on the particle energy
and used to modulate the step length. A random variable is drawn to determine
which type of interaction occurs. Energy loss, scattering angles and potential
secondary particles, are calculated depending on the interaction type.

2.4.2 Applications in proton treatment planning

In proton therapy treatment planning, Monte Carlo tools are ideally used for
both beamlet dose calculations, as well as for final dose calculations and eval-
uations. Since their long computation times pose an issue to efficient clinical
workflows, research is done to improve the speed of Monte Carlo simulations.
By creating proton therapy specific tools that only model the interactions relevant
for protons for the typical energies and materials in proton therapy, certain approx-
imations can be introduced that significantly reduce computation times compared
to general purpose Monte Carlo tools, such as GEANT4 [100] and FLUKA [101],
without causing a huge loss of accuracy [5, 102]. For example, for proton therapy
specific Monte Carlo tools, the simulation of secondary electrons, the δ-electrons,
might be neglected, since their range is typically so short that their energy can be
considered to be locally absorbed. The same consideration can be made for many
ions and heavier particles created in inelastic nuclear interactions. If only protons,
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and a few other particles, such as deuterons and α-particles, are simulated ex-
plicitly, certain physics models may be simplified, or look-up tables for stopping
powers, may be used to speed up the simulation [102, 12].
Another promising strategy is the development of parallelized Monte Carlo tools.
Both tools utilizing CPU-parallelization [12] and GPU-parallelization [8] have been
developed.
There are strategies to simplify the Monte Carlo simulations even further to reduce
computation times, such as the simplified MC (SMC) proposed by Kohno et al. [5]
or track-repeating MC by Li et al. [103], both of which were also combined with
GPU-parallelization [7, 6]. However, complex heterogeneities might still require a
full Monte Carlo simulation.

2.5 Optimization

Since the core of this thesis project centers around the development and investi-
gation of a novel spot weight optimization approach, this section introduces some
basic concepts of optimization theory with a focus on their use and relevance for
radiotherapy treatment planning.
Generally, optimization theory is a subfield of mathematics that investigates so-
called optimization problems. An optimization problem consists of a vector of
optimization variables x, an objective function f(x) and an optimization goal,
typically to find the values x∗ that minimizes or maximizes f(x). The objective
function may, but is not required to, depend on additional parameters p or be
subjected to constraints.
An optimization algorithm is a method which seeks to solve an optimization prob-
lem by determining the values of variables in vector x, which minimize or maxi-
mize the objective function involved in the problem while satisfying all constraints.
Many optimization algorithms are numerical methods which iteratively approach
one of the optimal solutions x∗ to the optimization problem. While they can
usually be shown mathematically to converge to an optimal solution, the methods
are usually stopped once a preset condition, the convergence criterion, is fulfilled.
This is to ensure that the optimization time is kept reasonable, and more im-
portantly, finite. Not every optimization algorithm is suitable for every problem.
Most of them can only be guaranteed to converge if the optimization function
fulfills certain criteria.
In the following, some key optimization algorithms will be introduced. While there
are many other optimization algorithms available, this introduction will be limited
to those especially relevant in radiotherapy and in the scope of this thesis in par-
ticular.
This section was written primarily based on the lecture notes of the lecture ”Opti-
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mization models and methods II” as taught by Prof. François Glineur at UCLou-
vain (2020).
For easier readability, all examples of optimization algorithms below will assume
an unconstrained optimization problem in the form of

min
x

f(x) (2.9)

for a smooth objective function f(·) with f ∈ C1.
If f needs to fulfill certain requirements to guarantee convergence for individual
methods it will be specified in the respective subsections.

2.5.1 First-order algorithms

First-order algorithms are a group of optimization algorithms based on the ob-
jective function gradient. Their most basic example is gradient descent, which is
well known from, for example, machine learning applications.

Gradient descent

Gradient descent is a minimization algorithm which adjusts the optimization
variables x in each iteration by subtracting the objective function gradient ∇f
modulated by a step size h as represented in algorithm 1. The gradient descent
algorithm is visualized on a simple one-dimensional example objective function in
Figure 2.14.

Algorithm 1 Gradient descent

Input data: objective function f , initial vector of optimization variables x0

Parameters: step size h, stopping criterion
Output: optimized vector of optimization variables x

1: k ← 0
2: while Stopping criterion not fulfilled do
3: xk+1 ← xk − h∇f(xk)
4: k ← k + 1
5: end while

It is applicable on any multi-variate differentiable function f , but convergence
to a global minimum can only be guaranteed if f is convex, ∇f is L-Lipschitz,
which renders f L-smooth, and the step size h is well chosen. It should be noted
that the step size h is not required to be a scalar value, but can instead be defined
as a sequence. A typical choice for a constant step size applied to a convex,
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Figure 2.14: Visual representation of the Gradient Descent algorithm on a one-
dimensional example objective function.

L-smooth objective function is h = 1
L which guarantees convergence of O( 1

N ) by
guaranteeing that after N iterations

f(xN )− f(x∗) ≤ L||x0 − x∗||2

2N
, (2.10)

where x0 is the initial vector of optimization variables, xN the optimized vector
after N iterations and x∗ the optimal solution. In practice, the step size is often
determined experimentally and even step sizes that theoretically do not guarantee
convergence can lead to optimal solutions in practical applications.

Stochastic gradient descent

Stochastic gradient descent [104, 105] is an optimization algorithm based on
the basic principles of gradient descent with some relevant differences. It requires
an objective function of the form

f(x) =
∑

i∈[1,S]

fi(x) , (2.11)

so a sum of S terms fi(x). This method is often applied in the field of machine
learning where each summand fi(·) typically corresponds to a generic objective
function evaluated over a unique data point in a data set of N entries such that i ∈
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{1, N}. Instead of computing the full gradient, which could be computationally
costly for large sums, only one randomly chosen term fi(x) is used in the gradient
computation in each iteration, resulting in algorithm 2.

Algorithm 2 Stochastic gradient descent

Input data: objective function f(x) =
∑

i∈[1,S] fi(x), initial vector of opti-
mization variables x0

Parameters: step size h, stopping criterion
Output: optimized vector of optimization variables x

1: k ← 0
2: while Stopping criterion not fulfilled do
3: Randomly pick i ∈ S
4: xk+1 ← xk − h∇fi(xk)
5: k ← k + 1
6: end while

For convergence to a global minimum to be ensured, all independent terms fi
need to fulfill the conditions of L-smoothness and convexity and the step size hn
has to fulfill the Robbins-Monro conditions [106]:∑

n

hn =∞ ,
∑
n

h2n <∞ . (2.12)

Stochastic coordinate descent

Stochastic coordinate descent (SCD) is also based on gradient descent and is
typically applied if the number of optimization variables is very large [107]. If
f(x) = f(x1, x2, ..., xn) with n ≫ 1, then the computation of the full gradient
can be very computationally costly. At each iteration, a coordinate i ∈ {1, 2, ..., n}
is picked at random and the derivative ∂f

∂xi is used instead of the full gradient,
resulting in algorithm 3.
Convergence can be guaranteed for smooth, convex functions for step lengths
hk < 1

Lmax
where Lmax is the biggest componentwise Lipschitz constant over all

coordinates. The convergence rates for convex and strongly-convex functions are
generally comparable to those of full-gradient methods when taking the increased
number of iterations for coordinate descent and reduced cost per iteration into
account. Individual problems may result in advantages with SCD, especially when
Lmax is significantly smaller than the full gradient Lipschitz-constant L [108, 109].
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Algorithm 3 Stochastic coordinate descent

Input data: objective function f , initial vector of optimization variables x0

Parameters: step size h, stopping criterion
Output: optimized vector of optimization variables x⃗

1: k ← 0
2: while Stopping criterion not fulfilled do
3: Randomly pick i ∈ {1, 2, ..., n}
4: xik+1 ← xik − hk

∂f
∂xi

k

5: k ← k + 1
6: end while

Accelerated gradient descent

The performance of gradient descent based algorithms can be improved by
adding acceleration terms. There are several proposed accelerated gradient de-
scent schemes, the most commonly known is momentum-based acceleration first
suggested by Polyak in 1964 [110]. Adding a momentum term changes the basic
gradient descent algorithm to algorithm 4. The presented algorithm follows the
formulation utilized by Sutskever et al. [111].

Algorithm 4 Gradient descent with momentum

Input data: objective function f , initial vector of optimization variables x0

Parameters: step size h, momentum parameter β, stopping criterion
Output: optimized vector of optimization variables x

1: k ← 0
2: y0 ← 0
3: while Stopping criterion not fulfilled do
4: yk+1 ← βyk − h∇f(xk)
5: xk+1 ← xk + yk+1

6: k ← k + 1
7: end while

The momentum term carries over information from the previous iterations to
the current one. It is especially beneficial in low curvature areas. It reduces oscilla-
tions, which often occur for large step sizes h, making the algorithm more resilient
against bad parameter choices. A performance benefit as a consequence of the
added momentum can be shown independently, while the increased computational
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effort per iteration is small.
The hyper-parameter β can be tuned to modulate the impact of the momentum
term. Like the step size h, it may be chosen as a scalar value β or as a sequence
βk.
Nesterov accelerated gradient descent [112] extends and refines the momentum
method. Instead of calculating the gradient at the current position, the momen-
tum term is used to calculate the gradient at a predicted future location and adjust
accordingly. This reduces overshoot and smooths the convergence. For a convex,
L-smooth function f , the convergence is reduced to O( 1

N2 ), which is the optimal
rate that a first-order method can achieve.
The formulation used in algorithm 5 was introduced by Sutskever et al. [111].

Algorithm 5 Nesterov accelerated gradient descent

Input data: objective function f , initial vector of optimization variables x0

Parameters: step size h, momentum parameter β, stopping criterion
Output: optimized vector of optimization variables x

1: k ← 0
2: while Stopping criterion not fulfilled do
3: z← xk + βyk

4: yk+1 ← βyk − h∇f(z)
5: xk+1 ← xk + yk+1

6: k ← k + 1
7: end while

Both momentum gradient descent and Nesterov accelerated gradient descent
can also be combined with stochastic gradient descent and other gradient descent
based methods [113]. They can provide considerable benefit in the case of noisy
gradients [111].

2.5.2 Newton and Quasi-Newton methods

Newton’s method

Newton’s method is the standard example for second-order methods. Contrary
to first-order methods, second-order methods also take information of the second-
order objective function derivative into account. This increases the computational
workload per iteration to O(n3), n being the number of optimization variables,
compared to O(n) for gradient descent [114, 115], but enables considerably faster
convergence rates.
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Figure 2.15: Visual representation of momentum and Nesterov accelerated gradi-
ent descent on a one-dimensional example

Newton’s method assumes that the objective function f(x) is twice differentiable
and that its Hessian is invertible. For a smooth, convex function, convergence
can be guaranteed in the vicinity of the global minimum x∗ with a quadratic
convergence rate [116].

Algorithm 6 Newton’s method

Input data: objective function f , initial vector of optimization variables x0

Parameters: stopping criterion
Output: optimized vector of optimization variables x

1: k ← 0
2: while Stopping criterion not fulfilled do
3: xk+1 ← xk −∇2f(xk)

−1∇f(xk)
4: k ← k + 1
5: end while

It does not generally guarantee global convergence. Newton’s method does not
require a step size parameter h, but a step size parameter may be introduced,
leading to the damped Newton method, to reduce the risk of divergence. [117]

BFGS

The Broyden-Fletcher-Goldfarb-Shanno, or BFGS, algorithm is named after the
four people who independently submitted it in a short period of time from one
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another [118, 119, 120, 121]. It belongs to a group of methods known as quasi-
Newton methods and it approximates the Hessian based on first-order informa-
tion to reduce the computational burden per iteration. The BFGS algorithm is
presented in algorithm 7, where Hk is the approximation of the inverse of the
Hessian at the kth iteration. The presented algorithm follows the scipy implemen-
tation [122, 123] as derived from the lecture notes of ”Unconstrained Optimiza-
tion” by P.E. Frandsen, K. Jonasson, H.B. Nielsen, O. Tingleff at the Technical
University of Denmark in 1999 [124].

Algorithm 7 BFGS algorithm

Input data: objective function f , initial vector of optimization variables x0,
initial approximation of inverse Hessian H0

Parameters: stopping criterion
Output: optimized set of optimization variables x

1: k ← 0
2: while Stopping criterion not fulfilled do
3: pk ← −Hk∇f(xk)
4: Perform line search to find suitable step size αk

5: sk ← αkpk

6: xk+1 ← xk + sk
7: yk ← ∇f(xk+1)−∇f(xk)
8: b← 1

s⊤k yk

9: a← b(1 + by⊤
k Hkyk)

10: Hk+1 ← Hk + asks
⊤
k − b(Hkyks

⊤
k − sky

⊤
k Hk)

11: k ← k + 1
12: end while

The algorithm is guaranteed to converge towards a global minimum with a
superlinear convergence rate [125], if the objective function is convex and twice
differentiable and the step size αk satisfies the Wolfe conditions [126]

f(xk + sk)− f(xk) ≤ δ1αkp
⊤
k∇f(xk)

p⊤
k∇f(xk + αkpk) ≥ δ2p

⊤
k∇f(x) ,

(2.13)

where δ1 ≤ δ2 are constants in (0, 1) [127].

L-BFGS

The Limited-memory Broyden-Fletcher-Goldfarb-Shanno, or L-BFGS, method [128,
129], is another Quasi-Newton method and approximates the BFGS method while
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reducing the memory usage during optimization. Like the BFGS method, it ap-
proximates the inverse Hessian of the objective function, but instead of storing
the full matrix, only a few vectors are stored to represent the approximation. Like
other quasi-Newton methods its convergence rate is superlinear [130].

2.5.3 Optimization in radiotherapy treatment planning

There are several optimization algorithms available and suitable for treatment
planning. Which one is most suitable for a specific task might depend on several
factors, such as the characteristics of the used objective function and objective
types, the hardware and software availabilities and the size and complexity of the
optimization problem.
A commonly chosen objective function is a weighted sum of several sub-objectives
of the form

f(x) =
∑
k∈K

fobj,k(x) , (2.14)

where K is the set of optimization objectives and fobj,k is dependent on the
objective type of objective k. Typical examples for objectives include maximum
dose objectives,

fmax,k =
1

Nk

∑
i∈Ik

∑
j∈J

min(0, Di,jxj − dlim,i,k)
2 , (2.15)

and minimum dose objectives,

fmin,k =
1

Nk

∑
i∈Ik

∑
j∈J

min(0, dlim,i,k −Di,jxj)
2 , (2.16)

where Nk is the number of voxels affected by objective k, Ik is the set of voxel
affected by objective k, J the set of spots with spot weights x, D the beam-
let matrix and dlim,i,k the upper or lower dose limit imposed by objective k on
voxel i [131]. Minimum and maximum dose objectives are zero if all voxel within
a ROI comply with the prescribed dose limits dlim. If the voxel dose is below a
minimum dose threshold or above a maximum dose threshold, the objective terms
add a positive contribution to the total objective function value. This contribu-
tion is bigger the further below or above the threshold the voxel dose is, and is
further enhanced by the square in equations (2.15) and (2.16). These types of
objectives are also referred to as least squares optimization [132] and are a staple
in radiotherapy treatment planning, integrated in most clinical and experimental
TPS [97, 28].
An objective function of this type is smooth, convex and differentiable and con-
sequently allows users a wide range of potential optimization methods.
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Other types of objectives include mean dose objectives

fmean,k = min(0, d̂k − dlim,k)
2 , (2.17)

with d̂k = 1
N

∑
i∈I

∑
j∈J Di,jxj is the mean dose in the ROI affected by objective

k or DVH objectives, such as

fD95,k = min(0, dlim,k −D95,k)
2 , (2.18)

regulating the dose that 95% of the ROI in question should receive. The D95,k

and other DVH parameters are non-differentiable functions of the spot weights x
and need to be computed at every iteration of the optimizer.
The corresponding optimization problem can be formulated as

min
x

f(x)

s.t. xj ≥ 0 ∀j ∈ J ,
(2.19)

with x representing the spot weights and J the set of spots. The spot weights
cannot be negative and are therefore constrained to be so in the problem.
Both gradient based optimization methods and BFGS based methods are common
in proton therapy planning. The clinical TPS Raystation employs BFGS-based
optimization [133], while research TPS OpenTPS offers users a choice, including
BFGS, L-BFGS and gradient descent [28].

2.5.4 Robust optimization

Robust optimization is an optimization concept that can be used during treat-
ment planning and which describes the inclusion of potential error scenarios in the
treatment planning and optimization process. While robust optimization is not
necessary for treatment planning in general, it is highly recommended and often
considered a requirement for proton therapy. In proton therapy, slight differences
between the planning CT and the setup during actual delivery can lead to signifi-
cant dose deformations and dramatic consequences for patients [26, 134, 79, 135].
These dosimetric distortions can often not be accounted for with a conven-
tional PTV margin based approach as is common in radiotherapy with pho-
tons [136, 137, 138, 139].
Different error scenarios are defined to be taken into account. Which error sources
are relevant may fluctuate between cases and centers, but they typically include
beam alignment shifts and range errors [26, 25, 138, 140, 137, 141, 142, 27].
Beam alignment shifts can be caused during the positioning of the patient on the
treatment couch or due to inaccuracies in the delivery system. They are modeled
as a rigid shift of the beam isocenter compared to the patient. Range errors usu-
ally stem from errors during CT acquisition, the conversion of the HU values, or
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Figure 2.16: Representation of the effects of beam alignment shifts and range
errors on proton therapy dose distributions. While the PTV concept as it is usually
applied in conventional radiotherapy might be sufficient to account for lateral
shifts, range errors may lead to significant distortions of the dose distribution,
that require robust optimization.

biological uncertainties [134, 143, 144]. There are multiple options how to model
them, including uniformly scaling the mass density [26] or HU values [27], modify-
ing the stopping power ratios by a scaling factor [142], or shifting the proton range
by a specified distance and modifying beam energies accordingly [138]. Other error
sources, such as anatomical inter- and intrafractional changes, are often excluded
due to the technical difficulty of assessing and modeling them. An exception is
breathing motion, which is typically integrated in robust optimization, then known
as 4D-robust optimization [145, 146], or accounted for in ITV margins [147] .
Range errors in particular are not present in photon therapy and can lead to se-
vere dose distortions as illustrated in Figure 2.16. The potential consequences on
real patients are demonstrated in Figure 2.17, where a robustly optimized plan is
compared against IMPT on a paraspinal case. As can be seen, non-robust opti-
mizations leads to underdosage in the CTV in the perturbed scenario.
There are different ways to implement robust optimization. The most common is
the so called minimax optimization, which can be further distinguished in worst-
case scenario [25], worst-case objective [142] and worst-case dose distribution
optimization [148, 149, 23]. Worst-case scenario optimization, also known as
compound worst-case, requires each scenario objective function to be evaluated
at each iteration. The corresponding optimization problem can be formulated as

min
x

max
s

fs(x) , (2.20)
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Figure 2.17: Comparison of the plan quality achieved with robust optimization
(minimax, red), IMPT (blue) and single field unitary dose (SFUD, green) on a
paraspinal case. The 95% and 55% isodose lines of all methods are presented for
the nominal case (a) and in a perturbed scenario with a density scaling factor of
3% and a beam alignment shift of 2.5 mm applied (b). The dose is represented
on a single slice against the prescription dose (CTV, purple) for the nominal (c)
and perturbed case (d). (Figure taken from: [25].)
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with x as the optimization variables, s ∈ S a scenario from the pool of potential
error scenarios S and fs the scenario objective function. This is the most estab-
lished form of robust optimization and current clinical standard.
Objective worst-case evaluates each objective separately and potentially optimizes
an objective function consisting of different scenario contributions for each objec-
tive. The corresponding optimization problem is

min
x

∑
k∈K

wk max
s

fk,s(x) , (2.21)

with K as the set of objectives and fk,s the objective function term for objective
k and scenario s. It has been investigated specifically to aid in multicriteria opti-
mization and could be shown to provide certain benefits [142]. However, it is still
a comparatively niche method.
Worst-case dose distribution determines the worst-case scenario for each voxel
separately. Because of this, it optimizes an unrealistically pessimistic dose distri-
bution and is often considered too conservative.
Another common type of robust optimization is stochastic programming, also
known as expected-value optimization [26, 27]. It should be noted that stochastic
programming does not conform with the mathematical concept of robust op-
timization, but is commonly referred to as a robust optimization method in a
radiotherapy context due to its ability to generate robust treatment plans. The
expected-value objective function over all scenarios is minimized, as

min
x

∑
s∈S

psfs(x) , (2.22)

where ps is a scenario weight representing the scenario probability. In the case
of Ns uniformly sampled scenarios, ps = 1

Ns
. A potential weakness of expected-

value optimization compared to worst-case scenario robust optimization is that
there might be outlier scenarios that are compensated by other scenarios during
optimization. Since the expected-value over all scenarios is optimized, it is pos-
sible that some scenarios do not reach a desirable dose distribution, but do not
continue to improve because the improvement of other, potentially already satis-
factory, scenarios has a bigger impact on the global objective function. Eventually,
one expects that the other scenarios reach a near optimum and the optimization
focuses on the outliers to continue to improve, but that could potentially be quite
inefficient.
The computational challenges during proton therapy treatment planning are ex-
aggerated during robust optimization, where beamlet and dose calculations have
to be repeated for each scenario and optimizers have to handle very large matrix
operations. Often voxel sizes are increased or the number of spots decreased to
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reduce Monte Carlo computation time and reduce matrix sizes.
Due to their high demand of computational resources and computation time,
strategies are investigated to improve robust proton therapy planning workflows.
Buti et al. [16] reduced both computational demands without sacrificing robust-
ness against certain error types, by introducing what they refer to as dynamic
minimax optimization. Within a worst-case scenario setting, only a subset of
all scenarios, the ”active pool”, are considered during optimization, while other
scenarios are moved into the ”dead pool”. The algorithm dynamically allocates
scenarios to the ”active pool” based on their probability of being the worst-case
scenario. They reported time gain of up to 85% based on the respective size of
the ”active pool”.
Xu et al. [17] developed a fast robust optimizer based on GPU-parallelization and
a conjugate gradient approach [150], and compared it to the clinical treatment
planning system Eclipse. Depending on the treatment site, their proposed opti-
mizer was up to 25 times faster than Eclipse, but also had significantly higher
memory needs. It should be noted that the two methods had different objective
function definitions, which might have impacted resulting plan quality and opti-
mization performance.
A different parallelized optimizer has been proposed by Fu et al. [18]. They
used a CPU-parallelized optimization framework based on the alternating direc-
tion method of multipliers with a Barzilai–Borwein step size (ADMM-BB) [151]
and compared it against a projected gradient descent (PGD) based optimizer.
They reported a faster convergence and reduced computation time by a factor
6− 7 with their proposed framework.
A similar approach was suggested by Fan et al. [19] who likewise proposed a ro-
bust optimizer based on a parallel implementation and the ADMM method and
reported a reduction of computation time by about 40%.
It should be noted that for all of these methods, the exact benefit depends on the
investigated treatment site, the number of error scenarios taken into consideration
and the utilized hardware. For all proposed fast robust optimizers, a reduction of
computation time compared to conventional approaches was achieved, but other
computational metrics like the memory needs were either unaffected or even neg-
atively impacted. While memory restrictions are not a principle bottleneck in
current proton therapy treatment planning, they might seriously impact the de-
velopment of novel techniques with potentially higher numbers of spots. They
might also limit the use of GPU-parallelization techniques, since GPUs usually
have limited memory capacity.
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2.5.5 Biological optimization

During proton therapy planning, it is often assumed that the biological effec-
tiveness of protons is constant with a relative biological effectiveness (RBE) of
1.1 compared to photons. However, experiments indicate that the biological ef-
fectiveness of protons is not constant, but increases towards the end of their
range [152, 153]. This increase in RBE is closely linked to the linear energy trans-
fer (LET). RBE models often use a combination of dose, LET and tissue-specific
parameters, usually based on the α/β ratio, to calculate variable RBE values.
Various RBE models have been proposed [154, 155, 156, 157, 158, 159, 160],
however, they differ significantly in their predictions and add considerable uncer-
tainty to the treatment planning process [161].
Due to the strong correlation between RBE and LET [162], LET-based optimiza-
tion has been proposed as an alternative [163, 164, 165, 166, 167] to optimization
with variable RBE. This includes the option to optimize the biological surrogate
dose (BD) defined as

Dphys +BD = Dphys × (1 + c× LET ) , (2.23)

with Dphys as the physical dose and c as a scaling parameter [168]. Similar
dose objectives can then be used to either directly optimize based on the BD, or
to define objectives on the physical dose fk(d) and LET impacted ”dirty dose”
fk(LET× d) [165, 166].
Other methods incorporate LET objectives directly into the objective function [167,
169].
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3.1 Introduction
In proton therapy, the state of the art treats patients with intensity modulated
proton therapy [170] (IMPT) using pencil beam scanning. Treatment planning
typically involves the precalculation of beamlet dose distributions for each pencil
beam and subsequent optimization of their respective intensity. The total dose to
voxel i is then given as the linear combination of these elementary dose distribu-
tions

di =
∑
j

Dijxj , (3.1)

with Dij as the individual beamlet dose contribution of spot j to voxel i and xj
its corresponding intensity (‘spot weight’). The dose influence matrix D is the
concatenation of the beamlet dose distributions and usually reaches considerable
size, due to the large number of spots in IMPT. The number of spots typically
lies in the thousands for most clinical plans, while the number of voxel can easily
lie in the millions.
While dose calculations can be performed using fast analytical dose calculation
algorithms [70], their accuracy falls short of the more elaborate Monte Carlo (MC)
methods [171, 74]. The drawback of MC dose engines is their high demand of
computational resources that, especially for large numbers of spots, can prolong
treatment planning time considerably. It is therefore an ongoing effort to reduce
computation time for MC methods and several fast MC dose engines have been
introduced, often based on CPU (Central Processing Unit) or GPU (Graphical
Processing Unit) parallelization [102, 172, 7, 9, 12, 10]. Ma et al. even published
a fast MC-based treatment planning system utilizing GPU-parallelization [173].
The storage of the beamlet dose distributions in the dose influence matrix, nec-
essary for optimization, also puts considerable strain on the computer memory
capacities [174].
Beside the time expended on the repeated calls to the dose calculation engine, the
optimization algorithm also places high demands on the computational resources
and prolongs computation time, due to the very costly multiplications with the
large dose influence matrix involved in the gradient computation.
These high computational demands, both with respect to computation time and
memory usage, are hindrances in clinical routines that require to be addressed to
enable efficient workflows when a MC dose engine is involved. These problems
become exacerbated in study cases that require a large number of beamlets, such
as robust optimization, adaptive proton therapy or arc proton therapy. These in-
creasingly elaborate methods seek to improve treatment quality by reducing dose
to organs at risk (OAR) and ensuring target coverage, but they are limited to the
currently available computational resources.
The objective of this work is to present a new method of treatment plan optimiza-
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tion that merges dose calculation and optimization and substantially reduces their
dependence on the number of spots in the plan. The proposed method aims to
maintain plan quality while substantially reducing computation time and memory
for many-spot plans.
The approach combines MC dose calculation and spot weight optimization into
a single efficient algorithm. This algorithm is referred to as beamlet-free opti-
mization since it does not require the computation of individual beamlet dose
distributions. The method is applied here to proton therapy with pencil beam
scanning, where the number of beamlets is typically higher than in photon therapy
and where the superior accuracy of MC methods over analytical dose calculation
algorithms is especially beneficial due to the steep dose gradients involved.

3.2 Methods

3.2.1 Beamlet-free algorithm
The idea of beamlet-free optimization is based on continually and incrementally

evaluating the objective function while the dose is being simulated. Instead of
computing each individual beamlet dose distribution, the dose is directly accu-
mulated into a total distribution. Yang et al. [20] developed a similar method
based on concurrent Monte Carlo simulation and fluence optimization for photon
radiotherapy. Their method consists of dividing beamlets in sub-beamlets and the
consecutive simulation of a small number of particles, between 10 and 1000, in
each iteration for each sub-beamlet. The exact number of particles varies between
sub-beamlets and depends on an estimation of the full objective function gradient
that is evaluated at each iteration.
Li et al. [22] also developed a method based on concurrent MC dose calculation
and optimization applied to proton therapy. They referred to their method as
adaptive particle sampling (APS), because it samples the number of protons to
be simulated to each spot based on its current spot weight determined during
optimization.
Both approaches reduce the total number of simulated particles by reducing the
number of protons simulated to, and therefore increasing the statistical uncertainty
on, spots with low spot weights. However, they maintained a dose influence matrix
containing the individual beamlet dose distributions that still imposes a substan-
tial dependence on the number of spots with regard to memory requirements and
computation time, even though the later could be reduced by about a factor 5
compared to the classic dose influence matrix precomputation and subsequent
optimization scheme [22]. Our method, in contrast, combines this idea with an
approach based on stochastic coordinate descent (SCD) [107].
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Figure 3.1: Visual representation of algorithm 8.

For the implementation of this method, spot weights in their original sense as
modulation factors cannot exist anymore. The equivalent of the original spot
weights with respect to the final dose output would be the number of protons
simulated towards each spot. To optimize this quantity during the ongoing dose
simulation, a set of non-normalized probabilities p is introduced, that are used to
generate the spot probability distribution P .
In each iteration of the proposed algorithm, a spot is randomly sampled from the
probability distribution P . A batch of protons is simulated towards the chosen
spot and the impact on the objective function is calculated to estimate the gradi-
ent.
After all protons of the batch have been simulated, the estimated gradient, with
respect to the sampled spot, is used to update the spot probability using SCD.
This yields Algorithm 8, which is visually represented in Figure 3.1, where pj is
the probability for a spot j, P is the corresponding probability distribution, h is a
step size, c is the batch cost calculated as

c =
∑
k

F (dik,k)− F (dik,k−1) , (3.2)

with k an index over all Monte Carlo steps. A Monte Carlo step refers to an
incremental movement of a particle through the voxelized geometry under the
consideration of relevant particle interactions, usually resulting in energy loss,
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change of direction and potentially the creation of secondary particles or absorp-
tion of the particle. The index ik indicates the voxel actively receiving dose in
Monte Carlo step k, F (·) represents the objective function, and dik,k−1 and dik,k
the normalized doses to voxel ik before and after the kth Monte Carlo step of a
proton in the batch. The particle cost calculated in equation (3.2) corresponds
to the finite difference approximation of the partial derivatives of the objective
function. It sums over the MC steps instead of the voxel for reasons of computa-
tional efficiency. The MC contributions are computationally very cheap, while the
voxel contributions would require iterating over the entire voxel grid again at every
iteration of the optimization loop. All relevant voxels that contribute significantly
to the objective function derivative are still covered. The distribution P is defined
as the probability distribution associated with the non-normalized probability p
and is initialized as a uniform distribution at the beginning of algorithm 8.
The normalization of the dose during the cost computation is necessary to evalu-
ate the relative impact of simulating particles to a given spot j. After each Monte
Carlo step, the total, unnormalized dose is multiplied with a normalization coeffi-
cient n(d) = b

d̂
where d̂ is the mean target dose and b is the prescribed target dose.
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Algorithm 8 Beamlet-free algorithm

Input data: CT image data, plan data without spot weights, objective data
Parameters: step size h, batch size nbatch, total number of primaries ntotal

Output: 3D dose image data, optimized plan data with spot weights x

1: Initialize spot probability vector p to unit values
2: Generate probability distribution P (p)
3: while Less than ntotal protons have been simulated do
4: Sample spot j from P
5: Initiate a batch of nbatch particles for spot j
6: Initialize cost c← 0
7: Initialize normalization coefficient n← 1
8: while Particles in batch not fully simulated do
9: Perform Monte Carlo step k and calculate deposited dose ∆dk

10: Normalize previous dose: dn,k−1
ik

← dik · n
11: Score deposited dose: dik = dik +∆dk
12: if Current voxel ik in target region then
13: Update mean target dose: d̂← d̂+ dk
14: end if
15: if Mean target dose d̂ ̸= 0 then
16: Update normalization coefficient: n← b

d̂
17: end if
18: Normalize updated dose: dn,kik

← dik · n
19: Update cost c← c+ F (dn,kik

)− F (dn,k−1
ik

)
20: end while
21: Update spot weight: xj ← xj + nbatch

22: Update spot probability: pj ← pj − h
nc

23: Normalize spot probability vector s.t.
∑

p = 1
24: end while

The quantity to be optimized in this procedure is the spot probability p, which
has a stochastic link to the number of protons simulated toward the corresponding
spots, the spot weight x. The sampling of a spot j is equivalent to the occur-
rence of an event with probability pj , leads to an increase of the respective event
counter xj . Per the law of large numbers [175], the distribution of sampled events
x is expected to approach the underlying probability distribution p. The objective
function is evaluated over the total dose distribution d, which depends on x, and
only indirectly on p. The finite difference approximation in equation (3.2) con-
cerns the gradient of the objective function with respect to x.
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Therefore, two separate stochastic processes are taking place, the MC simulation
generating the dose distribution and the spot sampling at the beginning of each
iteration which causes the distribution of protons per spot, x, and the probability
distribution P to converge towards the same final distribution.
The beamlet-free algorithm also eliminates the need for a separate, final dose cal-
culation, since the outputted dose distribution already reflects a MC simulation
with low statistical uncertainty. While the precise statistical uncertainty depends
on the simulated number of protons, the number of iterations required for the
optimizer to converge is usually high enough to ensure a much larger number
of protons is simulated than what is needed to achieve sufficiently low uncer-
tainty in the MC simulation. After the joint optimization and dose calculation are
completed, the optimized spot weights x are outputted and can be used for the
treatment delivery.
The beamlet-free algorithm was implemented in C around the existing, fast Monte
Carlo code MCsquare [12].

3.2.2 Phantom data

The beamlet-free method is expected to improve both computation time and
memory usage when large numbers of beamlets are involved. To highlight its
benefits and limitations, a complexity analysis was performed. Simulations are
performed in a water phantom containing a target region with varying size. The
phantom is represented in Figure 3.2. The multiple target sizes result in geometries
with varying numbers of spots (650, 1482, 2794, 4769, 7307). Spot and layer
spacing are set to 4 mm and a target margin of 6 mm is applied. The influence
of the number of spots on computation time and memory usage are investigated.
A single beam with couch and gantry angles of 0° is used for the analysis. The
water phantom has dimensions of 150 × 150 × 150 mm3 with a voxel size of
1× 1× 1 mm3 and the target region is cubic, with the center located at a depth
of 110 mm in beam direction and side lengths of 20, 30, 40, 50 and 60 mm.
A double Gaussian beam model is used, with spot sizes ranging from 1.80 to 3.99
mm for the inner Gaussian and from 2.84 to 5.59 mm for the outer Gaussian.
Simulations are repeated 5 times to estimate the impact of statistical fluctuations.

3.2.3 Patient data

To demonstrate the high potential of the beamlet-free algorithm, we chose to
benchmark it against a conventional, beamlet-based gradient descent optimization
algorithm.
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Figure 3.2: Water phantom used for the scaling analysis. An exemplar target
region with side length of 20 mm is represented in red.

The treatment plan optimization is performed using the in-house developed, re-
search treatment planning system OpenTPS [28] which can incorporate both the
beamlet-free method as well as established optimization algorithms, like the BFGS
algorithm [118, 121, 120, 119].
A brain case (base-of-skull tumor) and a prostate case were chosen for the com-
parison. The local ethics committee approved the use of the patient data.
The same beam model is used as for the water phantom.

Brain case

A treatment plan was generated using a three-beam combination at a fixed
gantry angle G = 90◦ and rotating the couch angle C at 0◦, 270◦ and 315◦. The
spot and layer spacing were set to 4 mm and a margin of 6 mm for the spot
spacing was applied around the target. A total of 9812 spots compose the plan.
The ROIs upon which optimization objectives are placed are the planning target
volume (PTV), optical chiasm (OC), brain stem (BS), right optical nerve (RON)
and left optical nerve (LON). The optimization objectives are listed in Table 3.1.
The resolution of the dose grid was set to the resolution of the CT data of
0.468 mm× 0.468 mm× 1.000 mm and covers a total of 512× 512× 229 voxels.
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Table 3.1: Optimization objectives brain case

ROI Objective Type Dose limit Weight

PTV Dmin 54.0 5
PTV Dmax 54.0 5
OC Dmax 60.0 1
BS Dmax 55.0 1
RON Dmax 55.0 1
LON Dmax 55.0 1

Prostate case

Two opposing beams with a fixed gantry angle of 0◦ and couch angles of 90◦

and 270◦. Spot and layer spacing were set to 6 mm and a margin of 6 mm
was applied around the target. The plan contains of 2732 spots and the regions
of interest consist of the the CTV, rectum, bladder, right and left femoral head
(RFH/LFH), and anal canal. The optimization objectives are listed in Table 3.2.
The dose grid was set to CT resolution of 1.074 mm×1.074 mm×2.000 mm and
covers a total of 512× 512× 209 voxel.

Table 3.2: Optimization objectives prostate case

ROI Objective Type Dose limit Weight

CTV Dmin 60.0 20
CTV Dmax 60.0 20

Rectum Dmax 60.0 5
Bladder Dmax 60.0 5

Anal canal Dmax 60.0 5
RFH Dmax 55.0 1
LFH Dmax 55.0 1

3.2.4 Optimization parameters
The total number of particles that are needed in the Monte Carlo simulation

depends on the number of spots. For the water phantom, a number of 40 mil-
lion primary protons was chosen, which was shown to result in good plan quality,
evaluated on the basis of comparable target homogeneity to the conventional op-
timizer, for all cases. For the patient cases, which were more complex, the suitable
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number of particles was determined to ensure low statistical uncertainty and suf-
ficient iterations. For the brain case, which was much larger, a higher number of
200 million particles was chosen. For the prostate case 50 million particles were
deemed sufficient. All other parameters were chosen identically for the different
simulations.
The beamlet-free algorithm simulates the primary protons in batches of nbatch =
16.
The batch size was chosen as a compromise between optimization quality per it-
eration, which is improved for larger batch sizes, and overall number of iterations
and computation time, which increases for comparable numbers of total primaries.
The value nbatch = 16 is also the most efficient value hardware-wise for the size
of particle vectors in MCsquare. The AVX512 instruction set available on modern
CPU can indeed support 512 bit data vectors and thus up to 16 float32 values.
The step size h was chosen experimentally to lead to fast and reliable convergence
in different scenarios. It is modified by a normalization coefficient n that artificially
inflates it as the dose accumulation progresses. This method was experimentally
determined to deliver better optimization results than could be obtained with
a constant step size without modification through the normalization coefficient.
This unconventional approach was chosen to account for the fast decrease of the
gradient that can be expected after a few iterations, as the dose starts to increase.
Theoretically, a decreasing step size can be shown to be optimal for Stochastic
Gradient Descent (SGD) [104] and SCD [107], however, in practice other step size

strategies often lead to superior results. The step size is set to h = 1010

n with the

normalization coefficient defined as n = d̂
b , where d̂ is the mean target dose at

that point and b is the prescribed target dose.
For the comparison, a beamlet matrix with 5 · 104 protons per beamlet is simu-
lated and subsequently optimized using the scipy [122] FORTRAN implementation
(wrapped in Python) of the second-order optimization algorithm L-BFGS [129]
(Limited-memory Broyden-Fletcher-Goldfarb-Shanno algorithm). The optimizer
continues until it meets the tolerance criterion which is defined as the absolute
difference in objective function values between iterations and set to 10−4. A final
dose computation is performed to match the statistical accuracy of the beamlet-
free method. Both the beamlet calculation and the final dose computation are
performed using the MCsquare dose engine that is also utilized in the beamlet-free
algorithm. The number of primaries for the MC dose calculation in the beamlet-
free algorithm was intentionally picked so that the optimized plan quality would
reach the one obtained with the beamlet-based method and consequently ease the
comparison.
Simulations were performed on a computation server with a total of 80 CPU cores
and 526 GB RAM.



CHAPTER 3. BEAMLET-FREE, MONTE-CARLO-BASED TREATMENT
PLANNING FOR PROTON THERAPY 57

2000 4000 6000
# of spots

0

2

4

6

8

10

12

RA
M
 [G

B]

Beamlet-free

Beamlet-based

(a)

Peak RAM usage

2000 4000 6000
# of spots

0

500

1000

1500

2000

2500

t [
s]

Beamlet-free

Beamlet-based

(b)

Total time

2000 4000 6000
# of spots

0.7

0.8

0.9

1.0

1.1

1.2

D5
-D
95

 [G
y]

Beamlet-free

Beamlet-based

(c)

Target Coverage

Figure 3.3: Memory usage (a) and computation time (b) required and target
homogeneity (c), D5 − D95, achieved by the beamlet-based and beamlet-free
methods versus the number of spots for a water phantom with different target
sizes.

3.3 Results

3.3.1 Scaling analysis on water phantom

Computation time and peak memory usage are plotted against the number of
spots for both methods and compared in Figure 3.3. The values are calculated
as the mean over 5 runs and the error bar represents the standard deviation. The
difference in target homogeneity, D5 −D95, was less than 0.20 Gy in all cases.

3.3.2 Patient data

Brain case

Dose volume histograms (DVH) obtained by both methods are depicted in Fig-
ure 3.4. In both cases all OAR objectives could be met and the target D95/D5 is
within 5% of the prescription.
For the OAR, Dmax objectives are considered as met, if the D5 value of the ROI
is below the dose limit.
The target objectives are considered as met if the D95/D5 value is within ±5%
of the prescription dose.
Both methods ran 5 times. The fluctuations on the target homogeneity, D5−D95,
were less than 4% for both methods.
The objective function convergence over the course of the optimization is shown
in Figure 3.5. The objective function values are plotted against the number of
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Figure 3.4: Computed dose volume histogram for beamlet-based (dashed) and
beamlet-free (solid) for the brain case.

iteration of the respective optimization algorithm. The relative behaviour of the
objective function can be compared, and a similar behaviour of rapidly decreas-
ing objective function values can be observed. The decrease exhibited by the
beamlet-free method is slightly larger due to decreasing levels of MC noise as the
simulation progresses. The decreasing MC noise on the dose distribution causes
the objective function to keep decreasing even after the spot weights have mostly
converged.
The memory usage of both methods is compared in Table 3.3. The peak mem-
ory required during the dose calculation and optimization, could be reduced from
29 GB for the beamlet-based method to about 1.561 GB for the beamlet-free
method. It is worth noticing that the peak memory for the beamlet-based method
was recorded during the import of the individual beamlet dose distributions, com-
pressed as sparse matrices, into the dose influence matrix (stacked as columns).
Other steps in the treatment planning process, however, required higher peak
memory usage than the beamlet-free method needed during dose calculation and
optimization. This peak memory was recorded as about 3.569 GB. It depends on
the used treatment planning system and might be improved independently from
the presented algorithm. The required storage disk space of the files needed for
the dose calculation and optimization is 8.8 GB for the beamlet-based and 4.6 GB
for the beamlet-free case. The difference between the two methods with respect
to utilized disk space can be explained through the storage of the large dose in-
fluence matrix that requires 4.4 GB alone. Temporary files during optimization
required an additional 37 GB for the beamlet-based case.
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Figure 3.5: (a) Convergence plot of the beamlet-based algorithm (scipy L-BFGS)
and (b) convergence plot of the beamlet-free algorithm.

Table 3.3: Comparison of memory usage on the brain case for the beamlet-based
and beamlet-free method.

Beamlet-based Beamlet-free

Peak RAM usage [GB] 29 1.561
Storage [GB] 8.8 4.6
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Figure 3.6: Computed dose volume histogram for beamlet-based (dashed) and
beamlet-free (solid) for the prostate case.

The total computation times averaged over 5 runs are reported in Table 3.4.

Table 3.4: Comparison of computation time on the brain case for the beamlet-
based and beamlet-free method averaged over 5 runs.

Process t [s]

BL-based

Plan Creation 299± 2
Beamlet Comp. 3356± 24
Optimization 12601± 1714

Final Dose Comp. 301± 1
Total 16558± 1714

BL-free
Plan Creation 299± 2
Optimization 4697± 129

Total 4996± 129

Prostate case

As for the brain case, the DVH obtained by both methods are depicted in
Figure 3.6 and all objectives could be met. After 5 runs, the fluctuations on the
target homogeneity, D5 −D95, were less than 3% for both methods.
The objective function convergence is shown in Figure 3.7.
Memory usage (Peak RAM), could be reduced from 5.97 GB for the beamlet-

based method to 1.72 GB for the beamlet-free method and disk space from 5.1
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Figure 3.7: (a) Convergence plot of the beamlet-based algorithm (scipy L-BFGS)
and (b) convergence plot of the beamlet-free algorithm for the prostate case.

GB for the beamlet-based to 4.5 GB for the beamlet-free method, as reported in
Table 3.5. The beamlet matrix has a total size of 728 MB. Temporary files during
optimization required an additional 1.7 GB of disk space for the beamlet-based
case.

Table 3.5: Comparison of memory usage on the prostate case for the beamlet-
based and beamlet-free method.

Beamlet-based Beamlet-free

Peak RAM usage [GB] 5.97 1.72
Storage [GB] 5.1 4.5

The total computation times averaged over 5 runs are reported in Table 3.6.
Additional tables and figures can be found in section 3.6.

3.4 Discussion
A novel treatment planning method, not limited to proton therapy, has been intro-
duced. It merges dose calculation and optimization into a single process, resulting
in improved computational efficiency and accuracy. The so-called beamlet-free
algorithm was able to achieve comparable plan quality to a conventional beamlet-
based algorithm.
The empirical complexity analysis revealed that, in beamlet-based treatment plan-
ning, computation time and peak memory usage increase almost linearly with the
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Table 3.6: Comparison of computation time on the prostate case for the beamlet-
based and beamlet-free method averaged over 5 runs.

Process t [s]

BL-based

Plan Creation 68± 1
Beamlet Comp. 339± 2
Optimization 1930± 73

Final Dose Comp. 135± 1
Total 2472± 73

BL-free
Plan Creation 67± 1
Optimization 1315± 88

Total 1382± 88

number of spots. On the other hand, the beamlet-free method can achieve com-
parable plan quality without being affected linearly by the number of spots, except
where the statistical uncertainty is concerned. The peak memory usage from the
beamlet-free method was recorded below that of the beamlet-based simulation
in all cases. With respect to computation time, for low numbers of spots, the
beamlet-based method outperformed the beamlet-free method, but for increasing
numbers of spots, the beamlet-based method gets slowed down considerably. It is
possible to determine roughly from which number of spots it would be beneficial to
utilize the beamlet-free instead of a beamlet-based method. However, elements
like the machine running the computations, the exact beamlet-based optimizer
and implementation chosen for the comparison, as well as the depth of the target
and number of simulated particles, can impact the two methods differently and
make it difficult to fix any specific number.
For very low numbers of spots, the beamlet-free method might be disadvan-
tageous, although this possibility vanishes already for numbers of spots in the
low thousands that are regularly encountered in clinical routines [176], where the
beamlet-free method starts to outperform conventional beamlet-based treatment
planning. The benefits of the beamlet-free method are particularly highlighted in
settings that require a large number of beamlets, like robust optimization.
Two examplary patient cases showed that the proposed beamlet-free method is
capable of optimizing complex clinical cases to an adequate plan quality. The
optimized plans were compared to ones optimized with a classical beamlet-based
approach and were of comparable quality. Memory usage could be reduced by
95% and 71% respectively and computation time by 70% and 44% through usage
of the beamlet-free method. Especially the benefit with respect to computation
time, depends on various factors such as individual optimization parameters, im-
plementation and hardware, which the two methods do not draw the same benefit
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from.

3.5 Conclusion

The proposed beamlet-free algorithm could successfully generate treatment plans
of comparable quality to conventional treatment planning methods. Contrary to
conventional treatment planning methods, computation time and memory usage
are substantially less dependent of the number of spots, except for the increased
number of particles that might be required to ensure low statistical uncertainty.
The benefit to be drawn from the beamlet-free method increases for higher num-
bers of spots, which makes the method promising for new emerging treatment
techniques such as robust optimization, adaptive, and arc proton therapy.

3.6 Additional Materials

3.6.1 Scaling Analysis

Figure 3.8 shows how much time was required for the different treatment plan-
ning steps by the beamlet-free and beamlet-based method respectively. For the
beamlet-free method, dose calculation and optimization are combined in a sin-
gle step, labelled ”optimization”. It can be noted that the time required for the
beamlet calculation and optimization steps both increase with rising number of
spots.
The total number of simulated protons in each approach is compared in Ta-

ble 3.7.

Table 3.7: Total number of protons simulated (for the beamlet-based approach
this includes only the beamlet calculation, but no final dose calculation).

Number of spots Beamlet-based Beamlet-free

650 32.5× 106 40× 106

1482 74.1× 106 40× 106

2794 139.7× 106 40× 106

4769 238.45× 106 40× 106

7307 365.35× 106 40× 106
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Figure 3.8: Time contributions of the individual treatment planning processes
required for the beamlet-free method (left bar, striped) and the beamlet-based
method (right bar, blank) for varying numbers of spots.

3.6.2 Patient data

Table 3.8 and Table 3.9 contain the evaluation of the clinical goals for the brain
case and prostate case respectively. Figure 3.9 shows slices of the corresponding
dose distributions.

The total number of simulated protons in each approach is compared in Ta-
ble 3.10.



CHAPTER 3. BEAMLET-FREE, MONTE-CARLO-BASED TREATMENT
PLANNING FOR PROTON THERAPY 65

Table 3.8: Clinical goals evaluation of the brain case for the beamlet-based and
beamlet-free method.

ROI Criterium
Dose
limit
(Gy)

DCriterium (Gy)
Beamlet-
based

DCriterium (Gy)
Beamlet-

free

PTV D95 51.3 52.73 52.28
PTV D5 56.7 55.24 55.36
PTV D98 52.98 52.35 51.53
PTV D2 55.08 55.58 55.87
OC D5 60.0 55.08 55.09
OC D2 60.0 55.43 55.36
BS D5 55.0 53.11 52.55
BS D2 55.0 54.03 53.82
RON D5 55.0 51.74 49.99
RON D2 55.0 53.10 51.79
LON D5 55.0 54.57 54.58
LON D2 55.0 54.96 55.09

Table 3.9: Clinical goals evaluation of the prostate case for the beamlet-based
and beamlet-free method.

ROI Criterium
Dose
limit
(Gy)

DCriterium (Gy)
Beamlet-
based

DCriterium (Gy)
Beamlet-

free

CTV D95 57.0 58.73 58.73
CTV D5 63.0 61.25 61.23
CTV D98 58.8 58.37 58.37
CTV D2 61.2 61.57 61.53

Rectum D5 60.0 55.58 56.12
Rectum D2 60.0 59.00 59.34
Bladder D5 60.0 58.31 58.21
Bladder D2 60.0 59.67 59.73
AC D5 60.0 46.47 44.03
AC D2 60.0 54.86 53.37
RFH D5 55.0 32.23 32.62
RFH D2 55.0 33.25 33.92
LFH D5 55.0 30.96 31.13
LFH D2 55.0 31.84 31.95
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Figure 3.9: Comparison of the optimized dose distribution of the brain case (1)
and of the prostate case (2) obtained by the beamlet-based (a) and beamlet-free
method (b).

Table 3.10: Total number of protons simulated (for the beamlet-based approach
this includes only the beamlet calculation, no final dose calculation).

Number of spots Beamlet-based Beamlet-free

Brain 490.6× 106 200× 106

Prostate 136.6× 106 50× 106
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4.1 Introduction

Intensity-modulated proton therapy (IMPT) offers great advantages due to the
physical properties of the protons. A considerable part of the dose is deposited
at the end of their energy-dependent range in the Bragg peak, resulting in low
entrance and, especially, no or low exit doses. However, due to a high number of
treatment uncertainties, such as misalignment during patient positioning, changes
to the patient geometry, errors in the translation of Houndsfield units (HU) from
the computed tomography (CT) into proton stopping powers, and similar poten-
tial error sources, those steep dose gradients may quickly become a double edged
sword, since even small errors can lead to significantly altered dose distributions.
In conventional radiotherapy with photons, margins are used to account for the
effects of uncertainties, but in proton therapy, they may be insufficient [136], since
they fail to accurately account for range errors and resulting distortions of the dose
distribution. Robust optimization is used instead and is considered by many to be
an integral part of proton therapy. Robust optimization refers to a group of tech-
niques integrated in the treatment planning process to account for uncertainties
and guide the optimizer towards a final dose distribution that is more robust with
respect to them.
There are two main approaches utilized in robust optimization for proton ther-
apy treatment planning, the most common of which is minimax optimization. It
can be further separated into worst-case scenario optimization, also referred to
as composite worst-case [25], voxel-wise worst-case dose distribution optimiza-
tion [177, 149, 23] and objective-wise worst-case optimization [142].
Worst-case scenario optimization is the most common one, since voxel-wise worst-
case optimization is based on unrealistic dose distributions, leading to an even more
conservative approach than the worst-case scenario optimization, and objective-
wise worst-case optimization was investigated specifically to aid in multi-criteria
optimization and was found to deliver less robust plans than other minimax meth-
ods in other settings [178].
The second main approach is expected-value robust optimization, also referred
to as stochastic programming. As for the other approaches, separate error sce-
narios are defined and corresponding scenario dose distributions calculated. Each
scenario is associated with a probability meant to represent the likelihood of its
occurrence. The expected value objective function over all scenarios is then cal-
culated and optimized [26, 27].
Strategies to combine the principles of minimax and probabilistic optimization also
exist [179, 180].
Independently of which robust optimization approach is used, computation time
and memory usage are increased considerably. This especially limits the develop-
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ment of new methods, such as online adaptive therapy [181].
The current computational limitations posed by robust optimization methods also
limit the number of scenarios that can realistically be taken into account and often
require approximations in their implementation [135]. This leads to a coarse sam-
pling of the error space. Combinations of different error sources are not, or only
to a limited extent, taken into consideration. Often, only systematic set-up and
range errors are employed during optimization, when the inclusion of additional
error sources such as anatomical changes was shown to lead to significantly more
robust plans [182, 183, 184, 185].
Possibilities to speed-up robust optimization have been investigated, like a dy-
namic minimax robust optimization to decrease the number of scenarios to be
evaluated at each iteration [16] or the scalable robust optimization method, re-
cently developed by Fu et al., which is based on the division of the optimization
problem into multiple subproblems and their distribution across multiple proces-
sors to be solved in parallel [18]. These methods can achieve impressive speed-up
rates compared to conventional robust optimizers, but ultimately they can only
reduce the optimization time itself, while the considerable time needed for beamlet
computation remains unchanged.
Xu et al. developed a fast robust optimizer based on a small set of 9 scenarios,
a fast analytical dose calculation tool and a combined CPU-GPU-parallelization
approach [17]. While this approach performed well on three clinical cases when
compared to the robust optimizer in the Varian Eclipse system, the small number
of considered scenarios and analytical dose calculation instead of Monte Carlo put
severe limitations on this method.
Cristoforetti et al. proposed a robust optimization method based on the expected
dose distribution across several scenarios [186]. This method reduces both compu-
tation time and memory usage during optimization. However, it still requires the
timewise usually much more impactful beamlet calculation and a precomputation
step to compute the expected dose and variance.
A beamlet-free treatment planning approach, as developed previously [24], can
help reduce computation time and memory usage compared to conventional beamlet-
based methods. It relies on simultaneous dose calculation through Monte Carlo
(MC) simulations and spot weight optimization with stochastic coordinate de-
scent [107] as the optimization scheme. The beamlet-free planning approach
simulates particles in small batches to one randomly selected spot at a time and
stores only the total 3D dose matrix, not individual beamlet contributions. The
gradient is calculated from the impact of a single batch on the dose distribution
and used to adjust the probability of the spot being picked again in the future.
The exact performance benefits depend on the specific case, size of the plan, and
hardware used. The present work seeks to propose a new robust optimization
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strategy based on beamlet-free optimization and to investigate whether such an
approach can yield a reduction in computation time and memory usage. Robust
optimization is especially impacted by the high computational burden of con-
ventional treatment planning and can at the same time expect higher potential
benefits from a beamlet-free approach due to decreased noise levels. Both the
feasibility of a beamlet-free robust optimization approach and the potential ben-
efit over conventional methods are investigated.

4.2 Methods

4.2.1 Robust optimization approaches

Beamlet-based worst-case scenario approach

In robust treatment planning, error scenarios are typically represented as lateral
shifts of the beam in relation to the patient geometry, or a scaling factor applied
to the density of the CT data during dose calculation.
For each error scenario that is defined to be used during robust optimization, an
individual beamlet matrix needs to be computed, containing the beamlet contri-
butions to the total dose distribution and, therefore, time and memory required for
its computation scale with the number of voxels and the number of spots in the
plan. Since the dose calculation is required for each scenario, time and memory
additionally scale with the number of scenarios. This requires the total number of
scenarios taken into consideration to be kept low, since otherwise computational
requirements would breach the bounds of clinical feasibility.
At each iteration during optimization, the objective function of each scenario needs
to be evaluated to determine the worst-case scenario:

min
x

max
s∈S

fs(x)

subject to x ≥ 0 .
(4.1)

The optimization problem is defined in equation (4.1), where x is the optimization
parameter (e.g., the spot weights), S the scenario space and fs(x) the objective
function of scenario s, which depends on the scenario beamlet matrix Ds. The
problem is convex whenever f is.
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Beamlet-based expected-value approach

Probabilistic robust optimization seeks to minimize the expected value of the
sum over the scenario objective functions multiplied by a scenario weight:

min
x

f =
∑
s∈S

psfs(x)

⇔min
x

f =
∑
s∈S

wsfs(Ds, x)

subject to x ≥ 0 .

(4.2)

The optimization problem is formulated in equation (4.2), where ws is the scenario
weight of scenario s.
One obvious disadvantage of expected-value robust optimization is that it does
not guarantee an acceptable worst-case scenario. Since the expected value over all
scenarios is optimized, the difference between scenarios can potentially be big and
outliers can persist. It can be considered less conservative than minimax robust
optimization approach.
Expected-value robust optimization is less common in clinical practice and the
number of publications studying its performance compared to minimax robust
optimization is small. Fredriksson et al. [179] compared worst-case scenario opti-
mization with expected-value robust optimization on a 2D phantom. They showed
that for systematic errors, target coverage robustness is increased with the con-
servativeness of the method, while dose to organ-at-risk robustness is decreased.

Beamlet-free expected-value approach

In this approach, expected-value robust optimization, as it is defined above, is
combined with a beamlet-free optimization approach [24]. To adapt the beamlet-
free optimization workflow for robust optimization, a separate dose scoring grid
needs to be defined for each scenario. In each iteration of the algorithm, one batch
of particles is simulated for each scenario. The error scenarios are applied on an
individual proton level, meaning that density scaling factors differ from proton to
proton and need to be applied at each Monte Carlo step. A separate gradient
is calculated for each scenario based on equation (4.2). As for the non-robust
implementation of the beamlet-free algorithm [24], a batch is simulated towards a
single, randomly chosen spot j. It is the same spot for each scenario, resulting in
the gradient containing a single entry ∂f

∂xj
. The spot weights xj correspond to the

number of particles simulated towards each spot, while the quantity optimized in
the optimization step is the probability pj of spot j being picked again, as

pk+1
j = pkj − h

∂f

∂xkj
(4.3)
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Figure 4.1: Workflow diagram of the beamlet-free expected-value robust opti-
mization process.

with h being an experimentally determined step size. The spot weights are indi-
rectly optimized through the updated probability distribution.
After the batch has been fully simulated, spot weights are adjusted before the
next iteration. The workflow is presented in Figure 4.1.
One important particularity of the beamlet-free algorithm that needs to be

adapted for robust optimization is the dose normalization. Over the course of the
Monte Carlo simulation, the dose is normalized after each step to scale the abso-
lute values of the scored dose to the dose prescription. This is important, since
the premise of the beamlet-free algorithm centers on achieving the best relative
dose distribution by stacking on more particles where needed. It cannot freely
decrease spot weights like a beamlet-based optimizer can.
The scenario gradient is approximated as

(∇fk+1
s )j = (∇fk

s )j + f(nk+1dk+1
s )− f(nkdks) , (4.4)

where fs is the objective function for scenario s, k is the current Monte Carlo
step, dki is the current dose distribution for scenario i at Monte Carlo step k and
nk is the normalization coefficient at Monte Carlo step k. At k = 0, the dose in
each voxel i is dki,s = 0.
For the non-robust beamlet-free optimization, the normalization factor is defined
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as

nk =
bpresTV

d̂kTV

, (4.5)

where bpresTV is the target prescription and d̂kTV is the mean target dose at Monte
Carlo step k. For robust beamlet-free optimization, this cannot be done for each
scenario separately, because at the end, only a single set of normalized spot weights
needs to be exported. Instead, the mean target dose for all scenarios is averaged
and used instead.
Expected-value robust optimization is well suited to this joint approach and was
chosen over a worst-case scenario approach because it better supports the stochas-
tic nature of the beamlet-free method. The beamlet-free approach calculates the
gradient based on a very small batch of particles which makes it very noisy. In
non-robust beamlet-free optimization, a batch size of 16 protons was chosen as
a compromise between sufficiently small noise and sufficiently small contributions
per batch so as not to inflate computation time. For a robust optimization ap-
proach, the number of particles to be simulated scales with the number of scenarios
n. The stochastic noise of the gradient is reduced by a factor 1√

n
in the case of

expected-value robust optimization, while it maintains the noise level of the non-
robust case for worst-case robust optimization. This additional noise benefit is
not as relevant in beamlet-based robust optimization, where the noise at the time
of the gradient calculation is much lower.
Additionally, it should be pointed out that the calculation of the objective function
during beamlet-free optimization is not as straightforward. The usual calculation
of the objective function iterates over the voxel of the total dose distribution. In
beamlet-based optimization, this is done at each iteration, but does not have a
big impact on the overall computation time since the number of iterations usually
does not surpass a few hundred. In beamlet-free optimization, the number of
iterations is much larger and computing the objective function at every iteration
would significantly prolong computation time and interfere with the parallelization
of the code.
Overall, a beamlet-free worst-case robust optimization approach has been inves-
tigated, but was deemed too inefficient compared to an expected-value approach
and not pursued further. An expected-value robust optimization approach, should
theoretically be able to achieve better relative performance benefits compared to
beamlet-based methods, than the non-robust implementation, because it exploits
these noise benefits at no additional computational cost.
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Variance-guided beamlet-free optimization

The beamlet-free expected-value approach presented above has a decisive disad-
vantage compared to worst-case robust optimization methods. Since it minimizes
the expected-value objective function over all scenarios but does not constrain
the variance between the individual scenarios, it is possible that some scenarios
emerge as outliers.
The feasibility of an expected-dose based variance term to successfully guide ro-
bust optimization was recently shown by Cristoforetti et al. [186] who used an
objective function of the form

F (x) = f̄(x) + x⊤Ωx (4.6)

where f̄ is the objective function evaluated over the expected dose influence matrix
E[D] and x is the vector over the spot weights. The variance term is calculated
as

Ω = (E[D⊤D]− E[D]⊤E[D]) . (4.7)

In the beamlet-free robust implementation, a variance term is introduced to reduce
inter-scenario variability. It takes the form

Ω(x) =
∑
s

(fs(x)− f̂(x)2) (4.8)

with fs as the scenario objective function and f̂ as the objective function evaluated
over the expected dose distribution d̄. The expected dose distribution is computed
by accumulating the dose contributions from all scenario simulations in a single
dose scoring grid and normalizing over the number of scenarios. The full objective
function can then be formulated as

F (x) =
1

ns

∑
s

fs(x) + pΩΩ(x) (4.9)

for the spot weight vector x and the tunable parameter pΩ.
This expected dose distribution is used instead of the expected-value objective
function, because it facilitates the computation of the gradient. Differences to
the formulation used by Cristoforetti et al. result from the differences in purpose
and implementation.
The variance term is evaluated in addition to the beamlet-free expected-value im-
plementation without variance term. It was investigated specifically to observe if it
can lead to improvements for challenging cases prone to develop outlier scenarios.
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4.2.2 Optimization parameters
The treatment plan optimization is performed using the in-house developed,

research treatment planning system OpenTPS [28].
All simulations involve 21 distinct error scenarios, one nominal scenario and sys-
tematic setup errors in all 6 spatial directions, each calculated with positive and
negative range errors, as well as without.
For the beamlet-based methods, a beamlet matrix with 5 · 104 protons per beam-
let is simulated and subsequently optimized using the scipy [122] FORTRAN im-
plementation (wrapped in Python) of the second-order optimization algorithm L-
BFGS [129] (Limited-memory Broyden-Fletcher-Goldfarb-Shanno algorithm). The
optimizer terminates once a predefined objective function value is reached for the
worst performing scenario. This cut-off objective function value was determined
by performing 5 separate optimizations with a robust worst-case optimizer and a
classic convergence criterion of ftol = 10−4 between successive evaluations. A
final dose computation is performed with a number of particles chosen to match
the statistical accuracy of the beamlet-free method. Both the beamlet calculation
and the final dose computation are performed using the MCsquare dose engine [12]
that is also utilized in the beamlet-free algorithm.
For the beamlet-free algorithm, the number of particles used in the MC dose cal-
culation and the number of iterations performed by the optimization algorithm are
tied together through the batch size of 16 protons per iteration [24]. The number
of simulated particles, and consequently also the number of iterations, required by
the beamlet-free algorithm depend on the plan size and complexity. The simulated
number of particles and iterations was set for each patient individually and can be
found in section 4.3. The iteration number for each patient is manually adjusted
so that the worst-case scenario objective function is equal to or lower than that
achieved with worst-case scenario optimization.
All objectives are optimized robustly and the scenario probabilities are set to
ws = 1 for all scenarios.
Simulations were performed on a computation server with a total of 120 CPU
cores and 256 GB RAM.

4.2.3 Plan comparison metrics
To compare these different methods, the convergence of the scenario objective

function has been observed and was used to determine adequate cut-off points for
the optimizers.
After the robust optimization, a robustness evaluation based on good practice
scenario selection is performed as defined by Sterpin et al. [187]. For the robustness
evaluation, ns = 81 error scenarios are taken into consideration. These include
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the 21 scenarios already defined in section 4.2.2, as well as scenarios containing
combinations of systematic setup errors with one another.
The dose volume histogram (DVH) is calculated for each method. The robustness
of the methods can be qualitatively asserted by comparing the robustness bands
of the different ROIs.
The D98 for the nominal and worst-case scenario are reported. The reported
worst-case scenario is the scenario with the D98 that shows least agreement with
the dose prescription. In all following metrics, the reported worst-case is always
the worst performing scenario for that metric, which means that it may differ from
one metric to the next.
For a quantitative analysis, the target homogeneity index for each scenario is
calculated as

HI = D5−D95 (4.10)

and the nominal, worst-case scenario and expected value target homogeneity,

E[HI] =
1

ns

∑
s

HIs (4.11)

over all scenarios, for each method are compared. The same is done for the target
conformity index

CI =
V 2
TV,95

Vp,95VTV
, (4.12)

where VTV,95 is the volume of the target covered by more than or equal to 95%
of the target prescription dose, referred to as the 95th percentile isodose, Vp,95 is
the total volume of the patient covered by the 95th percentile isodose and VTV

is the target volume. Equation (4.12) defines the Paddick conformity index [77],
which takes target coverage into account alongside conformity. It gives a measure
for the extend of the 95th percentile isodose beyond the target with a perfect
conformity corresponding to CI = 1. Additionally, the mean square error (MSE),
was computed and reported for the nominal, worst-case scenario and the expected
value over all scenarios. It is defined as

MSE =
1

N

N∑
n

(dn − dpres)2 (4.13)

with N the number of voxel in the target, dn the dose in voxel n and dpres the
target prescription. The MSE cannot give an objective measure on plan quality
per se, but it can be used to quantify the differences between different plans on
the same geometry and prescription.
The objective function is recalculated on the resimulated scenario dose distribu-
tions. While it highly depends on the respective plan and objectives and is not a
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meaningful quantity for the plan quality by itself, it is the property that is actually
optimized and gives valuable insight into the quality of the optimization.

4.2.4 Patient data

The different algorithms are compared on six patient cases with varying num-
bers of spots.
Two brain cases, two prostate cases, and two head and neck cases were chosen
for the comparison. The local ethics committee approved the use of the patient
data.
The beam model assumes a double Gaussian spot shape with energy-dependent
parameters.

Brain cases

Identical plan parameters and objectives were used for both brain cases. Tumor
size and location varied, as did the number of spots.
A treatment plan was generated using a three-beam combination at a fixed gantry
angle G = 90◦ and rotating the couch angle C at 0◦, 270◦ and 315◦. The spot and
layer spacing were set to 4 mm and a margin of 16 mm for the spot placement was
applied around the target to account for setup error scenarios. A total of 17541
spots for brain case 1 and 14832 spots for brain case 2 compose the plans. The
ROIs upon which optimization objectives are placed are the gross target volume
(GTV), optical chiasm (OC), brain stem (BS), right optical nerve (RON) and left
optical nerve (LON). The optimization objectives are listed in Table 4.1.
For brain case 1, the resolution of the dose grid and the CT data was scaled to
1.872 mm× 1.872 mm× 1.000 mm and cover a total of 128× 128× 229 voxel.
For brain case 2, the resolution of the dose grid and the CT data was scaled to
2.148 mm× 2.148 mm× 1.000 mm and cover a total of 256× 256× 267 voxel.

Prostate cases

Identical plan parameters and objectives were used for both prostate cases.
Tumor size and location varied, as did the number of spots.
The plans consist of two opposing beams with a fixed gantry angle of 0◦ and
couch angles of 90◦ and 270◦. Spot and layer spacing were set to 6 mm and a
margin of 24 mm was applied around the target for spot placement. The plan for
prostate case 1 contains 9416 spots and that of prostate case 2 contains 8812.
The regions of interest consist of the the CTV, rectum, bladder, right and left
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Table 4.1: Optimization objectives of the brain cases.

ROI Objective Type Dose limit Weight

GTV Dmin 54.0 5
GTV Dmax 54.0 5
OC Dmax 60.0 1
BS Dmax 55.0 1
RON Dmax 55.0 1
LON Dmax 55.0 1

femoral head (RFH/LFH), and anal canal. The optimization objectives are listed
in Table 4.2.
For both cases, the dose grid and CT resolution were scaled to 2.148 mm ×
2.148 mm× 2.000 mm and cover a total of 256× 256× 209 voxel.

Table 4.2: Optimization objectives of the prostate cases.

ROI Objective Type Dose limit [Gy] Weight

CTV Dmin 60.0 100
CTV Dmax 60.0 100

Rectum Dmax 60.0 5
Bladder Dmax 60.0 5

Anal canal Dmax 60.0 5
RFH Dmax 55.0 1
LFH Dmax 55.0 1

Head and neck cases

Identical plan parameters and objectives were used for both head and neck cases.
Tumor size and location varied, as did the number of spots.
The plans consist of four beams whose gantry and couch angles are listed in
Table 4.3. Spot and layer spacing are set to 5 mm and a margin of 12 mm is
applied around the target. The plan consists of 36064 spots for case 1 and of
41347 spots for case 2. The ROIs in question are the spinal cord, brain stem and
several regions within the CTV with different prescriptions and weights as listed in
Table 4.4, including the primary tumor (CTVp7000) and the nodal region having
infiltrated tumor (CTVn7000) with a prescription of 70 Gy, and the prophylactic
nymph nodes (CTVn5425) with a prescription of 54.25 Gy. The maximum dose
objectives on the prophylactic lymph nodes are applied on a cropped ROI structure
(CTVncrop) due to overlap with the infiltrated tumor.
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Table 4.3: Beam configuration of the head and neck cases.

Gantry angle [°] Couch angle [°]
Beam 1 60 10
Beam 2 120 350
Beam 3 240 10
Beam 4 300 350

Table 4.4: Optimization objectives of the head and neck cases.

ROI Objective Type Dose limit [Gy] Weight

Spinalcord Dmax 44.0 10
Brainstem Dmax 53.0 10
CTVp7000 Dmax 70.0 2000
CTVp7000 Dmin 70.0 2000
CTVnL5425 Dmin 54.25 400
CTVnR5425 Dmin 54.25 400
CTVnLcrop Dmax 54.75 400
CTVnRcrop Dmax 54.75 400
CTVnR7000 Dmax 70.0 400
CTVnR7000 Dmin 70.0 400

For both cases, the dose grid and CT resolution were scaled to 2.148 mm ×
2.148 mm× 2.000 mm and covers a total of 256× 256× 149 voxel.

4.3 Results

4.3.1 Brain case 1

The results for brain case 1 are summarized in Table 4.5. The corresponding
dose volume histograms (DVH) can be seen in Figure 4.2. The DVH show good
agreement between methods for the target, but reveal slight differences with re-
spect to the OARs, notably the brain chiasm and brain stem. Since the dose
limits for both OARs are relatively high, the objective function had no incentive
to specifically target these OARs in the respective dose regions.
For all investigated methods, the D98 agrees with the target prescription within
5% for the nominal case, but not for all scenarios. For all three methods the pass
rate of the target D98 was above 97%. While the average over 5 runs performed
slightly better with the beamlet-based expected value method, the lowest pass
rate across all 5 runs was identical for all methods.
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The beamlet-free approach matches or outperforms the beamlet-based worst-case
method with respect to all investigated metrics except for the target conformity
index where the beamlet-based worst-case performed slightly better than either
expected-value approach. The beamlet-based expected value approach managed
to achieved better D98 and Target HI values for the worst scenario during eval-
uation, but performed very similar to the beamlet-free approach with respect to
the other metrics. Both expected-value methods achieved better metrics for the
nominal case and averaged over all scenarios, as was to be expected.
The beamlet-free approach required considerably less computation time than ei-
ther beamlet-based method and achieved a reduction of about 81% compared
to the beamlet-based worst-case method. For both beamlet-based methods, the
majority of the computation time was required for the beamlet calculation. The
beamlet-based expected value approach overall took longer to optimize. For all
methods, the computation time between individual runs fluctuated considerably.
With respect to peak memory usage, the beamlet-free approach required a consis-
tent 1.1 GB, which respresents a reduction of 89% compared to the beamlet-based
method. The 9.7 GB recorded for the beamlet-based methods represent the peak
memory during beamlet calculation and optimization. The actual memory usage
was considerably lower for the majority of the beamlet calculation, then increased
considerably for the optimization.
Results with and without the additional variance term were very similar and either
agreed within error bounds or didn’t reveal a clear advantage for either one over
the other.

4.3.2 Brain case 2

The results for the brain case 2 are summarized in Table 4.6. The corresponding
dose volume histograms can be seen in Figure 4.3. As for brain case 1, the DVH
show good agreement with respect to the target, but slight differences between
the beamlet-free and beamlet-based approaches for the brain chiasm and brain
stem. Again, these differences occur in dose regions below the respective thresh-
old values and were not actively targeted during optimization.
For all investigated methods, the D98 agrees with the target prescription within
5% for the nominal case, but not for all scenarios. For all three methods the pass
rate of the target D98 was above 97%. While the average pass rate over 5 runs
was slightly better with the beamlet-based expected value method, the lowest pass
rate across 5 runs was identical for all methods.
The metrics for the worst-scenario of the beamlet-based worst-case scenario and
beamlet-free methods are in agreement within 3σ except for the CI and D98 which
are slightly lower for the beamlet-free approach. The beamlet-based expected-
value implementation achieved better worst-case objective function and target
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Figure 4.2: Dose volume histograms (DVH) for brain case 1 with the a) beamlet-
based worst case, b) beamlet-based expected-value, c) beamlet-free expected value
approach and d) beamlet-free expected value approach with additional variance
term.

MSE values than the other methods. For the nominal and average scenarios,
the two expected-value methods achieve better metrics than the worst-case sce-
nario approach, as is to be expected, with the noticable exception of the CI. The
beamlet-based expected-value approach consistently delivered equal or better re-
sults than the beamlet-free method.
The computation time of the beamlet-free method showed a decrease of 80%
compared to the beamlet-based worst-case scenario approach, while peak memory
could be reduced by 90%.
As for brain case 1, the results with and without additional variance term are very
similar to each other.
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4.3.3 Prostate case 1

The results for prostate case 1 are summarized in Table 4.7. The corresponding
dose volume histograms can be seen in Figure 4.4. The DVH show good agree-
ment for the target and slight differences with respect to the OARs, with all OAR
showing slightly better sparing with the beamlet-free method except for the anal
canal.
The D98 agrees with the target prescription within 5% for all scenarios and all
methods.
The two beamlet-based methods performed similarly for most metrics with the
expected-value approach showing slightly better results for the nominal and aver-
age scenario. The beamlet-free method outperformed both beamlet-based meth-
ods in all metrics and scenarios.
Compared to the beamlet-based worst-case scenario approach, the beamlet-free
method managed to reduce computation time by 63% and peak memory usage
by 92%.
Unlike for the two brain cases, adding the variance term during optimization lead
to a clear deterioration of optimization results. The parameter pΩ regulating the
impact of the variance on the global objective function, was fine tuned for head
and neck case 2, better results could likely have been obtained with patient specific
fine tuning.

4.3.4 Prostate case 2

The results for prostate case 2 are summarized in Table 4.8. The corresponding
dose volume histograms can be seen in Figure 4.5. Again, the DVH showed good
agreement for the target and slight differences with respect to the OARs, with
slight sparing benefits for the beamlet-free method.
The D98 agrees with the target prescription within 5% for all scenarios and all
methods.
As for prostate case 1, the two beamlet-based methods show similar results for
all metrics with the expected-value approach performing slightly better for the
nominal and average scenarios with respect to objective function value, HI and
target MSE. The beamlet-free method achieved better results with respect to all
metrics.
Compared to the beamlet-based worst-case scenario method, the beamlet-free ap-
proach resulted in a reduction of 71% in computation time and a reduction of
91% in peak memory usage.
Similarly to prostate case 1, the addition of the variance term during optimiza-
tion leads to considerably worse optimization results after the same number of
iterations.
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4.3.5 Head and neck case 1
The results for head-and-neck case 1 are summarized in Table 4.9. The target

metrics refer to the primary tumour (CTVp7000). The corresponding dose volume
histograms can be seen in Figure 4.6. Overall, all DVH show good agreement with
each other.
The D98 agrees with the target prescription within 5% for all scenarios and all
methods.
The objective function for the worst-case scenario agrees within 3σ for all methods,
but other metrics reveal differences between the methods. Individual metrics, such
as the worst-case scenario D98 and MSE were significantly worse for the beamlet-
free method and the target CI was lower for the nominal, worst-case and average
scenario, while others such as the target HI and the nominal and average scenario
objective function values were comparable or better than the beamlet-based worst-
case results, but not as good as the beamlet-based expected value ones. Overall
this case showed the biggest discrepancies between which methods achieved better
plan quality for different metrics which might be explained through the presents
of several target regions with different prescriptions, all of which were optimized
robustly.
Compared to the beamlet-based worst-case approach, the beamlet-free method
managed to reduce computation time by 93% and peak memory usage by 86%.
The results with and without additional variance term are similar to each other.

4.3.6 Head and neck case 2
While the two beamlet-based methods achieved decent plan quality, outliers

emerged when using the beamlet-free method resulting in several scenarios per-
forming significantly worse during evaluation and overall a non-robust plan. Using
a variance term in the objective function, as described in section 4.2, significantly
improved optimization results and delivered a robust plan. The target metrics
in Table 4.10 refer to the primary tumor (CTVp7000). The corresponding dose
volume histograms can be seen in Figure 4.7. Overall, the DVH show good agree-
ment between methods.
The D98 agrees with the target prescription within 5% for all scenarios and all
methods.
For the worst-case scenario, the beamlet-free and beamlet-based worst-case meth-
ods agree for all metrics within 3σ except for the target CI which was slightly lower
for the beamlet-free approach. For the nominal and average scenario, the beamlet-
free method was able to achieve significantly better objective function, target D98,
HI and target MSE values, but lower target CI. The beamlet-based expected-value
method showed good agreement with the beamlet-free results with the exception
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of the target CI and the MSE of the worst-case scenario, where it managed to
achieve better results. The results obtained with the beamlet-free method showed
overall a higher variance between runs compared to the other patient cases. While
all runs achieved good plan quality and robustness, the exact benefit with respect
to computation time may vary, if a different termination condition were to be
chosen.
Compared to the beamlet-based worst-case method, the beamlet-free approach
reduced computation time by 74% and peak memory usage by 90%.

4.4 Discussion

The feasibility of a beamlet-free robust optimization approach is demonstrated and
its computational requirements are compared to conventional robust optimization
methods.
The beamlet-based methods optimize until a predefined objective function value
is reached. For the sake of fairness, the iterations for the beamlet-free method
are manually adjusted until the highest scenario objective function value after
evaluation is lower or equal to those achieved with beamlet-based worst-case opti-
mization. Overall plan quality is verified by comparing different metrics, including
objective function values, target D98, target HI, target CI, and target MSE for
the nominal, worst and average scenarios out of 81 investigated during plan eval-
uation. While the performance of the individual methods varies between metrics
and patients, all methods can achieve robust plans without any method perform-
ing considerably better or worse than the others. DVH bands are very cohesive
across all methods. The D98 matches the prescription within 5%, and is therefore
considered to be met, for all scenarios and methods, except some scenarios of
the brain cases. For the brain cases, none of the methods were able to achieve
agreement with the prescription within 5% for all scenarios due to the challenging
nature of the cases. The pass rate varied between runs, but never fell below 97%
for any method.
A frequent worry is that expected-value robust optimization methods are theo-
retically less stringent with outliers and the worst-case scenario could differ sig-
nificantly for comparable quality of the nominal scenario. For this reason, the
objective function of the worst-case scenario is used as termination criterion. The
beamlet-based expected value method, for most metrics and cases, achieves equal
or better results for the nominal and average scenario compared to the worst-case
scenario approach, but also required longer computation time. The beamlet-
free method performed similarly, except for the head-and-neck case 2, where the
method struggles to achieve robustness at all. This is obviously a significant issue
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for a robust optimization method. Introducing a variance term into the objective
function that reduces the variance between scenarios, enables the beamlet-free
optimizer to achieve plan robustness for this patient case as well. The modified
objective function with variance does lead to worse optimization results for two
of the other patient cases. A dynamic allocation of the variance term might be
possible based on the properties of the distribution of scenario objective functions,
like its kurtosis, but further research on large numbers of patient cases is neces-
sary to make definitive claims. Otherwise patient-specific parameter selection is
required.
The use of beamlet-free robust optimization could reduce computation times by
63% to 93% and peak memory by 86% to 92%.
The memory consumption for the beamlet-based methods depends primarily on
the number of voxels, spots, and scenarios. A beamlet matrix needs to be com-
puted for each scenario. During beamlet calculation, these beamlet matrices are
exported as files by the MC engine and stored on the disc. They are stored as
sparse matrices to save memory and need to be loaded and kept in memory for
the optimization. This leads to considerably higher memory consumption than
non-robust optimization. Both beamlet-based methods have comparable memory
requirements.
Memory consumption during beamlet-free optimization is primarily determined
by the number of voxels. The number of spots is almost entirely irrelevant and
impact by the number of scenarios can be largely avoided through an efficient im-
plementation. The peak RAM usage is therefore considerably lower than what can
be achieved with beamlet-based methods. Additionally, the beamlet-free method
does not require any files to be stored on the disc, which is in itself a great ad-
vantage over the beamlet-based methods.
A memory benefit can be achieved for any plan size and increases for larger plans
and higher numbers of scenarios.
During beamlet calculation, the number of particles, and consequentially also the
computation time increases linearly with the number of spots and the number of
scenarios. Additionally, the time required for matrix conversions and operations
increase with the number of scenarios, voxels, and spots and can take a consid-
erable amount of time. For all patient cases, the beamlet computation was the
aspect that required the most time. For worst-case beamlet-based optimization,
an objective function evaluation needs to be performed at every step, which in-
creases the computation time in relation to the number of scenarios compared
to non-robust optimization. The gradient computation time only increases by a
factor of two maximum, for the nominal and the worst-case scenario, and usu-
ally less than that since objectives are only evaluated for one of the two. For
expected-value beamlet-based optimization, the time per iteration is longer, since
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the gradient needs to be computed for each scenario. However, the total number
of iterations could be reduced while maintaining comparable plan quality.
For the expected-value beamlet-free method, the number of protons, and therefore
the computation time, increases with the number of scenarios. However, there is
no direct causal relationship between the number of particles and the number of
spots. For bigger targets, a higher number of protons is required to reduce sta-
tistical noise and ensure sufficient coverage. A finer spot grid resolution or larger
spot placement margin, however, have little impact on particle number or com-
putation time. For the gradient computation, the expected value over all scenario
gradients is taken, which reduces noise in the gradient compared to non-robust
optimization.
Especially for big plans with many spots, a huge benefit could be achieved by
using beamlet-free robust optimization. These benefits would even grow if the
treatment planning were performed on a simple computer instead of a many-
core computation server, where the beamlet computations would be considerably
slowed down. It should also be noted that the plan parameters, including the
number of spots and voxels, had to be kept sufficiently low for the beamlet-based
methods to be able to compute. In all patient cases, voxel sizes were increased
compared to the original CT data to reduce the size of the beamlet matrix. While
the beamlet-free method also benefited from the increase in voxel size, since it
speeds up the MC simulation, it was to a far lesser extent and not doing so would
not have impeded the ability to calculate the plans. The number of spots has
no impact on the beamlet-free method beyond the need for sufficient particles
to ensure low statistical noise, which is usually achieved by the required number
of iterations anyway. This means that the beamlet-free method could have likely
produced plans of significantly better quality, for no or little increase in computa-
tional cost, had it not been limited by the parameters available for beamlet-based
methods for the sake of comparability.
It should be mentioned that the computation times depend on various factors,
including the used hardware, treatment planning system, dose calculation engine,
and optimizer. The general trends should, however, be observable for different
implementations as well, since they are caused by the dependence of the method
on the number of spots and scenarios.
The reduced computational requirements make beamlet-free robust optimization
an interesting candidate in the exploration of novel, complex treatment techniques,
including proton arc therapy and adaptive proton therapy. Although they remain
still too large to facilitate processes such as real-time robust plan adaptation, they
are contributing to the breaking-down of hard computational limits and they open
up new pathways for exploration.
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4.5 Conclusion

Comparable plan quality could be achieved by all three methods, beamlet-based
worst-case, beamlet-based expected-value and beamlet-free expected-value ro-
bust optimization. Computation time and memory usage between the beamlet-
based worst-case scenario and expected-value methods were comparable, making
expected-value robust optimization a viable candidate for clinical applications.
The expected-value beamlet-free implementation managed to achieve the same
levels of plan quality while reducing computation time by 51 − 69% and peak
memory usage by 87− 92% of what could be achieved with beamlet-based meth-
ods, depending on plan size. Beamlet-free robust optimization enables the use of
more error scenarios, finer voxel resolutions and more spots at little or no increase
of computational burden. This makes it capable of delivering higher quality treat-
ment plans and makes it a promising candidate for novel treatment strategies and
techniques.

4.6 Additional Materials

The total number of simulated protons in each approach is compared in Table 4.11.
For a full picture, the comparison of robust optimization methods should con-

Table 4.11: Total number of protons simulated (for the beamlet-based approach
this includes only the beamlet calculation, no final dose calculation).

Number of spots Beamlet-based Beamlet-free

Brain 1 1841.805× 107 84× 107

Brain 2 1557.36× 107 84× 107

Prostate 1 988.68× 107 42× 107

Prostate 2 925.26× 107 31.5× 107

Head and Neck 1 3786.72× 107 63× 107

Head and Neck 2 4341.4350× 107 105× 107

sider the convergence of the objective function. To this end, convergence plots
for the three methods, beamlet-based worst-case, beamlet-based expected-value
and beamlet-free expected-value robust optimization are included.
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4.6.1 Monte Carlo noise contributions during objective function
evaluation

Before discussing the convergence plots, it is worth to consider the impact of
the MC noise on the convergence.
For the two beamlet-based methods, the reported objective function is calculated
during optimization based on the beamlet dose distributions in the dose-influence
matrix. It is reported after every iteration. They are therefore affected by the
same amount of MC noise stemming from the beamlet dose calculation rendering
them directly comparable. For the beamlet-free method, the objective function
is calculated based on the total dose distributed as simulated at a given time. It
is evaluated every 100.000 iterations. This ensures that the computation time is
not increased dramatically, as the objective function requires an evaluation over
the entire normalized dose distribution, which is more costly to compute than the
gradient approximation used during optimization.
The dose distribution during the beamlet-free optimization is subjected to MC
noise. The correlation between the number of sampled random variables N and
the stochastic noise σ is

σ ∝ 1√
N

, (4.14)

which can be assumed to reflect the noise on the dose distribution σd in relation
to the number of simulated primaries Np. Since the number of simulated particles
increases as the optimization progresses, the noise σd decreases. This impacts
the objective function, however, the noise on the dose σd is not equivalent to the
resulting noise on the objective function value σf . The impact of the noise on the
objective function depends on the plan and objectives used, but it can generally
be assumed that

σf ∝
1

N
, (4.15)

since the dose terms in the objectives utilized for this comparison are squared.
This means that the objective function fNp evaluated over a dose distribution
dNp simulated with Np primaries takes the form

fNp(dNp) = a
1

N
+ f̂ , (4.16)

where f̂ is the true objective function without noise contributions and a is a factor
depending on the plan and objectives used. To estimate the impact of the MC
noise on the objective function values reported during beamlet-free optimization,
a optimized set of spot weights x′ was used and dose distributions with increas-
ing numbers of particles calculated based on it. Since the spot weights remain
constant, the observed difference in objective function results purely from the MC
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noise. The calculated objective function values were plotted against the number
of primaries used in their calculation as represented in Figure 4.8. A function of
the form presented in equation (4.16) was fitted against the simulated data and
used to determine the factor a and the unbiased objective function b = f̂ for each
of the patient cases.
The optimized spot weights x′ are obtained by performing a beamlet-based expected-
value robust optimization. A forward dose calculation is then performed based on
the optimized spot weights. Only the nominal scenario is computed, since the
impact of the MC noise can be assumed to be similar across different scenarios.
Before the objective function is evaluated, the dose distribution is normalized with

normalization factor n = d̂TV
dprescribedTV

with the mean target dose d̂TV and prescribed

target dose dprescribedTV to be consistent with the dose distribution during beamlet-
free optimization.
It should be noted that the noise contribution to the objective function values
is very consistent for a specific number of particles. They do not represent an
uncertainty on the precision of the objective function calculation, but rather an
additional contribution due to the uneven nature of the dose distribution.
The plots in Figure 4.8 show excellent agreement between the fitted curve in

red and the measured data in blue. The only exception is the brain case, where
a slight discrepancy can be observed for higher Np. While the difference between
fit and measurement is very small compared to the overall impact of MC noise
as witnessed for low Np, the fitted variables are affected by uncertainty. The fit
variables are presented in Table 4.12 with their respective fit uncertainties.

Table 4.12: Fit parameters for the estimation of MC noise contributions on ob-
jective function values.

a b

Brain 1 5.27× 106 0.110
Brain 2 2.32× 106 0.420
Prostate 1 6.97× 106 0.134
Prostate 2 6.88× 106 0.123
Head and Neck 11.34× 106 0.333
Head and Neck 2 11.64× 106 0.508

4.6.2 Convergence plots

Utilizing the understanding of the MC noise impact on the objective function
derived in the section above, the objective function obtained during beamlet-free
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optimization can be split into a contribution of the ”true” objective function for
the current vector of weights x and a MC noise contribution. Both converge inde-
pendently, the ”true” objective function contribution towards the optimal solution
f(x∗) and the MC noise contribution against zero, as the optimization progresses.
A noise correction was not performed for the beamlet-based methods even though
a slight discrepancy could be observed between the objective function during op-
timization and the one reported afterwards on a recalculated dose distribution
with high numbers of particles. While this indicates that the number of protons
during beamlet calculation was sufficient to eliminate the effects of MC noise com-
pletely, the difference is small and the benefit would be severely limited, especially
when considering that the noise corrected objective function is subject to some
uncertainty stemming from the fit quality. The impact of the MC noise on the
dose-influence matrix is also more difficult to estimate, since the same number of
protons was used to simulate each beamlet while the protons per spot in the for-
ward dose calculation used in the evaluation are proportional to the spot weights.
The convergence plots for all three robust optimization methods and all patient
cases are compared in Figure 4.9, 4.10 and 4.11. The two beamlet-based methods
are compared in the panel on the left with worst-case scenario robust optimization
in blue and expected-value robust optimization in orange. The panel on the right
shows the convergence of the beamlet-free method with and without MC noise
correction. The blue line is the uncorrected objective function and the orange line
is the objective function with the estimated MC noise contribution subtracted to
present a more accurate picture of convergence.
Since the same objective function is used across all methods, they can be di-
rectly compared. The beamlet-based worst-case scenario and beamle-based ex-
pected value methods were terminated once a specific objective function value
was reached. An equal objective function value indicates equal plan quality from
an optimization point of view. This does not neccessarily translate to equal plan
quality in a clinical sense, but provides a good measure to compare optimizers.
As can be seen in the figures, the expected-value methods decreased more quickly
and required fewer iterations to achieve the same final objective function value.
Since the optimization was terminated based on a specific objective function value,
not a convergence criterium, better solutions might have been reached if the op-
timization had been allowed to continue. The objective function value was used
instead because the focus lies on the computational efficiency to reach an accept-
able solution, not on the best possible plan quality. To first determine a suitable
objective function value, worst-case scenario robust optimization was used with a
convergence criterium. Several runs were observed to estimate when convergence
is reached with this method. The reported worst-case robust optimization, as
well as the expected-value robust optimization were terminated once the objective
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function had fallen below this value. Since expected-value robust optimization
has potentially a wider spread between the individual scenario objective functions,
the scenario objective function of the worst performing scenario was chosen.
It should be noted that even the noise corrected objective function for the beamlet-
free, while identical in its definition, does not necessarily converge to the same
value as the beamlet-based methods. The reason for this is the normalization
performed during beamlet-free optimization. The dose distribution is constantly
normalized such that the mean target dose is equivalent to the prescribed target
dose. This presents an additional constraint on the optimization and might cause
it to not always be able to reach the solution that the beamlet-based methods
find. However, after optimization, all plans are usually normalized in such a way
that the D50, D95 or D98 match the prescription dose. The objective function
evaluated across these normalized plans was compared to ensure that the beamlet-
free method achieved comparable plan quality.
The objective function for the beamlet-free function is first reported after 200.000
iterations at which point it is already more optimized than the beamlet-based coun-
terpart at the very beginning. The reason for this is that the objective function
is very high in the beamlet-free case as it starts from an empty dose distribution.
It can clearly be seen that the noise corrected curve starts to flatten towards the
end of the simulation while the uncorrected objective function keeps decreasing
due to the reduced MC noise. However, even the noise corrected curve has not
reached a plateau yet when simulation is terminated indicating that better results
can be obtained with longer run times.

Time contributions

Figure 4.12 shows how much time was required for the different treatment
planning steps by the beamlet-free and beamlet-based method respectively. Only
the beamlet dose calculation and optimization steps are included. It can be noted
that the time required for the beamlet calculation and optimization steps both
increase with rising number of spots.
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Figure 4.3: Dose volume histograms (DVH) for brain case 2 with the a) beamlet-
based worst case, b) beamlet-based expected-value, c) beamlet-free expected value
approach and d) beamlet-free expected value approach with additional variance
term.
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Figure 4.4: Dose volume histograms (DVH) for prostate case 1 with the a)
beamlet-based worst case, b) beamlet-based expected-value, c) beamlet-free ex-
pected value approach and d) beamlet-free expected value approach with addi-
tional variance term.
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Figure 4.5: Dose volume histograms (DVH) for prostate case 2 with the a)
beamlet-based worst case, b) beamlet-based expected-value, c) beamlet-free ex-
pected value approach and d) beamlet-free expected value approach with addi-
tional variance term.
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Figure 4.6: Dose volume histograms (DVH) for head and neck case 1 with the
a) beamlet-based worst case, b) beamlet-based expected-value, c) beamlet-free
expected value approach and d) beamlet-free expected value approach with addi-
tional variance term.
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Figure 4.7: Dose volume histograms (DVH) for head and neck case 2 with the
a) beamlet-based worst case, b) beamlet-based expected-value, c) beamlet-free
expected value approach with variance term and d) beamlet-free expected value
approach with additional variance term.
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(a) Brain case 1 (b) Brain case 2

(c) Prostate case 1 (d) Prostate case 2

(e) Head and neck case 1 (f) Head and neck case 2

Figure 4.8: Impact of MC noise during dose calculation on the calculated objective
function value. Data from a series of dose calculations and subsequent objective
function evaluations (blue) is used as basis for a fit of function f(Np) = a 1

Np
+ b

with fit variables a and b (red).
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(a) Brain 1: Beamlet-based methods (b) Brain 1: Beamlet-free method

(c) Brain 2: Beamlet-based methods (d) Brain 2: Beamlet-free method

Figure 4.9: Convergence plots for the two brain cases cases.

(a) Prostate 1: Beamlet-based methods (b) Prostate 1: Beamlet-free method

(c) Prostate 2: Beamlet-based methods (d) Prostate 2: Beamlet-free method

Figure 4.10: Convergence plots for the two prostate cases.
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(a) Head and neck 1: Beamlet-based meth-
ods

(b) Head and neck 1: Beamlet-free method

(c) Head and neck 2: Beamlet-based meth-
ods

(d) Head and neck 2: Beamlet-free method

Figure 4.11: Convergence plots for the two head and neck cases.
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Figure 4.12: Time contributions of the individual treatment planning processes
required for the beamlet-based worst-case optimization method (left bar, blue),
the beamlet-based expected-value optimization (middle bar, red) and the beamlet-
free method (right bar, green) for varying patients and numbers of spots.
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Proton therapy requires precise and accurate dose calculation and optimization
tools in order to profit from the dosimetric benefits it promises. Those accurate
treatment planning tools have high computational costs that impede efficient
clinical workflows and put severe limitations on novel treatment techniques. In
particular, the calculation, storage and use of the large scale dose influence matrix
poses an issue regarding overall computation time and memory usage. This thesis
seeks to address these challenges through the following contributions

• A beamlet-free treatment planning algorithm is proposed that greatly re-
duces computation time and memory usage for large IMPT plans. The
novel methods proposes a deviation from the conventional IMPT treatment
planning workflow that allows treatment planning without the generation of
a dose-influence matrix. The beamlet-free optimizer is validated on several
patient cases against conventional methods. The reduction of both com-
putation time and memory usage that the beamlet-free optimizer achieves
depends on the plan size and is bigger for larger plans.

• A beamlet-free robust optimizer is implemented and compared against con-
ventional robust optimization methods. This expected-value based beamlet-
free robust optimizer managed to reduce both computation time and mem-
ory usage compared to its beamlet-based counterparts and achieved bigger
computational benefits than the non-robust beamlet-free algorithm by lever-
aging the noise reduction in the expected-value gradient.

The implications of this work and the perspectives it offers will be discussed in
the following paragraphs.

The need for Monte Carlo based treatment planning in proton therapy

The entire premise of this thesis is based on the assumption that MC-based
treatment planning is necessary, or at least highly preferential, for proton therapy
treatment planning. If analytical dose calculation algorithms achieve an accuracy
that is sufficient for even highly heterogeneous geometries, most of the issues this
work seeks to solve suddenly evaporate into thin air, as analytical dose calculation
engines require a fraction of the time that MC methods do.
The current state of research still finds analytical dose calculation tools unable to
achieve the accuracy of MC methods in heterogeneous geometries [134, 171, 71,
72, 188, 73, 189, 190, 74, 191]. However, it could be argued wether this accuracy
is truly required in all steps of the treatment planning workflow. Clinical treatment
planning systems often employ analytical models in the beamlet calculation and
perform only the final dose calculation with MC to verify the quality of optimiza-
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tion. A reduced accuracy in the beamlet calculation might still be sufficient to
guide optimization to an acceptable solution. However, recent studies revealed
that plans optimized on analytically calculated dose data and then recalculated
with MC demonstrate lower plan quality and reduced robustness compared to
those optimized on the basis of MC dose data [75, 192]. This indicates that there
is a benefit to fully MC-based treatment planning, at least for treatment sites with
high levels of tissue heterogeneity such as the lung or head and neck region.
On another side, new dose calculation tools could emerge to rival MC in the
future. New AI-based dose prediction tools have recently become available for
photons [193, 194, 195, 196, 197, 198, 199, 200] and protons [201, 202], al-
though their suggested use is so far mainly limited to initial assessments to aid
the selection of treatment modalities. Just recently, several fast AI-based dose cal-
culation models intended for use in real-time adaptive proton therapy have been
developed [95, 203]. These models are able to calculate dose distributions in just
a few seconds while achieving high accuracy and conformity with MC methods
even in heterogeneous geometries. AI dose calculation models might be restricted
to or biased against specific treatment sites, or input data formats depending on
how they were trained, though those issues should be remedied by thorough train-
ing and testing of models. Additionally, there are some concerns with regards to
quality assurance (QA), because AI models are blackbox algorithms. If and how
AI methods can safely be included in clinical workflows is an ongoing discussion
in the medical physics field. For other applications like segmentation algorithms,
it is usually considered necessary to have a doctor check and if necessary correct
the output of AI autosegmentation models. For dose calculation models, such a
manual check is not practical, because dose distributions are not intuitive to the
human eye. Thorough testing can achieve a high level of trust in specific models,
but if their added benefit with respect to computation speed is worth the risk of
some uncertainty is ultimately an ethics question.
Although there are prospects for the future, at the current time, MC is still the
unrivaled master of accuracy, and even if it might not be necessary in all cases,
it is necessary in a sufficient number of them to motivate further research in fast
MC dose calculation tools and MC-based treatment planning workflows like they
were assumed in this work.
Even if analytical or AI-based dose calculation tools were found to be suitable
to replace MC beamlet calculation tools, rendering a concurrent approach unnec-
essary, there would still be high memory requirements resulting from the size of
the dose-influence matrix. Consequently, there would still be a case to be made
for a beamlet-free treatment planning approach, as the method not only reduced
computation time, but also memory usage. Furthermore, the results of the robust
optimization framework presented in Chapter 4 indicate that, for conventional
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beamlet-based treatment planning, the time required for the optimization step
alone is often of a similar magnitude to the total time required by the beamlet-
free implementation. Therefore, the merit of a beamlet-free treatment planning
approach is self-evident, independently of the necessity for a fully MC-based work-
flow.

Should the clinical treatment planning workflow be revised?

Since the proposed algorithm resulted in a significant reduction in computational
resources, should the logical consequence be a revision of the clinical treatment
planning workflow? To answer this question, an honest evaluation of the advan-
tages and disadvantages of a revised beamlet-free treatment planning workflow
need to be examined.
While the main advantages are obvious, the significant reduction of computation
time and memory requirements, it should additionally be mentioned that the cur-
rent implementation of the beamlet-free framework is quite hardware independent.
The comparisons presented in this thesis were performed on many core CPU clus-
ters against a workflow based on the CPU-parallelized MC code MCsquare [12].
The beamlet-free implementation is based on CPU-parallelized code, but only uti-
lizes this parallelization to a low degree. This results in a similar performance
independently of the number of cores. Had the comparisons been performed on a
machine with fewer CPU cores, the relative benefit of the beamlet-free algorithm
with respect to time would have been much bigger. A hospital could gain consid-
erable flexibility with respect to the computers it uses for treatment planning.
But there are a row of drawbacks to the beamlet-free workflow as well. One of its
main drawbacks concerns reoptimizations. It may occur that after the treatment
plan optimization, the evaluations reveal that the resulting plan is insufficient and
can not be used to treat the patient. In the conventional workflow, clinicians can
adjust the objective types, weights and dose limits and reoptimize without need-
ing to recompute the dose-influence matrix. How high the impact of the beamlet
computation is on the total computation time varies depending on several factors,
but usually 50% or more of the total computation time can be saved by not having
to recompute it. This means that the relative benefit of the beamlet-free method
is reduced in the case of reoptimization without beamlet calculation or in a MCO
setting. For the non-robust implementation, especially for smaller plans, this may
even result in longer overall treatment planning time. On the other hand, for the
robust optimization, which is generally advised in proton therapy, the total com-
putation time of the beamlet-free method is still lower than just the optimization
part in the beamlet-based workflow. In these cases the beamlet-free method is
still overall beneficial, even in the case of several reoptimizations.
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Further considerations to take into account before attempting a revision of clinical
workflows are the impact of the TPS on the relative computational benefit and
the available objectives types which will be discussed below.

The choice of TPS and its impact on comparisons of beamlet-based and
beamlet-free optimization strategies

While this indicates that a clinical application of the beamlet-free method would
result in immediate benefits, all comparisons have been performed utilizing the ex-
perimental TPS OpenTPS [28] which is considerably less efficient than commercial
TPS. The reasons for the utilization of OpenTPS are the accessibility of its source
code and its easy adaptability, whereas the source code of commercial treatment
planning software is not generally intended to be modified or perused by users.
Access to the source code allows to ensure that the optimization performed by the
TPS in the beamlet-based case corresponds exactly with the implementation in
the beamlet-free case, which is imperative for a fair comparison of the two. How-
ever, this means that both methods are impacted by the efficiency of the TPS,
but to different degrees. It is not trivial to predict how this would be reflected in
a different TPS.
General TPS functionalities related to patient import, segmentation, plan creation
and evaluation would affect both methods equally. Aspects of the TPS that could
impact the relative computational benefit of a beamlet-free framework include

• the MC dose calculation engine,

• methods that reduce the plan complexity,

• the optimization algorithm,

• and the way data is handled, converted and transferred between tools.

There are several different fast MC codes available for proton therapy [12, 8, 5, 7,
9, 10, 11, 13, 14]. Clinical TPS often utilize their own in-house implementations
which are often capable of reaching very competitive computation times. For
example, Janson et al. [133] reported that the Raystation MC dose calculation
engine often outperforms analytical algorithms. The efficiency of these fast MC
codes is tweaked through paralellization [12, 8, 10, 11, 13], simplified physics mod-
els and approximations [5, 7, 6, 9, 14] and optimized implementations. Simplified
physics models and approximations would benefit both the beamlet dose calcu-
lation in a beamlet-based approach and the beamlet-free method, as would an
optimized implementation. While the computation time of MC dose engines can
be significantly reduced through CPU- or GPU-parallelization, our beamlet-free
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approach is only partially able to profit from parallelization. The reason for this
are optimization variables that need to be shared between all threads. However,
the comparisons presented in this work already compare a fast, CPU-parallelized
MC code on a many-core computation server against the beamlet-free optimizer.
Hypothetically, if hardware keeps becoming more accessible, fast MC codes could
reduce their computation time further, while the beamlet-free method, at least in
its current implementation, would hit a ceiling, but beyond that there is no reason
to assume that utilizing a different MC dose calculation engine would significantly
affect the relative benefit of the beamlet-free method.
Clinical TPS often improve their computational efficiency by reducing the prob-
lem complexity. This can for example be achieved by reducing the number of
voxels [204] or using non uniform resolutions [205, 206]. While these attempts to
reduce plan complexity have some impact on the beamlet-free algorithm through
the speed of the MC simulation, it is very small compared to the achievable benefit
for the beamlet-based approach where it would affect not just the MC simulation,
but also the optimization. This benefit during the optimization is achieved through
the reduced size of the dose-influence matrix, reducing both the memory usage
and time required for matrix conversions and multiplications. On the flip side, the
computation time and memory usage of the beamlet-free optimizer being nearly
independent from the voxel resolution means that far finer voxel resolutions are
an option in the first place and might allow better optimization quality at little
computational cost. The comparisons presented in Chapter 4 were performed on
a resampled voxel grid to reduce the problem size, since the size of the dose-
influence matrix with the original CT resolution would have required too much
memory. A finer scoring grid size might increase the impact of MC noise in early
iterations, but also offers the chance of achieving better plan quality. This is due
to the averaging effect that coarser voxel have on the dose distribution.
Different optimization algorithms are used in proton therapy optimization and
they have different advantages and disadvantages. Some optimization algorithms
have been proposed specifically due to their efficient use of computational re-
sources [207, 208]. Other optimization methods try to achieve shorter compu-
tation times by adapting the optimization problem or by employing paralleliza-
tion [17, 180, 18]. Many were developed to help in specific cases like robust
optimization [186, 17, 209, 19, 210, 16] or multicriteria optimization [211]. Truly
comprehensive comparisons of different optimization algorithms are unfortunately
rare. Some concepts could be easily adaptable for use in a beamlet-free frame-
work, like the usage of momentum terms or accelerated gradient methods, others
like the robust optimization method developed by Cristoforetti et al. [186] are
not. Overall, the algorithm used in the presented comparisons, L-BFGS, is com-
mon in proton therapy optimization and clinical TPS like Raystation also utilize
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BFGS based optimization methods [133]. For both methods, beamlet-based and
beamlet-free optimization, further research might lead to improvements in com-
putational efficiency.
Lastly, the implementation of clinical TPS concerning data import, export, trans-
fer and conversion are usually optimized for computational efficiency and carefully
developed and maintained by a set of skilled software developers. Open-source
TPS for use in clinics are typically written and maintained by researchers, of-
ten in addition to their main responsibilities or even in their free time, and they
are built with accessability and modifiability in mind, not necessarily efficiency.
This is a big part of why research TPS like OpenTPS [28] are usually unable to
achieve the same computational efficiency as clinical TPS. This data handling
affects beamlet-based implementations more than it does our beamlet-free one,
where the dose-influence matrix is never created and both dose calculation and
optimization are performed in the same external tool written in C. In contrast, in
a beamlet-based implementation, the beamlet calculation is usually performed in
an external MC tool, in this case MCsquare, then the results are imported into
OpenTPS written in Python, converted to sparse format and exported again to
the optimizer.

Objective types

Another important factor for clinical applications are the types of objectives
that can be utilized in the objective function. For the time being, only minimum
dose, maximum dose and mean dose objectives are supported in the beamlet-free
framework. DVH-objectives however are not supported, since their use requires
frequent DVH evaluations which are too computationally costly to perform af-
ter every iteration in the beamlet-free framework. The beamlet-free algorithm
requires considerably more iterations than a conventional optimization algorithm
such as L-BFGS, but is able to profit from the minimal time that is required per
iteration. DVH objectives are highly desirable in a clinical context, since for many
organs individual high dose voxels are managable, as long as only a small part of
the volume is compromised.
Another type of optimization objectives that are of interest are biological and LET
based objectives. MCsquare is already capable of calculating the LET during the
MC dose simulation. It can be used to either calculate the biological effective
dose BD as defined in equation (2.23) and optimize directly on the BD instead,
or to define a combination of dose and LET terms and objectives. This would
likely require little additional computational cost.
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Expected-value robust optimization

A beamlet-free robust optimization strategy was presented based on expected-
value robust optimization. This optimization approach is not considered ”robust”
according to the mathematical concept of robust optimization, but is typically
referred to as such in the field of radiotherapy [135] due to its proven ability
to generate treatment plans that are robust against uncertainties [27]. While
expected-value robust optimization was proven an efficient tool at maintaining
dose prescriptions under the face of errors and uncertainties, most clinical TPS
opt for worst-case scenario robust optimization instead. The main reason for that
is that worst-case optimization guarantees control even for the most challenging
scenarios, while expected-value robust optimization may allow individual scenarios
to perform significantly worse than the others.
However, our tests did not confirm this fear. The conventional expected-value
based optimizer used in comparisons achieved very similar plan quality for the
best, average and worst scenarios in the robustness evaluation. The expected-
value robust optimizer achieved a similar plan quality as the worst-case scenario
robust optimizer. However, the worst-case scenario robust optimizer converged to
a higher objective function value than the expected-value robust optimizer. Had
the expected-value robust optimizer not been terminated once the same objec-
tive function value was reached, it likely would have been able to achieve better
expected-value, nominal and worst-case scenario objective functions at higher it-
erations.
The same can be said about the proposed beamlet-free robust optimizer. It showed
only small differences between the average, nominal and worst case, comparable
to those achieved by the two beamlet-based methods.
The proposed beamlet-free robust optimizer did not struggle with outliers in five
out of the six investigated patient cases. In one patient case, however, robust-
ness could not be achieved. An additional variance term was then introduced and
successfully mitigated the issues and produced a robust plan.

Variance-guided robust optimization

Cristoferetti et al. [186] performed robust optimization based on an expected
dose distribution, which in this case means a dose-influence matrix averaged over
all ns scenarios

D̄ =
1

ns

∑
s

Ds , (5.1)

where Ds refers to the dose-influence matrix of scenario s. To achieve robustness,
a variance term Ω is added to the objective function which can then be written as

F (x) = f(D̄,x) + x⊤Ωx . (5.2)
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The variance term itself was defined as

Ω =
∑
s

psΩs =
∑
s

psE[D⊤
s Ds]− E[Ds]

⊤E[Ds] , (5.3)

with ps representing a scenario modulation factor.
The motivation for this ”scenario-free” robust optimization approach was very
similar to the idea behind the beamlet-free framework: the reduction of the dose-
influence matrix. In robust optimization, it can be understood as a m × n × k
dimensional matrix where m is the number of voxel, n the number of spots and
k the number of scenarios. The beamlet-free approach removes the dimension
of spots, while the ”scenario-free” approach removes the dimension of scenarios.
The notable difference is that the number of spots usually far exceeds the number
of scenarios and that the ”scenario-free” approach still requires the full beamlet
dose calculation in addition to a matrix preprocessing step. Nevertheless, the fact
that a variance term is sufficient to ensure robust optimization is potentially quite
relevant for other expected-value based approaches, including the beamlet-free
one.
A variance term to drive optimization to reduce differences between scenarios was
tested on the beamlet-free robust optimizer. Instead of calculating the variance
of the dose distributions, the variance over the scenario objective functions was
computed instead. It can be formulated as

Ω =
∑
k

Ωk

=
∑
k

(f(dk)− f(d̄))2 ,
(5.4)

where d̄ is the averaged dose distribution. It is computed directly from the scoring
contributions of all protons during dose calculation and therefore requires almost
no effort to compute.
This beamlet-free implementation could successfully generate robust plans, but
contrary to the implementation by Cristoforetti et al. brought no computational
benefits compared to conventional expected-value robust optimization. Since no
dose-influence matrix is computed in the first place, its size can obviously not be
reduced to speed up optimization.
It was further investigated whether adding a variance term to an expected-value
objective function of the form

F =
1

ns

∑
s

fs(x) + x⊤Ωx , (5.5)

would provide a benefit. For most investigated patient cases, the addition of a
variance term had little impact on plan quality compared to beamlet-free expected-
value optimization without it after the same number of iterations. For two cases,
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the additional variance term even worsened plan robustness. However, one case
showed significant improvement. Further investigations would be required to draw
definitive conclusions.

When to stop optimizing?

The comparisons made over the course of this thesis between the new beamlet-
free algorithm and the established methods all suffer from the strong dependence
of the computation time on several factors, such as the plan size, hardware used,
but also the termination criteria of the optimization.
Usually in treatment planning, the optimization is terminated once a predefined
convergence criterion has been reached. These convergence criteria are usually
defined as the absolute value of the gradient norm or the change of the objective
function between one or several iterations. A smaller value then leads to longer
optimization times, closer proximity to the optimum and a higher resulting plan
quality. A small caveat of these types of convergence criteria is that the total
value of the objective function is fairly meaningless and depends on, for example,
the concrete objective function used, the individual objective weights and whether
they are normalized, how easily the objectives are satisfied etc. As a consequence,
choosing the same convergence criterium for different plans does not necessarily
imply that they are equally close to the optimal solution.
With respect to the comparisons run during the course of the thesis, an additional
problem was that the methods that were compared had very different updating
mechanisms. The conventional optimizer with L-BFGS typically only required a
few hundred iterations to reach decent results and utilized multidirectional infor-
mation. The beamlet-free optimizer on the other hand required several million
iterations and only updated a single direction of the gradient in each one. Any
convergence criteria comparing the change in objective function or gradient from
one iteration to a set number later would terminate the two methods at very dif-
ferent stages of the optimization. Any increase in the number of iterations used
for such a comparison would be just as arbitrary as choosing an entirely different
convergence criterion for one of them. Additionally, the objective function value
depends on the Monte Carlo noise of the underlying dose data. Since the beamlet-
free optimizer continually simulates new particles and thereby reduces the Monte
Carlo noise between iterations, any comparison of the objective function between
iterations would be impacted.
For the sake of comparability, the optimization was terminated once a convergence
criterion had been reached with the conventional beamlet-based method and the
number of iterations of the beamlet-free optimizer were manually adapted to
achieve comparable plan quality as specified in the respective sections. The plan
quality was evaluated on dose data resimulated with matching particle numbers.
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In the case of a severe discrepancy in optimization quality, the optimization was
repeated with an adapted number of iterations, until comparable plan quality was
reached. What constitutes a comparable plan quality was determined in each case
individually, for example in the robust optimization comparison a similar scenario
objective function value of the worst performing scenario was used.
This approach has its drawbacks as it leads to a conclusion of how plan quality
varies after a set computation time instead of how much computation time varies
to achieve a set plan quality. Since both qualities are obviously related this was
deemed an acceptable concession, since any attempt to identify comparable con-
vergence criteria and then repeat simulations with those multiple times would have
added an undue amount of computation time to each comparison. If one consid-
ers that the comparisons of computation time can in the best case only give a
vague idea about the actual performance of these methods in comparison to each
other due to their dependence on multiple factors, this would have been excessive.
After all, the plan size, voxel resolution, used hardware and desired convergence,
all have a huge impact on how much computation time these methods require.
Beyond the scope of the presented comparisons, this raises the issue of what would
constitute a good termination criterion for the beamlet-free optimizer in general.
A suitable iteration number varies from plan to plan and could be identified from a
convergence plot, the creation of which would already require one run, or through
trial and error. Both approaches are inconvenient and time consuming and negate
all benefits with respect to the speed of the treatment planning process. A conver-
gence criterium based on the change in objective function could be identified just
like for other optimization methods, however, it would need to take the impact of
decreasing Monte Carlo noise into account. The Monte Carlo noise on the dose
distribution can be quantified more easily, however it propagates to the objective
function, where the relation between MC noise and number of simulated particles
is considerably less straightforward. The MC noise affecting the dose distribution
is proportional to σdose ∝ 1√

N
for N simulated particles. The dose contributed

quadratically to the utilized objective function f , which results in a noise contri-
bution σf ∝ 1

N . The exact impact of MC noise on the objective function will differ
between plans and patients, however, so does the objective function value. A con-
vergence criterion based on the difference in objective function between iterations
in a beamlet-free framework would need to

• increase the number of iterations between comparisons and

• be larger than a comparable criterion for a beamlet-based optimizer in order
to account for the contribution of the noise reduction.

This requires some intuition and awareness by the treatment planner, but not
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necessarily more than is already the case for conventional methods.
Other options would be to observe the gradient norm instead of the change in
objective function between iterations. This sounds unintuitive since the gradient
is always calculated for just one spot making it noncomparable between different
iterations. This is easily remedied however, by taking the combined or averaged
gradient over a larger number of iterations. Statistical variations due to the impact
of different spots can then be averaged out. However, while the impact of MC
noise is very small on a single-iteration gradient, it would be present in the gradient
computation as well.
The dependence on MC noise might be removed if the impact on spot weights
between iterations is measured instead. In an optimized plan, the spot weights
should theoretically not change between iterations. However, the definition of spot
weights in a beamlet-free context is highly relevant. The quantities optimized in
the stochastic coordinate step are spot probabilities. These translate to spot
weights through the random sampling of spots in future iterations. While spot
weights in a conventional optimizer ideally converge against a stable solution,
the spot probabilities might always fluctuate slightly. The reason for this is that,
assuming that an optimal dose distribution has been reached in iteration k − 1,
in iteration k another spot j will be sampled and a batch of nbatch particles will
be simulated towards it. The spot probability pj will be decreased to counter
the departure from an optimal dose distribution. Overall, the stability of the
spot probabilities is hard to guarantee or predict. The spot weights that are
exported at the end of the optimization corresponds to the number of particles
simulated towards each spot, normalized to meet the dose prescription. These
spot weights could also be observed over the course of the optimization and
should converge towards an optimal solution. They face the same basic issue
as the spot probabilities that for as long as the optimization continues, the spot
weight of sampled spot j will be increased in each iteration. The increase per
iteration decreases as the optimization continues, due to the normalization of the
weights. The more particles are simulated, the lower the impact of each batch.
However, compared across a sufficiently high number of iterations, the change in
the normalized spot weight distribution should converge against zero and might
present a suitable candidate for a beamlet-free convergence criterium.

Implications for other radiotherapy modalities

The presented beamlet-free optimizer has been implemented within the proton-
specific MC code MCsquare [12]. However, the underlying method is equally
applicable to other forms of charged particle therapy, for example Carbon Ions.
It could theoretically be applied to radiotherapy with photons as well, however,
the method was developed specifically to address challenges in the proton therapy
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treatment planning workflow. Most of these are simply not an issue in conventional
radiotherapy planning and a beamlet-free approach would provide little benefit.
Since photons do not have a Bragg peak, there are no spots. The photon beam
is typically divided into thin wavelets and a fluence optimization is performed to
modulate the individual wavelets. However, the number of wavelets in IMRT
tends to be a lot smaller than the number of spots in IMPT, such that memory
usage does not become burdensome.
Another consequence of their lack of finite range is that the usage of MC methods
during dose computation is not a requirement as it is in IMPT. Though there are
studies that show that the increased accuracy of MC methods can still bring a
benefit during optimization [212, 213], their usage is not considered mandatory
in IMRT and sufficient plan quality can be reached without them. Since the
beamlet-free optimization approach builds on a continuous MC particle simula-
tion, its usage is likely much slower than a typical IMRT workflow.
The big selling point of the beamlet-free optimizer, robust optimization, where
it can achieve the highest benefit compared to beamlet-based optimization ap-
proaches, is likewise not necessary in IMRT. The PTV concept is usually adequate
to achieve plans that are robust against treatment uncertainties.

Adaptive proton therapy

Adaptive proton therapy seeks to take changes to the patient geometry over
the course of a fractionated treatment into account. This includes offline adapta-
tions, where the treatment plan is recalculated based on updated CT and delivery
information at a certain point.
More and more, online adaptive therapy moves into the center of attention. On-
line refers to the fact that imaging and plan adaptations are performed while the
patient is already on the treatment couch. This allows for setup and positioning
errors as well as the most up-to-date geometry information to be taken into ac-
count. However, it also requires fast and efficient plan reoptimizations in order to
avoid blocking treatment rooms and couches at proton therapy facilities without
an actively ongoing treatment. Xing et al. [214] identified computational chal-
lenges, including but not limited to plan reoptimizations, as the vital bottleneck in
the dawn of adaptive radiotherapy with photons. Adaptive proton therapy needs
to reexamine the challenge of fast reoptimizations taking the unique challenges of
proton therapy into account, including the need for MC dose computations, the
calculation, storage and multiplication with the large dose-influence matrix and
robust optimization.
Plan reoptimizations require an updated dose influence matrix which is costly to
compute. Analytical dose calculation algorithms are less accurate than MC dose
calculation engines, however Nenoff et al. [215] showed that the benefit of adap-
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tation, even on less accurate dose data obtained by an analytical algorithm, is
still considerable. A fully MC-based adaptive workflow was presented by Botas
et al. [87] utilizing the fast GPU-parallelized MC code gPMC [8]. Even though
they were using a fast MC code, the recomputation of the dose influence matrix
was deemed too computationally demanding for online applications. Instead they
adapted the original beamlet information to fit the altered geometry, used the
MC engine for verification of plan quality and only optimized if necessary. For the
optimization, they identified a small subset of beamlets, calculated during the ver-
ification with sufficiently low uncertainty, to use as base for the optimization. This
workflow required on average 16.9 s for the geometric adaptation, 115.6−419.2 s
for the MC dose calculation and 12−198 s for the spot weight optimization, with
potential for reduction depending on the number of GPUs and the used voxel
resolution.
The pinnacle of adaptation would be reached in real-time online adaptive ther-
apy. During the delivery itself images are taken and used to adapt the treatment
plan on the spot. This could provide an alternative to gating or breathhold tech-
niques in the treatment of lung tumors, but could also help to account for other
intrafraction organ motion, for example due to the filling of cavities. Real-time
online adaptive therapy still has a lot of questions to answer before becoming a
realistic option in clinical routines. These challenges do include the imaging itself,
but also the reoptimizations of the treatment plan which may require at most
seconds of computation time. How this can be accomplished with the required
accuracy is still mostly an open question.
A beamlet-free treatment planning approach might provide a solution, both for
online, as well as real-time adaptive therapy. The benefits with respect to compu-
tation time that could be achieved are far from sufficient to eradicate all reason for
worry, but they could already present a good step in the right direction. A more
interesting aspect to beamlet-free reoptimization might be the possibility to reuse
spot weight and dose information to potentially shortcut the treatment planning
by a good margin. If one assumes that the geometry underlying the reoptimized
plan still resembles the original planning CT, information from the previously op-
timized plan could be used to hotstart the beamlet-free algorithm with preexisting
spot weight and dose values. Of course, reusing spot weights in reoptimization is
also an option with conventional methods, however, there they could only affect
the optimization, not the beamlet dose calculation, which would still be required
for each new CT image.
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Proton Arc therapy

Arc therapy refers to radiotherapeutic methods in which a continuously rotating
gantry is used instead of individual fixed-angle beams to deliver dose to the tumor.
Arc techniques have been used in radiotherapy with photons for some time now,
including VMAT [216], IMAT [217], Tomotherapy [218] and RapidArc [219]. They
could be shown to offer more flexibility by allowing more degrees of freedom during
optimization, lower monitor units and integrated dose, reduced delivery time, and
reduced dose to OARs [220, 221, 222, 223, 224, 225, 226, 227, 228, 229, 230].
These benefits are expected to translate to proton arc therapy as well and might
even be enhanced because of the unique properties of protons and the highly con-
formal dose distributions they allow to be achieved. Different approaches have
been proposed on how to perform proton arc therapy, including proton tomother-
apy with distal edge tracking [231], and passive scattering approaches [232, 233,
234, 235]. However, their translation into clinical application proved to be very
challenging. More recently, spot scanning proton arc therapy [236] has been intro-
duced and a clinical delivery system based on its principle called DynamicARC®
is under development by IBA.
The benefits of PAT plans have since been demonstrated for various treatment
sites [237, 238, 239, 240, 169] and include reduced NTCP [241], improved LET
distribution [242, 243] and increased radiobiological effectiveness [244] compared
to IMPT plans.
In addition to significant challenges related to hardware, delivery, and quality as-
surance, PAT also introduces unique problems and challenges to the treatment
planning workflow. If all potential beam angles in the arc were to be treated like
fixed-angle beams in IMPT, with comparable numbers of energy layers and spots,
the delivery time would become an issue due to the long layer switching times
mandated by available hardware. A clinical PAT solution will need to take the
delivery time into account during planning and optimize accordingly. Additionally,
PAT plans require much higher numbers of spots due to the many beam angles,
which poses a challenge for computational efficiency.
These two core challenges in PAT optimization can be addressed separately or
jointly. A joint approach allows full profit of the available degrees of freedom to
find the optimal plan, however, the number of energy layers is initially very large
and poses high computational demands during optimization. A separate approach
typically includes an energy layer preselection [245, 246] followed by a classical,
usually robust, beamlet dose calculation and spot weight optimization workflow.
The accessible degrees of freedom during optimization are reduced and plan qual-
ity might be inferior to plans optimized in a joint approach, but optimization time
can be significantly reduced and final plan quality is still comparable or even su-
perior to IMPT plans.
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Other groups have proposed combined optimization approaches that take advan-
tage of more degrees of freedom and are able to deliver optimal plans [239, 247,
248, 249, 250]. However, these methods come at the cost of high computational
demand during treatment planning.
A beamlet-free optimization approach could be beneficial to both types of PAT
optimization approaches. For energy layer preselection based methods, the ex-
pected benefit is comparable to that of regular robust optimization in IMPT with
comparable numbers of spots. This already presents a considerable reduction in
hardware requirements, computation time and memory usage.
For joint energy layer and spot weight optimization approaches which typically
have high numbers of potential spots in the initial phases of optimization, the
expected benefits could be significantly larger. These methods can be able to
fully leverage the available degrees of freedom in PAT to produce optimal plans,
but are often discarded in favor of energy layer preselection based methods. The
primary reason for energy preselection based methods is the increased computa-
tional efficiency during optimization and Engwall et al. [245] even presented their
algorithm as the trade-off between plan quality and computational efficiency. If
the computational efficiency of other PAT optimizers could be significantly im-
proved, there might not be a need to consider such a trade-off at all.
While the beamlet-free optimizer has not been tested specifically for PAT opti-
mization, the benefits of the beamlet-free optimizer increase with the number of
spots and can therefore be expected to be quite significant.

Final conclusion

The dosimetric benefits and steep dose gradients that proton therapy is able
to achieve necessitate high degrees of accuracy and precision during treatment
planning and delivery in order to succesfully translate into actual clinical bene-
fits with respect to patient outcome. To minimize errors and uncertainties, MC
dose calculations and robust optimization need to be integrated into proton ther-
apy treatment planning. These methods create considerable computational costs,
both with respect to time and memory usage.
A beamlet-free treatment planning approach is able to significantly reduce compu-
tational requirements during treatment planning and consistently achieves shorter
computation times and lower memory usage. The extent of the expected benefits
depends on the size of the plan and is especially relevant in the case of robust
optimization.
Novel proton therapy techniques such as adaptive proton therapy and proton arc
therapy bring additional challenges to treatment planning. Computational hurdles
currently restrict their use in clinics. While a beamlet-free treatment planning
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approach will not be sufficient to address all concerns, it is a considerable step in
the direction of turning them into clinical reality.
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[8] X. Jia, J. Schümann, H. Paganetti, and S. B. Jiang, GPU-based fast Monte
Carlo dose calculation for proton therapy, Physics in Medicine Biology 57,
7783 (2012).

[9] K. Jabbari and J. Seuntjens, A fast Monte Carlo code for proton transport
in radiation therapy based on MCNPX, Journal of Medical Physics 39,
156–163 (2014).

[10] A. Schiavi, M. Senzacqua, S. Pioli, A. Mairani, G. Magro, S. Molinelli,
M. Ciocca, G. Battistoni, and V. Patera, Fred: a GPU-accelerated fast-
Monte Carlo code for rapid treatment plan recalculation in ion beam therapy,
Physics in Medicine Biology 62, 7482 (2017).

[11] H. Wan Chan Tseung, J. Ma, and C. Beltran, A fast GPU-based Monte
Carlo simulation of proton transport with detailed modeling of nonelastic
interactions, Medical Physics 42, 2967–2978 (2015).

[12] K. Souris, J. A. Lee, and E. Sterpin, Fast multipurpose Monte Carlo sim-
ulation for proton therapy using multi- and many-core CPU architectures,
Medical Physics 43, 1700–1712 (2016).

[13] F. Fracchiolla, E. Engwall, M. Janson, F. Tamm, S. Lorentini, F. Fellin,
M. Bertolini, C. Algranati, R. Righetto, P. Farace, M. Amichetti, and
M. Schwarz, Clinical validation of a GPU-based Monte Carlo dose engine of
a commercial treatment planning system for pencil beam scanning proton
therapy, Physica Medica 88, 226–234 (2021).

[14] J. Shan, H. Feng, D. H. Morales, S. H. Patel, W. W. Wong, M. Fatyga,
M. Bues, S. E. Schild, R. L. Foote, and W. Liu, Virtual particle Monte
Carlo: A new concept to avoid simulating secondary particles in proton
therapy dose calculation, Medical Physics 49, 6666–6683 (2022).

[15] C. Wu, D. Nguyen, Y. Xing, A. B. Montero, J. Schuemann, H. Shang, Y. Pu,
and S. Jiang, Improving proton dose calculation accuracy by using deep
learning, Machine Learning: Science and Technology 2, 015017 (2021).

[16] G. Buti, K. Souris, A. M. Barragán Montero, M. Cohilis, J. A. Lee, and
E. Sterpin, Accelerated robust optimization algorithm for proton therapy
treatment planning, Medical Physics 47, 2746–2754 (2020).



REFERENCES 127

[17] Y. Xu, J. Chen, R. Cao, H. Liu, X. G. Xu, and X. Pei, A fast robust
optimizer for intensity modulated proton therapy using GPU, Journal of
Applied Clinical Medical Physics 21, 123–133 (2020).

[18] A. Fu, V. T. Taasti, and M. Zarepisheh, Distributed and scalable optimiza-
tion for robust proton treatment planning, Medical Physics 50, 633–642
(2023).

[19] Q. Fan, L. Zhao, X. Li, J. Hu, X. Lu, Z. Yang, S. Zhang, K. Yang, X. Ding,
G. Liu, and S. Dai, A novel fast robust optimization algorithm for intensity-
modulated proton therapy with minimum monitor unit constraint, Medical
Physics 51, 6220–6230 (2024).

[20] Y. M. Yang, M. Svatos, C. Zankowski, and B. Bednarz, Concurrent Monte
Carlo transport and fluence optimization with fluence adjusting scalable
transport Monte Carlo, Medical Physics 43, 3034–3048 (2016).

[21] Y. Li, Z. Tian, F. Shi, T. Song, Z. Wu, Y. Liu, S. Jiang, and X. Jia, A
new Monte Carlo-based treatment plan optimization approach for intensity
modulated radiation therapy, Physics in Medicine Biology 60, 2903 (2015).

[22] Y. Li, Z. Tian, T. Song, Z. Wu, Y. Liu, S. Jiang, and X. Jia, A new approach
to integrate GPU-based Monte Carlo simulation into inverse treatment plan
optimization for proton therapy, Physics in Medicine Biology 62, 289
(2016).

[23] W. Liu, X. Zhang, Y. Li, and R. Mohan, Robust optimization of intensity
modulated proton therapy, Medical Physics 39, 1079–1091 (2012).

[24] D. Pross, S. Wuyckens, S. Deffet, E. Sterpin, J. A. Lee, and K. Souris,
Technical note: Beamlet-free optimization for Monte-Carlo-based treatment
planning in proton therapy, Medical Physics 51, 485–493 (2024).

[25] A. Fredriksson, A. Forsgren, and B. Hårdemark, Minimax optimization for
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