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Abstract—In this paper, the problem of subcarrier allocation
and power control for uplink orthogonal frequency division mul-
tiple access (OFDMA) channels is studied. Each user may have
a different strategy of power control due to his/her own limits
of battery, quality-of-service (QoS) requirement, and the amount
of information to transmit. The problem is first formulated as a
minimization problem, and the alternating direction method of
multipliers (ADMM) is then introduced to solve the problem in
a distributed manner. Necessary conditions of each subproblem
are derived to obtain a deeper understanding in the structure
of the solutions. Numerical results show that the algorithm
converges fast and obtains a near-optimal solution within only a
few iterations.

I. INTRODUCTION

Nowadays, heterogeneity characterizes a variety of network
aspects: user condition, devices, services, etc. On another
hand, energy consumption is a concern, leading users to
target either power minimization, energy efficiency (EE) max-
imization, or rate maximization depending on the desired
information rate and the available power budget [1]. Out of
these criteria, EE maximization is the most complex one, and
power minimization and rate maximization can be viewed as
special cases [2].

Uplink orthogonal frequency division multiple access
(OFDMA) channels aiming at maximizing individual EE were
studied in papers [3]–[9]. The transmit power of each user
was optimized by formulating a game theoretic problem in
paper [3]. Since the problem was challenging, it was assumed
that only one subcarrier is allocated to one user. Centralized
algorithms were studied in papers [4]–[9]. Subcarriers were
iteratively allocated to the user with the maximum EE increase
in paper [4]–[6], or to the user with the maximum increase of
throughput in paper [7]. For a max-min problem, subcarriers
were iteratively allocated to the user with the minimum EE
in paper [8]. Subcarriers were iteratively or simultaneously
allocated to the user with the maximum value of the first order
derivative of the Lagrangian function in papers [9].

Contrary to the centralized algorithms, distributed algo-
rithms are more advantageous in terms of decoupling vari-
ables, parallel computing, and flexibility, etc. The alternating
direction method of multipliers (ADMM) has been shown
to be superior to solve distributed problems [10] and was
exploited for resource allocation in wireless networks in papers
[11]–[15]. Beamformings were optimized to maximize the

sum EE in papers [11], [12]. In papers [13] and [14], power
allocation was respectively optimized with a wireless power
transfer setup and a simultaneous wireless information and
power transfer (SWIPT) setup. Power allocation was optimized
by separating constraints into several groups using ADMM in
paper [15].

In this paper, multi-user OFDMA uplink channels are
studied, where each user operates in one of the three trans-
mission modes: power minimization, EE maximization, and
rate maximization. To the best of our knowledge, no work has
considered this model in the literature. Related considerations
can however be found in [16]–[18]. Paper [16] considered a
multi-relay-aided cluster downlink and optimized user selec-
tion and power allocation with the help of a multi-objective
(power and throughput) framework. Paper [17] considered
the optimization of power and channel allocation in a two-
tier OFDMA downlink, also with the help of the multi-
objective (two objectives out of network power, EE, and
spectral efficiency (SE)) framework. In paper [18], a game
theoretic approach was proposed to study a network with
heterogeneous users’ objectives.

In the current paper, we propose an ADMM-based subcar-
rier allocation algorithm. The advantages of ADMM are paral-
lel optimization with low complexity and fast convergence, and
keeping the distributed objective functions confidential and
flexible. Our analysis and numerical results will show these
properties.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Let us consider an uplink OFDMA system where M users
communicate with one access point (AP), over a wideband
channel which is divided into K subcarriers. All devices
are assumed to have a single antenna. ρk,m ∈ {0, 1} is the
indicator of subcarrier allocation where ρk,m = 1 (resp. = 0)
implies that subcarrier k is (resp. is not) allocated to user m.
Each subcarrier is allocated to one user, therefore there exists
no interference among users. hk,m = ĥk,m/(σk

√
τm) is the

normalized channel between user m and the AP at subcarrier
k, where ĥk,m is the Rayleigh fading channel including the
link budget, τm is the SNR gap depending on the modulation
and coding scheme, and σ2

k is the power of noise of subcarrier
k at the receiver.



Denoting qk,m as the power allocated to the symbol to be
transmitted by user m at subcarrier k, the transmit power
and the information rate of user m in the uplink channel are
respectively

Pm =
K∑

k=1

ρk,mqk,m (1)

Rm =

K∑
k=1

ρk,m log2
(
1 + |hk,m|2qk,m

)
. (2)

The users are divided into three groups depending on
their individual requirements. The users in group M1 aim at
minimizing their individual transmit power, the users in group
M2 aim at maximizing their individual EE, and the users in
group M3 aim at maximizing their individual information rate.
The optimization concerning all users can be formulated as a
minimization problem which is expressed as:

min
{qk,m},{ρk,m}

∑
m∈M1

wm(ϕmPm +Qm)

−
∑

m∈M2

wm
Rm

ϕmPm +Qm
−
∑

m∈M3

wmRm

(3)
s.t. Pm ≤ P̄m, 1 ≤ m ≤ M (4)

Rm ≥ R̄m, 1 ≤ m ≤ M (5)
M∑

m=1

ρk,m = 1, 1 ≤ k ≤ K, (6)

where wm is the weight of user m, ϕm is the inverse of the
efficiency of amplifier of user m, P̄m is the transmit power
limit, R̄m is quality-of-service (QoS) in terms of the minimal
rate and Qm is the circuit power of user m.

III. PROPOSED ADMM-BASED METHOD

In this section, we solve the minimization problem formu-
lated in the previous section. Two kinds of ADMM-based
methods are introduced.

A. Problem reformulation

We propose to use ADMM methods to solve the distributed
problem. Because the convergence of ADMM is guaranteed
only for convex problems [10], [19], we first reformulate the
problem to a convex one.

To this end, we rewrite the expressions and relax the
subcarrier allocation constraint. Observe that (1) and (2) are
not jointly convex w.r.t. qk,m and ρk,m. To solve this, let us
introduce a new vector p ∈ RMK×1

≥0 , whose ((m− 1)K + k)-
th element is pk,m = ρk,mqk,m. Then, we have

Pm =

K∑
k=1

pk,m (7)

Rm =
K∑

k=1

ρk,m log2

(
1 + |hk,m|2 pk,m

ρk,m

)
, (8)

where (7) is affine and (8) is concave w.r.t. p and ρ [20].
Denote the objective function in (3) as f(p,ρ), where the
((m− 1)K + k)-th element of ρ is ρk,m. Obviously, f(p,ρ)
is jointly quasi-convex w.r.t. p and ρ. The constraint of subcar-
rier allocation can be converted to be convex by introducing
time-sharing such that ρk,m ∈ {0, 1} becomes ρk,m ∈ [0, 1].
In this way, the problem becomes convex.

Please note that we will consider both ρk,m ∈ {0, 1} and
ρk,m ∈ [0, 1] in the following since ρk,m ∈ {0, 1} produces
the accurate solution and ρk,m ∈ [0, 1] obtains a lower bound
of the objective function. The problem with ρk,m ∈ {0, 1}
can be solved in a way quite similar to the problem with
ρk,m ∈ [0, 1], although the former one is not guaranteed to
converge theoretically.

B. An ADMM-based method

By introducing a new variable z in ADMM, we reformulate
the problem as

min
p,ρ,z

f(p,ρ) + si(z) (9)

s.t. (4)(5), (10)
ρ = z, (11)

where i = 1 or 2 depending on whether the ρk,m should
be discrete or continuous, and si(z) = {0,+∞} indicates
whether z belongs or not to set Ci, with

C1 =

{
zk,m ∈ {0, 1} |

M∑
m=1

zk,m = 1, 1 ≤ k ≤ K

}
(12)

C2 =

{
zk,m ∈ [0, 1] |

M∑
m=1

zk,m = 1, 1 ≤ k ≤ K

}
. (13)

The augmented Lagrangian (using the scaled dual variable)
is [10]

Lθ(p,ρ, z, u) = f(p,ρ) + si(z) +
θ

2
∥ρ− z + u∥22, (14)

so the scaled form of ADMM for this problem is [10]

pj+1,ρj+1 := argmin
p,ρ∈(4),(5)

(
f(p,ρ) +

θ

2
∥ρ− zj + uj∥22

)
(15)

zj+1 := argmin
z∈Ci

∥ρj+1 − z + uj∥22 (16)

uj+1 :=uj + ρj+1 − zj+1. (17)

Please note that ρ in (15) can be any non-negative real number.
The constraints (6), and ρk,m ∈ {0, 1} or ρk,m ∈ [0, 1] are
however transferred to z as indicated by (16).

In the following, we will consider both C1 and C2 to update
z, and refer to them respectively as ‘discrete z’ and ‘continuous
z’. Obviously, the optimum with continuous z can be viewed
as a lower bound of that of discrete z. This will be validated
by the numerical results. Keep in mind that as the algorithms
iterate, ρ approaches to z. The solution is the global optimum
if ρ equals to z [10].

Let us introduce a group indicator δm(M) for each user
m where δm(M) = 1 if user m belongs to group M and



δm(M) = 0 if user m does not belong to group M. Then we
have f(p,ρ) =

∑M
m=1 fm, where

fm = wm (δm(M1)(ϕmPm +Qm)

−δm(M2)
Rm

(ϕmPm +Qm)
− δm(M3)Rm

)
. (18)

Therefore, in the j + 1-th iteration in (15), the user m

pj+1
(m) ,ρ

j+1
(m) := argmin

p(m),ρ(m)

(
fm +

θ

2
∥ρ(m) − zj(m) + uj

(m)∥
2
2

)
,

(19)
where p(m) (resp. ρ(m), z(m), u(m)) is the m-th K entries of
p (resp. ρ, z, u).

One can clearly observe that each user m will minimize
his/her own local function fm without informing other users or
the AP any parameters or configurations inside fm. This keeps
local data confidential and provides flexibility of changing the
transmission modes.

IV. SOLUTIONS OF SUBPROBLEMS

In this section, the solution of each subproblem is derived.
In the user subproblem, we assume that the problem is always
feasible. Feasibility discussions are beyond the scope of this
paper.

A. Subproblem 1

If δm(M1) = 1, the problem becomes

min
p(m),ρ(m)

K∑
k=1

wmϕmpk,m +
θ

2
∥ρ(m) − zj(m) + uj

(m)∥
2
2

(20)

s.t.
K∑

k=1

pk,m ≤ P̄m (21)

K∑
k=1

ρk,m log2
(
1 + |hk,m|2pk,m/ρk,m

)
≥ R̄m,

(22)

which is a convex problem. Under the assumption that the
problem is feasible, the constraint (21) is redundant. The
Lagrangian is written as

L(pk,m, ρk,m, λ1) = wmϕm

K∑
k=1

pk,m

+
θ

2

K∑
k=1

(
ρk,m − zjk,m + uj

k,m

)2
+ λ1

(
R̄m −

K∑
k=1

ρk,m log2
(
1 + |hk,m|2pk,m/ρk,m

))
.

(23)

The KKT conditions are:

qk,m =

(
λ1

wmϕm · ln 2
− 1

|hk,m|2

)+

, (24)

ρk,m − zjk,m + uj
k,m =

λ1

θ ln 2
A
(
|hk,m|2qk,m

)
, (25)

where x+ is defined as max{x, 0} and A(x) = ln(1+x)− x
1+x .

The solution can be found by finding λ1 such that (22) is
satisfied with equality.

B. Subproblem 2

If δm(M2) = 1, the problem becomes

min
p(m),ρ(m)

− wm

∑K
k=1 ρk,m log2

(
1 + |hk,m|2pk,m/ρk,m

)
ϕm

∑K
k=1 pk,m +Qm

+
θ

2
∥ρ(m) − zj(m) + uj

(m)∥
2
2 (26)

s.t. (21)(22), (27)

which is jointly quasi-convex w.r.t. ρ(m) and p(m). The
Lagrangian is written as

L(pUk,m, ρk,m, λ1, λ2)

= −wm

∑K
k=1 ρk,m log2

(
1 + |hk,m|2pk,m/ρk,m

)
ϕm

∑K
k=1 pk,m +Qm

+
θ

2

K∑
k=1

(
ρk,m − zjk,m + uj

k,m

)2
+ λ2

(
K∑

k=1

pk,m − P̄m

)

+ λ1

(
R̄m −

K∑
k=1

ρk,m log2
(
1 + |hk,m|2pk,m/ρk,m

))
.

(28)

One can observe that the KKT conditions would be quite
complex and do not provide a clear insight. For simplicity, let
us assume that both (21) and (22) are satisfied with inequality,
that is, λ1 = λ2 = 0. It is a quite reasonable assumption
because the solution will be the same as in subproblem 1 or
in subproblem 3 (see later) otherwise.

Then the KKT conditions are respectively

qk,m =

(
ϕm

∑K
k=1 pk,m +Qm

ϕm

∑K
k=1 ρk,m ln (1 + |hk,m|2qk,m)

− 1

|hk,m|2

)+

(29)
and

ρk,m − zjk,m + uj
k,m =

wmA
(
|hk,m|2qk,m

)
θ ln 2

(
ϕm

∑K
k=1 pk,m +Qm

) . (30)

ρk,m and pk,m can be calculated by (30) for given qk,m. Thus,
the solution can be found by updating the water level in (29).

C. Subproblem 3

If δm(M3) = 1, the problem becomes

min
p(m),ρ(m)

− wm

K∑
k=1

ρk,m log2
(
1 + |hk,m|2pk,m/ρk,m

)
+

θ

2
∥ρ(m) − zj(m) + uj

(m)∥
2
2 (31)

s.t. (21)(22), (32)



TABLE I: Comparison of exchange information

Distributed ADMM Centralized ADMM
Power control autonomous non-autonomous

Transmission mode confidential public
CSI at users necessary unnecessary

Qm confidential public
ϕm confidential public
τm confidential public
P̄m confidential public
R̄m confidential public
ρj exchange no exchange

uj − zj exchange no exchange

which is a convex problem. Under the assumption that the
problem is feasible, (22) is redundant. Therefore, the La-
grangian is written as

L(pk,m, ρk,m, λ2)

= −wm

K∑
k=1

ρk,m log2
(
1 + |hk,m|2pk,m/ρk,m

)
+

θ

2

K∑
k=1

(
ρk,m − zjk,m + uj

k,m

)2
+ λ2

(
K∑

k=1

pk,m − P̄m

)
.

(33)

The KKT conditions are:

qk,m =

(
wm

λ2 · ln 2
− 1

|hk,m|2

)+

(34)

ρk,m − zjk,m + uj
k,m =

wm

θ ln 2
A
(
|hk,m|2qk,m

)
. (35)

Similarly as in subproblem 1, the solution can be found by
finding λ2 such that (21) is satisfied with equality.

D. Solution of continuous z
From the KKT condition of zk,m in (16), it is straightfor-

ward to obtain

zk,m = (ρk,m + uk,m − λk)
+
, (36)

where λk is the Lagrangian multiplier for the k-th subcar-
rier constraint. zk,m can be found by finding λk such that∑M

m=1 zk,m = 1.

E. Solution of discrete z
Since for each k, there is only a unique m such that zk,m =

1, we get zk,m⋆(k) = 1 where

m⋆(k) = argmax
m

(ρk,m + uk,m) . (37)

Therefore, updating z for discrete z has less complexity than
for continuous z.

V. PRACTICAL CONSIDERATIONS AND ALGORITHMS

In this section, first the choice of wm and θ is discussed,
then the algorithms are briefly explained.

Because the objective function of each kind of transmission
mode (fm) has various magnitudes, wm should be first de-
signed to make each objective function having approximately
the same magnitude, so that all fm are efficiently optimized.

Then, each value of wm can be modified within a reason-
able region to emphasize on some fm if a larger wm is
set. The value of θ should be designed such that the term
θ
2∥ρ(m)−zj(m)+uj

(m)∥
2
2 is in the same magnitude or a slightly

smaller magnitude with fm [10].
As analyzed in the last section, the algorithms consist of an

outer algorithm which updates z and u and M inner algorithms
which optimize p and ρ. Each inner algorithm being convex
or quasi-convex, a bisection method or a subgradient method
can be used to update the Lagrangian multipliers in the
derived KKT conditions above to obtain the global optimum
for each inner problem. The convergence condition of the
outer algorithm is to make the normalized primal residual
smaller than a threshold, where the normalized primal residual
is defined as

∥ρj − zj∥2

max{∥ρj∥2, ∥zj∥2}
. (38)

Moreover, the setup and the impact of wm, θ, and the
threshold will be illustrated in the numerical results in the
next section.

Please note that the ADMM-based methods are logically
‘distributed’, where the main advantage is to optimize the
M subproblems in parallel, which reduces to operation time
of these M subproblems by a factor of M . The proposed
algorithms in this paper can be either implemented at the AP
in a centralized manner, or at users in a distributed manner.
In Table I, we compare these two schemes. To summarize,
the centralized one does not need to feedback channel state
information (CSI) to users (indicated as ‘unnecessary’ in the
table) and does not exchange ρj and uj − zj between users
and the AP. The distributed one provides more flexibility and
confidentiality on the transmission modes, modulation and
coding schemes, power controls, and personal parameters, etc.

VI. NUMERICAL RESULTS

In this section we show the numerical results. Parameters
are set as follows: K = 64, Pc = 100mW, ϕm = 3, τm = 1,
P̄m = 100mW, and R̄m = 5bits/s/Hz. The SNR of the
channel of each subcarrier is 30dB and the channel is Rayleigh
fading. δc = 0.1 unless otherwise specified. We assume there
is one user in each group, which is sufficient to illustrate
the performances of different transmission modes. Therefore,
M1 = {1}, M2 = {2}, M3 = {3}. w1 = 100, w2 =
300, w3 = 1 is used to make the values of individual objective
functions belong to the same ranges.

We begin the investigation of convergence by plotting the
primal residual and the dual residual respectively in Fig. 1
and Fig. 2, which are key criteria in ADMM. As is known in
the literature, the value of the obtained objective function is
smaller and the convergence is slower if θ becomes smaller
[10]. As continuous z guarantees convergence and discrete z
does not guarantee convergence mathematically, both cases are
plotted to illustrate their convergence. In Fig. 1, the normalized
primal residual defined as in (38) for discrete z converges
with a similar speed with the continuous z, except some
unstable vibrations before the convergence. In Fig. 2, averaged
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Fig. 1: Convergence performance of primal residual.
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Fig. 2: Convergence performance of dual residual.

dual residual, ∥zj+1 − zj∥2/(KM), is plotted to study the
convergence of each subcarrier indicator. Because the values
are zero at some points, we do not plot it in logarithm as in
Fig. 1. Again, discrete z converges with a speed similar to the
case of continuous z, except some unstable oscillations before
the convergence.

In Fig. 3, we investigate the performance of convergence by
calculating the cumulative distribution function (CDF) versus
the number of iterations. A smaller value of ‘threshold’ implies
a stricter condition of convergence. The curves are plotted
by accumulating 1000 channel realizations. Continuous z is
considered in this figure. The figure illustrates that algorithm
converges within 5 iterations for ’threshold’= 0.1 and within
25 iterations for ’threshold’= 0.001 which is already quite
precise.

In Fig. 4, we compare the performance for various values of
θ. As stated in the explanation for Fig. 1 and Fig. 2, the value
of the obtained objective function is larger and the convergence
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Fig. 4: Impact of θ on the objective function.

is faster if θ becomes larger. The observation in Fig. 4 is
consistent with this property. In addition, the change of values
of individual objective functions is not large, meaning that the
considered optimization is robust in terms of θ, which benefits
the practical design.

In Fig. 5, we investigate the impact of individual weights
on the optimized individual objective functions. Seven cases
of weights are considered where the corresponding values of
weights are shown in Table II. Case 1 is a benchmark for all the
other cases. In Case 2 and Case 3, w2 decreases and increases
respectively, which means the importance of EE maximization
of user 2 is reduced and enhanced respectively. It is observed
that the EE of user 2 is reduced in Case 2 and increased in
Case 3, which is consistent with the changes of w2. Similar
investigations can be found in Case 4 and Case 5 for power
minimization of user 1, and in Case 6 and Case 7 for rate
maximization of user 3. Therefore, by changing individual
weights, the network can modify the importance of each user.
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Fig. 6: Comparison of objective functions for various opti-
mization schemes.

In Fig. 6, the obtained values of objective functions for
various optimization schemes are compared. Note that because
the optimization is a minimization problem, a smaller value
means a better solution. It is observed that the continuous z
obtains the best solution, whose value of objective function can
be viewed as a lower bound to that obtained with the discrete
z. The performance with discrete z with only a few iterations
(for example 3 in the figure) is quite comparable with the
optimal one. The performance of the predetermined subcarrier
allocation, where each subcarrier is allocated to the user with
the maximum channel gain, is similar with the optimal one for
low SNR but quite inferior to the optimal one for high SNR.
This is because EE and rate for user 2 and 3 converge to zero
for low SNR and the power allocation is dominated by strong
channels for user 1 due to water-filling. Random subcarrier
allocation is the benchmark of the worst case.

TABLE II: Values of weights in Fig. 5.

Cases of weights 1 2 3 4 5 6 7
w1 100 100 100 10 1000 100 100
w2 300 30 3000 300 300 300 300
w3 1 1 1 1 1 0.1 10

VII. CONCLUSION

The problem of subcarrier allocation and power control
for uplink OFDMA channels has been studied. Individual
transmission modes, including power minimization, EE maxi-
mization, and rate maximization, are considered. An ADMM-
based distributed algorithm is proposed to solve the subcarrier
allocation and power allocation problems. The proposed algo-
rithm provides high flexibility and confidentiality and also low
complexity. Necessary conditions of each subproblem based
on KKT conditions are derived. The impact of weights of
each subproblem and the square error term is also illustrated.
Numerical results show that the algorithm converges fast and
obtains the near-optimal solution within only a few iterations.
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