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Abstract

Nonparametric envelopment estimators are often used to estimate the attainable
sets and its efficient boundary and to assess efficiency and changes in productivity.
Kneip et al. (2015, 2016) provide asymptotic theory enabling inference about expected
efficiency and testing constant versus variable returns to scale using these estimators,
and Kneip et al. (2021) provide asymptotic results that can be used to make infer-
ence about expected changes in productivity measured by Malmquist indices. All of
these results require convexity of the attainable set, but in a number of situations
this assumption is questionable. Kneip et al. (2016) also provide a test of convexity
versus non-convexity of a production set, and convexity is rejected in several recent
studies. This paper extends the results mentioned above to allow for possibly non-
convex technologies. Properties of a nonparametric envelopment estimator of distance
to the boundary of the cone spanned by a possibly non-convex attainable set are de-
rived. These new results are then extended to make inference about geometric means
of Malmquist indices and to test constant versus non-constant returns to scale when
the production set is not convex.
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1 Introduction

Nonparametric envelopment estimators are widely used to evaluate the performance of
firms, schools, utilities, local governments and other decision-making units in terms of ef-
ficiency and productivity. These estimators are based on economic theory of production
provided by Koopmans (1951) and Debreu (1951). Farrell (1957) was the first to estimate
efficiency from observations on production units, and his method—termed ”data envelop-
ment analysis” (DEA) by Rhodes (1978)—was later made popular by Charnes et al. (1978).
DEA estimators impose convexity on the set of feasible combinations of inputs and outputs
(i.e., the production set). Deprins et al. (1984) proposed alternative estimators based on
the free-disposal hull (FDH) of the sample observations, thereby relaxing the assumption of
convexity required by DEA estimators.

DEA and FDH estimators are used to estimate the technical efficiency of producers
in terms of their observed distance in input-output space to the boundary, or frontier, of
the unobserved production set. Various versions of DEA estimators exist; e.g., the version
introduced by Farrell (1957) assumes constant returns to scale (CRS), while the version of
Banker et al. (1984) allows for variable returns to scale (VRS), i.e., increasing, constant, or
decreasing returns to scale. The FDH estimator introduced by Deprins et al. (1984) makes
no restrictions on returns to scale, while Kerstens and Vanden Eeckaut (1997) describes a
restricted version of the FDH estimator that imposes an assumption of CRS but does not
impose convexity on the production set.

The statistical properties of DEA estimators are by now fully developed. Under appro-
priate assumptions, DEA estimators are consistent with known rates of convergence and
properties of their moments (see Kneip et al., 1998; Kneip et al., 2008, 2015, 2016, 2021);
and Park et al., 2010 for details). Similar properties of ordinary FDH estimators, with no
restrictions on returns to scale, are also known (see Park et al., 2000; Daouia et al., 2017;
and Kneip et al., 2015 for details). However, until now, properties of FDH estimators under
CRS, as well as estimators of distance to the boundary of the cone spanned by the possibly
non-convex production set (needed for inference about Malmquist productivity indices when
production sets are not convex) have been elusive. This paper fills the missing gap, providing

results that enable researchers to test constant versus non-constant returns to scale and to



make inference about changes in productivity using Malmquist indices when production sets
are perhaps not convex.

An applied researcher confronted with data and wanting to use nonparametric envelop-
ment estimators to examine the performance of observed firms must decide which estimator
to use. If firms from more than one group are observed, one should first test whether firms in
different groups face different frontiers; this amounts to testing “separability” with respect
to a discrete variable describing group membership along the lines of Daraio et al. (2018).
The FDH estimator should be used for this test since it is unknown whether production sets
are convex. If the null hypothesis of a single frontier is rejected, then the groups must be
treated separately; otherwise, the data can be pooled for further analysis. Next, one should
test convexity versus non-convexity of the production sets for each group (if separability is
rejected) or perhaps for the pooled data (if separability is not rejected) using the convexity
test developed by Kneip et al. (2016). For a given group, if convexity is not rejected, one
can test CRS versus non-CRS using DEA estimators to implement the returns-to-scale test
described by Kneip et al. (2016). But if convexity is rejected, until now no test of CRS versus
non-CRS has been available. In addition, in cases where convexity does not hold, until now
there has been no theory to make inferences about productivity change using Malmquist
indices. This is the strategy described by Apon et al. (2015) in their Figure 1, but their
description is incomplete due to the lack (at the time of their study) of results for cases
where production sets are not convex.

We provide new theory enabling tests of CRS versus non-CRS as well as inference about
changes in productivity when production sets are not convex. In addition, we provide Monte
Carlo evidence on the performance of our returns-to-scale test in terms of size and power as
well as coverages of confidence intervals for expected efficiency under CRS and non-convexity.
We use our new results to revisit the study of U.S. municipal governments by O’Loughlin
and Wilson (2021) who found evidence against separability with respect to time and census
regions and against convexity of production sets for region-years. We use the O’Loughlin
and Wilson (2021) data to test CRS versus non-CRS without imposing convexity using our
new test, and we provide inference on productivity change over time across census regions
using our new results. We find statistically significant evidence against CRS, and we find

significant evidence of increases in productivity in 10 out of 12 cases examined.



A number of recent studies have tested convexity versus non-convexity of production sets
using nonparametric envelopment estimators and the test developed by Kneip et al. (2016)
and have rejected convexity. Examples include Apon et al. (2015) and Daraio et al. (2021)
(universities); O’Loughlin and Wilson (2021) (municipal governments’ production of local
public goods); Wilson (2021) and Wilson and Zhao (2022) (banks); Qiao and Wang (2021)
(semi-conductors); and Simar and Wilson (2022) (hospitals). Until now, researchers have
lacked statistical tools to investigate either returns to scale or productivity change measured
by Malmquist indices when convexity of the production set is rejected. Given the wide
range of industries where convexity has been rejected, it seems that (i) convexity should
be routinely tested in nonparametric efficiency studies, and (ii) the results provided in this
paper are important for applied researchers.

The paper proceeds as follows. The next section establishes notation and a general non-
parametric model of production where the production set is not necessarily convex. Section
3 discusses FDH estimators of distance to the cone of the production in the general model,
and Section 4 extends the results to cases where CRS holds. Section 5 demonstrates that
standard Central Limit Theorems (CLTSs) (e.g., the Lindeberg-Feller CLT) do not hold for
means of the new FDH estimators under either CRS or non-CRS, and establishes new CLT
results that enable inference about expectations of efficiency under CRS as well as expected
distance to the cone of the production set under non-CRS without requiring convexity of the
production set. Section 6 extends the new CLT results to test CRS versus non-CRS under ei-
ther convexity or non-convexity (Section 6.1) and to make inference about Malmquist indices
when production sets are possibly not convex (Section 6.2). Monte Carlo evidence on the
size and power of our returns-to-scale test is provided in Section 7. In Section 8, we use the
new results to revisit and extend the study by O’Loughlin and Wilson (2021) of municipal
governments’ provision of local public goods. We test constant versus non-constant returns
to scale, and estimate Malmquist indices and make inference about changes in productivity

over time.

2 A General Nonparametric Production Model

In order to establish notation and describe the basic model, let z € R} and y € RL

be vectors of fixed input and output quantities. Throughout, vectors are assumed to be
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column-vectors, as opposed to row-vectors. The set of feasible combinations of inputs and
outputs is given by

U := {(z,y) | z can produce y} . (2.1)

The technology, or efficient frontier of ¥, is given by
po .= {(z,y) | (z,y) € ¥, (W, 9™ y) & U V9 € (0, 1)}. (2.2)
The following assumptions are typical in micro-economic theory of the firm.
Assumption 2.1. V is closed.

Assumption 2.2. (z,y) € UV ifx =0,y > 0, y # 0; i.e., all production requires use of

some inputs.

Assumption 2.3. Forz >z, y <vy, if (v,y) € U then (z,y) € ¥ and (x,y) € ¥; i.e., both

mputs and outputs are strongly disposable.

Here and throughout, inequalities involving vectors are defined on an element-by-element
basis. Assumption 2.2 requires some input to be used to produce any non-zero output, while
Assumption 2.3 imposes weak monotonicity on the frontier. Note that ¥ is not assumed to
be convex.

The efficiency of a production plan (z,y) is measured by its distance to the efficient
boundary, and of course this distance depends on the chosen direction to the frontier. The

Farrell (1957) output efficiency measure

C(z,y | W) :==sup{¢ | (z,Cy) € U} (2.3)

gives the feasible proportionate expansion of output quantities to reach the frontier holding

inputs constant. The Farrell (1957) input efficiency measure is given by
O(z,y | V) :=inf{0 | (fz,y) € ¥} (2.4)

and measures efficiency in terms of the amount by which input levels can be scaled downward
by the same factor without reducing output levels. Clearly, ((z,y | ¥) > 1 and 0(z,y | V) <
1 for all (x,y) € V.



An alternative measure of efficiency is the hyperbolic graph measure of efficiency

Y(@,y | ) :=inf {7y > 0] (yz,y 'y) € ¥} (2.5)

introduced by Fére et al. (1985). By construction, v(z,y | ¥) < 1 for (z,y) € U. The
measure in (2.5) gives the amount by which input levels can be feasibly, proportionately

scaled downward while simultaneously scaling output levels upward by the same proportion.

Now, for (z,y) € RE™, define

L(x,y):={(7,9)|T=az, y=ayVae R} (2.6)

Then L(z,y) is the set of points in the ray emanating from the origin and passing through

the point (z,y) € RE™. Next, define the operator C(-) so that

C(V) == {L(x,y) | (z,y) € ¥} (2.7)

is the cone spanned by the set ¥. Note that this is a pointed cone (i.e., C(¥) includes {(0,0)}),
but since W is not necessarily convex, neither is C(¥) necessarily convex. Analogous to (2.2),

the frontier of this set is given by
CO(W) == {L(z,y) | L(z,y) € C(V), L(z,Cy) & C(¥) for any ¢ € (1,00)}. (2.8)

If C(V) = ¥, then the frontier W? exhibits globally constant returns to scale (CRS). In
applications, whether C(¥) = W is ultimately an empirical question. This is addressed below
in Section 6.1.

In order to define Malmquist indices to measure changes in productivity, we must define
a measure of distance from a point (z,y) € RE to the frontier C?(¥) of the cone C(W).
Substituting C(¥) for ¥ in (2.3)—(2.5) yields measures ((z,y | C(¥)),0(z,y | C(¥)) and
y(z,y | C(¥)) of distances from (x,7) to C?(¥) in the input, output and hyperbolic directions,
respectively.

Note that Lemmas 3.1 and 3.2 of Kneip et al. (2021) remain valid when ¥ is not convex,
as shown by the proofs of the Lemmas. We repeat here Lemma 3.1 of Kneip et al. (2021)

because it will be useful for the subsequent analysis.

Lemma 2.1. Under Assumptions 2.1-2.3, for any (v,y) € ¥, (i) 0(z,y | C(¥))V/? = ((x,y |
C(U)) ™2 = y(z,y | C(V)). In addition, for any (T,9) € L(z,y) with (z,y) € RE?, (i)
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C(a,y | C(W)) = C(@,y [ C(V)); (i) O(x, y | C(V)) = 0(z,y | C(V)); and (iv) v(z,y | C(¥)) =
1@,y [ C(V)).

This lemma ensures that results established for the input, output or hyperbolic direction
extend trivially to the other two directions. Consequently, we simplify by focusing on the
input direction in the analysis that follows. We further simplify the notation by defining
O(z,y) :==0(z,y | V) and Oc(z,y) = 0(x,y | C(V)). We assume also that p > 1 and ¢ > 1.
The assumptions in Kneip et al. (2021) have to be modified to account for the different

framework here, where W is not necessarily convex. First, we adopt the following assumption.

Assumption 2.4. (i) The random variables (X,Y’) possess a joint density f with support
D C V; (ii) The interior of D is a connected, open subset of ¥, and (0(x,y)z,y) € D for all
(x,y) € D; (i1i) 3 some X > 1 and some d > 0 such that for all (xq,yo) € D and any 0 < § <
d, there is some (x,y) € D with maxj—1, _p,|x; — zoj| < A0 and max,—1, _ 4|y; — yo;| < A
such that {(z*,y*) € RELxRL | max;_q,

plej—x;| <6 and max;_y 4 |y;—y;| <} C D;

vy

vy

and (i) f is twice continuously differentiable on D.

Note that D is the “observable” part of W. Assumption 2.4 (iii) may look somewhat
unusual, but it merely represents a regularity condition on the boundary D? of D. Note
that we do not observe all possible values (z,7) € ¥, and hence D? will also contain points
(x,y) with O(z,y) < 1. For any point (z,y) in the interior of D there necessarily exists
some 0 such that D contains the corresponding d-neighborhood of {(z*,y*) € RE x R% |
max;—1, .. p |2 — ;] < 0 and max;—, . |yj —y;| <} C D. If Assumption 2.4 (iii) were
violated, there would exist some boundary point (zg,v9) € D? such that for any &, the
closest point (x,y) with a d-neighborhood in the interior of D is very far away. Then D
would contain a very long, arbitrarily narrow fragment (with diameter less than §) between
(x,y) and the “edge” (zo,yp). The assumption excludes the existence of such weird edges.
The assumption necessarily holds if D is convex, as assumed in Kneip et al. (2021).

Now we can provide some insight into the distance from a given point (xg,yo) to the

boundary of ¥ and to the boundary of C(¥), under the free disposability assumption but



without assuming convexity of ¥.> We have

0(0, yo) := min{0 | (fzo, yo) € ¥} (2.9)
= min max —2 (2.10)
(2,9)€¥; yo<y J=1, ..., P Tp;

Noting that for any a > 0, 8(axo, ayo) = 0(zo, ayo)/a, the input-oriented efficiency Oc(z,y)
with respect to C(¥) is given by

Oc(xo,yo) := inf

{e(xo’ayo) | (Q(xo,ayo)fEOvayO)e\Ij}

a>0 a
= inf inf ‘max —-
a>0  (z,9)€¥; ayo<y J=1, .., P ATq;
= inf inf  max —
(z,y)€¥ a>0; ayo<y j=1, ..., p ATq;
max %
. j=1, .., p 703
= inf —/——— (2.11)
(z,y)e? min =L
j=1, ..., q Y03
The last equality follows from the fact that with 7% := min ;’TJ we have a7%%yy < y,
’ J=1, ..., q 707 e
while ayy £ y for any a > a?%, and max -2 > max -—ggp— for any a < a®0%.?
Y G=1, ey p 9205 T =1, p Gay T0j Y

3 FDH Estimators and Their Basic Properties

Consider the random sample X,, = {(X;,Y;)}!_,. Deprins et al. (1984) proposed the FDH

estimator

(I}FDH,n = U {(%Z/) ER |y <Y, x> Xi} (3.1)
(Xivy;)esn
of U. Substituting (I\JFDHJL for ¥ in (2.10) leads to the FDH estimator of 6(xg, yo) which can

be computed as

B(20.00) = min {max (XJ)] (3.2)

i€D(zo,y0) [J=1, .., P Toj

'For any efficiency measure 6(z,y) considered, we use the following conventions. If (z,y) ¢ ¥ with
(bz,y) € U for some b > 1, we set 0(x,y) = bf(bz,y). Otherwise, §(x,y) := 1 whenever the set of all possible
values satisfying the defining inequalities is the empty set. We use the same convention for the estimators
O(x,y) described below in Section 3.

2In the definition of fc(xg,yo) we use “inf” instead of “min” because the structural Assumptions 2.1-2.3
do not imply the existence of a minimum. For example, if the production set ¥ is strictly concave in some
directions, then only an infimum is attained, and 8¢ (zg,y0) = 0. We assume that ¥ is such that for any
(z0,Y0), a minimum O (xo,yo) > 0 is attained; this excludes strictly concave cases.
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where D(zo, yo) := {i | Xi < 2o, ¥; > 5o}
The conical FDH estimator of 6c(x, ) is obtained by substituting {I\/FDH,n for ¥ in
(2.11) to obtain®

ma; 2

n . =1, .., p *0J
Bo(vo,yo) = min Tl (3.3)

=1,..,n min -

j=1, ..., q Y0J

Note that the expression in (3.3) is much easier to compute than the expression suggested
by Kerstens and Vanden Eeckaut (1997). Lemma 3.2 in Kneip et al. (2021) for convex sets

extends trivially to the following.

Lemma 3.1. Under Assumptions 2.1-2.3, for any (x,y) € {I}FDH,n; (1) gc(gu,y)l/2 =

Colm,y)) V2 = Fa(a,y). In addition, for any (Z,7) € L(z,y) with (z,y) € REFC (i)
Colw,y)) = Cel@,); (iii) Delw, y) = 0o(F,5); and (iv) Fo(w,y) =Te(T, 7)-

~

Properties of the FDH estimator 6(-,-) for a fixed point (zo,y) are developed in Park
et al. (2000) and Daouia et al. (2017). Kneip et al. (2015) give results on the moments of
FDH estimators as well as central limit theorem (CLT) results for making inferences about
expected efficiency. In order to extend these results to the conical FDH estimator 50 (0, Y0),

some additional notation is needed.

For any p-vector z = (z1, ..., x,)7 € RE and j = 1, ..., p, define the p-vector
79 = (zy/xj, ..., xja/zy, 1, xpa/Tg, ..., xp/z)T. Then x = z; - 9. Similarly,
for any g-vector y = (y1, ..., y,)7 € R% and any j = 1, ..., ¢, define the g-vector
g(]) = (yl/ij s yj—l/yj> 17 yj+1/ij s yq/yj)T' Aga’in7 Yy=1y;- g(J)

In order to formulate necessary technical assumptions, we characterize the frontier by

the function defined by

g; (@7, y) = min { (7, y) € U} (3.4)
for any j =1, ..., p. Note that for any z* = a - z, for some a > 0 we have f‘(j) =70U), and

for any (z,y) € D we have g;(zY),y) = 0(z,y)z; = 0(az,y)az; ¥ a > 0 with (az,y) € V.

31f (20, y0) & \TIFDHM g)\c(xo, yo) may be much larger than 1. In the following we will assume in Assump-
tion 3.2 that D is bounded, hence we have, for some 6,4, > 1 and for any (xg,y0) € D, 0c(z0,¥0) < Omaz-



If Oc(xo,yo) > 0 there necessarily exists some value a 2" € Ry such that

O(xo, a, 2y, - [ 0(x0, ay
Oc(w0,0) = —( ° 70,00 ) = mm{( 0, 9%0) | (0(wo, ayo)zo, ayo) € ¥
amln a>0 a
(4)
. gj(xo 7ay0)
= min { 22— 0(xo, ayo)xo, ay) € ¥ 3.5
pa { azo; | (0(x0, ayo)zo, ayo) } (3.5)
for any j = 1, ..., p. Note that the point a,;"° € R, is not necessarily unique. For

x()yy[)
min

example, under CRS, (3.5) is satisfied for any positive value a
When analyzing properties of Qc(xo,yo), an important first result to be obtained is a
modification of the Northwest Lemma established for the standard FDH estimator 5(1’0, Yo),

in Park et al. (2000, Lemma A.3). Note that the following proposition does not rely on

Z0,Y0
min

uniqueness of a and hence the proposition also holds under an additional CRS assump-

tion.

Proposition 3.1. Assume Oc(xg,yo) > 0 for some (zo,y0) € D, and let a,2° € R, satisfy
(3.5). Foranyd >0 and j=1, ..., q, define

Sy = {(3: y) €W |z < (14 8)—2—0(x0, a3 yo)To and ¥ > @gﬂ} , (3.6)
07 %min
and let S5 = Jj_, S55*°. Then
)
Oc(wo, 40) <1446 if and only if X, NS5O #0. (3.7)
90(55072/0)

The strong (i.e., free) disposability assumed in Assumption 2.3 implies that the frontier
is weakly monotone, but similar to Kneip et al. (2015) for the usual FDH estimator, the next
assumption strengthens this by requiring the frontier to be strictly monotone and sufficiently

smooth in order to obtain results on moments of the conical FDH estimators.

Assumption 3.1. For any j = 1, ..., p, (i) the frontier function g;(7%,y) is four-times
continuously differentiable on D* := {(0(xo, a;u2yo)xo, arityo) | (0, v0) € D}, and (ii) the
frontier is strictly monotone so that for all (x,y) € D, @gj( T y) <0, k=1, ..., p,
k#3j, and 5 g]($(1)7y)>0 k=1,...,q.

From (3.5) and the definition of a; %%

mn

0(x0, a™040y 0(z0, o - a0y,
B, o) = P00 e 80) U000 o' 0) (3.5
mwn mwn



for all @ > 0. Therefore, a - 0(zo, a,ui’yo) < 0(zo, - ari®yo). If the equality in (3.8) holds

Z0,Y0
min

only for o = 1, then a is unique; this happens if and only if

(9(7507 afr?i’goyo)xm a:%oyo) € \117 (3'9)

while
(- O(xo, a2 % yo)xo, - ayiy) ¢ U for all @ > 0 with o # 1. (3.10)

This obviously requires that “in the direction” of any possible possible ray L(z,y)
the production set W is locally strictly convex in neighborhoods of the frontier points
(020, Qi Y0) T, Auin Yo)-

The case where the equality in (3.8) is valid for all & > 0 corresponds to the case of global
constant returns to scale (CRS) and is analyzed in Section 4 below. We can now formulate

our final assumption.

Assumption 3.2. (i) The support D C V of f is such that (3.9) and (3.10) are satisfied
for all (xg,y0) € D; (it) D* is a compact subset of D; (iii) f(x,y) > 0 for all (x,y) € D*;
(iv) There exists a constant 0 < M < oo such that ||x|| < M for all (x,y) € D.

We now obtain the following theorem, where I'(:) denotes the well-known gamma func-
tion. This is the analog of Theorem 3.1 for the usual FDH estimator in Park et al. (2000).
note that here a slightly better rate of convergence is achieved due to the geometric struc-
ture of the cone C(¥) near its boundary. Note also that we now denote our estimator by
é\c(xo, Yo | X,) to stress the fact that we use the sample X, to define the frontier estimate,

but we estimate distance to the frontier from a fixed point (xg, yo).

Theorem 3.1. Under Assumptions 2.1-2.4, 3.1 and 3.2, for an arbitrary point (xq,yo) in
the interior of D there exists a parameter X(xg,vo) > 0 such that for all z > 0,

, 0, X,
Pr (e (00l bo L) ) ) (Mo ) ) o), (3.11)
90(1’07190)

% — 1 follows a Weibull distribution with parameters \(xq,yo) and p+q—1/2,

i.e.,
where A(xo,Yo) depends on (xg,y0), g and f. The analytical structure of A(zo,yo) may be

inferred from the proof of the theorem.
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Moreover,
E (é\c(xo, Yo | Xn)) = 0c(w0, yo) + Oc(w0, Yo) Mo, yo) /T (1 + %)n_l/n +O0(n™%%) (3.12)
and

VAR (éc(a:o, W | Xn)> = Oc(o0, 90) Mo, o) 7 (D(1 + 2) — T(1 + L)2)n=2/ 4 o(n2/%)
(3.13)

where Kk =p+q—1/2.

A second result now concerns moments of é\c(XZ-,YZ- | X,), where the notation makes
explicit that we analyze the moments of /G\C evaluated at the observation (X;,Y;) € &,,. The
theorem is the analog of Theorem 3.3 in Kneip et al. (2015) for the usual FDH estimator.

Theorem 3.2. Under the assumptions of Theorem 3.1 there exists a constant 0 < Cy < 00

such that for all i,j € {1, ..., n}, i # 7,

B (Bo(X: Yi | %) = 00(X;,Y:)) = Con 7772 + O (n™ 750 7 (log n) 77072 ) . (3.14)
Furthermore,
VAR (éc(x,-, Y| X)) — 6(X,, Y,-)) -0 (n*ﬁ) (3.15)
and

|COV(D(Xi Yi | Xa) = 00(Xi, V7). 8ol X, V; | ) = 00(X;, V7))

pt+a+3/2 2p+2q
=0 (n_piqfl;m (]Og n) p;;_;g) =0 (?’L_l) . (316)

The value of the constant Cy depends on f and on the structure of the set D C ¥, and may
be inferred from the proof of the theorem.

Remark 3.1. Due to Lemmas 2.1 and 3.1 it is straightforward to extend the results of
Theorems 8.1 and 3.2 to the output oriented measures (g, the hyperbolic version vo and its
logarithm log v, under Assumptions 2.1-2.4, 3.1 and 3.2. The hyperbolic measure and its
logarithm are useful for analyzing Malmquist indices of productivity change when technologies

are possibly non-convet.
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The results obtained above are similar to those obtained by Park et al. (2000) and Kneip
et al. (2015) for the usual FDH estimator, but the analysis is different here. The original

/% where k = p+ ¢, whereas under the assumptions of Theorem

estimator converges at rate n
3.1, the estimator O (z,y | &,) converges at rate n'/* with x = p + ¢ — 1/2, and this value

appears in (3.11)—(3.16).

4 The CRS Case

As noted above, under (globally) CRS the equality in (3.8) holds for all & > 1. In this
case, instead of (3.9) and (3.10), we have that for any (z,y) € U there exists some (non

unique) a, ¥ > ( such that

min

(0(20, Apyin’ Y0) 05 Ay Yo) € ¥ (4.1)
and
(- 0o, Qi yo)To, - api*yo) = (0(wo, - apiy’Yo)To, - apin’yo) € ¥ (4.2)

for all & > 0. Hence, if the frontier exhibits CRS everywhere, Assumption 3.2 must be

replaced by the following assumption.

Assumption 4.1. (i) For some d > 0 and all (zo,yo) in the interior of D, 3 some a,2° > 0
such that (4.2) is satisfied for all o > 0, while {((1 4 0) - O(xo, areiyo)xo, (1 +9) - ariPyo) |
d € [—d,d]} is a subset of the interior of D; (ii) D* := {(6(x0,v0)T0, Yo) | (xo,y0) € D} is a
compact subset of D; (iii) f(x,y) > 0 for all (x,y) € D*; and (iv) 3 a constant 0 < M < oo

such that ||| < M for all (x,y) € D.

We then obtain the following theorems, where the rates of convergence are improved
again, here with Kk = p + ¢ — 1. We gain one dimension with respect to the usual FDH
estimators, and 1/2 dimension compared with the estimator of the distance to the boundary

of C(¥) when non-CRS prevails.

Theorem 4.1. Under Assumptions 2.1-2.4, 3.1 and 4.1, given an arbitrary point (zo, o)

in the interior of D, there exists a parameter X(xo, Yo) > 0 such that for all z >0

" (” (W - 1) = > 1= exp(—A(@o, g0 ) 4 o(1),  (43)
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% —1 follows a Weibull distribution with parameters X(zo, Yo) and p+q—1, where

X(l‘o,yo) depends on (xo,Y0), g and f. The analytical structure of X(xo,yo) may be inferred

i.e.,

from the proof of the theorem.

Moreover,
~ ~ 1
E (90(560, Yo | Xn)) = 0c(0, yo) + 00, y0) Mo, 50) " *L(1 4 H)n /% + O(n=2/%)  (4.4)

and

VAR (éc(xo, W | Xn)> — O(0, 90)* X (w0, y0) % (D(1 + 2) — D(1 + 1)2)n2/% 4+ o(n=2/%)
(4.5)

where Kk =p+q— 1.
A second result concerns moments of é\c (X;,Y; | X,) under the CRS assumption.

Theorem 4.2. Under the assumptions of Theorem 4.1 there exists a constant 0 < 'CVO < 00

such that for all i,j € {1, ..., n}, i # 7,

E (éc(xi, Y| &) — 00(X, m)) = Con 7771 + 0 (nmifl (log n)P+3*1> . (4.6)
Furthermore,
VAR (@C(XZ—, Y | X)) — 0(X, YZ—)> ~0 (n*f> (4.7)
and

|COV((Xi Yi | Xa) = 00(X,Y2), Bel X, V5 | ) = 0c(X,, V7))

=0 (nfzigi (logn) Qiizti?) =o(n7'). (4.8)

The value of the constant 58 depends on f and on the structure of the set D C ¥ and may
be inferred from the proof of the theorem.

Remark 4.1. Remark 3.1 applies here too under the CRS assumption. So Theorems 4.1 and
4.2 extend to the output-oriented measures (o, the hyperbolic version vy¢ and its logarithm

log ve, under Assumptions 2.1-2.4, 3.1 and 4.1.
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5 Central Limit Theorems

5.1 Basic Theorems

In order to make inference about returns to scale and about Malmquist indices of pro-
ductivity for possibly non-convex technologies, new CLT results are needed for averages of
ac(Xi, Y: | X,), both under CRS and non-CRS. The results established here are used below
in Section 6.1 to develop a test of CRS versus non-CRS when technologies are not convex,
and in Section 6.2 to make inference about Malmquist indices of productivity change when
technologies are not convex. We use the results on moments obtained above in Theorems
3.2 and 4.2 to derive these new CLTs.

To summarize, the two theorems developed in this section are analogs of Theorem 3.2 in
Kneip et al. (2015) for the usual FDH estimator of efficiency with respect to the boundary
of W. The only differences in the two theorems developed here involve the set of appropriate
assumptions, the values of the constants appearing in the asymptotic moments and the rates
of convergence. For the three cases we have the rate n'/*, where (i) k = p + ¢ for the usual
FDH estimator (X,Y | X,) of the distances to the boundary of ¥, (ii) kK = p + ¢ — 0.5
for the CFDH estimator gc(X, Y | A,) of the distance to the boundary of C(¥), the cone
spanned by ¥ under non-CRS and (iii) & = p+ ¢ — 1 for the CFDH estimators gc(X, Y| X,)
of the distance to the boundary of C(¥) = ¥, under the global CRS assumption.

To begin, define

toe = E(0c(X,Y)), (5.1)
04, = VAR(6c(X,Y)) (5.2)
and
finge =11 0c(X,, Y | X,). (5.3)
=1

Note that if the true efficiencies ¢ (X;,Y;) were observed, one could compute fi,g, =
n~t 3" 0c(X;,Y;) and use standard CLTs to make inference about .. But, the 0c(X;,Y;)
are not observed; instead, only estimates 5C(Xi, Y; | A,,) are observed. Analogous to Theorem

4.1 of Kneip et al. (2015), we have
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Theorem 5.1. Under the assumptions of Theorem 3.1 and with kK = p+q—1/2 if CRS does
not hold everywhere, or under the assumptions of Theorem 4.1 and with k = p+q—1 if CRS
holds everywhere, as n — 00, (i) line, s a consistent estimator of pg., with a bias term of
order Cn=Y*%; (ii) Onge =1 '3 [gc(Xi,Yi | X,) — ﬁmgcr is a consistent estimator of
og.; and (iii)

V1 (Finoe — poe — Cn~ " = Ry 5 N (O, Toe)s (5.4)
where R, ., = O (n*Q/“(log n)4/’“‘) and where k and the constant C' depend on the particular
case (i.e., CRS or non-CRS for ¥?).

Note that R, . = o(n~'/%). Hence (5.4) makes clear that problems arise when & is too
large. If k < 2, a simple CLT can be derived from (5.4), because v/n(Cn~Y*+ R, .) = o(1).
However this occurs if only and only if p + ¢ < 2 for the CFDH estimator, either with with
CRS (k = p+ ¢ — 1) or non-CRS technologies (k = p+ g — 0.5). But if kK = 2, the bias is
a constant, and if k > 2 the bias explodes. Consequently, standard CLT results (e.g., the
Lindeberg-Feller CLT) can be used with sample means of CFDH estimates to make inference
about mean efficiency only if 1/k > 1/2. Hence if CRS does not hold, standard CLT results
can be used to make inference about mean efficiency only if p + ¢ < 2.5, while under CRS,
standard CLTs can be used only if p+ ¢ < 3. Hence in either case, standard CLT results are
valid only if (p+¢) equals 1 or 2. Replacing the scale factor \/n with né, with £ < 1/k < 1/2
is not a viable option. Doing so would cause the variance to converge to zero whenever
k > 2, rendering inference impossible.

For the most common cases where x > 2, the solution suggested by Kneip et al. (2015) is

-1/k

based on two operations, (i) providing an estimate of the leading term Cn in the inherent

bias in (5.4), and (ii) computing sample mean from a subsample of efficiency estimates to
control the variance of the resulting average.
The bias correction, when x > 2, is based on a generalized jackknife method. Kneip et al.

—-1/k

(2015) show that a consistent estimator of Cn is provided by

B”:’i = (21/N - 1)71(ﬁ;§/2,€c - ﬁn,90)7 (55)
where
—% —(1 —(2
Fin 2,00 = (Nifz,ec + ufl/)g,ec)/ 2, (5.6)
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is a jackknife analog of fi, g, HS/)Q o 1S @ version of fin e, based on a random subset of X,
of size n/2 and ﬁf/)wc is the analog based on the remaining part of the sample (to simplify
notation, assume that n is even). Formally, for j € {1, 2},

e =200 3 Be(Xi, YiX), (5.7)

(il (X3, v ex )}

where XT% ﬂXé% = () and Xé}é LJXTS)2 = X,. Note that the efficiency estimates are computed
with the limited reference samples XTE%, as denoted explicitly by the notation. Kneip et al.
(2015) prove that Enﬁ = COn~Y*+o(n"V%)+0,(n"/?). Kneip et al. (2016) suggest repeating
the operations above a large number L times, shuffling the observations each time, to obtain

L estimates En’mg, ¢=1 ..., L of the bias and then computing

B e (5.8)

Mh

B,.=L"

)

=1
to reduce the variance of the bias estimate (in practice, L = 20 is often sufficient).

This bias estimate in (5.8) provides leading part of the bias, but the remainder R, , =
o(n~/*) must also be controlled when x > 2. Define n, = [n** An| < n where |a] denotes
the largest integer less than or equal to a and a A b denotes the minimum of a and b. Then
let X7 C A, denote a random subsample of &, of size n,. Now define the subsample version
of fi,, i.e.

Lin,. 00 = n;1 Z 0c(X;, Y] | X)), (5.9)
{I(X5. Y5 exs, }

where the average is taken over the random subsample X7 but the estimates of efficiency
for the observations in &), are computed using the full sample X, as made explicit in the
notation. The properties of R, , in Theorem 5.1 then lead to the following CLT for the

conical version of the FDH estimator.

Theorem 5.2. Under the assumptions of Theorem 4.1 for the CRS case, or of Theorem
3.1 for the non-CRS case, for the CFDH estimator, p+ q < 4 and either CRS or non-CRS
technology,

~ = L
NG (un,gc — iy — B — RM) £5 N(0,02,) (5.10)
asn — oo with Ry, = o(n™Y2). In addition, if k > 2, then
Ve (Binwe = oo = Bag = ) = N(0,03,) (5.11)
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as n — oo with R, . = o(n~'/%).

5.2 Alternative Bias Correction for the Conical FDH Estimators

It is possible to define a bias-corrected estimator (more precisely, the first order bias of
the mean vanishes) for the estimator of 0 (¢, yo) in the two cases analyzed in the preceding
sections. We first consider the case of Section 3, where 0c(zo,yo) is the distance of (o, yo)
to the boundary of C(V).

Consider a point (zg,yp) in the interior of D. There then exists an index i, €

{1, ..., n} such that

max H
. . Jg=1,.,p "%
imag 1= ATgMin ———— (5.12)
i=1,..,n min —<
J=1, ..., q Y0i
1
and Oc(zo,yo) = | max “imezt min ~—imez.d . Then define the estimator
j=1,...,p %0j j=1,..,q Yoi
X..
max z—gj
T L . Jj=1, .., p 7
0c(ro,y0) == min =~ T, (5.13)
i=1, ..., NjiFiman - min 4
Jj=1, .., q Yo;

noting that g’é(xo, Yo) uses the second smallest observation to estimate 6c(zo,yo). Neces-

sarily, 0¢(zo, Yo) > 0c (o, Yo)-
9z, (z0,y0)
98(960,240) -

Proposition 3.1 generalizes to this alternative estimator in the following sense:
1+ ¢ if and only if there are at least two observations in S;”%. Following the arguments

used to prove Theorem 3.1 we then have
Pr nﬁl—l/? M “1l<z] =
QC(:KOa yO)
1— (14 Mo, y0) 2" T97Y2) exp (—A(wo, y0) 22T 2) + o(1), (5.14)
and with kK =p+ ¢ —1/2, and

~ 1 1 2
E (98@‘0790 ’ Xn)) = ‘90(1’072/0) + 0C(£07y0)>\('7;07 yO)iNF(2 + ;)n*; + O(n7E)7 (515)

while of course the variance of the estimator is still of order O(n_%). Based on these results,

17



one may define the bias-corrected estimator

r(1+1) ~ .
F(2 + l) . F(l + l) (90(1:07?/0 | Xn) - QC($O>yO | Xn))

= é\c(ﬂé’o,yo | X,) — ﬁ(aé(xo,yo | &) — é\c(ﬂco,yo | X,)). (5.16)

0 (20, Yo | X)) = gc(fo,yo | X,) —

For the mean of the bias-corrected estimator we obtain

E (50(950,2/0 | Xn)) = Oc (0, yo) + O(n_%), (5.17)

and the analog of Theorem 3.2 becomes

E (Bo(Xi, Yi | X,) = 00(X,,Y;)) = O (n775 7 (log m) 7 17 ) (5.18)

VAR (éc(Xi, Y| X)) — 6(X,, Yi)) ~0 (n‘%m) , (5.19)
and

Jr =7

|COV (Fel(Xe ¥i | X2) = 0(X0,Yi), Bel(X;,Y; | X) = 0o (X, Y5) )|

2p+2q+3

=0 (n_zigﬁg (logn) p+q71/2) =0 (n_l) . (5.20)

Following the proofs of Theorems 3.1, and 3.2, it is straightforward to prove the properties
of gc(Xi, Y; | &) listed above The same modification can, of course, be done in the CRS

case where only the value of k has to be adjusted as in Theorems 4.1 and 4.2.

5.3 Confidence Intervals for iy,

Using Theorem 5.2 and the consistent estimator of Ugc in (ii) of Theorem 5.1, an asymp-

totically correct (1 — «v) confidence interval for g, is given by

[ﬁn,ec - En,n + Zl—a/2/0-\nﬁc/\/ﬁ] (5.21)

when p + g < 4, where En’,@ is the generalized jackknife estimate of bias appearing in (5.8).

Alternatively, when k > 2,

[ﬁnﬁ,,@c - Bn,n =+ Zl—a/Qan,Hc/\/ 7’L,{| s (522)
gives an asymptotically valid (1 — «) confidence interval for pg,,.
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Note that either (5.10) or (5.11) in Theorem 5.2 can be used when p + ¢ = 4 in the
CRS case, or when p+ g = 3 or 4 in the non-CRS case. However, as explained in Kneip
et al. (2015, 2021), due to R, ., (5.10) involves n'/2R,, . while (5.11) involves a term n'/*R,, ..
These are neglected in (5.21) and (5.22), and since n'/*R,, . is of smaller order than n'/2R,, .,
one might expect the interval in (5.22) to provide better coverage than the interval in (5.21)
in cases where either can be used.

Below, in Section 7, we examine via Monte Carlo experiments the coverages of the con-
fidence intervals in (5.21)-(5.22) with bias terms estimated by the generalized jackknife
discussed in Section 5 as well as the alternative estimator used in (5.16). But first, we show
in the next section how the results obtained so far can be used to test CRS versus non-CRS,
and how inference can be made about changes in productivity using Malmquist indices, when

production sets are possibly not convex.

6 Applications

6.1 Testing CRS in General Technologies
6.1.1 Test Statistics

The CLTs for sample means of efficiency measures have been used in Kneip et al. (2016)
and Daraio et al. (2018) to develop statistical tests of various model features. These tests
involve comparing a sample mean of efficiency estimates that impose the conditions of the
null hypothesis against a sample mean of efficiency estimates where the null is not imposed.
All of the tests require the two sample means under comparison to be independent of each
other, and this requires randomly splitting the original sample into two independent parts.
Simar and Wilson (2020) show how the ambiguity resulting from a single random split can
be removed by splitting multiple times and then using bootstrap methods to implement
tests based on sample means of the test statistics from each split, or based on the p-values
obtained on each split.

We wish to test the null hypothesis Hy: W2 is CRS versus the alternative hypothesis
H,y: ¥? is not CRS without imposing convexity on W as required in Kneip et al. (2016).
The main idea is to compare sample means of FDH and CFDH estimates; under Hy, the

difference is expected to be “small,” whereas if the null is false, the difference is expected
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to be “large.” In order to obtain a limiting distribution for the difference, we require the
sample means to be independent, and this requires randomly splitting the sample A, into
two independent parts as in Kneip et al. (2016).

Under the null hypothesis of CRS, the FDH and CFDH estimators defined in (3.2) and
(3.3) converge at rates n!/(P*9 and n'/P*3=1 respectively. Let k; = p+q and ky = p+q—1.
To implement the test, randomly split the original, full sample X}, into two sub-samples & ,,,,
Xy, of sizes ny and ny such that Xy ,, UXs,, = &, and Xy, N X, = 0, where ny+ny =n
and n?[/'“ = n;/m. Next, compute the FDH estimates (/9\(Xi, Y: | Xin,) at each observation

(X;,Y;) € X1,,, and compute the CFDH estimates ac(Xi,Yi | Xs,,) at each observation
(X;,Y;) € Xy, Then compute the sample means

HFDH 1y =n;" Z g(XiaYi | X1 (6.1)
(X4, Yi)EX1 ny
and
HCFDH,ny :ngl Z /e\C(Xi;)/i | Xy ) (6.2)
(X3,Y5)EXo ny

By construction, fippu,n, and fcrpuns, are independent.

Now let EFDH”M be the jackknife estimate of the bias fippm,,, (computed using L repli-
cations), and let ECFDHW{2 be the estimate of the bias of jicppn,,, computed either by the
jackknife method or by the new estimator in (5.13). Consistent estimates of the variance in

both cases are given by

~2 -1 o ~ 2
OFDH,n; — 1 Z [Q(Xi,yz‘ | Ximy) — MFDH,nl} (6.3)
(Xiyy;)exl,nl
and
~ 2
OCFDHny =2 Z [ec(XuYi | Xopy) — ,UJCFDH,ng} : (6.4)
(Xi,Y5)EX2 ny

Then under the null hypothesis of CRS and under assumptions of Theorem 4.1,

- (ﬁFDH,nl - ﬁCFDH,ng) - <§FDH,K1,’H,1 - ECFDH,KQ,TLQ) r
Tin = — N(O, 1) (65)

=3 =3
\/UFDH,nl + 9CFDH,ny

ni n2
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as n — oo provided (p + q) < 3, since the FDH convergence rate dominates that of the
CFDH estimator.

Alternatively, if x; > 2, the sample means must be computed using subsets of & ,,, and
Xop,. For £ € {1, 2}, let ng,,, = Ln?/wj and let A7, be a random subset of size 1y, from

Xy n,. Compute the means

ﬁFDH,m,ml :nl_,llil Z Q(X“}/l | XLM) (66)
(XYDexs,,
and
JICFDH s .y =T 1 Z 0c(Xi,Yi | Xoms), (6.7)

(XiY)eXs,,

where it is clear from the notation that the full subsets & ,,, and & ,,, are used to compute the
efficiency estimates in (6.6)—(6.7), but the summations are over subsets of the observations.

Then under the null hypothesis of CRS and the assumptions of Theorem th:asymCHCRS,

(MFDH,nM1 — ,UCFDH,MM) — (BFDH,m,nl — BCFDH,Hg,ng) £ v 6
= .
e A 01 ©9
9FDH,n; + 9CFDH,nqy
N1,k N2, ko

as n — oo. Depending on the value of (p+ ¢), either 71, or 7, (but not both, except when

Ton =

p+ g = 3) can be used to test the null hypothesis of CRS versus non-CRS, with critical
values obtained from the standard normal distribution. In particular, for j € {1, 2}, the
null hypothesis of CRS is rejected if p = 1 — ®(7j,,) is less than « for test with asymptotic
size . If (p+ q) = 3, either of the statistics 7y, or T2, can be used. In this case, one should
expect Ty, to perform better in finite samples for reasons similar to those given above at the

end of Section 5.

6.1.2 Consistency Issues

Unlike Kneip et al. (2016), here we are able to prove consistency of the proposed tests
of CRS versus non-CRS since we can derive the distribution of the test statistics under the

alternative.? Define g = E(0(X,Y)) and € = g — g, > 0. Then the null hypothesis of

“Note that due to the more recent result in Theorem 3.1 in Kneip et al. (2021), it is easy to prove
consistency of test of CRS versus non-CRS proposed in Kneip et al. (2016), for cases where ¥ is convex, by
following the arguments developed here.
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CRS is equivalent to Hp: & = 0, and the alternative hypothesis is equivalent to Hy: £ > 0.
Consider the case where p + ¢ > 3 and use the statistic 75, defined in (6.8) to test the null
against the alternative.

Under the alternative hypothesis, the estimator //JCFDH,HM2 does not have the same prop-
erties as it does under the null; in particular, the rates of convergence and the bias are

different under H;. However, from Theorem 5.1, it is easy to demonstrate that under Hy,

~ —1/kKa L
V 12,k (um,@,ec - Hoc — CTL2 /s R’fl2,'i3) — —>N(07 Ugc)a (6'9)

as n — oo, where R, ., = O (ngz/m(logng)ﬁ‘/“) and ks =p+q—05>ky=p+qg—1. 1Tt

is easy to see that R,, ., = 0 <n2_ Y “2>, and hence this reminder term can be neglected.
A problem may arise for the bias term, but this is easily solved. In defining 75, in (6.8),
the bias of the CFDH mean is estimated by ECFDHmm, but this is not appropriate under

the alternative. However, it is easy to prove that
Berpttnans = Berpitgm, — any '™ C, (6.10)

where a is a positive constant, with a = (k3 — k2)/k3 if the new bias correction in equation
(5.16) is used or a = (21/%2 — 21/%3) /(21/%2 — 1) if the jackknife bias correction is used. Here,
ECFDHM’712 provides the appropriate bias correction.

Similar to the argument leading to the distribution of 75, under the null, we obtain here

when £ > 0

—~ —~ 5 -~ —1/k3
(MFDanlfq - MCFDH7n2,N2) - <BFDH,I€1,TL1 - BCFDH,K,g,ng) - é- — angy C c
— —N(0,1)
UIQTDH,nl + U%FDH,nQ
N1,kq N2 ko

Ton =

(6.11)
as n — oo. From (6.11) it is easy to see that
—1/%30
lim Pr(f, > 20) = 1— lim @ | 2, — — o= (6.12)
n—00 n—oo 6.\2 6.‘2
FDH,nq CFDH,nqy
\/ Nn1,kq n2,ko

as n — 00. Clearly, the denominator of the fraction inside the parentheses on the right-hand

1/k1

side (RHS) of (6.12) converges to zero at the rate n; as n — oo. Hence the limit of
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the RHS of (6.12) is equal to zero, and therefore the test is consistent. A similar argument
applies when p + ¢ = 2 and the test statistics 71, is used. It is also easy to show that the
test is still consistent for asymptotic local alternatives H;, : £ = bn~" for some constant b

as soon as 0 < p < 1/k;.

6.1.3 Multiple Random Sample Splits

All of the tests developed here, as well as those developed in Kneip et al. (2016), involve
comparing two sample means of efficiency estimates. To avoid complicated covariances that
cannot be estimated, the two sample means under comparison must be independent of each
other, and this requires randomly splitting the original sample. Kneip et al. (2016) show
that if one does not split the original sample and instead applies the two estimators to all of
the n observations in &,,, and then builds a statistic similar to (6.5) or (6.8) but using sample
means over all n observations, the resulting covariances wipe out the variances, resulting in
a test statistic with a degenerate distribution for any value of (p 4+ ¢). The random split
into two parts avoids this problem, but the test results depend on an arbitrary random split
of the original sample. Simar and Wilson (2020) have shown how this ambiguity can be
removed. To conserve space we summarize the main ideas below and refer readers to Simar
and Wilson (2020) for additional details.

Given the random sample &,,, one can randomly split the sample once to obtain a value
of, e.g. the statistic in (6.5) or (6.8), depending the value of p+ ¢. Shuffling the observations
and splitting again yields a second realization of the statistic. Suppose the researcher shuffles
and then splits the sample S times, obtaining a set T = {7y, ,}5_, of S different values of
the test statistic, either for £ = 1 or 2 as appropriate depending on the value of (p + q).
Corresponding to each 7, is a realized p-value Dy, so that the researcher also obtains a set
P = {ps}5_, of p-values after S sample-splits. If the statistics in T were independent, then
by the probability integral transform, the p-values in P would be independent and uniformly
distributed on (0, 1). However, the realized values of the test statistic over S splits contained
in 7 cannot be independent.

Simar and Wilson (2020) suggest two test statistics based on results from S sample-splits,

as well as a bootstrap algorithm for evaluating their p-values. The test statistics are defined
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as

s
T\n ::Sil Z%\Z,n,s (613)
s=1
and
]?n = sup (ﬁsﬁ,n(u) — u) , (6.14)
uel0,1]

where 7y, 5, £ € {1, 2} denotes the appropriate test statistic given by (6.5) or (6.8) (depend-
ing on the value of p + ¢) obtained with the sth sample-split and F s5n(u) is the empirical
distribution function of the S values in P. The statistic [?n is a one-sided, one-sample
Kolmogorov-Smirnov statistic, but its distribution is unknown due to the dependence in-
duced by splitting repeatedly the same sample. The distribution of T\n is also unknown, for
the same reason.

Clearly, one should reject the null for “large” values of these statistics. Simar and Wilson
(2020) describe an easy-to-implement bootstrap algorithm to approximate the p-values corre-
sponding to the test statistics in (6.13) and (6.14), where the bootstrap samples are generated
under the null hypothesis of CRS. Since many of the CFDH estimates are likely equal to 1,
we modify the bootstrap described by Simar and Wilson (2020) to use the smooth bootstrap
described by Simar and Wilson (1998). This involves computing n estimates gc(Xi, Y| &)
before splitting the sample, reflecting these estimates around 1, and drawing from a kernel
density estimate obtained from the original and reflected estimates. See Simar and Wilson
(1998) for details and discussion.

In practice, the number of splits should be as large as possible given the computational
burden. Experience suggests that in practice, S = 100 splits is reasonable, with 1,000
bootstrap replications. The Monte-Carlo simulations for testing CRS with convex ¥ reported
by Simar and Wilson (2020) indicate that tests based on either (6.13) or (6.14) perform well
in finite samples, reaching the appropriate size with good power behavior as sample sizes
increase. The test based on the Kolmogorov-Smirnov statistic often provides slightly better

results.
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6.2 Malmquist Indices

The Malmquist productivity index is widely used in empirical work to measure changes in
productivity in dynamic settings (see Kneip et al., 2021, Appendix A, for a detailed discussion
of the literature). Malmquist indices are based on the quantity index of Malmquist (1953)
with adaptation to the production framework by Caves et al. (1982), and are often estimated
using nonparametric DEA estimators which require the production sets at each time period
to be convex. Kneip et al. (2021) develop statistical tools allowing asymptotic inference from
DEA estimators of Malmquist indices for individual producers as well as for geometric means
of these estimators.® It is not surprising that the CLTs derived above for non-convex conical
FDH estimators for potentially non-convex technologies can be used to generalize the results
of Kneip et al. (2021) generalizes to the framework here where production sets are possibly
non-convex. As seen above, the value of x for the CFDH estimator depends on whether the
technology is CRS or non-CRS. We summarize below the main results for the more general
case of non-CRS technologies, where kK = p + ¢ — 1/2.

In dynamic settings, the set of feasible combinations of input and output quantities at
time ¢ is given by

U := {(z,y) |  can produce y at time t} . (6.15)

Then the efficient frontier of Wt is

U= {(z,y) | (z,y) € V', (yo,7 7 'y) € W'V y e (0,1)}. (6.16)

Assume that Assumptions 2.1-2.4, 3.1 and 3.2 are satisfied for each time period ¢t. As
explained in Kneip et al. (2021), in order to ensure that Malmquist indices are well-defined,

D! and D* must “fit together” for different periods ¢ and s. Let

Dhpni= { (550125 ) L € D} (6.17)

If p+q = 2 then trivially D% = {(1,1)}. But when p+q¢ > 2, D! .. will quantify the set

norm norm

of all possible “directions” of vectors x and y where it is possible to define a frontier at time

t.

5Geometric means of Malmquist index estimates, rather than arithmetic means, are typically reported in
applied work due to the multiplicative nature of the Malmquist index.
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Now consider a sample X? = {((X},Y;!), (X2 Y;?))}", of input-output combinations
for n firms observed in both periods ¢ = 1 and 2. Firm ¢’s change in productivity between
periods 1 and 2 is measured by the hyperbolic Malmquist index

Mo <7<X3,Y£ [C(U) oy (X2Y? c<\1ﬂ>>>”2
oY eh) oy (XY e(w) )

where we keep the same notation as in Lemma 2.1 to be explicit. This is the geometric mean

(6.18)

of two ratios, each providing a measure of productivity change, in the first case using the
boundary of C(¥') as a benchmark, and in the second case using the boundary of C(¥?) as
a benchmark. For firm i, M; (>, = or <) 1 if productivity changes (increases, remains
unchanged or decreases) between periods 1 and 2. Note that we define the Malmquist index
in terms of hyperbolic distances to avoid issues of existence and numerical difficulties when
the index is decomposed into sources of productivity change (see Simar and Wilson, 2019
for discussion and details).

Suppose that for two different time periods ¢t € {1,2} we have the set X? =
{(XH YY), (X2, Y?)}, of independent, identically distributed (iid) pairs (of pairs) of in-
put and output quantities for the two different periods. In each period there may exist
additional observations which do not possess a counterpart in the other period. More pre-
cisely, let X} = {(X],Y;")}i2; be the set of n; > n observations in period 1 available to

(3

estimate the hyperbolic distance v4(x,y) = y(z,y | C(¥)), and let X2 = {(X?,Y?)}12,

(3

be the set of ny > n observations in period 2 available to estimate the hyperbolic distance
Ve y) = y(z,y | C(¥?)).

Assumption 6.1. (i) Fort € {1, 2} there are iid observations (X!, Y}), i =1, ..., ny, such
that Assumptions 2.1-2.4, 3.1 and 3.2 are satisfied with respect to the underlying densities

It with supports D; (ii) DL, = D2, . : (iii) for some n < min{n;,ny} the observations
(XHYYH, (X2 Y2),i=1, ..., n areiid and their joint distribution possesses a continuous
density fio with support D' x D?; (iv) for any i = 1, ..., n, (X},Y:!) is independent of
(X7,Y7) forallj =1, ..., ng withi# j; (v) for anyi=1, ..., n, (X7,Y}?) is independent
of (X,Y}') forall j =1, ..., ny withi# j.

Note that condition (i) of this assumption only guarantees that all estimators é\tc(x,y |
X)) (and A (x,y | X! ), by Remark 3.1) follow the asymptotic distributions derived in Theo-

rems 3.1 and 3.2. Condition (ii) ensures that the cross-efficiency estimators gé(Xf, Y2 AL
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and aé(X}, Y| Xé) are asymptotically well-defined and possess the same rates of conver-
gence as the contemporaneous efficiency estimators. Conditions (iv)—(v) permit dependence
of a given firm’s input-output quantities across periods 1 and 2, but require independence
of the firm’s input-output quantities from those of other firms in other periods.

We first consider an individual firm operating at fixed points (z',y') and (22,%?) in

periods 1 and 2. From (6.18), the Malmquist index for this firm is
M (W,y? [COY) | vy c<\1/2>>)”2
vyt [C(UY) oy (et yt | C(9?))
Using the data X = {(X},Y;'}ic1, . n, and X2 := {(X?,Y?}iz1, .. n, M can be estimated
by

(6.19)

~ (9 9 1 ~ (2.2 2 1/2
(% (%" [ X)) | Ao (2% y ‘Xm))) , (6.20)

M= | = =
o (et y' [ X)) Ae (et yt [ AZ)
Theorem 3.3 of Kneip et al. (2021) for convex technologies extends to general technologies

as follows.

Theorem 6.1. Under Assumptions 2.1-2.4, 3.1, 3.2 and 6.1, for (z*,y') € D' and (z*,y?) €
D2
e (/\7_ M) £y M (6.21)

asn — 0o, where F™ is a continuous, non-degenerate distribution function with F*(0) = 0.

This result permits inference about the unobserved, true Malmquist index M in (6.19)
using the subsampling methods described by Simar and Wilson (2011).
Now consider the log of the Malmquist index M, defined in (6.18) for (X}, V'), (X2,Y}?)) €

X2 ie.,

log M, = 5 [log 7(X2, ¥ | C(¥")) ~log7(X}, ¥} | C('))+
log 7(X2, Y2 | C(¥2)) — log (XL, Y} | C(W2). (6.22)
Define
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where the expectation is with respect to (X7, Y:) in both periods ¢ € {1,2}. An estimator

REa

of log /(/l\l is given by

log M\’L = [log:y\C(X’LQ7 }/iQ ‘ X’;l) log:y\C(X;? }/;1 | X711)+

L
2
log Ac (X7, Y7 | X7,) —logAc (X7, Yi | 7,)], (6.24)

and hence p, is estimated by
ﬁM,n = nil Z lOg M\i~ (625)
i=1

The next theorem is useful for making inference about the difference between fipg,, and
jiam. In finite samples, it may be the case that (X2, Y2) & C(U!) or (X}, Y;!) & C(¥2) for
some observations i. We use the convention that sets 3% (x,y | X, ) := 1 when (z,y) ¢ C(uh),
as well as 32 (z,y | X2)) := 1 when (z,y) ¢ C(\Tﬂ)7 although this is seldom needed in practice.
Asymptotically this does not impose a problem due to Assumption 6.1 (ii).

The following result generalizes Theorem 3.4 of Kneip et al. (2021) to non-convex tech-
nologies, and establishes rates of convergence of the moments of logs of efficiency estimators

contained in log ./\//TZ

Theorem 6.2. Under Assumptions 2.1-2.4, 3.1, 8.2 and 6.1, and for all t,s € {1,2}, there
exist constants 0 < C* < oo such that for alli € {1, ..., n} and as n < min{ny,na} — o0,

1

E (log3e:(X{, Y} | &3) = logv& (X[, Y))) = Cgns 77 + O <ns_’”“/2(log n,) 7172

RE

(6.26)
and
B ([log R (XL | 22) = log e (XL YO) =0 (77 7%) o
and for t*,s* € {1,2}, j # 1,
B (log7e (X0, Y | ;) — Blog 3(XL Y | &5)]
log 32 (X! Y} &) = B(log 7 (X] Y™ | A ))) | = O (n™570% (log m) #5757 )
=o(n"). (6.28)

The value of the constant Ct depends on f, g and the structure of the sets D° C W* and
D' C U
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The analog of Theorem 3.5 in Kneip et al. (2021) for non-convex technologies follows
immediately from the results in Theorem 6.2. This in turn leads to the following CLT,
where 03, = E ((log M; — E(log M,))?) with the expectation over (X,Y) in both periods 1
and 2. The result is the analog of Theorem 3.6 and Lemma 3.3 in Kneip et al. (2021).

Theorem 6.3. Under Assumptions 2.1-2.4, 3.1, 3.2 and 6.1,
—~ c
Vi (Bpn — pim — Rn) — N(0,0%,) (6.29)

as n < min{ny, ny} — oo where

Ry = E (i — piag) = Coun 7172 + O (n‘p+q2—1/2 (logn) p+q‘11/z> . (6.30)
In addition,

O =1~ Z <log./\/l — ipm n) 25 02, (6.31)

Empirical papers (e.g. Fére et al., 1992; Fére et al., 1997; Wheelock and Wilson 1999
and 2013; Ball et al., 2004 and many others) typically report estimates of geometric means

n 1/n
= (H Mi> (6.32)

of Malmquist indices for each of n firms. These estimates are computed from the estimator

1/n
M, =exp(imn) = (HM) (6.33)
of ]\//Yn in (6.32). Using the results obtained so far, it is easy to prove the following CLT for
making inference about M,, using J\//Tn
Theorem 6.4. Under Assumptions 2.1-2.4, 3.1, 3.2 and 6.1,
Vi (M, = M) 55 N(O, exp(2un)ol), (6.34)
as n < min{ny,ny} — oo, where R,, is defined by (6.30) and
M = exp(pum + Ry) = exp(pm)(1+Ry) + O <n7’+q31/2>
=exp(um) + exp(,u/\,()C/\/m_PHI*I/2 +0 (n_ﬁqil/? (logn) P+q4*1/2> : (6.35)

29



Theorem 6.4 can be used for inference when p 4+ ¢ = 2, in which case the bias term
exp(pa)Crn ™% in (6.35) can be neglected. But if p + ¢ > 3, the bias explodes as n — oo.
To avoid this problem, the bias can be estimated by a generalized jackknife method similar of
the one described above (see Kneip et al., 2021 for details on how to implement the jackknife
in dynamic settings), and the geometric mean must be computed over a subsample of size

n, = [n**]. Assume the observations in X,, are randomly sorted, and define

- 1/ng
M, = <H /\/li) (6.36)
=1

where the estimates ./\//\ll are computed using the full sample of observations, but the geometric
mean is over only the first n, estimates of M,;. Then it is straightforward to prove the

following CLT.

Theorem 6.5. Under the conditions of Theorem 6.4, for cases where p+ q > 3,

N <Mnﬁ — exp(ppa)Coun ™Y — exp(png) + nn,ﬁ> — N (0, exp(2pnm)oiy) (6.37)

as n — oo, where 1, . = o(n'/*).

7 Monte Carlo Evidence

7.1 Experimental Framework

We conduct extensive Monte Carlo experiments to provide evidence on coverages of
estimated confidence intervals for py., and the performance of our returns-to-scale test in
terms of achieved size and power. Each experiment consists of 1,000 Monte Carlo trials.
On each trial, we simulate n observations from a known data-generation process (DGP)
with given values of number of inputs p and number of outputs ¢q. To simulate data from
non-convex technologies where constant returns to scale (CRS) may or may not hold, first

consider the function

g(t]6) = [2t7 (27| 6,6)]" (7.1)

where t € [0,2], § > 0, and & (¢ | 9,9) is the regularized incomplete beta function obtained

by dividing the incomplete beta function by the beta function (e.g., see Abramowitz and
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Stegun, 1964, formula 6.6.2 or 26.5.1).5 The parameter J controls the shape the function
g(t | 6). If 6 = 1, then g(t | 9) is linear over t € [0,2], but for larger values g(t | d) is
non-linear and non-convex. Figure 1 shows shows plots of g(¢ | 0) for values of 6 € © :=
{1.0, 1.4, 2.0, 2.8, 4.0, 5.5, 8.0, 12.0, 18.0}. As 0 increases, g(t | 0) exhibits increasing
curvature and non-linearity.

In our Monte Carlo experiments, we set ¢ = 1 and choose particular values for p €
{1, 2, ..., b} and 6 € ®. On each trial within an experiment we simulate efficient input
values )N(ij, 1=1, ..., nand j =1, ..., p, by drawing independently from the uniform
distribution with support on (0.25,1.75). We simulate the inefficiency process by drawing
values 0; independently from the density

ft|A) = {M_%_W Ve 01, (7.2)

0 otherwise

with A = 2. Then ;' has the exponential density f.(t | \) = A\e*=D V ¢ € [1,00) and
E(0~') = 1.5 and E(f) &~ 0.722657. We then compute “observed” input values X;; = )Zi]ﬂ_l
and corresponding “observed” output values
Y=g (H (%) 5) . (73)
j=1
The parameter § controls the shape of the technology. If § = 1, then Y* = §:1(9¢Xij)1/p
and the technology is convex and exhibits CRS. But if § > 1, the technology is neither

convex nor CRS; as d increases above 1, the technology becomes increasingly non-convex

and farther from CRS.

7.2 Coverages of Confidence Intervals for iy,

We conduct a series of experiments to estimate the coverages of the confidence inter-
vals in (5.21) and (5.22) using either the generalized jackknife method or the bias esti-
mate /{(éé(mo,yo | X,) — gc(xo,yo | X)) that appears in (5.16) to obtain bias estimates
Enﬁ. We set ¢ = 1 and consider various values p € {1, 2, 3, 4, 5} and sample sizes
n € {100, 200, 500, 1000, 5000, 10000, 100000}. In addition, we set 6 = 4.0 to in-

duce a mild degree of non-convexity in the frontier. For each value of p, we need to know

6The regularized incomplete beta function forms the distribution function corresponding to the beta
distribution.
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to. = E(0c(X;,Y;), where the expectation is with respect to (X;,Y;). This is difficult to
calculate analytically for the DGP described above in Section 7.1. Instead, we approximate
to., for each value of p by generating a sample of n = 50,000,000 observations, computing
@\C(Xi,Yi | X,) for each of the n observations and then taking the sample mean of these
estimates. This provides approximate values 0.56321, 0.60074, 0.62003, 0.62897 and 0.63924
corresponding to p =1, ..., 5 respectively.

On each trial within a given experiment, we generate a sample of size n, and compute
the interval estimates given by (5.21) when p + ¢ = 2 or by (5.22) when p 4+ ¢ > 2 with
nominal sizes a € {0.1, 0.05, 0.01}. We then record the proportion of trials where the
estimated confidence intervals include the true value p,. The results of these experiments
are shown in Table 1 where columns 3-5 give the estimated coverages corresponding to
(1—a)=0.90, 0.95 and 0.99 obtained using the estimator é\C(Xi; Y; | X,) and the generalized
jackknife estimates of bias. Similarly, columns 6-8 give estimated coverages obtained using
the alternative bias-corrected estimator described in Section 5.2.

The results in Table 1 indicate that for either estimator, coverages improve as the sample
size n increases, but worsen as the number of dimensions increases for a given sample size.
This is as expected. For the ordinary estimator gc(X,-, Y; | X,) and the generalized jackknife
estimates of bias, coverages are close to the nominal values (1 — «) even with p+1 = 6
provided n = 500 or larger. Coverages obtained with the alternative bias-corrected estimator
5C(XZ-, Y;) are less good, but still close to coverages obtained with the ordinary estimator
when p + ¢ = 2 or 3 provided n equals 500 or more. But coverages for intervals based on
gc(Xi, Y;) degrade as the number of dimensions increases beyond 3 unless the sample size
is 5,000 or more with (p + q) = 4 or perhaps 100,000 or more when (p + ¢) = 5. When
(p + q) = 6, the coverage at the .1 level is only 0.749 using gc(Xi,Yi) with n = 100, 000,
compared with coverage of 0.892 obtained using the ordinary estimator fo (X;, Y | X,) with
the jackknife bias correction. While the alternative bias correction avoids the computational
cost of the jackknife, the results in Table 1 indicate that there is a price to pay for avoiding

the computational burden of the jackknife.
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7.3 Performance of Returns-to-Scale Tests

In order to examine the performance of tests of CRS versus non-CRS in terms of achieved
size and power in various situations, we conduct a series of Monte Carlo experiments using
the DGP described above in Section 7.1. For ¢ = 1 and fixed values of p and n, setting
0 = 1 yields a frontier that is CRS everywhere. As § increases beyond 1, we have increasing
departures from the null as illustrated in Figure 1.

In our experiments, we consider p € {1, ..., 5}, n € {100, 200, 500, 1000} and ¢ € ©
where the set ® is defined above in Section 7.1. On each trial of each experiment, we split
the sample 100 times and compute the statistics 7}, and K, given in (6.13) and (6.14) and use
the smooth bootstrap procedure discussed in Section 6.1.3 with 1,000 bootstrap replications
to compute corresponding p-values. In each case, biases are estimated using the generalized
jackknife with 100 replications. For either test, we count the number of trials where the
p-value is less than the nominal test size a = 0.1, 0.05 or 0.01, and we divide this number
by 1,000, the number of Monte Carlo trials in each experiment. In addition, we similarly
estimate rejection rates achieved with a single sample-split using the first split on each trial
and computing a p-value p = 1 —®~1(7,,,) corresponding to the statistics 7, defined in (6.5)
and (6.8) for £ € {1, 2}, where ®~!(-) denotes the standard normal quantile function. In all
of our experiments, we use the statistic 71, when (p + ¢) =2 or T, when (p +¢q) > 2.

Estimated rejection rates for the Kolmogorov-Smirnov test based on ]A(n are shown in
Table 2. Tests based on fn yield similar rejection rates, but in many cases the size and
power achieved with the Kolmogorov-Smirnov statistic are slightly better. The results in
Table 2 indicate that the tests are conservative. For every case considered, the rejection
rate (corresponding to § = 1) is less than the nominal size . The results also show that
rejection rates increase with increasing departures from the null (i.e., as 0 becomes larger)
for a given sample size. Table 2 also shows the effects of increasing dimensionality. As p
increases, with modest departures from the null, rejection rates diminish for a given value
of §. Overall, the results shown in Table 2 demonstrate the usefulness of the test in applied
settings, even when the sample size is 100, provided the number of dimensions is no more
than 4 or 5 (corresponding to p = 3 or 4 in the table).

The rejection rates resulting from only one sample-split are problematic due to over-

rejection as seen in Table 3. In all cases, with § = 1 so that the null hypothesis of CRS
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is true, the tests based on just one split yield rejection rates larger than the nominal test
sizes. With n = 100 and a = 0.1, the rejection rates range from 0.199 when p = 1 to 0.302
when p = 5. With n = 200, rejection rates range from 0.164 to 0.228 when the null is true.
With n = 500 or 1,000, the rejection rates range from 0.118 to 0.203, or 0.101 to 0.185
(respectively) when the null is true.

In addition, the results obtained with a single sample split in Table 3 reveal that the
power of the tests with a single split is often smaller than the power of tests based on 100
splits. With p = 1 and a = 0.1, the Kolmogorov-Smirnov test with 100 splits has greater
power against the null than the test with only one split even with § equal to only 1.4, and
remains larger as § increases. With p = 2, the Kolmogorov-Smirnov test has greater power
than that of the one-split test when p = 2 and § > 2.0. As discussed by Simar and Wilson
(2020), the tests based on a single sample-split can yield different results with different splits
of the same sample, but with 1,000 Monte Carlo trials we obtain an estimate of the expected
rejection rates. With only one split, the tests are too aggressive and over-reject, but with
100 splits, we obtain conservative tests that have good (i.e., useful) power, often with greater

power than that achieved with a single split.

8 Empirical Illustration with Real Data

O’Loughlin and Wilson (2021) examine the efficiency and productivity of municipal gov-
ernments in the U.S. using data from 1997, 2002, 2007 and 2012. O’Loughlin and Wilson
specify a single input, total current operating expenditures (reported in the Annual Survey
of State and Local Government Finances) so that p = 1. Their paper specifies ¢ = 6 outputs,
namely total population, total charges for sewerage and waste management, the reciprocal
of the total crime rate, total land area (in square miles), total building permits and the
employment rate. The authors note that their specification of outputs reflects the wide va-
riety of goods and services provided by municipal governments, and that their input-output
specification is similar to other studies that examine the efficiency of municipal governments.

Among their results, O’Loughlin and Wilson (2021) find compelling evidence from the test
described by Daraio et al. (2018) that the frontiers faced by municipalities in the U.S. differ
across years as well as four broad census regions (Northeast, Midwest South and West,

represented as regions 1, 2, 3 and 4, respectively; see O’Loughlin and Wilson, Figure 1).
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In addition, O’Loughlin and Wilson find evidence of non-convexity of the production sets
in various region-years using the test of convexity versus non-convexity developed by Kneip
et al. (2016) using multiple sample splits with the bootstrap method described by Simar and
Wilson (2020). The authors note that the evidence is mixed, but among 96 different tests,
convexity is rejected at the 10-percent level in more than 30-percent of the cases. Moreover,
some of the region-years have small sample sizes, e.g., 72 to 95 observations in Region 1,
and this may cause the tests to have low power. Given the evidence against convexity of
production sets faced by U.S. municipalities, O’Loughlin and Wilson (2021) were unable
to examine returns to scale since the test of constant versus non-constant returns to scale
introduced by Kneip et al. (2016) is valid only if the production set is convex.

We revisit the O’Loughlin and Wilson (2021) study in order to test constant versus non-
constant returns to scale and to estimate Malmquist indices in order to examine productivity
changes over time in each of the four census regions. O’Loughlin and Wilson specify a
single input corresponding to cost, measured by total current operating expenditures, and
6 outputs designed to measure services provided by municipal governments. Similar to
O’Loughlin and Wilson, we exploit the high degree of collinearity among the outputs to
reduce dimensionality of the problem using eigensystem methods discussed by Daraio and
Simar (2007) and Wilson (2018). In particular, we use eigensystem methods to decompose
the moment matrix for four outputs (total charges for sewerage and waste management,
the reciprocal of the total crime rate, total building permits and the employment rate)
and to replace these four outputs with their first principle component. These four outputs
are substantially collinear; the ratio of the largest eigenvalue to the sum of the eigenvalues
obtained from their moment matrix is 0.9974. Simulation results provided by Wilson (2018)
suggest that in such situations, dimension-reduction is likely to results in an improvement
in mean-square error when using FDH estimators to estimate efficiency. We retain two
of the original output variables—population and land area—in addition to the reduced-
dimensional output. After eliminating observations with missing values for one or more of
the variables, 648, 730, 746 and 800 observations for 1997, 2002, 2007 and 2012 remain
(respectively), for a total of 2,924 observations, and we have p = 1 input and ¢ = 3 output
quantities. See O’Loughlin and Wilson (2021) for further discussion of the variables and

data sources.
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Using the data and the test developed above in Section 6.1, we test constant versus non-
constant returns to scale for each region-year while allowing for non-convex production sets.
For a given region-year, we randomly split the sample 100 times. For each split, we compute
the test statistic 71, in (6.5) and find its corresponding p-value. We then use these values to
compute the statistics 7, and K, in (6.13)-(6.14), and we use the bootstrap idea of Simar
and Wilson (2020) with the smoothing modification discussed above in Section 6.1.3. We
conduct the tests in each of three directions, i.e., input, output and hyperbolic directions.

The results of these tests using the hyperbolic direction are shown in Table 4. Table
4 shows that the null hypothesis of CRS is rejected in favor of non-CRS in each of the 32
tests, Working in the output direction yields similar results, with CRS rejected in each case.
Using the input direction, CRS is rejected in favor of non-CRS in 25 (78.1 percent) of the
32 tests, but we fail to reject at .1 or better in the remaining 7 cases. In the input direction,
both tests reject CRS in 11 of the 16 region-years, and in only two cases—region 1 in 2012
and region 2 in 1997—neither test rejects CRS. As noted by O’Loughlin and Wilson (2021),
failure to reject the null should not be construed as evidence supporting the null. Overall,
the results provide substantial evidence against CRS.

In order to examine changes in productivity, we estimate Malmquist indices using the
hyperbolic CFDH estimator. The results of our returns-to-scale tests discussed above in-
dicate that the slower, non-CRS convergence rate of n!/(P+7=1/2) should be used instead of
the faster, CRS rate of n'/P*9=1) for making inferences. Table 5 shows results for geometric
means across municipalities for our estimated Malmquist indices for pairs of years in each
of the four census regions. Note that the data used by O’Loughlin and Wilson (2021) con-
stitute an unbalanced panel. The third and fourth columns of Table 5 give the numbers of
observations in each region-year, while the fifth column gives the number of municipalities
observed in both years for each pair of years considered. As discussed in Section 6.2, for a
given region-year, we estimate the Malmquist index for each observation observed in both
periods, and we use all of the available observations to do so.

The sixth column of Table 5 gives the geometric means of estimated Malmquist indices
in each region-year, and the seventh column gives the jackknife estimate of bias. The last
two columns in the table give lower and upper bounds of estimated 99-percent confidence

intervals. Recall that the Malmquist index equals 1 when there is not productivity change,
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and is greater than (less than) 1 when there is an increase (decrease) in productivity. To
interpret the values shown in Table 5, note that a value a > 1 of a geometric mean of
Malmquist indices indicates that productivity increased by 100 x (a — 1)-percent between
the relevant pair of years, while a value a < 1 indicates that productivity declined by
100 x (1 — a)-percent.

Only two of the geometric means in Table 5 are less than 1, while all the others are
greater than 1. For the two means that are less than 1, the upper bound on the correspond-
ing 99-percent confidence interval estimates is also less than 1, suggesting that the declines
in productivity for regions 1 and 2 during 2007-2012 are statistically significant. The period
2007-2012 corresponds to the Great Recession in the U.S.; and so it is perhaps not surprising
that some regions suffered declines in productivity among municipalities due to the reces-
sion’s effect on demand for services and on revenue). For all of the means that are greater
than 1, the lower bound on the corresponding confidence interval estimates are also greater
than 1, again suggesting that the increases in productivity are statistically significant. For
the entire period examined by O’Loughlin and Wilson (2021), 1997 to 2012, the geometric
means reported in Table 5 indicate that productivity increased by 7.79 to 18.35 percent on
average among municipalities in each region. However, these estimates are biased downward
as indicated by the bias estimates in column 7 of the table; the lower bounds on the estimates
for the 15-year period 1997-2012 indicate that productivity increased by much more than

indicated by the geometric means.

9 Summary and Conclusions

As noted in the introduction, a number of papers have used the test developed by
Kneip et al. (2016) to test convexity of production sets, leading to rejection in favor of
non-convexity. Until now, empirical researchers whose data reject convexity have been un-
able to test CRS versus non-CRS nor to estimate and make inference about productivity
change using Malmquist indices. The paper provides the tools to do so.

We derive the asymptotic properties of the conical FDH estimator of distance to the
boundary of the cone spanned by a possibly non-convex production set. We use these re-
sults to establish CLTs for means of these estimators over sample observations. Monte-Carlo

experiments confirm the asymptotic approximations are useful for estimating confidence
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intervals in finite samples. We illustrate the use of our CLT results by analyzing the pro-
ductivity of U.S. municipal governments, where convexity is rejected in most region-years.
We find that the CRS assumption should be rejected, and this provides information needed
for making inference about productivity change using Malmquist indices. We estimate con-
fidence intervals for geometric means of Malmquist index estimates for various region-years,
and conclude that on average, U.S. municipalities significantly increased their productivity
in providing local public goods except in two regions during 2007-2012. Our analysis serves
as a useful template for how applied researchers might proceed when confronted with data

that reject convexity of production sets.
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Table 1: Coverages of Confidence Intervals for E(0c(X;,Y;))

Oc(X,.Y;) Oc(X,,Yr)

q n 090 095 0.99 0.90 0.95 0.99
1 100 0.857 0.914 0.977 0.823 0.884 0.963
200 0.857 0.917 0.974 0.832 0.900 0.961

500 0.875 0.934 0.986 0.865 0.920 0.981

1000 0.884 0.944 0.990 0.866 0.934 0.982

5000 0.895 0.945 0.991 0.888 0.942 0.986

10000 0.900 0.953 0.994 0.897 0.944 0.993
100000 0.895 0.961 0.993 0.894 0.956 0.993

1 100 0.844 0.919 0.980 0.792 0.872 0.957
200 0.859 0.929 0.984 0.807 0.885 0.967

500 0.877 0.930 0.979 0.854 0.911 0.972

1000 0.871 0.928 0.987 0.849 0.916 0.980

5000 0.890 0.944 0.985 0.890 0.933 0.983

10000 0.882 0.934 0.986 0.880 0.928 0.987
100000 0.889 0.938 0.993 0.887 0.939 0.993

1 100 0.862 0.926 0.981 0.676 0.753 0.894
200 0.879 0.936 0.988 0.714 0.805 0.916

500 0.882 0.939 0.988 0.796 0.869 0.955

1000 0.887 0.936 0.989 0.825 0.915 0.974

5000 0.903 0.965 0.992 0.893 0.945 0.991

10000 0.885 0.940 0.984 0.874 0.929 0.980
100000 0.919 0.963 0.994 0.919 0.962 0.994

1 100 0.835 0.917 0.986 0.570 0.683 0.849
200 0.849 0.923 0.984 0.565 0.689 0.853

500 0.904 0.955 0.990 0.616 0.721 0.901

1000 0.891 0.945 0.988 0.643 0.768 0.909

5000 0.896 0.951 0.994 0.771 0.866 0.959

10000 0.908 0.953 0.991 0.826 0.902 0.968
100000 0.868 0.922 0.986 0.847 0.903 0.976

1 100 0.841 0.910 0.987 0.589 0.679 0.835
200 0.881 0.935 0.989 0.587 0.702 0.856

500 0.896 0.944 0.992 0.514 0.654 0.837

1000 0.908 0.960 0.995 0.551 0.656 0.837

5000 0.888 0.945 0.990 0.581 0.695 0.860

10000 0.890 0.942 0.989 0.608 0.728 0.894
100000 0.892 0.936 0.988 0.749 0.849 0.951
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Table 4: RTS Tests for U.S. Municipalites by Year and Region, 100 Sample Splits, Hyper-
bolic Orientation

Region 1997 2002 2007 2012

—— Average Statstic

1 1.2021 7.2983 1.5132  6.2097
0.0000 0.0000 0.0000  0.0000

2 6.8972 9.6692 9.1267  0.3357
0.0000 0.0000 0.0000  0.0000

3 9.8795 0.2759 8.8284  5.1745
0.0000 0.0000 0.0000  0.0000

4 1.1994 0.3102 0.9384 0.5167
0.0000 0.0000 0.0000 0.0000
KS-test

1 0.9997 0.9781 0.9976  0.9792
0.0000 0.0000 0.0000  0.0000

2 0.9932 0.9992 0.9998  0.9959
0.0000 0.0000 0.0000  0.0000

3 0.9986 1.0000 1.0000  1.0000
0.0000 0.0000 0.0000  0.0000

4 1.0000 1.0000 1.0000  1.0000
0.0000 0.0000 0.0000  0.0000

NOTE: Each cell gives the value of the test statistic (top) and the corresponding p-value
(bottom).
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Table 5: Geometric Means of Malmquist Index Estimates for U.S. Municipalites by Year

and Region

Geometric Bias Lower Upper

Region Years ny Mo n Mean Estimate Bound Bound
1 1997-2002 90 75 64 1.0431 -0.3965 1.3606 1.5187
1 2002-2007 75 74 62 1.0492 -0.4266  1.4024 1.5492
1 2007-2012 74 72 63 0.9919 0.0511  0.8976 0.9839
1 1997-2012 90 72 52 1.0779 -0.7328  1.6911 1.9304
2 1997-2002 122 158 83 1.0843 -0.7667  1.7671 1.9349
2 2002-2007 158 160 114 1.0430 -0.3885  1.3657 1.4975
2 2007-2012 160 200 140 0.9874 0.1025  0.8030 0.9669
2 1997-2012 122 200 68 1.1197 -1.0469  2.0662 2.2671
3 1997-2002 200 289 179 1.0669 -0.6048 1.6150 1.7283
3 2002-2007 289 288 257 1.0638 -0.5741  1.5779 1.6980
3 2007-2012 288 299 273 1.0081 -0.0791  1.0421 1.1322
3 1997-2012 200 299 165 1.1286 -1.1343  2.1722 2.3536
4 1997-2002 236 208 119 1.0598 -0.4788  1.4612 1.6158
4 2002-2007 208 224 193 1.1035 -0.8730  1.8921 2.0610
4 2007-2012 224 229 213 1.0117 -0.0913  1.0560 1.1500
4 1997-2012 236 229 114 1.1835 -1.4466  2.4962 2.7639

NOTE: Lower and Upper Bounds are from estimates of 99-percent confidence intervals.
Numbers of observations in periods 1 and 2 are given by n; and ns, and the number of
municipalites observed in both periods 1 and 2 is given by n.
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Figure 1: Function g(¢ | 0) used to Simulate Data
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NOTE: The function g(¢ | 0) defined in (7.1) is plotted for 6 = 1.0, 1.4, 2.0, 2.8, 4.0, 5.5, 8.0,
12.0 and 18.0. With § = 1, the function is linear, and becomes increasingly non-linear as
increases.
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Appendix A: Proofs

A.1 Proof of Proposition 3.1

First assume that X, N S;** = (), and choose some arbitrary ¢ € {1, ..., n}. There
necessarily exists some j; € {1, ..., ¢} such that
Yy _ Yy,

min = —=", and hence z(ji) > @éji),

J=1 - 4 Yoj Yoy

. . Yijyoj, ‘TO .7;/0 1
since min,;— t = 1. Then (X;,Y; 70 implies
since N en ( i) & S;, plies

Xij \ Y.
2o Zo; ( )Z/Oﬁ T (%0, dhnin"yo) = ( )yoj'i c (o, o)

and consequently

man:L Xz]] ( +5) jlec(ﬁo,yo)

Py Yoj
. YOJ > OY” = (14 6)fc(xo, yo)
MIM=1, .., q yor ﬁ
. .. . . . maxj=1, ..., P Tos
Since 7 is arbitrary, we then obtain 0c(xo, yo) = min;—y, _, — > (1406)0c(xo, yo)-
ming—=1, ..., ¢ E
Now assume that there exists some ig € {1, ..., n} as well as some j € {1, ..., ¢} such

that (X, Y,) € S55*. Since then }N/Z»((]j) > %j) we have

Yioiyo; Yia Yy
min —=22 =1, and hence min —% =
=1, ..., q QOIY;O]' =1, ...,9 Yor y0]

Moreover, X;, < (1+ 5)W9($0’ a; "% yq)xo, and therefore

Y03 Unin

- maxy, 8 (L4 8) (0, dyi o)
9(}(.1’0, yO) S . Yiol < mw;/i(]j - (1 + 6)9C($07 yO) u
mily—q, ... ¢ o1 Yo,

A.2 Proof of Theorem 3.1

For the Proof of Theorem 3.1 we will need some additional notation. Recall that x(k 1,
and let Z k denote the (p — 1)-vector a:(_k,z = (x1/xy, ..., wja/zj /T xp)n)T
Similarly let §Y) := (1/v5, -, Y51/Y5Y541/Ys - Ya/U3) T

“If p = 1 one may set x(k,z =0, as well as y 79 =0 if g = 1. In both cases all terms depending on the

respective quantities simply cancel out in further analysis. This will go without saying.
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Consider an arbitrary point (xg,yo) be a point in D. We first analyze the probability
Pr((X;,Y;) € S5°%) for small § > 0.

Recall that S5 = Jj_, 555", We first split the sets S55* into p different subsets
defined by the variables z; and zU). For any x there obviously exists some k € {1, ..., p}
such that max;_;. ,,,’p;—;l = ;ETkk Then 70 < 5((]k), and (z,y) € S’x“’y" if and only if z;, <

1446 W@ 20, a5 y0))xor. In other words, (z,y) € S;%¥ if and only if there exists
min d,j
some k € {1 .+, p} such that (z,y) € S577"), where

Ssgk = {(‘E y) € ]z < (149) ,axF 55 0(xo, aloye)zgr and 37X < 7Y, §U) > %j)}'

07 %min
(A.1)
Since an observation is in S5 if minj—y, 4 Ya = Y maxy_,, ., Xt = Xu and Pr(X =
Y % You Yoy P oxg Tok Y0,
Jos) = 0, Pr(gee = ) = 0 for j # ", k # &, we have
q P
Pr((X;,Y;) € S5°%°) = ZZPT((X“Yi) c Sgcg w) (A.2)
j=1 k=1

Note that for § = 0 the set S5*% only contains the boundary point (xf,y5) =
(6(z0, a0 )0, aZ5%yo) € D* with 5™ = " and g3 = i for all k, j.

Now choose some arbitrary j, k, and for recall the definition of gz (Z*,y), k=1, ..., p,
n (3.4).

Now let [z]; := 2z for z > 0 and [2]; := 0 for z < 0, and set

Th‘k(da yj) = [(1 + 5)710%9(150,@2{302/0)95% - 9(350, yjyo)%k}
+

yo] min ij
k
o (R e R DR R )
7 man +
= 79, z0.a%0Y = 0(z ,y—j_y )@ 20NV
By assumption, blao, mggoyc’gy Jror (o, ";E;)},"EO‘UO) ok Oyit}fyoj ®o X O;z_ﬂ/ﬁj) % and thus

7?20 7 gk(:zjgk), a, %%y, ]%j)) < gk(xok),y]yo ) if y; # a,ii®yo;. Hence, for all y; we obtain

Yoj @,y

n]k(é y]) =0if 6 =0.
Furthermore, for (X;,Y;) with Y;; = y;, Xi(k) < J:O , and Y “{J) the asserted mono-
tonicity of the boundary implies that

X > 0(X,,Y) X, = gk()?i(k)ayi) = gk()?i(k),?/ji(j)) > 9(330 7yj%]))'
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At this point we need some additional notation. Recall that f,(ck) = 1, and let k)
denote the (p — 1)-vector E(_k,i D (x )z, oo, mjoa/xpwia/Tg .. xp/x;)T. Similarly let

0 = Wi/ s 91 Y5 Y51 /Y Yalyp) T
For given y; (in some small neighborhood around a,,;2°yo;) consider the conditional dis-

tribution of (X, Y(] ) given y;. This defines a reduced problem with p inputs and ¢ — 1
outputs. This distribution is characterized by a conditional density f(z, y ]yj), which by

our assumption is also twice continuously differentiable. Since %yo = y]% , the above

arguments lead to

m(d,y;) = Pr (XivY%) € S| Yig = yj)

=P (Xik =1+ 5)m9($07 a0 yo)aor, and X < 70, ¥ > 57| vi; = yj)

= Pr (Xip < 9@ i35") + min(6,95) and X <30 V9 = 50| v = ;)

-/ e (1 = 9@, 4,59 < G 15367) = 9@, 359) + s 6,) ) S @,y ) dady,
(A.4)

where D(mo ,%ﬂ)) = {(z,y) € D| 7 < x( g0 > %j)}, and where I(-) denotes the
indicator function. With f;(y;) denoting the marginal distribution of the random variable

Yi;, the probabilities of interest are then given by

P«&JDGWW%—/M&Mﬁ%Mw (A5)

We first analyze the conditional probabilities 7 (9, y;). Obviously,

I(zg, — gi@3®),y,;59) < 9@y 38 — g @®, y;59) + (6, v ) =
it 9@, y;55") — gk (@EP), 4 79)) < —nmi(8, vy) (A.6)

Now consider small values of ¢ resulting in a very small 7;%(5, ;) > 0. Let Df, denote

the (p — 1)-vector of partial derivatives of of g(z®,y;5")) with respect to gk ) evaluated

at (mo k) yﬁ;éj )) Analogously, let D, denote the (¢ — 1)-vector of partial derlvatlves of of

gx (W, y,;5)) with respect to g}“ ) evaluated at (a:(() ), y]%] )) By Assumption 3.1 all entries of

D(z,z are negative, while all entries of D(‘ are positive. Furthermore, absolute values are uni-

formly bounded from below. A Taylor expansion of g (z®,y,;5)) at the point (xé ), y]%] ))

8If p = 1 one may set 5@,2 =0, as well as g"/ﬁjj) = 0if ¢ = 1. In both cases all terms depending on the

respective quantities simply cancel out in further analysis. This will go without saying.
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then leads to

9@, 4355) — ge@®, y;5D) + (DE )T @5~ 7 ,) + (DY, > <~<f; 7))l
ga(n%( — TP+ 15 = 55112, (A7)

— g (

where due to Assumption 3.1 as well as compactness of D* the constant 0 < C < oo may

be chosen independent of (xg,yo). For E(k,z + 5(k , With = 7 v < m( ) k we necessarlly have
. k) ~(k :

(Dg )T @Y —7,) > 0, while (DY,)T(GY) — @f; j) >0 for V) # 55) with gV) > 5§ .
It is now useful to re- parameterize X, by using the non- negatlve random varlable & =

xzk—gk(X ") ,Y;) together with X( k Obviously, X; (@—ng(X(k),Y;))X(k The density f

implies a conditional density f(£,7 i k, ) g )\yj) of the random variables (fz,Xl(k e Y U )j), and

by our assumptions also f is twice continuously differentiable on its support. For d>0
define

Tor — Ym — Yo,m
Dk() {(fiﬂ ])|€<d0< Sd’()gzi’éd
’ |(D0,k)l| (Do,k)m
foralll=1, ..., pl#km=1...,q,m# j} (A.8)

The sets Dy;(d) have Lebesgue measure proportional to d?+4~!. Furthermore, for sufficiently
small 7,(d,y;) > 0 one can infer from (A.6) and (A.7) that in (A.4) the set of all (z, y) which
a) contribute with a positive indicator function and b) satisfy (z;, — gr(z®, 5), 7*) 50)) ¢
75kj(77jk(67 y;)) have Lebesgue measure proportional to 7;(, y;)* .

Relying on additional Taylor expansions of f, for all sufficiently small nix(0,y;) > 0 we

thus arrive at

T ~(k ~(k j
)= [ 1(e<-0E)TEN - - DLTEY) - 3L + nan(6iny))
D (1 (8.95))

F(&FN 5 | yy)de di) dg¥) + O(min (8, 3,7 )
= [ 1(e=-@50TEY - 30 - DEOTEY - T + a6

Dij (1 (5,95))
FO.7 555 1 vy) de dz®) dg) + O(ni(6,,)7+)
= Mij ()58 (8, 97 )P4 + O (i, )P ), (A.9)
where
M) = [ (6= ~0E)T@EE - T, - (DTG - ) + naw)
Dy;(1)

F0,707 1 5 | yy) de a7 ag?).
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We want to note for further use that by our assumptions all second order terms bounded
by O(n;x(0,y;)P) converge uniformly for (xg, o) in the interior of D and y; in a neighbor-
hood. Moreover \y;(y;) is a smooth, analytical function of Df ;, Dg ., and (0, %gik, %ﬂ)ﬁ [y;)-
Since D* is compact, Df ,, D ., and ]7(0, Eg’f_k, @éj)_]|y]) are bounded from below. Therefore,
Aij(y;) is a twice continuously differentiable function of y; which is uniformly bounded for
all (zg,yo) in the interior of D.

It remains to analyze (A.5). Therefore, let us first consider the structure of 7;(d,y;)
~(9)

in more detail. Assumption 3.2 together yy = ;45  and smoothness of g; imply that
#00) () #(0)
2 (U)o, = 2 (WO, = 0,00 hence
0w 9u(F”, i yo )
3y e VI Nymasmoun, = = (A.10)
. 2k j 9~k j
Abbreviate Df, = g—ngk(:cé )vy%])”y:af,?jjoy()j and Df, = ;—Zﬁgk(azé )Elg%ﬁ |‘:31:a:r?iﬁoyoj‘ By
~ j

(A.10) and definition of 7;(d,y;) in (A.3) a Taylor expansion of g,(zy’,yy; ) around y =

a0y, then leads to

~(K) om0,  ~j)
~(k z0, j 0, gk(x » Qin Y03Y )
(8, y5) = [00 @, a0 yo; 55 ) + 0 (y; — aloioyos) PO min 20570

amin ij
2 3
DO,k DOJ{?

- Wi i yos)* — & Wi~ apinyo;)’ + Ry — apin®yos)] ., (A11)

where the remainder term satisfies |R(y; — aroi2yo;)| < Ca(y; — aroi® yo;)* for some 0 < Cy <
oo which may be chosen independent of (g, ). From Assumption 3.2 and compactness of D*
it also follows that that there are constants 0 < C5 < C* < oo such that 0 < O3 < @ <C
for all (o, yo). Moreover |D§ | < Cs for some 0 < C' < oo which may be chosen independent
of (zo,yo). For all sufficiently small § (A.11) implies that there exists some 0 < Cg5 < 00
such that

mie(6,y;) =0 if y; — @iy & [—Co,s0'%, Co56"7), (A.12)
As & — 0, the smallest Cgs fulfilling (A.12) will satisfy Cos = Chyaoye) + O(0),
~(k) 0,y ~3)
where Ci.(so40) = \/ 2060 i Vi) and p(8,y;) = O(6%2) for all y; — a™Pyy; €
0,k

[=C6.6, —Chsaowo)] O Yj — in Y05 € [Chis(ao,0)s C6.6]
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Obviously, 1;,(d,y;) < Cr6 for all y;, where again the constant C7 may be chosen inde-
pendent of (x¢, o). Hence, when combining (A.12) with (A.5) and (A.9) we obtain

Pr((X;,Y;) € 5;3’%())—/W(&yj)fj(yj)dyj

= /\kj( nfggoym +u )njk((S, W?ngoyo] + U)P-i-q_lfj( ::&730310] + u)du + O(5p+q+1/2)
[—Cé,561/2,C6,56%/2]

s (@it yog + w0, aniit®yoj +w)P I f (o

+q+1/2
Y 'man m'm yO] +u)du+ 0(517 1 / )
[_C’C;(mo790)61/2’Ck;(moyy0)51/2]

(A.13)
where all second order terms bounded by O(67+771/2) converge uniformly for (z, 1) in the

mterior of D. We now proceed by a Taylor expansion of n;(

(5Qk( q0Y0 %J))

8, a,2y0; + u)PT41 around
xO » Amin Y0o5Y0

—Ey?)P+a=1 . Note that for any constant C' > 0

D,
5gk( (k) 20,90 %J)) 0,k 2

ptg-1
Ty, Qoin Yo Yo 2u) u'du=0forr=1andr =3,
[~C81/2,081/2)

D2
5gk(~(’€) T0,%0 “(J)) 0k 2

p+q—2
Lo "5 Cpin Yoi3Y 2“) u'du=0forr=1andr=3.
[7051/2,051/2]

Additionally, using Taylor expansions of \;(a, 2

a, ¥y, some straightforward computations lead to

Pr((X;, ) € S§o1)

D2 pt+q—1
) bl Ok 2 )
= N (0390, (6gk<mé>, apsintwody) = = ) Filaniyo;)du
[*Ck;(xo«yo)él/chk;(mo,yo)él/z]

O(5p+q+1/2)

= 2£5(a% % 0;) M (2232 50, g1 (757, 2200 G5 P O g oy 792+ O(8779FY/2), (A.14)

=:Akj(z0,%0)

Since (A.14) holds for all k, j, and since convergence of the remainder terms is uniform in
(20, Y0), we finally arrive at

Ty — PI'((Xi, Y) S SIO,Z/O) = )\(.I'() y0)5p+q—1/2 + Rg,

P q
where \(xq, yo) Z Z i (2o, yo) and Rs < Cy grtati/2 (A.15)
k=1 j=1
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for some constant Cy < oo which may be chosen independent of (zg,4p). Also note that
by our assumptions on g¢;, f and compactness of D the values A(zg,yy) can be uniformly
bounded from below.

We are now ready to consider the distribution of our estimator (/9\0(1‘0, Yo). For arbitrary
0> 0let 9, := Sn~ #7177 . We can then infer from Proposition 3.1 that

é\C(:E»y | Xn) T
Pr| ———> <146, | =Pr(X, NS> £ A.16
( 90(560, yO) = ( on 7& ) ( )

Note that (A.15) implies that for 4, = Sn”~ 717 we obtain nRs, < ngnfpﬂlflﬂ. Since

the observations (X;,Y;) are i.i.d. we can conclude from (A.15) that
Pr(X, NnS;»" #0)=1—(1—m75,)"

=1- (1 — Ao, o)

or+a=12 L nRs \"
n

p+q—1/2
= 1~ oxp (A2, 90)d" "2 + nRy ) + O (M%a go)7 7 + nRan)

n

=1 — exp(—\(z0, 40)0P 1) (1 + Ry s ) where R 5 < Coby, 77172
(A.17)

for some constant 0 < Cy < oo. Setting Ay, = )\(mo,yo)P+q1—1/2, Assertion (3.11) is an
immediate consequence.
Let us now consider the mean of é\c(xo,yo) in more detail. First note that (A.16) and

(A.17) can be rewritten in the form

Pr <§c($o,yo | X,) — Oc(xo, yo)

1
< dn rra—1/2 =1 — exp(—X\(xy, 5p+q—1/2 1+ R*
Oc (o, Yo) - )> P(=A(20, o) ) )

(A.18)

Let A, = (%)Pﬂl—m and recall that ac(xo,yo) < Opmaz 1s bounded. Therefore, for

any integer K
> K 17 K — T3
E (Bowo,yo | X)" 1@c(ao,u0)" = An” 75-72))
< Hrlr(uzx Pr <§C(I07y0 ‘ Xn) > C(l‘o, yO)(l + Annimﬂil/z))

= 08501 = P (Bo(wo, 30 | ) < Clao, yo) (1 + Ay 777 72)) )
= exp(~(log n?)(1+ R ims2) = O(n™?) (A.19)
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For an arbitrary integer M define §, := 0, as well as §; := %, Ojm 1= 5]_”*”,11,1/2 for
j=1, ..., M, and let again k = p+ q — 1/2. 0c(xo,yo) is a continuous random variable,
and by (A.18) as well as (A.19) we obtain

Z dj_1, n —exp(—A(xo, yo)éf)(l + R;(;j’n) + exp(—A(xy, y0)5 DA+ R Gy, ))

E (Qc(ﬂfo,yo | X,) — 90($0,y0)>
<
- Oc (o, yo)

NE

< 5j7n(—(exp(—)\(3:0, y0)5 )(1+ R ) + exp(—A(xy, y0)5 DA+ R S5 n))

O(n™?) (A.20)

+ .

When analyzing the terms in (A.20) note that

Z 8 (—(exp(=A(wo, yo) 05 ) Ry 5.+ exp(—A(wo, %0)05 ) Ris. )

M—1
= (5j+1,n—5j,n)eXp(—/\($0,yo)5H) +A exp(—A(wo, yo)Ay) Z,An
j=1
M—1 . .
An -2 An K An
<G S F exp(=Alwo, o) (1)) )

= o [ Buexp(oAo ) (8 o) e+ O(52)

2

An An
=Cgn™ = / exp(—A(zo, yo)x™)x"dx + O(—-)
0 M
= O(n—g)+0(ﬁ) (A.21)
= ik .
By similar arguments,
M
Z 5j—1,n((eXP(—)\(xo, yo)(sf)RZ,a_j,,t — exp(—A(wo, ?/0)5?71)RZ,5J_1,”)
2 A
= % —_y. A.22
(%) +0(52) (4.22)
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On the other hand,

Z‘SJ” — exp(—A(wo, Y0)07) + exp(—=A(wo, Y0)37 1))

=n = Z/ Ao, yo)x (eXp(—)\(xo, yo)x”))dx + O(ﬁj)

1 A,
= )\(xo,yo)_gr(l + ;)n_; -+ O(M) (A23)
as well as
25] L (= exp(=A(wo, 40)5) + exp(—=A(zo, %0)d7_1))
= X( 401+ Lyt 4+ oL A24
= Alwo,0) FT(1+ ) +0(32). (A.24)

Since M is arbitrary, (3.12) follows from (A.20) - (A.24).

Additionally note that (A.19) also holds for K = 2. When multiplying probabilities with
E (B (20,50 Xn)—0c (z0,90) )
5]27 and 62

respectively, can then be analyzed by a straightfor-

J=ln fc(z0,90)? v )
ward generalization of the arguments in (A.20) - (A.24), leading to E<GC(IO’ZZ‘2;);3§(Io’yon =
n=xA(zo, yo) * (1 + 2) + o(n==). Assertion (3.13) is an immediate consequence. ]

A.3 Proof of Theorem 3.2

In the following it will be necessary to distinguish between points (z,y) lying in the
interior and on the observable boundary of D. Let 0D denote the boundary of D | and for
h > 0 define

W(h) = {(xo,yo € D‘ max |— — 1| <hor max ]ﬂ — 1| < h for some (z,y) € 817}
1.0 Zok =L qa Yoj
(A.25)

For any h > 0, all points in D\W(h) are obviously elements in the interior of D. Recall
that A(z,y) is uniformly bounded from below, and select some constant b > 0 with b >
Az, y) for all (z,y) € D\W(h). With h,, = n((logbn )» the results of Theorem 3.1 thus
apply to all (z,y) € D\W(h,), since a distance of order h,, from the boundary guarantees
that the approximations in in (A.20) - (A.23) hold uniformly for all (x,y) € D\W(h,).
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Since additionally 0¢(x,y) are bounded from above, we can conclude that there exists some

constant 0 < g < oo such that for all sufficiently large n and all (z,y) € D\W(h,,)
~ 1
This immediately leads to

E (%(Xi,yi | X,) — 0c(X,, V)

(X, i) € D\W(hn))

—F <GC(X1-, YOMX:, Y:) " *| (X0, Y)) € D\W(hn)) r(1+ %)n*% L Op(nF).  (A27)

For any (z,y) € W(hy,,) let (24, , Un,) € D\W(h,) denote the element in D\W(h,,) closest

(|1

Tk
By Assumption 2.4 (iii) this minimal distance is of order h,, for all (x,y) € W(h,). Since

to (z,y), i.e. possessing the minimal distance maxy_;, |

ceey

D is compact and the frontier function is twice continuously differentiable, there exists a
constant 0 < C1; < oo such that

0c(z,y) — Oc(Th,, In,)| < Crrhy, (A.28)
Obviously,
min “nd max i Thn
T oy o j=1,..,p i . =1, ..,p Thnj Zj ~
Oc(Zh,s Yno, | Xn)m < in T Va s clr,y | &)
j=1,..,q Yi j=1,...,q Ihni Y
max hn,j
e o =1, ..,p i
< (T, Gn, | Xn)— (A.29)
min e
j=1,..,q Yi

Since (Zp,,, Un,) € D\W(h,) we can infer from (A.26), (A.28) and (A.29) that there exists a
further constant 0 < C15 < 0o such that

E (éc(x, n Xn)) — 0oz, y)| < Crohy  for all (z,y) € W(hy,) (A.30)
Since necessarily Pr((X;,Y;) € W(h,,)) = O(h,,) with we can conclude that

E (é\C(Xz’aYi | Xn)) =E (§C(Xi7Yi | )

(X,,Y)) € W(hn)) Pr((X:,Y;:) € W(hn))

+ B (Do(Xi, Yi | X,)|(X5, Yi) € D\W(hy) ) Pr((X:, Yi) € D\W(hy))

So that

E (Po(Xi, Yi | X,) = 00(Xi,Yi) ) = Con™% + O ((n~* (log n)* ) (A.31)
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with Cy = E <00(XZ,Y))\(XZ»,Y;)_%>. This proves (3.14). In a similar way, (3.15) follows
from the results of Theorem 3.1 together with (A.28) and (A.29).

It remains to show (3.16). Fori =1, ..., nlet X, _; .= {(Xg, Yi)| k=1, ..., n,k # 1}
denote the remaining sample of observations to be obtained when eliminating the ob-
servation (X;,Y;). For some 0 < b < b let hf = n_%((k’%#)%, and set p, =

E (@\C(XZ-,Y} | X,) — Hc(Xl-,Y;)). Since observations are i.i.d., we can infer from (A.29),
Proposition 3.1, and the arguments used in the proof Theorem 3.1 that if b* is sufficiently

small, then for all 4,7 =1, ..., n
Pr (s,)fy nx, = @) — O(n™?), Pr ((X], Y) € sg”) = O(n"(logn)?) (A.32)

E (é\C(XiaYi | X,) — 0c(X;,Y:)

(X, Y;) & 5p)

(X5,5) ¢ Si™) + Op(n™%) = (1 + Op(n ™)
(A.33)

= B (fo(X: Vi | X, 5) = 00(X;, Vi)

Note that (A.32) and (A.33) also apply for ¢ = j. For i # j, gc(Xi,Y- | X,,) and gc(Xj,Y} |
X,,) are thus asymptotically uncorrelated if (X;,Y;) ¢ S);j’yj and (X;,Y;) ¢ S,);Y’ We have
= O(n_%), and the above arguments imply that for all 4,5 € 1, ..., n, i # 7,

= B ((Bo(X,Yi | %) = 00(Xs, Vi) (0c(X;, Y5 | %) = 00(X;,75)) )

=F (E(@C(Xi,yi | X)) — Oc(Xs, ViNI((X;,Y;) ¢ S)ff’yi)

(X3, 5)) (Bo(X,, Y5 | %) = 0c(X;, V7))
4B (8000 Y0 | ) — 00X YD Bo(X5, Y5 | ) — 00X, V)| (%5,35) € S577) - Pr(x,,7;) € 507
(X3, 5)) (o (X5 Y; | %) = 0(X;,Y;)) ) + O((h)*n ™" (log m)?)

2(k+2)

+O((h)*n (log n)?) = 2 + O(n™ "% (logm) ) (A.34)

(x
= in E(I (X,.Y)) ¢ S

(3.16) now follows from COV (é\c(xi,yi | X,) — 00(X,,Y)), 0c(X,,Y; | X)) — 0c(X,,Y; | xn)> -
B ((Bo(X: Yi | X) = 00(Xs, Y)) 0c(X5, Yy | X) = 00(X,, Y | X)) =2 m

A.4 Proof of Theorem 4.1

Let (9, Yo be an arbitrary point in the interior of D. The proof relies on a straightforward
generalization of the arguments used to prove Theorem 3.1. Equations (A.1) and (A.2)

remain valid. Assumption 4.1 implies that W gr(@P a0y 79y = g (@, 4;55), and
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thus (A.3) becomes

njk(57 yj) = {( + 5)7%3,09(9007 aﬁf{ﬁoyo)x% - 9(3707 yjyo)%k]

Yoj Cmin Yoj +

k
[(1 + 5)w9k($é ), i Y0 J%]))

07 %min

gk(xé),yj%”)} = 0gi (@, y;05)
+
(A.35)

Probabilities 7(d,y;) = Pr(X;,Y;) € Ssart| Yig = y;) can now be analyzed similar to
(A.4) - (A.9) resulting in

7(8,y;) = Mej (y;)m (8, y;)PHI71 + O (6, ;)P H9)
= M (43) Ogr(@S, 067+ O((0gi (97, 55 )P H) (A.36)

whenever (yo_ywxo,y]@éj )) is in the interior of D. By our assumptions (compactness of

D*) there has to exist some 0 < ag”” < a7”% < oo such that (Wazg,y]% ) € D for

1 min
Z0,Y0
yj € lag

the interior of D we have a]

,a;”%], while (mxo,yjyo ) ¢ D for y; ¢ [ag”",a7”"]. For any (x¢,yo) in

10% — g% > d, where d corresponds to the constant defined in

Assumption 4.1 (i). Then f{(-, y;) = 0 and Ag;(y;) = 0 for all for y; ¢ [a;”?, a7**"]. For all

y; € € (ag o

Aij(y;) are well-defined and bounded from below. Different from the situation considered in

,aio"), (W%’ y]@é )) is in the interior of D and the corresponding values

Theorem 3.1 7;;(, y;) does not depend on y;, and hence

©0,Y0
ay

P YD € S = [ mE ) )
(;TO*yO
= N G TP s + O )
ag””

=: Aji(0, yo)d" 4 + O(577) (A.37)
We want to note that due to boundary effects even for very small § > 0 we may have that
7(6,y;) is considerably smaller than Ay;(y;) (0 gk(:co ,Yj %] ))p*q*1 for values of y; very close to
ag”” or ag”?*. But due to our assumptions this can only happen in suitable J-neighborhoods

of ag” or a;”” such that this effect is covered by the remainder term O(6?9) . The
remainder term converges uniformly for all (xg, y).

Similar to (A.15) we then arrive at

— Pr((X;,Y;) € S2%) = X(zo, yo)8" 9" + Ry,

P q
where = /\ (o0, Yo) Z Z Mij (20, y0) and Rs < Ch36P™¢ (A.38)

k=1 j=1
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for some constant C}3 < oo which may be chosen independent of (zg,). Also note that
by our assumptions on g;, f and compactness of D the values X(JL‘O, Yo) can be uniformly
bounded from below.

Based on (A.38) assertion (4.3) now follows from arguments similar to (A.16) and (A.17).
The asserted bounds (4.4) and (4.5) for mean and variance can then be obtained by a

straightforward generalization of the arguments in (A.18) - (A.24). |

A.5 Proof of Theorem 4.2

Using k = p+q—1 instead of kK = p+q—1/2, the proof follows from the same arguments

as those used in the proof of Theorem 3.2.
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