TIME-VARYING DEGREE-CORRECTED
STOCHASTIC BLOCK MODELS

Mengxue Li, Rainer von Sachs, Eugen
Pircalabelu

LIDAM Discussion Paper ISBA
2024 /14

Il UCLouvain 4« LIDA

ISBA ‘ Louvain Institute of Data Analysis and
Modeling in economics and statistics



ISBA

Voie du Roman Pays 20 - L1.04.01

B-1348 Louvain-la-Neuve

Email : lidam-library@uclouvain.be
https://uclouvain.be/en/research-institutes/lidam/isba/publication.html


https://uclouvain.be/en/research-institutes/lidam/lfin/publications.html

Time-varying degree-corrected stochastic block models

Mengxue Li Rainer von Sachs Eugen Pircalabelu

Institute of Statistics, Biostatistics and Actuarial Sciences, LIDAM, UCLouvain

September 9, 2024

Abstract

Recent interest has emerged in community detection for dynamic networks which are observed along a trajectory of
points in time. In this paper, we present a time-varying (t-v) degree-corrected stochastic block model to fit a dynamic
network which allows evolving heterogeneity in the degrees of nodes within a community over time. In order to aggregate
network information over time via a sliding window we propose a smoothing-based method that simultaneously allows to
recover the: (i) t-v node connection probabilities; (ii) t-v community memberships; and (iii) t-v node degree parameters.
As a novelty compared to existing literature we provide asymptotic theory for all of these three goals, i.e. we derive rates
of consistency of our smoothed estimators for degree parameters and communities using a time-localised profile-likelihood
approach as well as strong consistency of community membership estimation at every time point. Extensive simulation

studies and applications to two different real data sets complete our work.

Keywords: Dynamic network, Community detection, Time-localised profile-likelihood, Nonparametric curve estimation.

1 Introduction

Networks or graphs are used to encode the interactions among a collection of individuals in a complex system. Each node in
a network represents an individual, while an edge describes the interactions between each pair of individuals. A fundamental
problem in network analysis is community detection, where the nodes can be partitioned into a collection of cohesive groups,
also known as ‘communities’. Nodes within a community share specific attributes and exhibit high connectivity, while they
are sparsely connected across communities. Recovering the community structure has always received significant attention in
many fields, such as identifying alliances in social networks (Gulati, 1998), discovering co-expressed genes in gene networks
(Lei and Lin, 2023), or collaborating brain regions in brain networks (Liu et al., 2018; Samdin et al., 2019).

A classical model for the network displaying a community structure is the stochastic block model (SBM) introduced in
Holland et al. (1983) and developed by many authors (Bickel and Chen, 2009; Zhao et al., 2012; Abbe, 2018). SBM posits
that each node in the network belongs to a community. An edge between any pair of nodes is independent of other edges
and the probability of an edge occurring only depends on the community assignments of related nodes. In other words,
all nodes within the same community are considered stochastically equivalent having the same degree, and thus, the model
does not allow for the existence of ‘hubs’ (nodes with high connectivity) which however can be observed in practice. To
address this problem, Karrer and Newman (2011) proposed the degree-corrected block model (DCSBM), which allows node
degree heterogeneity by introducing degree parameters. In a sense, SBM can be regarded as a special case of the DCSBM
where the degree parameters are all equal. To date, various methods have been extensively studied in both estimation
and asymptotic theory for community detection in SBM and DCSBM. Bickel and Chen (2009) established a theoretical
framework for the consistency of community detection based on the profile likelihood and modularity algorithms for SBM.
Later, Zhao et al. (2012) extended their theoretical results to the DCSBM. Furthermore, the consistency of other methods,



based on pseudo-likelihood estimation (Amini et al., 2013; Wang et al., 2023), variational expectation-maximization (Bickel
et al., 2013; Wang and Bickel, 2017), information-theoretic (Gao et al., 2018), and spectral clustering (Rohe et al., 2011;
Qin and Rohe, 2013; Jin, 2015), were also developed under both the SBM and DCSBM frameworks.

All the aforementioned methods focused mostly on the static network observed as a single snapshot. However, the
network can be observed at multiple time points, and can evolve over time. Such a collection of networks is referred to as a
dynamic network (or a multilayer network) with n nodes and T' time points. In recent years, numerous studies have sought
to extend community detection procedures to dynamic networks. Huang et al. (2023) implemented spectral clustering on the
weighted integration of multilayer SBM. Pensky and Zhang (2019) employed kernel-based aggregation spectral clustering for
dynamic SBM and studied estimation consistency. Lei and Lin (2023) proposed a debiased spectral clustering method for the
sum-of-squares aggregation and established the consistency of common community estimation, followed by the consistency
of time-varying estimation using a kernel debiased method in Lin and Lei (2024). Despite the computational advantages of
these spectral clustering methods, they fail to incorporate the node heterogeneity, with only a few studies extending them
to dynamic DCSBM. Liu et al. (2018) combined the degree-normalized spectral clustering with eigenvector smoothing to
detect the communities. Bhattacharyya and Chatterjee (2020) and Agterberg et al. (2022) generalized spectral clustering
to multilayer DCSBM. However, the former required the node heterogeneity and communities to remain the same across
networks, whereas the latter was only suitable for the networks with a common community structure. A final line of work is
based on probabilistic generative models. Matias and Miele (2017) and Riverain et al. (2023) applied Markov chain method
to estimate the dynamic community structures which has proven to be intractable for investigating the theoretical properties
of the estimators. Li et al. (2024) allowed for abrupt changes occurring in communities. However, they assumed that all
connectivity probabilities remain constant before and after the change-point, which is often unrealistic in practice.

Despite many extensions made to dynamic networks and associated estimations, they still have limited applicability to
real-world networks since it is common in reality for a network to be dynamic, heterogeneous in node degrees and variable in
community structures and connectivities. For example, our application treating the Travian dataset (in Section 6) involves
a network that recorded the communication among players spanning 30 days. Figure 1 provides an illustration of the
time-varying communication networks. In this figure, we observe that some players (nodes) departed from their original
communities to join new ones, and some players communicated more intensively than others during specific periods. Thus,
existing methods struggle to be directly applicable to such dynamic networks, which simultaneously incorporate these time-
varying features. In this work, we propose a time-varying DCSBM to offer more flexibility in fitting real-world networks.
In contrast to existing dynamic network models, our approach focuses on how both node heterogeneity and community
connectivity evolve over time. In particular, we allow all nodes of the network to change freely their communities between
any two time points without extra constraints. Moreover, as a novelty compared to the existing reviewed literature, we
accompany our approach with asymptotic theory on rates of consistency of our time-varying estimators for degree parameters
and communities which are based on a time-localised profile-likelihood approach. Finally we show strong consistency of our
community membership estimators at every time point.

A key aspect when working with such dynamic networks is that of how to efficiently aggregate the information from
single network snapshots to obtain a more accurate community detection. Hence, in this paper we choose kernel smoothing
of adjacent networks over time to perform aggregation of the information that one gets from a ‘trajectory’ in time of a
dynamic network. Obviously, and in particular if the series of networks is sparse (in the number of their nodes), this allows
us to reduce the sampling error inherent in estimating the population edge probabilities from observed adjacency matrices.
In a second step, in order to establish a connection between our first-step edgewise smoothing in time and retrieving the
whole structure of the dynamic network we will use our kernel-smoothed estimators of edge probabilities to be treated as
input to a ‘time-localised’ likelihood approach for recovering the time-varying network degree parameters and communities.
To keep the complexity of our asymptotic derivations manageable we content ourselves to present our work while using a

basic boxcar kernel smoother which allows optimal rates of convergence essentially for two times differentiable curves (over



(c)t=21

Figure 1: A toy example of a dynamic subnetwork for the Travian dataset with n = 12 nodes at three time points ¢t = 5,13, 21.
The red circles and blue squares denote K = 2 distinct communities.

time). Nevertheless, any other more sophisticated nonparametric curve estimation method - allowing to treat functions
of different (higher or lower) regularity in time - could equally well be employed without changing the essential ideas and
results of our approach.

Summarizing, the main contributions of our paper are the following. Firstly, we focus on time-varying DCSBM which
allows the heterogeneity of node degrees and community structures to vary throughout time. Secondly, we combine nonpara-
metric curve estimation of time-varying edge probabilities with using a time-localised profile-likelihood approach to design a
smoothing-based method for estimating time-varying degree parameters and community structures. With this, we provide
a novel framework for applying nonparametric techniques for estimation of smooth curves to networks observed at discrete
time points. Lastly but most importantly, we establish rates of consistency of our smoothed estimators of degree parameters
and communities under the asymptotic regimes of both semi-sparse and sparse networks.

Our paper is structured as follows. In Section 2, we introduce dynamic networks and profile-likelihood estimation of
time-varying degree-corrected stochastic block models. In Section 3, we propose our concrete time-localised profile-likelihood
approach for parameter estimation and derive the theoretical rate of convergence of the MSE-optimal bandwidth as well as
a data~adaptive bandwidth selection procedure designed to work in practice. Section 4 develops the consistency results for
time-varying node degree parameters and community structures. Section 5 studies the performance and robustness of our
method through simulations, and Section 6 gives the application to data sets in two different scenarios, one with a constant
community structure throughout time and the other with time-varying community structures. Conclusions and discussions

are summarized in Section 7. All details on the proofs are provided in the Appendix.

2 Time-varying degree-corrected stochastic block models

2.1 Dynamic network framework

We consider a dynamic network with n nodes where edges between the nodes may appear or disappear as the network
evolves over time. Assume that such a dynamic network is recorded as a collection of adjacency matrices {Al, . ,AT}
where T is the number of time points over which the network is observed. For simplicity, we only focus on undirected and
unweighted networks and allow self-loops, so that each A* is an n x n symmetric binary matrix where Af; = A%; = 1 if there
exists an edge between nodes ¢ and j at time point ¢ for any 4,j € {1,...,n}, otherwise, Afj = A;i = 0 if the nodes 7 and j
are not connected.

Furthermore, we suppose that the n nodes can be grouped into K communities whose structure may vary over time, but
the number of communities, denoted as K, remains fixed. Let the set of vectors {c!,...,cT} describe such a time-varying
community structure, where ¢! € {1,..., K}" represents the true assignments of the nodes at time point ¢, with ¢t = k
indicating that node i belongs to community k.

To illustrate the concepts, we plot a dynamic subnetwork for the Travian dataset (further described in Section 6) in



Figure 1 involving n = 12 nodes and K = 2 different communities (circle group and square group). As can be seen, an edge
existed between nodes 6 and 10 at ¢ = 5 but disappeared at ¢ = 13. Later, after some time evolution, it was formed again
at t = 21. We also observe that node 1 belonged to the circle group at time points ¢ = 5 and ¢ = 13 but it appeared in the
square group at ¢t = 21. In addition, it is notable that some nodes display higher popularity than others even within the same
community. We refer to a highly connected node as a hub node, and the variation in connectivity as degree heterogeneity.
In the three panels of Figure 1, we observe that the nodes 6 and 10 are hub nodes at ¢t = 5. However, by ¢ = 13, nodes 6
and 10 have a decrease in connectivity while node 12 emerges as a new hub. Subsequently, node 10 becomes active again
at t = 21 and plays the role of hub together with node 12. Obviously, the nodes not only exhibit degree heterogeneity in

reality but also change with the networks evolving.

2.2 Time-varying degree-corrected stochastic block model

Assume that for each node i € {1,...,n} at time point ¢ a degree parameter 6! € R, is associated. Its role is to interpret
how ‘popular’ a node in the network is, via a smooth function across time. In this work, we assume that the propensity to
form edges in the network, between any two nodes 7 and j is a function not only of the popularity of nodes ¢ and j, but
also of the communities to which these two nodes belong. As such, to account for the influence of the communities on the
propensity to form ties between nodes, we consider a K x K symmetric matrix Z' = (Z!,) Kk x i, representing the community
connectivity parameter, where Z!, denotes the probability of an edge between communities a and b when nodes i and j
belong to communities a and b, respectively. For simplicity, we suppose that the community connectivity parameters Z* do
not depend on the degree parameters 8° = (6%,...,6Y)". This assumption is common in the literature of DCSBM.

In the sequel, we propose to model
Ee: ot (A};) = 959;2;56; €o,1], i,5=1,....,n, t=1,...,T, (1)

where for given community labels and node degree parameters, Aﬁj’s are assumed to be independent Bernoulli random
variables, and where E. g¢(-) denotes the expectation in a probability model with parameters ¢’ and 0'. Let 14 be the
indicator function and further define n,(c') =3 |1 {ct=a} 8S the total number of nodes belonging to community a at time
point ¢. For identifiability reasons, throughout this work we assume (¢) that 6! is such that >, Qfl{c;«:a} = nq(ct) for any
a=1,...,K and (i) that szc; is such that 959;2&03 € [0,1].

Note that as a special case, when T = 1, model (1) reduces to a static DCSBM that is well studied for community
detection (see, e.g. Zhao et al. (2012); Gao et al. (2018)). Moreover, if also §! = 1 for all nodes in the network, the static
DCSBM reduces to the standard static SBM.

Model (1) defines a valid, dynamic degree-corrected stochastic block model. However, in order to evaluate the asymptotic
behaviour of the model with increasing n — oo, one needs to address a scaling issue related to the probabilities of edges. If
Z' is fixed and independent of n with positive entries, then the average degree of the nodes will be of order n, making the
network overly dense as pointed out by Zhao et al. (2012). Instead, we introduce a baseline parameter p,, characterizing the
sparsity of the network which depends on n but is constant across time and allow Z* scaling with n. In view of this remark,
we redefine slightly our model as:

Ecr ot (Af;) = Pnef9§Wct§c; ; (2)

where p, stands for the baseline sparsity of the network. In this work, p, is assumed to be constant across time but
depending on n via p, — 0 as n — oo. With W/, we denote a fixed entry from a symmetric K x K matrix Wt =p17'
describing the connectivity pattern between nodes from any of the K underlying communities. As noted in Bickel and Chen

(2009), this parametrization allows the decoupling of the average degree from the inhomogeneity structure.

Remark 1. Let \,, = np, be the baseline average node degree of the dynamic network. As commonly defined in the literature,

while p,, remaining constant in n would refer to a ‘dense’ network (with unrealistic fast growing connection activity), the



regime p, — 0 and A, > logn is referred to as ‘semi-dense’. Next, the case of A, — oo but not faster than logn is called
‘semi-sparse’, whereas A\, = O(1) is considered as ‘sparse’. We will provide further elaboration on these regimes and their

implications for our method in subsequent sections of the paper.

2.3 Profile-likelihood estimation

Our objective for this work is to estimate the time-varying community structure with heterogeneity of node degrees. There
are many related works for community detection, based on graph partitioning (Newman, 2013), spectral clustering (Lei et al.,
2020; Lei and Lin, 2023) and modularity (Clauset et al., 2004; Bickel and Chen, 2009; Zhao et al., 2012). As mentioned in
Section 1, these methods are relatively less flexible in accommodating node heterogeneity and community structure. One
other natural and straightforward approach is the likelihood-based method (Bickel and Chen, 2009; Zhao et al., 2012).
Before discussing this estimation method, we introduce some basic definitions at first. For each time point ¢ € {1,...,T},
we consider df = 3" A%, as the number of edges from node 4 to any nodes in the network. Let ' = (ef,...,el,)" be a
generic vector defined on {1,..., K}" and e! be the candidate assignment of node i at time point ¢. For any vector e, we

define

n K n
Ou(e) = Y Al—peiy,  Ok(e) =D Oule) = Y Al
=1

i,j=1 ,7=1

Here Oy, (e') denotes the total number of edges connecting nodes from communities k£ and [ when k # [, and Oy (e?) is twice
the number of edges within the community without self-loops in networks. The quantity O (e') denotes the total number
of marginal connections from nodes in community & to any community in the network (including itself).

Since it is more complicated to obtain closed form solutions via maximizing the Bernoulli-based likelihood function,
following the method mentioned in Karrer and Newman (2011) and Zhao et al. (2012), we also consider using the Poisson-
based likelihood to approximate the Bernoulli-based likelihood for simplifying the estimation procedure.

Therefore, the log-likelihood function under the given parameters ct, 8", Z* is,

T n T K
logP(A',...,AT) =23 "> "dilog b + Y Y (Ous(c')log Zly — na(cnp(c')ZLy)

t=1 i=1 t=1 a,b=1

which yields the closed form MLEs of 6} and Z, ,, given ¢', as follows,

3)

Plugging in these MLEs and ignoring constants, we can obtain a function depending only on the community assignments
with the likelihood already maximized given the vector ¢!. Therefore, for any generic candidate e, the criterion for

community detection is given by

Ny = t Okl(et) t
Q(O(e")) = kgl (Okl(e ) log OO Onl(e )> ) (4)

The term Q(O(e')) is referred to as the profile-likelihood function in Bickel and Chen (2009) and the estimation of commu-
nities can be derived by maximizing this quantity over all possible candidates.

Roughly speaking, the estimation based on equation (4) can be considered as applying the static DCSBM to each
individual observation A’ separately. Supposing that K is known and fixed, Zhao et al. (2012) showed that at any fixed

time point, optimizing equation (4) leads to strongly consistent estimators for the communities as long as A,,/logn — oo as



(a)t=5 (HER of 0.067) (b) t = 13 (HER of 0.185) (c)t=21 (HER of 0.002)

(d)t=5 (HER 0f 0) (e) t = 13 (HER of 0.002) (f)t=21 (HER 0f 0)

Figure 2: The original adjacency matrices (top row: (a)-(c)) and the smoothed adjacency matrices (bottom row: (d)-(f))
with a bandwidth of 0.47 are presented for three time points ¢ = 5,13, 21 in the Travian dataset among 411 players assigned
to 9 communities. The black and white segments represent the presence (Af; = 1) and absence (A}, = 0) of an edge,
respectively. And the non-recognized communities are remarked in red boxes. HER (lower is better) denotes the Hamming
error rate which quantifies the proportion of misclassified nodes.

n — oco. In other words, this model would require the networks to satisfy the sparsity condition of A,, > logn at every fixed
time point to maintain the strong consistency property when estimating communities. However, this condition is severely
constraining in practice. For instance, upon visual inspection across these three original networks in Figure 2 (a)-(c), a
notable facet is that while communities persist throughout all time points, the first community is less distinguishable at
t =5, and when t = 13, at least two communities - the first and eighth - cannot be recognized. Indeed, this would be tricky
in the estimation procedure if only focusing on individual snapshots at ¢ =5 or ¢ = 13.

In this case, the undisclosed community structure can however be recovered by aggregation of networks from various
time points. To motivate our smoothing-based procedure, discussed further in Section 3, if one were to smooth first these
adjacency matrices using the basic kernel function, as defined in equation (7) below, all communities become more apparent
for any individual network as shown in Figure 2 (d)-(f). Moreover, from a statistical sampling perspective, a solitary
network is perceived as a noisy sample from the population, whereas the aggregated network resulting from proper temporal
smoothing has obviously a closer resemblance to the population version, thereby parameter estimation based on the smoothed
network can alleviate sampling errors inherent in the individual network. The results of the analysis on the Travian dataset
corroborate this observation. The HERs (the Hamming error rate, as defined in (18)) based on smoothed adjacency matrices

are substantially lower than those using criterion (4) separately for each individual network.

3 Kernel smoothing method to recover time-varying degree parameters and

communities

In this section we develop our estimation procedure of smoothing edge probabilities of adjacent networks over time to deal
with the community detection problem for the time-varying DCSBM. For this we embed our smoothing approach into

the framework of nonparametric curve estimation with a target function observed, in the presence of noise, on a grid of



equidistant time points t/T,¢t = 1,...,T of the unit interval in ‘rescaled’ time u € [0,1]. More specifically, recall the edge
probability E.: g¢ (Afj) defined in equation (2) which is our target at time point ¢, now to be linked to a smooth nonparametric
curve - which we will call 7;;(u) - in rescaled time u = ¢/T". That is, for any pair of nodes (i, j), we suppose that there exists

such a curve 7;;(u),u € [0,1], such that
Tl‘j(t/T) = Ecz’et (Afj|u = t/T) (5)

Observe that 7;;(t/T") denotes the probability of an edge connecting nodes ¢ and j at time point ¢. Consequently, the edge
Aﬁj can be viewed as an empirical, hence noisy, version of 7;;(t/T"), that is

ALy = 7y(t/T) + (6)
where we make the assumption of independent ‘errors’ eﬁj associated with the observed probability for an edge between nodes
i and j (see later on in Assumption 2). Note that, comparing model (6) with equation (2) we observe that the quantities
0" and W' of the right-hand side of (2) will also be connected to ‘target’ versions defined in rescaled time u, inheriting as
such the smoothness properties of 7;;(w) in time. We refrain however from explicitly stating those as it will be sufficient to
picture the product of the right-hand side of (2) to be a smooth function in time as a whole.

As we have assumed that 7;;(¢/T) is not only a smooth function over time but also an expectation of edge variables, one
simple but efficient way to obtain an estimator relies on local smoothing with kernel functions. As such, combining this with
the profile-likelihood method in Section 2.3, we propose a two-step time-localised likelihood estimation procedure which first
smooths data over time and then estimates the communities and parameters of interest based on the smoothed data.

Step 1: Smoothing. In this step, we estimate the edge probability 7;;(¢/T") by averaging the observations Aﬁj over
neighbors in time ¢ for any 4,5 € {1,...,n}. Let U(t/T) = [t/T — h,t/T + h] be a neighborhood of time point ¢ € {1,...,T}

for some bandwidth h € (0, 1], then for any ¢,j € {1,...,n}, a basic kernel estimator of 7;;(t/T) can be written as

dveuT) Al
[{A}; -t € U(t/T)}

Tijn(t/T) = (7)
where | - | denotes the size of the set.

Step 2: Community detection. This step involves the estimation of parameters in time-varying DCSBM. For
any time point t € {1,...,T}, we replace the adjacency matrix A’ with the kernel estimator 71,(t/T) = (7ij.n(t/T))nxn-

Correspondingly, for any vector e € {1,..., K}", we define the smoothed counting variables as follows,
n
Own(€') = Y Fijn(t/T)Lot—p et -1y, (8)
i,5=1

K n
Orn(e) =Y Ounle’), di, = #in(t/T).
=1 j=1

As well, given c', we can obtain the smoothed MLEs of ¢ and Z/, . from (3) as,

(9)

where O,
:

e (€)= 200 et %sm,h(t/T)l{cgch’c:n:cz}; and OAcg’h(ct) =>4 =1 Tsj,n(t/T)1 (et —cty . Plugging in these smoothed

'R



MLEsS, the final estimator for 7;;(¢t/T) at time point ¢ is written as

Tijn(t/T) = é?,héﬁ‘,hzigc;,h = ; (10)

where 71, (t/T) = (Tij,n(t/T))nxn replaces the estimated edge probability matrices. Thus, the smoothed profile-likelihood
criterion (also referred to as the time-localised profile-likelihood criterion) associated only with community assignments is
then defined as

Q(On(eh)) = (o}d,h(et) log OO’“”‘(et - Okl,h(ef)> , (11)
1

with a K x K matrix Oh(et) = (Okl,h(et))KxK~

Remark 2. The kernel estimator 7;; ,(t/T) in (7) allows one to aggregate the information from the neighboring time points,
but it is edgewise without accounting for any topology of the network. In Step 2, we treat the kernel estimator as a ‘weighted’
adjacency matrix, combining the likelihood information from the model, to construct the final estimator in (10). A key
feature of this approach is that it establishes a bridge between edgewise smoothing and the network structure. First of all,
as usual for nonparametric curve estimation, it reduces the variance of the estimators. Moreover, Q(Oh(et)) provides an
approximation to the population version Q (E.: g (O(e"))) by smoothing as well. It has smaller sampling error than the

single-sample Q(O(e?)), enabling the network to gain information from neighboring networks.

In this context, the selection of the bandwidth A in (7) is of significant importance. Although we smooth the time-
varying networks edgewise in our method, we prefer selecting a common bandwidth h for the entire network and for all time
points. We will further discuss this later on in Remark 6. On the other hand, the probability matrix 7(¢/T") = (7:;(¢/T))nxn
serving as the target linked to nonparametric techniques, encapsulates all parameters comprehensively. The goal is to choose
a bandwidth where the final estimator 7,(¢/T) is close to 7(¢t/T) for any time point ¢ € {1,...,T}.

To facilitate our theoretical development, we need first to determine the error of 71, (¢/T"). For any matrices R, R ¢ R™>™,

define d(R, R') as the scaled mean-squared error (MSE) between two matrices R and R, as
’ 1 119
dR,R)=E| S|R-R| (12)

where || - |2 denotes the sum of squares for all entries of a vector or matrix. Next, we require the following assumptions to

state an upper bound on the error of the final estimator 7, (t/T).

Assumption 1 (Edge probability functions). Uniformly overi,j € {1,...,n}, assume that the probability functions 7;;(u)
have continuous second derivatives and bounded third derivatives for allw € (0,1]. Furthermore, as all 7;;(u) are proportional

to py, we note that also all derivatives are proportional to p, across all time points u.

Assumption 2 (Errors). Assume that the error aﬁj is a random variable with zero mean such that its variance satisfies

07 (u) = 75 (u) (1 = 7i;(u)), and that f; L E%:j, holds for any i’ # 4,5’ #j5 € {1,...,n} and any t’ At € {1,...,T}.

Assumption 3 (Community structure). The number of communities K is given and fized, independent of the number of

nodes n and time points T. Assume that there exists a true community vector ¢t € {1,..., K}™ such that ny(c') is a positive

integer for any community a € {1,..., K} and any time point t € {1,...,T}.

Assumption 4 (Identifiability of parameters). For any time point t € {1,...,T} and any community a € {1,..., K}, the
degree parameter vector 0" satisfies Dy Hfl{cfza} = ng(ct). Moreover, to avoid severely unbalanced degrees, we assume

that sup;eqy, 3 0f = O(1) for any time point t.



Assumption 1 describes the temporal evolution of the network. Following the assumptions in previous works (Pensky and
Zhang, 2019; Yang and Jie, 2020; Keriven and Vaiter, 2022; Lin and Lei, 2024), we posit that nodes are gradually switching
their community across time, which implies a certain smoothness in 7;;(u) across time. However, note that in contrast to
the smoothness assumptions in Pensky and Zhang (2019); Keriven and Vaiter (2022), which allow at most s < n nodes
to change their communities, all nodes in our context are permitted to change their communities between any two time
points with a relatively weak constraint (i.e., s = n). Moreover, we observe that 7;;(u) is proportional to p,, considering
its definition. Applying Taylor expansion, it is immediate that all derivatives are also dependent on p,. Assumption 2 is
natural for nonparametric curve estimation. However note the specific form of the variance of sfj coming from our model
where Aj; is assumed to be a Bernoulli random variable with variance 7;;(t/T) (1 — 7;;(t/T)). Investigating the number K
of communities, though interesting in itself, it is not the primary focus of this work. Thus, as stated in Assumption 3, K is
assumed to be fixed and not varying throughout time. Finally, in order for the denominators occurring in the definition of

our estimators to be bounded away from zero, there should be at least one node in each community at any given time point.

Remark 3. [Additional remark for Assumption 1.] Note that assuming a certain number of derivatives in time in Assumption
1 is merely for convenience to keep the presentation of the proofs manageable (in particular, without changing any results,
we could give up the assumption of the existence of a third derivative in time). Qualitatively, the nature of the results would
also not change if we assumed less regularity in time - resulting of course into slower rates of convergence for the bias and
the MSE of our considered kernel estimators (completely analogously to classical nonparametric curve estimation). However
this would not jeopardise the applicability of the second-step of time-localised likelihood estimation of node degrees and
communities based on the kernel-smoothed adjacency matrices which estimate 7;;(w) in the first step. In the same way, one
could of course replace the simple boxcar kernel smoother we suggest by a more refined kernel as to be found in the classical

literature.

Throughout this work, we define a,, ~ b, for any two sequences a,, and b, if the quantity a,/b, tends to a non-zero

constant as n — oo, and a,, < by, if both a,, = O(b,) and b, = O(a,) hold simultaneously. Let nmin = mingcq1,.. k3, na(ct)
te{1,....T}
be the minimal community size of a dynamic network and x,, = nmnin/n describe the level of balance in the community sizes.

If the community sizes are balanced for all time points, then x,, ~ 1, otherwise x,, — 0 as n — oo. Further, a smaller &,
indicates more unbalancedness in the community sizes. Intuitively, this factor impacts our first result now.

Our first proposition provides a bound on the scaled mean-squared error of 7 (t/T).

Proposition 1 (MSE for scaled p,,'7,(t/T)). Under Assumptions 1-4 and given the true community structure ct for each
time point t € {1,...,T}, we have that

Cs

L ) -1 T < 4, V2
d(pp, Th(t/T),p,, T(t/T)) < C1h” + 2nknpnTh

(13)

for constants Cy and Cy depending on 0}, W, , and Tg;(t/T) overi,je€{l,....,n} andt € {1,...,T}.

Proof. All details of this proof are given in Appendix A, here we summarize ideas of the essential steps: As presented in
(10), the entry 7;;,(t/T) is a function of the smoothed counting variables dﬁyh,éklwh(et) and O p,(e') as defined in (8).
Lemma A.2 (which itself is based on Lemma A.1 on bias and variance of our Step 1 - smoother 7;; ,(t/T")) provides typical
nonparametric rates of convergence of these kernel smoothed counting variables to their corresponding population quantities
Eet gt (d), Eet gt (Opi(€)) and Ege g (Ox(€’)), local in time ¢. Then, the essential step of the proof is the treatment of a
Taylor expansion of 7;; 5 (t/T") being expressed as a (five-dimensional) function of the smoothed counting variables about its
population analog 7;;(t/T) being expressed as the same function of the corresponding population quantities - see equation
(A.10) in Appendix A. This eventually leads to the desired rates of convergence of bias, variance and mean-squared error of
the scaled 7, (t/T). O



We next give some insights into why we need to consider the scaled error. Observe that, since 7;;(t/T") is proportional
to pn, if we considered the non-scaled error of 7,(t/T"), this would increase as p,, grows. This however would contradict our
common understanding that smaller estimation errors are typically achieved in denser networks with more information.

We observe in the upper bound for the MSE of p, 17, (t/T) in (13) that in contrast to the first term, i.e. the typical
bias term in nonparametrically estimating curves with two continuous derivatives, depending only on the bandwidth h,
the second, i.e. the variance, is inversely proportional to the ‘effective local sample size’ nk,p,Th. For this one, we can
distinguish two scenarios: If the community sizes are balanced, i.e. if K, ~ 1 because nyin < n/K, the variance depends
only on the effective local sample size of the network np,Th needing to tend to infinity. However, a potentially unbalanced
situation (k, — 0) can lead to detectability issues for the probabilities of edges within the smallest community, hence it is
intuitive that a more stringent assumption is needed, where n«, p,T'h needs to tend to infinity as x,, h, p, = 0 and nT — oo.
Specifically, the effective local sample size of the smallest community should be large enough to guarantee recovering the
connectivity between any pair of communities.

As previously discussed, one optimal choice for h aims to minimize the error of 7, (¢/T") across all time points. Proposition

1 yields the following result for the optimal bandwidth hgp;.

Corollary 1 (Bandwidth selection). Under the conditions of Proposition 1, the optimal bandwidth hepe minimizing the

asymptotically leading term of the global mean-squared error T—1 Zle d(p; Y71 (t)T), pt7(t/T)) is of order

il

hopt ~ (nknpnT)

Observe that Corollary 1 states the asymptotic behaviour of hgp. It is intuitive that the bandwidth h,p: will decrease
when the number of nodes n or the network sparsity parameter p,, increases, since there is more information in each network
as n or p, increase. Recall that the upper bound of the error is inversely proportional to the level of community balance,
since there are fewer connections within the minimal community with decreasing ,,. This means there is more incentive to

aggregate information across more networks with increasing hop¢.

Remark 4. In practice, the selection procedure of h,, is challenging because the true value of 7;;(t/T") is unknown. Inspired
by Yang and Jie (2020), we adopt a leave-one-out cross-validation approach to design a data-adaptive bandwidth selection.
The procedure is as follows. For any time point ¢ € {1,...,T}, let A=t = A\ {A'} be the training set consisting of other
networks surrounding time point ¢. In Step 1, for each time point ¢ € {1,...,T}, we use the training set A~ as our new

observations to obtain the leave-one-out kernel estimator by

Et’eU(t/T)\{t} Ai;
{Af ¢ e U®/T)\ {t}}]

Tijn,—t(t/T) =

We then substitute 7;; 5, —(¢t/T) for 7;;,(¢t/T) in Step 2. Following the definition in (10), we construct the leave-one-out
estimator 7;; 5, —+(t/T) with

Fiimt(t/T) i1 0, —1Octet b —+(c)
ijsh,—t = A
N ch7h,—t (Ct)OC;_ 7h,—t(ct)

)

where dA;hﬁt, chc;.,h,—t(ct) and OAcM’_t(ct) are obtained by replacing 7;; 5 (t/T) with 7;;, —¢(t/T) in cif,h, chcz,h(ct), and
(3057,1(0’&)7 respectively. As we discussed in (6), the network A can be interpreted as a perturbation of 7(¢/T). Intuitively,
Fh—t(t/T) = (Fijn,—t(t/T))nxn can be considered as a prediction for A*. We then derive the validation value for each time
point ¢ € {1,...,T} as OV;(h) = ||Fn._+(t/T) — A"||? via using the squared Frobenius norm. Finally, the optimal bandwidth
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is chosen by minimizing the average CV;(h) across all time points, that is

hopt = arg min — E CVi(h
he(0,1]

4 Consistency of kernel smoothed estimators

Recall that in Step 2, the smoothed estimator of 6! for any i € {1,...,n} is given by (9), as well as the smoothed profile-
likelihood criterion Q(Op(e')) provided in (11). We now investigate theoretical properties for the smoothed estimators in

the time-varying DCSBM. As the sum of edges in a network is proportional to n?p,, for all time points under the asymptotic

regime (with p, — 0 as n — o0), we consider the scaled time-localised criterion as @ (Oh(pe )), Then the estimated
community structure for any ¢t € {1,...,T} is
O (et
¢ = argmax Q < h2( )> . (14)
et n“Pn

We first investigate the consistency in estimating the node degree parameters. With slight abuse of the same notation
d(-,-), as already used in equation (12), we define the scaled mean-squared error now between any two vectors 6, 0 cR” as

follows,
’ 1 "9
d0,0)=E(—-|l6—-0|").
n

Theorem 1 (Consistency of degree parameters). Suppose that Assumptions 1-4 are holding, and consider the true community

~t ~ ~ T
structure ¢ for each time pointt € {1,...,T} be given. Let 8, = (Gih, cee 9;,h) be the smoothed estimators of the degree

. ot
parameters where Gﬁ’h is defined in (9). Provided that pp,h — 0 as nT — oo such that np,Th — oo, the estimator 0y, is

mean-squared error consistent for 0' at any time point t € {1,...,T}, that is
~t 04
do,,0" < Csh* + ——=— 15
(01,6 < Coh' 4 5t (15)

for constants Cs and Cy depending on 0%, W' ctet and T, (t/T) overi,j €{l,...,n} andt € {1,...,T}.

Proof. The main technical component of this proof is similar to the proof of Proposition 1 following the idea that éf,h,

) Ot p(c") . . . .
defined in (9) can be seen as a (two-dimensional) "~ and 22‘# Again, Taylor expansion of this function
about its population limit delivers the aforementioned rates of convergence via those of Lemma A.2. For details, we refer to
Appendix B. O

Theorem 1 provides an upper bound for the estimation of node degree parameters at time point ¢. Recall that 6! measures
the popularity of node ¢, assumed to be independent of the community connectivity parameter in this context. Therefore,
for consistency of 92 in Theorem 1, note that no additional assumptions of balancedness in community sizes is necessary
(unlike for Proposition 1, where the upper bound for 7, (t/T") depends on k).

Remark 5. The results of Proposition 1 and Theorem 1 are shown conditionally on the given true community assignments
c'. However, the upper bounds in (13) and (15) still work when replacing ¢! by the estimator ¢' if one can prove that ¢

converges to ¢! almost surely.

Remark 6. In practice, it could be interesting to assign a bandwidth to each individual edge in the dynamic network.

However, implementing such an approach would incur significant computational costs. Furthermore, the rate as stated in
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Theorem 1 would become difficult to derive, as it is not straightforward how to associate the n x n elements of the bandwidth
At

matrix to the components of the n-dimensional vector 8,. Given the above considerations, we prefer to adopt a common

bandwidth throughout this study.

We now investigate the consistency of the estimated community structure &'. To simplify the discussion, we introduce

some extra notation. Considering the true assignment ¢’ and any candidate assignment e’, define NV, (c’, ') = {1 < i <

n:ct = a,e! =k} to be the index set of nodes whose true community is @ and candidate community is k. Further, let

na(k)(c', €') = [Ny (¢!, e")| be the size of this set and A, (!, e’) =307
with respect to Ny)(c’, e') which satisfies that Zszl Agiy(ct,e’) = nq(c'). We define next Hy(e') as the population

o 1ict—qet=k} be the degree-corrected weights

i=1"1

version of scaled Oy;(e') where

t K A t ot A t ot
Hi(e) = Eui gt (O’“(e )> = 3wy, x ewl€he) | Al €l (16)

n2p, n n

K K " ¢ + t
5% Agiiy (et et)
t E:H t 2: ny(c )W, a(k)\C> )
e) — w(e’) n ~ n

a,b=1

Similarly to Zhao et al. (2012) and Sengupta and Chen (2018), we also define the population version of the criterion based

- . t
on the original observation A" as

ny oy Hi(e') :
Q1€ = 3 (et o gy = ).

Since we use the time-localised criterion to approximate the population version in this work, our first strategy to prove the

consistency of & is to measure the disparity between these two terms.

Lemma 1 (Uniform convergence of @ (Oh(pe ))) Under Assumptions 1-4, if pn,h — 0 and both n and T diverging such that
npnTh — 0o, then over et € {1,..., K}", the scaled time-localised criterion Q (%pet)) is uniformly close to the population

version Q (H(e')) for any time point t € {1,...,T}, that is, there exists €, — 0 such that

A t
P <max Q (O;;(e )> -Q(H(e")| < ei) — 1, as pn,h — 0,np, Th — . (17)
et n=pn
Proof. For the proof we refer to Appendix B. O

Next, we quantify the error rate for community detection by using the Hamming distance,

t
(et ct) = 7rrr(1é£1) - Z Lietzetys (18)
where 7(e') denotes all permutations of the assignment vector e'. For convenience, we refer to (€', c') as the Hamming
error rate (HER) at time point ¢. If one can show that ¢ — ¢!, a natural condition would be the uniqueness of ¢!, alongside

the maximization of @ (H(e')) achieved by c. Hence, we give the following assumption to guarantee a unique maximizer

of Q (H(e").

Assumption 5 (Detectability of community structures). For each time pointt € {1,...,T}, we assume that the community

connectivity matriz W' does not have two identical columns.

12



Lemma 2 (Uniqueness of the maximizer of Q (H(e?))). Under Assumptions 3-5, Q (H(e')) is uniquely mazimized at the

true labels ¢, that is, for any generic vector ' € {1,..., K}",

Q(H(e")) < Q(H(c"))
where equality holds if and only if €t = c¢t. Furthermore, there exist some constants 0 < M’ < M such that
M'Osi(e’, ') < Q (H(c")) — Q (H(e")) < Mbgype(ef, ') (19)

; —inf t _ , t
with Oing = infi=1.....0, 07 and Ogyp = SUpi=1.....n, 0.
t=1,...,T t=1,..., T

Proof. For the proof we again refer to Appendix B. O

This Lemma also gives the lower and upper bounds for the population optimality gap for incorrect community assign-

ments. Combining Lemmas 1 and 2, we have the following theorem.

Theorem 2 (Consistency of community detection). Under Assumptions 1-5, if pn, h — 0 such that np,Th — oo as both n

and T diverge, the community estimators, as defined in (14), are weakly consistent for any time pointt € {1,...,T}, that is
V6 >0, P&, ) <d) =1,

and further if both n and T diverge such that (np,Th)/logn — oo, then the community estimators are strongly consistent,
that is
P (u(&", ct) = 0) — 1.

Most previous work has shown that for the static (degree-corrected) stochastic block model the weak consistent commu-
nity estimation is possible if np, — oo and the strong consistency is achievable if (np,)/logn — oco. In the time-varying
setting, our time-localized profile-likelihood approach is weakly consistent at each time point as long as np,Th — oo when
n,T — oco. Furthermore, when np,Th diverges faster than logn, we show that the algorithm is strongly consistent in recov-
ering the communities at each time point. We also observe that pooling information across networks in time is reflected in
the rate condition np,Th — oo of our Theorem 2. In other words, Theorem 2 shows the effectiveness of pooling information
across the networks to enhance the performance of community detection. The above results also apply to time-varying SBM
as well, by setting all 6! = 1.

Another noteworthy aspect is that we do not impose any restrictions on the baseline average node degree \,, allowing
our method to be applicable across all regimes of p,, — 0 (e.g., sparse, semi-sparse, or semi-dense networks as mentioned in
Remark 1). In particular, for semi-sparse or highly sparse networks - such as the regime of A, = O(1) in Lin and Lei (2024)
- our results in Theorem 2 still guarantee a strongly consistent community estimation requiring that 7" diverges such that
(Th)/logn — oo. However, in the semi-dense case when \,, > logn, there is no need to pool information across networks
since each single network contains sufficient information. This observation is fully supported in the numerical simulations.

Therefore, in this paper, using criterion (11) prevails in sparse and semi-sparse networks where \,, < logn.

5 Numerical simulations

In this section, we explore the performance of our method constructed in Section 3 for recovering the community structures
across time. In Step 2, we use the greedy label-switching algorithm (see, e.g. Glover and Laguna (1997); Zhao et al. (2012))
to maximize the smoothed profile-likelihood criterion in (11). Further, we use the data-adaptive procedure based on the

leave-one-out cross-validation method to select the optimal bandwidth mentioned in Remark 4.
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Time-varying network-generating process. Consider T'= 100 networks and assign n nodes to K = 2 communities.
Assume that community label ¢! of each node follows a Markov chain with initial probabilities (P(c! = 1) = p,P(c} = 2) =
S S
L=y v
assignment with the probability (1—+) over time. Next let all the diagonal elements of Z" follow the function p,, x Wi, (t/T)
while all the off-diagonal elements follow the function p, X Wy (t/T") with Wiy (z) = 1.3+ 0.1sin(27x —0.17) and Wy (z) =
0.7 —0.1sin(27z). For each community, half of the nodes are randomly chosen to have at a given time point ¢ the same node
degree parameter 0! given by the function f(t/T) = 6y + 0.1sin(2n(¢t/T)) if 6p > 1, and f(t/T) = 1 if §p = 1. The other

half of the nodes are chosen accordingly to satisfy the identifiability constraint in Assumption 4 at each time point. Finally,

1 — p) and a state transition matrix ( > Roughly speaking, each node will steadily alter the community

given all parameters ¢, 0" and Z!, the edges Aﬁj are generated according to the model (1). Based on the aforementioned
data-generating process, we focus on four scenarios, each corresponding to the impact of different parameters: n, p,, (network
sizes), v (community-switching stability), 6y (heterogeneity in node degrees), and p (imbalance in community sizes) on their
performance. Beyond these four scenarios, we explored the robustness of our approach to the smoothness condition on edge
probabilities (7;;(¢/T)). Numerical results are provided in Appendix C.

Methods. We compare our proposed time-varying DCSBM (TVDCSBM) with other methods designed for dynamic
networks. One natural approach involves applying the static DCSBM separately to each adjacency matrix A" (SDCSBM).
This method relies solely on the current network for estimation. Another candidate considered is the dynamic SBM (DSBM)
developed by Matias and Miele (2017), as this method can identify changes in communities using Markov chains. To
evaluate the clustering accuracy, we consider the HER, defined in equation (18), as the measure of the agreement between
the estimated and true communities. This index ranges from 0 to 1, with lower values indicating better agreement. In our
dynamic framework, we calculate the average value across all time points to compare overall performance across methods.
The figures in this section all present the mean results over 100 replications.

Scenario 1: Network sizes. We consider n = 50,100,200 corresponding respectively to small, medium and large
networks, and then vary p, from 0.05 to 0.2. The results are presented in Figure 3 (a)-(c). On one hand, intuitively, our
method significantly improved the detection performance compared to other methods, particularly when the network size
or sparsity is limited (as shown in Figure 3 (a) and (b)). This result highlights the importance of aggregating information
across networks when a single network (e.g., a semi-sparse or sparse network) may not provide sufficient information for
accurate recovery. Conversely, SDCSBM and DSBM perform poorly for the network with the limited size or sparsity. On
the other hand, we find that the advantage of TVDCSBM is dissipating with growing p,, in large networks. When p,, = 0.2,
the results of SDCSBM are close to those of TVDCSBM, whereas DSBM exhibits the best performance. This result is
sensible because there is sufficient information within each network to accurately recover communities in such scenarios,
lessening the necessity of aggregation across networks. Furthermore, when the information within a network is substantial,
the Markov chain can recover the abrupt state transition in time-varying communities of nodes. However, DSBM is sensitive
to the heterogeneity of node degrees owing to the standard SBM. We will further discuss this later for Scenario 3.

Scenario 2: Community-switching stability. In this part, we assign v = 0.9,0.95,1. These three cases correspond
respectively to low, medium and high community-switching stability. Notice that when v = 1, all nodes share a common
community structure for all time points. In Figure 3 (d), we observe that our method, TVDCSBM, is able to accurately
recover the community structure for all p,, with all average HERs below 0.05. In comparison, DSBM demonstrates slightly
better performance only in denser networks and SDCSBM performs much worse for all networks. As v decreases, the
performance of both TVDCSBM and DSBM deteriorates, but DSBM shows a rapid decrease in performance. With low
community stability, the nodes are more likely to change their communities from time point to time point. This would
introduce additional noise and makes it challenging for these dynamic models to effectively aggregate information from
other networks. Furthermore, as inferred from Corollary 1, a smaller value of p,, will lead to a larger h in order to gain more
information. At the same time, this also means that more noise might be added into the estimation process. Consequently,

it is reasonable to expect that TVDCSBM may not perform as well in sparser networks at v = 0.9. Interestingly, SDCSBM
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Figure 3: Average Hamming error rates (HER) for three methods: DSBM (blue squares), SDCSBM (orange circles) and
TVDCSBM (red triangles) across four scenarios.

has relatively stable results. It is however intuitive that SDCSBM is not affected by the time-varying structure, as it relies
solely on current information. Overall, TVDCSBM still slightly outperforms the other two approaches.

Scenario 3: Heterogeneity in node degrees. Asshown in Figure 1, there exist hub nodes in real-world data.Therefore,
in this scenario, we evaluate the robustness of the methods to heterogeneity of node degrees. 6, varies from 1 to 1.6, where
0o = 1 represents the standard SBM. As 6, increases, the differences in node degrees within the same community also
increase. Figure 3 (g)-(i) illustrate the results for three different settings of p,,. It is obvious that DSBM displays the highest
sensitivity to 6y with its HER sharply increasing as the heterogeneity goes up, even within denser networks at p, = 0.2.
While TVDCSBM is also sensitive to g, its performance is overall superior. It can also identify the community structure of
the dynamic networks under the assumption of a standard SBM. Roughly speaking, TVDCSBM has a better robustness to
the heterogeneity of node degrees compared to DSBM. In contrast, SDCSBM shows a relatively stable performance across
varying levels of heterogeneity in node degrees.

Scenario 4: Unbalanced community sizes. The preceding simulations all involve cases with balanced community
sizes. In this study, we vary p from 0.05 to 0.5 where the community sizes tend to be more balanced as p approaches 0.5.
Across Figure 3 (j)-(1), observe that the HERs of TVDCSBM and SDCSBM slightly decrease with growing p, whereas the
HERs of DSBM rise. We further see that the discrepancies for TVDCSBM in detection results caused by the imbalance in
community sizes are gradually diminishing as p,, grows. This supports the results of Proposition 1. For the unbalanced case,
the network needs to be sufficiently dense to guarantee the identification of connectivity within a community of minimal size.
In conclusion, TVDCSBM also performs better than the other two methods across various settings of the network sparsity

as well as the imbalance in community sizes.
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Table 1: Summary statistics of node degrees in the Workplace dataset

Time t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8 t=9 t=10
Mean 4.09 3.30 2,67 4.04 224 320 328 348 343 2.04
Min O 0 0 0 0 0 0 0 0 0
Max 15 12 12 14 11 11 12 19 12 10

6 Applications

We analyze two types of real-world networks. In the first dataset, the ‘Workplace’ dataset shares a common community
structure across all time points but with time-varying node degrees. The second application based on the ‘Travian’ dataset,
features the evolving community structures and node degrees over time. In all applications, we attempted to utilize our
proposed TVDCSBM for community detection, and compared it with two other methods employed in Section 5, SDCSBM
and DSBM. The performance of the methods is assessed by Hamming error rate, and the bandwidth is selected using the

data-adaptive procedure as described in Remark 4.

6.1 Workplace dataset analysis

The first example is a dynamic network of the physical proximity between staff in an office building in France observed
for a period of ten days'. During this period, 92 participants, distributed across 5 known departments, wore electronic
proximity detectors to record the face-to-face interactions at intervals of 20 seconds. We construct one snapshot for each
day in which an edge was considered to exist between two participants if there was at least one recorded contact between
them on that particular day. In conclusion, we formed a time-varying network comprising 10 adjacency matrices each with
92 nodes. Table 1 reports summary statistics of node degrees. As observed, the maximum degree of the nodes is 19, while
the minimum degree is 0 across all time points. In this section, a node with zero degree stands for an ‘isolated node’ which
may be interpreted as the corresponding participant is not interacting with the other participants at that moment. However,
each selected node must have at least one edge throughout the entire period (i.e. one edge for at least one moment in time)
to satisfy the identifiability of node communities.

The departments of the 92 nodes are considered as the ground truth for communities with the community assignment of
each node remaining constant over time. Another notable observation is that the largest group among these communities
comprises 34 nodes, whereas the smallest group has only 4 nodes. Thus, this example also highlights the feature of unbalanced
community sizes in the dynamic network. In this application, the optimal bandwidth is determined to be h = 0.5. Comparing
the partitions found by the three methods with the ground truth, we observe that our approach TVDCSBM performs overall
the best with an HER of 0.155, while DSBM exhibits relatively lower performance and has an HER of 0.355. Applying the
static DCSBM to each yields the worst performance (the HER of 0.41). As mentioned in Section 2.3, it is a distinct challenge
to recover the community structure in sparse networks based on a single network as one is lacking sufficient information.
On the contrary, our procedure benefits from smoothing the networks over time, even in cases of the unbalanced community

sizes.

6.2 Travian game dataset analysis

Travian is the popular browser-based real-time strategy game? where players will form alliances (communities) to expand
their territory. These alliances are publicly available and can serve as the ground truth for evaluating community detec-
tion. Communication, collaboration, and competition among players may lead to the reorganization or adjustment of the

communities. These variations also affect the connections within and between communities.

Thttp:/ /www.sociopatterns.org/datasets/contacts-in-a-workplace
2http://ial.eecs.ucf.edu/travian.php
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Figure 4: Community detection results for the Travian dataset at each time point for three methods: DSBM (blue squares),
SDCSBM (orange circles) and TVDCSBM (red triangles).

This dataset collected the message records of 2853 players from Germany spanning 30 days. During this period, there
were additions of new players and departures of old players. Considering the stability of the network (where we restrict all
participants of our dynamic network to be always present across all time points) and the impact of the community size on
community identification, we retained the nodes from those communities that had more than 40 players at all time points
to form a subnetwork, upon which the further analyses were performed. Consequently, the networks in this study involve a
total of 411 nodes from 9 communities corresponding to their alliances. Similarly, we also construct one snapshot for each
day in which an edge was considered to exist between two players if there was at least one recorded message between them
on that particular day. For simplicity, self-loops are not considered in this case. Finally, a dynamic network is formed by 30
adjacency matrices. Each matrix represents a network corresponding to 411 players at specific time points, with balanced
community sizes ranging from 40 to 51 nodes in each community.

As introduced in Figures 1 and 2 of Section 2, on one hand, the temporal dynamics of community memberships of nodes
as well as the connectivity between communities are observed in this dataset. Meanwhile, the heterogeneity in node degrees
not only exists, but also changes as the network evolves. Thus, we use this work to validate the applicability of our approach.
Figure 4 shows that the TVDCSBM performs better than the other two methods. The HERs of our method, as h = 0.47, are
close to 0 for all time points, and it suggests that even when the node labels change over time, aggregating the information
over a neighborhood of a time point is effective in practice.

Next, we examine the estimated partitions of the subnetwork presented in Section 2. Indeed, the 12 nodes are divided into
two discernible communities, represented by red circles and blue squares as visually evident in Figure 1. Node 1 is a variable
node over time and it switches the community from the group of red circles to the group of blue squares at time point 14. It
is seen from Figure 5 that the partitions found by TVDCSBM align remarkably well with the ground truth. At time points
5 and 21, TVDCSBM is able to recover the community structure accurately and achieves zero HER. SDCSBM performs
well at time points 21 but encounters challenges at time points 5 and 13, particularly in recovering the community of node
1. This result can be explained as the subnetwork displays local sparsity at ¢ = 13 and some nodes are isolated without any
connections. Consequently, determining the community assignments for these ‘isolated nodes’ becomes a challenging task if
one only focused on the individual snapshots. Since the DSBM method misses the time-evolving heterogeneity among nodes
within the same community, the hub nodes are more prone to misclassification. As a result, combining Figures 4 and 5, we
observe that DSBM has the worst performance overall.

All in all, our analyses demonstrate that improved performance of community detection for networks with more refined
structure, including variation of its features over time, can be achieved by a method that is capable to adapt to these features
- such as our proposed TVDCSBM. In particular, in cases where the network lacks sufficient information (or contains many
isolated nodes), reliable statistical inference would be rather intractable to achieve if only based on analysing one individual

network per time. Therefore, it is of substantial importance to pool information, e.g. via kernel smoothing, across networks
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(a) TVDCSBM att=5 (b) TVDCSBM at t = 13 (c) TVDCSBM at t = 21

a

(d) SDCSBM att=5 (e) SDCSBM at t =13 (f) SDCSBM at t = 21

i

(9)DSBM att =5 (h)DSBM at t = 13 (i) DSBM at t = 21

Figure 5: Results of the subnetwork in Travian dataset for three time points. The red circles and blue squares denote two
distinct communities, while the gray spheres indicate the nodes misclassified into communities other than those depicted by
the clusters of red circles and blue squares.

over time.

7 Conclusion and discussion

Flexible network models are crucial for accurately modelling real life networks. Our proposal in this paper focuses on the
case of dynamic networks and allows time-varying degree heterogeneity in the nodes, as well as time-changing communities
of nodes. We propose a simple but efficient two-step algorithm that incorporates kernel-based smoothing techniques into the
profile-likelihood estimation, and we provide as well statistical guarantees for the consistency of the method in recovering
both node heterogeneity and community structures. For time-varying DCSBM, we demonstrate that weak consistent in
community detection can be achieved as np,Th — oo, thereby relaxing the constraint on network sparsity imposed by static
DCSBM: we recall that np,, is the effective sample size per network whereas Th is the effective number of networks over
time within the smoothing window. Our theoretical results are well-supported by numerical simulations and analyses of
real-world networks, and in particular show substantial gains for the case of very sparse time-varying networks.

As extensions of our work, one might possibly allow as well for the number of latent communities, K, to change over
time. The smooth change of the number of communities over time also incurs an additional layer of complexity where one
meticulously needs to track the appearance/disappearance of a new/old community, or merging/splitting phenomena as is
done for e.g. in Greene et al. (2010). Yet another extension could target the incorporation of labelling information and
using sequences of networks to predict the health status of patients as in Relién et al. (2019), or the use of node covariate

information for improved community structure estimation.
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8 Appendix

A Proofs of results in Section 3

Lemma A.1 (Bias and variance for 7;;,(t/T)). Under Assumptions 1 and 2, the kernel-based estimator 7i;,(t/T), as
defined in (7), satisfies

- i _m/ner 3
Bias: E(Tij,h(t/T)) - le(t/T) = 12 h* + O(pnh ),
2T
. i A _ g n
Variance: — Var(7n(t/T)) ~oTh +0 ( T ) )

where 2 < C* <6 is a constant and o3;(t/T) = 7i5(t/T)(1 — 755 (t/T)).
This lemma serves as a preparatory step for subsequent proofs.

Proof. In Step 1, define an even number 2L to be the number of observations in the neighborhood U(¢/T), that is L =
i ‘{Aﬁ;,t’ € U(t/T)H = Th. Then U(t/T) becomes [(t — L)/T, (t + L)/T] and 7;; »(¢t/T) can be redefined as 7;; 5 (t/T) =

1 t+L

5T Dti—t—L Af; Combining this with equation (6), we obtain that

1 t+L , 1 t+L 1 t+L ,
ﬁj,h(t/T) = ﬁ Z [Tij(t//T) +E§j:| = i Z Tij(t,/T) + ﬁ Z Egj' (Al)

t'=t—L t'=t—L t'=t—L

Based on Assumption 2, we know that the error Ef; has zero mean, and then the expectation of 7;;,(t/T") becomes

t+L
E (iint/T)) = 57 > m(t/T). (A2)
t'=t—L

Note that Assumption 1 gives that the third derivative of 7;;(¢'/T’) is bounded and proportional to p,,. For any t'/T € U(t/T),
using a Taylor expansion of 7;;(¢'/T) at point t/T", we have that

oD = rsT) 4t/ <t’T t> . n’}(;/T) (t’T t)2 o (p”

t—t

3
Lo ) (A3)

T

’ "

where 7;,(t/T) and 7,;(t/T) are the first and second derivatives evaluated in ¢/T". Next plugging (A.3) into (A.2) implies

- t/—tL ’_ -
E(fm’h(t/T)) :sz(t/T) + z](;L/T) t 7tij_'(t t) + z]itL/T)

t+L t+L
t’:th(t/ - t)z L0 <Pn t/'=t—L |t/ - t|3> .

T2 T3L

Notice that Zif;ﬁ_L(t’ —t) = 0 in the second term. For the third and the remainder term, since we have that Z?;Lt_L(t’ -

t)2 = 1(2L* +3L* + L) and Z?;LFL [t —t]> < 2L* as |t — t| < L, the bias can be written as

E (75 (t/T)) = 73 (t/T) = (fQ/T) x (i) <2 AR > o (”" <;)>

T (t)T)C*
= %}ﬂ +0 (pnhg)
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for some constant 2 < C* < 6 since the term (2 + % + %) €(2,6)as L >1.
We next consider the variance of 7;;,(t/T). As Assumption 2 states the independence of errors 55; over time points
t' e {1,2...,T}, equation (A.1) implies that

1 t+L t+L 1 t+L
A _ 2 /
Var(7;,n(t/T)) = Var <2L t/%:LEig) iz Et :LVa ( w) =12 téjL%(t /T).

For any ¢'/T € U(t/T), we use a Taylor expansion of o7, ('/T) at point (t/T),

o2(t'/T) = o <t/T>+0( (€

=) =eremo (o

t—t
T )

where 07, (ft) represents the first derivative of o7;(t/T) evaluated in & = [t +a (t— t’)} with o' € (0,1). Based on

Assumptions 1 and 2, we conclude that U (&) = Tij (&) — 27 ij(ft)T ij (&) is proportional to p,. Therefore, the variance of
7i;,0(t/T) takes the form

A 1 t+L p t/—i-:L_ |t, _ t| UQ(t/T) p
Var(7in(t/T) = 1715 > ol(t/T)+0 ( net szé = ZJQTh +0 (?") .
t'=t—L

O

Before we proceed to the proof of Proposition 1 from the main manuscript, we first show that the smoothed counting
variables converge to their corresponding population version. Recalling the definitions of d! and Oy, (e’), we observe that
the former is proportional to the baseline average node degree, np,, and the latter is proportional to the baseline average
number of edges in a network namely, n”p,. Let nj(€') = 32i; 11—y and &y(e') = ny(e')/n . We consider the expectations

and variances of the following scaled quantities.

Lemma A.2 (Convergence of the smoothed counting variables). Assume that for any time point t € {1,...,T}, both limits
* n 2
ZLJ 1n1:)(t/T)C and Vt Zid:;zijj(t/T)

community assignments ct, the smoothed counting variables, defined in (8), satisfy that

C' = limy,_ 0o = lim, oo are constants. Under Assumptions 1-4, and given true

E L E 4N Lot o A4
) g, () s op+ou) (A1)
dt, % 1
b\ Vi A.

Var (npn> 2np,Th +0 (npnT> (A-5)

Sy T/ T)C S 0% (t/T)

for some constants Cjj, = =I=5l—— Vj = ”1#

Okl,/z(et) t tom (ot\m (Y32 = otz (V13
E W = Hy(e") + Cijlik(e YRi(e)h* + O (F&k(e YRi(e")h ) , (A.6)
Orn(e') Viiii(e')ri(e’) f(e')Ri(e’)
Ve J = o=2=r=-7 A7
ar( n2p, 2n2p,Th + n2p,T (A7)
Sy T (H/T)C 1, et Dm0 /Ty ot
for any vector ' € {1,..., K} and some constants C}; = 112nk(e,)m(ef);nk = Vi = lnk(ef)m(e{)t’nk =0
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E <O’“h(et)> = Hy(e') + Clip(e")h* + O (Rr(e")h?) (4.8)

n2p,
Ok h(et) Vti%k(et) Rk(et)
Vi : = O A9
ar( n2p, 2n2p,Th * n2p,T (4.9)
S ot i (H/T)C L Fomn 0B (/)1 g
for any vector €' € {1,...,K}" and some constants C! = == 112nnk(et)p”{ V= 1nnk(ef)pn{ =1 Furthermore,

if there exist pp,h — 0 and nT — oo such that np,Th — oo, then for any i € {1,...,n}k,l € {1,..., K} and any vector
ele{l,....K}",

- dt Owin(€l) qm Or.n(€') qm
Zi’h q—) ]Ect’et < G ) s 7kl’h(e ) q—) Hkl(et), 7]6’}1(6 ) q_) Hk(et)

2 2
npn npn n=pn n=pn
. qm . .
where the notation * =’ denotes the convergence in quadratic mean.

Proof. Note that our smoothing-based method discussed in Section 3 is edgewise across time, as such the 7;;,(¢t/T)’s are

independent variables over all ¢ and j as Al ;’s are independent given 0", c'. Relying on the results of Lemma A.1, it holds

12

dﬁh 1 n R 1 n
E (npn> - @JZ]E(TU,,I t/T)) Z 7i;(t/T) +

=1 J:1

h? + O(pnh3)]

"

dt Yo T (t/T)C* dt
=E - = h? +O(h*) =E Ci h* + O(h?
o () 4 SR 12 4 00) =B, () 4 3% + O0),
and
d, H(/T) Pn
Var (%) 712/)” ZVar Tii (/1)) n2 7 Z 2Th +0 <?>
_XineWn) 1 (1 V;i Lot
npn 2np,Th np,T 2np,Th np,T )’
n 2
where Cf = % is proportional to C* and Vj = W is proportional to V. Given that the limits C*

and Vt are finite, it is not difficult to show that Céi and thi are also finite. Similarly, the expectations and variances of

Oi.n(e? Ok h(e )
n2p, and n2py,

OAklyh et 1 i .
E( nzp( ) - 3 ZE(Tz‘j,h(t/T))l{egzk.e;:l}

n
Prii=1

can be written as follows,

n

1 7.:(t)T)C*
Z [Tz](t/T) + ‘77]12 + O(pnh?)) 1{61-‘=k.€;=l}

n2p, ‘,j:l 12

N Ts(t/T)C*1 et=hyet = 1 Liot—p et —n O(R®)
= 2 Z ab Ze 1{et kctfa}ze 1{et lct b} E j ! J ) { i l}h2+ Z ! ! { : b z l} (
n

2 2

a,b=1 i=1 12n%pn n

S Wh Ay (ct e )Ab(k)(c e’) N St Ty (H/T)C Lot et 2, >t it Let=pet=n O(h%)
n2 12n2p,, n?2

= Hkl(et) -+ ijfﬁlk(et)l:él(et)hz + 0 (/%k(et)/%l(et)h?’) R

'I’L
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and

Var <Okl,h(et)> _ 12 Z Var(7ijn(t/T)1 et mp et =ty = nipZ Z LuT) +0 (&n)

1{e§:k,e_§:l}

n2py, np? ) 5= 2Th T
_ 2= 95 (/D) et=pet=ny Lo (meleDmlel)
n2p, 2n2p,Th ntp,T
_ V;Elzjk(et):‘%l(et) L0 sz(et)/%l(et)
2n2p,Th n2p,T

E“ 1 Zj(t/T)C 1{ef kct 1}y 1] 1 ”(t/T) {et.:k,cz.:l}

with constants C’fj = T2ns (€ )ni(et)om and Vé = nr(et)ni(€%)pn
O, n(€?) I 1 7i;(t/T)C 3
]E < TLQPn - Tl2pn ijzzl E(Tij’h(t/T))l{eQ:k} - Tl2pn ijz—l Tij (t/T) * Th + O(pnh ) 1{e§:k}

K n n 3
H/T)C* 1 (oo " 1o O(h
_ ]-2 j: “bj:el{et k(j_a}j:a l{cf b}+Z1j 1 l_](/ ) { k}h2 27,,3_1 {el=k} ( )
n

12n2 n?
a,b=1 P

Zib:l Wabnb(c )Aa(k)(c ) € ) 4 Ztnj 1 Tij (t/T)C 1{6’ =k} h2 n Z:‘L,jzl l{ef:k}O(hs)
n?2 12n2p, n?2
= Hy(€e') + Cliy(e")h* + O (Fi(e')h?),

t/T) (o
a0 (%)

Op.n(ch) 1
Var < ol ey iJZIVar i/ T)) et gy = Z: o 7 )| Let=n
_ Xm0 WDy 1 Lo me) _ ViR(e) |, (Frle)
n2p, 2n2p,Th n3p, T 2n2p,Th n2p,T
:L] 1 ”(t/T)C* {ef=k} Z:LJ 1 Lj(t/T)l{ct.:k:}

for constants C} =

and V! = TN AT . Hence, the results of equations (A.6) through

(A.9) are obtained. By the mean-variance decomposition, the MSE of each smoothed counting variable tends to 0 as

12nny(e?)pn

dt a N\ dt a2\ dt
E|- —E g () = [E (*‘) — Kt gt () + Var (*‘)
nPn ’ npPn npPn ’ nPn npPn
1
(0] < + npnTh) —0
Ou(e) i Osi(e) i Osi(e)
e e
E | ZELh Hp(e")| = |E [ ZEL — Hy(e)| + Var | =242
n?pp n2pn n2py
. . R (eh)i (et
=0 <Kz(et)n?(et)h4 - ’“éZP)n}(h )) -0,
~ ~ 2 ~
t t t
|2 pen| = B[ 2mE)) pet| 4+ var [ Q)
n?pp n2py, n2py,

_ ~2/ t\p.4 /%k(et)

as pp,h — 0 and nT" — oo such that np,Th — co. Thus, each smoothed counting variable converges in quadratic mean to
its corresponding population version.
O
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Proof of Proposition 1. To verify Proposition 1, we first inspect the individual edge probability 7;;5(¢t/T) for any 4,5 €
{1,...,n}. Define

5 5 A - - T

w— dﬁ,h d;',h chc;,h(ct) Ocﬁ,h(ct) Oc?,h(ct)
A\ npnmpn” nPpn T nPpn T nPpy ’

where u,, corresponds to the m-th entry in w for any m € {1,...,5}. We notice that 7;; ,(¢/T'), defined in (10), can be

treated as a function of wu,
__ PnUrU2usg

Ugus

Tijn(t/T) = f (u)

Correspondingly, let

dt d§ t t t
v = (Ect,et (npl> aEct,B‘ (n> 7HCEC§ (C )chﬁ (C )7Hc;. (C )> 5

n

and v, be the m-th entry in v for any m € {1,...,5}.

Remark 7. Let k. = n.(c)/n be the ratio of the size of the community to which node 4 belongs at time point ¢ relative
to the total numbe:r of n;)des. One can show that as n tends to infinity, the scaled terms (Kcz Iic;)_ly& m;ﬁlm and n%lug, are
bounded below and above by non-zero constants. It is natural to allow the lower and upper bound of 8" and W' satisfy Ci,; =

2
inficq1,..ny, 0F inf; jeq1,..ny, Whee | and Coyp = | Subicqa,...n3, 0} SUP; jef1,...,n}, Wh, | are positive constants
te{l,...,T} te{l,...,T} v te{1,....,T} te{l,...,T} v

independent of n such that Cintp, < Ect gt (A’Z?j) < Csuppn over 4,5 € {1,...,n}. It is easy to see that

< Csup7

d; " B ge (AL
Cinf < Ect’et (npl ) — ijl ncp,e ( ])

n t
> i1 Ber ot (A Let =i et=1}
i Cj n2pn

S Kc: Kfc’; Csup7

Z?ﬂ':l Ect,et (Aﬁj)l{eﬁzk} <
n2p, -

t
Hcfcinf < Hc: (C ) = K/czcsup;

which means that v, 12 and the scaled terms (K.t k.t )_1V3, m;lm, m;1u5 are bounded below and above by non-zero constants.

To simplify the notations, define the index set N = {1 < i < n: ¢! = a} of nodes whose true community is a. With
this definition, it is clear that the identifiability of 6} in Assumption 4 is equivalent to ) . N, 0t = ncf(ct). By a Taylor

expansion around the point v, we have that
Fgn(t/T) = f W)+ V(&) (u—v)

where Vf (&)" (u—v) is the Taylor remainder term. The term V f (£) denotes the vector of first derivatives of the function
f(u) evaluated in &€ = (&1,&a,...,&) " where &, = Uy, + (U, — vy, for some a € (0,1) and any m € {1,...,5}. Concerning
the first term f(v), it is not difficult to show that f(v) is equivalent to 7;;(¢/T). Given the community labels ¢’ and the
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identifiability of 8° via Assumption 4, we have that

Ec‘ ,0t (dt)]Ect ot (dt )Ect ot (Ocicj (ct))
Eet 0 (0t (€)Eer g1 (Ot (1))

(55000052, ) (S0 000528 ) (S e 0408 )
(Seen, S 01632, )(zm% > 19%9522tct)
! (Z 0.2 ) x 0t (z 02!, ) (Z at) (z ot ) 7zt
@ J=17j ‘ ct J i=1"1 sENT, Vs meN?t, Ym ctet
(ZSGN& 92) (Z_] 1 9§Zt ) <ZMEN£, 93/5?1) (Zz 1 QIZE ct )

= 010,27, et = 7i (t/T). (A.10)

fv)=

Next we consider the Taylor remainder term V f (ﬁ)T (u —v) and break it up as (Rf1 + Ry2 + Ry3 — Rysa — Ry5) where

pnals pniés Pné1é2

Rfl gg (1_V1)7 R2_ gg (UQ_V2)7 R3££ (3_V3)7
18283 Pn&18283
Rf4:ﬁT(U4_V4)7 Rf5zm(u5—y5).
Combining it with (A.10), the Taylor series for 7;; 5 (¢t/T") becomes
Tijn(t/T) = 7i5(t/T) + Rp1 + Ryo + Rz — Rya — Rys. (A.11)

To show the asymptotic behaviour of this remainder term, we need to show the convergence of each part Ry,,. Since Ry
has the same behaviour as Ry and as well Ry5 has the same behaviour as Ry4, it suffices to focus on Ry, Rys and Ryq
separately in the following steps.

Step 1: Ry (same as for Rj;). Lemma A.2 suggests that for any m € {1,...,5}, u,, converges to its population
version vy, in quadratic mean which implies that &, € (um, Vm) also converges to v, as h, p, — 0 and nT — oo such that

nppTh — co. From Remark 7, we know that /{;11/4 and n;11/5 are positive constants. Applying Slutsky’s Theorem, we have
i J

1 1 1 1
(Ketkiet) s B (Ketkiet) v,  —— 5 ——, and —— & —1 (A.12)
G i K. Kl Ka & Ky Vs
as pn,h — 0 and np, Th — oo, which implies that
n 52 X (K/ct."{’ct.)_lg?;
Rle%(U1—V1)= 7 X Pl — )
e (e (7 )
i J
Vo X (KCQKC’?)71V3
? + 0p(1) X pn(ul — Vl)
(i) ()
= My, pn(ur — v1) + op(pn(ur — 11)), (A.13)

-1
VzX(R(t_ K,(‘t_) v3
i g Vavl3

where My, = <— = [ is a constant. We next take the expectation and variance on both sides of (A.13).
Ky u4> (H + y5)
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By equation (A.4), we have that

E(Rf1) = My, pnE (u1 — v1) + o(ppE(u1 — 11))
= My, pnCl B* + O(pyh®) + 0(pnh?) = Mv s, Cly pph® + o(pnh?), (A.14)

and also substituting the variance (A.5), we have that
Var(Rys1) = M%flpi\/ar (uy — v1) + o(p2Var(u; — vy))
Vi 1 1
— M2, 2 ds o2 2
VhiPn X 2np,Th + Pn np,T ol pnx npn,Th

_ Mo Vi +0( 7 )
2nTh nTh/ '

(A.15)

Step 2: Rys. We use next the same technique to handle Ry3. Notice that by expression (A.12) and Slutsky’s Theorem, it

is easy to show that

e e (K;;fj)lg(l;;l%) X (Feghicy) ™ pn(us — vs)

148%) B
- -1 _ +op(1)| X ("ﬂc;%c;) Lo (ug — v3)
(Kct. V4) (Kct. V5>
B J

= va3 (Kczﬁcj)_lpn(u?) — 1/3) + Op ((K/Cf’k‘-’cjt.)_lp’ﬂ(u?) — Ug)) (A16)

with a constant My, = % Following (A.16), (A.6) and (A.7), we have that

kv kv
et 4 et U5
B J

E(Rys) = My g, (et fies) ™ pu (s — vs) + 0 (i) puE(us — v3) )

=My, (Kethiet) " pp X Clikerkah® + O ((ficmct)_lpn x /ﬁc%ficth:}) +o ((Kct,"‘?c?)_lpn X Kt Kt hz)
2 7 2 J K3 J K1 J K1 J v J

=My ,Cf;pnh® + o(pph?), (A.17)
Var(Ry3) = M%ﬁ(fﬁcg ﬁcé)_Qinar (ug —v3)+o0 ((ﬁcgncz)_ginar(ug - 1/3))
2 -2 2 Vigte iy —9 o el g o _ Fethet
:va3(f<acgl-ec;) Pn % m +0 ((ncgm,:;) Py X n2pﬂ%) +o ((“csﬁc;) P2 x nQanjh)
2 1t
N zﬁ:f{]]g?h o <n2n:,:c§ Th) ' (A.18)

Step 3: Ry4 (same as for Ry5). Considering R4, we apply Slutsky’s Theorem once more, and we have that

_ Pn&i&als & x (Kcénc3)71§3 .
Rf4 - ﬁ? ('LL4 - V4) - (5;2&%) (Iﬁ:;1£5> x ﬁcg Pn('LL4 — 1/4)

V19 X (ncznc;)_lyg B
- - +o0,(1)] x fic?lpn(uzl —vy)
(ri12) (x5'2) |
i J

= va‘ln;:lpn(wl —vy)+0p (K%lpn(uzl - u4)) (A.19)
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[2%% X(Hctfﬁcﬁ)71V
with a constant My, = G T By(A.19), (A.8) and (A.9), we calculate that
fa ( 2 2) (Kjll’:})

t Vi

ct
7

J

E(Ryp4) = va4/£0_$1an (ug —v4) +o0 (Kic_z,lan(’UA - 1/4))
:va4nc?pn X CfﬁcghQ +0 (Ii;;pn X Kt h3) +o0 (ff;;pn X Ket h2)
=My, Clpnh? + o(p,h?), (A.20)
Var(Rys4) = M%ﬂ/i;fpi\/ar (ug —v4) +o0 (n%prLVar(U4 - 1/4))

Vike Ket Fet
a2 -2 2 i Fet -2 2 € ~2p2 =

M%f ‘/;tpn Pn
= . A21
2n2k Th to n*kaTh ( )

Note that, analogously to Ry and Ry4, we define the constants My ¢, and My, corresponding to Rys and Rys as follows,

ViV X (/icglicz ) lus

vivs
va2 = —= and va5 = 1 5
120 % Kt l/4I<CCt vy

Therefore, taking the expectation on both sides of equation (A.11), and then combining (A.14), (A.17) and (A.20), the
bias for 7;; 5 (t/T) is determined as
E(’f‘ij,h(t/T)) — Tij t/T) = E(Rfl) + ]E(sz) + E(ng) — E(Rf4) - ]E(Rf5)
= (Me s, Gl + My, Gl + Mg, CLy = My, Cl = My,C5) puh® + o(pah?)
=7,5(t/T) + Cipnh* + o(pph?), (A.22)
where C1 is a constant related to 0f, WY, , and 7,;(t/T) for all i,j € {1,...,n}.

We next proceed to investigate the variance for 7;; 5, (¢/T'). Using equation (A.11), for any i # j € {1,...,n}, the variance

can be expressed as,

Var(?ijyh(t/T)) = Var (Rf1 + ng -+ Rf3 — Rf4 — Rf5)
5 2
<E <Z [ Rfm — E(Rfm)|>
m=1
5

<53 E(Rpm —E(Rsm))* =5 Var(Rpp). (A.23)

m=1

Note that the C, inequality states that (>, |:])" < G Y01, |2i|" with C,. = n"~1 for any r > 1 (see, e.g. von Bahr and
Esseen (1965)). Thus, we apply the C, inequality by setting » = 2 and n = 5 to conclude the inequality in (A.23). Next
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combining (A.15), (A.18) and (A.21), inequality (A.23) implies that

Var(ﬂ-j’h (t/T))
- 2nTh 2nTh 2n2ﬁcfnc; Th 2n2k Th 2n21<c§ Th

Pn ) Pn Pn Pn
to (nTh to (n% K tTh) o (712}-1 ;Th) to (ancé_Th>

5( Vflvd +M%fzvd )P 5M%f3ij

<
- 2nTh 2n2k2Th
5(M%f4‘/it + M%fs‘/jt)p" To ( Pn ) o Pn
202k, Th nTh n2k2Th

where we define &, = min; Nt (ct)/n to measure the level of balance in community sizes. The last inequality holds as

n < nct_,Vi € {1,...,n}. Additionally, due to nx, < n?s? < n?k, and nk, < n, all the terms O (nQMLLT,L) ,O (TLQ,’jSTh)

and O (nTh) are of smaller or equivalent order compared to O <M Th) for any k,,. Then the variance for 7;; 5 (¢t/T") becomes

. C2pn Pn
Var(7;n(t/T)) <——F— 4+ 0 A.24
ar(isn(t/7) <5, 2+ 0 (L0 ) (A.24)
where Cy is a constant related to 6, th et for all 4,5 € {1,...,n}. To investigate the essential issue of the impact of

network sparsity on parameter estlmatlons we consider the scaled quantity (p;,'75(t/T)) since 7;;(¢t/T) is proportional to
pn- Recalling the definition of d(p,, 17 (t/T), p,;;*7(t/T)), we have that

d(p_lfh(t/T) pn ' T(t/T))

ey S B s t/T) — Bt/ TP + B (/7)) — /T

nij 1

:Ai,h + Ag,h

where AL, = S S0 E [Fiyn(t/T) — E(Fn(t/T)]* AL, = b 0o [E (R (/T)) — 735 (t/T)) . Note that A,
and At27h represent the variance and the squared bias, respectively. Combining (A.22) and (A.24), we obtain that the
leading term of d(p;, 74 (t/T), p;, 17 (t/T)) is

Cs

1z -1 < o
d(pp, Tr(t/T),py, T(t/T)) < C1h" + 2nknpnTh

B Proofs of results in Section 4

Proof of Theorem 1. This proof is similar to the proof of Proposition 1. As 6! i.n» defined in (3) can be seen as a function of

dt th()

and uy = , we have that

n2p

. ne(eug u
ot = G = .
in = g(u1,uq) = s o

<
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Since we have that

(@B (@) _ Mt 0Ty () < 0 (S0 Z)

g(l/17U4) = = 0t 7t i
]Ect’gt (ch (Ct)) ESEN‘% Z] 1 oéejZC c’ (ZSEN” 02) (Z] 18§Z )

equality which holds given the ¢’ and by the assumption ) . N 0% = n(c'), we use again a Taylor expansion of OA: ,, around

the point (v1,v4)" implying that

Uy — V4

92 h — (Vl, V4) —+ v'g(f’bg‘ll)"r (Ul - 1/1)

1 &l
=0+ —— (w1 — 1) — ——(us — v
/-@Cflﬂl Hcgl(&)Q( )
:95 + Rgl - Rg4 (Bl)

where the term Vg(&7, )" (1 7)) denotes the Taylor remainder term for 0t ), and Vg(&, &) is the vector of first derivatives
of g(uy,uy) evaluated in (¢7,¢&)) " with ¢, = Uy, + o' (Up — vp,) for some o/ € (0,1) and any m € {1,4}. We then rewrite
the remainder term as (Rg1 — Rg4) where

1 3

Rli_i(ulfl/l) Ryy= ——
g /ic;lff; ’ g HC;(&/L)Q

(U4 — 1/4).

In analogy to the Taylor series for f(u), we next analyse each of the terms R, and Rg4.
Given that &, € (um,vm), Vm € {1,4}, we conclude from Lemma A.2 that (£1,&})T converges to (v1,v4)" in quadratic

mean as p,,h — 0 and np,Th — co. Considering that /Q;1V4 is a non-zero constant, as stated in Remark 7, we have that

1 P 1 1 P

= =
1 —1 -2 —2
Kt & Ree Vo Ry (€4)? Rt vy

as pn,h — 0, np,Th — oo. (B.2)

For Ry, letting Myg, = N%U, we have that
4

1
)
Kot &

= Mvg, (u1 —v1) + 0p(ur — 11).

Ry = (ur = 11) = [Myg, + 0p(1)] (w1 —v1)
Taking the expectation on both sides and plugging in the expectation from (A.4), we obtain that
E(Rg1) = Myg,E(ur — v1) + o (E(ur — 1)) = My,, C4 h* + 0 (h?), (B.3)
furthermore, by (A.5),
Var(Rg1) = M%glVar(ul —vy)+o(Var(u; — 1))
2t

ME, Vi 1
= — — . B.4
2np,Th to (npnTh) (B-4)
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As for Rg4, applying Slutsky’s Theorem once again, expression (B.2) yields that

& 3 -1
Ry = — (ug — ) = — X kK, (ug —vy)
ToRgE)? rE)?

v _
[ 721 5 +0p(1)1 X /ict_l(w; —1y)
Ko Vj i

= Mvg4/£;1(u4 —v4)+0p (m;l(m — V4)> ,

v

where My,, = —%—. Then, by (A.8) and (A.9), the expectation and variance can be obtained as follows,
K V4

E(Rga) = MV94H;1E(’LL4 —vy)+o <H;1E(U4 — 1/4)>
= Mvg4m;1 X Cf/ﬁcﬁhg +0 (Ii;l X Kc§h3> +o0 (n;,_,l X Iicfh2>

= Mgy, Cih* + o (h?), (B.5)
and
Var(Rg4) = M%g4/<a;§2Var(U4 —vy)+o (/ic?\/ar(m - 1/4))
= an\gﬁj“p‘:;h +o0 (n%c;pnTh) _ (B.6)

Taking expectation on both sides in equation (B.1) and combining equations (B.3) and (B.5), we have that

E(é;}) = 92 + ]E(Rgl) - E<Rg4) = 9? + [Mvglcfii - MV94Cf] h*+o (hQ)
= 0! + C3h* + o(h?)

1"

with a constant Cs related to 6f, WY, , and 7,;(t/T) for all i,j € {1,...,n}, which implies that the bias of éfh is as follows,
E(6%,) — 0f = C3h?® + o(h?).

Since the C, inequality states that Var(zq + x3) < 2(Var(z:) + Var(z2)) as 7 = 2 and n = 2, from (B.1), we conclude
that

Var(6; ,) = Var (Rg1 — Rg4) < 2 [Var(Ry1) + Var(Rg4)],

and then substitute (B.4) and (B.6) to get that

. 2M2 Vi 2MZ, Vit 1 1
Var(6t ) < Vg1 'd; Vga i -
ar(fin) < 2np, Th + 2n*keepnTh o npnTh o n?ketpnTh

Cy 1
= —|— 0] _— 5
2np,Th npnTh

where C} is a constant related to 6!, Wéc% for all i,j € {1,...,n}. Note that the last equality holds due to n < n%k, for
(] z
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¢

any k.. We now turn back to the distance d(@;, "), which by the bias and variance of éz

5, satisfies

At 1, .t 1 o, -
6),6) =5 (116, - 0'|?) ~ (n > (0t - of)?)
i=1
- lzn:]E (61— E(02,) + BB, - 9#)2
n gt i,h i,h i,h i
_1¢ it it )2 it £\ 2
= ; []E <9i,h - E(ei,h)) + (E(ei,h) - 9¢)
Cy
< C3h? .
< Csh™ + 2np,Th

O

Proof of Lemma 1. For any generic matrix A € R"*", let ||A| oo = max; j=1, . |A;;| and ||A|1 = szzl |A;;]. Since Q(-)

is a Lipschitz function in all arguments, by this Lipschitz continuity and the triangle inequality, we have that

.....

|Q (Oh;et)) )| < 1| 2 pen
n“py n=pn o
On(e!)  E(Op(e* E(Oy (e ‘

where L are the constants occurring in the Lipschitz continuity of Q(-). To show (17), we need to establish uniform
convergences of both o, norms over e’ € {1,..., K}".

Bernstein’s inequality states that if Y;’s are independent, |Y;| < B,E(Y;) = 0 and S,, = Z?:l Y;, then it holds that
P(|S,| > w) < 2exp {—%}. Relying on Bernstein’s inequality, we deal with the first term. Combining the
definitions of 7, (t/T) and Oy 4(e) and letting Sy (e) = Db im1 2ot T) Af;l{egzk,e;:ly we have Oy p,(e)/(n%p,) =
Ski(€")/(2n?p,Th). Notice that Af;’s are independent given the 6" and ¢! for all time points and |Af;| < 1. For any fixed
e > 0, letting B = 2, w = 2n?p, The and a =

'

3¢2
m, then we have that

Own(e') E(Okl,h(et))| > 6) =P (

n2py, n?py,

Ski(e’)  E(Sk(e')) > e
2n2p,Th  2n2p,Th | —

=P (‘Skl(et) — E(Skl(et))’ > 2n2pnTh£)

<9 2e2ntp2 T2 h?
= 2P T Var(Su(el)) + 4n2paThe /3
24 p2 T2h2
<2 — n
= £exp { Csupn?ppnTh + 2n2p,The/3 }
< 2exp {—an®p,Th} (B.8)

’ 2
as Var(Ski(e') = >0 21 Xpev/m) Var(AEj)l{ezzkye;:l} < 2Csupn®pnTh for a constant Cyup = (sup; , 0) (supm)t Wctjc;)'
Since there exist K™ possible assignments of e’ and K? elements in the matrix Oh(et), using the union bound, we conclude
that for any ¢ > 0,

On(e") _E(On(e")

n?pp n?py,

H > s) <2K"P?exp {—an®p,Th} = 2K? [K exp {—anp,Th}]" — 0, (B.9)
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where the last convergence follows when np,Th — oco. This means that the first term of (B.7) converges to 0 in probability

if np,Th — co. To inspect the second term of (B.7), by equality A.6 we have that

2] <[ (O’:éfﬁ:”) ]
< Y [|C] Rr(ehRi(ehh® + O (Fr(eh) h)] = |CL|n* + O(h®) — (B.10)
k=1

as h — 0. Combining (B.9) and (B.10) implies that the left-hand side of (B.7) converges to 0 in probability if p,,h — 0
and nT — oo such that np,Th — oo. O

Proof of Lemma 2. Recalling the definitions of Hy(ct) and Hy(c'), we have that

n(c)n (e )W} ni(e’) S5 m(e )W
Hkl(ct): k( )le( ) k17 Hk(ct): k( )21712 l( ) ki
Hy (et n?wt . / ’ r
Let G, = W(Hz()et) and B!, = L ns(ct)W" )(Zab/ — W Applying that arg maxg(C; log G — C,G) = O /Cy, we
can obtain that for any generic vector e’ € {1,..., K}",

K
al Za,b:l Aa(k) (Ctv et)Ab(k) (Ctv et>W;b

Q(H(e)) = Z — x log Gt,
k=1
fo,s:l ns(ct)WrisAa(k)(ct7 et) Zifs’:l ns/(ct)Wth,Ab(k) (Ct, et) "
- 2 X 3 x Gl
n n
| KX W
= ﬁ Z Z Aa(k)(c et)Ab ( ) |:Wab IOgG Bigb X G?Cl:|
k,=1a,b=1 ab
| KX
<5 D0 D Aawyle €)My (e e!) [Why log By, — Wiy
k,l=1a,b=1
K —
oy { ralm( Wy | | e, na(c!) Sy na(e) W,
a,b=1 TL2 TL2 n2

(e N
S [t ion ) ] = (e, (B.11)

a,b=1

where one goes from line 2 to line 3 by plugging in the maximizer of the function and where the equality holds if and

only if G}, = B}, whenever A,)(c’, e")Ayp)(ct,e’) > 0 due to the uniqueness of the maximizer of this concave function
Clog G — C,G.
Next, we show that Q (H(e?)) = Q (H(c?)) if and only if e! = ¢t. The ‘if’ part is immediate after plugging e! = ¢’ in
the definition of Q (H(e')). Now we need to prove that
Q (H(e")) =Q (H(c")) implies the event e’ = c'.

Suppose that Q (H(e')) = Q (H(c")). Notice that when A,)(c’,e') > 0, the index set N;(k) must be a non-empty set,
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indicating nqr)(c’,e’) > 0. Thus, the equality in (B.11) gives that G}, = B!, whenever ny)(c’, e")ny(c’,e’) > 0 for
k,,a,b € {1,...,K}. Since B' = (B!,)xxx and G" = (G%,)kxx are constructed by W' and H(e'), both matrices
B!, G" are symmetric. Under Assumption 5, we can further conclude that B* does not have two identical columns. Finally,
combining the above conditions with Assumption 3, and subsequently applying Lemma A.2 from Zhao et al. (2012), the
matrix n(c’, e') = (nqu (<, et))KxK or its permutation is a diagonal matrix with all positive elements, which implies that
all nodes are accurately assigned to their true communities (i.e., ¢! = e'). Hence, the sufficiency part is proved.

To finish this proof, we evaluate the bound on Q (H(c")) — Q (H(e')). Let ||A(c',el)||;, = kazl |Aaiy (¢!, €")|. Note
that by Assumptions (b) and (c) of Zhao et al. (2012), Q(-) has continuous and bounded first derivatives in a neighborhood
of H(c') implying that there exist some positive constants M’ < M such that

A(c',e') A €")

n n

<Q (H(ct)) -Q (H(et)) <M HA(C;’ ct) B A(Ct,et)

M (B.12)

n

1 1

A(ct,eh)
n

since, from equation (16), H(e?) is a function depending on . Next by the definition of A(ct, e?), it is easy to see that

A(ct, ct) is a diagonal matrix satisfying Zle Ay(a)(ct, €') = n. Thus,

HA(ct,ct) At e H1 Z’A (@) ( c,ch) A ( c et |+ZZ|Aa(k) cc)—A alk )(c et)|

a=1 k#a
—QZZ|Aa(k)C 6 ‘:229 1{et¢ct}
a=1k#a
from which we can conclude that
200t Z 1{et¢ct} HA c ,C ) A(Ct7 6t)H1 < 205up Z 1{e§;£c§} (B.13)
i=1 i=1
and after plugging it into (B.12) inequality (19) follows. O
Lemma B.1. For any mmis = 1,...,n and any constant C > 0, if pp,h — 0 and nT — oo such that (np,Th)/logn — oo,
then the following convergence holds,
O (et O (ct E (Oh(et)) E (Oh(ct)) Criis
max n(e) _ Onlc]) _ + Sl — 0. (B.14)
{et:ni(et,ct)<mmis} || N%pn n2py, n2py, n2py, n

oo

Proof. The technique of proving this proof is similar to Lemma A.1 of Zhao et al. (2012). Define P; as the probabil-

ity on the left-hand side of (B.14). Letting Sw(e') = 320", X v cuw/m) Aﬁ;l{eszk’%:l}, we have Opp(e!)/(n?p,) =
t o ¢

Swi(€')/(2n?p, Th). Note that without loss of generality if we let nu(e’, ¢’) = mmis and e} # ¢, ... el, £, Jef =
ot of — ot
Mmis+17° 2 =n n»
Mmis Mmis
Sule’) = Su(e) = 3| D AL (Letmretmy — Tetmpermn) +2 D A% (Lietmrermy = Letmper=n) )
veu(t/T) Li=1 i<j
Mmis

+2Z Z Ajj ({e;:k,e;:z}—1{c;:k,c;:z}> ,

=1 j=mmis+1

Var (Spi(e') — Sw(c")) < 8CsupmmisnpnTh.
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Apply Bernstein’s inequality again. Setting B = 2 and w = 2n?p, The, for € < 6CsupMmis/n,

Okl,}z(et) Okl,h(ct) . E(Okl,h(et)) + E(Okl,h(ct))| > 5)

n2py, n2py, n?pn n2pn

=P (|Su(e") — Su(c) — E(Sw(e")) + E(Ski(c"))| > 2n*p,The)

<9 2e2ntp2 T?h?
expq —
P Var (Ski(et) — Ski(ct)) + 4n?p, The/3
<9 e2ntp2 T2h?
expq —
- P 4CsupMmisnpnTh + 2n2p, The /3
3 Th 2
<2ew{ g2l
supMlmis

on the other hand, for € > 6CsupMmis/n,

Own(e’)  Own(e))  E(Own(e")) n E(Okl,h(ct))‘ - 8)

n?py, n?py, n?py, n?py,
52n4,02 T2h2
<2 — n
= 2exXp { 4CsupMmisnpnTh + 2n2p,The /3 }
20,T
< 2exp {_W} _

n
Mmis

Let € = (C'Myyis)/n. Using the union bound, if C' < 6Cyp,

Since we set nu(e’, €") < mmpis, there exist (" )K™mi= possible assignments of e’ and K? elements in the matrix On(e).

3 T 2 3 T 2
Pl < 2( n )Kmlnis+2 exp {_ " Pn he } < QnmmisKmmis-‘rQ exp {_ " Pn he }
Mmis 8Csupmmis 8Csupmmis

2

C M mis
=2K? |Kexp{logn — ———np,Th — 0,
8Csup

where the last convergence follows if (np,Th)/logn — co. Otherwise, if C' > 6Cqyp,

3n%p,Th 3n%p,Th
Pl g 2 n Kmmis""Q exp{ — n-p € S 2nmmis J,’{”nmis"r2 exp< — 771 p <
Mmis 4 4
) 3 Mmis
=2K* |Kexp<logn — annTh —0
as (np,Th)/logn — co. Consequently, the convergence (B.14) holds for any constant C if (np,Th)/logn — oo. O

Proof of Theorem 2. Step 1: we first show the weak consistency. Let c(ef,c!) =1 37 | 1{ct ety Equation (14) states that

. n
Oh (et)
n2py

¢' is the maximizer of Q (
8t — 0 such that

). Thus, in order to show the weak consistency, we only need to show that there exists

On(e!) On(ch)
P ({ef:L(gl,ac)t{pg;} Q ( n2p, >Q n2py, — 0. (B.15)

By the continuity and the uniqueness of Q(H(e')) in Lemma 2, we can always find a specific €/, such that Q(H(c')) >
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mMaX{et:(et,ct)>at } Q( ( t)) + 26;. Then

P
({e’ L(et c’ >6’}Q< n2pn ) ( n2pn >>

=" ({et W <On};(:n)> +Q(H(c)) > Q ( ;Lgf:)) e, QUE(EY) +2e2)

—P QQ (ihz(pc:) T et zan (i’;(;?) —{em(?ac%a;}Q(H(et))] > 2t )

<P ({Q (iﬁ?) > ei} u {{et A(ehiet) 28 ) ( 2pn ) {et:L(gligSZ%}Q(H(et)) > 6;})
<P (‘Q( (@) -Q (”) > ) P <max ( nQpﬂ)) o] > > »

as pn,h — 0,np,Th — co and where the last convergence holds by equation (17) in Lemma 1.

Step 2: To show strong consistency, we need to prove that

On(et) On(ch)
¥ ({etw(rgf?ﬁ»O}Q ( n2p, > n2p, -0

Since in (B.15) we analyze the behaviour of the @ () function on the set {e’ : t(e?, ct) > &}, we now focus on its complement

set and it is thus sufficient to show that

On(et) On(c?)
- . 1
(et () -0 (557 70) 1 .19

Since @ () is a continuous function, we can establish from (A.6) that Q ( Oh(e ) converges to Q (H(e?)) for any e €
{1,...,K}™ as h = 0 and np,Th — co. Also note that by Lemma 2 Q (H(e ) Q (H(c')), thus there exists an !, such

that R .
o <E<0;<et>>> “0 (E(O;(ct»)

H EOne) _ pr(et
n?p;

E(O;L(et)))

also holds for any e’ when -
2

E(On(c"))
n2pn

)H < nt with T large enough. Using a Taylor expansion of @ (
o0

implies that

o (E(@(ﬁ))) 0 (E(O;w)))
E(On(e!)) E(On(e") H )

= —vec [ VQ w Tvec E(Oh(et)) _ ]E(Oh(ct)) +o0
n2,0n nQpn n2pn ’ngpn n2pn

E(On(e") _ E(Ou(e")) +O< E(On(e") _ E(On(")) ) B.17)

n2pn n2pp n2pn n?py,
where vec (VQ (E(Oh( )))) is the vector of the first derivatives of the function Q(-) evaluated in %f(fnt)) and M is a

around

> M,

positive constant since @ (E(ggifﬂct”) -Q (E(igif(f’t”) > 0 as we just showed above. We now consider bounding the /; norm
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HE(Oh e')) _ EOn(c"))

"2 on 2o H1 and rewrite it as |R1 — Rz||; where

From the expectation in (A.6) the vanishing bias between E(O;;gi;(et” and Hy,(e') is given by

Clikk(e')Ru(e')h? + O ()i (e!)h?)

for any e’ € {1,..., K}". Thus, without loss of generality if we let n.(e’, ") = mmis and €] # ¢, ... el F#cb, el =
, to_ ot
o igyeeh =,
E(Op,n (€ E(Opn(c!
( :é,z(e ) Hy(e!) — ( :é’;(c ) + Ha(e)
h? X . O(h?) &
= Tantp, > Tt/ TIC (Letmpetmy = Letmrermny ) + D (Leemtet=ty = Letmhet=))
" oi=1 i=1
h? &L . O(h3) '&
m Z Tz](t/T)O (1{6‘;:]@76;:” - 1{02:/@,0;:!}) + 7 Z (1{e§:k7e;ﬁ:l} - 1{02:]@,0;:1})
i<y i<j

Mmis

6712 Z Z lj/' (t/T)C* (1{e§:k,e§:l} - 1{c§:k,c§:l})

=1 j=mmis+1

Oh?)' & &
( )Z 3

+
n2

T;;(t/T)C* (1{ef=k,e§=l} - 1{c§’=k,c;’.=l})

1=1 j=Mmis+1

=0 (L(et, ct)) ,

since h — 0 and 7, (t/T) is proportional to p, for any pair of nodes (7,7) as stated in Assumption 1. As such, ||Ry|: =
K?||R1]|oe = o(i(€',ct)) given that K is fixed. Considering Ry, as, from equation (16), H(e') is a function depending on
% |R2ll1 ~ (e, c?) follows by substituting the bounds in (B.13). By the (reverse) triangle inequality we have that
| Rzll; = [|R1ll;| < |R1 — Rall; < ||Rall; + || Rell; implying that |Ry — Ra||; ~ t(e’,c¢"). Therefore, plugging this quantity

into (B.17) we conclude that there exists a positive constant M such that

0 (I[E(()*L(ct))) —Q <W> > M"u(e', c") (B.18)

n?py, n?py,

when H M H(e")|| <mnt with T large enough for any e’. The remainder of our proof is similar to the proof of (1.1)

oo

in Bickel et al. (2015). For any generic vector €' € {1,..., K}", we use a Taylor expansion again for Q ( (e )> around

[
E(On(e"))
n?pn

A t A t A t T A t A t
0 (oh2<e >> 0 (E(ogxe ))) e (VQ (E(oéxe >>>> e <0h2<e ) _E(Ou(e )>> ‘o,
n<pp nepn nepn nepn n°pn

and then obtain that

Onle!)  E(One) |

n2pn n2pn
(B.19)
where vec (VQ (%{get»)) represents the vector of the first derivatives of the function Q(-) evaluated in %ﬁit». Since

E(Oh(

@ () has continuous second derivatives in a neighborhood of =7 = ) a5 stated in Assumption (b) of Zhao et al. (2012), we
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have that

n

vQ <E(g§;e»> vQ <(O’p())> +0 (e, ). (B-20)

Employing the Taylor series in (B.19) for @ (%) and @ (
o <0h2<et>> 0 <Of;<ct>>
n=pn n=pn
_q ( e t)) 0 (E(oéxet))) 0 (0f;<ct>> P (E(ogxct))) o (E(oéxef))) 0 (E(ogwt)))
n=pn n=pn n=pn n=pn n=pPn n=pn

) (et T Y, (et Y, (et Y (ot S At Ay
e (vQ (E<0<>>>> " <0h<e ) E(On(e)  Onl(e) , E(On(e >>> 40 (et ) vee (o,xe ) E(On(e")

) then based on (B.20), we have that

2
n?py,

On(e)  E(One) |

n?py, n?py,

oo

Ou(e') E(Ou(e) Ou(e) , E(Ou(c))

. . . 2
On(e') E(On(e") On(e') E(On(e")

< t ot _ _
> Cl Tl2,0n Tl2pn n2pn Tl2pn H + CQL(@ ,C ) Tl2Pn ngpn n2,0n n2pn

. . 2 . .

On(ct)  E(Op(ct E(On (et E(On(ct

4y Onle) _ EOu >>|| +Q< (On >>>_Q< (On )))
nepn n=pn n=pPn n=pn
E(Op(e! E(Op(c!

=C1 +Coly + C3lz 4 Cyly + Q <(n;; ))> -Q ((th[E ))> .

Using this bound, we have that

Onle)\ _, (E©n(c"))
st B oie 8 (H) - (33522 o)

4
<P Cony — M"i(e',c") > 0
- ({et 1<nL(ef ct)<n51} Z L(e , C )

m=1

M mis - M mis
SIS ( ey fm>40:zn)+ 2 “”<I4>40Tn>’

t. t ot .
et:nu(et,c Mimis
m=1mmis=1 { )="mis } Mmis=1

where the first inequality holds when plugging in the bound from (B.18). To show (B.16), it is enough to show that
> P (maX{et,:nb(et’ct):mmib} L, > %) for any m = 1,2,3, and Zm — (14 > M) converge to 0.

Mmis=1

For I;: Let C = 4M—C/1l and (npp,Th)/logn — oo, then Lemma B.1 yields that

n M”mmis " M,/mmis
E P L>— ) < P L >————
({et (et c’})( Mmis } ! 4C1n ) - Z <{et:nb(ertr,lgt})(§mmis} ! 4C1n )

Mmis=1

M// mi
<n max nIP’ ({et el max I > 467'711718) —0

et,ct)<mmis}

due to the exponential decay.
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For I5: Let e = % and apply the bound in (B.9), hence as (np,Th)/logn — oo,

P I P
Z <{e" ne( er"nz})(—mm,s} 4’/102) Z (H’L&X

Mmis=1 Mmis=1

(et) E(On(e")) M
n2p,  np, H >4Cz>_>0'

For Is: For any 1 < mpys < n, set € = % and o = ﬁ Then applying the union bound, we conclude from
V up

inequality (B.8) that

p s On(e') E(On(e")) M Momis

{et:ni(et,et)<mmis} || N2pn n2p, . 4C3n
Th
< 2( n )Kmtnia"l'Z exp {—OanpnTh} < QpMmis [rmmis+2 oy _%
Mmis M”
3Csup +

3M// nTh Mmis
=2K? [Kexp {1ogn— P H

12C.upCs + 4/ M7 C
Thus, when (np,Th)/logn — oo, we have that

M”mmis)
P max I3 > —— | <
Z ({et:nL(et,ct)_mm;S} 3 40371 Z

Mumis=1

n(et)  E(On(e! [ M 17
P max On(e’) — (On(e)) > = Mhmis — 0.
{etni(et,ct)<mmis} 7’L2pn 7’L2pn 40371
S

Mmis=1

For I4: For any 1 < myis <n, let € = ,/% Since (B.8) implies that

M" mis Zn? nTh M" mis nTh
IF’(I4> m > < 2K?exp __Senipnlh :2Kzexp{— SM Mimisip }
4Cyn 3Csup + M" 12CsupCy + 4/ M"Cy
the convergence 37" _| P <I4 > %> — 0 follows due to the exponential decay as (np,Th)/logn — oco. O

C Additional simulation results

In this section, we investigate the robustness of our proposed procedure to the smoothness assumption for edge probabilities
7;;(t/T). We consider a different data-generating process where we give up the smooth functions imposed on the community
connectivity parameter Z' and the degree parameter 8*. More specifically, the parameters Z' and 6" are constrained to

jump between two configurations where

St 13 07, . 15 05,
= Pn 0.7 1.3 {t is odd number} T Pn 0.5 1.3 {t is even number},

96 =12x 1{t is odd number} +0.8 X l{t is even number} -

To ensure the identifiability of 6%, half of the nodes for each community are randomly chosen to have at a given time point
t the same value 6 for the degree parameters. The other half of the nodes is set accordingly to satisfy the constraint
in Assumption 4 at each time point. We then use the same method described in Section 5 to generate the time-varying
community structures. Lastly, we generate T' = 100 networks with n = 100 nodes and K = 2 disjoint communities according
to the specified parameters. In Figure 6 (a), we plot the true curves of the varying generative probabilities of two edges

across time, obviously showing significant fluctuations.
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Figure 6: The left panel (a) illustrates the true values of edge probabilities over time: the blue squares depict the edge
probability between nodes 100 and 1 (i.e., 7100,1(¢/T)) whereas the red circles denote the edge probability between nodes 50
and 55 (i.e., T50,55(¢t/T)). The right panel (b) presents the average Hamming error rates for three methods: DSBM (blue
squares), SDCSBM (orange circles) and TVDCSBM (red triangles)

The results for all community detection competitors are presented in Figure 6 (b). We observe that our proposed
method, TVDCSBM, demonstrates robustness to the smoothness of edge probabilities. Even when the probabilities of edges
are not stationary over time, TVDCSBM is still able to estimate the varying community structures overall better than the
competing methods. Moreover, the advantage of TVDCSBM becomes particularly pronounced when the network is sparse.
As discussed in Remark 3, violating moderately the smoothness assumption, would not severely jeopardise the applicability
of our approach in practice.

40



	cover
	verso ISBA copie
	LFIN_WP2020_9
	AdresseWPLFIN

	Testing W in GVAR version 14-09-2020 (003)
	Introduction
	Methodology
	GVAR specification
	GVAR: a restricted VAR
	Likelihood ratio test

	Size and Power Analyses
	Size analysis
	Power analysis

	Empirical Analysis
	The different transition matrices W
	Data description
	Results

	Conclusions
	GVAR Correspondence with , 0, 1, and .
	Description of the 4-Node Single-Variable GVAR model
	The W Matrices 
	Bootstrapped Likelihood Ratio Test


	tv-DCSBM-20240909
	Introduction
	Time-varying degree-corrected stochastic block models
	Dynamic network framework
	Time-varying degree-corrected stochastic block model
	Profile-likelihood estimation

	Kernel smoothing method to recover time-varying degree parameters and communities
	Consistency of kernel smoothed estimators 
	Numerical simulations
	Applications
	Workplace dataset analysis
	Travian game dataset analysis

	Conclusion and discussion
	Appendix
	Proofs of results in Section 3
	Proofs of results in Section 4 
	Additional simulation results




