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It is the task of history to explain how modern concepts arose
and why they are interesting and relevant. It is the task of
modern mathematics to explain the same thing independent
of and irrespective of history.

— J. W. Gray. Fragments of the history of Sheaf Theory,
Applications of Sheaves, Proceedings of the Research Sym-
posium on Application of Sheaf Theory to Logic, Algebra,
and Analysis, Durham, 1977 —






Contents

Introduction 1
1 The theory of locally D-presentable categories 9
1.1 D-filtered categories . . . . . . . . ... ... 9

- D-flat functors and sound doctrines . . . . . . . ... .. 12

1.2 D-accessible categories . . . . . . ... ... 15

- The D-ind completion . . . . ... ... ... ...... 15

- The full subcategory of D-presentable objects . . . . . . 18

1.3 Locally D-presentable categories . . . .. ... ... ... 22

- Restricting Yoneda . . . . . . ... ... ... ... .. 25

1.4 D-completeness and Cauchy completeness . . . . .. . .. 26

2 The duality theorem for a limit doctrine 29
2.1 The duality Theorem . . . . . . ... ... ... ... ... 29

- The 2-functor e . . . . . . ... ... 29

- The objects of D-cont[A,set] . . . ... ... ... ... 32

- The 2-functor € is a biequivalence . . . . . . . . ... .. 35

2.2 Some applications . . . ... ..o 39

- Comparing sound doctrines . . . . . . .. ... ... .. 39

2.3 A characterisation in terms of strong generators . . . . . . 54

- The D°P-colimit completion . . . . . . ... ... . ... 55

- Strong generators play an important role . . . . . . . .. 56

- Consequences . . ... a e e 62

3 On geometric morphisms and localizations of presheaf

categories 69
3.1 Rambling about the concept of localization . . .. .. .. 69
- Exact and/or extensive categories . . . . . . .. ... .. 70
- The exact completion of Fam . . . . . .. .. ... ... 75
- Some conditions our functors might satisfy . . . . . . .. 83



vi Contents
3.2 The localizations of presheaf categories . . . . . . . . . .. 87
- Comparing conditions . . . . . .. ... ... ... 94
- A sheaf-theoretical proof . . . . . . . ... .. ... ... 98
4 On geometric morphisms and localizations of algebraic
categories 121
4.1 Algebraic theories and algebraic categories . . . . . . . .. 121
4.2 A miscellany of preliminary results . . . . . .. ... ... 125
4.3 Some more conditions our functors might satisfy . . . . . 127
4.4 The coproduct completion and the exact completion in
the case of an algebraic theory . . . .. .. .. ... ... 131
4.5 The localizations of (one sorted) algebraic categories . . . 152
4.6 The link with other characterisation theorems for localiz-
ations of algebraic categories . . . . .. .. .. ... ... 166
Acknowledgements 177
Bibliography 179

Index 183



Introduction

Algebraic theories and algebraic categories were introduced by Lawvere
in his pioneering Ph.D. thesis as invariant formulations of Birkhoff’s
universal algebra (see [30]). The innovative and revelatory approach
consists of describing the syntax and the semantics in the following way.
An algebraic theory is a concrete mathematical object — the concept —
namely a set of variables together with formal symbols and equalities
between these terms. Stated otherwise, an algebraic theory is a small
category with finite products. An algebra or model of the theory is a set-
theoretical interpretation — a possible meaning — or, more categorically,
a finite product-preserving functor from the theory into the category of
sets. We call the category of models of an algebraic theory an algebraic
category. This description allows us to investigate “simultaneously” all
those structures like groups, rings, modules, lattices, ... characterised
by the existence of one or several operations defined everywhere and
subjected to axioms expressed by equalities. The peculiar feature of the
subject is the interplay between properties of the theory and properties
of the models: how we can recollect aspects of the syntax knowing about
the semantics and conversely. We mention that Lawvere’s investigation
concerned the one-sorted version; whereas, at the same period, many-
sorted algebraic theories were studied by Bénabou (see [8]).

By generalising the theory we do generalise the models. This concept
is the fascinating aspect of the subject and the reference point of our
project. Replacing finite products by finite limits provides the notion
of a locally finitely presentable category of models. A theory, in this
case, is a small category C with finite limits; a model of the theory is
a set-valued functor F' : C — set which preserves finite limits. If we
consider the case of absence of limits, other generalisations are possible.
A theory is a mere small category C; a model of the theory is a flat
functor F': C — set, namely a (small) filtered colimit of representable
functors. This leads to the notion of accessible category of models. On
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the other hand, a model of the theory C could be just a set-valued functor
F : C — set. In this case, we deal with presheaf categories.

Accessible categories admit an intrinsic axiomatic characterisation
in terms of generators: they are those categories with a “good” set of
generators. And locally presentable categories are those accessible cat-
egories which are cocomplete (or, equivalently, complete).

In this manuscript, we are interested in the study of categories of
models. We pursue our task by means of considering models of different
theories. We approach the investigation from two different — but related
— points of view, as the structure of the thesis itself will denote.

The first idea is “unification”: the theories are small categories with
a specified class D of limits, the models of the theory are set-valued
functors preserving the class of limits D under consideration. It is an
attempt of describing “at the same time” similar situations, as the ones
previously mentioned, where ID can be the class of finite products, or
the class of finite limits, or something else. This wants to be a general-
isation of the notion of models of a theory, which encloses in one all the
known cases of models, from presheaves to locally finitely presentable
categories. The analysis leads to the definition of ID-theories and, con-
sequently, of categories of D-models. The theory of locally D-presentable
categories has been recently developed by Addmek, Borceux, Lack and
Rosicky in [1]. Starting from a doctrine — that is, an (essentially small)
full subcategory of cat, the category of all small categories — D, the no-
tion of D-limit — the limit of a functor with domain in D — the notion of
D-complete category — a category with all ID-limits — and the notion of
D-continuous functor — a functor, between D-complete categories, which
preserves all D-limits — have been introduced. By generalising further
these issues, one is led to define D-filtered colimits: they are — as you
might expect — those colimits commuting in set with [D-limits. Then,
all notions of D-presentable object, of D-accessibility and of locally ID-
presentability take shape quite naturally. We mention at once that this
kind of generalisation is not possible for any class D of limits. In fact, a
further assumption is required on the doctrine ID: the condition is called
soundness. Roughly speaking, soundness is the hypothesis needed in
order to achieve the analogous — to the locally finitely presentable case
— implication that for a diagram S : Z — C, for a small category C, its
category of cocones is connected implies that the category C is filtered.
The definition might appear quite technical (and it is so) but it is the one
needed to establish the expected correspondence between ID-flat functors
and ID-continuous functors, precisely as in the case of finite limits. More
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explicitly, under the assumption on the doctrine ID to be sound, a D-flat
functor F' : A — B, defined on a D-complete category A, is, moreover,
ID-continuous. We support the general theory of locally ID-presentable
categories with examples. For our purposes, the illuminating examples
are mainly three: the doctrine FIN of finite limits, the doctrine FINPR
of finite products and the empty doctrine. The corresponding categories
are, therefore, locally finitely presentable categories, (finitary multisor-
ted) varieties and presheaf categories, respectively. We achieve a duality
theorem, in terms of a contravariant biequivalence:

D-TheP D-LP

where D-Th is the 2-category of essentially small Cauchy complete
and ID-complete categories, D-continuous functors and natural trans-
formations, whereas ID-LP is the 2-category of locally D-presentable
categories, [D-accessible right adjoint functors and natural transform-
ations (see [18]). This is the theorem which provides a unified proof
of Gabriel-Ulmer duality for locally finitely presentable categories (see
[23]), Addamek-Lawvere-Rosicky duality for varieties (see [2]) and Morita
duality for presheaf categories (see, for instance, [10]). Moreover, follow-
ing the suggestion of the locally finitely presentable case, we investigate
further these issues to finally propose a new characterisation of locally
D-presentable categories in terms of strong generators. Explicitly, we
prove that a cocomplete category is locally ID-presentable if and only if
it has a strong generator consisting of D-presentable objects (see [17]).
We mention that some work in this area has been undertaken independ-
ently by Diers ([20]).

The second point of view is “specialisation”. We go back to a “case
by case” analysis, in order to study localizations (namely, fully faithful
right adjoint functors whose left adjoint preserves finite limits) of algeb-
raic categories and localizations of presheaf categories. These are still
categories of models of the corresponding theory.

Motivations to the study of localizations can be historically traced
in homological algebra, for instance. The goal, which a wide class of
mathematicians pursue, is to do homological algebra in a sheaf theoret-
ical context. The fundamental, basic remark is that categories of pre-
sheaves of abelian groups or modules are abelian categories, meaning,
roughly speaking, that techniques of homological algebra as “diagram
lemmas” can be applied to categories of presheaves and performed quite
easily. From where, the need of carrying this concept to categories of
sheaves has arisen. This is the fruitful idea behind the formal definition
of localization: homological algebra is inherited via localizations. More
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precisely, a localization of an abelian category is again abelian. The
crucial reference point is that categories of sheaves are precisely the loc-
alizations of presheaf categories (see [25, 36]). The next, natural setting
where to develop homological algebra and, therefore, where to study
localizations are semi-abelian categories and, in particular, semi-abelian
algebraic categories: the category of groups, the category of rings, the
category Lie algebras, ... are all examples of such. As references for
this more recent research developments, we mention to [12, 24]. Finally,
to provide some context for localization, we mention the following ex-
ample: given a ring A and a prime ideal I, by localising the ring A over
the ideal I, one obtains the category of modules over the local ring Ar
as a localization of the category of modules over the ring A.

This thesis sits inside a wider project, which is still in our minds. In
the original classical spirit of Category Theory, our purpose is to produce
a new notion which generalises localizations and allows us to treat them
in the more general setting of the theory of locally ID-presentable cate-
gories. More explicitly, for a limit doctrine D, we wish to define a proper
notion of D-localization, which should make “good sense” at least while
specialising ID in the three main examples we always keep in mind while
dealing with D-theories, namely, the doctrine FIN, the doctrine FINPR
and the empty doctrine. A D-localization i : B — A should be a fully
faithful functor ¢ together with a left adjoint L : A — B which preserves
D-limits (where A and B are [D-complete categories). Clearly, in the case
of the doctrine D of finite limits, this definition returns the classical one
of localization. The aim of some advanced investigation is to classify
D-localizations of categories of set-valued [D-continuous functors, that
is, categories of the form ID-cont[A,set|, for some small D-complete
category A, which are precisely all locally ID-presentable categories. In
the case of the doctrine of finite limits, this project has already been
undertaken by Day and Street (see [19]): they characterise localizations
of locally presentable categories. Moreover, we mention that some work
has been done, in a slightly different optic, when specifying ID as the
empty doctrine: in [39] (Theorem 17.3.3) they classify localizations of
presheaf categories in terms of dense functors. Unfortunately, when we
tried to adapt these kinds of results to the case of the doctrine FINPR,
we did not succeed in describing the localizations of the categories of
models. The nature of the problem is partially grounded on the con-
dition on the left adjoint functor L to preserves finite products. These
troubles in finding a general way of investigating D-localizations, for a
limit doctrine D, determined the beginning of a deep investigation on
the character of those functors k : C — & defined on a category C
with finite coproducts. It led us to the discovery of the characterisation
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theorems for localizations described in Chapter 3, for the presheaf case,
and in Chapter 4, for the algebraic case.

Of course, localizations of presheaf categories and of algebraic catego-
ries are well-known and well-studied mathematical objects: to mention
some references, consider Giraud’s theorem for the former case (25, 34])
and the theorems by Vitale for the latter one ([41, 42]). The innovation
in this work consists of a different approach to the matter of localiza-
tions. We wish to characterise all functors k : C — £ from a small
category C — with or without finite products, depending on the case
treated — into a category £ which satisfies certain properties, depending
on the corresponding case, which realise the category &£ as a localiz-
ation of the category [CP,set] of set-valued functors, or of the cate-
gory Finprod|C, set]| of set-valued finite product-preserving functors,
which is precisely Mod(C). In other words, provided some category &,
we establish theorems which describe all its realisations as a localization
of some appropriate category of set-valued functors. The suggestion
comes from a Gabriel-Popescu theorem, which characterises Grothen-
dieck categories (namely, cocomplete abelian categories with a generator
and filtered colimits commuting with finite limits) as localizations of the
additive functor category Add[CP, Ab] of additive presheaves defined
on a small pre-additive category C, and its generalisation in the recent
paper [32]. Following these lines, we achieve a classification of localiz-
ations, in both the presheaf and the algebraic context and, moreover,
a classification of geometric morphisms (namely, functors together with
a finite limit-preserving left adjoint). We are able, in fact, to state in-
dependent conditions on the functor £ : C — &£, which provide fully
faithfulness of the embedding into the functor category on one side, and
left exactness of the left adjoint functor on the other. It is precisely
the nature of these properties which allows us to distinguish the clas-
sification of geometric morphisms from that of localizations. It will be
redundant to list, in this introduction, the various conditions we came
across for the functor k, but it is still worthwhile to mention that some of
these might have — for those readers familiar with the subject — the same
flavour of the properties characterising the Lemme de Comparaison, as
in [28], whereas some others remind of the notion of filtering functor, as
in [34]. In fact, we introduce the new notion of special filtering functor,
which encapsulates the deep nature of the exact completion of the full
subcategory of the category of models consisting of the free ones.

The classifying theorems contained in Chapter 3 and Chapter 4
might propose a new way of facing the issue of D-localizations. Provided
a category &£, we should hope to reach some results describing all its real-
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isations as a [D-localization of some appropriate category of D-continu-
ous set-valued functors. The desirable achievement would be to establish
some theorems giving necessary and sufficient conditions on a ID-contin-
uous functor k : C — &, from a small [D-complete category C into a
cocomplete, exact category £ with [D-filtered colimits commuting with
D-limits, to realise £ as a D-localization of the category of D-continu-
ous set-valued functors defined on C. This remains part of our outgoing
project, still open to fruitful investigations.

In Chapter 1, we illustrate the theory of locally D-presentable cate-
gories. We recall the basic definitions the reader will find useful to ap-
proach this thesis: starting from the notion of a doctrine D, we present
the whole series of D-limit, D-filtered colimit, D-presentable object, ID-
accessibility and locally [D-presentability definitions. The fundamental
results concerning this material are listed and provided with (sketches of
the) proofs. Classical examples constantly support this new-born theory.

In Chapter 2, we build our contravariant biequivalence between the
2-category ID-Th, of essentially small D-complete and Cauchy complete
categories, [D-continuous functors and natural transformations, and the
2-category D-LP, of locally D-presentable categories, ID-accessible right
adjoint functors and natural transformations. This Duality theorem
provides the desired, expected generalisation of Gabriel-Ulmer duality
for locally finitely presentable categories, Adamek-Lawvere-Rosicky du-
ality for varieties and Morita duality for presheaf categories. Moreover,
we state our characterisation of locally D-presentable categories in terms
of strong generators. As applications of the Duality theorem, we com-
pare different doctrines and, consequently, different categories of models,
providing a useful scheme to relate locally finitely presentable categories,
(finitary multisorted) varieties and presheaves categories.

In Chapter 3, we briefly mention the fundamental definitions of geo-
metric morphism and localization. Moreover, the notion of filtering
functor is recalled. Given a small category A and a cocomplete, exact
and extensive category B, we establish the crucial equivalence between
the category GeoMor[B, [ A, set|], of geometric morphisms between
B and [A°, set] and geometric transformations between those, and the
category Filt[A, B], of filtering functors from A to B and all natural
transformations. We present some revelatory proprieties on functors
k : C — &, which will enlighten our characterisation of localizations.
Combining these conditions together, we state our theorem classifying
localizations of presheaf categories. As a corollary, we present a clas-
sification of geometric morphisms into presheaf categories. Finally, an
alternative proof of our classifying theorem based on sheaf theoretical
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techniques is offered.

In Chapter 4, we outline the basics for algebraic theories and algeb-
raic categories, by listing the crucial results. We specify the coproduct
completion and the exact completion in the case of an algebraic the-
ory. This leads to the notion of special filtering functor and, further, to
an equivalence between the category GeoMor[E, Mod(C)], of geomet-
ric morphisms between £ and Mod(C) and geometric transformations
between those, and the category SFilt[C, £], of special filtering functors
which preserve finite coproducts from C to £ and all natural transforma-
tions, provided C is an algebraic theory and £ is a cocomplete and exact
category in which filtered colimits commute with finite limits. Thanks
to this equivalence, we are able to establish our theorem describing all
realisations of a given category as localization of some (one sorted) al-
gebraic category. As in the presheaf case, a direct corollary of this result
is a classifying theorem for geometric morphisms into algebraic catego-
ries.






1

The theory of locally
D -presentable categories

Basic definitions are recalled. The idea of “ID-ification” is
presented and justified by classical examples as algebraic cat-
egories, presheaf categories and locally finitely presentable
categories of Gabriel and Ulmer. The theory of locally D-
presentable categories was quite recently introduced in an art-
icle by Addmek, Borceuz, Lack and Rosicky (see [1]). We
present the main results concerning the subject always refer-
ring for details to the above-mentioned paper.

1.1 D-filtered categories

All definitions and results contained in this section can be found in [1].

Definition 1 A collection D of small categories is called a limit doc-
trine, or just doctrine, if D, regarded as full subcategory of cat, is es-
sentially small. A D-limit is the limit of a functor with domain in .
A category which has all D-limits is said to be D-complete, and a func-
tor between ID-complete categories is called ID-continuous if it preserves
all D-limits. Dually, there are the notions of D-cocompleteness and ID-
cocontinuity. ID°P stands for the doctrine consisting of all categories DP,

for D e D.

As general consideration, let us point out that a category A is DD-
complete if and only if its dual category A is D°P-cocomplete.

Definition 2 We say that a small category C is D-filtered if C-colimits
commute in set with D-limits, namely for any D € D and any functor
F :C x D — set the canonical map

¢ : colim lim F(C, D) — lim colim F(C, D)
ceC DeD DeD CeC
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s an isomorphism. Explicitly, the morphism ¢ is defined by the universal
property of the colimit, as in the following diagram:

colim lim F(C, D) —> lim colim F(C, D)

CceC DeD DG;D ceC
pc wc AD
Bé% F(C, D) cgleién F(C,D)
HD gc
F(C,D) o) F(C,D)

that is, ¢ is the unique arrow in set satisfying ¢.pc = pc, for any object
C € C, provided the morphism @c, defined via the universal property of
the limit, is the unique arrow in set such that Ap.oc = oc.uup, for any
D € D. (Here, we denote by A\p and up the canonical limit projections
in set, whereas pc and oo denote the canonical colimit injections in
set.)

By a D-filtered colimit we mean the colimit of a functor defined on a
D-filtered category.

Example 3

1. The doctrine FIN of finite limits is the essentially small collection
D of all finite categories. A small category C is said to be filtered
if it is not empty; for any pair of objects Cy,Cs € C, there exist
an object Cs3 € C and a pair of arrows f : C1 — C3 and g :
Cy — (5 of C; and, finally, for any pair of objects Cy,Cs € C
and for any pair of arrows f,g : C;7 — C5 of C, there exist an
object C'3 € C and a morphism h : Cy — Cj satisfying h.f = h.g.
Filtered colimits have been defined as colimits of diagrams which
have filtered categories as domain. It is a well-know fact that
filtered colimits are those colimits commuting in set with finite
limits (see [6]), that is, filtered colimits commute with FIN-limits.
In other words,

FIN — filtered = filtered

2. The doctrine FINPR of finite products is the essentially small col-
lection of all finite discrete categories. A small category C is said
to be sifted if C-colimits commute in set with finite products, that
is

FINPR — filtered = sifted
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Of course, any filtered category is sifted and reflexive coequalizers
are sifted; moreover, any category with finite coproducts is so.
Sifted categories were introduced in [2, 5]. Explicitly, sifted colim-
its are the colimits of diagrams which have sifted categories as
domain; in other words, sifted colimits are those colimits commut-
ing in set with finite products.

3. For D = (), the empty doctrine; any small category is (-filtered.

4. The doctrine FINCL of finite connected limits is the essentially
small collection of all finite connected categories and

FINCL — filtered = small coproducts of filtered categories

since coproducts commute in set with connected limits. For more
details, we refer to [1].

5. The doctrine TERM of the terminal object is the doctrine consist-
ing of the empty category and

TERM — filtered = connected

Definition 4 Let K and K' be categories with D-filtered colimits. A
functor F : K — K’ is D-accessible if it preserves D-filtered colimits.
An object K of K is D-presentable if the representable functor (K, —) :
K — set is D-accessible.

We recall from [1] the following fundamental fact:

Lemma 5 A D°-colimit of D-presentable objects is D-presentable it-
self.

Proof. Consider a category D € D and a diagram S : D? — K
for which S(D) is a D-presentable object of I, for any D € D, and
the colimit colimpepor S(D) exists in K. We wish to show that the
representable functor KC(colimpepor S(D),—) : K — set preserves D-
filtered colimits. For it, take J a ID-filtered category and a functor
H:J — K, we get:

K(g(élipl}})S(D),c%ing(J)) o~ })ié%lc(s( )cohmH(J))
~ ll)iglpCOligllC( ( ) (Ji; (1)

=~ colim lim K(5(D), H(J (2)

~ coél\gnlC(g%lil)Ig})S( ), H(J))

(where (1) follows from S(D) being D-presentable, for any D € D, and
(2) is just the definition of D-filtered colimit, namely a colimit commut-
ing in set with D-limits). |
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D-flat functors and sound doctrines

For a given functor F' : A — set, let us recall that the category Elts(F')
of elements of F' has for objects the pairs (4,a), where A is an object
of A and a € FA, and for morphisms f : (4,a) — (B, b) those arrows
f:A— B of Asuch that Ff(a) =b. For a small category A, let us
also recall that a functor F' : A — set is said to be flat if it is a filtered
colimit of representable functors. Equivalently, the functor F is flat if
one of the following condition is satisfied:

e Elts(F) is filtered;

e the Kan extension Lany, (F) : [A?,set] — set of I along the
Yoneda embedding Y4 : A — [A, set] preserves finite limits.

For more details, see, for instance, [10].
The important fact about flat functors, that we want to underline, is:

Remark 6 If, moreover, A is finitely complete, a functor F' : A — set
is flat if and only if F' preserves finite limits.

The idea of generalising the definition of flat functor in terms of a limit
doctrine D arises quite naturally and leads to the following;:

Definition 7 Let A be a small category. A functor F : A — set is
called D-flat if the left Kan extension Lany, (F) : [A?,set] — set of
F along the Yoneda embedding Y, : A — [AP, set] preserves D-limits.

The aim, here, is to get a correspondence between [D-flat functors and
D-continuous functors in the same spirit as Remark 6: flat functors
coincide with lex functors when the domain category is finitely complete.
It is crucial to remark, though, that in order to achieve the expected
equivalence when moving from finite limits to ID-limits, for a doctrine
D, some extra assumptions are needed on the doctrine ID. That is when
the notion of soundness comes into play:

Definition 8 A doctrine D is sound if for a functor F : A — set, with
A a small category, the left Kan extension Lany , (F) : [A%, set] — set
of F along the Yoneda embedding preserves D-limits if and only if it
preserves D-limits of representables.

The previous definition can be proved to be equivalent to:

Definition 9 A doctrine D is said to be sound if a small category C is
D-filtered whenever the category of cocones of any functor S : DP — C,
with D € D, is connected.
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Example 10
1. The doctrine FIN of finite limits is sound.
2. The doctrine FINPR of finite products is sound.
3. The empty doctrine is sound.
4. The doctrine FINCL of finite connected limits is sound.
5. The doctrine TERM of the terminal object is sound.

6. The doctrine PB of pullbacks is not sound.

A fundamental result about sound doctrines is given by:

Proposition 11 If the doctrine D is sound, then every small DP-co-
complete category is D-filtered.

Proof. If C is a D°-cocomplete category, then for any functor S :
D°? — C, where D € D, its category of cocones has an initial object,
namely the colimit of the diagram S, and, therefore, it is connected.
Then, by soundness of D, C is D-filtered. [ |

Therefore, thanks to the notion of soundness, the expected equivalence
Theorem holds and we can characterise D-flat functors in the following
Theorem. We recall first that, for any object A of a category A, the
comma category A | A has for objects the pairs (B,b), whereb: B — A
is an arrow of A, and for morphisms f : (B,b) — (C,¢) those arrows
f i+ B — C of Asuch that c.f =b.

Theorem 12 Let D be a sound doctrine and A be a small category.
Then, the following conditions on a functor F' : A — set are equivalent:

1. Lany, (F) preserves D-limits of representables;
2. Lany, (F) is D-continuous;

3. F is a D-filtered colimit of representables;

4. Elts(F)°P is D-filtered.

If, moreover, A is D-complete, these conditions are further equivalent
to:

5. F is D-continuous.
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Sketch of the Proof. ~ We just want to emphasise where the assumption
on the soundness of the doctrine D is needed.

1 < 2. This is precisely the notion of a sound doctrine, as in Defin-
ition 8.

3 = 2. Consider a D-filtered category J and a functor H : J —
A for which the colimit of the diagram Y4or.H : J — [A,set] is
precisely F. Provided that the functor evaly : [A°P, set] — set is
given by evaluation at an object A € A, we have:

Lany, (F) ~ LanyA(ct(])éi\rjnA(H(J),—))
~ cqlimLany, (A(H(J), ) (1)

~ li 1 2
colim eval (2)

(where (1) holds since the left Kan extension Lany,(—) is a left ad-
joint functor to —.Y4 and, therefore, preserves all existing colimits and
(2) follows from the fact that, for any object A € A, the left Kan ex-
tension Lany, (A(A, —)) of the representable functor A(A, —) along the
Yoneda embedding Y4 is evaly; so, in particular, for A = H(J), we
get Lany, (A(H(J),—)) ~ evaly(y). Knowing that such evaluation
functors evaly ;) preserve arbitrary limits since these are computed
pointwise in [A%, set], we get that Lany, (F') preserves all limits which
happen to commute with J-colimits, in particular, then, it preserves
D-limits.

1 = 4. Here the assumption on the soundness of the doctrine D
appears again. In order to show that the category Elts(F) is -
filtered, it suffices to prove that for any diagram S : D? — Elts(F')°P,
with D € D, its category of cocones is connected, using the notion of a
sound doctrine, as in Definition 9. For it, denoted by U : Elts(F) — A
the canonical forgetful functor, consider the composite Y4.U.5? : D —
[AP, set], we get:

12

. op . op
ll)lénDF.U.S j%lngLanyA(F).YA.U.S (1)

~ LanyA(F)génDYA.U.SOp (2)

l

(where (1) holds because, Y4 being fully faithful, the universal arrow for
the left Kan extension is an isomorphism, that is, F' ~ Lany, (F).Y4
and (2) follows from the assumption on Lany, (F') preserving D-limits
of representables). The limit in [A°, set] of the diagram Y4.U.S°P can
be thought of as a functor H := limpep Y4.U.S5P : AP — set, which
assigns to any object A € A the set of all cones A(A, limpep U.SP(D))
of U.S°? with domain A in A. Knowing that the left Kan extension
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Lany, (F), evaluated at H, can be expressed as a colimit of the diagram

YalH oA Foset, (Aa: A(—,A) — H) — FA

it can be proved that Lany, (F)(H) is, in fact, the colimit of the com-
posite

Elts(F)? 2 gor 2 set,(A,a)HII}H%A(A»U-SOp(D))
€

Then, the above-mentioned canonical isomorphism [ : Lany, (F')(H) —
limpep F.U.SP (as in (2)) is defined, for any object (A, a) € Elts(F),
by laa) : (fp + A — U.S?(D))pep — ((F'fp)a)pep. Note that,
provided the image of the functor S, for any D € D, is given by the pair
(Bp,bp), where bp € FBp, then the collection (bp)pep is an element
of limpep F.U.SP. Therefore, thanks to the isomorphism [, there exists
an object (A,a) € Elts(F) and a cone (fp : A — U.S?(D))pep such
that (F fp)a = bp, for any D € D, and we can connect any other cocone
of S in Elts(F) to it, via a zig-zag in the category of all cocones of S
by the description of colimits in set.

We omit the other implications, which are rather trivial, and refer
to [1] for a more detailed proof. |

Remark 13 A priori, as we have seen, there is no reason to define the
notion of a D-flat functor under the restricted hypothesis of a sound
doctrine, but it is indeed just in this case that the notion becomes in-
teresting for our purposes.

So, we assume for the sequel that the doctrine ID is sound.

1.2 DD-accessible categories

The D-ind completion

We recall the concept of a free completion Ind(.A) of a category A under
filtered colimits, introduced by Grothendieck (see [6]). The category
Ind(A) can be explicitly described as the category of all functors in
[A°P set] which are small, filtered colimits of representable functors.
To be precise, note that the treatment of the Ind completion is done
for any category A, regardless of its size. Nevertheless, in the present
work, we focus our attention on small categories and we consider the
free completion Ind(.A) only in the case of a small category A. In light
of Theorem 12, a functor F' : A’ — set is a small, filtered colimit of
representables if and only if it is FIN-flat, that is, if and only if Lany, (F')
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preserves finite limits. This can be generalised to an arbitrary sound
doctrine D in the following terms: for any small category A, we denote
by D-ind(A) the full subcategory of [A°P, set] consisting of all D-flat
functors (as in Definition 7). Moreover:

Lemma 14 The Yoneda embedding Y4 : A — [A° set] does restrict
to D-ind(A); we denote by na : A — D-ind(A) such a restriction, as
displayed in the following commutative diagram:

A YA [A°P, set]
n,; L /
N
D-ind(A)

Proof. We just need to show that, for any object A € A, the repres-
entable functor A(—, A) is D-flat, which amounts to proving, by The-
orem 12, that its left Kan extension along the Yoneda embedding pre-
serves [D-limits, as in the following diagram:

AP Yaor [A, set]
A(=.4) /4“0,, (A(=.4))
set

We know that this left Kan extension is simply eval 4, evaluation at A,
which preserves all existing limits, since these are computed pointwise

in [A, set]. |
By a free completion of A under D-filtered colimits we mean a full em-
bedding 14 : A — A for which:

e A has D-filtered colimits;

e for any functor F' : A — B into a category B with D-filtered
colimits, there exists a unique (up to isomorphism) functor F' :
A — B satisfying F ~ F.n4 and preserving D-filtered colimits.

Then, the following result holds:

Proposition 15 Let D be a sound doctrine. For any small category A,
na: A — D-ind(A) is a free completion of A under D-filtered colimits.

Proof. The free completion of A under D-filtered colimits is the clos-
ure in [A° set] of the representable functors under D-filtered colim-
its. Since, by Theorem 12, any D-flat functor is a D-filtered colimit of
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representables, it only remains to prove that D-flat functors are closed
in [A set] under D-filtered colimits. For it, consider a D-filtered
category J and a diagram H : J — [A,set| of D-flat functors,
we have Lany, (colimjc s H(J)) =~ colimjec s Lany, (H(J)), because of
the left Kan extension Lany,(—) being a left adjoint functor to —.Y4
and, therefore, preserving all existing colimits. Moreover, any func-
tor Lany, (H(J)) preserves ID-limits, H(J) being a D-flat, and, since
the category J is D-filtered, [J-colimits commute with [D-limits. We
can claim, then, that Lany,(colimjcs H(J)) preserves D-limits, that
is the functor colim e 7 H(J) is D-flat. Concerning the universal prop-
erty of the completion under D-filtered colimits, let ' : A — B be a
functor into a category B with D-filtered colimits, and define a functor
F : D-ind(A) — B, at any object G € D-ind(A), that is a canonical
ID-filtered colimit of representables, as in the diagram

1Al G —S= A" Daind(A), (A,a: A(— A) — Q) — A(—, A)

to be F(colimny.I'g) = colim F.T'g. To check that the functor F does
preserve D-filtered colimits, consider a [D-filtered category J and a dia-
gram S : J — D-ind(A) and compute its colimit (colim ez S(J),d; :
S(J) — colimje 7 S(J)) in D-ind(A). As object of D-ind(.A), it can
be expressed itself as the canonical D-filtered colimit of the diagram

FcolimJeJ S(J)

) na .
nal C?él}n S(J) A D-ind(A)

<A,a A= A) — c?élng(J)> — A(—, A)
Since the representable functors are absolutely presentable, taking the
full subcategory of 14 | colim je 7 S(J) consisting of those natural trans-
formations a : A(—, A) — colimjc 7 S(J) which factor through some
colimit injection d 7, we get a cofinal subcategory of 14 | colim jc 7 S(J).
Therefore, we have F(colim ez S(.J)) =~ colimyes F(S(J)), as desired.
Moreover, the functor F' clearly makes the triangle:

A—"% - D-ind(A)
B

commute, and, in fact, it is essentially unique with this property, since,
by definition, F' is entirely determined by its value on representables
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A(—, A), via its property of preserving D-filtered colimits. [ |

Recall that a category K is said to be finitely accessible if it has
filtered colimits and a small set A of finitely presentable objects (that
is, those objects A such that the corresponding representable functor
K(A,—) : K — set preserves filtered colimits) with the property that
every object of K is a filtered colimit of objects of A. Following the
suggestion of the finitely accessible case and extending this idea to the
case of an arbitrary sound doctrine D leads to:

Definition 16 Let D be a sound doctrine. To say that a locally small
category K is D-accessible is to say that it has D-filtered colimits and
admits a small set A of D-presentable objects such that any object of K
is a D-filtered colimit of objects of A.

In fact, we can characterise ID-accessible categories in terms of D-ind
completion:

Theorem 17 For a locally small category K, the following conditions
are equivalent:

1. K is D-accessible;
2. K is equivalent to D-ind(A), for a small category A;

3. K is a free completion of a small category A under D-filtered colim-
1ts.

Sketch of the Proof. 2 < 3. This equivalence has been proved in
Proposition 15.

1 = 3. We refer to [27] Proposition 5.62.

3 = 1. Once again by Proposition 5.62 in [27], we know that a
free completion K of a small category A under D-filtered colimits has
ID-filtered colimits itself and, moreover, there is a set A of ID-presentable
colimits whose closure in K under D-filtered colimits is K itself. Then,
it only remains to show that this closure can be formed in one step,
namely, that any object of K is a D-filtered colimit of objects of A. For
it, note that K ~ D-ind(A) and, by Theorem 12, any D-flat functor is
a D-filtered colimit of representable functors. [ |

The full subcategory of D-presentable objects

For any locally small category IC, we denote by Kp the full subcategory
of the D-presentable objects of K.
We recall that an object B of a category A is said to be a retract of
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A € A if there exist arrows a : B — A and b : A — B of A satisfying
b.a = 1B‘

Proposition 18 If K is a D-accessible category, then the following
properties hold:

1. Kp s dense in IC, that is, for any object K in K, the colimit of

. . r . .
the canonical diagram Kp | K —== Kp < K, which associates

with any pair (X,x), where the arrow x : X — K is in K and
X € Kp, its image X through the forgetful functor I'k, is precisely
K;

2. Kp is essentially small and consists of the retracts of objects of A
(as in Definition 16);

3. for any object K € K, the comma category Kp | K is D-filtered.

Sketch of the Proof. Condition 1. By definition of ID-accessible cat-
egory, any object K € K is a D-filtered colimit of objects of A, which
are, in particular, objects of Kp; namely, K ~ colimjc7 H(J), where
H:7J — Aand J is a D-filtered category. We wish to prove that the
colimit of the canonical diagram I' : Kp | K — Kp — K coincides
with K, that is colim(x z)exp c X = colimjey H(J) ~ K. In order to
do so, we just point out that, for any object (X,x) € Kp | K, we have
r e K(X,K) ~ K(X,colimjes H(J)) ~ colimye 7 K(X, H(J)), X being
a [D-presentable object of K. It is easy to show, then, that the canonical
comparison morphisms between the two colimits give an isomorphism,
as desired.

Condition 2. We want to show that any X € Kp is a retract of an
object of A. For it, we express X, which, in particular, is an object of
K as a D-filtered colimit of objects of A; namely X ~ colimjc 7 H(J),
where H : J — A and J is a D-filtered category. Since X is a ID-
presentable object of K, we have K(X,X) ~ (X, colimjes H(J)) ~
colimje 7 (X, H(J)). Therefore, the identity arrow 1x on X has to
factor through one of the colimit injection oj, for some J € J, as
follows:

X — X X ~colimH(J)
JeJg

£, &

H(J)
Namely, we get o;.f; = 1x, for some morphism f; : X — H(J) in
KC. Therefore, X can be regarded as a retract of the object H(J) € A.
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Moreover, since A is a small set, one can prove that, for any object
A € A, the collection of all its retracts is a small set. Therefore, Kp,
which is nothing but the collection of all retracts of objects of A, is an
essentially small category.

Condition 3. Consider an object K € K and the comma category
Kp | K. By Lemma 5, we can already claim that the category Kp is
a D°P-cocomplete. It is easy to prove, then, that the comma category
Kp | K is D°P-cocomplete itself. Therefore, the doctrine D being sound,
by Proposition 11 we can derive that Kp | K is D-filtered, provided it
is small. This is the case, since we know by Condition 2 that Kp is
essentially small and the category K is, by assumption, locally small. l

As a consequence of Lemma 5, we also know that, for any category K
having D°P-colimits, its full subcategory Kp is closed with respect to
D°P-colimits in K and, hence, is D°P-cocomplete. Stated otherwise, for
future purposes:

Remark 19 Let K be a D°P-cocomplete category. The category Kp°P
is D-complete.

We present here a crucial result which will be applied to any situation
concerning retracts:

Proposition 20 Consider two functors F,G : A — set, with A a
small category, and a diagram S : T — A, for some category I, such
that a colimit of S exists in A. If the functor F' preserves such a colimit
of S and G is a retract of F', then the functor G itself preserves the
colimit of S under consideration.

Proof.  Let the functor G be a retract of F, as in the diagram:

B

«

G F

where - a = 1g. Suppose the functor F preserves a colimit of the
diagram S : Z — A. We wish to show that G : A — set preserves
such a colimit. The condition on GG being a retract of F' can be expressed
in terms of a coequalizer diagram; explicitly, G is the coequalizer in
[A, set] of the pair (a.(, 1p), as displayed:

a.B
F B

G

1p

Therefore, G, being a coequalizer, is, in particular, a colimit of functors,
namely F', which preserve a colimit of the diagram S. Since colimits
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obviously commute with colimits, it follows immediately that G itself
does preserve such a colimit of S. |

Recall that a category C is Cauchy complete if all idempotents of
C split (see [10]). We can achieve Cauchy completeness for Kp as a
consequence of the previous Proposition 20:

Corollary 21 Let K be a locally small category with D-filtered colimits.
A retract of a D-presentable object is itself D-presentable.

Proof. Let A € K be a D-presentable object and consider B a retract
of A, as in the diagram:

B A

where b.a = 1. The object A being [D-presentable amounts to the
corresponding representable functor (A, —) : K — set preserving D-
filtered colimits. Moreover, the morphisms a and b provide the functor
K(B,—) as retract of K(A,—), since K(a,—).L(b,—) = K(b.a,—) =
lx(B,~), as in the following diagram:

]C(arf)

’C(Ba _) K(Av_)

K:(bvf)

Therefore, by Proposition 20, the representable functor (B, —) : K —
set is D-accessible too, that is, the object B is D-presentable in . W

As first consequence of the previous Corollary, the full subcategory
Kp of K consisting of all D-presentable objects is closed under retracts,
and, therefore:

Corollary 22 Let K be a locally small category with D-filtered colimits
and denote by Kp its full subcategory given by all D-presentable objects.
The category Kp, being closed under retracts, is Cauchy complete.

Proof. Lete: A — A be an idempotent on an object A of Kp, that
is, A is D-presentable of K and e.e = e. Consider the pair of arrows
(14,€) of Kp:

1a

A A

e

and take its coequalizer b : A — B in K. Since e is idempotent,
it factors through the coequalizer b, namely there exists a morphism
a: B — A in K such that a.b = e and, in fact, a satisfies the ex-
tra property b.a = 1p, b being an epimorphism. This is precisely the
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condition for an idempotent e to split in L. But since B is a retract
of a D-presentable object A, it is [D-presentable itself by Corollary 21.
Therefore, the idempotent e actually splits in Kp. Note that the split-
ting of an idempotent is a colimit (as well as a limit); moreover, it is
an absolute colimit, namely it is preserved by any functor. As a con-
sequence such a colimit commutes with any existing limit. Therefore,
in particular, ID-filtered colimits always contain as a special case the
splitting of idempotents. This is the reason why the only hypothesis of
having D-filtered colimits is required on the category K. [ |

Remark 23 Equivalently, in Corollary 22, we could have just asked for
the category K being Cauchy complete, in order to get the Cauchy com-
pletion of its full subcategory Kp. In fact, not even Cauchy completion
is required as an extra assumption, since for the category K having D-
filtered colimits directly implies being Cauchy complete, as we will point
out in Section 1.4.

1.3 Locally D-presentable categories

Keeping in mind the definition of a locally finitely presentable category,
that is a cocomplete, finitely accessible category, and moving to the case
of an arbitrary sound doctrine D, we are led to the following generalisa-
tion:

Definition 24 Let D be a sound doctrine. We say that a locally small
category K is locally ID-presentable if it is cocomplete and D-accessible.

It turns out that a D-accessible category is complete if and only if it is
cocomplete (see [1]). So, a locally D-presentable category is not only
cocomplete but also complete, and, in particular, D-complete.

For any essentially small and ID-complete category A, we denote by
D-cont[A, set] the full subcategory of the functor category [A, set] given
by D-continuous functors. By general reasons (see, for example, [27]),
the full inclusion

ia: D-cont]A, set] — [A, set]

has a left adjoint, which we denote by r 4. Namely, D-cont|A, set] is a
full reflective subcategory of A, set].

A characterisation for locally D-presentable categories can be fully
stated as in the next Theorem. We recall first from [29, 35] that a sketch
is a quadruple S = (A, L, C, o) consisting of a small category A, sets IL
and C of small diagrams in A and a map o assigning a cone to every
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diagram in I and a cocone to every diagram in C. Models of S are
functors in [A, set] mapping o(D) to a limit cone if D € L and to a
colimit cocone if D € C. We write Mod(S) for the full subcategory of
[A, set] given by all models. We say that a category is sketchable by S
if it is equivalent to Mod(S). Then, in terms of a D doctrine, we get
from [1] the following:

Definition 25 A sketch is called a D-sketch if every diagram in 1L has
scheme in' D (no restriction is made on the diagrams in C).

Theorem 26 Let D be a sound doctrine. For a locally small category
IC, the following condition are equivalent:

1. K is locally D-presentable;

2. K is a free completion of a small D°P-cocomplete category under
D-filtered colimits;

3. K is sketchable by a limit D-sketch;

4. K is equivalent to D-cont[A, set] for a small D-complete category
A.

Sketch of the Proof. 1 = 2. Given a locally D-presentable category
K, we know that I is a free completion of its full subcategory Kp,
consisting of D-presentable objects, under D-filtered colimits. The fact
that Kp is a DP-cocomplete category is an immediate consequence of
Lemma 5.

2 = 3. Let K be a free completion of a small D°P-cocomplete cate-
gory C under D-filtered colimits. Take the limit [D-sketch S on C°P given
by the set IL of all D-diagrams and the map o which assigns limit cones.
Then, we get £ ~ Mod(S).

3= 4. If £ ~ Mod(S), for a limit D-sketch S on A, define a fully
faithful functor £ : A — Mod(S)° by assigning to any object A € A
the representable functor A(A, —); denote by A the closure of its image
under D-limits. Then, we have Mod(S) ~ D-cont[A4, set)].

4 = 1. We know that, by definition, D-ind(A) = D-flat[A?, set]
and we also know that, while working with small [D-complete catego-
ries, the notions of D-flat functor and ID-continuous functor coincide, by
Theorem 12. Therefore, for any small D-complete category A, we have:

D-ind(A°?) = D-flat[A, set] ~ D-cont[A, set]

It only remains to remark, then, that D-ind(A°) is D-accessible, by
Theorem 17, and D-cont[A, set], being reflective in [A, set], is cocom-
plete. [ |
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Remark 27 The two main facts of Theorem 26 can be rephrased in the
following terms:

1. Let A be a small and D-complete category. Then, the category
D-cont[A, set] is locally D-presentable.

2. Let K be a locally D-presentable category. Then, K is equivalent
to
D-cont[Kp, set], where Kp — K is the full subcategory of K
consisting of its D-presentable objects.

Going back to our leading examples, we have:
Example 28

1. Let D be the doctrine FIN of finite limits categories. Then, locally
ID-presentable categories are precisely the locally finitely present-
able ones.

2. Let D be the doctrine FINPR of finite discrete categories. Then,
locally ID-presentable categories are multisorted finitary varieties
(see [5]).

3. Let D = () be the empty doctrine. Then, locally ID-presentable
categories are just presheaf categories.

The first important property of the inclusion ¢4 we want to mention is:

Lemma 29 Let A be an essentially small and D-complete category. The
full embedding i 4 : D-cont[A, set] — [A,set] does preserve D-filtered
colimits. In fact, i 4 reflects them too, being full and faithful.

Proof. For any D-filtered category J and for any functor H : J —
D-cont[A, set], consider the colimit of such a diagram in [A, set], say
it M = colimjes H(J) : A — set. We shall prove that M is a D-
continuous functor. For it, given D € D and a functor S : D — A we
obtain:

(Cyéi;nH(J))(}}g)S(D)) ~ (Cohm)( (J )(liI%S(D))) (1)
~ (C?élgl)(gglpﬂ( )(S(D))) (2)
~ (Cyélgl)(élg)) ()(S(D))  (3)
o~ (hm)( ohm) (N)(S(D)) (4)
o~ (hm) ohmH( )(S(D)) (5)
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(where (1) and (5) follow from the fact that colimits are computed point-
wise in [A,set], (2) holds because H(J) is alD-continuous functor, for
any J € J, (3) follows from the fact that limits as well are computed
pointwise in [A, set] and (4) is just the definition of D-filtered colimit).
Therefore, M € [D-cont[A, set|, or, stated otherwise, i4 preserves D-
filtered colimits. L

Another way of looking at this result it is as a consequence of The-
orem 26, which states that [D-cont|A, set] is a free completion of AP
under D-filtered colimits. In fact, we have just proved that:

Corollary 30 Let A be an essentially small and D-complete category.
In the category D-cont[A, set], D-filtered colimits are computed point-
wise.

Restricting Yoneda

Lemma 31 Let A be an essentially small and D-complete category.
Any representable functor A(A, —) is D-continuous; in other words, the
Yoneda embedding Y or : AP — [A,set] restricts to D-cont|A, set],
as displayed in the following commutative diagram:

YAop

AP [A, set]

Y qop L /
A Q 1A

D-cont[A, set]

Proof. We want to prove that for any object A € A the functor
A(A, —) is D-continuous, that is, it preserves all D-limits. This fol-
lows from the fact that the representable functor A(A,—) : A — set
preserves all (existing) limits, then, in particular, the D-ones. [ |

With abuse of notation, we denote the restricted Yoneda embedding also
by YAop .

Proposition 32 Let A be an essentially small and D-complete cate-
gory. The restricted Yoneda embedding Y qor : AP — D-cont[A, set]
transforms D-limits in A into DP-colimits.

Proof. For any D € D and any functor S : D — A, consider its
D-limit cone (limpep S(D); Ap : limpep S(D) — S(D)). We wish to
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show that applying Yoneda to this diagram produces a D°P-colimit cone
in D-cont[A, set], namely that:

(A(Jim S(D), ~); A\p, ) : A(S(D), =) — A(Jim S(D), )
is the D°P-colimit of the diagram Y 4o».S. This is obviously a cocone in
D-cont[A, set]. To show that it coincides with colimpepor A(S(D), —)
(which exists, [D-cont|A, set] being cocomplete), take any object E €
D-cont|A, set] and just use the Yoneda Lemma, once remarked that the
functor E is in fact D-continuous:

12

Nat(A(Jim S(D),-),E) = E(lim S(D)) (1)
)

~ lim E(S(D (2)
DeD
~ lim Nat(A(S(D),—),E) (3)

DeD
~ Nat(coli D),—),E
at(colim A(S(D), -), E)
(where (1) and (3) are just instances of the Yoneda Lemma and (2)
follows from E being a D-continuous functor). Since this is valid for

any F € D-cont|A, set], again from the Yoneda Lemma it follows that
A(limpep S(D), —) =~ colimpepor A(S(D), —), as desired. |

It might be more convenient to rephrase the previous Proposition in the
following terms: the Yoneda embedding Y or : AP — D-cont|A, set]
does preserve D°P-colimits. So, it is clear that Y or, being full and faith-
ful, reflects them too.

Remark 33 Note that if A is a Cauchy complete category, then the
previous Proposition is just a reformulation of Lemma 5. In fact, in
the previous Proposition we have shown that a D°P-colimit of repres-
entables is representable itself. Of course, in the case of a Cauchy com-
plete category, this coincides with a special instance of the statement “a
D°P-colimit of ID-presentables is D-presentable itself”, provided that the
D-presentables objects of D-cont[A,set] are retracts of representable
functors. (This will be proved in Proposition 38.)

1.4 ID-completeness and Cauchy completeness
Let £ be the category consisting of:
e a single object x;

e two morphisms: 1, and e, with the property e = e.e.
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For any category A and for any diagram F : £ — A admitting a
limit or a colimit, such a limit or such a colimit is absolute, namely it is
preserved by any functor, and it is a well-known fact that it leads, in both
cases, to the splitting of the idempotent F(e) in A. As a consequence,
such a limit commutes with any existing colimit, and, analogously such
a colimit commutes with any existing limit. Therefore, in terms of a
limit doctrine D, we can claim that D-filtered colimits always contain,
as a special instance, the splitting of idempotents. In other words, for a
category having [D-filtered colimits implies being Cauchy complete.

These simple facts have a useful impact on enlightening the interplay
between D-completeness and Cauchy completeness. For a given doctrine
D, we denote by DT the doctrine given by the union D U {£}. Since
E-limits are preserved by any functor and, therefore, commute with any
colimit, we get the following results:

Lemma 34 The following properties hold:

1. DY -completeness coincides with D-completeness plus Cauchy com-
pleteness;

DT -continuity coincides with D-continuity;
DT -filtered colimits coincide with D-filtered colimits;
D™ -presentable objects coincide with D-presentable objects;

DT -accessible categories are precisely D-accessible categories;

S St L e

locally DT -presentable categories are precisely locally D-presentable
categories.

It is a crucial point to realise that D-filtered colimit and DT -filtered
colimits are precisely the same. This means, in fact, that any proof
we have achieved relative to categories having [D-filtered colimits could
be reformulated in terms of categories having DT -filtered colimits. The
immediate advantage clearly is that of gaining Cauchy completeness.
Moreover, while replacing D by D™, the condition on the doctrine of
being sound is retained, since, for a given doctrine D, soundness is a
property which can be merely expressed in terms of D-filtered colimits:

Lemma 35 If the doctrine D is sound, then the doctrine DT is itself
sound.

The whole of these observations is illuminating while dealing with the
splitting of the idempotents, as in the next Chapter, for instance, and
categories which are at once D-complete and Cauchy complete.
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The duality theorem for a limit
doctrine

The duality Theorem concerning locally D-presentable cate-
gories is presented. This is the theorem that puts the defini-
tion of a locally D-presentable category in its natural context
by taking into account the notion of morphisms between such
categories. In other words, the functoriality of the process
of “D-ification” is analysed. Basic definitions concerning
generators of a category are recalled in order to present a
further characterisation of locally D-presentable categories,
this time in terms of strong generators. Applications of the
duality Theorem go in the direction of comparing different
doctrines. As an example of this kind of comparison, we
mention [37].

2.1 The duality Theorem

The 2-functor ¢

Let D be a sound doctrine, which we suppose fixed throughout the whole
section. We denote by D-LP the 2-category of locally D-presentable
categories, [D-accessible right adjoint functors and natural transforma-
tions. Whereas, we write D-Th for the 2-category of essentially small
D-complete and Cauchy complete categories, D-continuous functors and

natural transformations.

Our purpose is to build a biequivalence of 2-categories between ID-Th
and D-LP which will provide the natural generalisation of Gabriel-Ulmer
duality for locally finitely presentable categories, Adamek - Lawvere -
Rosicky duality for varieties and Morita duality for presheaf categories

29
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we were seeking.
We start by defining a 2-functor

e : D-TheP D-LP

which assigns, to every object A in D-Th, the category of D-continuous
set-valued functors [D-cont[A,set], which is locally D-presentable by
Remark 27 (Condition 1). On morphisms F' : A — B of D-Th, ¢ is
defined by composing with F', as shown in the following diagram:

D-cont[B, set] s (B, set]
e(F) —F Diagram 2.1
v
D-cont|A, set] ” [A, set]

where i 4 displays D-cont[A,set] as the full reflective subcategory of
[A, set] whose left adjoint is denoted by r4, and analogously for ig
(and rg - ig). Since F is a D-continuous functor, composing with F
on the right actually restricts to a functor (F') : D-cont[B,set] —
D-cont[A, set|, as desired. Moreover, if we consider the two Yoneda
embeddings Y4op : AP — [A,set] and Ypor : B? — [B, set], taking
the left Kan extension of Ypor.F'P along Y 0r (which always exists, the
category [B, set] being cocomplete) gives rise to a left adjoint functor to
—-F: [B,set] — [A,set], call it T' = Lany ,, (Ygor.F'P) : [A, set] —
[B, set] satisfying 7'+ — - F":

YAop

[A, set]

(B, se£]

Our present aim is to show that ¢(F') is, in fact, a morphism of the
2-category D-LP, namely a right adjoint, D-filtered colimit-preserving
functor.

The following is helpful to that end.
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Lemma 36 Consider the following diagram of categories and functors:

B

D

Suppose that j is full and faithful, g -1~ j5-h, r i and f 4 g. Then,
the composite r - f - j satisfies the condition r- f - j = h.

Proof. In order to establish the adjunction r- f-j - h, we have to show
that there is an isomorphism A(r - f - j(C), A) ~ C(C, h(A)) natural in
both the variables C € C and A € A:

A(r-f-3(C),A) = B(f-j(C),i(4) (1)
~ D(j(C),g-1(4) (2)
~ D(j(C),j-h(A)) (3)
~ C(C,h(A)) (4)

(where (1) holds by r -4, (2) holds by f - g, (3) follows from g-i ~ j-h
and (4) comes from j being fully faithful). Clearly all isomorphisms are
natural by definition of the adjunctions involved. Therefore, we have
proved that r - f - j is left adjoint to h, as desired. [ |

So, going back to the Diagram 2.1 and applying Lemma 36 to the
case of ¢(F) : D-cont[B,set] — D-cont[A,set] will provide a left
adjoint functor to e(F’), namely the composite rg.T.i 4, as displayed:

B

D-cont[B, set] : (B, set]
iB
e(F) T‘ ‘/ —F
v
D-cont|A, set] ” [A, set]

It only remains to prove that £(F') does preserve D-filtered colimits. In
order to do that, we remark that the functor —- F' : [B, set] — [A, set]
preserves all colimits (in particular, the D-filtered ones). This follows
immediately from the property that colimits in [B,set] are computed
pointwise (that is, in set). Namely, for any small category Z, given a
functor S : 7 — [B,set]| we get:

((colim S(1)) - F)(B) = coln(S(I)(F(B))) = (colim(S(7) - F))(B)
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for any object B € B, that is (colimez S(I))- F = colimsez(S(I)- F), as
required. From Lemma 29 we can derive that the composite (— - F').ip
preserves D-filtered colimits, but this is precisely the functor i4.c(F).
Moreover, again by Lemma 29, i 4 reflects D-filtered colimits, therefore,
the functor e(F) does preserve them and is indeed a morphism of D-LP.
This completes the definition of

e : D-ThP D-LP

on objects and morphisms. It is defined in the obvious (covariant) way
on 2-cells, namely for any natural transformationa : F — G : A — B
in D-Th, £(«) is defined to be the morphism

Ma: M.F— MG

of D-cont[A, set], for any M € D-cont[B,set|. It is an easy proof to
show that ¢ is a 2-functor.

The objects of D-cont|A, set]

We present some useful results concerning the objects of the category
D-cont[A, set], which we state here in their most general setting.

Proposition 37 Let A be a locally small and D-complete category. Any
representable functor is a D-presentable object of D-cont[A, set].

Proof. We have already shown in Lemma 31 that, for any A € A, the
corresponding representable functor A(A, —) is D-continuous and proved
in Lemma 29 that the category D-cont[A,set] has D-filtered colim-
its. We wish now to show that the representable functor Nat(M, —) :
D-cont[A, set] — set preserves D-filtered colimits, where M is pre-
cisely A(A,—). For it, take J a D-filtered category and a functor
H : J — D-cont[A, set]. Then, we get:

Nat (M, Cf])él}]ﬂ H(J)) = Nat(A(A,—), cL(])g;n H(J))

~ (C%ing(J))(A) (1)
~ colim(H(J)(4)) (2)
~ cgéi;nNat(A(A,—),H(J)) (3)

(where (1) and (3) are just instances of the Yoneda Lemma and (2) fol-
lows from the fact that D-filtered colimits are computed pointwise in
D-cont[A, set], by Corollary 30). That is, Nat(M, —) is a D-accessible
functor, as desired. [ |
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Notice that not only any representable object in D-cont[A, set] is D-
presentable, but also every D-presentable object in D-cont[A, set] is a
retract of a representable one, as we show in the following:

Proposition 38 Let A be a locally small and D-complete category. The
D-presentable objects of D-cont[A, set] are precisely the retracts of the
representable functors.

Proof.  One implication follows directly from Proposition 37 and Corol-
lary 21. Conversely, let N € D-cont[A, set] be a D-presentable object.
By Theorem 26, the category D-cont[A, set] is a free completion of 4P
under D-filtered colimits, so, as a D-continuous functor, N can be ex-
pressed as the colimit of a D-filtered diagram Y or.H : J — [A, set],
where H : J — A% and J is a D-filtered category; namely N ~
colim ey Yaor.H(J) = colimje s A(H(J),—). Since, by hypothesis the
functor Nat (N, —) preserves D-filtered colimits, we have Nat(N, N) ~
Nat(N, colimje 7 A(H(J), —)) =~ colimjc 7 Nat(N, A(H(J),—)). Then,
the identity natural transformation 15 on N has to factor through one
of the colimit injection o, for some J € J, as follows:

N — NN~ colim A(H(J), —)

JeJ
A(H(J),-)

Namely, we get o7.7; = 1y, for some morphism v; : N — A(H(J), —)
in D-cont|A, set]. Therefore, N is a retract of the representable functor

A(H(J),—) € D-cont|A, set]. |

We also point out here two important properties of these special arrows
between categories of D-continuous set-valued functors that are morph-
isms of D-LP.

Corollary 39 Let K be a locally small category with D-filtered colimits.
Let F,G : K — set be two functors. If F' is D-accessible and G is a
retract of F, then G is itself ID-accessible.

Proof. It is a simple consequence of Proposition 20, while choosing as
diagrams S functors defined on D-filtered categories. [ |

Proposition 40 Let K and K' be locally small categories with D-filtered
colimits, and let R : K — K, and L : K' — K be two functors such
that L 4 R. If R is D-accessible, then L preserves D-presentable objects.
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Proof. Let M € K’ be a ID-presentable object. To prove that
K(L(M),—) : K — set preserves D-filtered colimits, consider a -
filtered category J and a functor H : J — K. We get:

K(L(M), c?é%nH(J)) ~ K'(M, R(cohmH( ) (1)
~ K'(M (cohmR H(J))) (2)
~ cohmlC’(M R.H(J)) (3)
(4)

~ ngllc(( ), H(J)

(where (1) and (4) hold by L 4 R, (2) follows from R being D-accessible
and (3) comes from M being D-presentable). That is, L(M) is a D-
presentable object of IC, as desired. [ |

Corollary 41 Let K be a locally D-presentable category and let i :
K' — K be a full reflective subcategory of K. If i is D-accessible,
then K' is locally D-presentable.

Proof.  To prove that K’ is a locally D-presentable category we need
to show that it is cocomplete and that there exists a small set A’ of ID-
presentable objects of K" such that any object of K’ is a ID-filtered colimit
of objects of A’. Obviously, K’ is cocomplete (and complete) being a
full reflective subcategory of I cocomplete (and complete). Since i is
D-accessible, then the reflection r : K — K, that is, its left adjoint
functor, preserves D-presentable objects, by Proposition 40. So, denoted
by A the small set of D-presentable objects of K such that any object
of I can be regarded as a ID-filtered colimit of those of A, we can define
A’ as the set of all {rA|A € A}. It only remains to prove that any
object K’ € K" is a D-filtered colimit of objects of A’. For it, consider
its image iK' € K through i. As an object of K, it can be expressed
as D-filtered colimit of objects of A, namely iK' = colimjc 7 A, where
J is a D-filtered category and the diagram, which we take the colimit
of, associates with any J € J an object A; € A. Since the counit for
the adjunction r -4 is an isomorphism at any component, ¢ being fully
faithful, we can establish a chain of isomorphism as follows:

K' ~riK' = r(colim Ay) ~ colimrA
JeJg JeJg
where the last one holds because r, being a left adjoint functor, preserves

all existing colimits. That is, K’ can be written as a [D-filtered colimit
of objects of A’. This ends the proof of K’ € D-LP. [ |
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The 2-functor ¢ is a biequivalence

So, we are finally able to state one of the two main theorems of this
chapter. This result can be found in [18]. We follow the lines of the
remarkable exposition of Gabriel-Ulmer duality given in [3].

Theorem 42 The 2-functor
¢:D-Th? ——D-LP
s a biequivalence of 2-categories.

Proof. We need to prove that the 2-functor ¢, defined at Section 2.1, is
(a) surjective on objects up to equivalence and (b) locally an equivalence
of categories. We divide then the proof into two steps.

(a) Let K be a locally D-presentable category and consider its full subcat-
egory Kp of D-presentable objects. By Proposition 18 and Remark 19,
the category KpP is essentially small and D-complete, so we can apply
Remark 27 (Condition 2) and get:

K ~ D-cont[Kp?, set]

It only remains to check, then, that Kp° is Cauchy complete: but this
is the dual of Corollary 22. Therefore, Kp° is an object of D-Th.
Therefore, we have shown that such a K is equivalent to the category
e(Kp°P), as desired.

(b) For each pair of objects A, B in D-Th the functor

eas : D-Th(A, B)

D-LP(e(B),c(A))

is an equivalence of categories.

(bl) eap is faithful. For it, let o, : F — G : A — B be
natural transformations such that 4 g(a) = €4 5(3) in D-LP, that is,
—wa=—-0:—-+-F — —-G. For each object A € A, we have
to show a4 = (4. This follows from the fact that the component of
—aat M = B(FA,—) is M.a : B(FA,F—-) — B(FA,G—) and
ayg = (M.a)a(1p4); analogously for 8. Thus, the equality M.ao = M.,
for every M € D-cont|B, set], implies in particular ay4 = (4, as desired.

(b2) €4 is full. That is, provided F,G : A — B in D-Th, then,
every natural transformation 7 : (') — ¢(G), namely every collection
of natural transformations 7y : M.F' — M.G, for M € D-cont[B, set],
which is also natural in the variable M, is of the form 7 = — - «, for
some 2-cell @« : FF — G in D-Th. To prove this, we already know
that, for any object A € A, the functor M = B(F A, —) is D-continuous,
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and hence we can consider 7g(pa,—) : B(FA, F—) — B(FA,G—) and
define aq = (73(pa,—y)a(lFa) : FA — GA. We have to show that a
is natural in A. For it, remark first that, for any f: A — B in A, by
naturality of 75p4 —) Wwe obtain:

(T8(PA,—)) g(Ff) = Gf.aa (2.1)

Now, given such a f : A — B in A, the corresponding Yoneda trans-
formation — - F'f = B(Ff,—) : B(FB,—) — B(FA,—) is a map of
D-cont[B, set] and, since 7ps is natural in M € D-cont|[B, set], we get:

B(Ff,G—).78(rB,—) = TB(Fra,—)-B(Ff, F—) (2.2)

Evaluating equation 2.2 at B and applying it to 1pp gives:

aB.Ff = (TB(FA,f))B(Ff) = Gf.aA

(where the last equality holds by using equation 2.1), that is, the trans-
formation o : F© — (G is natural. It only remains to verify that
the equality 7 = — - & holds in D-Th, that is, 7y = M.« for every
M € D-cont[B, set]; even more explicitly, that is, for any object A € A,
(Tar) 4 = M.aq holds in set . For it, any element x of MFA corres-
ponds via the Yoneda Lemma to a unique map & : B(FA,—) — M in
D-cont[B, set] satisfying £pa(lpa) = x. From the naturality of 75 in
M, we derive Tp;. 2. F = Z.G.T5(p a,—), which we can evaluate at A and
apply to 1p4 to obtain (7as) 4(z) = Zga(aa). Now, using further the
naturality of  (relative to the arrow ay : FA — GA of B) we derive
Tgalaa) = M.ay(x), and therefore, by gluing together the last two
equalities, we get (7ar) 4(2) = M.aa(z) for all z € MFA, as desired.

(b3) €4, is essentially surjective on objects, that is, any morphism
R : ¢(B) — €(A) in D-LP is naturally isomorphic to — - F, for some
morphism F : A — B in D-Th. For it, consider such a morphism
R in D-LP, together with its left adjoint L and the restricted Yoneda
embeddings, as in the following diagram:

Yiop

BoP D-cont[B, set]
A

L LHR

AP Voo D-cont[A, set]

We claim that L restricts to a functor A°? — B°P, which means that,
for any DD-continuous representable functor M = A(A,—), its image
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L(M) through L is a representable functor. This restriction will provide
the expected functor F', which we prove to be indeed a morphism of
D-Th.

Consider an object A in A. By Proposition 37 A(A, —) is a D-presentable
object, then by Proposition 40 L(A(A, —)) is D-presentable. Hence, it
follows from Proposition 38 that L(A(A,—)) is a retract of a repres-
entable functor. Since B is a Cauchy complete category, L(A(A,—))
is itself representable. Therefore, for any A € A, we can choose an
object B := FA in B such that B(B,—) ~ L(A(A,—)). Let us fix a
natural isomorphism 14 : L(A(A,—)) — B(FA,—), for any A € A.
For a morphism f: A — A’ in A, the Yoneda Lemma guarantees that
there exists a unique map Ff : FA — FA’  for which the natural
transformation

Ia.L(A(f, =)).13 : BIFA', =) — B(FA, -)

is given by composite with F'f. It is easy to verify that this assignment
defines a functor F' : A — B, which we will show to be ID-continuous.
Since L is a left adjoint functor and, by Proposition 32, Y 4or preserves
DP-colimits, the composite L.Y gop preserves D°P-colimits, but this com-
posite is isomorphic (via l4) to Ygop.F'°P. Thus, Ygop.F°P preserves [DP-
colimits and, by Proposition 32 again, Ygor reflects them. So, F°P also
preserves them: that is, F' preserves ID-limits.
Finally, it only remains to prove that the functor
e(F) : D-cont[B,set] — D-cont[A,set] is isomorphic to R. Since
L 4 R, it is sufficient to prove that ¢(F) is right adjoint to L, namely
that there is an isomorphism Nat(L(M), G) ~ Nat(M, G- F') natural in
both the variables M € D-cont[A,set] and G € D-cont[B, set]. First,
remark that for a representable functor M = A(A, —), where A € A,
this is just the Yoneda Lemma:
Nat(A(A,-),G.F) G.F(A) (1)
Nat(B(FA,—-),G) (2)
Nat<L(A(A7 _))7 G) (3)

1R R

(where (1) and (2) are just instances of the Yoneda Lemma and (3)
is the isomorphism [4). Then, for an arbitrary D-continuous functor,
we just use this fact together with Lemma 5 (or, equivalently, that
D-cont[A, set] is a free completion of A% under D-filtered colimits).
Explicitly, if we write M € D-cont|A,set| as a D-filtered colimit of
representable functors, namely M = colimjc 7 A(H(J),—), where J is
a D-filtered category and H is the appropriate diagram Y op.H : J —
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[A, set], we get the following chain of natural isomorphisms:

Nat(c?g}nA(H(J),—),G.F) ~ }En}Nat(A(H(J

,—),G.F)

)
limNat(L(.A(H(J),—)),G) (1)
~ Nat(coth( H(J),—)),G)

(H (
~ Nat(L (CohmA(H(J),—)),G) (2)

(where (1) is just the previous case and (2) follows from L being left
adjoint). The proof of the Theorem is now complete. [ |

Example 43

1. If we take as ID the doctrine of finite limits, then Theorem 42 is

exactly Gabriel-Ulmer duality. This celebrated duality asserts that
there is a contravariant biequivalence Lex?? — LFP, where Lex
is the 2-category of small finitely complete categories, finite limit
preserving functors and natural transformations, and LFP is the
2-categories of locally finitely presentable categories, finitary right
adjoint functors and natural transformations (see [23]).

. If we take as D the doctrine of finite products, then Theorem 42 is

exactly Adamek-Lawvere-Rosicky duality between algebraic theor-
ies and multisorted finitary varieties. The established contravari-
ant biequivalence is Th? — VAR, where Th is the 2-category
of small Cauchy complete categories with finite products, finite
product preserving functors and natural transformations, and
VAR is the 2-category of multisorted finitary varieties, algebraic-
ally exact functors and natural transformations (see [2]).

. If we take as D the empty doctrine, we have a duality between

the 2-category of small Cauchy complete categories, functors and
natural transformations, and the 2-category of categories of the
form [A, set], for A small, cocontinuous right adjoint functors and
natural transformations. This duality refines the well-known fact
that two small categories A and B are Morita equivalent, that is,
the corresponding categories of set-valued functors are equivalent,
namely [A, set] ~ [B, set], if and only if they are Cauchy equival-
ent, that is, they have equivalent Cauchy completions. We recall
that a Cauchy completion of a small category A is given by the
full subcategory of the presheaf category [A,set| of retracts of
representable functors, see [10].
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2.2 Some applications

Comparing sound doctrines

As an application of the duality Theorem 42, we can think of comparing
different sound doctrines. More precisely, the idea is to answer to such a
question as “under which conditions is it possible that a locally finitely
presentable category is a (multisorted finitary) variety?” or “when can a
variety be thought of as a presheaf category?”. Some work has already
been done toward this direction. In [37, 38|, Pedicchio and Wood study
the case of when locally finitely presentable categories are varieties. In
fact, the converse statement is always true: as we know, a (multisorted
finitary) variety K is always of the form Finprod[A°’, set], for a small
Cauchy complete category A with finite coproducts, just by taking as
A the full subcategory determined by the strongly finitely presentable
objects of K (that is, those objects K € K such that the corresponding
representable functor K(K,—) : K — set preserves sifted colimits).
Moreover, we can regard it as the category Lex[B, set| of set-valued
functors which preserve all finite limits, where B is the full subcategory
given by all finitely presentable objects of I and B is closed in K under
finite colimits. Therefore, I is a locally finitely presentable category.
Pedicchio and Wood establish the following precise comparison between
the 2-category VAR of varieties and the 2-category LFP of locally fi-
nitely presentable categories:

Proposition 44
1. The (not full) inclusion of VAR into LFP has a left biadjoint;

2. A small category with finite limits C is such that Lex|C,set| is
equivalent to a variety if and only if every object of C is a regular
subobject of an effective injective.

We recall that an object C € C is effective injective if the corresponding
representable functor C(—,C) : C°? — set preserves coequalizers of
reflexive graphs. Explicitly, if

E~>X—VY
g

is an equalizer in C of a reflexive graph (f,g), that is, there exists an
arrow 7 : Y — X in C satisfying r.f = 1x = r.g, then,

) Cle,—)

ClY,—) ——=(C(X,-)
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is a coequalizer in set.

We wish to present here the general setting needed to compare sound
doctrines. Consider two sound doctrines D7 and Dy such that D < 5.
Clearly, there is a (not full) inclusion i : Dy-Th — D;-Th, which is
just the way of looking at small Cauchy complete categories with Do-
limits as categories which, in particular, have [D;-limits. It is natural,
then, to ask if there is a way to associate with any IDi-theory a IDo-
theory and by looking for an answer to this question we are led to the
study of F-conservative C-completions, for any F and C sets of small
categories (for this matter see [40], where they work in the dual situation
of a cocompletion). In details, a free F-conservative C-completion of a
category A is a full embedding &4 : A — A for which:

e A is a C-complete category;
e ¢, preserves existing F-limits;

e for any F-continuous functor F' : A — B into a C-complete
category B, there exists a unique (up to isomorphism) functor
F: A — B satistying F' ~ F.£ 4 and being C-continuous.

As an example we can mention, once again, locally finitely presentable
categories: they are precisely the (finite-colimits)-conservative (filtered-
colimit)-cocompletion of small finitely cocomplete categories.

In [40] they investigate the size of these kinds of completions and they
can prove the following result:

Proposition 45 FEvery category A has a free F-conservative C-comple-
tion. It is a locally small category if A is F-locally small.

We recall that a category A is F-locally small provided it is locally small
and, for any object A € A, there is only a small set of morphisms in A
from a nonabsolute F-limit to A. (Explicitly: an absolute F-limit is a
limit of a diagram H : F — A, where F € F, which is preserved by
any functor; all other limit cones are said to be nonabsolute F-limit.)
Let us dwell up on these notion for a moment, although they are a bit
marginal to our context. We underline that not only local smallness of
the category, in general, does not suffice to imply local smallness of its
F-conservative C-completion, as expressed in the previous Proposition,
but not even smallness is enough. Namely, starting with a small category
A its F-conservative C-completion A need not to be small, in general.
It is interesting to point out, though, that under the further assumption
on C being a small set, then, this is the case, that is:
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Remark 46 Let A be a small category and C be a small set (of small
categories), then the F-conservative C-completion A of A is a small
category.

Therefore, concerning our setting, where we deal with objects of D-Th,
that is, (essentially) small categories, we can claim that there always ex-
ists a way of associating with a D;-theory A a small Dy-complete cate-
gory A, just by taking a ID;-conservative Ds-completion of A. Moreover,
one could prove that the Cauchy completion of a Dy-complete category
is itself Do-complete. This means, in particular, that by taking the
Cauchy completion of the category A, we get a category belonging to
D9-Th. We need, in fact, a little bit more.

Moving back to the case of sound doctrines, we consider the doctrines
DY and D] obtained from Dy and D by joining the category &, consist-
ing of a single object * and two morphisms 1, and e such that e.e = e,
as in Section 1.4. In light of Lemma 34, a [D;-theory is a D;-complete
and Cauchy complete small category, namely it is a ]D)f—complete small
category. Therefore, Proposition 45 applied to the doctrines ]D);r and
D3 guarantees us that every A € D;-Th has a Dj-conservative D -
completion, that is, there exist a category A € Dy-Th and a ID;-Th
morphism ¢4 : A — A, such that A is universal with respect to D;—
complete categories and ID;-continuous functors. More explicitly, for
any [D-continuous functor F' : A — B into a De-complete and Cauchy
complete category B, there exists a unique (up to isomorphism) Do-
continuous functor F' making the triangle:

commute. Thanks to this completion, we get:

Proposition 47 The inclusion i : Do-Th — ID1-Th has a left biad-

joint (=) : D1-Th — D9-Th, which associates with any D1-theory A
its D1 -conservative Dy -completion A.
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Proof.  The left biadjoint (—) is defined on morphisms by the universal
property of the completion, as in the diagram:

A 7
F Val

v

B—— B

where the composite {g.F is D1-continuous, by hypothesis. As unit n for
the adjunction @ - i, we can take at each component {4 : A — A,
which is Dj-continuous, by definition. In this way, it follows directly
that n is natural, by how the functor @ has been defined, and 7 is
universal, by the universal property of the completion. Therefore, we

have establish the desired adjunction (—) - i. |

Remark 48 For any B € D2-Th, note that, in general, B # B, simply

because the counit for (—) -4 is not, in general, an isomorphism (i not
being a full inclusion).

Thanks to the duality Theorem 42, which states precisely that there
is a biequivalence D-LP ~ (ID-Th)°, we can define the corresponding
2-functor j : Dy-LP — D;-LP on objects by j(D2-cont[A,set]) =
D;-cont[A, set]: but this is obviously not an inclusion. Moreover, (—)
gives rise to a right biadjoint to j, as displayed in the following diagram:

(Dy-Th)o (D1-Th)°P

—
s |||
—

12
1

Do-LP~ T
J

D;-LP

Callit 7* : D;-LP — DD9-LP; it is defined on objects D;-cont[A4, set]| €

D;-LP as j*(ID1-cont|A, set]) = Dy-cont|[A, set]; it is such that j - j*.

Proposition 49 The 2-functor j* : D;-LP — Dy-LP is an “inclu-
sion”, in the sense that 7*(K) ~ IC, for any K € D;-LP.

Proof.  As we know, any locally [D;-presentable category K is of the
form Di-cont[A, set], for some A € D;-Th; consider the ID;-conserva-
tive Do-completion A of A, which is nothing but the image by (—) of A.
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Then, by definition, j*(ID;-cont[A4, set]) = Da-cont[A, set]. We wish
to establish that there is, in fact, an equivalence of categories between

Dy-cont[A, set] and D;-cont[A,set]. For it, we can define a map ¢ :

Dy-cont|A, set] — Di-cont|A, set] on objects F' € Dy-cont|A, set]
by composing with the embedding £ 4, so that F' is sent to F.£ 4. Note
that the composite F.£ 4 is, in fact, a D;-continuous functor, since £ 4 is
so and the doctrine [D; embeds into Dy. On the other hand, the morph-
ism 1) : Di-cont[A, set] — Dy-cont[A, set] can be defined on objects
G € Di-cont|A, set] by taking its unique (up to isomorphism) exten-
sion into a Do-continuous functor G. It is an easy exercise to prove that
¢ (G) ~ G, by definition of the Dy-completion, and 1.¢(F) ~ F, by
the uniqueness (up to isomorphism) of this completion. This ends the
proof of ¢ : Dy-cont[A, set] — Dj-cont|A, set] being an equivalence
of categories. [ |

In other words, what we have just shown can be stated as follows:

Proposition 50 A category B € Do-Th is such that Da-cont[B, set] €
D1-LP if and only if B is of the form A, for some category A € D1-Th.

Proof. Consider a category B € Dy-Th of the form A, for some A €
[D1-Th. Then, by Proposition 49 we clearly have:

Dy-cont[B, set] = Dy-cont[4, set] ~ D-cont[A, set] € D;-LP

Conversely, if B € Dy-Th is such that De-cont[B, set] ~ D;-cont|C, set],
for some category C € D;-Th, then again by Proposition 49 we get:

Dy-cont (B, set] ~ D;-cont|C, set] ~ Dy-cont[C, set]

From the duality Theorem 42, it follows that B ~ C. [ |

The case studied in [37, 38] corresponds to choosing as D; the doc-
trine of finite products and as Dy the doctrine of finite limits. The com-
pletion is, then, the completion under equalizers of coreflexive graphs
and the interesting result of [37] is the characterization of those finitely
complete categories which are completions (under equalizers of coreflex-
ive graphs) of categories with finite products, as presented in Proposi-
tion 44.

The other relevant example, then, will be when D; is the empty doc-
trine and Dy is the doctrine of finite products, so that D1-LP is the
2-category PS of presheaf categories and Do-LP is the 2-category VAR
of varieties.

In order to approach this study we need to provide some context. Of
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course, limit completions are usually studied via the corresponding co-
limit completions. So, rather than study a free finite product comple-
tion ] f A of a small category A, we will study its free finite coproduct
completion, usually denoted by Fam;.A. They are clearly linked, then,
by [[; = (Famg(—))?. We recall Famy.A, the category of finite
families of objects of A, has for objects the pairs (I, f), where I a fi-
nite set and f : I — A is a functor, and for morphisms the pairs
(a,a) : (I, f) — (J,g), where a : I — J is a functor and o : f — g.a
is a natural transformation. It is well-know that 14 : A — FamyA is
a free completion of A under finite coproducts.

In order to simplify the reading of the following proofs, we also recall
explicitly how finite coproducts are computed in Fam.A. Given a finite
family ((I;, fj));jes of objects of FamyA, its coproduct in FamyA is
given by the pair (HjeJ I, (f;)jer), where HjeJ I; is nothing but the
disjoint union of the finite sets I; and (f;);e is the functor [ [, I; —
A defined by (f;)jes(x) := f;j(x), for the unique j € J such that z € I;.
Moreover, the coproduct injections (e;,1) : (I, fj)— (e L5, (fi)jer)
are clearly given by the embedding e; : [; — [] jes 1 and the identity
natural transformation 1 : f; — (fj);es.€;, which at each component
x € [[;c; I is the identity 1y ;) : fj(z) — fj(z) in A.

Proposition 51 Let A be an (essentially) small and Cauchy complete
category, then Fam;A is small and Cauchy complete.

Proof.  The category Famy.A is small. For it, for a given finite set I,
there are (ObA)! of such functors f : I — A and, of course, (ObA)!
is small, A being small. So, the objects of Fam;A are in bijection
with [[;(ObA)!, for I varying in the category of finite sets, which is
(essentially) small.

Consider now an idempotent (a,«) : (I, f) — (I, f) in FamfA. The
condition (a,a).(a,a) = (a,«) is equivalent to:

{ a.a=a ,that is, a is an idempotent in set (2.3)

Qg (i)-Q = Q4 Viel

The idempotent a splits in set and its splitting is given by the equalizer
of the pair of arrows a and 17 in set, as follows:

J = I————=>1
S 1;
I

Therefore, we get J = {j € Ila(j) = j} and, in fact, the two equalities
¢.b = a and b.c = 1; (¢ being a monomorphism) hold. Now, if we
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consider just the elements j € J, the second equation in 2.3 precisely
says that «; : f(j) — f(j) is an idempotent in A, and, then, it splits,
since A is Cauchy complete. Let us consider its splitting:

@

) pu—— )]

v 0)
tj . o

fG)

where s;.t; = a; and tj.s; = lx;. Hence, we can define a functor
g :J — A by the assignment j — X; and in this way we get an object
(J,g) of Fam;A and, moreover, two arrows (b,3) : (I, f) — (J,9)
and (¢,7) : (J,9) — (I, f) in Fam;A. The first one is given by the
functor b : I — J defined, for any i € I, as b(i) = a(i) and the natural
transformation 8 : f — g¢.b, whose component at ¢ € [ is given by
the composite 3; = t,4).c; : f(i) — X,). Whereas, the second is
determined by the functor ¢ : J — I defined, for any j € J, as ¢(j) = j
and the natural transformation v : ¢ — f.c whose component at j € J
is simply 7; = s;. It only remains to check that (c,v).(b, ) = (a, ) and
(b,8).(¢,7) = 1(s,4); namely, that:

S5

X;

e cb =a and, for any i € I, y)-0i = a; (using sq(;)-ta(i) = Qa(i)
and the second equation in 2.3);

e b.c=1x, and, for any j € J, B,;).7; = Lx; (which follows by the
fact that a;.s; = s;, t; being an epimorphism).

Therefore, we have just shown that (a,«) splits in Fam¢.A through the
object (J, g), that is, FamA is Cauchy complete. [ |

Definition 52 Let B be a category with finite coproducts. An object
B € B is finitely connected if the corresponding representable functor
B(B,—) : B — set preserves finite coproducts.

For the notion of connectedness, we refer to [13].

Given a small category B with finite coproducts, we can always consider
its full subcategory A given by finitely connected objects. By studying
the Cauchy completeness of A, we are led to analyse retracts of finite
colimit-preserving functors and state the following Proposition, which is
a slightly more general version of Corollary 39:

Corollary 53 Consider two functors F,G : B — set, with B a small
category with finite colimits. If F preserves finite colimits and G is a
retract of F', then G preserves finite colimits.
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Proof. It follows as a consequence of Proposition 20, while choosing
as diagrams S functors defined on finite categories. [ |

As a consequence of Corollary 53, we can establish the following fact:

Proposition 54 Let B be a (essentially) small category with finite cop-
roducts and Cauchy complete, then the full subcategory A of finitely con-
nected objects of B is Cauchy complete.

Proof. Lete: A — A bean idempotent on an object A of A, that is,
A is finitely connected and e.e = e. Since B is Cauchy complete, e re-
garded, in particular, as an idempotent on an object of B, splits through
an object X € B and two arrows s : X — Aandt: A — X, satisfying
s.t =e and t.s = 1x. In particular, X can be thought of as a retract of
A, which is a finitely connected object of B, namely the corresponding
representable functor B(A, —) preserves finite coproducts. Therefore, it
follows from Corollary 53 that B(X, —) does so, that is, X is a finitely
connected object of B. This proves that the idempotent e factors in
fact through some finitely connected object X; stated otherwise, idem-
potents in A split and, therefore, A is Cauchy complete. [ |

The reason why we have treated the notion of finitely connected ob-
ject in this work is made clear at this point: we can, in fact, describe
internally categories of the form Fam -completion of some other cate-
gory in terms of their finitely connected objects. We acknowledge that
the following result is simply the finitary version of Proposition 6.1.5 in
[13]:

Proposition 55 A small category B with finite coproducts is of the form
Fam A if and only if any object is a finite coproduct of finitely connected
objects. When this is the case, one can choose as A the full subcategory
of finitely connected objects of B.

Proof.  Suppose that B ~ Fam¢A, for a small category A. An object
of B is, then, a pair (I, f), where f : I — A is the functor which as-
sociates with any 7 the object X; of A. Recall that 4 : A — Fam;A
is the discrete functor assigning to any X; the pair ({*}, X;): here we
identify the object X; with the constant functor X; : {*} — A, from the
singleton object to A, defined by {*} +— X;. By how finite coproducts
are computed in FamyA, one can easily check that (I, f) ~ [[;c; n4X;.
It remains to prove that, for any X € A, ns4X is a finitely connec-
ted object of Famy.A, that is, the corresponding representable func-
tor Hom(nsX,—) : Fam;A — set preserves finite coproducts. For
it, consider a finite set J and, for any j € J, an object (I, f;) of
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Fam;A; take then the finite coproduct [[;c ;(Z;, f;) of all these. As re-
called above, this is precisely given by the pair ([];c; 1;, (f;)jes), where
[1;c; 1; is the disjoint union in set of all I; and (f;);es is the functor
defined on = € [[ ;¢ ; Ij as fj(z), for the unique j" € J such that = € I;.
Giving an arrow (a, @) : naX — [[;c; (L}, f;) in Famy.A is the same as
giving a functor a : {*} — HjeJ I;, that is, picking out some x € I,
and a natural transformation o : X — (fj)jes.a, that is, just an arrow
X — fy(x) of A, call it still . Therefore, (a, ) is, in particular, a
morphism ({*}, X) = n4X — (I, fj») of Fam¢A, that is, an element
of the disjoint union [[;. ; Hom(naX, (I}, f;)), as desired.

Conversely, consider a small category B with finite coproducts and such
that any object B € B is a finite coproduct [ [, ; X; of finitely connected
objects X; € B. Let A be the full subcategory given by the connected
objects of B. By the universal property of the Fam s-completion applied
to the inclusion ¢ : A — B, there exists a unique (up to isomorph-
ism) functor 7 : Fam;A4 — B, which preserves finite coproducts and
satisfies 7.n4 = ¢. It is defined on objects (I, f) of Famjs.A, where
f: I — Ais a functor and any f(i) is a finitely connected object of
B, as i({, f) = [1;c; f(i) and on morphisms (a,a) : (I, f) — (J,g) of
Fam¢A as the unique arrow [o;];cr given by the universal property of
the coproduct, making the following diagram:

16— 1T90)

i€l jeJ

” T Ttga(l)

f@@) o g(a())

commute, where o; and d,(;) are the corresponding coproduct injections
in A. Explicitly, [o;]ier is the unique morphism satisfying [o;]icr.0; =
da(i)-ci, for any @ € I. We wish to show that 7 : FamyA — B is an
equivalence of categories, namely, 7 is full and faithful and essentially
surjective on objects, that is, any object B of B is isomorphic to ([, f),
for some (I, f) € FamyA.

7 is faithful. For it, consider two morphisms (a, ), (b,3) : (I,f) —
(J,g) in FamyA such that i(a,a) = 7(b,3). From [oylicr = [Bilier
we obtain, for any i € I, a unique arrow &,(;).; = dp(i)-0i : f(i) —
[1;cs9(j) of B; call it ¢. Since f(i) is finitely connected, we have
B(f(i):11cs90)) =~ I1;c; B(f(i),9(j)) and, therefore, ¢ has to factor
through some component of the coproduct Hje 79(J), which needs actu-
ally to be unique, being HjeJ B(f(i),g9(j)) a disjoint union in set. Since
t factors simultaneously through g(a(i)), via «;, and g(b(4)), via 5;, we
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get, by uniqueness of the factorisation, a(i) = b(i) and «; = (; for any
i € I. This precisely means that (a,«) = (b, 8).

7 is full. For it, consider two objects (I, f) and (J,g) in FamsA and
a morphism ¢ : [[;c; f(i) — [l;c;9(j) in B. Pre-composing ¢ with
the coproduct injections o; gives, for any i € I, an arrow ¢.0; : f(i) —
[T 9(4), with f(i) a finitely connected object of B. Therefore, any ¢.0;
factors through a unique component g(j) of the coproduct || jeJ g(j) as
d;.0ij = .0y, for a unique j € J and some arrow ¢;; : f(i) — g(j).
The assignment of such a j € J to any ¢ € I induces a functor I — J,
call it a, such that a(i) := j. Moreover, we get a natural transformation
a: f — gadefined at i € I as a; := @i : f(i) — g(a(i)). Put-
ting them together, we obtain a morphism (a,«) : (I, f) — (J,g) of
Fam A such that 7(a, o) = ¢, by uniqueness of 7(a, ) as arrow satisfy-
ing d4(s)-Pia(i) = Oa(i)-®i = p-0i, for any i € I.

7 is essentially surjective on objects. For it, consider an object B of B,
regarded as a finite coproduct [[;.; X; of finitely connected objects X
of B. We can define a functor f : I — A assigning to any ¢ € I the
corresponding object X;. Therefore, the pair (I, f) belongs to Fam¢A
and, moreover, it verifies 7(1, f) = [[;¢c; t(Xi) = [Lie; Xi >~ B, as de-
sired. This ends the proof of B being equivalent to the category Fam A,
where A is its full subcategory of connected objects of B. [ |

Let IC be a presheaf category. Recall that an object K € K is called
strongly finitely presentable if the corresponding representable functor
K(K,—) : K — set preserves sifted colimits. Taking the collection
of strongly finitely presentable objects in K determines a (small) full
subcategory A of K with finite coproducts, such that the equivalence
of categories £ ~ Finprod[A°,set] holds. Therefore, any presheaf
category is, in particular, a variety. To investigate when the converse
is also true, it suffices to put together the previous Propositions 51, 54,
55. In fact, we have just shown:

Corollary 56 A small Cauchy complete category B with finite cop-
roducts is of the form FamyA if and only if any object of B is a finite
coproduct of finitely connected objects. When this is the case, we can
choose as A the full subcategory of B determined by the finitely connec-
ted objects; moreover, A is Cauchy complete.

Definition 57 Let B be a category with finite products. An object B € B
is finitely coconnected if the corresponding representable functor
B(—,B) : B — set preserves finite coproducts.

Therefore, accordingly with the general setting, as presented in Propos-
ition 50, and considering the dual completion of Famy, we can state:
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Proposition 58

1. the (not full) inclusion j* : PS — VAR is right biadjoint to
j: VAR — PS;

2. An algebraic theory B, which, in particular, is a Cauchy complete
category, is such that the corresponding variety is equivalent to a
presheaf category if and only if each object of B is a finite product
of finitely coconnected objects.

Finally there is one more case still to analyse, which corresponds
to choosing as D7 the empty doctrine and as Dy the doctrine of finite
limits. Having treated separately the previous two cases, we can finally
put together the PS - VAR comparison and the VAR - LFP compar-
ison and establish under which hypothesis a locally finitely presentable
category can be thought of as a category of presheaves. Let us mention,
first, a preliminary result (see [33], Exercise V.2.1):

Lemma 59 Let A be a finitely cocomplete category and F : A — B
a functor. If F' preserves finite coproducts and coequalizers of reflexive
graphs, then F preserves finite colimits.

Proof. Since F' does preserve finite coproducts, by assumption, we
only need to prove that it preserves coequalizers. For it, consider a
coequalizer q : Y — Z of the pair of arrows f,g : X — Y. By the
universal property of the coproduct X +Y, we can define two morphisms
< f,ly >and < g,ly > X+Y — Y by:

{ <f,1y>..iX:f (2.4)
< fily >.iy =1y

where ix : X — X +Y and iy : Y — X + Y are the canonical
coproduct injections (and 1y : Y — Y is obviously the identity arrow
on Y'). Moreover, by taking under consideration the arrow iy, we get a
reflexive graph, as follows:

<f,ly>
—_—
X+Y~—1iy
<g,ly>

Y

It is easy to verify that g is the coequalizer of f and g if and only if it is the
coequalizer of the reflexive graph < f,1y > and < g, 1y >. Therefore,
since F preserves finite coproducts and coequaliers of reflexive graphs,
we obtain that the arrow F'(q), given by:

<F(f)lpry)>
F(X)+F(Y) ir(Y) F(Y)
<F(9)1ry)>
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is the coequalizer of the reflexive graph < F(f),1py) > and
< F(g),1py) >, which is precisely equivalent to say that F'(q) is the
coequalizer of the pair F'(f) and F(g), by the same property just men-
tioned. This ends the proof of the functor F' preserving coequalizers,
and, therefore, all finite colimits. [ |

We recall that an object C' € C is said to be an effective projective
if the corresponding representable functor C(C, —) : C — set preserves
coequalizers of reflexive graphs. When the category C happens to have
finite colimits, effective projective objects verify an extra property, as
stated in the following;:

Lemma 60 Let C be a finitely cocomplete category. Then, effective pro-
jective objects are reqular projectives.

Proof.  Consider an effective projective object C' in C. By definition,
the corresponding representable functor C(C,—) : C — set preserves
coequalizers of reflexive graphs. In order to prove that C' is moreover
a regular projective object, we have to show that the functor C(C,—)
preserves regular epimorphisms. For it, let » : ¥ — Z be a regular
epimorphism in C, that is, r is a coequalizer of a pair of morphisms
f,9: X — Y in C. As mentioned in the previous Proposition, r is a
coequalizer of f and g if and only if r is a coequalizer of the reflexive
graph given by:

<f,ly>
X+Y=—ir——Y r A
<g,ly>

where iy : Y — X 4Y is the canonical coproduct injection. Therefore,
C(C,r) is a coequalizer of the corresponding reflexive graph:

c(cyr)

C(C,X+Y) c(C)Y) C(C,Z7)
so, in particular, C(C, r) is a coequalizer, that is, a regular epimorphism.
Therefore, we have just shown that C(C, —) preserves regular epimorph-

isms. |

We can finally state the following self-contained result giving neces-
sary and sufficient conditions on a locally finitely presentable category
to be a category of set-valued functors:

Theorem 61 Let C be a small and finitely complete category. The fol-
lowing conditions are equivalent:
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1. Lex|[C,set] is equivalent to a presheaf category;

2. C is equivalent to a free completion under finite limits of a small
category;

3. Any object of C is a regular subobject of a finite product HzEI
such that, for any i € I, the representable functor C(—, ) :
C°P? — set preserves finite colimits.

Proof. Once again we work with the dual of the theory. We write
B — B, for the completion under coequalizers of reflexive graphs of a
category B with finite coproducts. One usually refers to it as to Pitts’
construction. Whereas, A — FamyA still denotes the completion
under finite coproducts of a category A. We want to underline expli-
citly that when a small category C is of the form B,. we can always
choose as B its full subcategory given by effective projective objects;
analogously, when a small category B is of the form Fam;A we can
always choose as A its full subcategory given by finitely connected ob-
jects. Therefore, starting with a small finitely complete category C,
we know by Proposition 44 that Lex|C,set] is equivalent to a variety
(namely, Finprod[B°,set|) if and only if C is of the form B,., for
some small category B with finite coproducts. Moreover, we know by
Proposition 58 that Finprod[B°,set] is equivalent to a presheaf cate-
gory (namely, [A,set]) if and only if B is of the form Fam A, for some
small Cauchy complete category A. Thanks to the universal proper-
ties of these completions, we can finally put the two characterisations
together, as follows:

FamfA*> (FamyA),.
\ ! /
set
and get that Lex|C,set] ~ [A,set] if and only if C? ~ (Fam;A),,
for a small finitely complete category C and a small Cauchy complete
category A. (Note that we make use here of Lemma 59: the functor F”
preserving finite coproducts implies that F” preserves finite coproducts,
moreover, it preserves coequalizers of reflexive graphs, and, therefore,

finite colimits.) Provided, as we said, that we are working with the dual
of the theory, what we have to prove then is the following fact:

C ~ (Famy.A),. for some small Cauchy complete category A
(call it Condition 1’) if and only if (the dual of) Condition 3
holds.
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Indeed, the implication 2 = 1 is obvious, by definition of the completion
under finite limits, and the implication 1’ = 2 is proved precisely in [37].

1" = 3. Suppose the category C is equivalent to (Fam¢.A),., for some
small Cauchy complete category A. Then, any object C of C is a regular
quotient of an object B of B = Fam/.4, which is an effective projective
in C. Moreover, B itself is a finite coproduct [[;.; X; of objects X
of A. Any X;, regarded as object of B, is effective projective in C
(that is, the corresponding representable functor C(X;,—) : C — set
preserves coequalizers of reflexive graphs). On the other hand, any X is
finitely connected in B (that is, the representable B(X;, —) : B — set
preserves finite coproducts), so that, we have only to prove that the
embedding B — B,. preserves finitely connected objects. When this
is the case, any X; is in fact finitely connected in C and, hence, by
Lemma 59, the associated representable functor C(X;,—) : C — set
preserves finite colimits. For it, consider an object X € B which is
finitely connected and regard it as an object of C = B,..; we wish to show
that C(X, —) : C — set preserves finite coproducts. It suffices, then, to
consider the case of a binary coproduct Cy + Cy of objects C1, Cs of C;
namely, we have to show that C(X,Cy 4+ C2) ~ C(X,C1)+C(X,Cq). C4
and Cy, being objects of C, are precisely coequalizers of reflexive graphs
in B and one can easily check that finite coproducts commute in C with
coequalizers of reflexive graphs, as displayed in the following diagram:

J1 Ja

B, B} + B; B
g1 7"1 f1 g2 T‘2 fo
Bi——— B +By~— DBy
J1 J
q1 q1+q2 q2
1 - CL+ Oy - Cy
71 2

where the upper-middle arrows are, from left to right, precisely f; + fo,
r1 + r9 and g1 + go2. The coproduct C; + C5 is, then, the coequalizer
of the pair (f1 + f2,91 + g2) in C, which is, in fact, a reflexive graph.
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Therefore, we can derive:

fi+f:
C(X,C1+Ch) ~C (X, coeq (B’l + B, —>1+ > B, + B2>>
g11g2

C(X,fit+f2)
~ coeq | C(X, B} + B)) C(X,B:1 + B2)
C(X7gl+92)
C(X,f1)+C(X,f2)
~ coeq | C(X, B}) + C(X, BY) C(X,B1)+C(X, By)
C(X7gl)+c(X192)
C(X.f1)
~ coeq | C(X, B}) C(X,By) |+
C(ngl)
C(X.f2)
+ coeq | C(X, BY) C(X, B2)
C(ng2)

f f
~C (X, coeq (Bi *>41> Bl>> +C (X, coeq <B§ *%) Bg))
91 g2

~C(X,C1) +C(X,Cy)

(where the second and fifth equalities follow from X being an effective
projective, the third one comes from X being finitely connected in B
and, finally, the forth equality holds via the commutativity in set of
finite coproducts with coequalizers of reflexive graphs). Therefore, we
have just shown that any object C of C is a regular quotient of a finite
coproduct of objects X; such that C(X;,—) : C — set preserves finite
colimits. This is precisely the dual of Condition 3.

3 = 1’. Suppose that for any object C € C there exist a finite fam-
ily (X;)ier of objects such that C(X;,—) : C — set preserves finite
colimits, and a regular epimorphism r such that r : [[,o; X; — C. We
write A for the full subcategory of C given by those objects A such that
the representable functor C(A,—) : C — set preserves finite colimits,
B for the full subcategory of C spanned by finite coproducts of objects
of A, and £ for the full subcategory of C given by effective projectives.
First note that A is small and Cauchy complete, since it is closed in C
under retracts by Corollary 53. Moreover, the category C has enough
projectives (that is, for any C' € C there exist an effective projective E
and a regular epimorphism r : E — (). For it, any X; is, in particu-
lar, effective projective and in [37] they prove that finite coproducts of
effective projectives are effective projective objects. Therefore, we have
C ~ &, as a consequence of Proposition 44. It suffices to show, then,
that £ ~ Fam;A. Once again, since any A € A is effective project-
ive and effective projectives are closed under finite coproducts, we have
that B is contained in £. In fact, B is equivalent to Fam .4, by Proposi-
tion 55. It only remains to prove the inclusion £ >— B. For it, consider
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an object £ € &; regarded as object of C, we know, by assumption, there
exist an object B € B and a regular epimorphism r : B — FE. Since
the category C has finite colimits, it follows from Lemma 60 that E is
not only an effective projective but also a regular projective object of C,
from which we deduce the existence of an arrow s : F — B such that
the identity on E factors through s, as shown in the following diagram:

FE
1g

B E

Clearly, E turns up to be a retract of B, and, therefore, F € B, since
B (which is precisely Fam¢.A) is Cauchy complete by Proposition 51, A
being Cauchy complete. Then, we have proved that £ ~ B, which implies
that £ ~ FamyA and, therefore, that C ~ (Fam;.A),., as desired. This
ends the proof of the equivalence of all conditions listed in the statement
of the Theorem. [ |

2.3 A characterisation in terms of strong generators

Locally finitely presentable categories can be defined as cocomplete cate-
gories with a small (up to isomorphism) set of finitely presentable objects
such that any object is a filtered colimit of finitely presentable ones. We
have already explained how by replacing the doctrine of finite limits by
an arbitrary sound doctrine D we are led to the definition of locally ID-
presentable categories, namely those cocomplete categories with a small
set of D-presentable objects such that any object is a D-filtered colimit
of D-presentable ones. A basic theorem, due to Gabriel and Ulmer, as-
serts that a cocomplete category is locally finitely presentable if and only
if it has a strong generator consisting of finitely presentable objects (see
[23, 4, 11]). Not surprisingly, a similar result holds in the framework
of (finitary, multisorted) varieties: a category is equivalent to a vari-
ety if and only if it is cocomplete and has a strong generator consisting
of strongly finitely presentable objects. It is clear that locally finitely
presentable categories and varieties are special instances of locally ID-
presentable categories, so it seems natural to look for a generalisation of
the previous result to the case of locally ID-presentable categories. This
is the aim of the section.
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The D°P-colimit completion

For what it concerns D°P-colimit completions, the further assumption
of soundness on the doctrine D is not needed. The definition can be
stated in the general setting of any limit doctrine. Nevertheless, the
assumption will be require again as soon as we will be talking about
ID-presentable objects in the next subsection.

Definition 62 Let D be a doctrine and let IC be a D°P-cocomplete cate-
gory. For any subcategory A of K, we define the D°P-colimit completion
of A as the smallest full subcategory A of K which contains A and is
closed in K under DP-colimits. (Therefore, A is D -cocomplete.)

In other words, the D°P-colimit completion of A is given by the intersec-
tion A = (B, where the categories B are closed in K under DP-colimits
and such that A C B C K.

Explicitly, A is the iterative closure of A in K under D°-colimits. The
idea is the following. We denote by Aj the full subcategory of I gener-
ated by A. Since it is not necessarily closed under D°P-colimits, for any
category D € D and any functor F': D? — Ay — K, we add to Ag a
colimit of F' and we define A; to be the full subcategory of K generated
by the union of Ay and all colimits arising in this way. There is no
reason a priori why A; should be D°P-cocomplete, therefore, we add to
A1 a colimit of any diagram of the form F : D? — A; — K, for any
D €D, to get Ay as the full subcategory of K generated by it. So, it is
clear that A can be inductively constructed in the following way:

o Ay is A, regarded as full subcategory of K;

e Ay is obtained by adding to Ay a colimit of any functor F :
D% — K which factors through A, for any D € D;

e if A is a limit ordinal, then Ay = [J;, A¢. (Note that A is a full
subcategory of IC and if A is D°P-cocomplete, for some ordinal A,
then Ay = A, for any other ordinal p such that A < x.)

It can be proved that there exists an initial ordinal ) such that A = As.
We refer to Theorem 5 and Lemma 6 in [9] for more details. We just
recall that an ordinal number is called an initial ordinal if every smaller
ordinal has a smaller cardinality. For instance, the w, ordinal numbers
are just the transfinite initial ordinals.

The following result is due to Ehresmann (see [21]):

Proposition 63 For any small subcategory A of K, the D°P-colimit
completion A of A is essentially small.
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Proof.  The proof is done by transfinite induction. Ay is a small cate-
gory. If Ay is small, then Ay U {colim F|F : D’ — A, — K,D € D}
has to be so, since the category of functors between D and A) is small,
as long as A, is small; therefore, Ay is a small category. If A is a limit
ordinal and, for any { < A, A¢ is small, then Ay, which is nothing but
U5< y Ag¢, is so. By transfinite induction carried to 5\, we can establish

that A = Aj is a small category. [ |

Strong generators play an important role

For an arbitrary category, we recall from [10] the notions of generator,
strong generator and dense generator. It is well-known that in general
these are related in the following way:

dense generator = strong generator (2.5)

strong generator = generator (2.6)

We will discover that in our setting one can construct a dense generator,
starting from a strong one.

Let us make clear that, if S is a set and G an object of a category, then
S o @ is the S-indexed copower of G, namely the coproduct [[¢ G with
all factors equal to G, for all s € S.

Definition 64 Let A be a category. A small set G of objects of A is
small generator if, for any object A € A, the two following conditions
hold:

1. the coproduct H A(G, A) o G exists;
Geg

2. the canonical morphism v, : H A(G,A) o G — A is an epi-

Geg
morphism. Explicitly, the morphism 4 is defined by the universal

property of the coproduct, as in the following diagram in A:

H H G YA A
Geg gG—A

pGT

IT ¢ f

gG—A

|

G
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that is, ya 1s the unique arrow satisfying ya.pg.0g = g, for any
object G € G and any morphism g: G — A in A.

Note that Condition 2 in the previous definition can be equivalently
stated by saying that two parallel arrows x,y : A — B in A are equal if
and only if they are equal when pre-composed with any map g : G — A,
that is, z.g = y.g for all g € A(G, A) and for all G € G. This formulation
has the peculiar advantage of not requiring the existence in A of those
coproducts mentioned in Condition 1.

Definition 65 Let A be a category with coproducts and G a small set
of objects of A. The set G is a strong generator if, for any object A of
A, the canonical morphism

ya: J[J AG,A)oG— A
Geg

s a strong epimorphism of A.

The definition of strong generator can be equivalently formulated in
absence of coproducts, as follows:

Definition 66 Let A be a category. A small set G of objects of A is
a strong generator if the corresponding family of representable functors
(A(G,—) : A — set)geg collectively reflects isomorphisms; namely,
gwen an arrow f : A — A’ of A, from the fact that, for any G € G,
A(G, f) is an isomorphism follows that f is an isomorphism.

Definition 67 Let A be a category and G a small set of objects of A.
We write G| A for the full subcategory of A| A generated by the pairs
(G,qg) of the form g : G — A, where G € G. The set G is a dense
generator if, for any A € A, the colimit of the canonical diagram:

ry:GlA— A, (G,g:G— A)— G

is precisely (A, (9)(c,g)eg14)-

It is important to remark that in the case of a full reflective subcat-
egory, (strong) generators are carried on by the reflection to (strong)
generators. Unfortunately, this does not work for dense generators.

Lemma 68 Let A be a locally small category with coproducts and i :
B — A a full reflective subcategory of A, whose reflection is denoted by
r (namely, r 4i). If G is a strong generator for A, then rG = {rG|G €
G} is a strong generator for B.
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Proof. For any B € B, we need to show that the canonical morphism

VB : H B(rG,B)orG — B
Geg

is a strong epimorphism in B. The adjunction r - ¢ already gives
B(rG,B) ~ A(G,iB) and, r, being a left adjoint functor, preserves cop-
roducts, which means that [[5.; B(rG, B)orG =~ [[5cg A(G,iB)orG ~
7([lgeg A(G,iB) o G). Since the counit for the adjunction r 4 i is at
each component an isomorphism, we have B ~ riB, for any B € B, and
~p is nothing but the image through r of the canonical morphism

vig : | A(G,iB) oG — iB
Geg

which is a strong epimorphism in A by hypothesis. Therefore, vg ~ rv;p
and again r, being a left adjoint functor, preserves strong epimorphisms.
We derive, then, that yp is a strong epimorphism in B, as desired. N

Example 69

1. Let A be a small category. The set (A(A, —))aca of representable
functors is a small generator for [A, set]. More precisely, it is a
dense generator for [A, set].

Having recalled these preliminary facts about generators, we can go back
to our treatment of D°P-colimit completions and, for a locally small
category K with a strong generator, consider precisely the D°P-colimit
completion of its full subcategory determined by the generator.

Proposition 70 Let D be a doctrine. Let I be a locally small and co-
complete category, with a strong generator G consisting of [D-presentable
objects of K. Write A for the full subcategory of K generated by G.
Then, the D°P-colimit completion A of A exists and satisfies the follow-
ing properties:

1. Ais essentially small;
2. A is closed under DP-colimits;
3. every object of A is D-presentable in K.

Proof.  Conditions 1 and Condition 2 follow immediately from the
definition of A as the D°P-colimit completion of A, as proved in Pro-
position 63.
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Condition 3. We have seen that a IDD°P-colimit completion A of
A is of the form Aj for a certain A, namely A = A5 = U£<;\ Ae.
Moreover, we know that Ay is the full subcategory of K generated by
AyU{colim F|F : D’ — Ay — K, D € D}: so, any object of A being
D-presentable by hypothesis and using Lemma 5 (which precisely states
that a D°P-colimit of D-presentable objects is again D-presentable), we
deduce that any object of Ayyq is D-presentable in IC. If A is a limit
ordinal, the objects of A¢ are D-presentable in K, for any ¢ < A, then
Ay = Ug < A¢ (which is nothing but the union of the small sets of ob-
jects of all A¢) has the property that any of its objects is ID-presentable.
Therefore, by transfinite induction carried to A, any object of A is D-
presentable in K. |

We underline that until this point while dealing with D°P-colimit com-
pletions the hypothesis on the doctrine ID to be sound was not necessary.
In the following Proposition we finally need it:

Proposition 71 Under the conditions of Proposition 70 and the further
assumption on the doctrine D to be sound, the following properties hold:

1. for any object K € K, the category A| K is D-filtered;
2. the set A is a dense generator in K.

Proof. Condition 1. By Proposition 11, proving that the category
A | K is D-filtered reduces to show that it is D°-cocomplete, since
the doctrine D is sound. Therefore, we wish to show that A | K
is D-cocomplete, A being so. For it, consider a category D € D
and a functor F : D? — A |l K, which associates with any D &
D°P a pair (Ap,ap : Ap — K), where Ap € A. By taking the
D°P-colimit of the composite ' .F : D? — A | K — A, where
I'x : A| K — A is the canonical forgetful functor, we get an object
colimpepeor Ap € A, A being D°-cocomplete, and, therefore, a unique
arrow a : colimpepor Ap — K satisfying a.op = ap, for any D € DP.
Here the morphisms op : Ap — colimpepor Ap indicate the canon-
ical colimit injections. It is easy to prove that the D°P-colimit of F' in
A | K is given by ((colimpepor Ap,a), (0p)peper), just by using that
colimpepor Ap is a colimit in A and the definition of the canonical com-
parison morphism a.

Condition 2. We want to show that for any object K € K the
colimit of the forgetful functor A | K — A — K (which will still
call Tg), which sends the pair (A4,a : A — K), where A € A, to A,
is precisely (K, (a : A — K)(A,a)GALK)' Consider, then, the colimit
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(L, (S(A@))(A a)EALK) of such a diagram I'x in K. Since the morphisms
a:Tkg(Aa) — K, for (A,a) varying in A | K, constitute a cocone
on I'k, we get an essentially unique factorization A : L — K, such
that A\.s(44) = a, for any (A,a) € A| K. We will prove that A is an
isomorphism. Consider first the diagram:

H G—">1T

(G.9)
\ A

K

where the coproduct is indexed by all pairs (G,g) with G € G and
g : G — K in K. Denote by pgg : G — [[G the coproduct
injections in K; u is the unique map such that u.pg4 = g and v is
the unique map such that v.pg 4 = 5(g,g), both of which we get by
the universal property of the coproduct. We remark that u is precisely
the canonical morphism vk : [[5¢6 K(G, K) 0 G — K. Since, for any
(G,g), it holds Av.pg g = A-5(Gg) = 9 = u.p(G,g), by uniqueness of
u, we obtain A\.v = u. From this equality we derive that X is a strong
epimorphism, u being a strong epimorphism by definition of G strong
generator. It only remains, then, to prove that A is a monomorphism.
Consider two arrows x,y : X — L in K such that A\.z = A\.y. To prove
that x = y is to prove that x.z = y.z, for any object G € G and any
arrow z : G — X in I, G being a generator for IC. By Condition 1, the
category A | K is D-filtered, which implies that (L, S(A,a))(A,a)eAlK is a
ID-filtered colimit. Since any G € G is a [D-presentable object of K, we
have:
K(G, colim T'k(A,a))~ colim K(G,A)
(A,a)e A|K (A,a)e A|K

Therefore, both of the arrows x.z and y.z factor through some term
of the colimit, that is, there exist (A4,a) € A|lKand 2 : G — A
such that s44).2" = z.z and analogously, there exist (B,b) € Al K
and y' : G — B such that sgp).y’ = y.2. This gives rise to an ob-
ject (G, \.z.z) = (G, \.y.z) in A| K, since \.z = \.y, and two arrows
2 (G, x.z) — (A,a) and ' : (G, A\.y.z) — (B,b) in A| K, having
a.x’ = A\saq-2" = Aw.z and by = A.spp).y’ = Ay.z respectively.
Hence, we finally can establish x.z = s(A@).x’ = S(GA\z.2) = S(GAy.z) =
s(p)-Y = Y-z, as desired.

We underline the fact that the objects of A not only are D-presentable in
IC, but also that we can derive from them all the ID-presentable objects
of IC, as prescribed in the following:
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Corollary 72 Under the conditions of Proposition 71, any D-present-
able object of K is a retract of an object of A.

Proof. Let K € K be a D-presentable object. By Proposition 71, we
can express K as a ID-filtered colimit of the corresponding canonical
diagram K ~ colim(A,a)EAlK A. We immediately get that IC(K, K) ~
K(K, colim 4 e 1)k A) ~ cohm(A’a)EAiKIC(K, A) and, therefore, the
identity 1 : K — K has to factor through some term of the colimit
colim(A,a)EAlKlC(K, A), yielding (B,b) ¢ A|K and m: K — B in K
such that b.m = 1. Thus, K is a retract of B. [ |

We can finally state our characterisation Theorem for locally D-present-
able categories in terms of strong generators. This result can be found
in [17].

Theorem 73 Let D be a sound doctrine and K a locally small category.
The following conditions are equivalent:

1. K is locally D-presentable;

2. K is cocomplete and has a strong generator G consisting of D-
presentable objects of K.

Proof. 1 = 2. Let K be a locally D-presentable category. By The-
orem 26, IC is of the form D-cont[.A4, set], for some small and D-complete
category A, that is IC is equivalent to a full reflective subcategory of
the functor category [A,set]. Since the set of representable functors
is a strong generator in [A, set], the set of their reflections is a strong
generator in K, by Lemma 68. Moreover, a representable functor is
an absolutely presentable object of [A,set]| (that is, the corresponding
representable functor preserves all colimits, in particular, then, the ID-
filtered ones) and the inclusion of K ~ ID-cont[A,set| in [A,set] is a
D-accessible functor, by Lemma 29. Therefore, by Lemma 40, we can
conclude that the reflection of a representable functor is a D-presentable
object in L. Namely, the cocomplete category K has a strong generator,
obtained by taking the reflection of all representable functors of [A, set].
Moreover, they are D-presentable objects of K.

2 = 1. Let IC be a cocomplete category with a strong generator G
consisting of D-presentable objects of K. We denote by A the full sub-
category of K generated by G and we consider its D°P-colimit completion
in L. We get in this way an (essentially) small category A consisting of
D-presentable objects, by Proposition 70, such that any object of K is a
D-filtered colimit of objects of A, by Proposition 71. Thus, K is locally
ID-presentable. |
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Example 74

1. Let D be the doctrine of finite categories. Then, locally D-present-
able precisely means locally finitely presentable, and Theorem 73
is the classical result on locally finitely presentable categories, due
to Gabriel and Ulmer and quoted at the beginning of Section 2.3,
that we wanted to generalise.

2. Let D be the doctrine of finite discrete categories. Then, loc-
ally D-presentable categories are multisorted finitary varieties (see
[5]). Theorem 73 asserts that a category is equivalent to a variety
if and only if it is cocomplete and has a strong generator con-
sisting of strongly finitely presentable objects, that is, objects G
such that the corresponding representable functor Hom(G, —) pre-
serves sifted colimits (see [2, 5]).

3. Let D be the empty doctrine. Then, locally D-presentable cat-
egories are precisely presheaf categories. Theorem 73 character-
ises them as those cocomplete categories having a strong gener-
ator consisting of absolutely presentable objects, that is, objects
G such that the corresponding representable functor Hom(G, —)
preserves all small colimits.

Remark 75 Up to minor modification, the characterisation of presheaf
categories presented in Example 74 is due to Bunge [14]. The proof is
based on the special adjoint functor Theorem and on Beck monadicity
Theorem. Whereas the characterisation of varieties given in Example 74
is due to Diers [20]. This proof is based on general proprieties of dense
functors and ours is quite similar to this one. A different proof for
the characterisation of varieties has also been proposed by Pedicchio
and Wood [38]. This consists in proving that equivalence relations are
effective and makes use of the original characterisation of varieties due
to Lawvere [30].

Consequences

As simple consequences of the new characterisation of locally D-present-
able categories in terms of strong generators given in Theorem 73, we
can mention some nice results.

Proposition 76 Any presheaf category is locally ID-presentable.

Proof.  Obviously, any functor category [A,set], for a small category
A, is cocomplete and by taking the small set of representable functors we
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provide the strong generator for [A, set] consisting of absolutely present-
able objects, which are, in particular, [D-presentable ones. It follows from
Theorem 73, then, that the category [A, set] is locally D-presentable. ll

Remark 77 Of course, we could have proved directly by the definition
of a locally D-presentable category that any presheaf category is of that
kind. We only want here to underline that the proof follows immediately,
once we have achieved the characterisation Theorem 73.

The previous result leads naturally to a description of locally D-
presentable categories as full reflective subcategories of presheaf ones.
More precisely, we can realise any locally ID-presentable category as fol-
lows:

Proposition 78 Locally D-presentable categories are precisely the ID-
accessible reflections of presheaf categories.

Proof. Let K be a locally D-presentable category, then K is of the
form IC ~ D-cont[A, set], for a small and D-complete category A, by
Theorem 26. We know that i4 : D-cont[A4,set] — [A,set] is a full
reflective subcategory, and, moreover, by Lemma 29, this inclusion i 4 is
D-accessible. Therefore, K is a D-accessible reflection of [A, set].

Conversely, by Proposition 76, the category [A, set] is locally ID-present-
able, for any small category A. Then, any full reflective subcategory of
[A, set], whose inclusion is a D-accessible functor, is a locally D-present-
able category, by Corollary 41. [ |

Given a locally ID-presentable category K, there are many ways of
producing other locally D-presentables categories starting from K, by
taking, for instance, slice categories of K or categories of functors with
codomain K. A preliminary result is recalled first:

Lemma 79 Let IC be a finitely complete category and A an object of K.
An arrow [ : (X,x) — (Y,y) is a strong epimorphism of K| A if and
only if f: X — Y is a strong epimorphism of K.

Proof. For the necessary condition, suppose that the arrow
f:(X,z) — (Y,y) is a strong epimorphism of K | A. Since K is finitely
complete, the category K | A is finitely complete and the canonical for-
getful functor 'y : K| A — K, assigning to any pair (X, x) € K| A the
object X € K, admits a right adjoint A4 : K — K | A, associating with
any object X € K the pair (X x A,m4), given by the product X x A in
K and the second product projection w4 : X x A — A. Clearly, the
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functor A 4 does preserve monomorphisms. Then, consider the following
commutative square in K:

x—71 .y
u v Diagram 2.3
Z — w

where m is a monomorphism of . Thanks to the functor A4, we are
able to lift the previous square in K | A; more explicitly, we can define
two arrows < u,x >: (X,z) — (Z x A,m4) and < v,y >: (Y,y) —
(W x A,ma) in K | A, by the universal property of the product in I,
and obtain a commutative diagram, as follows:

!
(X, z) (Y, y)
<u,r> <v,y>
(Z X A?”A) mx1 (W X Aaﬂ’A)

where the map Agy(m) = m x 14 : (Z x A,ma) — (W x A, 7y)
is, moreover, a monomorphism of K | A. Therefore, from f being
a strong epimorphism of I | A, it follows the existence of an arrow
h:(Y,y) — (Z x A,ma) in K| A making the two corresponding tri-
angles in previous diagram commute. In this way, we get a fill-in for
Diagram 2.3, namely the composite 7z.h : Y — Z, since the morph-
ism 7z.h satisfies both conditions 7z.h.f = v and m.wz.h = v. In order
to verify these properties, it suffices to compose with the appropriate
product projections. This ends the proof of the arrow f : X — Y
being a strong epimorphism of K.

Conversely, suppose that the map f: X — Y is a strong epimorph-
ism of K and consider the following commutative square in I | A:

(X,2) —— (Y, p)

(Z,2) = (W, w)

where m is a monomorphism of K | A. Having, in particular, v.f = m.u,
there exists a unique arrow ¢ : Y — Z such that ¢.f = wu and
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m.p = v. The only thing remaining to check is whether the composites
z.p and y coincide, that is, whether ¢ actually provides a morphism
(Y,y) — (Z,z) in K | A. For it, we have z.p = w.m.p = w.v = y, by
definition of m and v arrows of K | A. Therefore, we have a morphism
v: (Y,y) — (Z, z) of K| A making the two corresponding triangles in
the previous diagram commute, that is, we have shown that the arrow
f is a strong epimorphism in K | A. [ |

So, we are able to state the result concerning slice categories:

Proposition 80 Let K be a locally D-presentable category and A be an
object of K. Then, the slice category K| A is locally D-presentable.

Proof. Following the lines of the proof contained in Proposition 71,
we could show that, more generally, the category K being cocomplete
implies that IC| A is cocomplete; explicitly, for any diagram F': M —
K | A, which associates with an object M the pair (Kas, kar : Ky —
A), its colimit in K | A is given by ((colimprenrs Knr,a), (0nr)rvem),
where the object colimpsepg Kps is a colimit in K of the diagram I'y. F
(we denote by I'y : £ | A — K the canonical forgetful functor), the
arrows oy @ Ky — colimpseng Ky are the colimit injections, for any
M € M, and a : colimpepg Kpy — A is the canonical morphism
induced by the maps ks (that is, for any M € M, it holds a.opr = kay).
We wish to show that, given the strong generator G for K, the set of all
morphisms {g : G — A|G € G} in K is a strong generator for K | A.
For it, consider any object (H,h) of K| A, that is, an arrow h : H — A
of K. We need to show that:

Y(H,h) * H Hom((Gvg)v (Hv h)) o (Gvg) - (H7 h)
Geg

is a strong epimorphism of K | A. By how colimits are computed in IC | A,

[Igeg Hom((G, 9), (H, 1)) o (G,g) = (Ilgeg erHom((G,g),(H,h)) G, ),
where p can be defined as the unique arrow making the following diagram

commute:
I II ¢ a A

Geg f:G—H,h.f=g

UGT
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that is, p.og.sf = g, for any G € G and any f € Hom((G, g), (H,h)),
namely an arrow f : G — H such that h.f = g. By definition of the
arrows in | A,

Y(HR) + H H (Gnu) - (H7 h)

Geg feHom((G,g),(H,h))

is a morphism
6: J] G—H
f:G—Hh.f=g

such that h.0 = u. Since H € K and G is a strong generator for K, we
know that the canonical morphism:

H H G YH H
Geg f:G—H

pGT

IT ¢ ;

f:G—H

J

G

such that yy.pg.6f = f, for any G € G and any f : G — H in K, is
a strong epimorphism. It can be shown that the two arrows vy and 0
coincide. For it, it suffices to pre-compose them with the corresponding
coproduct injections getting f, as result, in both cases. Therefore, 6 is
a strong epimorphism of K and, applying Lemma 79, we get that vz )
is a strong epimorphism of | A.

It only remains, then, to prove that the objects (G, g) € K| A are D-pre-
sentable, that is, the corresponding representable functor
Hom((G,g9),—) : K| A — set is D-accessible. For it, consider a
D-filtered category J and a diagram H : J — K | A, which associates
with any J € J a pair (Hy,hy), and compose it with the canonical
forgetful functor 'y : K| A — K. As we know, a colimit of H in | A
is given by ((colimyey Hy, h), (0)se7), where (colimjes Hy, (07)se7)
is a colimit in K of the composite I'y.H and h is the unique arrow
such that h.oy = hy, for any J € J. So, giving a morphism f :
(G,g) — (colimyjes Hy,h) in K | A is the same as giving an arrow
f i+ G — colimje s Hy in K satisfying h.f = g. Clearly, f has to factor
through some component of the colimit, say it f; : G — Hj, G being
ID-presentable in KC; namely, o;.f; = f. This precisely means that f, as
arrow of K | A, factors through f;: (G,g) — (Hy,hy), provided that
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hy.f; = g. But, indeed, we have g = h.f = h.oj.f; = hy.fs, by defini-
tion of the arrows f; and h. Stated otherwise, we have just shown that
Hom((G, g), colimje 7(Hy, hy)) =~ colimje s Hom((G, g), (H, hy)), as
desired. Hence, by Theorem 73, we can affirm that the category I | A
is locally ID-presentable. [ |

Moving to the case of functor categories now, to prove their locally
D-presentability, we make use of the characterisation of locally D-pre-
sentable categories as D-accessible reflections of presheaf categories, as
we discussed in Corollary 78, and of the following:

Lemma 81 Let K and K" be two locally small categories with D-filtered
colimits. If i : K' — K is a D-accessible reflection of K, then, for any
locally small category A, i : [A, K] — [A, K] is a D-accessible reflection
of the corresponding presheaf category [A, K].

Proof.  'We denote by L : K — K’ the left adjoint functor to the fully
faithful D-accessible inclusion i : K’ — K. We define two new functors
i : [A,K'] — [A,K] and L : [A, K] — [A, K], which are composing
with ¢ and composing with L, respectively. We can establish the adjunc-
tion L 4 simply using the adjunction L 4 i. The fact that ¢ is fully faith-
ful follows from the same property of the inclusion i. Finally, in order to
prove that the functor 7 is D-accessible, consider a D-filtered category
J and a diagram H : J — [A,K'], which associates with any J € J
a functor Hy : A — K’, and take its colimit (colimje s Hy, (o)) jec7)
in [A,K']. Since colimits are computed pointwise in any presheaf cat-
egory and, moreover, the functor 7 is [D-accessible, we can deduce that
(i.(colimye s Hy))(A) ~ (colimjesi.Hy)(A), for any object A € A.
That is, i(colimjes Hy) ~ colimjezi(Hy): this is precisely the con-

~

dition on ¢ of preserving D-filtered colimits, as desired. [ |
Finally, we can state the result concerning the functor category [A, K]:

Proposition 82 Let A be a small category and K a locally D-presenta-
ble category. Then, the functor category [A, K] is locally D-presentable.

Proof. We know, by Corollory 78, that any locally ID-presentable cat-
egory K is a ID-accessible reflection of a presheaf category, as in the
following diagram:

L
K 1 [C, set]
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for some small category C. Therefore, by Lemma 81, we get that:
L
[A, K] 1 [A,[C,set]]

%

is a D-accessible reflection of the category [A, [C,set]]. Clearly, there
exists a bijection [A, [C,set]] ~ [A x C,set]. Hence, the category [A, K]
is, in fact, a D-accessible reflection of a presheaf category, and, being
such, it is a locally D-presentable category, again by Corollary 78. W

In analogy to the case of accessible categories, one could be tempt to
believe that coslice categories A | K of a locally D-presentable cate-
gory K, for some object A € K, are locally D-presentable. More pre-
cisely, slice and coslice categories of an accessible category are accessible
categories (see, for instance, [5]). This is no longer the case for loc-
ally D-presentable categories, as shown in the following counterexample
provided by Francis Borceux:

Remark 83 Choose as D the empty doctrine; take the category K to
be the category set of sets and the object A to be the singleton {x} = 1.
Then, the coslice category 1 | set is precisely the category of pointed
sets, which has a zero object, and therefore it is not a presheaf category.
By Example 74.3, one concludes that the category 1] set is not locally
ID-presentable.



3

On geometric morphisms and
localizations of presheaf
categories

The definitions of geometric morphism and localization are
recalled. We analyse geometric morphisms, and, in particu-
lar, localizations, from the point of view of the domain cat-
egory by giving explicit conditions on it which fully charac-
terise the localization. Some general conditions on functors
are introduced to enlighten our characterisation of geometric
morphisms. The theorem concerning localizations of presheaf
categories is achieved. Two proofs of it are offered, the second
of which requires some sheaf theoretical techniques.

3.1 Rambling about the concept of localization

Definition 84 Let A and B be categories with finite limits.

e A geometric morphism F : B — A is a functor F together with
a left adjoint L : A — B which preserves finite limits.

o Let I, Fy : B— A be geometric morphisms. A geometric trans-
formation a : F} — Fy is defined to be a natural transformation
«a : Ly — Lo, where the functors L1 and Lo denote the left ad-
joints to F1 and to Fs, respectively.

For a complete treatment of geometric morphisms and transformations,
we refer to [25, 26]. Amongst geometric morphisms we distinguish those
special ones which are full embeddings, as in the following:

Definition 85 A localization of a finitely complete category A is a full
and faithful geometric morphism i : B> A.

69
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We recall, as well, that we say B is a full reflective subcategory of A if
the inclusion i : B> A is a full and faithful right adjoint functor.
We discuss geometric morphisms by analysing the domain category B.
More precisely, we follow the suggestion contained in [32], where they
study Grothendieck categories (namely, cocomplete abelian categories
with a generator and filtered colimits commuting with finite limits) as
localizations of the category of additive presheaves defined on a (small)
pre-additive category. In this chapter, we characterise those functors
k :C — &, from a small category C into a cocomplete, exact and
extensive category £, which give rise to a localization. In particular, we
want to distinguish hypotheses concerning the fully faithful character of
the embedding & — [C, set] into the category of set-valued functors
defined on C°, and hypotheses concerning the left exactness of its left
adjoint. These properties are stated in terms of the functor k : C —
E. They are independent from each other and self-contained. In this
way, we achieve distinct characterisations of geometric morphisms and
localizations. We study localizations £ of presheaf categories [C°P, set]
of set-valued functors and give separately conditions on the functor k :
C — & for the functor i : &€ — [C°P, set] to be just a geometric
morphism or, pursuing the analysis further, for the inclusion ¢ to be
indeed a fully faithful functor, that isi : £ — [C, set] is a localization.
This is a major difference with the work contained in [32]. One last
remark: we make no distinction between a finite limit-preserving functor
and a left exact functor.

Exact and/or extensive categories

We need to provide some context, before presenting the main theorems
of this section.

Definition 86 We say that a category A is regular if it satisfies the
following conditions:

1. A has finite limits;
2. A has coequalizers of kernel pairs;

3. the pullback of a reqular epimorphism along any morphism is a
reqular epimorphism.

Or, equivalently:

Definition 87 We say that a category A is regular if it satisfies the
following conditions:
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1. A has finite limits;

2. any arrow f : X — Y in A can be factored as a reqular epi-
morphism q followed by a monomorphism m, as in the diagram:

A

3. the pullback of a regular epimorphism along any morphism is a
reqular epimorphism.

Usually one refers to the factorisation of morphisms in a regular category
as the regular epi-mono factorisation. Moreover, one can prove that
such a factorisation is essentially unique. Amongst regular categories,
the appropriate definition of functor is given by the following:

Definition 88 Let A and B be regular categories. A functor F : A —
B is said to be exact if it preserves:

1. finite limits;
2. reqular epimorphisms.

Definition 89 A category A is said to be exact if it is reqular and any
equivalence relation in A 1is effective.

We recall that an equivalence relation < rg,r; >: R >— X x X, on
an object X of A, is effective if the coequalizer q of < rg,r; > exists
and < rg,r1 > is the kernel pair of q. Of course, any kernel pair is
an equivalence relation. As examples of exact categories we can briefly
mention: set, any presheaf category [A, set|, any category of T-algebras,
for a monad T over set. For a complete treatment of regular and exact
categories, see, for instance, [11].

The following is an elegant formulation of disjointness and univer-
sality of coproducts:

Definition 90 We say that a category A with coproducts is extensive
if, for any small family of objects (X;)ier of A, the canonical functor

IT:I]ALx — Al]]x

el i€l
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is an equivalence. In details, the functor [] is defined, by the universal
property of the coproduct, at any family (f; : Ai — Xi)ier, that is, an
object of [[;c; Al Xy, as the essentially unique object ¢ in A|[[;c; Xi
making the following square:

[[4——IIx

el i€l
A; X;

commute, for any i € I. Here, 7; and o; stand for the corresponding
coproduct injections in A.

Definition 91 A category A is said to be lextensive if it is extensive
and has finite limits.

As examples of lextensive categories, we mention set, any presheaf cat-
egory [A°, set] for a small category A. On the other hand, for any
category A, FamA is an example of a category which is extensive, but,
in general, not lextensive.

We recall the following equivalent, probably more familiar, definition of
extensivity:

Definition 92 A category A with coproducts is extensive if it has pull-
backs along the canonical coproduct injections and the following two con-
ditions hold:

1. (coproducts are universal) given an arrow f:Y — [],c; Xi and,
for any i € I, the pullback:

Y, Y
f
Xi ———[[ X
' el

then, the comparison morphism [[;c;Y; — Y, induced by the
arrows 0;, is an isomorphism;
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2. (coproducts are disjoint) given a family of objects (X;)ier of A, for
any i,j € I such that i # j, the following square:

!

0 X;

! 93

Xi———[[x
i€l

is a pullback (here, we denote by O the initial object of A).

In an extensive category, the coproduct injections have an extra feature,
as described in the following:

Proposition 93 Let A be an extensive category. The canonical cop-
roduct injection o; : X; = [1,.; X; is a monomorphism, for anyi € I.

Proposition 94 Let A be an extensive category. The initial object 0
of A is strict, namely every arrow X — 0, for any X € A, is an
isomorphism.

For more details concerning extensive categories we refer to [15, 36].

A quite surprising result concerning categories that are simultan-
eously exact and extensive is the following Proposition, which appears,
for instance, in [36]:

Proposition 95 In an exact and extensive category A, all epimorph-
isms are reqular epimorphisms.

Proof. Using the calculus of relations, one can prove that in A coker-
nel pairs of monomorphisms always exist and they are pullbacks (see
[22]). Therefore, any monomorphism in A is the equalizer of its coker-
nel pair: this means that every monomorphism is, in fact, regular in
A. Finally, we just need to remark that in any category A with regular
epi-mono factorisations, the fact that any monomorphism is regular im-
plies that any epimorphism is regular too, since when an epimorphism
f in A factors as a regular epimorphism followed by a monomorphism,
as f = m.q, it follows that the arrow m is an epimorphism, but m is,
moreover, a regular monomorphism, that is, an isomorphism in A. W

By epimorphic family in an arbitrary category A we mean a collection
(fi : Xi — X)ier of arrows of A such that, for any given pair of arrows
u,v : X — U, the condition u.f; = v.f; for every ¢ € I implies the
equality u = v.



74 On localizations of presheaf categories

Definition 96 Let A be a small category and B a finitely complete cat-
egory. A functor F : A — B is said to be filtering if the following
conditions hold:

(F1) the family {F(X) — 1|X € A} of all arrows in B, where 1 is the
terminal object of B, is epimorphic;

(F2) for any pair of objects A, A" € A, the family
{<F(u),F(v)>: F(X)—F(A) x F(A)|A<*- X = A'in A}

of all arrows in B, while X wvaries in A, is epimorphic;

(F3) for any pair of arrows A :u>> A’ in A, the family

{F(X) — By, |X —=A —= A’ in A such that v.w = vaw}

of all arrows in B, while X wvaries in A, is epimorphic (where
F(u)

E.. is the equalizer E,, > F(A) F(A") of the pair

F(v)
(F(u), F(v)) in B).

Remark 97 When we take as B the category set, then, the defini-
tion of a filtering functor F' is equivalent to state that the category
A | F is filtering, which means that the functor F is a filtered colimit of
representable functors.

We refer to [34, 16] for what concerns filtering functors.

We recall that a subcategory A of B is said to be dense in B if
any object of B is a colimit of objects of A; more exactly, a colimit in
a canonical way, for which the colimit cone consists of (B, (a : A —
B) aca). More generally, density can be defined not only for an inclusion
A C B, but for any functor F' : A — B. The arrows a : A — B are,
then, replaced by the objects of the comma category F'| B.

Definition 98 A functor F : A — B is dense if, for any B € B, the
colimit of the composite diagram:

FIB2o AT B (Aa:F(A) — B)— F(A)

is precisely (B, (a)(a,a)erB), where I'p : F'| B — A, defined by the
assignment (A, a) — A, denotes the canonical forgetful functor. In par-
ticular, a subcategory A of B is dense in B when the inclusion functor
A > B is dense in the sense just defined.

For a complete treatment of dense functors, see [33].
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The exact completion of Fam

We devote this section to a brief overview of the exact completion of
a category with weak limits, in order to present any presheaf category
as a free exact completion of a projective cover of itself. We recall the
coproduct completion FamA of a category A, which is nothing but the
infinitary version of the Fam g-completion, presented in Chapter 2 (see
Section 2.2). We refer to [16] for all notions and results contained in this
section.

Definition 99 Let M be a small category and T : M — A a functor.
A weak limit of T is a cone (L,(App : L — T(M))pem) in A such
that, for any other cone (X, (§ar : X — T(M))arem) in A, there exists
a morphism ¢ : X — L satisfying Ayr-p = Enr, for any M € M.

Basically, the only difference with the usual definition of a limit for a
diagram is that, in the definition of a weak limit, one requires only the
existence of the canonical factorisation and not its uniqueness. As an
immediate consequence, we have that a functor can admit several not
isomorphic weak limits. Clearly, we have:

Definition 100 A category A is said to be weakly lex (where, lex stands
for left exact, meaning: finitely complete) if, for any diagram T : M —
A, defined on a finite category M, there exists a weak limit of T in A.

We are able to present, then, the key notion of functor, for what concerns
exact completions:

Definition 101 Let A be a weakly lex category, B a finitely complete
category and F : A — B a functor. We say that F is left cover-
ing if, for any functor T : M — A defined on a finite category M,
and for any weak limit (L,(Ayy : L — T(M))prem) in A, the ca-
nonical factorisation p : F(L) — Lisa strong epimorphism of B,
where (L,(A\yy : L — F(T(M)))prenm) is a (honest) limit in B of
the composite diagram F.T and p is the unique arrow with the property
Ap = F(App), for any M € M, as in the following diagram:

£ L

F(L)
F

M))

F(T(

The relation between left exact (that is, finite limit-preserving) functors
and left covering functors is explained in the following Proposition. We
recall that a functor, defined on a weakly lex category, is said to be
weakly lex if it preserves weak limits.
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Proposition 102 Let A be a weakly lex category, B a finitely complete
category and F : A — B a functor. Consider the following conditions:

1. F is left covering;
2. F is weakly lex;
3. F is left exact.

Then, Condition 2 implies Condition 1. If, moreover, the category A is
finitely complete, then, the three conditions are equivalent.

We mention, as well, the following peculiar result concerning composi-
tion with a left covering functor:

Proposition 103 Let A be a weakly lex category and B and C two fi-
nitely complete categories. Let FF : A — B and G : B — C be
two functors. If F is left covering, G is left exact and, moreover, G
sends strong epimorphisms into strong epimorphisms, then, the compos-
ite G.F : A — C is left covering.

We recall that an object P in a category A is said to be reqular
projective (often just projective) if, for any arrow f: P — X of A and
for any regular epimorphism ¢ : Y — X in A, there exists an arrow
f': P — Y such that ¢q.f' = f.

Definition 104 Let P be a full subcategory of a category A. We say
that P is a projective cover of A if

e any object of P is projective in A;

e for any object A € A, there exist an object P € P and a reqular
epimorphism p : P — A.

Clearly, a category A admits a projective cover if and only if it has
enough projectives (that is, any object of A is the codomain of a regular
epimorphism whose domain is projective).

Firstly, we discuss the exact completion of a category with weak
limits. Explicitly, for any weakly lex category A, there exist an exact
category A., and a morphism &4 : A — A.,, which is a fully faithful
left covering functor, such that A.; is universal with respect to exact
categories and left covering functors. Namely, for any left covering func-
tor F': A — B into an exact category B, there exists a unique (up to
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isomorphism) exact functor F making the triangle:

commute. Equivalently, the universal property of the exact completion
can be stated in terms of an equivalence between the category of exact
functors, from A, to B, and the category of left covering functors, from
A to B, which is induced by composing with 4 : A — Aey:

Ex[A.., B] ~ Lco[ A, B]

The functor &4 verifies the extra property of preserving all finite limits,
which turn out to exist in .A; moreover:

Proposition 105 The image E4(A) of the functor E4 : A — Aey is a
projective cover of Aey, so that Aer has enough projectives.

In fact, one can prove that the exact extension of a left covering functor
F'is a left Kan extension, as stated in the following:

Proposition 106 In the above-mentioned setting, the (essentially
unique) exact extension F : Aepy — B of the left covering functor
F: A — B is the left Kan extension of F along €4 : A — Aez.

We can finally state the main Theorem, which characterises free exact
categories over weakly left exact ones:

Theorem 107 FExact categories with enough projectives are precisely
the exact completions of the weakly lex categories of their projective cov-
ers.

Since a left covering functor defined on a finitely complete category is
precisely a left exact functor, by Proposition 102, we have, as a particular
instance of the universal property of the exact completion, that for any
finitely complete category A, there exist an exact category Ag; and a
left exact functor &4 : A — A, such that, for any exact category B,
composing with £ 4 induces an equivalence of categories:

Ex|[A.., B] ~ Lex[A, B]

where Ex[A.., B] denotes the category of exact functors between A,
and B, whereas Lex[A, B] denotes the category of finite limit-preserving
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functors between A and B.

Secondly, we exhibit the coproduct completion. The free coproduct
completion of a small category A, which we denote simply by FamA, is
nothing but the infinitary version of the Fam ;-completion of A treated
in Chapter 2. The category FamA has for objects the pairs (I, f),
where [ is a discrete category (a set) and f: I — A is a functor, and
for morphisms the pairs (a,«) : (I, f) — (J,g), where a : [ — J
is a functor and a : f — g.a is a natural transformation. One can
easily check that Fam.A has coproducts and define a functor n4 : A —
FamA via the assignment X — ({*}, X : {x} — A), where {x} is
the singleton set. We talk about Fam.A in terms of a free coproduct
completion of A because Fam.4 is universal with respect to categories
with coproducts. Explicitly, for any functor F' : A — B into a category
B with coproducts, there exists a unique (up to isomorphism) coproduct-
preserving functor I/ making the triangle:

A e FamA
B

commute. As for the exact completion, we know that, in fact, this
(essentially unique) coproduct-preserving extension F’ : FamA — B
of the functor F' coincides with the left Kan extension of the functor F':
A — B along n4 : A — FamA. Moreover, an alternative description
of FamA is given by the following:

Proposition 108 Let A be a small category. The category FamA is
equivalent to the full subcategory of [A°P,set] spanned by coproducts of
representable functors.

This, in particular, means that Fam.A is equivalent to a projective cover
of [A° set]. Therefore, by Theorem 107, we can derive the following
fundamental (at least, for our purposes!) result:

Theorem 109 Let A be a small category and nyg : A — FamA its
coproduct completion. Then, by taking the exact completion of FamA
we get an equivalence of categories:

(FamA),, ~ [A?, set)]

The result which explains, in some sense, the nature of filtering func-
tors is stated in the following Proposition: filtering functors “induce” left
exact functors.
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Proposition 110 Let A be a small category and Y4 : A — [AP, set]
its Yoneda embedding. Let B be a cocomplete, exact and extensive cate-
gory and F : A — B a functor. Consider the following diagram:

A—"% . FamA 4 (FamA).,= [A?, set]
F/
F i/ any , (F)
B

The functor F is filtering if and only if its left Kan extension along
Yoneda L := Lany, (F) is (left) exact.

Proof. The proof proceeds in two steps.

Step 1. We prove that F': A — B is such that Lany, (F) is exact if

and only if its coproduct-preserving extension F’ : FamA — B is left
covering. (Remark that here it suffices that the category B is cocomplete
and exact.)
The requirement of L being left exact coincides, in fact, with L being
an exact functor, since Lany, (F') has always a right adjoint, given by
B(F(—),—) : B — [A° set]. Suppose, then, L is exact. It follows,
by Proposition 103, that the composite L.Epama is a left covering func-
tor. Moreover, one can easily verify that computing 74 followed by
EFama does give the Yoneda embedding Y. In light of this equality,
the composite L.Epama preserves coproducts (since both functors do
so) and satisfies L.&pama-na ~ L.Y4 ~ F, since, Y4 being fully faith-
ful, the universal arrow for the left Kan extension is an isomorphism.
Therefore, we can derive that F' ~ L. gama, by the universal prop-
erty of the coproduct completion, which, we have just shown, is left
covering. Conversely, suppose that F’ is left covering. By the univer-
sal property of the exact completion, Lang,__ ,(F") is an exact functor.
So, using the definition of the coproduct completion, we get the follow-
ing chain of isomorphisms: Lang, ,(F') ~ Lang, ,(Lan,  (F)) ~
Lang,, ., (F) ~ Lany,(F), which is L and has to be exact.

Step 2. We prove that F' : A — B is filtering if and only if its
coproduct-preserving extension F”’ : FamA — B is left covering. (Here,
it suffices that the category B is exact and extensive.)

Without going into details, knowing, from Proposition 95, that in such
a category B epimorphisms are regular, the three Conditions (F1), (F2),
(F3) of a filtering functor F' (as in Definition 96) are equivalent to require
the functor I being left covering with respect to the terminal object,
binary products of objects coming from A and equalizers of arrows com-
ing from A, respectively. This fact precisely coincides with the functor
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F’ being left covering, by exactness and extensivity of the category B.
(For a detailed proof of this result, see [16].) |

Let A be a small category and B a cocomplete, exact and extensive
category. We denote by GeoMor|[B, [A°?, set]] the category of geomet-
ric morphisms between B and [A°, set] and geometric transformations
between those (recall Definition 84). Whereas, we denote by Filt[.A, B]
the category of filtering functors from A into B and all natural trans-
formations between them. The following result enlightens the relation
between these two notions, namely geometric morphisms can be classi-
fied by filtering functors:

Corollary 111 Let A be a small category and B a cocomplete, exact
and extensive category. The functor

e : GeoMor|[B, [A”, set]] — Filt[A, B]

defined by pre-composing with the Yoneda embeddingY 4 : A—[A°P set],
gives an equivalence of categories.

Proof. Let
L

B 1 [A°P set]
R

be a geometric morphism and consider the pre-composition L.Y 4 of its
left adjoint L with Yoneda Y4 : A — [A%, set|. First of all, we need to
show that the functor L.Y4 : A — B is filtering. By Proposition 110,
this is equivalent to prove that the left Kan extension Lany, (L.Y,4)
of the composite L.Y4 along Yoneda is left exact, as in the following
diagram:

Y4

A

[A%, set]

L.Y4 AA(L.YA)
B

Since Y4 is fully faithful, the universal arrow for such a left Kan exten-
sion is an isomorphism, namely L.Y4 ~ Lany,(L.Y4).Y4. Moreover,
Y4 being a dense functor (see Definition 98) and L and Lany, (L.Y4)
preserving all existing colimits, we can derive that L ~ Lany,(L.Y4)
and we know, by hypothesis, that L preserves finite limits. This ends
the proof of L.Y4 being an object of Filt[.A, B]. In order to prove that
e is an equivalence of categories, we need to verify it is (a) fully faithful
and (b) essentially surjective on objects.
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(a) e is full and faithful. Let Ry,Ry : B — [A, set] be two geo-
metric morphisms and take their images through the functor . Con-
sider a natural transformation « : L1.Y4 — Lo.Y 4 between these im-
ages, where L; and Lo denote the left adjoint functors to R; and to
Ry, respectively. Namely, for any object A € A, we have a morphism
ap : LWA(—,A) — Lo A(—, A) in B. We wish to show there exists
a unique natural transformation 5 : Ly — Lo such that (8) = a,
that is, 5.Y4 = «. Consider an arbitrary functor F' € [A°P, set|, which
can always be thought of as a (small) colimit of representable functors,
namely F' = colim;e; A(—, A;). Since the functors L; and Lg preserve
all existing colimits, in order to define the natural transformation 3, we
take the canonical morphism in B induced by all components a4, of «,
as follows:

Li(F) ~ cQIiIleA(—,Ai) —————— - C(_)liIng.A(—,Ai) ~ Ly(F)
S S

Lis; Las;

LiA(—, Ay)

o LyA(—, Ay)

namely, 0 is the unique arrow of B satisfying 6.Lis; = Las;.an,, for
any ¢ € I. (Here we denote by s; : A(—, A;) — colim;e; A(—, A4;) the
canonical colimit injection in [A°, set].) We define the component of 3
at F' to be Br := 0. First of all, the transformation 3 is natural. For it,
let v : F — G be an arrow in [A°, set] and, for any i € I, compute
the composite v.s; : A(—, 4;) — G = colimjc; A(—, B;), provided G,
as an object of A, set], is given by the colimit (colimj;cy A(—, B)), ;)
in [A% set]. We have:

Nat(A(=, 4i), colim A(—, Bj)) = colim A(—, B;)(4;) (1)
J J
jeJ

~ colim Nat(A(—, 4;), A(—, B;))(3)
jeJ

(where (1) and (3) are just instances of the Yoneda Lemma and (2)
follows from the fact that colimits are computed pointwise in [ A%, set]).
Therefore, the morphism ~.s; has to factor in [[4°?, set] through a colimit
component, as in the following diagram:

) v-Si . _ )
A= 49) - colim A(~, B;)
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for some j € J and some arrow v, : A(—, 4;) — A(—, Bj) in [AP, set].
To prove that the transformation (8 is natural is to prove the identity
Lovy.Br.Lns; = Bg.Livy.L1s;, for any ¢ € I: this is given by diagram-
chasing on the following cube:

LiA(—, A;)

/m

. Br .
lim L — A;)) —+——>colim L —, A;
colim 1A(—, 4;) colim 2 A(—, A4;)
L7, Lav]
Liy Lo~y
j
thj %tj

cg_)él}n L1 A(—, Bj) cg.)él}n Ly A(—, Bj)

G

Clearly, we have 8.Y4 = «, by definition of the natural transformation
(B. Moreover, 3 is the unique natural transformation with this property.
For it, suppose there exists another natural transformation ¢ : I — G
such that 0.Y4 = a. By the fact that 8 and § agree when pre-composed
with Yy, it follows that they coincide, since 3 is entirely determined by
its naturality, once we know its component at A, for any A € A.

(b) € is essentially surjective on objects. Let F' : A — B be a filtering
functor. Since the category B is cocomplete, we can always define a
pair of adjoint functors B(F(—),—) : B — [A, set], which assigns to
any object B € B the set-valued functor B(F(—), B), and Lany, (F') :
[A°P set] — B, which is given by the left Kan extension of F' along the
Yoneda embedding Y4. By Proposition 110, the fact that the functor F
is filtering is equivalent to the left Kan extension Lany, (F) being left
exact. Therefore, we get a geometric morphism

Lany , (I')
B T [A% set]
B(F(=),-)

which, in particular, satisfies the condition F' ~ Lany,, (F').Y4, since Y4
is fully faithful. Namely, e(Lany,(F)) ~ F and this ends the proof of
the functor ¢ being essentially surjective on objects. [ |



3.1 Rambling about the concept of localization 83

Some conditions our functors might satisfy

Let C be a small category and k : C — £ a functor into an arbitrary
category £.

Definition 112

e A collection of maps (z; : X; — X)ier in & is said to be epi-
morphic if, given a pair of arrows u,v : X — U, the condition
u.x; = v.z; for every i € I implies the equality u = v.

e Moreover, a collection of maps (f; : C; — C)ier in C is called
k-epimorphic if the collection (k(fi))ier is epimorphic in .

Stated otherwise, (z; : X; — X);es is an epimorphic family in £ if and
only if the canonical morphism x, defined by the universal property of
the coproduct, as the unique arrow with the property x.o; = x;, for any
i € I, as in the following diagram:

is an epimorphism in €. (Here we denote by o; the canonical coproduct
injection.) This second formulation allows us to introduce more easily
the notion of a reqular epimorphic family, which is nothing but a col-
lection (z; : X; — X);er of maps in € such that the above-mentioned
canonical morphism z is, in fact, a regular epimorphism in £. Note that,
in general, there is no reason why I should be finite and it is implicit
that the category £ has (at least) coproducts in order for the above
definitions to make sense.

Lemma 113 Let (z; : X; — X)ier be a family of maps in € such that
there exists a subset J C I for which (z; : X; — X)jey is an epimor-
phic family. Then, the entire family (x; : X; — X)ier is epimorphic.

Finally, we still need to introduce the notion of a k-epimorphic
subfunctor. We should say explicitly that, for any subfunctor r : R
> C(—,C), we identify R with the set-theoretic union of all subsets
R(D) CC(D,(C), for D varying in C; as well as, in the proofs contained
in the next sections, we allow ourselves to make no notational distinction
between a functor F' € [C°P, set] and the set-theoretic union of all sets
F(C), when C varies in C.
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Definition 114
o We call the subfunctor r : R > E(k(—), X) epimorphic if the
corresponding collection of maps {c : k(C) — X|c € R(C),C €
C} in & is epimorphic.

e We call r : R>— C(—,C) a k-epimorphic subfunctor if the cor-
responding collection of maps {d : D — C|d € R(D),D € C} in

C is k-epimorphic.
Following the suggestion of [32], we reformulate the main result (for our

purposes) about k-epimorphic subfunctors in terms of any cocomplete,
exact and extensive category &:

Lemma 115 Let C be a small category, € a cocomplete, exact and
extensive category and k : C — & a functor. Suppose the functor
kK : & — [CP,set], defined on an object X € & as E(k(—),X), is a
geometric morphism, whose left exact left adjoint functor we denote by
L. Letr : R>— C(—,C) be a subfunctor in [C°P,set]. The following
conditions are equivalent:

1. L(r) is an isomorphism of &;
2. L(r) is an epimorphism of &;
3. r: R=—=C(—,C) is a k-epimorphic subfunctor.

Proof.  The functor L being left exact, the arrow L(r) is always a mono-
morphism; therefore, since by Proposition 95 in any exact and extensive
category epimorphisms coincide with regular epimorphisms, Conditions
1 and 2 are equivalent. To prove the equivalence between Conditions 2
and 3, consider the canonical morphism 7’ induced in [C?, set], via the
universal property of the coproduct, by all arrows f € R, as follows:

[Tecp 7 ~c-,0)
fER
PfT C(—,f)
C(_’ Cf)

where the py denote the canonical coproduct injections. By taking in
[C°P, set] the regular epi-mono factorisation of 7/, we can prove that its
image is given precisely by R, as in the following diagram:

[Hecpn— C(=0)

feR \ /

R
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For it, it suffices to verify the statement pointwise in set. For any
A € C, the image of r’ is defined as the set I(A) = {h: A — C|3f €
R(Cy¢) and hy : A — Cf : h = f.ha}. On the other hand, R being
a subfunctor satisfies the property that, for any @ : A — A’ in C,
provided g is an arrow in R(A’), the composite g.a belongs to R(A).
It is easy to verify, then, that I(A) and R(A) coincide at any object
A € C. As we will make explicit in the next section, L is nothing but
the left Kan extension of the functor k along the Yoneda embedding
Yo : C — [C°P,set]|. This is the reason why, Y¢ being fully faithful,
we have the isomorphism k ~ L.Yg, that is, for any C € C, we get
k(C) ~ L.C(—,C). Since L is an exact functor, considering the image
through L of the previous factorisation gives the following triangle in &:

Hka

feR

\ L(r)

Moreover, the morphism L(r’) is precisely the one induced by the maps
k(f), for f € R, that is:

[Tkwp " =k(©)

feRr
UfT k(f)
k(Cy)

(where the coproduct injections o are nothing but the images of the
py by L, since L does preserve coproducts). For it, from the fact that
r'.pf =C(—, f), for any f € R, it follows that L(r’).cr ~ L(r").L(ps) =
L(C(—, f)) =~ k(f). Therefore, L(r’) has to coincide with the unique
arrow 6, as in the previous diagram, satisfying this property. Then,
assuming L(r) is an epimorphism is equivalent to say that L(r’) is an
epimorphism (even, regular epimorphism). So, for any pair of morph-
isms u,v : k(C) — U in & veritying u.k(f) = v.k(f), for any f € R,
we have u.L(r").0f = v.L(1").0f, for any f € R, which means that
u.L(r') = v.L(r"), by definition of the coproduct [[;cp k(Uy). It fol-
lows, from L(r') being an epimorphism, that « = v. This is precisely
the condition on R > C(—,C) of being a k-epimorphic subfunctor.
Clearly, the converse holds too: 7 : R > C(—, C) being a k-epimorphic
subfunctor is equivalent to the fact that the condition u.L(r") = v.L(r’)
implies u = v, since the morphism L(7’) is precisely the one induced by



86 On localizations of presheaf categories

the arrows k(f), for f varying in R; namely, L(r’) is an epimorphism.l

It is convenient to list a priori some properties about the functors
we are going to deal with in the following sections. The purpose is to
present here the conditions which allow us to characterise those functors
that induce localizations.

(A) For an object X € &, consider the collection Rx of all maps
{c: k(C) — X|C €}

in £. The functor k satisfies (A) if and only if, for any object
X € &, the family Rx is epimorphic.

(Ayeg) — A slightly different version of (A) — For an object X € &,
consider the collection Rx of all maps {c : k(C) — X|C € C}
in £. The functor k satisfies (A,¢q) if and only if, for any object
X € &, the family Rx is regular epimorphic.

or an o JeCt c and a palr or arrows < —_—
B) F biect X € £ and a pair of k(A)<*— X —°- k(B

in &£, consider the collection R, of all maps

{ci Ck(C) — X H Z;’ :l]:((;gi forsomeA&C’i LB}

in €. The functor k satisfies (B) if and only if, for any such a pair
(a,b), the family R, is epimorphic.

(B’) — A particular instance of (B) — For any arrow f : k(4) — k(B)
in &£, consider the collection Ry of all maps

{¢; : C; — A|f.k(c;) = k(g;) for some g; : C; — B}

in C. The functor k satisfies (B’) if and only if, for any such an
arrow f, the family Ry is k-epimorphic.

/
(C) For a pair of arrows A :gi B in C, consider the collection Ryg,
of all maps

{¢i : C; — Alf.ci =g.¢;}

in C. The functor k satisfies (C) if and only if, for any such a pair
(f,9), if k(f) = k(g), then, the family Ry, is k-epimorphic.
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3.2 The localizations of presheaf categories

Let k : C — & be a functor from a small category C into a cocomplete
category £. We can always define a new functor k' : £ — [C°P, set] from
k, by assigning to any object X € £ the set-valued functor £(k(—), X) :
C? — set and, analogously, to any morphism f : X — Y in &,
the corresponding natural transformation £(k(—), f) : E(k(—),X) —
E(k(-),Y) given by post-composing with f. Moreover, £ being cocom-
plete, the functor k¥’ has always a left adjoint, defined by taking the left
Kan extension of k along the Yoneda embedding Y¢, as follows:

Ye

C

[CP, set]

- Lany, (k)
L

£

Therefore, provided L := Lany, (k), we have L 4k’

We want to give necessary and sufficient conditions on k to realise £
as a localization of the category of presheaves on C. To simplify our
presentation, we split the result in two independent parts and start by
introducing the following preliminary:

Lemma 116 Let C be a small category, £ a cocomplete, exact and ex-
tensive category and k : C — & a functor. Suppose k satisfies Condi-
tions (A) and (B), then the functor k' : € — [C°P, set], defined by the
assignment X — E(k(—), X), is full and faithful.

Proof. Let X,Y be two objects of £ and «a : E(k(—), X)—E(k(—),Y)
an arrow in [C°P, set]. We wish to show there exists a unique morphism
b: X — Y of € such that £(k(—),b) = a. Consider, first, the collection
of maps Rx = {h : k(Cy) — X|Cy € C} in £ and the canonical
morphism Ax induced by these arrows h € Rx, because of the universal
property of the coproduct, as follows:

[T kCh) —>~x

h€Rx

UhT h

k(Chr)

Namely, Ax is the unique arrow in & satisfying Ax.o, = h, for any
h € Rx. (Here we denote by oy, the canonical coproduct injection in £.)
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Condition (A) implies that the family Ry is epimorphic; in other words,
Ax is an epimorphism in £. Therefore, since the category £ is exact and
extensive, by Proposition 95, Ax is, actually, a regular epimorphism. So,
by taking the kernel pair of Ax in &:

Ao A
NOx) —= [] kCn)—>X
MRy

we already know that Ax is the coequalizer of its kernel pair (Mg, A1).
When considering the pullback P(h,h’) of h along A’ in &, for any pair
of arrows (h,h') € Rx x Rx, we get a canonical comparison morphism
S(h,h')» @s in the following diagram (provided, as we know, that Ax.op =
h, for any h € Rx):

P(h, 1) =~ k(Ch)
S o
o o .
Py N(Ax) —— H k(Cp) Diagram 3.2

hE€Rx
All (1) l”‘

he€Rx

where the outer square and the inner right-hand square (1) are pullbacks
and the morphism sy, ) : P(h,h') — N(Ax) is the unique one with
the property Ao.s(pny = on.pr and A1.8(4 ) = op.pr, given by the
universal property of the pullback (1). First, we want to show that
N(Ax), in fact, coincides with the coproduct [, yepyxry £(7:R),
with the morphisms s, 1y : P(h, h') — N(Ax) as coproduct injections,
for any pair (h,h’') € Rx x Rx. For it, we need to analyse in more
details the pullback in Diagram 3.2. This is obtained by the gluing of
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four pullbacks in &, as follows:

P(h, ') Ny k(Ch)

k(Cr) —5= IT ®cn) X

he€Rx

Using the extensivity of the category &£, we derive, from pullback (2),
that N(Ax) =~ [lhery N? and, from pullback (4), that
N(Ax) =~ [lnery N} In light of this second isomorphism and con-
sidering the index h € Ry as fixed, we can regard pullback (3) as:

P(h, k) N

N

heRx

and, then, from the extensivity of & again, it follows that
NY >~ Tpe Ry P(h,R'). Therefore, by putting all these isomorphisms
together, we get:

Nox)~ I M= IT ]I P.w)~ 1T P(h,h)

he€Rx heRx hIERX (h,h/)ERXxRX

That is, the kernel pair of Ax is given by the coproduct of all pullbacks
P(h,h') over the pairs of arrows (h,h') varying in Ry x Rx. Con-
cerning the coproduct injections, it is clear from the context that they
have to be, at each component (h,h'), precisely the diagonal morph-
isms in the pullbacks of the kind (3), namely s, ;. Note that for any
h € Rx, which is nothing but an arrow h : k(Cy) — X, the natural
transformation o : £(k(—),X) — E(k(—),Y) produces a morphism
ac, (k) : k(Cp) — Y in €. All these maps ac, (h) induce, in fact,
a canonical morphism, by the universal property of the coproduct, as
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follows:

IT kcn) ——=Y

heRx
U'hT ac,, (h)
k(Ch)

that is, px is the unique map in & satisfying px.on = ac, (h), for any
h € Rx. Suppose that pux.Ag = pux.A1.

Ax

Since Ax is the coequalizer of the pair (Mg, A1), we obtain a unique
morphism b : X — Y such that b.Ax = px, namely b.Ax.op = pux.op,
for any h € Rx. This condition is equivalent to £(k(C},),b)(h) = b.h =
bAx.on = px.on = ag,(h), for any morphism h : k(Cp) — X in €&,
by definition, respectively, of the arrow Ax and pux. This is precisely
fully faithfulness of the functor k. So, it only remains to show that
px-Ao = px.A1, or equivalently, that wux.Ao.sgnny = px-A1-S@p ), for
any pair (h,h') € Rx x Rx, since we have just proved that N(Ax) is
the coproduct of all pullbacks of the kind P(h,h’). In other words, we
need to prove that ac, (h).pn = ac,, (M').pp, for any (h,h') € Rx x Rx,
by definition of the morphisms s, 5y and px. Consider, then, the span
in &:

k(Ch) <" P(h, h') ="~ k(Ch)

By Condition (B), the family R,, ;,, of all arrows in £

{Ci : k(CZ) — P(h, h/)

ph-ci = k(f) f o~ 9
{ s = k(g) for some C}, C; —=Cy

is epimorphic. This precisely means that the arrows ac, (h).pr, and
ac,,(h').py coincide if and only if the identity ac,(h).pp.c; =
ac,, (h').pw.c; holds for any ¢; € Ry, p,,. Using the naturality of the
transformation «, relative to the maps f : C; — C}, and g : C; — Cpy
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in C, we get, for any ¢; € Ry, p,,

ac, (h).pr.ci = ac,(h).E(f)

I
Q
2

I

o

Q

S ¢
=3
S—

(where (1) and (3) are instances of the naturality of o and (2) follows
from the definition of P(h, k') as the pullback of h along k' and the fact
that ¢; € Ry, p,,)- This ends the proof of £(k(C),b)(h) being equal
to ac, (h), for any arrow h : k(Cy) — X in &, for some Cj, € C; in
other words, we have shown that £(k(—),b) = «a for a unique morphism
b: X — Y of £, as desired. [ |

Finally, we state the expected Theorem which classifies the localizations
of presheaf categories:

Theorem 117 Let C be a small category, £ a cocomplete, exact and
extensive category and k : C — &£ a functor. The following conditions
are equivalent:

1. the functor k' : & — [C°P,set|, defined by the assignment X —
E(k(=),X), is a localization;

2. the functor k satisfies the Conditions (A), (B) and it is filtering.

Proof. 1 = 2. Suppose the functor k¥’ : &€ — [CP,set], defined by
X +— E(k(—),X), is a localization of the presheaf category [C°P,set],
whose left adjoint we denote by L : [CP,set] — &, so we have that
k' is fully faithful, L preserves finite limits and L - k. As we know,
since &£ is cocomplete, there always exists the left Kan extension of &
along the Yoneda embedding Y, which produces a left adjoint functor
Lany, (k) to k. By uniqueness (up to isomorphism) of the left adjoint
functor, we have L ~ Lany,(k). Moreover, note that k' being fully
faithful is equivalent to the counit for the adjunction L < k' being an
isomorphism, namely L.k’ ~ 1g¢. On the other hand, we denote by
1 : licor set) — K'.L the unit for the adjunction. Since the Yoneda
embedding Y is fully faithful, the universal arrow for the left Kan
extension L of k along Yoneda is an isomorphism, namely k ~ L.Yp,
that is L.C(—,C) ~ k(C), for any object C € C; so, when evalu-
ated at representable functors F' = C(—,C), the component of n is
the natural transformation ng : C(—,C) — E(k(—),k(C)), defined on
any object A € C as the application of functor k, by the assignment
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C(A,C) — E(k(A),k(C)) : f— Ek(f). Therefore, the current situation
can be summarised as in the following diagram:

FamC — (Fam().; ~ [C, set]

A

where the relation between these functors is established in Proposi-
tion 110, since the category £ is exact and extensive. Explicitly, k is
filtering if and only if k is left covering if and only if L is left exact.
Then, it only remains to prove Conditions (A) and (B) on the functor
k.

k satisfies Condition (A). For it, consider an object X € £ and the collec-
tion Rx = {c: k(C) — X|C € C} of all arrows in £. We want to prove
that Ry is an epimorphic family. Let u,v : X — U be a pair of arrows
in £ such that u.c = v.c, for any ¢ € Rx. This is equivalent to say that
the two functions £(k(C),u),E(k(C),v) : E(k(C),X) — E(k(C),U)
coincide at any object C' € C, on any morphism ¢ : k(C') — X, that is,
K'(u) = k'(v). Since £’ is faithful, it follows that u = v, as desired.

k satisfies Condition (B). For it, consider an object X € &, a pair of

arrows k(A) <"— X L k(B) in £ and the corresponding collection
R, of maps in &

{ci Ck(C) — X H Cblsz : :g;@ forsomeA&C’i i>B}

We want to prove that R,; is an epimorphic family. Let Rx be the
collection of maps {c : k(C) — X|C € C} and, for any ¢ € Rx,
consider, first, the composite a.c : k(C) — k(A) in €. Take the pullback

of the unit component n4 along the composite k'(a.c).nc in [C°P, set],
as follows:

Pa_c C(_7A)

C(=C) ———=E(k(=), k(C))

E(k(=), k(4))

k' (a.c)

Explicitly, since limits are computed pointwise in [C°P, set], this pullback
is given, at any object C, € C, by the collection P, .(Cy) = {(z, fz) €
C(Cy, C)XC(Cy, A)|a.c.k(x) = k(fz)}. Take, then, the regular epi-mono
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factorisation of the morphism p in the presheaf category [CP, set] (which
is regular), as in the diagram:

Since k' is fully faithful, we have already remarked that the counit for
the adjunction L H k' is an isomorphism and this, in particular, implies
that L(na) is an isomorphism. Therefore, since both the pullback and
the regular epi-mono factorisation are preserved by L, which is an ex-
act functor, we get that L(p) is an isomorphism, and so is L(r). From
Lemma 115 it follows, then, that the subfunctor r : R, . > C(—,C) is
k-epimorphic. But regular epi-mono factorisations are computed point-
wise in [C°P,set], that is, the image R,. of the pullback P, ., at any
object C, € C, is given by the collection R, .(C;) = {z : C; —
Cla.c.k(x) = k(fy) for some f, : C; — A}. For C, varying in C,
this is precisely the family of arrows induced by the k-epimorphic sub-
functor r : Ry, > C(—,(C), and, therefore, R, . is a k-epimorphic
family. Now, for any morphism z : C, — C in R,., consider the
composite b.c.k(z) : k(Cy) — k(C) — X — k(B). By the same
reasoning, one can prove that the subfunctor Ry () = C(—,Cz) is
k-epimorphic, that is, the corresponding collection of morphisms {y :
Cy — Cylb.c.k(z).k(y) = k(fy) for some f, : C, — B} in C is a
k-epimorphic family. By composing together all arrows of the kind x
in R, with all arrows of the kind y in Ry x(), We obtain a collection
(depending on ¢ € Rx) S, = {k(z).k(y) = k(z.y) : k(Cy) — k(C)|z €
Ra.c;y € Ry ck(a)}, which we wish to prove to be an epimorphic family
itself. (Note that here we abuse notation and write x € R, . to mean,
in fact, x € R,.c(Cy), for some C, € C.) For it, let u,v : k(C) — U
be a pair of arrows in & satisfying u.k(z).k(y) = v.k(z).k(y), for any
T € Ry and y € Ry p(y). Since the family Ry . () is k-epimorphic,
this amounts to u.k(z) = v.k(z), for any * € R,. and using now
that R, is k-epimorphic, this last statement is further equivalent to
u = v, as desired. In other words, we have just shown that the fam-
ily {z.y : Cy — Clr € Rac,y € Rycpz)}, which we still denote by
Se, is k-epimorphic. Moreover, since x € Ry, we have a.c.k(z.y) =
a.c.k(z).k(y) = k(fe).k(y) = k(fe.y) = k(ga), for some g4 : Cy — A
and, since y € Ry . j(y), We also have b.c.k(x.y) = b.c.k(z).k(y) = k(gB),
for some gp : €y, — B. So, we have just shown that the collection S,
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is contained in the family of all maps

. a.c.k(z) =k(ga) 94 9B
{z :C, — C H bek(z) = k(gp) for some A C, B

in C. In particular, for any of these arrows z € S, the composite c.k(z) :
k(C,) — X does belong to the family R, ;, by definition of S.. So, by
considering the collection of all arrows obtained in this way we form a
subcollection of Rgp; call it M = {c.k(z) : k(C;) — X|c € Rx,z € S.}.
Finally, it suffices to prove that M is an epimorphic family. For it, let
u,v : X — U be a pair of arrows in £ such that u.c.k(z) = v.c.k(z),
for any ¢ € Rx and z € S.. Since the family S, is k-epimorphic, this
is equivalent to u.c = v.c, for any ¢ € Rx, and using now that Rx is
epimorphic, by Condition (A), the last statement is further equivalent
to u = v, as desired. Therefore, M is an epimorphic family which is
contained in R, : it follows from Lemma 113 that R, is epimorphic,
that is, Condition (B) is verified.

2 = 1. Suppose the functor k satisfies the Conditions (A) and (B)
and, moreover, k is filtering. As mentioned above, since the category £
is cocomplete, there always exists the left Kan extension of k£ along the
Yoneda embedding Y¢ : C — [C?P, set], call it L := Lany, (k), which is
left adjoint to &’. By Proposition 110, we know that k being filtering is
equivalent to the functor L being left exact, that is, L preserving finite
limits. Concerning the functor k', we have just shown in Lemma 116 that
if the functor k satisfies Conditions (A) and (B), then £’ is fully faithful.
Hence, this ends the proof of k' : £ — [C°P, set] being a localization of
the presheaf category [C?,set], k' being a fully faithful functor with a
left exact left adjoint. [ |

Comparing conditions

Consider a functor k : C — & from a small category C into a cocom-
plete, exact and extensive category £. We study the relations which
occur between Conditions (F1), (F2), (F3) for a filtering functor (see
Definition 96) and Conditions (A) and (B) introduced in Section 3.1.
There are certain implications that we want to make explicit here, in
order to refine the result contained in Theorem 117. The second group
of conditions, we have defined, is, indeed, stronger than that giving a
filtering functor.

Lemma 118 Condition (A) implies Condition (F1).

Proof.  Since for any object X € &, the collection of arrows {k(C') —
X|C € C} in € has to be epimorphic, in particular, it is so when taking



3.2 The localizations of presheaf categories 95

X =1, the terminal object of £ (which exists, £ being, in particular,
finitely complete). |

Note that the converse is not true in general.
Lemma 119 Condition (B) implies Condition (F2).

Proof.  For any pair of objects A, B € C, consider the product of their
images by k, that is, X := k(A) x k(B) € &, since £ has binary products.

TA

So, we get a span k(A) <—— k(A) x k(B) —2> k(B) in £ and, knowing
that the functor k satisfies Condition (B), we have a collection R
of maps of &:

TATB

{ci Ck(C;) — X H ma-ci = k(fa) for some A EL C; _fs, B}
mTR.C; = k(fB)

which is epimorphic. By definition of X as the binary product of k(A)
and k(B), there exists a unique arrow k(C;) — k(A) x k(B), whose
compositions with the canonical (product) projections give, respectively,
k(fa) and k(fp); we usually denote it by < k(fa),k(fB) >. Therefore,
for any pair of morphisms k(f4) and k(fp), there exists a unique arrow
¢+ k(C;) — X and the collection R, , can, in fact, be written as:

(< k(fa), k(fB) >: K(Ci) — k(A) x k(B)| A<, 2~ Binc)

which we have just shown to be epimorphic, by Condition (B). This is
precisely Condition (F2). |

Once again, note that the converse is not always true.

Clearly, Condition (A,¢q) is stronger than Condition (A): it does not
require any proof the fact that Condition (A,¢4) implies Condition (A).
Moreover, to justify why Condition (B’) is a special instance of Condition
(B), we make the link between the two explicit in the following:

Lemma 120 Condition (B) implies Condition (B’).

Proof.  For any arrow f : k(A) — k(B) in &, we wish to show that the
collection of all maps Ry = {¢; : C; — A|f.k(c;) = k(g;) for some g; :
C; — B} in C is k-epimorphic. Consider the span in £ given by the
morphism f and the identity on k(A), that is, k(B) ! k(A)
k(A). Since the functor k satisfies Condition (B), we know that the
collection Rf,lk( A of morphisms of &£

1rca)

. , fci =k(fB) /B - fa
{Ci 1k(Ci) — k(A) H Loy ¢ = kffA) forsome B <—— C; —— A}
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is epimorphic. This family Ry, ,, is precisely {k(fa) : k(C;) —

kE(A)|f.k(fa) = k(fB) for some B SELES Ci a A}, which corresponds
to the collection {¢; : C; — A|f.k(c;) = k(g;) forsomeg; : C; — B},
which is, therefore, k-epimorphic. But this is just the collection Ry and,
then, Ry is k-epimorphic, as desired. [ |

In light of the previous Lemmas 118 and 119, we can refine The-
orem 117 and state the following:

Corollary 121 Let C be a small category, £ a cocomplete, exact and
extensive category and k : C — & a functor. The following conditions
are equivalent:

1. the functor k' : £ — [C°P set], defined by the assignment X +—
E(k(—),X), is a localization;

2. the functor k satisfies the Conditions (A), (B) and (F3).

Let A be a small category and B a cocomplete, exact and extens-
ive category. We denote by Loc[B, [A°, set]] the full subcategory of
GeoMor|[B, [A%, set]] given by all localizations between B and the pre-
sheaf category [A°P,set]. Whereas, we denote by Filt*[A, 5] the cat-
egory of functors from A into B which are filtering and satisfy Condi-
tions (A) and (B) (or, equivalently, which satisfy Conditions (A), (B)
and (F3)) and all natural transformations between them. The following
result relates these two notions, namely localizations can be classified
by functors belonging to categories of the kind Filt*:

Corollary 122 Let A be a small category and B a cocomplete, exact
and extensive category. The functor

¢ : Loc[B, [A”, set]] — Filt*[A, B]

defined by pre-composing with the Yoneda embedding Y : A—[A°P set],
gives an equivalence of categories.

Proof. Let
L
B__ 1 _[A?, set]

i

be a localization and consider the pre-composition L.Y 4 of its left adjoint
L with Yoneda Y4 : A — [A, set]. First of all, we need to show that
the functor L.Y4 : A — B verifies Conditions (A), (B) and (F3). By
Proposition 110, to prove L.Y4 being filtering is equivalent to prove
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that the left Kan extension Lany,(L.Y4) of the composite L.Y4 along
Yoneda is left exact, as in the following diagram:

Ya

A

[A%, set]

L.Yq AA(L.YA)

B

Since Y4 is fully faithful, the universal arrow for such a left Kan exten-
sion is an isomorphism, namely L.Y,4 ~ Lany,(L.Y4).Y4. Moreover,
Y4 being a dense functor (see Definition 98) and L and Lany, (L.Y4)
preserving all existing colimits, we can derive that L ~ Lany, (L.Y,4).
Clearly, the functor Lany,(L.Y,) is left adjoint to the functor
B(L.YA(—),—) : B — [A, set] and, therefore, by uniqueness (up
to isomorphism) of the right adjoint, B(L.Y4(—), —) is isomorphic to i,
which is a right adjoint functor to L. In particular, then, B(L.YA(—), —)
~ ¢ is full and faithful, which means that

Lany , (L.Y4)
B T [A, set]
B(L.Ya(=)—)

is a localization of the presheaf category [A°, set]. Then, from Co-
rollary 121, it follows immediately that the functor L.Y4 does satisfy
Conditions (A), (B) and (F3), as desired. This ends the proof of L.Y4
being an object of Filt*[A, B]. In order to prove that £ is an equivalence
of categories, we need to verify it is (a) fully faithful and (b) essentially
surjective on objects.

(a) The proof that £ is full and faithful follows the same lines of the
proof that the functor ¢ : GeoMor|[B, [A%, set]] — Filt[A, B] intro-
duced in Corollary 111 is fully faithful, once we have underlined that
both the categories Loc[B, [A,set]] and Filt*[A, B] are full subcat-
egories of GeoMor|[B, [A?, set]] and Filt[A, B], respectively.

(b) It only remains to show, then, that £ is essentially surjective on
objects. Let F': A — B be a functor verifying Conditions (A), (B)
and (F3). Since the category B is cocomplete, we can always define
a pair of adjoint functors B(F(—),—) : B — [A%,set], which as-
signs to any object B € B the set-valued functor B(F(—),B), and
Lany, (F) : [A%,set] — B, which is given by the left Kan exten-
sion of F' along the Yoneda embedding Y4. By Proposition 110, the fact
that the functor F' is filtering is equivalent to the left Kan extension
Lany, (F) being left exact. Moreover, by Lemma 116, the fact that F
satisfies Condition (A) and (B) implies that the functor B(F(—),—) is
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full and faithful. Therefore, we get a localization

Lal’lyA (F)
B T [A, set]
B(F(-),—)

which, in particular, satisfies the condition F' ~ Lany,, (F).Y 4, since Y4
is fully faithful. Namely, {(Lany,(F)) ~ F and this ends the proof of
the functor & being essentially surjective on objects. [ |

A sheaf-theoretical proof

It is a well-known fact that all localizations of the category [C°P,set]
of presheaves are obtained, up to equivalence, as categories of sheaves
Sh(7), for Grothendieck topologies 7 on C (see [25, 34, 36]). A category
equivalent to such a category of sheaves is called a Grothendieck topos
and the celebrated Giraud Theorem gives an intrinsic characterisation
of Grothendieck toposes. We want to present here a new proof of Co-
rollary 121, which makes use of sheaf-theoretic techniques. The main
difference with the previous one, then, will be the total abandonment of
the notion of filtering functor and exact completion, to dive in a more
“topological” context. We recall, first, the axioms for a Grothendieck
topology on a small category. Roughly speaking, the notion of Grothen-
dieck topology describes the behaviour of hereditary open covers in a
topological space.

Definition 123 Let C be a small category. A Grothendieck topology 7
on C is given by specifying for any object C in C a collection T (C) of
subfunctors of C(—,C) in [C°P, set], satifying the following axioms:

(T1) C(—,C) e T(C);

(T2) for Re€ T(C) and an arrow f: D — C in C, the pullback f*(R)
in [C°P,set] of R along C(—, f) : C(—,D) — C(—,C) is in T(D);

(T3) consider S € T(C) and an arbitrary subfunctor R of C(—,C), if,
for any D in C and for any f € S(D), the pullback f*(R) is in
T (D), it follows that R is in T (C).

It can been easily proved that, for any object A € C, the pullback’s
component at A is given by f*(R)(A) ={a: A — D|f.a: A——= D
—Cisin R(A)}.

Definition 124 Let T be a Grothendieck topology on C. A presheaf
functor F € [C°P,set] is said to be a sheaf (for T) if, for any object
C € C and any subfunctor r : R > C(—,C) in T(C), the inclusion r
induces a bijection Nat(C(—,C), F) ~ Nat(R, F).
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Stated otherwise, F' € [CP,set]| is a sheaf if, for any C' € C, for any
R € T(C) and for any R-compatible family (fn)ner (that is, a fam-
ily {fn € F(Cp)|h : C}, — C in R} in set such that, for any arrow
c: C; — Cyof C, F(c)(fn) = fnec), there exists a unique element
f € F(C) satisfying F(h)(f) = fn, for any h € R.

Given a Grothendieck topology 7 on a small category C, the sheaves for
7 form a category Sh(7), where the maps are the natural transforma-
tions, namely maps of presheaves. So, ¢ : Sh(7) >— [C?, set] is a full
subcategory. Moreover, the inclusion ¢ has a left adjoint a : [CP, set]
——= Sh(7), called the associated sheaf functor, which preserves finite
limits. In other words, i : Sh(7) = [C°, set] is a localization of the
presheaf category [C°P, set].

Theorem 125 Let C be a small category, £ a cocomplete, exact and
extensive category and k : C — & a functor. The following conditions
are equivalent:

1. the functor k' : £ — [C°P,set|, defined by the assignment X —
E(k(—),X), is a localization;

2. the functor k satisfies the Conditions (A), (B) and (C).

Proof. 1 = 2. Suppose the functor &’ : &€ — [C, set] is a localiza-
tion of the functor category [C°P,set], whose left exact left adjoint we
denote by L. In fact, L is nothing but the left Kan extension of the
functor k along the Yoneda embedding Yy : C — [C°P,set]. We have
already proved in Theorem 117, that this implies the functor k satisfying
Conditions (A) and (B). It only remains to show, then, that the functor
k satisfies the additional Condition (C). For it, let f,g : A — B be
a pair of arrows in C and consider the equalizer of the corresponding
natural transformation C(—, f) and C(—, g) in [C°P, set]:

C(fvf)

C(fvg)

0=>=C(—, A) C(—,B)

Since limits are computed pointwise in [C°P, set], for any object C' € C,
each component we of w is the equalizer of the pair (C(C, f),C(C,g)) in
set, as follows:

C(C.f)

C(C.g)

Q(C) <> (C, A) c(C,B)

that is, the set Q(C) = {h : C — A|f.h = g.h}. We point out,
explicitly, that we make no notational distinction between the functor €2
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and the set-theoretic union of all Q(C'), when C' varies in C. Moreover,
L being left exact, we get that the morphism L(w) is the equalizer in £
of the pair (k(f),k(g)), as follows:

L(w) k(f)

L) = K(4) =

k(B)

(here we use the definition of L = Lany, (k) as the left Kan extension of
k along Yoneda: since Y¢ is fully faithful, we derive k ~ L.Y¢). Suppose,
then, that k(f) = k(g). We need to prove that the family Ry, of arrows
inC

{¢; : C; — Alf.c; = g.¢;}

is k-epimorphic. Since k(f) = k(g), the equalizer L(w) is isomorphic to
the identity 1,4y on k(A). By considering all morphisms h € €2, that
is, arrows h : C, — A in C such that f.h = g.h, we get an induced
canonical map ' in [C?, set], by the universal property of the coproduct:

[T e cn—c(-,4)
heQ

UhT C(—,h)
C(_7 Ch)

The morphism 7’ is unique with the property that r’.0,, = C(—, h), for
any h € (), where the morphisms o; denote the coproduct injections.
We wish to show that the regular epi-mono factorisation in [C?, set] of
r’ is precisely Q. For it, for any h € , namely an arrow h : C, — A
in C such that f.h = g.h, we get C(—, f).C(—,h) = C(—,g).C(—,h).
Since w : Q@ — C(—, A) is the equalizer of such a pair of arrows, there
exists a unique map ¢y : C(—,Cy) — Q such that w.@, = C(—,h),
for any h € €, and therefore, by the universal property of coproduct,
there exists a unique morphism ¢ : [],.qC(—,C) — Q satisfying
w.0n = @, for any h € Q. That is, for any arrow ¢ : C — C}, for
some h € Q(Ch), ¢c(c) is precisely h.c € Q(C). It is easy to verify, by
composing with the coproduct injections oy, that w.¢ = r’. Moreover,
the map ¢ is a regular epimorphism, or, equivalently, for any C € C,
oo [HpeaC(C,CL) — Q(C) is a surjection in set. For it, consider
an element ¢ € Q(C), then, taking h = ¢ and Cj, = C reveals the
identity 1¢ on C' as an element of the coproduct and, clearly, we have
vo(le) = c¢.lg = ¢, as desired. Therefore, we get a regular epi-mono
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factorisation in [CP, set]:
ITc-

heQ \ /

and applying the functor L, which is exact, to this diagram gives in &:

I #(cn)

heQ

\ L(w)

where L(r’) is the canonical map induced by the arrows k(h), for h € Q,
since we do have L(r").pp, = L(r').L(o}) = L(r'.op) = L(C(—,h)) ~
k(h). (Here the morphisms py denote the corresponding coproduct in-
jections in £.) From the fact that L(w) is an isomorphism, it follows
that L(r') is a regular epimorphism. By Lemma 115, we derive this is
equivalent to the subfunctor w : Q@ > C(—, A) being k-epimorphic.
But Q, regarded as the set-theoretic union over C' € C of all sets
QC) ={h: C — A|f.h = g.h}, is nothing but the collection Ry,
and the property of (2 being a k-epimorphic subfunctor evolves to Rygq
being a k-epimorphic family. Namely, the functor k satisfies Condition
(C).

2 = 1. Suppose the functor k satisfies Conditions (A), (B) and (C).
We have already proved in Lemma 116 that Conditions (A) and (B) are
sufficient for the functor &’ to be fully faithful. We should show now
that, under the additional Condition (C), the fully faithful inclusion
k' : &€ — [C°P,set] is, in fact, a localization. This is where sheaf theory
will come to hand. Since the length of this proof is quite remarkable,
we prefer to clearly divide it into a sequence of steps, each constituting
a self-contained result on its own.

Step 1. The collection T = {r : R > C(—, C) k-epimorphic |C €
C} of all k-epimorphic subfunctors of representable functors gives rise
to a Grothendieck topology on C.
Proof.  Axiom (T1) is satisfied. For it, we need to show that, for any
C € C, the representable functor C(—, C) is k-epimorphic . If we regard
the functor C(—,C) as the set-theoretic union of all sets C(D,C), for
D varying in C, we get the collection of all arrows in C with codomain
C, that is, S = {h : D — C|D € C}. For any pair of arrows u,v :
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kE(C) — U in C such that u.k(h) = v.k(h), for any h € S, we obtain
the equality u = v just by taking, in particular, h = 1¢. This proves
that S is a k-epimorphic family.

Axiom (T2) is satisfied. For it, let r : R > C(—, C) be a k-epimorphic
subfunctor and f : D — C a morphism of C and compute the pullback
of r along C(—, f) in [C°P, set], as follows:

f*(R) R

C(_aD) C(—,C)

C(=.f)
We wish to prove that r* : f*(R) > C(—, D) is a k-epimorphic sub-
functor, that is, the set-theoretic union of all collections f*(R)(A) =
{a : A — D|f.a € R(A)} of arrows in C, for A varying in C, consti-
tutes a k-epimorphic family in C. For it, denote by R the collection
{h: Cy — Clh € R(C},),C} € C} and consider the canonical map Ar
induced by all arrows k(h), via the universal property of the coproduct,
as follows:

I k(Ch) —=~k(C)

heR
Oh T k}(h)

k(Chr)

namely, Ag is the unique map in & satisfying Ag.o, = k(h), for any
h € R. The fact that R is a k-epimorphic subfunctor precisely means
that the family R is k-epimorphic, that is, Ag is an epimorphism, in
fact, a regular epimorphism by Proposition 95, the category £ being
exact and extensive. For any h € R, the pullback P, in € of k(h) (which
is equal to Ag.op) along k(f) factors through the pullback Pr of Ag
along k(f), as displayed in the following diagram:

Ph o k(Ch)
R g
Bh h Pr PR H k(Ch)
heR
wW |,
B(D) —2 k(D) K(C)
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where vy, is the comparison morphism given by the universal property of
the pullback (1). Since both the outer square and the inner right-hand
square (1) are pullbacks, it follows that (2) is a pullback and, therefore,
& being an extensive category, we can derive [[, .5 Pn ~ Pr. Therefore,

for any h € R, we get a span k(C,) <2— P, — > k(D) in &, to which
we can apply Condition (B) and obtain that the collection R,, ,, of all
morphisms of £

{ci 1 k(Cy) — Py '{ pn-ci = k(l:) for some CY, L C; —s D}
wn-ci = k(m;)

is epimorphic. Consider, then, the collection S = {g : C; — D|k(g) =
prci , h € R, ¢ € Ry, 4, Note that Az being a regular epi-
morphism and £ being a regular category imply pgr is a regular epi-
morphism and, obviously, we have u; = pg.v,. First, we show the
family S is k-epimorphic. For it, let u,v : k(D) — U be a pair
of arrows in £ such that w.k(g) = v.k(g), for any g € S, that is,
U.fbp-C; = V.pip-C;, for any h € R and for any ¢; € Ry, ,,. Equival-
ently, we have u.ugr.vh.c; = v.ur.vp.c;, for any h € R and for any
¢ € Ry, u,, from which it follows that w.ug.vh = v.ugr.vp, for any
h € R, the family R, ,, being epimorphic. This condition is equivalent
to u.ur = v.uR, since we have just shown Ppg is, indeed, the coproduct
[;cr Pn (with coproduct injections given precisely by the morphisms
vy). Finally, we can derive u = v, ugr being an epimorphism. When
taking an arrow g : C; — D in S, we have k(g) = up.c;, for some
h : Cp — C in R and some ¢; : k(C;) — Pj, in R, 4,, o, in par-
ticular, we also have pp.c; = k(lp;), for some arrow I ; : C; — C,.
Then, by definition of the pullback P, of k(h) along k(f), we obtain
k(f.9) = k(f)-k(g) = k(f)-tn-c; = k(h).pp.ci = k(h).k(ln;) = k(h.lp;).
From this last equality it follows, by Condition (C), that the collec-
tion of arrows Ryfgeni,, = {7 @ Co — Cilf.gx = hlp;x} in C is
k-epimorphic. So, by taking all composites of the kind g.x we get a
k-epimorphic family, which is, in fact, contained in f*(R). For it, let

S ={C, = C; A Dlg € S,x € Ry gghu,,; } be the family of all these
composites in C and consider a pair of arrows u, v : k(D) — U satisfy-
ing u.k(g).k(z) = v.k(g).k(z), for any g € S and for any = € Ry ggn., ;-
This amounts to saying that u.k(g) = v.k(g), for any g € S, Ry ggn.i,,
being k-epimorphic, which is further equivalent to u = v, since S is also
k-epimorphic. Then, it only remains to prove that S’ C f*(R). Con-
sider an arbitrary g.x, where g € § and = € Ry 4gn., ,; this composite
satisfies f.g.x = h.l,;.x, where h : C}, — C'is in R(C},). Therefore, by
definition of R as a subfunctor of C(—,C'), we get that the composite
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h.lp.x is in R(Cy), namely f.g.x € R(C;); in other words, g.z belongs
to f*(R)(Cy), as desired. We conclude, by Lemma 113, that the sub-
functor r* : f*(R) > C(—, D), which does contain a k-epimorphic
family, namely &', is itself k-epimorphic.

Axiom (T3) is satisfied. For it, let S € 7(C), that is, S is a k-epimorphic
subfunctor of C(—,C), R > C(—,C) be a subfunctor such that, for
any object D € C and for any morphism f € S(D), the pullback f*(R)
is in 7 (D). We need to show, then, that R € 7(C). For any morphism
f:D — Cin S(D), the pullback f*(R) is given by the set-theoretic
union of all f*(R)(A) = {a: A — D|f.a € R(A)}, for A varying in
C. Consider the collection of all such composites f.a in C, which we
denote by § = {f.a: A — C|f € S,a € f*(R)}: this represents a
k-epimorphic family. For it, let u,v : k(C) — U be a pair of arrows
in &€ such that u.k(f).k(a) = v.k(f).k(a), for any f € S and for any
a € f*(R). This amounts to saying that uw.k(f) = v.k(f), since f*(R)
>~ C(—, D) is a k-epimorphic subfunctor, which is further equivalent
tou =wv, S > C(—,C) being itself a k-epimorphic subfunctor. There-
fore, the family S is k-epimorphic and, moreover, it is contained in R, by
definition of the pullback f*(R). By Lemma 113, we can derive, then,
that R is a k-epimorphic subfunctor of C(—,C), that is, R € 7(C), as
desired.

This ends the proof of
7 :Cw—T(C)={R>—C(—,C)|R k-epimorphic subfunctor}

being a Grothendieck topology on C. We consider the full subcategory
Sh(7) of the functor category [C°, set] given by the 7T -sheaves, which,
as we have already recalled, gives rise to a localization:

Sh(7T) 1 [CP, set]

i

We wish to prove that the inclusion k' : € — [CP, set] factors through
an equivalence of categories ¢ : £ — Sh(7), as follows:

&> al [C°P, set]
N
Sh(7)

where the associated sheaf functor a : [C°P, set] — Sh(7) is given by
C(—,C) — E(k(—),k(C)). This will end our proof of k' : £ ~ Sh(7)
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>~ [CP, set] being a localization.

Step 2. Letr : R > E(k(—),X) be an epimorphic subfunctor
and f': k(D) — X an arrow of €. Then, the pullback r* : f™*(R) ——
C(—, D) in[C°P,set| of r along E(k(—), ') is a k-epimorphic subfunctor.
Proof.  We recall that f*(R) is defined to be the set-theoretic union
of all collections f™*(R)(Cp) = {h : C, — D|f".k(h) € R(Cp)} of
morphisms in C, for Cj, varying in C. This proof is analogous to the one
of Axiom (T2) in Step 1. Denote by R the collection {h : k(C}) —
X|h € R(C}h),Ch € C} and consider the canonical map Ag induced by
all arrows h, via the universal property of the coproduct, as follows:

[ k() —2=x

heR

O'hT ]’L

k(Ch)

namely, Ar is the unique arrow with the property Agr.on = h, for any
h € R. The fact that R is an epimorphic subfunctor precisely means
that the family R is epimorphic, that is, A is an epimorphism, in fact,
a regular epimorphism by Proposition 95, the category £ being exact
and extensive. For any h € R, the pullback P} in € of h (which is equal
to Ag.op) along f’ factors through the pullback Pr of Ag along f/, as
displayed in the following diagram:

Py, - o k(Ch)
) o
N
Hh PR PR H k(Ch)
heR
HR (1) LAR
1
k(D) —2" - k(D) X

where vy, is the comparison morphism given by the universal property of
the pullback (1). Since both the outer square and the inner right-hand
square (1) are pullbacks, it follows that (2) is a pullback and, therefore,
& being an extensive category, we can derive [ [, .p Pr ~ Pr. Therefore,

for any h € R, we get a span k(Cj,) <2— P, —"> k(D) in &, to which
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we can apply Condition (B) and obtain that the collection R,, ,, of all
morphisms of £

{ci 1 k(C;) — Py ‘{ uphhciz::lig;?) for some C, L C; — s D}

is epimorphic. Consider, then, the collection S = {g : C; — D|k(g) =
prci , h € R, ¢ € Ry, 4, Note that Az being a regular epi-
morphism and £ being a regular category imply that ug is a regular
epimorphism and, obviously, we have up = pgr.vy. First, we show
the family S is k-epimorphic. For it, let w,v : k(D) — U be a
pair of arrows in £ such that u.k(g) = v.k(g), for any g € S, that is,
U.fbp-C; = V.Jip.Ci, for any h € R and for any ¢; € R, ,,- Equivalently,
we have u.ugr.vh.c; = v.ug.vp.c;, for any h € R and for any ¢; € R, .,
from which it follows that u.ug.vh = v.ug.vp, for any h € R, the family
Ry, ., being epimorphic. This condition is equivalent to u.ur = v.ug,
since we have just shown Ppg is the coproduct [ [,z Py (with coproduct
injections given precisely by the morphisms v}). Therefore, we derive
u = v, ur being an epimorphism. When taking an arrow g : C; — D
in S, we have k(g) = pp.ci, for some h : k(Cp) — X in R(C},) and some
¢ 1 k(C;) — Py in R, .., , 0, in particular, we also have py.c; = k(lp,;),
for some arrow I, ; : C; — C},. Then, by definition of the pullback P},
of h along f’, we obtain f".k(g) = f'.up.c;i = h.pp.c; = h.k(lp,;). Since
R is a subfunctor of £(k(—), X), from the fact that h € R(C},) it fol-
lows that the composite h.k(l,;) € R(C;), namely f'.k(g) € R(C;); in
other words, g belongs to f*(R)(C;). Therefore, we have just proved
that the family S is contained in f"*(R). We conclude, by Lemma 113,
that the subfunctor r* : f*(R) >— C(—, D), which does contain the
k-epimorphic family S, is itself k-epimorphic .

Step 3. Letr : R > E(k(—),X) be an epimorphic subfunctor.
Then, its image a(r) through the associated sheaf functor a is an iso-
morphism in Sh(7T).

Proof.  First of all, we wish to point out that, for any natural trans-
formation w : C(—,C) — &(k(—), X), the pullback in [C,set] of r
along w produces an element of the topology 7 (C). For it, consider a
natural transformation w : C(—,C) — E(k(—), X) and the pullback in
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[C°P, set] of r along w, as follows:

p ut R
C(-,C) o E(k(=), X)

By the Yoneda Lemma, any natural transformation w : C(—,C) —
E(k(—),X) corresponds to a morphism f': k(C) — X in &; more pre-
cisely, the correspondence is given by w ~ E(k(—), f'). Then, by Step
2, the pullback p : P > C(—, C), which is nothing but f*(R) = {h :
Cy, — C|f".k(h) € R(Cy),C) € C}, is a k-epimorphic subfunctor. In
other words, P belongs to 7 (C).

Therefore, for any F' sheaf (for the topology 7) and for any pair of
arrows a, 3 : E(k(—), X) — F in [C°P, set] satisfying a.r = (.r, by pre-
composing with w’, we get a.r.w’ = B.r.w’, that is, a.w.p = B.w.p. Since
P € T(C), from this last equality it follows, by definition of the sheaf
F, that a.w = B.w. So, the natural transformations o and [ coincide
when pre-composed with any w : C(—,C) — E(k(—),X), whenever
they coincide when pre-composed with r. In fact, we want to show that
if they coincide when pre-composed with r, then they always coincide.
For it, in order to prove that o, : E(k(—),X) — F are the same
natural transformation, we need to show that, for any object A € C
and for any arrow h : k(A) — X in &, aa(h) = Ba(h). But as just
remarked, by the Yoneda Lemma, any such an arrow h : k(A) — X
corresponds to a natural transformation w : C(—,A) — E(k(—), X),
via wa(l4) = h. Then, for any such a morphism w, we already know
that c.w = f.w : C(—, A) — F. In particular, when evaluated at A,
applying this equality to the identity 14 on A gives the same element
ap(wa(la)) = Ba(wa(la)) of F(A), that is, aa(h) = Ba(h), as de-
sired. We can derive that a = 3. Hence, we have just shown that any
pair of natural transformations «, 5 : £(k(—), X) — F, from the func-
tor £(k(—), X) into a sheaf I (for the topology 7'), coincide whenever
a.r = g.r.

Since the associated sheaf functor a is left exact, the image a(r) of
the monomorphism r : R > E£(k(—),X) is always a monomorph-
ism in Sh(7); hence, it only remains to prove that a(r) : a(R) —
a(E(k(—), X)) is an epimorphism, because in Sh(7"), which is an exact
and extensive category, epimorphisms coincide with regular epimorph-
isms, by Proposition 95. For it, let A\, u : a(E(k(—), X)) — F be a
pair of morphisms in Sh(7), namely just two natural transformations,
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and suppose that A.a(r) = p.a(r). Via the adjunction a 4, the map
A.a(r) : a(R) — F corresponds to a map R — i(F'), which is defined
as the composite i(\.a(r)).Cr = i(\).i(a(r)).Cr, Where ( : 1jcop et —
i.a is the unit for the adjunction a - i. By naturality of the transform-
ation ( relative to the morphism 7, we have i(a(r)).Cr = (g(r(—),x)-T;
so that, the identity A.a(r) = p.a(r) is equivalent to i(\).Ce(—),x) T =
i(1)-Ce(k(—),x)-T> where i(A).Cer(—),x): 1(1)-Cer(—),x) + Ek(=), X) —
i(a(E(k(-),X))) — i(F) are morphisms in [C°P,set]. Then, by ap-
plying our criteria concerning natural transformations from the functor
E(k(—), X) into a sheaf F* (for the topology T'), we derive i(\).Ce(x(-),x)
= 1(1)-Cg(k(-),x), since they already agree when pre-composed with 7.
The last equality corresponds to ep.a(i(A)).a(Cer(-),x)) =
er-a(i(p)).a(Cek(-),x)) : a(E(k(=), X)) — F, via the adjunction a - i,
where we denote by € : a.i — lgp(7) the counit for the adjunction,
which is actually an isomorphism, since ¢ is fully faithful. This is pre-
cisely the equality A\ = p, by using the triangular identities for the
adjunction. This ends the proof of a(r) being an epimorphism, and,
therefore, an isomorphism in Sh(7).

Step 4. Let k' : £ — [C°P,set] be the functor defined by X +—

E(k(=),X). Then, for any object X € £, K'(X) = E(k(-), X) is a sheaf
for the topology T on C.
Proof. Let C be an object of C and consider a k-epimorphic subfunctor
r: R>—C(—,C) and a natural transformation o : R — E(k(—), X).
We wish to show that there exists a unique natural transformation
g :C(—,C) — E(k(—),X), namely an arrow b € £(k(C), X) such
that £(k(—),b) ~ 3, satisfying f.r ~ «a, that is, £(k(—),b) ~ «a. The
collection R of all morphisms {h : C, — C|h € R(C}),Cy € C} in C
induces a canonical map Ar, by the universal property of the coproduct,
as follows:

I k() —=~k(C)

heR
GhT k(h)
k(Ch)

Namely, A is the unique arrow with the property Ag.op = k(h), for any
h € R, where we denote by o, the canonical coproduct injection in £.
The fact that the subfunctor R is k-epimorphic means that the family
R is k-epimorphic, that is, A is an epimorphism, in fact, a regular epi-
morphism by Proposition 95, the category £ being exact and extensive.
So, following the same reasoning as in the proof of Lemma 116, we can
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prove that the kernel pair N(Ag) of Az, of which Az is the coequalizer,
is given by the coproduct of all pullbacks P(h,h') of k(h) along k(h') in
&, over all pairs of arrows (h,h') € R X R, as in the diagram:

[T PO~ NOw) === [T H(Ch) —2= k(C)

(h,h')ERXR M her
where
P(h, ') —"—> k(C})
Pp/ k(h)
k(Ch) k(C)

k(h')

is the above-mentioned pullback of k(h) along k(h') in €. For any
h € R, that is, an arrow h : C;, — C in C belonging to R(C}),
the natural transformation o : R — &(k(—), X) produces a morph-
ism ac, (h) : k(Cy) — X; moreover, all these maps ac, (k) induce a
canonical morphism pg in £, by the universal property of the coproduct,
as follows:

I k) ———=Xx
heR

UhT ac, (h)
k(Ch)

Explicitly, pgr is the unique map satisfying ug.on = ac, (h), for any
h € R. Suppose that ur.A\g = ur.A1. Since Ag is the coequalizer of the
pair (Mg, A1), we obtain a unique morphism b : k(C') — X such that
b.AR = uRr, that is, b.Ag.op = pr.op for any h € R. This condition is
equivalent to £(k(C}),b)(h) = b.k(h) = b.Ag.on = pr.on = ac, (h), for
any morphism h : Cj, — C'in R, by definition of the arrows Ag and ur.
This is precisely £(k(—),b) ~ «a, as desired. So, it only remains to show
that ur.Ao = pr.A1, or, equivalently, that ur.Ao-S(hn) = HR-A1-S(h,11) s
for any pair (h,h’) € R x R, where the maps s, ) : P(h,h') —
N(AR) ~ H(h,h/)eRxR P(h,h') are the canonical coproduct injections in
£. In other words, we need to prove that ac, (h).pn = ac,, (h').pw, for
any (h,h’) € R xR, by definition of the morphisms s, ;) (they are the
unique ones such that Ao.s py = op.pp and )\1-S(h,h/) = op.pp) and
pr. Consider, then, for any (h,h') € R x R, the span in &:

k(Ch) <2 P(h, 1) 2> k(C)
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By Condition (B), the family R, ;,, of all arrows in &:

{ci 1 k(C;) — P(h, 1)

{ ph-ci = k(f) for some C}, e C; A C’hr}
pw-ci = k(g)

is epimorphic. Explicitly, this means that the arrows ac, (h).p, and
ac,, (h').pw coincide if and only if the identity ac,(h).pp.c;i =
ac,, (h').pw.c; holds, for any ¢; € Ry, ;.. Using the naturality of the
transformation o : R — &£(k(—), X), relative to the map f : C; — C},
and the map g : C; — O} in C, respectively, we get:

ag, (h).pn-ci = ag,(h).k(f) = ac/(h.f)
ac,, (W).pw.ci = ac, (h)k(g) = ac/(W.g)

for any ¢; € Ry, p,,, since h € R(Cy) and b € R(Cp/). Then, it
only remains to show that ac,(h.f) and a¢,(h'.g) coincide, for any
¢i € Ry, p,,- Since k(h.f) = k(h).k(f) = k(h).ph.c; = k(I).pp.c; =
k(h').k(g) = k(h'.g), for any ¢; € Ry, ,.,, by Condition (C), we know
that the family of arrows R feng = {z : Cp — Cj|h.f.o = W .g.a}
in C is k-epimorphic. The naturality of the transformation « relat-
ive to any element x € Rj fgn g, namely a map z : Cp — Cj in C,
gives ac, (h.f).k(x) = ac, (h.f.x), when applied to the composite h.f €
R(C;), and ac, (I .g).k(z) = ac, (W .g.x), when applied to h'.g € R(C;).
Therefore, the pair of morphisms o, (h.f), ac,(h'.g) : k(C;) — X, for
any ¢; € Ry, ., coincide if and only if ac, (h.f).k(z) = ac,(h'.g).k(x),
for any x € Ry pen g, since the collection Ry fgpn g is k-epimorphic.
This last equality obviously holds by the naturality of « applied to the
maps & € Ry, fgn.g, Which, by definition, satisfy h.f.x = h'.g.x. This
ends the proof of £(k(C}),b)(h) being equal to ac, (h), for any arrow
h:Cp — C in R; in other words, we have £(k(—),b) ~ « for a unique
arrow b : k(C) — X of &, as desired.

Step 5. For any object C € C, no : C(—,C) — E(k(—),k(C)) is
a map in the presheaf category [C°P,set] (that is, nc is a natural trans-
formation) and, moreover, the pair (€(k(—),k(C)),nc) is a reflection of
C(—,C) along the inclusion i : Sh(T) — [C°P, set].
Proof.  For any object C' € C, the map n¢ : C(—,C) — E(k(—), k(C))
is defined, at any A € C, as (nc)a : C(A,C) — E(k(A),k(C)), via
the assignment f — Ek(f). We know, by Step 4, that each functor
E(k(—),k(C)) is a sheaf (for the topology 7), since k(C) € £. First, we
wish to show that nc : C(—,C) — E(k(—),k(C)) is a natural trans-
formation, that is, for any morphism a : A — A’ in C, the equality
k(f).k(a) = k(f.a) holds, for any f € C(A’,C): but this is just the
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condition on k of being a functor. Concerning the second part of the
statement, consider a sheaf F' (for the topology 7) and a natural trans-
formation a : C(—,C') — F'; we wish to prove that there exists a unique
natural transformation 3 : £(k(—),k(C)) — F making the following
triangle:

commute. Defining such a 3 is defining, at any object A € C, a map
Ba : E(k(A),k(C)) — F(A), which associates with any morphism
f:k(A) — k(C) in € an element of FI(A). Let f : k(A) — k(C)
be such an arrow in £ and Ry be the collection of all maps in C given by
{ci : C; — A|f.k(¢;) = k(g;) for some g; : C; — C'}. By Lemma 120,
since the functor k satisfies Condition (B), it has to satisfy Condition
(B’), we get that the family Ry is k-epimorphic. Consider, then, the
subfunctor corresponding to this collection, which we still denote by
Ry >— C(—,A) and is k-epimorphic; in other words, Ry belongs to
T (A). Moreover, for any morphism g; : C; — C corresponding to
an arrow ¢; in Ry, the natural transformation o : C(—,C) — F
produces an element ac,(g;) € F(C;). We claim that the collection
F = {ac,(gi) € F(Cy)|c; : C; — A'in Ry} is an Ry-compatible fam-
ily. For it, let 0 : C; — C; be an arrow in C, we wish to show that
F(0)(ac;(9i)) = ac,(gi-0), where F(0) : F(C;) — F(Cj) is a map in
set, and that ac;(g;.0) is an element of the family 7. By naturality of
the transformation « relative to the morphism 6 : C; — C; of C, we
obtain the commutativity of the following square:

(G, 0) G F(Cy)
c(6,C) F(0)
C(C;,0) v F(Cj)

Applying this commutativity to the morphism g; : C; — C' of C gives,
precisely, the desired equality F(0)(ac,(g9:)) = ac,(g:-0). Moreover,
since Ry >— C(—, A) is a subfunctor, from the fact that ¢; € R¢(C;), we
can derive that ¢;.0 € Rf(C;). In fact, the arrow ¢;.0 : C; — A is such
that f.k(c;.0) = f.k(c;).k(0) = k(g:).k(0) = k(g;.0), where the composite
gi-l : C; — C'is in C. Namely, ac;(g;.0) € F'(C)), for ¢;.0 in Ry, as
desired. Therefore, F' being a sheaf (for the topology 7), there exists a
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unique element ¢ € F'(A) satisfying F'(¢;)(¢) = ac,(gi), for any ¢; in Ry.
We can, then, define 8, at A € C, of the morphism f € E(k(A),k(C))
as B4(f) := ¢. First of all, the transformation 3 : £(k(—), k(C)) — F,
defined by this assignment, is natural. For it, let h : B — A be an
arrow in C and consider the following square:

E(k(4), K(C)) F(4)
5(k(h)7k(0))‘ F(h)
E(K(B), K(C)) ——— F(B)

It commutes if and only if, for any morphism a : k(4) — k(C) in &, we
get F'(h)(Ba(a)) = Bp(a.k(h)). Since a.k(h) : k(B) — k(C) is an arrow
in £, we can consider the family R, j ), which is given by {c; : Cz —
Bla.k(h).k(cz) = k(gy) for some g, : C; — C'} and we know that
Bp(a.k(h)) € F(B) has be defined to be the unique element satisfying
F(c:)(BB(a.k(h))) = ac,(gx), for any c; € Ry - Then, for any ¢, €
Rq k), consider F(c;)(F'(h)(Ba(a))) = F(h.cz)(Ba(a)): from the fact
that ¢, € Ry k(n), it follows that a.k(h.c;) = a.k(h).k(c:) = k(g:), where
gz : Cp — C'is an arrow in C; therefore, h.c, : C, — A is an arrow in
R, ={dy : D, — Ala.k(dy) = k(l,) for some [, : D,, — C'}. By defin-
ition, the element B4(a) € F(A) is the unique such that F'(dy)(Ba(a)) =
ap,(ly), for any d, € R,. So, we do have F'(h.c;)(Ba(a)) = ac,(9z),
for any ¢, € R, i(n), and, therefore, F'(h)(Ba(a)) and Bp(a.k(h)) must
coincide, as desired. Secondly, the natural transformation (3 satisfies the
condition §.nc ~ «. For it, for any object A € C, we need to show that
Ba.(mc)a(f), which is Ba(k(f)), coincides with a4(f), for any morph-
ism f: A — C in C. Consider the corresponding collection of maps
Rypy = {ei + Ci — Alk(f).k(ci) = k(g;) for some g; : C; — C},
which, in this peculiar case of a map of the kind k(f) : k(A) — k(B),
coincides with the family of all arrows in C with codomain A, namely
{¢; : C; — A|C; € C}. By definition, S4(k(f)) € F(A) is the unique
element such that F'(c;)(Ba(k(f))) = ac,(f.ci), for any ¢; : C; — A.
From the naturality of the transformation « relative to such a morph-
ism ¢; : C; — A, it follows that F(c;)(ca(f)) = ac,(f.c;), where
as(f) € F(A). By uniqueness of the element 54(k(f)) with such a
property, we do have B4(k(f)) = aa(f), as desired. Finally, the natural
transformation [ is unique with the property §.n¢c =~ «. For it, suppose
there exists another natural transformation 5 : £(k(—),k(C)) — F
verifying 3'.nc =~ «, that is, for any object A € C and for any morphism
f:A— CinC, wehave 8 (k(f)) = aa(f). By definition of /3, the ele-
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ment B4(k(f)) € F(A) is the unique one satisfying, for any ¢; € Ry(y),
the condition F'(c¢;)(Ba(k(f))) = ac,(f.ci), and therefore, we have just
shown, Ba(k(f)) coincides with a4(f), by naturality of . Therefore,
B3 and (3, whose components agree at any morphism f : A — C in C,
have to be the same natural transformation, as desired.

So, by Step 4, there is a functor ¢ : & — Sh(7), defined by the
assignment X +— £(k(—), X), which satisfies i.c ~ k’. Since both func-
tors ¢ and k' are fully faithful, it follows that ¢ is full and faithful. In
order to show that ¢ is an equivalence of categories, it only remains to
prove, then, that ¢ is essentially surjective. To this aim, we devote the
following steps.

Step 6. The functor ¢ : & — Sh(7T) preserves coproducts.

Proof.  Let (X;)ier be a collection of objects of £ and consider their
coproduct [[,.; X; in &, with coproduct injections denoted by o; :
Xi; — [l;e; Xi. For any of these arrows o, we get a functor £(k(—), 0;):
E(k(—), Xi) — E(k(—), ;e Xi) in [CP, set]; otherwise written, k'(o;):
K'(X;) — K'(II;c; Xi). These functors induce a canonical morphism
A [Lier ER(=), Xi) — E(k(=), [ Xi) in [C?P, set], by the universal
property of the coproduct, as follows:

[Tetk(=), Xi) ——=£k(-), ] x2)

i€l i€l

plﬁ %fi)

5(]4;(—), Xl)

Namely, A is the unique arrow satisfying A\.p; = E(k(—),0;), for any
1 € I, where we denote by p; the canonical coproduct injection in
[C°P,set]. Note that, since i : Sh(7) — [C°P, set] is fully faithful, the
counit for the adjunction a - is an isomorphism, that is a.i >~ lgy7);
moreover, by definition of ¢, we have i.¢ ~ k’. Therefore, we get
a.k’ ~ a.i.c ~ . Applying the functor a : [C°P,set] — Sh(7), which
preserves coproducts, being a left adjoint, to the previous diagram gives
in Sh(7):

[Ts(x) —2 o] %)

i€l el

s(Xi)
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To prove that ¢ preserves coproducts is to show, then, that a()\) is an
isomorphism in Sh(7). First, we show that X : [,.; £(k(—-), X;) —
E(k(—), I1;c; Xi) is a monomorphism in [C??, set], that is, for any A € C,
the map Aa : [[;c;E(k(A), Xi) — E(K(A),[1,c; Xi), defined on an
arrow f : k(A) — X;in & as Aa((pi)a(f)) = 04.f, is an injection in set.
For it, take two elements x,y € [[;c; £(k(A), X;), that is, an element
z; € E(k(A),X;), for some i € I, and an element y; € £(k(A),X;),
for some j € I, such that (p;)a(x;) = « and (p;)a(y;) = y. Suppose
that Aa(x) = Aa(y), namely o;.2; = 0j.y;, by definition of A4. The
category &£ being extensive, two cases are possible: either ¢ = j and we
conclude immediately that x; = y;, since the coproduct injection o; is
a monomorphism, by Proposition 93; or i # j and, since coproducts
in £ are disjoint, the pair (z;,y;) factors through the pullback of o;
along o, which is given by the initial object 0 of £. So, there exists an
unique arrow ¢ : k(A) — 0 which, moreover, is an isomorphism, since
initial objects are strict in an extensive category. Applying the functor
E(k(A),—) : £ — set, which preserves finite limits, to the pullback in
& of o; along o, gives:

£(k(A),0)

E(R(A), )~ E(A), T[ %)
i€l

which is a pullback in set. From the fact that, by Proposition 93, o;
is a monomorphism, for any i € I, follows easily that £(k(A),o;) is a
monomorphism, for any ¢ € I. But we know that the pullback of two
injections in set is given by their intersection, so, we get £(k(A), X;) N
E(k(A), X;) ~ E(k(A),0) ~ {}, k(A) being isomorphic to 0, from which
we can conclude that x; and y; have to coincide, since they do belong
to the intersection. This ends the proof of A being a monomorphism in
[CP,set]; in other words, X : [],c; E(k(=), X;) == E(k(—), [1;c; Xi) is
a subfunctor. It only remains to prove, then, that A\ is an epimorphic
subfunctor; then, by Step 3, we derive that a()) is an isomorphism in
Sh(7). Proving that A is an epimorphic subfunctor is to prove that the
set-theoretic union of all collections

I(A) = {x 1 k(A) — HXiEIi €land 2 : k(A) — X;: 2= Ui.ltl}
el

of arrows of &£, for A varying in C, call it Z, is an epimorphic fam-

ily. For it, consider, for any ¢ € I, all composites of the kind o;.h,
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of the coproduct injection o; with the arrows h, for h € Rx, = {h :
k(Cr) — X;|Cj, € C}. Denote by S the collection {o;.h : k(Cp) —
[lic; Xili € I,h € Rx,} of morphisms in £ arising in this way. S is
epimorphic: let w,v : [[;c; Xi — U be a pair of arrows in £ such that
u.0;.h = v.0;.h, for any 7 € I and for any h € Rx,. This amounts to say-
ing that u.0; = v.o;, for any ¢ € I, Rx, being an epimorphic family by
Condition (A). By definition of the coproduct, the last identity is equi-
valent to u = v. Moreover, S is contained in Z, by mere definition of any
composite o;.h : k(Cp) — [1;c; Xi. We conclude, by Lemma 113, that
the subfunctor A : [[;c; £(k(—=), X;) = E(k(—), [1;c; Xi), which does
contain an epimorphic family, namely S, is itself epimorphic. Therefore,
it follows from Step 3 that a()) is an isomorphism, that is, the functor
¢ preserves coproducts.

Step 7. The functor ¢ : € — Sh(T) is exact.

Proof.  First of all, ¢ preserves all limits, since we have i.c ~ k’, where
both the functors 7 and k’, being right adjoints, preserve all limits and
1, being fully faithful, reflects them too. Then, it only remains to prove
that ¢ : £ — Sh(7) preserves regular epimorphisms. For it, let f :
X — Y be a regular epimorphism in £ and consider the corresponding
functor E(k(—), f) : E(k(—),X) — E(k(—),Y), which is defined by
composition with f. Explicitly, for any A € C, it associates with any
morphism a : k(A) — X in & its composite f.a with the arrow f.
Consider the regular epi-mono factorisation of £(k(—), f) in [C°P, set]:

This is computed pointwise in set, namely, for any A € C, the image
of the map E(k(A), f) : E(k(A),X) — E(k(A),Y) is defined as the set
I(A) ={y: k(A) — Y|3x : k(A) — X suchthat f.x = y}. We denote
by Z the set-theoretic union of all families I(A), for A varying in C:
the collection 7 is an epimorphic family. For it, consider all composites
f.h, for any morphism h in Rx = {h : k(Cy) — X|Ch € C}: they
form a collection & = {f.h : k(Cy) — Y|h € Rx} of morphisms in
E. S is epimorphic: let u,v : Y — U be a pair of arrows in £ such
that u.f.h = v.f.h, for any h € Rx, which is an epimorphic family by
Condition (A). So, the previous equality is equivalent to u.f = v.f, from
which it follows that v = v, f being an epimorphism. Moreover, S is
contained in Z, by mere definition of any composite f.h : k(C)) — Y.
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We conclude, by Lemma 113, that the collection Z, which does contain
an epimorphic family, namely S, is itself epimorphic. This precisely
means that the corresponding r : [ = E(k(—),Y) is an epimorphic
subfunctor. Then, by Step 3, we obtain that the image a(r) of r through
the associated sheaf functor a is an isomorphism. As shown in Step 6,
the equivalence a.k’ ~ ¢ holds, so, applying the functor a to the regular
epi-mono factorisation of the morphism £(k(—), f), otherwise written,
K'(f):k(X)— K(Y), gives in Sh(T):

The arrow a(r) being an isomorphism, it implies that ¢(f) is a regular
epimorphism, as desired.

Step 8. For any object C' € C, there exists an isomorphism ¢ :
a(C(—,C)) ~ E(k(—),k(C)) in Sh(T).
Proof.  Let ¢ : ljcop set) — 4.a be the unit for the adjunction a - i
and, for any C € C, consider the sheaf a(C(—,C)) in Sh(7). In Step
5, we establish that n¢ is a reflection of C(—,C) along ¢ : Sh(7) —
[C°P| set]; by the universal property of n¢, there exists a unique natural
transformation v¢o : £(k(—), k(C)) — a(C(—, C)) making the following
diagram in Sh(7):

C(=, C) —— = E(k(=),k(C))

Ce(—,0) 4 e

a(C(=,C))

commute. On the other hand, by the universal property of { being
the unit for the adjunction a - 4, there exists a unique natural trans-
formation d¢c : i(a(C(—,C))) ~ a(C(—,C)) — i(E(k(—),k(C))) ~
E(k(—), k(C)) making the following triangle in [C°P, set]:

C(—,0)—2C9 qe(~,0))

k\ L(SC
E(k(—), k(C))

commute. It is easy to verify that the two equalities v¢.0c >~ 14c(—,0))
and d¢.ve =~ lg(r(—),k(c)) hold, simply by definitions of ¢, as the unique
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map satisfying vo.nc =~ (e¢(—,c), and of ¢, as the unique one such that
dc-Ce(—,c) = ne, respectively. Therefore, we get that é¢ : a(C(—,C)) ~
E(k(—),k(C)) is an isomorphism of functors, for any C' € C, as desired.

So, having i : Sh(7) — [C°P, set]| a localization of the presheaf cat-
egory [C°P, set] with associated sheaf functor a, and, knowing that the
small set G = {C(—,C)|C € C} is a (strong) generator for [C?, set], we
derive, from Lemma 68, that aG = {a(C(—,C))|C € C} is a (strong) gen-
erator for Sh(7); but this small set is precisely {€(k(—), k(C))|C € C},
by Step 8. More explicitly, for any sheaf F' (for the topology 7), which
can be regarded, in particular, as a presheaf i(F) ~ F : C? — set, it
is well-known that we can write i(F') as the coequalizer in [C, set| of
the pair arrows of eg and ej, in a canonical way, as follows:

[ c-p— 1 c-0—t=ir

FEElts(i(F)) ! CEElts(i(F))

pr /"50‘) T”t(f)
C(=,s(f)) C(=t(f))

C(fvf)

where, for any morphism f : s(f) — t(f) in C, e is defined as the
unique map satisfying eg.p; = o(s(f)), whereas, e; is defined as the
unique map such that e;.py = oy(5).C(—, f). Obviously, the categories
Elts(i(F)) and Elts(F') coincide. So, applying the associated sheaf func-
tor a, which is a left adjoint, and, hence, it preserves colimits, to the
previous diagram, gives in Sh(7):

aleo) alq) .
[I ec=Dy—= ][] ac(-C)=>ali(F)~F
fEElts(F) “(ei CEElts(F)
aep)} o) tatous)

—c " Ue(=t)

We underline the fact that the morphisms a(ps) are precisely the cop-
roduct injections a(C(—, s(f))) — [l epis(r) a(C(—, D)), since a pre-
serves coproducts; and analogously, for the maps a(o¢), which are the
coproduct injections a(C(—,C)) — [[oee a(C(—,C)). The isomorph-
isms d¢ : a(C(—,C)) ~ E(k(—), k(C)), given at Step 8, induce two canon-
ical arrows [ cgies(r) 00 and [[oec dc, defined by the commutativity
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of the following diagram:

[T acny—L2— T &€k(-),k(D)
fEElts(F) fEElts(F)

a(pf)T T<(p})
alC(=5(1))) ——5——E(k(=), K(s(£))

(and analogously for [[r¢¢ dc). Clearly, these two maps [ egies(r) 00
and [ [ ¢ dc are isomorphisms themselves. On the other hand, we recall
that, by definition of the functor ¢, ¢(k(C)) = E(k(-),k(C)), for any
object C € C; so, we can consider in Sh(7):

s(lo)

[ «x@)y=—= [ «*&©)

fEEIts(F) <) CeBrs(F)

which are the images through the functor ¢ of pair of arrows lyp and /1 in
E. (Note that we have used here that, by Step 6, ¢ preserves coproducts.)
In details, for any morphism f : s(f) — ¢(f) in C, the morphism Iy is
defined as the unique map such that lo.p’f =0 ()’ whereas [ is defined
as the unique arrow satisfying ll.p’f = O'g( f).k:( f), as displayed in the
following diagram in &:

l
[ *D : [[ ko) —F—=x
l1
fEEIts(F)

/ CcElts(F)

P}T /U;(f ) T"Qm
k(s(f)) 7 k(t(f))

The same remark concerning coproduct injections holds for the morph-
isms g(p}) and ¢(o(,): ¢ preserving coproducts, they are, respectively, the
coproduct injections ¢(k(s(f))) — L semus(r) s(k(D)) and ¢(k(C)) —
[Heee s(k(C)). We wish to show that, for any f: s(f) — t(f) in C, we
have an isomorphism of functors &;s).a(C(—, f)) = E(k(—), k(f))-0sy) :
a(C(—,s(f))) — E(k(—),k(t(f))). For it, it suffices to notice, first of
all, that the transformation n¢ : C(—,C) — E(k(—), k(C)), introduced
at Step 5, is, in fact, natural in C, that is, for any morphism c¢: C — C’
in C, we have £(k(—), k(c)).nc = ncr.C(—, ¢), which follows directly by
the fact that k is a functor. Then, by the universal property of the unit
¢ for the adjunction a - i, there exists a unique arrow # making the
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following triangle commute:

(= s() — 2 ae(=, s(1)

ne(ry-C(=.f) e

E(R(-), k(t(£)

It is easy to verify that both morphisms d;).a(C(—,f)) and
E(k(=),k(f))-05s) do so, and, therefore, they have to coincide. As a
consequence, the isomorphism <(lo). ] tegusr) 00 = [cec dc-aleo) is
established, just by composing with the coproduct injections; and, ana-
logously, <(11). [ remes(r) 00 = [cee 6c-aler) holds. Since € is cocom-
plete, we can always consider the coequalizer p : HCeEltS(F) E(C) — X
in £ of the pair (lp,11). By Step 7, ¢ being exact, we get that ¢(p) is
the coequalizer of the pair (¢(lp),<(l1)), as in the following diagram in
Sh(7):

<(lo)
fEElts(F) sth) CEElts(F)

Therefore, we obtain that ¢(p) = coeq(<(lp),<(l1)) =~ coeq(a(ep), aler)) =
a(q); in other words, we have ¢(X) ~ F', where X is the coequalizer in £
of the pair (lp, ;). This ends the proof of the functor ¢ being essentially
surjective.

Finally, we have established an equivalence of categories ¢, making
the following triangle:

£ X }zop, set]
k,/
\ aA/
S / 7
Sh(T)/

commute; namely i.¢ ~ k’. Stated otherwise, the category £ is equival-
ent to the Grothendieck topos Sh(7'), and, therefore, £ is a localization
of the presheaf category [C°P,set], as desired.

Moreover, we can prove that the associated sheaf functor a, in fact, is
given by the assignment C(—,C) — E(k(—), k(C)) For it, we have to es-
tablish, for any C' € C, that a(C(—,C)) ~¢.L(C(—,(C)), since, Y¢ being
fully faithful, the universal arrow for the left Kan extension L of k along
Yoneda is an isomorphism, namely k ~ L.Y¢, and we know that k' ~ i.q.
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That is, we want to show that a ~ ¢.L: this amounts to showing that
¢.L is left adjoint to i : Sh(7) — [CP, set], by uniqueness (up to iso-
morphism) of the left adjoint functor. This follows immediately by the
universal property of (£(k(—),k(C)),nc) being a reflection of C(—,C)
along ¢, as claimed in Step 5. In fact, no : C(—,C) — E(k(—), k(C))
turns out to be the component at C' of the unit for the adjunction a 7.
Finally, we can extend the definition of a to an arbitrary F' € [C°P, set],
by its property of preserving existing colimits.

This concludes the proof of the Theorem 125 (2 = 1). |



4

On geometric morphisms and
localizations of algebraic
categories

The project of characterising localizations and classifying geo-
metric morphisms undertaken in the previous chapter finds
here its natural continuation: the theorem concerning local-
izations of (one sorted) algebraic categories is achieved. In
order to state it, we develop the theory of “special filtering”
functors - as opposed to filtering functors - in the particular
case of algebraic theories and relate this notion to the exvact
completion of the full subcategory of the category of models
given by the free ones.

4.1 Algebraic theories and algebraic categories

All definitions and results contained in this section can be found in
[11, 30].

Definition 126 By an algebraic theory (also called Lawvere theory) C
we mean a category C with a denumerable set of distinct objects
{07,17,2T, ...,nT, ...}, where n is a natural number and each nT is the
n-th coproduct of the object T = 17T

In particular, we assume that 07" = 0 is the initial object of C.

Definition 127 Let C be an algebraic theory. A model of C is a functor
F : C°? — set which preserves finite products.

We write Mod(C) for the category of C-models and natural transform-
ations between them. Categories of this form are called algebraic cat-
egories or finitary varieties. The reason why we choose the additive
notation for an algebraic theory will be enlightened in Section 4.4.

121
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Lemma 128 Let C be an algebraic theory and o : F' — G a morphism
in Mod(C). Then, the following square commutes:

F(nT) —"" > G(nT)

1
1

F(T)" G(T)"

(ar)™

where the isomorphisms involved are the canonical ones given by the
universal property of finite products in set.

Given an algebraic theory C, we can always consider the canonical func-
tor
U : Mod(C) — set

of evaluation at T, that is, U associates with any model F its value
F(T) € set at T. In fact, the functor U has a few interesting features,
as stated in the following:

Proposition 129 The functor U : Mod(C) — C satisfies the follow-
ing properties:

1. U is a representable functor, represented by C(—,T);
2. U is faithful;

3. U reflects isomorphisms;

4. C(—=,T) is a strong generator for Mod(C).

On the other hand, a lot can be said concerning limits and colimits in
algebraic categories and we list here their major properties:

Proposition 130 Let C be an algebraic theory. The category Mod(C)
is complete and limits are computed pointwise. Moreover, the forgetful
functor U : Mod(C) — set preserves and reflects limits.

Proposition 131 Let C be an algebraic theory. The category Mod(C)
has filtered colimits and these are computed pointwise. Moreover, the
forgetful functor U : Mod(C) — set preserves and reflects filtered
colimits.

Proposition 132 Let C be an algebraic theory. In the category Mod(C),
finite limits commute with filtered colimits.
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Moreover, Mod(C) = Finprod|C°,set]| can be shown to be a full re-
flective subcategory of the corresponding category of presheaves, as es-
tablished in the following:

Proposition 133 Let C be an algebraic theory. The category Mod(C)
is reflective in the presheaf category [C°P,set|, and, therefore, it is both
complete and cocomplete.

Together with the forgetful functor U, there is also a “natural way” of

associating with any set a C-model, which is described in the following:

Proposition 134 Let C be an algebraic theory. The forgetful functor
U : Mod(C) — set admits a left adjoint F : set — Mod(C). Expli-
citly, the functor F is defined on any set X as

F(x)=[]c(-1)
zeX

We call F the free model functor.

Amongst the properties the free model functor satisfies, we recall the
following:

Proposition 135 Let C be an algebraic theory. The free model functor
[F : set — Mod(C) preserves monomorphisms.

By a free C-model or free algebra we mean (up to isomorphism) a model
of the form F(X), for some set X. In particular, when n is a finite set,
we refer to F(n) as a finitely generated free model. Whereas, by a finitely
presentable C-model we mean a model F' which can be obtained via a
coequalizer diagram in Mod(C), as follows:

where m and n are finite sets, that is, a coequalizer of a pair of arrows
between finitely generated free models. The relation between free models
and finitely generated free models is made clear in the following:

Lemma 136 FEvery free model F(X) can be written as a filtered colimit

F(X) = colimF(n)

nCxX
where n runs through the finite subsets of X.

In particular, one can prove that, when n is a finite set, there is an
isomorphism F(n) ~ C(—,nT) in Mod(C), as follows:
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Proposition 137 For any finite set n, the free model functor F evalu-
ated at n is isomorphic in Mod(C) to the representable functor C(—,nT),
namely 1], C(—,T) ~nC(—,T) ~ C(—,nT).

Proof.  Clearly, the representable C(—,nT) is a functor in Mod(C). It
suffices to show, then, that for any finite set n and for any model G of C,
there is a bijection Nat(C(—,nT),G) ~ set(n,U(G)), natural in both
the variables n and G, since the adjunction IF 4 U is established. For it,
we have:

Nat(C(—,nT),G) =~ G(nT) (1)
G(T)" (2)
set({1,2,...,n},G(T))

set({1,2,...,n},U(G))

R 1R

(where (1) is just an instance of the Yoneda Lemma and (2) follows from
the fact that G € Mod(C)). [ |

Therefore:

Proposition 138 An algebraic theory C is equivalent to the dual of the
full subcategory of Mod(C) given by finitely generated free models.

We point out the projective objects in Mod(C):

Proposition 139 The free models of an algebraic theory C are project-
ive in Mod(C).

We write 1) : Iset — U.F and € : F.U — lpgoq(c), respectively, for the
unit and the counit for the adjunction F 4 U.

Proposition 140 For any C-model F', the counit component ep :IF.U(F)
— F at F is a regular epimorphism in Mod(C).

We recall that ep is defined as the canonical morphism induced in
Mod(C) by all natural transformations a € Nat(C(—,T), F'), as in the
following diagram:

where the 7, denote the canonical coproduct injections in Mod(C).
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Proposition 141 Let C be an algebraic theory. The category Mod(C)
s regular and ezxact.

Proposition 142 Let C be an algebraic theory. The forgetful functor
U : Mod(C) — set preserves and reflects reqular epimorphisms.

4.2 A miscellany of preliminary results

Given an algebraic theory C, we consider the Yoneda embedding Y¢ :
C — [C°, set]. For any object C' € C, the functor C(—,C) : C? — set
preserves finite products, since we have C(nT,C) ~ C(T,C)". So, the
Yoneda embedding, in fact, factors through the full subcategory of the
presheaf category [C°P, set] given by finite product-preserving functors,
namely through the algebraic category Mod(C) = Finprod[C?, set],
as displayed in the following commutative diagram:

C— [, set]

Diagram 4.2
Y/C %

l\Zod(C)

As a consequence of i : Mod(C) > [C?, set] being a full reflective
subcategory of [C°P, set], whose left adjoint we denote by r, we get the
following result (we refer to [33], for the notion of dense functor):

Lemma 143 The restricted Yoneda embedding Ye : C — Mod(C) is a
dense functor.

Proof. By definition of dense functor (see Definition 98), for any ob-
ject ' € Mod(C), we need to show that the colimit of the composite
diagram:

Yol F 1220 Mod(C) , (O, : Ye(C) — F) v Ye(C)

is precisely (F, (’y)(a Vel ), where I'r denotes the canonical forgetful
functor. The Yoneda embedding Yz being dense, we know that the
functor i(F') € [C,set| can be written as a colimit of the canonical
diagram:

Liry Ye

Yo Li(F) C €7, set] , (A, a: Ye(A) — i(F)) — Yo(A)

Since the counit for the adjunction r - ¢ is, at each component, an
isomorphism, from the commutativity of Diagram 4.2, we can derive
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that Yo ~ riYp ~ rYp and, moreover, r preserving all existing colimits,
we get the functor F' ~ ri(F’) is isomorphic to:

T colim Yg(A) ) ~ colim rYg(A) ~ colim  Yq(A
<(A,a)eYcu(F> el )> S @ = | ol oy Y
Clearly, the adjunction r ¢ gives:

Nat(Ye(A),i(F)) ~ Nat(rYz(A), F) ~ Nat (Y (A), F)

for any object A € C, which, in particular, implies that the two slice
categories Y¢ | F' and Y¢ | i(F') coincide. Therefore, we obtain F' ~
colim 4 ey, | Ye(A), as desired. |

With abuse of notation, we will denote the factorisation Yo also by
Ye : C — Mod(C)
and call it the (restricted) Yoneda embedding. Moreover:

Lemma 144 Let C be an algebraic theory. The restricted Yoneda em-
bedding Yo : C — Mod(C) does preserve finite coproducts.

Proof.  This result can be seen as a special instance of Proposition 32
in Chapter 1, when we choose as D the doctrine of finite products and
as A the dual category C. [ |

For a complete treatment of the restricted Yoneda embedding see [11].

We present some facts concerning copowers (for the definition of a set-
indexed copower see Section 2.3):

Lemma 145 Let & be a category with coproducts. For any object X € &,
the representable functor £(X,—) : € — set has a left adjoint, which
1s the copower functor — o X : set — €£.

Proof. Tt is easy to check there is an isomorphism £(A o X,Y) ~
set(A,£(X,Y)), natural in both the variables A € set and Y € &, given
by pre-composing with the coproduct injections iq : X — [[,cq X =
Ao X.

As a corollary of this result, in any category £ with coproducts, taking an
object X € &, we obtain, for any set A which can be obviously regarded
as a (filtered) colimit of its finite subsets S C A, that the copower Ao X
can be thought of as a filtered colimit, as follows:

Ao X = (colimS) o X ~ colim(S o X)
SCA S5CA
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since, — o X, being left adjoint, preserves all colimits which happen to
exist in set.

Remark 146 It is a well-known fact that, for any set A, the category
A = {S|S C A finite} is filtered, and, hence, connected. This is the
reason why, by taking a constant diagram H : A = {S|S C A finite} —
& into a cocomplete category £, which associates with any S € A the
object X € £, and considering the colimit over the category A of the
constant functor H, we obtain:

colim H(S) = colim X ~ X.
SCA SCA

We refer to [33] for what concerns copowers.
As a direct consequence of Proposition 135, let us mention:

Lemma 147 Let A be a set and S C A be a finite subset of A. If S is
not the empty set, then, the corresponding colimit injection.:

is: [ c=1)=—]]c=1)

aceSCA acA
is a monomorphism in Mod(C).

Proof. For any finite non empty subset S C A, the inclusion ig :
S >— A is a monomorphism in set, that is, a split monomorphism.
Namely, there exists a retraction r : A — S such that r.ig = 1g.
Therefore, since, by Proposition 135, the free model functor IF : set —
Mod(C) preserves monomorphisms, the colimit injection

js =F(is): [[ (= T) =F(S) =[] €(~.T) =F(4)

a€esS a€A

is & monomorphism in Mod(C). |

4.3 Some more conditions our functors might satisfy

Let C be an algebraic theory and k : C — & a finite coproduct-
preserving functor into an arbitrary category £ with coproducts. Fol-
lowing the suggestion of Section 3.1, we reformulate Condition (A)c4 in
terms of such a functor k defined on an algebraic theory:

(Ayeq) For an object X € &, consider the collection Ry of all maps {h :
k(T) — X} in €. The functor k satisfies (A,¢qy) if and only if, for
any object X € &, the family Ry is regular epimorphic.
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Namely, the unique arrow A in £, induced by the universal property
of the coproduct, making the following diagram:

IT &) A X

heRx

k(T)

commute, for any h € Ry, is a regular epimorphism in £. (Here
the o, denote the canonical coproduct injections in £.)

We introduce new conditions which will allow us to treat the case of
localizations of algebraic categories:

T
(B) For a pair of arrows X *)*0> kE(nT) in &, consider the collection
z1

My, », of all maps

= J
{g Ck(T) — X H i(l]z _ ZE;?; forsomeTf:;?nT in C}

in £. The functor k satisfies (B) if and only if, for any such a pair
(20, 1), the family My, ,, is epimorphic.

Remark 148 A useful remark we point out, once for all, is that, when
considering arrows of £ into an object X € &, we just need to take
under consideration morphisms defined on k(7"), and not on an arbitrary
k(nT), where nT is an arbitrary finite coproduct of the object T in C.
This follows immediately from the universal property of the coproduct,
provided k : C — & is a coproduct-preserving functor, as displayed:

k(nT) ~nk(T) -~ - X

|

k(T)

The notion of filtering functor (recall Definition 96) needs to be refined
in terms of the domain category C, which is an algebraic theory in the
current situation. That is where the following conditions come from.
Note that, here, we work under the further assumption on the category
£ of finite completeness.
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Let 1 be the terminal object of the category £ and consider the
unique arrow ! : k(T") — 1 in €. The functor k satisfies (SF1) if
and only if the map ! is a regular epimorphism of £.

For a pair of objects nT,mT" € C, consider the collection S, ,, of
all arrows

{< k(u), k(v) >: k(T) — k(nT) x k(mT)|nT <-—T —>mT}

in £. The functor k satisfies (SF2) if and only if, for any such
a pair (nT,mT), the family S, ,, is regular epimorphic. (Here
< k(u), k(v) > is the unique map in & satisfying m. < k(u), k(v) >
= k(u) and mo. < k(u),k(v) >= k(v), obtained by the universal
property of the product k(nT) <—— k(nT) x k(mT) —— k(mT)
in £.) In other words, the canonical map A induced by all pairs of
arrows nT <—-— T —>mT in C, as in the following commutative
diagram:

[ %(T) —2— k(nT) x k(mT)

Uuva <k(u),k(v)>

is a regular epimorphism in £.

u
For a pair of arrows nI' —= mT in C, consider the collection Sy g
v

of all arrows
{ew : k(T) — By | T —>nT —= mT such that w.w = vaw}
v

in £. The functor k satisfies (SF3) if and only if, for any such a pair
(u,v), the family S,g, is regular epimorphic. (Here (E, ,,1) is the

equalizer £, , L k(nT) k(mT) of the pair (k(u),k(v))

k(v)
in £ and e, is the unique map in & satisfying l.e,, = k(w), for
any such an arrow w, obtained by the universal property of the
equalizer.) In other words, the canonical map p induced by all
pairs of arrows w : T — nT in C satisfying uv.w = v.w, as in the



130 On localizations of algebraic categories

following commutative diagram:

is a regular epimorphism in &.

Remark 149 Obviously, Condition (SF1) is a special instance of Con-
dition (A;eq), when we choose as X the terminal object 1 of £.

We might want to give a name to such a functor £, as in the following:

Definition 150 Let C be an algebraic theory and £ a finitely complete
category with coproducts. A functor k : C — & is said to be special
filtering if k satisfies the above-mentioned Conditions (SF1), (SF2) and
(SF3).

As suggested by Robert Paré, while considering for £ = set, the
notion of special filtering functor and that of flat functor coincide, as
shown in the following:

Proposition 151 For any algebraic theory C, a functor k : C — set
1s special filtering if and only if it is flat.

Proof.  Recall from Section 1.1 the definition of flat functor. We wish
to show that the dual category Elts(k)° of the category of elements of
k is filtered. For it, Condition (SF1) precisely says that the set k(T")
is not empty and, therefore, Elts(k) is not empty, since there always
exists a pair (T,z) € Elts(k). Given a pair of objects (nT,z) and
(mT,y) of Elts(k), namely x € k(nT") and y € k(mT'), Condition (SF2)
claims that the canonical arrow A : [[, , k(T) — k(nT) x k(mT),

from the coproduct over all spans nT <— T — mT in C into the
binary product of k(nT') and k(mT), is a regular epimorphism in set.
Therefore, given (x,y) € k(nT)xk(mT), there exist arrows u : T — nT
and v : T — mT in C and an element z € k(7T') such that x = k(u)(z) €
k(nT) and y = k(v)(z) € k(mT). In other words, we get a cospan

(nT,x) —= (T, 2) =<~ (mT,y)

in Elts(k)°P, as desired.
Finally, consider a pair of arrows s,t : (nT,z) — (mT,y) in Elts(k)°P,
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namely a pair of arrows s,t : mT — nT in C, such that k(s)(y) =
x = k(t)(y). Condition (SF3) states that the canonical morphism  :
[wjs.wet.w k(T) —= Es4, from the coproduct over all maps w : T" —
mT in C satisfying s.w = t.w, into the equalizer Eg; > k(mT) in set
of the pair (k(s),k(t)), is a regular epimorphism in set. Therefore, given
y € k(mT), which, in particular, sits inside Ej;, there exist an arrow
w: T — mT, satisfying s.w = t.w, and an element z € k(T'), such that
k(w)(z) = y. In other words, we get a morphism w : (mT,y) — (T, z)
in Elts(k)°? with the property s.w = t.w, since it is easy to verify that
k(w.s)(z) = x = k(w.t)(z). |

4.4 The coproduct completion and the exact completion
in the case of an algebraic theory

Let C be an algebraic theory and let F(C) denote the full subcategory
of Mod(C) consisting of free algebras, that is, functors of the kind
[l.cx C(—,T), for some set X. Consider the embedding ¢c : C — F(C),
defined via the assignment nT +— nC(—,T), for any natural number n.
In particular, we have 1¢(T") = C(—,T'). Note that, by Proposition 137,
we clearly have (¢(nT) = nC(—,T) ~ C(—,nT).

Proposition 152 For any algebraic theory C, 1c : C — F(C) is a free
coproduct completion of C, conservative with respect to finite coproducts.

Proof.  First of all, the category F(C) clearly has coproducts and the
functor t¢ preserves finite coproducts, since one can easily show that
te(nT4+mT) ~ ic((n+m)T) = (n+m)C(—,T) ~nC(—,T)+mC(—,T) =
te(nT) + te(mT). Concerning the universal property of the coproduct
completion, let k£ : C — & be a finite coproduct-preserving functor into
a category £ with coproducts, and define a functor k¥ : F(C) — &, at
any object [,cy C(=,T) of F(C), as k"([[,ex C(=,T)) = Hzex k(1)
In particular, we have k”(C(—,T)) = k(T). To define the functor
k" at morphisms f : [[,cxC(=,T) — [l ey C(=.T) of F(C), con-
sider the composite f.7, : C(—=,T) — [l ey C(—,T), for any z € X,
where the morphisms 7, : C(—,T) — [[,cxC(—,T) denote the ca-
nonical coproduct injections in F(C). For any such a composite f.7,
since, by Lemma 136, Her C(—,T) is a filtered colimit of all cop-
roducts [[,cgcy C(—,T'), over all finite subsets S of Y, and C(—,T) is

finitely presentable in Mod(C), there exists a morphism f, : C(—,T) —
[[,esC(=T) in F(C), for some finite subset S of Y, satisfying js.f, =
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f.72, as displayed:

¢(— 1) —=— [ e(=.1) L= ] (= 1) ~ colim [ [ ¢(~, T)

L xeX yey - yeSs

[Te-.1) ~c(- m1)

yeSs

where m denotes the cardinality of the finite subset S C Y. (Note that
we made use here of Proposition 137.) By the Yoneda Lemma, such
a morphism fr corresponds to a unique element f, € C(T,mT), such
that C(—, fz) = f». Then, taking the unique map « in &€ induced by all
images k(f;), for z varying in the set X, as in the diagram:

[T s =k"(T (=) %= yey (D) = K"(]] (= T))
zeX zeX yey
gz~k”(7-z)T Tk”(js)
k(T) = k"(C(—,T)) o k(mT) = k"(C(—, mT))

gives the value of the functor k” at f. It only remains to verify that
k" is well-defined on arrows. For it, note that if there exists another
morphism g, : C(—,T) — [[,ce C(—.T) in F(C), for another finite
subset S’ of Y, satisfying jg/.Gr = f.7z, then by considering the union
of the finite sets S and S’, we obtain the following commutative square:

c(-,T) L [[e-m

yeS

g -

[Te-n 00— [ e[ e 1)

yes’ yeSuUs’ yeYy

since composing with the arrow jsys, which is a monomorphism in 7(C)
by Lemma 147, gives jsus/-ps-fz = js-fo = f-Ta = Js'-9u = Jsus’-ps'-Ga-
The commutativity of the above square is precisely the condition on
the functor k" of being well-defined. Finally, to check that the functor
k" does preserve coproducts, we just need to look at how these are
constructed in F(C). For any small discrete category Z and for any
functor H : T — F(C), which assigns to any object I € Z the free
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algebra [[,cx, C(—,T), by taking the colimit of the diagram H, we get:

I[TI]c—n=~ I e

IeT xeXy zeUXr

where Ure7 X1 denotes the disjoint union of all sets X in set. The pre-
servation of these coproducts by the functor £” is, then, straightforward.
Moreover, the functor k” makes the triangle:

C & F(C)
£

commute (up to isomorphism). For it, for any natural number n, we have
K'.c(nT) = K'(nC(—,T)) = K"(IL,C(~T)) = I1, k(T) = nk(T) =
k(nT), since the functor k preserves finite coproducts. In fact, the func-
tor k" is essentially unique with the property k”..c = k, since, by defini-
tion, k" is entirely determined by its value on the representable C(—,T'),
via its property of preserving coproducts. [ |

Remark 153 For any algebraic theory C and k£ : C — & a finite
coproduct-preserving functor into a category £ with coproducts, its cop-
roduct extension k” : F(C) — & needs to be defined only on the
representable C(—,T). In fact, the definition of k¥” on an arbitrary
object [[,cx C(—,T) follows directly from the property of preserving
coproducts and its value at C(—,T).

We underline, first, a useful feature characterising the injections relative
to these coproducts in &£, via the following:

Lemma 154 Let C be an algebraic theory and k : C — &£ a finite
coproduct-preserving functor into a category € with coproducts. Consider
a set A and a finite subset of it S C A. If S is not the empty set, then,
the corresponding colimit injection:

js: [ k@)= k1)

aeSCA a€A
is a monomorphism in E.

Proof. As pointed out in Lemma 147, for any finite subset S C A, the
colimit injections in F(C) are js ~ F(ig) : [[,e5C(—,T) = F(S) —
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[,caC(—,T) = F(A). Applying the functor k”, which preserves cop-
roducts, to these arrows gives in &:

K (E(is)) = Js : K (F(S)) = [ k(T) — K(F(A) = [T k(D)

a€S acA

Since we are assuming that the subset S is not-empty, the inclusion ig :
S — A is a split monomorphism in set, that is, there exists a retraction
r: A — S satisfying r.ig = 1g. Therefore, by applying the composite
functor k”.IF to this identity, we can deduce that k" (F(r)).k" (F(ig)) =
1k”(IF(S)) and, further, that k”(F(is)) ~ js is a monomorphism in &, as
desired. [ |

Lemma 155 Let C be an algebraic theory and consider its coproduct
completion vc : C — F(C) conservative with respect to finite coproducts.
For any finite coproduct-preserving functor k : C — & into a category €
with coproducts, the coproduct extension k" : F(C) — & of k coincides
with the left Kan extension of k along the embedding ¢, that is, k" ~
Lan,, (k).

Proof. By definition of the coproduct completion, k" : F(C) — & is
the essentially unique coproduct-preserving functor satisfying k”..c ~ k,
as shown:

C < F(C)
k “a
g ”

Let G : F(C) — & be a functor and v : k& — G.i,¢c be a natural
transformation, whose component at 7', is, in particular, a morphism
vr : k(T) — G(C(—,T)) of £. We want to show there exists a unique
natural transformation o : ¥/ — G, such that a..c ~ 7. Define
a, at the arbitrary object [] . C(—,T) of F(C), as the unique map
o1, . c(—7) in € induced by all composites G(7z).yr, for z varying in
the set X, as in the diagram:

I k() eexcCm) a(I] e(-m)

reX reX

UQCT G(1z) T
k(T)

where the morphisms 7, : C(—,T) — [[,cxC(—,T) denote the ca-
nonical coproduct injections in F(C) and the morphisms o, ~ k" (7,) :
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kE(T) — Jl,ex k(T) those in £. Clearly, by construction, we have
that a.ie >~ =, since the coproduct reduces to one single term. So, the
non-trivial part of the proof is to show that the transformation «, just
defined, is natural. For it, let f : [[,cx C(—T) — [l ey C(=,T) be
an arrow in F(C). For any S finite subset of Y, note that, if m de-
notes its cardinality, then, the isomorphisms [, cgcy k(T) = k(mT)
and [[,cgcy C(—,T) = C(—,mT) are established, the functors k and ¢¢
preserving finite coproducts, respectively. Consider the following dia-
gram in &:

k(T) = G(C(-,T))
o (1) G(r2)

[T k)~ G(IT e, 1))

zeX rzeX
K'(f) (2) G(f)
[T k) 22 6] e(-.1)
yey yey
K’ (js)~js 3) G(js)
k(mT) G(C(—,mT))

Mlyes €(=T)

where, for any finite subset S C Y, jg : [[,cgC(—T) — [ ey C(—,T)
in F(C) and k'(js) =~ js : [T,es K(T) — [ley K(T) in € still de-
note the corresponding colimit injections (note that the functor k" pre-
serves coproducts). Commutativity of square (1) is just the definition
of the transformation «. In fact, to prove naturality of « is to prove
the commutativity of square (2), that is, by definition of the coproduct,
G(f).a]_[wexc(_,T).ax = a]_[yeyc(—,T)'k”(f)'UIv for any element x € X.
Consider, then, the composite f.7, : C(—,T) — [[,cy C(—,T) in F(C),
for any z € X. Since, by Lemma 136, ]_[yey(f(—,T) is a filtered co-
limit of all coproducts [[,cgcy C(—,T) over all finite subsets S of Y,
and C(—,T) is finitely presentable in Mod(C), there exists a morphism
fo:C(=T) — [[,esC(=,T) in F(C), for some finite subset S of Y,
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satisfying jg.fz = f.72, as displayed:

¢(- 1) —=— [ e(-.1) L= J[ e(= 1) =~ colim [ ] ¢(~. 1)
xeX yeY - yeSs

P , Tjs Diagram 4.4

H C(_v T) = C(_v mT)

yeSs

where m denotes the cardinality of the finite subset S C Y. By the
Yoneda Lemma, such a morphism fm corresponds to a unique element
fe € C(T,mT), such that C(—, f) = fs. So, using the naturality of the
transformation v relative to the arrow f, : T — mT in C, we obtain
G(fz)vr = G(C(—, f2)) T = Ymr-k(f:) and, therefore, by definition
of f, and commutativity of square (1), we have G(f).ay1, yc(-1)-00 =
G(f).G(r)ar = G(fr)ar = Gs-fa)or = G(is).G(fo)r =
G(js) Ymr-k(fz). On the other hand, since a..c ~ = holds and - is
a natural transformation, we already know that O], 5 C(=T) = YmT-
Then, applying the coproduct-preserving functor k” to the Diagram 4.4,
gives k'(f).on ~ K'(f).k"(12) = K'(js).k"(fz) ~ js.k(fs). There-
fore, we have obtained af, ey c(—m) k" (f).00 ~ af, oy c(—,r)-Js-k(fz).
It only remains to prove, then, that square (3) commutes in order
to have the desired inner square (2) being commutative. For it, the
composites O‘L[yeyc(f,T)'k” (js) and G(jg).vmr coincide if and only if
their pre-compositions with the coproduct injections k(dy) : k(T) —
[,escy k(T) = k(mT) coincide, where the morphisms dy : T — mT'
are themselves coproduct injections in C, the functor k£ being finite
coproduct-preserving. So, using that the functors k and k" preserve fi-
nite coproducts and coproducts, respectively, the definition of the trans-
formation a and the naturality of the transformation v relative to the
arrow 6y : T — mT in C, we can derive auyeyc(—,T)kH(jS)-k((;y) ~
ap oy e(-1)-Py = Glry)ar = Glis).Gluwe(dy)) v =~ Gljs) - vmr-k(0y);
here we denote by py : k(T) — [l,ey k(1) and vy : C(—,T) —
Her C(—,T) the corresponding canonical coproduct injections in £ and
in F(C). This is precisely the commutativity of square (3), from which
it follows that of square (2), that is, the naturality of a. Finally, « is
the unique natural transformation with the property a..c ~ . For it,
suppose there exists another one; call it 3 : ¥/ — G. By the simple
fact that o and § agree when pre-composed with ¢¢, it follows they co-
incide, since « is entirely determined by its naturality, once we know its
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component at T' (and so is (), as shown:

[T 1) = K(]] e(- 1) —==“" (I e(-. 7))

zeX zeX zeX
Um':k”(’rm)T TG(Tm)
k(T) =k"(C(-,T))

&c(-,T)

This ends the proof of the coproduct extension k” being the left Kan
extension of k along t¢. [ |

On the other hand, we write (r ) : F(C) — (F(C))es for the exact
completion of the full subcategory F(C) of Mod(C) given by the free
algebras. As recalled in the previous chapter (see Section 3.1), for any
left covering functor k” : F(C) — & into an exact category &, the
unique (up to isomorphism) exact extension k” : F(C)ey — & of K is
precisely the left Kan extension of k" along the inclusion (z(c), namely
S Lancf@(k”). Moreover, by putting together Proposition 139 and
Proposition 140, we can derive that F(C) is a projective cover of Mod(C)
and, therefore, we deduce that:

o F(C)ex ~ Mod(C) (see Theorem 107);
o Ex[F(C)es,E] ~ Lco[F(C),&], by the universal property of the

exact completion.

Hence, we can summarise the current situation via the following dia-
gram:

C— " FC)—TY L F(C)er= Mod(C)
k k\L” L
£

Note, first of all, that the composite (x(c)..c is nothing but the restricted
Yoneda embedding Y¢ : C — Mod(C). If we assume, moreover, that
the category £ is cocomplete and we denote, as usual, by L the left Kan
extension of the functor k along the Yoneda embedding Y¢, we have L =
Lany, (k) ~ Lan, . .. (k) ~ Lan¢, . (Lan,, (k)) ~ Lan¢, . (k") ~ k",
using Lemma 155. Obviously, the functor L is a left adjoint to k' :
& — Mod(C), defined by the assignment X +— E(k(—), X ). Therefore,
since the equivalence of categories Ex[F(C)ez, £] ~ LeolF(C), £] holds,
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we already know that the functor L, which we wish to prove (for later
purposes) to be left exact, is exact if and only if the coproduct extension
k" of k is a left covering functor. So, our aim is now to find out conditions
on the functor k which reveal its coproduct extension k” as a left covering
functor. We recall that the category F(C), being a projective cover
of category Mod(C) of models, has weak limits. We wish to describe
explicitly some of them in order to enlighten the notion of a left covering
functor defined on F(C).

Proposition 156 Let C be an algebraic theory and consider the full
subcategory F(C) of Mod(C) consisting of the free C-models. Then:

1. C(—,T) is a weak terminal object of F(C);

2.
H C(_vT)
nT<——T—">mT
is a weak binary product in F(C) of the objects C(—,nT) and
C(—,mT), coming from C;

H C ( ™ T)
TL>nT S U W=V W

c(_vu)

is a weak equalizer in F(C) of the pair of arrows C(—,nT)

C(—,”U)
C(—,mT), coming from C.

Proof. Condition 1 follows directly from the universal property of the
coproduct. For any object [[,.x C(—,T) of F(C), there exists a unique
arrow ¢ : [[,cx C(—,T) — C(—,T') in F(C) making the triangle:

H C(_aT) LC(_vT)
reX
TZT 1C(7,T)
C(_7T)
commute, for any x € X. The arrow ¢ : [[,cxC(—,T) — C(—,T)

suffices to claim that C(—,T") is a weak terminal object in F(C).
Concerning Condition 2, let [],,C(—,T) be the coproduct in F(C)

over all spans nT <—— T —= mT in C. For any such a span, we
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can define two unique arrows 7 : [[, ,C(—,T) — C(—,nT) and 73 :
[1..,C(=T) — C(—,mT) satisfyingjm.m,v = C(—,u) and m.7y,y =
C(—,v), respectively, where the maps 7., : C(—,T7) — [],,C(—=,T)
denote the canonical coproduct injections in F(C). Moreovell, for any
other object [ .y C(—,T) of F(C) and for any other pair of arrows
[ HexC(=T) — C(—,nT) and g : [[,cx C(—,T) — C(—,mT)
in F(C), by pre-composing f and g with the coproduct injection 7, :
C(—,T) — I,ex C(=,T), for any element z € X, we get two morph-
isms f.rp @ C(—,T) — C(—,nT) and g.7, : C(—,T) — C(—,mT),
which correspond, by the Yoneda Lemma, to two elements f, € C(T,nT)
and g, € C(T,mT), via C(—, fz) = f.7» and C(—,¢z) = ¢.7x. There-

fore, for any x € X, we obtain a span nT L T %~ mT in C,
which provides a coproduct injection 7y, 4, : C(—,T) — [, ,C(=,T)
in F(C). Then, by the universal property of the coproduct, we get a
unique map ¢ : [[,cxC(—T) — [I,,C(—,T) in F(C), such that
O. Ty = Tf, g, for any element x € X. Moreover, the morphism ¢ sat-
isfies m.0 = f, since pre-composing with 7, for any z € X, gives
TP Ty = T1.Tf, g, = C(—, fz) = [.Tz, by definition of the morphisms ¢
and 7r1; analogously, the equality ms.¢0 = ¢ holds. This ends the proof
of [],,C(—,T) being a weak binary product of C(—,nT') and C(—,mT)
in F(C).

Finally, about Condition 3, let u,v : nT" — mT be a pair of arrow
in C and consider the coproduct Hw‘u.w:uw C(—,T) over all morphisms
w : T — nT in C satisfying the condition u.w = v.w. By its univer-
sal property, we can define a unique arrow e : ]_[wW.w:vle(—,T) —
C(—,nT) in F(C) making the following triangle:

C(_’u)

C(—,mT)

T ct-1)—=—c(-n1)

C(_’v)

commute, namely the map e is such that C(—, w) = e.7,, for any morph-
ism w verifying u.w = v.w. In fact, the morphism e satisfies C(—,u).e =
C(—,v).e, since, for any such an arrow w, by pre-composing both of these
composites with 7, we obtain C(—,u).C(—,w) and C(—,v).C(—,w),
which coincide because of u.w = v.w. Moreover, for any other object
[H,ex C(—,T) of F(C) and for any other arrow f : [[,.xC(—,T) —
C(—,nT) of F(C) satistying C(—,u).f = C(—,v).f, the composite f.7, :
C(—,T) — C(—,nT) of f with the coproduct injection 7, : C(—,T) —
[,ex C(=,T), for any € X, corresponds, by the Yoneda Lemma, to an



140 On localizations of algebraic categories

element f, € C(T,nT), via C(—, f,) = f.7x. Therefore, for any x € X,
we have C(—,u.fy) = C(—,u).C(—, fz) = C(—,u).fp = C(—,v).f.1x =
C(—,v).C(—, fz) = C(—,v.fz), from which we can derive u.f, = v.f,,
the embedding ¢ being faithful. The morphism f, : T — nT provides,
then, a coproduct injection 77, : C(—=,T) — [l,juwevC(—T) in
F(C), for any x € X. By the universal property of the coproduct,
we get a unique map ¢ : [[,exC(—T) — Ilyjuw=vwC(=T) in
F(C), such that p.7, = 74, for any element € X. Clearly, the
morphism ¢ verifies e.p = f, since, by pre-composing both of these
composites with the coproduct injection 7, for any =z € X, we get
e.p.7, = e.1y, = C(—, fz) = f.74, by definition of the morphisms ¢ and
e. This ends the proof of ]_[Mu.w:v.w C(—,T) being a weak equalizer of
the pair (C(—,u),C(—,v)) in F(C). |

One last preliminary result concerning regular epimorphisms needs to
be mentioned:

Lemma 157 Let £ be a finitely complete and cocomplete category in
which filtered colimits commute with finite limits. Consider a collection
{\i : Xi — Yi|i € I} of regular epimorphisms in £, where the index i
varies in o filtered category I. Then, the canonical map X in &, induced
by the universal property of the colimit, as in the following diagram:

colim X A > colim Y:
el

el
PZW T&'
X; Y;

i

s a regular epimorphism in €. Namely,\ is the unique arrow in € satis-
fying A.p; = 8;.0;, for any i € I. Here the maps p; and §; stand for the
corresponding colimit injections in £. We usually denote this map A\ by
COlimie] )\z

Proof. Forany i € I, the arrow \; : X; — Y] is a regular epimorphism
in £ and, therefore, the coequalizer of its kernel pair (m;,n;) in £. Take
a (filtered) colimit of all kernel pairs N(A;) of all morphisms JA;, for i
varying in I. Since in the category & filtered colimits commute with
finite limits, we obtain the kernel pair of A (which exists, the category
& being finitely complete) as the filtered colimits of such kernel pairs,
that is:

N(A) =~ colim N (\;
(A) colim (M)
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(Here we made use of Remark 146.) By the universal property of the co-
limit, we get two canonical arrows m,n : colim;e; N (\;) — colim;er X,
unique with the properties m.o; = p;.m; and n.o; = p;.n;, respectively,
for any i € I. More explicitly, we get the following commutative diagram
in &:

colim N (\;) ii colim X; 2 colimY;

el n el el
Ui] ]Pi ]51
N~ 2 Xi———= Y

where the morphisms ¢; denote the canonical colimit injections in £.
We wish to show that A is the coequalizer of the pair (m,n) in €. For
it, proving A.m = A.n amounts to proving that \.m.c; = A.n.o;, for
any ¢ € I, which is equivalent to A.p;.m; = X.p;.n;, for any i« € I, by
definition of the arrows m and n. This equality is further equivalent to
0; Aiomy; = 6;.0.ny, for any i € I, by mere definition of the morphism
A. Finally, the last equality follows immediately by the fact that each
Ai is a coequalizer of its kernel pair (m;,n;). Concerning the univer-
sal property of the coequalizer, consider any other object Z € £ and
any other morphism z : colim;e; X; — Z in & satisfying z.m = z.n,
namely z.m.o; = z.n.g;, for any ¢ € I. This condition is equivalent to
z.p;-m; = z.p;.n;, for any ¢ € I. Therefore, by the universal property of
A; being the coequalizer of the pair (m;,n;) in £, there exists a unique
arrow ; : Y; — Z in £ such that ¢;.\; = z.p;, for any ¢ € I. These
morphisms ¢; determine a unique map ¢ : colim;e; Y; — Z satisfy-
ing p.0; = ;, for any ¢ € I, by the universal property of the colimit.
Clearly, we have p.\ = z, just by mere definition of the morphisms ¢,
once pre-composed the previous equality with the colimit injections p;.
This ends the proof of A being the coequalizer in £ of the pair (m,n),
which is its kernel pair. Hence, A is a regular epimorphism in &£. [ |

The peculiar choice of the name “special filtering functor” in Defini-
tion 150 will make sense in light of the following;:

Proposition 158 Let C be an algebraic theory and consider its cop-
roduct completion tc : C — F(C) conservative with respect to finite
coproducts. Let k :C — & be a finite coproduct-preserving functor into
a finitely complete category £ with coproducts and take its coproduct
extension k" : F(C) — &, which is the unique (up to isomorphism)
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functor k" preserving coproducts and making the triangle:

C « F(©)
£

commute. Then, the functor k is special filtering if and only if k" is left
covering with respect to the weak terminal object, weak binary products
of objects coming from C and weak equalizers of parallel arrows coming

from C.

Proof. Let 1 be the terminal object of the category £ and consider
C(—,T), which we have shown, in Proposition 156, is a weak terminal
object of F(C). To say that the functor k" is left covering with respect
to the weak terminal object of F(C) is to say that the canonical arrow
1D kK" (C(—,T)) = k(T) — 1 is a regular epimorphism in &: this is pre-
cisely Condition (SF1), since, by definition of the coproduct completion,
k".1c = k holds.

Let nT,mT be a pair of objects of C and consider the coproduct
[1..,C(=T) over all spans nT' <“— T —">mT in C: we proved, in Pro-
position 156, this is a weak binary product of C(—,nT") and C(—, mT)
in F(C). To say that k" is left covering with respect to weak bin-
ary products of objects coming from C is to say that the induced map
A K ([, C(=T)) — K"(C(=,nT)) x k"(C(—, mT)), into the product
of k"(C(—,nT)) and k”’(C(—, mT)) in &, is a regular epimorphism of &;
namely, the unique morphism A making the following triangle:

K’ (]_[ C(—,T)) =[] *(@) A k(nT) x k(mT)

() k(v)>

commute, for any span nT <—— T —=mT in C, is a regular epimorph-
ism. (Here we used that the functor k" preserves coproducts and is
defined on representables by k”..c ~ k.) The map A being a regular
epimorphism is precisely Condition (SF2).

Let u,v : nT' — mT be a pair of arrows in C and consider the coproduct
[ju.wmv.0 € (=, T) over all arrows w : T — nT in C such that u.w =
v.w: we have shown, in Proposition 156, that e : Hw|u.w:v.w C(—,T)—
C(—,nT) —= C(—,mT) is a weak equalizer of C(—,u) and C(—,v) in
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F(C). Let I : By, > k(nT) —= k(mT') be the equalizer of the pair
(K" (C(—,u)),k"(C(—,v))) in €. To say that the functor k" is left cov-
ering with respect to equalizers of parallel arrows coming from C is to
say that the canonical map p : k" ([, y.mp.0 C(— 1)) — Eup, into
the equalizer in & of the pair (k(u), k(v)), is a regular epimorphism of &;
namely, the unique morphism p in &, satisfying I.p ~ £k (e), as shown:

! k(u)
Ey k(nT) k(mT)
k(v)
|
k”(e)
LIl cm )= I k@
wl|u.w=v.w wl|u.w=v.w

obtained via the universal property of the equalizer, is a regular epi-
morphism in €. (Once again, we used that the functor k” preserves
coproducts and is defined on representables by k”..c >~ k.) On the other
hand, Condition (SF3) states that the canonical map ¢ : [T, .y ¥(T)
— B, v, induced by all arrows w : 7' — nT" in C such that u.w = v.w,
is a regular epimorphism in £. Explicitly, u is the unique morphism in
&€ making the following diagram:

I @ ——Eu.,

wlu.w=v.w

k(T)

commute, where e,, is defined, for any such an arrow w, by the condition
l.ey ~ k(w), via the universal property of the equalizer, and o, denotes
the canonical coproduct injection in £. It suffices to prove, then, that
the morphisms p and p coincide; in other words, that they coincide
when pre-composed with the coproduct injection g, for any arrow w.
For it, the map [ being a monomorphism in £, we just need to show
that l.p.oy, ~ l.p.oy. We have l.p.oy, = K'(e).0p = k' (€).k" (1) =
K'(e.ty) = K'(C(—,w)) ~ k(w) ~ l.ey =~ ..oy, by definition of the
morphisms p, e, e, i, respectively, and the fact that the functor k”
preserves coproducts. Therefore, Condition (SF3) is equivalent to the
functor £” being left covering with respect to equalizers of parallel arrows
coming from C, as desired. [ |

Proposition 159 Under the conditions of Proposition 158 and assum-
ing, moreover, that the category £ is cocomplete and has filtered colimits



144 On localizations of algebraic categories

commuting with finite limits, if the coproduct extension k" is left cover-
ing with respect to weak binary products and weak equalizers of objects
and arrows coming from C, then, k" is left covering with respect to weak
binary products and weak equalizers.

Proof. ~We underline that, in light of Lemma 136, any object F' =
[l,ex C(—=,T) of F(C) can be thought of as a filtered colimit of rep-
resentable functors of the form C(—, mT), for some natural number m;
more precisely, we have:

F =] ¢~ T) = colim [] €(~,T) ~ colim C(—,mT)

SCX SCX
zeX €S

where the filtered colimit is taken over all finite subsets S of X and m
denotes the cardinality of such a S. Therefore, we proceed by induction
on the cardinality m of these finite subsets S C X.

Concerning binary products, we suppose, for any free algebra F =
[[.cx C(=,T) and for any natural number m, the canonical map Ag :
E'(F x C(—,mT)) —s= K'(F) x K"(C(—,mT)) = K"(F) x k(mT) is a
regular epimorphism in £. We wish to show, then, that the canon-
ic,.;;tl map v : K'(F X.HyGYC(—,T)? — k.”(F). X k”(Hye‘YC(—.,T)) =
K"'(F) x [1,ey k(T) is a regular epimorphism in €. The idea is to re-
gard [[,cy C(—,T) as the filtered colimit over all finite subsets S C Y,
namely [[, oy C(—,T) = colimgcy [[,c5C(—,T) = colimgcy C(—, mT),
where m is the cardinality of S. In F(C), for S varying over the finite
subsets of Y, we get an induced arrow 1, making the following triangle:

¥

Cg&l}l/n(F x C(—, mT)) F x (Cé)él}l/IlC(—,mT))

pPS .
1pXjs

F x C(—,mT)

commute, where jg : C(—,m1) — colimgcy C(—,mT) denotes the
canonical colimit injection in F(C). On the other hand, we can consider
the canonical arrow ¢ in £ induced, via the universal property of the
colimit, by all morphisms k”(pg), for S varying over the finite subsets
of Y, as follows:

. 17 N d) " . o
Cé)g{/nk (F xC(—=,mT)) ——k (cgéllr/n(F x C(—,mT)))

Vs

kK'(F x C(—,mT))
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where the maps g denote the corresponding colimit injections in &.
Finally, we take the canonical arrow € in &, obtained by the universal
property of the colimit, making the following diagram:

0

cggp(k”(F) X k(mT))

K/(F) x (colim k(mT))

ds -
1k”(F) XJjs

K'(F) x k(mT)

commute, for any S. (Once again, we denote by js ~ k" (js) : k(mT) —
colimgcy k(mT') the corresponding colimit injection in £.) The arrow
is, moreover, an isomorphism, since filtered colimits commute with finite
limits in €. Explicitly, we have:

: 7 ~ : Z :

cgg}r/n(k: (F) X k(mT)) =~ cg&r/nk: (F) x cggfn kE(mT) (1)
~ " 1
~ K'(F) x ng}rfn k(mT) (2)

(where (1) follows from the fact that filtered colimits commute with
binary products in £ and (2) is an instance of Remark 146). Therefore,
we get a diagram in &, as follows:

k' (F x H C(—,T))=K'(F x (cgéi{/nC(—,mT})lc”(F) X cgg{}l k(mT)
yey = =

e ()
7 : .
k (cgé}glF x C(—,mT)) 0

o

s .
cgg/nk (F x C(—,mT))

colim(k"(F) x k(mT))

COlimSgy As SCY

where colimgcy Ag is the canonical map in £ induced by all morphisms
Ag, via the universal property of the colimit. This square is commutative
since, by pre-composing with the colimit injections ~g, for any finite
subset S C Y, we get:

12

VK () K (ps)
v.k"(Y.ps)

v.k"(1F X js)

(1k”(F) X jS)')\S (1)
0.05.\g

0. CO]imSQY /\S-”YS (2)

vk ().

1R 1R
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(where (1) follows by definition of the canonical arrows 1p X jg and
Ly (py X js and (2) is just the definition of the morphism colimgcy Ag).
From Lemma 157, since for any finite subset S C Y, the correspond-
ing arrow Ag is a regular epimorphism in &, it follows that the map
colimgcy Ag is a regular epimorphism in £. Therefore, by the commut-
ativity of the previous diagram, in which the arrow @ is, in particular, an
isomorphism, we get v.k"(1).¢ >~ colimgcy Ag, from which it follows im-
mediately that v is a regular epimorphism in &£, the arrow colimgcy Ag
being so. This ends the proof of k” being left covering with respect to
weak binary products.

Now, concerning equalizers, let f,g : [[,cx C(—,T) = colimgcx [[,cg
C(—=,T) =~ colimgcx C(—,nT) —= [,y C(—,T) be a pair of morph-
isms in F(C), where S varies over the finite subsets of X and n denotes
its cardinality. Take any such a finite subset S C X and consider the
two composites f.js,g.js : C(—,nT) — [,y C(—,T), with the colimit
injection jg : [[,cgC(—,T) ~ C(—,nT) — [[,cx C(—,T): they factor
in F(C) through some finite subsets A and B of Y, the object C(—,nT)
being finitely presentable in 7(C) and ][,y C(—,T) being a filtered co-
limit of all coproducts [[, g C(—,T) taken over the finite subsets " of
Y. In fact, we can always assume f.jg and g¢.js factor through the same
component S’ C Y, by taking as S’ the set-theoretic union of A and B,
if necessary, which is still a finite subset of Y. Moreover, we suppose
that the set Y is infinite, and, therefore, there always exists a non-empty
subset S’ C Y, through which f.jg and g.jg factor. In this way, we have
two commutative triangles in F(C):

fis
C(_vnT)- H C(_7T)
' fs 3
Eo
RN
C(=,T) = C(—,mT)
yeSs’

where m is the cardinality of the subset S’ C Y and the two conditions
Jo-fs = f.js and jg .95 = g.js hold. Let eg : Eg — C(—,nT) —%
C(—, mT') be a weak equalizer in F(C) of the pair (fs, gs) in F(C), which
are two parallel morphisms coming from C. By taking the equalizer
ds : Dg = k(nT) —= k(mT) in & of the pair (k" (fs),k"(gs)), we
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get a comparison morphism pg, as shown:

dg K'(fs)
Dg k(nT kE(mT)
k" (gs)
" k" (es)
k;ll (ES)

satisfying dg.ps = k”(eg). By hypothesis, the functor k" is left cover-
ing with respect to parallel arrows coming from C; in other words, pg
is a regular epimorphism in £. Finally, let e : B — [[,cxC(—,T)
—= [,ey C(—.T) be a weak equalizer in F(C) of the pair (f,g). Since
the equality fs.es = gs.es holds, we can derive f.js.eg = jg.fs.es =
Jsr-gs-es = g.js-es. So, by the universal property of the weak equal-
izer of (f,g), there exists a morphism Xg : Es — FE in F(C), sat-
isfying e.¥g = jg.eg. Clearly, this construction can be accomplished
for any finite subset S C X. Then, by considering the filtered co-
limit colimgcx Eg of all weak equalizers of the pairs (fs,gs), over
all finite subsets S of X, we obtain a unique comparison map ¥ :
colimgc x Es — E in Mod(C), such that ¥.eg = Xg, for any finite
subset S C X. Here by €5 : Eg — colimgcx Es we denote the canon-
ical colimit injection in Mod(C). Our aim is to prove that the canonical
morphism p in £, induced by the universal property of the equalizer d : D
= [Loex #(T) —=I1,ey k(T) of the pair of arrows (k"(f),%"(g)) in
&, as follows:

4 k()
D I k(@) - 11 *@
zeX K9 gey
p
kll(e)
k”(E)

is a regular epimorphism in £. Namely, p is the unique map in & satisfy-
ing d.p = k”(e). First of all, we point out that, since, by Lemma 154, the
colimit injection k" (%) =~ j'g : k(mT) — [1,ey k(T') is a monomorph-
ism in &, the equalizer (Dg,dg) of the pair (K”(fs),k”(gs)) is, in fact,
the equalizer of the pair (k”(f.j5),k"(g.7s)) as well, since k”(f.js) =
K" (jfs) = K" (%) -K" (fs) =~ 5’ .K"(fs) and, analogously, for k”(g.js).
It suffices to prove, then, the universal property of the equalizer. For
it, consider any other object Z € £ and any other morphism z : 7 —
k(nT) in &, satistying k" (js/).k" (fs).2 = k" (j5).k" (gs).z; from the fact
that k”(j% ) is a monomorphism, it follows immediately that £”(fs).z =
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k"(gs).z. Therefore, by the universal property of (Dg,dg) being the
equalizer in € of (K’(fs),k"(gs)), there exists a unique arrow ¢ : Z —
Dg in &, such that dg. = z, as desired. As a consequence of (Dg, dg) be-
ing the equalizer of the pair (k" (f.js), k" (g.js)), we have k" (f).k" (js).ds
=k"(g9).k"(js).ds, and, by the universal property of the equalizer (D, d)
of (K"(f),k"(g)), we get a unique arrow 0g : Dg — D in &, veri-
fying d.0s = k"(jg).ds. In fact, since this fact holds for any finite
subset S C X, provided ps : Dg — colimgcx Dg denotes the co-
limit injection in &, there exists a unique map 6 : colimgcx Dg — D
in &, such that 0.pg = 6g, for any such a finite subset S of X. We
know that the coproduct [[, .y k(T) is the filtered colimit of all cop-
roducts [[,cqk(T), over all finite subsets S of X, and that in &, by
hypothesis, filtered colimits commute with finite limits; therefore, the
comparison map 6 : colimgcx Dg — D is, in fact, an isomorph-
ism of £, (Dg,ds) and (D,d) being the equalizers in £ of the pairs
(K"(55)-E"(fs), k" (45).k" (gs)) and (K"(f),k"(g)), respectively. The fol-

lowing diagram summarises the current situation in &:

L(cglim Es) S kE) W)
4 \ P
k//(f)
Do [T k) ——= JT k1)
e 0 veX H9) ey
Q €s) s "(s "
,7 lim D \ D k (Jk:S)TT Mﬂc i’;(%’)
L Sex s ps S ds (n )W )
7 Tcolimsgxps pS k" (es)
. " "
Cé)él}(nk (Es) b k" (Es)

where the morphisms dg : k”(Eg) — colimgc x k”(Es) denote the ca-
nonical colimit injections in €&. Note that the filtered colimit
colimgc x Eg of all equalizers Eg in F(C) is an object of the category
Mod(C), which is equivalent to F(C)¢z. Therefore, we can only take its
image through the functor L = Lan¢, ., (k") : F(C)ex — &, instead
of its image through k”. Recall that, since () is fully faithful, the
universal arrow for the left Kan extension is an isomorphism, namely
k" ~ L.Cr). The same remark holds for the morphisms eg and ¥ of
Mod(C). Moreover, the arrows L(eg) : k" (Eg) — L(colimgc x Eg), for
any finite subset S C X, induce a unique map  : colimgcx k¥’ (Eg) —
L(colimgcx Eg) in £, by the universal property of the colimit, satisfying
0.9s = L(eg), for any such a S. In order to prove that p is a regular epi-
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morphism in &, it suffices, then, to show that p.L(X).Q2 ~ 6. colimgc x ps,
since the last composite is, in particular, equivalent to colimgcx pg, 6
being an isomorphism, and we know, by Lemma 157, that the fact that
pg is a regular epimorphism in &, for any finite subset .S of X, implies the
arrow colimgc x ps is a regular epimorphism in £; hence, p is so. Further-
more, we need to prove that d.p.L(X).Q ~ d.0. colimgc x pg, the arrow
d being a monomorphism, that is, d.p.L(X).Q.6g ~ d.0. colimgc x ps.dg,
by pre-composing with the colimit injection Jg, for any finite subset
S C X. For it, using commutativity of all squares and triangles involved
in the previous diagram in &£, we get, for any finite subset S C X:

d.p.L(X).Q.65

K'(js)-ds-ps
d.Os.ps

d.0.ps.ps
d.0.colimgc x ps.ds

1111 R
=
)
[95)
("b
D
S

(where (1) follows from the definition of the morphism 2, (2) follows
from the definition of the morphism ¥ and from the fact L..r) =~ k"
and (3) follows from the definition of the morphism Xg). To end this
proof, let us just remark that in the case of a set Y which is finite, the
reasoning remains the same, by taking as S’ the whole set Y and as jg,
the identity 1y on Y. Therefore, there is actually no restriction at all in
assuming, as we did, that Y is infinite. We have just shown, then, that
k" is left covering with respect to weak equalizers. [ |

Corollary 160 If, moreover, the category & is reqular and k" is left
covering with respect to the weak terminal object, then k" is left covering.

Proof.  The proof is the one of Proposition 27 contained in [16]. |

In analogy to the presheaf case, the result which “justifies” the notion
of special filtering functor is stated in the following Proposition: special
filtering functors “induce” left exact functors.

Proposition 161 Let C be an algebraic theory and Y¢ : C — Mod(C)
its restricted Yoneda embedding. Let £ be a cocomplete and exact cate-
gory in which filtered colimits commute with finite limits and k : C — &
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be a finite coproduct-preserving functor. Consider the following diagram:

Cre)

F(C)ez= Mod(C)

C < F(C)
k”
\L Lany, (k)
&

The functor k is special filtering if and only if its left Kan extension

along Yoneda L := Lany, (k) is (left) ezxact.

Proof. The proof proceeds in two steps.

Step 1. We prove that k£ : C — & is special filtering if and only if

its coproduct extension k” : F(C) — & is left covering. (Remark that
here it suffices the regularity of the category £.)
By putting together the results in Proposition 158, Proposition 159 and
Corollary 160, we can claim that the functor k is special filtering if and
only if k" is left covering with respect to the weak terminal object, weak
binary products of objects coming from C and weak equalizers of parallel
arrows coming from C if and only if " is left covering.

Step 2. We prove that the coproduct extension k” of k is left cover-
ing if and only if the functor Lany, (k) is exact.

The requirement of L being left exact coincides, in fact, with L be-
ing an exact functor, since Lany, (k) has always a right adjoint, given
by E(k(=),—) : &€ — Mod(C). Moreover, the composite (r().tc co-
incides with the restricted Yoneda embedding Yz : C — Mod(C).
So, we get L = Lany,(k) ~ Lan¢, (k) ~ Lanc, . (Lan,(k)) ~
Lanc, . (k") ~ K", by using Lemma 155; namely the functor L coincides

with the exact extension k" of the coproduct extension k”. Therefore, by
the universal property of the exact completion, we get that the functor
L is exact if and only if k" is left covering. |

Let C be an algebraic theory and £ a cocomplete and exact category
in which filtered colimits commute with finite limits. We denote by
GeoMor[£,Mod(C)] the category of geometric morphisms between &
and Mod(C) and geometric transformations between those (see Defin-
ition 84). Whereas, we denote by SFilt|C,£] the category of special
filtering functors which preserve finite coproducts from C into £ and all
natural transformations between them. The following result enlightens
the relation between these two notions, namely geometric morphisms
can be classified by special filtering functors:
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Corollary 162 Let C be an algebraic theory and £ a cocomplete and
exact category in which filtered colimits commute with finite limits. The
functor

e : GeoMor[£,Mod(C)] — SFilt[C, £]

defined by pre-composing with the restricted Yoneda embedding Y :
C — Mod(C), gives an equivalence of categories.

Proof. Let

L
& 1 Mod(C)
R

be a geometric morphism and consider the pre-composition L.Y¢ of its
left adjoint L with Yoneda Yy : C — Mod(C). First of all, we need
to show that the functor L.Yy : C — & is special filtering. By Pro-
position 161, this is equivalent to prove that the left Kan extension
Lany, (L.Ye) of the composite L.Ye along Yoneda is left exact, as in the
following diagram:

Mod(C)
Q)

C Yo
% AC (L.Y,
&

Since Y¢ is fully faithful, the universal arrow for such a left Kan exten-
sion is an isomorphism, namely L.Y¢ ~ Lany, (L.Y¢).Ye. Moreover, the
restricted Yoneda embedding Y¢ being a dense functor, by Lemma 143,
and the functors L and Lany, (L.Y¢) preserving all existing colimits, we
can derive that L ~ Lany,(L.Y¢) and we know, by hypothesis, that L
preserves finite limits. It only remains to show, then, that L.Yy does
preserve finite coproducts: this property follows immediately from the
fact that, L, being a left adjoint functor, preserves all existing colimits
and the restricted Yoneda embedding Y¢ is a finite coproduct-preserving
functor, as established in Lemma 144. This ends the proof of L.Y; being
an object of SFilt|C,&]|. In order to prove that € is an equivalence of
categories, we need to verify it is (a) fully faithful and (b) essentially
surjective on objects.

(a) e is full and faithful. Let Ry, Rs : £ — Mod(C) be two geometric
morphisms and take their images through the functor . Consider a nat-
ural transformation « : L1.Yy — Lo.Y¢ between these images, where Lq
and Lo denote the left adjoint functors to Ry and to Rs, respectively. We
want to show there exists a unique natural transformation 3 : L1 — Lo
such that e(a) = 3, namely .Yz = a. We have just proved that, given
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a geometric morphism R : & — Mod(C), with left adjoint L, we get
L ~ Lany, (L.Y¢). Therefore, concerning the two geometric morphisms
Ry and Ry, we have Ly ~ Lany,(L,.Y¢) and Ly ~ Lany, (L;.Y¢) and
we can derive:

Nat(Ll,LQ) >~ Nat(LanyC(Ll.Yc),LanyC(Lg.Yc)) (1)
~ Nat(L,.Ye, Lany, (Ly.Ye).Ye) (2)
~ Nat(L;.Ye, Ly.Ye) (3)

(where (1) is just the above-mentioned property, (2) is the universal
property of the left Kan extension of L;.Yy along Ye and (3) follows
from the fact that, Yz being fully faithful, the universal arrow for the
left Kan extension Lany, (L2.Y¢) is an isomorphism). In this way, we
have achieved a bijection between the sets of natural transformations:
for any « : L1.Ye — Lo.Yp, there exists a unique 8 : L1y — Lo, satis-
fying B.Ye ~ «, as desired.

(b) € is essentially surjective on objects. Let k : C — & be a spe-
cial filtering functor which preserves finite coproducts. Since the cat-
egory & is cocomplete, we can always define a pair of adjoint functors
E(k(-),—) : &€ — Mod(C), which assigns to any object X € & the
set-valued functor £(k(—), X), and Lany, (k) : Mod(C) — &, which is
given by the left Kan extension of k along the restricted Yoneda embed-
ding Y. Note that the functor £(k(—), X) : C°? — set does preserve
finite products, since £(k(nT), X) ~ E(nk(T),X) ~ E(k(T), X)", k be-
ing a finite coproduct-preserving functor. Then, by Proposition 161,
the fact that the functor k is special filtering is equivalent to the left
Kan extension Lany, (k) being left exact. Therefore, we get a geometric
morphism

Lany, (k)
& 1 Mod(C)
E(k(—),—)
which, in particular, satisfies the condition k ~ Lany, (k).Y¢, since Y¢ is

fully faithful. Namely, ¢(Lany,(k)) ~ k and this ends the proof of the
functor € being essentially surjective on objects. [ |

4.5 The localizations of (one sorted) algebraic categories

Let k : C — & be a finite coproduct-preserving functor from an algeb-
raic theory C into a cocomplete category £. We can always define a new
functor k¥ : &€ — Mod(C) from k, by assigning to any object X € &
the set-valued functor £(k(—), X) : C°? — set, which, in fact, preserves
finite products, since £(k(nT), X) ~ E(nk(T), X) ~ E(k(T), X)". Ana-
logously, the functor k' associates with any morphism f: X — Y in &
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the corresponding natural transformation £(k(—), f) : E(k(—),X) —
E(k(—),Y) given by post-composing with f. Moreover, £ being cocom-
plete, the functor &’ has always a left adjoint, defined by taking the
left Kan extension of k£ along the restricted Yoneda embedding Y¢, as

follows:
Ye

C

Mod(C)

= "Lanyc (k)
p

&

Therefore, provided L := Lany, (k), we have L 4 k'
Our purpose is to give necessary and sufficient conditions on the functor
k to realise £ as a localization of the algebraic category Mod(C). We

need a preliminary result concerning subfunctors of the representable
functor C(—,T):

Lemma 163 Let C be an algebraic theory, £ a cocomplete and exact
category and k : C — & a finite coproduct-preserving functor. Sup-
pose the functor k' : € — Mod(C), defined on an object X € & as
E(k(—),X), is a geometric morphism, whose left exact left adjoint we
denote by L : Mod(C) — E. Let r : R C(—,T) be a subfunctor in
Mod(C). If the image L(r) through L of the monomorphism r is an iso-
morphism in £, then the subfunctor R evaluated at T is k-epimorphic,
that is, R(T) C C(T,T) is a k-epimorphic family.

Proof.  The collection of morphisms f € R(T) C C(T,T) induces a
canonical map ' : [[;cperC(—T) — C(=,T) in Mod(C), by the
universal property of the coproduct, as follows:

namely, 7’ is the unique map satisfying r’.7 = C(—, f), for any arrow
f:T — T in R(T). (Here we denote by 7 the canonical coproduct
injection in Mod(C).) We wish to show that the regular epi-mono fac-
torisation of the morphism 7’ in Mod(C) is given by:

I c-.1)———c(-1)

FER(T) /
I '
R
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where eg is the component at R of the counit € : F.U — Inpoq(c)
for the adjunction F - U, where [F denotes the free model functor (see
Proposition 134). More explicitly, er is defined, at any C-model F', as
the canonical map in Mod(C) induced by all natural transformations
a € Nat(C(—,T), F), as displayed:

11 C(—,T) —L=F

a€Nat(C(—,T),F)

C(_aT)

By Proposition 140, the map €p is a regular epimorphism in Mod(C).
It only remains to check, then, that the composite r.cg is equal to r/, r
being a monomorphism. In other words, we need to show that r.eg.7; =
r’.7p = C(—, f), for any morphism f in R(7T'). By the Yoneda Lemma,
there exists a bijection Nat(C(—,T"), R) ~ R(T"), which associates with
any element f € R(T) a natural transformation v(f) : C(—,T) — R,
defined at any object nT € C as y(f)nr : C(nT,T) — R(nT), via
h +— R(h)(f). Moreover, the definition of eg gives er.7y () = V(f),
for any such an arrow f in R(T). We assume to make no distinction
between the coproduct injections 7.,y and 7¢. Therefore, to prove that
r.er.Tf = C(—, f) is to prove that r.y(f) = C(—, f), or, equivalently,
for any object nT € C and for any morphism h : nT' — T, that
R(h)(f) = f.h. This last equality follows directly by the naturality of
the inclusion r : R > C(—,T) relative to the arrow h. hence, the
morphism 7’ admits r.eg as regular epi-mono factorisation in Mod(C).
As already remarked, L is nothing but the left Kan extension of the
functor k along the restricted Yoneda embedding Y : C — Mod(C).
This is the reason why, Y¢ being fully faithful, we have the isomorphism
k ~ L.Yg; in particular, for T € C, we get k(T) ~ L.C(—,T). So,
applying the exact functor L to the regular epi-mono factorisation of
the morphism 7/ in Mod(C) gives the following triangle in &:

K(T) L(r)
fER(T)

k(T)

where L(r) is a monomorphism and L(eg) is a regular epimorphism.
Moreover, L(r') is precisely the canonical map induced by all arrows
k(f), for f varying in R(T), since r’ is the canonical map induced by
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the morphisms C(—, f) and L preserves coproducts. By hypothesis, L(r)
is an isomorphism in &£, which implies that L(r') ~ L(eg), where L(ep)
is a regular epimorphism, e being so. This means that the arrow L(r’),
as in the following diagram:

]{:(T) L(r")~L(er)
fER(T)

k(T) ~ L(R)

"fT k(f)
k(T)

is a regular epimorphism in €. In other words, R(T') is a k-epimorphic
family. For it, for any pair of morphisms u,v : k(T') — U in &, satisfy-
ing u.k(f) =v.k(f), for any f € R(T), we have u.L(r").0f = v.L(r").0,
for any f € R(T), which implies that u.L(r") = v.L(r"), by definition
of the coproduct []cp(p) k(T). 1t follows from L(r") being a (regular)
epimorphism that u = v, as desired. [ |

In order to make our presentation of the classifying Theorem for local-
izations of algebraic categories, easier to read, we prove separately the
following preliminary fact:

Lemma 164 Let C be an algebraic theory, £ a cocomplete and exact cat-
egory in which filtered colimits commute with finite limits and k : C — &
a finite coproduct-preserving functor. Suppose k satisfies Conditions
(Aveg) and (B), then the functor k' : & — Mod(C), defined by the
assignment X — E(k(—), X), is full and faithful.

Proof. Let X,Y be two objects of £ and «a : E(k(—), X)—E(k(—),Y)
a morphism in Mod(C). Namely, for any natural number n, we have
a map anr : E(k(nT),X) — E(k(nT),Y), which is just a morph-
ism <arp>: E(k(T),X)" — E(K(T),Y)™ in set, since E(k(nT), X) ~
Enk(T),X) ~ E(K(T),X)" holds for any n. The map < ap > is
defined, on any arrow f : k(nT) ~ nk(T) — X, via the assignment
(f.0i)i — (ar(f.0:)):, where the arrows o; : k(T') — nk(T") denote the
canonical coproduct injections in £. It is clear that it suffices to consider
n = 1 and the corresponding arrow ar : E(k(T"),X) — E(k(T),Y), in
order to get all arbitrary components of «, via its naturality. We want
to show there exists a unique morphism b : X — Y of £ such that
E(k(—),b) = «; namely, for any element f € E(k(T), X), the equality
b.f = ar(f) holds. Once again, note that it is sufficient to establish
this equality at 7', then, it will follow at any object nT', by the universal
property of the finite coproduct and the naturality of «. Consider, then,
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the collection Rx = {h : k(T) — X} of all maps into X in £ and the
canonical morphism A in £ induced by these arrows h € Rx, because of
the universal property of the coproduct, as follows:

[T k@) ——=x

heRx

Namely, A is the unique arrow satisfying A.op, = h, for any h € Rx.
(Once again, we denote by o}, the canonical coproduct injection in £.)
Condition (A,.y) states that the family Rx is regular epimorphic; in
other words, A is a regular epimorphism in £. By taking the kernel pair
(/\0,)\1) of Ain &:

A
Ny == [] K1) 2>x
M bRy

we already know that, A\, being a regular epimorphism, is the coequalizer
of its kernel pair (Mg, A\1). When considering any finite subset S C Ry,
we can define the canonical map Ag, induced by the arrows just in S,
and its corresponding kernel pair (mg,ng) in £, as in the diagram:

N()\S)_>—S> || k(T) As X
ns
heSCRx
PhT h

k(T)

that is, Ag : [[,cq k(T) — X is the unique map satisfying Ag.pp, = h,
for any h € S. Obviously, in set we have Rx = colimgcpgr, S, for S
running through all finite subsets of Rx; moreover, this is a filtered
colimit. Therefore, the coproduct [[, . k(T') is the filtered colimit of
all coproducts ], g k(T'), for S varying over all finite subsets of Ry, as
established in Lemma 145, and since filtered colimits commute in £ with
finite limits, by hypothesis, we obtain the kernel pair of A as a filtered
colimits of the kernel pairs of all morphisms Ag, that is:

N(\) ~ colim N (A
(A) golim (As)
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(Here we made use of Remark 146.) More explicitly, we get the following
commutative diagram:

Ao \
N(\) IT & X
M heRx
js T;S \g
mg
NOs) ——= [ *D)
% heSCRx

where we denote by the morphisms jg and jg the corresponding colimit
injections in £. Note that, for any h € Ry, which is nothing but an arrow
h : k(T) — X in &, the natural transformation « : E(k(—),X) —
E(k(—-),Y) produces a morphism ar(h) : k(T) — Y. All these maps
ar(h) induce, in fact, a canonical morphism p in &£, by the universal
property of the coproduct, as follows:

IT k@) —+—=Y
heRx

UhT ar(h)
k(T)

that is, p is the unique map in £ satisfying p.op, = arp(h), for any
element h € Rx. As before, we can consider the coproducts just over a
finite subset S C Ry, for .S varying over all such subsets, and define the
corresponding induced morphisms pg in £, as displayed:

[T x@—=v
heSCRx
JhT ar(h)
k(T)

But S being a finite set, we get [[,cqk(T) ~ k([[hegT) ~ k(mT),
where m denotes the cardinality of S. Moreover, the coproduct injec-
tions py are nothing but the images k(i) through the functor k& of the
canonical coproduct injections ip, : T — mT =T +T + ...+ T (m
times) in C. Therefore, in the definitions of the morphisms Ag and pug,
we can replace the coproduct injections p, and obtain Ag.k(ip) = h
and pg.k(in) = arp(h), for any h € S, respectively. By naturality of
the transformation « relative to the morphism ¢y, : T — mT in C, we
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can derive that ar(h) = apyr(As).k(ip): in particular, it follows that
s = amr(Ag), from the uniqueness of the arrow pg satisfying such a
property. Suppose that u.\g = p.A1.

Ao

NN —= [] k@) —>X
M heRx

‘b

Xv

Y

Since A is the coequalizer of the pair (Mg, A1), we obtain a unique map
b: X — Y, such that b.A = u, namely b.\.cp, = p.op, for any element
h € Rx. This condition is equivalent to £(k(T"),b)(h) = b.h = b.\.op, =
w.cp, = ap(h), for any morphism h : k(T) — X in &, by definition
of the arrows A and pu, respectively. This is precisely fully faithfulness
of the functor &’. So, it only remains to show that u.\g = p.A\1, or,
equivalently, that 1. )\o.jg = p.\1.Jg, for any finite subset S C Ry, since
we have just proved that N(\) is the filtered colimit of all kernel pairs of
the kind N(Ag). In other words, we need to prove that pug.mg = ug.ng,
for any finite subset S C Ry, since we have ,u.)\o.j'g = ,u.j's.ms = pug.mg
and p.A1.jg = p.js.ng = pg.ng, by definition of the morphisms jg, jg
and pg. So, we get a pair of arrows mg,ng : N(Ag) — k(mT) in
&, where m is the cardinality of S. By Condition (B), the collection
M,g.ng of arrows in €

{9 k(T) — N(As) ng.g = k(f1) h

= T
{ms.g k(fo) forsomeT:;OmT}

is an epimorphic family. This precisely means that the arrows pg.mg
and pg.ng coincide if and only if the identity pg.mg.g = ug.ng.g holds,
for any element g € M, ny. Using the naturality of the transformation
a, relative to the maps fy : T — mT and f1 : T — mT in C, we get,
for any g € My ng:

psms.g = ps-k(fo)

= ar(As.k(fo)) (1)
ar(As-k(f1)) (2)
ps-k(f1) (3)

= [sns.g

(where (1) and (3) are instances of the naturality of o and (2) follows
from the definition of (mg,ng) as the kernel pair of the morphism Ag
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and the fact that g € My, ). This ends the proof of £(k(T'),b)(h) be-
ing equal to ar(h), for any arrow h : k(1)) — X in &; in other words,
we have shown that £(k(—),b) = a for a unique morphism b: X — Y
of &, as desired. |

We can, finally, state our Theorem which classifies the localizations of
algebraic categories:

Theorem 165 Let C be an algebraic theory, £ a cocomplete and exact
category in which filtered colimits commute with finite limits and k :
C — & a finite coproduct-preserving functor. The following conditions
are equivalent:

1. the functor k' : &€ — Mod(C), defined by the assignment X +—
E(k(—),X), is a localization;

2. the functor k satisfies the Conditions (Aseg), (B), (SF2) and (SF3).

Proof.  Note, first of all, that we can omit Condition (SF1) in the state-
ment of the Theorem in light of Remark 149.

1 = 2. Suppose the functor ¥ : &€ — Mod(C), defined by X —
E(k(—),X), is a localization of the algebraic category Mod(C), whose
left adjoint we denote by L : Mod(C) — &; so we have that &’ is fully
faithful, L preserves finite limits and L 4 k. As we know, since & is
cocomplete, there always exists the left Kan extension of £ along the
restricted Yoneda embedding Y¢, which produces a left adjoint functor
Lany, (k) to k. By uniqueness (up to isomorphism) of the left adjoint
functor, we have L ~ Lany,(k). Moreover, note that k' being fully
faithful is equivalent to the counit ¢ for the adjunction L —+ k' being
an isomorphism, that is L.k’ ~ 1¢. On the other hand, we denote by
n : Imodc) — k'.L the unit for the adjunction. Since the restricted
Yoneda embedding Y is fully faithful, the universal arrow for the left
Kan extension L of k along Yoneda is an isomorphism, namely k ~ L.Y¢,
that is L.C(—,mT) ~ k(mT), for any object C = mT € C; in par-
ticular, when evaluated at some representable functor F' = C(—, mT),
the component of 7 is the natural transformation 7,7 : C(—,mT) —
E(k(—), k(mT)), defined on any object nT" € C as the application of func-
tor k, by the assignment C(nT,mT) — E(k(nT),k(mT)) : f — k(f).
Clearly, it suffices to consider n = 1 and the corresponding component
nr : C(—,T) — E(k(—),k(T)) of the natural transformation 7, since
all other components can be derived by its naturality. Therefore, the
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current situation can be summarised as in the following diagram:

CF(c)

C < F(C) F(C)ex=Mod(C)
k‘”
|
£

where the relation between these functors is established in Proposi-
tion 161, since the category £ is exact and has filtered colimits com-
muting with finite limits. Explicitly, k is special filtering if and only if
k" is left covering if and only if L is left exact. Then, it only remains to
prove Conditions (A,c,) and (B) on the functor k.

k satisfies Condition (A,eq). For it, consider an object X € £ and the
collection Rx = {h : k(T) — X} of all arrows of £ into X. We want
to prove that Rx is a regular epimorphic family, that is, the canonical
morphism A, induced by the universal property of the coproduct, as

follows:
IT *@) A X
h€Rx

k(T)

is a regular epimorphism in £. Explicitly, A is the unique arrow satis-
fying A\.o, = h, for any h € Rx (here we denote by o, the canonical
coproduct injection in £). As recalled in Proposition 140, when con-
sidering the free model functor [F : set — Mod(C), which is the left
adjoint to the forgetful functor U : Mod(C) — set, the counit ¢ for
the adjunction F 4 U has the extra feature that each of its compon-
ent is a regular epimorphism in Mod(C). Namely, for any C-model F,
ep : FU(F) — F, defined as the canonical morphism induced by all
natural transformations o € Nat(C(—,T), F'), as in the following dia-
gram:

(here the morphisms 7, denote the canonical coproduct injections in
Mod(C)) is a regular epimorphism in Mod(C). Then, applying the left
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exact left adjoint functor L to the previous diagram gives:

k(T) L(er)

a€Nat(C(—,T),F)

L(F)

L(TQ)NUQT L(a)
k(T)
where L(ep) is a regular epimorphism in £, er being such in Mod(C)

and L being exact. So, when taking as F' the representable functor
E(k(—),X), the last diagram becomes:

L(e _
1T B(T) S OL L e(h(-), X)) ~ X
aENat(C(—,T),g(k(—),X))

L(Ta)NaaT
k(T)

where L(eg((-),x)) is a regular epimorphism in €. (Here we made
use of the isomorphism L.k’ ~ 1g.) The coproduct in the previous
diagram is taken over all elements o € Nat(C(—,T),E(k(—), X)) =
Nat(C(—,T),k' (X)) ~ Nat(L(C(—,T)),X) ~ Nat(k(T),X) = Rx,
using the Yoneda Lemma, the adjunction L -4 &’ and the fact that,
Ye being fully faithful, the universal arrow for the left Kan extension
is an isomorphism (that is, k ~ L.Y¢) respectively. More precisely,
any morphism « : C(—,T) — k/(X) corresponds to a unique arrow
h : L(C(—,T)) ~ k(T) — X, via £x.L(a) = h, where &, which still
denotes the counit for the adjunction L - £/, is an isomorphism, so that
we have L(a) = h. Therefore, L(eg(—) x)) is precisely the canonical
map induced by all arrows h, namely, L(Gg(k(_)7 X)) has to be equal to
A, and this ends the proof of A being a regular epimorphism in &£.

k satisfied Condition (B). For it, consider an object X € &, a pair of ar-
rows zg,x1 : X — k(nT) in £ and the corresponding collection My, 4,
of maps in £

prm— f
{g:k(T) —>XH i?izzgﬁ)g forsomeTf:;jnT inC}

We want to show that My, ., is an epimorphic family. Let Rx be the
collection {h : k(T) — X} of all maps of £ into X, which is regular
epimorphic by Condition (A,.), and, for any h € Rx, consider, first,
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the composite zg.h : k(T) — k(nT) in €. Take the pullback of the unit
component 7,7 along the composite k'(zg.h).nr in Mod(C), as follows:

on.h C(—,nT)

p NnT

C(=T) ——;—=E(k(=), k(1))

o £, k()
Recall, from Proposition 130, that in Mod(C) limits are computed point-
wise; therefore, the previous pullback is given at T by the collection
Py n(T)={(g,f) € C(T,T) x C(T,nT)|xo.h.k(g) = k(f)}. Take, then,
the regular epi-mono factorisation of the morphism p in Mod(C), which
is regular, as in the diagram:

Paco.h

RS

Rzo.h

We wish to prove that the image R, evaluated at T is precisely the
image of the morphism p(7) in set. For it, to evaluate the previous
diagram at T is to apply the forgetful functor U : Mod(C) — set to it,
and we know that U preserves both monomorphisms, by Proposition 130,
and regular epimorphisms, by Proposition 142. Therefore, r(T') being
a monomorphism and e(7T") being a regular epimorphism, we get the
following commutative triangle in set:

Py n(T) — 22— e, 1)
PN
Rwo-h(T)

which gives the unique (up to isomorphism) regular epi-mono factorisa-
tion of the arrow p(7T') in set; in other words, Ry, n(T) = {9 : T —
T|xo.h.k(g) = k(f) for some f : T — nT}, as desired. Now, since
k' is fully faithful, we have already remarked that the counit £ for the
adjunction L - k' is an isomorphism and this, in particular, implies that
L(nyr) is an isomorphism. Therefore, since both the pullback and the
regular epi-mono factorisation are preserved by the exact functor L, we
get that L(p) is an isomorphism, and so is L(r). Therefore, the subfunc-
tor r : Ry, > C(—,T) is such that its image L(r) through the functor
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L is an isomorphism in £: from Lemma 163, it follows that the family
Ryon(T) = {9 : T — T|xo.h.k(g9) = k(f) for some f : T — nT} C
C(T,T) is k-epimorphic. So, for any element g € Ry, »(T), consider now
the composite z1.h.k(g) : k(T) — k(T) — X — k(nT) in €. By
the same reasoning, one can prove that the family R, 1o (T) = {t :
T — Tlx1.h.k(g).k(t) = k(s) for some s : T — nT'} is k-epimorphic.
By composing together all arrows of the kind ¢ in Ry, »(7") with all ar-
rows of the kind ¢ in R, j, 1(4)(T), we obtain a collection (depending on
h € Rx) Sp = {k(g9).k(t) = k(g.t) : K(T) — k(T)|g € Ryyn(T),t €
Ry, hi(q)(T)} of morphisms of £, which we wish to prove to be an epi-
morphic family itself. For it, let w,v : k(T) — U be a pair of ar-
rows in & satisfying u.k(g).k(t) = v.k(g).k(t), for any g € Ry, 1(T) and
t € Ry hi(g)(T). Since the family R, j ry)(T) is k-epimorphic, this
amounts to u.k(g) = v.k(g), for any g € Ry, (1) and using now that
Ry, n(T) is k-epimorphic, this last statement is further equivalent to
u = v, as desired. In other words, we have just shown that the family of
morphisms {g.t : T' — T'|g € Ryyn(T),t € Ry, hi(g)(T)} in C, which we
still denote by Sy, is k-epimorphic. Moreover, using that g € R, »(T),
we have xg.h.k(g.t) = xo.h.k(9).k(t) = k(f).k(t) = k(f.t) = k(f’), for
some [’ : T — nT and, using that t € R, ;1) (T), we also have
x1.h.k(g.t) = x1.h.k(g).k(t) = k(s), for some s : T — nT. So, we have
just shown that the collection S}, is contained in the family of maps

| 2o.hk(w) = k(fo) N
{w T — TH a;(l).h.k:(w) _ k(f(l)) forsomeT?nT}

in C. In particular, for any of these arrows w € Sy, the composite
h.k(w) : k(T) — X does belong to the family My, »,, by definition of
Sy. So, by considering the collection of all arrows obtained in this way,
we form a subcollection of My 5, ; callit N = {h.k(w) : k(T) — X|h €
Rx,w € Sp}. Finally, it suffices to prove that N is an epimorphic
family. For it, let u,v : X — U be a pair of arrows in £ such that
u.h.k(w) = v.h.k(w), for any h € Rx and w € Sp,. Since the family S},
is k-epimorphic, this is equivalent to u.h = v.h, for any h € Rx, and
using now that Ry is (regular) epimorphic, by Condition (A,c4), the
last statement is further equivalent to u = v, as desired. Therefore, N
is an epimorphic family which is contained in M, ,,: it follows, then,
from Lemma 113 that M,, ,, is epimorphic, that is, Condition (B) is
verified.

2 = 1. Suppose the functor k satisfies the Conditions (A), (B),
(SF2) and (SF3). As mentioned above, the category £ being cocomplete,
there always exists the left Kan extension of the functor k£ along the
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restricted Yoneda embedding Y¢ : C — Mod(C), call it L := Lany, (k),
which is left adjoint to k’. By Proposition 161, we know that k being
special filtering is equivalent to the functor L being left exact, that
is, L preserves finite limits. Concerning the functor &', we have just
shown in Lemma 164 that if the functor k satisfies Conditions (A;eq)
and (B), then &’ is fully faithful. Hence, we have just shown that &’
is a fully faithful functor with a left exact left adjoint. This ends the
proof of ¥’ : £ — Mod(C) being a localization of the algebraic category
Mod(C). [ |

Remark 166 When assuming ¥’ : £ — Mod(C) is a localization of
the algebraic category Mod(C), an alternative proof of the fact that the
functor k satisfies Condition (A,¢4) can be given as follows. Clearly,
k' : & — Mod(C) is a full reflective subcategory of Mod(C), whose left
adjoint functor we denote by L. Knowing that the small set {C(—,T)}
is a regular generator for Mod(C), we derive, from Lemma 68, that
{L(C(—,T)) ~ k(T)} is a regular generator for £. This is exactly the
condition on A : Hheg(k(T)VX):RX k(T) — X of being a regular epi-
morphism in £. Note that we can use Lemma 68, which is originally
formulated in terms of a strong generator, precisely because in a regular
category strong and regular epimorphisms coincide.

Let C be an algebraic theory and £ a cocomplete and exact category
in which filtered colimits commute with finite limits. We denote by
Loc[€,Mod(C)] the full subcategory of GeoMor|€, Mod(C)] given by
all localizations between £ and the algebraic category Mod(C). Whereas,
we denote by SFilt*[C, £] the category of functors from C into £ which
are finite coproduct-preserving, special filtering and satisfy Conditions
(Ayeg) and (B) (or, equivalently, which are finite coproduct-preserving
and satisfy Conditions (Aeq), (B), (SF2) and (SF3)) and all natural
transformations between them. The following result relates these two
notions, namely localizations can be classified by functors belonging to
categories of the kind SFilt*:

Corollary 167 Let C be an algebraic theory and £ a cocomplete and
exact category in which filtered colimits commute with finite limits. The
functor

¢ : Locl€,Mod(C)] — SFilt*[C, ]
defined by pre-composing with the restricted Yoneda embedding Y :
C — Mod(C), gives an equivalence of categories.

Proof. Let

L
& 1 Mod(C)
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be a localization and consider the pre-composition L.Y¢ of its left adjoint
L with Yoneda Y¢ : C — Mod(C). First of all, we need to show that the
functor L.Yg : C — & verifies Conditions (A.y), (B), (SF2) and (SF3).
By Proposition 161, to prove L.Y¢ being special filtering is equivalent to
prove that the left Kan extension Lany,(L.Y¢) of the composite L.Ye
along the restricted Yoneda is left exact, as in the following diagram:

Ye

C Mod(C)

L.Ye AC (L.YZ)

£

Since Y is fully faithful, the universal arrow for such a left Kan extension
is an isomorphism, namely L.Y¢ ~ Lany, (L.Y¢).Ye. Moreover, Y¢ being
a dense functor, by Lemma 143, and L and Lany, (L.Y¢) preserving all
existing colimits, we can derive that L ~ Lany,(L.Y¢). Clearly, the
functor Lany, (L.Y¢) is left adjoint to the functor £(L.Ye(—),—) : € —
Mod(C) and, therefore, by uniqueness (up to isomorphism) of the right
adjoint, E(L.Yz(—), —) is isomorphic to 4, which is a right adjoint functor
to L. In particular, then, £(L.Ye(—),—) ~ i is full and faithful, which

means that
Lany,, (L.Y¢)
& L Mod(C)
E(L.Ye(—),~)

is a localization of the algebraic category Mod(C). Then, from The-
orem 165, it follows immediately that the functor L.Yy does satisfy
Conditions (Aeg), (B), (SF2) and (SF3), as desired. It only remains
to show, then, that L.Ye does preserve finite coproducts: this property
follows immediately from the fact that, L, being a left adjoint functor,
preserves all existing colimits and the restricted Yoneda embedding Y¢ is
a finite coproduct-preserving functor, as remarked in Lemma 144. This
ends the proof of L.Y; being an object of SFilt*|C, £]. In order to prove
that £ is an equivalence of categories, we need to verify it is (a) fully
faithful and (b) essentially surjective on objects.

(a) The proof that £ is full and faithful follows the same lines of the
proof that the functor € : GeoMor[€,Mod(C)] — SFilt[C, ] intro-
duced in Corollary 162 is fully faithful, once we have underlined that
both the categories Loc[€,Mod(C)] and SFilt*|C,&] are full subcat-
egories of GeoMor[£, Mod(C)] and SFilt[C, &], respectively.

(b) It only remains to show, then, that £ is essentially surjective on
objects. Let kK : C — & be a finite coproduct-preserving functor
verifying Conditions (Aye,), (B), (SF2) and (SF3). Since the cate-
gory £ is cocomplete, we can always define a pair of adjoint functors
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E(k(-),—) : &€ — Mod(C), which assigns to any object X € & the
set-valued functor £(k(—), X), and Lany, (k) : Mod(C) — &, which is
given by the left Kan extension of k along the restricted Yoneda embed-
ding Y¢. Note that the functor £(k(—), X) : C? — set does preserve
finite products, since £(k(nT), X) ~ E(nk(T),X) ~ E(k(T), X)™, k be-
ing a finite coproduct-preserving functor. Then, by Proposition 161, the
fact that the functor k is special filtering is equivalent to the left Kan
extension Lany, (k) being left exact. Moreover, by Lemma 164, the
fact that k satisfies Condition (A,ey) and (B) implies that the functor
E(k(—),—) is full and faithful. Therefore, we get a localization

Lany, (k)
£ T Mod(C)
E(k(=),—)

which, in particular, satisfies the condition k ~ Lany, (k).Y¢, since Y is
fully faithful. Namely, {(Lany,(k)) ~ k and this ends the proof of the
functor & being essentially surjective on objects. [ |

4.6 The link with other characterisation theorems for
localizations of algebraic categories

It is widely known that one can compare categories of C-models, for an
algebraic theory C, and classical categories of T-algebras for a monad T
(see [31]). We review quickly some basic notions in order to introduce
the setting.

Definition 168 A monad T = (T,v,u) on a category A consists of a
functor T : A — A and two natural transformations v : 14 — T and
w:TT — T, which make the following diagrams commute:

T — ™ T T— T _pr Tv
wr H M

17 \L 1r
T — T T

Proposition 169 Let A and B be two categories. Fvery adjunction
F 4 G, where the functors are F : A — B and G : B — A, gives rise
to a monad on the category A.

Proof.  Just take the composite T = G.F : A — A as endofunctor,
the unit for the adjunction as v and the natural transformation given
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by the composite G.c.F as u, provided ¢ : F.G — 15 is the counit for
the adjunction F 4 G. [ |

Definition 170 Let T = (T,v,u) be a monad on a category A. A T-
algebra (A,a) is a pair consisting of an object A € A and an arrow
a:TA— A of A, which makes both the diagrams:

TTA—L% . TA A4 1A
HA a 14 a
TA A A

a

commute. A morphism of T-algebras f : (A,a) — (B,b) is an arrow
f+A— B of A, which renders commutative the diagram:

TA 4 A
Tf f
TB B

b

In fact, the collection of T-algebras (and morphisms of T-algebras) form
a category, as established in the following:

Proposition 171 Let T = (T, v, 1) be a monad on a category A. Then,
the collection of all T-algebras and their morphisms forms a category,
which is usually denoted by AT. Moreover, there is an adjunction FT -

G", where the functors FT : A — A" and GT : A¥ — A are defined
by the following assignments:

FT. A — (TA,1a)
GT: (Aja) — A

where g : TTA — TA is the morphism in A satisfying the T-algebra
azioms. The monad arising on A from this adjunction is the given
monad T = (T, v, ).

For a complete treatment of monads and their algebras, we refer to
(33, 36].

Definition 172 A monad T = (T,v,u) on set has finite rank if the
functor T : set — set preserves filtered colimits.

We recall the last preliminary result:
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Theorem 173 Let A be an algebraic category, with associated forgetful
functor U : A — set and free model functor F : set — A. Consider
the following diagram:

F
set 1 A

T T
FtHlG K

setT

where T is the monad on set defined by the adjunction I 4 U. Then,
there is a unique (up to isomorphism) comparison functor K : A —
set” satisfying GT.K ~U and K.F ~ FT.

Therefore, the theorem relating monadic categories over set with algeb-
raic categories can be stated in the following terms (see [7, 11]):

Theorem 174 Let C be an algebraic theory, then there exists a monad
T on set with finite rank such that the equivalence of categories set™ ~
Mod(C) is established. Conversely, let T be a monad on set with finite
rank, then there exists an algebraic theory C satisfying the equivalence
Mod(C) ~ set™.

Proof.  We just sketch the two constructions. In one direction, given
an algebraic theory C, we can always consider the free model functor
F : set — Mod(C), which is the left adjoint to the forgetful U :
Mod(C) — set. The adjunction F - U, as any other adjunction,
gives rise to a monad T on set, by taking as T the composite U.IF.
Moreover, one can prove that the monad T has finite rank, using that,
by Proposition 131, the functor U reflects filtered colimits. In the other
direction, given a monad T on set, we can always construct the canonical
adjunction:

T

set 1 setT
T

and consider the full subcategory F of set” spanned by the finitely
generated free algebras FT(n), where n is a finite set. Then, by taking
its dual category FP, we define an algebraic theory C, with T = FT(1),
since we have FT(n) =[], FT(1). (Here 1 denotes the one element set.)
By considering the adjunction:

F
set _ 1 ~ Mod(C)
U
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provided by the free model functor IF, and computing the induced monad
T, defined via the composite U.FF, we obtain an equivalence of catego-
ries set” ~ Mod(C). Note that T’ has, in fact, finite rank. Then, one
can prove that the two monads T and T’ are equivalent, precisely by
using that both of them have finite rank. [ |

Finally, we can present the celebrated Lawvere characterisation Theorem
for algebraic categories (see [30]):

Theorem 175 A locally small category A is equivalent to a (one sorted)
algebraic category if and only if:

1. A is exact;
2. A has a regular projective regular generator G;
3. G 1is finitely presentable in A.

We recall that an object G € A is called a regular generator if G ad-
mits all copowers and, for any object A € A, the canonical morph-
ism v4 : ][] FEA(G,A) G — A, induced by the universal property of
the coproduct, is a regular epimorphism in A. Whereas, G € A is
said to be regular projective if the corresponding representable functor
A(G,—) : A — set preserves regular epimorphisms. We point out that
this definition is nothing but the 1-element version of the definition of
(strong) generator G, analysed in Section 2.3.

Now, moving back to our topic for this chapter, some work has already
been done concerning localizations of algebraic categories by Vitale in
[41, 42]. The starting point is the following characterisation of an algeb-
raic category, which is equivalent to the one contained in Theorem 175
and for which we still refer to [30]. We should mention that, in fact,
the following Theorem was the original one introduced by Lawvere in
his Ph.D. thesis. Whereas, Theorem 175 appeared only afterwards and
became the reference for Lawvere’s characterisation of algebraic cate-
gories, because of the more popular definition of finitely presentable
objects. Here is the result:

Theorem 176 A locally small category A is equivalent to a (one sorted)
algebraic category if and only if:

1. A is exact;
2. A has finite colimits;

3. A has a regular projective reqular generator G;
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4. G is abstractly finite.

We recall that an object A € A is said to be abstractly finite if any
arrow A — S o A factors through some arrow S0 A — So A, induced
by the inclusion S’ < S, for some finite subset S’ C S (provided the
object A admits all copowers and S o A denotes the S-indexed copower
of A). Clearly, any finitely presentable object is abstractly finite. The
converse is only true in presence of the other axioms for an algebraic
category. The idea of the previous Theorem can be carried out to in-
vestigate localizations of algebraic categories and leads to the following
characterisation Theorem (see [42]):

Theorem 177 A locally small category B is equivalent to a localization
of a (one sorted) algebraic category if and only if:

1. B is exact;
2. B has a reqular generator G;
3. filtered colimits exist and commute with finite limits in B.

Proof.  We only sketch the construction in one direction, since the
other one is trivial: just remark that any algebraic category satisfies
Condition 1, 2 and 3 and these are stable under localizations.

Therefore, suppose B is an exact category with a regular generator G
and with filtered colimits commuting with finite limits. It suffices that
B satisfies Conditions 1 and 2 to deduce, from Proposition 2.1 in [41],
B is equivalent to a localization of a monadic category over set; more
explicitly, B is equivalent to a localization of set”, where the monad T is
determined by the adjunction — o G 4 B(G, —), namely the endofunctor
T is the composite B(G,— o G). In particular, the proof of Proposition
2.1 establishes that, when taking as C the full subcategory of B given
by all copowers S o G of G, for S varying in set, we get B ~ C¢p. In
order to prove that B is, in fact, a localization of an algebraic category,
we need to construct a new monad T’, the finitary part of T, show that
T’ has finite rank and B is still a localization of set™ . For it, consider
the subcategory D of C having the same objects of C and for morphisms
f:RoG — S oG those arrows of C (that is, of B) such that, for each
element r € R, the composite f.o,. : G — S o G factors through the
arrow S’ oG — S o@, induced by the inclusion S’ — S, for some finite
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subset S’ C S, as follows:

G—"—RoG

S oG

where o, : G — R o (G denotes the rth coproduct injection in B. We
underline that D is obviously not a full subcategory of C. We obtain,
then, a new adjunction —oG 4 D(G, —) and a corresponding new monad
T’ on set, by computing the composite T = D(G, — o G). The monad
T’ has finite rank: this property follows from the simple fact that the
object G is abstractly finite in D, although the proof is far from being
evident. Therefore, we have:

B L setT = T setT ~ D,

where the first pair is a localization and the second one an adjunction.
Under the further assumption that the category B verifies Condition 3,
one can prove that the composite B — set™ is a fully faithful functor
and its left adjoint set? — B is nothing but the exact extension of
the (not full) inclusion D — B, which still is a left covering functor,
and, therefore, its exact extension is left exact. In other words, we have
just proved that the category B is a localization of the monadic category
setT/, where the monad T’ has finite rank, that is, setT is an algebraic
category, by Proposition 174 and B is a localization of it. [ |

Our present aim is to obtain Theorem 177 as a corollary of our character-
isation Theorem 165. We need to explicitly describe, then, the algebraic
theory C and the finite coproduct-preserving functor k£ : C — B which
will realise the category B as a localization of the category Mod(C) of
C-models. Given an exact category B with a regular generator G and
with filtered colimits commuting with finite limits, we can always define
the subcategory D of B having for objects all copowers S o G of G, for
S varying in set, and for morphisms f : RoG — S o G those arrows f
in B such that, for any element r» € R, the composite f.o, : G — SoG
factors in B through the morphism S’ o G — S o GG, induced by the
inclusion S’ = S, for some finite subset S’ of S, as in the following
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diagram:

S0 G

where o, : G — R o G denotes the rth coproduct injection in B.
Obviously, D is not a full subcategory of B. Then, we can take the
full subcategory C of D given by only those copowers n o G, for n some
finite set. We make no notational distinction between n o G and nG,
which means that we denote, at the same time, by n the finite set and
the natural number corresponding to its cardinality (where this doesn’t
lead to any confusion). In fact, C is an algebraic theory with 7' = G.
Call £ : C — B the (not full) inclusion. This is the setting which
enables us to state the desired result:

Proposition 178 Let B be an exact category with a regular generator
G and with filtered colimits commuting with finite limits. Letk :C — B
be the (not full) inclusion of the subcategory C determined by the finite
copowers nG of G, for any finite set n. Then, the functor k : C —
B preserves finite coproducts and satisfies the Conditions (Ayeq), (B),
(SF2) and (SF3).

Proof. Clearly, the inclusion k preserves finite coproducts. We simply
treat the case of binary ones. For it, let nG and mG be two objects of
C, namely n and m are finite sets, and consider their coproduct in C,
which is isomorphic to (n + m)G, provided n + m denotes the disjoint
union in set of n and m. Then, we have k(nG + mG) ~ k((n+m)G) =
(n+m)G ~nG + mG = k(nG) + k(mG).

k satisfies Condition (A,eq). For it, consider an object X € B and the
collection Ry = {g : G — X} of all arrows of B into X, that is,
Rx = B(G,X). We want to prove that Rx is a regular epimorphic
family, that is, the canonical morphism A, induced by the universal
property of the coproduct, as follows:

[l ¢=BGX)oG——=X

geRx
UQT 9
G

is a regular epimorphism in B. This is precisely the condition on G of
being a regular generator for B. Note that we only need to take under
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consideration morphisms into X with domain G, since any arbitrary
arrow f : nG — X in B, for an arbitrary object nG of C, can be
entirely determined by its pre-composites with the coproduct injections
0;: G — nG in C.

k satisfies Condition (B). For it, consider an object X € B, a pair
of arrows xg,z1 : X — nG in B, where n is a finite set, and the
corresponding collection of maps in B

zo.g9 = k(fo) EELI
My w2 = G — X f G——=nGinC
0,71 {9 H r1.g = k(f1) or some P nG in

We want to show that Mg, ,, is an epimorphic family. Note that the
arrows fo, fi : G — nG not only are in C but actually in B, since, n
being a finite set, they always factor through a finite subset of n, namely
n itself. Therefore, their images via the inclusion k& coincide with the
arrows fo and f; themselves. Then, for any morphism g : G — X in
B, the composites xg.g and x1.g satisfy the condition of being arrows in
C, since n is a finite set and, then, this condition reduces to just being
arrows of B. It follows that M, », = B(G, X). From G being a regular
generator in B, we derive that the canonical morphism A, induced by
the universal property of the coproduct, as follows:

[1 ¢~BGX)o¢—=Xx
9EMag 2,
O'QT 9

G

is a regular epimorphism in B. Explicitly, A is the unique map in B
verifying A\.oy = g, for any arrow g in My, ;. In particular, we get that
My, 2, is an epimorphic family. For it, let u,v : X — U be a pair of
arrows in B satisfying u.g = v.g, for any g € M, z,, or, equivalently
uA.og = v.\og, for any g € My, ,,. The last equality implies that
u.A = v.\, by definition of the coproduct ngMle G. Tt follows from
A being a (regular) epimorphism that u = v, as desired.

k satisfies Condition (SF2). For it, let nG and mG be a pair of objects
in C and consider the collection S, ,, of all arrows

{<u,v > G — nG x mGnG <*— G —=mG in C}

in B. We want to prove that the family S, ,, is regular epimorphic. The
map < u,v > is the unique one in B satisfying m. < u,v >= u and
mo. < u,v >= v, obtained by the universal property of the product nG
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< nG xmG —>mG in B. Note that the morphisms v : G — nG
and v : G — mG not only are in C but actually in B, since, n and
m, being finite sets, always factor through a finite subset of n and m,
respectively, namely n and m themselves. Therefore, for any morphism
g : G — nG x mG in B, the composites 71.g and mo.g satisfy the
condition of being arrows in C, since n and m are finite sets and, then,
this condition reduces to just being arrows of B. It follows that the
morphism g can be identified with < 71.g, 2.9 >€ S, n; in other words,
we have just shown that S, ,, = B(G,nG xmG). From G being a regular
generator in B, we derive that the canonical morphism A, induced by
the universal property of the coproduct, as follows:

[T G=~B(G,nGxmG)oG—2—nG xmG

gESn,m
%T g

G

is a regular epimorphism in B. This is precisely the condition on the
family S, ., of being regular epimorphic, as desired.

k satisfies Condition (SF3). For it, let u,v : nG — mG be a pair of
arrows in C and consider the collection S, of all arrows

{ew : G — By |G —>nG # mG in C such that v.w = v.w}

in B. We want to prove that the family Sy, is regular epimorphic. Here
(Eyv,1) is the equalizer E,,, ~1s nG == mG of the pair (u,v) in B and
v

ey is the unique map in B satisfying [.e,, = w, for any such an arrow w,
obtained by the universal property of the equalizer. Therefore, Sy is
nothing but the collection {e,, : G — Ey4|l.ey = w : G — nG in C}.
Moreover, any such composite l.e,, = w : G — nG is an arrow in B,
since n is a finite set. Therefore, for any morphism g : G — E,, , in B,
the composite l.g : G — nG is an arrow in C such that u.l.g = v.l.g,
since (Ey v,1) is the equalizer of the pair (u,v) in B. It follows, hence,
that Sugv = B(G, Eyy). From G being a regular generator in B, we
derive that the canonical morphism p, induced by the universal property
of the coproduct, as follows:

[l G~B(G Eu)oG—>Ey,

ewESugw
O'MT Ew

G
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is a regular epimorphism in B. This is precisely the condition on the
family S,g. of being regular epimorphic, as desired. [ |

Therefore, as direct consequence of our Theorem 165, we derive:

Corollary 179 Any cocomplete, exact category, with a reqular gener-
ator and with filtered colimits commuting with finite limits, is a localiz-
ation of a (one sorted) algebraic category.

The converse of this Corollary is always true since any localization of
an algebraic category verifies these conditions. In fact, in any algebraic
category filtered colimits commute with finite limits and the condition
is stable under localizations.
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