
ORDERED SETS IN HOMOLOGICAL ALGEBRA

TIM VAN DER LINDEN

1. Introduction

Historically, homological algebra grew out of algebraic topology, where one at-
tempts to simplify and solve problems involving geometric structures by associating
to them algebraic ones. Homological algebra then gives the calculus for extracting
the required information from the algebraic objects. Today, the subject also has
many applications in other areas of mathematics apart from algebraic topology, and
so one may want to begin studying homological algebra without necessarily going
through its geometric background. This is precisely what we will do in these notes,
which attempt to give a quick introduction to basic concepts and constructions
of homological algebra. Our approach here is inspired by a recent work of Marco
Grandis (see the two monographs [1, 2] for a complete exposition of his theory),
which bases the foundation of homological algebra on an interplay between Galois
connections between lattices of “substructures”, and “structure preserving maps”
between the “structures”. In fact, we slightly generalise the theory of Marco Grandis
to cover further examples where homological algebra has been applied/developed.
In this sense, our approach is new.1

2. Exact sequences

Homological algebra begins with the notion of an exact sequence of mathematical
structures. Our approach to exact sequences will be “fully general” thanks to the
fact that it makes use of ordered sets and Galois connections between them rather
than ad-hoc definitions in terms of elements of certain mathematical structures.

We work in the context of a category equipped with its subobject bifibration.
We shall see that certain simple conditions on the subobjects of the objects we
consider suffice to sketch a general picture of basic homological algebra, including
concepts such as exact sequence, chain complex, and homology of chain complexes,
and results as for instance the basic diagram lemmas, including the 3 ˆ 3 Lemma
and the Snake Lemma.

2.1. Categories. With the exception of certain exercises, no prior knowledge of
category theory is necessary to understand these lectures. It suffices to naively think
of a category as just a collection of mathematical structures of a certain type, which
we call objects, with the corresponding structure-preserving maps between them,
called morphisms. There is a composition of morphisms (the “usual” composition
of structure-preserving maps) which is associative and any object admits an identity
morphism which acts as a left and right identity for the composition.

We shall be mostly interested in the following categories:
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(a) modules over a ring R, and module morphisms between them;
(b) vector spaces over a field of scalars, e.g. the field R of real numbers, or the

field C of complex numbers, and linear maps between them
(this is actually the same as (a) in the special case where the ring R there
is a field, i.e. every nonzero element has a multiplicative inverse);

(c) abelian groups, and group homomorphisms between them
(this is (a) for R “ Z);

(d) non-abelian groups, and group homomorphisms between them.
In fact, the approach sketched here is general enough to include many other types
of mathematical structure. To name a few: non-unitary rings, associative (non-
unitary) algebras, Lie algebras, crossed modules, topological groups, loops, and
sheaves of abelian groups. And even when the theory is not fully applicable, it is in
any case worth finding out what the concepts mean for your favourite mathematical
structures.

2.2. The subobject bifibration. Given an objectX we shall consider the ordered
set SubpXq of its subobjects, ordered by inclusion of subobjects. Once again, instead
of defining what subobjects (or inclusion of subobjects) are, we consider them
abstractly, having in mind that for familiar mathematical structures we can take
them to be the “substructures” (and “inclusion of substructures”) in the usual sense.

A structure-preserving map between mathematical structures normally induces
a Galois connection between the ordered sets of substructures of these structures.
Similarly, in our abstract treatment we assume that a morphism f : X Ñ Y between
two objects X and Y , is given together with a Galois connection

SubpXq
f˚ ,2 SubpY q
f˚
lr

where f˚ is called the direct-image map, and f˚ is called the inverse-image
map. We assume that the process of assigning f˚ to f is functorial, so p1Xq˚ “
1SubpXq and pg ˝fq˚ “ g˚ ˝f˚, given any morphism g : Y Ñ Z. This determines the
respective inverse-image maps uniquely. This structure on our category—the struc-
ture which assigns to an object its ordered set of subobjects, and to a morphism f
the induced Galois connection pf˚, f˚q—will be called the subobject bifibration.

In this section we shall assume that the subobject bifibration satisfies two con-
ditions. The first condition (SB 1) demands that for any object X, the ordered set
SubpXq is actually a bounded lattice, i.e. there is a smallest subobject 0 “ K and a
largest subobject 1 “ J, and any two subobjects x and y admit a meet x^ y and
a join x_ y. The second condition (SB 2) will be introduced in 2.10 below.

Exercise 2.3. What are subobjects, their meets and joins, and their direct and
inverse images for your favourite mathematical structures? Does (SB 1) hold?

2.4. Injections and surjections. A morphism g : Y Ñ Z is called an injection
when g˚ is injective. A morphism f : X Ñ Y is a surjection when f˚ is surjective.

Exercise 2.5. What are the injections and surjections, in the above sense, in the
setting of your favourite mathematical structures?

Exercise 2.6. What if above we ask that g˚ is surjective? Or that f˚ is injective?
(Answering this question is needed to see that the concept of injection is formally
dual to the concept of surjection.)

Exercise 2.7. Show that a composite of two injections is still an injection.

Exercise 2.8. A split monomorphism or section is a morphism s : B Ñ E for
which there exists a morphism p : E Ñ B (a split epimorphism or retraction)
such that p ˝ s “ 1B. Prove that
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(a) any split monomorphism is an injection;
(b) any injection of vector spaces is a split monomorphism;

(c)
�

there exist injections of abelian groups which need not be split mono-
morphisms.

Verify the dual properties for split epimorphisms.

2.9. Image and coimage. The image of a morphism f : X Ñ Y is the subob-
ject f˚p1q of Y . The coimage of f is the subobject f˚p0q of X.

The coimage of f contains all subobjects x of X which are sent to 0 by f ,
since x ď f˚p0q is equivalent to f˚pxq ď 0. Dually, the image of f is contained
in all subobjects whose inverse image is all of X, because f˚p1q ď y if and only
if 1 ď f˚pyq.

If a morphism g : Y Ñ Z is an injection then it has a trivial coimage: g˚p0q “ 0.
Dually, a surjection f : X Ñ Y has all of Y for its image: f˚p1q “ 1. Indeed, if f
is a surjection then f˚pxq “ 1 for some subobject x of X. Since x ď 1 this shows
that f˚p1q “ 1.

2.10. The cartesianness condition. It would be very nice to have a converse
for these properties so that injections could be characterised as those morphisms
with a trivial coimage, and likewise for the surjections. Unfortunately this is not
true in general, as the example of pointed sets shows. The second condition (SB 2)
mentioned above in 2.2 repairs this issue: any subobject which is contained in the
image of a morphism should actually be the image of something and, dually, every
subobject which contains the coimage should be the inverse image of something.
More precisely, (SB 2) holds if and only if the subobject bifibration is cartesian:

y ď f˚p1q ñ y “ f˚f
˚pyq

f˚p0q ď x ñ f˚f˚pxq “ x

From now on we work in a cartesian setting.

Proposition 2.11. For any morphism g : Y Ñ Z, the following are equivalent:
(i) g is an injection;
(ii) g˚p0q “ 0;
(iii) g˚ ˝ g˚ “ 1SubpY q;
(iv) pg˚, g˚q is an embedding-projection pair.

Dually, for any f : X Ñ Y , the following are equivalent:
(v) f is a surjection;
(vi) f˚p1q “ 1;
(vii) f˚ ˝ f˚ “ 1SubpY q;
(viii) pf˚, f˚q is an embedding-closure pair.

Proof. We already explained that (i) ñ (ii). If g˚p0q “ 0 then g˚ ˝ g˚ “ 1SubpY q,
because any y in Y is larger than g˚p0q, so g˚g˚pyq “ y. It follows that (ii)
implies (iii). Conditions (iii) and (iv) are equivalent by definition. (iii) ñ (i) since

g˚pyq “ g˚py
1q ñ g˚g˚pyq “ g˚g˚py

1q ñ y “ y1. �

Exercise 2.12. Complete the proof of Proposition 2.11.

Exercise 2.13. Verify that all settings (a) to (d) above are cartesian. What happens
in other settings you know?

Exercise 2.14. We consider the category of sets with a chosen subset: an object
is a pair pX,Aq where A Ď X, and a morphism f : pX,Aq Ñ pY,Bq between such
is a function f : X Ñ Y for which fpAq Ď B. In this context a subobject of an
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object pX,Aq is defined to be a pair pS,Aq such that A Ď S Ď X. Does this setting
satisfy (SB 1) and (SB 2)?

Exercise 2.15. Extend the previous exercise to topological spaces with a chosen
subspace.

Exercise 2.16. What about the category of bounded lattices and Galois connections
itself?

2.17. Null morphisms and zero objects. We say that f : X Ñ Y is null when
the image of f is zero, so f˚p1q “ 0.

An object O is called a zero object when the identity morphism 1O : O Ñ O is
null, so 0 “ p1Oq˚p1q “ 1 in O. Hence a zero object only has one subobject. We
usually write 0 for such an O.

Any morphism that factors through a zero object is null: given a composite

X
f ,2 0

g ,2 Z

we have pg ˝ fq˚p1q “ g˚f˚p1q “ g˚p0q “ 0.

Exercise 2.18. Show that in the settings (a) to (d) considered above there is always
a unique zero object, and a morphism is null if and only if it factors through 0.

2.19. Exact sequences. Consider a composable pair of morphisms

X
f ,2 Y

g ,2 Z.

Note that the composite g ˝ f is null (so g˚f˚p1q ď 0) if and only if f˚p1q ď g˚p0q:
the image of f is contained in the coimage of g. By asking that this inequality is
an equality we obtain the concept of exact sequence, any sequence of morphisms
as above such that the image of the first coincides with the coimage of the second.

In this situation, any subobject y of Y which is sent to 0 by g is the image of
a subobject x of X through f (we may take x “ f˚pyq); dually, if y contains the
image of X, then it is the inverse image of some subobject z of Z (namely of g˚pyq).

Before giving any concrete examples we first treat two important special cases.

2.20. Injections and surjections revisited. Injectivity and surjectivity can be
expressed in terms of exact sequences as follows.

0
f ,2 Y

g ,2 Z X
f ,2 Y

g ,2 0

If the sequence on the left is exact, this means that g has trivial coimage: g˚p0q “
f˚p1q “ f˚p0q “ 0. So g is an injection by Proposition 2.11. Conversely, the
equality f˚p1q “ g˚p0q follows form injectivity of g applied to

g˚f˚p1q “ g˚f˚p0q “ 0 “ g˚g
˚p0q.

Exercise 2.21. Check that the sequence on the right is exact if and only if f is a
surjection.

A slight inconvenience here is that it depends on the given context whether or
not a given morphism g : Y Ñ Z can be written as in the above sequence on the
left: the morphism f : 0 Ñ Y may not exist. Unless it always does, we cannot
characterise injections as those g which may appear in an exact sequence as above.
Such issues involving the construction of new arrows will be dealt with in Section 3.

Exercise 2.22. Show that in the settings (a) to (d) considered above there the
unique zero object is such that it admits a unique morphism to and from any object,
so that any morphism may be seen as one of the morphisms in the above sequences.
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Figure 1. Diagram of the 3ˆ 3 Lemma

Definition 2.23. A sequence of morphisms

¨ ¨ ¨ ,2 Cn`1

dn`1 ,2 Cn
dn ,2 Cn´1

,2 ¨ ¨ ¨ (‹)

is called exact at Cn for some n when the sequence

Cn`1

dn`1 ,2 Cn
dn ,2 Cn´1

is exact. The sequence (‹) is called exact when any two successive morphisms in
it form an exact sequence.

A short exact sequence is an exact sequence of the form

0 ,2 K
k ,2 X

f ,2 Y ,2 0.

Note that the given sequence is a short exact sequence precisely when k is an
injection, f is a surjection, and the image of k is the coimage of f .

Exercise 2.24. What if K or Y is zero? What if X is zero?

Exercise 2.25. What are the zero objects and the short exact sequences in Exer-
cise 2.14?

2.26. Diagram chasing: the 3ˆ 3 Lemma. Given a diagram containing several
sequences, in many cases the exactness of some of them implies that other sequences
in the diagram will also be exact. To deal with such problems, one uses a standard
technique called diagram chasing. As an illustration we prove the 3ˆ3 Lemma:

Theorem 2.27. Given a diagram such as in Figure 1 in which the composite of
any two successive arrows is null, if the horizontal rows are exact as well as two out
of three of the vertical columns, then also the third column is exact.

Proof. We shall assume that the first and the second column are exact and prove
exactness of the third. The proofs of the other cases are either similar or dual. We
shall also only prove exactness at Y 1 and leave the other cases as an exercise. This
goes as follows:

b˚p0q
(a)
“ g˚g

˚b˚p0q “ g˚a
˚f˚p0q

(b)
“ g˚a

˚k˚p1q
(c)
“ g˚a

˚pk˚p1q ^ a˚p1qq

(d)
“ g˚a

˚pk˚p1q ^ x
˚p0qq

(e)
“ g˚a

˚k˚k
˚pk˚p1q ^ x

˚p0qq

(f)
“ g˚a

˚k˚k
˚x˚p0q “ g˚a

˚k˚z
˚m˚p0q

(g)
“ g˚a

˚k˚z
˚p0q

(h)
“ g˚a

˚k˚c˚p1q

“ g˚a
˚a˚l˚p1q

(i)
“ g˚l˚p1q

(j)
“ g˚g

˚p0q
(k)
“ 0,
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because
(a) since g is a surjection;
(b) by (horizontal) exactness at X;
(c) by Lemma 2.28;
(d) by (vertical) exactness at X;
(e) by cartesianness;
(f) by Lemma 2.28;
(g) since m is an injection;
(h) by (vertical) exactness at K;
(i) since a is an injection;
(j) by (horizontal) exactness at X 1;
(k) since g is a surjection. �

Lemma 2.28. For any injection g : Y Ñ Z we have g˚pzq “ g˚pz ^ g˚p1qq.

Proof. g˚pz ^ g˚p1qq “ g˚pzq ^ g˚g˚p1q “ g˚pzq ^ 1 “ g˚pzq since inverse images
preserve meets and g is an injection. �

Exercise 2.29. What is the corresponding lemma for surjections?

Exercise 2.30.
�

Complete the proof of the 3ˆ 3 Lemma.

Exercise 2.31. Prove the Short Five Lemma: given a commutative diagram

0 ,2 K 1

z

��

k1 ,2 X 1
f 1 ,2

x

��

Y 1

y

��

,2 0

0 ,2 K
k
,2 X

f
,2 Y ,2 0

in which the rows are short exact sequences, if z and y are bijections then also x is
a bijection.

Exercise 2.32. Prove the Five Lemma: given a diagram with exact rows

A1

a

��

f ,2 B1

b

��

g ,2 C 1
h ,2

c

��

D1

d

��

k ,2 E1

e

��
A

u
,2 B

v
,2 C

w
,2 D

x
,2 E

in which the rows are exact sequences,
(a) if a is a surjection, while b and d are injections, then c is an injection;
(b) if e is a injection, while b and d are surjections, then c is a surjection;
(c) if a is a surjection, e is a injection, and b and d are bijections, then c is a

bijection.

Exercise 2.33.
�

To see that bijections are isomorphisms we need to assume an
additional condition (SB 3) which allows us to construct new maps from given ones.
Can you find a category where not all bijections are isomorphisms?

3. Active aspects of the subobject bifibration

The first section treated only passive aspects of the subobject bifibration, in the
sense that we only considered given diagrams and never attempted to construct any
new arrows. The aim of the present section is to study some more powerful active
techniques and constructions. Next to the conditions (SB 1) and (SB 2) introduced
in 2.2 and 2.10 we shall assume that the subobject bifibration satisfies a third and
a fourth condition, (SB 3) and (SB 4).
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3.1. The surjection-injection factorisation. Condition (SB 3) asks that any
morphism f : X Ñ Y admits a factorisation f “ m ˝ e

I
m

�$
X

f
,2

e :D

Y

into a surjection e followed by an injection m, and that these factorisations are
unique up to isomorphism, in the following precise sense. Given another such
factorisation m1 ˝ e1 of f ,

I

Di

��

m

�$
X

e :D

e1 �$

Y

I 1
m1

:D

there exists a (necessarily unique) morphism i : I Ñ I 1 such that i ˝ e “ e1 and
m1 ˝ i “ m. Note that this i is automatically a bijection. In fact it is easily seen
to be an isomorphism. More interestingly, as soon as (SB 3) holds, any bijection
f : X Ñ Y will be an isomorphism: it suffices to notice that f ˝ 1X and 1Y ˝ f are
two surjection-injection factorisations,

Y

Di

��

X

f :D

Y

X
f

:D

so that the essential uniqueness of such factorisations gives the needed inverse i
for f .

Exercise 3.2. How is this factorisation obtained in the context of abelian groups,
modules, or groups?

3.3. Induced injection and surjection. Any injection g : Y Ñ Z “represents”
a subobject of its codomain, namely its image g˚p1q. Conversely, any surjection
f : X Ñ Y “represents” a subobject of its domain, namely its coimage f˚p0q.

We shall ask that this process is reversible. (As we shall see in 3.12, full revers-
ibility can in general only work for certain subobjects, but there is a procedure
which gets sufficiently close for our purposes.) We assume condition (SB 4) which
demands that for any subobject y of Y , there exists

(a) a morphism tyu : Lpyq Ñ Y , universal amongst f : X Ñ Y with f˚p1q ď y;
(b) a morphism rys : Y Ñ Rpyq, universal amongst g : Y Ñ Z with y ď g˚p0q.

The universal properties mean that
(a) tyu˚p1q ď y, and if any other f is such that f˚p1q ď y, then there exists a

unique dotted arrow f making the triangle on the left below commute;
(b) y ď rys˚p0q, and if any other g is such that y ď g˚p0q, then there exists a

unique dotted arrow g making the triangle on the right below commute.
X

@f

�&
D!f

��
Lpyq

tyu

,2 Y

Z

Y
rys

,2

@g

8C

Rpyq

D!g

LR

It follows immediately from the universal properties that the morphisms tyu and rys

are necessarily unique up to isomorphism. We call them the induced injection
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and the induced surjection. This makes sense because for any subobject y of Y ,
by (SB 3) we may factorise tyu into a surjection e followed by an injection m:

I
m

�$mz�
Lpyq

tyu

,2

e
:D

Y

Now m˚p1q “ m˚e˚p1q “ tyu˚p1q ď y, so that the existence in the universal
property of tyu induces a unique m for which tyu˝m “ m. We see that m˝e “ 1Lpyq
by the uniqueness in the universal property of tyu, since tyu˝m˝e “ tyu˝1Lpyq. This
implies that also e is an injection. It follows that, as a composite of two injections,
the morphism tyu is indeed an injection.

Exercise 3.4. Show that the induced surjection is indeed a surjection.

Exercise 3.5. In the present context, a morphism g is an injection if and only if
it fits into an exact sequence as on the left

0
f ,2 Y

g ,2 Z X
f ,2 Y

g ,2 0

and morphism f is a surjection if and only if it fits into an exact sequence as on
the right.

Exercise 3.6. Show that (SB 4) holds for abelian groups, vector spaces, modules,
groups.

Exercise 3.7.
�

Does the context of sets with a chosen subset introduced in
Exercise 2.14 satisfy the conditions (SB 3) and (SB 4)? What about topological
spaces with a chosen subspace?

Lemma 3.8. If a subobject y of Y is the image f˚p1q of a morphism f : X Ñ Y ,
then it is also the image tyu˚p1q of its induced injection. Furthermore, the compar-
ison f : X Ñ Lpyq is a surjection.

Proof. The image f
˚
p1q ď 1 of the universally induced morphism f is such that

y “ f˚p1q “ tyu˚f˚p1q ď tyu˚p1q.

The other inequality tyu˚p1q ď y holds by definition of tyu. Since tyu is an injection,
the equality tyu˚f˚p1q “ tyu˚p1q implies f

˚
p1q “ 1, so f is a surjection. �

Lemma 3.9. If g : Y Ñ Z is an injection, then it is isomorphic to tg˚p1qu, so we
may choose tg˚p1qu “ g. If f : X Ñ Y is a surjection, then it is isomorphic to
rf˚p0qs, so we may choose rf˚p0qs “ f .

Proof. By Lemma 3.8, the injection g has two surjection-injection factorisations:

I

Di–

��

tg˚p1qu

�$
Y

g :D

Z

Y
g

:D

The induced i is the needed isomorphism. �
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Proposition 3.10. For any morphism f : X Ñ Y , an induced injection and sur-
jection may be chosen such that the diagram

Rpf˚p0qq Lpf˚p1qq
tf˚p1qu

�(
X

f
,2

rf˚p0qs
6@

Y

is a surjection-injection factorisation of f .

Proof. This follows immediately from Lemma 3.9. �

Exercise 3.11. Formulate the dual of Lemma 3.8 and complete the proofs of
Lemma 3.9 and Proposition 3.10.

3.12. Normal subobjects. In the context of non-abelian groups, not all sub-
groups of a given groupX may appear as a coimage f˚p0q of a group homomorphism
f : X Ñ Y : only the normal subgroups do. This means that only normal subgroups
can be represented as a coimage of their induced surjection, so that for those, and
only for those, the process described above is reversible.

In general, we say that a subobject of an object is normal when there exists a
morphism of which it is the image, and a morphism of which it is the coimage.

Exercise 3.13. Show that in a category of modules, all subobjects are normal.

Exercise 3.14. What are the normal subobjects in the categories of groups, non-
unitary rings, associative non-unitary algebras?

Proposition 3.15. A normal subobject is always the image of its induced injection
and the coimage of its induced surjection.

Proof. This follows immediately from Lemma 3.8 and its dual. �

Corollary 3.16. For any normal subobject y of an object Y , the sequence

0 ,2 Lpyq
tyu ,2 Y

rys ,2 Rpyq ,2 0

is exact.

Proof. First of all, the arrows 0 Ñ Lpyq and Rpyq Ñ 0 are induced by 0 and 1,
respectively. Exactness at Lpyq and Rpyq holds because tyu and rys are injective
and surjective, respectively. Finally, rys˚p0q “ y “ tyu˚p1q by Proposition 3.15. �

Exercise 3.17. Prove that up to isomorphism, all short exact sequences are such.

3.18. Kernels and cokernels. Given a morphism f : X Ñ Y , its kernel kerpfq
is the induced injection tf˚p0qu of its coimage f˚p0q, and its cokernel is the in-
duced surjection rf˚p1qs of its image f˚p1q. These satisfy the following universal
properties:

Kerpfq
kerpfq ,2 X

f ,2 Y

@y
�)

cokerpfq ,2 Cokerpfq

D!y

��
X 1

@x

6?

D!x

LR

Y 1

For all x as in the diagram, f ˝x is null iff f˚x˚p1q “ 0 iff x˚p1q ď f˚p0q, so by the
universal property of the induced injection tf˚p0qu that there is a unique x making
the diagram commute. Likewise, any y as above induces a unique y which makes
the diagram commute.

Kernels and cokernels are unique up to isomorphism.
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Proposition 3.19. A morphism k is a kernel of a morphism with a normal coim-
age f if and only if it appears in an exact sequence such as on the left, and f is a
cokernel of a morphism with a normal image k if and only if it appears in an exact
sequence such as on the right.

0 ,2 K
k ,2 X

f ,2 Y K
k ,2 X

f ,2 Y ,2 0

Proof. First suppose that we are given the exact sequence on the left. Being an
injection, k is isomorphic to tk˚p1qu by Lemma 3.9. Exactness at X implies that
k˚p1q “ f˚p0q. Hence k is a kernel of f .

Conversely, if k is a kernel then it is an (induced) injection tf˚p0qu, which proves
exactness at K. Furthermore, k˚p1q “ tf˚p0qu˚p1q “ f˚p0q which proves exactness
at X. �

Briefly, a kernel is precisely an injection with a normal image, while a cokernel
is nothing but a surjection with a normal coimage.

Corollary 3.20. For any normal subobject y of an object Y ,
(a) tyu is a kernel of rys;
(b) rys is a cokernel of tyu.

Proof. This is a consequence of Proposition 3.19 and Corollary 3.16. �

Exercise 3.21. Let f : X Ñ Y be a morphism. If m : Y Ñ Z is an injection, then
kerpfq “ kerpm ˝ fq. If e : W Ñ X is a surjection, then cokerpfq “ cokerpf ˝ eq.

It follows that in a short exact sequence

0 ,2 K � ,2 k ,2 X
f � ,2 Y ,2 0

the morphism f is a cokernel of k, k is a kernel of f , the image of k is normal,
and the coimage of f is normal. This characterises the exactness of the sequence
completely. We sometimes change the shape of the arrows to indicate that a certain
arrow is a kernel or a cokernel. In particular, in a short exact sequence, any of the
“outer” objects is completely determined by the other two.

Example 3.22. Given an (abelian) group X, any presentation F {R of X in terms
of generators and relations forms a short exact sequence

0 ,2 R ,2 F ,2 X ,2 0

where F is a free group.

3.23. Extracting information from exact sequences. Let us now illustrate
with a simple example how the diagram lemmas of homological algebra are used.
We sometimes want to use the information in the outer objects to reconstruct the
“middle object” of a short exact sequence. It turns out that is not always possible.
But if we are given a diagram

0 ,2 K
k ,2 X

f ,2

s

��

Y

��

,2 0

0 ,2 K
1K
,2 K ,2 0 ,2 0

in which the rows are short exact sequences of modules, then we always have an iso-
morphism X – KˆY . (It suffices to check that the morphism xs, fy : X Ñ K ˆ Y
is a bijection by hand, or to use the Short Five Lemma, Exercise 2.31.) So the mere
fact of being part of some bigger diagram gives information about the objects in a
short exact sequence.

In the case of vector spaces this technique works very well:
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Kerpzq_��

��

,2 Kerpxq ,2
_��

��

Kerpyq_��

��

x�

K 1

z

��

k1 ,2 X 1
f 1

,2

��

Y 1

y

��

,2 0

0 ,2 K

_��

k ,2 X

_��

f
,2 Y

_��
Cokerpzq ,2 Cokerpxq ,2 Cokerpyq

Figure 2. The Snake Lemma

Proposition 3.24. In a short exact sequence of vector spaces

0 ,2 K
k ,2 X

f ,2 Y ,2 0,

always X – K ˆ Y .

Proof. Choose a basis pziqiPI of K and extend it to a basis pxjqjPJ of X, so that
I Ď J and kpziq “ xi for i P I. Define s : X Ñ K by

spxjq “

#

zj j P I

0 j P JzI,

then apply 3.23. �

This is far from true outside the context of vector spaces, as indicated for instance
in the following exercise.

Exercise 3.25. For any n ě 2,

0 ,2 nZ ,2 Z ,2 Zn ,2 0

is a short exact sequence of abelian groups. Show that here, the middle object is not
a product of the outer objects.

This means that in order to extract information about the middle object in a short
exact sequence, we need more subtle techniques. One such technique, called the
Snake Lemma, produces new exact sequences from given ones.

Theorem 3.26. Given a commutative diagram

K 1

�&
z

��

k1 ,2 X 1

�%

f 1 ,2

x

��

Y 1

y

��

,2 0

0 ,2 K
k
,2 X

f
,2 Y

with exact rows and in which all arrows have normal images and coimages, take
kernels and cokernels as in Figure 2. Then there exists a connecting morphism
B : Kerpyq Ñ Cokerpzq such that the sequence

Kerpzq Ñ Kerpxq Ñ Kerpyq
B
Ñ Cokerpzq Ñ Cokerpxq Ñ Cokerpyq

is exact.
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Proof. We explain how the connecting morphism B is constructed and leave the
exactness of the sequence as an (elaborate) exercise.

We first show that we have an exact sequence

K 1
k2 ,2 Kerpy ˝ f 1q

f2 ,2 Kerpyq ,2 0

of which the cokernel part is induced by f 1. Certainly k1 factors over the kernel
of y ˝ f 1 to a morphism k2, so it suffices to prove that the arrow on the right is a
surjection and the sequence is exact in Kerpy ˝ f 1q. We first prove surjectivity:

f2˚p1q “ kerpyq˚ kerpyq˚f
2
˚p1q “ kerpyq˚f 1˚ kerpy ˝ f 1q˚p1q

“ kerpyq˚f 1˚py ˝ f
1q˚p0q “ kerpyq˚f 1˚pf

1q˚y˚p0q “ kerpyq˚y˚p0q “ 1,

where the first equality on the second line holds because the coimage of y ˝ f 1 is
normal. Next we prove that f2 is the cokernel of k2. Here we need to show that
pf2q˚p0q “ pk2q˚p1q:

pf2q˚p0q “ pf2q˚ kerpyq˚p0q “ kerpy ˝ f 1q˚pf 1q˚p0q

“ kerpy ˝ f 1q˚pk1q˚p1q “ pk
2q˚p1q,

where to see that the last equality holds we may take its direct image along the
injection kerpy ˝ f 1q.

The needed morphism B is now constructed in two steps as follows. First the
morphism x restricts to the kernels of f and of f ˝ x “ y ˝ f 1 to a morphism
x1 : Kerpy ˝ f 1q Ñ K which makes the diagram

0 ,2 K 1
k2 ,2 Kerpy ˝ f 1q

x1

��

,2 Kerpyq

B

��

,2 0

K 1
z

,2 K ,2 Cokerpzq ,2 0

commute. Taking cokernels now, we find B as the induced arrow. �

Exercise 3.27. Given an epimorphism of abelian groups f : X Ñ Y , we present X
and Y by generators and relations as follows:

0 ,2 R ,2

��

F ,2 X

f

��

,2 0

0 ,2 L ,2 F ,2 Y ,2 0

Use the Snake Lemma to obtain a presentation of the kernel K of f .

Exercise 3.28.
�

Complete the proof of the Snake Lemma.

4. Homology of chain complexes

We know that exactness of a sequence allows us to extract information about
its objects. The concept of homology allows us to approach the following question:
How to extract information from a non-exact sequence?

Definition 4.1. A chain complex pC, dq is a sequence

¨ ¨ ¨ ,2 Cn`1

dn`1 ,2 Cn
dn ,2 Cn´1

,2 ¨ ¨ ¨

such that
(a) dn ˝ dn`1 is null, so pdn`1q˚p1q ď d˚np0q, and
(b) d˚np0q and pdn`1q˚p1q are normal subobjects of Cn,
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for all n P Z. The maps dn are called differentials. We sometimes omit the d and
write C for the chain complex.

Exercise 4.2. Given a linear map f : V Ñ V where V is the real vector space R2,
find examples where pC, dq given by

¨ ¨ ¨ ,2 V
f ,2 V

f ,2 V ,2 ¨ ¨ ¨ ,

so Cn “ V , dn “ f for all n P Z is, or isn’t, a chain complex. Give a precise
characterisation (for instance, a matrix with respect to the standard basis). What
about V “ R and V “ R3?

Definition 4.3. We say that a chain complex C is exact at Cn when the sequence

Cn`1

dn`1 ,2 Cn
dn ,2 Cn´1

is exact. C is called exact or acyclic when it is exact at in all of its objects Cn,
so pdn`1q˚p1q “ d˚np0q, for all n P Z.

Example 4.4. Any (short) exact sequence can be considered as part of an exact
chain complex (by adding zeroes).

A sequence of modules, whether exact or not, in which the composite of any
two successive arrows is null, is always a chain complex. Outside the context of
modules, however, condition (b) need not be automatically satisfied: differentials
need not have normal images and coimages—see Exercise 4.16.

Example 4.5. For any module M , the sequence

¨ ¨ ¨
0 ,2 M M

0 ,2 M M
0 ,2 ¨ ¨ ¨

given by Cn “M and

dn “

#

1M n even
0 n odd

for n P Z is an exact chain complex.

Example 4.6. Given a sequence of modules pMnqnPZ, we can consider modules
Cn`1 “Mn`1 ˆMn and differentials

dn`1 : Mn`1 ˆMn ÑMn ˆMn´1 : px, yq ÞÑ py, 0q

for all n P Z. This defines an exact chain complex pC, dq.

Exercise 4.7. Can Example 4.5 be seen as a special case of 4.6?

Exercise 4.8. Which of the chain complexes found in Exercise 4.2 are exact?

4.9. Measuring how far a complex is from being exact. Given an object Cn
in a chain complex pC, dq, we can always take the kernel of dn and obtain a factor-
isation dn`1 of dn`1 over kerpdnq:

¨ ¨ ¨ ,2 Cn`1

dn`1 �(

dn`1 ,2 Cn
dn ,2 Cn´1

,2 ¨ ¨ ¨

Kerpdnq
7 7A kerpdnq

7A

The complex C is exact at Cn when pdn`1q˚p1q “ d˚np0q, which happens if and only
if dn`1 is a surjection. Indeed

dn`1
˚
p1q “ 1 ô kerpdnq˚dn`1

˚
p1q “ kerpdnq˚p1q ô pdn`1q˚p1q “ d˚np0q.
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Now in general dn`1 need not be surjective. However, the image pdn`1q˚p1q of
dn`1 is normal, since so is the image of dn`1. We saw above (Exercise 3.5 combined
with Proposition 3.19) that a morphism with a normal image is a surjection if and
only if its cokernel is zero. This immediately leads to the following definition, as
well as the subsequent theorem:

Definition 4.10. The n-th homology HnC of a chain complex pC, dq is the
cokernel of the induced morphism dn`1 : Cn`1 Ñ Kerpdnq.

Theorem 4.11. For a chain complex pC, dq and an integer n, the following condi-
tions are equivalent:

(i) C is exact at Cn;
(ii) the morphism dn`1 : Cn`1 Ñ Kerpdnq is a surjection;
(iii) HnC “ 0.

Thus exactness of chain complexes is captured completely by the concept of
homology. It turns out that when a chain complex is not exact, its homology
modules may still contain interesting information about the complex. Our aim
today is to give some examples of this phenomenon.

Example 4.12. Let A be an iˆj matrix and B a jˆ l matrix of real numbers such
that the product B ¨ A is zero. Then there may exist a column vector V (a j ˆ 1
matrix) such that A ¨ V “ 0 while not being of the form V “ B ¨W for any l ˆ 1
matrix W . This failure is measured by the defect

d “ j ´ rankpAq ´ rankpBq.

This defect turns out to be precisely the dimension of the homology H1C of the
chain complex C defined to be zero everywhere except in C2, C1 and C0 where it is

Rl
g ,2 Rj

f ,2 Ri.

Here g and f have matrix B and A with respect to the standard bases. Writing
Impgq “ tg˚p1qu we see that H1C “ Kerpfq{Impgq and dimpKerpfqq “ j ´ rankpAq
while dimpImpgqq “ rankpBq.

Exercise 4.13. We take R “ Z so that R-modules are abelian groups. Consider

Cn “

#

Z8 if n ě 0

0 if n ă 0

and dn`1 : Cn`1 Ñ Cn defined by dnpmq “ 4m. Show that C is a chain complex
and compute its homology groups.

Exercise 4.14. Same question for

0 ,2 Z2
¨2 ,2 Z4

¨4 ,2 Z8
¨8 ,2 Z16

,2 ¨ ¨ ¨

Exercise 4.15. Find a chain complex of abelian groups C of which the homology
alternates between 0 and Z2, so

HnC “

#

0 n even
Z2 n odd.

Exercise 4.16. Give an example of a sequence of non-abelian groups which is
not exact but still has trivial homology groups. (The sequence may fail to satisfy
condition (b) in Definition 4.1.)
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Exercise 4.17.
�

Show that for chain complexes of modules, products commute
with homology: given complexes pC, dCq and pD, dDq, the pointwise product C ˆD
defined by

pC ˆD, dC ˆ dDq “ pCn ˆDn, d
C
n ˆ d

D
n qnPZ

satisfies
HnpC ˆDq – HnC ˆHnD

for all n P Z.

Exercise 4.18.
�

Let Γ be a finite graph with V vertices pv1, . . . , vV q and E
edges pe1, . . . , eEq. Loops are not allowed. If we orient the edges, we can form the
incidence matrix of the graph. This is a V ˆ E matrix whose pi, jq entry is

$

’

&

’

%

`1 if the edge ej starts at vi,
´1 if ej ends at vi,
0 otherwise.

Let C0 be RV , C1 the real vector space RE, Cn “ 0 if n R t0, 1u, and d1 : C1 Ñ C0

the linear map determined by the incidence matrix.
If Γ is connected (which means that we can get from the vertex v1 to every other

vertex by tracing a path with edges), show that H0C and H1C have dimensions 1
and V ´ E ` 1 respectively. (The number V ´ E ` 1 is the number of circuits of
the graph.)

4.19. Morphisms of chain complexes; homology as a functor. Morphisms
of chain complexes are “commutative ladders”

¨ ¨ ¨ ,2 Cn`1

fn`1

��

dCn`1 ,2 Cn

fn

��

dCn ,2 Cn´1

fn´1

��

,2 ¨ ¨ ¨

¨ ¨ ¨ ,2 Dn`1
dDn`1

,2 Dn
dDn

,2 Dn´1
,2 ¨ ¨ ¨

This picture can be formalised as follows.

Definition 4.20. Given chain complexes pC, dCq and pD, dDq, a morphism of
chain complexes or chain morphism f : C Ñ D is a sequence of morphisms
pfn : Cn Ñ DnqnPZ such that for any n P Z the equality fn ˝ dCn`1 “ dDn`1 ˝ fn`1

holds.

Chain complexes and chain morphisms again form a category, in which composites
of chain morphisms are defined degreewise, and the identity on a chain complex C
is just p1Cn

qnPZ. Also the subobject bifibration lifts to the level of chain complexes.

Exercise 4.21. Show that a morphism of chain complexes induces morphisms
between the homology objects. This process preserves composition and identities,
so that for each n we obtain a homology functor Hn sending a chain complex C
to its n-th homology HnC and a morphism of chain complexes f : C Ñ D to a
morphism Hnf : HnD Ñ HnC.

Exercise 4.22.
�

Use Exercise 4.17 to show that in the modules case, the func-
tors Hn are additive: for any two chain morphisms f , g : C Ñ D we have

Hnpf ` gq “ Hnf `Hng.
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Exercise 4.23. When R is a field we may extend Example 4.6 to the case of
non-exact complexes. Given sequences of vector spaces pVnqnPZ and pHnqnPZ, we
consider the vector spaces Cn`1 “ Vn`1 ˆHn`1 ˆ Vn and differentials

dn`1 : Cn`1 Ñ Cn : px, y, zq ÞÑ pz, 0, 0q

for all n P Z.
(a) Prove that C is a chain complex and compute its homology objects.
(b) Show that every chain complex of vector spaces is isomorphic to a complex

of this form.

(c)
�

Find an example (necessarily outside the context of vector spaces) of
a chain complex which is not of this form.

4.24. A “dual” definition of homology. Instead of computing homology as a
quotient of a kernel, we can equally well obtain it through a subobject of a cokernel,
as in the following picture.

¨ ¨ ¨ ,2 Cn`1

dn`1 �(

dn`1 ,2 Cn
dn ,2

cokerpdn`1q

�  )

Cn´1
,2 ¨ ¨ ¨

Kerpdnq
7 7A

kerpdnq
7A

cokerpdn`1q
_�� &-

Cokerpdn`1q

dn

5=

HnC

18

λn

,2 KnC
_LR
kerpdnq

LR

Proposition 4.25. For any chain complex C and any n P Z, we have an isomorph-
ism HnC – KnC.

Proof. The universal properties of kernels and cokernels give us the diagonal dotted
arrows, then the horizontal dotted arrow such that the entire diagram commutes.
We do a diagram chase to prove that the horizontal arrow is an isomorphism. By
duality it suffices to show that it is an injection, so we chase 0 around the diagram:

cokerpdn`1q˚ kerpdnq
˚cokerpdn`1q

˚ kerpdnq˚p0q

“ cokerpdn`1q˚ kerpdnq
˚cokerpdn`1q

˚p0q

“ cokerpdn`1q˚ kerpdnq
˚pdn`1q˚p1q

“ cokerpdn`1q˚ kerpdnq
˚ kerpdnq˚dn`1

˚
p1q

“ cokerpdn`1q˚dn`1
˚
p1q “ 0.

Note that cokerpdn`1q
˚p0q “ pdn`1q˚p1q if and only if pdn`1q˚p1q has a normal

image (by the dual of Lemma 3.8).
We still have to explain why this diagram chase does the job! It does, because

by commutativity of the diagram,

kerpdnq ˝ λn ˝ cokerpdn`1q “ cokerpdn`1q ˝ kerpdnq

so cokerpdn`1q
˚ ˝ λ˚n ˝ kerpdnq

˚ “ kerpdnq
˚ ˝ cokerpdn`1q

˚, which implies

λ˚n “ cokerpdn`1q˚ ˝ kerpdnq
˚ ˝ cokerpdn`1q

˚ ˝ kerpdnq˚

since cokerpdn`1q is a surjection and kerpdnq is an injection. �

We shall need this later on when constructing the long exact homology sequence
induced by a short exact sequence of chain complexes.

Exercise 4.26. Why are the (co)images of the zdn`1 normal?
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0 ,2 An`2

dAn`2

��

,2 Bn`2

dBn`2

��

,2 Cn`2

dBn`2

��

,2 0

0 ,2 An`1

_��

,2 Bn`1

_��

,2 Cn`1

_��

,2 0

CokerpdAn`1q

{dAn`1

��

,2 CokerpdBn`1q

{dBn`1

��

,2 CokerpdCn`1q

{dCn`1

��

,2 0

0 ,2 KerpdAn q_��

��

,2 KerpdBn q_��

��

,2 KerpdCn q_��

��
0 ,2 An

dAn
��

,2 Bn

dBn
��

,2 Cn

dCn
��

,2 0

0 ,2 An´1
,2 Bn´1

,2 Cn´1
,2 0

Figure 3. Applying the Snake Lemma to find the long exact ho-
mology sequence

Exercise 4.27. Give an example of a sequence of non-abelian groups for which the
two definitions of homology do not coincide. (Same explanation as Exercise 4.16:
strictly speaking, homology is only defined for chain complexes, not for all se-
quences.)

4.28. The long exact homology sequence. Even though chain complexes them-
selves need not be exact sequences, they can be used to produce new exact se-
quences, which may then provide additional information about the situation at
hand. One very important result of this kind is the long exact homology sequence
induced by a short exact sequence of chain complexes.

Theorem 4.29. Let

0 ,2 A
k ,2 B

f ,2 C ,2 0

be a short exact sequence of chain complexes such that the composites dBn ˝ kn and
fn ˝ d

B
n have a normal images and coimages. Then there exist morphisms

Bn`1 : Hn`1C Ñ HnA

called connecting homomorphisms such that the sequence

¨ ¨ ¨ ,2 Hn`1C
Bn`1 ,2 HnA

Hnk ,2 HnB
Hnf ,2 HnC

Bn ,2 Hn´1A ,2 ¨ ¨ ¨

is exact.

Proof. The Snake Lemma 3.26 applied to the middle part of Figure 3 gives us an
exact sequence

Kn`1A ,2 Kn`1B ,2 Kn`1C
Bn`1 ,2 HnA ,2 HnB ,2 HnC.

The result follows by gluing such sequences together using Proposition 4.25. �
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5. Homotopy of chain complexes

In a topological setting, homotopy is about continuous deformation of one func-
tion into another. Here we shall study homotopies between morphisms of chain
complexes of modules and prove that homotopic morphisms have the same homo-
logy. We obtain a concept of homotopy equivalence between chain complexes, which
turns out to be stronger than the concept of weak equivalence induced by homology.

Definition 5.1. A morphism of chain complexes f : C Ñ D is called a weak equi-
valence when for all n P Z, the induced morphism Hnf : HnC Ñ HnD is an iso-
morphism. Two chain complexes are said to be weakly equivalent when there
exist a weak equivalence between them.

Clearly, any isomorphism is a weak equivalence. The converse need not hold, as
shows the following example.

Example 5.2. For any module M we can consider the morphism of chain com-
plexes

¨ ¨ ¨ ,2 0

��

,2 0 ,2

��

M M

��

,2 0

��

,2 ¨ ¨ ¨

¨ ¨ ¨ ,2 0 ,2 M M ,2 0 ,2 0 ,2 ¨ ¨ ¨

Since both complexes are exact, this morphism is a weak equivalence. Unless M is
zero, it is not an isomorphism.

Exercise 5.3. Prove that a chain complex C is exact precisely when the unique
morphism C Ñ 0 is a weak equivalence.

Exercise 5.4. Let f : C Ñ D be a morphism of chain complexes with normal image
and coimage. Show that if f is a weak equivalence, then Kerpfq and Cokerpfq are
exact. Is the converse true?

5.5. Split (exact) complexes. A chain complex C is called split if for all n P Z
there exists a morphism sn : Cn Ñ Cn`1 such that dn`1 “ dn`1 ˝ sn ˝ dn`1. It is
called split exact when moreover it is exact.

Example 5.6. Consider sequences of modules pMnqnPZ and pHnqnPZ. Like in
Exercise 4.23, we may consider Cn`1 “Mn`1 ˆHn`1 ˆMn and differentials

dn`1 : Cn`1 Ñ Cn : px, y, zq ÞÑ pz, 0, 0q

for all n P Z. Such a complex is always split, with sn : Cn Ñ Cn`1 defined by
snpx, y, zq “ p0, 0, xq. In particular, part (b) of Exercise 4.23 shows that all com-
plexes of vector spaces are split.

Exercise 5.7. Prove that the homology of the above complex C is HnC “ Hn, so
that C is split exact if and only if all given Hn vanish.

Exercise 5.8. Prove that a chain complex is split if and only if it is isomorphic to
a chain complex as in Example 5.6, so that it is split exact precisely when it takes
the shape of Example 4.6.

Example 5.9. The complex of abelian groups

¨ ¨ ¨ ,2 Z4
¨2 ,2 Z4

¨2 ,2 Z4
¨2 ,2 Z4

,2 ¨ ¨ ¨

is exact but not split exact. To see this, it suffices to check for all possible morphisms
Z4 Ñ Z4 that they do not have the property sn should satisfy.
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5.10. Restricting the context to modules. From now on, unless mentioned
otherwise, we work in a category of modules over a ring R. This allows us to take
sums of morphisms, which are crucial in the definition of chain homotopy.

In what follows, for the sake of convenience we write Impfq “ Lpf˚p1qq.

Proposition 5.11. For any chain complex of modules C, the following conditions
are equivalent:

(i) C is split exact;
(ii) C is exact and for all n we have Cn – Impdn`1q ˆ Kerpdn´1q, with dn

corresponding to the morphism that sends pb, zq to pz, 0q;
(iii) there exist morphisms sn : Cn Ñ Cn`1 such that for all n P Z

1Cn`1
“ dn`2 ˝ sn`1 ` sn ˝ dn`1.

Proof. If (iii) holds then already dn`1 “ dn`1 ˝ sn ˝ dn`1 for all n. If now x P
Kerpdn`1q, then

x “ 1Cn`1
pxq “ dn`2psn`1pxqq ` snpdn`1pxqq “ dn`2psn`1pxqq

so that x P Impdn`2q. This shows that C is exact at Cn`1, so (iii) implies (i).
(i)ñ (ii) is the content of Exercise 5.8. To see that (ii) implies (iii), for the sake

of simplicity, given any n we identify Cn with the product to which it is isomorphic
and define

sn : Cn Ñ Cn`1 : pb, zq ÞÑ p0, bq.

This works because C is exact, so that Impdn`1q “ Kerpdnq. We get

pdn`2 ˝ sn`1 ` sn ˝ dn`1qpb, zq “ dn`2psn`1pb, zqq ` snpdn`1pb, zqq

“ dn`2p0, bq ` snpz, 0q

“ pb, 0q ` p0, zq “ pb, zq “ 1Cn`1pb, zq

for all pb, zq P Cn`1, which finishes the proof. �

Exercise 5.12.
�

Show that a short exact sequence of modules, considered as a
chain complex, is split exact if and only if the middle object decomposes as a product
of the outer objects.

5.13. Chain homotopy. We just saw that an exact chain complex of modules
is split if and only if its components decompose into a product. This difference
between exactness and split exactness will turn out to be an instance of the dif-
ference between weak equivalences and homotopy equivalences, which we are now
about to introduce.

Definition 5.14. Given chain morphisms f , g : C Ñ D, we say that f is (chain)
homotopic to g and write f » g when there exist morphisms hn : Cn Ñ Dn`1

such that
fn`1 ´ gn`1 “ dDn`2 ˝ hn`1 ` hn ˝ d

C
n`1

for all n P Z.

¨ ¨ ¨ ,2 Cn`1

fn`1

��
gn`1

��

dCn`1 ,2 Cn

hn

t|
fn

��
gn

��

dCn ,2 Cn´1

hn´1

t|
fn´1

��
gn´1

��

,2 ¨ ¨ ¨

¨ ¨ ¨ ,2 Dn`1
dDn`1

,2 Dn
dDn

,2 Dn´1
,2 ¨ ¨ ¨

The collection h “ phnqnPZ is called a chain homotopy from f to g.

Exercise 5.15. Show that if f is homotopic to g, then g is homotopic to f .
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Exercise 5.16. Show that f » f for any chain morphism f .

Example 5.17. A morphism of chain complexes f : C Ñ D is said to be null
homotopic when it is chain homotopic to the zero morphism. Proposition 5.11
tells us that a chain complex C is split exact if and only if 1C is null homotopic.
In general, f » g if and only if f ´ g is null homotopic.

Exercise 5.18. Given chain complexes C and D, show that for any collection of
morphisms phn : Cn Ñ Cn`1qnPZ the expression

fn “ dDn`1 ˝ hn ` hn´1 ˝ d
C
n

defines a null homotopic chain morphism f : C Ñ D.

Exercise 5.19.
�

Show that any two chain morphisms of vector spaces f : C Ñ D
are homotopic as soon as D is exact.

Definition 5.20. A homotopy equivalence is a chain morphism f : C Ñ D that
admits a homotopy inverse, which is a chain morphism g : D Ñ C such that
g ˝ f » 1D and f ˝ g » 1C .

Exercise 5.21. Show that two chain complexes can be weakly equivalent without
being homotopy equivalent.

Theorem 5.22. If f , g : C Ñ D are chain homotopic, then they induce the same
morphisms Hnf and Hng : HnC Ñ HnD. In particular,

(a) if f is null homotopic, then Hnf is null for all n;
(b) if f is a homotopy equivalence, then it is a weak equivalence;
(c) if C and D are homotopically equivalent, then they are weakly equivalent.

Proof. Thanks to Exercise 4.22 and Example 5.17 it suffices to prove (a). For the
sake of simplicity we omit all indexes. Suppose that f “ dh` hd and consider the
diagram

C

d

��

d

�'

dh`hd ,2 D

d

��

d

w�
Kerpdq ,2

8w�

kerpdqw�

Kerpdq
� �'

kerpdq �'
C

d

��

dh`hd
,2

p˚q

D

d

��
C

dh`hd
,2 D

explaining how Hf is obtained (namely, as the arrow between the cokernels of the d
which is induced by the dotted arrow). The dotted arrow is nothing but dh kerpdq,
since it is the (necessarily unique) arrow that makes the square p˚q commute: in-
deed,

pdh` hdq kerpdq “ dh kerpdq “ kerpdqdh kerpdq.

Since dh kerpdq factors over d, the morphism Hf is null. �
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