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1.1 Introduction

This thesis was motivated by the difficulties encountered to analyze a database
containing some particular features [Oulhaj et al., 2009]. The objective of this
study was to detect the conversion from a healthy status to a Mild Cognitive
Impairment (MCI) status, a possible precursor of Alzheimer’s disease. It is
a matter of the utmost importance to detect risk factors associated with the
onset of this conversion. Indeed, Alzheimer’s disease is one of the worst plague
of this century and the most common cause of dementia. Dementia causes
deterioration in cognitive skills, such as memory or thinking skills, and affects
the ability to perform everyday activities. According to the World Health
Organization (WHO), 47.5 million people worldwide have dementia and 7.7
million new cases occur every year. Such a medical condition has social and
economic impact on society, in addition to the obvious impact on the patient
himself.

In this database, 241 elderly patients were followed at scheduled interviews.
This means that if a conversion to MCI occurred, the exact occurrence date
was not exactly known: the only information at hand is the last visit at which
the patient was cognitively healthy, and the first visit at which the patient was
diagnosed with a MCI status. These visits are the left and right endpoints of an
interval of time during which the event happened. In the statistical literature,
this feature is called interval-censoring.

A large proportion of patients did not experience the event during the study
period. Indeed, some patients left the study before the end of the follow-up,
or had simply not converted to MCI at the end of the study period. This
case is referred to as right-censoring in the statistical literature, and the only
available information is a lower bound on the true event-time. Moreover, some
patients will in fact never experience the event, no matter how long the follow-
up is, because they are not susceptible to it. In the statistical literature, those
patients are said to be “cured patients”, “long-term survivors”, “non-susceptible
patients” or “immune patients” [Maller and Zhou, 1996]. In the following, we
will use the term “cure” to denote an observation that will never experience the
event, whatever the context and without relying on the medical interpretation
of the word “cure”.

The goal of this thesis is to provide appropriate tools to analyze data pre-
senting those features: right-censoring, interval-censored event times instead
of exactly observed event-times and the presence of a cure fraction. The field
of statistics that consists in studying the time until an event occurs is called
survival analysis. It is a domain of outstanding interest with applications not
only in medical sciences, but also in social sciences, economics (duration anal-
ysis), engineering (reliability analysis), and many others. Examples other than
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Alzheimer’s disease include studying the time until the failure of an engine, or
until the first cigarette or alcohol consumption.

One of the major characteristics of survival analysis is the presence of cen-
soring, resulting in incomplete information. A large majority of methods in
survival analysis has been developed in the context of right-censoring. A more
challenging context is the presence of both interval- and right-censored data,
in which case classical techniques must be adapted. Furthermore, it is usually
assumed that if a patient is right-censored, the event will eventually occur at a
later time point. This is not the case in our database, as a fraction of the pop-
ulation is cured from the event. Failing to take this cure fraction into account
may produce inaccurate estimation and, consequently, erroneous conclusions
[Maller and Zhou, 1996].

In the past decades, numerous authors have proposed alternatives to standard
survival techniques to take a cure fraction into account. Pioneers in that field
were [Boag, 1949] and [Berkson and Gage, 1952|, who laid the basis of the miz-
ture cure model. This model assumes that the entire population under study

consists of two sub-populations: the cured sub-population, containing patients
who will never experience the event and are consequently always right-censored;
and the uncured sub-population, containing patients who will eventually expe-
rience the event and may be right-censored. The mixture cure model consists
of two parts: the incidence part models the probability to experience the event
(i.e. one minus the cure probability) while the latency part models the time-
to-event for the uncured observations.

In many occasions, the event time and the cure probability depend on covari-
ates. This dependence is usually modelled by a regression model. In the inci-
dence part, a logistic or probit regression model is very often used. The Propor-
tional Hazards (PH) or the Accelerated Failure Time (AFT) models, described
hereinafter, are widely used in the latency part [Farewell, 1977D, [Farewell
[1977al [Kuk and Chen, 1992] [Yamaguchi, 1992] [Taylor, 1995, [Sy and Taylor |
[2000, [Peng and Dear, 2000| [Li and Taylor, 2002 [Zhang and Peng, 2007,
et al, 2012)

While the PH model is very popular in survival analysis, it is based on some

quite strong assumptions that may not always be verified. The AFT model
provides an excellent alternative, for example when the PH hypothesis is not
met . Besides, as the popular statistician Sir David Cox stated,
“accelerated life models are in many ways more appealing because of their
quite direct physical interpretation” [Reid, 1994].

Both the PH and AFT model can be parametric (i.e. some assumptions about
the form of the survival distribution are imposed), or semi-parametric (i.e. the
survival distribution is unspecified), leading to a parametric or semi-parametric
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PH or AFT mixture cure model. In the case of interval-censoring, using a semi-
parametric AFT model is quite complicated and the use of parametric methods
is thus very appealing.

An advantage of the mixture cure model is that it allows a direct interpre-
tation of the effects of covariates on the cure probability, and on the survival
distribution for uncured individuals, separately. Interestingly, these two sets of
covariates may not necessarily be the same, nor have the same impact. How-
ever, this can lead to a large number of potential covariates to be included in
each component of the model, and in this case variable selection is needed for
the final model to be easily interpretable and to possess good predictability.

It is generally assumed that the covariates have a linear impact. However, this
may not be true and a covariate that is linear in one part of the model is not
necessarily linear in the other part. It is then of the utmost interest to verify
the validity of such linearity assumptions, and refine the model if necessary.

In this thesis, the primary interest is on building an appropriate mixture cure
model to handle interval-censored data with a fraction of cured individuals.
In particular, we will propose a parametric but flexible logistic-AFT mixture
cure model for which the issues of variable selection and model checking will be
addressed. Additionally, we will present an alternative to parametric models,
which can also be used as a goodness-of-fit procedure to assess the fit of a
parametric distribution.

The remainder of this chapter will introduce the concepts and models used
in the thesis. The basis of classical survival analysis are covered in Section
The method used to handle the cure fraction is explained in Section
A very brief introduction to the issue of model checking and variable
selection is presented in Section and The Alzheimer’s disease database
that motivated this thesis is presented in more details in Section Lastly,
Section gives more details about the objectives and the organization of the
thesis.

1.2 Survival analysis: a basic introduction

This section presents a brief introduction to survival analysis and, more specif-
ically, to the concepts used throughout this thesis. This section as well as the
following of the thesis will assume that the event times are interval-censored in-
stead of exactly observed, unless otherwise stated. Moreover we suppose in this
section that every observation will eventually experience the event of interest,
i.e. there is no cure fraction.
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tality

1.2.1 A brief history of survival analysis

While survival analysis is nowadays considered as a specific branch of statistical
analysis in itself, it is interesting to note that statistic actually has its very first
roots in today’s survival analysis.

The great plague of 1603 led the people of London to show an increasing
interest in Bills of Mortality, i.e. weekly reports containing information about
the number of christenings and burials, and, more specifically, the number of
deaths caused by the plague (Figure gives an example of these Bills of
Mortality). A sudden increase in deaths from the infectious disease could thus
warn the population about a possible epidemic. However, a merchant named
John Graunt (1620-1674) granted little credit as to the accuracy of these Bills
of Mortality, and began a work that led to, in 1662, the publication of his
only but remarkable book, Natural and Political Observations upon the Bills of
Mortality (see Figure , which is considered as one of the very first sign of
statistical analysis.

For instance, John Graunt observes that before the plague-year 1625, the
reported number of deaths amounted between 7.000 and 8.000 persons per
year, whereas during the plague-year, the Bills of Mortality reported 35.417
persons dead from the plague, and 18.848 persons dead from other causes. He
thus assumes that 11.000 more persons than initially reported should have died
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Figure 1.2 — Natural and Political Observations upon the Bills of Mortality,
1676

from the plague. Another example is how, based on the information contained
in the Bills of Mortality, he estimates the number of inhabitants in London as
well as the rate of the population growth. In the same vein, he estimates a
mortality rate and presents one of the first life-tables. While John Graunt is
considered as the founder of statistics, it is worth mentioning that the paternity
of his book is sometimes attributed to his scientific friend, William Petty, one
of the founder of the Royal Society (of which John Graunt is elected as a
member thanks to his book). William Petty is known as the inventor of the
name Political Arithmetic, the former name of modern statistics [} which was
at the basis of political economy and demography.

Many other scientists followed Graunt’s and Petty’s footsteps. The mathe-
maticians Christian (1629-1695) and Lodewijk Huygens (1631-1699) proposed
a first calculation of the mean duration of life. The astronomer Halley (1656-
1742), famous for giving his name to a comet, tried to disclaim popular super-
stitious beliefs, such as the influence of the phases of the moon on health, and
constructed a table giving the population according to age. The famous mathe-
matician Laplace (1749-1827) also contributed to improve methods to estimate
the population of a country. He based his calculations on birth-rates in France,

L Actually, the word statistic comes from the Italian word stato, designating the State.
Statistics were in fact, at that time, a collection of non-necessarily numerical data and ob-
servations about the states. It is the economist Knies (1821-1898) who assigned the name
Statistics to Political Arithmetic.
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which he found by selecting some departments in the country, and enumerating
their inhabitants. This selection may be recognized as a sample of the popu-
lation. Another famous mathematician, Lavoisier (1743-1794), also worked on
population estimation, but tried to estimate the number of horses, sheep or
pigs. Lavoisier based his calculations on the quantity of some necessities that
he supposed to be constant in the population.

Concerning the use of statistics in medicine, James Lind (1716-1794) con-
ducted in 1747 what is considered as the first controlled clinical trial. Halley’s
finding were used by Daniel Bernoulli (1700-1782) to answer questions about
the small-pox, such as the frequency of the disease, or its lethality, i.e. the rate
of mortality amongst the diseased.

At that time, the notion of censoring has not yet appeared, and the infor-
mation about a patient who left the study was simply not considered. It is in
1897 that the word truncation appears. Francis Galton (1822-1911), a cousin
of Charles Darwin (1809-1882), analyzed a truncated sample by assuming the
normal distributiorﬂ By then, censoring and truncation were part of a unique
concept. The first apparition of the word censoring was marked in 1949, in
a paper of Hald [Hald, 1949, who credited J.E. Kerrich for this name. Hald
considers differently a truncated sample from which no observation is avail-
able, from a truncated sample for which some information is incomplete, i.e. a
censored sample, as we are accustomed to.

In 1958, Edward Kaplan (1920-2006) and Paul Meier (1924-2011) proposed
a solutionf’] to estimate non parametrically the survival distribution of a right-
censored sample [Kaplan and Meier, 1958]. In 1971, sir David Cox (1924-)
lays another stone in the history of survival analysis by proposing a regression
model, the proportional hazards model [Cox, 1972], one of the most cited papers
in statistics.

Research in survival analysis is still very popular nowadays, with subjects
including competing risks, frailty models, joint longitudinal models and many
more. The reader interested in the history of statistics may consult [Wester-
gaard, 1932].

1.2.2 Main survival functions

In this section, we briefly introduce the basic concepts of survival analysis. The
literature counts a plethora of references giving a comprehensive review on the

2Ten years after his famous paper describing Maximum Likelihood Estimator, Ronald
Fisher (1890-1962) applies his methodology to the same truncated sample, and finds results
equivalent to Galton’s.

3Actually, they both submitted their work to the Journal of the American Statistical
Assoctiation and the editor, John Tukey (1915-2000), convinced them to combine their work
into a single paper.
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subject. We refer for example to [Kalbfleisch and Prentice, 2002, Klein and
Moeschberger, 2003} |Collett, 2003, [Lawless, 2003].

Let t1,- - - ,t, be the realizations of n independent positive continuous random
variables T1, - - - , T, representing the event times of interest. While the cumu-
lative distribution function, F'(t) = P(T < t), is commonly used to describe
random variables in statistics in general, three quantities are more relevant in
the field of survival analysis, and are all related to each other:

1. The survival distribution: S(t) = P(T > t) =1 — F(t), giving the prob-
ability to experience the event after a certain time t;

2. the hazard function or hazard rate, h(t) = lima¢—o %W,

representing the instantaneous risk of experiencing the event;

3. the cumulative hazard function, H(t) = fot h(z)dz, representing the ac-
cumulation of instantaneous risk over time.

Writing f(t) the density function of T, it is trivial to see that

so that the knowledge of one quantity implies the knowledge of the other two
quantities.

Usual statistical techniques, such as the empirical cumulative distribution
function, cannot directly be used to estimate any of these quantities, due the
presence of censoring. Three types of censoring exist:

e left-censoring: the event of interest occurs before some time say r;: t; €
]Oa Ti] )

e right-censoring: the event of interest occurs after some time say [;: t; €

e interval-censoring: the event of interest occurs between two times, say [;
and r;: t; €]l 1]

Note that an observation that is left-, right- or interval-censored is an incom-
plete observation, as the true event time t¢; is not observed exactly. It can be
seen with a slight abuse of notation, that interval-censoring encompasses left-
censoring (I; = 0), right-censoring (r; = 00), as well as exactly observed event
times (I; = r; = t;). In this thesis, we assume that every observation is either
right-censored or interval-censored. Let Iy, - ,l, and ry,--- , 7, represent the
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observed left and right endpoints of the time intervals such that I; < ¢t; < r;
for : = 1,--- ,n. We furthermore assume non informative and independent
censoring, i.e. the censoring mechanism contains no other information than ¢;
is bracketed by two observed values [Self and Grossman, 1986, [Sun, 2006].

The censoring indicator §; is used to identify whether a patient experienced the
event or not: ¢; = 1 indicates an interval-censored observation (i.e. 7; < 4+00),
and ¢; = 0 indicates a right-censored observation (i.e. r; = +00).

1.2.3 Parametric modelling

Some parametric distributional forms are quite popular to model survival data.
In this section, some of the most commonly used distributions are briefly re-
viewed. Other distribution functions are given in [Klein and Moeschberger,
2003, p.38 for instance.

e The exponential distribution has parameter A and is such that the hazard
rate is constant over time. The density, survival and hazard rate are,
respectively:

for 0 <t < o0.

e The Weibull distribution generalizes the exponential distribution and is
characterized by two positive parameters, A > 0 and p > 0. The density,
survival and hazard rate are, respectively:

F(t) = pAt? ™ exp(AtP)
S(t) = exp(At”)
h(t) = pAt*~,

for 0 < t < oo, where p controls the scale of the distribution and A
controls the shape. Remark first that the hazard function for Weibull-
distributed event times is monotone; and that if p = 1, the distribution
reduces to the exponential distribution.

e The log-Normal distribution is another possible distribution appropriate

for survival data. The positive random variable T is log-normally dis-

tributed if log(T) is normally distributed, with mean yp and variance o2,
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that is

to o

st= [ swde =10 ()

ol ()

f)= e (bg@—u)

where ¢ is the standard Normal density function, and ¢ is the standard
Normal cumulative distribution function.

e The Extended Generalized Gamma distribution (EGG) encompasses both
the Weibull and the log-Normal distributions. A random variable T" has
an EGG(q) distribution with parameters p and o if

log(T) = p+ o¢

and € has probability density function

2 .
Florq) = il (g72)7 " explq2(qu—e™)) ifq#0
W exp(—v?/2) if¢g=0,
and survival distribution
1—1I(g2e®,q7%) ifqg>0
S(v;q) = < I(g %1%, q7?) ifg<0
S Amem Pdr it g =0,
where T'(k) is the gamma function, i.e. T'(k + 1) = k!, and I(-, k) is the
incomplete gamma integral |[Lawless, 1980], that is

I(-, k) = %/0 * e dy.

The Weibull distribution is obtained when ¢ = 1, i.e. ¢ follows an extreme
value distribution; the log-normal distribution is obtained when ¢ = 0,
i.e. € follows a Normal distribution.
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Figure 1.3 — Plot of parametric survival distributions (Exponential, Weibull,
log-Normal and EGG).

A plot of the survival distribution for the Exponential, Weibull, log-Normal,
EGG(2.5) and EGG(—2) is given in Figure[1.3] for the same mean and standard
deviation (i.e. exp(2) and 0.5 respectively).

Likelihood function and estimation

Under the assumption that the event times Ti,--- ,T,, follow a survival dis-
tribution S known up to some parameter(s) 8y, i.e. S(t|6p), usual maximum
likelihood theory applies. Note that in the following, when no confusion may
arise, we will write S(¢) for S(t|0o).
that are either right- or interval-censored is proportional to:
~ITis

=1

The likelihood function for observations

(r)] -

90,[1,7’1

We may equivalently use the censoring indicator ¢; and obtain the following

notation
H S(1

Standard optimization techniques such as the Newton-Raphson algorithm can
be used to estimate 8y. Theoretical large sample properties of the maximum
likelihood estimator follow, such as consistency and unbiasedness; and the stan-

L(Bo; Li, 74, 6:) = ) [S (1) — S . (1.1)
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dard errors can easily be computed trough the Hessian matrix of the likelihood
at its Maximum Likelihood Estimator (MLE).

1.2.4 Non-parametric estimation of the survival distribu-
tion

In the presence of right-censored and exact observations only, the Kaplan-
Meier estimator is the most popular non-parametric estimator of the survival
distribution [Kaplan and Meier, 1958]. The concept is quite simple: first,
order the unique event times and obtain 0 < s; < --- < sp < 400, where
D represents the number of distinct event times. Also, note d; the number of
events occurring at time s;, and n; the number of observations still at risk at
time s;, i.e. observations for which the event time or right-censoring time is
larger than or equal to s;. The Kaplan-Meier estimator at any time ¢ is given
by:

s; <t

The estimated survival distribution is a discrete distribution with jumps only
at the set of unique event times sy, -, sp.

The Kaplan-Meier estimator involves the ordering of the event times. In the
context of interval-censored event times, such an ordering is impossible due to
the possibility of overlapping intervals. Suppose for example that the intervals
of two observations are |2,4] and ]1, 5], it is then impossible to know for which
observation the event occurred first. The Kaplan-Meier estimator is thus not
directly applicable for interval-censored data, and needs to be adapted .

The following solution is due to [Peto, 1973] and [Turnbull, 1976]. Define
0 =350 < 81 <+ < Sy < Spp1 = +00, the set of the unique ordered
elements of {l;,r;}"*; U{0,400} . Fori =1,--- ,nand j =1,--- ,m+1,
define a;; = 1if |s;_1, 5] CJl;,7;] and 0 otherwise. For notational convenience,
let p = (p1, + ,pmt1) with p; = P(T; €]sj—1,s5]) = S(sj-1) — S(s;) for
j=1,--- ;m+ 1, representing the probability that the event occurred within
the interval |s;_1,s;]. It results that, for ; < r;, S(l;) — S(r;) = Zy;l QiP5
and the likelihood function is proportional to

n m-+1

L(p; ay5) = H Z QijPj,

i=1 j=1

where ) p; = 1. Maximizing this likelihood leads to the nonparametric survival
estimator. It will correspond, as for the Kaplan-Meier estimator, with a discrete
distribution that changes value only at some s;. Actually, [Turnbull, 1976]
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Figure 1.4 — Representation of Turnbull intervals for n = 5 observations. The
horizontal lines represent the censoring intervals for each observation. On the
x-axis, the Turnbull intervals are represented.

showed that the estimator changes value on intervals of the form [a;, b;], with
a1 <by <as < ... <bp_1 < am < by, and which contain no other points of
{l;,7;} except at their end points (see example in Figure [L.4).

Some algorithms have been proposed to find the non-parametric MLE: the
self-consistency algorithm based on the Expectation Maximization (EM) algo-
rithm [Turnbull, 1976], which has a low convergence rate; the Iterative Convex
Minorant (ICM) algorithm |Groeneboom and Wellner, 1992|, which was mod-
ified by Jongbloed to insure convergence of the algorithm [Jongbloed, 1998§];
or the hybrid EM-ICM algorithm [Wellner and Zhan, 1997]. We refer to [Sun,
2006| for a review of these algorithms.

1.2.5 Regression modelling

A regression model is used to model the dependence on covariates, and estimate
the impact that these covariates can have on the survival distribution. We
describe in this section two major regression models. The first one is the
Proportional Hazards (PH) model and the second one is the Accelerated Failure
Time (AFT) model.

In the following, let X! = (1, X1, , Xim) € R(™D denote the (m + 1)-
vector of covariates that may impact T; through the parameter u;, and note
B = (Bo, b1, -, Bm) the corresponding (m+1)-vector of unknown coefficients.
Furthermore, we assume that the effect of covariates is linear, that is p; =
X8 = Bo+ frxin + - + BmTim. We note O; the observed dataset for an
individual 4 such that O; = (z;,1;,7:,0;), i =1,--- ,n.
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Proportional Hazards (PH) model

The PH model assumes a direct relationship of the covariates with the hazard
function, and states that

h(ti) = h(t:i| Xi = ®;) = ho(t:) exp(ui),

where hg is a baseline hazard function, common to all individuals, and where
Bo = 0 to avoid identifiability issues. The assumption of proportionality of
hazards naturally follows: two observations with a different value of a covariate
have proportional hazard functions. The model can be rewritten in terms of
the conditional survival distribution, i.e. S(t;) = S(t;|X; = a;) = So(t;) <P,
where Sy corresponds to the baseline survival distribution.

When a parametric distribution is assumed for Sy, like one of those introduced
in Section estimates 3’ = (Bl, e Bm) of @' are obtained by maximizing
the parametric likelihood function given in Equation .

Otherwise, in the context of right-censored data, Cox proposed to leave the
baseline hazard function hg unspecified. This results in the so-called “semi-
parametric PH model”, often referred to as the Cox model. As the baseline
hazard can be treated as a nuisance function (parameters 3 are not involved in
ho), an estimation of the coefficients 3 can be obtained. However, maximizing
the likelihood function given Equation is not possible anymore and Cox
developed a partial likelihood to estimate the parameters 3 . As
for the Kaplan-Meier estimator, the ordering of the event times is used in the
estimation method. In the presence of interval-censoring, other techniques need

to be used. For example, [Finkelstein, 1986] uses the score function to obtain
estimates. Other references are [Kooperberg and Clarkson, 1997, |Goetghebeur|
land Ryan, 2000, Betensky et al., 2002} |Cai and Betensky, 2003].

In the Cox model with right-censoring only, an estimation of the baseline

cumulative hazard function is due to Breslow |Breslow, 1972]. As in section

1.2.4., note s; < --- < sp the ordered unique event times and d; the number

of events at s;. Then, given the estimates 3, an estimation of Hy is obtained
as

Ho(t) = ) ho(s;)

_ d;
ZkeRj exp (z,8)

still at risk just before time s;.

where hg (s5) and where R; represents the set of individuals
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Accelerated Failure Time (AFT) model.

The Accelerated Failure Time (AFT) model states that
log(T;) = X3 + o¢

where o is a scale parameter, and € an error term with survival distribution Sp.
Note that, while Sy represents an equivalent to the baseline survival function
in the PH model, the effect of a covariate in the AFT model is quite different
than in the PH model. In fact, in the AFT model, the conditional survival
distribution S(t;) = S(t;| X; = ;) = So((log(t;) — x;8)/0).

In a parametric context, i.e. assuming a parametric distribution for Sy, esti-
mates 3 = (8o, B1,- -, Bm) and & of B’ and o are obtained by maximizing the
parametric likelihood function given in Equation .

In a semi-parametric context, i.e. leaving Sy unspecified, a partial likelihood
treating Sy as a nuisance function is not available. Indeed, the parameters 3
and o can not be separated from the survival distribution Sy((log(t) —x’'B3) /o).
With right-censored data, estimating equations approaches based on linear-
rank tests are used [Kalbfleisch and Prentice, 2002]. Their extension to interval-
censored data were studied by |[Rabinowitz et al., 1995] and |Betensky, 2001,
but these methods are computationnaly applicable only for low-dimensional co-
variates. To allow for higher dimensional covariates, [Tian and Cai, 2006] pro-
posed a Markov Chain Monte Carlo approach. More recently, a smoothing ap-
proach was developed and implemented in a R-package, smoothSurv [Komarek
et al., 2005]. Another flexible method, presented in our context in Chapter
is the semi-nonparametric representation [Zhang and Davidian, 2001, [Zhang
and Davidian, 2008] .

The interpretation of the estimated coefficients in an AFT model is similar to
the interpretation of coefficient in a linear regression: a covariate acts directly
on the survival time T'. A positive coeflicient implies that a larger value of the
corresponding covariate will decelerate the time until the event occurs, i.e. the
event occurs later in time, while a negative coefficient shortens the time to the
event, i.e the event occurs earlier.

In the following, 1 is the vector of unknown parameters, where n’ = (6, 3")
and 6 represents the vector of other parameters, for example the parameter of
the baseline distribution 8y and/or the scale parameter o in the AFT model.
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1.3 Survival analysis in the presence of a cure
fraction

1.3.1 The mixture cure model

Let y1,- -+ , yn be realizations of the indicator random variables Y7, - -- ,Y},, rep-
resenting the status, cure or uncured, of an observation, i.e. Y; = 1(T; < 400).
Note that the uncured status y; is unknown for a right-censored observation
and that, by definition, an interval-censored observation corresponds to an un-
cured subject, i.e. y; = 1. The status Y; may depend on the covariate vector
Z! = (1,Zp1, - ,Z;s) € R+ through the parameter v;, and we assume the
effect of covariates to be linear, that is v; = z}~, where v = (70,71, ,7s) 18
a (s + 1)-vector of unknown coefficients.

The mixture cure model assumes that

S(t;) = piSu(ti) +1 — p;,

where S(t;) = P(T; > t;|X; = x;, Z; = z;) is the improper conditional survival
distribution of T; given X; and Z;, where improper means that lim;_, ., S(t) >
0; p; = P(Y; = 1|Z; = z;) denotes the conditional probability to experience the
event of interest given Z;; and S, (¢;) = P(T; > ¢;|X; = x;,Y; = 1) denotes the
proper conditional survival distribution of the uncured sub-population given
X;. Note that in the absence of cure (i.e. p; = 1Vi), S coincides with S,,.

In the incidence part of the mixture cure model, the probability p; to experi-
ence the event is usually modelled by a logistic regression, i.e.

__exp (zlv)
14 exp(2fv)

7

Note that another model can be used, such as a probit regression for instance.

In the latency part of the mixture cure model, a regression model is used to
model to dependence of the time-to-event for the uncured on the covariates
X . In this thesis, the model is either the PH or AFT model, and the survival
distribution for the uncured is then given by one of the two following models:

S (t;) PR (PH) (1.2a)
Sulld =1 4., (log(tﬁ _‘”) (AFT) (1.2D)

where p; = X[ and S, represents the baseline (PH model) or error term
(AFT model) distribution for the uncured individuals. Note that the covariates

in X may share some or all of the components of Z.
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The vector of all unknown parameters to be estimated is 1, where n’ =
(0',8,~4") and O represents the vector of other parameters such as the pa-
rameter of the baseline distribution 6y and/or the scale parameter o in the
AFT model. The observed dataset for an individual ¢ is O; = (=i, 2, l;, 74, 6;),
i=1,---,n, and O represents the observed data for the entire sample.

1.3.2 Parametric mixture cure model

The parametric mixture cure model assumes that the distribution S, o of the
uncured is known up to a finite number of parameter. Maximum likelihood
theory can be applied. An interval-censored observation is uncured with prob-
ability p; and its contribution to the likelihood is therefore p; (S, (1;) — Sy (7))
A right-censored observation is either uncured, with probability p;, or cured,
with probability 1 — p;. Its contribution to the likelihood is p; S, (1;) + (1 — p;).
The likelihood in a parametric mixture cure model with interval- and right-
censored observations is proportional to:

L(n,0) = [] [pi(Sulls) = Su(ra))]* [(1 = pi) + peSu (@) 20 (1.3)

=1

Identifiability of a mixture cure model was studied in extensive details by [Li
et al., 2001] and [Hanin and Huang, 2014]. Given the parametric form of the
latency and incidence parts as well as the presence of covariates in the incidence
part, the model given in Equation is identifiable if the follow-up period is
long enough [Li et al., 2001} [Hanin and Huang, 2014]. In Chapter simulations
show the impact of a follow-up that is not long enough. Maximizing the above
likelihood function with respect to 1 leads to a consistent and asymptotically
efficient estimate ' = (0’, 3,4') |Casella and Berger, 2001]. The correspond-
ing asymptotic variance-covariance matrix can be obtained as usual through the
Hessian matrix. The plug-in method then leads to the estimators 0 ;= ,6',
Ui = 2y, pi = p(i), Su(tz) = Su(tilfu, A) and S( i) = pzSu( i) +1—p;of @,
Wiy Vi, Diy Su(t;) and S(t;), respectively.

1.3.3 Semi-parametric mixture cure model

The semi-parametric mixture cure model leaves the survival distribution of the
uncured unspecified. In this case, S, o is considered as a nuisance, and the fact
that the uncured status is not known does not allow to use classical methods
developed in the context without a cure fraction. Typically, in this case, the
Expectation-Maximization (EM) algorithm is used for estimation purposes (see
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for instance, for right-censored data: [Taylor, 1995, Sy and Taylor, 2000, [Peng
land Dear, 2000, [Li and Taylor, 2002, |Zhang and Peng, 2007, Cai et al., 2012]).

Denote the complete dataset by O, which is the observed data augmented by
the uncured status y;, i.e. O;¢c = (O;,¥;), @ = 1,--- ,n. The likelihood based
on this dataset is called the complete likelihood, and three types of observation
give a different contribution to this likelihood. First, the contribution of an

interval-censored observation, which is by definition uncured, i.e. y; = 1, is
pi(Su(l;) — Su(ri)). Second, the contribution of a right-censored observation
that is uncured, i.e. y; = 1, is p;Syu(l;). Third, the contribution of a right-
censored observation that is cured, i.e. y; = 0, is 1 — p;. This gives the
complete log-likelihood:

lo(n; 0.) = Z 8;yi10g [pi(Su(ls) — Su(r:))]

1

( 6:)(1 — i) log [1 — py]
( 6:)yi log [piSu(l;)]
llnc(77 OC) + llat( ,,8; OC)

1-—
1-—

- -

where the indexes inc and lat stand for incidence and latency respectively, and

n
znc 77 Z Yi IOg pl 1 - yi) 1Og(1 _pi)]

i=1

liat(0 [yi6i log((Su(li) — Su(ri)) +yi(1 — 0;) log(Su(li))] -

1

n
=
The EM algorithm is an iterative algorithm with two steps. The expectation
step computes the conditional expectation of the complete likelihood I, with
respect to the (partially observed) uncured status y;, given the current value

of m, say n®), and the observed data. For this, one needs to compute the
expectation of the uncured status, given n*) and O, that is:

P15 (1)
B8 (1) + 1 -

& = B (viln®,0:) = 6 + (1~ )

where p p ) and S ) are estimated at the current values of n®). Note for future
reference that to compute S’&k), one also needs an estimator of Sy, o.
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The second step of the algorithm, the M-step, maximizes the expected complete-
data likelihood given §i(k):

E(Line) = Y _ [&ilog(ps) + (1 — &) log(1 — p;)]

i=1

NE

E(Liat) = ) [6:&ilog(Su(li) — Su(ri)) + & (1 — 6;) log(Su(li))]

=1

-
Il

|

[0 log((Su(l)% = Su(ri)¥) + (1 — &) log((Su(1:)*))]

i=1

where the last line results from the fact that §; = 1 = §; = 1. It follows that
E(ljq¢) is actually the likelihood of a standard AFT model without cure, except
for the constant term &;.

In the context of right-censored data, an estimation of S, o is given by the
Breslow estimator, so that parameter estimates can be obtained in the PH or
AFT model [Taylor, 1995, [Sy and Taylor, 2000} Peng and Dear, 2000, [Li and|
Taylor, 2002, |Zhang and Peng, 2007]. These methods are implemented in the
R-package smcure .

The extension of these method to interval-censored data is quite challenging,
as the Breslow estimator of S, ¢ is not available [Lesaffre et al., 2005].

1.3.4 The promotion time cure model, an alternative to
the mixture cure model

The promotion time cure model is another class of models dealing with the
presence of a cure fraction. It was motivated by biological considerations and
defined in a Bayesian context by Chen [Chen et al., 1999]. Other authors have
developed this model in a more general context [Yakovlev et al., 1996, |Tsodikov,
11998, Tsodikov, 2001, Tsodikov et al., 2003]. To take the cure fraction into
account, the promotion time cure model imposes an upper bound on the cu-

mulative hazard function of the population, i.e.

lim (H(t)) = 0.

t——+oo

This model is hence also called the Bounded Cumulative Hazard (BCH) model.
The survival distribution of the population is given by

S5(t) = exp(—=0F(t))
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where F(t) = H(t)/0 is the distribution function of a continuous non-negative
random variable satisfying F'(co) = 0, i.e. F is proper. Taking the limit of the
survival distribution gives the cure fraction: lim; ;o S(t) = exp(—6). When
covariates X are present, a proportional hazards model can be assumed and is
obtained by letting 8 = exp(X3).

An advantage of this model over the mixture cure model is that it preserves
the proportionality of hazards. However, it does not allow to estimate the
impact of covariates on the probability to be cured and on the time-to-event
separately.

1.4 Diagnostic checks in survival analysis

Building a model does not only consist in estimating the regression parameters.
Indeed, the assumptions that are made about this model need to be validated.
A commonly used approach is to plot the residuals of the model and is called
“diagnostic checks”. For instance, a QQ-plot or a histogram of the residuals
can be plotted to verify the Normality assumption in classical linear regres-
sion. Several types of residuals have been defined in linear regression and in
generalized linear regression [Cook and Weisberg, 1983, [McCullagh and Nelder,
1989| |Weisberg, 2005, [Seber and Lee, 2012].

Survival analysis makes no exception, but the presence of censoring makes
the definition of residuals less clear. This section aims at presenting some
of the most commonly used residuals used for diagnostic checks in a right-
censored context [Collett, 2003]. While an extension to interval-censored data
in a PH model has been studied [Farrington, 2000], an extension for the interval-
censored AFT model has not been developed. Chapter [4 of this thesis focuses
on studying the definition and extension of residuals in the context of interval-
censored data with a fraction of cured individuals, for the PH and the AFT
model.

1.4.1 The Cox Snell residuals

The Cox-Snell residuals are defined as
ros(ts) = —log(S(t;)).

where S is the estimated survival distribution of 7. A right-censored obser-
vation results in a right-censored Cox-Snell residual: r¢g(l;); and an interval-
censored observation results in interval-censored residuals: |res(l;), ros(ri)]-
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If the model is correctly fitted, the Cox-Snell residuals should resemble a right-
censored sample from a unit exponential distribution. Indeed, —log(S;(T3))
follows an exponential distribution of parameter one. To see this, first recall
that if X is a continuous random variable with distribution function F', then
Y = F(X) follows a uniform distribution on [0, 1]. Then, remark that

T, ~ S; < Si(T;) ~ U[0,1] & —log(Si(T3)) ~ Exp(1),

as P(—1log(S(T)) < ¢) = P(S(T) < e ¢) = e °. A plot of the Kaplan-
Meier (for right-censored data) or Turnbull (for interval-censored data) survival
estimator of the residuals should therefore reveal points aligned on a straight
line of slope one and zero intercept.

While very popular, the Cox-Snell residuals have some serious drawbacks in
the Cox model. For instance, the justification of the closeness of residuals to an
exponential distribution is based on true values, and not on a nonparametric
estimation. This closeness is also not suitable for small sample sizes [Lagakos,
1981], and a departure from a straight line may be due to the uncertainty in
estimates (rather than to a wrong model), which is larger in the right-tail and
for small sample sizes [Klein and Moeschberger, 2003]. In fact, in the semi-
parametric PH model, those residuals have not proved to be useful because to
show departure from a straight line, the fitted model has to be really wrong
|Collett, 2003]. Additionally no indication is given as regards the cause of the
departure, if there is any.

1.4.2 The martingale residuals

The martingale residuals in a context of right-censored and exact observations
are defined as

rav(ti) =6 —res,i

where §; = 1 stands for an exact observation, and §; = 0 stands for a right-
censored observation, as usual.

For interval-censored data, |[Farrington, 2000] proposes to replace the interval
residuals with their expected value under the exponential distribution, i.e.

rav(lisri) = ~ =
S(l;) = S(ri)
The drawback of this extension is that the expectation is taken under an as-
sumed distribution, which may be seriously wrong in some cases.

The martingale residuals play a crucial role in survival analysis, as they are
viewed as the difference between the observed number of events for an obser-
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vation, and its expected number of events. They can thus be used to detect
departure from linearity of a covariate in a regression modelling, when plotted
against the corresponding covariate [Therneau et al., 1990|. A shortcoming is
that they are skewed and not symmetrically distributed, which may result in a
laborious detection of non-linearity in the residuals plots. The use of deviance
residuals is then advocated.

1.4.3 The deviance residuals

From a general point of view, the deviance is defined as twice the difference
between the log-likelihood of the model and the corresponding saturated likeli-
hood, which is the likelihood of the same model, but with the maximum number
of parameters. The deviance residuals are defined as the contribution of each
observation to the deviance. A small deviance indicates that the model fits the
data correctly, whereas a large deviance indicates a problem in the fit. As with
martingale residuals, a plot of the deviance residuals versus a covariate should
help to detect if a covariate was erroneously entered linearly in the model.

In a PH model with only right-censored and exact observations, it has been
shown that the deviance residuals are given as a transformation of martingale
residuals, i.e.

rai = sign(rari)[=2(rars 4 0;log(6; — rari))]2.
However, such an expression in terms of martingale residuals is no longer appro-
priate if the event times are interval-censored, or if the AFT model is assumed
instead of the PH model.

The extension for the interval-censored PH model is given in [Farrington,
2000]. The AFT case is covered from the perspective of the mixture cure
model in Chapter [4 Indeed, in this chapter, we propose an extension of the
deviance residuals in the PH and AFT model, for the case of interval-censored
data with a fraction of cure.

1.5 Variable selection methods

When building a model, one can be tempted to include as much covariates as
possible. However, sparsity may be preferred for ease of interpretation and
prediction, hence the need for a variable selection procedure. In the statistical
literature, several variable selection methods are proposed, and the most com-
mon ones are briefly presented hereinafter. For a more comprehensive review,
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see [Harrell, 2001} (Collett, 2003, [Hosmer et al., 2011}, |Bithlmann and van de
Geer, 2011].

1.5.1 The best subset selection

The best subset selection computes all possible models, according to all com-
binations of the covariates. Note that this implies that 2" models have to be
fitted, with m the number of covariates in the model. A comparison between
the models can be made with the AIC or BIC criterion:

AIC(K) = b(9,0) — k,

BIC(k) = 2l,(A, O) — log(n)k,

where [ is the maximized log-likelihood of one of the fitted models, with sub-
script k indicating the number of covariates in the model. The model leading
to the largest AIC or BIC is chosen. Obviously, this method implies a large
number of models to be fitted, if the number of potential covariates, m, is large.
More parsimonious methods include forward, backward and stepwise selection.

1.5.2 Forward, backward and stepwise selection

Forward selection starts from a null model, containing no covariates, and adds
one covariate at a time in the model. The covariate that, when included in
the model, gives the largest increase of likelihood (or the smallest p-value),
is entered in the model. The process is repeated until no further covariate
can increase the likelihood by a significant predetermined amount (or until no
further covariate is significant at a predetermined a-level).

Backward selection starts from the full model, containing every covariates,
and deletes one at a time from the model. The covariate that, when removed
from the model, gives the smallest decrease in the likelihood (or largest p-value)
is deleted from the model. The process is repeated until the next covariate to
be removed decreases the likelihood by more than a predetermined amount (or
when all covariates are significant at a predetermined a-level).

The stepwise selection procedure is very similar, except that a covariate may
be entered or deleted at each stage of the process: in stepwise forward selec-
tion, a covariate that has entered the model can be removed if it is no longer
significant. In stepwise backward, a deleted covariate can re-enter the model if
its addition is significant.

Here are listed the major drawbacks of these methods [Harrell, 2001]:

e The R? values in linear regression are biased high
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e The F and x? test statistics do not have the claimed distribution anymore
e The method results in falsely narrow confidence intervals

e The method yields too small p-values, which do not take account of the
multiple comparison problem

e The estimated parameters are biased and need shrinkage

Moreover, the method is unstable: small changes in the data can lead to large
changes in the selection process |Breiman, 1996|.

1.5.3 Shrinkage methods

Shrinkage methods are based on a penalized likelihood function. The idea is to
shrink the estimates toward zero, therefore performing estimation and variable
selection at the same time. These procedures are continuous in the sense that
the coefficients are continuously shrunk towards zero. Discrete procedures, on
the other hand, enter or delete one variable at a time.

The idea is that the following penalized log-likelihood must be minimized:

—l(n,0) +n>\zpj(|3j|)a (1.4)

where [ is a log-likelihood function such as the one given in Equation . In
the second term of , A represents the penalty term (the tuning parameter),
controlling for the amount of shrinkage of the estimates. If it is equal to zero,
then minimizing leads to the usual unpenalized MLE; otherwise, the co-
efficients are shrunk towards zero. The function p;(|-|) is the penalty function
and can take several forms. For example,

e the Least Absolute Shrinkage and Selection Operator (LASSO) penalty
[Tibshirani, 1996]:
p;(1851) = 1851,

e the adaptive LASSO penalty [Zou, 2006]:
p;(1B;1) = 1B |w;,
with w = (wy, ..., wm,)T being a known fixed weight vector.

e the ridge penalty [Hoerl and Kennard, 1970|:

p;i(18;]) = B3,
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Figure 1.5 — Some penalty functions: Lasso, Ridge, Adaptive Lasso with either
a small and large unpenalized coefficient estimate (i.e. w;), and SCAD.

o the Smoothly Clipped Absolute Deviation (SCAD) penalty [Fan and Li,|
2001|, which depends directly on A. This penalty is characterized by its
first derivative, i.e.:

(aX —1551)
WR(WH > A),

for a > 2, where 1 represents the indicator function and 1 = min(0, z).

Py (I1Bi1) = A(IB;| < X)) +

An illustration of some penalty functions is given in Figure [1.5]

There has been extensive work about penalized likelihood and shrinkage meth-
ods. Many algorithms have been proposed to solve the optimization problem,
like the LARS algorithm [Efron and Hastie, 2004], the coordinate descent al-
gorithm |Friedman and Hastie, 2007], the unified algorithm with quadratic ap-
proximation [Fan and Li, 2001|, or the recently proposed algorithm dedicated
to the Cox model [Goeman, 2010]. The main disadvantage of the LASSO is
that it does not possess the oracle property. The oracle property states that
the variable selection method identifies the right subset of covariates and has
an optimal estimation rate, i.e. /n(8 — 8) — N(0,%), where 3 represents
the coefficients estimated with the variable selection procedure, S are the co-
efficients of the true model, and ¥ is the covariance matrix knowing the true
model [Zou, 2006]. The adaptive LASSO does possess the oracle property, as
long as the weights w; are data-dependent and wisely chosen . The
SCAD penalty also possesses the oracle property |[Fan and Li, 2001].

Note that the construction of p-values or confidence intervals of the (adaptive)
LASSO estimates is not straightforward and is actually mainly based on re-
sampling techniques. It has recently been studied by Tibshirani and co-authors
for the LASSO [Lockhart et al., 2014].
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In the right-censored Cox model, the LASSO, adaptive LASSO and SCAD
penalty have been studied by several authors |Tibshirani, 1997, [Zhang and
Lu, 2007, [Fan and Li, 2002]. The adaptive LASSO for a right-censored AFT
model was covered in [Wang and Song, 2011]. Concerning the mixture cure
model, the SCAD was applied to a right-censored mixture cure model with
a Cox regression in latency |Liu et al., 2012]. The extension to a parametric
interval-censored AFT mixture cure model will be covered in Chapter [3]

1.6 Real Data Analysis: Oxford Project To In-
vestigate Memory and Aging (OPTIMA)

The main motivation of this thesis is to propose methods to analyze a database
concerning Alzheimer’s disease. The database concerns a study for which 241
healthy elderly volunteers were followed for up to 20 years with regular assess-
ments of their cognitive abilities using the Cambridge Cognitive Examination
(CAMCOG). Among them, 91 converted to MCI (37.8%), and the other 150
(62.2%) were right-censored.

One of the objectives of the study was to identify a set of cognitive scores that
predict the probability of conversion from healthy to Mild Cognitive Impair-
ment (MCI) stage in elderly subjects. MCI often represents the pre-dementia
stage of a neuro-degenerative disorder, including Alzheimer’s disease, vascular
dementia, or other dementia syndromes, and hence early detection of its onset
is of great relevance for patients, carers and government. The CAMCOG score
ranges from 0 to 107 with high scores indicating higher abilities. It is comprised
of sub-tests including orientation, comprehension, expression, recent memory,
remote memory, learning, abstract thinking, perception, praxis, attention, and
calculation. Other recorded covariates were the age, the number of years of
total education, the gender, the number of folate cells, the total Homo-cysteine
(tHcy) rate, the Mini-Mental State Examination (MMSE) score, and the pres-
ence or absence of Apolipoprotein E4 (ApoE4) (a gene known to increase the
risk to develop Alzheimer disease |Corder et al., 1993|). Figure shows the
distribution of the sub-test scores, whereas Table presents the mean, stan-
dard deviation and range of the covariates Age, Education, tHcy, and folate.

Criteria for diagnosis of MCI and control were carried out according to inter-
national guidelines. For more details see (|Oulhaj et al., 2009]). To summarize,
conversion to MCI was determined by a neuropsychologist at each visit, which
took place in average every year and a half. The data are clearly interval-
censored since conversion actually occurred between visits, so that the exact
date is not known.
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These data were previously analyzed by [Oulhaj et al., 2009], considering
interval-censoring only and using a semi-parametric AFT model with smooth-
ing error [Komarek et al., 2005]. In that analysis, baseline CAMCOG sub-tests
along with other baseline covariates such as age, years of total education, gen-
der, and ApoE4 were used as potential predictors of the probability of conver-
sion from healthy to MCI. They identified three significant covariates. Two
of them with a positive impact on time to MClI-conversion: expression and
learning scores at baseline, and one with a negative impact: age at baseline.
However, there is a biological evidence that a proportion of patients will never
convert to MCI [Petersen et al., 2001]. Figure shows the Turnbull non-
parametric survival estimator, taking interval-censoring into account [Turnbull,
1976]. This curve shows a plateau with only one event after more or less 12.5
years, confirming the possibility that a fraction of the population will never
experience the event. The previously fitted model did not take this feature
into account. This is why we will analyze the data with a mixture cure model
which considers both interval censoring and a cure proportion.

Table 1.1 — Mean, standard deviation (sd) and range for Age, Education,
tHcy and folate cells in the Alzheimer’s disease database.

‘ Mean SD Range

Age | 71.85 8.83 [34,94]
Education | 18.79 3.28 [14,28]
tHey | 12.61 3.80  [6,28]
Folate cells | 11.51 3.97  [4,20]

1.7 Objectives and outline of the thesis

The main objective of this thesis is to provide appropriate tools to analyze
interval-censored data with a fraction of cure.

As we have seen, a semi-parametric AFT mixture cure model is quite com-
plicated, and a parametric approach seems convenient. In this case, the use of
a flexible distribution, such as the EGG distribution is a good compromise. A
continuous variable selection technique has not been developed in a parametric
mixture cure model. Therefore, Chapter [3] will focus on extending the adap-
tive LASSO in the context of a parametric mixture cure model with an AFT
regression in the latency. This chapter makes the assumption that the error
term in the AFT model follows the EGG distribution.

To provide with diagnostic checks in parametric mixture cure models with
interval-censoring, Chapter [4] proposes an adaptation of existing residuals di-
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Figure 1.6 — Barplots of selected covariates from the Alzheimer’s disease
database.
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Figure 1.7 — Turnbull Survival Curve, taking interval-censoring into account

agnostic checks, presented in Section of this introduction, with either the
PH or AFT model in the latency. Firstly, we will define and study two types
of Cox-Snell residuals, one type based on the survival distribution of the en-
tire population, and the other type based on the survival distribution of the
uncured sub-population. Secondly, to detect a needed transformation in the
model and more specifically in the latency and in the incidence parts of the
model, we will define three types of deviance residuals: global, latency, and
incidence deviance residuals.

Lastly, Chapter [5| will present the semi-nonparametric (SNP) representation,
with two objectives: the first objective is to propose an estimation method for a
mixture cure model with interval-censoring, without imposing any parametric
assumptions on the survival. This is thus an alternative to parametric models,
and a more general method than using the EGG distribution. The second
objective is to propose a goodness-of-fit test. Indeed, previous findings may
suggest a parametric form for the survival distribution. The SNP representation
naturally allows to test any parametric distribution, and may therefore confirm
or inform these findings.

A discussion about our proposed methods and findings, as well as some ideas
for future work are given in Chapter [6]
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CHAPTER 2

Taking into account interval-censoring and a cure

fraction: a simulation study

“Success 1s a science; if you have the conditions, you
get the result.”

- Oscar Wilde (1854-1900)
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2.1 Introduction

In this chapter, we show by means of simulations the impact of using naive
methods in the presence of interval-censoring and/or a cure fraction. In the
context of interval-censoring, the naive approach is to use classical methods by
creating a data-set with the mid-point of intervals treated as an exact obser-
vation. As for the presence of a cure fraction, one could simply ignore it and
consider all cure subjects as right-censored. Both naive solutions may lead to
incorrect conclusions and results.

This chapter is organized as follows: Section [2.2] presents the algorithm used
to generated right- or interval-censored data, with or without a cure fraction.
Section present the more specific data generation process used in this chap-
ter. Section concerns the impact of the presence of a cure fraction on the
comparison of two survival curves, and on regression modelling. The impact of
the presence of interval-censoring is discussed in Section 2.5 while a conclusion
is given in Section [2.6]

2.2 Data generation: Generation of cured indi-
viduals and interval-censored event times

In this chapter and throughout this thesis, we will study the finite sample
size properties of our proposed approaches by means of simulations. For these
simulations, the data will be generated according to the following algorithm
unless otherwise stated. The algorithm can be used to generate a dataset for
a mixture cure model, with or without interval-censoring.

1) Generate t; from an AFT model, considering for example three covariates,
ie.

log(T|X) = Bo + f1X1 + PaXo + B3 X3 + o¢ (2.1)

2) Compute the cure probability p; = p(Z;) through a logistic model con-
sidering for example two covariates, i.e.

exp(vo + 7121 + 7242

p(z) = ) (2.2
14+ exp(vo +mZ1 +7222)

3) Generate y;, the uncured status, from a Bernoulli random variable of
parameter p;, i.e. Y; ~ Bern(p;). If y; = 0, set t; = +o0.

4a) In case of right-censoring only (no interval-censoring): Generate [;, the
right-censoring times through a given distribution such as the Exponential
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distribution with parameter 1/7. If ¢; < [; then §; = 1 and the observed
response is t;; if ¢; > [; then 6; = 0 and the observed response is [;.

4b) In case of interval-censoring and right-censoring, we mimic a real data
study and suppose that the observations are patients followed at regular
visits. For each subject i, generate a first visit time v;. Fix a maximum
number of visits, say K, and suppose that each visit is separated by a
time length a. If t; < v;, set [; = 0, r; = v;. Else, if t; > v; + aK, the
observation is right-censored; set I; = v; + aK, r; = co. Otherwise, there
exists k; = 1,2,3,--- , K such that v; + a(k; — 1) < t; < v; + ak;; in this
case set l; = v; + a(k; — 1) and r; = v; + ak;.

The values of By, 51, B2, B3, 0, Yo, V1, V2, @ and K, as well as the distribution
of X1, X9, X3, €, Z1 and Z3 will be given in each chapter. A R-code producing
such a dataset is given in Appendix [A]]

2.3 Data generation for this chapter

The generation of the data used in this chapter may differ according to the
aims of the simulations presented in the next sections. Generally, data will be
generated following the algorithm described in Section 2.2} where Equations

(2.1) and (2.2) are replaced by simpler expressions, respectively:

log(T) = Bo + A1 X + exp(ar)e (2.3)

exp(yo + M1 Z)
7)) = . 2.4
p(Z) T+ exp(r0 + 1 Z) (2.4)

The error term ¢ follows an EGG distribution of parameter g = 1, i.e. T follows
a Weibull distribution, and the covariate X is binary such that X ~ Bern(0.5).
In the following, the covariate Z will either be equal to X or have the same
distribution, i.e. Z ~ Bern(0.5). Unless otherwise stated, Sy = 0 and o =
0. The values of 51, 79, 71 may differ in each simulation setting discussed
hereunder and are given accordingly in each paragraph. The right-censoring
distribution is always exponential with mean 1/7, 7 taking different values for
each setting and given in each following paragraph as well. Unless otherwise
stated, the sample size is fixed to n = 500 and the number of replication is 500.

2.4 The presence of a cure fraction

Ignoring the presence of a cure fraction and making use of non-adapted tools
may results in incorrect conclusions. In survival analysis one is typically in-
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terested in either hypothesis testing or regression modelling. Within these
contexts, we will try to give an answer to the following questions: “What if I
use a cure model when in fact everyone will experience the event?”, “What if I
use classical methods when in fact there is a cure fraction?” We will also focus
on the length of the follow-up period. Indeed, some authors argued that a cure
model needs to be used only when there is evidence of a cure fraction, which is
usually detected by the presence of a plateau in the estimated non-parametric
survival curve [Taylor, 1995| Peng et al., 1998]. This plateau may not be de-
tected if the follow-up period is not sufficiently long. Questions about model
identifiability have also been raised when a covariate is present in both the la-
tency and the incidence part of the model, i.e. when X = Z or if only a binary
covariate is present in the incidence part. This section tries to investigate this
phenomenon.

2.4.1 Survival curves comparison

In the subsection, we suppose that one wants to compare the survival curve
for X = 0 versus the survival curve for X = 1, where X represents one or
another treatment for example. We will in fact test Hy : By = 0 versus
Hy : p1 # 0. In this case, some tests like the log-rank test are widely used
|Collett, 2003| [Kalbfleisch and Prentice, 2002]. In the presence of a cure frac-
tion however, these tests may not perform as expected. Indeed, the presence
of cured individuals could create a difference between groups but could also
hide an existing difference. It is thus interesting to study the impact of a cure
fraction on the power and type-I-error of this test. We will thus first test the
null hypothesis with the classical log-rank test which does not account for the
presence of a cure fraction. We will then also test the same hypothesis by using
the Wald test from a mixture cure model (MCM), assuming an AFT regression
with EGG distribution in the latency part. By construction, this test takes the
cure fraction into account. To assess the power of the test, 5 is fixed to 0.5,
and to assess the type-I-error, 81 is set to 0. In the following, the objective is
to study the behavior of these two tests.

First, we study the impact of the presence or not of cured observations in the
database, i.e. both tests are applied to:

e a dataset in which all observations are uncured, but some are right-
censored,

e a dataset in which some observations are cured and thus right-censored,
and the cure fraction does not depend on any covariate.
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Second, we study the impact of a cure fraction that depends on a covariate Z.
Two cases will be covered:

e the covariate Z is different from the covariate X in the latency.

e the covariate Z is equal to the covariate X in the latency.

The presence or not of cured observations

In this paragraph, data are generated as explained in Section 2.3 to reach two
different cases. In the first case, all observations are uncured and the right-
censoring proportion varies from 10% to 60%. The right-censoring distribution
is exponential with mean 1/7, see Tablefor values of 7 leading to the desired
right-censoring rates. In the second case, all right-censored observations are
cured and the cure rate, thus the right-censoring proportion, varies from 10%
to 60%. Table also gives the values of «y used to reach these cure rates.

The power of both tests is shown in Figure as a function of the right-
censoring rate. Concerning the log-rank test when there is no cure fraction
in the data, the power decreases slowly as the percentage of right-censoring
increases. When there are cured observations, the power decreases drastically
as the cure rate increases, indicating the need for more appropriate methods.
Concerning the Wald test from the MCM, there is practically no difference in
power between both cases, i.e. in the presence or not of a cure fraction.

Regarding the type-I-error: using the log-rank test in both cases, i.e. with or
without a cure fraction in the data, leads to a type-I-error that is close to the
nominal 5%-level, see Figure Therefore, the presence of a cure fraction
does not seem to impact the type-I-error of the log-rank test in this case.
Using the Wald test from the MCM in the absence of a cure fraction tends to
produce larger type-I-errors when the right-censoring proportion increases. In
the presence of a cure fraction, the Wald test is conservative with type-I-errors
always below the 5%-level.

In conclusion, the log-rank test lack power when there is a “significant” cure
fraction in the data. On another hand, using the Wald test from the MCM in
the absence of a cure fraction has a limited impact on the results.

The cure fraction depends on a covariate

This paragraph studies the impact of a cure fraction that depends on a binary
covariate Z. The data are generated as in Section[2:3]and two cases are covered.
First, the binary covariate Z is equal to X (Z = X) and second, Z is different
from X (Z # X) but generated similarly. The cure rate in group Z is fixed to
20% by setting vy = log(4), and the cure rate in group Z = 1 varies from 15% to
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40%, by setting v1 = log(a/1—a) with a = 0.90, 0.85,0.80,0.75,0.70, 0.65, 0.60.
In this case, the right-censoring distribution is exponential of mean 1/4.

Figure [2:2a] shows the power of both tests as a function of the cure rate in the
group where Z = 1. When X # Z, the power of the log-rank and Wald tests
decreases when the cure rate increases, which is expected. When X = Z, the
power of the log-rank test increases when the cure rate increases. Actually, as
B > 0, the event times in group 1 (X=Z=1) tends to appear later than in group
0 (X=Z=0). A cure rate that is larger in group 1 than in group 0 means that
more individuals in group 1 have infinite event times. This explains the fact
that the difference between the two groups is accentuated when the cure rate
in group 1 increases, hence a larger power in this case. A smaller cure rate in
group 1 than in group 0 has the opposite effect and leads to a smaller power.
Concerning the Wald test in the case X = Z, the power of the test is quite
stable with respect to the cure rate but is quite low. This is actually explained
by the length of the follow-up that may not be sufficiently long (see Sectionm
hereunder for more information). We therefore performed the same analysis
with a longer follow-up. For that, we generated the right-censoring distribution
through an exponential of mean 1/10. In this case the power was much larger
(see gray curve in Figure .

Figure shows the type-I-error of both tests as a function of the cure
rate in the group where Z = 1. When X # Z, the type-I-error is close to
the nominal 5%-level for the log-rank and Wald tests, so that the fact that
the cure proportion differs between two groups has no impact on the results.
When X = Z, the fact that the cure rate differs between the two groups has an
impact on the log-rank test. Indeed, it implies a difference between the global
survival curves for the two groups, so that the type-I-error is too large when
the cure proportion in group X = Z = 0 is different from the cure proportion
in the other group.

In conclusion, when the cure rate depends on the covariate X, the log-rank test
will too often conclude to a significant difference between treatments, leading to
type-I-errors above the nominal 5%-level. This difference is however imputable
to the difference of the cure rate between treatments. This information should
clearly be taken into account.

2.4.2 Regression modelling

In this subsection, we aim to answer several questions and investigate different
situations. In particular, we study:

1. the impact of using a mixture cure model in the absence of a cure fraction,

2. the impact of using a classical model in the presence of a cure fraction,
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3. the impact of the cure and right-censoring proportion,

4. the impact of the follow-up length, in case a covariate is present in both
the latency and incidence part.

In this section, the data are generated following Section [2.3] with 1 = 0.6.

Using a cure model in the absence of a cure fraction

Firstly, we want to investigate the impact of using a mixture cure model when
the cure fraction is in fact not present. To do this, we generated data as herein-
above but without a cure fraction. The parameter 7 of the right-censoring
distribution is set to 7 =100, 13, 6.5, 4, 2.2, or 1.5 to reach 10%, 20%, 30%,
40%, 50% or 60% right-censored observations respectively.

We first fitted the data with the EGG-AFT model then with the EGG-AFT
mixture cure model. The EGG-AFT model as well as the latency part of
the mixture cure model give extremely similar results, see Table For the
incidence part, the estimation of the intercept is very large, leading to an
estimated uncured fraction close to 100%. In conclusion, using a mixture cure
model in the absence of a cure fraction does not seem to have any consequences
on the latency part.

Failing to account for a proportion of cured observations

Secondly, we investigate the opposite situation: not taking the cured fraction
into account when there actually are cured observations. We generated data
with a fraction of cured observations and compared a model that takes cure
into account with a model that does not. The right-censoring proportion is
fixed at 60%, and the cure proportion increases from 10% to 60%. The values
of 7, 79 and ~; used to reach these proportions are given in Table

We first fitted the data with an AFT model with an EGG distribution for the
error term (EGG-AFT model), then with the mixture cure model with an EGG-
AFT model in the latency. Table [2.4] gives the parameter estimates in both
cases. Concerning the EGG-AFT model, the bias and MSE are increasing when
the cure proportion increases. The mixture cure model always gives smaller
bias and MSE for the parameters of the latency part. Even when the cure
proportion is low, such as 10%, the bias and MSE can be up to four times
larger when using the model that does not take cure into account. A visual
representation is given in Figure in case there is 10% cure.
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The impact of the right-censoring proportion

Thirdly, we show the behavior of parameter estimates as a function of the pro-
portion of right-censoring. We discuss the impact of letting the right-censoring
proportion vary from 60% to 10%. The data are generated following Section
and the right-censoring distribution is exponential of mean 1/7. Values of
T, o and y; used to reach the desired proportion of cured and right-censored
observations are given in Table We also investigate the impact of the pres-
ence of the same covariate in both the incidence and the latency part of the
MCM, i.e. the impact of X = Z. Indeed, some authors showed that this could
lead to identifiability issues [Hanin and Huang, 2014]. We thus perform two
similar analyses: one where the data are generated with X = Z, and the other
one where the data are generated with X # Z and Z ~ Bern(0.5). The results
were extremely similar and only the case X = Z is thus discussed here.

Table shows the bias and MSE when there is 60% to 10% right-censoring,
along with a cure proportion varying from 10% to 60%. First, for a fixed
right-censoring proportion, the bias and MSE are decreasing for all parameters
when the cure rate increases (i.e. from left to right). Second, for a fixed cure
proportion, the bias and MSE are decreasing if the right-censoring proportion
decreases. When using a mixture cure model, the more right-censored individ-
uals are cured, the more accurate the results will be, in terms of bias and MSE.
A visual representation is given in Figure 2.4 for parameters 3 and ~;.

The impact of the follow-up length with the same covariate in inci-
dence and latency.

To investigate the identifiability issues discussed in the literature [Hanin and
Huang, 2014], we also investigate the impact of the follow-up length when the
same covariate is present in both the incidence and latency parts of the model.
We performed another simulation study, similar to those herein-above, but we
generated the event times and the cure rates with X and Z being continuous
covariates instead of binary. X and Z follow a standard Normal distribution.
To reach respectively 10%, 20%, 30% and 40% cure rates, we set vy =2.5, 1.7 ,1
or 0.5; and y; = 1. The right-censoring distribution parameter is set to 7 = 10.
To assess the impact of the length of the follow-up, we further impose that the
study ends after 6, 4 or 2 units of time (i.e. years). To assess to evolution with
the sample size, we generated data with n =500, 1000 or 5000.

Table shows the results for n =500. We observe larger bias and MSE
if the follow-up is short or when X = Z. Figure [2.5] shows the evolution
with the sample size by means of boxplots representation. In this Figure are
represented the estimates for 3, v9 and v, with X # Z, X = Z and when the
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study is designed to end after 2 units of time. We observe a clear improvement
in the variance of the parameter estimates with a larger sample size.

2.5 The presence of interval-censoring

In many cases, interval-censored data are taken into account by using a naive
“midpoint imputation” approach. This method creates a data-set by imputing
the exact event times by the midpoint of the intervals. By doing so, classical
survival techniques can be used.

The main goal of this section is to assess the impact of using this naive method.
The first part concerns the comparison of two survival curves, pertaining to two
treatments for instance. The second part concerns regression modelling.

2.5.1 Survival curves comparison

The comparison of two survival curves in the presence of interval-censoring
has been studied by several authors [Mantel, 1967} [Self and Grossman, 1986
Finkelstein, 1986l |(Gina R. Petroni, 1994, |[Fay, 1996/ Pan, 2000, Fang et al.,
2002]. The use of the naive approach, the midpoint imputation approach, in the
context of the log-rank test has been analyzed in [Law and Brookmeyer, 1992].
In this paper, the authors conclude that if the length between two visits is the
same in each arm of the treatment, then the midpoint imputation approach
performs satisfactorily. Otherwise, if there is a difference of interval length,
the type-I-error becomes too large when the length difference between the two
groups is large. In the simulation study presented hereunder, we reached the
same conclusions.

We generated right- and interval-censored data from an AFT model as in
Section 2.3 with 8 = 0 and without a cure fraction. The length between 2 visits
is generated through a uniform random variable U[0.5, a], where a varies from
1 to 12. Note that by construction, the event has a time range of occurrence
of approximately 0 to 40 units of time. The results of the type-I-error (8 = 0)
using the log-rank test are given in Table for 2000 replications. In a first
case, the length between two visits is the same for X = 0 and X = 1. In a
second case, the value of a in group X = 0 is fixed to 1 and in group X =1,
the value is either 2, 4, 6, 8 or 12. Using the log-rank test with the midpoint
imputation approach gives very satisfying results if the length between two
visits is the same in the two treatments. However, when the difference in
interval length between the two groups is large, we observe an increase in the
type-I-errors. It is thus recommended to design analyses in which the visits are
scheduled according to the same method in each treatment.
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2.5.2 Regression modelling

In regression modelling also, a comparison with the mid-point imputation ap-
proach has been achieved for parametric modelling |Lindsey, 1998]. The con-
clusion was that, generally, the midpoint approach gives a satisfying result.
In a semi-parametric Cox model, the imputation approach and Finkelstein’s
approach were compared [Finkelstein, 1986]. The authors conclude that Finkel-
stein’s approach should be preferred [Sun and Chen, 2010]. The goal of this
section is twofold. First, we want to investigate the impact of the interval length
on the estimates. Second, we want to investigate the behavior of the midpoint
imputation approach in a simple regression setting. To do this, we generated
data and interval-censored event times following Section 2:3] The length be-
tween 2 visits is generated through a uniform random variable UJ[0.5, a], where
a is equal to 0.5, 1, 2, 3, 4 or 5. We also compare three different sample sizes:
n = 100, n = 200 and n = 500.

Tables and in Appendix [A]show the results for the six different values
of a, and Figure shows the 500 estimated survival curves when using the
exact likelihood or the midpoint imputation approach, with the true survival
curve superimposed (for n = 500 and a= 1 and 4). Using the exact likelihood,
the bias slightly increases if the interval length increases as well. Using the
midpoint, the bias increases much faster. We nevertheless notice a larger MSE
for the estimates of the parameter ¢ of the EGG distribution when using the
exact likelihood method.

When the length between two visits is large (i.e. a > 2), the estimated
survival curves using the midpoint imputation approach are biased, whereas
the estimated curves with the exact likelihood are not. As the exact likelihood
method always outperforms the midpoint imputation approach, we recommend
to use this method unless the length of the intervals is small compared to the
usual time range of occurrence of the event.

2.6 Discussion

In the presence of cured individuals, the use of a model that does not take cure
into account leads to incorrect conclusions about the time to occurrence of the
event. Furthermore, the impact of using a mixture cure model rather than a
classical model in the absence of a cure fraction is nearly nonexistent as regards
the latency part. It is thus essential to use a model such as the mixture cure
model in order to obtain unbiased parameter estimates.

On the other hand, Farewell states that those models should be used with cau-
tion, and when there is a biological evidence of a possibility of cure [Farewell,
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1986]. Regarding the incidence part, the results of our simulation study sup-
port this conclusion. When the cure proportion is low compared to the right-
censoring rate, the bias and MSE in the incidence part can be large. We also
observe that if a covariate is present in both parts of the model, the follow-up
length is of even higher importance as well as the sample size. Caution should
thus be taken in cases where the follow-up is short and/or the sample size is
small when drawing conclusions about the incidence part.

Pertaining to the presence of interval-censoring, the naive approach that con-
sists on imputing data by the mid-point of the interval can be very satisfying
in some cases. This may however be due to our particular simulation setting.
Indeed, the length between two intervals is generated through a uniform distri-
bution, giving equivalent weight to all values of the interval. It may be inter-
esting to study the behavior of the methods with another distribution. When
the length between two visits is large compared to the time of occurrence of
the event, the estimated survival can be biased. It seems therefore useful to
develop and use methods that take into account the fact that the event times
may not be exactly observed but interval-censored. Those methods are usually
also applicable in the classical right-censoring context and thus in a general
framework for all types of censoring (left, interval, right).
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Table 2.1 — Values of 7 and -y chosen to reach a given level of right-censoring

(RC) or cure rate.

RC (Cure) ‘ 7 when 8 =0,5 7 when =0 ‘ Yo

10% 30 20 log(0.9/0.1)

15% 20 15 log(0.85/0.15)
20% 15 10 log(0.80/0.20)
25% 10 8 log(0.75/0.25)
30% 8 6 log(0.70/0.30)
35% 6 5 log(0.65/0.35)
40% 5 4 log(0.60/0.40)
45% 4 3 log(0.55/0.45)
50% 3 2.5 log(0.50/0.50)
55% 2.5 2 log(0.45/0.55)
60% 2 1.5 log(0.40,0.60)

Table 2.2 — Values of 7 combined with values of vy and 7; chosen to reach a
given level of right-censoring (RC) and cure rate.

Cure Rate | 70 | v | 10% RC | 20% RC | 30% RC | 40% RC | 50% RC | 60% RC
10% Cure 1.7 1 100 13 6.5 4 2.2 1.5
20% Cure 1108 100 10 6 3 2
30% Cure 0.4 1 40 9 4.5 2.5
40% Cure | -0.5 2 50 8 3.5
50% Cure | -0.75 | 1.5 60 6.5
60% Cure | -1.5 2 25
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Figure 2.1 — Power and Type-I-error as a function of cure or right-censoring
rate. All right-censored observations are cured. log-rank: log-test rank without
(w/o) or with a cure fraction in the data. MCM: Wald test from a MCM model,
without (w/0) or with a cure fraction in the data.
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Table 2.3 — Parameter estimates when using an EGG-AFT model (top) or a
EGG-AFT mixture cure model (bottom) when there is no cured fraction. The
true values are ¢ = 0.5, § = 0.6 and a = 0.

RC prop. ‘ EGG-AFT model

q B o
10% RC | 0.469 0.586 -0.009
20% RC | 0.462 0.583 -0.009
30% RC | 0.457 0.580 -0.010
40% RC | 0.448 0.574 -0.010
50% RC | 0.428 0.561 -0.010

‘ EGG-AFT mixture cure model

q g a Yo g0
10% RC | 0.470 0.586 -0.009 12.927  2.093
20% RC | 0.471 0.583 -0.013 11.833 0.709
30% RC | 0.474 0.578 -0.019 10.604 0.070
40% RC | 0.473 0.567 -0.024 9.859 -0.222
50% RC | 0.471 0.540 -0.035 8585 -0.739

Table 2.4 — Bias and MSE of estimates using a EGG-AFT model without cure
(top) or an EGG-AFT Mixture Cure model (bottom). A visual representation

is given in Figure [2.3]

EGG-AFT model with 60% RC

10% Cure 20% Cure 30% Cure 40% Cure 50% Cure 60% Cure
q | 0.665 0.473 1.134 1.315 1.646 2.738 2.418 5.893 3.013 9.139 | 4.401 19.54
5| 0.140 0.035 | 0.201 0.058 | 0.325 0.126 0.679 0.483 0.681 0.494 1.004 1.056
a | -0.207 0.048 | -0.347 0.125 | -0.455 0.212 | -0.514 0.271 | -0.632 0.407 | -0.752 0.577
EGG-AFT mixture cure model with 60% RC
q | -0.167 0.120 | -0.187 0.135 | -0.171 0.123 | -0.135 0.099 | -0.085 0.054 | -0.068 0.041
8| -0.077 0.030 | -0.048 0.028 | -0.045 0.028 | -0.044 0.023 | -0.037 0.019 | -0.030 0.016
« 0.010 0.018 | 0.026 0.020 | 0.022 0.018 0.005 0.013 | -0.012 0.007 | -0.017 0.004
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Figure 2.3 — Boxplots of ¢, 8 and « estimates for 10% cure rate along with
60% RC. Top: using the EGG-AFT mixture cure model. Bottom: using the
EGG-AFT model not taking cure into account. The horizontal line represents
the true value of the parameter.
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Table 2.5 — Bias and MSE with the EGG-AFT Mixture Cure Model, for several
right-censoring and cure rates. A visual representation from S and g is given

in Figure @

‘ 10% Cure ‘ 20% Cure ‘ 30% Cure ‘ 40% Cure ‘ 50% Cure ‘ 60% Cure

| 60 % RC

q | -0.167 0.120 | -0.187 0.135 | -0.171  0.123 | -0.135 0.099 | -0.085 0.054 | -0.068 0.041
B | -0.077 0.030 | -0.048 0.028 | -0.045 0.028 | -0.044 0.023 | -0.037 0.019 | -0.030 0.016
a | 0.010 0.018 | 0.026 0.020 | 0.022 0.018 | 0.005 0.013 | -0.012 0.007 | -0.017 0.004
Y | 0.724 3.291 | 0.209 0.362 | 0.087 0.093 | 0.036 0.031 | 0.010 0.024 | -0.010 0.029
v | 1.573 1295 | 0926 5.708 | 0.310 1.549 | 0.187 0.849 | -0.001 0.061 | 0.009 0.051

| 50 % RC

q | -0.123 0.073 | -0.115 0.066 | -0.092 0.047 | -0.072 0.039 | -0.048 0.026
B8] -0.051 0.021 | -0.038 0.020 | -0.035 0.018 | -0.031 0.014 | -0.021 0.012
o | 0.005 0.011 | 0.006 0.010 | -0.001 0.007 | -0.010 0.005 | -0.016 0.003
Y | 0.268 0.690 | 0.082 0.081 | 0.025 0.029 | 0.009 0.020 | -0.002 0.019
v1 | 1.468 10.32 | 0.284 1.683 | 0.027 0.121 | 0.011 0.076 | 0.004 0.039

| 40 % RC

q | -0.075 0.034 | -0.068 0.028 | -0.060 0.026 | -0.044 0.022
B | -0.030 0.013 | -0.028 0.013 | -0.027 0.012 | -0.019 0.010
a | -0.002 0.005 | -0.005 0.004 | -0.009 0.003 | -0.014 0.002
Y | 0.080 0.091 | 0.026 0.033 | 0.007 0.021 | 0.001 0.017
v | 0.662 4.409 | 0.023 0.152 | 0.003 0.065 | 0.005 0.047

| 30 % RC

g | -0.058 0.022 | -0.051 0.020 | -0.042 0.017
B |-0.024 0.010 | -0.023 0.010 | -0.018 0.009
a | -0.006 0.003 | -0.009 0.003 | -0.011 0.002
Y | 0.045 0.054 | 0.013 0.026 | 0.001 0.017
v | 0.209 1.327 | 0.008 0.087 | 0.002 0.046

| 20 % RC
q | -0.042 0015 | -0.034 0.013
B | -0.019 0.008 | -0.015 0.008
a | -0.009  0.002 | -0.011  0.002
Y | 0.024 0.041 | 0.006 0.021
71| 0.042 0.234 | 0.005 0.057
| 10 % RC

q|-0032 0011
8| -0.015 0.007
o | -0.010 0.001
Y0 | 0.017 0.032
y | 0013 0.115
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Table 2.7 — Type-I-error (over 2000 replications). The first six rows give the
type-I-error when the interval length is generated similarly in each treatment
arm. The last five rows give the type-I-error when the interval length differs
between the two groups. The first column pertains to the length in group
X = 0, the second column to the length in group X = 1, the third column
gives the type-I-error when there is light-censoring (10%) and the last column
gives the type-I-error when there is medium censoring (25%). We observe a
larger type-I-error when the difference of length between the two groups is large
(8 or 12).

a(X=0) a(X=1) Light Censoring Medium Censoring
1 1 0.055 0.062
2 2 0.048 0.040
4 4 0.050 0.042
6 6 0.058 0.047
8 8 0.048 0.056
12 12 0.043 0.051
1 2 0.045 0.047
1 4 0.060 0.054
1 6 0.057 0.064
1 8 0.072 0.071
1 12 0.087 0.067
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Figure 2.6 — Survival estimation using the exact likelihood (top plots) or mid-
point imputation approach (bottom plots) for 500 replications with n = 500.
The true survival curve is superimposed. Each sub-figure corresponds to a
different interval length.
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CHAPTER 3

Variable selection: the adaptive LASSO

“Nothing ts impossible, the word itself says, “I’'m pos-

stble”! ”

- Audrey Hepburn (1929-1993)

This chapter is mainly based on the paper “Variable selection in a flexible
parametric mizture cure model with interval-censored data” By Scolas S., FEl
Ghouch A., Legrand C. and Oulhaj A., Statistics in Medicine 2016; 35(7):
1210-1225.

In standard survival analysis, it is generally assumed that every individual
will someday experience the event of interest. However, this is not always the
case, as some individuals may not be susceptible to this event. Also, in medical
studies, it is frequent that patients come to scheduled interviews and that the
time to the event is only known to occur between two visits. That is, the data are
interval-censored with a cure fraction. Variable selection in such a setting is of
outstanding interest. Covariates impacting the survival are not necessarily the
same as those impacting the probability to experience the event. The objective
of this chapter is to develop a parametric but flexible statistical model to analyze
data that are interval-censored and include a fraction of cured individuals when
the number of potential covariates may be large. We use the parametric mizture
cure model with an accelerated failure regression model for the survival, along
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with the extended generalized gamma for the error term. To overcome the issue
of non-stable and non-continuous variable selection procedures, we extend the
adaptive LASSO to our model. By means of simulation studies, we show good
performance of our method, and discuss the behavior of estimates with varying
cure and censoring proportion. Lastly, our proposed method is illustrated with
a real dataset studying the time until conversion to Mild Cognitive Impairment,
a possible precursor of Alzheimer disease.
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3.1 Introduction

The mixture cure model allows a direct interpretation of the effect of covariates
on the cure probability and on the survival distribution of the uncured individ-
uals, separately. These two sets of covariates may not necessarily be the same,
and the number of potential covariates to be included in each component of the
model can be large. Variable selection is thus needed so that the final model
possesses good predictability and can easily be interpreted. Classical variable
selection methods, like the well known best subset or stepwise selection, suffer
from some serious drawbacks. For example, the computational load increases
with an increasing number of variable in the model, and the process is discrete
and non-stable, as it either enters or deletes a covariate from the model. Sev-
eral other drawbacks are described by |[Fan and Li, 2001} Harrell, 2001]. On
the contrary, shrinkage methods, such as the LASSO [Tibshirani, 1996], the
SCAD [Fan and Li, 2001], and adaptive LASSO [Zou, 2006| are continuous
processes: the general idea is to shrink some coefficients towards zero. This
allows to perform simultaneous variable selection and coefficient estimation.
Moreover, newly proposed algorithms, such as the LARS algorithm [Efron and
Hastie, 2004], the coordinate descent [Friedman and Hastie, 2007] and the uni-
fied algorithm with quadratic approximation [Fan and Li, 2001], ensure that
the results can be obtained in an efficient way.

Dealing with right-censoring only, the SCAD procedure was extended to a
Cox mixture cure model [Liu et al., 2012]. The authors use the fact that a
mixture cure model, in which a Cox is assumed in the latency, can be estimated
iteratively in two parts with the EM algorithm: the Cox model and the logistic
regression. In this context, the use of existing techniques for the Cox model and
for the logistic regression is straightforward [Fan and Li, 2001]. However, such
a split in parametric models, where the EM algorithm is typically not used, is
not feasible, so that existing methods can not be applied directly. Developing
a method to use the adaptive LASSO in a parametric mixture cure model can
therefore really be convenient.

In this Chapter, we assume an AFT regression in the latency part of the
mixture cure model. To handle interval-censored event times, we will suppose a
parametric distribution for the error term. This allows to use classical methods
of maximum likelihood. To keep the model as flexible as possible, we assume
that the error term follows an EGG distribution. This distribution is very
general and covers a wide class of distributions such as the Weibull and the log-
Normal. The adaptive LASSO procedure is extended to our model to perform
a continuous variable selection in the latency and the incidence.

This chapter is divided as follows: Section [3.2] presents our extension of the
adaptive LASSO to the presence of a cure fraction. We investigate the fi-
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nite sample properties of the method via a simulation study in Section [3:3]
Lastly, we present results of the application of the method to the aforemen-
tioned Alzheimer’s disease database in Section [3.4] and we end with a conclu-
sion.

3.2 Methodology

3.2.1 The adaptive LASSO: least square approximation

In this chapter, we propose the adaptive LASSO, briefly introduced in Section
[3:2] as a continuous variable selection method. Consider first the case of no cure
fraction, that is, a classical AFT model with parameter n’ = (6’,3'), where
0’ = c(6y,0). Hereafter, we assume that the covariates are standardized. The
penalized likelihood is

—U(m;0) +n\ > pi(IBj]),

j=1

where [,,(1; O) is the log-likelihood function given in Equation (L.1)) and where
p;(1851) = 1B;|w;,

with w = (w1, ..., w,,)T being a known weight vector. We follow the proposal
of [Zhang and Lu, 2007 to take w; = 1/|33;|, where 3 is the unpenalized MLE,
reflecting somehow the importance of corresponding covariates. Any consistent
estimator can be used. In case of multicollinearity, a robust estimator, not
necessarily consistent, can be used instead [Zou, 2006|. Alternatively, one could
use the adaptive elastic-net proposed by |Zou and Zhang, 2009].

The LARS algorithm was originally aimed at solving penalized least square
problems. Nevertheless, any likelihood function can be expressed in an asymp-
totic least square equivalent, so that use of LARS algorithm is possible. Follow-
ing [Wang and Leng, 2007|, using Taylor expansion, [,,(n) can be approximated

by
1

1(@) + 5 (n = 2)'[(7) (n — 7).
where 7] is an unpenalized consistent estimator, and l(ﬁ) represents the matrix
of second derivatives of the log-likelihood at 7.

The following equation is the least square approzimation (LSA) of the log-
likelihood I(n; O):

Q(n,A) = (n—2)'1(7)(n — 7). (3.1)
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The minimizer of -Q(n, ) is different from the estimates obtained by minimiz-
ing the minus log-likelihood, henceforth, the maximizer of (3.1)) is called the
LSA estimator [Wang and Leng, 2007].

3.2.2 The adaptive LASSO in the presence of cured indi-
viduals

In the presence of cured individuals ' = (6, 3’,4') and the variables impacting
the probability of being cured may not necessarily be the same as those impact-
ing the survival distribution of the uncured people. Therefore, we propose to
penalize both the incidence and the latency part, allowing a different penalty
term in each part. This leads to the following minimization criterion:

+7’L)\ Z'ﬁj Zhj

* |31 ;17

where Ag is the tuning parameter for the 3’s, and A, is the tuning parameter
for the v’s. Again, we assume that all covariates are standardized.

To solve this optimization problem with the LSA estimator and the LARS
algorithm, one can proceed iteratively in several steps. We optimize first with
respect to the §’s, holding every other parameter fixed, then do the same for
the ~’s. This way, we can easily obtain adaptive LASSO solutions, with two
different penalty terms. This gives the following algorithm:

Step 1. Obtain the unpenalized MLE %' = (8,3’,4) by maximizing
I(n; O) given in Equation (1.3).
Step 2. Set n' = (A B',4'), i.e., every parameter other than 3 is fixed.

Minimize —Q(n,7) + nAg ZJ 1 }5 } to get adaptive LASSO estimate 3.

Step 3. Set i’ = ( ,B',74), i.e., every parameter other than - is fixed.

Minimize —Q(n,79) +nA, 2271, :jyjl to get adaptive LASSO estimate 4.

Step 4. Set ' = (0,5’,’?’), i.e., every parameter other than 6 is fixed.
Maximize the unpenalized likelihood I(n) with respect to 8. We then
have n = (0,8,7).

Step 5. Repeat step 2 to 4 until convergence.

The extra tuning parameter A does not lead to any identifiability issues of
the parameters of interest 1. However, during our simulation studies, some
numerical instabilities (divergence of the algorithm or incoherent estimates)
were observed. In such case, the algorithm was rerun, starting from different
initial values, a few times (see Appendix [B.1]).



72 Chapter 3. The adaptive LASSO

3.2.3 Tuning parameter selection and variance estimation

The choice of the optimal penalty X = (5\/3, 5\7) is of crucial importance and is
made via a BIC selection criterion [Wang and Leng, 2007|. First, for fixed Ag
and A, let ,C:]Aﬁ and 7y, be the adaptive LASSO estimates with A\g and A,,
respectively. We minimize

BIC(A) = =Q(1x, M) + log(n)df»,

where 77} = 0, 63\ﬁ,’7§w) and dfy is the number of non-zero coefficients in 7.
We then take
A= (Ag,\y) =arg min BIC((Ag, \,)).
()‘Bv)‘w)

The minimization can be made via a grid search amongst selected values of
Ag and A, and we take the combination leading to the smallest BIC. This
procedure allows 5\7 to be different from 5\5, therefore a different amount of
shrinkage in the latency part and in the incidence part can be reached.

Standard errors for adaptive LASSO estimates are calculated based on a ridge
regression approximation and on the sandwich formula for computing the co-
variance matrix of the estimates |Tibshirani, 1996, Fan and Li, 2001}, [Zou,
2000].

Denote H the matrix of second derivatives of the log-likelihood at n = (é, B,7).

Define
A A A A
A:diag 1,1,%,'“,~7ﬁ,1,1,%,“‘7~—’2¥ .
Bl 72n ’71 ’VS
Also, define
1(8 A 1(8, A
D =diag (1,1, (Blﬁéo) g LB 20N
i B2,
LG # 0N n(as;«éom)
.

Then the sandwich formula gives the following estimated covariance matrix:
cov(f) = (H+ A" (H+D)H ' (H+D)(H+ A)~".

The estimated variance of a coefficient set to zero is equal to zero. More details
about this equation can be found in [Lu and Zhang, 2006]. The variance-
covariance matrix provides a straightforward means to obtain standard errors of
the LASSO estimates. However, it is based on several approximations and may
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fail to provide satisfactory estimation. A bootstrap approach may therefore
provide more accurate results.

3.3 Simulation study

In this simulation study, we aim to study the behavior of the adaptive Lasso.
First of all, we compare the estimates obtained when using the model knowing
the true covariates with the estimates obtained when using the adaptive Lasso
selection procedure. Second, we check if the al.asso correctly detect non-zero
covariates in both parts of the mixture cure model: the AFT and the logistic
regression. We also study the impact of having slightly correlated covariates.

3.3.1 Simulation setting

Data are generated following the algorithm of Section[2.2)for interval-censoring,
and values of parameters as well as distribution of variables are given in Table
To assess the performance of the variable selection method, we furthermore
added 10 standard normal variables X4, ..., X13,Z4, -+, Z13, in the latency
and the incidence parts, whose coefficients are truly zero. Three scenarios
are covered to reach different proportion of cured and right-censored (RC)
individuals: 20% cure and 40% RC in scenario 1, 30% cure and 40% RC in
scenario 2, and 40% cure and 60% RC in scenario 3. All observations that are
not right-censored are interval-censored. The scale parameter o of the AFT
model depend on covariates such that o = exp(ap+a1X1) = exp(—2+0.5X7).

3.3.2 Simulation results

The objective of this simulation study is to evaluate the adaptive LASSO pro-
cedure described above, both in term of estimation and variable selection. We
use the mixture cure model with the EGG-AFT model in latency and the lo-
gistic regression in incidence; and our adaptation of the LSA R code to perform
variable selection and estimation [Wang and Leng, 2007], available in Appendix
5.2

Firstly, for comparison purposes, we fitted the data without the additional
10 covariates, so without any variable selection procedure. Tables and
show the results for n = 200, n = 300 and n = 500, respectively. For any
sample size, the bias and MSE for the latency part are low. However, for the
smallest sample size (n = 200), the bias and MSE in the incidence part is large
for scenario 1, where the cure proportion is low compared to the right-censoring
rate. As explained in Chapter 2| we need enough information, that is, enough
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cured individuals, in order to discriminate between cured and uncured, and to
be able to perform accurate estimation in the incidence part. The bias and
MSE are decreasing with the sample size.

Secondly, we fitted the data with the additional 10 covariates, so using the
adaptive LASSO. Tables and [3.7] show the results for n = 200, n = 300,
and n = 500. The upper part shows bias and MSE for the truly non-zero
coefficients, and the lower part gives the average number of correct (resp.,
incorrect) zero’s, i.e. the average number of times the adaptive LASSO sets a
coefficient to zero when it truly is zero (resp., non-zero). In the simulations,
the optimal tuning parameter A was chosen via the BIC-type selection criterion
from Section[3.2:3] Globally, those results reflect the same trend as the analysis
without variable selection, i.e. low bias and MSE, except for small sample size
(n = 200) in scenario 1. Compared to the analysis without variable selection,
for non-zero coefficients, we detect larger bias and MSE in incidence. This
behavior is expected as the coefficients are shrunk to zero by the adaptive
LASSO.

For n = 500, we see that our method performs well for both coefficient estima-
tion and variable selection. The average number of correct zero’s is very close
to the optimal value of 10, in both latency and incidence parts. The average
number of incorrect zero’s is very close to the optimal value of 0 in the latency
part, and higher in the incidence part. This is explained by the fact that, in
the logistic regression some covariates (here, Z5 and Z3) do not have an impact
on the cure probability. So, the adaptive LASSO procedure interestingly sets
these coefficients to zero. As a consequence, the bias for 45 and 43 is slightly
larger. The effect of the cured proportion and right-censoring rate, concerning
variable selection, follows the same trend as analyzed before: the number of
correct zero slightly decreases when there is more right-censoring.

Thirdly, we assess the performances of our method on the basis of the second
scenario, where there is 30% cured individuals and 40% right-censored indi-
viduals, by adding 25 covariates whose coefficients are truly zero, in each part
of the model. Table gives results of 2000 replications for n = 500. These
results can be compared with the second column of Table Bias and MSE
are slightly larger when there are more zero covariates, but conclusions about
selected variables stay the same.

Lastly, we investigate the issue of correlated variables. Indeed, in presence
of strong correlation, it is well known that the LASSO, or adaptive LASSO,
may choose only one of the two correlated variables. To see the effect of small
correlation on adaptive LASSO, we slightly modified the second scenario by
adding a correlation structure between covariates. More specifically, Xo, X3, X4
and X5 are generated though a multivariate normal distribution with covariance
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matrix V:
L p p p
1 2
v=|" p# (3.2)
pep 1 p
P ptop 1

where p € [0,1] is chosen to reach a different level of correlation between the
variables. The same generation process is used for 75,73, Z, and Z5. Results
of the 2000 replications are given in Table for different values of p, and can
be compared with the second column of Table We see that the correlation
has practically no effect on the latency part. In the incidence part, we see
that the number of incorrect zero’s is lower for negative values of p, slightly
improving the variable selection. In this setting, we do not observe any issues
related to correlation.

Overall, the adaptive LASSO performs satisfactorily for estimation as well as
for variable selection, as it includes variables that truly have an impact on the
model.

3.4 Real data analysis

We apply our approach to the Alzheimer’s disease dataset. In our analysis, 12
potential prognostic factors were included in the model, both in the latency and
in the incidence part : MMSE, expression, remote memory, learning, attention,
praxis, abstract thinking, perception, ApoE4 status, gender, age, and years of
total education, resulting in a total of 26 parameters. We used the EGG-
AFT mixture model to get unpenalized maximum likelihood estimates, and
the adaptive LASSO procedure described in Section [3.2] to perform variable
selection.

Table [3.10] shows the adaptive LASSO estimate, the standard error estimated
using formula from Section [3.2.3] and the exponentiated estimates. This allows
a direct interpretation of the impact of covariates, in terms of acceleration or
deceleration of the time to the event in latency; and in terms of increase or
decrease in odds for the incidence.

Focusing on uncured people (the latency part), there are 3 variables increas-
ing the expected duration, thus having a positive impact on the survival, by
at least 15%: Expression (38%), Perception (20%) and Education (16%). On
the other hand, only the age shortens the duration by at least 15%: When
age increases by 5 years, the expected time until conversion is shorten by 27%.
For comparison, without considering cure, the perception score was not sig-
nificant, whereas the learning score was significant, with a positive impact on
the survival. However, we see that learning still has a positive impact, but
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in the incidence part, reducing the risk to be uncured. Three other variables
have a positive impact on the probability to be uncured: MMSE (-89%), praxis
(-73%), ApoE4 Status (-43%). At the opposite, the abstract thinking (62%)
and the total years of education (883%) have here a highly negative impact
and significantly increases the odds ratio.

With these results, we estimated the average cure proportion in the whole
sample to 20%. Analyzing these data taking a cure fraction into account lead
to more information: first, the positive impact of the learning variable is now
due to the fact that it reduces the probability to convert to MCI. Second,
we now consider other variables that have an impact: those impacting the
probability to experience the disease.

3.5 Discussion

In this chapter, we extended a continuous variable selection method to a flexible
parametric AFT mixture cure model.

Although widely used in the context of dimension reduction, when the number
of covariates exceeds the number of observations, shrinkage methods such as
the adaptive LASSO are also useful in our context. Indeed, the number of
covariates may be large, as each covariate can be included twice, i.e. once in
both parts of the model. This is why we believe that such shrinkage methods
should be extended to the mixture cure model.

Some shrinkage methods have been studied in a semi-parametric PH mix-
ture cure model, but without taking interval-censoring into account |Liu et al.,
2012|. In this paper, the EM algorithm is used to maximize the complete-data
likelihood (see Section [1.3.3). This allows a split of the likelihood into a Cox
model and a logistic regression. This means that existing methods can be ap-
plied for the Cox model, and for the logistic regression. In a parametric AFT
mixture cure model, where the EM algorithm is typically not used, another
methodology needs to be developed. By extending the adaptive LASSO to our
model, that chapter fills a significant gap.

In the presence of interval-censoring and cure, it is very difficult to develop
simple yet efficient estimation procedures without imposing parametric restric-
tions. We thus used the AFT mixture cure model with the EGG distribution
in the latency. The EGG distribution is capable of capturing a lot of character-
istics, and is an excellent compromise in this context. Based on our simulation
study, it performs very adequately for estimation and variable selection.

Our simulation study highlighted different aspects. Firstly, as the adaptive
LASSO is a shrinkage method, some bias may appear in the parameters esti-
mates. This bias was however quite small and the estimation remained more
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than satisfying. Secondly, the variable selection performed correctly in both
parts of the model, even with a large number of supplementary covariates (in
our case, up to 25 covariates with coefficients 0 were added in the model). It
is worth noting that in the incidence part, covariates that did not have an
impact on the response were not entered into to model. The adaptive LASSO
therefore selected covariates that truly affected the response. On a final note,
we also investigated the issue of correlated covariates, and could not report any
problem with it, as long as the correlation remains below 75%.

In conclusion, the extension of the adaptive LASSO to our parametric AFT
mixture cure model provides an excellent alternative to methods like the best
subset or stepwise selection, and allows the analyst to obtain a model that is
easily interpretable.
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Table 3.1 — Values of parameters and generation of variables for each scenario.

Scenario 1 Scenario 2 Scenario 3
20% Cure 40% RC | 30% Cure, 40% RC | 40% Cure, 60% RC

8o 4.1 4.1 4.1

B 0.2 0.2 0.2

5o 0.5 0.5 0.5

Bs 0.5 0.5 0.5
X1 Bern(0,5) Bern(0,5) Bern(0,5)
X, N(0,0.16) N(0,0.16) N(0,0.16)
X3 N(0,0.25) N(0,0.25) N(0,0.25)

€ EGG(0) EGG(0.5) EGG(1)
Yo 2 1 0.85
- 1 0.2 0.85
Y 0.2 0.2 0.2
3 0.4 0.4 0.4
Z1 X1 X1 X1
Zs N(0,0.4) N(0,0.4) N(0,0.4)
Zs N(0,0.5) N(0,0.5) N(0,0.5)
K 14 14 12

a 4 4 4
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Table 3.2 — Results of 2000 simulations: Bias and MSE of the EGG-AFT
mixture cure model in the upper part of the Table; bias and MSE of the
EGG-AFT model in the lower part.

Sample Size : n=200

(20% Cure, 40% RC) | (30% Cure, 40% RC) | (40% Cure, 60% RC)
Bias MSE Bias MSE Bias MSE
EGG-AFT Mixture Cure Model
q | -0.023 0.107 | 0.010 0.098 | 0.214 0.811
Bo | -0.001 0.001 | -0.000 0.001 | 0.003 0.002
51 | -0.000 0.001 | -0.000 0.002 | 0.004 0.003
B2 | -0.001 0.002 | 0.003 0.002 | 0.004 0.005
B3 | 0.000 0.001 | -0.001 0.002 | -0.001 0.003
ap | -0.049 0.016 | -0.053 0.022 | -0.135 0.123
o | 0.014 0.025 | 0.007 0.026 | 0.013 0.045
Y% | 0.320 5.286 | 0.051 0.105 | 0.063 0.158
v | -0.209 1.668 | -0.020 0.170 | -0.047 0.226
Yo | 0.066 7.085 | 0.002 0.246 | 0.020 0.284
~v3 | -0.073 1.357 | -0.016 0.171 | -0.014 0.169

Table 3.3 — Results of 2000 simulations: Bias and MSE of the EGG-AFT
mixture cure model in the upper part of the Table; bias and MSE of the
EGG-AFT model in the lower part.

Sample Size : n=300

(20% Cure, 40% RC) | (30% Cure, 40% RC) | (40% Cure, 60% RC)
Bias MSE Bias MSE Bias MSE
EGG-AFT Mixture Cure Model
q | -0.048 0.096 | -0.013 0.077 | 0.050 0.210
Bo | -0.002 0.000 | -0.001 0.001 | 0.002 0.001
£1 | -0.000 0.001 | -0.000 0.001 | 0.001 0.003
B2 | 0.003 0.006 | 0.007 0.009 | 0.004 0.016
B3 | -0.003 0.003 | -0.003 0.004 | -0.005 0.008
ap | -0.025 0.012 | -0.029 0.016 | -0.058 0.054
ap | 0.011 0.019 | 0.006 0.019 | 0.008 0.034
Yo | 0.398 2.435 | 0.052 0.104 | 0.124 0.518
v | -0.298 2.111 | -0.031 0.148 | -0.100 0.492
Yo | 0.024 0.028 | 0.006 0.008 | 0.014 0.012
~v3 | -0.054 1.007 | -0.034 0.433 | -0.059 0.650
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Table 3.4 — Results of 2000 simulations: Bias and MSE of the EGG-AFT
mixture cure model in the upper part of the Table; bias and MSE of the
EGG-AFT model in the lower part.

Sample Size : n=500

(20% Cure, 40% RC) | (30% Cure, 40% RC) | (40% Cure, 60% RC)
Bias MSE Bias MSE Bias MSE

‘ EGG-AFT Mixture Cure Model
q | -0.025 0.050 | -0.006 0.036 | 0.045 0.089
Bo | -0.001 0.000 | -0.001 0.000 | 0.002 0.001
51 | -0.001 0.001 0.001 0.001 0.001 0.001
B2 | 0.001 0.004 | 0.004 0.005 | 0.005 0.008
B3 0.000 0.002 | -0.002 0.002 | 0.000 0.004
ap | -0.016 0.007 | -0.016 0.009 | -0.040 0.026
ar | 0.003 0.011 | 0.007 0.011 | 0.002 0.017
Yo 0.122 0.397 | 0.022 0.050 | 0.030 0.085
v | -0.081 0.385 | -0.002 0.073 | -0.020 0.105
y2 | 0.009 0.007 | 0.004 0.004 | 0.006 0.004
v3 | -0.025 0.399 | -0.007 0.237 | 0.016 0.268

Table 3.5 — Results of 2000 simulations, with adaptive LASSO.

Sample Size : n=200

Param. | (20% Cure, 40% RC) | (30% Cure, 40% RC) | (40% Cure, 60% RC)
Bias MSE Bias MSE Bias MSE
q | 0.007 0.207 | 0.109 0.271 | 0.007 0.504
Bo | 0.000 0.001 | 0.002 0.001 | -0.009 0.003
51| 0.016 0.002 | 0.020 0.003 | 0.031 0.008
B2 | -0.011 0.002 | -0.012 0.003 | -0.010 0.006
B3 | 0.009 0.001 | 0.009 0.002 | 0.003 0.005
ap | -0.139 0.041 | -0.184 0.079 | -0.217 0.156
o | 0.071 0.047 | 0.086 0.056 | 0.129 0.127
Yo | 0.874 5.767 | 0.176 0.216 | 0.312 0.498
~v1 | -0.562 5.272 | 0.002 0.153 | 0.009 0.525
Y2 | -0.138 0.415 | -0.182 0.059 | -0.185 0.125
v3 | 0.274 0.472 | 0.332 0.173 | 0.325 0.189
| Average correct/incorrect number of zero’s
| Latency
Correct 9.202 9.283 8.685
Incorrect 0.006 0.010 0.086
‘ Incidence
Correct 9.176 9.805 9.707
Incorrect 1.966 2.633 2.138
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Table 3.6 — Results of 2000 simulations, with adaptive LASSO.

Sample Size : n=300

Param. | (20% Cure, 40% RC) | (30% Cure, 40% RC) | (40% Cure, 60% RC)
Bias MSE Bias MSE Bias MSE
q | -0.031 0.099 | 0.080 0.109 | 0.178 0.276
Bo | -0.002 0.001 | 0.003 0.001 | 0.001 0.001
B1 | 0.008 0.001 | 0.013 0.002 | 0.023 0.004
B2 | -0.007 0.001 | -0.007 0.002 | -0.010 0.003
B3 | 0.006 0.001 | 0.004 0.001 | 0.004 0.002
ag | -0.077 0.016 | -0.112 0.031 | -0.190 0.096
ap | 0.034 0.020 | 0.046 0.025 | 0.076 0.049
Y | 0.310 0.379 | 0.104 0.100 | 0.140 0.169
~1 | -0.200 0.486 | 0.047 0.087 | 0.051 0.255
v2 | -0.175 0.073 | -0.183 0.049 | -0.180 0.050
vs | 0.304 0.180 | 0.324 0.157 | 0.334 0.158
‘ Average correct/incorrect number of zero’s
‘ Latency
Correct 9.646 9.640 9.306
Incorrect 0.000 0.001 0.019
‘ Incidence
Correct 9.624 9.858 9.859
Incorrect 1.921 2.601 2.034
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Table 3.7 — Results of 2000 simulations, with adaptive LASSO.
Sample Size : n=500
Param. | (20% Cure, 40% RC) | (30% Cure, 40% RC) | (40% Cure, 60% RC)
Bias MSE Bias MSE Bias MSE
q | -0.017 0.045 | 0.029 0.042 | 0.178 0.152
Bo | -0.001 0.000 | 0.001 0.000 | 0.006 0.001
B1 | 0.004 0.001 | 0.007 0.001 | 0.016 0.002
B2 | -0.005 0.001 | -0.004 0.001 | -0.004 0.002
B3 | 0.004 0.000 | 0.003 0.001 | 0.002 0.001
ap | -0.043 0.007 | -0.056 0.011 | -0.133 0.048
a1 | 0.019 0.011 | 0.025 0.012 | 0.038 0.020
Y | 0.152 0.148 | 0.051 0.045 | 0.059 0.067
v | -0.091 0.201 | 0.086 0.053 | 0.055 0.117
v2 | -0.182 0.053 | -0.178 0.047 | -0.189 0.043
vs | 0.306 0.152 | 0.309 0.140 | 0.315 0.142
‘ Average correct/incorrect number of zero’s
‘ Latency
Correct 9.859 9.834 9.705
Incorrect 0.000 0.000 0.002
‘ Incidence
Correct 9.845 9.896 9.909
Incorrect 1.862 2.540 1.872
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Table 3.8 — Results of 2000 simulations, with adaptive LASSO, for n = 500

and 25 covariates with zero coefficients.

Param. (30% Cure, 40% RC)
Bias MSE
g | 0.114 0.082
Bo | 0.004 0.000
81 | 0.012 0.001
B2 | -0.008 0.001
Bs | 0.006 0.001
o | -0.132 0.030
ar | 0.066 0.018
Y | 0.125 0.073
v | 0.045 0.070
2 | -0.187 0.043
vs | 0.337 0.146
‘ Average correct/incorrect number of zero’s
‘ Latency
Correct 24.540
Incorrect 0.000
| Incidence
Correct 24.813
Incorrect 2.539
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Table 3.9 — Result of 2000 simulations, with adaptive LASSO for n = 500.
Each column represents a different value of p in the correlation matrix V. The

case where p = 0 is given in the second column of Table 3.7}

Param. p=0.5 p=0.75 p=—0.75 p=—0.3
Bias MSE Bias MSE Bias MSE Bias MSE
g | 0.036 0.036 | 0.033 0.033 | 0.052 0.057 | 0.042 0.050
Bo | 0.001 0.000 | 0.001 0.000 | 0.002 0.001 | 0.001 0.000
By | 0.008 0.001 | 0.007 0.001 | 0.010 0.001 | 0.009 0.001
B2 | -0.002 0.000 | -0.003 0.000 | -0.000 0.000 | -0.001 0.000
B3 | 0.002 0.000 | 0.003 0.000 | 0.001 0.000 | 0.001 0.000
oo | -0.060 0.011 | -0.054 0.010 | -0.081 0.017 | -0.071 0.014
a1 | 0.028 0.011 | 0.027 0.011 | 0.038 0.015 | 0.034 0.014
Y | 0.050 0.041 | 0.044 0.034 | 0.062 0.047 | 0.056 0.043
v | 0.086 0.051 | 0.103 0.048 | 0.082 0.055 | 0.087 0.053
Yo | -0.177 0.038 | -0.185 0.041 | -0.080 0.043 | -0.130 0.034
v3 | 0.237 0.090 | 0.284 0.110 | 0.095 0.073 | 0.116 0.052
‘ Average correct/incorrect number of zero’s
‘ Latency
Correct 9.843 9.852 9.817 9.839
Incorrect 0.000 0.000 0.000 0.000
| Incidence
Correct 9.866 9.838 9.729 9.818
Incorrect 2.155 2.345 1.745 1.736
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Table 3.10 — MCI results: adaptive LASSO estimates, standard errors and
exponential of the estimates.

Parameter Esti- SD  Exp (Es-
mates timate)
Latency part: EGG-AFT
Intercept (Lat.) 2.628 0.155
MMSE - -
Expression 0.321 0.077 1.38
Remote - -
Learning - -
Attention -0.057 0.043 0.94
Praxis - -

Abstract Thinking 0.086 0.034 1.09
Perception 0.182 0.052 1.20
APOE E4 -0.092 0.025 0.91

Gender -0.061 0.022 0.94

Age (5y.) -0.321 0.144 0.73

Total Education 0.152 0.163 1.16

Incidence part: Logistic regression

Intercept (Inc.) 2.657 0.985

MMSE -2.250 0.802 0.11
Expression - -
Remote - -

Learning -0.969 0.425 0.38
Attention - -

Praxis -1.302 0.564 0.27

Abstract Thinking 0.483 0.456 1.62
Perception - -

APOE E4 -0.556 0.264 0.57
Gender - -
Age (5y.)

Total Education 2.285 2.081 9.83
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CHAPTER 4

Diagnostics checks through residuals

“We know what we are, but know not what we may be.”
- William Shakespeare (1564-1616)

This chapter is mainly based on the paper “Diagnostic checks in mixture cure
model with interval-censored data” by Scolas S., Legrand C., Oulhaj A. and FEl
Ghouch A., accepted for publication in Statistical Methods in Medical Research.

Models for interval-censored survival data presenting a fraction of “cure” or
“immune” patients have recently been proposed in the literature, particularly
extending the mixture cure model to interval-censored data. However, little is
known about the goodness-of-fit of such models. In a mizture cure model, the
survival distribution of the entire population is improper and expressed in terms
of the survival distribution of uncured individuals, i.e. the latency part of the
model; and the probability to experience the event of interest, i.e. the incidence
part. To validate a mixture cure model, assumptions made on both parts need to
be checked, i.e. the survival distribution of uncured individuals, the link function
used in the latency and the linearity of the covariates used in the both parts of
the model. In this work, we investigate the Cox-Snell and deviance residuals and
show how they can be adapted and used to perform diagnostics checks when all
subjects are right- or interval-censored and some subject are cured with unknown
cure status. A large simulation study investigates the ability of these residuals
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to detect a departure from the assumptions of the mizture model. Developed
techniques are applied to a real data set about Alzheimer’s disease.
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4.1 Introduction

In this chapter, we focus our attention on the use of residuals, in case where
event times are either right- or interval-censored, to assess the fit of mixture
cure models considering either a parametric PH or AFT model in the latency
part. Mixture cure models rely on assumptions on both the incidence and
latency part. These assumptions must hold to ensure the validity of the model
and all of its resulting conclusions, including inferences and predictions.

The inspection of the residuals is one of the usual methods to assess the as-
sumptions of a given model, with a long tradition in linear and generalized
linear models. For instance, to detect a departure from normality in a classi-
cal linear regression model, a histogram and/or a quantile-quantile (QQ) plot
of residuals are two of the main graphical tools used in practice. Although a
visual inspection of a QQ-plot is not a formal test of normality, it provides
practitioners with relevant and easily interpretable information. When the
normality assumption is not met, it might then be better to transform the
dependent variable, and graphical tools like a QQ-plot may help to find an
adequate transformation. Concerning the usual assumption of linearity of co-
variates effects, scatter plot of the residuals versus fitted values and versus
each of the predictors is one of the most commonly used diagnostic plot in
practice. The presence of systematic features in these plots generally implies
a missing covariate or a nonlinear effect. Although the exact nature of the
problem may be hard to find, residuals plots may be very helpful to reveal a
lack-of-fit with respect to a covariate and to select an adequate transformation.
An alternative method would be to test whether a transformed covariate enters
significantly into the model, but this implies testing many transformations and
can be cumbersome, while a glance at a residuals plot might be quicker and
more meaningful.

While the definition of residuals for a linear or a generalized linear model is
unambiguous [McCullagh and Nelder, 1989, it becomes more complex in the
context of time-to-event analysis mainly due to the presence of censoring. In
the context of right-censored data, several types of residuals have been defined
with different goals, see Section [I.4l The most often used are probably the
Cox-Snell residuals, the martingale residuals and the deviance residuals. Cox-
Snell and deviance residuals are implemented in most statistical software’s and
are widely used in classical survival analysis.

In mixture cure models, to the best of our knowledge, there is not such an
easy graphical tool to assess the quality of the fit and make the model closer
to the data at hand. The extension of the existing methods would allow a
thorough data analysis when handling cure and censoring, but remains a chal-
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lenging issue. In fact, the nature of mixture cure models makes diagnosing
more complex since a residuals analysis must include the assessment of:

(i) the assumed distribution for the uncured sub-population (uncured sur-
vival distribution),

(ii) the assumed model for the probability to experience the event of interest,
and

(iii) the resulting global survival distribution of the entire population, which
is improper.

Thus, in our case, residuals not only have to allow the detection of a global lack-
of-fit, but also have to pinpoint specific levels of the model. Residuals based on
the global survival distribution would not allow to detect in which part of the
model a transformation might be needed. On the other hand, residuals based
on the uncured survival distribution can only detect a needed transformation
in the latency part of the model.

The fact that the global survival distribution is improper makes the use of the
classical Cox-Snell residuals questionable and it is not obvious that they will
keep their good properties. An additional complication is that the cure status
(cured or uncured) of a right-censored individual is unknown. As a conse-
quence, in order to assess the assumed uncured survival distribution, one needs
first to identify uncured individuals in the population sample. To this end, it
is necessary to predict their status using both the data and the model under
study. As will later be explained, investigating and solving these issues leads to
two types of Cox-Snell residuals, intended to assess the global and the uncured
survival distribution. The same difficulties are encountered with deviance resid-
uals when it comes to check the linearity assumption. In fact, keeping in mind
that the mixture cure model consists of two regression parts (the latency and
the incidence), covariates entering the latency may not be the same as covari-
ates entering the incidence. Moreover, a covariate may have a linear impact in
the latency part, while having, for example, a quadratic impact, or no impact at
all, in the incidence part. The fact that the deviance residuals are based on the
likelihood function facilitates their adaptation and makes them more relevant
for mixture cure models. Moreover, using the likelihood gives a straightforward
method to take into account the fact that the event times are interval-censored.
Residuals that are based on counting processes like the martingale residuals do
no easily allow to deal with interval-censoring. The complete-data likelihood
(defined in Section induces a natural split between latency and incidence,
and takes into account interval-censored event times. Based on this likelihood,
we will introduce two deviance residuals: the latency deviance residuals, and
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the incidence deviance residuals. Plotting these two types of deviance residuals
will allow the detection of a needed transformation in each part of the model:
the latency and the incidence.

|[Peng and Taylor, 2016] also proposed residuals in the presence of cure, consid-
ering a Cox mixture cure model with right-censoring. The context is therefore
less general than ours, since we consider the development of a diagnostic check
procedure for both the Cox and AFT model with cured and interval-censored
observations .

In this chapter, we aim to extend the use of residuals to perform diagnostic
checks in a parametric mixture cure model with right- and interval-censoring.
Our first objective is to discuss how to define the Cox-Snell residuals intended
to check the survival distribution of the uncured sub-population and of the
entire population. We first study the properties of the Cox-Snell residuals for
the entire population, then define an approach to estimate the status, cured or
uncured, of a right-censored observation. Our second objective is to investigate
how to detect non-linearity in the latency and the incidence part of the model
using our proposed deviance residuals.

This chapter is organized as follows: Section develops the Cox-Snell
residuals in mixture cure models with and without interval-censoring. Residuals
aiming at detecting non-linearity are covered in Section [4.2.2] Section [4.3
shows the behavior of the proposed residuals in a simulation study. Section [£.4]
presents the results of the application of our method to our real data set on
Alzheimer’s disease. Finally, our findings are shortly discussed in Section

4.2 Methodology

4.2.1 Checking the survival function: Cox-Snell residuals

In this section, Cox-Snell residuals aiming at checking the marginal survival
function (S) and the uncured survival function (S,) in a mixture cure model
are defined and studied.

For simplicity, let’s temporarily assume that no interval-censoring is present,
i.e. the event times t; are exactly observed when §; = 1. To assess the validity
of the hypothesized survival distribution S, of the uncured sub-population,
the Cox-Snell residuals r¢os.,(ti) = —log(S,(t;)) can be computed for all i
with Y; = 1, i.e. only for the uncured observations.Since the uncured status Y;
is unknown for right-censored observations, we propose to replace Y; with its

expected value given the observed data :

piSu(ls)

E(Y,|0;) = 6; + (1 — 6;)— L=l
(¥:]0:) * )PiSu(li)JFl*Pi
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Since p; and S, are unknown, this expectation is estimated by &;:

$iSu(li)

&LE=6+1-0)——————.
( )ﬁiSu(li) +1-p

(4.1)
As &; can take any value between 0 and 1, we need a threshold to predict
the uncured status. In this work, we take 0.5 as a threshold and classify
an individual with & > 0.5 to the uncured sub-population and classify an
individual with & < 0.5 to the cured sub-population. We thus define uncured
Cox-Snell residuals as

resa(ti) = —log(Sy(t;)) for i: & > 0.5.

A plot of the Cox-Snell residuals on the z-axis versus their Kaplan-Meier or
Nelson-Aalen estimated cumulative hazard based on the right-censored sample
(03, 7cs,u(ts)) on the y-axis, should exhibit points aligned on a straight line with
a unit slope and zero intercept. A departure from this line may suggest a model
inadequacy but, in such a case, no indication of the cause of this inadequacy
is provided by the plot. Despite this drawback, the Cox-Snell residuals plot
remains useful, for example, to compare two possible distributions.

The same approach can be used to assess the hypothesized global survival
distribution S of the whole population, cured and uncured. For this purpose,
we define the Global Cox-Snell residuals as

res(t) = —log(S(t:) = —log (piSu(t) +1 = i), i =1, .,

This definition is motivated by the fact if 7" has an improper cumulative dis-
tribution F(T) = pF,(T), where F,(T) = 1 — S,(T) is a proper cumulative
distribution, then for 0 <t < p,

P(F(T) <t)=pP(T < F; (t/p)|T < +0) + (1 — p) P(Fu(T) < t/p|T = +0)
=1

and for t > p, P(F(T) < t) = P(Fu(T) < t/p) = 1. Consequently, if the
global survival function S fitted to the data is satisfactory, the global Cox-
Snell residuals r¢g should behave in [0, —log(1 — p)) like a censored sample
from a mean one exponential distribution. In this case, as for the uncured
observations, a plot of the global Cox-Snell residuals versus their estimated
cumulative hazard should reveal points aligned on a straight line of unit slope
and zero intercept.

The same argument can also be applied to the case of interval-censored data
to check the validity of both S, and S. In the following, only S, is dis-



4.2. Methodology 93

cussed, as the same approach can be applied to S. From the observed interval-
censored data ]l;,r;], the interval-censored Cox-Snell residuals are obtained:
] —log (S, (1;), —log(S,(r;)], for i = 1,...,n. Their cumulative hazard function
can be estimated by the Turnbull’s self-consistency algorithm |[Turnbull, 1976].
If the model is adequate, a plot of the estimated function against the residuals
interval endpoints should approximately resembles a straight line of unit slope
and zero intercept. These residuals are not easy to handle given their inter-
val nature. For this reason, |Farrington, 2000| suggest to replace the interval
residuals with their expected values under the unit exponential distribution,

leading to the following adjusted Cox-Snell residuals for .S,, :

Su(la)(1 = og(Su (1)) = Sulr) (L= log(Sulr))) ;o)
_ 3,

resu(lis i) = =
’ (ri)

Su(li)
Once the hypothesis on S, are validated, the validity of the global survival S
can also be assessed via the Cox-Snell residuals rcg(l;,r;) obtained from (4.2))
but with S instead of S'u

4.2.2 Detecting non-linearity: Deviance residuals

One way of assessing the adequacy of a model is to compare it with the corre-
sponding saturated model. This is the model with the same distribution and
the same structure as the model under study, but with the maximum number
of parameters of interest that can be estimated (“perfect” estimable model).
In our case, the saturated model allows p; and v; to be different for each ob-
servation, whereas the hypothesized regression model assumes that pu; = x;3
and v; = z;7.

In the mixture cure model, the observed data are O; = (d;,;, 7, ;, 2;). The
complete data set is obtained by augmenting the observed data set by the
partially unobserved uncured status, y;: O; . = (O;,y;). Based on the complete
data set, the complete-data log-likelihood function for the saturated model is
defined as

n
ln(97/~1'iayi;oc) :Zli(evﬂial/i) (43)
i=1
where 1;(0, i, v), i = 1,...,n, are the individual log-likelihood contributions

given by

1i(8, i, vi) = yilog(pi(vi)) + (1 — yi) log(1 — pi(vi))
+ 03 10g(Su (i1 0) — Su(rilpi; 0)) + (1 — 6;)ys log(Su(lsui; 6)).
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Following [Nelder and Wedderburn, 1972], we define the “complete” deviance
statistic D(O,.) as twice the difference between the maximum achievable complete-
data log-likelihoods under the saturated model and under the current regression
model. Thus,

—22 (0, fii, 73 Oc) = L0, fus, 055 O.)),

where fi; and 7;, 2 = 1,...,n, are the points maximizing the saturated complete-
data log-likelihood 7 and where 0 is the maximum likelihood estimator
under the current model of the unknown nuisance parameter 8. Some easy al-
gebra shows that the maximum attainable value for the individual log-likelihood
contribution is

1:(8, iz, ;) =y; log(p(i7)) + (1 — y;) log(1 — p(i%))
+ 8 log (su(zimi,é) _ Su(ri\ﬂi,é)) ,

where p(9;) = y; and fi; is the root of the equation

0 A 0 5
a—uZSu(lzml, 9) = %‘S’u(rllp’la 9)7

?

fori=1,...,n. For the PH model, the solution is such that

log(—log(Su,0(ri))) — log(—1log(Su0(l:)))
log(Su,0(li)) —log(Su,0(ri)) ’

whereas for the AFT model, the solutions depends on the assumed distribution.
For example, as the log-Normal and the Weibull distribution are special cases
of the EGG distribution, calculation for the EGG distribution are given in
Appendix

Consequently, D(O.) = 23" | d;(y;), where d;(y;) is the contribution of the
observation ¢ to the deviance and is given by

exp(fi;) =

~

di(yi) =1:(8, fis, i) — 1i(8, fui, )

-y
=y; log (y) +(1—yi)log< y)
Di ]-_pi

+6;log (suam,e) - Suiwi,m

) — (1= 68;)y; log(Su(Ly)).

As the uncured status y; is not observed for right-censored observations, we
propose to replace it by its expected value, &;, defined in Equation (4.1)). This
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leads to the “observed” deviance D = 22?:1 d;, where d; is a shortcut for
d;(&). D measures the closeness of the hypothesized model to the saturated
model, but without distinguishing between the latency and the incidence part.
A nice feature of this deviance is that it can be split into two additive parts: an
incidence part D;,. and a latency part D;,:. More precisely, D can be written

as:
D= Dinc + Dlat =2 Z di,inc +2 Z di,lata
i=1 i=1
where
i 1-&
dime = Elog (&) + (1 — &) log (L=5) | and
' Di 1—pi

Su(lilfii, 0) — S (rilfii, 0)

diar = 6;1 -
Jlat og < Suls) — Bu(r)

) — (1= ;)& log(Su(l))-

Observe that if all the individuals are uncured (§; = p; = 1), then D reduces
to Dy, the classical deviance for interval and right-censored data. Observe
also that D,,. is the deviance for the classical binary logistic model, with &;
as response variable. A “large” value of Dj,. (Dj4:) indicates a poorly fitted
incidence (latency) part. This may be caused by a missing covariate or a
covariate needing a transformation in the incidence part (“large” Djy,.), in the
latency part (“large” Djq¢) or in both parts.

As in classical regression models (with or without censoring), we propose to
measure the individual contribution to the deviance via the deviance residuals.
In general, they are defined as s;4/2d;, where d; is the individual contribution
to the deviance. In the classical logistic regression model, s; is the sign of the
difference between the observed response and its estimated expected value. In
survival analysis, s; is the sign of d; — r;, with r; the Cox-Snell residuals, which
can be interpreted as the difference between the observed and expected number
of events for the individual i over the interval (0, t;)|Collett, 2003, [Farrington,
2000]. Therefore, in our case, for an individual i, we define three types of
deviance residuals. One aiming at checking the global model, one aiming at
checking the latency, and the last one aiming at checking the incidence: :

e Global deviance residuals: rp(l;, ;) = sgn(d; — ros(li, i)V 2d;,
e Latency deviance residuals: rp jq¢(l3,7:) = sgn(6; —resu(li, 7)) \/2di 1at
o Incidence deviance residuals: rp jnc(li, 75) = sgn(& — Pi)+/2d; ine-

In the above expressions, sgn(:) represents the sign function and rcg(l;,r;)
and ros(li, ;) are the Cox-Snell residuals for S and S, respectively; see
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. As in classical survival analysis, deviance residuals can, for example,
be plotted against the estimated linear predictors (ji; or #;) or against the
explanatory variables in the linear predictors, and any unusual pattern may
indicate an omission of an important covariate or a non linear effect of one or
more covariates in the latency part, in the incidence part, or in both parts.

4.3 Simulation study

With this simulation study, we aim to illustrate the behavior of global and
uncured Cox-Snell residuals in different settings; and to show that incidence
and latency deviance residuals allow to correctly detect the need for a trans-
formation in a covariate in the incidence and/or latency.

4.3.1 Simulation setting

Data are generated following the algorithm described in Section for right-
censoring, except that Equations (2.1)) and (2.2]) are replaced by the following
equations:

1. Scenario A: All terms are linear, both in the latency and incidence part
of the model

log(T) = —0.5+ X1 — Xa — X3+ 0.5¢
P(X) = ¢(v0 — X2 + X3)

2. Scenario B: A quadratic term is included in the latency part of the model

log(T) = 1.5+ X1 — X2 — X5 +0.5¢
p(X) = ¢y — Xo + X3)

3. Scenario C: A quadratic term is included in the incidence part of the
model
log(T) = —-0.54+ X; — X5 — X3+ 0.5¢
p(X) = é(70 — 0.5X35 — X3)
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4. Scenario D: A quadratic term is included in the latency and in the inci-
dence parts of the model

log(T) =—-1+4+ X1 — X22 — Xg + 0.5¢
p(X) = 6(70 — 0.5XF — X3).

In these equations, ¢ is taken to be either a logit or probit function. When-
ever necessary, we use the notation A; and A, to distinguish scenario A using
¢=logit from scenario A using ¢=probit, and equivalently for scenarios B, C'
and D. This will allow to study the impact on residuals checking of a mis-
specified link function in the incidence, since we will always use logit in our
fitting procedure. Regarding the time-to-event, the error term ¢ is generated
following the extreme-value distribution, so that T, the time to event of the
uncured observations, follows a Weibull distribution. Note that in this case, our
simulation study covers both the PH and the AFT model, as both models are
equivalent when the event times follow a Weibull distribution |Collett, 2003].
For each scenario, three proportions of right-censored observations (including
the cured observations, which are always right-censored) are covered: light
(20% cured, 30% right-censored), medium (30% cured, 40% right-censored),
and heavy (50% cured, 60% right-censored).

This simulation setting leads to a total of 24 settings (four scenarios, two
link functions, three right-censoring/cure proportions). To study the effect
of interval-censoring on residuals checking, two other scenarios complement
the simulation study: event times from scenario B; and D; that were exactly
observed, are now interval-censored, leading to six additional settings: two
scenarios and three levels of cure/right-censoring. Interval censoring was ob-
tained following item 4b) in Section These two additional scenarios allow
a visual assessment of the impact of analyzing interval-censored (in addition of
right-censored) observations instead of exactly observed event times.

Values of 79, 7, and generation of covariates and given in Table [{1] The
sample size was set to 500, and we replicated 500 datasets. For obvious reasons
of space, only the main results are presented in this chapter; further results are

given in Appendix
4.3.2 Simulation results

Cox-Snell residuals

For each setting, we have fitted a mixture cure model assuming a logistic regres-
sion (¢p=logit) in the incidence; and an AFT model for the latency part with
either a log-Normal, a Weibull or an EGG distribution. All covariates (X7, X
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Table 4.1 — Value of parameter and distribution of variables for each of the 4
scenarios and 3 levels of right-censoring and cure

RC level ‘ Scenario A ‘ Scenario B ‘ Scenario C ‘ Scenario D

X; | N(0.5,1.5) | N(0.5,1.5) | N(0.5,1.5) | N(0.5,1.5)

X5 Uu-3,3) Uu-3,3) Uu-3,3) U-3,3)

X3 | Bern(0.5) | Bern(0.5) | Bern(0.5) | Bern(0.5)

Light RC 7o 2 2 3.5 3.5
Medium RC  ~q 1 1 3 3
Heavy RC g 0.5 0.5 1.5 1.5
Light RC T 30 20 30 20
Medium RC T 30 20 20 10
Heavy RC T 30 5 20 10

and X3 for the latency and X5 and X3 for the incidence) were included in the
model, assuming a linear effect. The following results are supported by Figures
[41] and [-2] which show the global Cox-Snell residuals for 500 datasets.

In the following, it is important to keep in mind that the Weibull and log-
Normal distributions are special cases of the EGG distribution. Therefore, since
the true generating distribution is Weibull, the plots of the Cox-Snell residuals
for the models fitted with the EGG distribution are expected to be similar to
those obtained with the Weibull distribution, or better aligned if the Weibull
model is actually misspecified. Furthermore, a plot of Cox-Snell residuals based
on the log-Normal distribution is expected to show more departure from the
straight line than a plot of Cox-Snell residuals based on the EGG or Weibull
distribution.

A first observation is that the use of the indicator random variable 1(&; > 0.5)
provides a prediction of the uncured status which is satisfactory to compute the
Cox-Snell residuals. Indeed, plots of the uncured Cox-Snell residuals based on
the cutoff 0.5 are extremely similar to those based on the true uncured status
Y;, as shown in Figures 11 to 18 in Appendix Furthermore, although
a larger cutoff could prevent misclassifying a cured individual as an uncured
individual, we only observe extremely small sensitivity to the choice of the
cutoff value.

Second, as global and uncured Cox-Snell residuals may be impacted in a
similar way by a misspecification in the incidence part, we expect that a plot
of the global Cox-Snell residuals will lead to the same conclusion as a plot of
the uncured Cox-Snell residuals. We therefore use simulations to compare the
global and uncured Cox-Snell residuals. In every scenarios, the conclusions are
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indeed similar, and in the following, for the sake of brevity, we will only discuss
results obtained with the global Cox-Snell residuals.

Third, we investigate the impact of the right-censoring and cure proportion
on the ability of the Cox-Snell residuals to correctly identify the Weibull distri-
bution as the true generating distribution. In every scenario, and for all three
proportions of cured and right-censored observations, the Weibull distribution
is always correctly chosen over the log-Normal. This conclusion is supported
by Figure showing Cox-Snell residuals based on the three distributions,
and related to scenario Cj for the three levels of cured and right-censored pro-
portion. However, as the proportion of right-censored observations increases,
the distinction becomes less evident: compare the plots in Figure from top
to bottom, i.e. from light to heavy censoring.

We have also investigated whether the Cox-Snell residuals can still be used
to identify the most appropriate underlying distribution even in the presence
of a misspecification in the incidence or the latency part of the model. In
this simulation study, two misspecifications in the incidence part are covered:
assuming a logit link instead of a probit link, as in scenarios A,, Bp, C}, and
D,; and assuming linearity in covariates whereas a transformation is needed,
as in scenarios C and D. In the latency part, one type of misspecification is
covered: assuming linearity in covariates whereas a transformation is needed, as
in scenarios B and D. The Cox-Snell residuals plots support the Weibull and
EGG distribution over the log-Normal distribution in every setting: Figure
4.2) giving Cox-Snell residuals for the medium level of cured/right-censored
proportions of scenarios Cj, D; and D,, illustrates this conclusion in relation
to the non-linear covariate in incidence (first row), to the non-linear covariate
in both latency and incidence (second row), and to the non-linear covariate in
both latency and incidence in addition of a wrong link function in incidence
(third row).

Note also that a misspecification in the latency part is reflected in the Cox-
Snell residuals plot for models fitted with the Weibull distribution (see second
and third row of Figure [4.2| based on scenario D; and D). As the EGG distri-
bution is more flexible, the Cox-Snell residuals plots for models fitted with the
EGG distribution show less departure from the straight line. We conclude that
Cox-Snell residuals in a mixture cure model are effective to distinguish between
two possible distributions even in the case of misspecification in incidence or
latency.

The last objective of this simulation study is to discuss the impact of interval-
censoring on residuals checking. Unlike the Kaplan-Meier estimator, the Turn-
bull estimator does not show jumps at every event time, but rather at the set
of unique values of the endpoints of the interval. This yields a visual inspection
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more cumbersome than if data were exactly observed instead of being contained
within an interval. For the sake of visibility, we show the Cox-Snell residuals
plot for one dataset only, based on Scenario Cj: the first row of Figure
(without interval-censoring) can be compared to the second row of Figure
(with interval-censored event times): interval-censored residuals show more de-
parture from a straight line. The distinction between two possible distributions
is then more complicated.

Deviance residuals

In this subsection, a mixture cure model is fitted to each generated dataset as-
suming a logistic regression in the incidence and a Weibull survival distribution
in the latency, and assuming that covariates have a linear effect in both parts
of the model. Three types of deviance residuals plots are displayed: global, la-
tency and incidence deviance residuals, versus the covariate X5, which needs a
transformation for scenario B, C and D. For one dataset, it is common to plot
the deviance residuals on the y-axis versus the covariates values on the z-axis.
To help distinguishing a pattern, one generally adds a lowess smoothing curve
to the plot [Cleveland, 1979].

In this simulation study, each plot concerns 500 datasets. This means 500 x 500
residuals points and 500 lowess smoothing curves are superimposed on each
plot. To enhance visibility, points are deleted from the graphs, so that only the
500 lowess smoothing curves are shown on each plot. Latency deviance residuals
are expected to show a quadratic trend for scenarios B and D; and incidence
deviance residuals are expected to show a quadratic trend for scenarios C' and
D.

As a first point, we observe that global, latency and incidence deviance resid-
uals show a trend when appropriate. This can be seen by looking at Figure
@7 giving deviance residuals for scenarios Cj, D; and D), for a medium cured
and right-censored proportion. However, when a transformation is needed in
both the latency and the incidence part, a trend may be hidden in the global
deviance residuals plot, as can be seen on the global deviance residuals plot for
medium censoring in the second row of Figure . Hence the importance of
checking the latency and incidence deviance residuals as well.

Second, latency deviance residuals are somewhat affected by the increase of the
right-censored proportion: a high censoring proportion can hide a trend in the
smoothing curve (see latency deviance residuals of Figure where the three
types of deviance residuals are shown for the three levels of cured /right-censored
proportion of scenario Bj: the lowess lines does not reveal a curve for heavy
censoring), or suggest another transformation than the true one (see latency
residuals of Figure where some curves may suggest a cubic transformation).
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When looking at a deviance residual plot for only one data set, as given in
Figure [£.6] for scenario B; for example, a trend is highly detectable when right-
censored and uncensored observations are plotted in different colors. Plotting
right-censored residuals with a different symbol may thus circumvent the issue,
and, following |Collett, 2003], we recommend to do so.

Third, the same issue may arise with incidence deviance residuals with a too
low cured proportion. Indeed, less cured observations implies less information
for the modeling of the incidence part.

4.4 Real data analysis

In this section, we demonstrate how our proposed residuals may bring some
further insight in the analysis of the data from the Alzheimer’s disease study.
We are interested in applying Cox-Snell and deviance residuals for checking
the fit of a mixture cure model assuming either an AFT with a log-Normal, a
Weibull, or an EGG distribution in the latency part. This analysis evaluates
the association between the CAMCOG score and the time to MCI conversion,
adjusting for gender, age at baseline, number of folate cells, total Homo-cysteine
(tHcy) rate, Mini-Mental State Examination (MMSE) score, and expression of
the APO E4 gene (APOEE4). Maximum likelihood estimates are given in Table
A visual inspection of Cox-Snell residuals given in Figure suggests that
the log-Normal distribution does not fit the data as well as the Weibull and
EGG distribution, the latter two giving quite similar plots. A likelihood ratio
test nevertheless rejects the null hypothesis of a Weibull distribution for the
event times, and the EGG is then preferred for the remainder of the analysis.
Global deviance residuals do not exhibit strong pattern when plotted against
any of the five covariates Age, CAMCOG, Folate, MMSE or tHcy. The same
conclusion is reached for latency and incidence deviance residuals plots; see
Figure [£.8] Therefore, with data and covariates at hand, and based on Cox-
Snell and deviance residuals, we can conclude that there is no need to reconsider
the use of the EGG distribution in this analysis, nor to reconsider linearity of
our variables in the latency and incidence.

4.5 Discussion

In this chapter, we proposed to check the assumptions of a parametric PH or
AFT mixture cure model by plotting newly proposed residuals of the model.
Although widely used in linear regression, and also in classical survival analy-
sis, diagnostic checks based on residuals have not been studied in the context
of possibly interval-censored data with a sub-population of cured individuals.
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This chapter focused on extending both the Cox-Snell and deviance residuals
to this setting, allowing to check various assumptions of the fit of parametric
mixture cure models for right- and possibly interval-censored event times.

In parametric mixture cure models, assumptions are made on the survival
distribution of the uncured observations, and we discussed the use of Cox-Snell
residuals to detect if those assumptions are correct. A major challenge in this
situation is clearly that the uncured status is unobserved for right-censored
data and that the global survival distribution is improper. In this chapter,
we have shown that global Cox-Snell residuals, based on the improper survival
distribution of the entire population, still follows a mean one exponential dis-
tribution if the model is correctly fitted. Furthermore, we have also defined
uncured Cox-Snell residuals, computed based on an estimation of the uncured
status for each observation. Our simulation study demonstrates that global
and uncured Cox-Snell residuals can suitably be used to assess the hypothesis
about the survival distribution in the latency part, even if the incidence part
is incorrectly specified.

Another important feature of these models is that covariates are typically
entered in the model in a linear fashion, both in the incidence and the latency
part of the model. However, covariates may have a non-linear effect in either
or both parts of the model. We thus also proposed deviance-based residuals
allowing to detect if a covariate needs a transformation, and in which part of
the model. Additionally, we have shown that non-linearity in latency and in
incidence is correctly detected by plotting the latency and incidence deviance
residuals against a covariate. As expected, a heavy right-censored proportion
may hide a trend in the plot and prevent detecting the need for a transformation
in the latency. A low cured fraction has an identical effect in incidence. Like
in other models, such residuals plots should be interpreted with care since, as
stated by [Collett, 2003, no pattern in the residuals plot does not imply a
correct model but rather the absence of reasons to think it is incorrect.

The subjective nature of residual checking techniques is sometimes criticized,
and the use of goodness-of-fit hypothesis test may be advocated. However in
practice, these graphical checks are still widely used. For example, to check
the normality of a variable, one generally agrees that a Q-Q plot or a simple
histogram is more meaningful than a formal normality test, which results in
only one piece of information, largely impacted by the sample size: whether
the hypothesis is rejected or not. In classical survival analysis, several authors
stress the importance of residuals checking in the modelling process [Therneau
et al., 1990, [Collett, 2003} |Klein and Moeschberger, 2003, [Lawless, 2003].

The residuals presented in this chapter have been implemented in parametric
mixture cure models, and an extension to semi-parametric mixture cure models
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should be straightforward, as only the final estimates of the model are required
in the definition of Cox-Snell and deviance residuals. These residuals can there-
fore also be used to check a semi-parametric mixture cure model, such as the
ones discussed in [Sy and Taylor, 2000, |Zhang and Peng, 2012]. However, Cox-
Snell residuals are not as useful in a semi-parametric context, due to the fact
that the baseline survival distribution has to be estimated non-parametrically
|Collett, 2003], so that the approximation to the unit exponential distribution
is less likely to hold. Deviance residuals, on the other hand, do not suffer the
same issues and can be used in a semi-parametric context to check the linearity
of the covariates.

Our results are similar to those obtained by Peng and Taylor [Peng and Taylor,
2016). First, they show that the Cox-Snell residuals based on the global survival
distribution do follow an exponential distribution in [0, —log(p)). They can
thus be used as usual, i.e. a plot of the estimated cumulative hazard should
show points aligned on a straight line of slope one. Second, they also define an
equivalent to our uncured Cox-Snell residuals, but they use a weighted Cox-
Snell residuals instead of using a cutoff value (i.e. & < 0.5). Thirdly, as their
article is based on right-censored data only, they use martingale residuals to
detect a needed transformation in the latency part of the model. The idea is
similar to our deviance residuals, but their method can only be used in a Cox
model with right-censoring, whereas our method is more general.

Other types of residuals could be extended to the mixture cure model, with
or without interval-censored data. Residuals to detect outliers and influential
values have been extended to the case of cure models [Ortega et al., 2008], but
the extension of residuals to check either the proportionality of hazards or the
AFT assumptions within a mixture cure model is subject of future work.



104 Chapter 4. Diagnostics checks

Scenario C, - Light RC Scenario C; - Light RC Scenario C; - Light RC
Based on LogNormal Based on Weibull Based on EGG(q)
c c co _
£ Lo Zd
2w g E
2 2 2w
2 ° ”‘_’ R
S o © o
8 < 8o s
< £z £«
) H 2
58 52 52
S E] ]
Eo Eo Eo
oo o° oo
00 05 10 15 20 25 00 05 10 15 20 25 00 05 10 15 20
Cox-Snell residuals Cox-Snell residuals Cox-Snell residuals
Scenario C, - Medium RC Scenario C; - Medium RC Scenario C; - Medium RC
Based on LogNormal Based on Weibull Based on EGG(q)
cwn c c
S~ ow K]
g i I
2 2 EN o
22 = kel
1Bl T~ T2
N N N —
© © ©
< < <
oW 00 o
2o 2o 2e
g 5° go
= =] =]
Eo Eo Eo
oo [6X=} oo
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 0.0 0.5 1.0 15 2.0
Cox-Snell residuals Cox-Snell residuals Cox-Snell residuals
Scenario C, - Heavy RC Scenario C, - Heavy RC Scenario C, - Heavy RC
Based on LogNormal Based on Weibull Based on EGG(q)
c c o
k=] K] S
k3] B o R
o c® v c
== 2° 20
B B Bo
S g 8.
gEo Eg 23
2 gc 2
o s 53
3 32 3
Eo Eo Eo
oo o° oe
00 02 04 06 08 10 00 02 04 06 08 1.0 00 02 04 06 08
Cox-Snell residuals Cox-Snell residuals Cox-Snell residuals

Figure 4.1 — Global Cox-Snell residuals for scenario C;. Top to bottom: light
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Weibull, and EGG(q). Residuals for 500 datasets are superimposed. The EGG
and Weibull distributions are chosen over the log-Normal distribution.



4.5. Discussion

105

Cumulative hazard function Cumulative hazard function

Cumulative hazard function

05 10 15

0.0

05 10 15

0.0

05 10 15

0.0

Scenario C, - Medium RC
Based on LogNormal

Scenario C, - Medium RC
Based on Weibull

Scenario C, - Medium RC
Based on EGG(q)

c c
2 x=)
T ] k<]
IS cw |
2 = s
° -
© 3 - A=)
N N —
© ©
< <
o oxs)
Z° 2o
5 5
3o | 2o
[l | | § < | | § < | |
00 05 1.0 15 20 © 0.0 0.5 1.0 15 © 0.0 0.5 1.0 15 20
Cox-Snell residuals Cox-Snell residuals Cox-Snell residuals
Scenario D, - Medium RC Scenario D, - Medium RC Scenario D, - Medium RC
Based on LogNormal S Based on Weibull 5 Based on EGG(q)
52 B
c =
2 2
e Bo
G - G =
N N
2 2
© T2}
B go
5 5
2o 2o
; : Ec . . Ec : :
0.0 05 1.0 15 © 00 0.5 1.0 15 © 00 0.5 1.0 15
Cox-Snell residuals Cox-Snell residuals Cox-Snell residuals
Scenario Dy, - Medium RC Scenario D,, - Medium RC Scenario D, - Medium RC
Based on LogNormal s Based on Weibull S Based on EGG(q)
B T2
c c
2w 2
2T o
Sa N
© — ©
< <4
2w 251
s s
2o 2o
; . . . Ec &£ . . Ec 4 . .
0.0 0.5 1.0 1.5 © 0.0 0.5 1.0 15 © 00 0.5 1.0 1.5

Cox-Snell residuals

Cox-Snell residuals

Cox-Snell residuals

Figure 4.2 — Global Cox-Snell residuals for scenarios C}, D;, and D,,, for medium
censoring. Left to right: based on log-Normal, Weibull, and EGG(q). Residuals
for 500 datasets are superimposed. The EGG and Weibull distributions are
chosen over the log-Normal distribution for each scenario.



106 Chapter 4. Diagnostics checks

Scenario C, - Medium RC
Based on LogNormal

o 2

Scenario C, - Medium RC
Based on Weibull

Scenario C, - Medium RC
Based on EGG(q)

ParYS
1

T © =

A cw | @ W
© bR N
Io T T

© < © 2 ° 2
2 2~ 2~
5 s s

gs E3 ES
S S S

(¢} Oo Oo

T T T T T T o T o T T T T
00 05 10 15 20 25 00 05 10 15 20 00 05 10 15 20
Residuals Residuals Residuals
Scenario C, - Medium RC - Interval Scenario C, - Medium RC - Interval Scenario C; - Medium RC - Interval
Based on LogNormal Based on Weibull Based on EGG(q)
H 4= T, T B
3 =/ 8- - R
To 3 To 3 se
£, 4’-’ " s £-
s@ P Sw S
Eo o Eo Eo
5o | v 8o
o 7 I I (= I | (S
00 05 10 15 20 25 00 05 10 15 20 00 05 10 15 20
Residuals Residuals Residuals
Figure 4.3 — Global Cox-Snell residuals for scenario C; with medium
cured /right-censored proportion. Above: exact event times data, bottom:

interval-censored data. Left to right: based on log-Normal, Weibull, and
EGG(q). Residuals for one dataset only. Interval-censoring makes a visual
inspection more cumbersome, but possible.



4.5. Discussion 107

Scenario C; - Medium RC Scenario C, - Medium RC Scenario C; - Medium RC

Full Deviance 2 Latency Deviance % Incidence Deviance
E
T[g ) B k=)
2 i g
2o DN =
0 = @
o _ ® 8~ -
S~ e - =
@ 2 S =
go So H
I z [
= ) o
3 ° @
o« ey g
= [~ Q™
[t | | £ | | g | |
3 2 1 0 1 2 3 4 3 2 1 0 1 2 3 £ 3 2 1 0 1 2 3
X X X
Scenario D, - Medium RC Scenario D, - Medium RC Scenario D, - Medium RC
Full Deviance % Latency Deviance % Incidence Deviance
) H
E 3 [
DN+ g o |
0 = (o3
e 8- 8~
3 g 5
£ o 4 Zo <
8 [} S+
3 o9 o
o 3 o
% (\Il c (\Il 5 el
e T T T T £ T T T T T - T T T T T
3 2 1 0 1 2 3 4 3 2 1 0 1 2 3 £ 3 2 1 0 1 2 3
X X X
Scenario Dy, - Medium RC Scenario D, - Medium RC Scenario D, - Medium RC
Full Deviance 2 Latency Deviance 2 Incidence Deviance
) >
E 3 7
s 8 e
0 = (o3
e 8 g-
@ c I
2o .g S
k= 3 S
> - _
() - [+
s S g
ER) c O S
e T T T T T2 T T T g T T T T
3 -2 414 0 1 2 3 4 3 2 1 0 1 2 3 £ 3 -2 1 0 1 2 3
X X X

Figure 4.4 — Deviance residuals for scenario C; (first row), D; (second row),
and D, (third row) for medium censoring. Left to right: global, latency and
incidence deviance residuals. Lowess smoothing curve for 500 datasets are
superimposed. A curve is detectable when appropriate.



108 Chapter 4. Diagnostics checks

Scenario B, - Light RC Scenario B, - Light RC Scenario B, - Light RC
Full Deviance Latency Deviance » Incidence Deviance
@« ®
= ©
© o
g ER 3
B 2 g
3 oo~ 5
S 8 AN I
8 A S o | — SO
c o = >
8 3 ]
> - =1 T T A
o @
3 B g
R g 3
w =™
T R R 5 T T S T T
3 -2 1 0 1 2 3 S -2 1 0 1 2 3 S -2 -1 0 1 2 3
X X X
Scenario B, - Medium RC Scenario B, - Medium RC Scenario B, - Medium RC
Full Deviance Latency Deviance » Incidence Deviance
@« 1]
® K S
T © 3° 7 =3
S % "~
2 4] 2
@ <3 >
2_ g 8~
° . e S e e
2 g =°
8° F [}
> ° a0
() - (o3
z z g
Sa 5O - g
[ = Cw
T 1 I I i T — 1 I T 2" T 1 1 I I T
S -2 -1 0 1 2 3 <8 -2 -1 0 1 2 3 <8 -2 -1 0 1 2 3
X X X
Scenario B, - Heavy RC Scenario B, - Heavy RC Scenario B, - Heavy RC
Full Deviance Latency Deviance » Incidence Deviance
@ 0
= ©
o< ] S
© 3 5
g g
@ e
g g -
8~ A N s g k——
o 5 S o o
S = e 8 =an
o - (o3
i 5 g
2 R S
[ & Bw
T T T — 3 T T - 275 T T T
3 -2 1 0 1 2 3 3 -2 1 0 1 2 3 3 -2 1 0 1 2 3
X X X

Figure 4.5 — Deviance residuals for scenario B;. Top to bottom: for light
to heavy cured/right-censored proportion; left to right: global, latency and
incidence deviance residuals. Lowess smoothing curve for 500 datasets are
superimposed. A heavy right-censored proportion may hide a trend in the
latency deviance residuals plots.



4.5. Discussion

109

Scenario B, - Light RC
Full Deviance

Scenario B, - Light RC
Latency Deviance

Scenario B, - Light RC
Incidence Deviance

3

el
@ L) 29 |
T 5 3°
> SN 3
b} 2 @
g- ¢ =
2 - o .
. 5 3
e ® 5 4
° ° o
=% 3 e
2 s g .
RN 2! b1
o L] ) o oo e
PN c
o b £o .
v (‘? T T T T T T T
3 -2 1 0 1 2 3
X3
Scenario B, - Medium RC Scenario B, - Medium RC Scenario B, - Medium RC
Full Deviance Latency Deviance Incidence Deviance
LRI ase ane ammne @ °
o Do T o e cumam os ¢
© [ S
S =4 b=} . —
T T~ D '
2 ] 8 o 4
|4 e_ o LINF3
. 5 3 ' w s, *
3 (] s .
© Te 10
= = ot
= _ 2
k- 7 S .
L2 2 o -
S wse
(O] 8|q - S |e° .
o -
T T 1 1 T ' T T 1 T
3 -2 1 0 1 2 3 -2 1 0 1 2 3
X2 X3
Scenario B, - Heavy RC Scenario B, - Heavy RC Scenario B, - Heavy RC
Full Deviance Latency Deviance Incidence Deviance
< < » i
© % © b Bealbums o
ERd S 32 -
3 2 e o
2 N o~ o | . 8 LI
= " 9 .
= = 3o .
[ S T = .
So = 8
] o <
2 i s [} . .
o % T o . .
o - BN .
R - EA R N

Figure 4.6 — Deviance residuals for scenario B;. Top to bottom: for light
to heavy cured/right-censored proportion; left to right: global, latency and
incidence deviance residuals. Residuals and lowess smoothing curve for one
dataset only. Plotting right-censored observations in a different color may help
distinguishing a pattern.



110 Chapter 4. Diagnostics checks

Table 4.2 — Parameter estimates and standard errors of the EGG-AFT mixture
cure model for the AD database, with scaled covariates

Parameter Esti- SD  P-value Exp
mates (Esti-
mates)

Latency part: EGG-AFT model

q 12.12 33.25 0.37

Intercept Latency 2.75 0.12 0.00
Age -0.21 0.08 0.01 0.81
CAMCOG 0.31 0.07 0.00 1.36
tHey -0.10 0.05 0.06 0.90
Folate -0.13 0.07 0.08 0.87
MMSE -0.10 0.07 0.16 0.91
Gender -0.04 0.06 0.32 0.96
APOE E4 -0.05 0.06 0.26 0.95
log(o) -2.77 2.75 0.24 0.06

Incidence part: Logistic regression

Intercept Incidence 6.06 5.88 0.23
Age 1.19 1.26 0.26 3.28
CAMCOG -1.24 1.28 0.25 0.29
tHcy -0.55 1.03 0.35 0.57
Folate -0.66 0.71 0.26 0.52
MMSE -5.31 5.99 0.27 0.00
Gender 1.42 0.86 0.10 4.12

APOE E4 -0.05 0.56 0.40 0.95
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Estimation and Goodness-of-fit with the SNP
representation

“It’s a dangerous business, Frodo, going out your door.
You step onto the road, and if you don’t keep your feet,
there’s no knowing where you might be swept off to.”

- J.R.R. Tolkien (1892-1973)

This chapter is mainly based on the paper “The SNP representation in mizture
cure models with interval-censoring: estimation and goodness-of-fit testing” By
Scolas S., El Ghouch A., Oulhaj A. and Legrand C. to be submitted.

Contrary to what is generally assumed in survival analysis, a fraction of the
population under study may not develop the event of interest. This special fea-
ture is more and more encountered, and referred to as the presence of cure
fraction. It is also the case that in many other medical studies, patients come
at scheduled interviews. The event times are thus not exactly observed, but
interval-censored in addition to the possibility of being right-censored as usual.
A mixture cure model can handle the cure fraction. This model consists of two
parts: the incidence part models the probability to be cured, while the latency
part models the event times for those who will eventually experience the event.
When an AFT regression model is used in the latency, a parametric distribu-
tion for the error term is typically assumed in order to use classical mazimum
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likelihood theory. In some cases however, we do not want to use a paramet-
ric distribution, or usual parametric distributions do not fit the data correctly
enough. In this paper, we present the semi-nonparametric (SNP) representa-
tion, which offers a solution to both issues: it is proposed as an alternative to
parametric models; and as a goodness-of-fit test, because it can test whether an
assumed parametric distribution correctly fits the data.
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5.1 Introduction

In the previous chapters, a parametric distribution was assumed for the survival
of the uncured individuals, leading to a parametric mixture cure model. Indeed,
a semi-parametric AF'T model is considerably complicated if the event times are
interval-censored in addition of being right-censored. Assuming a parametric
form for the distribution of the event times is thus very appealing. Furthermore,
with the availability of remarkably flexible distributions (such as the Extended
Generalized Gamma (EGG) |Lawless, 1980] or the Generalized F [Peng et al.,
1998] distribution), criticisms about parametric techniques do not carry the
same weight as in the past. An even more flexible method can be considered:
the semi-non parametric (SNP) representation of [Gallant and Nychka, 1987],
which has demonstrated considerable effectiveness for estimation purposes.

Based on complex mathematical developments, the SNP representation is
nonetheless very popular and has been applied in a variety of domains [Gal-
lant et al., 1990, |Gabler et al., 1993, |Davidian and Gallant, 1992, |Chen et al.,
2002, [Song et al., 2002]. This popularity is certainly due to the intuitive con-
cept and the effectiveness of the method. To approach a sufficiently ’smooth’
density h(z), the basic idea is to extend a base density p(z) (e.g. the standard
Normal density) by a polynomial Py(z) of some degree k: h(z) ~ ¢(z)P2(z).
By doing so, estimation can be achieved as in a parametric context [Zhang and
Davidian, 2008|. |Zhang and Davidian, 2008| used the SNP representation as
an estimation method in a survival analysis context, but the maximum per-
centage of right-censored observations in their simulations is 25%, whereas the
right-censoring rate is typically higher in the presence of cured individuals.

The SNP representation provide an excellent estimation method and can ac-
tually also be used for goodness-of-fit purposes. This is interesting when, for
example, we want to confirm previous empirical findings that the data follow a
known parametric distribution. Indeed, a parametric distribution has readily
interpretable characteristics and particular behavior (for instance an increas-
ing or decreasing hazard rate depending on the value of a parameter). Using
the appropriate parametric distribution may enhance the interpretation of the
results and lead to more powerful analyses. It is nonetheless undeniable that a
false assumption about the survival distribution can lead to considerable conse-
quences about the interpretation of the results. This is why it is of the utmost
interest to test whether a particular assumed distribution is a correct candidate
for the available data.

For the purpose of goodness-of-fit testing, the SNP representation is very
intuitive as well. The polynomial Py(z) represents the extend of departure
from the base density ¢. By defining ¢ as the normal density for instance, one
could test whether the data are normally distributed or not by measuring the
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extend of departure from the base density. In a general paper, [Aerts et al.,
1999] lay the foundations of this test, which is further developed in [Nysen
et al., 2012| for the more specific purpose of testing an assumed density in an
arbitrarily censored time-to-event context (with possibly left-, right-, interval-
censored and exactly observed data). Their simulations, however, concern a
model without covariates.

The objective of this chapter is twofold. First, we propose a very flexible
AFT mixture cure model based on the SNP representation of the survival
distribution of the error term in the latency part. This allows to easily take
interval-censoring into account by using the likelihood function. We will show,
via simulations, that this method provides good estimation in the context of
a mixture cure model and with up to 60% right-censored observations; as is
commonly encountered when cure are present. Second, we assess the SNP
representation in the context of goodness-of-fit testing in the presence of a cure
fraction, right-censoring, interval-censoring, and covariates in both parts of the
mixture cure model.

This chapter is organized as follows: Section describes the SNP repre-
sentation, apply it for estimation in our model, and explains how the SNP
representation can be used for goodness-of-fit testing. The results of a large
scale simulation study are reported in Section [5.3] We analyze the previously
mentioned Alzheimer’s disease database in Section [5.4] and ends with a discus-
sion in Section [5.5

5.2 Methodology

In this section, we first summarize the SNP representation as described in
|Zhang and Davidian, 2008]. We then specify how this representation can be
used for estimation purposes in a mixture cure model, and end the section
by applying the goodness-of-fit procedure proposed by |Aerts et al., 1999] and
[Nysen et al., 2012] in our setting.

Assuming any density function, say fo, to be smooth enough (see [Gallant
and Nychka, 1987] for details), the SNP representation provides the following
approximation to fo:

folz) = Pi(2)p(2) = (a0 + a1z + - + axz") ()

for a fixed k € {0, 1,- - }; where (%) is a known kernel density with known mo-
ment generating function, and where the coefficients a’ = (ag,a1,--- ,ay) are
chosen to satisfy the density condition ffooo P2(2)¢(2)dz = 1. Extensive math-
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ematical details concerning the approximation as well as convergence properties
can be found in |Gallant and Nychka, 1987].

To ensure that the SNP representation is a density, |Zhang and Davidian,
2001) propose to transform the Cartesian coordinates a in spherical coordinates.
The idea goes as follows. Let Z be a random variable with density ¢, and
W' =(1,Z,---,7Z%), the condition can be rewritten as

/OO P2(2)p(2)dz = B(P2(Z)) =  EOWW')a = a' Aa — 1,

with A = E(WW'). The known matrix A is positive definite, so that the
Cholesky decomposition B of A exists: A = B’B. Let ¢ = Ba, then the
condition becomes a’Aa = a’B’Ba = ¢'¢ = 1. The last equality suggests
that ¢/ = (c1,- -+, cx+1) are points lying on a sphere of radius one, and thus a
spherical transformation of the original coordinates a, that is :

c1 = sin(py)

Co = cos(p1) sin(p2)

Ck = cos(p1) cos(pz) - - - cos(pr—1) sin(pg)
Choi1 = cos(pr) cos(pz) - - cos(p_1) cos(p),

with —7/2 < p; < 7/2 for j =1,---k — 1 to achieve a unique representation,
and py € [0,27]. The original coordinates can thus be found with a = B~ 'e.

5.2.1 The SNP representation as an estimation method

To cope with interval-censored data in a mixture cure model, we will assume
that the error term in the AFT model can be approximated by using the
SNP representation. In the SNP representation P?(z)p(z), the degree k of
the polynomial P} controls the extent of departure from the base density ¢,
so that a higher degree k brings more flexibility in approximating the true
density. To avoid over-parametrization, a model selection criterion penalizing
for the number of parameters, such as the AIC or BIC, is used to determine
the 'optimal’ degree k of the polynomial. Moreover, as k increases, the number
of models to be fitted increases, as does the number of parameters to estimate
in one model. It is thus computationally interesting to limit the degree of the
polynomial to a maximal value, say kpaz, so that k € {0,1,- - | kpaa }-
According to |[Zhang and Davidian, 2001] and [Fenton and Gallant, 1996|, a
large majority of densities can be well approximated with the SNP representa-
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tion using the standard normal density as base density, along with a polynomial
of degree no larger than k4, =4 (an illustration of several SNP hazard func-
tions is given in Figure . Some densities, that may be very skewed for
example, are nonetheless better approximated when the exponential density
is used as base density. Allowing the choice of either the normal or the ex-
ponential distribution in the SNP representation allows to further reduce the
maximal degree of the polynomial. Based on extensive simulations, [Zhang and
Davidian, 2008| showed that in this case, a degree no larger than k., = 2 for
each base density provides a satisfactory estimation.

Using the SNP representation in a survival analysis context is straightforward,
and we derive the formulation of the survival distribution in an AFT model,
with either the normal or exponential density as base density. In the first case,
we assume that the density function of ¢ is approximated by PZ(z)p(z), with
o(z) = (27‘()71/267;/2. Note that in this case, when k£ = 0, the event times
for uncured are log-normally distributed. For k € {0,1,---}, the conditional
survival distribution of uncured observations is then given by

oo
Sur(ti) = / PZ(v)p(v)dv.
(log(ti)—=;8)/0
By replacing S, by S,k in the likelihood function given in Equation (|1.3)), the
maximum likelihood estimator 7} of 1 can be found using a Newton-Raphson
type algorithm. For computational purposes, it is interesting to observe that

oo 2k

) 2k
/ PZ(v)p(v)dv = / Zdjvjap(v)dv = Zdjl(j,z), (5.1)
z CR— =0

with dj, j =0,1,--- ,2k being a function of the elements of ¢;’s, and I(j,z) =
[.7 vip(v)dv. In the normal basis density case, I(j,z) can be defined recur-
sively as:

1(0,2) =1-o(2)
1,2) =2
I(;2) =2p(2)+ (j — DI —2,2) for j > 2

where ¢(+) is the standard normal cumulative distribution function. This closed
form expression offers computational advantages, as only the integration of the
normal density is required.

In the exponential case, the density of £* = exp(e) is approximated by
P2(2)p(z), with ¢(2) = exp(—z). In this case, when k = 0, the error term
¢ follows an extreme-value distribution and the event times a Weibull distri-
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bution. For k& € {0,1,---}, the conditional survival distribution for uncured
observations is then given by:

Suk(ti) = /(00 PZ(2)p(2)dz,

ti/em{iﬁ)l/a

and as for the normal base density, 77 can be obtained by maximizing the
likelihood (1.3) where S, is replaced by S, . Note also that in the exponential
case, I(j, z) introduced in (5.1]) can be defined recursively as:

1(0,2) =e*
1(j,2) =2Ip(2) +jI(j —1,2) for j > 1.

Other density functions can be chosen as base density, but a recursive ex-
pression as in the normal and exponential case may not be available, so that
integration is unavoidable.

For each base density, denote Zk(ﬁ; O) the maximized log-likelihood at its
MLE 7, corresponding to the k-th model. The choice of the best combination
of density and degree k can be made with the popular AIC criterion, defined
as:

AIC(K) = I(7; 0) — (k+m +2),

where m is the number of covariates in the latency part of the mixture cure
model. The model with the density and degree k leading to the largest AIC is
chosen as the best model [Zhang and Davidian, 2008]. Note that the BIC can
also be used: BIC (k) = Ix(#; ©) — %(/ﬂ +m+2).

If willing to assume that the chosen degree and base density can be treated
as predetermined, the usual parametric maximum likelihood theory applies,
e.g. the use of the inverse of the Hessian matrix to obtain standard errors of
the estimates (see Web Appendix A of [Zhang and Davidian, 2008| for a brief
discussion on this subject).

5.2.2 The SNP representation for goodness-of-fit testing

The purpose of this subsection is to test the null hypothesis Hy : fo(z) =
©(z), against the general alternative Hy : 3k € {1,2,---} such that fy(z) =
P2(2)p(z). It is obvious how the SNP representation can be useful in testing
an hypothesized distribution. The base density ¢, i.e. the null model, is ex-
tended with polynomials of degree k£ > 0, and the null hypothesis is rejected
if, given the data, an extended model provides a better approximation of the
true density.
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Figure 5.1 — Plot of several SNP hazard functions

The idea is to reject Hy if an extended model (i.e. &k > 0) is chosen over
the null model (i.e. k& = 0) by a data-driven model selection criterion [Aerts
. A test of level o against a general alternative is to reject H
if MAIC(k,C,,) is larger than 0 for some k € {1,2,---}, where MAIC is the
modified AIC defined as

MAIC(k,Cy) =2 (fk(ﬁ; O) — o (#; O)) —Cuk for k>0,

with C, a constant larger than 1, controlling the level of the test. It can be
shown that taking C\, = 4.18 leads to a test of asymptotic level 5% (see
, p.178 for choosing values of C,, leading to different test levels). In theory,
k can be fixed or tend to infinity |Aerts et al., 1999]. In practice, only a finite
number of models are needed, and simulations have shown that limiting k to
kmae = 7 is generally sufficient for goodness-of-fit testing [Nysen et al., 2012].

An equivalent version of the test is to reject the null hypothesis if @ > C,,

where

=g, 2=/
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It has been shown that, under some mild conditions, the asymptotic distribu-
tion of @ under Hj is given by

P(Q < q) =exp (—ZM>,

s
s=1
where x?2 is the chi-square distribution with s degrees of freedom.
Note that @ is not a single likelihood ratio test statistic, but rather the largest
of a set of weighted log-likelihood ratio statistics [Aerts et al., 1999].

5.3 Simulation study

5.3.1 Simulation setting

Data are generated following the algorithm of Section[2.2]for interval-censoring,
and Table displays the parameters used to generate the data. There are
three scenarios: in Scenario A, € follows a Normal (i.e. T follows the log-Normal
distribution), in scenario B, ¢ follows the extreme value distribution (i.e. T fol-
lows a Weibull distribution), and in scenario C, ¢ follows a mixture of two
Normal distributions. The total percentage of cured and right-censored obser-
vations (including cured patients) is 10% and 20% (light right-censoring), 20%
and 35% (medium right-censoring) or 30% and 55% (heavy right-censoring), ap-
proximately. All observations that are not right-censored are interval-censored.
For each scenario (A, B and C) and each level of censoring (light, medium and
heavy), we generated 500 datasets. The sample sizes considered are n = 200
and n = 500.

5.3.2 Simulation results
Estimation method

The first objective of this simulation study is to investigate the performance of
the SNP representation for estimation purposes in a mixture cure model. We
examine the appropriateness of the limit k,,,, = 2 and the AIC criterion on
the basis of the relative bias and MSE of the estimates, for each level of cure
and right-censoring. We apply the methodology described in subsection
to fit three models, i.e. k € {0, 1,2}, for each of the two basis densities, i.e.
the Normal and Exponential density. We then choose the best model with the
AIC criterion amongst these six fitted models. Tables and report the
relative bias (i.e. W) and MSE for scenario A, B and C, for n = 200 and
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n = 500, respectively. The estimated survival curves for scenario A, B and C
(heavy censoring) are given in Figure for the sample size n = 500.

We first observe that for all three scenarios, the relative bias and MSE are
small for each parameter. As the right-censoring proportion increases, the MSE
in latency increases; and as the cure proportion increases, the MSE in incidence
decreases. We can also observe that the MSE in incidence is always larger than
in the latency part, which may be explained by the low level of cured individuals
(at most 30%), i.e. limited information in the logistic regression. The results
when using the BIC criterion instead of the AIC are shown in Appendix [D.1.1}
and are very similar, except that the MSE is slightly smaller when using the
BIC criterion.

The limit k4. = 2, leading to fit at most 3 models per density, does not
seem too restrictive and provide a satisfactory estimation in our context. For
the sake of comparison, Scenario A and B were fitted using the true density
(i.e. log-Normal and Weibull respectively). Results for Scenario A are shown
in Table and in Appendix [D.1.2)for scenario B. As expected, using the SNP
representation leads to slightly larger bias and MSE, which remains nonetheless
satisfying. In Scenario A for example, the largest observed difference in bias
was -0.06 (using the SNP) versus -0.02 (using the Normal) for o; and the largest
difference in MSE was 0.36 (SNP) versus 0.11 (Normal) for 8.

For another comparison, Scenario A was fitted supposing the event times
follow the Weibull distribution and Scenario B the log-Normal distribution.
We discuss the results for scenario A, given in Table and refer to Appendix
for Scenario B. In the latency, the relative bias using the Weibull are
generally more than twice as large as with the SNP representation. In the
incidence, we note much larger bias with the Weibull instead of the SNP for
the light proportion of censoring, whereas the reverse trend is observable for
medium and heavy censoring, to a lesser extend.

Regarding the choice of the degree k and the base density, Tables[5.6](n = 200)
and (n = 500) show how often the AIC criterion selected each of the six fit-
ted models. For scenario A, where the error term follows a Normal distribution,
the most currently chosen model is the Normal base density associated with
a polynomial of degree 0, which is expected given the data generation. The
choice of higher order models (i.e. k=1 or k = 2) or the other base density
increases as the right-censored and cured proportion increases, but decreases
as the sample size increases from n = 200 to n = 500.

Similar conclusions are reached for scenario B, except that the most currently
chosen model is the Exponential base density associated with a polynomial of
degree 0.
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For scenario C, where the error term is generated via a mixture of two Normal
densities, there is no combination that is systematically preferred, but the
normal base density is nearly always chosen. The choice of higher order models
increases as the sample size increases. Indeed, a larger sample size provides
more information about the true density, hence the need for a more complex
model. As the right-censored and cured proportion increases, the choice of
higher order models decreases. This is explained by the fact that with heavy
censoring, the mixture of normal densities become hardly distinguishable from
a single normal density.

While our simulation settings were different, our conclusions are consistent
with the findings previously obtained in an AFT model without cure and with
relatively light censoring |[Zhang and Davidian, 2008]. The SNP representation
provides a satisfactory estimation in terms of bias and MSE, in our setting
of mixture cure models with heavy censoring. In some cases (e.g. a large
proportion right-censored individuals or a larger sample size), there is a need
for a higher degree of the polynomial. However, allowing the choice of either the
normal or exponential base density seems to prevent the need for polynomial
of degree higher than two and thus, reduces the computational burden.

Goodness-of-fit testing

The second objective of the simulation study is to investigate the performance
of the SNP representation for testing an assumed survival distribution, in the
AFT mixture cure model with interval-censored event times and covariates. We
present here in details the results obtained when we test the null hypothesis
that the event times for uncured patients are log-normally distributed, that
is, the base density is the Normal density. The results when testing if the
event times followed a Weibull or an Exponential distribution are displayed in
Appendix [D:2}

We apply the methodology described in subsection We fit at most
kmaz = 7 models with the Normal base density. The limiting level is 5%, with
C, = 4.18. A plot of the error-term density for Scenario B and C is shown in
Figure with the Normal base density curve superimposed for comparison
purposes. In all cases, we report the proportion of times the null hypotheses
are rejected. This is the type-I-error for scenario A, and the observed power of
the test for scenario B and C. Results for each scenario are given in Table [5.8

For scenario A, the type-I-error is very close to the 5%-level. In the case
of heavy censoring and small sample size, the percentage of rejection is 8%,
slightly more than the expected 5%, but nearly reaches the 5%-level when the
sample size increases to n = 500.
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Concerning scenario B, the power of the test decreases as the right-censored
and cured proportion increases, but is nearly 100% when censoring is light and
the sample size is 500. Figure [5.2] shows the closeness of the density of the
error term (i.e. the extreme value density) to the Normal density, explaining
the need of a larger sample size to reject the null hypothesis.

Scenario C' is based on a mixture of two Normal densities, hence the low per-
centage of rejection of the null hypothesis, which decreases for higher level of
censoring. This behavior is expected since the departure from a single Normal
density becomes smaller as the right-censoring proportion increases. We nev-
ertheless observe that the increase of sample size from 200 to 500 improves the
power of the test.

In Appendix we provide the results of further simulations with the same
data generation process. We tested if the event times follow a Weibull dis-
tribution, or an Exponential distribution. The conclusions are similar: if the
censoring level increases, the power of the test decreases and a larger sample
size may be needed .

5.4 Real data analysis

The Alzheimer’s disease database was previously analyzed with the EGG-AFT
mixture cure model. Firstly, in Chapter [3] we were interested in the effect
of some baseline cognitive scores on the onset of MCI, and we selected some
variables with the adaptive LASSO, see results on Table Secondly, in
Chapter 4, we were interested in knowing the impact of the aggregate cognitive
scores (CAMCOG) and other covariates on the onset of MCI. The results con-
cerning this model are given in Table [1.2] In this section, we will use the SNP
representation to analyze the two models corresponding to Tables [3.10] and [£.2]
(i.e. the models with the same covariates).

The Weibull distribution is frequently used in survival analysis and in studies
about Alzheimer’s disease [Carroll, 2003, [Khachaturian et al., 2004, Dysken
et al., 2014]. Moreover, our analysis of the Cox-Snell residuals suggested that
the event times could come from a Weibull distribution, see Section [£.4] To
verify this, we test, for both models, if the event times follow a Weibull dis-
tribution by using the goodness-of-fit procedure described in Section In
both cases, the null hypothesis is rejected at the 5%-level, and we thus apply
the SNP representation to obtain the parameter estimates.

For the first model, corresponding to Table the combination preferred
by the AIC criterion is the Normal base density with polynomial of degree
2. Table [5.9] contains the parameter estimates using the SNP representation.
The results are similar to those obtained with the EGG-AFT method. The
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major differences are the following: In the latency, the value of the intercept
is larger when using the EGG instead of the SNP (2.628 vs 0.662); and the
sign of the coefficient for “Education” is positive with the EGG, but negative
with the SNP (0.152 vs -0.040). This covariate was however not significant
with the EGG and the SNP. In the incidence, the coefficient for “Education”
is much larger when using the EGG instead of the SNP (2.285 vs 0.128) but
was not significant with the EGG and the SNP. It is worth noting that the
estimates from Chapter [3| were obtained while performing a variable selection,
while no variable selection was undertaken for the SNP representation in which
we simply used the same variables as those selected in Chapter 3] A graphical
comparison of the results is given in Figure [5.4] for the presence and absence
of APOE E4 gene. There is an obvious difference between the EGG and SNP
distribution. One difference is that the uncured EGG survival distribution
levels off quite abruptly after a certain number of years: 10 years for patients
with APOEE4 gene and 15 years for the others. However, the estimated cured
proportion remains the same using the EGG or SNP method.

For the second model, corresponding to Table [I.2] the same combination was
preferred by the AIC, i.e. the Normal base density with polynomial of degree
2. The parameter estimates are given in Table[5.9] In this case also, the results
are similar to those previously obtained with the EGG and given in Table
The major difference here is that in the incidence using the EGG, no covariates
were significant, whereas the MMSE significantly reduces to risk to convert to
MCI when using the SNP representation. As the SNP representation is more
general than the EGG, we will conclude that the MMSE is significant in the
incidence.

5.5 Discussion

In this chapter, we investigated the SNP representation as an estimation method
and goodness-of-fit procedure in the setting of mixture cure models with interval-
censored data. As an estimation method, we showed that the SNP representa-
tion leads to highly satisfactory results. Lying halfway between parametric and
non-parametric methods, the SNP representation is more general than many
existing flexible distributions like the EGG or Generalized F distributions. It
can therefore embrace more densities.

In addition to its flexibility, one advantage of the method is the simplicity of
the idea behind it: a well-known base density, i.e. the normal or exponential, is
extended by a polynomial, whose degree is chosen by a popular model selection
criterion, such as the AIC. By imposing a limit on the degree of the polyno-
mial, the computational burden remains acceptable. Furthermore, although
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the model is chosen adaptively, experience has shown that it can be treated
as a predefined parametric model, so that standard inference techniques apply
|Coppejans and Gallant, 2002, |Kim, 2007} |Zhang and Davidian, 2008|.

The chosen model informs about the departure from the base density, as a
higher polynomial degree implies a higher disparity between the true density
and the base density. For example, the SNP representation provides an easy
way to test for (log-)normality when data are left-, right- or interval-censored
while usual normality tests, such as Kolmogorov-Smirnov test are known to
perform poorly in the presence of censoring [Nysen et al., 2012|.

The SNP representation allows to test not only the normal distribution, but
other distributions as well. Changing the basis density allows to test almost
every distribution, but this may however imply to compute several integrals if a
recursion formula is not available, as for the normal and exponential densities.
This drawback can actually easily be circumvented with another approach:
testing if the censored Cox-Snell residuals (see Chapter follow an exponential
distribution using the SNP representation. We have indeed shown that if the
assumed model is correct, these residuals will behave like a censored sample
from an exponential distribution.

Our simulations are consistent with previous findings and indicated that the
rate of convergence of the test may be slow. A bootstrap procedure can be
recommended for small sample sizes [Nysen et al., 2012} |Geerdens et al., 2013].
However, replicating interval-censored data with a cure fraction for the pur-
pose of goodness-of-fit testing is not a straightforward issue. We believe that
studying this issue and providing a bootstrap approach would improve the
performance of the test.

Lastly, the proposed goodness-of-fit test has a nice interpretation in term of
likelihood ratios as it is in fact based on a set of weighted log-likelihood ratio
tests. Unlike a single likelihood ratio test, it is thus consistent against any
alternatives within the SNP family. In conclusion, the SNP representation
provides an elegant method to analyze a mixture cure model with interval-
censored data.
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f(x)

Figure 5.2 — Plot of the Weibull (left) and mixture of Normal (right) along with
a standard Normal density (dotted line).

Table 5.1 — Values of parameters and distribution of variables used for data

generation
RC level ‘ Scenario A ‘ Scenario B ‘ Scenario C
Bo 2 -1 see €
b1 -2 2 2
5o 0.5 0.5 0.5
B3 -0.5 -0.5 -0.5
o 0.75 0.14 see €
X1 Bern Bern Bern
X3 N(0,1) N(0,1) N(0,1)
0.3M(0,0.7)+
Light o 3.2 3.2 3.2
Medium  ~yg 2.5 2.5 2.5
Heavy o 2 2 2
" 1 -1 -1
Yo 1 1 -1
Z1 Uuo,1) Uo,1) U(0,1)
Zg uo,1) Uuo,1) U(0,1)
Light K 50 16 50
Medium K 28 11 30
Heavy K 14 6 20
a 0.5 0.5 0.5
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Table 5.2 — Relative bias and MSE for scenario A, B and C; for sample size
n = 200, using the SNP representation.

10% Cure 20% Cure 30% Cure
20% RC 35% RC 55% RC
Rel. Bias MSE | Rel. Bias MSE | Rel. Bias MSE

Scenario A

Latency Part: AFT Model

Bo | -0.03 0.36 0.00 0.36 0.01 0.35
B1 | 0.00 0.13 0.00 0.15 -0.01 0.19
B2 | 0.00 0.06 0.00 0.07 -0.01 0.09
Bs | -0.01 0.06 -0.01 0.07 -0.02 0.09
o | -0.01 0.15 -0.02 0.15 -0.06 0.15
Incidence Part: Logistic regression

Y | 0.05 1.07 0.05 0.84 0.05 0.90
~v1 | 0.00 1.18 -0.01 0.90 0.02 0.99
v2 | 0.08 1.18 0.11 0.97 0.03 1.19

Scenario B

Latency Part: AFT Model

Bo | -0.02 0.04 -0.03 0.04 -0.03 0.04

B1 | 0.00 0.01 0.00 0.02 0.00 0.03

B2 | 0.00 0.01 0.00 0.01 0.00 0.02

Bz | 0.00 0.01 0.00 0.01 0.00 0.02
o | -0.03 0.01 -0.06 0.01 -0.14 0.01

Incidence Part: Logistic regression

Yo | 0.05 0.85 0.05 0.68 0.04 0.69

v1 | 0.09 0.94 0.09 0.79 0.08 0.77

Y2 | 0.03 0.92 0.05 0.80 0.04 0.86

Scenario C

Latency Part: AFT Model

Bo | -0.11 0.51 -0.07 0.44 -0.06 0.39

B1 | -0.01 0.10 -0.01 0.11 0.00 0.13

B2 | 0.00 0.05 0.00 0.06 0.00 0.07

B3 | -0.01 0.05 0.00 0.06 0.01 0.07
o | -0.04 0.13 -0.07 0.12 -0.09 0.13

Incidence Part: Logistic regression

Yo | 0.05 1.06 0.03 0.77 0.01 0.65

v | 0.08 1.16 0.03 0.89 0.01 0.80

v2 | 0.01 1.12 0.03 0.86 0.02 0.75
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Table 5.3 — Relative bias and MSE for scenario A, B and C; for sample size
n = 500, using the SNP representation.

10% Cure
20% RC

Rel. Bias MSE | Rel. Bias MSE | Rel. Bias MSE

20

% Cure

35% RC

30% Cure
55% RC

Scenario A

Latency Part: AFT Model

Bo | -0.03 0.33 -0.05 0.39 -0.02 0.42
B1 | 0.00 0.08 0.00 0.09 0.00 0.12
B2 | -0.01 0.04 -0.01 0.04 -0.01 0.06
Bs | 0.00 0.04 0.00 0.04 0.00 0.06
o | 0.02 0.10 0.03 0.13 0.02 0.15

Incidence Part: Logistic regression
Y | 0.04 0.67 0.03 0.62 0.10 0.96
v | 0.03 0.78 0.01 0.62 0.09 0.74
v2 | 0.09 0.67 0.06 0.60 0.15 0.80

Scenario B
Latency Part: AFT Model

Bo | -0.02 0.04 -0.02 0.04 -0.03 0.04
B1 | 0.00 0.01 0.00 0.01 0.00 0.02
B2 | 0.00 0.00 0.00 0.01 0.00 0.01
Bs | 0.00 0.00 0.00 0.01 0.00 0.01
o | 0.05 0.01 0.04 0.01 -0.02 0.01

Incidence Part: Logistic regression
Yo | 0.02 0.48 0.01 0.40 0.01 0.41
v | 0.03 0.54 0.00 0.48 -0.02 0.52
v2 | 0.03 0.57 0.01 0.47 0.00 0.50

Scenario C
Latency Part: AFT Model

Bo | -0.22 0.69 -0.18 0.64 -0.16 0.57
B1 | -0.01 0.06 -0.01 0.07 0.00 0.08
B2 | 0.00 0.03 0.00 0.04 0.00 0.04
Bs | 0.00 0.03 0.00 0.04 0.00 0.04
o | 0.02 0.12 -0.01 0.12 -0.02 0.11

Incidence Part: Logistic regression
Yo | -0.01 0.54 0.00 0.46 -0.01 0.40
v1 | 0.00 0.61 0.01 0.50 -0.02 0.46
v2 | -0.04 0.64 -0.01 0.52 -0.02 0.47
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Figure 5.3 — Estimated survival curves for scenarios A, B and C using the SNP
estimation with the best AIC. Sample size n = 500.
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Table 5.4 — Relative bias and MSE for scenario A, for sample size n = 200,
using the true model for estimation purposes.

10% Cure 20% Cure 30% Cure
20% RC 35% RC 55% RC
Rel. Bias MSE | Rel. Bias MSE | Rel. Bias MSE
Scenario A
Latency Part: AFT Model
Bo | 0.00 0.11 0.00 0.13 0.01 0.17
51 | 0.00 0.13 0.00 0.15 0.00 0.19
B2 | 0.00 0.06 0.00 0.07 0.00 0.08
B3 | -0.01 0.06 -0.01 0.07 -0.01 0.09
o | -0.01 0.05 -0.01 0.05 -0.02 0.07
Incidence Part: Logistic regression

Yo | 0.06 1.08 0.04 0.81 0.03 0.76
1 | 0.01 1.19 -0.01 0.89 0.00 0.87
2 | 0.08 1.17 0.09 0.92 0.03 0.89

Table 5.5 — Relative bias and MSE for scenario A, for sample size n = 200,
using the Weibull distribution for estimation purposes.

10% Cure 20% Cure 30% Cure
20% RC 35% RC 55% RC
Rel. Bias MSE | Rel. Bias MSE | Rel. Bias MSE

Scenario A

Yo
Al
72

0.21
-0.12
-0.09
-0.08
0.15

1.13
-2.29
-2.19

Latency Part: AFT Model

0.45

0.30

0.12

0.11

0.27

Incidenc

18.13
8.48

8.08

0.15 0.24 0.15
-0.04 0.17 -0.02
-0.03 0.08 -0.04
-0.03 0.08 -0.04
-0.12 0.07 -0.17
e Part: Logistic regression
0.01 0.78 -0.02
-0.05 0.87 -0.04
0.05 0.88 -0.01

0.30
0.21
0.09
0.10
0.08

0.71
0.83
0.85
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Table 5.6 — Choice of degree and basis density ¢ for scenario A, B and C; for
each level of cure and right-censoring (RC). The sample size is n = 200.

Table 5.7 — Choice of degree and basis density ¢ for scenario A, B and C; and
each level of cure and right-censoring (RC). The sample size is n = 500

Cure 10% 20% 30%
RC 20% 35% 55%
© ‘ Norm Exp ‘ Norm Exp ‘ Norm Exp
‘ Scenario A
k=0 5% 0.4% | 75.6% 1.8% | 68.6% 5.4%
k=1 7.2% 3.8% 4.2% 5% 6.8% 3.4%
k=2 5.8% 7.8% 6.8% 6.6% 7.2% 8.6%
Scenario B
k=0 3% 56.2% 4.4% 46.8% | 13.4% 32%
k=1 13%  12.2% | 14.6%  8.8% | 12.8% 13.4%
k=2 5.8% 9.8% | 11.2% 14.2% | 14.6% 13.8%
‘ Scenario C
k=0 | 274% 0% | 37.4% 0.2% 44% 0.2%
k=1 | 40.6% 0.2% | 32.6% 0.2% | 26.2% 0.8%
k=2 29.2% 2.6% | 24.6% 5% | 20.8% 8%

Cure 10% 20% 30%
RC 20% 35% 55%
o) ‘ Norm Exp ‘ Norm Exp ‘ Norm Exp
Scenario A
k=0 | 80.2% 0% | 79.8% 0% | 74.2% 0%
k=1 12.4% 1.4% | 10.8% 3.2% | 11.4% 3.8%
k=2 5% 1% 4.8% 1.4% 7% 3.6%
‘ Scenario B
k=0 0.2% 68% 0.8% 64.6% 6.2% 49.4%
k=1 58% 16.4% | 11.4% 10.2% | 13.2% 8.4%
k=2 3% 6.6% 4.8% 8.2% 9.2% 13.6%
| Scenario C
k=0 4.2% 0% 9.8% 0% | 20.6% 0%
k=11 558% 0% | 47.8% 0% | 46.6% 0%
k=2 40% 0% 42% 0.4% | 31.8% 1%
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Figure 5.4 — Survival curves estimates with best SNP or EGG distribution for
the Alzheimer’s disease database for patients with or without the presence of
the APOE E4 gene.
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Table 5.8 — Goodness-of-fit: Testing the normality of the error term, for each
scenario and each level of cure and right-censoring (RC). Percentage of rejection
over 500 replications with the SNP representation, for sample sizes n = 200
and n = 500.

Cure 10% 20% 30%
RC 20% 35% 55%
n = 200

Scenario A | 4.00%  4.00%  8.00%
Scenario B | 64.80% 54.60% 46.80%
Scenario C | 60.20% 50.40% 38.60%

n = 500

Scenario A 50%  4.20%  4.80%
Scenario B | 98.60% 89.40% 68.60%
Scenario C | 97.00% 93.80% 87.20%
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Table 5.9 — Parameter estimates, standard deviation (SD), P-value (Wald test)
and the exponential of the estimates, for the Alzheimer’s disease database, with
aggregates CAMCOG score and other covariates, using the SNP representation.

Parameter Esti- SD  P-value Exp
mates (Esti-
mates)

Latency part: EGG-AFT model

Intercept Latency 0.662 0.055 0.000
Expression 0.220 0.049 0.000 1.246
Attention -0.076 0.040 0.068 0.927
Abstract Thinking 0.074 0.049 0.129 1.077
Perception 0.092 0.049 0.071 1.096
APOE E4 -0.591 0.130 0.000 0.554
Gender -0.095 0.090 0.230 0.909
Age -0.211 0.054 0.000 0.810
Total Education -0.040 0.054 0.301 0.961

o 1.042 0.106 0.000

Incidence part: Logistic regression

Intercept Incidence 2.878 1.037 0.008
MMSE -1.855 0.820 0.031 0.156
Learning -0.901 0.386 0.026 0.406
Praxis -1.469 0.696 0.043 0.230
Abstract Thinking 0.572 0.447 0.176 1.772
APOE E4 -2.475 1.053 0.025 0.084
Total Education 0.128 0.584 0.390 1.137




136 Chapter 5. The SNP representation

Table 5.10 — Parameter estimates, standard deviation (SD), P-value (Wald test)
and exponential of the estimates for the Alzheimer’s disease database using the
SNP representation.

Parameter Esti- SD  P-value Exp (es-
mates timates)
Latency part: EGG-AFT model
Intercept Latency 0.872 0.106 0.000

Age -0.256 0.055 0.000 0.774
CAMCOG 0.220 0.049 0.001 1.246
tHecy 0.049 0.040 0.311 1.050
Folate -0.110 0.049 0.043 0.896
MMSE -0.071 0.049 0.185 0.931
Gender -0.079 0.130 0.313 0.924
APOEE4 -0.275 0.090 0.031 0.760
o 0.725 0.054 0.000

Incidence part: Logistic regression

Intercept Incidence 2.743 0.054 0.063
Age 0.189 1.037 0.382 1.208
CAMCOG -1.699 0.820 0.134 0.183
tHey 0.325 0.386 0.359 1.384
Folate -0.311 0.696 0.324 0.733
MMSE -2.454 0.447 0.046 0.086
Gender 1.417 1.053 0.261 4.125
APOEE4 -1.012 0.584 0.270 0.363




CHAPTER 6

Discussion

“All our dreams can come true, if we have the courage
to pursue them.”

- Walt Disney (1901-1966)
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6.1 Conclusion

In survival analysis, we study the time until an event of interest occurs. In
many cases, an individual is followed at scheduled visits, so that his/her time
of occurrence is interval-censored. For a wide range of reasons, the event may
not be observed at all before the end of the follow-up, in which case the cor-
responding observation is right-censored. In this case, while usual survival
analysis methods assume that the event will eventually occur later in time, it
may also happen that the event will in fact never occur, and the individual is
said to be “cured” or “immune”.

Failing to correctly take this cure fraction into account may produce inaccurate
conclusions, as seen in Chapter We have also seen that it is nevertheless
important to use a cure model only when there is empirical evidence of the
existence of cured individuals. We have also seen in Chapter 2] that using naive
methods to handle the presence of interval-censored observations may lead to
biased estimation. This thesis thus aimed at providing methods to analyze
interval-censored data in which a fraction of the population is cured.

Two main models exist in the literature to consider a cure fraction: the
mixture cure model and the promotion time cure model [Yakovlev et al.,
1996, [Tsodikov et al., 2003]. The latter was developed to maintain the as-
sumption of proportional hazards, and is based on a very specific biological
interpretation. It assumes an upper bound for the cumulative hazard function,
and is hence also called the bounded cumulative hazard model. The probability
to be cured is in fact a part of the survival distribution of the entire population.
As a consequence, an interpretation of the coefficients does not allow to know
the impact of a covariate on the probability to be cured, or on the time-to-event
separately. On the contrary, such an interpretation is possible with the mixture
cure model. This model is very intuitive, as it considers two sub-populations:
the cured and the uncured. For these reasons, we decided to account for a cure
fraction by using the mixture cure model.

In the incidence part of the model, a logistic regression is often assumed to
model the probability to experience the event. Concerning the latency part,
i.e. modelling the time-to-event of uncured individuals, two popular options
are the PH and the AFT regression models. The PH model is widely used
in classical survival analysis, provided that the assumption of proportionality
of hazards is met. Typically, this translates into survival curves that do not
cross with each other. In the presence of a cure fraction, even if the survival
distribution of the uncured truly comes from a PH model, the global survival
curves can cross with each other [Sy and Taylor, 2000]. To our knowledge, there
is no method that distinguishes crossing hazards that are due to the presence
of cure from crossing hazards that are due to a true non proportionality in the
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latency. An AFT model can thus be an excellent alternative, as it circumvents
this issue. Moreover, the AFT model provides a straightforward interpretation
of the results: a covariate either accelerates or decelerates the time until the
event.

If a parametric form is assumed for the distribution of the error term, the
likelihood function for a parametric AFT model with possibly interval-censored
observations is easily formed and its maximization is straightforward. Other-
wise, a semi-parametric AFT model is quite challenging, with or without a cure
fraction. One of the main reasons is that the error term distribution S, can
not be easily “removed” or treated like a nuisance function. Indeed, in the AFT
model, the parameters 3; and the survival distribution Sy, ¢ are in fact bundled
together and can thus not be separated [Huang and Wellner, 1997]. A partial
likelihood approach, typically used for the PH model, is thus not available.

Semi-parametric AFT models are generally analyzed using estimating equa-
tions based on linear-rank statistics [Kalbfleisch and Prentice, 2002]. Their
extension to interval-censoring have been studied by |[Rabinowitz et al., 1995|
Betensky, 2001]. However, the methods are generally limited to a low number
of covariates |Lesaffre et al., 2005]. As a solution to this issue, a Markov Chain
Monte Carlo approach was proposed [Tian and Cai, 2006]. Other promising
methods are flexible approaches like the semi-nonparametric representation
discussed in this thesis or smoothing techniques [Komérek et al., 2005].

It is nonetheless unquestionable that a parametric modelling is very appealing
in this context and a flexible distribution can be an excellent compromise. Un-
fortunately, parametric modelling has not received much attention in the past,
and some highly attractive features have not been adapted to the paramet-
ric mixture cure model. Consequently, Chapters [3] and [4 aimed at developing
useful methods in this context.

In model building, we typically have to face the issue of selecting a relatively
low number of covariates that have a strong impact on the outcome. Sparsity
allows an easier interpretation of the results. Besides, it may lead to more cost
effective procedures in the future because the removed covariates will not need
to be measured to fit these models. In a mixture cure model setting, variable
selection is made more challenging by the fact that covariates in the latency
part may be different from those in the incidence part. This actually leads to
a large number of possible subsets to be selected.

Discrete methods entering or deleting a covariate from a model, such as the
forward /backward stepwise selection procedure, are widely used and very pop-
ular, but have serious shortcomings. Amongst them, they are known to be
computationally intensive if the number of covariate is large [Harrell, 2001].
Shrinkage methods, on the other hand, are superseding the popular best subset
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and stepwise selection procedures. They are continuous and easy to implement
methods. The adaptive LASSO belongs to this class of methods |Zou, 2006,
and has already been studied in survival analysis for the Cox regression |Zhang
and Lu, 2007).

Chapter [3| investigated the extension of the adaptive LASSO in our para-
metric AFT mixture cure model. The extension was made possible by using a
least-square approximation to our particular likelihood [Wang and Leng, 2007].
Our simulations showed that results were satisfying with a large number of co-
variates in each part of the model. One must however pay attention to the
fact that estimates are shrunk towards zero, therefore implying a possible bias.
This bias reported in our simulation remains acceptable.

In regression models, it is commonly assumed that covariates are entered lin-
early in the model. This assumption may sometimes be too restrictive and
a transformation of some covariates may be necessary. One approach is to
add many possible transformations of a covariate in the model, and then de-
tect which one is the best by using a selection procedure. However, a more
convenient and direct approach is to acquire a visual representation of the
transformation needed, and this can be achieved by plotting the residuals of
the model.

Residuals checking is a very useful practical tool, allowing to explore the
structure of the data. In classical survival analysis, martingale and deviance
residuals are extensively used to detect non linearity in a model. The idea is to
plot the residuals versus the values of the covariate. A pattern suggests that
a transformation may be necessary. In a mixture cure model with interval-
censoring, a straightforward extension of martingale residuals is not possible.
Firstly, the martingale theory is not available with interval-censored data be-
cause it is based on counting processes. Secondly, a covariate that is present in
both parts of the model can have a different impact in each part. The residuals
should therefore allow to detect a needed transformation in the latency and in
the incidence separately.

A first objective of Chapter [4] was to study and develop such residuals. This
objective was achieved by using the complete data likelihood to define the
latency, the incidence, and the global deviance residuals. Indeed, the complete-
data likelihood naturally induces a separation between latency and incidence.
It therefore allows to define deviance residuals based on each part of the model.
We showed that the latency deviance residuals are useful to detect a non-linear
trend in the latency. As heavy right-censoring may hide a pattern in the plots,
the detection can further be enhanced by plotting right- and interval-censored
observations with a different symbol or color [Collett, 2003]. The incidence
deviance residuals correctly detect a trend in the incidence, as long as the
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fraction of cured observations provides enough information, i.e. as long as
there is enough cured individuals.

These deviance residuals were developed in a parametric context, making
therefore assumptions about the survival distribution. Those assumptions also
need to be checked, and the Cox-Snell residuals can be used in this objective.
In a mixture cure model however, the probability to observe infinite event
times is strictly positive. The survival distribution of the entire population
is thus improper. We thus first had to study the properties of the Cox-Snell
residuals based on the improper global survival, which we called the global
Cox-Snell residuals. We proved that they can be used as in classical survival
analysis. The points of the estimated nonparametric survival estimate versus
these residuals should be aligned on a line of unit slope and zero intercept.

In a parametric mixture cure model, assumptions are made about the form
of the survival distribution for the uncured individuals. We thus defined the
uncured Cox-Snell residuals aiming at checking the uncured survival distribu-
tion. Only uncured observations follow this distribution, so that those residuals
should only be applied on uncured individuals. However, the status of a right-
censored individual is not known and we proposed a method to identify this
status. Developing and studying these Cox-Snell residuals was the second ob-
jective of Chapter [

A visible pattern in these residuals plots should raise questions about the fit
of the model. However, the absence of a pattern does not necessarily mean
that the fitted model is perfect |Collett, 2003|. Diagnostic tools should give a
clue about “where” and “to what extent” the model is wrong. But it is the
knowledge of the subject that should refine, confirm or infirm these findings.

Residuals checking gives a general idea about the fit of a model, and can
also help to find a transformation. A plot of the global or uncured Cox-Snell
residuals may however seem too subjective, and it may be the case that a formal
goodness-of-fit test is needed. In the presence of censoring, some popular tests
such as the Kolmogorov-Smirnov test perform quite poorly [Nysen et al., 2012].
In our case, goodness-of-fit tests like log-likelihood ratio tests are better adapted
as they account for both censoring and cure. However, they are usually based on
an alternative hypothesis that may be too restrictive. The SNP representation
presented in Chapter [f] allows a goodness-of-fit test that possesses the good
sides of a log-likelihood ratio test and that is consistent against a wide range
of alternatives (within the SNP family), as the procedure is based on a set of
weighted log-likelihood ratios [Aerts et al., 1999].

The idea of the SNP representation is to extend a base density like the Normal
density by a polynomial of degree k. The degree of the polynomial informs us
about the departure from the base density, implying therefore a goodness-of-
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fit test. This formulation allows to test any survival density by appropriately
choosing the base density. This may however imply that some complicated
integrals have to be calculated. Indeed, we have seen that with the Normal
or Exponential density, only one integral calculation is required to estimate
a density. This may not necessarily be the case with other densities. One
approach to circumvent the issue is to test if the Cox-Snell residuals discussed
in Chapter [f] indeed follow an Exponential distribution. Our simulation results
confirm the results of other authors, i.e. satisfying results for the type-I-errors
of the test, but the need for a bootstrap procedure to reach a larger power for
small sample sizes [Nysen et al., 2012} |Geerdens et al., 2013]. We have indeed
seen in some cases a considerable improvement of the power when using a larger
sample size.

Chapter [5| provided a method to test if an assumed parametric distribution is
reasonable. In some cases however, we do not want to use a parametric distribu-
tion, or usual parametric distributions do not fit the data correctly enough. The
SNP representation then offers an alternative to parametric methods. It allows
to use the usual methods of maximum likelihood without imposing any other
assumption than sufficient smoothness on the survival distribution. Chapter
therefore also developed the use of the SNP representation for estimation
purposes. This method is effective, easy to understand, and can approximate
nearly every suitable density in survival analysis. Our simulation results for
estimation purposes are similar to previous findings where the SNP representa-
tion is applied to a PH or AFT model with interval-censored observations but
without a cure fraction and with light right-censoring only|Zhang and Davidian,
2001}, Zhang and Davidian, 2008].

In Chapter[3] the EGG distribution was used in the latency part of the mixture
cure model. While this distribution is very flexible and encompasses both the
log-Normal and Weibull distribution that are widely used in survival analysis,
the SNP representation can be seen as an even more flexible distribution. It
encompasses the log-Normal and the Weibull as well, but it also encompasses
the EGG distribution, if the EGG is used as base density (with the drawback
that one would have to compute integrals without closed form for the survival
distribution).

It is worth mentioning on a final note that a method competing with the SNP
could be the smoothing technique based on Gaussian densities [Komérek et al.,
2005]. A comparison with the SNP was performed by means of simulations in
a non-cured model [Doehler and Davidian, 2008|. No clear-cut conclusions can
be drawn: both approaches have their advantages depending on the situation.
It might thus be interesting to study the extension of this method to a mixture
cure model.
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In conclusion, this thesis proposed new methods to deal with interval-censored
data and the presence of a cure fraction. The variable selection procedure used
with the EGG distribution in Chapter [3] and the SNP representation of Chap-
ter [o| may be applied in a context of right-censored data with or without a cure
fraction. In this context, semi-parametric methods have been developed and
may be preferred because they do not impose any assumption on the distribu-
tion of uncured observations. Parametric assumptions allow to avoid having to
rely on the EM algorithm for estimation. This is not a negligible advantage as
this algorithm tends to be slow and that the standard errors are not directly
available, as is the case with parametric methods. The diagnostic check proce-
dure developed in Chapter [4 is a newly proposed method applicable to a PH
or AFT mixture cure model with right-censored data and/or the presence of
interval-censoring. While the definition of residuals in an interval-censored PH
model has been studied, no such study exist for the AFT model. Recently, a
diagnostic check methodology was developed for mixture cure models, but only
for the Cox mixture cure model with right-censoring [Peng and Taylor, 2016,
while we cover the case of an interval-censored AFT model and a PH or AFT
mixture cure model with or without interval-censoring.

The methods presented in this thesis allow to fit an AFT mixture cure model
with or without imposing parametric assumptions on the survival distribution
of the uncured. They allow to select important variables to be included in the
model and also to refine the model by checking the assumptions made about
it.

6.2 Conclusion on Alzheimer’s disease database

The methodologies presented in this thesis were motivated by the need to
analyze a real database concerning Alzheimer’s disease. We were able to detect
which cognitive scores had an impact on the probability to convert to MCI.
These scores were not the same as the scores impacting the event times for
uncured. The scores Learning and Praxis, as well as the covariates “APOE
E4” and MMSE had a positive impact on the cure probability, as a larger value
decreases the risk to convert to MCI. The scores for Abstract Thinking as well
as the number of years of Education had an opposite effect.

Regarding the latency part, the scores for Expression, Abstract Thinking and
Perception decelerates the time to conversion: individuals with a larger score
will convert later in time. On the contrary, the older an individual is, the
sooner he is expected the convert to MCI. A larger value for Attention or the
presence of the APOE E4 gene has the same effect.
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In Chapter [4] the interest was on the aggregate score to the cognitive tests,
i.e. the CAMCOG score. The model was adjusted for other covariates: Age,
tHcy, Folate, MMSE, Gender and the presence/absence of APOEE4 gender.
Our diagnostic tools allowed us to be confident about the proposed model and
results.

As both previous studies and the Cox-Snell residuals plot suggested that the
Weibull distribution could be appropriate, we applied the goodness-of-fit pro-
cedure of Chapter o} The test rejected the assumption of Weibull distributed
event times. The estimated parameters obtained with the EGG distribution
for the error term in Chapter [3] and [4] were then compared to the estimates
obtained using the SNP representation. The major differences obtained were
essentially values that were larger when using one method compared to the
other, and conclusion discussed herein above remains similar.

6.3 Further work

While this thesis provided methods to analyze a mixture cure model with
interval-censored data, some issues are still left open.

Firstly, throughout the thesis, we used the logistic regression in the incidence
part. This modelling is not fault free. For instance, some of the parameters
may quickly tend to infinity in configurations where the cure fraction is in fact
present, but very small. Also, in the presence of high-dimensional covariates,
the sample size needs to be sufficiently large to obtain accurate estimates.
Parametric alternatives include the probit regression, which is in fact extremely
similar to the logistic regression, or the complementary log-log, which may be
more useful in the case of rare events. A non parametric alternative has recently
been used in the context of mixture cure modelling [Wang et al., 2012], but
for identifiability issues, they do not impose any parametric assumption on the
baseline survival of the PH regression in the latency. While extensive work
is still needed on that matter, we believe that using a logistic regression in
the incidence, together with a diagnostic check procedure to identify possibly
non-linear covariates, provides a satisfying model.

A second research topic would be a deeper study of the diagnostic checks.
When using the diagnostic plots, the subjectivity of the method is often criti-
cized. Concerning the Cox-Snell residuals, a solution to this issue would be to
use the Cramer-von Mises criterion |[Anderson, 1962, [Peng and Taylor, 2016].
This criterion is used to quantify the distance between the assumed distribu-
tion and the exponential distribution. A small distance indicates a correct fit.
By comparing the distance given by different assumed distributions, e.g. the
Normal and the Weibull, one can also detect which distribution is a better fit
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for the data. Regarding the deviance residuals, the ideas used in the definition
of the cumulative martingale residuals present interesting features [Lin et al.,
1993, Lin et al., 2002]. Cumulative sums of martingale residuals are defined
as a partial-sum processes of martingale residuals, i.e. > 1 | 1(X;; < 2)rar(t:),
where rjs represents the martingale residual, and X;; is the value of the j-
th covariate for observation i. The authors use the fact that under the null
hypothesis of no misspecification, the distribution of these processes can be
approximated by simulating certain Gaussian processes. This will create an
envelope around the martingale residuals. It would then be interesting to study
how to extend this kind of envelope to our deviance residuals.

Another possible application of diagnostic checks is to check the proportion-
ality of hazards. For this, one method is to use the Schoenfeld residuals, which
are defined in terms of the derivatives of the partial likelihood. Keeping in
mind that, in a semi-parametric mixture cure model, the complete data log-
likelihood can be separated into a Cox and a logistic regression, an extension
of the Schoenfeld residuals could seem natural. Further research is however
needed on this subject. An alternative method is to include in the model, for
each covariate, its corresponding time-varying covariate by creating an interac-
tion with the survival times. If it is significant, the proportionality of hazards
should seriously be questioned. It would then be interesting to see the behavior
of the adaptive LASSO in this context.

This method raises the question of how to deal with time-varying covariates
in a mixture cure model. This is also a subject of considerable importance.
Indeed, the mixture cure model assumes that the population is divided into a
cured and an uncured sub-population. The presence of time-varying covariates
would imply that the two sub-populations are not fixed. It could then be more
natural to use another cure model such as the promotion time [Kim et al.,
2013]. However, changing one’s cure status over time is not at all unnatural
and the use of the mixture cure model in this case is also highly interesting.

A third research topic, mentioned in Chapter [5] is the extension of boot-
strap procedures in the presence of interval-censoring and cure. Indeed, the
simulations concerning goodness-of-fit testing in Chapter [5| suggested that a
larger sample size could be needed to acquire a larger power. A parametric
bootstrap could thus enhance the results for small sample sizes. This means
that event times need to be generated from the assumed distribution. These
event times need to be interval-censored and right-censored. For this, sampling
left and right interval endpoints from the original intervals is not enough. In
a right-censoring context one only needs to right-censor the event times and
this can be achieved by estimating the right-censoring distribution. Estimating
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the interval-censoring distribution is however not straightforward and require
further research.

Finally, the Alzheimer’s disease database was analyzed considering that indi-
viduals who died during the study were simply right-censored. Typically, in
these cases, death can be seen as a competing risk, so that the use of a com-
peting risk model could be more appropriate. To the best of our knowledge, an
extension of the mixture cure model with interval-censored data to the issue of
competing risk has not been studied, but deserves our entire attention.
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APPENDIX A

Appendix to Chapter

A.1 R Code to generate data

Here is an example of an R code that generated interval-censored data:

DataGeneration = function(n,survDens, IC ="Yes",

Cure="Yes",gamma0=2, distCens=’Fix’, cc=1/20,mm,11){
Attt -—= —-———#

This function generates data whose survival

distribution is either EGG, a mixture of normal,
or a normal.

A positive cure fraction is present by setting
Cure="Yes". The cure rate depends on the value

H O H ¥ H B H

of gamma’s.
#-————————- -—= -—= -———#
regg =function(n, q, sigma, mu){
if (q!=0){
gs <- q/sigma
1bd <- exp(-gs*mu)/q~2
(rgamma(n,q~(-2))/1bd) " (1/gs)
}

else rlnorm(n,mu,sigma)

}

# --- Stepl : Create survival distribution for uncured people.
# Event times follow an AFT model.
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if (survDens == "egg"){
tbeta = ¢c(-1,2,0.5,-0.5)
X=cbind(1,rbinom(n,1,0.5) ,rnorm(n,0,1), rnorm(n,-1,1))
tmuX=as.vector (X%*/tbeta)
tg=1 ; talpha=-2 ; tsigma =exp(talpha)
Tu=regg(n,tq,tsigma, tmuX)
down=0 ;up=1 ;c=rexp(n, 1/120)
a=0.001;b=0.1 ;
MM=mm #max number visits
LL=11 # time between 2 visits
}
else if (survDens== "mixNorm"){
tbeta = ¢(1.2,-2,0.5,-0.5)
X=cbind(1,rbinom(n,1,0.5) ,rnorm(n,0,1), rnorm(n,-1,1))
tmuX=as.vector (X%*Jtbeta)
components <- sample(1:2,prob=c(0.3, 0.7),size=n,replace=TRUE)
c(0.5,1)
c(0.2,0.7)
e0 <- rnorm(n,mean=mus [components] ,sd=sds[components])
Tu = exp(tmuX+e0)
down=0 ;up=1 ;c=rexp(n,1/80)
a=0.001;b=0.15
MM=mm #max number visits
LL=11 # time between 2 visits

mus

sds

}

else if (survDens=="norm"){
tbeta = ¢(2,-2,0.5,-0.5)
X=cbind(1,rbinom(n,1,0.5) ,rnorm(n,0,1), rnorm(n,-1,1))
tmuX=as.vector (X%*Jtbeta)
down=0;up=1
eO=rnorm(n,0,0.75)
Tu = exp(tmuX + e0)
a=0.005;b=0.2
MM=mm #max number visits
LL=11 # time between 2 visits

tbeta = ¢c(-1,2,0.5,-0.5)

X=cbind(1,rbinom(n,1,0.5) ,rnorm(n,0,1), rnorm(n,-1,1))
tmuX=as.vector (X%*Jtbeta)

tg=1 ; talpha=0; tsigma =exp(talpha)
Tu=regg(n,tq,tsigma, tmuX)

down=0 ;up=1 ;c=rexp(n, 1/120)

a=0.001;b=0.1 ;
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MM=mm #max number visits

LL=11 # time between 2 visits
}
#-—— Step2 : Create cure probability#
# tgamma= true cure parameter
tgamma=c (gamma0,-1,-1)
Z =cbind(1, runif(n,down,up),runif(n,0,1))
tgammaZ= as.vector (Z%*)tgamma)
tpcureZ = exp(tgammaZ)/(1+exp(tgammaZ))
Y.susc=sapply (X=tpcureZ,FUN=rbinom,size=1,n=1)
if (Cure =="No") Y.susc=rep(1l,n)

#-—— Step 3 : Create the observed event time
To=Tu+(Y.susc==0)/Y.susc # global event time for everyone
#--- Step4: Intervals creation if IC = "Yes",
# else, observed times are right censored
if (IC=="Yes’){
L=rep(0,n)
R=rep(Inf,n)
U = runif(n,a,b)
event=rep(NA,n)
for(i in 1:n) {
if (To[1]1<=U[i]) {R[i]=U[i];L[i]=0;event[i]=2}
if (To[i]>U[i]+MM*LL) {R[i]=Inf;L[i]=U[i]+MM*LL;event[i]=0}
for(k in 1:MM){
if ((U[i]+(k-1)*LL<To[i])&(To[i]<=U[il+k+*LL)) {
R[i]=U[i]+k*LL;L[i]=U[i]+(k-1)*LL;event [i]=3}
}

}

else{
if (distCens == "Expo") c = rexp(n,cc)
else if(distCens =="Unif") ¢ = runif(n,0.01,cc)
else if(distCens =="Fix") c = cc
else if(distCens=="NA") c = Inf
Toc=pmin(To,c)
event = To==Toc
L =Toc
R=0

}

return(list(X, Z, L, R,event,Y.susc))
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A.2 Tables

Table A.1 — Bias and MSE when using exact likelihood (n=200, 300 or 500)

Using exact likelihood

q Bo b1 Q
a n Bias MSE Bias MSE Bias MSE Bias MSE

100 | -0,247 1,675 | -0,130 0,099 | -0,021 0,067 | -0,063 0,062
0,5 | 200 | -0,187 0,135 | -0,071 0,035 | -0,016 0,031 | -0,028 0,008
500 | -0,103 0,040 | -0,039 0,012 | -0,005 0,010 | -0,007 0,002

100 | -0,287 2,234 | -0,123 0,113 | -0,021 0,069 | -0,080 0,078
1 200/ -0,173 0,133 | -0,058 0,034 | -0,018 0,032 | -0,037 0,009
500 | -0,005 0,040 | -0,031 0,012 | -0,005 0,010 | -0,012 0,003

100 | -0,040 3,578 | -0,043 0,116 | -0,024 0,069 | -0,137 0,150
2 1200 |-0079 0,117 | 0,005 0,035 | -0,024 0,034 | -0,063 0,015
500 | -0,046 0,035 | 0,009 0,014 | -0,009 0,011 | -0,026 0,004

100 | 0,426 7,826 | 0,065 0,148 | -0,027 0,073 | -0,230 0,339
3 1200| 0036 0,128 | 0,085 0,049 | -0,034 0,035 | -0,092 0,024
500 | 0,022 0,035 | 0,063 0,019 | -0,016 0,012 | -0,042 0,006

100 | 1,117 13,042 | 0,204 0,229 | -0,045 0,080 | -0,383 0,645
4 1200 0250 1,156 | 0,184 0,091 | -0,044 0,037 | -0,145 0,075
500 | 0,109 0,052 | 0,132 0,037 | -0,024 0,013 | -0,060 0,008

100 | 2,073 22,859 | 0,318 0,332 | -0,041 0,093 | -0,569 1,106
5 (200 0438 2,029 | 0,280 0,149 | -0,056 0,041 | -0,192 0,120
500 | 0,194 0,087 | 0,202 0,063 | -0,030 0,014 | -0,080 0,013
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Table A.2 — Bias and MSE when using midpoint imputation approach (n=200,
300 or 500)

Using midpoint imputation approach

q Bo b1 Q
a n Bias MSE Bias MSE Bias MSE Bias MSE

100 | -0,587 0,727 | -0,226 0,129 | -0,056 0,067 | -0,044 0,022
0,5 | 200 | -0,410 0,256 | -0,156 0,052 | -0,041 0,031 | -0,016 0,006
500 | -0,310 0,120 | -0,121 0,024 | -0,023 0,010 | 0,000 0,002

100 | -0,483 0,542 | -0,153 0,093 | -0,070 0,067 | -0,075 0,023
1 | 200 -0,337 0,189 | -0,091 0,031 | -0,058 0,031 | -0,053 0,009
500 | -0,267 0,093 | -0,068 0,013 | -0,042 0,011 | -0,034 0,003

100 | -0,073 0,251 | 0,091 0,060 | -0,099 0,062 | -0,188 0,063
2 200 |-0,024 0,055 | 0,125 0,032 | -0,099 0,035 | -0,160 0,034
500 | -0,036 0,017 | 0,126 0,022 | -0,088 0,016 | -0,124 0,018

100 | 0,360 0,356 | 0,336 0,148 | -0,143 0,066 | -0,336 0,162
3 ]200| 0291 0,132 | 0,345 0,131 | -0,151 0,044 | -0,281 0,090
500 | 0,218 0,062 | 0,332 0,115 | -0,140 0,027 | -0,223 0,053

100 | 0,848 1,918 | 0,571 0,354 | -0,211 0,090 | -0,519 0,359
4 1200 | 0,58 0,409 | 0,545 0,307 | -0,200 0,060 | -0,407 0,183
500 | 0,451 0,219 | 0,522 0,277 | -0,188 0,042 | -0,319 0,106

100 | 1,215 2919 | 0,754 0,595 | -0,265 0,118 | -0,663 0,554
5 | 200 | 0,847 0,823 | 0,721 0,528 | -0,249 0,081 | -0,517 0,290
500 | 0,651 0,442 | 0,689 0,478 | -0,232 0,061 | -0,406 0,170
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APPENDIX B

Appendix to Chapter

B.1 Non-convergence

In Chapter [3] we report results of simulations concerning variable selection using the
adaptive LASSO. For some scenarios, the algorithm failed to converge. In Table
we report, for each scenario and each sample size, the number of failures experienced.

Table B.1 — Number of failure (percentage of failures) over 2000 replications.

(20% Cure) | (30% Cure) | (40% Cure)

Sample Size
(40% RC) (40% RC) (60% RC)

n=200 |54 (27%) |1 (0,1%) | 19 (1,0%)
n=300 |24 (12%) |0 (0,0%) | 3 (02%)
n=>500| 0 (0,0%) |0 (0,0%) | 0 (0,0%)

B.2 R code

In this section, we include the R-code we use to get estimates for our EGG-AFT

mixture cure model, with adaptive LASSO.

regg =function(n, q, sigma, mu){
#Generate EGG-distributed random variables
if (q!=0){
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gs <- qg/sigma
1bd <- exp(-gs*mu)/q~2
(rgamma(n,q~(-2))/1bd) ~(1/gs)
# EO=rgamma(n,q~(-2)); E=log(q~2*E0)/q; X=exp(mut+sigmaxE)
}
else rlnorm(n,mu,sigma) # Y=rnorm(n); X=exp(mu+sigmaxY)
}
Segg=function (t, q, sigma, mu) {
# Survival distribution of the EGG.
if (q '=0) {
gs <- qg/sigma
1bd <- exp(-gs * mu)/q"2
if (q > 0) 1-pgamma(lbd * t~gs, q~(-2))
else pgamma(lbd * t~gs, q~(-2)) 2}
else 1-plnorm(t, mu, sigma) }
fegg=function (t, q, sigma, mu){
#Density function of the EGG
if (q !'=0) {
gs <- gq/sigma
1bd <- exp(-gs * mu)/q"2
newt <- t°gs
dgamma (1bd * newt, q~(-2)) * lbd * abs(gs) * t~(gs-1)
}
else dlnorm(t, mu, sigma)
}
loglik = function(param, X, Z1, Z2, L, R, event,fegg,Segg){
# Likelihood function for interval cemsoring , right
# censoring, left censoring and cure.
# param = c(q, beta, gnamma, alpha) as in the paper
q = as.vector(param[1])
X

as.matrix(X); p = ncol(X)
beta= as.vector(param[2: (p+1)])
muX = as.vector (X)*%beta)
n = nrow(as.matrix(L))
if (is.null(Z1)) {s1=0; pcureZl = rep(1l,n)} else
{Z1 = as.matrix(Z1); si1= ncol(Z1) #if Z1=1 pcure=constant;
gama= as.vector(param[(p+2): (p+s1+1)]1)
gamaZl= as.vector(Z1%*Jgama)
pcureZl = exp(gamaZl)/(1+exp(gamaZl))}
if (is.null(Z2)) {s2=0; sigmaZ2=param[p+s1+2]} else
{Z2 = as.matrix(Z2); s2= ncol(Z2) #if Z2=1 var=constant;
alpha= as.vector(param[(p+s1+2): (p+si+s2+1)])
sigmaZ2 =as.vector (exp(Z2)*%alpha))}
fl=fegg(L,q,sigmaZ2,muX)
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Sr=Segg(R,q,sigmaZ2,muX)
S1=Segg(L,q,sigmaZ2,muX)
L.E=(pcureZ1x*fl) [event==1]
L.LC=(pcureZ1*(1-Sr)) [event==2]
L.IC=(pcureZl*(S1-Sr)) [event==3]
L.RC=((pcureZ1*S1)+(1 - pcureZl)) [event==0]
logLik =sum(log(L.E))+sum(log(L.LC))+sum(log(L.IC))+sum(log(L.RC))
return(-logLik)
}
loglik_fixQ = function(param,q, X, Z1, Z2, L, R, event, fegg, Segg){
# EGG-AFT mixture cure likelihood, with fixed q,
# to test for weibull (g=1) or lognormal(q=0)
n = nrow(as.matrix(L))
paramQ = c(q, param)
11 = loglik(paramQ,X, Z1, Z2, L, R, event, fegg,Segg)
11
}
loglik_fixQ_Alpha = function(param,q,alpha, X,
Z1, 72, L, R, event, fegg, Segg){
# EGG-AFT mixture cure likelihood, with fixed q AND alpha,
# to test for exponential (q=1, alpha=0)
n = nrow(as.matrix(L))
paramQ = c(q, param,alpha)
11 = loglik(paramQ,X, Z1, Z2, L, R, event, fegg,Segg)
11
}
initVal = function(X, Z,Xsigma, L, R, event,lasso=FALSE){
#Gives initial values
n=length(event)
response =ifelse(L==0, R, L)
status = event
if (any(event==3) || (event==2)){
response = ifelse(event==3, (L+R)/2, response)
status = ifelse(event==0, 0 ,1)

inits.beta = if (!is.null(X)) {lm(log(response) X[,-1])$coef}
else c()
inits.gamma = if (!is.null(Z)) {glm(status~Z[,-1],
family ="binomial")$coef} else c()

inits.param = c(1, inits.beta,inits.gamma,
rep(l, ncol(as.matrix(Xsigma))))
inits.param
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$mmmmmmmmmmmmmmmoee ADAPTIVE LASSO---- - ——#

require(lars)

1lsaS <- function(intercept, n, Sigma, beta.ols)
{ #LSA version allowing "our" log-likelihood.
# You NEED to run to original LARS variant for LSA from
# [Wang&Leng,2007].
t1 <- sort(1.fit$BIC, index.return=TRUE)
t2 <- sort(1l.fit$AIC, index.return=TRUE)
beta <- 1l.fit$beta
if (intercept) {
beta0 <- 1.fit$betalO+beta.ols[1]
beta.bic <- c(betaO[t1$ix[1]],betalt1$ix[1],])
beta.aic <- c(betaO[t2$ix[1]],betal[t2$ix[1],])
}
else {
beta0 <- 1l.fit$betal
beta.bic <- betal[t1$ix[1],]
beta.aic <- betal[t2$ix[1],]
beta.bic2 = betalt1$ix[2],]
}
obj <- list(beta.ols=beta.ols, beta.bic=beta.bic,
beta.aic = beta.aic, BIC= 1.fit$BIC,
dof = 1.fit$dof,all.beta =beta )
obj

# - Adaptive Lasso for our mixture cure model ---------- #
DoubleLassoDoubleLik = function(inits, X,Z1,Z2,L,R,event,fegg,
Segg ,method) {
B s
Input
inits : the initial value for the likelihood optimisation

#

#

# X : the covariates to be included in the latency part

# Z1 : the covariates to be included in the incidence part
#

Z2 : the covariates to be included in the scale part

# L : the left bound of the interval for interval censored
# events

# R : the right bound of the interval for interval censored
# events

# event : indicator variable (0 if RC, 1 if event, 3 if IC)
# fegg : egg density distribution
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Segg : egg survival distribution

#
#
# Output :
# coefficients estimations with exact zero
#

# Method :
# This function performs variable selection and estimation

**

through the alasso for a mixture cure model and a likelihood
’loglik’ (here: egg likelihood).
# It proceeds iteratively with 2 steps : first the adaptive

**

lasso on the latency part (i.e. on the columns of the

hessian of the likelihood for the ’X’ matrix), then on

the incidence part (i.e. on the columns of the hessian of

the likelihood for the Z1 matrix). No shrinkage is

# made for intercepts and scale part.

#
A

H O H O R

X = as.matrix(X); Z1 = as.matrix(Z1); Z2 = as.matrix(Z2)
Xor =X; X = scale(X, F, T) #Scaling X
scaleX = attr(X,"scaled:scale")

Zlor = Z1;Z1 = scale(Z1, FALSE, TRUE) #Scaling Z1
scaleZl = attr(Z1,"scaled:scale")

p=ncol(X) # Number of covariates in latency
s=ncol(Z1) # Number of covariates in incidence
v = ncol(Z2) # Number of covariates in location
n=nrow (X) # Number of observations

#-————- Iteration

eps = 0.0001

delta =1

conv = 0

inits = inits*c(l, scaleX, scaleZl, rep(l, ncol(Z2)))

optim.obj =optim(inits,loglik,X=X,Z1=Z1,Z2=Z2,L=L,R=R,
event=event,fegg=fegg, Segg=Segg,hessian = TRUE,
method = method, control = list(maxit = 2000))

p.optim = optim.obj$par

q.optim = p.optim[1]

beta.optim= p.optim[(2): (p+1)]

gamma.optim = p.optim[(p+2): (p+s+1)]

alpha.optim = p.optim[(p+s+2) : length(p.optim)]

beta.lsa.old = beta.optim[-1]

gamma.lsa.old = gamma.optim[-1]

while(delta>eps ){
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#Beta-Part
optim.Lat = optim(beta.optim,likBeta,param=c(q.optim,
gamma.optim,alpha.optim), X=X,Z=Z1,
272=72,L=L,R=R,event=event,fegg=fegg,Segg=Segg,
hessian=T,method = method,
control = list(maxit = 1000))
beta.par = optim.Lat$par;ddf.Lat = optim.Lat$hessian
lsa.obj.Lat = 1lsaS(intercept=F,n=n,
Sigma=solve(ddf.Lat[-1,-1]) ,beta.ols=beta.par[-1])
beta.lsa = lsa.obj.Lat$beta.bic
#Gamma-Part
optim.Inc = optim(gamma.optim,likGamma,param=c(q.optim,
beta.optim,alpha.optim), X=X,Z=Z1,772=72,L=L,
R=R,event=event,fegg=fegg,Segg=Segg,
hessian=T,method = method,
control = list(maxit = 1000))
gamma.par = optim.Inc$par;ddf.Inc = optim.Inc$hessian
lsa.obj.Inc = 1saS(intercept=F,n=n,
Sigma=solve(ddf.Inc[-1,-1]) ,beta.ols=gamma.par[-1])
gamma.lsa = lsa.obj.Inc$beta.bic

inits =c(q.optim, beta.par[1],beta.lsa, gamma.par[1i],
gamma.lsa, alpha.optim)

optim.obj =optim(inits,loglik,X=X,Z1=71,22=72,L=L,R=R,
event=event,fegg=fegg,

Segg=Segg, hessian = TRUE,method =method,

control = list(maxit = 1000))

p.optim = optim.obj$par

q.optim.new = p.optim[1]

alpha.optim.new = p.optim[(p+s+2) : length(p.optim)]

delta = max(c(abs(q.optim-q.optim.new),
abs(beta.lsa-beta.lsa.old),

abs(gamma.lsa-gamma.lsa.old), alpha.optim.new-alpha.optim))

beta.optim =beta.par

beta.lsa.old= beta.lsa

gamma.optim= gamma.par

gamma.lsa.old = gamma.lsa

q.optim= qg.optim.new

alpha.optim = alpha.optim.new

inits =c(q.optim, beta.par[1],beta.lsa,
gamma.par[1] ,gamma.lsa, alpha.optim)

conv = conv+l

if (conv ==25) stop("non convergence")

}
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return(inits/c(1, scaleX, scaleZl, rep(l, ncol(Z2))))
}
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APPENDIX C

Appendix to Chapter

C.1 Deviance with the Extended Generalized
Gamma distribution

The purpose of this section to present the deviance in a mixture cure model
assuming an AFT model with the EGG distribution in the latency part. Con-
tributions to the deviance of a right-censored observation, an exact event time
observation, and an interval-censored observation are given separately. The
deviance can be computed by summing all contributions.

C.1.1 Deviance for right-censored observations in the EGG-
AFT mixture cure model.

The contribution to the saturated complete-data log-likelihood of a right-censored
observation is:

yilog(pi(vi)) + (1 = i) log(1 = pi(vi)) + wilog(Su(tilpi)).  (C.1)

Maximizing according to u; and v; leads to S,(¢;]r;) = 1 and 7; such that
p(v;) = y;. The contribution to the saturated log-likelihood of a right-censored
observation is then always equal to y;log(p:(#:)) + (1 — y;)log(1 — pi(#)) -
Consequently, the contribution to the deviance for a right-censored observation
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is:

tox (&) + (- g)tog (15 - (- dg xS, (C2)

where §; is the estimated value of the partially unobserved variable y;.

C.1.2 Deviance for exact event time in the EGG-AFT
mixture cure model.

The contribution to the log-likelihood of an exact observation is:

yilog(pi(vi)) +log(fu(tilp:))- (C.3)

Maximizing according to p; and v; leads to fi; such that j; = log(¢;) and #; such
that p(#;) = y;. Consequently, % =0 and f,(t]f:) = (oti) " fu.e(0).
Noting vy, = M, the contribution to the saturated log-likelihood of
an exact observation is:

log(fu(tilfti) — IOg(fu(ti)) = IOg((Uti)_lfu,s(o)) - 1Og((gti)_1fm6(vti))

_ o al ey -
—t0g (o1 £ o expla (0 - )

_ N1 |q| -2 q_2 -2 _ vt
g | (1) s (a2 expt s, — )
= ¢ = q *(quy, — &™)

=—q 2 (1+qu, — ™).

Consequently, the contribution to the deviance in the EGG-AFT model for an
exact observation is:

fi log <§;) o qu (1 + qu; — eqvti) )

where &; is the estimated value of the partially unobserved variable y;.

C.1.3 Deviance for interval-censored observations in the
EGG-AFT mixture cure model.

The contribution to the likelihood of an interval-censored observation is

yilog(pi(vi)) +log(Su(li|pi) — Su(rilps))-
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Maximizing according to v; leads to p(#;) = y;, and maximizing S, (I;|u:) —
Su(ri|ui) is completed by equating to zero the first derivatives with respect

. . log(t;) —K4
to p;. Focusing on the case ¢ > 0, and noting m;, = ¢ 2e4 SO

g 277 exp(—qui /o),

1 My, s 1 my, _o
Sullilps) — Su(ri|ps) = 72)/0 7 Tle™%dr — 72)/0 R

IO INC
1 My —2
= x?  “leT%d.
['(g~2) /

mli

The Leibniz integral rule is applied and

0
£ (Sulilps) = Su(rilps)) =0 (C4)
mi 1 g 4

3 -1 exp(—my,; )My, — = my exp(—my, )my, -
—2

—2
ml e M =mjl e
: i

i

—2

q
(mli ) = e Mri o™i,
My,

g2 log(my, /my,) = mi, —my,

K3

—2;q907! -1
- q 7l exp(—quio _9yq0" _
q 210g< ( )> =q 2l exp(—quio™")

g2 exp(—quio 1)

—1
—q 7?7 exp(—quioc")

-1
_ log (1; /71:)%°
eXp(—qu 1): g(l/ 1)

9ot — et
log (1/r)"””"
__c 0g (/T4
Hi = q 1og <lgal _ 7‘?071 ) . (05)

The saturated log-likelihood is maximized if fi; satisfies Equation (C.5)). Con-
sequently, the contribution to the deviance in the EGG-AFT model for an
interval-censored observation is:

1o &i o Sullilfis) — Su(rilfis)

where §; is the estimated value of the partially unobserved variable y;.
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C.2 Additional plots

Supplementary online material contains additional plots at http://dial.uclouvain.
be/.


http://dial.uclouvain.be/
http://dial.uclouvain.be/

APPENDIX D

Appendix to Chapter

D.1 Estimation

D.1.1 Results with the BIC criterion

Tables [D.I] and [D-2] present the results corresponding to Tables 2 and 3 from
the main paper, but using the BIC criterion instead of the AIC criterion to
chose the best fitting model. Conclusions are similar except that the MSE is
slightly lower when using the BIC criterion

D.1.2 Results of estimation using true and Normal dis-
tribution for Scenario B.

We fitted the data from Scenario B using the true distribution, i.e. the Weibull,
see Table [D.3] Results when data are fitted with the log-Normal distribution
are given in Table

D.2 Goodness-of-fit

D.2.1 Testing Weibull event times

Table shows the results of testing if the error term of the AFT model
follows an extreme-value distribution. The power is quite high for Scenario
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Table D.1 — Relative bias and MSE for scenario A, B and C; for sample size
n = 200 with BIC criterion.

10% Cure 20% Cure 30% Cure
20% RC 35% RC 55% RC
Rel. Bias MSE | Rel. Bias MSE | Rel. Bias MSE

Scenario A

Latency Part: AFT Model

Bo | 0.00 0.15 0.01 0.17 0.02 0.21
B1 | 0.00 0.13 0.00 0.15 0.00 0.19
B2 | 0.00 0.06 0.00 0.07 -0.01 0.08
Bs | -0.01 0.06 -0.01 0.07 -0.01 0.09
o | -0.02 0.05 -0.03 0.07 -0.04 0.10
Incidence Part: Logistic regression

Yo | 0.06 1.07 0.04 0.81 0.03 0.78
v | 0.01 1.18 -0.01 0.89 0.00 0.93
v2 | 0.08 1.17 0.09 0.92 0.01 0.98

Scenario B

Latency Part: AFT Model

Bo | -0.01 0.02 -0.01 0.02 -0.01 0.03

B1 | 0.00 0.01 0.00 0.02 0.00 0.03

B2 | 0.00 0.01 0.00 0.01 0.00 0.02

Bz | 0.00 0.01 0.00 0.01 0.00 0.02
o | -0.01 0.01 -0.02 0.01 -0.05 0.01

Incidence Part: Logistic regression

Yo | 0.05 0.85 0.05 0.68 0.04 0.69

v1 | 0.09 0.94 0.10 0.79 0.08 0.78

Y2 | 0.03 0.92 0.05 0.79 0.04 0.86

Scenario C

Latency Part: AFT Model

Bo | -0.02 0.26 -0.01 0.25 -0.01 0.21

B1 | -0.01 0.10 -0.01 0.11 0.00 0.13

B2 | 0.00 0.05 0.00 0.06 0.00 0.07

Bs | 0.00 0.05 0.00 0.06 0.00 0.07
o | -0.07 0.09 -0.09 0.09 -0.09 0.09

Incidence Part: Logistic regression

Yo | 0.04 1.02 0.02 0.77 0.01 0.64
v | 0.07 1.14 0.03 0.89 0.01 0.80

v2 | 0.00 1.10 0.02 0.85 0.01 0.74




D.2. Goodness-of-fit

177

Table D.2 — Relative bias and MSE for scenario A, B and C; for sample size
n = 500 with BIC criterion.

10% Cure
20% RC

Rel. Bias MSE | Rel. Bias MSE | Rel. Bias MSE

20

% Cure

35% RC

30% Cure
55% RC

Scenario A

Latency Part: AFT Model

Bo | -0.01 0.14 -0.01 0.14 0.00 0.15
B1 | 0.00 0.08 0.00 0.09 0.00 0.11
B2 | -0.01 0.04 -0.01 0.04 -0.01 0.05
Bs | 0.00 0.04 0.00 0.04 0.00 0.05
o | 0.00 0.05 0.00 0.05 -0.01 0.06

Incidence Part: Logistic regression
Y | 0.03 0.59 0.02 0.49 0.04 0.50
v | 0.01 0.69 -0.01 0.55 0.03 0.56
v2 | 0.09 0.67 0.05 0.57 0.08 0.56

Scenario B
Latency Part: AFT Model

Bo | 0.00 0.02 0.00 0.02 -0.01 0.02
B1 | 0.00 0.01 0.00 0.01 0.00 0.02
B2 | 0.00 0.00 0.00 0.01 0.00 0.01
Bs | 0.00 0.00 0.00 0.01 0.00 0.01
o | -0.01 0.00 -0.01 0.01 -0.01 0.01

Incidence Part: Logistic regression
Yo | 0.02 0.48 0.01 0.40 0.01 0.41
v | 0.03 0.54 0.00 0.48 -0.02 0.51
v2 | 0.03 0.57 0.01 0.47 0.00 0.51

Scenario C
Latency Part: AFT Model

Bo | -0.11 0.45 -0.06 0.38 -0.05 0.32
B1 | -0.01 0.06 -0.01 0.07 0.00 0.08
B2 | 0.00 0.03 0.00 0.04 0.00 0.04
Bs | 0.00 0.03 0.00 0.04 0.01 0.04
o | -0.03 0.10 -0.06 0.10 -0.07 0.08

Incidence Part: Logistic regression
Yo | -0.01 0.54 0.00 0.46 -0.01 0.40
v1 | 0.00 0.61 0.01 0.50 -0.02 0.46
v2 | -0.04 0.63 -0.02 0.52 -0.02 0.46
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Table D.3 — Relative bias and MSE for scenario B, using the true model for
estimation purposes. Sample size: n = 200.

10% Cure 20% Cure 30% Cure
20% RC 35% RC 55% RC
Rel. Bias MSE | Rel. Bias MSE | Rel. Bias MSE

Scenario A

Latency Part: AFT Model

Bo | -0.01 0.04 -0.01 0.04 -0.01 0.06

B1 | 0.00 0.04 0.00 0.04 0.00 0.07

B2 | 0.00 0.02 0.00 0.02 0.00 0.03

B3 | 0.00 0.02 0.00 0.02 0.00 0.03
o | -0.02 0.01 -0.03 0.01 -0.05 0.02

Incidence Part: Logistic regression

Yo | 0.05 0.87 0.05 0.67 0.04 0.65

v | 0.08 0.97 0.11 0.78 0.09 0.72

v2 | 0.03 0.92 0.06 0.78 0.04 0.80

Table D.4 — Relative bias and MSE for scenario B, using the log-Normal dis-
tribution for estimation purposes. Sample size: n = 200.

10% Cure 20% Cure 30% Cure
20% RC 35% RC 55% RC
Rel. Bias MSE | Rel. Bias MSE | Rel. Bias MSE

Scenario A

Latency Part: AFT Model

Bo | -0.09 0.05 -0.09 0.06 -0.09 0.07

B1 | 0.00 0.04 0.00 0.05 0.01 0.08

B2 | 0.00 0.02 0.00 0.02 0.00 0.03
Bs | 0.01 0.02 0.00 0.02 0.00 0.03
o | 0.25 0.02 0.26 0.02 0.27 0.03

Incidence Part: Logistic regression

Yo | 0.06 0.89 0.06 0.69 0.05 0.66

v | 0.09 0.99 0.12 0.79 0.10 0.73

v2 | 0.04 0.94 0.07 0.79 0.04 0.81
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Table D.5 — Goodness-of-fit: Testing if the error term follows an exponential
distribution, for each scenario and each level of cure and right-censoring (RC).
Percentage of rejection over 500 replications with the SNP representation, for
n = 200.

Cure 10% 20% 30%
RC 20% 35% 55%

Scenario A | 98.4% 94.2% 78.2%
Scenario B 58% 10.2% 14.8%
Scenario C | 100.0% 99.8% 99.8%

A and C. The test rejects the null hypothesis too often for smaller sample
sizes: for scenario B, when the event times follows a Weibull, the type-I-error
is close to the 5%-level when there is light censoring. However, the increasing
censoring level increases the type-I-error as well, and reaches 15% in case of
heavy censoring. Increasing the sample size from n = 200 to n = 500, the
type-I-error becomes 4.4%, 5.40% 13% for light, medium and heavy censoring
respectively, illustrating the need for larger sample sizes in the presence of
heavy censoring.

D.2.2 Testing Exponential event times

For comparison purposes, we also tested, at the 5%-level, if the data came
from an exponential distribution (¢ = 1) for n = 200. For this small sample
size, the power of this test is high: the results for scenario A were, respectively
100%, 99.80% and 94.20% rejection, and for Scenario B and C, the rejection
percentage was 100% for every level of censoring. When data truly came from
an exponential distribution, the type-I-error was 2%, 4% and 5% for light,
medium and heavy censoring respectively, very close to the 5% level.

D.3 R-code

#Notations are based on the article of Zhang & Davidian

momentGen=function(density, k){
#Generate kth moment of Exponential or Normal
moment .normale = function(k){#Compute kth moment of a
#Standard Normal distr.
res=gamma ((2xk)+1) / ((27k)* gamma(k+1))
res

}
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moment . exponential = function(k){#Compute kth moment of an expo. distr.

res = gamma(k+1)

res
}
if (density == "normal"){
if (k%%2==1) mom = 0
else mom = moment.normale(k/2)
}
if (density == "exponential"){
mom = moment.exponential (k)
}
return (mom) }

matrix.A = function(density, k){

vecMom = sapply(c(0:(2xk)) ,momentGen,density=density)
A = matrix(0, ncol =k+1 ,nrow = k+1)

for(i in 1:(k+1)){

Ali,] = vecMom[i: (k+i)]

}

A}

vector.C = function(phi, k){

#-————————- -—= -—= -#
#Compute vector C of spherical coordinate #
#s.t. t(CxIC = 1 #
# Length(phi) = degree polynom = k #
# Length(C) = k+1 (for the intercept) #
L e #
if(k==0) C =1

else{

C = c(sin(phi[1]), cos(phi[1]))

if (k>1){

for(i in 2:k){
C = c(C, Clil*cos(phil[il))
C[i] = C[i] * sin(phil[il)
3}

return(C)
h_k = function(phi, density, k, x){
# Compute kth degree appoximation SNP #

# for base density = Normal, Exponential #
# #
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#__ —_ —_ —_
if (k==0) poly_k =1
else{
A = matrix.A(density,k)
B = chol(A)
C = vector.C(phi, k)
a = solve(B)%x*/C
# On the basis of phi, get back to "a"-coordinates

matrix.x=matrix(1,nrow=length(x), ncol=1)

for(i in 1:k){matrix.x= cbind(matrix.x, x"i)}

#matrix with columns 1, X,X2,...
poly_k = matrix.x%*)a}

if (density=="normal") {base.density = dnorm}

else if (density =="exponential") {
base.density = function(x) {exp(-x)}}

h_k_value = (poly_k) "2 * base.density(x)

h_k_value

}

fO_k = function(phi, density, k, t, mu, sigma){
#___ ——— i — ——————

Compute SNP density

If density == exponential, it is the

#

#

# distribution of exp(epsilon)

# If density is normal or logistic,
#

it is the distribution of epsilon

if (density==’exponential’){

f_k =(sigmaxexp(mu/sigma))~(-1) * t~(1/(sigma)-1) *
h_k(phi,density,k, (t/exp(mu))”~(1/sigma))}

else {

f_k = 1/(t*sigma) * h_k(phi, density,k, (log(t)-mu)/sigma)l}

f k

integrale.I = function(density, k, x){

# Compute iterative integrals to estimate survival

# for exponential and normal densities.
if (density=="normal"){
if(k==0) I = 1-pnorm(x)
else {
1-pnorm(x)
cbind(I, dnorm(x))

H H
[}

H H* ¥ H ®
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for(i in 2:(2*k)){
I= cbind(I,x~(i-1) * dnorm(x) + (i-1) *I[,i-2+1]1)}
3
else if (density==’exponential’){
if (k==0) I =exp(-x)
else {
I = as.matrix(c(exp(-x)))
for(i in 1:(2xk)){
I= cbind(I,x" (i) *exp(-x) + i *I[,i-1+1])
3
else if (density==’userDefined’){
fct_to_integrate = function(u){
res = u"k * userDefined.density(u)
res
}
I = integrate(fct_to_integrate,x,Inf)
}
return(I)}

coeff.I = function(k, a){
a.mat = alx%t(a)
vec = rep(0, (2%k+1))
for(m in 0:(2%k)){
for(i in 1:(k+1)){
for(j in 1: (k+1)){
if ((1-1+(j-1)==m) {vec[m+1l] = vec[m+1]+ a.mat[i,jl}
¥

vec

SO_k = function(phi, density, k, t,mu,sigma){
#linear combination of coeff.I and Integrale.Il
A = matrix.A(density,k)

B = chol(4A)

C = vector.C(phi, k)

a = solve(B)%*%C

if (density == "exponential") x = (t/exp(mu))”(1/sigma)
else x=(log(t)-mu)/sigma

I = integrale.I(density, k, x)
D = coeff.I(k,a)

S0_k = as.matrix(I)%*}as.matrix(D)

SO0_k
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expectationZ = function(k,a, density){
#To get initial Values as in Zhang & Davidian
coeff = coeff.I(k,a)
if (density =="normal"){
vectZ = ¢(0,1,0,3,0,15,0,105)}
else if (density =="exponential"){
vectZ = c(1,2,6,24,120,720,5040,40320) }
vectZ = vectZ[1:(2¥k+1)]
EZ = coeff)x*)vectZ
EZ

varianceZ = function(k,a,density){
#To get initial Values as in Zhang & Davidian
coeff = coeff.I(k,a)
if (density =="normal"){
vectZ = ¢(1,0,3,0,15,0,105,0)}
else if (density=="exponential"){
vectZ = c(2,6,24,120,720,5040,40320) }
vectZ = vectZ[1:(2¥k+1)]
VZ = coeffl*)vectZ
VZ}

initsParam = function(X,Z,L,R,event){
require(survival)
time =ifelse(L==0, R, L)
status = event
if (any(event==3) || (event==2)){
time = ifelse(event==3, (L+R)/2, time)
status = ifelse(event==0, 0 ,1)}
# TO BE IMPROVED:
# if (model == "AFT"){
# tmp = survreg(Surv(time, status) X, dist = ’lognormal’)
# mu0 = tmp[[1]][1]
# sigmaO=exp (tmp[[2]1] [2])
# beta0 = tmp$coeff[-1]3}
# else if (model == "PH"){
# fit = coxph(Surv(time, status) X)
# baseline= summary(survfit(fit))
# baselineSurv = baseline$surv
# baselineTime=baseline$time
# ETO= sum( baselineSurv*diff(c(0,baselineTime)))
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# ET02 = sum(2*baselineTimex*
baselineSurv*diff (c(0,baselineTime)))
# mu0 = 2%1og(ETO) - 0.5%log(ET02)
# sigmaO=sqrt (log(ET02)-2%1log(ET0))
# betaO=fit$coef}
# else if (model =="P0"){
# tmp = survreg(Surv(time, status)”X, dist = ’loglogistic’)
# mu0 = tmp[[1]][1]
# sigmaO=exp (tmp[[2]11[21)
# beta0 = tmp$coeff[-1]
# betaO=betal/sigmal
# sigma0 = pi~2 *sigma0~2 /3}
# sigma2 = sigma0~2 / varianceZ(k,a,density)
# mu = mu0 - sqrt(sigma2)*expectationZ(k,a,density)
#
# inits.mu = mu
# inits.sigma= sqrt(sigma2)
# inits.beta = betal

inits.mu = 0

inits.sigma = 1

inits.beta = 1lm(log(time) ~-1+X) $coeff

inits.gamma = if(!is.null(Z)) {glm(status~Z[,-1], family ="binomial")$coef}
else c()

inits.param = c(inits.mu, inits.sigma,inits.beta,inits.gamma)

inits.param}

lik_Cure_SNP= function(param,density,k,model=’AFT’,L,R,X,Z,event){
#compute full likelihood for all censoring and presence of cure.
X = as.matrix(X)
n = nrow(X)
mu = param[1]
sigma = param[2]
nX = ncol(X); beta = param[3:(nX+2)]
if (is.null(Z)) {nZ=0; puncure = rep(1l,n)} else
{Z = as.matrix(Z); nZ= ncol(Z); gamma = param[(nX+3):(nX+nZ+2)]
#puncure
gammaZ= as.vector (Z%*Y%gamma)
puncure = exp(gammaZ)/(1+exp(gammaZ))}
phi = param[-c(1: (nX+nZ+2))]
if (model=="AFT’){
fL_k = exp(-X/x*Y%beta)* fO_k(phi, density, k,
Lxexp (-X/*/beta) ,mu, sigma)
SL_k = SO_k(phi,density, k, Lxexp(-X)*/\beta), mu,sigma)
SR_k = SO_k(phi,density, k, Rxexp(-XV*¥%beta), mu,sigma)
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}
else if (model =="PH"){
SL_k = SO_k(phi, density, k, L, mu, sigma)” (exp(X/*/beta))
tmp = fO_k(phi, density, k,L,mu, sigma)/SO_k(phi, density, k,L,
mu, sigma)
fL_k = exp(X¥%*/beta) * tmp * SL_k
if (any(event==3)) {
SR_k = SO_k(phi, density, k, R, mu, sigma)” (exp(X/*/beta))}

else {
SR_k = 0}}
else if (model == "P0"){

tmp = exp(X/*¥%beta) + SO_k(phi,density, k, L,
mu,sigma)*(1- exp (X¥%*%beta))
fL_k = fO_k(phi, density, k, L,mu,sigma) *
exp (X%*)beta) * (tmp)~(-2)
SL_k = SO_k(phi, density, k, L,mu, sigma)*tmp~(-1)
if (any (event==3)){
SR_k = SO_k(phi, density, k, R,mu, sigma)*tmp~(-1)

}else SR_k=0
}
RC = (log((puncure*SL_k)+(1-puncure))) [event==0]
EV = (log(puncure*fL_k)) [event==1]
LC = (log(puncure*(1-SR_k))) [event==2]
IC = (log(puncure*(SL_k - SR_k))) [event==3]

loglik = sum(EV)+sum(RC)+sum(LC)+sum(IC)
-loglik

MaxLikSNPCure=function(X,Z,L,R,event,density="normal",
k=0,model="AFT", par_init){

#———- -—= -—= -—= -————#
# Function that will compute, for a given demsity, k, and model, #
# the MLE for the SNP likelihood. #
# The output is the value of the likelihood at its maximum, the #
# status of convergence and the corresponding estimates #
#———- -—= -—= -—= -—= -————#
#Initial Values
nX = ncol(as.matrix (X))

nZ = if(is.null(Z)) O else ncol(as.matrix(Z))
obj1l = try(optim(par=par_init,lik_Cure_SNP,density = density,
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k=k ,model=model,L=L,R=R,X=X,Z=Z, event=event,
method = "BFGS", hessian=T,control = list(maxit=1000)),
silent = T)

iter=0
while(is(objl, "try-error")& iter<60) {
par_init = par_init+0.05%(-1)"(iter+1)/(10*iter+1)
objl = try(optim(par=par_init,lik_Cure_SNP,density=density,
k=k ,model=model,L=L,R=R,X=X,Z=Z,event=event,
method = "BFGS", hessian=T,control = list(maxit=1000)),
silent=T)
iter = iter+1}
if (iter==60){pr = rep(NA, (2+nX+nZ))
val = 999999
statusConv=99
hessian=NULL}
else{
pr = obji$par
val = obji$val
statusConv=objl$convergence
hessian=objl$hessian
}
par_est = pr[1:(2+nX+nZ)]
phi_est = pr[-(1:(2+nX+nZ))]
return(list (statusConv=statusConv,val=val,

par_est= par_est,phi_est = phi_est,hessian=hessian))

SNP_Cure = function(X,Z,L,R,event, dens=c("normal", "exponential"),
kk= c(0,1,2), modl = c("AFT"),
phi_vect = c(-pi/4, 0,pi/4)){
o -—- e #

# Function that will compute, for each ’density’, each ’kk’ and #
# each ’modl’, the MLE for the

# SNP likelihood. #
# It will compute the AIC, BIC, HQ. #

# Output is the density, model, and k chosen by HQ, the #
# corresponding AIC, BIC, HQ, et the corresponding estimates. #
#-———- - -—= ettt #

X = as.matrix(X);nX = ncol(X)

if('is.null(Z)) {Z=as.matrix(Z) ;nZ=ncol(Z)} else {nZ=0}

n=nrow (X)

res_table = NULL;row_names = NULL;Model = NULL

hessian.list = vector("list", length(dens)*length(kk)*1length(modl))
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hl=1
param_init=initsParam(X,Z,L, R, event)
for(i_dens in 1:length(dens)){
for(i_modl in 1:length(modl)){
phi_old = NULL
for(i_kk in 1:length(kk)){
if (kk[i_kk]==0) {
par_init = param_init
res = MaxLikSNPCure(X,Z,L,R,event,dens[i_dens],
kk[i_kk], modl[i_modl], par_init)}
else if (kk[i_kk]>0){
maxloglik=9999999
for(iphi in 1:length(phi_vect)){
par_init = c(param_init, phi_old,phi_vect[iphi])
res.new = MaxLikSNPCure(X,Z,L,R,event,
dens[i_dens] ,kk[i_kk], modl[i_modl], par_init)
if (res.new$val<maxloglik) {
res = res.new
maxloglik = res$val

}

¥
val = res$val
par=res$par_est
npar = 2+nX+nZ+(i_kk-1)
AIC= round(2*val + 2*npar *1,5)
BIC= round(2*val + 2*npar *log(n)/2,5)
HQ = round(2#val + 2*npar *log(log(n)),5)
res_table = rbind(res_table, c(i_dens,i_modl,
i_kk,res[1],val,AIC,BIC,HQ,par))
row_names = c(row_names,paste(dens[i_dens],"-",
modl [i_modl],"-",kk[i_kk]))
rownames (res_table) = row_names
phi_old = res$phi_est
hessian.list[[hl]] = res$hessian
hl=hl+1
}
}
}
colnames (res_table) [1:10] = c("Density","Model","k","Conv",
"-loglik","AIC","BIC","HQ","mu","sigma")
return(list(res_table, hessian.list))

}
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SNP_GOF = function(X,Z,L,R,event, dens="normal",
kk= c(0,1,2), modl = "AFT",
phi_vect = c(-pi/4, 0,pi/4), fix_index=0,fix_val=1){
#-- - - - #

Function that provides a goodness of fit test of ’density’:
X: Covariates in latency, WITHOUT intercept
Z: COvariates in incidence, with intercept
L: Left handside of the interval
R: Right handside of the interval
event: indicator of RC or IC
dens: the density we wish to test
kk: the degree of the polynomial to be tested with a
maximum (7 for gof)
modl: AFT or PH
phi_vect: vector of initial value for the coefficients of P(z)
fit_index: index of the parameter that has to be fixes
(ex. sigma to test for exponential)

H OH H OH OH OHF OH H OH OB OH K H H K

fix_val: value of the parameter that has to be fixed

#omm o e - Sttt #
X = as.matrix(X);nX = ncol(X)

if('is.null(Z)) {Z=as.matrix(Z);nZ=ncol(Z)} else {nZ=0}

n=nrow (X)

param_init=initsParam(X,Z,L, R, event)
phi_old = NULL
i_kk=1
while(i_kk < (length(kk)+1)){
if (kk[i_kk]==0) {
par_init = param_init
res = MaxLikSNPCure(X,Z,L,R,event,dens,kk[i_kk],
modl, par_init, fix_index,fix_val)
valO=res[2]
}
else if (kk[i_kk]>0){
maxloglik=9999999
for(iphi in 1:length(phi_vect)){
par_init = c(param_init, phi_old,phi_vect[iphi])
res.new = MaxLikSNPCure(X,Z,L,R,event,dens,
kk[i_kk], modl, par_init)
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if (res.new[2]<maxloglik) {
res = res.new
maxloglik = res[2]
}
}
denom = ifelse(fix_index==0,kk[i_kk],kk[i_kk]+1)
test.val = 2*(-maxloglik+valO)/denom
if(test.val > 4.18){
k_stop = kk[i_kk]
val_stop = test.val
test = 1
i_kk= (length(kk)+1)
estParam = res[-c(1,2)]

}

else {
k_stop=tail (kk,1)
val_stop=test.val
test=0
estParam = res[-c(1,2)]
phi_old = tail(res, kk[i_kk])

}

}
i_kk=i_kk+1

return(list(test=test, k_stop=k_stop,
val_test=val_stop,estParam=estParam))
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