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Abstract

Performance Estimation Problems (PEPs) deal with the worst-case convergence
analysis of fixed-step first-order optimization algorithms. This thesis ex-
tends PEPs to analyze different classical convex optimization settings, for
which they can be framed and solved as convex optimization problems.

First, we construct a convex PEP formulation for block coordinate-wise
algorithms over the class of coordinate-wise smooth convex functions. We
use this tool to analyze several popular algorithms such as cyclic coordi-
nate descent and alternating minimization, and provide tighter numerical
convergence rates compared to those available in the literature. We also
give new insights about the behavior of these algorithms, notably by char-
acterizing the dependence of the worst-case of cyclic coordinate descent on
the number of blocks, estimating numerically optimal constant step sizes
for cyclic coordinate descent, and analyzing the efficiency of deterministic
variants of random accelerated coordinate descent algorithms.

Secondly, we extend the PEP framework for the analysis of gradient descent
over Holder-smooth convex functions, propose a fixed step-size strategy in
this context, demonstrate the convergence of the algorithm and compare its
convergence rate to the one of universal gradient methods.

Finally, we extend the PEP framework for the automatic design of optimized
fixed-step first-order algorithms. We propose several methods for the nu-
merical design of fixed-step first-order algorithms, and test them in different
convex optimization settings, including those previously considered in this
thesis. This leads to numerically optimized algorithms that are frequently
displaying faster convergence rates compared to the classical algorithms.
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Introduction

1.1 Mathematical Optimization

Mathematical optimization can be informally defined as the systematic
process of finding the best solution, to a problem from a set of feasible
alternatives, X, guided by a well-defined objective function f, i.e., finding a
solution, x, to the problem:
min f(x).

Optimization lies at the heart of numerous scientific, engineering, and
decision-making problems. Indeed, many practical problems can be framed
within the formalism of the above optimization problem. For instance, we
refer the reader to [82, 92, 77] for examples in automatic control, machine
learning, and signal processing. Although almost all practical engineering
or scientific problems can be formulated within the optimization framework,
the resulting optimization problems are often not solvable in reasonable
time. Therefore, optimizers usually impose assumptions on the function f
and the set of feasible solutions X to ensure that a solution can be found
or approximated efficiently. These assumptions must be strong enough to
guarantee the existence of an efficient algorithm for solving the problem but
not too restrictive, so that the framework can still capture a large number of
practical problems of interest.



1.2 Large-scale Optimization and First-Order Methods

In this thesis, we focus on unconstrained convex optimization, where the
objective function is a closed, proper, convex function, and the feasible set
spans the entire space, i.e., X = R?. We consider the large-scale setting,
meaning that the dimension d is very large (larger than the number of itera-
tions of the algorithm used to solve the problem). First-order methods form
a class of optimization algorithms particularly well-suited for large-scale
problems. These methods generate a sequence of iterates to approximate
an optimal solution using only first-order information of the function f.
Specifically, assume access to a first-order oracle Oy that, for any x € RY,
returns the function value and a subgradient (or the gradient when f is
differentiable) at x:

O(x) = {f(x),9f (x)}.

A first-order algorithm M can then be expressed in the following conceptual
form:

xp =M (xo/ Of(xo)) ,

Xy = M2 (xo, Of(xO)/ Of(xl)) P (1 1)

XN — MN (JCO, Of(XO),.. .,Of(xN,1)> .

where M; is the operation that outputs the iterate x; from the initial iterate
x0 and the past first-order information collected about the function f. These
methods are particularly appealing for solving large-scale optimization
problems because of their a priori low computational cost per iteration com-
pared to more advanced methods [74, 76] that utilize additional information
about the function, such as knowledge of higher-order derivatives. While
these advanced methods provide more accurate solutions, they come at a
high computational cost per iteration. In contrast, first-order methods are
significantly more computationally efficient but require a lot of iterations to
achieve highly accurate solutions. Thankfully, in most modern applications
of large-scale optimization, a highly accurate solution is not required. For
instance, in many optimization problems arising in machine learning and
signal processing, the objective functions themselves are approximations
of the original problem. This has motivated intense research efforts on
first-order methods to further improve the efficiency of large-scale opti-
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mization. Some key developments in this area include coordinate descent
algorithms, which update only one block of variables per iteration [72, 36];
stochastic first-order methods, which use inexpensive approximations of
gradient information [16, 5]; and acceleration schemes, which enhance the
convergence speed of first-order algorithms [70, 13, 95]. In this thesis, we are
interested in developing tools to automatically estimate the efficiency and
design optimized first-order algorithms for different classes of large-scale
problems.

1.3 Worst-case Analysis of First-Order Methods

In order to evaluate the efficiency of first-order methods and design more
efficient algorithms, we first need to define a rigorous framework for the
analysis of first-order algorithms. In this thesis, we adopt the worst-case
analysis framework. Consider a class of unconstrained optimization prob-
lems characterized by a set of assumptions on the objective functions that
define a functional class F (]Rd), a first-order method M, a number of itera-
tions N, the list of iterates x1, ..., x generated by M from an initial point
xo, and a performance criterion P(Of, X0, X1,---, XN, Xx), typically:

P(Of/xorxlr' . .,XN,X*) = f(xN) _f<x*)’
where x, is a minimizer of f, or
P(Of, x0,X1, -+, XN, Xs) = IV £ (xn) %

provided that f is assumed to be differentiable. Ensuring that the worst-
case performance of a first-order algorithm is bounded usually require to
consider initial conditions of the form Z(f, x, x1,..., XN, %+) < R. In most
cases, it is sufficient to assume that the first iterate xg is not "too far" from
an optimal point x, of f which translates into Z(O X0, X1, -+, XN, Xy) =
||xo — x«||. The worst-case performance of algorithm M over the class of
problems characterized by F(RY) is then given by:

W(F(RY),M,N,P,I)= sup P(Ofx1,..., XN, Xs)
fEF(RT)
such that xq, ..., xy are generated by M
I(Of,xo,. . .,xN,x*) S R.



Worst-case convergence analysis of algorithm M reduces to estimating the
evolution of its worst-case performance, W (F(IR%), M, N, P), as a function
of the number of iterations N. The worst-case performance of an algorithm
is expected to decrease with the number of iterations, and the rate at which
it decreases with respect to N is referred to as the convergence rate of the
algorithm.

Classical methods for worst-case analysis are covered in detail in the books
by Nemirovsky and Yudin [69] and Nesterov [71]. A relatively recent ap-
proach to worst-case analysis is the Performance Estimation Problem (PEP)
framework [33], which will be a central concept for the remainder of this
thesis.

1.4 Performance Estimation Problem (PEP)

The recent PEP framework, introduced by Drori and Teboulle [33], provides
a systematic approach to performing worst-case convergence analysis for
first-order algorithms. Drori and Teboulle observed that, in some cases, the
optimization problem defining the worst-case performance of a first-order
algorithm admits a tractable relaxation that provides valid upper bounds
on the worst-case convergence of the algorithm under analysis. Taylor et
al. [97] later introduced the notion of interpolation of finite sets by a class
of functions and demonstrated in several cases that Drori and Teboulle’s
PEP formulation was, in fact, exact. Consider a class of functions F (]Rd), an
initial point xo, a first-order algorithm M, a performance criterion P, and a
number of iterations N. The worst-case performance of algorithm M over
the functional class F (IR?) is given by the infinite-dimensional PEP:

w(F,R, M,N,P,T) = sup P(Of,x0,- -+, XN, Xx),

F1X0,X1 00 XN Xk
such that f € F(R?),
X4 is an optimal solution for f, (i-PEP)
x1,...,xy are generated from (f, xo)
by method M according to (1.1),
I(Of,xo,...,xN,x*) <R,

where 7 imposes an additional constraint ensuring that the worst-case
performance is bounded. Infinite-dimensional problems such as (i-PEP)



are typically challenging to solve. To address this, Taylor et al. [97] in-
troduced the concept of F(RR?)-interpolability of finite sets, which allows
Problem (i-PEP) to be reformulated as a finite-dimensional problem:

Definition 1.1 (F(R%)-interpolability). Let I be an index set, and consider
the set of triples S = {(x;, i, f:) }icr, where x;,¢; € R? and f; € R for all
i € I. The set S is F(R?)-interpolable if and only if there exists a function
f € F(R?) such that g; € df(x;) and f(x;) = f;, Vi € L.

f(x) £(x)

Fig. 1.1 Tllustration of the F (R?)-interpolation process of a finite set S.

Since the PEP for a first-order algorithm only involves first-order informa-
tion of the functional variable f at the iterates x; of the algorithm and a min-
imizer x,, we can replace the functional variable f with a finite set of vari-
ables SN = {(xi, gilfi)}iel with [ = {O, 1, ey N, *}, where {xi}iE{O,l,...,N}
are the iterates of the algorithm and x. is a minimizer of f. By F(R%)-
interpolability, there exists a function f € F(R?) such that, for any i € I,
gi corresponds to the (sub)gradient at x; and f; corresponds to the func-
tion value at x;. Thus, optimizing over functions f € F(R¥) is equivalent
to optimizing over F(R?)-interpolable sets Sy. Moreover, since we are
considering the convex unconstrained minimization setting, the condition
that x, is a minimizer of the functional variable f is equivalent to setting
g« = 0. This leads to the following exact finite-dimensional formulation of
Problem (i-PEP):



w(R, M,N,P,T) = sup P(SN),

Sn={(xi.gi.fi) biet

such that Sy is F (R?)-interpolable,

X1,...,XN is generated from x¢ by method M with (1.1),

g% = 0,

Z(Sn) <R

(f-PEP)

Now that we have a finite-dimensional formulation for PEPs, the remain-
ing challenge is to express the F (IR?)-interpolability constraint on Sy in a
tractable manner. This requires developing necessary and sufficient inter-
polation conditions, which typically take the form of algebraic inequalities
involving the elements of the set Sy. In [97], the authors derived necessary
and sufficient conditions for the class of smooth (strongly) convex functions.
Deriving necessary interpolation conditions is relatively straightforward:
discretizing any valid characterization of the class F(IRY) over the set Sy
produces valid necessary conditions. However, proving that necessary in-
terpolation conditions are also sufficient is a highly nontrivial problem. We
refer the reader to [86] for more details on this problem. The necessity of
interpolation conditions ensures that all sets Sy corresponding to a function
f € F(R?) are included in the feasible set of the PEP. Furthermore, adding
sufficiency guarantees that the feasible set of the PEP is exactly the set of
F(R%)-interpolable sets Sy. Consequently, using only necessary interpola-
tion conditions in a PEP reformulation may result in a relaxation, providing
only a valid upper bound on the worst-case performance of the algorithm
rather than the exact worst-case. Finally, after developing interpolation con-
ditions, the last step is to obtain a tractable (convex) formulation for the PEP.
This is usually feasible for the subclass of fixed-step first-order algorithms
using a Gram matrix lifting technique, which transforms the problem into
a convex Semidefinite Program (SDP) (see [33, 97] for applications to the
class of smooth (strongly) convex functions).

Remark 1.2. The PEP methodology can be summarized as follows:
1. Formulate the analysis of the algorithm M over the class F(R?) as
the infinite-dimensional Problem (i-PEP).

2. Convert the infinite-dimensional PEP (i-PEP) into the finite-dimensional
PEP (f-PEP) using F (R?)-interpolability (Definition 1.1).
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3. Develop explicit necessary (if possible, sufficient) F (IRY)-interpolation
conditions and impose these conditions on Sy to require F(R?)-
interpolability.

4. Derive a tractable (convex) formulation for the PEP, typically for the
subclass of fixed-step first-order algorithms.

The PEP framework has been applied to the worst-case convergence anal-
ysis of many first-order algorithms in various settings. In particular, it
has been used for the analysis of gradient descent and its accelerated vari-
ants on smooth (strongly) convex functions [33, 97], convex functions with
quadratic upper bounds [42], and in nonconvex settings [85, 1, 2, 47]. It
has also been extended to the analysis of first-order algorithms on smooth
strongly convex functions composed with a linear operator [17] and in the
relative smoothness setting [29]. Several variants of the gradient descent al-
gorithm have been analyzed using PEP, including gradient descent with ex-
act line search [26], proximal gradient methods [99, 11], and inexact gradient
descent with bounded errors in the gradients [102]. Beyond that, PEP frame-
works have been developed for several other types of first-order algorithms,
including block coordinate descent algorithms [54, 3, 94, 91], stochastic
methods [3, 94], adaptive algorithms [25], the difference-of-convex algo-
rithm [4], the Chambolle-Pock algorithm [17], fixed-point iterations [78],
algorithms for min-max problems [38], decentralized optimization algo-
rithms [21, 22], subgradient methods [107], and continuous optimization
schemes [65]. PEP frameworks have also been developed in the constrained
optimization setting for the analysis of the alternating direction method of
multipliers [106], in the context of parametric quadratic optimization [81]
and for the analysis of Frank-Wolfe and alternating projection methods us-
ing a new interpolation theory for convex and strongly convex sets [63]. To
enhance accessibility and facilitate worst-case analysis of first-order meth-
ods, Python and Matlab toolboxes for PEP have been developed and are
available online [40, 98].

PEPs have also been extended to the design of optimized and even optimal
first-order methods by introducing an additional layer of minimization over
the step sizes of the algorithm within the maximization problem that defines
the PEP i.e. using a bilevel formulation. For instance, an optimal first-order
algorithm was designed via PEP for smooth convex functions in [55] and for
smooth strongly convex functions in [95]. PEPs were also used in [44, 48]
to demonstrate that accelerated convergence rates for gradient descent on
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smooth convex functions can be achieved solely through careful tuning of
the step sizes, without requiring access to past gradient information (as in
Nesterov’s acceleration). We provide a more detailed review of existing
results on the design of optimized algorithms via PEP in Chapter 2.

An alternative approach to PEP for computer-assisted worst-case conver-
gence analysis is the Integral Quadratic Constraints (IQC) framework, pro-
posed in [58], where tools from robust control of nonlinear systems are
applied to the analysis of optimization algorithms. In this approach, the
optimization algorithm is modeled as a dynamical system, and the nonlin-
earity arises from the use of gradients to compute the next iterates. The
main idea behind IQCs is to model the nonlinearity (the gradient step)
"implicitly" by imposing valid quadratic constraints between the inputs
and outputs of the dynamical system (the iterative first-order optimization
scheme). A convergence rate p for the algorithm can then be verified by
solving a small SDP, and the optimal convergence rate can be determined
using a bisection procedure. This methodology is particularly well-suited
for settings where first-order algorithms exhibit linear convergence, such as
optimization over smooth strongly convex functions or under the Polyak-
Lojasiewicz condition. Similar to PEP, IQCs can also be used to design
more efficient algorithms, as demonstrated in [89] for fixed-step first-order
methods on smooth strongly convex functions.

Compared to the PEP framework, one advantage of the IQC approach
is its tractability, as the corresponding SDPs are typically smaller than those
in PEP. However, in contrast to PEP, the IQC approach struggles to handle
time-varying step sizes or sublinear convergence rates effectively. Addition-
ally, the IQC framework appears less general, as it requires algorithms to
conform to a specific class of linear time-invariant dynamical systems.

1.5 Objectives of the thesis

In this thesis, we first aim to extend the Performance Estimation Problem
(PEP) framework for the worst-case analysis of fixed-step first-order algo-
rithms to several classical optimization settings. Specifically, we address
block coordinate descent algorithms over coordinate-wise smooth functions
(Chapter 3) and gradient descent algorithms over Holder-smooth convex
functions (Chapter 4). We then introduce methods for the numerical design
of optimized first-order algorithms (Chapter 5) that are easily applicable
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to any optimization setting where PEPs can be formulated as convex conic
problems. We demonstrate the flexibility of our algorithm design methods
by applying them to several convex optimization settings, including the
novel PEP extensions presented in this thesis. In particular, we provide
numerical evidence supporting the fact that recent results on the accelera-
tion of first-order methods without using momentum for smooth convex
functions [8, 45] can be generalized to the optimization settings considered
in this thesis.

1.6 OQutline of the Thesis and List of Publications

We begin in Chapter 2 by presenting the PEP framework in greater detail,
focusing on the specific case of fixed-step first-order methods applied to
smooth (strongly) convex functions. We first review the construction of the
convex SDP formulation of PEPs in this setting and summarize key results
obtained on the worst-case performance of gradient descent using PEPs.
We conclude the first chapter by demonstrating how PEP can simplify the
algorithm design problem for fixed-step first-order methods on smooth
(strongly) convex functions and reviewing recent advances in the design of
optimized fixed-step first-order algorithms.

In Chapter 3, we extend the PEP framework to analyze block coordinate-
wise algorithms over coordinate-wise smooth convex functions. Using this
extension, we provide new insights into the worst-case behavior of these al-
gorithms, including improved upper bounds on the worst-case performance
and a comparison of the efficiency between deterministic and randomized
variants.

Next, in Chapter 4, we generalize the PEP framework to analyze fixed-step
first-order algorithms over the class of Holder-smooth convex functions.
We introduce a new fixed-step first-order algorithm, provide numerical evi-
dence of its convergence over Holder-smooth convex functions, and show
that our algorithm enjoys a faster convergence rate compared to universal
gradient descent when the Holder exponent is sufficiently close to one.

Finally, in Chapter 5, we address the problem of optimized algorithm design
via PEP. We formalize this problem in a general framework and present
several numerical methods to solve it. We then numerically design fixed
step-size first-order methods in various settings and confirm in several
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cases recent findings on optimized first-order methods for smooth convex
functions. In particular, we highlight the ability to achieve accelerated
convergence rates without using past gradient information (i.e., without
momentum).

List of publications.
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Background: Performance
Estimation Problems

2.1 Introduction and Problem Statement

In this chapter, we review fundamental results derived from Performance Es-
timation Problems (PEPs) concerning the convergence analysis and design
of first-order optimization algorithms for the functional classes 7, (RY) of
L-smooth, p-strongly convex functions. We begin by defining the functional
class FH,L(]Rd ). For a detailed background on convex analysis, we refer
to standard textbooks such as [12, 83, 51]. Let 4 and L be two parameters
satisfying 0 < y < L < 4-00. We consider proper, closed, convex functions
that satisfy both the L-smoothness and p-strong convexity properties:

Definition 2.1 (Functional class ]:,,,L(]Rd)). Consider a proper and closed
convex function f : R? — R U {+c0}, and constants 4 € R*, L € Rt U
{+o0} with p < L. We say that function f belongs to fM,L(]Rd) if and only
if the following two conditions are satisfied:

1. The inequality 1 [lg1 — &2/l < [[x1 — x2|| holds for all pairs x;, x, € R?
and corresponding subgradients ¢; € df(x1) and g € 9f (x2).

2. The function f(x) — 5||x||? is convex.



When L = +o9, the first condition in Definition 2.1 becomes vacuous. Simi-
larly, when i = 0, the second condition reduces to the standard convexity
of the function f. Hence, the class Fy ;. (IRY) represents the set of proper,
closed, convex functions, including nonsmooth functions. For a finite value
of L, the first condition in Definition 2.1 implies the uniqueness of the
subgradient at every point x € R¥, ensuring the differentiability of the
functions. The class Fy 1 (R?) then corresponds to the well-known set of
L-smooth convex functions. In the case where p > 0 and L = 400, we
obtain the class of y-strongly convex functions, denoted by F, 1 (R).

For the remainder of this chapter, we focus on the unconstrained opti-
mization problem:

min f(x),

x€R4
where f belongs to F,, . (IR?), with parameters satisfying 0 < y < L < +o.
Our objective is to automatically evaluate the efficiency of first-order algo-
rithms, formally defined by (1.1), on this class of problems. Following the
PEP methodology summarized in Remark (1.2), the exact worst-case con-
vergence of the first-order algorithm M over the functional class F, L(R%)
is given by the infinite-dimensional PEP:

w(u,L,R, M,N,P,I) = sup P(Of, X0, -, XN, Xx),
X0, XN X
such that f € FF,,L(]R”I),
X4 is optimal for f,
X1,...,xN is generated from xy by method M using (1.1),

I(Of,XO, . .,xN,x*) S R,
(i-PEP-Smooth)
For the remainder of this chapter we choose as performance criterion the
final objective accuracy

P(Of,xo,...,xN,x*) = f(xn) — f(xs),

and, as initial condition to ensure that the worst-case of the algorithm is
bounded, the initial distance to a solution

Z(Of,x0, .-, XN, %) = |l x0 — x|

This problem can be reduced to a finite-dimensional formulation using the
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notion of interpolability, which is defined for an arbitrary class of functions
in Definition (1.1) and specialized for the class 1 (R) in the following
definition:

Definition 2.2 (F, | (R%)-interpolability). Let I be an index set, and consider
the set of triples S = {(x;, i, f:) }icr, where x;,¢; € R? and f; € R for all
i € I. The set S is F,, 1 (R?)-interpolable if and only if there exists a function
f € Fu.(R?) such that g; € 9f (x;) and f(x;) = f;, Vi € .

As explained in Section 1.4 for an arbitrary class of functions, thanks to
]-"%L(]Rd)—interpolability, the functional variable f € FH,L(]R”’) in Prob-
lem (i-PEP-Smooth) can be replaced by a finite ]-'P,,L(]Rd )-interpolable set
of decision variables Sy = {(x;,8i, fi)}ie1 € (R? x R? x R)N*2 with
I={0,1,...,N,x*} such that Problem (i-PEP-Smooth) takes the following
finite-dimensional form:

w(pu,L,R, M,N) = sup N — fe

Sn={(xi.gifi) Yier

such that Sy is F,, . (R?)~interpolable,

X1,...,XN is generated from xy by M with (1.1),

gx = 0,

lxo — x4|| < R.

(f-PEP-Smooth)

In Section 2.2 of this chapter, we review necessary and sufficient interpo-
lation conditions for F, | (RY)-interpolability. In Section 2.3, we provide a
convex reformulation of Problem (f-PEP-Smooth) for fixed-step first-order
algorithms. In Section 2.4, as an illustrative application of PEP, we review
fundamental results on the convergence of gradient descent over the class of
L-smooth convex functions. Building upon this, we then examine how this
convex PEP formulation can be leveraged to explore the design of optimized
first-order algorithms. Conceptually, an optimal first-order algorithm over
the class 7, 1 (R¥)—one that minimizes the worst-case performance over
the class—solves the following infinite-dimensional min-max problem:



WP, LRN) =inf  sup  flxn) = f(x.),

£X00 XN X

such that:

f € Fur(RY),

x4 is optimal for f,

X1,...,XN is generated from xy by method M with O Iz

lxo — x«]] <R.
(i-opt-PEP-Smooth)
Note that in Problem (i-opt-PEP-Smooth), the inner maximization problem
corresponds to the PEP of the algorithm and, as explained previously, can
be transformed into a finite-dimensional problem:

wP'(u,L,R,N) = inf sup N = fer

M Sy={(xigifi) bier

such that Sy is F, 1 (]Rd)—interpolable,

X1, ..., XN is generated from xo by method M with (1.1),

g = 0,

llxo — x«|| < R.

(f-opt-PEP-Smooth)

In Section 2.5, we demonstrate how Problem (f-opt-PEP-Smooth) can be
simplified into a tractable, albeit nonconvex, formulation for fixed-step first-
order methods. We review various approaches to solving this problem and
highlight several recent algorithms derived from these solutions. Specif-
ically, we discuss the development of optimal fixed-step first-order algo-
rithms for the smooth convex and smooth strongly convex settings, as well
as optimized gradient descent algorithms that achieve accelerated conver-
gence rates without relying on past gradient information (i.e., momentum-
based methods such as Nesterov’s acceleration).

2.2 Smooth (Strongly)-Convex Functions

As mentioned in the introduction of this chapter, our goal is to review inter-
polation conditions that characterize the F,, ; (R?)-interpolability of a finite
set, allowing us to reformulate the infinite-dimensional PEP (i-PEP-Smooth)
for this class as a tractable finite-dimensional problem (f-PEP-Smooth). Nec-
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essary interpolation conditions for a given class of functions can be derived
by discretizing any condition that holds for the class over the entire domain.
To this end, we present well-known characterizations of the function classes
FuL (]Rd):

Theorem 2.3. [71, Theorem 2.1.5] Let f : R? + R a differentiable function. We
have f € For(R?) if and only if for all x1,x, € R%:

f(x2) > f(x1) +(Vf(x1),x2 — x1), (2.1)

f) < Fln) + (Vf(x)m—x) 4 2lm—wlP @2)

Theorem 2.4. [71, Theorem 2.1.5] Let f : R? +— R a differentiable function. We
have f € For(R?) if and only if for all x1,x, € R¥:

F) 2 Fxn) + (V01— x1) + 5 IVfG) = Vi) @3)

Theorem 2.5. Let f : RY s R. Then f € Fye0(RY) if and only if for all
x1,x2 € RY, and for all g, € RY such that g, € 9f (x)

flx2) > fx1) + {g1,%2 = x1) + Sllx =y, @4

Discretizing any of the conditions given in the previous three theorems
provides necessary interpolation conditions for the corresponding function
class. However, the resulting conditions are not necessarily sufficient. We
will clarify this point after stating the necessary and sufficient interpolation
conditions for the class fy,L(le):

Theorem 2.6 (. (RY)-interpolability). [97, Theorem 4]. Given a finite index

set I. Aset S = {(x;,8i fi) }ier is FF,,L(Rd)—interpolable if and only if the
following set of conditions holds for every pair of indicesi € I and j € I:

fi—fi— (g xi—xj) =
1 2

Lo il e 2, (2.5)
s (= s+ wl =l = 2 g gy ).

Note that when u = 0, the interpolation conditions in (2.5) reduce to the
discretization of the conditions in Theorem 2.4.

Lemma 2.7. (L-smooth convex interpolability). Given a finite index set I. A set
S = {(xi,gi, ) Yier is Fo,. (R%)-interpolable if and only if the following set of
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conditions holds for every pair of indices i € I and j € I:

1
fi ij+<gjfxi*xj>+i||gi*gj||2- (2.6)

Similarly, when L = 40 and using the convention 1/ 4 co = 0, these
conditions reduce to the discretization of the conditions in Theorem 2.5.

Lemma 2.8. (u-strongly convex interpolability). Given a finite index set I. A set
S = {(x1,8i, fi) Yier is Fu, 00 (RY)-interpolable if and only if the following set of
conditions holds for every pair of indicesi € I and j € I:

fi 2 £+ (gimi— ) + Sl — 2 27)

Remark 2.9. Discretizing the conditions in Theorem 2.3 provides necessary
but not sufficient interpolation conditions for the class Fy  (R?). Consider
the following counterexample from [97]:

(1)) = - (1))

This set satisfies the conditions of Theorem 2.3 with L = 1 but cannot be in-
terpolated by a smooth convex function. The convexity condition forces the
interpolating function to lie above its linear under-approximations, leading
to non-differentiability at both x; and x».

This example demonstrates that discretizing necessary and sufficient char-
acterizations of a function class does not necessarily yield sufficient interpo-
lation conditions. Consequently, this can introduce a relaxation in the finite
reformulation of the PEP, resulting in only upper bounds on the algorithm'’s
worst-case performance.

2.3 Convex Formulation of the Performance Estimation
Problem

Building on the interpolation results from the previous section, we now
provide a finite-dimensional convex formulation of the Performance Estima-
tion Problem for the functional class F, | (]Rd), following Section 3 of [97].
As outlined in the introduction of this chapter, the Performance Estima-
tion Problem admits a finite-dimensional representation. Specifically, the
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functional decision variable f € F,, 1 (IR?) is replaced by a set of decision
variables Sy = {(x;, &i, fi) }ic1, where I = {0,...,N,*}. For alli € I, the
variables g; € R? and f; € R are constrained by the FuL (R%)-interpolation
conditions to be the gradient and function value at x; for some function
f e fy,L(]Rd). The variables x; for i € {0,..., N} represent the first N
iterates of algorithm M, and x. is enforced to be an optimal point of f
by the condition g. = 0. Since the functional class F, L (R?) is invariant
under additive shifts in function values and translations in the domain,
we can assume without loss of generality that x, = 0 and f. = 0. The
Performance Estimation Problem can then be formulated in the following
finite-dimensional form:

w® (4, L,R, M,N,P) = sup  fn— fur
Sn={(xi.gi.fi) }iel

Vijjel, fi—fi— (g xi—xj) =
1 1 2 2 24 T

s (Tl =il + ol =1 = 25— 207 (= )

X1,...,XN is generated from xy by method M with (1.1),

(X080 £} = {0,0,0},
I = x| < R.
(d-PEP-Smooth)

Problem (d-PEP-Smooth) is an exact reformulation of (f-PEP-Smooth), where
the 7, 1 (RY)-interpolability constraint on the sets Sy is replaced by the nec-
essary and sufficient interpolation conditions from Theorem 2.6. Note that
the Performance Estimation Problem in the form of Problem (d-PEP-Smooth)
is nonconvex, as it includes nonconvex quadratic constraints (e.g., terms
like ng x; in the interpolation conditions). We now introduce the specific
class of fixed-step first-order algorithms:

Definition 2.10. (Fixed-step first-order method). An algorithm M is called
a fixed-step first-order method if its iterates are computed as

i—1
X;i = X0 — Z ‘Xi,kgk/ (2.8)
k=0

with fixed scalar coefficients «; ;. We denote this method by M.

For this class of methods, Problem (d-PEP-Smooth) can be reformulated as
a convex semidefinite program (SDP) using a Gram matrix lifting. Consider
the matrix formed by grouping the gradients at each iterate and the initial
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point xg (N + 2 columns):

P =80,81,---,8N,%0l, (2.9)

and the Gram matrix G = P" P € SN*2, Any linear expression involving
products of iterates and their associated gradients can be fully represented
using the matrix G. Define the vectors h; € RN*2 fori € {0,...,N} and k.
as:

h' =l-wpo —aj1 ... —a;; 10...01], hl =[0...0], (2.10)

so that foralli € {0,..., N}, we have x; = Ph; and x, = Ph,. Similarly, let
u; = ej1 € RN*2, where {eitie(1,..,N+2) is the canonical basis of RN*2, and
define u, = 0 to represent the gradients, such that g; = Pu; and g« = Pu..
Given these definitions, the following holds:
Vi,j el <xi,x]'> = hZTGh],
(8i,8)) = 1 Guj,
<g1‘, x]> = MZTGI/[]

Hence, the constraints of Problem (d-PEP-Smooth) can be expressed using
only the Gram matrix G and the vector of function values F' = [fy, ..., fn].
For the interpolation constraints, we can now write:

_
2(L —u)

—

Tl . = A4Tch — T Ch.
) = (o7 o= o) +

+ LLW (uTGhj . uiTGhl-)

1

(uj — u;) "G (u; — uj)

L TG —h i
+2(L—y)(hl hi) G(hi—h;), Vijel

We can express this more compactly using the trace operator by defining
the matrices:
1

LEV (”j(hi —hj)" + (hi — hj)ujT) + (i — ) (i — uj)"

[
+ f— (”i(hj — )"+ (b - hi)”zT)

ZAZ‘]‘ (0() =

L‘M T P
—l—m(hl—h])(hl—h]) , VijelL



The interpolation conditions can then be written as:
F'(uj —u;) + Tr(Ajj(2)G) < 0.
The initial condition ||xg — x.||*> < R? can be expressed as:
Tr(ARG) < R?,

with Ag = (uny1— t«)(uny1 — ti) . For the performance criterion P, any
linear criterion of the form

P(F,G) =b'F + Tr(CG),

can be incorporated into a convex SDP. This includes common criteria such
as f(xn) — fe, [IVf(xn)|]% and |xy — x.||?. For our criterion of choice,
we have fy — f« = bTF with b = (uy — u.). We can now formulate the
Performance Estimation Problem for the fixed-step first-order method M,
over the class 7, | (RY) as:

sup b'F
FE]RN+1, GE]R(N+2)><(N+2)
subject to: FT(uj —u;) + Tr(A;;(a)G) <0, Vijel,
Tr(ARG) < R?,
G=0,
rank(G) < d.
(d-SDP-PEP-Smooth)

Remark 2.11. Note that Problem (d-SDP-PEP-Smooth) is an exact reformu-
lation of the Performance Estimation Problem (i-PEP-Smooth). Consider
any d-dimensional function f € F,, 1 (R?) which is a feasible point of Prob-
lem (i-PEP-Smooth). Applying the algorithm M, to f generates the it-
erates x;, their associated gradients g;, and function values f;. The set
{xi, 8i, fi}iel is clearly F,, 1 (R?)-interpolable. By constructing the matrix
G and vector F, we obtain a matrix G of rank at most d, since the vec-
tors x; and g; belong to R?. Thus, (F,G) forms a feasible point of Prob-
lem (d-SDP-PEP-Smooth). Conversely, given any feasible point (F, G) of
Problem (d-SDP-PEP-Smooth), where G has rank at most d, one can recon-
struct a set {x;, gi, fi }ieg With x;, gi € R? using a Cholesky decomposition
of G. By the interpolation conditions, the set {x;, g;, fi}ics is J-"ﬂ,L(]Rd)—
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interpolable. Therefore, there exists a d-dimensional function f € F,,  (R?)
such that the vectors x; correspond to the iterates of the algorithm M,, with
the associated gradients g; and function values f;.

Note that the matrix G in Problem (d-SDP-PEP-Smooth) has size (N + 2) x

(N + 2), which implies that its rank is at most N + 2. Consequently, when
d > N + 2, the nonconvex rank constraint in Problem (d-SDP-PEP-Smooth)
can be omitted, resulting in a convex SDP formulation for the PEP. The case
d > N + 2 corresponds to the large-scale regime, where the function’s di-
mension exceeds the number of algorithm steps. This setting is particularly
relevant in most modern applications of mathematical optimization.

We now present an exact convex SDP formulation for the PEPs of fixed-step
algorithms over the function class 1 (R%):

Theorem 2.12. ([97, Theorem 5]) Consider the class ]-'H,L(]Rd) of L-smooth u-
strongly convex functions with 0 < u < L < oo, the fixed-step first-order method
M. If d > N + 2, the worst-case performance after N iterations of method M,
over the class F, L (RY) is equal to the optimal value of the following semidefinite
program:

W™ (u, L, R, i, N, b) = sup b'F
GEeSN+2, feRN+1

such that:
F(uj—u;) + Tr(A;;(x)G) <0, i,j €],
Tr(ARG) — R? <0,
G=0,
(SDP-PEP-Smooth)
with matrices A; j(a), Ag and vector b as defined above.

Remark 2.13. Since the convex PEP formulation, Problem (SDP-PEP-Smooth),
is independent on the dimension d, it also provides the exact-worst case

performance of the fixed-step first-order algorithm, M, over the set FuL =

Uden ]:H,L(]Rd) of all L-smooth p-strongly convex functions.

Remark 2.14. A limitation of the PEP framework is that the number of itera-
tions for the algorithm is a parameter of Problem (SDP-PEP-Smooth) that
needs to be specified beforehand. Indeed, the dimension of the semidef-
inite variable G in Problem (SDP-PEP-Smooth) is equal to N 4 2. Thus,
computing the worst-case convergence rate of a first-order method with
respect to the number of iterations N requires solving multiple SDPs of
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increasing size and at higher precisions since the worst-case is expected to
decrease with the number of iterations N. Solving semidefinite programs
of increasing size using standard interior-point solvers usually becomes
computationally expensive and memory intensive, making them suitable
only for small to medium-scale problems (up to around N = 100 for PEPs).
Moreover, it is not clear whether PEP formulations exhibit any particular
exploitable structure to make their resolution more efficient (the matrix G
in Problem (SDP-PEP-Smooth) is a priori dense).

When L < +oco, the optimal value of Problem (SDP-PEP-Smooth) is finite
and is attained at a feasible point (see [97, Proposition 1]). In the case L =
+o00 (nonsmooth convex functions), additional constraints such as || g;i|| < M,
which enforce a Lipschitz condition on the function, are required to en-
sure a finite solution to Problem (SDP-PEP-Smooth) (see [97], Remark 4).
For certain classical performance criteria, Problem (SDP-PEP-Smooth) ex-
hibits homogeneity with respect to the smoothness constant L and the
initial condition bound R, provided that the step sizes of the algorithm are
normalized by a factor of 1/L. Thus, for such algorithms, solving Prob-
lem (SDP-PEP-Smooth) once with L = 1 and R = 1 is sufficient to deduce
the worst-case performance for any values of L and R. For our functional
accuracy criterion, we have:

Theorem 2.15. (see [96, Section 4.2.5].) The following inequality hold:
wSPP (4, L, R, %,N,b) = LR>wSPP(g,1,1,a, N, b)

where q = ¥ is the inverse condition number.

In general, finding a closed-form solution to Problem (SDP-PEP-Smooth) is
challenging. Even if such a solution is identified, Problem (SDP-PEP-Smooth)
does not provide an analytical proof for the derived worst-case performance.
These limitations can be overcome by considering the Lagrangian dual of



Problem (SDP-PEP-Smooth) (see [97, Section 3.4]):

jnf TR
such that:
TAR + 2 Aiin,]'(Oé) >0,
ijel (dual-SDP-PEP-Smooth)
b— 2 )\Z](Ll] - Mi) =0,
ijel
Aij 20, ijel,
T2>0.

Ajj are the dual variables associated to the interpolation conditions and
T is the dual variable associated to the initial condition. Under the mild
condition «; ;1 # 0 (i.e., the algorithm uses the gradient at the latest iterate
for the next update), the duality gap is zero.

Theorem 2.16. ([97, Theorem 6.]) The optimal value of (dual-SDP-PEP-Smooth)
with 0 < p < L < oo is attained and equal to wSDP(R, #,L,«,N,b,C) under the
assumptions that a;;_1 # 0, foralli € {1,...,N —1}.

Remark 2.17. Since the duality gap is zero under the assumptions of The-
orem 2.16, solving Problem (dual-SDP-PEP-Smooth) not only provides an
alternative approach to computing the exact worst-case performance of the
algorithm but also offers a formal proof to verify the worst-case bound.
Informally, the worst-case bound is obtained by multiplying each constraint
of Problem (SDP-PEP-Smooth) by the corresponding dual variables A; ; and
then summing them. For a more detailed and rigorous presentation of
PEP-generated proofs, we refer the reader to [39].

2.4 Use Case Example of PEP: Worst-case Analysis of Gra-
dient Descent for L-Smooth Convex Functions

After introducing the Performance Estimation framework for the function
classes 7, 1 (RY) in the previous section, we now illustrate its application by
reviewing worst-case analysis results for gradient descent obtained using
this framework. Gradient descent is one of the most fundamental and
widely used optimization methods, dating back to the work of Cauchy [20]:
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Algorithm 1 Gradient Method with constant step-sizes (GM)

1: Input: f € ‘/_"O,L(]Rd), Xo € ]Rd,
2: fori=0to N —1do

3 xip1=x— [ Vf(xn)

4: end for

We consider a normalized step size a/ L to exploit the homogeneity prop-
erties of the PEP framework (see Theorem 2.15). Since gradient descent
is a fixed-step first-order method, it can be expressed in the form of (1.1),
making it suitable for PEP-based analysis. Using a relaxation of Prob-
lem (SDP-PEP-Smooth), which was later proven to be exact, Drori and
Teboulle [33] conjectured the following result on the worst-case perfor-
mance of gradient descent:

Theorem 2.18. [33, Conjecture 3.1] After N steps of (GM) with constant normal-
ized step size 0 < a < 2 on a smooth convex function f € Fo 1 (R?), the following

holds
RZ

flan) — fxy) < LTmax <2Nle+1' (1-— a)2N> : (2.11)

The bound in Theorem 2.18 cannot be improved, as it is attained by gradient
descent on two one-dimensional L-smooth convex functions:

LR LR? : R
fi(x) = § TN x| = saNar1p x> oxar1/
%xz, else, (2.12)
L
fo(x) = Exz.

A proof of the result for 0 < & < 1 was provided in [33] by deriving an ana-
lytical solution to the dual formulation of the PEP for the gradient descent
algorithm, using technical and non-standard arguments. Later, Teboulle and
Vaisbourd [100] presented an alternative proof for the same case, 0 < a <1,
which was more natural in the context of convex optimization. Their ap-
proach relied on a new descent lemma (see [100], Lemma 1). The case
1 < &« < 2 remains an open problem (see however the recent preprint [57]).
This conjecture also suggests a method for determining the optimal fixed
step size for gradient descent after N iterations. The optimal step size aqpt
minimizes the right-hand side of the bound (2.11) and is computed by solv-
ing a nonlinear equation, for which a closed-form solution appears difficult
to obtain:
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1
Wt 1 = (1 — aopt)?N. (2.13)
This balances the performance of gradient descent across both functions
f1 and f,. The optimal step size aopt ensures fast convergence on f; while
avoiding overshooting on the quadratic function f,. Recent progress on the
conjecture regarding the optimal fixed step size was made by Grimmer et
al. [46]. Similarly, using PEP, Rotaru et al. [85] conducted a comprehensive
analysis of gradient descent with the residual gradient norm as the perfor-
mance criterion. Their study provided exact analytical worst-case results
for various function classes including smooth convex, strongly convex and
weakly convex functions, and examined optimal step sizes in these cases.

2.5 Design of Optimal First-Order Algorithms for the Func-
tional class F, ; (RY)

As outlined in the introduction of this chapter, the Performance Estimation
framework provides a systematic approach to formulating algorithm design
problems (see Problems (i-opt-PEP-Smooth) and (f-opt-PEP-Smooth)). In
this section, we present a simplified yet exact formulation of the algorithm
design problem for fixed-step first-order algorithms over the class /), | (RY).
We also briefly discuss existing strategies for solving this problem and
highlight optimized algorithms obtained using this approach. We begin
by simplifying the algorithm design problem, transforming it from a min-
max problem into a minimization problem. In Problem (f-opt-PEP-Smooth),
the inner maximization represents the finite-dimensional formulation of
the PEP. For fixed-step first-order algorithms over the class F, | (RY), we
replace this inner maximization with the Lagrangian dual of the PEP, given
by Problem (dual-SDP-PEP-Smooth).

wopt(‘u, LR, N> - uc;r/{f T TRZ
ik’ Vijr
such that:
A(Ma) =0,
b— 2 )\Z](Ll] — Mi) = O,

ijel
Aij=0, ijel
T2>0,

(opt-PEP)



with A(A,a) = TAg — C + Zi,jel )Li]'Aij(Oé).
Remark 2.19. Under mild conditions, the duality gap for PEP is zero (see

Theorem 2.16). Thus, Problem (opt-PEP) provides an exact reformulation of
Problem (f-opt-PEP-Smooth) for fixed-step first-order algorithms.

Remark 2.20. The matrices A;; are linear in the variables a;; when p = 0
(for L-smooth convex functions), as the vectors ; depend linearly on «; x
(see Section 2.3). For u > 0 (in the L-smooth, y-strongly convex case), the
matrices become bilinear in the variables &;;. Consequently, the matrix
A(A, ) is at least bilinear in the variables Ajj and a; ;, making the problem

nonconvex. In general, problems with bilinear matrix inequalities are NP-
hard [101].

A common approach to solving optimization problems with nonlinear ma-
trix inequalities is to derive specific SDP relaxations for the problem. In [55,
Section 6.2], Kim and Fessler developed such a relaxation for the function
class of L-smooth convex functions, 7 (R?). They successfully found
an analytical solution to their relaxed problem, leading to the Optimized
Gradient Method (OGM):

Algorithm 2 Optimized Gradient Method (OGM)
: Input: f € .F(),L(]Rd), Xg € ]Rd, Yo=x0,00=1

—_

2: fori=0,...,N—1do
3 Y =% 1 Vf(x)
2
. o BV i< N-2
INUIES >
BV = N-1
61 6
5 X =Yir1 + g Wi — Vi) + g5 Vi — Xi)
6: end for

Note that (OGM) admits a relatively simple structured form, even though
the definition of fixed-step first-order algorithms allows for a vast search
space, including algorithms with very complicated expressions. Also, (OGM)
closely resembles Nesterov’s fast gradient method (FGM), the first practical
method to achieve the optimal convergence rate of O(1/N?) for smooth
convex functions [70].



Algorithm 3 Fast Gradient Method (FGM)
: Input: f S fO,L(]Rd), Xo € ]Rd, Yo = Xo, 0y =1

—_

2: fori=0,..., N—1do
3: Vi1 = xi — $Vf(x)
14+/1+462
4: 91+1 = - L
;-1
5: Xit1 = Yiy1 + E(]/iﬂ —Yi)
6: end for

(OGM) accelerates the convergence of (FGM) by a multiplicative constant
factor of 2 by adding the extra momentum term 91% (Yiv1 — x;):

Theorem 2.21. Let f € F,(R?) and let yo,...,yn € R? be generated by
(OGM). Then:

LR? LR?

f(yN)_f(x*) < 49%\]_1 < (N+1)2’

In [30], Drori established a matching lower bound, proving that (OGM) is
optimal—no first-order method can achieve a lower worst-case bound for
minimizing smooth convex functions. In [95, Section 3], Taylor and Drori
addressed the case of L-smooth, u-strongly convex functions by applying
a reparametrization that transforms the algorithm design problem for the
class F, 1 (R%) into one for the class FoL—pu (R?) (see [95, Lemma 3]). This
reformulation reduces the problem to only bilinear matrix inequalities (see
Remark 2.20). They then developed a similar SDP relaxation and introduced
the ITEM method:

Algorithm 4 Information-Theoretic Exact Method (ITEM)

1: Input: f € F, 1 (RY) with 0 < y1 < L < oo, initial guess xo € RY
2: Initialization: y_; = z9 = x9, Ao =0, =u/L

3 fori=0,1,...,Ndo

(1+9) A2 (14+/ T+ A) (1+44)))

4: Set Ajy1 =

(1-9)
Bi = A 1 (=9 A (1) A
P (A-q)Aip” TP T2 T+q+qA;

5
6 yi=(1—PBi)zi+pixi

7 xip =Yi— V()

& zip1 = (1—q0;)zi +q0iyi — SV f (i)
9: end for




The performance of (ITEM) is given by the following theorem:

Theorem 2.22. [95, Theorem 3] Let f € }'H,L(]Rd) and denote q = u/ L. For any
xo = z0 € R and N € N with N > 1, the iterates of (ITEM) satisfy

1_ﬂ)2N
HZN x*” = 1+qAN||ZO X*H = (1_\/7)2]\[_’_‘7“20 x*” ’
L 2
< — 20 — X
N < A= a4nn |20 — x|
1 L
< mi _ 2(N+1) —x, 2

with py = Flyn) — fo — IV F ) 2 = gy Iy — £9 £ () — 2 >
0.

The quantity ¢ is related to a Lyapunov function that is key to their analysis
of the method. Note that the three sequences generated by (ITEM) are
valid approximations of the solution x in the sense that zy converges in
terms of distance to the optimal solution, yy is guaranteed to have a small
corresponding iy, and xy corresponds to having a guarantee on the con-
vergence of f(xyn) — f« in the smooth convex case y = 0. In [95, Section 2.2],
Taylor and Drori analyze two limiting cases of (ITEM). When p = 0, (ITEM)
reduces to the optimal method for smooth convex functions, (OGM). In
the case where y > 0 and i — +o0, the parameters of (ITEM) converge to
those of the Triple Momentum Method, developed in [89] using the IQC
methodology (see [58] for details). They also prove the optimality of (ITEM)
for the class F, . (R?) by establishing that the upper bound in Theorem 2.22
matches the lower bound from [31].

In [32], Drori and Taylor propose an alternative approach for designing op-
timized first-order methods using performance estimation. They begin by
formulating a tractable PEP framework tailored to the Greedy First-Order
algorithm, which is defined as follows (see [32, Section 3] for details):



Algorithm 5 Greedy First-Order Method (GFM)

Require: f:RRY — R a convex function, initial iterate xg € R%.
1: fori=1,2,...,N do
2 x; ¢ argmin, g {f(x) 1 x € xg +span{Vf(xg),..., Vf(xi_1)}}
3 Choose Vf(x;) € df(x;) such that (Vf(x;), Vf(xj)) =0, Vj<i
4: end for

Using their PEP framework, Drori and Taylor establish upper bounds on
the worst-case convergence of (GFM). They further introduce a procedure
to construct fixed-step first-order methods that achieve the same worst-case
convergence as (GFM). This procedure leverages the dual formulation of
PEP, which provides a proof for the convergence bounds (see Remark 2.17)
and then ensures that the proof remains valid for the constructed fixed-step
method (see [32, Section 4]). The core idea behind this method is that (GFM)
achieves the best possible convergence on functions structurally similar to
the "worst function in the world," introduced by Nesterov in [71] to derive
complexity lower bounds. Fixed-step first-order methods constructed using
this procedure may therefore be optimal, as they exhibit the same worst-case
behavior as (GFM). Drori and Taylor further demonstrate the effectiveness
of their approach by showing, for instance, that (GFM) attains the best
possible convergence bound for smooth convex functions and recover the
optimal fixed-step algorithm for this class, (OGM).

The first two methods for designing fixed-step first-order algorithms pre-
sented above (SDP relaxations and the (GFM)-based method) have two
main drawbacks. First, the optimality of the algorithm designed is not
guaranteed and typically requires a separate proof. Second, these methods
are problem-specific, meaning they may not apply successfully to all prob-
lem classes where a convex PEP can be formulated. For example, the SDP
relaxation method fails in designing an optimized memoryless gradient
descent algorithm for L-smooth convex optimization, i.e., optimizing the
step sizes a; in the following algorithm (see [48]):

Algorithm 6 Memoryless Gradient Descent (MGD)

: Input: function f, xg € RY.
:fori=0toN —1do

Xip1 =X — 1 Vf(x)
end for
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Remark 2.23. Algorithm (MGD) is called memoryless because, unlike (OGM)
and (FGM), which use past gradients at each update to achieve an accel-
erated convergence rate, (MGD) only utilizes the most recent gradient
V f(x;) for the update at each iteration. Memoryless fixed-step first-order
algorithms are fixed-step algorithms of the form (2.8) with a;; = 0 for all
k#i—-1anda;; 1 = aiL’ L. Note that (GM) is a special case of (MGD),
where the step sizes are constant, a; = «.

In [48], Das Gupta et al. address these two issues by introducing BNB-PEP, a
unified methodology for designing optimal fixed-step first-order algorithms.
They solve the nonconvex design problem (opt-PEP) to global optimality
using a specialized spatial Branch-and-Bound method. The main drawback
of this approach is the high computational cost of the Branch-and-Bound
algorithm, which limits the number of steps N for which the step sizes
{a;}i<n can be optimized. Despite this limitation, Das Gupta et al. suc-
cessfully apply BNB-PEP to various algorithm design problems, obtaining
meaningful results. Among their examples, they address the problem of
designing an optimal (MGD) algorithm, deriving optimized numerical step
sizes for N up to 50 (provably optimal for N up to 25). Their results suggest
a convergence rate of O(1/N'178), providing the first numerical evidence
that an accelerated convergence rate (faster than O(1/N)) may be achiev-
able without memory (see Remark 2.23). The step-size schedule designed
by Das Gupta et al. alternates between short and unusually long step sizes,
violating the descent condition 0 < «; < % They further establish that
acceleration is impossible for memoryless algorithms on smooth convex
functions without such long steps (see [48, Section 6.1.1]).

Building on these insights, Grimmer [44] introduced the first numerical
step-size schedule with provable acceleration guarantees. Shortly thereafter,
Altschuler and Parrilo [7] proposed the silver step-sizes, the first analyti-
cally derived step-size schedule that guarantees acceleration for memory-
less fixed-step first-order algorithms applied to smooth strongly convex
functions. They later extended the silver step-size schedule to smooth
(non-strongly) convex functions [8]. In this setting, the silver step sizes are
defined recursively. For any n € IN such that n = 2F — 1, the silver step-size
schedule &y,,1 = [, ..., a2, of length 21 + 1 is given by:

foni1 = [, 140571, &), (2.14)
where p = 1+ V2 is the silver ratio, and &, = [\@] The convergence
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of Algorithm (MGD) with the silver step-size schedule is stated in the
following theorem:

Theorem 2.24. For any function f € Fo 1 (RY) and integer N = 25 — 1, after N
steps of (MGD) with the silver step-size schedule, the following holds:
flan) = fo < rLlxo — x|,

1 1 _ 1
1+1/40%—3 — 202N " 2Nz T 2NTZ7IE”

where 1y :=

Inspired by the silver step sizes, recent concurrent works [45, 108] provide
a theoretical framework for designing optimized (MGD) algorithms for
smooth convex functions. This approach involves composing step-size
schedules that satisfy specific properties with appropriate composition
operations. Grimmer et al. [45] show that the silver step sizes can be derived
within this framework and then construct highly optimized schedules,
conjectured to be optimal, for any number of steps N (not limited to N =
2K — 1 as required by the silver step sizes).

2.6 Conclusion

In this first chapter, we illustrated the utility of the Performance Estimation
Problem (PEP) framework by reviewing fundamental results on the worst-
case analysis and design of fixed-step first-order methods in the smooth
convex and smooth strongly convex settings. We first explained how, using
the necessary and sufficient interpolation conditions (2.5), it is possible
to derive a convex SDP formulation for the PEPs of fixed-step first-order
algorithms. As a use case, we then reviewed existing results and conjectures
on the exact worst-case behavior of the classical (GM) algorithm. Addi-
tionally, we examined the algorithm design process facilitated by PEP and
some of the optimized fixed-step first-order algorithms derived from it. In
particular, we presented (OGM) an optimal first-order algorithm for smooth
convex functions and (ITEM) an optimal algorithm for smooth strongly
convex functions, along with their performance analysis. Furthermore, we
reviewed recent optimized memoryless algorithms (MGD), whose worst-
case analyses demonstrate that Nesterov’s acceleration is not necessary to
achieve an accelerated convergence rate (i.e., faster than O(1/N)).

In the remainder of this thesis, we extend the worst-case analysis and
optimized algorithm design using PEP to a broader range of function classes
and algorithms.
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Performance Estimation of
First-Order Block
Coordinate-Wise Algorithms

3.1 Introduction

In this second chapter, we extend the Performance Estimation methodology
to block coordinate descent algorithms (BCD), which successively update a
single block of coordinates at a time. BCD algorithms constitute a widely
used class of methods in modern optimization. Indeed, with the widespread
availability of data, the scale of modern large-scale optimization problems is
constantly increasing, making standard full-gradient optimization methods
computationally expensive. Fortunately, many of these problems exhibit a
block coordinate structure, making them well-suited for BCD algorithms.
Among block coordinate-wise algorithms, an important subclass is block
coordinate descent algorithms, which require access to only a subset of
gradient coordinates at each iteration. These methods can generally be
classified into three main categories based on how the blocks of coordinates
are selected and updated [103]:

1. Gauss-Southwell methods, which greedily select the coordinates that
lead to the largest improvement.
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2. Randomized methods, which select coordinates according to a proba-
bility distribution.

3. Cyclic methods, which update the coordinates in a predefined cyclic
order.

Although greedy methods can perform well, their update rule typically
requires access to full gradients to identify which block of coordinates has
the largest gradient norm and will lead to the most significant improvement.
As a result, randomized and cyclic methods have been more extensively
studied and utilized.

The worst-case convergence analysis of random coordinate descent meth-
ods has proven to be easier than that of their deterministic counterparts.
Sampling coordinates with replacement from a suitable probability distri-
bution ensures that the expectation of each coordinate step corresponds to
the full gradient, making the analysis largely similar to that of full gradient
descent. Consequently, numerous random coordinate descent algorithms
with theoretical guarantees have been proposed for convex optimization
problems, including accelerated and proximal variants for various proba-
bility distributions [72, 62, 36, 28, 6, 50, 75]. However, their performance
guarantees hold only in expectation or with high probability, and the sam-
pling technique can be computationally costly specially in high-dimension
settings.

In practice, cyclic block coordinate descent is often preferred over ran-
dom or greedy variants due to its simplicity and computational efficiency.
It cycles through coordinates in a fixed order, avoiding the overhead of
random sampling or the computational cost of selecting the most promising
block at each step, as in greedy methods. It also tends to perform reliably
well across a wide range of problems [49].

This motivates the study of cyclic block coordinate methods, which, al-
though simpler to implement, are significantly harder to analyze. The
primary challenge lies in establishing a connection between the block of
coordinates updated at each step and the full gradient. Some convergence
results are already known for cyclic coordinate descent, but they are of-
ten obtained under restrictive assumptions, such as the isotonicity of the
gradient [88], or with worst-case bounds that are quite conservative and
under initial conditions that are not entirely standard for unconstrained
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convex optimization [14, 52]. Stronger convergence results exist for some
specific cases, such as for quadratic and strongly convex optimization prob-
lems [93, 60, 104, 49, 41].

We consider the unconstrained optimization problem:

min f(x),

x€R4

where f belongs to the class Fy .« (R?), is differentiable, and satisfies spe-
cific block coordinate-wise smoothness properties. To formalize this, we
partition the space R? into p subspaces:

RY =R x -« x R%.
We introduce the corresponding selection matrices U, € R%*“, such that:
(Uuy,...,Uy) = 1.
For any x € IRY, we can express x in terms of its block components as:

x=(xW,. ., x"HT  where xY) =u/xeR¥, vie{1,...,p}.
(3.1)
Thus, x can be rewritten as:

P
X = Z ng(g).
(=1

Definition 3.1. The partial gradients of f at x are defined as:
VOfx) 2 U] Vf(x), Veell,...,p}h

We now define the class of coordinate-wise smooth convex functions, de-
noted F$9o™ (IR%):

Definition 3.2 (Functional class FS,OL"rd (R%)). Given a vector of nonnegative
constants L = (Ly,...,Lp) and a function f, we say that f belongs to
F$d(R?) if and only if:

1. f belongs to Fo, 1 (R?) and is differentiable.

2. For every block of coordinates, f satisfies the block coordinate-wise
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smoothness condition:

VO f(x+UhD) = VO f)| <L hP||, vxeRY, valD) e R%.

For the analysis of first-order algorithms over the functional class F§3°™ (RY),
we define the following two norms:

Definition 3.3. Given a vector L = (Lq, ..., Lp) of nonnegative constants,
forany x,g € ]Rd, we define the following weighted primal and dual norms:

z_pL 02 d 2w Lo 32
€M7 = Y Lellx! V)%, and [iglli? =) I 1[I (3.2)
(=1 (=1"¢

*2 2
Note that the function % is the Fenchel conjugate of %

As this chapter focuses on the analysis of first-order block coordinate-wise
algorithms, we define the partial first-order oracle for the block of coordi-
nates ¢ € {1,...,p}, denoted by O/(f, x), as:

Ou(f,x) = {f(x), VO f(x)}.

Lett:{0,...,N—1} — {1,..., p} be a block coordinate selection strategy
that associates each iteration i € {1, ..., N} with a block of coordinates #(i),
such that the oracle Oy(;(f, x) is used for the update at step i. A first-order
block coordinate-wise algorithm M °™ can then be conceptually expressed
as follows:

xp = M <x0/ O (f xo)) ,

xy = Mgeerd <x0, Oy0)(f,x0), Oya)(f, xl)) , .

v = M (xof Or0)(f,%0), -, Oxn—1)(f, xN—l)) :

where M0 represents the operation that generates the iterate x; from the
initial iterate xo and the past partial first-order information on the function
f. We furthermore assume that the mappings M$°°™ are such that x; and
x;_1 differ only on their ¢(i — 1) block of coordinates. As we explained
previously in Chapter 2, in the case of standard first-order methods over
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the function class 7,1 (R%), the Performance Estimation Problem for the
first-order BCD algorithm M°™ over the functional class fgiord (R?) can
be expressed as the following infinite-dimensional problem:

w (R, L, M N, T,P) = sup  P(f,x0,..., XN, Xx),

f;xow-/xN/x*
such that f € fgiord(]Rd),
x4 is optimal for f,
X1,...,xN generated from xg using (3.3)
Z(f,x0,.-.,xN,Xxx) < R.
(i-PEP-coord)
where P is a performance criterion, for instance

flan) = f(x),

and Z(f,xo,...,xN,%«) < R is an initial condition that ensures that the
worst-case of the algorithm is bounded, for instance

lxo — x«]] < R.

Following the PEP methodology summarized in Remark (1.2) and as ex-
plained in the previous chapter for first-order methods over the classes
Fur (]Rd), Problem (i-PEP-coord) can be simplified into a finite-dimensional
problem using the notion of interpolability of a finite set by a functional
class. The .7-"5,0L°rd(]Rd)—interpolabﬂity of a finite set is defined as follows:

Definition 3.4 (]—"&‘i"rd(]Rd)—interpolabﬂity). Let I be an index set, and con-
sider the set of triples S = {(x;, i, f;) }ic1, Where x;,g; € R? and f; € R for
alli € I. The set S is fgiord(le)-interpolable if and only if there exists a
function f € fgiord(le) such that g; = Vf(x;) and f(x;) = f;, Vi € L

Since Problem (i-PEP-coord) only involves first-order information of the
functional variable f € ]:gf’Lord(]Rd) at the iterates x;, i € {0,1,..., N} of the
algorithm M<°™d and at a minimizer x, of f, fgfiord (RY)-interpolability

allows us to replace the functional variable f with a finite Fgf’Lord(]Rd )-
interpolable set of decision variables:

Sn = {x;,8i, fitier € (RT x R x R)N*2,



where I = {0,1,...,N, %}, such that Problem (i-PEP-coord) takes the finite-
dimensional form

wrd(R, L, M N, T, P) = sup P(Sn),

Sn={xi8ifitier

such that Sy is fgiord(le)—interpolable,

X1,...,xN generated from xg using (3.3),

g * = 0/

Z(Sn) <R

(f-PEP-coord)

Contributions. In the remainder of this chapter, we begin in Section 3.2
by reviewing useful characterizations of the function class ]-'giord (R%) and
compare it, in terms of inclusion, with the function classes For . (RY) and
Fo,Lum (RY), where Ly = minge(y o Leand Loum = y7_, Ly. This com-
parison allows us to derive lower and upper bounds on the convergence of
BCD algorithms over the class ]-'gfl’f’rd (RY).

In Section 3.3, we extend the PEP framework to BCD algorithms over the
functional class 7 ; (R?) and demonstrate how to obtain a convex reformu-
lation of the PEP for the subclass of deterministic fixed-step first-order block
coordinate-wise methods. We also briefly discuss how this framework can
be extended to their random counterparts.

In Section 3.4, we leverage this PEP framework to investigate the worst-case
behavior of several BCD algorithms, including block coordinate descent, al-
ternating minimization, and a cyclic version of the random accelerated block
coordinate descent algorithm from [36]. For the block coordinate descent
algorithm, our bounds improve upon the best known bound from [14] by ap-
proximately a multiplicative factor of 10. For the alternating minimization
algorithm, our bounds suggest that the bound from [14] is asymptotically
tight. Additionally, we provide numerical worst-case convergence analyses
for these algorithms under more natural and less restrictive assumptions
than those typically made in the analysis of cyclic block coordinate-wise al-
gorithms [14, 72]. For the cyclic version of the random accelerated algorithm
presented in [36], we establish a lower bound on the worst-case convergence
of the algorithm, suggesting that acceleration schemes for random block
coordinate-wise algorithms do not necessarily generalize to deterministic
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cyclic variants.

Note that the above results do not explicitly exploit the coordinate smooth-
ness assumption, as they optimize over Fy 1 (R?) not over fgiord(Rd). To
confirm these numerical observations and obtain tighter bounds for the
convergence of fixed-step first-order BCD algorithms over the functional
class ]:gf}f’rd(]Rd ), we present in Section 3.5 necessary interpolation con-
ditions for the class Fg,‘if’rd(]l%d ) and derive a convex PEP framework for
fixed-step first-order BCD algorithms directly over this class. We also de-
scribe how to adapt this framework to derive PEP-based optimized descent
lemmas for deterministic algorithms and how to handle random algorithms.

In Section 3.6, we formally establish several results on the worst-case con-
vergence of cyclic block coordinate descent for coordinate-wise smooth
convex functions, including:

¢ An invariance property of the worst-case with respect to the norm
||.|| introduced earlier.

* A lower bound on the worst-case performance, which equals the
number of blocks multiplied by the worst-case performance of full
gradient descent on smooth convex functions.

* Animproved descent lemma.

* An upper bound on the residual gradient norm for two-block coordi-
nate descent.

Finally, in Section 3.7, we provide tighter numerical results on the worst-
case convergence of the three BCD algorithms under consideration, which
further confirm the observations made in Section 3.4. Additionally, we
numerically analyze the dependence of our bounds on the number of co-
ordinate blocks, as well as the evolution of the optimal step size for cyclic
block coordinate descent with respect to the number of blocks and cycles.

Summary of the main analytically established Results. Among the contri-
butions presented above, the following results are analytically established:

¢ We provide a new proof for a necessary and sufficient characterization
for the class of coordinate-wise smooth convex functions fg‘iord (RY)
(characterization 3, Theorem 3.7).



* We use this characterization as interpolation conditions for this class
of functions and prove that these conditions are sufficient for sets
of cardinality at most 2, but not sufficient in general (Theorems 3.20
and 3.21).

* We prove a lower bound on the worst-case convergence rate of p-block
cyclic coordinate descent over the class of coordinate-wise smooth
functions which is equal to the number of blocks p times the worst-
case convergence rate of full gradient descent on smooth convex
functions (Theorem 3.27).

* We provide a new descent lemma for 2-block coordinate descent and
use it to derive an upper bound on the convergence of the squared
residual gradient norm (Lemma 3.30, Theorem 3.32).

3.2 Class of Coordinate-wise Smooth Functions

In this section, we present necessary and sufficient characterizations for the
class of coordinate-wise smooth convex functions, which are essential for
analyzing Block Coordinate Descent (BCD) algorithms using Performance
Estimation. We begin with a valid quadratic upper bound for this class of
functions.

Lemma 3.5. [72, Section 2] Let p be the number of coordinate blocks, L =

(Ly,...,Lp) avector of nonnegative constants, and f : R — R a differentiable
unction. If f € FCoord(RY), then:
oL

1. f satisfies the following inequality:
f(XQ) > f(X1) + <Vf(X1),XQ - x1>, Vxl, Xy € ]Rd.

2. Forall £ € {1,...,p}, x € R, and h') € R%, f satisfies the quadratic
upper bound:

Flr+URD) < f() + (VOF(),HO) + 2RO 34

We now provide a valid quadratic lower bound for coordinate-wise smooth
convex functions.

Lemma 3.6. Let p be the number of blocks of coordinates, L = (Ly,...,Ly) a
vector of nonnegative constants, and f : R? ~ R a differentiable function. If
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f e Fg,ofrd(]Rd), then forall £ € {1,...,p} and for all x1,x, € R, f satisfies
the quadratic lower bound:

f(x2) = f(x1) +(Vf(x1),x2 —x1) + ZLL[HV(Z)f(Xl) — VO f(x)|? (3.5)

Proof. The following proof is inspired from the proof of [96, Theorem 2.34]
where a similar result for L-smooth convex functions is derived. We define
the subspace Sy = {x € R, U/x = 0,¥j € 1,...,p, j # {} and the
extended function p, as follows:

U7«
pelx) = L s, (v),

with

I ( ) 0 ifx e S#g
X frg
S#t +o0o otherwise

Since f belongs to fg%ord(Rd) it satisfies condition (3.4). We claim that we
can rewrite this condition as follows:

Flx+Ax) < f(x) + (Vf(x),Ax) + Lips(Ax) Yx € RY, YAx € RY, (3.6)

which now involves the full gradient of f as opposed to the partial gradient
V() £, and must be satisfied for all Ax € R? as opposed to the U (") that

are only nonzero along the block ¢. Indeed, if Ax is only nonzero along
T 2

the coordinates of the ¢/ block, then p,(Ax) = M, (Vf(x),Ax) =

(VO £(x), Ul Ax) and we recover (3.4). For all other values of Ax, p,(Ax)

is infinite, and (3.6) is trivially satisfied. For any fixed x € R?, let us now

define

he(Ax) = f(x + Ax) — f(x) — (Vf(x), Ax).

Condition (3.6) becomes then
hy(Ax) < Lyps(Ax), Vx,Ax € R

Note that both ki, and p, are convex. As the Fenchel conjugate (with respect
to Ax) reverses the order between convex functions, this is equivalent to:

hi(Ag) = (Lep)*(Ag), VAg € RY. (37)



First, we compute the Fenchel conjugate (L;p;)*(Ag). For any Ax € R?
such that Ax € S/, we clearly have:

(Ag, Ax) = Lypy(Ax) = —oo
For the case where Ax € Sy, we have that:
VAx € Sy, Ag € RY, T(Ax,Ag) = (Ag, Ax) — Lipi(Ag)
= AgTu, Ul Ax — %AxTuzuZAx
= AgTMyAx — %AxTMgAx
with M, = U,U] is an orthogonal projection matrix i.e M, = M = M.

Computing the derivative of T with respect to Ax and setting it to zero we
have that the maximum, Ax* verifies:

1
* T
Ax® = LﬁMgAg S S#g
Using this we get that:
T * 1 T
Ag” MyAx™ = L—Ag MyAg,
l
and:
B *T *_B *T A 12 *_B *T A gT *_L T
Ax* MyAx™ = ——Ax™ MjAx" = —(Ax™ My )(MyAx™) = Ag” MAg.
2 2 2 2Ly
Putting everything together we have that:

VAg € RY, (Lypy)*(Ag) = sup (Ag, Ax) — Lypy(Ax)
AxeR4

= sup (Ag,Ax) — Lypy(Ax)
AXES#[

1 1
= —Ag"MyAg = —||U] Agl|*.
oL, 8 Medg = s [[Up Agll

Let us now compute an expression of the Fenchel conjugate of 1, with



respect to Fenchel conjugate f* of f:

hy(Ag) = sup (Ag,Ax) — f(x + Ax) + f(x) + (Vf(x), Ax)

AxeR4
= f(x) + sup (Vf(x) +Ag, Ax) — f(x + Ax)
AxeR4
= f(x) + sup (Vf(x) + Ag, X' —x) — f(x') withx' =x+ Ax
x' eR4
= f(x) = (Vf(x) + Ag,x) + sup (Vf(x) +Ag,x') — f(x')
x'€R4

= f(x) = (Vf(x) +Ag,x) + [ (V[ (x) + Ag).

By Young's equality (see for instance [96, Theorem 2.21]), we have that for
any function f € Fy 1 (IRY) and x,s € R? such that s € 9f (x):

)+ f7(s) = (x,9).

Applying this to our case, we have that

FHVFE) = f(x) = (Vf(x),x)

which gives us

h(8g) = fH(Vf(x) +8g) = f1(Vf(x)) — (x,Ag).

Finally, we obtain from inequality (3.7) that condition (3.6) is equivalent to
1
vx € RY, VAg € RY, f*(Vf(x)+Ag) > f(Vf(x))+(x,Ag) + TLZIIU/,TAgllz-

In particular, for any x1,x, € R?, choosing x = x; and Ag = Vf(x1) —
V f(x2) in the previous inequality, we have that:

FAVF(x)) > F(Tf(2) + (x2, V(1) = VF(x2)
+ leKHV(f)f(xl) _ V(f)f(XZ)”Z, Vg, xp € Re

By Young's equality again, we have that:

fr(Vf(x)) = (1, Vf(x1)) — f(x),



fr(Vf(x2)) = {x2, V£ (x2)) = f(x2).
Injecting this two inequalities in the previous inequality, we find that:
f(x2) > f(x1) + (Vf(x1),x2 — x1)
o 190 f () = VO, a0 e RY
14

which concludes the proof. O

We now prove that the characterizations of coordinate-wise smooth con-
vex functions given in Lemmas 3.5 and 3.6 are necessary and sufficient
conditions.

Theorem 3.7. Let p be the number of blocks of coordinates, L = (Ly,...,Ly)a
vector of nonnegative constants, and f : R — R a differentiable function. The
following statements are equivalent:

1. f e FEri(RY).
2. Forall x1,x, € RY,
f(x2) = f(x1) +(Vf(x1),x2 — x1),

and forall ¢ € {1,...,p}, x € RY, and h'©) € R%,
Fl+ Un) < Fx) + (O £0),1O) + 22
3. Forallt € {1,...,p} and x1,x, € RY,
1o (0) 2
f(x2) 2 f(x1) +(Vf(x1),x2 —x1) + TL[HV flx) = VI f(x2)

Note that in 2. the second inequality must hold between two points differing
only on a single block while in 3. it must hold for any pair x, x, € R%.

Proof. The implication (1) = (2) follows from Lemma 3.5, and (2) =
(3) is given by Lemma 3.6. To complete the proof, we show (3) = (1).
Assume f satisfies condition (3). Then, for all xq,x; € RY,

f(x2) > f(x1) + (Vf(x1),x2 — x1).



Now, applying condition (3) with x, = x + U/h¥) and x; = x, for any
x € R?and () € R, we get:

fle+ Uy > fx) + <Vf(X)rUzh(€)>+2LLZHV(€)J‘(X)*V( Ve U ) |2

Reversing the roles of x and x + U/h(Y) yields:

f(x) > f(x+Uh™) + (Vf(x+ uh®), —un ™)
+ Ziunv“)f(x) — VO f(x + U O) |2

Adding these two inequalities gives:
L%IIV“)f(x) = VO G+ U )P < (T f G+ Uh) = V() U,
By the Cauchy-Schwarz inequality, we have:
(VF(x+ Uy = Vf(x), Uy < [V F(x+UhD) = V()] [UR O,
which implies:

IVOf(x+uh®) = VO£l < Lefuen®|.

Since ||U i) || = |1, this proves f € ngord(Rd). O

Remark 3.8. Note that characterization 3 in the previous theorem, when sat-
isfied for any two vectors in R?, imposes both the convexity and coordinate-
wise smoothness constraints on the function simultaneously, whereas char-
acterization 2 imposes convexity and coordinate-wise smoothness sepa-
rately using two different inequalities. Previous work on PEP (see [96])
shows that combining convexity and smoothness constraints, when possi-
ble, into a single constraint yields better interpolation conditions and thus
tighter convergence rates on the algorithm performance. In our case, nu-
merical experiments confirm that using characterization 3 as interpolation
conditions in the PEP yields the tightest convergence bounds. Furthermore,
numerical experiments show that combining the two characterizations 2 and
3 in the PEP does not lead to any improvement in the obtained worst-case.

Finally, we compare in terms of inclusions the class of smooth convex
functions with the class of coordinate-wise smooth convex functions.



Theorem 3.9. Let p be the number of blocks of coordinates and L = (L1, ...,Lp)
a vector of nonnegative constants. Then:

f mm (]Rd) C fcoord (]Rd) C ‘FO LSlU’Vl (Rd)
where L,,;, = mingeqy 1 Lo and Lgyy = Zle Ly.
Proof. If f € Fo 1. (R?), then f is convex and satisfies:

IVF(x2) = VF(x1)| < Linllxa — x1], Vx1,x2 € R

Since ||V f(x2) = Vf(x1)| = /Ty VO f(x) — VO f(x1)||%, it follows
that:

IV O f(x2) = VO F(x1)|| < Lininllx2 — x1]| < Le[lx2 — x4 ]].

Since the previous inequality is valid for any x1,x, € R?, we can choose
xp = x + Uk and x; = x with any x € R? and h(") € R% which give us

VO F(x+UuhD)y = VO )| < Lof|nD), vxeR?, Vi) e R%.

and thus f € ngord(]Rd), proving the first inclusion. Now assume that
f belongs to ]-'giord(]Rd). By Theorem 3.7, for any x1,x; € R? and ¢ €
{1,...,p}, itholds that

2Le(f(x2) = f(x1) = (Vf(31), 22 = :1)) = [V (1) = VO f () 12
Summing these inequalities for £ € 1,..., p, we have

2Lsum (f(x2) = f(x1) = (Vf(x1), x2 — x1) >2||V VO f (x|

Since

r

Y AVOf(a) = VOf(r2) > = IV () = V(x2) 1%

(=1
we find that for any xq, xp € R4

1
f(x2) = fx1) + (Vf(x1),x2 = x1) + 57—V f(x1) = V(x|
2Lsum

which proves that f belongs to Fy 1. (R?) and concludes the proof. [
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The above theorem implies that the worst-cases of any algorithm on the
classes Fo; . (R?) and Fo;_  (R?) provide respectively valid lower and

min

upper bounds for its worst-case convergence on the class fg"Lord (R7).

sum

3.3 Convex PEP for Fixed-Step BCD Algorithms on the
Functional class 7 (RY)

In this section, we extend the convex Performance Estimation Problem
(PEP) framework for fixed-step first-order algorithms on smooth convex
functions, originally developed in [97] and reviewed in Chapter 2, to fixed-
step first-order block coordinate-wise algorithms. Note that we consider
f € For(RY) and not yet ‘ngo(ﬁlgd)‘ Hence Theorem 3.9 will play some role
(which will come later in Section 3.4).

Recall from Chapter 2, Section 2.3, that the Performance Estimation Problem
for the class F, 1 (RY) admits a finite-dimensional formulation by defining
the set of decision variables:

Sn = {(xi,8i, fi) Yier € (R x R? x R)N*2,

where I = {0,...,N,*}. Foralli € I, the variable g; € R? and f; € R are
constrained by the fH,L(]Rd)—interpolability condition to be the gradient
and function value at x; for some function f € fH,L(le). The variables
x; fori € {0,..., N} represent the first N iterates of the algorithm under
analysis, and x is enforced to be an optimal point of f by the condition
g+ = 0. Using this formulation, the PEP for the first-order BCD algorithm
M0 can be expressed as:

sup P(Sn),
Sn={(xi.gi.fi) tier

subject to
1 .
fi—fi—(gjxi—xj) > iﬂgi—gj”z/ Vi,jel,

x1,...,xy is generated from xg by the method M with (3.3),

{X*,g*/f*} = {0/0/0}/
Z(Sn) <R



This formulation is a direct extension of Problem (d-PEP-Smooth) with
u = 0, where the first-order algorithm M is replaced by the first-order
BCD algorithm M °™, We now demonstrate that for fixed-step first-order
BCD algorithms, the above problem can be reformulated in a convex form.
Fixed-step BCD algorithms are defined as follows:

Definition 3.10. Given a number of blocks p, an integer N, and a block of
coordinates selection strategy t : {0,..., N —1} — {1,..., p} that associates
each step i of the algorithm with the index t(i) of a block of coordinates, we
say that Meoord g 5 fixed-step BCD algorithm if, for alli € {1,..., N}, the
iterate x; can be expressed as:

i1
xi=x0— Y il VI £(xp), (3.8)
k=0

In the sequel, we denote by M$°°™ the fixed-step BCD algorithm parametrized
by the step sizes ;.

Remark 3.11. When the block coordinate selection strategy ¢ is deterministic,
for instance for the widely used strategy

t(i)= (i mod p)+1,

which defines a cyclic order selection for the blocks, the BCD algorithm is
called deterministic. Another possible choice is a random strategy, where the
block of coordinates is sampled from a probability distribution. In this case,
the BCD algorithm is called random.

Following a reasoning similar to the one used in Chapter 2, Section 2.3,
we begin by extending the PEP framework to deterministic fixed-step first-
order block coordinate-wise algorithms. Consider N iterations of the de-

terministic fixed-step BCD algorithm M. Define the matrix P() by
(6)

grouping the vectors g/, corresponding to the /-th block of coordinates of

gi, and the vector x(()g), corresponding to the ¢-th block of coordinates of the
initial iterate xg:

YA 4 V4 14
PO =g, 61", gl 2.

The Gram matrix G() is then defined as G(*) = P()OTp() ¢ gN+2 Now, let
hz@) € RN*2 be defined component-wise as:
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1 ifk=N+2,
W) = iy ifk <iand t(k—1) = ¢,

0 otherwise.

Here, hl@) (k) is the k-th element of the vector hlw. Then, by the definition
of the BCD algorithm M$°™ in (3.8), the /-th block of coordinates of the
iterate x; can be expressed as:

A0 Oy,
Defining th)T =10,...,0] € RN*2, we obtain:

x,(f) = P(f)hg) Vee{l,...,r}
Similarly, let u; = ¢;;1; € RN*2, where {ej}],]i *+2 is the canonical basis of

RN*2, and set u, = 0. Then, foralli € {0,...,N}and ¢ € {1,...,p}, the
£-th block of coordinates of the gradient g; can be written as:

8,(@ POu;, g,(f) =Py

Given the previous definitions, for allk,j € {0,...,N,*}and ¢ € {1,...,p},
we obtain:

X

(x e ( (
i [ ]’
(5" ]“)>=uTG“>
(81", x

Recall that the interpolation conditions for the functional class Fg 1 (R?) are
given by:

fi=fj 2 (gjpxi —x) + 2Lllgz gil*, Vijel

These conditions can be rewritten in block coordinate-wise form as:

4 p
<f> MO 0 02



Rewriting this, we obtain:

p p
TGO RO _ 0y, L TGl x
—fi=> ;:1 Uj G! )(hi —h; >+Zg§:1(ui_uj> G! )(ui—uj), Vi,jel

To express these conditions more compactly, we define the vector of function
values F' = [fy, ..., fn] and the matrices:

The interpolation conditions then become:

FT(u;—u; +2Tr< G(@)go.

For the initial condition Z, we consider conditions that can be expressed in
the form:

P
= Y (A G
(=1

This formulation encompasses classical conditions, such as bounds on the
distance ||xyp — x«/||. For the performance criterion P, as explained in Chap-
ter 2, Section 2.3, we consider a linear performance criterion of the form:

P(F,GY)=b"F+ f Tr(COG).
(=1
Similarly to the case of standard fixed-step first-order algorithms, in the
large-scale setting, whend, > N+2, ¥/ € {1,...,p} (see Theorem 2.12
and the above discussion), the worst-case performance after N steps of the
fixed-step first-order block coordinate descent algorithm MS°°™ over the
functional class Fy 1 (RY) is given by the optimal solution of the following
convex Performance Estimation Problem (PEP):



P
w(R,L,a,N,b,CY) = sup b'F+ ) Tr(CHGY)

GO, F =1
subject to:
FT(uj — )

P
+ Y Tr (Af,ﬁ)(a)c;(f)) <0, (coord-PEP-Smooth)
/=1
Vijel,
4
Y AV G1) < R,
(=1
G =0, Vee{1,...,p}

Since Problem (coord-PEP-Smooth) is dimension-independent, it also pro-
vides the exact worst-case convergence of the fixed-step first-order BCD
algorithm under analysis over the set Fy,; = Ugen Fo,r (R?) of all L-smooth
convex functions.

Remark 3.12. Imposing the dimensions of the blocks in our PEP frame-
work requires enforcing rank constraints on the matrices G(*), which are
nonconvex. For instance, analyzing coordinate descent (where all blocks
have dimension 1) would require imposing the following rank constraints:
rank(G()) = 1, V¢ € {1,...,p}. Thus, we can only provide valid up-
per bounds on p-block BCD algorithms without being able to make any
assumption on the dimension of each block.

Note that Problem (coord-PEP-Smooth) is similar to (SDP-PEP-Smooth).
The key distinction is that, since we are analyzing block-coordinate-wise al-
gorithms, the formulation requires block coordinate-wise computations. In
the PEP framework, this results in defining multiple matrix variables G,
each of size (N +2) x (N + 2), corresponding to different coordinate blocks.
Consequently, solving a PEP for fixed-step first-order BCD algorithms is
computationally more expensive than solving a PEP for standard fixed-step
first-order methods. This limits the number of blocks that can be considered
in our PEP framework, particularly when solving the resulting SDP with
standard interior-point solvers. Improvements in computational efficiency
can potentially be achieved at the cost of losing precision, for instance by
using first-order method solvers or by relaxing the SDP constraints (e.g.,
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augmented Lagrangian methods or spectral relaxations).

We conclude this section by demonstrating how the PEP formulation devel-
oped for deterministic algorithms can be extended to handle random fixed-
step first-order BCD methods. If p is the number of blocks and N the number
of steps, then a random algorithm can generate up to pV different sequences
of block of coordinates. Each sequence corresponds to a deterministic al-
gorithm, denoted by M for r € {1,..., pN}, which can be represented
and analyzed using PEP with a corresponding set S5, = { (X, i, fir) }icr
with I = {0,1..., N, %}, as described earlier in this section. To represent
the average performance of the random algorithm under analysis, we need
to impose that all the corresponding deterministic algorithms are applied

on the same function. This is done by defining the set Sy = Ule Sy and
imposing the interpolation conditions on Sy to ensure that all the sets S},
are interpolable by the same function. Furthermore, we also need to impose
the same initial iterate for all the algorithms and measure the performance
with respect to the same optimal point. This is done in PEP by imposing the
conditions xq, = xg and {X.,, g, fsr} = {0,0,0} forallr € {1,...,pN}.
We then choose the expectation of the performance of each deterministic
algorithm M¢°°™ as the performance criterion. Consequently, the PEP for
a random algorithm can be conceptually formulated as:

pN
sup Y PP(SY),
Sy={(xir8ir:fir) Yier r=1
,UN
such that Sy = U Sy
r=1
Sy is ]:giord (R%)—interpolable, (3.9)

X1y, ..., XN, by method Mo e e (1, pN,
xo,=x Vre{l..p"}

{x*,r/g*,r/f*,r} = {010/0}/ vr € {1/rpN}

||x0 - x*HZ S R/*
where P, represents the probability that the sequence r of blocks occurs.
For fixed-step first-order random BCD algorithms, this problem can be cast

as a convex semidefinite program using a similar construction to the one
presented above for fixed-step first-order deterministic algorithms. Indeed,
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by defining the matrices

l l l 14 l 14
PO = g6, 810 8N+ 8y B s s K0

the Gram matrices G(Y) = PO)Tp() ¢ gN+2 and the vector of function
values FT = o fiir - N1 - ,prN, .. .,fN,pN], the interpolation condi-

N
tions on the set Sy = Ule Sy can be written in the form
Vi,j € {0,1,...,NpN, %}, FT(uj — u; +2Tr( G(f)) 0,

with suitable vectors u;, ; and matrices A%) (a), whose construction is very
similar to the deterministic case presented previously. This leads to the
following SDP:

N

w(R,L,a,N,b,, Cr(g)) = sup E P, (bTF—l— Z Tr(C G(g))>
GO, F r=1 14

subject to:
FT( - uz)

+ Z Tr (A}f.) (zx)GW) <o,
(=1 ’
Vi,j € {0,1,...,NpN, «},
Z Tr(A ) < R2

GW =0, Yle{l,...,p}

(PEP-rdn-Smooth)
Similarly to the deterministic case, if dy > N+2forall ¢ € {1,...,p},
then the optimal solution of Problem (PEP-rdn-Smooth) provides the exact
worst-case expectation of the performance of the analyzed random fixed-
step first-order BCD algorithm over the functional class Fq 1 (RY). Since
Problem (PEP-rdn-Smooth) is also dimension-independent, it provides the
exact worst-case expectation of the algorithm’s performance over the set of
all L-smooth convex functions, given by o1 = Usen Fo,r (R?). However,
the resulting SDP involves p matrices of size (NpN +2) x (NpN + 2), mak-
ing it computationally prohibitive for analyzing random algorithms when
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the number of blocks and steps are large.

3.4 Numerical Experiments on the Convergence of Block
Coordinate-wise Algorithms on the class F; (R%).

We now leverage the PEP framework established in the previous section
to analyze the convergence of three specific cyclic BCD algorithms on
smooth convex functions. Given a vector of nonnegative smoothness con-
stants L, we analyze these algorithms over both the classes 7 ;. (R?) and
Fo, Lo (R?), which, thanks to Theorem 3.9, provide us respectively with a
lower and an upper bound on the worst-case convergence of the algorithms
over the class ]:gf]’f’rd (R%). As previously mentioned, cyclic algorithms form
a subclass of deterministic BCD methods, where the blocks of coordinates
to be updated are selected in a predefined cyclic order.

Let K be the number of cycles performed by a cyclic BCD algorithm and
p the number of blocks of coordinates. Then, the total number of steps
performed by the algorithm is given by N = pK. For the analysis of the
considered algorithms, we choose the functional accuracy f(xy) — f(xx) as
the performance criterion P. This criterion can be easily incorporated into
the PEP framework developed in the previous section. Regarding the initial
condition, a common assumption in the analysis of cyclic BCD algorithms,
as adopted in [14, 72], is that the level set

S={xeR?: f(x) < f(x0)}

is compact, which implies the following bounds (using the fact that the
algorithm is decreasing the objective monotonically):

prk — x| <R(x9), Vke{1,...,K}, (3.10)

where R(xg) is defined as:

R(x0) = max max{[lx — x.|| : f(x) < f(x0)}, (3.11)
xx € Xy xeRY
with X, is the set of optimal points of the function. To define a setting
compatible with our PEP framework while ensuring that the convergence
theorems in [14] remain applicable and their bounds remain valid for com-
parison, we introduce the following Setting ALL.
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Setting ALL. We assume that the iterates satisfy:

min max ||x, — X«|| < R,. 3.12
x*eX*ke{l,...,K}” p =%l <R, (3.12)

Note that the condition (3.12) in Setting ALL can be used as an initial
condition in our PEP framework, as it is equivalent to imposing:

xpk — x|l <Ry, Vk€{1,...,K},

which can be expressed in matrix form as:
A6 < R2
Y Tr(Ay'GY) <R%, Vke{l,...K},
(=1

where Ag) = h;?h;i)T.

Though theoretically convenient, Setting ALL is not very natural and may
be difficult to verify in practice. In addition, Setting ALL can prove to
be unusable for certain class of functions. Indeed, consider the family of
smooth functions fe(x,y) = (x — y)? + e(x* + y?) and the initial point
(xo = 1,y0 = —1). Computing the gradients along each of the two blocks
of coordinates gives

Vx,y € R, VO f(x,y) =2(1+¢€)x — 2y,
Vx,y e R, VW f(x,y) =2(1+€)y —2x.

This implies that fc is 2(1 + €)-smooth along each coordinate. Applying
the 2-block cyclic coordinate descent algorithm with the step size 5.

2(1te)’
starting along x, we obtain that after one cycle of the algorithm:
_ Ypk
1) T 7 ey
_ Yk
Ypk+1) = (1 —|—€)2‘
We have that R(xp) = miny,ex, maxgey, gy [[Xpx — x[| = [[(x2,12)[| =

a +1€)2 £J1+ a +1€)2 , which tends to infinity as € tends to zero. For € small
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enough R(xp) becomes very large and the bounds obtained in this setting
are very conservative and do not give useful information about the perfor-
mance of the algorithm. Therefore, we will also consider a more classical
setting, albeit less frequently used in the context of cyclic block coordinate-
wise algorithms:

Setting INIT. Given the starting point of the block coordinate algorithm xg
and an optimal point of the function x., we have that

l[xo — x|l < R, (3.13)

with [[xg — x4]|2 = L|lxop — x«|*>. The condition (3.13) in Setting INIT is
also compatible with our PEP framework for BCD algorithms as using the
notations of the previous section, it can be written under the form:

P
Y AV G1) < R?
(=1

with Ag) = L”NH“I]H-

We now introduce the three cyclic BCD algorithms we will analyze us-
ing our PEP framework along with the corresponding tightest known upper
bounds on their worst-case convergence rates. First, the cyclic block coor-
dinate descent algorithm (CCD) performs a gradient step at each iteration
with respect to a block of coordinates selected in a cyclic order.

Algorithm 7 Cyclic Coordinate Descent (CCD)

Input function f defined over R? with p blocks, starting point xy € R?,
number of cycles K and step-sizes {’)’g}zzl.
Define N = pK. Fori =1...N,

Set { = mod(i,p) +1

x = xi1 = UV f(xi1)

Theorem 3.13. Given a number of blocks p, a nonnegative constant L, and a
function f € ]-'O,L(]Rd), let {x(”)}nzle with N = pK be the iterates generated
by (CCD) applied to f, using step sizes yy = -y forall £ € {1,...,p}, withy < %



Then under assumptions of Setting ALL:

(1+p7?L?) pr+ SR2. (3.14)

flxpr) = fx:) <

=&

Proof. Thanks to Theorem 3.9, we have the inclusion Fy 1 (R?) C fgiord (RY),
where L = (L,..., L). We follow the proof of [14, Theorem 3.6], specifying
it for the case L = (L, ..., L) and replacing the inequalities (3.10) with those
from Setting ALL:

[xp — x+|| < Rqs, Vke{1,...,K}.

We thus obtain the rate of [14, Theorem 3.6] with Lyjn = Lmax = % (since

the step sizes in [14] are expressed in the form E% for each block, where L, is
viewed as an approximation of the smoothness constant L; of the ¢! block

of coordinates). O

Remark 3.14. The upper bound of Theorem 3.13 is specified for the functional
class Fy, (R?) but as explain in the proof the bound is also valid for the
functional class .Fgf;f’rd(le) withL = (L,...,L).

We also consider the cyclic alternating minimization algorithm (AM), where,
at each step, an exact minimization is performed along the selected block of
coordinates instead of applying a partial gradient step.

Algorithm 8 Alternating minimization (AM)

Input function f defined over R? with p blocks, starting point xy € R?,
number of cycles K.
Define N = pK. Fori =1...N,

Set ¢ = mod(n,p) +1

X = arg minz:x,-,l—kqux(”, Ax(D) eR% f(Z)

Theorem 3.15. Given a nonnegative constant L and a function f € Fo (R%),
let {xi}ieq1,., Ny, with N = 2K, be the iterates generated by K cycles of the
2-block (AM) algorithm applied to f. Then under the assumptions of Setting ALL:

2
Flp) = ) < 220

Proof. A similar reasoning applies as in the previous theorem for (CCD). We
follow the proof in [14], specifying it for the case L = (L, L) and replacing
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the inequalities (3.10) with those from Setting ALL:
prk —x4|| <R, Vke{1,...,K}
O

Remark 3.16. Similar to the upper bound for (CCD), the upper bound of
Theorem 3.15 is stated for the functional class F ; (R¥) but remains valid
for the broader class fgiord (RY) withL = (L,...,L).

The choice of considering cyclic coordinate descent (CCD) and alternating
minimization (AM) is motivated by the fact that these algorithms are among
the most widely used and extensively studied within the class of block
coordinate-wise descent methods. We now introduce a third less standard
deterministic fixed-step first-order algorithm which is a cyclic version of
the accelerated random coordinate descent algorithm from [36]. We denote
this algorithm by (CACD). Our interest with (CACD) lies in comparing
its worst-case performance to that of its random version (RACD), which
features a proven accelerated convergence rate on average.

Algorithm 9 Cyclic Accelerated Coordinate Descent (CACD)

Input function f defined over RY with p blocks, starting points xg = zg €
RY, 6y = %, number of cycles K, step-size {W}f:l
Define N = pK. Fori =1...N

Set £ = mod(i,p) +1

Vi1 = (1= 6i—1)xi—1 +0i_1zi1

zi=zi 1 — = UV fyia)

Xi = Yi—1 + phi—1(zi — zi—1)

\/0F 407 -0
61' _ i—1 i—1 i—1

2




Algorithm 10 Random Accelerated Coordinate Descent (RACD)

Input function f defined over R? with p blocks, starting points xg = zq €
RY, 6y = %, number of steps N, step-size {’}’g}f:l
Fori=1...N

Sample uniformly at random ¢ € {1,...,p}

Yier = (1= 6i-1)xi-1 +0i_1zi1

zi=zi 1 — = UV fyia)

Xi = Yi—1 + phi—1(zi — zi—1)

\J0F 407 —02
61' _ i—1 i—1 i—1

2

Theorem 3.17. [36, Theorem 3] After N steps of the p-block (RACD) algorithm
with step-sizes y, = 1, V0 € {1,..., p} ona function f that belongs to Fo 1 (RY),

we have that: )

* 4p 2
_ < -7 0
with R = (1= 1) (f(x0) = F) + 10 — x|, where ||xo — x.|} = L|lxo -

X ||%

Proof. With the notations of Theorem 3 in [36], taking T = 1, it is straightfor-
ward to show that if f belongs to Fy 1 (R?), f verifies the (ESO) condition [36,
Assumption 1] withvy = L, V¢ € {1,..., p}, thus the proof of Theorem 3
in [36] remains valid in our case and we obtain the desired result. O

Remark 3.18. Note that algorithms (CCD) and (CACD) are fixed-step first-
order BCD algorithms as defined by (3.8), allowing a convex PEP formu-
lation to be directly constructed following the approach in the previous
section. In contrast, the alternating minimization algorithm (AM) does not
fall within the framework of (3.8) since its iterates cannot be expressed as a
linear combination of the initial iterate xy and past gradients g;. However, a
convex PEP can still be formulated for this algorithm. Specifically, defining
a PEP for (AM) requires considering the matrices:

pl) — [g((f), .. .,g%),x(()z), . ..,x%)},

and the corresponding Gram matrix:

Gl — p(OT pl) ¢ g2N+2.



Then, forall ¢ € {1,...,p} andi € {0,..., N}, we have:

2 = POk, with h; = ey 20 € R2NT2,
and
gi(g) = P(f)ui, withu; =e;,1 € R2N+2)

where {e;}ic(1,. 2n+2) IS the canonical basis of R2N*2. The update step
in (AM), given by:

Xi = argmin, _ .. qy,ax0), a0 eric f(2),

can be modeled in a PEP through the conditions:

() =

AW =2, el ph s £ L

and
gl@ = P(é)ui =0.

The interpolation conditions, performance criterion, and initial condition
are handled in the same manner as in the previous section, thereby demon-
strating how to formulate a convex PEP for (AM).

Now that we have introduced the BCD algorithms to be analyzed, along
with the corresponding settings, we present the numerical results on their
worst-case convergence obtained using our PEP framework. For simplicity,
we restrict our numerical experiments to the case of two blocks (p = 2) and
assume a constant step size across all coordinate blocks, i.e., y1 = 72 = 7.

Let WLALG(V) (p, K, R) denote the worst-case performance of the fixed-step
BCD algorithm ALG(y) with step sizes v, over the functional class 7 1 (R?).

Similarly, let WALG(W)

coord,L

ALG(1y) with step sizes 7, over the functional class fgiord(]Rd ). Using
a proof similar to [96, Section 4.2.5] (same class of functions, step sizes
and similar initial conditions as in [96, Section 4.2.5] considered here), the
following homogeneity properties hold for both our settings ALL and INIT:

(p, K, R) represent the worst-case performance of

WD (5, K, R) = LRRWELD) (p, K, 1)

WM (p,K,R) = LR2W{*M (p, K, 1)



7
WAL (5 K, R) = LRRWEACP) (p, K, 1)
We can thus, without loss of generality, fix the smoothness constants and the
bounds on the initial distance to optimalityas L; = L = land R, = R; = 1.

The upper and lower bounds presented in the remainder of this section are

thus those on Wg];%'(yl) 1) (2,K,1) given by Theorem 3.9.

ALG(7y) ALG(7y) ALG(7y)

Wl (2, K/ 1) g Wcoord,(l,l) (21 K/ 1) < W2 (2/ K/ 1) (315)
Since a O(#) rate of convergence is expected in most cases, we often show
the evolution of our performance criterion multiplied by K to facilitate the
analysis.

Algorithm (CCD). In Figure 3.1, we provide the upper and lower bounds
in (3.15), obtained thanks to Theorem 3.9, for the worst case of (CCD) with
a constant step size y = % We choose this step size to ensure the conver-
gence of our upper bound, for which we consider the class of 2-smooth
convex functions. Our bounds are sublinear and improve the analytical
bound given in (3.13) by approximately a multiplicative factor of 10. The
lower bound in Figure 3.1 suggests that our upper bound on the worst
case of (CCD) over the class of coordinate-wise smooth convex functions
cannot be significantly improved. The experiments presented in Figure 3.1
are performed under the assumptions of Setting ALL. In order to illustrate
the flexibility and usefulness of our framework, we provide in addition
bounds for the 2-block (CCD) in Setting INIT. In Figure 3.2, we compare the
upper bounds obtained for both settings for block coordinate descent. Our
results show that the convergence of cyclic block coordinate descent can
also be established under the weaker assumption of Setting INIT, and the
results suggest that the stronger assumptions made in Setting ALL do not
yield a significant improvement in terms of performance as we only start
to observe a slightly better performance under Setting ALL after around
25 steps. We also provide bounds for (CCD) with the residual gradient
norm as a performance criterion. In Figure 3.3, we show the reciprocal of
the upper and lower bounds we obtain using PEP on the residual gradient,
which suggests that the squared residual gradient norm converges at a rate
of O(1/K?), which is faster than the convergence of the function accuracy
(a similar situation holds for the full step gradient descent).
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Fig. 3.1 Comparison of the upper and lower bounds from Theorem 3.9, computed
numerically using our PEP framework, with the analytical bound from Theorem 3.13,

adapted from [14] and scaled by the number of cycles K, for the 2-block (CCD) with
step size y = 1/2 in Setting ALL.
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0.3+ = Lower bound setting INIT
= Upper bound setting INIT

5 10 15 20 25 30
Cycles K

Fig. 3.2 Comparison of the upper and lower bounds from Theorem 3.9, numer-
ically computed using our PEP framework and scaled by the number of cycles K,
for the 2-block (CCD) with step size v = 1/2 in Settings ALL (solid lines) and INIT.
(dashed lines).
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Fig. 3.3 Reciprocal of the upper and lower bounds from Theorem 3.9, numerically
computed using our PEP framework for the residual gradient norm for the 2-
block (CCD) under Setting ALL.

Algorithm (AM). In Figure 3.4, we provide upper and lower bounds for
the alternating minimization algorithm in Setting ALL and compare them
to the bound provided in Theorem 3.15 (adapted from [14, Theorem 5.2]).
Figure 3.4 shows that our PEP-based approach improves the bound in
Theorem 3.15 by a multiplicative factor of two.

= —PEP lower bound
/‘\ 0.7 —PEP upper bound
<05 Upper bound Theorem 3.15 1

02— ]
5 10 15 20 25 30
Cycles K

Fig. 3.4 Comparison of the upper and lower bounds from Theorem 3.9, computed
using our PEP framework, with the analytical bound from Theorem 3.15 (adapted
from [14, Theorem 5.2]) and scaled by the number of cycles K, for the 2-block (AM)
in Setting ALL.

Algorithm (CACD). We analyze (CACD) over the class of 1-smooth convex
functions. By Theorem 3.9, this also provides a lower bound on the worst-
case performance for the function class }'3,‘2‘1’?,1) (RY). We choose a step
size vy =1, YVl € {1,...,p}, allowing us to compare our PEP-generated
bound for (CACD) with the convergence bound of (RACD) given in Theo-
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rem 3.17. In Figure 3.5, we plot the reciprocal of our lower bound as well
as a numerical linear fit, suggesting that the convergence rate of (CACD) is
of order O(1/K). No acceleration is observed, as the rate remains slower
than O(1/K?), which holds for the random (RACD). A numerical fit of our
lower bound gives

CACD

W1 (1)(2,K,1) N 0.0945

T~ K—-3.1026

This suggests that randomness in the choice of the blocks of coordinates to
update plays a key role in accelerating BCD algorithms. To investigate this
further, we use the convex PEP framework for random BCD algorithms,
as formulated in Problem (PEP-rdn-Smooth), to compute the exact worst-
case expected performance, denoted by W(RACP)  for (RACD) with step
sizesyy =1, VL € {1,...,p}, over the class of 1-smooth convex functions.
Since analyzing N steps of the 2-block (RACD) requires considering 2N
possible sequences of updates, we restrict our study to N = 4. Table 3.1
reports the worst-case performance for each deterministic sequence of block
coordinate updates of length N = 4 and the worst-case after N = 4 steps
of the random algorithm (RACD), given by W(RACD) = 0.102. Notably, all
deterministic sequences in Table 3.1 yield a worse worst-case bound than
W(RACD) except for cyclic updates (1212 or 2 12 1) and mirror updates
(12210r2112). Apossible explanation is that the worst-case expected
performance W(RACD) includes clearly suboptimal update sequences, such
as always updating only a single block of coordinates. To confirm this,
we computed the worst-case expected performance when restricting the
possible sequence of blocks to only the two best deterministic strategies
(cyclic updates and mirror updates). This yield Wiest = 0.094, slightly better
than all the best deterministic cases. Although the preliminary results in
Table 3.1 are not entirely conclusive, they suggest, together with Figure 3.5,
that (CACD) is indeed slower than its random counterpart.
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Fig. 3.5 Reciprocal of the lower bound given by Theorem 3.9 and numeri-
cally computed with our PEP framework and its linear numerical fit for the 2-
block (CACD) in Setting INIT, which indicates that the convergence rate is slower
than O(1/K?).

Block choice type Ordered block choices Worst-case
Cyclic (= WEACD) 1212 0r 2121 0.098
Fixed choice 1221 0or 2112 0.100
Fixed choice 1211 0or 2122 0.135
Fixed choice 1121 0or 2212 0.152
Fixed choice 1222 0r 2111 0.155
Fixed choice 1122 0or 2211 0.1667
Fixed choice 1112 0or 2221 0.188
Fixed choice 1111 0or 2222 0.500
Random (= WRACD) at each step: pick 1 or 2 0.102
Random best at each cycle: pick 12 0r21 0.094

Table 3.1 Comparison of the worst-case performance of (RACD) and the
worst-case performance of all deterministic variants for (p = 2, K = 2).

3.5 A convex Performance Estimation Problem framework
for the class F§$°d(IRY)

To compute tighter upper bounds on the convergence of BCD algorithms
over the class of functions fggf’rd(le) without relying on the double in-
clusion that relates it to the classes 7. (R?) and Fy . (R?) (see Theo-
rem 3.9), we now derive a convex PEP formulation for fixed-step first-order
BCD algorithms directly over the class of block coordinate-wise smooth
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functions ]:giord(]I{d). This derivation follows closely the construction of
the convex PEP for fixed-step first-order BCD algorithms over the class
of smooth convex functions Fy 1 (R?) presented in Section 3.3. The key
difference in considering the class fg&ord(]Rd ) instead of Fy 1 (R?) lies in
replacing the Fy 1 (R?)-interpolability constraint on the set of decision vari-
ables Sy with a fgiord (R%)-interpolability constraint. This requires identi-
tying appropriate interpolation conditions to enforce the new interpolability
constraint. In the following theorem, we provide necessary interpolation
conditions for the class fgf{f’rd (RY):

Theorem 3.19. Given [ a finite index set and a number of blocks of coordinates p.
Ifthe set S = {(x;,8i, fi}ier C R x RY x R is fgf’frd(Rd)—interpolable, then

Vi,jel, Vle{l,...,p}

p
S f 0 (0 (0 TRGEERGIT
iz fi+ g wit = )+ gl =g I ©19)

Proof. If Sis fgiord (R%)-interpolable then any function f € fgfff’rd (RY) that
interpolates S satisfies, by Theorem 3.7, the conditions (3.5) over the entire
space R? and in particular over the set S which yields the interpolation
conditions (3.16). O

Before presenting the formulation of the PEP for the class ]-'gf}f’rd (R%), let
us first discuss the sufficiency of the interpolation conditions (3.16). In the
next theorem, we prove that for sets I with cardinality at most 2, these
interpolation conditions are sufficient:

Theorem 3.20. A set S = {(x;,&i, fiti=1,.n C R? x R? x R, with N < 2, is
.Fg,ofrd(]Rd )-interpolable if and only if it verifies the conditions (3.16).

Proof. The necessity follows from Theorem 3.19. We establish sufficiency by
constructing an explicit example of an interpolating function defined via its
Fenchel conjugate. Note that the following propositions are equivalent:

1. Function f interpolates the set {(x;, g, fi) }i=12-

2. The Fenchel conjugate f* of function f interpolates the set {(g;, x;, (x;, gi) —

fi)Yi=1,2-



This follows from Young’s equality (see, for instance, [96, Theorem 2.21]).
We assume, without loss of generality, that

fi—fo—(g2,x1 —x2) > fo— f1 — (g1, %2 — x1).

Since the problem is symmetric in (f3, g1, x1) and (f2, g2, X2), the remainder
of the proof remains valid by switching the roles of the variables if the
previous inequality is reversed. Consider the function:

£(g) = {w) ifg=Ap+(l-Ng, el o

1) otherwise.

where:

P(A) = (fi — fo— (g2, 11 — x2))A* + (x1, 82 — g1)A + (81, %1) — fu-

This function is only finite on the segment between g; and g». It is easy to
verify that:

fr(&1) =¢0) = (g1,x1) — f1i, f(g2) =¢(1) = (g2,%2) — fo.

Let us now prove that x; and x, are subgradients of f* at the points g; and
g2, respectively which means that for any ¢ € RY

fr(g) = f(g1) + (x1,8 — &1),

() > f1(82) + (x2,8 — £2)-

Consider the first case where ¢ € R? and ¢ # Agy + (1 — A)g; for any A €
[0,1]. In this case, we have f*(g) = 400, and the subgradient inequalities
are trivially satisfied. Now, consider the case where g = Ag> + (1 — A)g3.
Since (f1 — fo — (g2, x1 — x2)) > 0, ¢ is a convex quadratic function and we
have:

$(A) = 9(0) +¢'(0)A,

which is equivalent to:

(&) = fr(g1) + (x1,82 — g1)A



Simple computations based on g = Ag» + (1 — A)g; give:

(x1,82 —g)A = (%1, — 81),

which then leads to:

(8 = fr(g1) +(x1,8 — &1)-

Thus, x; is a subgradient of f* at g1. Similarly, from the convexity of ¢, we
obtain:

p(A) > ¢(1) +¢'(1)(A-1),
which is equivalent to:

(&) = f1(g2) +(2(f1i— fa— (8231 — x2)) + (x1,82 — g1)) (A — 1).

Since we assume that:

fi—fo—A(g2x1—x2) > fo— fi — (g1, %2 — x1),

it follows by adding f1 — f» — (g2, X1 — x2) on both sides that:

2(f1 — f2 — (g2, %1 — x2)) > (x2 — x1,82 — &1)- (3.18)

This implies:

fr(8) = fr(g2) + ((xa —x1,82 — g1+) + (x1,82 = g1)) (A = 1),

which is equivalent to

(&) > f1(82) +(x2,82 — 1) (A = 1).
Since:
(x2,82—81) (A —1) = (x2,8 — §2),
we obtain:
f1(8) = f7(82) + (x2,8 — g2),

and x; is a subgradient at g». Hence function f* interpolates the set
{(gi, xi, (xi, i) — fi) }i=12, which implies that f = (f*)*, defined as:

f(x) = sup (x,8) — f*(g), Vx€RY,
gER4



also interpolates the set {(x;, g, fi) }i—1,2. By definition of f*, f takes finite
values for all x € R?, and for any x € RY, there exists Qr = Axg + (1 —
Ax)g1 € R? such that:

f(x) = (%,8x) = f7(8x): (3.19)

By Young's equality (see [96, Theorem 2.21]), we have g € df(x) and
x € 0f*(gx). To complete the proof, it remains to show that f € fgiord(]Rd).

To do so, we first prove that the functions ¢ — f*(g) — 21T[|| g0 ||? are
convex and show that this implies f € Fg&ord(]Rd). Simple computations

yield:

e(A), ifg=Ag2+(1-A)g1, A €0,1]
+00, otherwise,

" 1
he(g) = f(g) — 2T()||g“>|l2 = {
where:
1 )
Pe(A) = (fl —fo— (82, x1 — x2) — TLgHgé@ 8§£)|2> A2

1
+ <<x1 - L—gllggif),gz —g1>> A

1
+(g1, 1) — fL — 7||g§€)“2'
2L,

Since the set {(x;,g;, fi) }i—12 satisfies the interpolation conditions (3.16),
the term

1 / ‘
A= (g1 —x2) = @Ilgé g2

is nonnegative. Thus, iy is a convex quadratic function, implying that
hy is convex. For all x € RY and gy as defined in (3.19), we have that if
ox ¢ {91,482}, f* is differentiable and x — L% Uy gj(f) is the gradient of hy at .

Moreover, x1 — L%Ug ggf) and x — L%Uggéé) are respectively subgradients

of hy at g1 and ¢,. Indeed, consider the first case where ¢ € R? and g #
Ag + (1 —A)gy for any A € [0,1]. In this case, we have hy(g) = +oc0, and
the subgradient inequalities

1 ¢
he(g) > ho(ga) + (x1 — Euegi )g—a1),



X 1 /
13 () > hy(82) + (x2 — Eueg§”>,g — )

are trivially satisfied. Now, consider the case where g = Agy + (1 — A)g3.
Since ¢ is a convex quadratic function, we have:

Pe(A) = 90(0) + 9;(0)A,
which is equivalent to:
() = helsn) + (1 — - Urgl” 82— g
Simple computations give:

1 ¢ 1 ¢
(= Uit g2 A = (n — L Uigt” g - gu),

which then leads to:
Lo
he(g) = hy(g1) + (x1 — Lfgue& 8 —81)-

Thus, x1 — L% Uy g§£) is a subgradient of /iy at g1. Similarly, from the convexity

of ¢, we obtain:
Pe(A) = (1) + (1) (A = 1),
which is equivalent to:
1 ¢
he(g) 2 heg2) + (2(f1 — fo = (211 = 32) = -l — &1 IP) +
1 ¢
(x1 = L—[Ueé L& —a))(A-1).
Since we assume that:
fi—fa—(82x1—x2) 2 fo— fi — (81,2 —x1),

it follows that:

2(f1 — fa—(82,%1 — x2)) > (x2 — x1,82 — &1)- (3.20)



This implies:

)

1 ¢ ¢ 1 ¢
2Afi—fo= {g2m =) = 5lss) =& 1) + (- LU g2 1) 2

)

1 1
(X2 —x1,82 —81) — m\lgé"]) —ggf)ll2 + {x1 — L—élleggé /82— 81) =

(0)

1
(x2 — fguzgzé /82— 81)

which gives us

1 ¢
ho(8) > hy(g2) + (x2 — E]Ufgg ) g —g)(A—1).
Since:

(0

1 1
(2= Uit g2 —g)(A—1) = (2 — Uit g~ g2),

we obtain: .
14
he(g) > hu(g2) + b = Uiy 8 = g2),
which proves that xy — L% Uy gy) is a subgradient of /1y at gp. By the convexity
of hy,forall/ € {1,...,p}and forall x,y € RY, we obtain:

£(a) = 58I = £ g0) = Sl (3= Luis gy~ ).
By substituting the equalities:
f) + £7(8x) = (x,8x),
)+ 1 (8y) = (v,8y),
the previous inequality becomes, for all € {1,...,p} and for all x,y € R%:
f@) = F) = (gyx—v) + lee (g1 = 1188712 = 2(uig”, gy — 8x) ) -
From the definition of the selection matrix Uy, we have:

gl ) = (8,84,



and: , ,
el ¢ = 1812

Thus, forall ¢ € {1,...,p} and forall x,y € RY, we obtain:

1
F) = F0) 2 {yx =) + 5 lg = 1P

Since gy € df(x) and g, € df(y), Theorem 3.7 ensures that f belongs to
f&‘f’rd (R%), which concludes the proof. O

We show in the next theorem that for sets of cardinality N > 2, the interpo-
lation conditions (3.16) are not sufficient. We establish this by providing a
counterexample for N = 3.

Theorem 3.21 (Insufficiency of interpolation conditions for N > 2). For
any set of the form S = {(x;, i, fi) }i=1,.. N with N > 2, the interpolation
conditions (3.16) are not sufficient.

Proof. We construct a counterexample with N = 3 that satisfies (3.16) but is
not interpolable by a function f € ngord(]Rd). Consider the set:

[ Pointsx; [ Gradientsg; [ Function Values f; ||
x=(-1,0" || &1 =(-1,0)" fi=1
x=(0,00" [[g=(0-1)" f=0
x3 = (1,0)" g3 =(1,0)" fr=1

Table 3.2 A set S satisfying (3.16) but not interpolable.

The set S satisfies (3.16) for L = (1,1). Suppose that there exists a function
fe ]:giord (R?) that interpolates S. For any point x = (—1,y), the convexity
of f implies that
f(x) = f(x) + (g1, x —x1),
which is equivalent to
f(=Ly) =

Similarly for the points of the form x = (1,y), we have that

NI~

f(x) = f(x3) + (83, x — x3),
which is equivalent to:

f(Ly) >

N —

74 |



By 1-smoothness of f along the second coordinate, for any point x = (0,y)

we have )

2
f0,y) < f0,0)+8Py+ % = —y+ L.
Setting y = 1, we obtain from all the above:

1 1
, fON< -5 FLY) >

N —

f(=1L1) =

Define h(x) = f(x,1). Then h is a 1-smooth convex function satisfying:

1
h_l 271
1>

h(1) < h(0) + K (0)(1-0) +
which contradicts /(1) > % Similarly, if #'(0) > 0, we have that:

(-1-07 _

h(=1) < h(0) + 1 (0)(=1~0) + —

which contradicts h(—1) > % Thus, an interpolating function f € Fg‘iord(]Rd )
for the set S cannot exist. O]

Remark 3.22. Theorems 3.20 and 3.21 may suggest that necessary and suffi-
cient interpolation cannot be enforced by pairwise conditions but instead
should result from conditions involving at least 3 points. Moreover, since
the interpolation conditions (3.16) are generally only necessary, using them
in a PEP framework introduces a relaxation, providing only a valid upper
bound on the worst-case convergence of the BCD algorithm under analysis.

To conclude this section, we show how the interpolation conditions (3.16)
can be used to derive a convex relaxation for the PEP of fixed-step first-order
algorithms over the functional class ]-"giord (RY). Using the definitions intro-
duced in Section 3.3, the interpolation conditions (3.16) can be expressed
forall/ € {1,...,p} and i,j € I in the form:

FT(uj— ug) + ZTr (4l (@)6") + (B)c") <o.



i ) (0) _ 40 (0) _ 50
2Ai,j (a) = uj(hi — hj ) (T — h]/ )uj ,
l T
2B(/]) ; (u< —uj)(u —uj)

Replacing the interpolation conditions for the class Fy 1 (R) by the interpo-
lation conditions for the class fgiord (R%), we obtain:

p
wcoord(R, Lo N, b/c(f)) = sup bTF+ Z Tr(C(E)G(é))

G, F =1
subject to:
FT(u;—u; +€ZTr< D@6") +
Tr (Bﬁ@G( >) <0, Vle{l,.. prVijel
i ) < R?,
o

O%0, vee{1,...,p}

(SDP-coord-PEP)
This is a convex SDP whose optimal value provides a valid upper bound on
the worst-case performance after N steps of the fixed-step first-order BCD
algorithm applied to the class fgfff’rd (R%). Since the problem is dimension-
independent (as the block dimensions d, do not appear in the formulation),
the bound is valid for every 4 € IN and thus holds over the set of all L-block
coordinate-wise smooth convex functions ]-"gfiord = Ujen ]-"giord(]Rd):

Theorem 3.23. Given a number of blocks of coordinates p, a number of steps
N and a vector of nonnegative constants L, consider the class .7-"“’"”1 (RY) of
L-block coordinate-wise smooth convex functions, the determzmstzc fixed-step
first-order BCD method M as defined in (3.8), and a performance criterion
P(F,GY) =b"F+ 25:1 Tr(COGW). Forall d € R, a valid upper bound
on the worst-case performance after N iterations of method M over the class
Fgf’frd(]Rd ) is given by the optimal value of Problem (SDP-coord-PEP).

A dual formulation of Problem (SDP-coord-PEP), which could, for instance,
be useful for deriving proofs of convergence theorems or for formulating
the problem of designing optimized BCD algorithms (see Chapter 2), is
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given by:

inf TR?
AT

subject to:

AO iV Y AL Al AviBY =0
TAR +Z Z SiL]40,) ([X)—I_ Z Li)f ij —

s=1i,jel ijel

Vee{l,...,p},

p
b— Z Z /\s/i,j(u]- - Mi> = 0,

s=1i,jel
/\g,i,jzo, Vi e {1,...,]9}, Vi,jGI,
T2>0.
(dual-SDP-PEP-coord)

Using the same reasoning as in the analysis of BCD algorithms over the
functional classes g 1 (R?) (Section 3.3), the PEP framework for determin-
istic BCD algorithms over the class ]-"gl‘f’rd (R?) can be extended to handle
random algorithms:

Theorem 3.24. Given a number of block of coordinates p, a number of steps
N and a vector of nonnegative constants L. Consider the class f(‘jf)f’d(Rd) of
L-block coordinate-wise smooth convex functions, the random fixed-step first-order
BCD method M of the form (3.8), and a performance criterion P (F, G(Y)) =
b'F+ 22’:1 Tr(COGW). Forall d € RY, a valid upper bound on the worst-case
expected performance after N iterations of method M over the class Fgf’f’d (RY)



is given by the optimal value of the following semidefinite program:

N
rdn-coord 0y _ \ T 4 ) ~(0)
w (R,L,a,N,b;,C;’) = sup Y P, (b F+ ) Tr(C;'G")
GO, F r=1 /=1

subject to:

FT (u— uy)

+ ZTr (al) @G+ (B)G1") <o,

We{l .p} Vi, jef{0,1,...,NpN, +},
P

Z ) < R?,

el

> =0, Yle{l,...,p}

(PEP-rdn-coord)
where the variable r € {1,...,pN} is the index of a possible sequence of block
coordinate updates, each corresponding to a deterministic algorithm Mf;““’d(txirk)
(as explained in Section 3.3 for the functional classes Fo 1 (R%) of smooth convex
functions).

3.6 Worst-case Behavior of Cyclic Coordinate Descent

In this section, we establish several general results on the worst-case behav-
ior of cyclic BCD algorithms. Specifically, we prove an invariance property
of the worst-case performance with respect to the norm ||| introduced
earlier, a lower bound on the worst-case performance of (CCD) over the
class of coordinate-wise smooth convex functions—equal to the number of
blocks times the worst-case performance of gradient descent over smooth
convex functions—, an improved descent lemma for (CCD), and an upper
bound on the residual gradient norm for the 2-block (CCD).

Usually, the convergence upper bounds derived for first-order algorithms in
the literature are independent of the function dimension. Hence, recall that

Fo. s0ord = Ugen .Foc‘iord (IRY) is the set of all L-block coordinate-wise smooth
convex functions, and Fo 1 = Ugen Fo,L (]Rd ) is the set of all L-smooth con-
vex functions. We denote by WCCDM (p,K) the worst-case performance

after K cycles of the p-block (CCD) algorithm with step sizes 7y, over the set
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of L-block coordinate-wise smooth functions ]—"g‘i"rd:

CCD f(xpx) — f+

WP (p,K) = m | ’ 2
feFspr llxo — x|l

- MGD(a)

Similarly, we denote by W}’ (N) the worst-case performance after N

steps of the memoryless gradient descent (MGD) with step sizes «; over the

set of L-smooth convex functions Fy 1 :

WMGD(:X)(N) f(xN) — f+

= max T————— =,
feFor |lxo — x«||7

where ||xg — x. |2 = L||xg — x.]|%

We begin by proving a scale-invariance property for the worst-case be-
havior of cyclic coordinate descent (CCD) with respect to the scaled norm
||.|| - Building on this result, we show that the p-block (CCD) algorithm has
a convergence rate on coordinate smooth functions at least p times worse
than that of the standard full gradient method on smooth convex functions.

Theorem 3.25. Given a vector of nonnegative constants L, the worst-case perfor-
mance after K cycles of p-block cyclic coordinate descent (CCD) with step sizes of
the form {Z—ﬁ } le over the class fgf’f’d satisfies the following homogeneity property
with respect to the vector of block coordinate-wise smoothness constants L:

CCD(fh)

Wy (p,K) = WP (p, k)

(1,...1)
Proof. Given a function f that belongs to fgiord(]Rd), define the function f :
X f (\%x(l), o \;Ex(l’)) Then, f belongs to ]-"gr‘z‘f_‘il)(]Rd). Indeed,

since f is convex, f is also convex, and we have:

Oy - L oo L o 1 ¢
V¥ f(x) \/EV f(\/Ex Lo x >,

which, by the L-block coordinate-wise smoothness of f, implies that for all



x € R?and h'Y) € R%,

1 1
v f(x + Ugh ) v | < —==Ly ——n)
IV F( F@II Nimd i
= [In]].
Thus, fis (1,...,1)-block coordinate-wise smooth. Now, denote by x; the

iterates of CCD( L) on f:
Xj = Xj_1 — %Uev(é)f(xiq),
4
where ¢ is chosen cyclically as 8 = mod(i, p) +1. Let X+ be a minimizer
of f, and define %; by setting x \/> 29 and &Y = Lix! for all

¢ e {1,...,p}. Since x, is a minimizer of f, %, is a minimizer of f, and it is
easy to verify that

1%0 = Zella,..,1) = llx0 = x|

Since the iterates x; satisfy
Xj = Xj1 — %juzv(@f(xi—ﬁ,

it follows that x; and x;_; only differ in their /™ block of coordinates and
thus %; and %;_1 also only differ in their /™ block of coordinates and

Using the fact that

we obtain
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which corresponds to the iterates of (CCD)(7,) applied to f. Moreover, it is
straightforward to verify that

Flapr) = F(%2) = flxpx) = f ().
Thus, for any function f € ]:g‘f’rd(IRd) we have constructed a function

f € ]—"CO("rd )(]Rd) such that (CCD)(lﬁ) applied to f has the same per-

formance as (CCD)(v,) applied to f. Conversely, for any function f €

foc‘zcl’rd 1) (RY), using a similar reasomng, we can show that for the function

Ffrxe f(VLixW, ..., /L,xP)), K cycles of (CCD)(}£ L) achieve the same
performance on f as K cycles of (CC D)(y¢) on f. This fmally gives us

CCD(HL )
W (pK) = WS (p, ),

which concludes the proof. O

Remark 3.26. Note that, thanks to Theorem 3.25, when using the initial
condition ||xg — X« H% < Rlz in the PEP framework (Setting INIT.), we can,
without loss of generality, restrict ourselvestoL = (1,...,1) and R; = 1.

Theorem 3.27. Given a number of blocks p and a vector of nonnegative constants
L = (Ly,...,Lp), the worst-case performance of (CCD) with step sizes {Z—ﬁ}?zl

over the class Fg,ofrd is at least p times worse than the worst-case after pK steps of
ull gradient descent (MGD) with step sizes a; = 7y; 1 over the class Foq:
8 P Yimod p+ ,

cep( ,
WL (Lk ) (K’ p) > prVIGD(% mod p+1) (pK)

Proof. The idea of the proof is to construct a function f € F§3ord such

that the performance of CCD (Z—j) on f is exactly p times the worst-case

performance of MGD(%; mod p) over the class Fp;. Thanks to the scale
invariance property in Theorem 3.25, we have:

CCD
Wy <f)<p,1<>—w(€?m) '(p, ).

Thus, it suffices to prove that

CCD MGD( i mo )
WP (p,K) = pwy e (K.



Consider a function f € F( 1 on which the algorithm (MGD)(; mod p+1)
attains its worst-case performance, and let d be its dimension. Denote by
x, a minimizer of f, and choose xo € R such that ||xg — x||? < R%. Now,
consider a block-coordinate decomposition of RP? such that we can write
x = (xM,...,xP)T € R, where each block of coordinates is of size d.
Define the function f by

fx) = f(x(l) 4t x(p))‘

Since f is a 1-smooth convex function, the function f belongs to Fg‘E‘l’rff 1):

Forall x = (x),..., x(")T e R, define s(x) = 221:1 x(), so that for all
x € R, we have

fx) = f(s(x)).

Now, set the initial point for (CCD)(-y,) on f as £p € RP? with
20 =2 wref,...,p}
p
Since x, is a minimizer of f, the point £, € R defined by

is a minimizer of f. With these definitions, we have s(xo) = xo, s(x:) = X,
and

o o X0 Xx
g0 =2y 0= 0|15 -
M= |55
12 21 2
:?ZHXO_X*H = —|lxo — x|l
=1
1 2
= ;HS(XO) = s(x) I3

At any iteration i of (CCD)(vy), where £ = i mod p + 1, the iterates £;
satisfy the update rule:

~(£ NG 2l
xf = x,-(,)l — VO (% 1)
This implies that

s(x;) = s(xi_1) — 7 VO f(2i1).



By definition of f, we have V(¥ f(£;,_1) = Vf(s(x;_1)), so that

s(xi) = s(xi—1) = 7V f(s(xi-1)).

This shows that {s(x;)} corresponds to the iterates of (MGD)(7; mod p+1) on
f. Since f is the worst-case function for (MGD)(7; mod p+1), we have that

MOD(smaty) o F(s(xp)) — F(5(x2))
Wi (PK) = i) sl

Since f(#;) = f(s(x;)) and || %; — 92*“%1,...,1) = %Hs(xo) —5(x4)||?, we deduce

that the performance of (CCD)(+y,) after K cycles on f is given by

FEpr) = f(2)  flspx) = f(s(x:))

To— 207, ~ P lis(xo) — s(xa) |2

_ pwivIGD(%' mod p) (PK) )

By the definition of the worst-case performance of (CCD)(vy,) over fg‘ﬁrfl' 1y

we conclude that

cC MGD( i mo )
WP (p, K) = pwy T (),

This completes the proof. O

Remark 3.28. The previous theorem can be generalized to any deterministic
strategy for selecting the block of coordinates to update, other than the
cyclic order.

Remark 3.29. The upper bound on the convergence of (CCD) derived in
[91, Theorem 1] (also using PEP) violates the lower bound established in
Theorem 3.27 and thus appears to be incorrect.

We now provide a descent lemma for the 2-block (CCD) and derive from
this lemma a bound on the residual gradient norm for the 2-block (CCD).
Lemma 3.30 (Descent lemma for 2-block (CCD)). Given two successive iterates
Xp = (x(()l), xéz))T and x; = (xg), x?))T of (CCD) (L%) on a function f that
belongs to ]-'gf’frd(]Rd), where the update is performed on the block ¢ € {1,2}:

1
X1 = X0 — EUZV(Z)f(Xo), (3.21)



we have:
Fl0) = 1) > 5 (IVOF P+ IVOfGI) . (322

Proof. Since f belongs to féfiord(]Rd), Theorem 3.7 gives:

1 : :
flxo) = f(x1) 2 (VS (x1), 30 = 1)+ 5V f (1) = VO f (o)
Since xg and x; differ only in the /-th block of coordinates, we have

(Vf(x1),x0 — x1) = (VO f(xy), 2 = (),

leading to:

1
F(x0) = Fx1) = (VO f(x), ) =29y + o IV () = 91O f o)1
(3.23)
Substituting (3.21) into (3.23) yields

f(x0) = F1) = (O faa), VO f(x0)) + 571V F 1) = V1O f(x0) P
V4 4
Since 1 1
mnv“)ﬂxl) —~ VO f(xg) | = Z—Lﬂnv(@f(xl)nz
*%E<V“)f(X1),V(”f(xO)> + ziunv“v(xo)nz
we have

(VO =)+ 5 19 ) = VO =
o (190502 + IVOf)I).

Plunging this into (3.23) gives us the desired result and concludes the
proof. O

Remark 3.31. Lemma 3.30 is analogous to the double sufficient decrease
lemma derived in [100] for full gradient descent.

Theorem 3.32. Given a vector of nonnegative constants L and a function f that
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belongs to F| C""”’l(]Rd) after K cycles of the 2-block ( CCD)( ) applied on f, we
have:

. 2
min VA <

1 (f(x0) — f(x2x)) - (3.24)

Proof. Consider one cycle of 2-block coordinate descent. Without loss of
generality, we can order the partial gradient updates as follows:

X1 = X9 — flulv( )f( )

_ iu2v(2)f(xl)‘

X2 = X1 Lz

By Lemma (3.30), we have:

Flxo) = £lx1) 2 5 (IFOF@IP +IV0fG0IE), 325)
and

fle) = f) = o (IVOF)P+ IVOf)IF). (20

Summing the two inequalities gives:

Flxo) = f(x2) 2 5 IV FGIP + IV A+ 51 1V F ) P
> §||Vf(x1)||i‘,2

which corresponds exactly to (3.24) for one cycle (K = 1). The proof easily
generalizes to K cycles. By writing all the valid inequalities (3.22) between
consecutive iterates and summing them, we obtain:

2K1

f(x0) = flxax) = ||v<1 f(x0) |\2+ 2 IV £ (x:) 132

—v®@ 2



Since:

illv(”f( o)lI* + lZ IVf(x )||f2+2%2||v(2)f(x21<)||2>

2K -1
min ||V £(x;)|[:2
7 min VA

we obtain the desired result. O

Note that the previous theorem is not trivial to generalize in an analytic
form for a number of blocks p > 2. We conclude this section by discussing
how descent lemmas can be generalized beyond the 2-block (CCD) case
and how semi-analytical upper bounds on the convergence of (CCD) can be
obtained using Performance Estimation Problems to generate valid descent
lemmas.

Theorem 3.33. Given a number of blocks p and a vector of nonnegative constants
L, let {x;},— {1 N} N = pK, be the sequence of iterates generated by the p-

block (CCD)(£ ~) over a function f that belongs to J Co‘)rd(]Rd )- If we assume that
there exists a nonnegatwe constant C such that for allk € {1,. -1}

f ) = (k) = CIVf ()12, (3.27)
then forallk € {1,...,K}

1 R?

Chrm’ (3.28)

flxp) = f) <

ﬁ where Ly =

with R = miny, ex, maxieqy,. x} [|Xpr — x|| and m = i

maxye(y,.pt Le-

Proof. As explained in Section 3.4 (when presenting Setting ALL) this is
adapted from [14, Corollary 3.7]. Their proof uses the inequalities:

Vkel,..., K |lxp— x| < mea}z( max{||x—x*|| fx) < f(xo}-

But remains valid, considering the optimal point x, such that

Vkel,...,K |xp — x| < min max, ||x — x|,
X €Xx ke

and using these inequalities instead. Furthermore, the proof in [14, Corol-
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lary 3.7] is based on the following descent lemma

1

4Lmax(1+ PLQZ )

min

IVf(xp)ll>  (329)

f(xXg1)p) — fxip) 2

which can be replaced by the descent lemma (3.27) giving the desired upper
bound (3.28). O

The main challenge here is to find a constant C such that the descent prop-
erty in (3.27) is satisfied. Unlike the simpler case of only two blocks of
coordinates, it is difficult to analytically determine a better constant than
the one used in descent lemma (3.29). However, we can numerically obtain
an optimized constant by solving the following Performance Estimation
Problem:

Copt = min x0) — f(xy),
opt SF’:{(x"'g"’ff)}ie{l/“w}f< O) f( p)

. d dy -
such that S, is 757" (R”)-interpolable, (PEP-coord-descent)

X1,...,Xp are generated from xo by (CCD),
IV £(x0)|I* = 1.

By definition, it is straightforward to see that Cqpt is the optimal constant
for which (3.27) remains valid. Since (CCD) is a fixed-step first-order BCD
algorithm, Problem (PEP-coord-descent) can be relaxed into a convex SDP
program, following a similar construction to the one presented in Section 3.5.
This provides a computationally efficient way to compute optimized con-
stants ensuring the validity of (3.27), which, by Theorem 3.33, leads to a
semi-analytical upper bound on the convergence of (CCD).

Remark 3.34. Note that the approach for automatically designing a descent
lemma for (CCD) can be directly adapted to any deterministic fixed-step
first-order BCD method for which a convex PEP formulation exists. More-
over, the standard PEP approach for fixed-step first-order BCD algorithms,
as presented in Section 3.5, does not generally produce bounds that are
easily identifiable analytically. Using PEP to establish descent lemmas, as
described above, is a viable method for deriving semi-analytical conver-
gence bounds with simple expressions.

Furthermore, computing optimized descent lemmas is computationally
more efficient, since establishing a descent lemma with PEP only requires
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solving an SDP involving p matrices of size (p +2) x (p +2), where p is
the number of blocks. However, compared to solving the standard PEP
described in Section 3.5 which guarantees the optimality of the upper bound
with respect to the set of interpolation constraints used, the descent lemma
approach yields more conservative upper bounds on the worst-case conver-
gence of BCD algorithms.

In conclusion, PEP-assisted design of optimized descent lemmas offers a
useful trade-off between simplicity and accuracy in obtaining upper bounds
on the convergence rate of BCD algorithms.

3.7 Numerical Experiments on the Convergence of Block
Coordinate-wise Algorithms on the class F£9°d(R?)

We now provide tighter numerical bounds on the convergence of the three
BCD algorithms defined in Section 3.4: cyclic coordinate descent (CCD),
alternating minimization (AM), and cyclic accelerated coordinate descent
(CACD). As explained in Section 3.4, the standard initial assumption for the
analysis of BCD algorithms is that the set S = {x € R?: f(x) < f(xo)}is
compact. This implies that

xpk — x|l < R(x0), Vke{l,...,K},
where R(xg) is defined as

R(xp) = max max{[lx — x.J| - £(x) < f(xo)}.
X4 €Xx xeR4

We then introduced Setting ALL with the conditions (3.12), which is an
adaptation of this assumption to our PEP framework. This ensures that
the existing upper bounds on the convergence of these algorithms remain
valid under the assumptions of Setting ALL. Let us now review the existing
convergence bounds for the three BCD algorithms under consideration over
the class .Fgf{f’rd(]Rd). For cyclic coordinate descent, we have the following
upper bound:

Theorem 3.35. [14, Corollary 3.7] Given a number of blocks of coordinates p, a
vector of nonnegative constant L and a function f € fgf’L"rd(]Rd), let {xi}icq1,.. N}/
N = pK, be the sequence of iterates generated by K cycles of p-block cyclic

coordinate descent with step-sizes vy = Ll[, Vee{l,...,p}, (CCD)(L%), then
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it holds that:

2. ) K+38

L2 1
f(pr) _f(x*) < 4Liax (1 + P3max> 3 R%.
min p

where Lmax = maxza,m,p Lg and Lmin = mingell.“/p Lg.

Proof. This is adapted from [14, Corollary 3.7]. The only difference is that
their proof uses the inequalities:

Vke1...K, [|xpr — x|l < max max{|lx — x| : f(x) < f(xo}
X4 €Xs xeR4

We see that it remains valid considering the optimal point x, such that

Vkel...K, [Jxpr — x| < xr*réi)r(l* (max |25k — x4,

and using these inequalities instead. O

In [52], the authors provide an upper bound for (CCD) of similar order to
that of the previous theorem, while also covering the non-smooth case. An
improved bound is derived in [93], but under more restrictive assumptions,
namely considering only scalar blocks of coordinates and functions that
admit second-order derivatives.

Similarly, we can adapt the bound obtained in [14] for the 2-block alternating
minimization algorithm to hold under Setting ALL:

Theorem 3.36. [14, Theorem 5.2] Given a vector of nonnegative constants L =
(L4, Lp) and a function f € ]-"gf’f’d(]Rd), let {x;}ieq1,.,Ny N = 2K, the sequence
of iterates generated by the K cycles of 2-block (AM) on f then it holds that:

flxox) — fxs) < %

For the same reasons stated in Section 3.4, we introduce Setting INIT for the
analysis of BCD algorithms over the class fgiord (RY). This setting differs

slightly from the one introduced for the class Fq 1 (R¥):

Setting INIT. Given the starting point xy of the BCD algorithm and an



optimal point x, of the function, we assume that
lx0 — x:[IE < RE, (3.30)
where |.||2 is the norm defined in (3.2).

Under this setting, the algorithm (RACD) achieves an accelerated con-
vergence rate over the functional class fg‘i"rd (RY):

Theorem 3.37. [36, Theorem 3] Given a number of blocks p, a vector of nonnega-
tive constants L and a function f € fgf’f’d(Rd), let {xi}icqa,.,Ny be the iterates
generated by N steps of p-block of random accelerated coordinate descent with

step-sizes vy = L%, Vee{l,...,p}, (RACD)(L%), on f, then it holds that:

2

E[f(xn) — f(x)] < (Z\]_Lllp_i_zp)zRZ

with R = (1= 5) (f(x0) = f(x:)) + b0 — .1}

We now present numerical results using the PEP framework derived in
Section 3.5 for the class fgff’rd(]Rd) and compare them with the analytical
bounds discussed above.

First, we consider the algorithm (CCD)(vy,) with step sizes v, = Li[ for
all ¢ € {1,...,p}. We provide bounds for cases with 2 and 3 blocks and
a range of Lipschitz constants. Although we present results only for 2-
and 3-block algorithms, our PEP framework can accommodate an arbitrary
number of blocks of coordinates. As a performance criterion, we measure
the difference between the objective value at the final iterate and the opti-
mal value, f(x,x) — f(x«). Since a sublinear convergence rate of O(1/K) is
expected, we present our results in the form of the bound multiplied by the
number of cycles, to facilitate analysis.

Figures 3.6 and 3.7 show that the obtained upper bounds outperform the
best-known analytical bound given in Theorem 3.35 by approximately a
multiplicative factor of 10. Additionally, these figures illustrate that our
upper bounds improve upon those obtained using the PEP framework
from [3] (Where the inequalities 2 in Theorem 3.7 are used as interpolation
conditions), demonstrating that our framework provides a tighter analysis
due to a better characterization (interpolation conditions) of the functional
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class ]-"gi"rd(]Rd ).
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Fig. 3.6 Comparison of upper bounds on the worst-case for 3-block (CCD) in the
Setting ALL.
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Fig. 3.7 Comparison of upper bounds on the worst-case for 2-block (CCD) in the
Setting ALL.

Remark 3.38. Note that the numerical upper bounds we present in this
section do not match any simple analytical expressions, which makes it
difficult to establish improved analytical upper bounds on the worst-case
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convergence rate of BCD algorithms using our PEP framework. We ex-
plored several approaches to address this issue, such as removing inactive
constraints (i.e., those with zero dual variables), attempting to reconstruct
the worst-case function analytically from the PEP outputs, which can be
done using a Cholesky factorization of the Gram matrices G(*) to retrieve
the numerical values of the iterates, gradients, and function values. We also
applied several heuristics to find lower-rank solutions to simplify the iden-
tification of the bounds. These attempts did not yield satisfactory results.

Furthermore, the difficulty in identifying our upper bounds analytically
may stem from the fact that our interpolation conditions are only necessary,
and thus characterize a larger set of functions, which might include func-
tions on which the worst-case of BCD algorithms does not admit a simple
closed-form expression. It is also possible that the class of coordinate-
wise smooth convex functions is not well suited to the analysis of these
algorithms. A different function class—still covering essentially the same
practical problems, for instance by defining coordinate-wise smoothness
differently—might lead to upper bounds that admit simple analytical ex-
pressions.

In Figure 3.8, we provide numerical upper bounds for the 2-block (CCD) (Li/)

and 3-block (CCD) (L%) under the milder assumptions of Setting INIT (see
Section 3.4 for a discussion on the two settings). By selecting step-sizes
Yo = L% for ¢ € {1,...,p}, we can assume without loss of generality that
L =(1,...,1) and R; = 1 due to the scaling law stated in Theorem 3.25.
We plot lower and upper bounds on the function accuracy after K cycles,
f(xpx) — f(xs), times the number of cycles K. We compare our upper
bound to the one obtained using the PEP framework developed in [3], as
well as to the lower bound derived in Theorem 3.27. As expected, the upper
bound on the worst-case obtained using our PEP framework, outperforms
the upper bound obtained using the PEP framework from [3] which shows
that we have tighter interpolation conditions.

In Figure 3.9, we provide a linear fit of the reciprocal of our bounds, suggest-
ing that the convergence rate of (CCD) under the assumptions of Setting
INIT is O(1/K). We conclude that the stronger assumptions of Setting
ALL do not appear to yield faster convergence compared to the milder
assumptions of Setting INIT. To the best of our knowledge, no analyti-
cal convergence bound exists for deterministic BCD algorithms under the
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milder assumptions of Setting INIT. We thus provide the first numerical
evidence suggesting convergence of (CCD) in this setting, and with order
O(1/K).

0.5 1f
5 0.8}
=04 ——Our PEP Upper bound =
0.6
/L ——Lower bound Theorem 3.27 o — Our PEP Upper bound
< ]
g 0.3 Upper bound [3] F04b ——Lower bound Theorem 3.27,
E \;3 Upper bound [3]
0.2
10 20 30 40 50 5 10 15 20
Cycles K, p=2 Cycles K, p=3
(a) 2-block (CCD) (b) 3-block (CCD)

Fig. 3.8 Lower and upper bounds on the worst-case for 2-block and 3-block (CCD)
in the Setting INIT.
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(a) 2-block (CCD) (b) 3-block (CCD)

Fig. 3.9 Numerical linear fit of our PEP upper bounds on the worst-case for
2-block and 3-block (CCD) in the Setting INIT.

Conjecture 3.39. Algorithm (CCD) with step sizes L%, Ve e{l1,...,p} hasan
O(1/N) convergence rate over the class Fg?frd(Rd) in Setting INIT, i.e., after N
iterations of (CCD) over a function f & fgf’f”i(le), we have

2
[[x0 — x|7
Finding an analytical expression for the numerical upper bounds on the
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convergence of (CCD) is challenging. Therefore, in Figure 3.10, we use
Problem (PEP-coord-descent) and Theorem 3.33 to present a semi-analytical
bound for the 2-block (CCD) (L%) algorithm under the assumptions of
Setting ALLwithL = (1,1) and R, = 1.

102
g
I
=
B 100 ——Our Standard PEP Upper bound
= - ——Upper bound Theorem 3.35 ]
= Our PEP bound Theorem 3.33
1071 ‘ ‘ ‘
5 10 15 20
Cycles K

Fig. 3.10 Comparison between the standard PEP bound (blue), the upper bound
using PEP to establish a descent lemma (yellow) and the best known analytical
bound (red) on the convergence of 2-block (CCD) with L = (1,1).

The optimal value of Problem (PEP-coord-descent) in this case is Copt =
0.38. Figure 3.10 shows that the upper bound, obtained using our PEP-based
descent lemma, outperforms the bound given in Theorem 3.35, originally
derived in [14] using the suboptimal descent Lemma 3.29. As explained
in Section 3.5, the standard PEP framework for BCD algorithms over the
class fgfiord (RY) yields the best possible upper bound given the interpola-
tion constraints characterizing the function class ngord(Rd). Consequently,
bounds obtained through a descent lemma constructed using PEP are in-
herently suboptimal compared to those derived directly via the standard
PEP approach, as confirmed in Figure 3.10. However, as illustrated here,
the approach based on PEP-generated descent lemma provides a suitable
compromise between the tightness and simplicity of the resulting upper
bound.

Using the PEP framework, we further analyze certain properties of the
convergence of (CCD) (%é) over the class }"gl‘iord (R). Specifically, we study
the dependence of the worst-case convergence rate of (CCD) with respect to
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the number of coordinate blocks p, as well as the optimal constant step size
with respect to the number of blocks p and cycles K, under the assumptions
of Setting INIT withL = (1,1) and R; = 1.

In Figure 3.11, we plot the upper bound on the function accuracy, f(x,x) —
f(x4) obtained using PEP, with respect to the number of blocks p for 1, 2,
and 3 cycles. In Figure 3.12, we provide a linear fit for these plots. The nu-
merical results of Figures 3.11 and 3.12 suggest that our upper bound grows
linearly with the number of blocks p. This result represents an improvement
over the analytical bound in Theorem 3.35, which exhibits a cubic depen-
dence on p under the stronger assumptions of Setting ALL. Given the lower

bound on the convergence of (CCD) (L%) derived in Theorem 3.27, these
numerical results suggest that, under Setting INIT, a linear dependence of

the worst-case convergence rate of (CCD) (L%) on the number of blocks p is

optimal.
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Number of blocks p

Fig. 3.11 Linear dependency of our PEP upper bound with respect to the number
of blocks p for (CCD) in the Setting INIT.
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Fig. 3.12 Numerical linear fit of our PEP upper bounds with respect to the
number of blocks p for 1 cycle, 2 cycles, and 3 cycles.

Conjecture 3.40. Under the assumption of Setting INIT, the worst-case con-
vergence rate of (CCD) with step sizes Li/, Ve e {1,...,p} grows linearly with
respect to the number of blocks p, i.e., after N iterations of (CCD) on a function
fe ]-"gf’f’d(]Rd), we have

flan) = f(xe) = pC(L,R, 7, N)||x0 — x.|Z,

where C(L, R, y, N) is constant with respect to the number of blocks p.

We now utilize PEP to gain insights into the optimal choice of step sizes
for (CCD)(yy). We specifically focus on step sizes of the form v, = l/ for
each coordinate block ¢ € {1,..., p}. Under Setting INIT, we can assume
without loss of generality that L = (1,...,1) and R; = 1, thanks to the

scaling law provided in Theorem 3.25.

Figure 3.13 illustrates the evolution of the PEP upper bound as a function of
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the step size -y for the 2-block, 3-block, and 4-block variants of (CCD) (%

= 1) and three cycles (K = 3). Additionally, Table 3.3 pro-
vides approximate numerical values of the optimal step sizes minimizing
the PEP upper bound for these cases.

after one cycle (K

We observe that the optimal step size decreases as either the number of
blocks or the number of cycles increases. This observation may be explained
by the fact that increasing the number of coordinate blocks p or cycles K
leads to a higher total number of partial gradient updates, thereby making
shorter step sizes more appropriate. Furthermore, we note that the optimal
step sizes identified through our numerical experiments are consistently
smaller (7, < 1) than the conjectured optimal step sizes for (MGD) dis-
cussed in [33, 97]. Unfortunately, deriving analytical expressions for these
optimal step sizes currently appears out of reach.

2 2
—2-blocks —2-blocks
15 ——3-blocks 15 ——3-blocks
T 4-blocks g 4-blocks
= =
1 1
< =
0.5 “~ 0.5
0 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2
Step v, K =1 Step v, K =3

(a) After 1 cycle (b) After 3 cycles

Fig. 3.13  PEP upper-bound on the convergence of CCD () in the Setting INIT
with respect to the step-size -y for 2, 3, and 4 blocks of coordmates after 1 and 3
cycles.

Number of blocks p || Optimal step size (K = 1) || Optimal step size (K = 3)
2 0.967 0.796
3 0.700 0.596
4 0.576 0.496

Table 3.3 Optimal choice of step size 7 for 1 and 3 cycles of 2-block, 3-block and

4-block (CCD) (%)

Conjecture 3.41. Under the assumptions of setting INIT, the optimal constant
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step sizes for CCD are shorter than L%, te{l,...,p}.

We now turn our attention to the alternating minimization algorithm. Specif-
ically, we analyze the 2-block alternating minimization algorithm (AM)
under Setting ALL for various choices of Lipschitz constants with R, = 1.
Although our framework accommodates an arbitrary number of blocks, we
restrict our analysis to the 2-block case to facilitate comparison between our
numerical upper bounds and the analytical bound previously established
in [14] (see Theorem 3.36). Figure 3.14 indicates that the existing bound for
the 2-block (AM) can be improved by approximately a multiplicative factor
of 2. This numerical result confirms the observations regarding the conver-
gence of (AM) presented in Section 3.4, obtained using the PEP framework
for the function class o 1 (RY).

——Our PEP Upper bound
——Upper bound Theorem 3.36

——Our PEP Upper bound
—— Upper bound Theorem 3.36
0.4

(f(z2r) = fl4))

< 0.6

K(f(22r) — f(22))

0.2

5 10 15 20 5 10 15 20
Cycles K Cycles K
(a) L= (1,1) () L=(23)
? ——Our PEP Upper bound
2 1.7t —Upper bound Theorem 3.36
S
<
5 10 15 20
Cycles K
(c) L=(35)

Fig. 3.14 Comparison of upper bounds on the worst-case for 2-block (AM)
forL=(1,1),L =(2,3),and L = (3,5) in the Setting ALL.

We conclude this section with an analysis of (CACD) over the function
class Fgf}f’rd (R?), comparing it to its randomized counterpart (RACD). Re-
call that (RACD) achieves an accelerated convergence rate of O(1/N?) on
]-"giord (IRd), where N denotes the number of iterations. In Section 3.4, we
utilized the PEP framework for BCD algorithms over the class g ; (RY) to
provide numerical evidence suggesting that (CACD) shows an unacceler-
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ated convergence rate of O(1/K) over this class, with K representing the
number of cycles. Here, using our PEP framework adapted for the actual
function class fgiord(]Rd), we present additional numerical experiments
supporting the observation that (CACD) with step sizes 7, = L%' for all
¢ e {1,...,p}, exhibits a slower convergence rate compared to its random-
ized variant.

We place ourselves in Setting INIT. As previously discussed, this allows
us to assume without loss of generality that L = (1,...,1) and R; = 1
due to the scaling law provided by Theorem 3.25. In Figure 3.15, we
present valid upper bounds on the worst-case performance of 2-block and

3-block (CACD) (L%), multiplied by the squared number of cycles K2. This

quantity grows with respect to K and appears to be linear in K after the first
few cycles, suggesting a convergence rate slower than O(1/K?).

To further investigate this gap between (CACD) and its random vari-
ant (RACD), we adopt a similar approach as in Section 3.4, Table 3.1. Ta-
ble 3.4 reports PEP upper bounds for all possible sequences of coordinate-
block updates after K = 2 cycles of 2-block (CACD) (L%) . Additionally, it
provides an upper bound on the worst-case expected performance after
N = 4 steps of the randomized variant (RACD) (Ll) , denoted by WRACD,

¢
The bound WRACP is computed using the random BCD version of the PEP
framework described in Problem (PEP-rdn-coord).

It is noteworthy that WRACP is smaller than all the upper bounds for
every possible deterministic sequence of updates. This highlights the fact
that randomness seems to play a significant role in acceleration for BCD
algorithms over the class .ngord(]Rd). Intuitively, it appears that for each
fixed sequence of coordinate block updates, one can construct a specific

worst-case function on which (CACD) (L%) performs poorly. However, it
seems that no single function leads to poor performance across all update
sequences and thus on average for (RACD) (%{) .
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Block choice type Ordered block choices | Worst-case

Cyclic (= WEALD) 1212 0r 2121 0.14429
Fixed choice 1221 or 2112 0.14988
Fixed choice 1211 or 2122 0.16453
Fixed choice 1121 or 2212 0.19574
Fixed choice 1222 o0r 2111 0.19905
Fixed choice 1122 or 2211 0.23462
Fixed choice 1112 or 2221 0.25517
Fixed choice 1111 or 2222 0.500

| Random (= WRACD) | at each step: pick 1 or 2 || 0.1046 |

Table 3.4 Upper bounds on the convergence rate after 4 iterations

of (CACD)( -+ ) for every possible sequence of block coordinate updates
L yP q p

and upper bound on the worst-case expected performance of (RACD) (%{) ,
denoted by WRACD obtained via the PEP formulation (PEP-rdn-coord).

Remark 3.42. The results presented in Table 3.4 also tends to confirm the
observation made in Section 3.4 that the best deterministic choice of steps is
the cyclic one.

10?

= 10t =

B B

o~ o~

| |

< ™

& 10 —PEP Upper bound g
= = —PEP Upper bound
< =100

107!
10 20 30 40 5 10 15 20
Cycles K Cycles K
(a) 2-block CACD (b) 3-block CACD

Fig. 3.15 PEP upper bound multiplied by the squared number of cycles K? for
2-block (left) and 3-block (right) (CACD) <L%) , indicating convergence slower than

o(%)

Conjecture 3.43. Algorithm (CACD) with step sizes Llé has a convergence rate
of O(1/K) over the class fgf’f’d(le ) under Setting INIT, i.e., after K cycles with

| 101



|
step sizes 1, we have

fxpr) — f(x)
[0 — xallf

= O(1/K).

3.8 Conclusion

In this chapter, we introduced a versatile convex PEP framework for the
worst-case analysis of block coordinate descent algorithms. We applied
this framework to provide new insights about the behaviour of several
BCD algorithms. In particular, we provided improved numerical bounds
for cyclic coordinate descent (CCD) and alternating minimization (AM)
and provided insights on the evolution of the worst-case of (CCD) with
respect to the number of blocks as well as the evolution of the optimal step-
size (CCD) with respect to the number of blocks and cycles. Additionally,
we compared the worst-case performance of cyclic accelerated coordinate
descent (CACD) to its random version and observed a slower convergence
rate, indicating the significance of randomness in accelerating block co-
ordinate descent algorithms. We demonstrated the convergence of these
algorithms under the simplified constraints of Setting INIT, where only a
bound on the initial distance to a minimizer is assumed, as opposed to the
typically employed stronger assumptions of Setting ALL, which provide
bounds on the distances between all the iterates and a minimizer. Fur-
thermore, we established formally several results concerning the behavior
of (CCD), including scale invariance with respect to the block coordinate-
wise smoothness constants, an improved descent lemma for 2-block (CCD)
with a corresponding upper bound on the convergence for the residual
gradient norm, and a lower bound on its worst-case performance for the
function value accuracy criterion that is equal to the number of blocks mul-
tiplied by the worst-case performance of full gradient descent on smooth
convex functions. We believe our PEP framework to be a useful tool to
guide future research on block coordinate-wise algorithms for example by
helping the tuning of step-sizes.

Open research directions include: analytically identifying our numerical
upper bounds with corresponding convergence proofs; deriving necessary
and sufficient interpolation conditions for the class ngord(ﬂid); develop-
ing a computationally more efficient framework for analyzing randomized
algorithms; and designing accelerated deterministic BCD algorithms.
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Performance Estimation of
First-Order Algorithms over
Holder-Smooth Convex
Functions

4.1 Introduction

In classical convex optimization, a function f is often assumed to be differ-
entiable with an L-Lipschitz continuous gradient. This condition ensures
that for all pairs of points x1, x, € R?, the gradient does not change “too
abruptly,” formally stated as

IVf(x1) =V (x2) || < Llx — x2-

This assumption simplifies theoretical analyses and underpins many con-
vergence guarantees for standard methods such as (accelerated) gradient
descent and its variants [71]. However, in practice, numerous objective
functions arising, for instance, in high-dimensional learning problems or
tasks involving nonsmooth regularizers, do not satisfy the strict Lipschitz
gradient criterion. Instead, their gradients may exhibit a weaker but still
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structured form of continuity—Holder continuity. Specifically, a gradient is
said to be f-Holder continuous if there exists a constant Lg > 0 such that

IVf(x1) = Vf(x2)|l < Lgllxy = x2|lf, 0<p<1. (4.1)

When B = 1, we recover the standard Lipschitz condition, for which the op-
timal convergence rate for first-order algorithms is known to be O(1/N?),
where N is the number of iterations, assuming that the function is convex.
When = 0, we recover the class of nonsmooth convex functions with
bounded difference of subgradients, for which the optimal achievable rate
with first-order algorithms is O(1/v/N). When 0 < 8 < 1, a complexity
lower bound for this class of problems with a rate O (1 /N ﬁ) is given
in [69], interpolating between the optimal convergence rates for smooth con-
vex functions (8 = 1) and nonsmooth convex Lipschitz functions ( = 0).
The first optimal methods for such problems were developed in [67]. A key
advantage of these schemes lies in their ability to automatically adapt to
the appropriate level of the smoothness parameter §, given knowledge of
certain problem characteristics such as estimates of the Lipschitz constant
Lg and the distance to the optimum.

In [27], the minimization of Holder smooth convex functions is discussed
within the framework of (J, L)-inexact oracles. Indeed, minimizing Holder
smooth convex functions can be framed as minimizing smooth convex
functions with an inexact oracle, where the level of inexactness depends
on the smoothness parameter 5. Such problems can then be addressed
using an inexact variant of (FGM). However, this approach also requires
prior knowledge of problem characteristics, particularly the parameters j
and Lg. To alleviate this limitation, the universal gradient method and its
accelerated variant, achieving the optimal convergence rate, were proposed
in [73]. These methods automatically adapt to the smoothness parameter
without needing prior knowledge of f or Lg, thanks to a line-search strategy.
They were subsequently extended to the stochastic optimization setting
in [37]. More recently, line-search-free universal gradient methods were
proposed in [59] for the deterministic setting and in [84] for the stochastic
setting.

Following the same methodology as in the previous chapters, we develop
a convex Performance Estimation framework for fixed-step first-order al-
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gorithms over the class of Holder smooth convex functions. Our objective
is to use this convex PEP as a tool to guide the search for a fixed-step
first-order algorithm that converges over Holder smooth convex functions
and achieves similar or faster convergence rates than universal gradient
methods. Consider the unconstrained optimization problem:

min  f(x),

fEFGL,(RY)

where .7-'5 Ly (R) is the class of L p-Holder smooth convex functions defined
as follows:

Definition 4.1 (Lg-Holder smooth convex functions: ]—"g{ Ls (R%)). Given g €

]0,1] and a nonnegative constant Lg, a differentiable function f : RY — R

belongs to .7-'5 Ly (RY) if and only if for all pairs x1,x; € R?, the following
hold:

f(x2) = f(x1) +(Vf(x1), 22— x1), (4.2)

IVf(x1) = Vf(x2) || < Lg[lx1 — 22 P (4.3)

The worst-case performance of the first-order algorithm M, as defined
in (1.1), over the function class ]:5 Ly (R%), is given by the following infinite-
dimensional PEP:

w(R, M,N,P)=sup P(f, x0,.--, XN, Xx),
X0, XN X

such that f € ]—“&ﬁ (RY),

x4 is optimal for f,
X1,...,XN is generated from xy by method M by (1.1),

Z(f,x0,.-.,xN,X%) < R.

(i-PEP-Holder)
where P is a performance criterion and Z an initial condition ensuring
that the worst-case of the algorithm is bounded. For the remainder of this
chapter, we choose as a performance criterion

P(frxo, - xn, %) = f(xN) = f(x:),
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and as initial condition
Z(f,x0,---, XN, X«) = ||x0 — X«

In the same fashion as we explained for the classes of smooth convex
functions in Chapter 2 and block coordinate-wise smooth convex functions
in Chapter 3, we use the notion of interpolability of a finite set by the class

]-"g Ls (R?) to obtain an exact finite reformulation of Problem (i-PEP-Holder):

Definition 4.2 (]-'5 Is (RY)-interpolability). Let I be an index set, and con-

sider the set of triples S = {(x;,gi, f;) }ic1, where x;,¢; € R?and f; € R
foralli € I. The set S is ]—"g, Ls (RY)-interpolable if and only if there exists a

function f € f(’)B/Lﬁ (R%) such that g; = Vf(x;) and f(x;) = f; foralli € I.

Using ]-'5 Ls (R¥)-interpolability, the functional decision variable f can be

replaced by a set of decision variables Sy = {(x;, &, fi) }ier, with [ =
{0,..., N, *}, leading to the following equivalent finite-dimensional formu-
lation of Problem (i-PEP-Holder):

w(R, M,N,P) = sup IN—fo
Sn={(xi.gi.fi) }ier

such that Sy is .7-"5 L (R%)—interpolable,
X1,...,XN is generated from xp by method M with (1.1),
g * — O/
I = x| < R.
(f-PEP-Holder)
Organization and Contributions. In Section 4.2, we review necessary and
sufficient characterizations for the functional classes J-"Oﬁ, Ls (R%) and derive

necessary ]-'5 Ls (RY)-interpolation conditions. In Section 4.3, we develop a
convex PEP framework to establish valid upper bounds on the worst-case
convergence of fixed-step first-order algorithms over the class foﬁ, Ly (RY).

Finally, in Section 4.4, we review existing worst-case complexity results for
first-order methods over Holder-smooth convex functions and propose a
simple fixed-step first-order algorithm whose step sizes interpolate between
the constant step sizes of gradient descent for smooth convex functions
and the decreasing step sizes of the subgradient method for nonsmooth

106 |



convex Lipschitz functions. We provide numerical upper bounds on the
convergence rate of our algorithm and show that, for Holder smoothness
parameters B above a certain threshold Sy (i.e., Bo < B < 1), our algorithm
achieves a faster convergence rate than the universal gradient method.

4.2 Holder-Smooth Convex Functions

To derive a tractable formulation of the PEP for the class ]—'(/)5 Ls (R%), we

follow a similar approach to that used in previous chapters for the classes
FuL (R%) and fgiord (R?). We first review known characterizations of this
class (see [109, 43, 10, 105]) and establish the necessity and sufficiency of
these conditions when enforced over the entire space R”. Restricting these
conditions to a finite set yields necessary interpolation conditions. In the
next two lemmas, we provide valid upper and lower bounds for Lg-Holder-
smooth convex functions.

Lemma 4.3 (Upper bound for f € ]-'Lﬁﬁ (R%)). [105, Lemma 1]. Let B €]0,1]
and Lg > 0. If f : RY s R, a differentiable function, belongs to ]—"Lﬁﬁ (RY), then
for all x1,x, € R, the following inequalities hold:

f(x2) > f(x1) +(Vf(x1),x2 — x1), 4.4)

) = £31) < (VFGa) 2 =i+ 52l =l a9

Lemma 4.4 (Lower bound for f € fLﬁlg (RY)). Let B €]0,1] and Lg > 0. If f :

R — R, a differentiable function, belongs to F fﬁ (le ), then for all x1,xy € RY,
the following inequality holds:

—— T S

HLE]
1
1
(B+1)L}

f(x2) = f(x1) 2 (Vf(x1), %2 = x1) +

(4.6)

Proof. This proof is adapted from [96, Theorem 2.34], which gives a similar
result for smooth (8 = 1) convex functions. By Lemma 4.3, forall x, Ax € RY,
we have:

-+ 82) = ) = (V)85 < 5L [ax]P
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Define the following functions /1, and / for any fixed x € R? and all Ax €

RY:
i(89) = fx + 8%) = ()~ (V) 8),£(05) = 52 ]

The previous inequality becomes:
hy(Ax) < £(Ax), Vx,Ax € RY,

and we observe that both functions are convex. Taking the Fenchel conjugate
with respect to Ax reverses the inequality:
Ki(Ag) > £*(Ag), Vx,Ag € RY.
Straightforward computations show that the Fenchel conjugate of ¢ is:

E_|
(B+1)L;

* £41 d
r(Ag) = [Agll P, VAg € R

For h%, we compute for any x € R¥:

hi(Ag) = sup (Ag,Ax) — h(Av)
AxeR4
= f(x)+ sup ((Vf(x)+Ag Ax) — f(x + Ax)) (definition of h)

AxcR4

= f(x) + sup ((Vf(x) + g% —x) = () (' = x+ Ax)
x' €R4

= f(x) = (Vf(x) + Ag,x) + sup ((Vf(x) +Ag,x") — f(x'))

= f(x) = (Vf(x) +Ag x) + f*(Vf(x) + Ag) (definition of f*)
Injecting the expressions of h} and ¢*, the inequality hi(Ag) > (*(Ag)

becomes for all x, Ag € R¥:
f(x) = (Vf(x) +Ag x)+ f*(Vf(x) +Ag) > B : ||Ag||%].
(B+1)Lg

For any pair x1, x; € R, choosing x = x, and Ag = Vf(x1) — Vf(x,), we
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have:
F(x2) — (VF (), 32) + FH (V1)) > —P V() — V()| T
(B+1)Lg

Using Young’s equality (see proof of Lemma 3.6), f(x1) + f*(Vf(x1)) =
<X1, Vf(xl ) > , yields:

p+1
|7

7

flx2) = f(x1) =2 (Vf(x1), 22 —x1) + %va(xl) = Vf(x2)
(B+1)Lg

which completes the proof. O

We now prove that the lower bound established in Lemma 4.4 implies that
the function belongs to a .7-'5 M; (R?) but with Mg > Lg.

Lemma 4.5. Let § €]0,1], Lg > 0,and f : R — Ra differentiable function. if
For any x1, %o € R?, the following inequality holds

B
[

7

f(x2) = f(x1) 2 (Vf(x1),x2 —x1) + %va(xl) = Vf(x2)
(B+1)Lg
. 1+ /3
then f € féMﬁ (RY) with Mg = (Tﬁﬁ) Lg
Proof. Tt is straightforward to verify that for all x1, x, € R%:
flx2) = f(x1) 2 (Vf(x1), %2 —x1).
We now show that for all x;, x, € R%:
IVf(x1) = VF(x2)|l < Mg|lxz — x1]|P.

For any x1,x, € R4, we have:

Fa2) = Flx1) = (Vf(xr), 12— 11) + —P— [V () = V()| T
(ﬁ+1)Lg

Fr) = Flxa) > (Vf(x2), 11 = 22) + —L— [V F(x1) = V()| T
([3+1)Lg
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Summing these inequalities gives:

29 f) ~ )T < (VF(x2) — V(1) 32 — 1),
(,BJr 1)L

™ ol

Applying the Cauchy-Schwarz inequality yields:

2P V) - VR < V() — V)| —
(B+1)L;

This simplifies to:

IV £0) - V) < LB s =,

and raising both sides to the power j gives:

B
IVF(x1) - V()| < (1;/3;4) Lgllxz — xa .

which concludes the proof. O

We now derive necessary interpolation conditions for the class ]-"g Ly (RY)
using the characterization of Lemma 4.4.

Theorem 4.6. Let I be an index set, and consider the set of triples S = {(x;, gi, fi) Yiel,
where x;,¢; € R and f; € R forall i € 1. If the set S is féleﬁ (R%)-interpolable,
then for all i,j € I:

P

p+1
%Hgi—gﬂl . (4.7)
(B+1)Lg

fi—fi = (gxi—xj) +

Proof. IfSis ]-'5 Ly (R%)-interpolable, then there exists a function f € ]:5 L (RY)
such that f(x;) = f; and Vf(x;) = g; foralli € I. Since f belongs to
.7-'5, L (le), it satisfies the condition in Lemma 4.4 for any xq,x, € RY, and

in particular for any x;, x; with i,j € I. This directly yields the necessary
interpolation condition (4.7). O

Remark 4.7. Particularizing the conditions from Lemma 4.3 to a finite set also
yields necessary interpolation conditions. However, expressing the upper
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bound inequality that characterizes the Holder smoothness constraint in a
convex form is not straightforward. Therefore, we opt for the characteriza-
tion of Lemma 4.4, as it provides a more compact representation of the class
.Fg, Ly (RY). This characterization inherently incorporates both convexity
and Holder smoothness within a single inequality, and can be formulated
in a convex manner using a power cone constraint. The sufficiency of these
interpolation conditions, however, remains an open question. In [10], Aza-
gra et al. prove in a broader setting that the interpolation conditions (4.7)
ensure the existence of an interpolating function f belonging to ]-"(/)5, Mg (RY),
though with Mg > Lg.

4.3 Convex Performance Estimation Problem

In Chapter 2, Section 2.3, we reviewed the convex formulation of the PEP
for fixed-step first-order algorithms over the class 7, 1 (RY), developed in
[97]. In Chapter 3, Section 3.5, we extended the PEP framework to fixed-
step first-order block coordinate-wise algorithms over the functional class
fgi"rd (RY). Building on this foundation, we now extend the approach to
develop a convex PEP framework for fixed-step first-order methods over
the functional class ]-"(’i Ls (RY). By replacing the ]'-(/)S, Ly (RY)-interpolability
constraint on the set Sy in Problem (f-PEP-Holder) with the interpolation
conditions (4.7), we obtain:

wl(;i)(R, LB,M,N) = sup N — fe
Sn={(xi.8i.fi) tiel
B pe1
fi—fi = (8j,xi —xj) + rllgi — gl 7,
(B+1)L;

X1,...,Xxy is generated from xo by M with (1.1),

{x*/g*/f*} = {0/ 0/ 0}/
[lxo — x«/[2 < R.
(d-PEP-Holder)
We can set, without loss of generality, x. = 0 and f. = 0, since the class
]-"5 Ls (R?) is invariant under additive shifts in function values and transla-

tions in the domain. Because the interpolation conditions (4.7) are only nec-
essary, Problem (d-PEP-Holder) is a relaxation of Problem (f-PEP-Holder),
and consequently of Problem (i-PEP-Holder). As a result, it only pro-
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vides a valid upper bound on the worst-case convergence of the algorithm
M Moreover, Problem (d-PEP-Holder) is generally nonconvex in its current
form due to the quadratic terms in the interpolation conditions. However,
we now show that, with our choice of interpolation conditions (4.7), Prob-
lem (d-PEP-Holder) can be reformulated as a convex conic program for any
fixed-step first-order algorithm M, defined by (2.8). Let us first define the
matrix P by stacking the initial point xo and the gradients g; at the iterates
Xi:
P = [g()/gl/ cee ,X()},

and the Gram matrix G as G = P P. Next, we define the vectors h(—)r =
[0...01],h; € RN*2fori e {1,...,N}, and h, as:

h' =l-wpy —w1 ... —a;; 10...01, hl =[0...0]. (4.8)

1

The condition that x; is the i-th iterate of the algorithm M, can then be
expressed as x; = Ph; for alli € {0,..., N}, while the condition x, = 0
is equivalent to x, = Ph,. Similarly, let u; = ¢;;1 € RN*2 for all i €
{0,..., N}, where {e;};c(1,. N2} denotes the canonical basis of RN*2 and
let u, = 0. Then, we have g; = Pu; foralli € {0,...,N} and g« = Pu..
Using these definitions, we obtain:

Vi,jel, (x,x;)) =hiGh

(gi,8j) = uf Gu,

<gi,xj> = ulTGh]
We further define the vector of function valuesas F| = [fo, f1,---, fN] € RY,
so that f; = Flu; foralli € {0,...,N} and f, = Flu,. Using these

representations, the interpolation conditions in Problem (d-PEP-Holder)
can be reformulated for all i,j € I as:

B+l
FT<MZ' - M]> > u]TG(hl - h]) + Ll ((Z/li - uj)TG(ul- - M])> % .
(B+1)L;
This can be expressed more compactly using the trace operator. For all
i,j € I, define the matrices:

2Al”]‘(lx) = u]‘(hi — h])T + (hz — hj)u]T, Bi,j = (u,' — M]')(ui — M]')T.
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The interpolation conditions can now be written as:

FT (Lll' — u]) > Tr(Al‘,]’(DC)G) + % TI'(BZ"]'G)ISTZI.
(B+ 1)Lé3

It remains to show how the term Tr(Bi,jG)% can be formulated in a
tractable manner, noting that it is clearly convex as Tr(B; ;G) is linear in G
and % > 1. To achieve this, we use the three-dimensional power cone,
defined for a parameter p as:

Kp:= {(xl,xz,x3) eER3:x; >0, x>0, xf~x;7p > |x3|}.

When 0 < p < 1, K, is a convex cone. For 0 < f < 1, we have ﬁz—? > 1.

B+1
Thus, the term Tr(B; ;G) % can be replaced by a new variable ¢; ; under the

constraint:
(ti,j/ 1,TI'(B,',]'G)) S Kﬁ

B+1

This is possible as | Tr(B; ;G)| = Tr(B; ;G) (matrices B; ; and G are positive
semidefinite thus Tr(B; ;G) > 0 ) . With this substitution, the interpolation
conditions become:

F(uj —u;) > Tr(Aij(2)G) + %tirﬁ
(B+1)Lg

(ti,j/ 1,TI'(B,'/]‘G)) ek Vi, jel,

28 4
B+1

which can be handled by a conic interior-point solver such as MOSEK [9].
As shown before, the initial condition ||xg — x.||> < R? can be expressed as:

Tr(ARG) < R?,

where Ag = un1 u% +1- The performance criterion fy — f. can be written
in the form b'F with b = uy — u,. Using these reformulations, Prob-
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lem (d-PEP-Holder) can be rewritten as follows:

sup bTF 4+ Tr(CG)
G,F

subjectto  Tr(ARG) < R?

FT(ui — Lt]) = TI(AI',]'(DC)G) +——ti) Vi, j €l
(B+1)LP

(ti,j/ l,Tr(Bl‘,]‘G)) S Kﬁ Vi,]' el
Br1

{x",&" "} = {0,0,0}

G=0

dim(G) < d

(d-SDP-PEP-holder)

The nonconvex rank constraint dim(G) < d enforces the dimensional-
ity of the original problem. However, in the large-scale setting, this con-
straint can be safely dropped (see Remark 2.11) without further relaxing
Problem (d-SDP-PEP-holder). Dropping this nonconvex rank constraint
yields a dimension-independent PEP whose solution provides a valid up-
per bound on the convergence rate of the fixed-step first-order algorithm
under analysis over the set of all Lg-Holder smooth functions defined by

.Fg, Ly = Uden .7:(!)5, Ly (R%). We present the final form of our convex PEP

framework for fixed-step first-order algorithms over Holder smooth convex
functions in the following theorem.

Theorem 4.8. Consider the class ]:g, Ly (RY) of Lg-Holder smooth convex func-

tions with0 < B < 1and 0 < Lg < +oo, and the fixed-step first-order method
M. Forany d € IN, the optimal solution of the following convex conic program
is a valid upper bound on the worst-case performance of algorithm M, after N
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steps over the functional class .7-'0ﬁ Ly (RY):

wﬁ(R, Lg, N,k b) = scug bTF

(ti,j/ 1, TT’(BZ',]'G)) c K"ﬁ
B+1
{x*, 8" '} =1{0,0,0}
G»0
(SDP-PEP-holder)
with matrices Aij(oc), B;j, Ar and vector b as defined above.

To conclude this section, we present a valid dual formulation of Prob-
lem (SDP-PEP-holder). While we do not provide a proof of strong duality,
numerical experiments indicate that it holds in practice. This dual formu-
lation can be particularly useful, for instance, in simplifying the algorithm

design problem for first-order methods over the functional class .7:5 Ly (R)
(see Chapter 2, Section 2.5).

inf TR? + 2 Si,j
TAij ij

subjectto Tr(ArG) < R?
TAR + Z)Li,in,j (IX) + Z“I/li,]'B,',]‘ =0
ij ij
(51‘,]',51',]‘, }l,‘,]’) S K*ﬂl VZ,] el
B+1
Aij= P 5, vijel (dual-SDP-PEP-holder)
(p+1Lh
b= Aij(ui —up) =0
i,j

>0
)\i,]'ZO
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where K* 55 is the dual cone of the power cone K 55 , whose definition is
B+T B+T

p 1-p
K= (xl,XQ,Xg,) S ]R3 :x1 20, xp 20, ﬂ . 2 > |X3| .
i p 1—p

4.4 Worst-case Analysis of Fixed-Step First-Order Algo-
rithms for the Functional class J:gL,; (RY)

In this section, we present numerical results on the worst-case convergence
of fixed-step first-order algorithms over the class ]—"5 Ls (RY) using the PEP
framework developed in the previous section. We compare our findings
with existing first-order methods for this class of functions. Our focus is on
the memoryless gradient descent algorithm (see Algorithm (MGD)) with
step sizes of the form % This choice of step sizes is justified by the fact
that the worst-case performance of such algorithms exhibits homogeneity
properties with respect to Lg and R, which simplifies the analysis. This is
stated in the next theorem:

Theorem 4.9 ((Lg, R)-homogeneity). Define

Wg(R,Lg, N, a;) = max flan) — fxy),
feFy, (RY)

as the worst-case performance after N steps of Algorithm (MGD) with step sizes «;
over the functional class F(’i Ls (R?), where x, is an optimal point of f, xy is the

final iterate of Algorithm (MGD)(w;), and R = ||xg — x«||. Then, the following
holds:

R Py,
Wi <R,L5,N, L l) = LgR™PW5(1,1,N, ;).

Proof. Given a function f that belongs to ]—'g Ls (R%), an optimal point x, of
f, an initial iterate xo such that R = ||xg — x.||, and the successive iterates
By,

{xi}ticq1,..,ny generated by (MGD) with step sizes RT on the function f,
define the function f such that:

Ve RY, flx) = LﬁRlHﬁ F(Rx).
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Function f is convex since f is convex, and we also have that:

Vx e RY, VF(x) = L;Rﬁv F(Rx),

which implies that:
~ o 1
Vx,y €RY, |VF(x) = VF(y)ll = mllvf(Rx) — Vf(Ry)|

1
RyllP (R4
< L/gRtBL‘BHRx }/|| (f € O,Lﬂ( ))

IN

lx = yll?,

which proves that f belongs to J-"Oﬁ, 1 (R%). Since x, is an optimal point of f,

then %, = % is an optimal point of f. Now, define %; = ¥ Vi € {0,...,N}.

We have that || %) — %.|| = £[|xo — x«|| = 1, and foralli € {0,...,N — 1}:

R Py,
Xij1 = X~ “Vf(x)
B

1-B, } )
N (L,;Rﬁv f(fl-)) (definition of f)
B
=X; — lX,’RV}F(fi).

Dividing by R, we obtain for alli € {0, N — 1}:
T = & — V(%)

which proves that {¥;}c o, n} are the iterates of (MGD) with step sizes a;
on f. Thus, the performance of Algorithm (MGD) with step sizes a; on f is

equal to:
1

fEN) = f(2:) = W(f(xm — f(x))-

For every function f € ]-'g, Ly (R%), we constructed a function f € ]-'(/i L(RY)

such that the performance of (MGD) on f with step sizes RlL_s“f and ||xg —

x4|| = Risequal to Lg R'*P times the performance of (MGD) on f with step
sizes a; and ||xg — x.|| = 1. Conversely, for any function f € .7-'(?, L(R?), we

can construct, following a very similar reasoning, a function f € .7:5 Ly (RY)
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defined as: .
d _ p+1z (X
Vx e RY, f(x) = LgR f(R),

such that the performance of (MGD) on f with step sizes %ﬁ“‘ and ||xg —

x«|| = Risequal to L 5R1+/3 times the performance of (MGD) on f with step
sizes a; and || ¥y — %«|| = 1. Thus, we have shown that:

R Pq;
Wl; (R,L‘B,N, L/g Z) = Lﬁ;R1+ﬁW‘B(1,1,N,DCi),

which concludes the proof. O

Rliﬁﬂé[

Remark 4.10. When analyzing (MGD) with step sizes of the form Iy

we can restrict ourselves to solving Problem (SDP-PEP-holder) only for the
values Lg = 1 and R = 1, since the upper bound obtained provides a valid
upper bound for any values of Lg and R thanks to Theorem 4.9.

We now review key results on the worst-case convergence of first-order
methods for Lg-Holder smooth convex functions. First, we present a lower
bound, established by Nemirovsky and Yudin, on the worst-case conver-

gence of first-order methods over the functional class .7-"5 Ls (RY):

Theorem 4.11. [69] For any sequence of iterates {x;}c (o, N} generated by any
first-order algorithm on a function f that belongs to ]-"g Iy (RY), it holds that:

1+
Flxn) — f(x) 2 0 (i@%) ,

2

where x is an optimal point of f and ||xg — x«|| < R.

In [73], Nesterov proposed the Universal Gradient Method (UGM), which
automatically adapts to the Holder parameter § and the constant Lg through
a line search procedure and achieves the following worst-case convergence

bound:

Theorem 4.12. Assume that function f : R? +— R, a differentiable function,
belongs to F(?Lﬁ (RY) for all B € [0,1], then after N iterations of the (UGM)
method, it holds that:

LﬁRl-‘rﬁ

— fF < P
flxn)—f _Ogngfgl N
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where x, is an optimal point of f and ||xo — x*|| < R.

Remark 4.13. The previous theorem can be interpreted as follows: for a
Holder smooth convex function f that belongs to several function classes

]-"g, Ly (R¥) with different parameters § and L g, UGM automatically adapts

to the most favorable description of f. Specifically, it achieves the smallest

. LgRIP .
possible convergence rate among all rates of the form f]lj, corresponding
2

to the classes F/ P (RY to which f belongs.
0,Lg g

We now leverage the convex PEP framework developed in the previous

section to analyze Algorithm (MGD) with step size RIZP —5, where N is
Lg(N+1)72"

the total number of iterations. The algorithm is defined by the update rule:

R1-P
it = ¥ = ———— V() 49)
Remark 4.14. This choice of step sizes is justified by the fact that LH;
Lg(N+1)72"

interpolates between valid step sizes that ensure the convergence of the
method in the extreme cases § = 0 and § = 1. Indeed, the intuition behind
the power L8 is that, for the extreme case B = 1, this power is equal to zero,
and we obtain the constant step sizes L%' which are widely used step sizes
for gradient descent over smooth convex functions. In the other extreme
case f = 0, the power 1B simplifies to %, and we obtain the step sizes
LO\/LNﬁ’ which are standard for the subgradient method over nonsmooth

convex functions.

Remark 4.15. Note that our algorithm is not universal, as its step sizes
depend on the Holder smoothness parameter 8. Moreover, our PEP frame-
work takes B as a parameter, which is usually not known in practice. Note
that other non-universal algorithms (which are not adaptive with respect
to the smoothness parameter ) were derived in [105] and in [19] for the
more general setting of Hilbert spaces, both relying on deriving step sizes
ensuring a descent property for their algorithms. However, these are not
fixed-step algorithms, as the computation of their step sizes depends on
quantities that involve the norm of the gradient of the function to optimize,
which makes their analysis within a convex PEP framework out of reach
and their comparison to our algorithm difficult.
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We then compare its performance with the one of the universal gradient
method and show that for value of B higher than some threshold, our
method has a faster convergence rate than the one of (UGM) but is subopti-
mal compared to (UGM) for lower values of B.

In Figure 4.1, we provide plots representing the inverse of the upper
bound on the worst-case convergence of Algorithm (MGD) with step size
L’L, obtained using our PEP framework for values of § = 0.3,0.5,0.7.
Ly(i+1) 7

Figures 4.1a, 4.1b, and 4.1c provide strong numerical evidence supporting

the fact that our fixed-step first-order algorithm with step sizes 1217751_

Lg(N+1) o
converges on functions f that belong to ]—"g Ls (RY). Recall that, for the nu-
merical experiments, we fix without loss of generality R = 1and Lg = 1
(see Remark 4.10). We also computed numerical fits for these upper bounds.
For B = 0.7, we have:

1

— f(x,) < LgRYP )
Floen) = flx) < LR s Sawme T 1163

For B = 0.5, we have:

1
3.129N0-7413 4 0.6199

f(xn) = f(xs) < LgRMP

Finally, for 8 = 0.3, we have:

1
2.621N05748 4 (0.2359°

flan) = f(xe) < LgRMP

Remark 4.16. Note that the previous fits are computed by solving the PEP for
our algorithm for multiple number of step sizes (up to N = 50 in practice)
and then fit (using a Matlab toolbox in practice) these numerical data to a
model of the form W where a, v,y are the parameters to compute.

In Table 4.1, we summarize and compare the convergence rates of our
algorithm with those of Nesterov’s Universal Gradient Method (UGM).
The numerical fits of the upper bounds we obtained and Table 4.1 tend to
indicate that the convergence is slower than the rate O (1/K ) achieved
by (UGM) on this class of functions. Indeed, for § = 0.5 and = 0.3, the
numerical fits seem to indicate that the convergence is slower. However,
the numerical fit for § = 0.7 tends to support the idea that for sufficiently
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smooth functions, our fixed-step first-order algorithm achieves a better
convergence rate than (UGM). To confirm this observation, we plot in
Figure 4.1 the evolution of the worst-case convergence rate of our algorithm
with respect to the level of Holder-smoothness, which confirms that for
values of B higher than some threshold, i.e., Bp < B < 1, our algorithm
has a faster convergence rate than that of (UGM). Figure 4.2 shows that the
threshold B satisfies 0.5 < By < 0.6. However, Figure 4.1 also highlights
that our method is significantly slower for low levels of Holder-smoothness.
For instance, for f = 0.1, our algorithm exhibits an even slower convergence
rate than O(1/+/N), which can be achieved using the smaller step size

1 ST .
INTT This indicates that our step sizes are too large for low levels of

smoothness.

Worst-case convergence rate for § = 0.3 Worst-case convergence rate for § = 0.5

—PEP upper bound —PEP upper bound
2 - -Numerical fit =
- _ | |- -Numerical fit
_.\ 20 F_\ 40

Rt

1/(f(z

0 10 20 30 40 50 0 10 20 30 40 50
Number of steps N Number of steps N

(a) =03 (b) p=05

‘Worst-case convergence rate for § = 0.7

—PEP upper bound
— -Numerical fit

20 30
Number of steps N

(c) p=07

Fig. 4.1 Upper bound on the worst-case convergence of Algorithm (MGD)

% over the class ]—"g, L (RY) for different values of .

Lg(N+1) 2

with step size
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Holder smoothness level 5 | MGD (numerical fits) | UGM [73]
1 O(1/N) O(1/N)

07 O(1/NO87%) O(1/N"%)

0.5 O(l/NOJZOS) O(l/N0'75)

03 O(1/NO578) O(1/N%®)

0 O(1/N%) O(1/N%)

Table 4.1 Comparison of the worst-case convergence rate of Algo-

rithm (MGD) with step size % and (UGM) [73] over some function
Lg(N+1)72"

classes ]-'5 Ly (RY) with different values of .

Convergence rate as a function of 8
: : : : :

o o o o
o ~ o ©
: .

Convergence rate

o
3

—6— Our algorithm numerical convergence rate

0.4¢ J
— — -(UGM) convergence rate (1 + 3)/2

0.3 . i i i
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Holder-smoothness level 3

Fig. 4.2 Estimated convergence rates as a function of § for our algorithm,
compared to UGM convergence rate (1 + ) /2.

To conclude this section, we have defined a simple fixed-step first-order
algorithm whose convergence on the functional class ]—"5 Ly (R) is supported

by strong numerical evidence. However, these same numerical experiments
indicate that for a high level of smoothness our algorithm performs slightly
better than (UGM) but is significantly worse for low levels of smoothness.
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4.5 Conclusion

In this chapter, we extended the PEP framework over Holder-smooth con-
vex functions, provided necessary .7-'5 Ls (R%)-interpolation conditions, and
used these conditions to derive a convex PEP formulation for the subclass
of fixed-step first-order algorithms. We proposed a simple fixed-step first-
order algorithm whose step sizes interpolate between those of the classical
gradient descent algorithm with constant step size L% for L1-smooth convex
functions and the subgradient method with step sizes ﬁ for nons-
mooth convex functions with difference of subgradients bounded by L. We
provided numerical upper bounds on the worst-case convergence of our
algorithm, suggesting a sublinear convergence rate over the functional class

]-"és’ Ls (RY). Our algorithm exhibits sightly better performance for high levels
of smoothness compared to the universal gradient method but suboptimal
convergence for low levels of smoothness.

Open research directions include deriving necessary and sufficient ]—"5 Ls (RY)-
interpolation conditions that would provide access to the exact worst-case
performance of first-order algorithms over the functional class ]:(li Ls (RY),

designing optimal fixed-step first-order algorithms for this class of problems
and extending our convex PEP framework to universal gradient methods.
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Numerical Design of
Optimized First-Order
Algorithms

5.1 Introduction

First-order algorithms have become some of the methods of choice for solv-
ing modern optimization problems, which are increasingly complex and
large-scale, due to their simplicity and low computational cost. However,
their effectiveness heavily depends on the choice of step sizes. As a result,
finding step sizes that lead to more efficient first-order algorithms has be-
come a major focus of research.

The first results on accelerating the convergence of first-order methods
date back to the work of Nemirovsky and Polyak [68, 80], where accelerated
methods for quadratic problems were presented. Beyond the quadratic case,
efforts to accelerate the convergence of first-order algorithms began with the
work of Nemirovsky and Yudin on information-based complexity [69]. Ne-
mirovsky also proposed the first accelerated first-order method for smooth
convex optimization, which required a two-dimensional subspace search.
Nesterov later resolved this limitation by introducing a computationally ef-
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ficient accelerated gradient method for smooth convex functions [70]. Since
then, acceleration schemes have been extended to a wide range of problems,
including proximal gradient methods [13, 61, 64], random block coordinate
descent [72, 36], and stochastic gradient descent [90, 5].

The recent development of the PEP framework, which provides a way
to automatically compute upper bounds on the convergence of fixed-step
first-order methods in various settings, has simplified the design of opti-
mized first-order methods. This has led to the discovery of new accelerated
gradient methods, some of which are information-theoretically optimal for
their respective problem classes [55, 95].

Despite these successes, using PEPs to design first-order methods results in
nonconvex problem formulations. Consequently, existing approaches have
largely relied on heuristic step-size schedules [44, 45, 7, 8], problem-specific
relaxations [11, 95, 32, 55, 42, 79] where analytical solutions were found, or
computationally intensive branch-and-bound methods (BNB-PEP) [48, 53].
For a more detailed review of recent optimized and optimal first-order
algorithms over the classes of smooth (strongly) convex functions, we refer
the reader to Section 2.5 of Chapter 2.

In this chapter, our objective is to develop methods for the automatic,
computer-assisted numerical design of optimized fixed-step first-order
optimization algorithms. We apply these methods to several convex op-
timization settings and show that our optimized algorithms can achieve
faster convergence rates than classical first-order methods in these settings.
This chapter is organized as follows:

Organization and contributions. In Section 5.2, we start by defining a
generic approach to the design of fixed-step first-order methods. We then
present several numerical approaches for automatically designing opti-
mized first-order methods in Section 5.3. In Section 5.4, we compare the
efficiency of our methods with the BNB-PEP approach on the benchmark
task of designing an optimized fixed-step first-order memoryless gradient
descent algorithm over the class of smooth convex functions. Finally, in
Section 5.5, we apply our methodologies to numerically design optimized
fixed-step first-order algorithms in several different settings, namely for
block coordinate-wise algorithms, inexact gradient descent, gradient meth-
ods for L ﬁ—Hblder smooth convex functions, and a cyclic gradient descent
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algorithm in the setting of linear convergence of the gradient. We pro-
vide improved numerical upper bounds on convergence rates for these
algorithms compared to existing fixed-step first-order algorithms. Further-
more, our numerical results suggest that recent findings on the acceler-
ated convergence of first-order methods over smooth (strongly) convex
functions [7, 8, 45] without using Nesterov momentum-based acceleration
schemes can be extended to several other settings.

5.2 Problem Formulation

In this section, we define the problem of designing optimized fixed-step
first-order algorithms, as described in (2.8), for certain classes of functions.
Consider a class of convex functions 7 (IR%) and an algorithm M. Recall that
by defining the set of variables Sy = {(x;, i, fi) }ier with I = {0,..., N, *},
where x; fori € {1,..., N} represents the iterates of algorithm M, the PEP
for M over the class F(R?) can be written as:

sup P(Sn)
Sn={(xigi.fi) tier
subject to Z(Sy) <R

Sy is F(R%)-interpolable (1)

Xo, ..., XN generated by M,

g =0
where P is a performance criterion and Z an initial condition that ensures
that the worst-case of the algorithm is bounded. Conceptually, the optimal

fixed-step first-order algorithm for this class of functions is obtained by
solving
inf sup P(Sn)
Sn={(xi.gi.fi) }ier
subject to Z(Sn) <R,
Sy is F(RY)-interpolable,
Xo, - .., XN generated by M,,

(5.2)

¢*=0.

We now show that, for a certain type of functional classes, the PEP defined
by Problem (5.1) can be reformulated to simplify the algorithm design
problem (5.2). The first assumption we make about our class of functions is
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that it is invariant under additive shifts in function values and translations
in the domain, allowing us to assume, without loss of generality, that x, = 0
and f = 0. Recall from Section 2.3 that the iterates {x; }c (o, n} Of the fixed-
step first-order algorithm with step sizes «, M, defined by equation (2.8),
and x, can be represented using the matrix P = [go,...,§N, Xo]. Indeed,
define the vectors h; € RN*2 fori € {0,...,N} and h, as:

h' =[-wo —@j1 ... —a;;10...01], Kl =1[0...0],

1

foralli € {0,...,N}, we have x; = Ph; and x, = Ph,. Similarly, let
uj = eiy1 € RNT2, where {e;};cq1, n+2y is the canonical basis of RN 2,
and let u, = 0 represent the gradients, such that ¢; = Pu;, Vi € {0,...,N},
and g. = Pu,. Defining the matrix G = P' P, we have:

Vi,j €1, (x,x;)) =hiGh

(8i,8j) = uj Guj,
<gl~,xj> = ulTGh]

Then, any linear expression involving only products between x;, ¢; and x;, g
for any i,j € I of the general form:

/31(3‘) (xi, x;) + ,355) (xi, xj) + /31(3) (xj, xj) + ﬁz(,? (8,81 + ﬁ,(? (girgj)+ ‘B’(’?) (8- 8))
+ !35;) (gi,xi) + Bz@) (gi,xj) + !353) (gj,xi) + ﬁ?}o) (8, xj),

where (,BS), cee ,BS.O)) can be any vector in R'?, admits a reformulation:
TI‘(AI'/]'(DC)G),
with T
Z: (i ) + Z; (b
Ajja) = i (i 1) 5 i (1ir ) e gN+2, (5.3)
where

Zij(hi ) =BL) (k) + B (il ) + LY (i) + B (i) + B (i)
+ B (] )+ B (wih) + B (wih) + B (k)
+ B0 (wh] ).
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This shows that constraints involving only linear expressions of the products
xiT Sjs xlij, or ng gj for any i,j € I can be written in a convex manner in
PEPs as linear matrix inequalities on the Gram matrix G. Consequently,
we require that the functional classes under consideration admit necessary
interpolation conditions of this form. We formalize this by defining a class
of functions that satisfy this assumption, and thus for which the PEPs of
fixed-step first-order methods admit a convex formulation. This enables
a simpler reformulation of the problem of designing optimized fixed-step
first-order methods over these function classes.

Definition 5.1 (SDP-representable classes of functions). Given a class of
functions F (R?) that is invariant under additive shifts in function values
and translations in the domain, we say that 7 (R?) is SDP-representable
if and only if, for any set Sy = {(x;, i, fi) }ie; with I = {0,..., N, x},
where {;};c(o,. n} are the iterates generated by the fixed-step first-order
algorithm M, defined by (2.8), the functional class F (IRY) admits necessary
interpolation conditions that, when applied to the set Sy, can be written in
the form:

F' (i — pjuj) > Tr(Aj(@)G), Vi j € 1, (5.4)

where FT = [f0, f1,..., fn], pi for all i € I are scalars (usually p; = jj =
1, for instance the case for the interpolation conditions presented in the
previous chapters), h;, u; for all i € I are as defined above, and Ai,j(oc) is of
the form given in equation (5.3).

For any SDP-representable functional class F (R?), PEPs for fixed-step first-
order algorithms admit a convex SDP formulation (potentially a relaxation):

Theorem 5.2. Consider an SDP-representable functional class F (R?), the fixed-
step first-order method M, a performance criterion of the form P(F,G) = b F +
Tr(CG), and an initial condition of the form T(G)? = Tr(ARG). Forany d € Z,
a valid upper bound on the performance after N steps of the fixed-step first-order
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algorithm M over the class of functions JF (IR) is given by:

w°PP(R,a,N,b,C, AR) = sup b"F+ Tr(CG)
GeSN+2, fE]RN+1

such that:
FT(‘MZ‘MZ' — }l]Ll]) > T]T(Ai,j(DC)G), Vl,] el,
Tr(ARG) — R? <0,
G =0,
(SDP-PEP-Generic)
where p;, hi, u; forall i € 1, and A;j(a) are of the form (5.3), as defined in Defini-
tion 5.1.

Proof. The result follows from the same reasoning explained, for instance, in
Chapter 2, Section 2.3, for the class of L-smooth p-strongly convex functions
FuL (R¥), which satisfies the assumptions of Definition 5.1. The main idea
is to replace the 7 (IR?)-interpolability constraint in Problem (5.1) with the
interpolation conditions defined in (5.4). O

Using the generic convex PEP framework given in Theorem 5.2, we can
now formulate the problem of designing optimized fixed-step first-order
algorithms for any SDP-representable functional class as the following
min-max problem:

infsup  b'F+Tr(CG)
ik F,G

subjectto  Tr(AgG) < R?
FT (uiu; — pjus) > Tr(Aj(a)G), Vijj € 1
G = 0.

Remark 5.3. Note that we do not require the interpolation conditions (5.4)
in Definition 5.1 to be sufficient. This implies that the convex PEP formu-
lation in Theorem (5.2) may be a relaxation, which can, in turn, induce a
relaxation in the algorithm design problem formulation derived next. As a
result, solving it does not guarantee the optimality of the algorithm for the
considered functional class.

Note that in this min-max problem, the inner optimization problem corre-
sponds to the SDP Problem (SDP-PEP-Generic), which computes a valid
upper bound on the performance of the fixed-step first-order algorithm M.
Hence, solving this min-max problem corresponds to finding the fixed-step
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first-order algorithm with the lowest upper bound on its performance over
the class 7 (IR?). Since min-max optimization problems are typically hard
to solve, we can further simplify the formulation by transforming it into
a single minimization problem. This can be achieved by computing the
Lagrangian dual of Problem (SDP-PEP-Generic) (i.e., dualizing the inner
problem). The dual of Problem (SDP-PEP-Generic) takes the form:

w(x) = inf TR?
Tr)\i,j
subjectto TAR —C+ Z /\l',jAl',]'(tX) >0

ijel
b— Z)‘i’f(yf uj — piui) =0 (dual-PEP-generic)
L]
Aij >0, Vijel
>0

Remark 5.4. Note that if strong duality does not hold, then using the La-
grangian dual of Problem (SDP-PEP-Generic) still yields a valid upper
bound on the worst-case performance of the algorithm. However, this may
introduce a relaxation in the formulation of the corresponding algorithm
design problem. Experimentally, strong duality holds for every explicit PEP
formulation considered in the previous chapters of this thesis.

Thus, the problem of designing fixed-step first-order algorithms over an
SDP-representable class of functions F(IRY) takes the simpler form:

inf TR?
ai/kaf/\i,j

subjectto  A(T,A,a) =0

b—) Aji(pjui—piu;) =0
; N o (Algo-design-generic)

)\i,j >0, VI,] el
>0
where A(T,A, &) = TAR — C + L je1 AijAij(a). We obtain a nonconvex

conic formulation of the algorithm design problem for any SDP-representable
class of functions, similar to the formulations derived in [55, 97, 48] for the
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class of convex smooth functions.

Remark 5.5. The matrix A(7, A, a) is linear in the variables A when the «
are fixed. However, it is nonlinear in both & and A together and potentially
nonlinear in the variables « when the A are fixed. This implies that the
constraint A(7, A, &) > 0 is a nonlinear matrix inequality. In general, opti-
mization problems involving nonlinear matrix inequalities are NP-hard to
solve [101]. Matrix A(T, A, «) is always linear in 7.

5.3 Numerical Design Methods for First-Order Optimization
Algorithms

We present several methods for solving the problem of designing optimized
first-order methods, namely: an alternating minimization approach, a first-
order method, and a sequential linearization method.

Alternating Minimization (AM). Although Problem (Algo-design-generic)
is a nonlinear SDP, in many cases of interest, it exhibits a bilinear struc-
ture. Specifically, in these cases, the matrix A(7, A, «) is also linear with
respect to the variables & when the A are fixed. This is notably the case
when designing fixed-step first-order algorithms for the class of L-smooth
p-strongly convex functions F, 1 (R?) with 0 < p < L < +o0, as shown in
[55, 56, 95]. In these instances, when either the variables « or A are fixed,
Problem (Algo-design-generic) reduces to a linear SDP. Therefore, it is pos-
sible to alternately optimize with respect to A and « by solving linear SDPs,
following the approach in [18]. Let us now define the subproblem when the
A are fixed:

inf TR?
‘xi,le
subjectto A(T,A,a) =0
b— ZAi,j(l‘j”j —piu;) =0 (Opt-steps)
ij
>0

Note that variable 7 is optimized at both steps of our algorithm. We can now
define our alternating minimization algorithm for the design of first-order
methods:
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Algorithm 11 Alternating minimization for optimizing first-order algo-
rithms (AM)

1: Input: Initial step-sizes le((]){) , Number of iterations T

2: Output: Dégj)

3: fort =1to T do

4: Compute /\E{? by solving Problem (dual-PEP-generic) for M 1)
5: Compute aEQ by solving problem (Opt-steps) with A; ; = Al(,tj)

6: end for

Remark 5.6. Note that when strong duality holds (which has experimen-
tally been the case for every explicit PEP formulation considered in this
thesis), the variables A;; in Problem (dual-PEP-generic) characterize the
proof of the upper bound on the performance of the algorithm M,. In-
formally, we obtain the upper bound by multiplying each constraint in
Problem (SDP-PEP-Generic) by its corresponding dual variable A;; and
summing all the resulting inequalities. For a more detailed explanation
of PEP-assisted convergence proofs, we refer the reader to [39]. Thus, our
alternating minimization approach can be understood as alternatively find-
ing the optimal upper bound on the performance of a given algorithm
along with a valid proof with respect to the set of constraints used in Prob-
lem (SDP-PEP-Generic), and then finding the best algorithm such that the
proof of the previous upper bound remains valid for the new algorithm.

Remark 5.7. Note that although our alternating minimization approach
does yield better step-sizes compared to the initial step-sizes, we have no
guarantee that it converges to a global minimum nor even to a local one.
Indeed consider the simple example of optimizing two steps of (MGD) over
L-smooth convex functions. In the next figure, we provide a contour plot
for step sizes between 0 and % of the worst-case performance obtained by
PEP and highlight the critical points of the worst-case over the space of step
sizes (one global minimum and one local minimum), we also place on this
figure the successive iterates of alternating minimization initialized with the
classical step sizes 1. Figure 5.1 shows that alternating minimization gets
stuck at a point of non-smoothness at the boundary between two regions
and does not converge to either minimum.
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Contour plot of the worst-case

1.5 <

O AM iterates
@ Global minimum
O Local minimum

o

Fig. 5.1 AM iterates are not guaranteed to converge to a minimum

First-order method (FOM). Our second approach is to apply a first-order
method to the function w9 («) directly. This requires computing the
gradients, when well-defined, of w"! with respect to the step sizes a;.
Since the step sizes a;; influence w9 (a) only through the vectors /; in the
matrices A; j(«) (see Problem dual-PEP-generic), computing the gradients
of wdual with respect to the step sizes requires characterizing the variations
of w4l under small perturbations of the matrix

TAR —C+ 2 )‘i,in,j(“)-
ijel

To this end, we consider the perturbed problem:

¢$(B,a) = inf TR?
T/Ai,j
subjectto TAR —C+ Z /\i,in,j () +B >0

ijel

b= Aij(pjuj — pini) =0
i

Aij >0

>0

(Perturbed-dual-PEP)
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Theorem 5.8. [15, Proposition 5.80] The function ¢(., &) is convex over the set of
positive semidefinite matrices and.:

dpp(0,{a}) = {—G: G isasolution of Problem (SDP-PEP-Generic) }
This Theorem relies on the fact that the dual of Problem (dual-PEP-generic)

is Problem (SDP-PEP-Generic).

Remark 5.9. Note that, as a consequence of the previous theorem, if Prob-
lem (SDP-PEP-Generic) admits a unique solution, the function ¢(., ;) is
differentiable at zero.

Applying the chain rule, we have that:

Theorem 5.10. if w™ is differentiable then the gradient is equal to the vector:

dual dual
il (u) = (aww) aw(a)) (5.5)

dag T dan N—1

sdp
ow (zx):Tr(—G oA );

aﬂcm,n alxm,n

where G is the unique (see remark 5.9) solution of Problem (dual-PEP-generic),
Ais defined by:
A=T1Ar —C+ Z /\l‘,]'Ai,j(IX)
ijel

and 82:‘" is the matrix such that:

( oA ) _0A;;
Oy, ij B Oy,
Remark 5.11. In practice, we use the vector computed in equation (5.5), even
though we cannot guarantee that it is a gradient everywhere or even an
ascent direction. Numerical observations show that usually all possible step
sizes choices for an algorithm can be divided into finitely many regions
within which the PEP admits a unique solution, making w4 differentiable
(see remark 5.9) on these regions. Multiple solutions for the PEP may occur
only on the boundaries between these regions on which the function wua!
can become non-differentiable (see the master theses [24, 34]). Further-
more, our first-order method yields satisfactory results on the benchmark
application presented in Section 5.4.
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We can now present our first-order approach for the design of optimized
first-order algorithms:

Algorithm 12 First-order method (FOM) for the design first-order algo-
rithms

1: Input: Initial step sizes Dé(k) , Number of iterations T, a list of decreasing
steps {Btl,..,
2: Output: ucf k)

3: fort—ltono

4 Compute 9= l: (a(t=1)) using Theorem 5.10

5: Update the step-sizes: lx;(n)n = Dém n — By dwsdp ({a (t- 1)})

azxm " ik
6: end for

Sequential Linearization Method (SLM). We now present a third method to
optimize the step sizes of first-order algorithms, closely linked to sequential
semidefinite programming [23, 35]. The central idea is to iteratively linearize
Problem (Algo-design-generic) around a current set of decision variables
{7, A, a}. To simplify notations, we define the vector of decision variables
as x = {7, A}, &;x} and denote by x; the i-th component of vector x. Using
this notation, Problem (Algo-design-generic) takes the form:

inf clx
X

subjectto  A(x) = 0
b—d'x=0 (5.6)
alx>0,vie{1,..., N> +1}

Note that all the constraints of the problem are linear except for A(x). Our
method starts by choosing a first feasible point x() and iteratively generate
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a sequence of iterates x(!), by solving the tangent problem:

min ¢ Ax
Ax
- 0) 0A 0
subject to  A(x'") + Zg(x )JAx; = 0
1 .
b gt (x(t) +AY) =0 (OptAlgo-linear)
al-T(x(t) +Ax) >0

7

where [%(x(f))]mln — m

axi

Remark 5.12. Our approach is very similar to sequential semidefinite pro-
gramming (SQP); the only difference is that, typically, the tangent prob-
lem considered in SQP methods includes a quadratic regularization term
%AxTHtAx in the objective, where the matrix Hiisa positive semidefinite
approximation of the Hessian matrix of the Lagrangian of the problem. In
our case, the Hessian of the Lagrangian of Problem (5.6) is given by

Hy = V2Tr(—GA(x1))

where G is the semidefinite matrix solution of Problem (SDP-PEP-Generic).
We choose not to include such regularization since it would negatively
impact the computational efficiency of our method. The number of variables
in x increases with the number of step sizes to optimize, which, in turn,
increases the dimension of the Hessian matrix to consider.

Ideally, we would like to perform the update x(!*1) = x(t) 4 Ax(), where
Ax") is the optimal solution of Problem (OptAlgo-linear). However, in
practice, this step is not always valid, as it does not necessarily ensure a
decrease in the objective function. To address this issue, we incorporate a
trust-region method into our algorithm. The trust-region approach adap-
tively bounds the search space of subproblem (OptAlgo-linear) within a
safe region—defined by a radius D—where our linear approximation of the
problem remains accurate and the solution of subproblem (OptAlgo-linear)
provides an update that decreases the objective function. This is achieved
by adding a constraint on the norm of the variable Ax:
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minimize c¢' Ax
Ax

. d0A
subject to Ax®) + ) aTCi(x(t))Axi =0
b—d (x) +Ax) =0 (SLM-Subproblem)
a (x + Ax) >0

, %AxTAx <D

The next step in the trust-region procedure is to define an update rule
for the radius and the current iterate, based on the performance of the
update computed by solving Problem (SLM-Subproblem). Let D(*) and
the current iterate x(*) = [7(1), A1) x(!)] be given, along with the update
Agct) = [AT®, AL, AxM)]. To assess the update’s performance, we intro-
duce the performance criterion P, defined as the ratio of the actual improve-
ment—represented by the difference in upper bounds on the performances

of the first-order algorithms M (ocl(tk)) and M (zx(t) + Azx(t))—given by
AW = godual (a(t) + M(t)) _ pdual (a(t)) )

to the expected improvement given by At(t) R%:

AW

P= g

If P > 0.9, the update is considered good, and we set D(*1) = 2D(®),
ucf,tkﬂ) = vci(}) + Aocl(jc). If P < 0.1, the update’s performance is poor, so we set
DY) = D(t)/2 and ucgjjl) = ”‘52- In all other cases where P is between
0.1and 0.9, we set zxf,tkﬂ) = af/tk) + Aocl(}) while keeping D(!*1) = D). This
process is formalized in the following algorithm:
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Algorithm 13 Trust Region Procedure

1:

®

10:
11:

Input: trust-region radius D), current iterate x(*), solution Ax(t) =

(AT, A/\E? , Azxf,?] of Problem (SLM-Subproblem)

Output: D(H1), ocl(,tkﬂ)

Compute AW = gdual (uc(t) + Aoc(t)) — qdual (oc(t))
AW

Compute the performance criterion P = A-OR2

if P > 0.9 then
D) = 2D(®) and ocfjjl) = zxf’tk) + Ale(’tk)
else if P < 0.1 then

DY) = DT and ot = ucl(t)

We now present our full algorithm as follows:

Algorithm 14 SLM for optimizing first-order algorithms

1:

©0) .

Input: Initial step-sizes a;,’, initial trust-region radius D), Number of
iterations T '
Output: D(l{p
fort =1to T do
Compute A(x(1)), /\f;), 7(*) by solving problem (dual-PEP-generic)
Form the vector x(t) = [t(), A(t) a(1)]
Compute Ax() = [AT(), AL, Ax()] by solving (SLM-Subproblem)
Compute D) and tx(ﬁjl)

; using Algorithm (13).
end for

5.4 Comparison on the benchmark of Optimizing Memory-

less Gradient Descent

In this section, we compare the efficiency of our three methods with the
BNB-PEP approach developed in [48] for the task of optimizing the step
sizes of memoryless gradient descent (MGD) on smooth convex functions.
Thanks to the homogeneity result of Theorem 2.15, we can set the smooth-
ness constant to L = 1 and the initial distance to a minimizer to R = 1
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without loss of generality. In the next figure, we provide upper bounds
on the worst-case convergence rates for the memoryless gradient descent
with the step sizes given in [48] and with the step sizes obtained using
each of our three methods: Alternating Minimization (AM), the First-Order
Method (FOM), and our Successive Linearization Method (SLM). Note that
the algorithm design approaches discussed here all depend on the total
number of iterations N of memoryless gradient descent. The plot shown
in the next figure is obtained by running each method for each value of N,
yielding optimized step sizes specific to that number of iterations. For each
case, we compute an upper bound on the performance using PEP, which is
then plotted with respect to N.

We run our methods for a maximum of T = 1000 iterations and use a
stopping condition where we exit the optimization process when the im-
provement in the upper bound on the worst-case is less than 1077, and the
norm of the difference between two successive updates of the step sizes
is less than 107, We initialize our step sizes with the classical constant

step-size strategy, setting “1(0) = 1.

Remark 5.13. The BNB-PEP approach consists of two steps. The first step
involves solving the algorithm design problem locally by framing it as a
nonconvex QCQP problem (similar to our PEP formulations but with substi-
tuting the positive semidefinite matrix G using a Cholesky decomposition
G = ZZ" and imposing suitable conditions on the new variable Z) and
then using the local solution as a warm-start for the Branch-and-Bound
procedure. The full BNB-PEP approach including the Branch-and-Bound
procedure should converge to global optimum whereas our methods are
only local optimization methods. Note that the BNB-PEP approach can also
be used as a local optimization heuristic by forgoing the branch and bound
procedure (which was done by the authors in [48] on this benchmark task
for a number of iteration higher than 25).
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Comparaison of algorithm design methods
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Fig. 5.2 Worst-case convergence of memoryless gradient descent (MGD)
with the optimized step-sizes given the BNB-PEP method [48], our Al-
ternating Minimization (AM), First-Order method (FOM) and Successive
Linearization method (SLM)

Figure 5.2 shows that the AM and FOM methods are suboptimal compared
to BNB-PEP. As discussed in the previous section, AM can get stuck in
nonsmooth regions and fail to converge to an optimum. FOM can also
suffer from this issue, as it relies on computing vectors that are gradients of
the objective where it is differentiable. Consequently, in nonsmooth regions,
the updates do not guarantee a decrease in the objective. Experimentally, we
observed that the convergence of these two methods depends significantly
on the initialization. For some initializations, the methods may fail to
converge to an optimum, while for better initilizations (i.e a good first
guess of optimized step sizes) they converge to an optimal point. Moreover,
using different stopping criteria that allow these methods to run for more
iterations can improve the results. SLM, on the other hand, is competitive
with the BNB-PEP approach, even outperforming it in many instances, as
shown in Table 5.1. Note that the step sizes provided by the BNB-PEP
method are claimed to be optimal up to N = 25. However, Table 5.1 shows
that this is not the case, suggesting that the numerical experiments reported
in [48] using the BNB-PEP approach may suffer from numerical issues or
instabilities. In Table 5.2, we present the optimized step-sizes we obtain
using SLM for the first few iterations up to N = 8.
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Number of iterations N SLM BNB-PEP
6 0.019895 | 0.020098
8 0.013962 | 0.014055
9 0.012184 | 0.012282

13 0.007946 | 0.007984
14 0.007204 | 0.007376
16 0.006120 | 0.006311
18 0.005382 | 0.005404
19 0.004869 | 0.004941
20 0.004563 | 0.004652
21 0.004318 | 0.004456
22 0.004055 | 0.004185
23 0.003818 | 0.003954
26 0.003333 | 0.003347
27 0.003181 | 0.003247
31 0.002682 | 0.002722
32 0.002576 | 0.002618
34 0.002379 | 0.002411
35 0.002290 | 0.002318
37 0.002165 | 0.002330
39 0.002027 | 0.002069
40 0.001974 | 0.002089
43 0.001763 | 0.001808
45 0.001703 | 0.001709
47 0.001611 | 0.001616
48 0.001562 | 0.001589
49 0.001508 | 0.001526
50 0.001470 | 0.001541

Table 5.1 Instances where our Successive Linearization Method (SLM)
outperforms BNB-PEP [48]
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Number of Iterations N | Optimized step-sizes

1 [1.500]

[1.414,1.877]

[1.414, 1.601, 2.189]

[1.414, 1.601, 1.702, 2.459]

[1.414, 1.601, 1.702, 3.526, 1.500]

[1.414,1.601,1.702, 4.116, 1.732, 1.500]

[1.414,1.601, 1.702, 4.552, 1.414, 2.414, 1.500]

Q| | O\ U1 x| W N

[1.414,1.601,2.261, 1.414, 5.387, 1.414, 2.414, 1.500]

Table 5.2 Optimized step-sizes for memoryless gradient descent obtained
using SLM

Remark 5.14. Note that the step sizes in Table 5.2 seem to benefit from a
similar structure to one of the step sizes proposed in [8, 45] but do not
match these schedules. However this similar structure might indicate that
these step sizes can be retrieved within the framework proposed in [45]
of composing smaller step sizes sequences to inductively construct longer
ones.

Given the results of Figure 5.2 and Table 5.1, we now focus solely on our
SLM approach. Next, we compare the computational efficiency of our SLM
approach with that of BNB-PEP. In Table 5.3, we compare the solver time of
the first step of the BNB-PEP procedure (i.e, without the branch and bound
procedure, using only the local optimization step on the QCQP) with our
SLM approach. We choose IPOPT as the QCQP solver and MOSEK for
our SLM approach. We run both methods for a maximum of T = 1000
iterations.
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Number of iterations N SLM (s) BNB-PEP (IPOPT) (s)

5 0.13 10.05

10 0.78 11.87

15 2.06 13.05

20 7.63 61.61

25 25.23 131.59 (2.19 min)
30 30.43 250.16 (4.17 min)
35 48.48 963.11 (16.05 min)
40 147.34 (2.46 min) | 3158.25 (52.64 min)
45 17454 (291 min) | 717.37 (11.96 min)
50 371.76 (6.20 min) | 1294.14 (21.57 min)

Table 5.3 Comparison of solver run times for BNB-PEP using IPOPT for
local optimization and our SLM approach.

Table 5.3 indicates that our SLM approach appears to be computationally
more efficient than the local optimization (using IPOPT) performed in the
BNB-PEP method, especially for larger numbers of step sizes to optimize.
Note that both methods in most cases converge before reaching the maxi-
mum number of iterations T = 1000. In [48], the authors provide runtimes
for the full BNB-PEP method (including the Branch-and-Bound procedure)
on this task. Starting from N = 10 iterations, the full BNB-PEP method
already takes more than one day to run on a supercomputer. To further
demonstrate the computational efficiency of our method, we run it respec-
tively for a maximum of optimization steps equal to T = 10 and T = 100.
We set the maximum iteration parameter of the IPOPT solver to the same
values. In the next figure, we provide the worst-case performance rates
using the step sizes obtained under these limitations.
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Comparaison of algorithm design methods with 7' = 10 steps

—e—SLM
~—#&—BNB-PEP

5 10 20 40
Number of iterations N

(a) T = 10 optimization steps.
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Fig. 5.3 Worst-case convergence of memoryless gradient descent (MGD)
with the optimized step sizes obtained using the BNB-PEP method with the
local solver IPOPT, and with the step sizes from our Successive Linearization
Method (SLM) under the limitation of 100 optimization steps.

Figure 5.3 show that, under the constraint of performing few steps to op-
timize the algorithm (T = 10 and T = 100 steps), our SLM approach
outperforms the BNB-PEP method (with IPOPT). In the next tables, we
provide the solver runtimes for performing T = 10 and T = 100 steps for

each method.

Number of iterations N | SLM (s) | BNB-PEP (IPOPT) (s)
5 0.11 0.024
10 0.17 0.10
15 0.54 0.31
20 1.26 0.86
25 243 1.94
30 5.43 4.32
35 9.14 8.90
40 11.47 16.73
45 29.60 26.93
50 45.76 44.68

Table 5.4 Comparison of solver runtimes for performing T = 10 steps

using SLM and BNB-PEP (IPOPT).
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Number of iterations N SLM (s) BNB-PEP (IPOPT) (s)
5 0.17 0.10
10 0.95 0.64
15 2.66 1.14
20 11.11 3.07
25 15.91 7.95
30 37.81 15.60
35 54.63 31.22
40 83.68 (1.39 min) 59.12
45 136.97 (2.28 min) 84.67 (141 min)
50 193.35 (3.22 min) 138.66 (2.31 min)

Table 5.5 Comparison of solver runtimes for performing T = 100 steps
using SLM and BNB-PEP (IPOPT).

Tables 5.4 and 5.5 show that for fewer numbers of iterations (T = 10 and
T = 100) our method has a slightly slower solver run time compared to
BNB-PEP. Combined with the numerical results in Figure 5.3 and the solver
run times until convergence in Table 5.3, this suggests that our SLM ap-
proach has a slower run time per iteration but requires significantly fewer
steps to converge.

To summarize this section, we presented numerical experiments supporting
the competitiveness of our Successive Linearization Method (SLM) with
the BNB-PEP approach from [48] on optimizing step sizes for memoryless
gradient descent over smooth convex functions. Moreover, our results sug-
gest that SLM requires fewer steps to converge and performs better under
restrictions on the number of steps, indicating overall higher efficiency. In
the sequel, we will use SLM to design optimized first-order algorithms in
various settings.

5.5 Numerical Design of First-Order Methods using SLM

In this section, we apply the SLM method presented above to solve the
algorithm design problem and develop fixed-step first-order methods for
various convex optimization settings. Numerical results suggest that our
approach yields optimized methods that often achieve accelerated conver-
gence rates. For all our experiments, we run our successive linearization
method for a maximum of T = 1000 steps and terminate the optimization
process if the improvement in the upper bound on the worst-case perfor-
mance falls below 10~7 and the norm of the difference between successive
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step-size updates is less than 1074

Remark 5.15. Note that in this section, the numerical convergence rates
presented for the optimized algorithms we design are obtained by solving
the Performance Estimation Problem for the algorithm over a range of
numbers of iterations N, and then fitting a model of the form m to these
data.

Design of optimized block coordinate-wise algorithms. We consider the
setting of Chapter 3 and apply our algorithm design methodology to tune
the step sizes of block coordinate-wise algorithms (see Definition 3.10). The
generic framework previously introduced for algorithm optimization ex-
tends naturally to this setting. The main difference is that the PEP SDP
formulations involve multiple semidefinite matrix variables, which does
not hinder the application of the methods presented in this chapter. We
focus on cyclic algorithms and begin with the subclass of memoryless cyclic
coordinate descent algorithms.

Recall from Chapter 3 that to define block coordinate descent algorithms,
we consider a partition of the space R into p subspaces:

RY = R x - - x R%,
with the corresponding selection matrices U, € R%*“, such that:
(Uy,...,Uy) =1,
and for any x € IR?, we can express x in terms of its block components as:
x = (x(l),...,x(p))T, where x(0) = Uérx cR%, Vie {1,...,p},

and x = 25:1 U,xY). Then, memoryless cyclic coordinate descent can be
defined as follows.
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Algorithm 15 Memoryless Cyclic Coordinate Descent algorithms (MCCD)

—_

: Input: function f defined over R" with p blocks, starting point xg € R",
number of cycles K, and step-sizes (&;);—1,... px
: Define N = pK
: fori =1to N do
Set ¢ = mod(i,p) +1
xj=xi— UV f(xi )
end for

SRS L

where V(¥ f(x) = U/ Vf(x) is the partial gradient along the ¢-block of
coordinates. We optimize the step sizes {«; } lpfl of (MCCD)(«) over the func-
tional class ]—"giord (RY), under the assumptions of Setting INIT, where we
only assume that ||xg — x|l < R, with x, an optimal point of the function
(see Chapter 3, Equation 3.30). We choose as an initialization for the step
sizes a\¥) = 1/Ly; foralli € {1,..., pK}, where £(i) = mod(i, p) + 1. By

i
the homogeneity result of Theorem 3.25, we canset L = (1,...,1) and the
initial distance to a minimizer to R; = 1 without loss of generality. We

further restrict our analysis to two blocks of coordinates (p = 2).

In Figure 5.4 we compare the numerical upper bounds we obtain using PEP
for the classical cyclic coordinate descent algorithm with step sizes L% and
for the cyclic coordinate descent with our optimized step sizes. We also
provide numerical fits for these upper bounds. For the classical memoryless
coordinate descent algorithm, we obtain:

1 2
— « < — X% .
flon) = f () < Tigon 4 2078 170~ >t

For the coordinate descent algorithm with optimized step sizes, we have:

1

2
f(XN) _f(x*) < 1.087N1145 | 2226 ||x0 - x*HL'
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Optimized Memoryless Cyclic Coordinate Descent
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Fig. 5.4 Upper bounds on the worst-case convergence rate of memoryless
cyclic coordinate descent with classical steps L% (yellow) and with our
optimized step-sizes (blue).

The table below summarizes the optimized step sizes for memoryless cyclic
coordinate descent for up to N = 8 iterations:

Number of Steps N | Step-Sizes «;
2 [0.9761, 1.0637]
4 [0.9774, 1.5690, 0.9173, 1.0376]
6 [0.9016, 1.3699, 0.8865, 1.0576, 0.6993, 0.9311]
8 [0.9110, 1.5089, 0.8727, 1.4623, 1.1346, 1.2301, 0.7718, 1.0572]

Table 5.6 Optimized step-sizes for memoryless cyclic coordinate descent
up to N = 8.

Remark 5.16. Note that the step sizes in Table 5.6 do not seem to follow any
simple pattern that can be identified analytically. Unfortunately, this seems
also to be the case for all the settings we study in the remainder of this
section.

Conjecture 5.17. Memoryless cyclic coordinate descent with optimized step sizes
can achieve a faster convergence rate than O(1/N). For 2-blocks algorithms, our
experiments suggest a rate of O(1/N14),

We also apply our algorithm design method to the optimization of the step
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sizes of a full fixed-step cyclic block coordinate-wise algorithm, where we
allow the use of all past gradient information to perform the update, simi-
larly to Nesterov’s acceleration. We place ourselves in the exact same setting
as previously for the memoryless coordinate descent. In Figure 5.5, we com-
pare the upper bounds obtain for both the optimized full cyclic coordinate
descent and for the optimized memoryless gradient descent highlighting
the benefits of using past gradient information. We also provide a numerical
fit for the upper bound we have on the convergence of optimized full cyclic
coordinate descent:

1
_ <
flan) = fx) < 0.6111NT470 + 3.041 Ixo

— xR

N Optimized Cyclic Block Coordinate-wise Algorithm

0.1030 \\
A \E\§§
F- 0.0497 \\&
= L

0-0240 5~ Full (CCD) - Optimized steps

—6—(MCCD) - Optimized steps

Fit - Full D

0.0116 ! (CC ) T 1 %%
2 9 16 23 30

Number of iterations N

0.2135(

Fig. 5.5 Comparison of upper bounds on the worst-case convergence
rate of our optimized full cyclic coordinate descent (blue) and optimized
memoryless gradient descent (red).

Table 5.7 summarizes the optimized step sizes for the full fixed-step cyclic
block coordinate-wise algorithm for up to N = 6 iterations.
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Number of iterations N | Step-sizes «;

2 0.8042
0.9999 1.0476
0.9287

4 0.9919 1.3863
0.9956 1.4815 0.5634
0.9996 1.5760 1.0959 0.9439
[0.7878 T
1.0169 1.1648

6 1.0157 1.2016 0.2707
0.9964 1.3963 0.9591 1.1492
0.9984 1.4054 0.9559 1.1795 0.2679
10.9977 1.4673 1.0879 1.2667 0.9592 1.0037

Table 5.7 Optimized step-sizes for fixed-step full cyclic block coordinate-
wise algorithms up to N = 6.

Conjecture 5.18. Full cyclic coordinate descent with optimized step sizes can
achieve a faster convergence rate than O(1/N). For 2-block algorithms, our
experiments suggest a rate of O(1/N147).

Conclusions. The numerical upper bounds in Figure 5.4, along with their
corresponding fits, provide strong numerical evidence that accelerated con-
vergence rates for cyclic coordinate descent on coordinate-wise smooth
convex functions are achievable without memory (i.e., past gradient in-
formation). By accelerated, we mean here O(1/N%) with « > 1. This
aligns with recent results in [48, 45, 8] for the gradient descent algorithm
on smooth convex functions. Also, the optimized step sizes for the first
few iterations, summarized in Table 5.6, suggest that accelerating memory-
less cyclic coordinate descent does not require long steps, unlike gradient
descent on smooth convex functions [48, 44]. This observation is further
supported by the optimized step sizes in Table 5.7 for block coordinate-wise
algorithms that incorporate memory. The numerical results in Figure 5.5 in-
dicate that using past gradient information, akin to Nesterov’s acceleration,
helps to further accelerate the convergence of block coordinate-wise algo-
rithms. However, our results suggest an approximate convergence rate of
O(1/N'¥), which is significantly slower than the O(1/N?) rate achieved
by accelerated random block-coordinate descent algorithms. This supports
the comparison made in Chapter 3 regarding the acceleration of random
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versus cyclic block coordinate descent algorithms. Randomness appears to
play a crucial role in accelerating block coordinate-wise algorithms.

Design of optimized inexact gradient descent algorithms for minimizing
the residual gradient norm. We now consider the optimization of inexact
gradient descent algorithms, where updates rely on inexact gradient esti-
mates [102, 26]. We consider here relative inexactness on the gradients i.e
we have only access to vectors d; such that

ldi = Vf(xi)[| < el Vf(xi)l-

This arises, for instance, in the training of machine learning models, where
computationally cheaper gradient approximations, such as the mini-batch
approximation for stochastic gradient methods, are used. Gradient inex-
actness can also result from noisy or missing data. We focus on the class
of smooth convex functions and begin by analyzing standard memoryless
inexact gradient descent algorithms:

Algorithm 16 Inexact gradient descent (IGD)

—_

: Input: Starting Point xo, number of iterations N, step-sizes «;, tolerance
€
: fori =1to N do
Compute d; such that ||d; — Vf(x;)]| <e||Vf(x;)]
Update x; 1 = x; — %di
end for

SIS

Note that inexact gradient descent algorithms can be easily handled within
the PEP framework in a similar manner to gradient descent algorithms
(see Chapter 2). We only need to introduce the extra variables d; and the
conditions ||d; — Vf(x;)|| < €||Vf(x;)||. These conditions are readily SDP-
representable using the same Gram matrix lifting technique as for gradient
descent algorithms, but with the Gram matrix G defined as G = PP, where
P =1g0,---,8N,do,-..,dN_1,%0]. For a more detailed explanation of the
PEP formulation for inexact gradient descent, we refer the reader to [26].
Recently, the authors in [102] provided the first tight worst-case convergence
analysis of inexact gradient descent for smooth convex functions.

Theorem 5.19. [102, Theorem 2.3] Algorithm (IGD) applied to a convex L-

smooth function with a constant stepsize h €0, ﬁ] and relative inexactness
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€10, 1], started from iterate x(, generates iterates satisfying

f(x0) = f(x7)
Lk{l va Wl < J+Nh(1—e)

For our numerical experiments, we choose the same performance criterion
minge g ny [V f (%) |?> and initial condition f(xg) — f(x*) < R as in The-
orem 5.19, and we fix L = 1 and R = 1. We also apply our algorithm
optimization method for several levels of inexactness: € = 0.1, 0.3, 0.5. We

(0)

choose ;" = 1/L to initialize the step sizes.

In Figure 5.6 we provide numerical values of the worst-case convergence
rate of our optimized algorithms, comparing them to the bound of Theo-
rem 5.19. We also provide numerical fits of these upper bounds for our
optimized inexact gradient methods.

For ¢ = 0.1, we have:

: 2 o flxo) = flx)
e fmin IV = 159816 5 0 5326

For € = 0.3, we have:

- 2 o flxo) — flx)
e fpin  IVFOI™ = 580778107 + 05330

Finally, for € = 0.5, we have:

- 2 o flxo) = flx)
e fpin  IVFOI™ = 5 5aranTom + 05012
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Fig. 5.6 Comparison of worst-case performance of our optimized inexact

(0)

a ) =

gradient methods compared to the inexact gradient descent with step-size
1/L for three different level of inexactness e.

Conjecture 5.20. Inexact gradient descent with optimized step sizes can achieve a
faster convergence rate than O(1/N) for minimizing the squared gradient norm.

We summarize the numerical convergence rates of our optimized inexact gradient
descent algorithms in the following table:

Level of Inexactness ¢ | Worst-Case Convergence Rate
0.1 O(1/Nt10)
0.3 O(1/NTO7%)
0.5 O(1/NTO18)

Table 5.8 Convergence rates of our optimized inexact gradient descent
algorithms with respect to the level of inexactness €.

We now provide the first few optimized step sizes obtained in this setting
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for inexact gradient descent up to N = 5 iterations.

Number of iterations N | Optimized step-sizes «;

1 [1.3885]
1.6910,1.3118|
1.3885,2.0748,1.3054]
1.3885,2.5219,1.4736,1.2936]
1.3885,2.9444,1.3236,1.7528, 1.2874]

Qi = WD

Table 5.9 Optimized step sizes for inexact gradient descent with a level
of inexactness € = 0.1.

Number of iterations N | Optimized step-sizes «;
1 [1.2232]
[1.4179, 1.1528]
[1.5595, 1.2743, 1.1011]
[1.2231, 1.8460, 1.2633, 1.0806]
[1.2231, 2.0715, 1.3373, 1.2380, 1.0535]

Qi = W N

Table 5.10 Optimized step sizes for inexact gradient descent with a level
of inexactness € = 0.3.

Number of iterations N | Optimized step-sizes «;
1 [1.0998]
[1.2069, 1.0306]
[1.2935, 1.0927, 1.0081]
[1.3634, 1.1563, 1.0343, 1.0014]
[1.4152,1.1876, 1.0828, 1.0095, 1.0001]

Qi = W N

Table 5.11 Optimized step sizes for inexact gradient descent with a level
of inexactness € = 0.5.

Conclusions. The numerical worst-case convergence rates of our optimized
inexact gradient descent algorithms for levels of inexactness € = 0.1, 0.3, 0.5
in Figure 5.6, along with the corresponding numerical fits, indicate that
achieving accelerated convergence rates compared to classical inexact gra-
dient descent algorithms with constant step sizes (upper bound of Theo-
rem 5.19) seems possible by carefully tuning the step sizes of the algorithms.
Table 5.8, which summarizes the convergence rates achieved by our opti-
mized algorithms with respect to the inexactness level, suggests that the
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achievable acceleration depends highly on the level of inexactness. Indeed,
it appears that higher acceleration is possible with lower levels of inex-
actness, whereas for high levels of inexactness, the acceleration tends to
become minimal. Tables 5.9, 5.10, and 5.11 provide the optimized step
sizes of our algorithms for the first 5 iterations. Note that the magnitude of
these step sizes decreases with the level of inexactness. For a low level of
inexactness (€ = 0.1), some of the step sizes are unusually large (i.e., greater
than 2/L), similar to the step sizes of recent optimized gradient descent
methods in [44, 48, 8]. For higher levels of noise (¢ = 0.5), our step sizes
become more standard (i.e., between 1/L and 2/L).

Design of full inexact gradient algorithms for minimizing the residual
gradient norm. In an attempt to further accelerate the minimization of the
residual gradient norm in the context of inexact optimization of smooth con-
vex functions, we now consider full inexact gradient algorithms, meaning
that we allow the use of all past inexact gradient information to perform
the updates.

Algorithm 17 Full inexact gradient descent (FIGD)

—_

: Input: Starting Point xo, number of iterations N, step-sizes «; s, tolerance
€

2: fori=0toN—1do

3. Compute d; such that ||d; — Vf(x;)|| < €|V f(x;)]
4; Update x; = xg — Z;{;lo %kdk

5: end for

We place ourselves in the exact same setting as before and make the same
assumptions as in the optimization of standard inexact gradient descent
algorithms. In Figure 5.7, we provide numerical upper bounds on the
worst-case convergence of our optimized (FIGD) and compare them to the
bound for the unaccelerated inexact gradient descent (Theorem 5.19). We
also provide numerical fits of these upper bounds for our optimized inexact
gradient methods with different levels of inexactness.

For ¢ = 0.1, we have:

| s Sl - flx)
e fpin  IVFOI™ = 5 ogsanTasi 4 07563
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For € = 0.3, we have:

| s f) = flx)
e fpin IVFOI™ = 5 g0ssnNT2 4 07373

Finally, for € = 0.5, we have:

| s a0~ f(x)
e fpin  IVFOI™ = 5 2a38NT0 + 0.6005°
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Fig. 5.7 Comparison of upper bound on the worst-case performance
of our optimized full inexact gradient methods compared to the inexact

gradient descent with constant step sizes (upper bound Theorem 5.19) for
three different level of inexactness €.

Conjecture 5.21. Full Inexact descent with optimized step sizes can achieve a
faster convergence rate than O(1/N) for minimizing the squared gradient norm.
We summarize the numerical convergence rates of our optimized full inexact
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gradient descent algorithms in the following table:

Level of Inexactness ¢ (FIGD) (IGD)
0.1 O(1/N'3%) [ O0(1/N'116)
03 O(1/N'3%2) | O(1/N7)
0.5 0(1/N1.190) O(l/NLOlS)

Table 5.12 Comparison of the worst-case convergence rates of our op-
timized full inexact gradient descent and our optimized inexact gradient

descent with respect to the level of inexactness €.

We now provide the first few optimized step sizes we obtain in this setting

for full inexact gradient descent.

Number of iterations N | Optimized step-sizes «;

1 1.3885

’ 1.6266
1.7272  1.4684
1.7395

3 1.9982 1.8119
2.0383 1.9378 1.4563
1.8057

4 2.1834 1.9871
2.3135 2.3270 1.8083
2.3332 2.3783 1.9305 1.4443

Table 5.13 Optimized step-sizes for full inexact gradient descent with a

level of inexactness € = 0.1.
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Number of iterations N | Optimized step-sizes «;

1 1.2232

2 1.3487
1.4268 1.2232
1.4568

3 1.5859 1.4205
1.6189 15280 1.1965
1.4973

4 1.7059 1.5786
1.7701 1.7565 1.3749
1.7876 1.8051 1.4773 1.1804

Table 5.14 Optimized step-sizes for full inexact gradient descent with a
level of inexactness € = 0.3.

Number of iterations N | Optimized step-sizes «;

1 1.0998

’ 1.1576
1.2159 1.0903
1.2003

3 1.2822 1.1481
1.3148 1.2069 1.0839
1.2370

4 1.3410 1.2081
1.3876 1.3014 1.1336
1.4071 1.3404 1.1895 1.0781

Table 5.15 Optimized step-sizes for full inexact gradient descent with a
level of inexactness € = 0.5.

Conclusions. The numerical worst-case convergence rates in Figure 5.7,
along with their numerical fits, indicate that the use of memory (past gradi-
ent information) indeed clearly helps accelerate the convergence of inexact
gradient descent algorithms. However, Table 5.12, which summarizes the
convergence rates achieved by our optimized algorithms, suggests that the
achievable rates in the inexact setting are significantly slower than those
achieved by optimal gradient descent methods for minimizing the residual
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gradient norm of smooth convex functions, namely O(1/N?) (see [56]).
Furthermore, Tables 5.13, 5.14, and 5.15 seem to confirm our observations
regarding the amplitude of optimized step sizes with respect to the level
of inexactness (i.e., longer steps are useful for acceleration when the level
of inexactness is low, but shorter steps are preferable when the level of
inexactness is higher).

Design of inexact and full (i.e using past gradient information) inex-
act gradient descent algorithms for minimizing the functional accuracy.
Previously, we optimized the inexact gradient descent algorithm for mini-
mizing the residual gradient norm on smooth convex functions to compare
our results with the only known bound in the inexact setting. However,
the residual gradient norm is not the standard performance criterion in
convex optimization. Thanks to the flexibility of our PEP-based algorithm
design framework, we now optimize inexact gradient descent algorithms
for minimizing the functional error f(xy) — f(x«), under the initial con-
dition ||xg — x«|| < R. As before, we fix L = R = 1 for our numerical
experiments and initialize our optimization with the inexact gradient de-

scent algorithm using a constant step size 0&50) = 1/L. We then compare the

performance of our optimized algorithms to this standard algorithm.

We begin by optimizing the step sizes of inexact gradient descent with-
out memory and present in Figure 5.8 numerical worst-case convergence
rates of our optimized algorithms and the standard inexact gradient descent
with step sizes txfo) = % for levels of inexactness € = 0.1, 0.3, 0.5. We also
provide numerical fits for these convergence rates.

For € = 0.1, we have for the inexact gradient descent with constant step

sizes zxfo) =1/L:

1 2
_ < - _
FOn) = f(x2) < 3 oan 7 1o7g 10 — Xl

and for our optimized algorithm:

1
fon) = f(x) < oo i 2452

For e = 0.3, we have for the inexact gradient descent with constant step

160 |



sizes “1(0) =1/L:
1

2
flen) = fxe) < 5 gzegomsor 1 1.5 1150 — X+l

and for our optimized algorithm:

1
_ L) < .
Flen) = f(xe) < 3230 1 2,035

For € = 0.5, we have for the inexact gradient descent with constant step

sizes txfo) =1/L:

1
- <
flan) = fxi) < 2.207N0-8786 | 1,793‘

|0 — x|

and for our optimized algorithm:

1
_ « < .
f(xN) f(x ) = 2.346N0-9291 +1.814

Conjecture 5.22. Inexact gradient descent with optimized step sizes can achieve
an accelerated convergence rate compared to inexact gradient descent with step
sizes % for minimizing the functional accuracy. We summarize the worst-case
convergence rates in the following table.

Level of Inexactness € (IGD) Optimized (IGD)
0.1 O(1/N) O(1/NT17T)
0.3 0(1 /NO'9507) O(l/N1'052)
0.5 0(1/N0.8786) O(l/NO.9Z9l)

Table 5.16 Worst-case convergence rates for our optimized inexact gradi-
ent descent algorithms compared to inexact gradient descent with step-sizes

oc§0) =1.

Note that for € = 0.5, even with optimized steps (IGD) cannot reach a
O(1/N) rate.
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Fig. 5.8 Comparison of the worst-case performance of our optimized
inexact gradient methods compared to the inexact gradient descent with

constant step-sizes «

(0)

i

= 1/L for three different level of inexactness €.

In the next tables, we give the first few optimized step sizes we obtain for
the different level of inexactness e.

Number of iterations N | Optimized step-sizes «;
1 1.3885]
2 1.3118,1.6910]
3 1.3005, 1.4753,1.9326]
4 1.2898,1.4722,1.5570,2.1356|
5 [1.2828,1.4695,1.5573,2.9044, 1.3885]

Table 5.17 Optimized step-sizes for inexact gradient descent with a level
of inexactness € = 0.1.
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Number of iterations N | Optimized step-sizes «;

1 [1.2231]
[1.1585, 1.4205]
[1.1315, 1.2855, 1.5695]
[1.1065,1.2733,1.3449, 1.6881]
[1.0921, 1.2654, 1.3450, 2.0919, 1.2232]

Q1 = W N

Table 5.18 Optimized step-sizes for inexact gradient descent with a level
of inexactness € = 0.3.

Number of iterations N | Optimized step-sizes «;
1 [1.1115]
[1.0583, 1.2359]
[1.0252, 1.1508, 1.3277]
[1.0000, 1.1320, 1.1965, 1.3985]
[1.0000, 1.1157, 1.1922, 1.2260, 1.4456]

Ql = W N

Table 5.19 Optimized step-sizes for inexact gradient descent with a level
of inexactness € = 0.5.

We now optimize the full inexact gradient descent algorithm to minimize
functional accuracy. Figure 5.9 presents numerical worst-case convergence
rates four our optimized algorithms and compares them to those of inexact

(0)

gradient descent with step sizes g,

for these convergence rates.

= 1/L. We also provide numerical fits

Fore = 0.1:
1 2
f(xN> _f(x*) < 3.55N1450 + 3423 HxO - X*H .
Fore = 0.3:
1 2
Fore = 0.5:
1 2
flen) = f(x) < TNt 5 479 %0 — X+
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Fig. 5.9 Comparison of worst-case performance of our optimized full
inexact gradient methods, (FIGD), compared to the inexact gradient descent

with constant step-sizes W0 = 1/L, (IGD), for three different level of

i
inexactness €.

Conjecture 5.23. Full Inexact gradient descent with optimized step sizes can
achieve an accelerated convergence rate compared to optimized inexact gradient
descent and inexact gradient descent with step sizes % for minimizing the functional

accuracy. We summarize the worst-case convergence

rates in the following table:

Inexactness level € (IGD) Optimized (IGD) | Optimized (FIGD)
0.1 O(l/N) O(l/N1'171) 0(1/N1.450)
0.3 O(l/NO.9507) O(l/Nl.OSZ) 0(1/N1‘275)
0.5 O(1/NUS786) O(1/N092Ty O(1/NTBT)
Table 5.20 Worst-case convergence rates of the optimized full inexact

gradient descent algorithm (FIGD) compared to inexact gradient descent
with step sizes o0 =1 /L, (IGD) and optimized (IGD).

i

164 |




The next tables present the optimized step sizes for the first few iterations
of our full inexact gradient descent algorithm.

Number of iterations N | Optimized step-sizes «;

1 [1.3885]

’ 1.4518
1.5547  1.6360
1.4287

3 1.5538 1.7861
1.5960 2.0519 1.7615
1.4090

4 1.5283 1.7596
1.5810 2.0951 1.9640
1.6024 22315 2.3559 1.8388

Table 5.21 Optimized step-sizes for full inexact gradient descent with a

level of inexactness € = 0.1.

Number of iterations N | Optimized step-sizes «;

1 1.2231

5 1.2188
1.2743 1.4028
1.1730

3 1.2280 1.4489
1.2478 1.6111 1.4979
1.1376

4 1.1549 1.4053
1.1497 1.5898 1.5802
1.1475 1.6685 1.8276 1.5552

Table 5.22 Optimized step-sizes for full inexact gradient descent with a

level of inexactness € = 0.3.
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Number of iterations N | Optimized step-sizes «;

1 1.1115

’ 1.0748
1.0965 1.2319
1.0259

3 0.9999 1.2343
0.9872 1.3235 1.3000
1.0049

4 0.9470 1.1882
0.8832 1.2637 1.3210
0.8498 1.2954 1.4642 1.3423

Table 5.23 Optimized step-sizes for full inexact gradient descent with a
level of inexactness € = 0.5.

Conclusions. The numerical upper bounds in Figure 5.8 indicate that
carefully tuning the step sizes in an inexact gradient descent algorithm
accelerates convergence for minimizing functional accuracy. However,
convergence remains slower than for minimizing the residual gradient
norm. Moreover, the convergence speed, even for standard inexact gradi-
ent descent, strongly depends on the level of inexactness in the gradients.
Tables 5.17, 5.18, and 5.19 provide the optimized step sizes for the first few
iterations, reinforcing again the observations made for residual gradient
norm minimization: the amplitude of the optimized step sizes decreases
as inexactness increases. The numerical rates in Figure 5.9, along with the
corresponding numerical fits, suggest that incorporating memory further
accelerates the convergence of inexact gradient descent for functional accu-
racy minimization. However, our optimized methods remain significantly
slower than optimal gradient methods in the exact minimization setting
which have have a O(1/N?) rate of convergence. The optimized step sizes
in Tables 5.21, 5.22, and 5.23 further confirm that optimized step sizes de-
crease as inexactness increases.

Design of optimized memoryless gradient descent and full gradient
descent algorithms for Lg-Holder-smooth convex minimization. We
optimize fixed-step first-order algorithms to minimize the function ac-
curacy f(xn) — f(x«) for Lg-Holder smooth convex functions, assuming
|lxo — x«|| < R. The convex PEP framework developed in Chapter 4 for
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worst-case analysis of first-order algorithms on such functions does not
fully align with our algorithmic framework for optimizing algorithms, as it
includes a power cone constraint in addition to a semidefinite constraint.
However, nonlinearity with respect to step sizes and other dual variables
arises only in the semidefinite constraint, allowing the optimization of fixed-
step first-order methods using our SLM approach to be handled similarly
to other PEP frameworks where the algorithm design problem reduces to
a purely nonlinear semidefinite program, with some added power cone
constraints.

By the homogeneity result of Theorem 4.9, we set Ly = 1 and R = 1.
(0)

We initialize the step sizes as «; © = 1/L and first optimize the steps of
memoryless gradient descent (MGD). Figure 5.10 presents a comparison
between numerical upper bounds on the worst-case convergence of our
optimized memoryless gradient descent algorithms and the constant step-
size memoryless gradient descent algorithm we proposed in Chapter 4
Equation (4.9) for different smoothness levels § = 0.1, 0.5, 0.7. This shows
that our optimized algorithms exhibit faster convergence rates than the
algorithm we proposed in Chapter 4. We also provide numerical fits for
these upper bounds.

For g =0.1:
1 1+
_ < — xR
flen) = f(x) < TaioNoe0es 1 ogsan | X0~ o
For g = 0.5:
1 1+
fxw) = f(x) < 35rarem0 g g17g %0 — = I
For § =0.7:
1 1+
Flen) = f(xe) < 3g7anomas 11355 170 ~ | b

Conjecture 5.24. Memoryless gradient descent with optimized step sizes can
achieve a faster convergence rate than (UGM) on Holder-smooth convex functions
of a fixed, known level of smoothness. The following table summarizes the conver-
gence rates of our optimized memoryless gradient descent algorithms and compares
them to the rates of the universal gradient method (UGM) from [73].
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Level of smoothness | Optimized (MGD) (UGD)
0.1 O(1/N-6069) O(1/N%9)
0.5 0(1/N08056) 0(1/N075)
0.7 O(1/N09485) O(1/N%)

Table 5.24 Worst-case convergence rates for our optimized memoryless
gradient descent algorithms (MGD) compared to the universal gradient

method (UGM) in [73] for different level of smoothness S.

Optimized Memoryless Gradient Descent

Optimized Memoryless Gradient Descent

0.4524&\\ 0.250185
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T sy T
! 0.1993 | 0.0736
5 A 5 u\&%
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—o—Optimized (MGD) | |—e—Optimized (MGD)
0132317 o (MGD) - Equation (4.9)[ & 00397 o (MGD) - Equation (4.9)
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Number of iterations N

(a) p=0.1

0.1897
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(b) =05
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[
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1

Fig. 5.10 Upper bounds on the worst-case convergence of opti-

Number of iterations

(c) p=07

N

mized (MGD) for different level of smoothness S.

We give in the next tables, the first few optimized step sizes we obtain for

different level of smoothness B.
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Number of iterations N | Optimized step-sizes «;
1 [0.9825]
2 0.7579,0.5377]
3 0.6611,0.5618, 0.3474]
4 0.5922,0.5733,0.3880, 0.2515]
5 0.5454,0.5591, 0.4113, 0.3078, 0.1937]

Table 5.25 Optimized step-sizes for (MGD) and a level of smoothness
B=0.1.

Number of iterations N | Optimized step-sizes «;
1 [1.0445]
2 [1.0186, 0.8234]
3 [0.9672, 0.9270, 0.6634]
4 [0.9206, 0.9423, 0.7818, 0.5723]
5 [0.7755,1.0976, 0.7822, 0.6986, 0.5084]

Table 5.26 Optimized step-sizes for (MGD) and a level of smoothness

B=0.5.
Number of iterations N | Optimized step-sizes «;
1 [1.1955]
2 [1.2495, 1.0470]
3 [0.9778, 1.5014, 0.9212]
4 [0.9454, 1.6057, 1.0584, 0.8517]
5 [0.9199, 1.6535, 1.0961, 1.0037, 0.8004]

Table 5.27 Optimized step-sizes for (MGD) and a level of smoothness
B =07

We now optimize full gradient descent (FGD), allowing the use of past
gradients as defined by (2.8), to achieve further acceleration in convergence
rates. The next figure presents numerical upper bounds on the worst-case
convergence of our optimized algorithms.

| 169



Optimized FGD Optimized FGD
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Fig. 5.11 Upper bounds on the worst-case convergence of optimized full
gradient descent (FGD) methods for different level of smoothness B.

We provide numerical fits of the upper bounds of the previous figures.
For B = 0.1 we have:

1
_ L) <
Foen) = fx) < 206 1 0,85

o — x| 1P

For B = 0.5, we have:

1 1
Flen) = f(xe) < Tomiiam  ogg 10 ~ |

For B = 0.7, we have:

1 148
— flxy) < - .
fon) = f(xe) < 5 oot o a3 170 ~ |

In the next table, we summarize the convergence rates of our optimized
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full gradient descent (FGD) algorithms and compare them to the optimal
convergence rate achievable [69]. For instance, the optimal convergence
rate on Holder-smooth convex functions is achieved by the fast universal
gradient method (FUGM) [73]. Table 5.28 suggests that our optimized (FGD)
methods achieve the optimal rate for § = 0.1 but not for § = 0.5,0.7.

Level of smoothness f | Optimized (FGD) | (FUGM)
0.1 O(1/NY%) O(1/N%%)
0.5 O(1/NT199) O(1/N'%)
0.7 O(1/NT331) O(1/N1>%)

Table 5.28 Worst-case convergence rates for our optimized (FGD) com-
pared to the fast universal gradient method (FUGM) in [73] for different
level of smoothness .

Conjecture 5.25. Our full gradient descent with optimized step sizes achieves
suboptimal convergence compared to the fast universal gradient method.

We give in the next tables, the numerical values of the optimized step-sizes
we obtain for the first few iterations up to N = 1 and for different level of
smoothness f.

Number of iterations N | Optimized step-sizes «;

1 0.9825

’ 0.7368
0.7549 0.5405
0.6559

3 0.6659 0.4385
0.6697 0.5346 0.3801
0.5858

4 0.5944 0.4043
0.5990 0.5141 0.3137
0.6010 0.5643 0.3951 0.2818

Table 5.29 Optimized step-sizes for full gradient descent (FGD) and a
level of smoothness g = 0.1.
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| Number of iterations N | Optimized step-sizes «;
1 1.0445

0.9599
1.0326 0.8848

0.8917

3 0.9783 0.8842

1.0088 1.0427 0.7567
0.8438

0.9247 0.8328

0.9624 1.0286 0.7859
09784 1.1117 0.9722 0.6645

2

Table 5.30 Optimized step-sizes for full gradient descent (FGD) and a
level of smoothness = 0.5.

Number of iterations N | Optimized step-sizes «;

1 1.1955

5 1.1780
1.2735 1.1699
1.1272

3 1.2449 1.2360
1.2851 1.4506 1.1040
1.0910

4 1.2042 1.1931
1.2554 1.4660 1.2052
1.2765 15785 1.4815 1.0428

Table 5.31 Optimized step-sizes for full gradient descent (FGD) and a
level of smoothness = 0.7.

Conclusions. The upper bounds of Figure 5.10, along with the correspond-
ing numerical fits, suggest that tuning the step sizes of a memoryless gradi-
ent descent algorithm accelerates the rate of convergence on Holder-smooth
convex functions compared to the universal gradient descent method (see
Table 5.24). Furthermore, Tables 5.25, 5.26, 5.27 confirm the natural intuition
that optimized step sizes for this setup should increase with the level of
smoothness f3, as the use of larger constant step sizes is common in smooth
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convex optimization. In Figure 5.11, we present upper bounds on the worst-
case convergence of optimized full gradient descent (allowing memory) and
compare their convergence rates with the optimal one achieved by the fast
universal gradient method for several levels of smoothness. It appears that
the use of memory further accelerates convergence, but our optimized algo-
rithms remain suboptimal compared to the fast universal gradient method
which requires line-searches and is not a fixed-step method. Whether the
optimal rate in this setting is achievable by a fixed-step method remains
an open question. Tables 5.29, 5.30, 5.31 provide our optimized step sizes
for the first few iterations and tend to confirm the observations we made
above (for memoryless gradient descent) regarding optimized step sizes in
the setting of Holder-smooth convex optimization.

Design of cyclic gradient descent algorithms in the context of linear
convergence. In the cases where we have linear convergence of gradient
descent, our method can be used to design an optimized algorithm com-
pared to the constant step-size gradient descent. Indeed, since we have
linear convergence, we can fix a horizon N,, optimize the step sizes for
this horizon using our numerical methods, and then consider the cyclic
algorithm that repeats the optimized step sizes found by our method. Then
if our algorithm verifies after N, iteration

[xn, — % |I> < e(Ni)[|xo — x4 )2
we have that

I, — 21 < e(No)¥lxo — 2:]1%, ¥k € N.

Algorithm 18 Cyclic gradient descent

1: Input: Starting point xo, number of steps N, length of cycles N, step-
sizes a1,..., &N,
: fori=1to N do
Set ¢ = mod (i, Ny) + 1
xp=xi1 —a;Vf(xi1)
end for

G o @

Remark 5.26. Note that although we restrict our experiments to the class of
smooth strongly convex functions, the methodology of designing a cyclic
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algorithm remains valid in any scenario where linear convergence of first-
order algorithms is guaranteed [66, 2].

In the next figure, we fix N, = 4 and compare upper bounds on the worst-
case performance of our optimized cyclic gradient descent algorithm to the
classical gradient descent algorithm with the optimal constant step size ﬁ

on 1-smooth, 0.1-strongly convex functions.

Optimized cylic steps for gradient descent

10°

—©— Optimal constant step-sizes 2/(L + )

1074 ¢ |—B— Optimized cyclic step-sizes

4 (; 5; 16 1‘2 1‘4 1‘6 1‘8 20

Number of steps NV
Fig. 5.12 Optimized cyclic steps for gradient descent for 1-smooth 0.1-
strongly convex functions.

Conclusions. Our optimized cyclic steps improve the worst-case perfor-
mance of gradient descent on smooth strongly convex functions. To quantify
the performance gap, we provide numerical convergence bounds for both
methods. For the optimal constant step sizes ﬁ, we have the worst-case
performance:

| x4 — x4]|% < 0.2008N||x0 — x4|?, VN € N.

For gradient descent with our cyclic (with cycle length N, = 4) optimized
steps, we have the worst-case performance bound:

[|xan — x:]|? < 0.14239N | xg — x.||?, VN € N.

This provides numerical evidence that our optimized cyclic step-size ap-
proach improves the worst-case performance of gradient descent when it
converges linearly. Moreover, it is a useful method to trade off between the
computational cost of optimizing the steps and the performance of the algo-
rithm. Indeed, larger cycle lengths N, improve performance but increase
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the computational cost of optimizing the step sizes.

5.6 Conclusion

In this chapter, we showed how to formulate the problem of designing
fixed-step first-order algorithms in a very generic manner, thanks to the
use of the PEP framework. We then provided several methods to optimize
first-order algorithms, including a successive linearization method that
is competitive with the BNB-PEP method in [48] on the benchmark task
of optimizing memoryless gradient descent on smooth convex functions.
Furthermore, we provided numerical evidence indicating the computa-
tional efficiency of our method compared to the BNB-PEP approach. We
then presented numerically optimized fixed-step first-order algorithms in
a range of different settings, showing improved worst-case performance
compared to classical fixed-step first-order algorithms available for these
optimization settings. Our results suggest that recent findings on the accel-
erated convergence of first-order algorithms without the use of Nesterov’s
acceleration over smooth convex functions can be extended to other settings.

Open research directions include finding analytical forms for the algorithms
presented in this chapter, developing more scalable methods for the auto-
matic design of first-order algorithms, as our methods are computationally
limited by the cost of solving large-scale SDPs, and extending the design
of algorithms using PEP to different classes of algorithms, including, for
instance, higher-order methods, decentralized algorithms, and adaptive
methods.
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Conclusion

In this thesis, we developed several extensions of the Performance Esti-
mation Problem (PEP) framework for the automatic worst-case analysis
and design of first-order methods. In the next section, we summarize the
main contributions of this Thesis before discussing some interesting future
perspective on the analysis and optimal design of first-order methods.

6.1 Summary of the Contributions

In Chapter 3, we extended the PEP framework for the worst-case analysis
of block coordinate-wise descent algorithms (BCD) and provided a convex
formulation of the PEP for the subclass of fixed-step block coordinate-wise
algorithms and alternating minimization. We applied this framework to
provide new insights into the behavior of several BCD algorithms. In par-
ticular, we provided improved numerical bounds for the cyclic coordinate
descent (CCD) and alternating minimization (AM) algorithms and provided
insights into the evolution of the worst-case of (CCD) with respect to the
number of blocks, as well as the evolution of the optimal constant step size
for (CCD) with respect to the number of blocks and cycles. Additionally, we
compared the worst-case performance of cyclic accelerated coordinate de-
scent (CACD) to its random version and observed a slower convergence rate,
indicating the significance of randomness in accelerating block coordinate
descent algorithms. We demonstrated the convergence of these algorithms
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under the simplified constraints of Setting INIT, as opposed to the typically
employed stronger assumptions of Setting ALL. Furthermore, we formally
established several results concerning the behavior of (CCD), including
scale invariance with respect to the block coordinate-wise smoothness con-
stants, an improved descent lemma for 2-block (CCD) with a corresponding
upper bound on the convergence for the residual gradient norm, and a
lower bound on its worst-case performance for the function value accuracy
criterion that is equal to the number of blocks multiplied by the worst-case
performance of full gradient descent on smooth convex functions.

In Chapter 4, we extended the PEP framework for the analysis of first-order
algorithms over the functional class of Holder-smooth convex functions
Fg L (R%). We provided necessary ]—"g Ly (R¥)-interpolation conditions and
used these conditions to derive a convex PEP formulation for the subclass of
fixed-step first-order algorithms over this class of functions. We proposed a
simple fixed-step first-order algorithm whose step sizes interpolate between
the step sizes of the classical gradient descent algorithm with constant step
size % for L-smooth convex functions and the subgradient method with the
decreasing step sizes L\/% for nonsmooth convex functions with differ-
ence of gradients bounded by L. We provided numerical upper bounds
on the worst-case convergence of our algorithm, suggesting sublinear con-
vergence over the functional classes ]—"g Ls (R%). However, compared to the
performance of universal gradient methods, our algorithm exhibits subopti-
mal convergence for low levels of smoothness . Building on this, we were
able to find better numerical step sizes for gradient descent on these classes
of functions using the methods we developed in Chapter 5.

In Chapter 5, we showed how to formulate the problem of designing fixed-
step first-order algorithms in a very generic manner, thanks to the use of the
PEP framework. We then provided several methods to optimize first-order
algorithms, including a successive linearization method that is competitive
with the BNB-PEP method in [48] on the benchmark task of optimizing
memoryless gradient descent on smooth convex functions. Furthermore,
we provided numerical evidence indicating the computational efficiency of
our method compared to the BNB-PEP approach. We then presented nu-
merically optimized fixed-step first-order algorithms in a range of different
settings, showing improved worst-case performance compared to classical
fixed-step first-order algorithms available for these optimization settings.
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Our results suggest that recent findings on the accelerated convergence
of first-order algorithms without the use of Nesterov’s acceleration over
smooth convex functions can be extended to other settings, namely coor-
dinate descent algorithms, inexact gradient descent, and gradient descent
on Holder-smooth convex functions. Furthermore, we showed that using
memory (past gradient information), similar to Nesterov’s acceleration, can
further accelerate the convergence of algorithms where no known accelera-
tion schemes exist. This is particularly the case for cyclic coordinate descent
and inexact gradient descent. Moreover, when the convergence of gradient
descent is linear, we proposed a framework to design optimized algorithms
in a computationally efficient manner by considering a cyclic algorithm,
optimizing the step sizes for a cycle, and then using them as the step sizes of
our algorithm with cyclic step sizes. Then, choosing the length of the cycle
(and thus the number of step sizes to optimize) trades off between the speed
of convergence and the computational cost of the step-size optimization
process.

6.2 Future Perspectives

Analysis of optimization algorithms In some of our PEP formulations,
the interpolation conditions for the functional class are only proven to be
necessary but not sufficient. This is, for instance, the case for coordinate-
wise smooth convex functions and Holder-smooth convex functions. This
possibly introduces conservatism in the PEP framework, which then only
yields valid upper bounds on the worst-case performance and not the exact
worst-case of the algorithm. Finding sufficient interpolation conditions is
a bottleneck for PEP, as it is not an easy problem to solve, and there is no
standard procedure to derive interpolation conditions from the definition of
a functional class. Moreover, there is no guarantee that these interpolation
conditions can be integrated into a convex formulation for the PEP. An in-
teresting line of future research would be to develop a principled approach
to derive interpolation conditions, balancing the trade-off between their
sufficiency and simplicity. This means finding interpolation conditions
that yield the tightest upper bound on the worst-case convergence of the
algorithm while still being integrable into a convex PEP formulation. In [87]
the authors propose an approach to strengthen interpolation conditions, but
which does not guarantee that the resulting interpolation conditions can
be integrated into an SDP. Being able to quantify a priori the conservatism
induced by using only necessary conditions would also be an important
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step in understanding the significance of having tight representations of
functional classes. For instance, in the scope of this thesis, it would be inter-
esting to assess how conservative our upper bounds are for the convergence
of block coordinate-wise algorithms and gradient descent algorithms on
Holder-smooth convex functions. The upper bounds we provide for our
fixed-step first-order algorithm on Holder-smooth convex functions suggest
that its performance is suboptimal compared to universal gradient meth-
ods. However, it remains unclear whether this suboptimality arises from
insufficient interpolation conditions or is an intrinsic property of fixed-step
first-order algorithms on this class of functions.

Furthermore, some of the remaining limitations of PEP are linked to the
type of analysis it can perform and the class of algorithms it can effi-
ciently analyze in a convex manner. As of now, PEP can only perform
worst-case analysis on optimization algorithms, which is often conservative
compared to their practical performance. Developing a novel, less con-
servative, automatic method to evaluate the performance of optimization
algorithms—providing an average estimate of an algorithm’s performance
over a class of functions—would be an interesting extension to PEP. Convex
formulations of PEPs are typically only possible for fixed-step first-order
methods. A natural question is whether this can be generalized to other
classes of algorithms, such as higher-order methods. Moreover, PEP analy-
sis requires prior knowledge of the total number of steps performed by the
algorithm and the exact problem parameters for instance the value of the
smoothness constant L, and the initial distance to a minimizer R, which are
generally unknown in practice. Developing a convex PEP framework that
does not require knowledge of these parameters would be a challenging yet
important research direction.

Design of Algorithms In many instances, the worst-case functions of fixed-
step first-order algorithms are finite in number and one-dimensional. This
is, for instance, the case for gradient descent on smooth (strongly) convex
functions, for which optimized algorithms were designed by balancing
gradient descent’s performance across its one-dimensional worst-case func-
tions [8, 45]. Generalizing this approach to algorithm design, for example,
by considering only one-dimensional functions (which translates into a rank
constraint on the SDP variable of the PEP) or by finding a way to automat-
ically identify the worst-case functions and optimizing the algorithm on
these functions, could yield a highly efficient method for optimizing fixed-
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step first-order algorithms. Furthermore, optimizing algorithms over a finite
set of parameterized functions is of interest for applications such as machine
learning and control theory. In relation to the previous paragraph, once an
efficient PEP formulation is developed for adaptive algorithms—without
requiring prior knowledge of the number of iterations or of the problem
parameters—extending this framework to design fully adaptive algorithms
could have significant practical implications. Similarly, extending PEP to
design optimal higher-order methods or optimal algorithms in average
over a functional class remain interesting open research directions. Finally,
in many optimization settings, information-theoretic lower bounds are
missing. This is the case, for instance, in the recently studied setting of
memoryless first-order algorithms for smooth convex optimization. Devel-
oping lower bounds specific to this class of algorithms would be highly
valuable in guiding future research toward optimal memoryless first-order
algorithms.
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