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Abstract

This paper studies the estimation of Gaussian graphical models in the unbalanced dis-
tributed framework. Unbalanced distributing is an effective approach when the available
machines are of different powers or when the existing dataset comes from different resources
with different sizes and can not be aggregated in one single computer. In this paper, we
propose a new aggregated estimator of the precision matrix and justify such an approach
by both theoretical and practical arguments. The limit distribution and consistency of this
estimator are investigated. Furthermore, a procedure for performing statistical inference
is proposed. On the practical side, a simulation study and real data examples are illus-
trated. We show that the performance of the distributed estimator is similar to that of the
non-distributed estimator using the full data.

Keywords: Gaussian graphical models, Precision matrix, Lasso penalization, Unbalanced
distributed setting, De-biased estimator, Confidence distribution.

1. Introduction

Precision matrix estimation plays an important role in statistical and machine learning,
especially in the framework of probabilistic graphical modeling. Nowadays, due to the recent
advancements in data collection, contemporary applications usually require fast methods
and despite recent advances, estimation of the precision matrix remains challenging when
the dimension p is large, owing to the fact that the number of parameters to be estimated
is of order O(p?), unless sparsity is enforced. A large body of literature has studied the
estimation problem of the precision matrix in the Gaussian graphical model context in the
high-dimensional setting. We refer to Meinshausen and Biithlmann (2006), Yuan and Lin
(2007), Banerjee et al. (2008), Friedman et al. (2008), Cai et al. (2011), Wang et al. (2016)
and Cai et al. (2016) among many others for a treatment on the subject.

Many datasets nowadays may be too large to fit and be read efficiently into a single
ordinary computer. Moreover, sometimes datasets from different resources are private and
due to security and privacy concerns one is not allowed to aggregate all the data onto one
location. As such, much of the attention has been focused on the setting where the sample
size n is large and most approaches propose splitting the observations into K independent
sub-samples that are analyzed in parallel. Once the analysis is performed, estimates are
combined together into a final estimate that is treated as the final output of the method.
A wide range of literature has studied combination methods for parallel estimators in the
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context of linear, generalized linear models and kernel estimators. Most of these studies
focused on averaging estimators by taking a simple average. The reader can refer to Zhang
et al. (2015), Rosenblatt and Nadler (2016), Guo et al. (2017), Lin et al. (2017), Lee et al.
(2017) and Battey et al. (2018) among many others. Regarding the estimation of the
precision matrix, there is limited literature using parallel analysis. Arroyo and Hou (2016)
studied the problem of estimating a precision matrix in a Gaussian graphical model from a
set of K distributed samples via a simple average method. They performed an additional
local thresholding step on each machine, in order to obtain an estimator that has at most B
non-zero entries. This threshold should be selected carefully, in order to ensure that the less
important entries are set to zero. Nevertheless, when some of the available machines are
more powerful than others, it is not efficient to distribute a dataset on different machines
with equally sizes. Instead, one could place larger datasets on powerful machines and smaller
datasets on the others. In this case, one deals with unbalanced sub-samples and just taking
a simple average is not an optimal approach for aggregating estimators. In this paper,
a new approach is introduced to aggregate the estimators using unbalanced sub-samples
and it is shown that the performance of this estimator is similar to that of the centralized
non-distributed estimator.

In this paper, using a confidence distribution (CD) approach, we propose a new estimator
of the precision matrix which is not sensitive to the unbalanced sub-samples and we show
the consistency and asymptotic normality of this estimator. The CD concept was first
introduced by Fisher (1956) and then formally defined by Efron (1993). Generally, this
approach uses a distribution function to estimate the parameter of interest. Xie et al.
(2011) developed a general framework for combining CD functions as a means to perform
a meta-analysis. Liu et al. (2015) introduced a meta-analysis for heterogeneous studies by
combining the confidence density functions derived from the summary statistics of individual
studies. Recently, Tang et al. (2020) developed a strategy using a CD method to combine
de-biased Lasso-type coefficient estimators in generalized linear models when the sample size
is much larger than the number of parameters. They showed that the resulting combined
estimator achieves the same estimation efficiency as the centralized maximum likelihood
estimator.

In addition to splitting the dataset on observations, splitting the data in terms of features
is much more challenging, because subsets of variables are mutually dependent on each other
and as such, one needs a new estimation method that accounts for the fact that each machine
has access to only a relatively small partition of the entire dataset. Splitting on the features
in the case of a block diagonal precision matrix is also investigated in this paper. Given
a partition, after splitting the sample into K independent sub-samples, variables are split
into M subsets and distributed onto different machines and as a result, both the sample
size and number of parameters decrease. The rest of the paper is organized as follows.

In Section 2, we introduce the notation and preliminaries. In Section 3, we present
a methodology for performing distributed estimation when each machine receives only a
sub-sample of the data. We continue in Section 4 by proposing a final estimator that
pools together separate estimators. Theoretical properties like consistency and asymptotic
distribution of this estimator are also investigated in this section. As a special case, the
distributed procedure on features for a block diagonal matrix is proposed in Section 5.
Moreover, using the properties of the new estimator, statistical inference for the general



estimator is developed in Section 6. In Section 7, the performance of the estimator is
evaluated at the hand of a controlled simulation study and in Section 8, the performance
on a real data set is illustrated. We close off with a discussion on the method and possible
extensions in Section 9.

2. Notation and preliminaries

In Gaussian graphical models, it is assumed that a p-dimensional random vector X =
(X1, XP)T follows a multivariate normal distribution N, (0, ) with mean vector 0 and
covariance matrix 3. The components of X correspond to the vertex set V = {1,--- ,p} of
an undirected graph G = (V, £), where the edge set £ describes the conditional dependence
relationship between components X!,---, XP. A pair (a,b) is included in the edge set £
if and only if the variables X® and X° are not independent given all remaining variables.
Under X ~ N,(0,X), a pair of variables is conditionally independent given all remaining
variables if and only if the corresponding entry in the precision matrix ® = X! is zero.
Elements of the precision matrix may thus be interpreted as the edge weights. Denote the
maximum number of non-zero entries of ® per row with d and the set of non-zero entries
of ® with S, having cardinality s. The set of non-active components is denoted by S¢.
Before starting the discussion, we introduce some order notation which is needed later in
the paper. For two sequences {a,;n > 1} and {b,;n > 1}, b, = O(ay,) if there are positive
numbers My and Ny such that | 2—’; |< My for all n > Ny. Similarly, for a random sequence
{Xn;n > 1}, we write X,, = Op(ay,) if for every € > 0, there exist finite numbers My > 0
and Np > 0 such that P(| f—: |> Mp) < e for all n > Ny. Analogously, we write b, = Q(ay,)

if there are positive numbers My and Ny such that | Z—Z |> My for all n > Ny. We write
by, =< ay, if both b, = O(ay) and b, = Q(a,) hold. Moreover, b, = o(ay,) if lim, o Z—Z =0
In the case of a random sequence {X,;n > 1}, we write X, = op(ay) if f—: 20, as n — oo,

where the notation % denotes convergence in probability.

In the sequel, we introduce notation at the sample level. Consider an i.i.d sample
Xy, ,X, from X, where for each i = 1,--- ,n we have X; = (X},--- , XP)T. Consider
this sample in a matrix form as X = (Xl, Xo, - - ,Xn)T which is of dimension n x p. Based
on the sample X, our goal is to estimate the structure of the graph G, or equivalently, find
the zero pattern of ®. The usual assumption in this context is that the underlying graph
is sparse, which means that a certain sparsity is imposed on the maximum node degree (d)
of the precision matrix. According to the relation between graph edges and entries of the
precision matrix in Gaussian graphical models, this sparsity reflects that the related graph
has a rather low number of edges. A naive estimator for ® obtained by inverting the sample
covariance ¥ = %XTX is practically never sparse for any real data. Furthermore, if n < p
the sample covariance matrix is rank-deficient and thus not even invertible. One common
approach to overcome these problems is to impose an additional ¢; penalty on the elements
of ® when estimating it. This kind of regularization effectively forces some of the elements
of ® to zero, thus resulting in sparse solutions. There exists a wide variety of methods
making use of ¢; regularization, see for example Friedman et al. (2008), Hsieh et al. (2014),
Cai et al. (2016), etc.
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3. Distributed penalized estimation

In this section, we introduce new distributed estimators of the precision matrix ® and
investigate their properties. To this end, we consider two general regularity assumptions
(see for example, Ravikumar et al., 2011; Jankova and Van De Geer, 2015) on the true
precision matrix ©. Before listing the assumptions, we keep track of two metrices on the
covariance matrix X and the precision matrix @. The first metric is the /o, norm of X
which is denoted by kx = ||| |||, Where [||A]]|cc = maxq Y b_; | Agp | is the maximum of
the absolute row sums for an arbitrary matrix A. To propose the second metric, consider
the Hessian matrix of the negative log-likelihood function L(©) = trace(£0) — log det(©)
as I'. It can be easily shown that I' = 3 ® 3, where ® is the Kronecker product. The
second metric that we keep track of is kp = ||\(1"55)_1|||c>O which is the /o, norm of the
inverse of the matrix I'gg = [2 ® Z]st € R%*%, where the subscript S x S is used to
denote a sub-matrix of [E ® 2] whose rows and columns are indexed by the elements of S.
The two following assumptions are needed for the theoretical results:

(A1) The irrepresentability condition holds for the true precision matrix @, i.e., there exists
a € (0,1] such that max.ege HI‘eS(I‘SS)ilHl < 1 — a, where ||x||; is the ¢; norm of
the vector defined as [|x||1 =), | Xq | for an arbitrary vector x.

This assumption is necessary and sufficient for the graphical Lasso estimator to exhibit
model selection consistency. This means that the non-edge (non-active) features can not
be too correlated with the edge-based (active) features. This is so since if the non-edge
features were highly correlated with the edge-based ones, it would become much harder to
recover important features.

(A2) The eigenvalues of the precision matrix ® are bounded, i.e., there exists A < 1 such
that % < Anin(0©) < Apax(®) < A, where Apin (©) and Apax(®) are the minimum
and maximum eigenvalues of ®, respectively.

Considering the two above assumptions, suppose now at the sample level that n sam-
ples are divided randomly into K sub-samples with size ny for the k-th sub-sample (k =
1,--+, K). Denote the k-th sub-sample in matrix form as X = (Xl,k,sz, i ,Xnk,k)T
which is of dimension ny X p. By splitting the sample into K sub-samples, one can analyze
each sub-sample per machine. For each sub-matrix Xy(k =1,---, K), the graphical Lasso
estimator Ly, defined by Friedman et al. (2008), is the solution to the optimization problem

L; = arg min {traee(ﬁ]kQ) —logdet(®) + \;[|©][, off}v (1)
ecsh | ’
where 33, = n—lk(Xk)TX;C is the sample covariance in the k-th sub-sample, || - ||, g is the £;

off-diagonal penalty of the matrix defined as [|©||; o = 3", | Oas |, the quantity Oy is
the (a,b)-th element of © and S% , is the space of positive definite matrices of dimension
p X p. The graphical Lasso estimator (1) is biased due to the ¢; penalty which is added to
the loss function. It is known (see Ravikumar et al., 2011) that this estimator satisfies in
the Karush-Kuhn-Tucker (KKT) condition as 3, —©~! + MDDy = 0, where the matrix Dy,

belongs to the sub-differential of the off-diagonal norm || - ||, g evaluated at Lj. Jankova



and Van De Geer (2015) proposed the de-biased graphical Lasso estimator in order to correct
the bias, which for our setting can be constructed using the k-th sub-sample as

Lj, = 2L, — L3, Ly (2)

This de-biased estimator has the appealing property that each entry of the matrix is asymp-
totically normally distributed and one can easily construct confidence intervals for the en-
tries of ©.

Remark 1 Under the irrepresentability assumption (A1) with a constant « € (0, 1] and
assumption (A2), suppose Ly is the solution to the optimization problem (1) with tuning
parameter A\, < y/logp/ng. Using Theorem 1 of Jankova and Van De Geer (2015), under

the sparsity condition
d=o(20),

Clogp

with
1 1 _ _
C = A max {EHFRE, ks (logp) ™2,k kr(logp) 1/2}, (3)

A~

L. is asymptotically normally distributed for each (a,b) € V x V as

Vg Lap ke — Oap)/0ay = Zap i + 0p(1), 1y — 00, (4)

where Zg,, converges weakly to N(0,1), I:ab,k is the (a,b)-th element of L, and o2 =
®uOn + @Zb. Moreover, using their Lemma 2, under the sparsity assumption

NG

~ logp(1 + 8/a) max{kxkr, k3k2}

the estimator c}gbk = Lo Lo i + LZM is consistent for ogb and one may substitute og
by Gap 1 in the application. Furthermore, under the above assumptions, it follows that the
convergence rate of the de-biased estimator Ly is

I I:k — O |lmax= Op<max {\/logp/nk, I/QQK%/@gdlogp/nk}>,

where || + ||max i the £ax norm defined as || « ||max= maxg, | Agp | for an arbitrary matrix

A.

The asymptotic normal distribution of f;k(k =1,---,K) leads us to construct a new
aggregated estimator using K estimators from the sub-samples. This estimator is introduced
in the next section.

4. Combined estimator across the sub-samples

The estimator in (2) is defined at the level of the k-th sub-sample and as such one creates
a sequence of estimators Li(k = 1,--- , K). One can envision multiple ways to combine
estimators Ly to obtain a pooled, final estimator. One simple method consists in averaging
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over the sub-samples. Lee et al. (2017) devised a communication-efficient approach to av-
erage de-biased Lasso estimators for a distributed sparse regression in the high-dimensional
setting. They showed that their approach converges at the same rate as Lasso as long as the
dataset was not split across too many machines. We introduce next based on Schweder and
Hjort (2002) and Singh et al. (2005) the “confidence distribution” concept which will play
a central role in our approach when combining different estimators. Suppose Y7,---,Y},
are n independent random samples from a population model Fy(-) and X is the sample
space corresponding to the data Y, = (Yi,--- ,Yn)T. Let 6 be the parameter of interest
associated with Fy(-), and let © be the parameter space of 6.

Definition 2 A function H,(-) = H,(Y,:) on X x ® — [0,1] is called a CD for the
parameter 6, if it satisfies the following two requirements: (R1) for every given Y, € X,
H,(-) is a continuous cumulative distribution function for #; (R2) at the true parameter
0 =0y, Hy(0p) = H,(Yn,00) as a function of the sample Y, follows the uniform distribution
U[0,1]. When the derivative exists, the CD density hy,(0) = 2 H,(6) is also known as a
confidence density.

Based on Definition 2, the CD function should have two properties. The first property is
that, for a given sample, the CD should be a distribution function on the parameter space.
The second property requires that the CD function contains the “right” information about
the true parameter value 6y for making correct inferences.

Now consider the asymptotic normal distribution in (4) which directly satisfies the two
requirements of the CD definition. Let fab,k( -) be the data-driven asymptotic normal density
of I:ab,k which can be obtained from (4) by substituting 64 for og,. One can obtain the
combined estimator by maximizing the pseudo-log-likelihood function obtained from the
asymptotic densities fab,k(-) as follows

K
Ay = arg maxlog kHl Jab+(@ar). (5)

Whenever the above confidence distribution-based estimator is derived, the general the-
ory of maximum likelihood estimation provides standard statistical tests and other useful
results for statistical inference. By taking the derivative of the log-likelihood function (5)
with respect to ©,; and setting it to 0, we obtain the final estimator as:

K
~ ]_ nk ~
Aab = =K 1. X E 3 Lab k- (6)
E LT o ’
k=1 52, . k=1 abk

Note that this new estimator behaves like a weighted average as such, its weights are a
function of the sample size n; and of the variance 621) i in each sub-sample. In contrast, if
one were to act by taking the simple average, one mi7ght miss information that is derived
from the variances. The advantage of this estimator, as stated in Theorem 3, is that it
is asymptotically unbiased and normally distributed. We can thus construct confidence
intervals and statistical tests based on this estimator.



Theorem 3 Under assumptions (Al) and (A2), suppose Ly(k =1,---,K) is the solution
to optimization problem (1) with tuning parameter A\ < +/logp/ni and A,y is the pooled
estimator from (6). Let n/n — ¢, € (0,1] as ny — 0o such that Y5, cx = 1. Under the
sparsity condition

d=o( ) )

Clogp’’

where C' is defined in (3), it holds that

where ny = minge(y .. gy Nk and Wepy converges weakly to N(0,1) as ny — oo.

lzroof Since Cﬁp < C@p for each k = 1,---, K, the sparsity assumption (7) implies
that

_ (N .
_O(Clogp)’ k=1,--- K.

Furthermore, ny — oo implies n;, — oo for each k. So, using (4) we get

N

(Lab e — Oap) = Zap o + Hapo k=1, , K,

Oab

where Zg, ), converges weakly to N (0,1) and Hyp i = 0p(1) as ny — co. Multiplying above
i

expression by *—  we have
ll

ng » Nk Nk
—5 (Lapk — Oup) = Zap ) + Hgp . (8)
ab ab ab

Using the continuous mapping g(x) = 1/x for a consistent estimator 62@ L, we get 02,/ &fw, & 2,
1, as nj, — oco. By multiplying (8) with 02, /62, ., we have

2 o2
ng - g Vv Nk VAl
52 (Lapk — Oap) = Qab X ~——Zigp ke + 52 Tab_ Hap k.- 9)
Tab,k Oabk  Fab Oab ~ Fab
Since the K estimators f:ab,l, e ,IAlab,K are independent, by summing up (9) from k£ = 1 to

K and multiplying by 1/ Zszl 24, we get
ab

K
1 ni A ’ ’
\/ﬁ . 53 (Labg = Oap) = Wop g+ Hey (10)
k=1 k=1 ab k
where
K 2 K 2
’ 0' A/ ’ U
Wab T Z 2 Zab,k, Hab + = Z \/7Hab,k-
) ny boa 5 O_
Ek 152, k=1"ab, w/Zk1U w1 Tabk
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ab,k and using Slutsky’s theorem, it holds that V g, . L) N(0,1)

Ekla a,k
Zklnk ab

2

Denoting Vg 1 = ;2 b
d . C . .

where — means convergence in distribution. As such, W

also converges in distribution to N'(0,1) as ny — co. On the other hand

K ng nE
Zk:l 52 K 52 K n 2
abk abk o k ab
e E = E — X = . (11)
SR SR n ok,
k=1 52, =1 k=152, k=1 Tab,k
Since “k % cy, then =k x &2 —? 4 ¢, and (11) converges in probability as
ab,k Nj—00
S 55 K
T Oabk D e =1
S e 2
=log, k=1
K ng
k=1 2 p
= 1/y/z, we get — 1. By
k=1 52 N4 —00
a

Considering the continuous mapping g(z)

multiplying (10) in this expression, we have

K %
k=1 _2

T P 1 it s ] dt H . =o0,(1).
S m— it is just needed to prove H,, ; = 0,(1)

ab,k

—? 31 and Hup i = 0p(1), then Jgp 1 = “b Hg,r = 0p(1). Furthermore,

(Lb7
VT

As 2
abk Nj—>00

r 1 \/7 Tab
Rl mz o “b“m“”ab’“}z{ﬁ}
M

<Zk 12 2 k- we have that ZK oy

k=1
Tab

Since 0 < F < 1 which implies that

H;b,f < Kmkax {Jab,k} = Op(l)a



and the proof is completed. |

In the following remark, the convergence rate of the de-biased distributed estimator Ag
is investigated.

Remark 4 To measure the distance between the estimator A and the true precision matrix
O, consider the difference between A, and ©4,. We have

K
~ 1 ’)’Lk A~
| Awp — Oup | | X E 2 (Lab,k - Gab) |
a

<~ X Z rnax | Labk eab ‘
Zkz 1 gn:k k=1 ab,k

= max ’ Lab,k — ®ab |
ke{1,-

< max HLk—C‘)Hmax
ke{l,- ,K}

Under the assumptions of Remark 1, we get

| Agy — O |= (’)p( max {max{\/logp/nk, 1/0(2I€%H2d10gp/nk}}>. (12)

If kp = O(1), ks = O(1) and 1/a = O(1) then the convergence rate in (12) simplifies to

| Ay — Oy | = Op< max {max{\/logp/nk,dlogp/nk}}>,

ke{l, K}
and under the sparsity condition d = o( ‘ﬁ) it is deduced that | A,—O, |= O (\ /log p/nT).

Algorithm 1 contains a pseudo-code to implement the proposed procedure for estimating
©. The first stage consists in splitting the dataset, the second performs estimation via the
sub-samples and the third stage corresponds to combining estimators from the sub-samples.
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In the next section we also consider splitting on the feature space in the case of a block
diagonal covariance matrix.

Algorithm 1: Distributed estimator of the precision matrix @

1) Split the sample data into K sub-samples. Denote the k-th sub-sample with
Xp,k=1,--- K.

2) Estimation in the k-th sub-sample, k=1, -, K:

2-1) Using X} and optimization problem (1), obtain Ly as an estimator of the
precision matrix ©; . .

2-2) Compute the de-biased estimator Ly = 2Ly — L3 L, where
B = o (Xe) "X

2-3) Obtain ‘ﬁb,k = Lok Lopk + (Lapx)? for (a,b) € V x V;

3) Combine estimators from the sub-samples: Using the estimators in steps 2-2)

and 2-3), construct the final estimator A, = ﬁ X Zle ﬁ"—kLabvk.
k=1 52 ab,k
ab,k

5. Block diagonal covariance matrix

Suppose that the true covariance matrix ¥ has a block diagonal form with M blocks. Then,
the true precision matrix of interest has also a block diagonal form as

el o o
®©=1o0 . o |- (13)
0o 0o oM
Consider the vertex set and the size of block @' (m = 1,--- , M) as V,, and d,,, respectively.

Define the maximum row degree of ® as d := max,,—1.... p dp,. As such, the maximum row
degree of ® and 3 are both equal as d. In this case, ks and kr are tractable and we can
find upper bounds for them. For instance, using the definition of kx, the relation between
f~ and spectral norm, and the fact that d,,, < d, it holds that

ke = max || (O™ < Vd max || (©@™)7! ||,
M m=1,--- M

m=1,---,

where || - ||2 is the the spectral norm defined as | A |2= \/Amax(ATA) for an arbitrary
real valued matrix A. Based on the fact that the eigenvalues of ¥ are the inverse of the
eigenvalues of © and using assumption (A2), it is deduced that kx = O(v/d). The same
argument can be made for kr and it holds that kr = O(d).

When the precision matrix has the block diagonal form, at the sample level, one can
split features into M subsets, place the subsets on different machines, and so reduce the
computational complexity. The complexity of the graphical Lasso algorithm, which uses a
row by row block coordinate descent method, is O(p?), while by splitting the variables into
M subsets it decreases to O(Mp2), where p, < p is the number of parameters in the largest
subset among M subsets. Suppose that the features in the k-th sub-sample are further

10



divided into M subsets as the splitting pattern at the population level. Denote the sample
data in the k-th sub-sample and the m-th subset by X7 = (X7, X7%, - - -, o k)T which is

a matrix of dimension 7y, X p,, with the i-th row denoted by the vector (X", --- , XFr™)T

and the j-th column denoted by the vector (Xf’zl, e ,Xﬁ’?k)T, where p,, is the number
of parameters in the m-th (m = 1,---, M) subset. For each sub-matrix X}", the graphical
Lasso estimator of @™, say L7", is defined as the solution to the optimization problem

P =arg min {trace(ﬁ]?@m) —logdet(®™) + A\ [|©™]| off}’ (14)

P
@mestm

where ﬁ)? = i(XZ‘)TX? is the sample covariance in the k-th sub-sample and the m-th
subset. After solving the optimization problem (14) for all subsets m = 1,---, M, one can
construct Ly as

L, 0 o©
ilk = 0 . 0 )
0o o LY

which is the graphical Lasso estimator of @ in (13). Under the condition that the tuning
parameter \j, is the same for all subsets m = 1, --- , M, Ly, satisfies the KKT condition and
one can use the sample covariance ﬁ]k to obtain the de-biased estimator ﬁk = 2I_4k—f1kf3 wLi.
It is noteworthy that if the tuning parameter )\ is not considered the same in all M subsets,
the estimators L,lc, e ,L]k\/[ are obtained with different tuning parameters and the KKT
condition does not hold for the aggregated estimator L, and as a result, the de-biasing is
not applicable.

Due to the boundedness property of ks and xpr in the block diagonal structure, i.e.,
ky = O(Vd) and kr = O(d), by assuming 1/a = O(1), the convergence rate (12) is
simplified as

| Ay — Oy |= Op< max }{max{\/logp/nk,aﬂ/2 logp/nk}})

ke{l, K

Considering the sparsity condition d/? = o(ﬁ), it is again deduced that | Ay — O |=

logp
Op(y/Tog p/ny).

6. Asymptotic statistical inference of the precision matrix

Based on the asymptotic distribution of Aab, one can construct inferential procedures.
In this section we provide a confidence interval and hypothesis testing framework for the
elements of the precision matrix using the asymptotic results of Theorem 3. According to it,
the (1 — «)100% asymptotic confidence interval for ®,, based on the de-biased distributed
estimator Aab is constructed as

Clyy = Ay £ D711 — 0/2)/

K
an/&gb,k’ (15)
k=1

11
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where ®~1(1 —«/2) is the (1 — a/2)-th quantile of the standard normal distribution. More-
over, using the asymptotic distribution of A, the rejection region at the level of m
(with the Bonferroni correction) for the hypothesis test Hy : @4, = 0 (which indicates that

there is no edge between nodes X and X?) vs Hy : @, # 0 can be constructed as follows

K
B > #7101 — =) >/ (16)

The coverage probability and the length of the confidence intervals are investigated via
a simulation study in the next section. Moreover, testing the zero edges between variables
is performed in Section 8 using a real data example.

7. Simulation study

In this section, we demonstrate the performance of the proposed distributed estimator with
a simulation study. To this end, we compare the performance of the distributed estimator
with the following estimators:

1) (Full) A de-biased estimator based on the full non-distributed data given by the de-
biased graphical Lasso Opy] (the estimator of Jankova and Van De Geer, 2015).

2) (Naive) An estimator based on splitting data on the rows and averaging the de-biased
graphical Lasso estimators from each machine Opn,ive = % Zszl Ly, where Lj is
defined in (2).

To conduct the simulation, we set the total sample size n = 50000 as fixed and changed
K = 5,10,20. To show the performance of the distributed estimator in the unbalanced
setting, we considered the following structure during the simulation study.

Suppose among all available machines, two of them are powerful. The first one is the
most powerful and 55% of dataset is distributed on this computer. The second one is less
powerful than the first, and 60% of remaining dataset is distributed on this one. The other
remaining dataset is distributed roughly equally on the remaining machines.

For the data generating process, we fixed the number of variables to p = 500, 1000, 2000
and the samples are generated from a multivariate normal distribution A, (0, X) such that
® = X! has the following structures:

e block diagonal with 10 blocks and 0.2 as the probability of connection in each block;
e random with probability of connection 0.05;

e hub with 10 hubs;

e chain or tridiagonal with 1 on the diagonal and 0.2 on the upper and lower diagonals.

The corresponding graph structures are shown in Figure 1 for p = 500. In this study, the
tuning parameter A in the graphical Lasso algorithm has been chosen as A\, = A\ = \/log p/n
for all simulation settings like in Jankova and Van De Geer (2015). Alternatively, it can be
chosen by K-fold cross validation in each sub-sample. Moreover, all simulation results are
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Figure 1: Visual representation of four ® matrices and their graph structures for p = 500
nodes. From left to right: block diagonal with 10 blocks, random, hub with 10
hubs and tridiagonal.

calculated as averages over 100 different repetitions. To compare the performance of the
estimators, we used the Frobenius norm, #,,,x and £, norms between the estimated precision
matrix for each competitor and the true precision matrix. Since the results of p = 500 and
p = 1000 were rather similar, we report here the case of p = 1000 for illustration. In the
block diagonal structure, the dataset was split on both the observations and features, so the
computations are much faster than the other structures. Therefore, for the block diagonal
structure, p is also considered as p = 2000.

The results are presented in Tables 1 and 2 for the Frobenius norm via the simulation
setting explained above and it is observed that the performance of the proposed estimator is
as good as that of the non-distributed full estimator in terms of Frobenius norm. The results
for the two other norms are presented in Appendix A. The proposed norm is computed for
the active set S, which corresponds to the edges of graph, and the non-active set S¢,
separately. By increasing K from 5 to 20, the norm does not increase much and the
differences are negligible. This suggests that by splitting the dataset on the sample size,
one might not lose much information. On the other hand, for the naive estimator, by
increasing K, the norm increases substantially, which suggests that it is quite sensitive to
K, as opposed to the distributed estimator we propose. This behavior holds on both the
active and the non-active sets for all four structures of ®. Especially, in the random graph
on the active set there are large differences between the naive estimator and our procedure.
Comparing Tables 1 and 2, it is observed that by increasing p the performance of the naive
estimator deteriorates much more, while the proposed distributed method works well and
its performance is close to the centralized estimator that uses the full data.
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Table 1: Frobenius norm of the proposed estimators when n = 50000 and p = 1000.

Active set Non-active set
K K

5 10 20 5 10 20
Full 2.20 2.20 2.20 | 6.09 6.09 6.09
Block  Distributed | 2.23 2.25 2.29 | 6.08 6.09 6.13
Naive 3.29 4.46 6.13 | 9.04 11.61 13.38
Full 6.63 6.63 6.63 | 0.04 0.04 0.04
Random Distributed | 6.68 6.90 7.14 | 0.04 0.04 0.22
Naive 10.30 17.15 32.93 | 0.06 0.10 0.90
Full 2.10 2.10 2.10 | 5.91 5.91 5.91
Hub Distributed | 2.73 2.77 2.51 | 5.76 5.95 6.13
Naive 4.36 6.94 12.77 | 8.72 14.68 24.99
Full 0.20 0.20 0.20 | 4.39 4.39 4.39
Tridiag  Distributed | 0.29 0.53 0.52 | 4.48 4.67 4.77
Naive 0.83 4.13 13.55 | 7.35 13.78 25.82

Table 2: Frobenius norm of the proposed estimators when n = 50000 and p = 2000 and
the block diagonal structure is used to simulate data.

Active set Non-active set
K K
5 10 20 5 10 20
Full 4.22 4.22 4.22 | 11.26 11.26 11.26
Distributed | 4.33 4.41 4.50 | 11.24 11.27 11.40
Naive 6.38 9.08 13.84 | 16.72 21.59 25.25

In addition to error norms, the coverage and the length of the confidence intervals are
also obtained for the estimator using the full data and our proposed estimator at significance
level o = 0.05. To this end, we estimate the coverage probability of the confidence interval
(15) by computing its empirical version. Similar to Jankova and Van De Geer (2015), the
empirical probability that the true parameter ®,; in included in the confidence interval is

defined as Pab = #{(9%%, where R is the number of simulation repetitions, Clgy,, is
the confidence interval defined in (15) for the r-th repetition, and # denotes the number
of times that @, is included in the confidence interval. After obtaining Pab for all (a,b) €
V x V), the average coverage probability on the active set S can be obtained as Avg.Covg =
%Z(a,b)e g ]Sab, where s is the number of active components. Similar computations can be
implemented for obtaining the coverage probability over the non-active set S¢. The results
are reported in Tables 3 and 4, when p = 1000. It is observed that our estimator performs
similarly to the non-distributed estimator on both the active and the non-active sets, as the
coverage probabilities are close to the nominal level 95%. Moreover, the average lengths are
relatively narrow and they don’t change much by increasing K. There is one challenging
case: the tridiagonal structure. In this case, increasing K seems to reduce the average
coverage probability on the active set. Such a phenomenon can probably be explained by
the small signal to noise ratio in this example. Table 4 present the results for p = 2000 and
it shows the good performance of distributed method when both n and p are large.
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Table 3: Average coverage probability and average length of the confidence interval when
n = 50000 and p = 1000.

Avg.Cov Avg.Len Avg.Cov  Avg.Len
(Distributed) (Distributed) (Full) (Full)
K K
5 10 20 | 5 10 20
ot Block .94 94 94 | .03 .03 .03 .95 .03
; Random | .88 .88 .89 | .03 .03 .03 .89 .03
2 Hub .94 .93 94 | .02 .02 .03 .95 .02
< Tridiag | .83 .38 43 | .02 .02 .02 .95 .02
g Block .96 97 97 1 .03 .03 .02 .96 .03
€ . Random | .95 94 94 | .03 03 03| .96 03
g @ Hub .95 .95 .95 | .02 .02 .03 .95 .02
> Tridiag | .95 95 95 | .02 02 02| .95 02

Table 4: Average coverage probability and average length of the confidence interval when
n = 50000, p = 2000 and the block structure is used to simulate data.

Avg.Cov Avg.Len Avg.Cov  Avg.Len
(Distributed) (Distributed) (Full) (Full)
K K
5 10 20 | 5 10 20
Active set .94 .94 94 | .03 .03 .03 .94 .03
Non-active set | .97 97 97 1 .03 .03 .03 97 .03

8. Real data example

To explore the performance of our proposed estimator on real data, we used the publicly
available “4 university web-pages” dataset which was collected in January 1997 by the World
Wide Knowledge Base project of the CMU text learning group. The original dataset had
been pre-processed by standard text mining methods and it is available in Cardoso-Cachopo
(2007). This dataset contains web-pages collected from computer science departments of
four universities Cornell, Texas, Washington and Wisconsin in seven categories: student,
faculty, staff, department, course, project and other. The ‘other’ category is a collection of
web-pages that were not considered in the main 6 categories. In this study, we considered
the four largest categories student, faculty, course and project containing 1641, 1124, 930
and 504 web-pages, respectively. To calculate the term-document matrix X, we used the
log-entropy weighting method of Dumais (1991) which was also implemented in Guo et al.
(2011). The final dataset contains n = 4199 web-pages as the observations and 7686 distinct
terms as features. We considered for the analysis p = 500 terms with the highest log-entropy
weights.

We have compared next the proposed distributed estimator with K = 3,4, 5 and the de-
biased estimator that uses all of the data. For both procedures A = \/log p/n, a = 5% and a
Bonferroni correction is applied for multiple testing. The rejection region of the distributed
estimator is obtained using (16) and for the non-distributed estimator (that uses the full
data) of Jankova and Van De Geer (2015) it is defined as | Tgp |[> ®1(1 — ﬁ)%b/\/ﬁ-
Table 5 below present the obtained results.
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Figure 2: The first 20 terms with the highest node degrees. From left to right: non-
distributed centralized estimator, distributed with K = 3,4 and 5 machines.

Table 5: Meaningful edges based on multiple testing and common edges among
distributed and full estimators.
| Full | K=3|K=4|K=5
1044 | 842 832 831

Meaningful edges

Common edges 801 768 754

It is observed that there are many common edges between the graphs estimated by the
distributed estimator and the full one. By increasing K, the number of common edges
decreases due to the loss of information by splitting on more machines. The first twenty
terms with the highest node degrees based on the four considered estimators are presented in
Figure 2. It is observed that the term ‘course’ is identified as the term with the highest node
degree, with degree 17 and 16 by the full and distributed method, respectively. Moreover,
some terms like ‘parallel’; ‘robot’, ‘univers’, etc. are high degree nodes among the four
estimators. The sparse graphical Lasso estimator is also considered as competitor and by
this method we identified 17877 edges suggesting that many estimated edges might in fact
be false positive edges.

Afterwards, to investigate the performance of the estimators for completely independent
variables, we permuted sample data for each feature to construct a dataset with mutually
independent variables. As such, all the off-diagonal elements of the precision matrix should
be estimated as zero. By implementing separately the de-biased estimator using the full data
and the distributed estimator with K = 3,4,5 machines on this independently permuted
dataset, we identified zero meaningful edges which confirms this assertation. However, by
implementing the sparse graphical lasso estimator on this independent dataset we identified
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1643 edges which confirms the large amount of false positive edges that are identified by
this procedure.

9. Conclusion

In this paper, we proposed a new distributed estimator of the precision matrix in the Gaus-
sian graphical models framework. The estimator is constructed to tackle an unbalanced
split of the sample data as input. To improve misaligned selection of non-zero estimated
entries on different sub-samples, a bias correction was performed in each sub-sample. Fi-
nally, all estimators were pooled together into a composite estimator using a confidence
distribution. Then, statistical guarantees of the distributed estimator were provided. Its
tractable limit distribution was derived and it was shown that under regularity assumptions
it follows an asymptotic normal distribution. Moreover, the convergence rate of this estima-
tor was investigated and it was shown that under mild conditions it is of order y/logp/n;.
In addition to unbalanced splitting of observations, splitting on the features was also per-
formed in the case of a block diagonal covariance matrix. The finite sample performance of
the proposed estimator was evaluated with a simulation study where it has been observed
that the estimator produced competitive results relative to a non-distributed estimator that
uses the entire data. Moreover, it performs substantially better than the naive estimator
obtained by taking a simple average over the estimators from the sub-samples. It was also
observed that the coverage probability of the distributed estimator is close to that of the
non-distributed estimator. This points to the fact that in practice, performing distributed
estimation across multiple machines in our unbalanced framework induces a minimal loss
in performance relative to models using all the data in a centralized location. For future
research, we plan to study an extension of this approach in the setting of splitting on the
features in a general covariance matrix framework.
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Appendix A.

Some simulation results are presented in this section.

Table 6: The £,2x norm of the proposed estimators when n = 50000 and p = 1000.

Active set Non-active set
K K

5 10 20 | 5 10 20
Full .05 .05 .05 | .04 .04 .04
Block Distributed | .05 .05 .05 | .04 .04 .04
Naive .06 .08 A1 | .06 .07 .08
Full .04 .04 .04 | .02 .02 .02
Random Distributed | .04 .04 .04 | .02 .02 .02
Naive .06 .10 23 1 .02 .04 .10
Full .09 .09 .09 | .20 .20 .20
Hub Distributed | .11 A1 10 | .15 .14 .14
Naive .16 21 20 | .15 15 .15
Full .02 .02 .02 | .02 .02 .02
Tridiag  Distributed | .02 .03 .03 | .02 .02 .02
Naive .04 14 41 | .04 .07 13

Table 7: The £yax norm of the proposed estimators when n = 50000, p = 2000 and the

block structure is used to simulate data.
Active set Non-active set
K K
5 10 20 5 10 20
Full .05 .05 .05 | .03 .03 .03
Distributed | .05 .05 .05 | .03 .03 .04
Naive .06 .09 12 | .05 .07 .08
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Table 8: The £, norm of the proposed estimators when n = 50000 and p = 1000.

Active set Non-active set
K K

5 10 20 5 10 20
Full 1.15 1.15 1.15 | 7.11 7.11 7.11
Block  Distributed | 1.19 1.21 1.22 | 7.08 7.07 7.11
Naive 1.60 2.07 2.67 | 10.42 13.25 15.14
Full 6.73 6.73 6.73 | 0.02 0.02 0.02
Random Distributed | 6.72 6.88 7.13 | 0.02 0.02 0.16
Naive 10.10 15.69 27.78 | 0.03 0.04 0.63
Full 2.46 2.46 2.46 | 16.44 16.44 16.44
Hub Distributed | 4.49 4.39 3.31 | 14.06 14.11 14.78
Naive 7.11 8.76 5.22 | 16.68 19.21 20.48
Full 0.02 0.02 0.02 | 3.78 3.78 3.78
Tridiag  Distributed | 0.03 0.04 0.04 | 3.85 4.03 4.11
Naive 0.07 0.26 0.76 | 6.33 11.86 22.13

Table 9: The £, norm of the proposed estimators when n = 50000, p = 2000 and the
block structure is used to simulate data.

Active set Non-active set
K K
5 10 20 5 10 20
Full 1.88 1.88 1.88 | 12.81 12.81 12.81
Distributed | 1.94 1.99 2.01 | 12.76 12.78 12.88
Naive 2.72 3.71 5.24 | 18.83 24.09 27.61
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