®

Check for
updates

MANUEL MANCINI On Actions and Split
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Abstract.  The aim of this article is to investigate internal actions and split extensions in
the variety of hoops. We provide a characterization of split extensions with strong section
in terms of strong external actions. Beyond the general setting of hoops, the study is
extended to the subvarieties of basic hoops, Wajsberg hoops, Gédel hoops and product
hoops. Within the setting of basic hoops and their bounded counterparts, BL-algebras, the
double negation yields a significant example of split extension with strong section, thus
motivating our approach. A connection between strong external actions of hoops and the
semidirect product construction introduced by W. Rump in the cateogory of L-algebras is
established.
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1. Introduction

BL-Algebras were introduced by P. Héjek in [34] as the algebraic semantics
of Basic Logic, the logic of continuous t-norms, and they capture the common
fragment of the three most relevant many-valued logics, namely Lukasiewicz
logic, Gadel logic and product logic.

A t-norm on the unit interval is a map [0,1]> — [0,1]: (x,y) — x -y such
that ([0,1],-,1) is a commutative totally ordered monoid. There are three
fundamental continuous t-norms: the Lukasiewicz t-norm, defined by

x -y =max{x+y— 1,0},
the Godel t-norm, defined by

r-gy = min{z,y},
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and the product t-norm, defined by

T-py=2xy.
It is a classic result that, up to isomorphism, every continuous ¢-norm be-

haves locally as one of the three described above.

A t-norm induces naturally a residuation (or implication) defined by
x—y=sup{z€0,1] ]|z -z <y}

The implications associated with the three fundamental continuous ¢-norms
are
x —py=min{l —x+y,1},
1, ifxz <y,
r—gly = .
Y y, otherwise,

and

4, otherwise.

{1, if z <y,
r—=pY =

The residuation induced by a continuous ¢-norm satisfies the following con-
ditions:

r—x=1,
r—1=1,
l—-z=x

and
r—y=1 and y—zr=1 =— z=uy.

In [34], the author studied in detail the three relevant cases and provides
an axiomatization for the corresponding varieties of algebras and logics. The
variety MVAlg generated by ([0, 1], 7, — 1, max, min,0,1) defines the class
of Wagsberg algebras or MV-algebras (see [17,28]), which form the algebraic
semantics of Lukasiewicz infinite-valued logic [18,39]. Algebras in the variety
GAlg generated by ([0,1], ¢, —¢, max, min,0,1) are called Gddel algebras,
and they form the equivalent algebraic semantics for Gédel logic. The variety
PAlg of product algebras is generated by ([0, 1], p, —p, max, min, 0,1) and
its associated propositional calculus is product logic [22,35]. Finally, P. Héjek
introduced the variety BLAlg of BL-algebras, whose associated propositional
calculus is Basic Logic. He also conjectured that BLAlg concides with the
variety generated by all algebras ([0,1],,—, max, min, 0, 1), where - is a
continuous t-norm on the unit interval. This conjecture was then proved
in [21], while a shorter and more algebraic proof can be found in [2].
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From a categorical point of view, the variety BLAIlg, likewise the subvari-
eties MVAlg, GAlg and PAlg, determines an ideally exact category (see [36,
38]). Moreover, if Ly = {0,1} denotes the two-element Boolean algebra,
then the semi-abelian categories (BLAlg | Lo), (MVAlg | L), (GAlg | Ls)
and (PAlg | Lo) are equivalent, respectively, to the varieties of basic hoops,
Wajsberg hoops, Godel hoops, and product hoops.

The algebraic structure now known as a hoop was first introduced by
B. Bosbach in [10,11], where it appeared under the name complementary
semigroups (komplementdre Halbgruppen). The term hoop itself was later
coined in an unpublished manuscript by J. R. Biichi and T. M. Owens [15],
and has since become standard in the literature on substructural logics and
residuated structures.

A hoop is a commutative, residuated, integral monoid satisfying divis-
ibility. Indeed, hoops can be seen as a positive counterpart of residuated
lattices, and the subclass of basic hoops can be obtained as the subreducts
of the class of BL-algebras by omitting the lattice operations and the con-
stant 0. The main subclasses of interest are basic hoops, Wajsberg hoops
(the hoop subreducts of MV-algebras), Goédel hoops, and product hoops,
each of which reflects the equational behavior of its corresponding algebraic
variety.

Now, one key notion that can be explored in the context of semi-abelian
categories [37] is that of internal action [8], which generalizes classical alge-
braic notions like group or Lie algebra actions, and provides a description of
split extensions (and, therefore, of retractions) in algebraic terms, namely by
means of semidirect products. Internal actions operated by the objects of a
category were defined by F. Borceux, G. Janelidze and G. M. Kelly with the
aim of extending the correspondence between actions and split extensions
from the context of groups and Lie algebras to arbitrary semi-abelian cate-
gories. However, in some cases, such as for Orzech categories of interest [41],
it is more convenient to describe internal actions in terms of external ac-
tions, i.e., via a set of maps which satisfy a certain set of identities (see for
instance [14] and [25], where actions in varieties of non-associative algebras
are studied).

The aim of this article is to investigate internal actions and split exten-
sions in the variety of hoops, as well as in its subvarieties of basic, Wajsberg,
Godel, and product hoops.

The paper is organized as follows. After this introduction, Section 2 presents
some background on BL-algebras, hoops, and subvarieties. The notions of
split extension, internal action and semidirect product in the context of
semi-abelian varieties of Universal Algebra are then recalled in Section 3.
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In Section 4 we focus on split extensions with strong section, i.e., such that
the corresponding split epimorphism has a strong section in the sense of
W. Rump (see [42,44]). Such split extensions are described in terms of strong
external actions, which are pairs of maps satisfying a set of identities closely
related to the axioms satisfied by the hoop. In Section 5 we prove there is a
bijection between the set of strong external actions and the set of isomor-
phism classes of split extensions with strong section in the variety of hoops.
The result is then generalized to the subvarieties of basic, Wajsberg, Godel
and product hoops. Furthermore, we prove that this bijection extends to a
natural isomorphism between the functor EActs(—, X) of strong external
actions on a fixed object X and the functor SplExtss(—, X) of isomorphism
classes of split extensions with strong section with fixed kernel X. We also
show that the notion of split extension with strong section trivializes in the
context of MV-algebras, whereas in the variety of Godel hoops, strong ex-
ternal actions coincide with those in the variety of basic hoops. In addition,
in Section6 we show a connection between the notion of strong external
action in the variety of hoops and the semidirect product construction in-
troduced by W. Rump in the category of L-algebras (see [43,44]). We end
the manuscript with some possible future directions.

2. Preliminaries

In this section, we present the algebraic structures that are the focus of
our study. For background material and further details, we refer the reader
to [6].

DEFINITION 2.1. A commutative integral residuated lattice (or CIRL) is an
algebra A = (A, V,A,-,—,1) of type (2,2,2,2,0) such that

(1) (A4,-,1) is a commutative monoid.

(2) (A,V,A,1) is a lattice with top element 1.

(3) (-,—) form a residuated pair with respect to the lattice ordering, i.e.,
the following residuation property holds:

rx-y<z ifand only if z <y — z,

where x,y, z denote arbitrary elements of A and < is the order induced
by the lattice structure.

Residuated lattices, originally introduced in [46] as models of the di-
visibility properties of ideals in commutative rings, have recently acquired
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importance as the algebraic counterparts of certain fuzzy logics (see, for
instance [27,29,30,34]).

We call bounded commutative integral residuated lattice (BCIRL, for
short) a CIRL with an extra constant 0 in the signature that is the bottom
element in the lattice order [4,20].

DEFINITION 2.2. [32] A BL-algebra is an algebra A = (A,V,A,-,—,0,1)
such that

(1) (A,V,A,-,—,0,1) is a BCIRL.
(2) xANy=z-(x —y), for any z,y € A. (divisibility condition)
(3) (zx —y)V(y — x) =1, for any z,y € A. (prelinearity condition)

We denote by BLAlg the variety of BL-algebras. In any BL-algebra A,
one can define the negation of an element z as —x := z — 0.

We observe that the divisibility condition is equivalent to requiring that
the order < induced by the lattice operations satisfies the following condi-
tion: for any x,y € A

x <y if and only if there exists z € A such that x =y - 2.

On the other hand, the prelinearity condition characterizes those BCIRLs
generated by chains (i.e., BCIRLs whose lattice order is total). In the present
article, we are interested in the following subvarieties of BL-algebras.

DEFINITION 2.3. Let A be a BL-algebra. We say that A is a
o MV-algebra [17,45] if it satisfies involutivity:
—x =,
for any x € A.
o Gadel algebra [34] if it satisfies idempotency:
r-x=ux,
for any x € A.
e product algebra [34] if it satisfies the identity
~zV((z—zey) —y) =1,
for any z,y € A.

We denote by MVAIg, GAlg and PAlg the varieties of MV-algebras, Godel
algebras and product algebras respectively.
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REMARK 2.4. [34] BL-algebras, MV-algebras, Godel algebras and product
algebras constitute the equivalent algebraic semantics for Hdjek’s Basic
Logic, infinite-valued Lukasiewicz logic, Godel logic and product Logic.

EXAMPLES 2.5.
1. The algebra
[07 1]MV = ([07 1]7 ‘L, —L,Max, min7 07 1)7

where z -, y = max{zx +y—1,0} and x —1 y = min{l —z 4y, 1}, is an
MV-algebra, called the standard MV-algebra.

2. The algebra
[0,1]¢ = (]0,1], -G, —¢, max, min, 0, 1),
where x -¢ y = min{z, y} and
L, ifz <y,
rToey= {y, otherwise
is a Godel algebra, called the standard Godel algebra.
3. The algebra
[0,1]p = ([0,1],-p, — p, max, min, 0, 1),

where x -p y = xy and

1, ifzx<y,
r—plYyY= y

2, otherwise

is a product algebra, called the standard product algebra.

REMARK 2.6. As mentioned in the introduction, the algebras of Examples
2.5 generate, respectively, the varieties MVAlg, GAlg, and PAlg (see [17,18,
34]).

In the variety of BL-algebras, and consequently in its subvarieties, the
lattice operations of join and meet may be expressed in terms of the binary
operations - and — as follows:

TANy=x-(r—y),
zVy=((r—y) =y A((y—z)— ).

As a result, BL-algebras may be equivalently described within the reduced
language of hoops.
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DEFINITION 2.7. A hoop is an algebra H = (H, -, —, 1) of type (2,2,0) such
that

H1. (H,-,1) is a commutative monoid;
H2. 2z - x=1;

H3. z-(z —y)=y (y — 2);

He (39) = 2 =2 — (y — 2),

for any x,y,z € H.
A hoop H is bounded if there is a constant 0 € H such that

H5. 0 - z=1,
for any z € H.

We denote by Hoops the variety of hoops. Every hoop H is endowed with
a partial order <, called the natural order, which is defined by the following
equivalent conditions: for any x,y € H

(i) = <y;
(i) x =y =1;
(iii) there exists z € H such that z = z - y.

In particular, (H, <) is a partially ordered set with top element 1, in which
every pair of elements z,y € H admit an infimum given by zAy = z-(z — y).
If the hoop H is bounded, then 0 is its bottom element.

We further recall that a filter of a hoop H is a subset F' C H such that
(F,-,1) is a submonoid of (H,-,1) which is upward closed with respect to
the natural order < of H. Every filter F' of a hoop H defines a congruence
0r as follows:

Op ={(z,y) e Hx H | (z —y) (y > z) € F}.

Conversely, every congruence 6 on a hoop H determines a filter Fy = 1/6
(the equivalence class of 1 under 6). The correspondence F' +— 6p establishes
an isomorphism between the lattice of filters and the lattice of congruences
of H, whose inverse is given by the map 6 — Fy. Therefore, the quotient of
H by a filter F' can be denoted by H/F, where H/F = H/0p.

A hoop homomorphism f: H — H’ is a homomorphism of monoid which
preserves the binary operation —. If H and H’ are bounded, then a ho-
momorphism of bounded hoops must preserve the bottom element 0. The
kernel of a homomorphism f: H — H’ is the set

Kerf={he H| f(h)=1}
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and it turns out to be a filter of H. Conversely, every filter F' of a hoop H
may be seen as the kernel of the canonical projection map n: H — H/F,
thus establishing a bijection between kernels and filters.

We now introduce some subvarieties of Hoops which are stictly related to
the subvarieties of BLAlg introduced in Definition 2.3.

DEFINITION 2.8. [2,32] Let H be a hoop. We say that H is a
e Basic hoop if it satisfies the identity
(z—=y)—=2) = ((y = 2) = 2) = 2) =1,
for any z,y,z € H.
o Wayjsberg hoop if it satisfies the identity
(z—y)—y=y—z) —=
for any z,y € H.
e Gddel hoop if it is a basic hoop satisfying
x-r=u,
for any x € X.
e Product hoop if it is a basic hoop satisfying
(y—=2)V(ly—=(z-y) —z)=1,
for any z,y,z € H.

We denote by BHoops, WHoops, GHoops, and PHoops the varieties of
basic hoops, Wajsberg hoops, G6del hoops, and product hoops respectively.
We observe that, although it is not not explicitly required by the definition,
every Wajsberg hoop is in fact a basic hoop [6].

The following proposition makes clear the connection between the sub-
varieties of hoops introduced above and the subvarieties of BL-algebras of
Definition 2.3.

PROPOSITION 2.9. [32] Basic hoops, Wagsberg hoops, Gddel hoops, and prod-
uct hoops are the 0-free subreducts® of, respectively, BL-algebras, MV-algebras,
Godel algebras, and product algebras. [

It was proved in [2] that bounded basic hoops are term-equivalent to the
variety of BL-algebras. Similarly, bounded Wajsberg hoops, bounded Gdédel

!Given a BCIRL A, a O-free subreduct of A is a subalgebra of the O-free reduct of
A [32].
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hoops, and bounded product hoops are term-equivalent, respectively, to the
varieties of MV-algebras, Godel algebras, and product algebras (see [1,3,19,
31]).

3. Semidirect Products in Semi-Abelian Varieties

In this section, we aim to describe the construction of semidirect products in
the variety of hoops. Indeed, the class of hoops forms a variety in the sense
of Universal Algebra, which has been shown to be a semi-abelian category
(in the sense of [37]) by S. Lapenta, G. Metere and L. Spada in [38] using
the following characterisation.

THEOREM 3.1. [12] A variety V is semi-abelian if and only if it has, among
its terms, a unique constant e, together with n binary terms a;, 1 = 1,...,n,
and an (n + 1)-ary term 0 satisfying the identities

ai(z,x) =€, foranyi=1,...,n
and
0(a(z,y),y) ==,
where g(m,y) = (al(wvy)v"'aan(xay))‘ u

REMARK 3.2. [38] The variety Hoops is semi-abelian, with e = 1,

o(z,y) =z —y, @y =((z—y) -y —=z
and
0(x,y,2) = (z — 2) - y.
Hence, its subvarieties BHoops, WHoops, GHoops and PHoops are semi-abelian

as well.

REMARK 3.3. The initial object of the categories BLAlg, MVAlg, GAlg and
PAlg is the two-element Boolean algebra Ly = {0,1}. However, these vari-
eties above are not semi-abelian, since they are not pointed, but, as shown
in [38], they are protomodular (see [7,12,13]). As a consequence, they are
ideally exact categories in the sense of G. Janelidze [36].

A notion that we need in the following is that of split extension.

DEFINITION 3.4. Let V be a semi-abelian category, and let B and X be
objects of V. A split extension of B by X is a diagram of the form

Xt A==5B (1)

in V such that po s =idp and (X, k) is a kernel of p.
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We recall that in any pointed category V, a kernel of a morphism p: A —
B is defined as the pullback of p along the unique morphism 0 — B, where
0 denotes the zero object of V. If V is a pointed variety, with 0 = {e}, then
a kernel of a morphism p: A — B is the subalgebra p~!(e), together with
the canonical inclusion. Dually, a cokernel of p is defined as the pushout of
p along the unique morphism A — 0.

Notice that protomodularity implies that the pair (k, s) is jointly strongly
epic and p is a cokernel of k. We recall from [24] that a pair of morphisms

Xty z9 v

in an arbitrary category V is said to be jointly strongly epic, or jointly
strongly epimorphic, when for each commutative diagram:

/ \ /
1
1
K
I
I

if m is a monomorphism, then there exists a unique (dashed) morphism
¥: Z — M such that m oy = ¢.

A morphism of split extensions from

/
;K ;P /
x Ko —n
S

to
X toa==n
consists of a triple of morphisms in V
(g: X' =X, h: A —= A, f: B — B)
such that the following diagram commutes

X/ A/ *) B/

gl l |

X%A?B

e, hok' =kog,hos =sofand poh = fop'. Let us observe that,
again by protomodularity, a morphism of split extensions fixing X and B is
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necessarily an isomorphism. For an object X of V, we define the functor
SplExt(—, X): VP — Set

which assigns to any object B of V, the set SplExt(B, X) of isomorphism
classes of split extensions of B by X, and to any arrow f: B’ — B the change
of base function f*: SplExt(B,X) — SplExt(B’, X) given by pulling back
along f. Here, pulling back along f means that, given a split extension (1),
one forms the pullback of p along f: B’ — B, obtaining a split extension

XL)AXBB/&B/

s/
[ %
P
X — A_—B
S
where p; and po are the pullback projections, and s’ = (s o f,idg/) is
the unique section of py obtained by the universal property of the pull-

back. Notice that p, has the same kernel as p, with k' = (k,0x p/), where
Ox,p: X — 0 — B’ denotes the zero map.

A feature of semi-abelian categories is that one can define a notion of
internal action [8]. If we fix an object X, actions on X give rise to a functor

Act(—, X): VP — Set.

We will not describe explicitly internal actions here, since they correspond to
split extensions via a semidirect product construction (more in detail, there
is a natural isomorphism of functors Act(—, X) = SplExt(—, X), see [9]),
and split extensions are handier to work with. Our aim now is to remind
such a construction for semi-abelian varieties of Universal Algebra [26].

Let V be a semi-abelian variety and let

AéB

be a split epimorphism in V such that X = Kerp. One can define two set
maps

p: X" x B— A: (z,b) — 0(z, s(b)),
¥: A— X" x B:a (a(a,sp(a)),p(a))
and it is easy to check that pov =id4 and A is in bijection with the subset
YV ={(z,b) € X" x B | a(b(z, 5(b)),s(b)) = z}

of X™ x B, where o and 0 are as in Remark 3.2.
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THEOREM 3.5. [26] Given a semi-abelian variety V and a split epimorphism

AﬁB
S

inV, let X = Kerp and let £&: BbX — X be the corresponding internal
action of B on X. Then the semidirect product X x¢ B of X and B with
respect to £ is the set

Y ={(z,b) € X" x B[ a(f(z,s(0)),s(b)) = z}

endowed with the following structure: if w is an m-ary term of the variety,
then in' Y we have

WY((EM b1)7 s ($m7 bm))
:(QA(WA(GA(QI’ S(bl))7 SRR QA(gmv S(bm)>)7 wA(Sm(b)))’wB(b))'.

3.1. Semidirect Products in the Variety of Hoops
Since the variety Hoops is semi-abelian, we can specialize the results of the

previous section to this context. Let

AéB

be a split epimorphism in Hoops and let X = Kerp. One can define two set
maps
0: X?x B — A: (z,2',b) — ((x — s(b)) - 2'),
Y A— X? x B:aw (a— spla), ((a — sp(a)) — sp(a)) — a,p(a))
and, again, one has ¢ 09 =id4 and A is in bijection with the set
Y = {(z,2',b) € X* x B| ((x — s(b)) -2’) — s(b) =z,
(@ — (b)) - 2) — 5(b)) — s(b)) = ((x — s(b)) - 2")}.
Indeed, we have
a1(0(z,2’,5(b)), s(b)) = a1 (((x — s(b)) - 2'), 5(b))
= ((x = s(b) - 2") — s(b)
and
az(0(z, 2", 5(b)), 5(b)) = az(((z — 5(b)) - 2'), 5(b))
= ((((z—s(b)) - ") = 5(b)) = 5(b)) = ((z — s(b)) - 2").

Thus, we can state the following.

|



On Actions and Split Extensions. . .

THEOREM 3.6. Let
P
AZ—B
be a split epimorphism in Hoops, let X = Kerp and let £: Bb X — X the
corresponding internal action of B on X. Then the semidirect product X x¢ B
is the set

Y={(z,2/,0) € X?x B | ((x — s(b)) - 2') — s(b) = z,
((z—s(b) - 2") = (b)) = 5(b)) = ((x — (b)) - 2") = 2’}
endowed with the following operations
(2,2,B) = (5,5, ) = (& = 5(0)) - 2') = ((y — s(8)) - ")) — (s(b — V),
(((((z = s(b)) - 2") = ((y = s(b)) - ¢)) — s(b = V)
= s(b =) = (((z = s(b) - 2') = ((y = s(¥) - ),
(z,2",0) - (5,4, 0") = (& — s(b) - 2") - ((y — s(b)) -
(((((z = s(0)) - 2) - ((y = s(61) - y) — s(b-
= s(b-V)) = (((x = 5(0) - 2) - ((y — s(t) - ¥/))), b-V)

and unit 1xx.p = (1,1,1). [

4. Split Extensions with Strong Section

The equations that define the semidirect product and the operations in the
variety Hoops are easier to handle when the split extension has strong section
in the sense of W. Rump (see [42,44]).

DEFINITION 4.1. A split extension
D L =—1:

in the variety Hoops has strong section if the morphism s is a strong section
of p, i.e., if the equation

a — s(b) = sp(a) — s(b) (2)
holds for any a € A and b € B.
REMARK 4.2. If a € X, then Equation (2) can be written as

0 — s(b) = s(b),

since (X, k) is a kernel of p. Here, we identify a with k(a).
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EXAMPLE 4.3. Any direct product gives rise to a split extension with strong
section. Let X and B be hoops and consider their direct product A = X x B,
endowed with the componentwise operations
(z,0) - (y, b/) = (z-y,b- b/)’
(z,0) = (y,0) = (x = y,b = V)

and unit (1,1). Then, it is defined a split extension
X 4% XxB =B
L2

where ¢1(z) = (x,1), t2(b) = (1,b) and m(z,b) = b, and one may check that
L2 is a strong section of po. Indeed, for any (z,b) € X x B and i/ € B, one
has

(2, 0) = 12(b) = (x,0) — (1,0')
xr—1,b—=10)
1,b—b)

b) — (1,)

= 1oma(x,b) — 12(b).

We observe that the property of having a strong section is invariant under
isomorphism of split extensions. Thus, for any hoop X, we can define the
functor

(,
=
= (1,
= (1,

SplExt . (—, X): Hoops®® — Set
which assigns to any hoop B, the set SplExt (B, X) of isomorphism classes
of split extensions with strong section of B by X in Hoops, and to every hoop
morphism f: B’ — B the change of base function f*: SplExt.(B,X) —
SplExt . (B’, X) given by pulling back along f.

PRrROPOSITION 4.4. If the split extension
X tsA7=8
has strong section, then A is in bijection with the set
Y = {(z,2/,b) € X? x B|z =1 and s(b) — (s(b) - 2/) = 2'}.
PROOF. One has
((z = s(b) - a’) — s(b) = (s(b) -2’) — s(b) =1
and

((((z = s(b)) - 2") — 5(b)) = (b)) = ((x — 5(b)) - ')
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for any z,z’ € X and b € B. [ |
THEOREM 4.5. Let

X tsA7=8
be a split extension with strong section in Hoops and let £: Bb X — X be

the corresponding internal action of B on X. Then the semidirect product
X ¢ B is given by the set

Y' ={(z,b) € X x B|s(b) — (s(b)-x) = 2}
endowed with the operations
(@,0) = (y,b') = (s(t) = b) = (x —y), b—=V),
(2,b) - (y,0') = (s(b- ) = (s(b-V) - -y), b- V)
and unit 1xx.p = (1,1).

Proor. It follows from Proposition 4.4 that the underlying set of X x¢ B
is

{(z,b) € X x B| s(b) — (s(b) - x) = x}.
Moreover, one has
(2,0) = (y,b) = (a2(0(1,z,5(b)) — 0(L,,5(8)), 5(b) — s(¥')), b— V)
= (az((z - 5(0)) — (y- s(b')),s(b — '), b— V)
((z-s(b) = (y-s(¥))) — s(b— b))
b— b)) — (((z-5(b)) — (y-s(b))), b— )
= (s(b = b') — ((z - 5(b)) — (y - s(b'))), b— V)
= ((s(b— V) (z-5(b) — (y-s(b))), b— 1)
= ((s(b- (0= b)) -2) — (y-s()), b— V)
Z (st - (' = b)) -x) = (y-s(b)), b— 1)
((s(t — 1) - s(b) - 2) — (y - s(¥')), b— V)
(s(b — b) — ((s()) - z) — (y-5(t))), b—b)

(s(t' = b) = (x — (s(b) = (y-5(')))), b— D)

»

g g
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= (s(t) = b) = (x —y), b—=1V)

where the labels over the equality signs point to the used axioms. In the
above computations, we used the identity

((z-s(b) = (y-s(t'))) = s(b— V) = sp((z - 5(b)) — (y-s(b)) — s(b— D)
= ((1-5(b)) = (1- (b)) — s(b— )
= (s(b) = s(t)) = s(b—b)=1

and the fact that s(b) — (s(b)-x) = z, for any (z,b) € X x¢ B. Furthermore,

(z,0) - (y.0') = (aa((z - 5(b) - (y - s(¥), 5(b- 1)), b- V)

= ((((x-y-sb- 1)) = s(b- ) = s(b- b)) = (z-y-s(b-V)))
= (s(b-¥') = (z-y-s(b- 1)),

since
(@ y-s(b-b)) = s V) =splx-y-sb-V)) —sb-b)
=1-1-5(b-0)) —sb-b)
=sb-b)—sb-V)=1
for any z,y € X and b,b’ € B. |

The following proposition makes clear how to describe the lattice opera-
tions of the semidirect product X x¢ B in the variety of basic hoops.

PROPOSITION 4.6. Let
X -t .A——B
S

be a split extension with strong section in the variety BHoops. Then the
lattice operations of join and meet of X ¢ B can be described as

(2,0) A (y,0') = (s(bAY) — (s(bAY) - (z Ay)), bADY)
and
(2,0) V (y, ) = (s(b V) = (s(b V) - (((s() = b) = (z —y)) = y)
A(s(b =) = (y — ) — x)), bVI).
PrROOF. One has
(2,0) A (y, ') = (2,0) - ((%,0) — (y,1))

= (2,0) - (s(t) = b) = (x —y), b—=V)
=(s(b-(0—=V)) = (s(b-(0—=V)) =
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(st = b) = (x—y)), b (b))
= (s(bAY) — (s(t))-s(t/ —b)-x-(s(b) —b)
— (z—y)), bAY)

= s(bAY) = (s()) -z (z— y)

((x = y) = () — b)), bAY)
= (s(b A V) — (s(b) - s(t = B) - (w Ay), BAY)
= (s(bAD) = (s(DAY) - (xAy)), bAY).
Here we used the identity

S

(z —y) = s —b)=splx —y) = s —b)=1-s0b —0b) =s(b —0b).

Moreover,

(z,0) V (V)

(((2,0) = (y,01) = (1, ) A (3, V) = (2,0)) — (x,D))
= ((s(t) = b) = (x = y), b—=b) = (y,0) A ((s(b— V)
—(y—uxz), V' —=b) — (z,0)
= (st = (b= V) = ((s(t) = b) = (x = y)) =),
(b—b) = V) A(s(b— (V' — D))
= ((s(b—= V) = (y > x)) = x), (' = b) —b)
(st = b) = (2 —y)) =y, b—b) =)
((s(b =) = (y =) >z, (' —b)—D)
(s(bVb')— (s(bVb)-(((s(t) — b)
= (@ —=y) =y A((s(b = V) = (y = x)) = ), bV,
for any (x,b), (y,b') € X x¢ B, since
b —(b—0b)=0b-9)-
=b— (V) = V)
=b—-1=1
=b— (V) —b).

>l

We give now an example of split extension with strong section in the
subvariety of basic hoops.
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EXAMPLE 4.7. [42] Let A be a BL-algebra. We denote by MV (A) the set of
reqular elements of A

MV(A) ={zx € A| =~z ==z},
and by D(A) the set of dense elements of A
D(A)={z € A| -~z =1}

By [23, Theorem 1.2], MV(A) is a subalgebra of A, which is an MV-algebra,
and the map p: A — MV(A) defined by p(a) = ——a, is a split epimorphism
of BL-algebras with kernel D(A). Thus, if we denote by i and j the canonical
inclusions of MV (A) and D(A) inside A, we have a split extension

D(A) —' A = MV(A)
J

in the variety BHoops which has strong section, i.e., for any x € A and
y € MV(A) we have

Ty =T =y (3)
Indeed, let {A;};cr be an indexed family of BL-chains such that A is the
subdirect product of A;, for i € I?. Then, for any i € I, we have:

o If x;, € MV(4;), then ——z; = z; and
iy = Yi = 7% — Yi,
for any y; € MV (4;).
o If ; € D(A;), then =—z; = 1; and
T =Y =Y = Li — yi,
for any y; € MV (4;).

Since any BL-chain A; is the ordinal sum of its regular elements and its
dense elements (see [16, Theorem 2.2]), (3) holds in A;, and hence in A.

5. Strong External Actions of Hoops

In this section, we aim to describe split extensions with strong section in
the variety Hoops in terms of strong external actions.

2The Héijek’s subdirect representation theorem (see [34, Lemma 2.3.16]) states that
every BL-algebra A is a subdirect product of totally ordered BL-algebras (BL-chains).
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DEFINITION 5.1. Let B, X be hoops. A strong external action of B on X
consists of a pair of maps

fiBxX — X: (bx)w— fi(x),
g: BxX — X: (b,x) — gp(x)
such that
EL fo(1) =g(1) = 1;
E2. fi = g1 =idx;
E3. for00 (2 g5, (2 = 9)) = for (2 - (2 = y));

Ed. 9ibg—(b1-02) (Sor02(T - Y) = [03(2)) = Glbombs)—br (T — Gos—ba (Y —
fb3(z)),

for any b, b1,b2,b35 € B and z,y,2z € X.

We denote by EActs(B, X) the set of the strong external actions of B
on X.

REMARK 5.2. Strong external actions give rise to a functor
EActss(—, X): Hoops™ — Set

which maps every hoop B to EActss(B, X), and every morphism ¢: B’ — B
in Hoops to the function

EActes (¢, X): EActy(B, X) — EActy(B', X)

which sends an external action f,g: B x X — X to the external action
f',g': B’ x X — X defined by

f/(b/7$) - f(¢(b,)7$) and g,(blvx) = g(¢(b/>,$).

Our goal now is to make clear the connection between strong external
actions and split extensions with strong section in the variety of hoops. In
fact, the next two propositions show that the two notions are equivalent.

PROPOSITION 5.3. Let B, X be hoops and let f,g: B x X — X be a strong
external action. Then the set

Y' ={(z,b) € X x B| fo(z) =}
endowed with the operations
(x7b) - (yvb/) - (gb/_>b<$ - y)v b— b/)v (4)
(2,0) - (y,0") = (forr(x - y), b-V) (5)
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and unit 1y, = (1,1) is a hoop. Furthermore, the split extension
X “,y ——>pB (6)
L2
where 11(x) = (z,1), ma(x,b) = b and 13(b) = (1,b), has strong section.

PRrROOF. We start by showing that Y is a hoop. Again, the labels above the
equality signs point to the axioms used in the steps.

H1. It follows from axiom E1 that
(z,0) = (2,0) = (gp—b(x — z), b —b) = (q1(1),1) = (1,1),

for any (z,b) € Y'.
H2. We have

(@,0) - ((z,0) = (y,0") = (#,0) - (gr—b(x = ¥), b— V)
= (fo-o—t) (- gy —p(x — 7)), b- (b—1"))
= (for.—n) (- gy—p(z —y)), b-(b—1))
(for-r—py(@ - (= y)), b-(b—V))
= (fo-p—p) (v - (y — ), V' - (b — D))
Jor-r =y (Y - G (y — ), b - (V' = b))

V) ((y,b') — (x,0)),

1153

1153

(
(
for any (z,b), (y,b') €Y

H3. We have
((w,b1) - (y,02)) = (2,b3) = (forbo(T - y), b1-b2) — (2,b3)
= (Gbs— (b1-bo) (for0, (T - y) — 2), (b1 - b2) — b3)
and
(z,01) = ((y,b2) —(2,b3)) = (2,b1) = (Gbs—b,(y — 2), b2 — b3)
= (J(by—bs) b1 (T = Goz—b, (¥ = 2)), b1 — (b2 — b3)),
for any (z,b1), (y,b2), (2,b3) € Y'. Hence, by axiom E4 we get
((z,01) - (y,b2)) = (2,b3) = (2,01) — ((y,b2) — (2,b3)).

Thus, Y is a hoop. Furthermore, the split extensions (6) has strong section
since

(2,b) — 12(b') = (z,b) — (1,V")
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=(x — gp_p(1),b =)
=x—-1,b-0)=(1,b->1)
and
L27T2($,b) — Lg(b,) :Lg(b) — Lg(b,)
=(1,b) — (1,b") = (1,b = V).

PROPOSITION 5.4. Let

X %4 ﬁ B,
be a split extension with strong section in Hoops. Then the pair of maps

f,g: Bx X —X
defined by
fo(x) = s(b) — (s(b) - x) and gp(z) =s(b) — =

gives Tise to a strong external action of B on X.
PROOF. We have to show that (f, g) satisfies the axioms of Definition 5.1.

El. For any b € B, one has f,(1) = s(b) — (s(b)-1) = s(b) — s(b) =1 and
g(1) =s(b) = 1=1.

E2. For any = € X, one has fi(z) =s(1) - (s(1)-2) =1— (1-2) =2
and g1(z) =s(1) mz=1—z ==x.

E3. We have

fowr(x - go(x — y)) = s(b-b') — (s(b- ) - (z- (s(b) = (z —y))))
=5 V) — (s(0) - s(V) -+ (s(b) = (v — )))
=s(b- V") = (s(b) - (s(b) = (z = y)) - s(¥)) - 2)
=Z5(b-) = (= y) - (x—y) — s(b) - (b)) - )
=s(b-V) = ((z—y)- (sp(z —y) — s(b) - s(b)) - 2)
=5 V) = ((z—y) - (1—s()) s0)- )
=5(b-0) = ((x —y) - s() - s(t) - x)
=s(b-V) = (s(b- V) - (z—y))

for any z,y € X and b,b’ € B.
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E4. Tt is possible to check that
Iby— (b1 -b3) (For-0, (@ - Y1) = fo,(2))
=5(bg — (b1 - b2)) — ((s(b1 - b2) — (s(b1 - b2) - @ - y)) — (s(b3) — s(b3) - 2))
= s(bg = (b1 - b2)) = ((5(ba) - ((s(b1) - 5(b2)) = (s(b1) - 5(b2) - - 1)) — (s(ba) - 2))
2 (5(bs) - (5(b1) - 5(b2)) — (5(b1) ~ s(b2) -z - y)) - (s(b3) — (5(b1) - 5(b2)))) — (s(bs) - 2)
2 (((5(b1) - 5(b2)) = (s(b1) - s(b2) - @ - ) - s(b1) - s(ba) - ((s(br) - 5(b2)) = s(bs))) — (s(bs) - 2)
2 (5(01) - s(b2) - x -y - ((5(b1) - s(b2) - w - y) — (s(b1)
- 5(02))) - ((s(b1) - s(b2)) — s(bs))) — (s(bs) - 2)
= (s(b1) - 5(b2) @ -y - ((s(b1) - s(b2)) — s(bs))) — (s(bs) - 2)

L@y s(bs) - (s(bs) — (5(b1) - s(b2)))) — (s(b3) - 2)
L@y (s(bs) — (s(br) - 5(b2)))) — (s(bs) — (s(b3) - 2)),
and

G(by—by)—by (T = Gby b, (Y = f,(2)))
= s((b2 — b3) — b1) — (& — (s(bz — b2) — (y — (s(b3) — (s(b3) - 2)))))

(z = ((y - s(bz = b2)) — (s(b3) — (s(b3) - 2))))
(z = (y = (s(bg — b2) — (s(bz) — (s(b3) - 2)))))

}gl 8((b2 g bg) — bl —
— (2 — (y — (s(bs) - (s(b3) — s(b2)) — (s(bs) - 2))))

L (b — b3) — b1
L (b2 — b3) — b1
(= (y = (s(b2) - (s(b2) — s(b3)) — (s(bs) - 2))))
(= ((y - (s(b2) - (s(b2) — s(b3)))) — (s(bs) - 2)))
Z 5((ba — b3) = b1) = ((z-y - 5(b2) - (s(b2) — 5(b3))) — (s(bs) - 2))

H4

= (((s(b2) = s(bs)) — s(b1)) - (z -y - 5(b2) - (s(b2) — s(bs)))) — (s(b3) - 2)
= ((s(b2) — s(b3)) - ((s(b2) — s(b3)) — s(b1)) - @ -y - s(b2)) — (s(b3) - 2)
2 (s(b1) - (s(b1) — (5(b2) — s(b3))) -z -y - 5(b2)) — (s(b3) - 2)
= (s(b1) - s(b2) - ((s(b1) - s(b2)) — s(b3)) - @ - y) — (s(b3) - 2)
? (s(bs) - (s(b3) — (s(b1) - 5(b2))) -z y) — (s(bs) - 2)
= ((s(b3) = (s(b1) - 5(b2))) - @ y) — (s(bs) — (s(bs) - 2)),
for any x,y, z € X and by, bo, b3 € B, where in equalities above we used
the identity

(z - 5(b)) = s(b) = sp(x - s(b)) — s(b) = (1-5(b)) — s(b) = L.

)
)
)
L3 5((by — b3) — by)
= 5((b2 — bs) — b1)

)

I

As a consequence, we get the following.
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PROPOSITION 5.5. Let B, X be hoops. There is a bijection Tp between the
sets SplExtss(B, X) and EActss(B, X).

PROOF. We define 75 as follows: given any split extension with strong sec-
tion in the variety Hoops

X—*t44 é B,
we associate the strong external action f,g: B x X — X defined by
fo(x) =s(b) — (s(b) - x) and gp(x) = s(b) — x.

One may check that 75 is a bijection whose inverse is the map up which
sends any strong external action f,g: B x X — X to the split extension (6)
of Proposition 5.4. n

ExaMPLE 5.6. Let B and X be hoops, and consider their direct product
A = X x B. The strong external action associated with the split extension
described in Example 4.3 is given by the pair of maps

f,g: BxX—>X
defined by

fo(z) = go(2) ==,
for any b€ B and z € X.

EXAMPLE 5.7. Let A be a BL-algebra. The strong external action associated
with the split extension of Example 4.7 is given by the pair of maps

fyg: MV(A) x D(A) — D(A)
defined by
fo(x)=b— (b-z) and gp(x) =b— =,
for any b € MV(A) and x € D(A).

REMARK 5.8. Let f,g: B x X — X be a strong external action of hoops.
It is possible to check that the map g satisfies the following additional prop-
erties:

(i) gp is monotone for any b € B, i.e., if x <y, then gy(z) < g,(y);
(i) gp»r = g» © gi, for any b, V' € B;
(iii) go(x — y) = gp(x) — gb(y), for any b € B and x,y € X.
These directly follow from the fact that the set
Y' ={(z,b) € X x B| fy(z) =z}
endowed with the binary operations (4) and (5) is a hoop.
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Actually, it is possible to prove that the bijection 75 of Proposition 5.5
extends to a natural isomorphism of functors.

THEOREM 5.9. There is a natural isomorphism
7: SplExtss(—, X) = EActss(—, X).
PROOF. The bijection 75 of Proposition 5.5 is natural in B, that is, for any
morphism ¢: B’ — B in Hoops the diagram
SplExtes (B, X) —2— EActg(B, X)
w*l \LEACtsS(Son)
SplExte (B, X) —2 EActy(B', X)
commutes. Indeed, both the compositions EActs(p, X) o 75 and 75/ 0 ¢*
sends a split extension with strong section
Xy = B
to the strong external action f’,¢’: B’ x X — X defined by
fv,z) = fle®),z) and ¢'(V',z) = g(e(b'), 2),
for any ¥/ € B’ and x € X. |

The results obtained above can be specialized to the subvarieties of ba-
sic hoops, Wajsberg hoops, Godel hoops and product hoops. Here we do
not provide a detailed description for product hoops, since strong external
actions in the variety PHoops were already described in [40].

5.1. Strong External Actions of Basic Hoops

We start by showing how the lattice operations of Proposition 4.6 in the
semidirect product X x¢ B may be described in terms of the external action
associated with &.

PROPOSITION 5.10. Let B, X be basic hoops, let f,g: B x X — X be a
strong external action and let

T2
X 25 Y —B
L2

be the corresponding split extension. Then the lattice operations of join and
meet in Y’ can be described as follows:

(:Eab) A (ya b) = (fb/\b’(m A y)a b A b/)
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and
(@,0) V (y,0") = (fowr (g —b(z = ¥) = y) A (v (y — ) = 2)), bV ),
for any (,b), (3,V') € Y".
PROOF. Straightforward computations show that
(2,0) A (y,0") = (2,0) - ((z,0) — (y,V))
= (J;vb) ’ (gb/_>b(33 - y)7 b— b/)
= (for-r—) (@ gy—p(z = y)), b- (b= 1))
for—py(@ - (z —y)), DAY
(forwr (x Ay), DAY

115

and

(((2,0) =(y,0) = (5, 0) A (((y, ') — (2,)) — (,D))
= ((gor—s(x = 9), b= V) = (y,V))
A (go—p (y — @), b — D) — (2,b))
= (gp— -ty (G —p(x = y) = y), (b—10b) =)
A (G (b —b) (Go—tr (y — ) — ), (V) — b) — b)
= (91(gy—s(z = y) = y), (b—=1V) =)
A (91(go—p (y — 2) — ), (V' —b) =)
= (gr—s(x —y) >y, (b=b) =) A lg—p(y — @)
—x, (b —=0b)—0b)
= (f((p=b )=t A —b)—b) (g —b (T — ) — ¥)
A (Go—p (y — @) — @),
(0 —=0") = )A(( —b)—b)
= (fover (gor—s(x = 1) = Y) A(gomir (y — ) — 2)), DV,
for any (x,b), (y,b') € Y, where we used that b — (' — b) =0 — (b —
b')=1. ]
DEFINITION 5.11. Let B, X be basic hoops. A strong external action of B
on X in the variety BHoops consists of a pair of maps

fiBxX — X: (bx)w— fi(x),
g: BxX — X: (b,x) — gp(x)
such that
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B1. (f,g) is a strong external action of hoops;

B2. For any b1,b2,b3 € B and z,y,z € X

gl;(gb3—>(b1~>b2)(gbz—>bl (z —y)—2)
- (gb3—>(bz—>b1)(9b1—>b2 (y - {L') - Z) - Z)) =1,

where

b= (((ba — b1) — bz) — bs) — ((b1 — ba) — b).

Given any basic hoop X, consider the functor

EAct2(—, X): BHoops®® — Set
B

SS

which maps every basic hoop B to the set EAct
actions of B on X in the variety BHoops and

SplExtZ(—, X): BHoops® — Set

(B, X) of strong external

which assigns to any basic hoop B, the set SplExtE (B, X) of isomorphism
classes of split extensions with strong section of B by X in BHoops. As in
the case of hoops, one may prove the following.

PROPOSITION 5.12. Let B, X be basic hoops. There is a bijection Tp between
SplExtE (B, X) and EActE (B, X).

PROOF. Let 75 be the function that maps any split extension with strong
section

X —*54 é B,
in the variety BHoops to the pair of maps f,¢g: B x X — X defined by
fo(w) = 5(b) — (s(b) - x) and gy(z) = s(b) — 2.

It is possible to verify that the pair (f, g) defines a strong external action of
B on X in the variety of basic hoops.

Now, consider the map pp which sends a strong external action f,g: B X
X — X in BHoops to the split extension (6) of Proposition 5.4. We already
kwow that Y” is a hoop and that the split extension (6) has strong section.
It remains to show that Y is a basic hoop. In fact, we have

(((z,01) = (y,02)) = (2,b3)) = ((((y,b2) — (z,b1)) — (2,b3)) — (2,b3))
= ((gvy—0: (z = y), b1 = b2) — (2,b3)) — (((gby—b(y — @),
by — b1) — (2,b3)) — (2,b3))
= (Gbg— (b1—b2) (Goa—b, (. — y) — 2), (b1 — ba) — b3)
= ((9bs— (b2—b1) (Gor—b: (Y — @) = 2), (b2 — b1) — bs) — (2,b3))
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= (Gbs— (b1 —b2) (Gb—br (T = y) = 2), (b1 — b2) — b3)
— (Gbg— ((bg—b1)—b3) (Gbs— (ba—b1) (Gbr1 —b (Y — ) = 2) — 2),
((ba — b1) — b3) — b3)
= (G(((ba—sb1)—bs)—bs)— (b1 —bz)—bs) (Tbs— (b1 —bs) (Foa—by (T — Y) — 2)
- gb3—>((b2—>b1)—>b3)(gb3—>(b2—>b1)(gb1—>b2 (y = x) — 2) — 2)),
((br = b2) — b3) — (((b2 = b1) — bs) — b3))

E2
= (gl;(gbsﬁ(blﬁbg)(gb"bl ({L‘ - y) - Z)

B
> (G (bpbr) (Gor s (Y — ) = 2) = 2)), 1) = (1,1),

for any (x,b1), (y,b2), (z,b3) € Y’, where b is as in Definition 5.11, and we
used the identity

bg — ((bg — bl) — bg) = (bg — bl) — (bg — bg) =1
and the fact that B is a basic hoop. To conclude the proof, one may check
that pp is the inverse of the map 7. [
Since, again, the bijection 7p is natural in B, we get the following.

THEOREM 5.13. There is a natural isomorphism

7: SplExt2(—, X) = EActE (-, X).

5.2. Strong External Actions of Wajsberg Hoops
As in the case of basic hoops, strong external actions in the variety WHoops
can be defined as external actions of hoops satisfying an additional identity.

DEFINITION 5.14. Let B, X be Wajsberg hoops. A strong external action
of B on X in the variety WHoops consists of a pair of maps

fiBxX — X: (bx)+— fi(x),
g: Bx X — X: (byz) — gp(x)
such that

W1. (f,g) is a strong external action of hoops;

W2. gp,—p,(x — Y) = Yy = go,—b,(y — x) — x, for any by,by € B and
z,y € X.

REMARK 5.15. Altough it is not required in the definition, one may check

that the pair (f,g) defines a strong external action in the variety of basic
hoops.
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As in the previous sections, we define the functors
EActY (-, X): WHoops® — Set

which maps every Wajsberg hoop B to the set EActYY (B, X) of strong ex-
ternal actions of B on X, and

SplExtY (—, X): WHoops® — Set

which sends B to the set SplExtY (B, X) of isomorphism classes of split
extensions with strong section of B by X in WHoops.

The results of Proposition 5.5 and Proposition 5.12 extend to the variety
WHoops.

ProroOSITION 5.16. Let B, X be Wajsberg hoops. There is a bijection Tp
between SplExtY (B, X) and EActY (B, X).

PROOF. Let 75 be the function that maps any split extensions with strong
section

X-—*t44 é B,
in WHoops to the strong external action f,g: B x X — X defined by
fo(x) = s(b) — (s(b) - x) and gp(x) = s(b) — x.

One may verify that 75 is a bijection whose inverse is the map pp which
sends any strong external action f,g: B x X — X in WHoops to the split
extension (6) of Proposition 5.4. In fact, we already know that Y’ a hoop
and that the split extension (6) has strong section. Furthermore, Y’ is a
Wajsberg hoop since

((,0) = (y,b) = (y,0') = (gy—p(x — y), b—=V) — (y,0)
(g b’ —(b—b’) (gb’—>b(:’C - y) - y)v (b - b/) - b/)
= (g1(gyr—p(z = y) = y), (b—=V) =)
(g —b(x —y) =y, (b—0V) =)
(go—br(y — ) — 2, (V' —b) —b)
= ((y,V) — (z,0)) — (2,b),
for any (z,b), (y,b') € Y'. [

I
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THEOREM 5.17. The bijection T extends to a natural isomorphism

7: SplExtYY (—, X) =2 EActY (—, X).
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The following remark shows that the notion of split extension with strong
section trivializes in the case of bounded Wajsberg hoops.

REMARK 5.18. Let
p
X -ty A—B8
S
be a split extension with strong section in the variety WHoops, and suppose
that s is a morphism of bounded hoops. In particular, s(0) is the bottom

element of A. Then p is an isomorphism with inverse s.
Indeed, for any a € A, the strong section condition

a — s(0) = sp(a) — s(0),
implies
(@ — 5(0)) = 5(0) = (sp(a) — 5(0)) — s(0).
Since A is a Wajsberg hoop, the equality above can be written as
(s(0) = a) — a = (s(0) — sp(a)) — sp(a)

Finally, since s(0) is the bottom element of A, we have s(0) — a = 1 and
s(0) — s(p(a)) = 1, so the previous equality reduces to

a = s(p(a)).

Hence s op = id4. Since p o s = idp, it follows that p is an isomorphism
with inverse s.

5.3. Strong External Actions of Godel Hoops

Let B and X be Godel hoops. In this section, we prove that any strong
external action of B on X in the variety of basic hoops gives rise to an
action in the variety GHoops.

PROPOSITION 5.19. Let B and X be Godel hoops and let
X —*54 é B, (7)

be a split extension with strong section in the variety of basic hoops. Then
A is a Gédel hoop.

PROOF. Let (f,g) be the strong external action in the variety BHoops as-
sociated with (7), and consider the split extension with strong section

X -“,y ——pB
L2
associated with (f, g), where

Y' = {(z,b) € X x B| fy(x) = x}
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and the binary operations — and - are defined as in Proposition 5.3. One
can check that Y’ is a Godel hoop, since

(,b) - (,b) = (fpp(z-x),b-b)
= (fo(2),0)
= (z,b),
for any (z,b) € Y. |
This justifies the following definition.

DEFINITION 5.20. Let B, X be Godel hoops. A strong external actions of
B on X in the variety GHoops is a strong external actions of B on X in the
variety of basic hoops.

As a direct consequence, for any Godel hoop X, the functors EActS (—, X)
and SplExtS(—, X) can be defined as

EActS(—, X)=EAct2(U(-),U(X)) and SplExtE =SplExtE (U(-), U(X)),

where U: GHoops — BHoops denotes the forgetful functor, and we get the
following.

THEOREM 5.21. There is a natural isomorphism

7: SplExtS(—, X) =2 EActS (-, X).

6. Comparison with W. Rump’s Semidirect Product

We end the article by showing a connection between the strong external
actions in the variety of hoops and the non-categorical notion of semidirect
product introduced by W. Rump in the not protomodular context of L-
algebras (see [43,44]).

DEFINITION 6.1. An L-algebra is an algebra L = (L,—,1) of type (2,0)
satisfying

Ll.loax=2zandax —z=2—1=1, forany z € L;

L2. (x —y) = (x—2)=(y—x)— (y— 2), for any z,y,z € L;

8. z—oy=y—-ax=1=z=y, forany z,y € L.

The binary operation — can be interpreted as the logical implication,
while the constant 1 can be interpreted as the logical unit.
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EXAMPLE 6.2. Every hoop is an L-algebra.

DEFINITION 6.3. Let B, X be L-algebras. We say that B operates on X if
there is a map
Bx X — X: (bz)— bz

such that

O1. b(x — y) = bx — by;

02. (b—V)bx =V — b)b'x;
03. 1z =z,

for any b,’ € B and x,y € X.

We want to show how the notion of strong external action in the variety
of hoops is related with Definition 6.3.

PROPOSITION 6.4. Let B, X be hoops and let (f,g) be a strong external
action of B on X. Then B operates on X via g.

Proor. It follows from Proposition 5.8 that

gz = y) = go(x) — gs(y),
for any b € B and z,y € X. Moreover, since ¢p,.5, = g», © gp, fOr any
b,b' € B, we get

Go—v (96(2)) = go—pr)-n(2)

H3
= g(b/—>b)~b($)

= gy—b(gp (7))
Furthermore, Axiom O3 follows from Axiom E2. [

Since the category of L-algebras is not semi-abelian, it doesn’t have cat-
egorical semidirect products. However, given two L-algebras B and X such
that B operates on X, we can still determine a corresponding notion of
semidirect product.

DEFINITION 6.5. Let B, X be L-algebras such that B operates on X. The
semidirect product X x B of B by X is the cartesian product X x B endowed
with the binary operation

(2,0) = (y,0) = (b = V)z) = (V' — b)y, b= V),
for any b,0' € B and z,y € X, and with unit 1x x5 = (1,1).

PROPOSITION 6.6. Let B, X be L-algebras such that B operates on X. Then
the semidirect product X x B is an L-algebra. [
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DEFINITION 6.7. We say that a split extension
p
X -ty A—B8
of L-algebras has a strong section, if the equation
a — s(b) = sp(a) — s(b)
holds for any a € A and b € B.

Given a split extension with strong section, it is possible to prove that B
operates on X. Indeed, the map

BxX — X:(bx)— s(b) —x

satisfies Axioms O1-02-03. Moreover, the semidirect product of X and B
coincide with the cartesian product X x B endowed with the binary opera-
tion

(@,b1) = (y,b2) = ((5(b1 — b2) — &) — (s(b2 — b1) — y), b1 — b2)
and with logical unit (1,1).

REMARK 6.8. One may check that the map
A— X x B:aw (sp(a) — a,p(a))

is not an isomorphism of L-algebras, but just an injection. However, it is
possible to prove that, if A is a hoop, then the above map defines an iso-
morphism of L-algebras between A and the subset

Y' ={(z,b) € X x B|s(b) — (s(b) - x) =z}
of X x B

PROPOSITION 6.9. Let
X tsa-==8
be a split extensions with strong section in the variety of hoops. Then the
operation
(2,0) = (5,0) = ((s(b = V) = @) = (s(t = b) =), b—=V)
defined on the set
Y' = {(z,b) € X x B| s(b) — (s(b) - x) =z}

coincides with the implication — of Theorem 4.5.
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ProorF. It is sufficient to check that
(s(b— V) = 2) = (s(t/ — b) = 9)
=5(s(b—b') = x) = (s(b) = b) = (s(bt)) = (s(t) - v)))
s(b— ') = x) = ((s(t)) - s(b" — b)) = (s(V) - 9))
s(b— V) = x) = ((s(b) - s(b = b)) — (s(V') - )

for any (z,b), (y,b') €Y. u

REMARK 6.10. If the hoop is self-similar, then by cancellativity
s(b) = (s(b) - x) =z

for any (x,b) € X x B. Hence, the domain of X x B is X x B and f, = idx
for any b € B.

7. Conclusions

In this manuscript, we described split extensions with strong section in va-
rieties of hoops in terms of strong external actions. We proved that for any
hoop X, there is a natural isomorphism

SplExtss(—, X) = EActgs(—, X)

showing that any split extension with strong section of B by X in the variety
Hoops can be described by a pair of maps

f,g: BxX —X

satisfying a set of identities which depends on the axioms satisfied by the
hoop.

A natural direction for future research is to extend this correspondence to
all split extensions, with the aim of developing a general notion of external
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action and of establishing natural isomorphisms
Act(—, X) = SplExt(—, X) = EAct(—, X),

thus relating internal and external actions, in analogy with the case of de-
rived actions in Orzech categories of interest [41].
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