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Abstract

Kneip et al. (Journal of Business and Economic Statistics, 2016) and Daraio et
al. (The Econometrics Journal, 2018) provide non-parametric tests of (i) convexity
versus non-convexity of the production set, (ii) constant versus non-constant returns-
to-scale of the frontier, and (iii) separability versus non-separability of the frontier with
respect to environmental variables. Among other uses, these tests are essential for de-
ciding which non-parametric efficiency estimator should be used to estimate technical
efficiency. Each test requires randomly splitting the sample. Although theory estab-
lishes that the tests are valid for any random split, results can vary with different
splits. This paper provides a computationally efficient method to aggregate test out-
comes across multiple sample-splits using a simple decision rule, and we prove that our
rule yields tests with asymptotic size no greater than the nominal size. We provide tests
using multiple sample-splits to remove the ambiguity resulting from a single sample-
split and give extensive Monte Carlo evidence on the size and power of our tests. The
computational time required by the new tests is about 0.001 times that required by the
bootstrap method proposed by Simar and Wilson (Journal of Productivity Analysis,
2020). The reduction in computational burden makes the tests useful in a practical
sense for empirical researchers using inexpensive desktop or laptop computers.
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1 Introduction

Non-parametric envelopment estimators are widely used to estimate efficiency of pro-

duction. Broadly, there are three classes of such estimators: (i) those that impose neither

convexity nor constant returns-to-scale (CRS) on the production frontier; (ii) those that

impose convexity but not CRS; and (iii) those that impose both convexity and CRS. In

addition, conditional versions of the estimators must be used when environmental variables

that affect the frontier are present (see Simar and Wilson, 2007, 2011 for details and discus-

sion). Kneip et al. (2016) and Daraio et al. (2018) provide tests of model structure to help

the empirical researcher choose an appropriate estimator among the available choices. As

discussed below, these tests require randomly splitting the data into two independent sub-

samples to obtain statistics with non-degenerate limiting distributions under the null, and

while the tests are theoretically valid for any random split of the original sample, different

results can be obtained with different splits. Simar and Wilson (2020) develop a bootstrap

method to remove this ambiguity, but the computational burden of their method makes the

approach impractical in many settings. This paper provides a new method to remove the

uncertainty introduced by multiple splitting that substantially reduces the computational

burden required to implement the tests of Kneip et al. (2016) and Daraio et al. (2018) using

multiple sample splits. The new method should be practical for empirical researchers even

with samples involving several thousand observations without using large parallel computing

systems or other high-throughput systems such as HTCondor.1

Standard microeconomic theory of the firm defines a production set as the set of feasible

combination of input and output quantities for a firm in a given industry. Firms that operate

on the frontier of this set are technically efficient, while firms that operate in the interior

of the production set are technically inefficient. The frontier of the production set serves

1HTCondor is a high-throughput computing environment that exploits idle computer resources in a
network. See https://htcondor.org/index.html for details.
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as a useful benchmark for gauging the performance of firms in an industry. Unfortunately,

however, the frontier is not observed and must be estimated. Similarly, distance between

a particular input-output combination and the frontier of the production set is unobserved

and must also be estimated.

Several non-parametric estimators of the production set, as well as corresponding esti-

mators of distance to the frontier of the production set, have been proposed in the literature

on efficiency and productivity. Deprins et al. (1984) estimate the production set by the

free-disposal hull (FDH) of a set of sample observations on input-output combinations. As

discussed below in Section 2, this estimator is quite flexible since it does not impose con-

vexity of the production set nor does it require that the frontier display constant returns to

scale (CRS). Alternatively, Farrell (1957) estimates the production set by the conical hull

of observed input-output pairs, thereby imposing assumptions of (i) convexity of the pro-

duction set and (ii) constant returns to scale (CRS) on the frontier. Charnes et al. (1978)

formalize the corresponding estimator of distance to the frontier in terms of a linear program.

Banker et al. (1984) relax the requirement of CRS, but not convexity of the production set,

by estimating the production set by the convex hull of the FDH of observed input-output

combinations and write the corresponding estimator of distance to the frontier as a linear

program. The resulting frontier estimate allows for variable returns to scale (VRS), i.e., for

increasing, constant or decreasing returns to scale in various regions. The two estimators

based on linear programming are known in the literature as “data envelopment analysis”

(DEA) estimators, a term coined by Rhodes (1978) and adopted by both Charnes et al.

(1978) and Banker et al. (1984). In the ensuing discussion below, we refer to these as

CRS-DEA and VRS-DEA estimators.

The applied, empirical researcher who wishes to avoid restrictive, parametric assumption

is faced with the problem of first choosing which estimator to use. A safe choice might be

the FDH estimator, since it imposes neither convexity nor CRS. But, as discussed below,
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the convergence rate of the FDH estimator is slower than either the VRS-DEA or CRS-DEA

estimators, and thus may result in larger estimation error than either of the DEA estimators.

On the other hand, one might choose one of the DEA estimators, but this requires convexity

of the production set, and also CRS if the CRS-DEA estimator is used. One should test

convexity versus non-convexity of the production set before using the VRS-DEA estimators

in instead of FDH estimators, and one should in addition test CRS versus non-CRS of the

frontier before using CRS-DEA estimators instead of VRS-DEA or FDH estimators.2

This paper provides a new method for aggregating information provided by the original

tests of Kneip et al. (2016) over multiple random sample-splits, allowing researchers to

“integrate out” the uncertainty introduced by random splitting. We provide a simple decision

rule and prove that it yields tests with asymptotic less than or equal to the nominal size.3

We provide simulation evidence that suggests our rule yields tests that are conservative (i.e.,

that have rejection rates less than the nominal test size) when the null is true and that have

substantial power for reasonable departures from the null, whereas the bootstrap method

of Simar and Wilson (2020) leads to tests that typically over-reject when the null is true.

In addition, our new method provides a substantial reduction in computational burden over

the bootstrap method of Simar and Wilson (2020); computational time required by the new

method is typically about 0.001 times the computational time required by the bootstrap

method of Simar and Wilson (2020), making our new method useful to empirical researchers

with sample sizes commonly encountered in the literature on efficiency estimation.

Our rule is related to ideas from the statistical literature on multiple hypothesis testing, in

particular those of Simes (1986), Sarkar and Chang (1997), Benjamini and Hochberg (1995)

and Benjamini and Yekutieh (2001) for controlling false discovery rates. A key difference in

2As discussed in Section 3, Kneip et al. (2022) introduce a test of CRS versus non-CRS for cases where
the production set may not be convex.

3Note that one typically chooses a priori the level of significance or nominal test size as the acceptable
rate of type-I error. In the tests considered in this paper, the null hypotheses to be tested are composite
hypotheses, and so the test size is the supremum of the rejection rates over all possibilities under the null.
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our setting, however, is that the null hypothesis (e.g., the frontier is everywhere CRS or the

production set is convex) is the same for each test on each random sample-split, whereas in

the multiple testing literature, typically a set of different null hypotheses are tested.

The remainder of the paper proceeds along the following path. The next section presents

a statistical model and describes model features that researchers are often interested in.

Section 3 discusses issues surrounding estimation of testing of hypotheses. Estimators of

efficiency are discussed in Section 3.1, then the tests of CRS versus non-CRS and convexity

versus non-convexity developed by Kneip et al. (2016) are briefly reviewed in Sections 3.2

and 3.3, respectively. Section 4 describes our new method for removing uncertainty arising

from multiple sample-splits with the tests of Kneip et al. (2016) and Daraio et al. (2018).

Section 5 provides evidence from Monte Carlo experiments on the performance of our new

method in terms of realized size and power when testing CRS versus non-CRS and when

testing convexity versus non-convexity of the production set, with comparisons to the earlier

method of Simar and Wilson (2020).4 Summary and conclusions are given in Section 6, and

some additional results are given in separate Appendices A–F.

2 The Statistical Model

Let x,X ∈ R
p
+ denote fixed and stochastic p-vectors of input quantities, and let y, Y ∈

R
q
+ denote fixed and stochastic q-vectors of output quantities (respectively).5 Standard

microeconomic theory specifies a production set

Ψ := {(x, y) | x can produce y} (2.1)

that consists of all feasible combinations of input and output quantities. Standard assump-

tions on Ψ include (i) Ψ is closed; (ii) production of any non-zero output quantity requires use

4Monte Carlo evidence for the Daraio et al. (2018) separability test is omitted to avoid additional com-
putational expense. However, one can expect similar performance and saving of computational burden when
our new method is used with the tests of Daraio et al. (2018).

5Throughout, we use lower-case letters to denote fixed quantities, and upper-case letters to denote random
variables.
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of non-zero level of at least one input; and (iii) both inputs and outputs are freely disposable

so that for x̃ ≥ x and ỹ ≤ y, if (x, y) ∈ Ψ then (x̃, y) ∈ Ψ and (x, ỹ) ∈ Ψ, where inequalities

involving vectors are defined on an element-by-element basis. The third assumption amounts

to an assumption of weak monotonicity on the frontier

Ψ∂ = {(x, y) | (x, y) ∈ Ψ, (γx, γ−1y) 6∈ Ψ for γ < 1}. (2.2)

Technical efficiency of a point (x, y) ∈ Ψ is measured in the input or output direction by

the distance functions

θ(x, y | Ψ) := inf {θ | (θx, y) ∈ Ψ} (2.3)

and

λ(x, y | Ψ) := sup {λ | (x, λy) ∈ Ψ} (2.4)

proposed by Farrell (1957). Alternatively, one can measure technical efficiency using hy-

perbolic, directional or generalized hyperbolic distance functions proposed by Färe et al.

(1985), Chambers et al. (1996) or Wilson (2024). To simplify and to conserve space, we

focus our work on the input direction, but one can work in the output or other directions.

The particular direction chosen is unlikely to change the main results of this paper.

The input-oriented measure in (2.3) gives the proportion by which input levels can be

feasibly, simultaneously reduced for any (x, y) ∈ Ψ without sacrificing any output. By

construction, θ(x, y | Ψ) ≤ 1 for any (x, y) ∈ Ψ. If θ(x, y | Ψ) = 1, then (x, y) ∈ Ψ∂, and

θ(x, y | Ψ) < 1 for any (x, y) ∈ int(Ψ) where int(Ψ) denotes the interior of Ψ.

The production set Ψ, frontier Ψ∂ and the measures in (2.3)–(2.4) are unobserved in

any interesting case. Hence these features must be estimated and inference must be made

in order to learn about them. This, in turn, requires a statistical model. We assume a

well-defined probability space on which the density f(x, y) of input and output quantities

(X, Y ) is defined. We also assume that f(x, y) has support on D ⊂ Ψ, and that f(x, y)

is continuously differentiable on D. In addition, we rely on the additional assumptions
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of Kneip et al. (2015) as appropriate. These assumptions concern the smoothness of the

distance function θ(x, y | Ψ) and the structure of the set D. See Kneip et al. (2015) for

details and discussion.

3 Estimation and Hypothesis Testing

3.1 Estimation of Efficiency

Suppose that an independent, identically distributed (iid) sample Xn = {(Xi, Yi)}ni=1

drawn from the density f(x, y) is available. Several non-parametric estimators of Ψ are

available. The least restrictive among the non-parametric estimators of Ψ is the free-disposal

hull (FDH)

Ψ̂FDH(Xn) :=
⋃

(Xi,Yi)∈Xn

{
(x, y) ∈ R

p+q
+ | x ≥ Xi, y ≤ Yi

}
. (3.1)

of the sample observations used by Deprins et al. (1984). Note that Ψ̂FDH(Xn) is not convex

when n is finite.

In cases where Ψ is convex and Ψ∂ displays constant returns-to-scale everywhere, Ψ can

be estimated by the conical hull of Ψ̂FDH(Xn) given by

Ψ̂CRS(Xn) :=
{

(x, y) ∈ Rp+q | y ≤ Y ω, x ≥Xω, ω ∈ Rn
+

}
. (3.2)

This CRS-DEA estimator was proposed by Farrell (1957) and written formally as a linear-

program by Charnes et al. (1978). Alternatively, when Ψ is convex but Ψ∂ does not exhibit

CRS everywhere, Ψ can be estimated by by the convex hull

Ψ̂VRS(Xn) :=
{

(x, y) ∈ Rp+q | y ≤ Y ω, x ≥Xω, i′nω = 1, ω ∈ Rn
+

}
, (3.3)

of Ψ̂FDH(Xn), where X =
(
X1, . . . , Xn

)
and Y =

(
Y1, . . . , Yn

)
are (p × n) and (q × n)

matrices of input and output vectors, respectively; in is an (n× 1) vector of ones, and ω is

a (n × 1) vector of weights. This is the variable returns-to-scale (VRS) version of the data
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envelopment analysis (DEA) estimator anticipated by Farrell (1957) and written formally as

a linear program by Banker et al. (1984).

Substituting one of the non-parametric estimators for Ψ in (2.3) leads to a non-parametric

estimator of θ(x, y | Ψ). Let I(x, y) be the set of indices of observations in Xn such that

Xi ≤ x and Yi ≥ y. Then substituting Ψ̂FDH(Xn) for Ψ in (2.3) yields the FDH estimator

θ̂FDH(x, y | Sn) that can be computed as

θ̂FDH(x, y | Xn) = min
i∈I(x,y)

max
j=1, ..., p

(
Xij

xj

)
(3.4)

where Xij and xj denote the jth elements of Xi and x (respectively).6

Substituting Ψ̂VRS(Xn) in (3.3) for Ψ in (2.3) yields the VRS-DEA estimator

θ̂VRS(x, y | Xn) = min
θ,ω

{
θ | y ≤ Y ω, θx ≥Xω, i′nω = 1, ω ∈ Rn

+

}
(3.5)

of θ(x, y | Ψ). Similarly, substituting Ψ̂CRS(Xn) in (3.2) for Ψ in (2.3) yields the CRS-DEA

estimator

θ̂CRS(x, y | Xn) = min
θ,ω

{
θ | y ≤ Y ω, θx ≥Xω, ω ∈ Rn

+

}
(3.6)

of θ(x, y | Ψ). Both θ̂VRS(x, y | Xn) and θ̂CRS(x, y | Xn) can be computed using standard

linear-programming methods.

Among the three non-parametric estimators of Ψ described above, Ψ̂FDH(Xn) is the

least restrictive, while Ψ̂CRS(Xn) is the most restrictive. By construction, Ψ̂FDH(Xn) ⊆

Ψ̂VRS(Xn) ⊆ Ψ̂CRS(Xn). Consequently, θ̂CRS(Xi, Yi | Xn) ≤ θ̂VRS(Xi, Yi | Xn) ≤ θ̂FDH(Xi, Yi |

Xn) ≤ 1 for all (Xi, Yi) ∈ Xn. The properties of each of the three estimators of θ(x, y | Ψ) are

well-known due to results obtained by Park et al. (2000), Kneip et al. (2015) and Daouia et al.

(2017) for the FDH estimator; by Kneip et al. (1998) and Kneip et al. (2008, 2015, 2016) for

the VRS-DEA estimator; and Park et al. (2010) and Kneip et al. (2015) for the CRS-DEA

estimator. Under appropriate assumptions, each of the three estimators is consistent, has a

6If xj = 0, then Xij/xj should be set equal to infinity if Xij > 0, or negative infinity if Xij = 0.
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non-degenerate limiting distribution, converges at rate nκ and has bias of order O (n−κ). For

the FDH estimator, under either convexity or non-convexity and either CRS or non-CRS,

κ = 1/(p+ q). For the VRS-DEA estimator, provided Ψ is convex, κ = 2/(p+ q + 1) under

VRS or 2/(p + q) under CRS. For the CRS-DEA estimator, κ = 2/(p + q) provided Ψ is

convex and the frontier is CRS.

A problem in any empirical project is to decide which estimator to use. The FDH

estimator provides the most flexibility, since it is consistent regardless of whether Ψ is convex

or whether Ψ∂ is CRS. But, its convergence rate is slower than the other two estimators.

Under CRS, both the VRS-DEA and CRS-DEA estimators converge at rate n2/(p+q), but

the VRS-DEA estimator should be expected to have higher mean-square error than the

CRS-DEA estimator in such cases since the VRS-DEA estimator does not impose CRS. The

obvious approach is to test for convexity versus non-convexity of Ψ, and for CRS versus

non-CRS for the frontier Ψ∂. If convexity is rejected, one should use the FDH estimator.

If convexity is not rejected, one can consider using either of the DEA estimators, but if

CRS is rejected only the VRS-DEA estimator can be considered. Of course, one should

remember that failure to reject the null does not, by itself, imply that the null is true. As

such, among the three classes of estimators, FDH estimators are the safest choice since they

require neither convexity nor CRS.

3.2 The Kneip et al. (2016) Test of CRS versus non-CRS

The Kneip et al. (2016) test of CRS versus non-CRS is based on comparison of means of

the VRS-DEA and CRS-DEA estimates. Under the null hypothesis of CRS, the difference

between the two means should be “small,” while under the alternative hypothesis the dif-

ference should be “large.” Kneip et al. (2015, 2016) prove that under the null hypothesis of

CRS, both the VRS-DEA and CRS-DEA estimators converge at rate nκ where κ = 2/(p+q).7

7Consequently, the rate of convergence depends on the number of dimensions, i.e., the number of inputs
an outputs. DEA as well as FDH estimators suffer from the well-known “curse of dimensionality,” meaning
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In addition, Kneip et al. (2015) establish that standard CLTs such as the Lindeberg-Feller

CLT do not hold for means of non-parametric efficiency estimates if κ ≤ 1/2 due to the bias

of non-parametric efficiency estimators. Under the null hypothesis of CRS, κ > 1/2 if and

only if (p + q) < 4, and hence standard CLT results apply only in limited cases. The test

developed by Kneip et al. (2016) is based on the central limit (CLT) results of Kneip et al.

(2015). In addition, Kneip et al. discuss the necessity for the means to be independent in

order to obtain a limiting N(0, 1) distribution for the test statistic.

In order to ensure independence between two sample means of efficiency estimates, set

n1 = bn/2c and n2 = n−n1 where bac denotes the largest integer less than or equal to a ∈ R.

Then randomly split the sample Xn into two samples X1,n1 , X2,n2 such that X1,n1∪X2,n2 = Xn

and X1,n1 ∩ X2,n2 = ∅.8 Let

µ̂VRS,n1 = n−11

∑
(Xi,Yi)∈X1,n1̂

θVRS(Xi, Yi | X1,n1) (3.7)

and

µ̂CRS,n2 = n−12

∑
(Xi,Yi)∈X2,n2̂

θCRS(Xi, Yi | X2,n2) (3.8)

and let

σ̂2
VRS,n1

= n−11

∑
(Xi,Yi)∈X1,n1

[
θ̂VRS(Xi, Yi | X1,n1)− µ̂VRS,n1

]2
(3.9)

and

σ̂2
CRS,n2

= n−12

∑
(Xi,Yi)∈X2,n2

[
θ̂CRS(Xi, Yi | X2,n2)− µ̂CRS,n2

]2
. (3.10)

In addition, let B̂VRS,κ,n1 and B̂CRS,κ,n2 denote the generalized jackknife estimates of the bias

of µ̂VRS,n1 and µ̂CRS,n2 given by Kneip et al. (2016, equations 37 and 38).9 Then under the

that DEA and FDH estimators’ convergence rates become slower as dimensionality increases. The rate of
convergence of an estimator is crucial when using the estimator to make inference.

8As a practical matter, the sample Xn can be randomly split into two subsamples by first randomly
shuffling the observations using the algorithm of Durstenfeld (1964) and then giving the first n1 observations
to X1,n1 and the remaining n2 observations to X2,n2 .

9Note that Kneip et al. (2016, equation 38) contains two typos. The term n1 in the subscripts should be
instead n2.
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null hypothesis of CRS and the assumptions of Kneip et al. (2015, Theorem 4.2) and Kneip

et al. (2016, Theorem 1),

T̂1,n :=
(µ̂VRS,n1 − µ̂CRS,n2)−

(
B̂VRS,κ,n1 − B̂CRS,κ,n2

)
√

σ̂2
VRS,n1

n1
+

σ̂2
CRS,n2

n2

L−→ N(0, 1) (3.11)

as n→∞ provided (p+ q) ≤ 5.

Alternatively, for (p + q) ≥ 5, set n`,κ = [n2κ
` ] for ` ∈ {1, 2} and let X ∗`,n`,κ be a random

subset of n`,κ input-output pairs from X`,n` . In addition, let

µ̂VRS,n1,κ = n−11,κ

∑
(Xi,Yi)∈X ∗

1,n1,κ̂

θVRS(Xi, Yi | X1,n1) (3.12)

and

µ̂CRS,n2,κ = n−12,κ

∑
(Xi,Yi)∈X ∗

2,n2,κ̂

θCRS(Xi, Yi | X2,n2). (3.13)

Then under the null hypothesis of CRS and the assumptions of Kneip et al. (2015, Theorem

4.4) and Kneip et al. (2016, Theorem 1),

T̂2,n :=

(
µ̂VRS,n1,κ − µ̂CRS,n2,κ

)
−
(
B̂VRS,κ,n1 − B̂CRS,κ,n2

)
√

σ̂2
VRS,n1

n1,κ
+

σ̂2
CRS,n2

n2,κ

L−→ N(0, 1) (3.14)

as n→∞ provided (p+ q) ≥ 5.

As discussed by Kneip et al. (2016, Section 3.2), one might consider computing estimates

θ̂VRS(Xi, Yi | Xn) and θ̂CRS(Xi, Yi | Xn) for i = 1, . . . , n using the full sample Xn, and then

computing the sample means

µ̂full
VRS,n = n−1

n∑
i=1

θ̂VRS (Xi, Yi | Xn) (3.15)

and

µ̂full
CRS,n = n−1

n∑
i=1

θ̂CRS (Xi, Yi | Xn) (3.16)

computed using all of the n observations in Xn. One might then build a statistic analo-

gous to T̂1,n defined in (3.11) based on the difference µ̂full
VRS,n − µ̂full

CRS,n. But, the resulting
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statistic would have a degenerate limiting distribution under the null since the variance of

na
(
µ̂full
VRS,n − µ̂full

CRS,n

)
collapses to zero as n→∞ for any a ≤ 1/2 due to the result in Kneip

et al. (2016, equation 22), making inference impossible. See Kneip et al. (2016, p. 440) for

additional discussion.

As discussed by Kneip et al. (2016), depending on the value of (p+ q), either T̂1,n or T̂2,n

(but not both, except when p + q = 5) can be used to test the null hypothesis of constant

returns to scale, with critical values obtained from the standard normal distribution. For

j ∈ {1, 2} and one sample-split, the null hypothesis of CRS is rejected if p̂ = 1−Φ(T̂j,n) < α

is less than, say, .1, .05, or .01. For (p+ q) = 5, one should expect tests based on T̂2,n to to

have better size properties than tests based on T̂1,n due to the order of negligible remainder

terms that are ignored in either case. See Kneip et al. (2015) for details, and Kneip et al.

(2021) for additional discussion in a similar setting.10

3.3 The Kneip et al. (2016) Test of Convexity versus Non-
Convexity

The vast majority of non-parametric studies of efficiency in production settings rely on

DEA estimators and thus implicitly, if not explicitly, assume that the underlying production

set is convex. Statistical consistency of DEA estimators requires convexity of the production

set, while consistency of FDH estimators does not depend on convexity. Convexity of the

production set is typically assumed without testing. However, Koopmans, 1957 and Mc-

Fadden, 1978) note that the widespread use of convexity assumptions in the theory of the

firm is due to nothing other than the resulting mathematical convenience. Others, including

Farrell (1959), Blinder (1981), Malinvaud (1985); Ramey (1991), Varian (1992), Mas-Colell

et al. (1995) and Hall (2000) discuss why convexity of the production set may not be an

10 The statistics described here are based on comparisons of means of efficiency estimates, one which
imposes the null and the other which does not. Alternatively, one can build statistics based on the integrated
difference between two frontier estimates, one which imposes the null and one which does not. However,
simulation evidence does not indicate any advantages of these alternative statistics in terms of size or power
of the resulting tests. See the separate Appendix A for details and discussion.
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appropriate assumption. Whether a production set is convex or not convex is necessarily an

empirical question in any realistic problem. Convexity is a strong assumption, and should

be tested whenever DEA estimators are used since their statistical consistency depends on

convexity of the production set. By contrast, FDH estimators do not require convexity, but

their convergence rate is slower than that of DEA estimators for given values of (p+ q).11

The test of convexity versus non-convexity of Ψ proposed by Kneip et al. (2016) is similar

in spirit to the test of CRS versus non-CRS discussed above in Section 3.2. The test is based

on the difference between a sample mean of FDH estimates and a sample mean of VRS-

DEA estimates. Under the null hypothesis of convexity of Ψ, the difference between the

two sample means should be “small,” while under the alternative hypothesis that Ψ is not

convex, the difference should be large. The FDH efficiency estimator does not depend on

convexity and is consistent in either case, but the VRS-DEA estimator is inconsistent if Ψ

is not convex. Under either convexity or non-convexity, Ψ̂FDH(Xn) ⊆ Ψ. Under convexity,

Ψ̂VRS(Xn) ⊆ Ψ, but under the alternative hypothesis, Ψ̂VRS(Xn) 6⊆ Ψ.

As with the test statistics in (3.11) and (3.14) presented in Section 3.2, independence

between the sample means of FDH and VRS-DEA estimates is needed to obtain a non-

degenerate limiting distribution under the null. Kneip et al. (2016) use a larger number

of observations for the FDH estimates than for the VRS-DEA estimates due to the slower

convergence rate of the FDH estimator by setting n1 +n2 = n and n
2/(p+q+1)
1 = n

1/(p+q)
2 , and

then solving for n1 and n2 as described by Kneip et al. ((2016), Section 3.3). Then let X1,n1

and X2,n2 denote mutually exclusive, collectively exhaustive sub-samples of sizes n1 and n2

of the full sample Xn.

Let

µ̂FDH,n2 = n−12

∑
(Xi,Yi)∈X2,n2̂

θFDH(Xi, Yi | X2,n2) (3.17)

11A number of recent empirical studies have tested and rejected convexity in a variety of applications.
See, for example, Apon et al. (2015), O’Loughlin and Wilson (2021), Wilson and Zhao (2022) and Simar
and Wilson (2024).

12



denote the sample mean of FDH efficiency estimates computed from the sub-sample | X2

obtained by randomly splitting the full sample Xn as described in Section 3.2. Let

µ̂FDH,n2,κ = n−12,κ

∑
(Xi,Yi)∈X ∗

2,n2,κ̂

θFDH(Xi, Yi | X2,n2) (3.18)

denote the sample mean of the same FDH estimates, but over only n2,κ of the n2 observations

in n2,κ. In both (3.17) and (3.18), the efficiency estimates are computed using all of the

observations in X2,n2 . Finally, let B̂FDH,κ,n2 denote the generalized jackknife estimate of the

bias of µ̂FDH,n2 , computed as described by Kneip et al. (2016), and let

σ̂2
FDH,n2

= n−12

∑
(Xi,Yi)∈X2,n2

[
θ̂FDH(Xi, Yi | X2,n2)− µ̂FDH,n2

]2
. (3.19)

Note that the convergence rate of the FDH estimator dominates the rate of the VRS-DEA

estimator. As shown by Kneip et al. (2016), under appropriate assumptions including the

null hypothesis of convexity of Ψ, Kneip et al. (2015, Theorem 4.2) can be used to establish

that

T̂3,n :=
(µ̂FDH,n2 − µ̂VRS,n1)−

(
B̂FDH,κ,n2 − B̂VRS,κ,n1

)
√

σ̂2
FDH,n2

n2
+

σ̂2
VRS,n1

n1

L−→ N(0, 1) (3.20)

as n→∞ provided (p+ q) ≤ 3. Alternatively, if (p+ q) ≥ 3, then

T̂4,n :=

(
µ̂FDH,n2,κ − µ̂VRS,n1,κ

)
−
(
B̂FDH,κ,n2 − B̂VRS,κ,n1

)
√

σ̂2
FDH,n2

n2,κ
+

σ̂2
VRS,n1

n1,κ

L−→ N(0, 1) (3.21)

as n→∞.

Similar to the test of CRS versus non-CRS, either T̂3,n or T̂4,n in cases where (p+ q) = 3.

For reasons similar to those discussed at the end of Section 3.2, one should expect T̂4,n to

yield better size properties than T̂3,n when (p+ q) = 3.

Analogous to the discussion near the end of Section 3.2, one might consider computing

sample mean

µ̂full
FDH,n = n−1

∑
(Xi,Yi)∈Xn̂

θFDH (Xi, Yi | Xn) (3.22)
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using the full set of observations in Xn and use this with (3.15) to construct a test statistic

based on the difference µ̂full
VRS,n − µ̂full

FDH,n. However, as discussed by Kneip et al. (2016,

Section 3.3), the resulting test statistic has zero asymptotic variance, and hence a degenerate

distribution under the null, for reasons similar to those given near the end of Section 3.2,

thereby rendering inference impossible. See Kneip et al. (2016, Section 3.3) for additional

discussion.

As noted earlier, tests based on the statistics in (3.11)–(3.14) and (3.20)–(3.21) are valid

for a single split of the original sample, but two researchers working independently may

arrive at different conclusions unless they use the same random number generator (RNG)

and the same seed value to split the sample. The bootstrap method described by Simar

and Wilson (2020) provides a way to remove this ambiguity, but at the cost of a large,

perhaps prohibitive, computational burden. The next section describes our new method

that substantially reduces this computational expense.12

4 Removing Uncertainty Introduced by Multiple Sample-

Splits

4.1 A New Decision Rule

As discussed above, the tests of CRS versus non-CRS and of convexity versus non-

convexity of the production set require randomly splitting the sample Xn into two sub-

samples so that the test statistics T̂`,n, ` ∈ {1, . . . , 4} have non-degenerate limiting distri-

butions under the null. The asymptotic normality obtained for each of the statistics makes

it easy to compute the corresponding p-value p̂`,n = 1 − Φ(T̂`,n), where Φ(·) denotes the

standard normal distribution function. By the probability integral transform, necessarily

p̂`,n is asymptotically distributed uniform on (0, 1) under the particular null hypothesis that

12Similar to the observation in footnote 10, one can instead construct statistics based on the integrated
difference between two frontier estimates, one which imposes convexity and the other which does not. See
the separate Appendix A for discussion and details.
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is tested. For a single sample-split, the null hypothesis being testing is rejected when the

realized p-value is small, e.g., less than .1, .05 or .01. Tests based on a single sample-split are

thus asymptotically valid, but the random splitting introduces some noise and arbitrariness.

For example, two researchers might draw different conclusions when using the same data if

they use different RNGs or different seeds when using the same RNG to split the sample. A

dishonest researcher might be tempted to try different random splits until the desired result

is attained.

To remove the uncertainty introduced by the random splitting of the sample, suppose

the sample is split S times. In order to simplify notation in the discussion that follows, let

s = 1, . . . , S index the sample-splits, and let τ̂s denote the appropriate statistic (i.e., one

of T̂`,n, ` ∈ {1, . . . , 4}) for testing the given null hypothesis H0 computed from the sth

sample-split of a sample of size n. Denote the corresponding p-value by p̂s. Each of the S

p-values is asymptotically distributed uniform on (0, 1) under H0, but the S p-values cannot

be independent, nor can the test statistics τ̂s be independent. The dependence arises from

the fact that when the sample Xn is split into two sub-samples of size n (assuming n is even

for simplicity), and then split again, the two subsamples resulting from the second split will

contain about half of the observations in each of the two sub-samples resulting from the first

split.

The dependence means that the test statistics {τ̂s}Ss=1 cannot simply be averaged, nor is it

obvious how one can combine the information in the set {p̂s}Ss=1 of p-values to make inference.

Moreover, the dependence across sample-splits is likely heavy, and is of complicated form.

If the p-values were independent, then one could adapt the modified Bonferroni procedure

for independent multiple tests introduced by Simes (1986) by rejecting the null hypothesis

if for any s = 1, . . . , S, p̂(s) ≤ sα/S for a test of size α, where p̂(1), . . . , p̂(S) denote the

ordered p-values from the S independent samples. But in the present context, this cannot

yield valid inference due to the dependence across sample-splits.
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Clearly, the null hypothesis H0 should be rejected if “too many” of the p-values are

“small.” A useful rule for rejecting (or not rejecting) H0 for testing at some predefined

level α (e.g., α = 0.1, 0.05 or 0.01) is to reject H0 if more than α × 100-percent of the S

sample-splits yield p-values less than some predetermined level γ. The following proposition

provides a way to choose γ.

Proposition 4.1. For a test of H0 given the set {p̂s}Ss=1 of p-values resulting from S splits

of the sample Xn, let β = #{p̂s < γ}Ss=1 and reject H0 if β > αS for α ∈ (0, 1). If γ = α2,

the rate of type-I error using this rule is less than or equal to α as n→∞.

Proof. Since p̂s | H0
L−→ uniform(0, 1), E(1(p̂s < γ) | H0) → γ as n → ∞ where 1(·)

denotes the indicator function. Then E(β | H0) = S × E(1(p̂s < γ) | H0)→ Sγ as n→∞.

Applying the stated rule, and using Markov’s rule,

Pr(reject H0 | H0) = Pr(β ≥ αS | H0)

≤ E(β | H0)

αS

→ γ

α
(4.1)

as n→∞. Setting γ = α2 yields the result.

Note that the conditioning on the null hypothesis H0 in the proof amounts to conditioning

on the event “H0 is true.” The Proposition ensures that rejecting H0 if the number of the

S p-values corresponding to the S sample-splits that are smaller than α2 is bigger than αS

yields a test with asymptotic size less than or equal to α.13

13Recall that the rate of type-I error for a given test is the probability of rejecting H0 when H0 is true,
and this is called the size of the test. The probability of rejecting H0 when H0 is false is called the power
of the test. The rate of type-II error is the probability of failing to reject H0 when H0 is false. There is
a fundamental trade-off between the type-I and type-II errors in the sense that one cannot simultaneously
reduce the probabilities of both.
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4.2 Other Decision Rules

Various proposals for merging p-values from different tests have been proposed in the sta-

tistical literature. Examples include Hommel (1983), Simes (1986), Benjamini and Hochberg

(1995), Vovk and Wang (2020), DiCiccio et al. (2020), Benjamini and Yekutieh (2001) and

Vovk et al. (2022). Many of the methods that have been proposed result in tests with low

power (at least in our setting) or require one or more tuning parameters that have a large

influence on test outcomes and which must (somehow) be optimized. For example, DiCiccio

et al. (2020, Procedure 2.1) involves choosing a nominal test size α, fixing r ∈ (0, 1] and then

rejecting the null hypothesis if the proportion of p-values less than or equal to rα. But, the

choice of r is critical. If r is too small, the test will over-reject, and if it is too large, the test

will under-reject. No guidance is given for how the tuning parameter r might be chosen. See

the separate Appendix D for additional discussion and an illustration.

Vovk and Wang (2020) consider various rules for combining information from multiple

tests using merging functions. We examine 13 of the rules proposed by Vovk and Wang

(2020) in the separate Appendix E. Our simulations suggest that with S = 1, 000 sample-

splits, eleven of the rules have little or no power in many cases while two severely over-reject.

Reducing the number of sample-splits to only 10 improves the power of some of the rules,

but with only 10 splits, there remains substantial ambiguity due to the random splitting as

discussed below in Section 5.2.14 See the Separate Appendix E for additional discussion and

details.

In a different setting, where S different hypotheses Hs are tested, Benjamini and Yekutieh

(2001) examine properties of the procedure proposed earlier by Benjamini and Hochberg

14In Section 5.2, we show that using only 10 splits with the rule of Proposition 4.1 leaves substantial
ambiguity due to the random sample-splitting. While we do not examine this question explicitly using the
Vovk and Wang (2020), we see no reason to expect a different outcome.
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(1995) for the case of multiple, dependent tests. Benjamini and Hochberg define

k̂ := max
s=1, ..., S

{
s | p̂(s) ≤

s

S
α
}

(4.2)

and reject the corresponding hypotheses H(1), . . . , H(k). Under quite general assumptions

on the structure of the dependency among the tests, Benjamini and Yekutieh (2001) prove

that this procedure controls the false discovery rate at a level less than or equal to α.

In the context of each of the tests considered in this paper, there is only one hypothesis

to be tested. Nonetheless, the Benjamini and Hochberg rule provides a potentially useful

way to “tune” the rejection rule for controlling type-I error by adopting the following rule:

compute k̂ using (4.2), and reject the null hypothesis if k̂ > αS, i.e., if k̂ is too large—larger

than (100 × α)-percent of the S p-values obtained from S sample-splits. While we have no

formal proof that this rule controls the rejection rate to result in tests of size α, the results

of Benjamini and Yekutieh (2001) suggest that the rule should result in a rate of type-I error

less than or equal to α. We discuss in the separate Appendix C results from extensive Monte

Carlo experiments that seem to confirm our assertion. The Monte Carlo evidence reveals

that tests based on the rule in Proposition 4.1 and on the modified Benjamini and Hochberg

(1995) rule are typically conservative, with realized sizes smaller than the nominal size α,

but with power that increases rapidly with increasing departures from the null hypothesis.

The conservative nature of the new tests contrast with the simulation results of Simar and

Wilson (2020), where the tests often have realized sizes larger than α. The Monte Carlo

evidence also suggests that the performance of tests based on the rule in Proposition 4.1

in terms of size and power is often better than tests based on the modified Benjamini and

Hochberg (1995) rule, but the differences are not large. Moreover, we provide theoretical

justification for the new rule in the proof of Proposition 4.1.
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4.3 The Simar and Wilson (2020) Bootstrap Method

Before turning to the Monte Carlo evidence, it is useful to recall the bootstrap method

proposed by Simar and Wilson (2020). The solution offered by Simar and Wilson (2020)

involves computing the sample mean

τ̂ = S−1
S∑
s=1

τ̂s (4.3)

of the test statistics obtained from the S splits and using the corresponding p-values to

compute the statistic

K̂ = sup
u∈[0,1]

(
F̂p̂(u)− u

)
(4.4)

similar to the Kolmogorov-Smirnov statistics for a one-sample test, where F̂p̂(·) denotes the

empirical distribution function of the {p̂s}Ss=1.
15 Then, after the initial S splits, a boot-

strap with NB replications is conducted to obtain approximations of the distributions of the

statistics τ̂ and K̂. On each replication, a bootstrap sample of size n is generated under

the conditions of the null, and then this bootstrap sample is split S times. The resulting

test statistics and p-values are combined to yield two bootstrap values τ̂
∗

and K̂∗. After NB

replications, the bootstrap values are used to compute critical values for τ̂ and K̂, leading

to two different tests of the null hypothesis.

Note that the bootstrap is used to estimate tail probabilities, and a large number of

replications is needed to do this with a useful degree of accuracy. Simar and Wilson (2020)

recommend setting NB = 1, 000 based on experience with simulations. Simar and Wilson

(2020) use only S = 10 splits in their simulations, and note after performing several experi-

ments with S = 100 that the increase produced little difference in terms of the achieved sizes

or power of the tests considered. But while this is the case in a Monte Carlo framework, in an

applied setting, 10 splits are insufficient to remove the ambiguity resulting from the random

15Simar and Wilson (2020) write their statistic in terms of the absolute value of the difference F̂p̂(u)−u, as
in the usual Kolmogorov-Smirnov statistic, but only positive values of the difference identify the alternative
from the null hypothesis.
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splitting. In other words, one may obtain one result with 10 splits, and a different result

with another 10 splits. Even with 100 splits, there may be some variation. Recent empirical

papers by O’Loughlin and Wilson (2021) Wilson and Zhao (2022) and Simar and Wilson

(2024) use 1,000 sample splits in their tests. In any case, with NB replications, S splits and

NJ jackknife replications (for estimation of bias terms), the method of Simar and Wilson

(2020) requires computation of SnNj(NB + 1) efficiency estimates. By contrast, the new

procedure described above requires computation of only SnNj efficiency estimates. Hence,

one should expect the new procedure to require roughly 0.001 times the time required by the

Simar and Wilson (2020) bootstrap method with S splits and 1,000 bootstrap replications.

5 Monte Carlo Evidence

5.1 Simulation Framework

We employ a DGP similar to those used by Kneip et al. (2016) and Simar and Wilson

(2020) to examine the performance in terms of size and power of tests CRS versus non-CRS

and of convexity versus non-convexity of the production set Ψ and to facilitate comparison

with earlier work. Specifically, we consider the effects of increasing dimensionality by letting

q = 1, p ∈ {1, 2, 3, 4, 5}, and we consider the effects of increasing sample size by letting

n ∈ {50, 100, 150, 200, 1, 000} (we report results only for n = 100 and 1,000 in the main

paper to conserve space; full sets of results for the five different sample sizes are shown in

the separate Appendix B). As discussed in Kneip et al. (2016), our methods can be used

with similar results in situations where there is more than one output. Here, we use q = 1 to

simplify simulation of data. In all of the theoretical results on properties of DEA and FDH

estimators, including Korostelev et al. (1995a, 1995b), Park et al. (2000), Park et al. (2010),

Kneip et al. (1998), Kneip et al. (2008, 2011 2015 2016 2021 2022), Gijbels et al. (1999) and

Wilson (2011), the dimensionality (p+ q) rather than the ratio p/q affects properties of the

estimators. Hence we do not expect a loss of generality from simulating only one output.
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We model the technology by

Y = g

(
p∏
j=1

(
X̃j
)1/p)

, (5.1)

where X̃j is the efficient level of the jth input and the function g() : R1
+ 7→ R1

+ is either

convex, linear or concave. When g(·) is linear and passes through the origin, Ψ∂ is CRS;

otherwise, it is not. When g(·) is convex (from above) or linear, the production set Ψ is

convex; otherwise, Ψ is not convex. To describe the function g(·), consider the transformation

(x, y) 7→ (s, t) such that

(s, t) =
(√

2(x+ y − 1),
√

2(y − x)
)
. (5.2)

In (s, t)-space, the coordinate system relative to that in (x, y)-space has been rotated through

a clockwise angle of π/4 radians and then shifted by a distance of −
√

2 to the left. Alter-

natively, one can view the coordinate system in (x, y)-space relative to that in (s, t)-space

as having been rotated through a counter-clockwise angel of π/4 radians and shifted along

a 45-degree ray from the origin in the positive orthant of (x, y)-space by a distance of
√

2.

In (s, t)-space, the function g(·) is transformed to a function ψ(·) : R1 7→ R1 such that

t = ψ(s) := sgn(δ)
[
c
(
a2 + δ2s2

)1/2 − d] (5.3)

where a = 0.5, c = 0.75, d = 0.375, δ ∈ R and sgn(·) is the sign function such that

sgn(δ) :=


−1 if δ < 0;

0 if δ = 0;

1 if δ > 0.

(5.4)

The parameter δ is used to control the shape and curvature of the function. Note that the

transformation from (x, y)-space to (s, t)-space in (5.2) is easily inverted; given a point (s, t),

(x, y) =

(
s− t
2
√

2
+

1

2
,
s+ t

2
√

2
+

1

2

)
. (5.5)

In experiments where we test CRS versus non-CRS, we consider the effects of increasing

departures from the null by letting δ ∈ A = {0.0, −0.1, −0.2, −0.3, −0.4, −0.6, −1.4}. In
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experiments where convexity of Ψ is tested, we augmentA with B = {0.1, 0.2, 0.3, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6}

and consider δ ∈ (A ∪ B). The left panel in Figure 1 shows various shapes of the function

ψ(s) in (s, t)-space corresponding to the different values of δ listed above. For δ = 0, ψ(s)

is a flat, horizontal line in (s, t)-space so that t = 0 ∀ s. In (x, y)-space, the corresponding

function g(x) coincides with the 45-degree ray from the origin when δ = 0. The negative

values of δ produce curves that are convex from above, while the positive values produce the

curves that are concave from above in the right panel of Figure 1. In both cases, curvature

increases as |δ| increases. In the left-hand panel of Figure 1, in (s, t)-space, the rhombus with

corners at (−
√

2, 0), (0,
√

2), (
√

2, 0), and (0,−
√

2) formed by the dashed lines corresponds

to the square with corners at (0,0), (0, 2), (2, 2) and (2, 0) in (x, y)-space depicted in the

right-hand panel

Data are generated by first computing, for a given, fixed value of δ in the set

given above, the corresponding value of s, denoted smax(δ), where the curve in (5.3)

intersects the line t =
√

2 − s or t = −
√

2 + s (depending on whether δ is pos-

itive or negative), and then generating uniform random numbers Si on the interval(
0.7 max(−smax(δ),−0.9

√
2), 0.7 min(smax(δ), 0.9

√
2)
)
. The factor 0.7 used in the endpoints

of this interval avoids generating observations with output levels very close to zero which

can cause numerical problems. Plugging the Si into (5.3) for s gives corresponding values Ti;

pairs (Si, Ti) are then transformed to pairs (Vi, Yi) using the inverse transformation in (5.5).

If p = 1, then set Xi = Viθ
−1
i where θi is a draw from the distribution with density

f(t | λ) =

{
λt−2e−λ(t

−1−1) ∀ t ∈ (0, 1],

0 otherwise,
(5.6)

while setting λ = 2.16 Alternatively, if p > 1, then a pair (Si, Ti) is generated and transformed

to a pair (Vi, Yi) as before. To split Vi into p efficient input levels X̃ij, j = 1, . . . , p that

will be projected away from the frontier to obtain inefficient “observed” input levels, first

16Note that for θi drawn from the density in (5.6), 1/θi has the shifted exponential density f(t | λ) =
λeλ(t−1) ∀ t ∈ [1,∞) and E(1/θi) = 1.5.
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generate a (p × 1) vector Ui (with jth element Uij) of uniform deviates on (0, 1). Writing

Vi =
∏p

j=1

(
X̃ij

)1/p
, taking logs and rearranging terms yields p log Vi =

∑p
j=1 log X̃ij. Then

set

Xi = θ−1i exp

(
Ui∑p
j=1 Uij

p log Vi

)
, (5.7)

where θi is a draw from the density in (5.6), again with λ = 2. For q = 1 and any p =

1, 2, . . ., the procedure described above yields a simulated sample Xn = {(Xi, Yi)}ni=1.

In all of our experiments, we use 1,000 Monte Carlo trials. On each trial, we generate a

sample of size n, and then for each test considered we record whether the test rejects the null

hypothesis of convexity at nominal test sizes α ∈ {0.1, 0.05, 0.01}. For each experiment and

each test size, we report the proportion among the 1,000 trials where the null is rejected,

providing Monte Carlo estimates of rejection rates.

5.2 Performance of Tests Based on Proposition 4.1

Table 1 reports Monte Carlo estimates of rejection rates from experiments with tests

of CRS versus non-CRS using the statistics T̂1,n and T̂2,n of Kneip et al. (2016) shown in

(3.11) and (3.14) and the simple rule given by Proposition 4.1. In each experiment, we use

S = 1, 000 sample-splits. In the table, “Case I” identifies cases where the statistics based

on means over n efficiency estimates are used, while “Case II” indicates those where the

statistics based on means over a sub-sample of efficiency estimates are used.

Overall, the results in Table 1 reveal there is a price to pay for increasing dimensionality

with a given sample size. As dimensionality increases for a given sample size, the power

of the tests diminish for moderate departures from the null. This should not be surprising

given that the convergence rates of the VRS-DEA and CRS-DEA estimators depend on the

dimensionality of problem. In every case except the one where n = 100 and p = 3, q = 1 in

Table 1, the tests are conservative, with rejection rates smaller than the nominal test size.

Monte Carlo estimates of rejection rates obtained from experiments with tests of con-
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vexity versus non-convexity of the production set using the statistics T̂3,n and T̂4,n of Kneip

et al., 2016 shown in (3.20) and (3.21) and the rule in Proposition 4.1 are shown in Table 2.

Whereas the Monte Carlo experiments of Kneip et al. (2016) and Simar and Wilson (2020)

included only two cases where the null is true, corresponding to δ = −1.4 and δ = 0.0 in

our framework, we report in Table 2 results for a range of negative values of δ to give an

idea of how our tests perform under varying degrees of convexity of Ψ. In Table 2, “Case I”

again identifies cases where the statistics based on means over n efficiency estimates are used,

while “Case II” indicates those where statistics based on means of sub-samples of efficiency

estimates are used.

The results in Table 2 reveal that the tests of convexity of the production set using the

rule in Proposition 4.1 are conservative, with realized size or rejection rates smaller than

the nominal test size in almost every case. The exceptions occur at all three levels where

p = q = 1 and n = 100, and where α = 0.01, p = 2, q = 1 and n = 100, where the tests

over-reject when δ = 0.0. Overall, power is seen to decrease with increasing dimensionality,

and to increase with increasing departure from the null, as one should expect.

Note that in any testing situation, there is typically a tradeoff between size and power. In

classical hypothesis testing, it is customary to choose a priori a small size for a test and then

accept the power that comes with that choice. By design, null hypotheses are constructed

and tested where one hopes to minimize type-I error. A conservative test, i.e., one that

results in realized size smaller than the nominal size that is chosen a priori, is typically

preferred to an aggressive test that results in realized size greater than the nominal size. In

view of this, the results in Tables 1–2 are an improvement over the results in Kneip et al.

(2016, Tables 3 and 5) based on tests with a single sample-split, resulting in over-rejection

in many cases, even when n = 10, 000.
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5.3 How Many Times Should the Sample be Split?

As noted earlier, in all of our Monte Carlo experiments discussed so far, we use S = 1, 000

sample-splits. But is this excessive? If the sample size n is even and the sample is split into

two subsamples each of size n/2, then there are
(
n
n/2

)
possible sample splits. With only

n = 50 observations, there are more than 1.26 × 1024 possible sample-splits. With n = 100

observations, there are more than 1.0089 × 1029 possible splits. So one can never hope to

examine all possible splits, and the empirical researcher must use a sample of the possible

splits. But how big should this sample of splits be in order to eliminate (most) of the

ambiguity or randomness introduced by the random splitting?

To gain some insight into this question, we conducted a limited set of additional experi-

ments. In these experiments, we use the same framework to simulate data as that used for

the experiments reported in Table 1. We consider δ ∈ {0.0, −0.1, −0.2, −0.3, −0.4, −0.6},

n ∈ {100, 200, 500}, p ∈ {1, 2, 3} and q = 1. In each experiment, the values of δ, n and

p are fixed. On each trial, for a given sample, we examine the outcomes (i.e., either rejec-

tion or non-rejection of the null hypothesis) of ten separate, independent tests of the null

hypothesis versus the alternative hypothesis with each test using S different sample-splits.

On each trial, this amounts to simulating the outcomes of ten different empirical researchers

working independently with the same sample.

We consider S ∈ {1, 5, 10, 50, 100, 200, 1, 000, 5, 000, 10, 000}. For a given trial and

number S of sample-splits, we record whether the ten independent tests lead to the same

conclusion (i.e., reject or failure to reject) for tests with nominal sizes α ∈ {0.10, 0.05, 0.01}.

For S = 1, we use the Kneip et al. (2016) test (relying on asymptotic normality) on each

of ten different sample-splits. For S ≥ 1, we obtain the p-values from from the appropriate

Kneip et al. (2016) test on each split in each of 10 sets of S splits, and then use the rule

in Proposition 4.1 with each of the ten groups of S p-values, recording whether each of the

ten tests rejects or fails to reject the null, and then whether the tests agree. Note that with
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S = 10, 000, we require 10× S = 100, 000 sample splits on each trial for these experiments.

Table 3 shows, for n = 100 and each value of δ, p α and S, the number of trials among

1,000 Monte Carlo trials where the ten tests agree (i.e., all indicate rejection of the null or

all indicate failure to reject the null). The maximum possible value in each cell is of course

1,000, corresponding to the number of Monte Carlo trials. This value is achieved in only two

cases, where S = 5, 000 or 10,000. Overall, the results indicate that with only one sample

split, there is often low probability that ten researchers working independently with the same

sample would arrive at the same conclusions. For example, when δ = 0.0 (so the null is true),

α = 0.1 and p = q = 1, only 163 of 1,000 trials yield agreement among the ten tests. So the

probability that ten researchers working independently would arrive at the same conclusion

using the same data is estimated to be only 0.163.

Overall, the results in Table 3 suggest that for fixed values of δ and S, (i) agreement

varies, but not systematically, as the test size is reduced, (ii) agreement tends to decrease as

the number (p+q) of dimensions increases when either the null is true or the departure from

the null is small (e.g., δ = −0.1 or −0.2), (iii) agreement tends to increase as the number

(p + q) of dimensions increases when the departure from the null is large (e.g., δ ≤ −0.3),

and (iv) agreement tends to increase with the number S of sample-splits. The results in

Table 3 show that among the cases considered, with S = 1, 000 sample splits the probability

that ten different researchers working independently on the same sample have probability

of 0.55 or greater of reaching the same conclusion. But, the results also indicate that using

more than 1,000 splits should be expected to further reduce the ambiguity. Of course,

empirical researchers are confronted with a trade-off between reducing ambiguity and time

spent waiting for results. For a given number of dimensions (p+ q) and a given sample size

n, the computational cost of our new method increases approximately linearly with S, and

so researchers might consider using more than 1,000 splits unless their sample-size is very

large. Inverting the famous quote often attributed to Mies van der Rohe, clearly more is
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less, i.e., more splits lead to less disagreement across tests using the same data but different

splits.

Note that Simar and Wilson (2020) report estimates of rejection rates from experiments

using only 10 sample-splits due to the computational burden of their bootstrap procedure. As

noted earlier in Section 4, several recent empirical papers, including O’Loughlin and Wilson

(2021), Wilson and Zhao (2022) and Simar and Wilson (2024) use the Simar and Wilson

(2020) method with 1,000 sample splits to test model features, but doing so required use of a

massively parallel computer system. The simulations for the results in Tables 1–2 were run

on Intel Xeon ES-2665 processors. In Table 1 where results for tests of CRS versus non-CRS

are given, the simulations with S = 1, 000 sample splits, n = 1, 000 and p = 1, . . . , 5 used on

average 21.66, 34.46, 47.53, 63.56 and 84.18 minutes, respectively. In Table 2 where results

for tests of convexity versus non-convexity are given, the simulations with S = 1, 000 sample

splits, n = 1, 000 and p = 1, . . . , 5 used on average 4.02, 4.98, 5.11, 6.40 and 6.21 minutes,

respectively. respectively (tests of convexity require less time than tests of CRS because FDH

estimates are used instead of CRS-DEA estimates, and the FDH estimates can be computed

faster than CRS-DEA estimates). Since computation times are linear in S, one could easily

use more than 1,000 spits with 1,000 observations and up to six dimensions. For example,

with (p + q = 6) and n = 1, 000, testing CRS versus non-CRS using S = 5, 000 sample-

splits should be expected to require about seven hours on a single Xeon E-2665 processor,

and testing convexity versus non-convexity with S = 10, 000 splits should require about one

hour. Moreover, the latest computers use even faster processors; for example, a single core

on the Apple M3 Max processor is 1.5–3.0 times faster than a single core on the Intel Xeon

ES-2665 processor. In addition, researchers faced with five or six dimensions can likely use

dimension-reduction methods as discussed by Wilson (2018), which would make testing even

faster. Our new testing method based on the decision rule in Proposition 4.1 makes testing

feasible for any researcher using using an ordinary, desktop or laptop computer of recent
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vintage without parallel computation with sample sizes similar to those seen in the empirical

literature, which typically involve well less than 1,000 observations.

5.4 Performance of Tests Based on Earlier Methods

In order to facilitate comparison of our new method based on Proposition 4.1 with the

methods of Kneip et al. (2016) and Simar and Wilson (2020), we report in Table 4 Monte

Carlo results for tests of convexity versus non-convexity using just one sample split and

relying on asymptotic normality of our test statistics. In addition, we report in Tables 5–6

results obtained using the bootstrap method of Simar and Wilson (2020). For the bootstrap

results, we use NB = 1, 000 bootstrap replications as recommended by Simar and Wilson

(2020), but due to the resulting computational burden we use only S = 100 sample-splits in

each experiment.

The results in Table 4 are similar to those appearing in Kneip et al. (2016, Table 5). Here,

we consider more cases where the null hypothesis is true than considered by Kneip et al.

(2016). Similar to the results obtained by Kneip et al. (2016), the results in Table 4 reveal

that the tests substantially over-reject δ = 0.0, and even in some cases when δ = −1.4. This

contrasts with our new method which typically rejects at rates smaller than the nominal

test size. Moreover, the results in Table 4 suggest that the large rejection rates reported by

Kneip et al. (2016) for δ = 0.0 are not merely an artifact of CRS and the resulting change

in the convergence rate of the VRS-DEA estimator (which has no effect on the rate of the

test statistics, which are tied to the slower rates of the FDH estimator). In Table 4, the

estimated rejection rates are still well-above the nominal test sizes for values of δ between

0.0 and −1.4 in many cases.

Recall that the bootstrap method of Simar and Wilson (2020) leads to two tests. Table

5 shows results for the test based on averaging test statistics across splits as in (4.3), and

Table 6 gives results for the test based on the Kolmogorov-Smirnov statistic in (4.4). Both
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tables reveal substantial over-rejection in most cases where −0.6 ≤ δ ≤ 0.0, even with 1,000

observations. In fact, the over-rejection with the bootstrap is in many cases worse than in

Table 4 where only one split is used. For example, with n = 1, 000, δ = 0.0, (p + q) = 6

and nominal test size 0.1, the rejection rates are 0.173, 0.393 and 0.359 in Tables 4–6,

respectively. With only two dimensions (i.e., with p = q = 1, the corresponding rejection

rates are 0.186, 0.232 and 0.215. By contrast, in Table 2, the rejection rates are 0.000 and

0.001 for (p+ q) = 5 and 1, and in Table A.2 the corresponding rates are both 0.000.

It is well-known (e.g., see Hall, 1992) that in regression problems where data show evi-

dence of ill-behaved higher moments (e.g., when data are heavily skewed), bootstrap methods

may provide more reliable inference than classical methods that rely on asymptotic normal-

ity. But our situation is rather different from the regression setting. In the simulations we

have conducted, the bootstrap method of Simar and Wilson (2020) yields tests that substan-

tially over-reject, leading to rates of type-I errors larger than nominal test sizes, whereas our

new method provides conservative tests. In almost any testing scenario, one should hope to

minimize type-I error (i.e., rejection of the null when the null is true) while accepting the

resulting level of power (i.e., ability to reject the null when false). This, combined with the

fact that the computational burden of the Simar and Wilson (2020) bootstrap renders the

method impractical except in very simple, limited conditions, makes our new method based

on Proposition 4.1 especially attractive to empirical researchers.

There is, however, a price to pay for the better size properties of our new method. For

small departures from the null, our new tests have less power than either the Kneip et al.

(2016) tests or the Simar and Wilson (2020) tests. For example, with n = 1, 000, p = q = 1

and nominal test size 0.1, the rejection rates for δ = 0.01, 0.02 and 0.03 are 0.006, 0.647

and 1.000 in Table 2 and 0.000, 0.019 and 0.918 in Table A.2 using our new method. In

Table 4 where only one split is used, the corresponding rates are 0.216, 0.376 and 0.668.

With δ = 0.02, the Kneip et al. (2016) test has less power than our new method with the
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originals statistic, and when δ = 0.03, the Kneip et al. (2016) test has less power than our

new method with either the original or alternative statistic. The two bootstrap tests yield

corresponding rates of 0.296, 0.847 and 1.000 (Test #1, based on (4.3)), and 0.288, 0.791

and 1.000 (Test #2, based on (4.4)). For δ = 0.01 or 0.02, the bootstrap tests have greater

power than either of our new tests, but the new tests have the same power as the bootstrap

tests when δ = 0.03.

Careful inspection of Figure 1 reveals that with δ = 0.01 or 0.02, the departure from the

null is quite small. While the two curves lying just above the 45-degree line in the right

panel of Figure 1 are concave from above, their curvature is very slight. The Kneip et al.

(2016) and Simar and Wilson (2020) tests have greater power than our new tests for these

two cases in part because they yield much larger rejection rates than the new tests when

δ = 0.0. But when δ = 0.03, the new tests have power similar to the bootstrap tests.

As noted above, Simar and Wilson (2020) used only 10 sample-splits in their Monte Carlo

trials, and here, in Tables 5–6, we use only 100 splits. The rejection rates shown by Simar and

Wilson (2020, Tables 5–6) for δ = 0.0 are in many cases smaller than the corresponding values

in Tables 5–6. However, as demonstrated above in Section 5.2, 10 splits or even 100 splits are

not enough to stabilize the results. But the computational burden imposed by the bootstrap

makes it costly to use more splits. In the experiment with δ = 0.0, S = 100, p = q = 1 and

n = 1, 000 that produced the results in Tables 5–6, the time required for each Monte Carlo

trial running on Intel Xeon ES-2665 processors ranged from 526.1 to 589.0 minutes, with a

mean time of 573.4 minutes. For the same case in Table 2, but with S = 1, 000 splits instead

of only 100 splits, the time required for each Monte Carlo trial ranges from 5.659 to 5.905

minutes, with a mean time of 5.781 minutes. The same experiment was run with only 100

sample-splits, requiring only 0.5215 to 0.6125 minutes for each trial, with a mean time of

0.5721 minutes. This confirms the statement made in Section 1—the time required by our

new method is only about 0.001 times the time required by the Simar and Wilson (2020)
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method.

Analogous to Tables 4–6, we also report in the separate Appendix F. Monte Carlo results

for tests of CRS versus non-CRS using just one sample split with reliance on asymptotic

normality of the test statistics in (3.11)–(3.14) (see Table F.4) as well as results obtained

using the bootstrap method of Simar and Wilson (2020) (see Tables F.5–F.6). Testing CRS

versus non-CRS requires considerably more time than testing convexity versus non-convexity

of Ψ. This is due to the fact that when testing CRS, the CRS-DEA estimator replaces the

FDH estimator used in the convexity tests, and the FDH estimates can be computed faster

than the CRS-DEA estimates. The experiment in Table 1 with 1,000 sample splits, δ = 0.0,

p = q = 1 and n = 1, 000 required 22.039 to 26.292 minutes for each Monte Carlo trial,

with a mean time of 23.805 minutes. The corresponding experiment in Table A.1 required

26.234 to 36.548 minutes for each trial, with a mean time of 29.506 minutes. By contrast, the

corresponding experiment in Tables F.5–F.6 using the Simar and Wilson (2020) bootstrap

test, with n = 1, 000, NB = 1, 000 bootstrap replications but only S = 100 sample-splits,

required 1605.370 to 3611.190 minutes for each trial, with a mean time of 2824.835 minutes.

With n = 1, 000, (p+q) ≥ 3 and n = 1, 000, each trial requires more than 72 hours (with only

S = 100 splits). Consequently, for the cases with n = 1, 000, only results from experiments

where p = q = 1 are reported in Tables F.5–F.6 due to the excessive computational burden.17

Rejection rates obtained using only one sample-split in Table F.4 are comparable to

those obtained by Kneip et al. (2016, Table 3). Rejection rates obtained using the Simar

17Comparing the test statistics in (3.11) and (3.14) reveals that when the sample Xn is split evenly, the
difference in computation time for the test of CRS versus non-CRS versus the test of convexity versus
non-convexity using our new approach based on (4.2) is approximately S n2 (tCRS,n,p+q − tFDH,n,p+q), where
tCRS,n,p+q and tFDH,n,p+q are the expected times to compute the CRS-DEA and FDH efficiency estimates
(respectively) for one observation in a sample of size n with p inputs and q outputs. Using the Simar and
Wilson (2020) bootstrap method, the difference in computation time for the tests of CRS versus non-CRS
versus the test of convexity versus non-convexity is approximately (NB+1)S n2 (tCRS,n,p+q−tFDH,n,p+q). Even
if the difference in time required to compute CRS-DEA and FDH efficiency estimates for a single observation
is a fraction of a second, the difference in time required by the test of CRS versus non-CRS versus the test
of convexity versus non-convexity can be quite large depending on the method used, the sample size, and
the dimensionality (in terms of p+ q) of the problem.
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and Wilson (2020) bootstrap method with n = 100 and with n = 1, 000 for the case with

p = q = 1 in Tables F.5–F.6 are similar to those obtained by Simar and Wilson (2020) using

only 10 observations. The bootstrap tests as well as the test with a single sample-split over-

reject, but less severely than corresponding tests of convexity versus non-convexity, whereas

our new method yields conservative tests.

6 Summary and Conclusions

Testing model structure is necessary in order to choose an appropriate estimator with

which to estimate efficiency. The tests of CRS versus non-CRS and of convexity versus

non-convexity developed by Kneip et al. (2016) require randomly splitting the observed

sample into two independent sub-samples. Although the tests are theoretically valid for

any random split, results can vary across different splits. Aggregating information from

multiple sample-splits is complicated by the fact that the test statistics obtained from each

split cannot be independent. Simar and Wilson (2020) propose a bootstrap method to deal

with this, but the computational burden makes their method impractical with more than a

few hundred observations. However, Monte Carlo evidence reveals that the resulting tests

tend to over-reject when the null is true. In addition, as discussed in Section 5.2, a large

number of sample-splits—1,000 or more—are needed to remove the ambiguity resulting from

different sample-splits, and this further exacerbates the computational burden of the Simar

and Wilson (2020) method.

We propose a simple rule in Proposition 4.1 with a proof that can be used with multiple

splitting without resorting to bootstrap methods. Our new tests are conservative, but retain

power comparable with the Simar and Wilson (2020) method except when the departure from

the null is slight. Our new method requires approximately 0.1-percent of the computational

time required by the Simar and Wilson (2020) method. Given that minimizing type-I errors

(at the expense of type-II errors) is typically the goal in hypothesis testing, we believe that
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the substantial reduction in computational burden afforded by our new method is worth the

price paid in terms of under-rejection when the null is true and loss of power when departures

from the null are slight. Our method makes testing feasible for empirical researchers who

do not have access to high-performance computing machinery, even when they have samples

with several thousands of observations.
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Table 3: Number of Trials among 1,000 where 10 Tests of Constant versus Non-Constant
Returns to Scale using S Sample-Splits Agree, n = 100

δ S p = 1, q = 1 p = 2, q = 1 p = 3, q = 1
.10 .05 .01 .10 .05 .01 .10 .05 .01

0.0 1 163 348 733 84 221 600 82 208 541
5 271 615 956 122 396 865 87 320 796

10 705 407 912 473 201 764 383 141 647
50 880 797 638 648 537 369 547 379 220

100 937 946 940 765 765 727 641 607 526
200 964 965 961 838 842 780 728 702 569

1000 988 990 995 928 927 917 876 868 779
5000 995 997 998 971 968 966 944 936 894

10000 994 998 999 978 981 972 960 953 928

−0.1 1 147 316 714 78 212 585 79 206 534
5 252 574 948 108 391 861 83 313 795

10 682 367 899 448 194 759 372 132 644
50 847 762 593 633 510 360 537 369 215

100 923 925 920 752 744 713 645 599 520
200 955 953 945 826 818 779 729 706 567

1000 984 986 989 920 917 903 870 865 771
5000 990 997 998 965 968 969 946 927 893

10000 995 999 998 975 977 974 958 953 927

−0.2 1 71 208 604 56 168 533 59 179 504
5 134 431 903 70 328 818 71 267 765

10 468 220 812 361 141 702 302 121 611
50 655 547 413 511 395 275 457 310 179

100 767 790 801 635 641 622 599 543 475
200 838 871 852 740 729 676 693 654 531

1000 940 951 956 874 883 850 844 822 746
5000 973 980 979 948 940 937 932 918 882

10000 983 985 989 964 961 962 947 945 913

−0.3 1 21 78 391 33 94 396 42 119 434
5 27 200 780 34 181 721 47 192 698

10 185 72 608 194 53 563 206 79 527
50 289 201 170 319 215 133 339 229 125

100 387 396 460 446 415 419 436 413 358
200 538 529 513 556 533 476 576 520 392

1000 776 778 746 793 777 693 794 777 634
5000 900 891 874 893 906 854 905 897 833

10000 924 920 903 929 935 896 931 924 895

NOTE: The frontier is CRS for δ = 0, and non-CRS for δ < 0.
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Table 3: Number of Trials among 1,000 where 10 Tests of Constant versus Non-Constant
Returns to Scale using S Sample-Splits Agree, n = 100 (continued)

δ S p = 1, q = 1 p = 2, q = 1 p = 3, q = 1
.10 .05 .01 .10 .05 .01 .10 .05 .01

−0.4 1 7 21 185 12 52 261 20 67 300
5 32 50 528 22 69 560 24 103 568

10 52 36 319 75 40 368 98 40 369
50 358 249 65 282 190 87 266 183 82

100 515 357 186 434 329 228 409 327 224
200 658 498 262 557 467 294 552 486 299

1000 845 759 550 775 736 566 782 732 572
5000 933 901 775 902 868 807 885 869 779

10000 953 924 846 928 904 860 916 906 844

−0.6 1 68 22 33 22 12 95 18 20 130
5 340 91 139 137 40 268 96 27 303

10 421 388 66 170 165 120 118 121 152
50 917 835 447 680 576 227 572 490 213

100 969 908 553 810 682 317 702 601 271
200 981 955 741 897 804 505 792 728 467

1000 996 987 933 961 915 785 914 880 751
5000 1000 994 975 978 959 910 964 951 887

10000 1000 998 978 982 969 929 972 966 925

NOTE: The frontier is CRS for δ = 0, and non-CRS for δ < 0.
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Léopold Simar Paul W. Wilson∗

January 2025

∗Simar: Institut de Statistique, Biostatistique, et Sciences Actuarielles, Université Catholique de Louvain-
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A Alternative Test Statistics

The test statistics in (3.11)–(3.14) and (3.20)–(3.21) given by Kneip et al. (2016) are

based on differences between means of two different efficiency estimators. In each case, both

estimators are consistent under the null hypothesis to be tested, but only one is consistent

under the alternative hypothesis. A different approach, considered here, is to build test

statistics based on the mean integrated difference between two frontier estimates. The crite-

rion in this approach is similar to that used for the test of a parametric regression function

against an alternative non-parametric regression developed by Härdle and Mammen (1993),

where the test statistic estimates the integrated square difference between estimated para-

metric and a non-parametric regression surfaces. Here, the tests are one-sided in the sense

that the convex hull of the sample data necessarily lies (weakly) inside the conical hull of

the data (in the case of testing returns-to-scale), and the free disposal hull of the data neces-

sarily lies (weakly) inside the convex hull of the data (in the case of testing convexity versus

non-convexity). Consequently, we work in terms of the L1-metric instead of the L2-metric.

First, consider the test of CRS versus non-CRS. Provided Ψ is convex, the produc-

tion set can be estimated by either Ψ̂VRS(X ) or Ψ̂CRS(X ), and Ψ̂VRS(X ) ⊆ Ψ̂CRS(X ).

If CRS holds, one should expect the set Ψ̂CRS(X )\Ψ̂VRS(X ) to be “small,” and if

CRS does not hold, one should expect Ψ̂CRS(X )\Ψ̂VRS(X ) to be “large.” For observa-

tion i, the radial distance between the two frontier estimates in the input direction is

||Xi||
(
θ̂VRS(Xi, Yi | Xn)− θ̂CRS(Xi, Yi | Xn)

)
where || · || denotes the Euclidean norm of Xi.

One could take the sample mean of this quantity over i = 1, . . . , n to obtain an estimate of

the integrated difference between the two frontier estimators, but making inference involves

the same issues addressed by Kneip et al. (2015, 2016).

In order to build test statistics with non-degenerate limiting distributions under the null,

1



the original sample Xn must be randomly split as before. Define

µ̃VRS,n1 := n−11

∑
(Xi,Yi)∈X1,n1

||Xi||θ̂VRS(Xi, Yi | X1,n1), (A.1)

µ̃CRS,n2 := n−12

∑
(Xi,Yi)∈X2,n2

||Xi||θ̂CRS(Xi, Yi | X2,n2), (A.2)

σ̃2
VRS,n1

:= n−11

∑
(Xi,Yi)∈X1,n1

[
||Xi||θ̂VRS(Xi, Yi | X1,n1)− µ̃VRS,n1

]2
(A.3)

and

σ̃2
CRS,n2

:= n−12

∑
(Xi,Yi)∈X2,n2

[
||Xi||θ̂CRS(Xi, Yi | X2,n2)− µ̃CRS,n2

]2
. (A.4)

of µ̃VRS,n1 and µ̃CRS,n2 computed analogous to Kneip et al. (2016, equations 37 and 38).

Finally, let B̃VRS,κ,n1 and B̃CRS,κ,n2 denote the generalized jackknife estimates of the bias of

µ̃VRS,n1 and µ̃CRS,n2 computed analogous to Kneip et al. (2016, equations 37 and 38).

Then it is straightforward to extend the results of Kneip et al. (2016) to establish that

under the null hypothesis of CRS and the assumptions of Kneip et al. (2015, Theorem 4.2)

and Kneip et al. (2016, Theorem 1),

T̂5,n :=
(µ̃VRS,n1 − µ̃CRS,n2)−

(
B̃VRS,κ,n1 − B̃CRS,κ,n2

)
√

σ̃2
VRS,n1

n1
+

σ̃2
CRS,n2

n2

L−→ N(0, 1) (A.5)

as n→∞ provided (p+ q) ≤ 5.

Alternatively, for (p+ q) ≥ 5, define

µ̂VRS,n1,κ = n−11,κ

∑
(Xi,Yi)∈X ∗

1,n1,κ

||Xi||θ̃VRS(Xi, Yi | X1,n1) (A.6)

and

µ̃CRS,n2,κ = n−12,κ

∑
(Xi,Yi)∈X ∗

2,n2,κ

||Xi||θ̂CRS(Xi, Yi | X2,n2). (A.7)

analogous to (3.12)–(3.13), where n`,κ, X ∗`,n`,κ and X`,n` , ` ∈ {1, 2} are defined in Section

3.2 of the main paper. Then it is again straightforward to extend the results of Kneip et al.

2



(2016) to establish that under the null hypothesis of CRS and the assumptions of Kneip

et al. (2015, Theorem 4.4) and Kneip et al. (2016, Theorem 1),

T̂6,n :=

(
µ̃VRS,n1,κ − µ̃CRS,n2,κ

)
−
(
B̃VRS,κ,n1 − B̃CRS,κ,n2

)
√

σ̃2
VRS,n1

n1,κ
+

σ̃2
CRS,n2

n2,κ

L−→ N(0, 1) (A.8)

as n→∞ provided (p+ q) ≥ 5.

For tests of convexity versus non-convexity, define

µ̃FDH,n2 = n−12

∑
(Xi,Yi)∈X2,n2

||Xi||θ̂FDH(Xi, Yi | X2,n2), (A.9)

µ̃FDH,n2,κ = n−12,κ

∑
(Xi,Yi)∈X ∗

2,n2,κ

||Xi||θ̂FDH(Xi, Yi | X2,n2), (A.10)

and

σ̃2
FDH,n2

= n−12

∑
(Xi,Yi)∈X2,n2

[
||Xi||θ̂FDH(Xi, Yi | X2,n2)− µ̃FDH,n2

]2
. (A.11)

analogous to (3.17)–(3.19). Let B̃FDH,κ,n2 denote the generalized jackknife estimate of the

bias of µ̃FDH,n2 computed analogous to Kneip et al. (2016, equation 49).

Then it is again straightforward to extend the results of Kneip et al. (2016) to establish

that under appropriate assumptions including the null hypothesis of convexity of Ψ, Kneip

et al. (2015, Theorem 4.2) can be used to establish that

T̂7,n :=
(µ̃FDH,n2 − µ̃VRS,n1)−

(
B̃FDH,κ,n2 − B̃VRS,κ,n1

)
√

σ̃2
FDH,n2

n2
+

σ̃2
VRS,n1

n1

L−→ N(0, 1) (A.12)

as n→∞ provided (p+ q) ≤ 3. Alternatively, if (p+ q) ≥ 3, then

T̂8,n :=

(
µ̃FDH,n2,κ − µ̃VRS,n1,κ

)
−
(
B̃FDH,κ,n2 − B̃VRS,κ,n1

)
√

σ̃2
FDH,n2

n2,κ
+

σ̃2
VRS,n1

n1,κ

L−→ N(0, 1) (A.13)

as n→∞.

Note that multiplying by ||Xi|| does not alter the asymptotic properties of the test statis-

tics since ||Xi|| is bounded under the assumptions of Kneip et al. (2015, 2016). Moreover,

3



||Xi|| does not depend on n, and hence multiplying the efficiency estimators by ||Xi|| does

not affect the rates of convergence of the alternative statistics developed above..

Simulation results analogous to those in Tables 1–2 obtained with the alternative statistics

described above are given in Tables A.1–A.2. The simulation results suggests that overall,

the tests based on the alternative statistics developed above tend to have less power than

corresponding tests based on the original statistics of Kneip et al. (2016). The simulation

results reported below in Tables A.1–A.2 provide no evidence that one should favor tests

based on the alternative statistics over tests based on the original statistics. See Section

5.1 in the main paper for details on the simulation framework used to obtain the results in

Tables A.1–A.2.
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B Results Obtained with Proposition 4.1 Rule, Vari-

ous Sample Sizes

On the pages that follow, Tables B.1–B.2 correspond to Tables 1–2 in the main paper,

where only results for n ∈ {100, 1, 000} are given. These tables provide results on estimated

rejection rates for sample sizes n ∈ {50, 150, 200} in addition to the results appearing in

Tables 1–2 for n ∈ {100, 1, 000}. The additional results are provided to give guidance to

empirical researchers regarding the performance of tests of convexity and returns to scale in

terms of size and power using our new method with moderate sample sizes.
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C Results Obtained with the Rule of Benjamini and

Hochberg (1995)

Tables C.1–C.2 provide simulation results similar to the results in Tables 1–2 in the main

paper, but here the modified Benjamini and Hochberg (1995) rule based on (4.2) described

in Section 4.2 is used. The results obtained here are similar to those obtained using the new

rule based on Proposition 4.1, but we are not able to give a theoretical justification for the

modified Benjamini and Hochberg (1995) rule.
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D Results Obtained with the DiCiccio et al. (2020)

Procedure

The next pair of tables provide estimated rejection rates obtained using the original Kneip

et al. (2016) statistics in (3.20) and (3.21) with the method of DiCiccio et al. (2020, Procedure

2.1) to test convexity versus non-convexity of the production set as briefly described in

Section 4 of the main paper. Table D.1 gives results for n ∈ {100, 1, 000}, p = q = 1,

S = 1, 000 sample-splits and nominal test size .05. Table D.2 gives corresponding results for

the case with p = 3, q = 1. The results indicate that the tests are sensitive to the choice

of the tuning parameter r. In addition, the value of r that yields a rejection rate near 0.05

varies with both sample size and dimensionality (i.e., the number of inputs and outputs).
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E Results Obtained using Rules Proposed by Vovk and

Wang (2020)

Vovk and Wang (2020) propose general rules for multiple testing of a single hypothesis.

The rules are based on the idea of combining estimated p-values from a series of tests using

a merging function. In terms of our notation, for sample splits yielding p-values p̂s, s ∈

{1, . . . , S}, for each of S sample-splits, the merging function defined by Vovk and Wang

(2020, equation (8)) is

Mr,S (p̂1, . . . , p̂S) :=

(
S−1

S∑
s=1

p̂rs

)1/r

, (E.1)

where r ∈ R\{0} and where the standard conventions 0a :=∞ for a < 0, 0a := 0 for a > 0,

∞ + a :=∞ for a ∈ R ∪ {∞}, and ∞a := 0 for a < 0 are used. For r = 0, taking the limit

in (E.1) as r → 0 leads to

M0,S (p̂1, . . . , p̂S) := exp

(
exp

(
S−1

S∑
s=1

log p̂s

))
=

(
S∏
s=1

ps

)1/S

(E.2)

where log 0 := −∞, −∞+ a := −∞ for a ∈ R ∪ {−∞} and exp(−∞) := 0. In addition,

M∞,S (p̂1, . . . , p̂S) := max (p̂1, . . . , p̂S) (E.3)

and

M−∞,S (p̂1, . . . , p̂S) := min (p̂1, . . . , p̂S) . (E.4)

For r = −1, 0 or 1 Mr,S (p̂1, . . . , p̂S) gives the harmonic, geometric or arithmetic mean

(respectively) of the estimated p-values.

Vovk and Wang (2020) derive results for various combinations of ranges of r and weighted

versions of the merging function in (E.1) listed in their Table 1. Based on Vovk and Wang

(2020, Table 1), we consider the rules listed in Table E.1 involving ψ(Mr,S) for various values

of r number of sample splits S. For a given test with S sample-splits, the null hypothesis is

rejected for a test for a test of size α whenever ψ(Mr,S) < α.
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Tables E.2–E.40 show rejection rates obtained with Rules 1–13 listed in Table E.1 for the

same simulated data used to produce the results for convexity tests shown in Table 2 of the

main paper. Tables E.2–E.14 show results obtained with S = 1, 000 sample splits. Tables

E.15–E.27 show results obtained with S = 100 sample splits, and Tables E.28–E.40 show

results obtained with S = 10 sample splits.

Among the results in Tables E.2–E.14 obtained with S = 1, 000 sample-splits, the rejec-

tion rates obtained using Rules 1–7 indicate that the tests based on these rules have little

or no power in many cases. Rules 8 and 13 yield tests that severely over-reject, and Rules

9–12 have no power. The results with only S = 100 sample-splits shown in Tables E.15–E.27

reveal better power than the corresponding results obtained with 1,000 sample splits, and

the results obtained using only 10 sample-splits shown in Tables E.28–E.40 reveal still more

power. However, as discussed in the main paper, 10 or even 100 splits are too few to remove

the ambiguity introduced by randomly splitting the samples. The rules proposed by Vovk

and Wang (2020) may be more suitable in biomedical applications where the number of tests

is constrained to a small number by the available medical technology. But in our context,

the number of tests is rather arbitrary, and needs to be large enough to remove much of the

randomness introduced by the sample-splitting.
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Table E.1: Rules based on Vovk and Wang (2020, Table 1)

Rule r ψ(Mr,S)

1 ∞ Mr,S

2 S − 1 S1/rMr,S

3 2S S1/rMr,S

4 (S − 1)−1 (r + 1)1/rMr,S

5 1
2

((S − 1)−1 + (S − 1)) (r + 1)1/rMr,S

6 (S − 1) (r + 1)1/rMr,S

7 0 eMr,S

8 −1 e(logS)Mr,S

9 −100 r
r+1

S1+ 1
rMr,S

10 −10 r
r+1

S1+ 1
rMr,S

11 −2 r
r+1

S1+ 1
rMr,S

12 −1.1 r
r+1

S1+ 1
rMr,S

13 −∞ SMr,S

22



T
a
b
le

E
.2
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

1

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
34

6
0.

16
6

0.
01

9
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

98
2

0.
95

5
0.

82
8

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
0.

99
9

0.
99

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

01
8

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
00

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

23



T
a
b
le

E
.3
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

2

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

8
0.

00
8

0.
00

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

03
3

0.
03

3
0.

03
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
07

6
0.

07
6

0.
07

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

04
1

0.
04

1
0.

04
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

01
0

0.
01

0
0.

01
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
91

7
0.

91
7

0.
91

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

13
4

0.
13

4
0.

13
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
56

1
0.

56
1

0.
56

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

84
2

0.
84

2
0.

84
2

0.
00

6
0.

00
6

0.
00

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
73

1
0.

73
1

0.
73

1
0.

00
3

0.
00

3
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

24



T
a
b
le

E
.4
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

3

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
5

0.
00

5
0.

00
5

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
04

0
0.

04
0

0.
04

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

12
2

0.
12

2
0.

12
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
25

3
0.

25
3

0.
25

3
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

15
6

0.
15

6
0.

15
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

15
3

0.
15

3
0.

15
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
98

1
0.

98
1

0.
98

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
10

2
0.

10
2

0.
10

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

63
1

0.
63

1
0.

63
1

0.
00

4
0.

00
4

0.
00

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
89

5
0.

89
5

0.
89

5
0.

07
5

0.
07

5
0.

07
5

0.
00

3
0.

00
3

0.
00

3
0.

00
0

0.
00

0
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

97
0

0.
97

0
0.

97
0

0.
28

6
0.

28
6

0.
28

6
0.

02
2

0.
02

2
0.

02
2

0.
00

0
0.

00
0

0.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
94

3
0.

94
3

0.
94

3
0.

17
8

0.
17

8
0.

17
8

0.
01

7
0.

01
7

0.
01

7
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

25



T
a
b
le

E
.5
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

4

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
04

7
0.

00
7

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

28
9

0.
11

7
0.

00
4

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
88

3
0.

70
9

0.
28

9
0.

03
0

0.
00

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

99
3

0.
96

6
0.

81
6

0.
29

6
0.

07
8

0.
00

1
0.

01
1

0.
00

1
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
0.

99
9

0.
96

6
0.

74
2

0.
40

4
0.

02
7

0.
17

8
0.

02
5

0.
00

0
0.

00
6

0.
00

0
0.

00
0

0.
00

7
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
0.

99
5

0.
94

2
0.

74
4

0.
15

9
0.

47
8

0.
15

5
0.

00
3

0.
05

1
0.

00
4

0.
00

0
0.

06
1

0.
00

4
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

98
6

0.
91

3
0.

42
8

0.
72

9
0.

38
4

0.
01

9
0.

16
9

0.
02

6
0.

00
0

0.
19

9
0.

03
1

0.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
99

2
0.

95
6

0.
46

3
0.

81
5

0.
48

2
0.

03
3

0.
25

2
0.

03
9

0.
00

0
0.

31
7

0.
05

7
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
7

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
97

0
0.

79
3

0.
10

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
1.

00
0

1.
00

0
0.

99
9

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
93

8
0.

01
6

0.
03

3
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

4
0.

99
5

0.
58

7
0.

00
0

0.
46

2
0.

00
4

0.
00

0
0.

00
2

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
9

0.
25

1
0.

99
9

0.
74

5
0.

00
0

0.
72

3
0.

01
2

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

97
4

1.
00

0
1.

00
0

0.
06

9
1.

00
0

0.
63

0
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

76
4

1.
00

0
0.

99
2

0.
00

5
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
83

3
1.

00
0

0.
99

8
0.

01
7

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

26



T
a
b
le

E
.6
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

5

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
3

0.
00

3
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
01

1
0.

01
1

0.
01

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
3

0.
00

3
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
70

5
0.

70
5

0.
70

5
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

99
9

0.
99

9
0.

99
9

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
05

9
0.

05
9

0.
05

9
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

32
2

0.
32

2
0.

32
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
20

9
0.

20
9

0.
20

9
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

27



T
a
b
le

E
.7
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

6

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

8
0.

00
8

0.
00

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

03
3

0.
03

3
0.

03
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
07

6
0.

07
6

0.
07

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

04
1

0.
04

1
0.

04
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

01
0

0.
01

0
0.

01
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
91

7
0.

91
7

0.
91

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

13
4

0.
13

4
0.

13
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
56

1
0.

56
1

0.
56

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

84
2

0.
84

2
0.

84
2

0.
00

6
0.

00
6

0.
00

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
73

1
0.

73
1

0.
73

1
0.

00
3

0.
00

3
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

28



T
a
b
le

E
.8
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

7

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
04

8
0.

00
7

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

29
3

0.
11

9
0.

00
4

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
88

6
0.

71
1

0.
29

1
0.

03
0

0.
00

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

99
3

0.
96

6
0.

81
6

0.
29

8
0.

07
8

0.
00

1
0.

01
1

0.
00

1
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
0.

99
9

0.
96

7
0.

74
3

0.
40

8
0.

02
8

0.
18

1
0.

02
6

0.
00

0
0.

00
6

0.
00

0
0.

00
0

0.
00

7
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
0.

99
5

0.
94

3
0.

74
6

0.
16

3
0.

47
9

0.
15

8
0.

00
3

0.
05

1
0.

00
4

0.
00

0
0.

06
2

0.
00

4
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

98
6

0.
91

5
0.

43
1

0.
72

9
0.

38
6

0.
01

9
0.

17
0

0.
02

6
0.

00
0

0.
20

1
0.

03
1

0.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
99

2
0.

95
6

0.
46

6
0.

81
7

0.
48

6
0.

03
4

0.
25

3
0.

03
9

0.
00

0
0.

31
7

0.
05

9
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
7

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
97

0
0.

79
6

0.
10

3
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
1.

00
0

1.
00

0
0.

99
9

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
93

8
0.

01
6

0.
03

5
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

4
0.

99
5

0.
59

4
0.

00
0

0.
46

6
0.

00
4

0.
00

0
0.

00
2

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
9

0.
25

4
0.

99
9

0.
75

3
0.

00
0

0.
72

4
0.

01
3

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

97
6

1.
00

0
1.

00
0

0.
07

0
1.

00
0

0.
63

7
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

76
9

1.
00

0
0.

99
2

0.
00

5
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
83

6
1.

00
0

0.
99

9
0.

01
7

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

29



T
a
b
le

E
.9
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

8

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
21

9
0.

15
7

0.
06

6
0.

05
9

0.
03

1
0.

00
8

0.
05

6
0.

03
6

0.
00

9
0.

02
3

0.
01

3
0.

00
2

0.
09

0
0.

04
8

0.
01

4
−

0.
6

0.
50

6
0.

38
9

0.
20

5
0.

16
2

0.
09

4
0.

03
5

0.
14

7
0.

09
9

0.
02

6
0.

07
9

0.
03

2
0.

00
8

0.
20

1
0.

11
2

0.
02

7
−

0.
4

0.
64

3
0.

52
7

0.
31

0
0.

25
2

0.
15

0
0.

05
3

0.
23

3
0.

13
6

0.
04

6
0.

12
1

0.
05

5
0.

01
0

0.
29

3
0.

15
5

0.
04

8
−

0.
3

0.
72

4
0.

61
3

0.
38

5
0.

30
9

0.
19

3
0.

07
5

0.
27

7
0.

18
1

0.
05

9
0.

14
8

0.
07

6
0.

01
6

0.
34

9
0.

18
8

0.
05

7
−

0.
2

0.
80

7
0.

71
1

0.
47

1
0.

38
5

0.
25

7
0.

09
2

0.
33

1
0.

21
9

0.
07

5
0.

17
2

0.
09

0
0.

02
4

0.
37

6
0.

22
6

0.
06

9
−

0.
1

0.
86

1
0.

77
5

0.
55

1
0.

44
8

0.
30

4
0.

12
1

0.
36

8
0.

24
3

0.
08

5
0.

20
5

0.
10

9
0.

02
6

0.
40

7
0.

24
7

0.
07

8
0.

0
0.

87
9

0.
79

8
0.

59
0

0.
46

4
0.

32
1

0.
12

8
0.

38
3

0.
25

4
0.

09
3

0.
21

3
0.

11
3

0.
02

7
0.

41
3

0.
25

2
0.

07
9

0.
1

0.
88

9
0.

82
6

0.
60

5
0.

49
8

0.
34

0
0.

13
4

0.
42

4
0.

28
3

0.
10

3
0.

23
2

0.
13

2
0.

03
2

0.
42

7
0.

27
8

0.
07

7
0.

2
0.

94
2

0.
88

0
0.

72
4

0.
56

6
0.

39
8

0.
17

5
0.

46
4

0.
33

2
0.

12
2

0.
25

9
0.

14
1

0.
03

4
0.

45
9

0.
30

1
0.

09
3

0.
3

0.
98

2
0.

96
6

0.
87

6
0.

71
4

0.
55

0
0.

26
7

0.
54

9
0.

40
7

0.
17

3
0.

31
7

0.
18

4
0.

04
3

0.
52

3
0.

34
7

0.
11

3
0.

4
0.

99
6

0.
99

3
0.

97
6

0.
85

0
0.

73
8

0.
43

0
0.

68
6

0.
51

8
0.

25
9

0.
40

6
0.

25
3

0.
06

5
0.

63
3

0.
43

5
0.

16
3

0.
6

1.
00

0
1.

00
0

0.
99

8
0.

98
0

0.
95

4
0.

80
6

0.
90

2
0.

79
5

0.
52

1
0.

66
8

0.
50

8
0.

19
2

0.
81

8
0.

65
2

0.
32

4
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
99

9
0.

99
9

0.
97

9
0.

98
5

0.
96

3
0.

80
8

0.
90

3
0.

77
1

0.
45

2
0.

94
7

0.
86

6
0.

56
6

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
99

8
0.

99
8

0.
95

2
0.

99
0

0.
94

2
0.

73
0

0.
99

0
0.

97
0

0.
83

1
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

9
1.

00
0

1.
00

0
0.

99
1

0.
99

9
0.

98
8

0.
89

9
1.

00
0

0.
99

1
0.

95
1

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

7
0.

95
4

1.
00

0
1.

00
0

0.
98

3
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
9

0.
96

7
1.

00
0

1.
00

0
0.

99
1

10
00
−

1.
4

0.
03

4
0.

01
6

0.
00

5
0.

01
5

0.
00

7
0.

00
2

0.
00

9
0.

00
5

0.
00

1
0.

01
6

0.
00

8
0.

00
1

0.
01

2
0.

00
5

0.
00

1
−

0.
6

0.
06

0
0.

03
5

0.
01

4
0.

02
9

0.
01

5
0.

00
5

0.
02

2
0.

01
1

0.
00

3
0.

02
9

0.
01

3
0.

00
2

0.
03

1
0.

00
8

0.
00

2
−

0.
4

0.
07

3
0.

03
9

0.
01

7
0.

04
4

0.
02

2
0.

00
5

0.
04

0
0.

01
7

0.
00

5
0.

04
3

0.
01

7
0.

00
2

0.
03

9
0.

01
5

0.
00

4
−

0.
3

0.
08

7
0.

04
8

0.
01

8
0.

05
4

0.
02

8
0.

00
9

0.
04

8
0.

02
2

0.
00

5
0.

05
2

0.
01

9
0.

00
2

0.
04

7
0.

01
7

0.
00

5
−

0.
2

0.
11

2
0.

06
2

0.
02

3
0.

07
0

0.
03

5
0.

01
0

0.
05

9
0.

03
0

0.
00

5
0.

06
1

0.
02

6
0.

00
2

0.
05

3
0.

02
2

0.
00

5
−

0.
1

0.
14

5
0.

09
0

0.
03

4
0.

08
6

0.
04

4
0.

01
5

0.
07

3
0.

03
1

0.
00

7
0.

07
5

0.
03

2
0.

00
5

0.
05

5
0.

02
5

0.
00

5
0.

0
0.

19
5

0.
12

2
0.

05
1

0.
09

6
0.

05
1

0.
01

6
0.

07
6

0.
03

1
0.

00
8

0.
08

0
0.

03
5

0.
00

5
0.

06
0

0.
02

6
0.

00
4

0.
1

0.
29

5
0.

19
3

0.
07

0
0.

09
5

0.
05

3
0.

01
5

0.
07

6
0.

03
8

0.
01

2
0.

06
3

0.
03

2
0.

00
3

0.
05

7
0.

02
8

0.
00

2
0.

2
0.

93
8

0.
85

4
0.

57
8

0.
16

5
0.

09
4

0.
03

1
0.

10
1

0.
05

0
0.

01
4

0.
08

6
0.

03
7

0.
00

5
0.

06
8

0.
03

3
0.

00
3

0.
3

1.
00

0
1.

00
0

1.
00

0
0.

58
4

0.
37

0
0.

11
3

0.
19

8
0.

10
3

0.
02

3
0.

15
0

0.
06

6
0.

01
3

0.
10

2
0.

04
5

0.
01

0
0.

4
1.

00
0

1.
00

0
1.

00
0

0.
99

4
0.

96
0

0.
65

8
0.

61
1

0.
34

9
0.

09
3

0.
38

0
0.

19
3

0.
03

9
0.

22
7

0.
09

3
0.

01
8

0.
6

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
7

0.
80

9
0.

98
2

0.
88

3
0.

39
4

0.
84

2
0.

56
2

0.
13

4
0.

8
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
97

2
1.

00
0

0.
99

2
0.

69
3

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

0
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

30



T
a
b
le

E
.1
0
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-

W
an

g
R

u
le

N
o.

9

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

31



T
a
b
le

E
.1
1
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-

W
an

g
R

u
le

N
o.

10

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

32



T
a
b
le

E
.1
2
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-

W
an

g
R

u
le

N
o.

11

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

33



T
a
b
le

E
.1
3
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-

W
an

g
R

u
le

N
o.

12

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

34



T
a
b
le

E
.1
4
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

1,
00

0
S
p
li
ts

,
V

ov
k
-

W
an

g
R

u
le

N
o.

13

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
59

4
0.

46
9

0.
24

1
0.

36
1

0.
23

3
0.

07
8

0.
37

4
0.

24
3

0.
07

2
0.

33
6

0.
20

0
0.

03
6

0.
51

2
0.

32
4

0.
10

6
−

0.
6

0.
86

2
0.

76
4

0.
51

0
0.

61
5

0.
45

1
0.

18
4

0.
59

4
0.

43
0

0.
16

7
0.

55
6

0.
34

0
0.

10
1

0.
70

8
0.

54
9

0.
21

5
−

0.
4

0.
92

3
0.

85
4

0.
63

3
0.

72
5

0.
58

6
0.

27
3

0.
67

4
0.

53
2

0.
24

5
0.

65
6

0.
45

2
0.

13
6

0.
79

7
0.

64
5

0.
30

1
−

0.
3

0.
95

5
0.

90
2

0.
69

6
0.

78
2

0.
64

7
0.

32
6

0.
73

7
0.

59
4

0.
29

4
0.

70
6

0.
52

1
0.

15
3

0.
82

7
0.

68
1

0.
34

5
−

0.
2

0.
97

3
0.

93
6

0.
77

7
0.

83
0

0.
71

3
0.

38
9

0.
78

0
0.

63
4

0.
33

4
0.

74
2

0.
55

5
0.

19
0

0.
85

5
0.

71
5

0.
36

6
−

0.
1

0.
98

5
0.

95
2

0.
83

2
0.

85
9

0.
75

2
0.

44
6

0.
81

3
0.

66
4

0.
37

3
0.

76
8

0.
58

2
0.

21
1

0.
86

9
0.

74
0

0.
39

1
0.

0
0.

98
8

0.
96

1
0.

85
1

0.
87

0
0.

76
7

0.
46

8
0.

82
2

0.
67

8
0.

39
3

0.
77

7
0.

58
6

0.
22

3
0.

88
0

0.
74

9
0.

40
1

0.
1

0.
98

7
0.

97
4

0.
86

5
0.

89
6

0.
77

9
0.

47
7

0.
84

7
0.

71
9

0.
42

5
0.

78
0

0.
57

2
0.

24
3

0.
88

1
0.

74
6

0.
41

1
0.

2
0.

99
2

0.
98

1
0.

91
7

0.
91

9
0.

82
8

0.
54

0
0.

87
6

0.
74

9
0.

44
8

0.
80

4
0.

60
3

0.
26

6
0.

89
6

0.
77

3
0.

43
2

0.
3

0.
99

6
0.

99
4

0.
97

2
0.

95
7

0.
88

4
0.

66
8

0.
92

8
0.

82
1

0.
51

8
0.

84
2

0.
67

2
0.

31
1

0.
92

5
0.

82
7

0.
49

4
0.

4
1.

00
0

1.
00

0
0.

99
5

0.
98

4
0.

95
4

0.
80

3
0.

95
7

0.
90

3
0.

63
8

0.
88

7
0.

75
8

0.
39

1
0.

94
9

0.
86

8
0.

57
6

0.
6

1.
00

0
1.

00
0

1.
00

0
0.

99
9

0.
99

6
0.

96
4

0.
99

1
0.

97
6

0.
86

3
0.

97
4

0.
89

9
0.

61
1

0.
98

1
0.

94
0

0.
73

5
0.

8
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

9
0.

99
9

0.
99

8
0.

96
3

0.
99

5
0.

98
1

0.
82

4
0.

99
8

0.
98

2
0.

90
1

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

7
0.

99
8

0.
99

8
0.

94
9

1.
00

0
0.

99
9

0.
97

4
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

9
0.

99
9

0.
99

3
1.

00
0

1.
00

0
0.

99
3

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

1.
00

0
1.

00
0

1.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

9
1.

00
0

1.
00

0
1.

00
0

10
00
−

1.
4

0.
25

9
0.

15
7

0.
04

9
0.

17
0

0.
10

1
0.

02
6

0.
20

1
0.

11
6

0.
01

7
0.

24
1

0.
13

5
0.

02
5

0.
23

5
0.

12
3

0.
02

7
−

0.
6

0.
40

3
0.

26
7

0.
08

3
0.

28
5

0.
16

5
0.

04
8

0.
30

1
0.

17
1

0.
04

3
0.

33
6

0.
19

2
0.

05
0

0.
32

9
0.

18
6

0.
04

4
−

0.
4

0.
43

8
0.

29
3

0.
09

8
0.

32
7

0.
20

8
0.

06
9

0.
35

9
0.

22
5

0.
05

8
0.

38
2

0.
23

9
0.

05
9

0.
38

9
0.

23
1

0.
05

6
−

0.
3

0.
45

8
0.

32
2

0.
11

0
0.

36
2

0.
23

5
0.

07
5

0.
40

2
0.

24
8

0.
06

9
0.

42
0

0.
26

7
0.

07
0

0.
42

3
0.

25
4

0.
06

4
−

0.
2

0.
50

6
0.

35
3

0.
12

9
0.

42
1

0.
26

5
0.

09
0

0.
45

2
0.

28
2

0.
08

4
0.

45
7

0.
29

0
0.

08
5

0.
45

7
0.

27
3

0.
07

1
−

0.
1

0.
59

0
0.

43
3

0.
17

0
0.

48
8

0.
30

0
0.

11
2

0.
48

9
0.

31
4

0.
09

4
0.

50
2

0.
30

7
0.

09
3

0.
49

3
0.

30
2

0.
08

0
0.

0
0.

66
8

0.
50

2
0.

21
6

0.
50

8
0.

32
2

0.
11

5
0.

50
5

0.
32

4
0.

09
8

0.
51

4
0.

32
5

0.
09

6
0.

50
7

0.
30

9
0.

08
2

0.
1

0.
77

6
0.

63
2

0.
30

0
0.

55
8

0.
35

9
0.

11
4

0.
53

0
0.

36
1

0.
09

9
0.

52
9

0.
36

9
0.

08
7

0.
52

0
0.

32
2

0.
07

6
0.

2
0.

99
5

0.
97

9
0.

87
8

0.
69

3
0.

51
3

0.
18

8
0.

58
8

0.
41

6
0.

12
3

0.
59

3
0.

41
6

0.
11

2
0.

57
2

0.
36

3
0.

09
0

0.
3

1.
00

0
1.

00
0

1.
00

0
0.

94
0

0.
86

4
0.

49
6

0.
77

6
0.

57
3

0.
21

2
0.

71
2

0.
52

6
0.

17
9

0.
67

4
0.

45
8

0.
12

5
0.

4
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
94

5
0.

95
9

0.
87

4
0.

49
5

0.
88

0
0.

74
4

0.
35

7
0.

82
5

0.
63

0
0.

23
0

0.
6

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
98

5
1.

00
0

0.
99

8
0.

87
6

0.
99

1
0.

95
9

0.
64

5
0.

8
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

8
1.

00
0

1.
00

0
0.

97
3

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

35



T
a
b
le

E
.1
5
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

1

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

6
0.

00
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

03
7

0.
00

9
0.

00
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
09

9
0.

04
9

0.
00

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

07
5

0.
03

2
0.

00
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
8

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
86

5
0.

75
1

0.
41

9
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

99
8

0.
99

5
0.

97
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

06
5

0.
00

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
30

3
0.

11
7

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

60
8

0.
34

7
0.

04
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
50

6
0.

27
3

0.
02

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

36



T
a
b
le

E
.1
6
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

2

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

6
0.

00
6

0.
00

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

05
0

0.
05

0
0.

05
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
19

6
0.

19
6

0.
19

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

38
0

0.
38

0
0.

38
0

0.
00

3
0.

00
3

0.
00

3
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
54

3
0.

54
3

0.
54

3
0.

01
5

0.
01

5
0.

01
5

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

43
9

0.
43

9
0.

43
9

0.
01

1
0.

01
1

0.
01

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

7
0.

00
7

0.
00

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

45
6

0.
45

6
0.

45
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
98

7
0.

98
7

0.
98

7
0.

01
6

0.
01

6
0.

01
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
38

3
0.

38
3

0.
38

3
0.

00
5

0.
00

5
0.

00
5

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

77
7

0.
77

7
0.

77
7

0.
10

0
0.

10
0

0.
10

0
0.

00
9

0.
00

9
0.

00
9

0.
00

0
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
92

5
0.

92
5

0.
92

5
0.

31
5

0.
31

5
0.

31
5

0.
07

1
0.

07
1

0.
07

1
0.

00
4

0.
00

4
0.

00
4

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

98
3

0.
98

3
0.

98
3

0.
53

7
0.

53
7

0.
53

7
0.

17
3

0.
17

3
0.

17
3

0.
03

4
0.

03
4

0.
03

4
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
96

0
0.

96
0

0.
96

0
0.

48
0

0.
48

0
0.

48
0

0.
15

8
0.

15
8

0.
15

8
0.

04
0

0.
04

0
0.

04
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

37



T
a
b
le

E
.1
7
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

3

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

2
0.

00
2

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
3

0.
00

3
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
03

7
0.

03
7

0.
03

7
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

19
0

0.
19

0
0.

19
0

0.
00

3
0.

00
3

0.
00

3
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
43

3
0.

43
3

0.
43

3
0.

02
3

0.
02

3
0.

02
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

62
3

0.
62

3
0.

62
3

0.
05

4
0.

05
4

0.
05

4
0.

00
3

0.
00

3
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
73

7
0.

73
7

0.
73

7
0.

10
7

0.
10

7
0.

10
7

0.
01

2
0.

01
2

0.
01

2
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

63
8

0.
63

8
0.

63
8

0.
09

8
0.

09
8

0.
09

8
0.

01
4

0.
01

4
0.

01
4

0.
00

2
0.

00
2

0.
00

2
0.

00
1

0.
00

1
0.

00
1

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
10

2
0.

10
2

0.
10

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

75
2

0.
75

2
0.

75
2

0.
00

2
0.

00
2

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
99

7
0.

99
7

0.
99

7
0.

24
3

0.
24

3
0.

24
3

0.
00

9
0.

00
9

0.
00

9
0.

00
3

0.
00

3
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
74

3
0.

74
3

0.
74

3
0.

18
7

0.
18

7
0.

18
7

0.
03

8
0.

03
8

0.
03

8
0.

01
0

0.
01

0
0.

01
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

94
1

0.
94

1
0.

94
1

0.
50

6
0.

50
6

0.
50

6
0.

20
8

0.
20

8
0.

20
8

0.
07

0
0.

07
0

0.
07

0
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
99

0
0.

99
0

0.
99

0
0.

75
5

0.
75

5
0.

75
5

0.
42

9
0.

42
9

0.
42

9
0.

22
2

0.
22

2
0.

22
2

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
99

8
0.

99
8

0.
87

9
0.

87
9

0.
87

9
0.

63
2

0.
63

2
0.

63
2

0.
37

3
0.

37
3

0.
37

3
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
99

6
0.

99
6

0.
99

6
0.

84
7

0.
84

7
0.

84
7

0.
60

3
0.

60
3

0.
60

3
0.

36
3

0.
36

3
0.

36
3

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

38



T
a
b
le

E
.1
8
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

4

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

2
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
3

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

3
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

01
0

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
06

4
0.

01
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

29
3

0.
12

2
0.

01
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
87

0
0.

69
4

0.
28

1
0.

03
8

0.
00

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

98
8

0.
96

3
0.

80
1

0.
29

9
0.

09
4

0.
00

1
0.

02
7

0.
00

1
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
0.

99
8

0.
96

3
0.

71
5

0.
39

8
0.

03
9

0.
18

8
0.

03
3

0.
00

0
0.

01
1

0.
00

0
0.

00
0

0.
01

6
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
0.

99
5

0.
91

3
0.

71
6

0.
18

2
0.

47
5

0.
17

6
0.

00
4

0.
06

8
0.

00
6

0.
00

0
0.

07
4

0.
00

9
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

97
8

0.
88

5
0.

41
0

0.
71

0
0.

39
0

0.
03

0
0.

19
0

0.
03

1
0.

00
0

0.
21

8
0.

04
5

0.
00

0
1.

6
1.

00
0

1.
00

0
0.

99
9

0.
98

9
0.

93
6

0.
45

8
0.

79
2

0.
47

6
0.

04
4

0.
27

2
0.

05
9

0.
00

0
0.

33
2

0.
07

9
0.

00
1

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
96

3
0.

78
3

0.
12

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
1.

00
0

1.
00

0
0.

99
5

0.
02

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

1.
00

0
1.

00
0

1.
00

0
0.

99
7

0.
89

3
0.

03
5

0.
09

8
0.

00
0

0.
00

0
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
98

3
0.

97
5

0.
57

6
0.

00
0

0.
47

1
0.

01
7

0.
00

0
0.

02
2

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
5

0.
27

7
0.

98
9

0.
69

4
0.

00
1

0.
63

5
0.

04
6

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

93
7

1.
00

0
0.

99
1

0.
13

8
0.

98
9

0.
57

1
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

8
1.

00
0

1.
00

0
0.

70
9

1.
00

0
0.

96
4

0.
02

2
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
9

0.
77

5
1.

00
0

0.
98

4
0.

05
1

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

39



T
a
b
le

E
.1
9
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

5

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
6

0.
00

6
0.

00
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
03

8
0.

03
8

0.
03

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

12
8

0.
12

8
0.

12
8

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
24

7
0.

24
7

0.
24

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

19
5

0.
19

5
0.

19
5

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

09
2

0.
09

2
0.

09
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
95

1
0.

95
1

0.
95

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
04

6
0.

04
6

0.
04

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

34
7

0.
34

7
0.

34
7

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
70

3
0.

70
3

0.
70

3
0.

01
2

0.
01

2
0.

01
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

87
0

0.
87

0
0.

87
0

0.
06

8
0.

06
8

0.
06

8
0.

00
2

0.
00

2
0.

00
2

0.
00

0
0.

00
0

0.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
82

6
0.

82
6

0.
82

6
0.

05
0

0.
05

0
0.

05
0

0.
00

4
0.

00
4

0.
00

4
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

40



T
a
b
le

E
.2
0
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

6

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

6
0.

00
6

0.
00

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

05
0

0.
05

0
0.

05
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
19

6
0.

19
6

0.
19

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

38
0

0.
38

0
0.

38
0

0.
00

3
0.

00
3

0.
00

3
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
54

3
0.

54
3

0.
54

3
0.

01
5

0.
01

5
0.

01
5

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

43
9

0.
43

9
0.

43
9

0.
01

1
0.

01
1

0.
01

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

7
0.

00
7

0.
00

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

45
6

0.
45

6
0.

45
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
98

7
0.

98
7

0.
98

7
0.

01
6

0.
01

6
0.

01
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
38

3
0.

38
3

0.
38

3
0.

00
5

0.
00

5
0.

00
5

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

77
7

0.
77

7
0.

77
7

0.
10

0
0.

10
0

0.
10

0
0.

00
9

0.
00

9
0.

00
9

0.
00

0
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
92

5
0.

92
5

0.
92

5
0.

31
5

0.
31

5
0.

31
5

0.
07

1
0.

07
1

0.
07

1
0.

00
4

0.
00

4
0.

00
4

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

98
3

0.
98

3
0.

98
3

0.
53

7
0.

53
7

0.
53

7
0.

17
3

0.
17

3
0.

17
3

0.
03

4
0.

03
4

0.
03

4
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
96

0
0.

96
0

0.
96

0
0.

48
0

0.
48

0
0.

48
0

0.
15

8
0.

15
8

0.
15

8
0.

04
0

0.
04

0
0.

04
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

41



T
a
b
le

E
.2
1
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

7

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

2
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
3

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

3
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

01
0

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
06

4
0.

01
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

29
4

0.
12

3
0.

01
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
87

0
0.

69
5

0.
28

5
0.

03
8

0.
00

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

98
8

0.
96

3
0.

80
1

0.
30

1
0.

09
4

0.
00

1
0.

02
8

0.
00

1
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

1.
00

0
0.

99
8

0.
96

4
0.

71
7

0.
40

0
0.

03
9

0.
19

0
0.

03
3

0.
00

0
0.

01
1

0.
00

0
0.

00
0

0.
01

7
0.

00
0

0.
00

0
1.

2
1.

00
0

1.
00

0
0.

99
5

0.
91

3
0.

71
6

0.
18

6
0.

47
9

0.
17

7
0.

00
4

0.
06

9
0.

00
6

0.
00

0
0.

07
7

0.
00

9
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

97
9

0.
88

7
0.

41
1

0.
71

1
0.

39
6

0.
03

0
0.

19
2

0.
03

1
0.

00
0

0.
22

1
0.

04
5

0.
00

0
1.

6
1.

00
0

1.
00

0
0.

99
9

0.
98

9
0.

93
6

0.
45

9
0.

79
3

0.
47

6
0.

04
5

0.
27

4
0.

05
9

0.
00

0
0.

33
4

0.
07

9
0.

00
1

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
96

3
0.

78
7

0.
12

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
1.

00
0

1.
00

0
0.

99
5

0.
02

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

1.
00

0
1.

00
0

1.
00

0
0.

99
7

0.
89

5
0.

03
6

0.
09

9
0.

00
0

0.
00

0
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
98

4
0.

97
5

0.
58

0
0.

00
1

0.
47

2
0.

02
0

0.
00

0
0.

02
3

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
5

0.
28

2
0.

98
9

0.
69

6
0.

00
1

0.
63

8
0.

04
7

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

93
8

1.
00

0
0.

99
1

0.
13

8
0.

98
9

0.
57

8
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

8
1.

00
0

1.
00

0
0.

70
9

1.
00

0
0.

96
5

0.
02

2
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
9

0.
77

7
1.

00
0

0.
98

5
0.

05
1

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

42



T
a
b
le

E
.2
2
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

8

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
21

9
0.

15
7

0.
06

6
0.

05
9

0.
03

1
0.

00
8

0.
05

6
0.

03
6

0.
00

9
0.

02
3

0.
01

3
0.

00
2

0.
09

0
0.

04
8

0.
01

4
−

0.
6

0.
50

6
0.

38
9

0.
20

5
0.

16
2

0.
09

4
0.

03
5

0.
14

7
0.

09
9

0.
02

6
0.

07
9

0.
03

2
0.

00
8

0.
20

1
0.

11
2

0.
02

7
−

0.
4

0.
64

3
0.

52
7

0.
31

0
0.

25
2

0.
15

0
0.

05
3

0.
23

3
0.

13
6

0.
04

6
0.

12
1

0.
05

5
0.

01
0

0.
29

3
0.

15
5

0.
04

8
−

0.
3

0.
72

4
0.

61
3

0.
38

5
0.

30
9

0.
19

3
0.

07
5

0.
27

7
0.

18
1

0.
05

9
0.

14
8

0.
07

6
0.

01
6

0.
34

9
0.

18
8

0.
05

7
−

0.
2

0.
80

7
0.

71
1

0.
47

1
0.

38
5

0.
25

7
0.

09
2

0.
33

1
0.

21
9

0.
07

5
0.

17
2

0.
09

0
0.

02
4

0.
37

6
0.

22
6

0.
06

9
−

0.
1

0.
86

1
0.

77
5

0.
55

1
0.

44
8

0.
30

4
0.

12
1

0.
36

8
0.

24
3

0.
08

5
0.

20
5

0.
10

9
0.

02
6

0.
40

7
0.

24
7

0.
07

8
0.

0
0.

87
9

0.
79

8
0.

59
0

0.
46

4
0.

32
1

0.
12

8
0.

38
3

0.
25

4
0.

09
3

0.
21

3
0.

11
3

0.
02

7
0.

41
3

0.
25

2
0.

07
9

0.
1

0.
88

9
0.

82
6

0.
60

5
0.

49
8

0.
34

0
0.

13
4

0.
42

4
0.

28
3

0.
10

3
0.

23
2

0.
13

2
0.

03
2

0.
42

7
0.

27
8

0.
07

7
0.

2
0.

94
2

0.
88

0
0.

72
4

0.
56

6
0.

39
8

0.
17

5
0.

46
4

0.
33

2
0.

12
2

0.
25

9
0.

14
1

0.
03

4
0.

45
9

0.
30

1
0.

09
3

0.
3

0.
98

2
0.

96
6

0.
87

6
0.

71
4

0.
55

0
0.

26
7

0.
54

9
0.

40
7

0.
17

3
0.

31
7

0.
18

4
0.

04
3

0.
52

3
0.

34
7

0.
11

3
0.

4
0.

99
6

0.
99

3
0.

97
6

0.
85

0
0.

73
8

0.
43

0
0.

68
6

0.
51

8
0.

25
9

0.
40

6
0.

25
3

0.
06

5
0.

63
3

0.
43

5
0.

16
3

0.
6

1.
00

0
1.

00
0

0.
99

8
0.

98
0

0.
95

4
0.

80
6

0.
90

2
0.

79
5

0.
52

1
0.

66
8

0.
50

8
0.

19
2

0.
81

8
0.

65
2

0.
32

4
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
99

9
0.

99
9

0.
97

9
0.

98
5

0.
96

3
0.

80
8

0.
90

3
0.

77
1

0.
45

2
0.

94
7

0.
86

6
0.

56
6

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
99

8
0.

99
8

0.
95

2
0.

99
0

0.
94

2
0.

73
0

0.
99

0
0.

97
0

0.
83

1
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

9
1.

00
0

1.
00

0
0.

99
1

0.
99

9
0.

98
8

0.
89

9
1.

00
0

0.
99

1
0.

95
1

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

7
0.

95
4

1.
00

0
1.

00
0

0.
98

3
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
9

0.
96

7
1.

00
0

1.
00

0
0.

99
1

10
00
−

1.
4

0.
03

4
0.

01
6

0.
00

5
0.

01
5

0.
00

7
0.

00
2

0.
00

9
0.

00
5

0.
00

1
0.

01
6

0.
00

8
0.

00
1

0.
01

2
0.

00
5

0.
00

1
−

0.
6

0.
06

0
0.

03
5

0.
01

4
0.

02
9

0.
01

5
0.

00
5

0.
02

2
0.

01
1

0.
00

3
0.

02
9

0.
01

3
0.

00
2

0.
03

1
0.

00
8

0.
00

2
−

0.
4

0.
07

3
0.

03
9

0.
01

7
0.

04
4

0.
02

2
0.

00
5

0.
04

0
0.

01
7

0.
00

5
0.

04
3

0.
01

7
0.

00
2

0.
03

9
0.

01
5

0.
00

4
−

0.
3

0.
08

7
0.

04
8

0.
01

8
0.

05
4

0.
02

8
0.

00
9

0.
04

8
0.

02
2

0.
00

5
0.

05
2

0.
01

9
0.

00
2

0.
04

7
0.

01
7

0.
00

5
−

0.
2

0.
11

2
0.

06
2

0.
02

3
0.

07
0

0.
03

5
0.

01
0

0.
05

9
0.

03
0

0.
00

5
0.

06
1

0.
02

6
0.

00
2

0.
05

3
0.

02
2

0.
00

5
−

0.
1

0.
14

5
0.

09
0

0.
03

4
0.

08
6

0.
04

4
0.

01
5

0.
07

3
0.

03
1

0.
00

7
0.

07
5

0.
03

2
0.

00
5

0.
05

5
0.

02
5

0.
00

5
0.

0
0.

19
5

0.
12

2
0.

05
1

0.
09

6
0.

05
1

0.
01

6
0.

07
6

0.
03

1
0.

00
8

0.
08

0
0.

03
5

0.
00

5
0.

06
0

0.
02

6
0.

00
4

0.
1

0.
29

5
0.

19
3

0.
07

0
0.

09
5

0.
05

3
0.

01
5

0.
07

6
0.

03
8

0.
01

2
0.

06
3

0.
03

2
0.

00
3

0.
05

7
0.

02
8

0.
00

2
0.

2
0.

93
8

0.
85

4
0.

57
8

0.
16

5
0.

09
4

0.
03

1
0.

10
1

0.
05

0
0.

01
4

0.
08

6
0.

03
7

0.
00

5
0.

06
8

0.
03

3
0.

00
3

0.
3

1.
00

0
1.

00
0

1.
00

0
0.

58
4

0.
37

0
0.

11
3

0.
19

8
0.

10
3

0.
02

3
0.

15
0

0.
06

6
0.

01
3

0.
10

2
0.

04
5

0.
01

0
0.

4
1.

00
0

1.
00

0
1.

00
0

0.
99

4
0.

96
0

0.
65

8
0.

61
1

0.
34

9
0.

09
3

0.
38

0
0.

19
3

0.
03

9
0.

22
7

0.
09

3
0.

01
8

0.
6

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
7

0.
80

9
0.

98
2

0.
88

3
0.

39
4

0.
84

2
0.

56
2

0.
13

4
0.

8
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
97

2
1.

00
0

0.
99

2
0.

69
3

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

0
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

43



T
a
b
le

E
.2
3
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

9

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

44



T
a
b
le

E
.2
4
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

10

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

45



T
a
b
le

E
.2
5
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

11

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

46



T
a
b
le

E
.2
6
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

12

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

47



T
a
b
le

E
.2
7
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
0

S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

13

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
10

8
0.

07
5

0.
03

1
0.

04
9

0.
02

7
0.

00
6

0.
05

1
0.

03
3

0.
00

7
0.

04
3

0.
02

5
0.

00
4

0.
06

8
0.

03
6

0.
00

7
−

0.
6

0.
27

2
0.

19
5

0.
10

4
0.

10
7

0.
07

3
0.

02
3

0.
09

2
0.

06
1

0.
02

1
0.

08
9

0.
04

6
0.

00
9

0.
11

8
0.

07
7

0.
02

3
−

0.
4

0.
34

8
0.

26
9

0.
14

1
0.

13
8

0.
09

1
0.

04
1

0.
12

1
0.

07
4

0.
02

9
0.

12
0

0.
07

2
0.

01
5

0.
15

4
0.

10
1

0.
03

2
−

0.
3

0.
39

6
0.

30
9

0.
17

8
0.

16
8

0.
11

3
0.

04
7

0.
14

1
0.

08
7

0.
03

4
0.

13
1

0.
08

7
0.

01
9

0.
17

2
0.

11
6

0.
03

8
−

0.
2

0.
45

6
0.

37
3

0.
22

7
0.

20
1

0.
13

6
0.

05
6

0.
16

2
0.

10
2

0.
03

4
0.

14
1

0.
09

1
0.

02
3

0.
18

6
0.

12
8

0.
03

9
−

0.
1

0.
51

4
0.

42
7

0.
25

7
0.

22
2

0.
15

0
0.

06
7

0.
16

8
0.

11
8

0.
03

8
0.

15
6

0.
09

9
0.

02
9

0.
19

9
0.

13
9

0.
04

7
0.

0
0.

54
4

0.
44

7
0.

28
1

0.
23

0
0.

15
8

0.
07

2
0.

17
3

0.
12

5
0.

04
2

0.
15

9
0.

10
1

0.
02

9
0.

20
5

0.
13

9
0.

04
7

0.
1

0.
56

9
0.

48
0

0.
28

7
0.

25
5

0.
18

7
0.

07
9

0.
19

4
0.

13
4

0.
05

4
0.

16
5

0.
10

2
0.

03
7

0.
22

6
0.

14
6

0.
05

6
0.

2
0.

64
4

0.
57

1
0.

36
3

0.
28

6
0.

21
7

0.
09

3
0.

21
9

0.
14

5
0.

05
7

0.
18

1
0.

10
9

0.
03

8
0.

24
1

0.
15

7
0.

06
3

0.
3

0.
78

1
0.

71
8

0.
55

0
0.

35
1

0.
26

2
0.

13
1

0.
27

3
0.

18
5

0.
07

2
0.

20
1

0.
13

4
0.

05
0

0.
26

6
0.

19
1

0.
07

4
0.

4
0.

91
7

0.
88

0
0.

76
6

0.
48

5
0.

36
5

0.
19

9
0.

34
4

0.
26

5
0.

11
1

0.
24

2
0.

16
8

0.
06

0
0.

30
7

0.
22

4
0.

09
4

0.
6

0.
99

1
0.

98
4

0.
96

3
0.

74
9

0.
66

4
0.

42
5

0.
53

8
0.

44
2

0.
23

7
0.

35
8

0.
25

8
0.

12
1

0.
42

9
0.

31
7

0.
15

6
0.

8
1.

00
0

1.
00

0
0.

99
6

0.
93

3
0.

88
4

0.
72

8
0.

78
2

0.
66

9
0.

45
6

0.
54

4
0.

41
5

0.
22

1
0.

61
7

0.
49

3
0.

29
1

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

98
9

0.
97

4
0.

91
2

0.
91

1
0.

85
2

0.
69

6
0.

72
7

0.
61

0
0.

37
5

0.
78

9
0.

69
5

0.
46

7
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
99

8
0.

99
7

0.
97

2
0.

96
9

0.
94

6
0.

84
9

0.
83

9
0.

76
5

0.
54

6
0.

89
9

0.
83

8
0.

64
9

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

9
0.

99
2

0.
99

4
0.

98
6

0.
93

0
0.

91
7

0.
85

5
0.

67
4

0.
94

0
0.

90
2

0.
76

4
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

8
0.

99
4

0.
99

2
0.

96
1

0.
95

1
0.

90
3

0.
75

6
0.

95
7

0.
92

8
0.

82
1

10
00
−

1.
4

0.
02

9
0.

02
0

0.
00

7
0.

02
1

0.
01

1
0.

00
3

0.
03

1
0.

01
8

0.
00

2
0.

02
9

0.
01

4
0.

00
4

0.
02

1
0.

00
8

0.
00

1
−

0.
6

0.
04

8
0.

02
8

0.
00

6
0.

03
0

0.
02

0
0.

00
4

0.
04

6
0.

02
9

0.
00

6
0.

03
8

0.
02

3
0.

00
6

0.
03

3
0.

01
5

0.
00

4
−

0.
4

0.
05

4
0.

03
4

0.
00

9
0.

03
4

0.
02

4
0.

00
7

0.
05

3
0.

03
5

0.
01

2
0.

04
8

0.
02

9
0.

00
8

0.
04

4
0.

02
1

0.
00

5
−

0.
3

0.
05

5
0.

03
6

0.
01

0
0.

04
1

0.
02

5
0.

00
9

0.
05

9
0.

04
0

0.
01

3
0.

05
9

0.
02

8
0.

00
9

0.
05

0
0.

02
3

0.
00

5
−

0.
2

0.
06

1
0.

04
2

0.
01

2
0.

05
0

0.
02

8
0.

01
2

0.
07

1
0.

04
7

0.
01

4
0.

06
8

0.
03

2
0.

01
1

0.
05

5
0.

02
6

0.
00

6
−

0.
1

0.
08

9
0.

05
3

0.
01

7
0.

06
1

0.
03

4
0.

01
5

0.
07

3
0.

05
3

0.
01

7
0.

07
4

0.
03

9
0.

01
2

0.
06

4
0.

03
2

0.
00

7
0.

0
0.

10
6

0.
06

6
0.

02
1

0.
06

5
0.

03
7

0.
01

5
0.

07
6

0.
05

5
0.

02
0

0.
07

6
0.

04
2

0.
01

3
0.

06
7

0.
03

6
0.

00
7

0.
1

0.
16

0
0.

11
0

0.
03

5
0.

07
6

0.
04

7
0.

00
9

0.
08

0
0.

06
1

0.
02

1
0.

08
1

0.
04

8
0.

01
3

0.
07

1
0.

03
1

0.
01

0
0.

2
0.

63
5

0.
52

1
0.

29
4

0.
10

6
0.

06
6

0.
02

0
0.

09
9

0.
06

8
0.

02
2

0.
09

2
0.

05
6

0.
01

3
0.

08
8

0.
04

2
0.

01
1

0.
3

0.
99

5
0.

99
3

0.
97

2
0.

28
0

0.
19

4
0.

06
9

0.
14

9
0.

10
2

0.
03

4
0.

12
6

0.
07

6
0.

02
3

0.
11

1
0.

06
5

0.
01

6
0.

4
1.

00
0

1.
00

0
1.

00
0

0.
72

6
0.

57
0

0.
31

6
0.

31
3

0.
20

9
0.

08
3

0.
21

1
0.

14
4

0.
04

6
0.

16
4

0.
10

7
0.

03
6

0.
6

1.
00

0
1.

00
0

1.
00

0
0.

99
7

0.
99

6
0.

96
2

0.
82

2
0.

70
1

0.
40

8
0.

58
9

0.
45

1
0.

19
6

0.
41

6
0.

29
8

0.
11

4
0.

8
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
4

0.
98

5
0.

86
8

0.
95

3
0.

88
1

0.
59

6
0.

78
4

0.
64

4
0.

34
8

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

3
0.

99
8

0.
99

1
0.

91
0

0.
96

5
0.

90
4

0.
65

4
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

1
0.

99
6

0.
98

9
0.

88
0

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
97

1
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

9
0.

98
5

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

48



T
a
b
le

E
.2
8
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

1

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
4

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
03

0
0.

01
4

0.
00

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

13
6

0.
07

0
0.

01
7

0.
00

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
33

0
0.

23
5

0.
06

9
0.

02
2

0.
00

6
0.

00
0

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

49
3

0.
37

6
0.

18
3

0.
04

0
0.

01
6

0.
00

0
0.

00
3

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
63

9
0.

51
6

0.
29

2
0.

07
2

0.
02

9
0.

00
2

0.
01

0
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

57
2

0.
47

3
0.

26
6

0.
06

9
0.

02
8

0.
00

5
0.

01
2

0.
00

3
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
03

7
0.

00
8

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

50
0

0.
32

9
0.

10
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
97

8
0.

96
7

0.
90

1
0.

06
3

0.
01

6
0.

00
0

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
1.

00
0

1.
00

0
0.

99
6

0.
35

5
0.

19
6

0.
02

5
0.

02
4

0.
00

4
0.

00
1

0.
00

5
0.

00
1

0.
00

0
0.

00
1

0.
00

0
0.

00
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

72
1

0.
52

3
0.

19
5

0.
11

7
0.

03
9

0.
00

2
0.

03
1

0.
00

4
0.

00
0

0.
00

8
0.

00
1

0.
00

0
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
87

4
0.

79
0

0.
46

2
0.

28
0

0.
12

0
0.

00
9

0.
10

6
0.

02
7

0.
00

0
0.

02
7

0.
00

6
0.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

95
8

0.
89

9
0.

68
6

0.
43

9
0.

25
3

0.
04

0
0.

21
4

0.
07

4
0.

00
2

0.
06

7
0.

01
4

0.
00

1
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
93

1
0.

87
7

0.
63

3
0.

41
6

0.
23

3
0.

03
5

0.
21

6
0.

07
4

0.
00

4
0.

06
8

0.
01

8
0.

00
3

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

49



T
a
b
le

E
.2
9
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

2

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

5
0.

00
5

0.
00

5
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
1

0.
00

2
0.

00
2

0.
00

2
−

0.
3

0.
01

1
0.

01
1

0.
01

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

2
0.

00
2

0.
00

2
−

0.
2

0.
01

4
0.

01
4

0.
01

4
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

2
0.

00
2

0.
00

2
−

0.
1

0.
01

5
0.

01
5

0.
01

5
0.

00
3

0.
00

3
0.

00
3

0.
00

1
0.

00
1

0.
00

1
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

0
0.

01
7

0.
01

7
0.

01
7

0.
00

4
0.

00
4

0.
00

4
0.

00
1

0.
00

1
0.

00
1

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
1

0.
02

0
0.

02
0

0.
02

0
0.

00
9

0.
00

9
0.

00
9

0.
00

5
0.

00
5

0.
00

5
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

2
0.

02
4

0.
02

4
0.

02
4

0.
01

3
0.

01
3

0.
01

3
0.

00
5

0.
00

5
0.

00
5

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
3

0.
04

9
0.

04
9

0.
04

9
0.

01
8

0.
01

8
0.

01
8

0.
00

8
0.

00
8

0.
00

8
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

4
0.

10
4

0.
10

4
0.

10
4

0.
03

3
0.

03
3

0.
03

3
0.

01
1

0.
01

1
0.

01
1

0.
00

2
0.

00
2

0.
00

2
0.

00
5

0.
00

5
0.

00
5

0.
6

0.
31

1
0.

31
1

0.
31

1
0.

08
2

0.
08

2
0.

08
2

0.
02

1
0.

02
1

0.
02

1
0.

00
5

0.
00

5
0.

00
5

0.
00

7
0.

00
7

0.
00

7
0.

8
0.

56
9

0.
56

9
0.

56
9

0.
17

4
0.

17
4

0.
17

4
0.

04
8

0.
04

8
0.

04
8

0.
02

1
0.

02
1

0.
02

1
0.

01
8

0.
01

8
0.

01
8

1.
0

0.
74

8
0.

74
8

0.
74

8
0.

29
1

0.
29

1
0.

29
1

0.
09

4
0.

09
4

0.
09

4
0.

04
2

0.
04

2
0.

04
2

0.
04

0
0.

04
0

0.
04

0
1.

2
0.

85
4

0.
85

4
0.

85
4

0.
41

3
0.

41
3

0.
41

3
0.

17
0

0.
17

0
0.

17
0

0.
07

7
0.

07
7

0.
07

7
0.

07
4

0.
07

4
0.

07
4

1.
4

0.
91

3
0.

91
3

0.
91

3
0.

51
6

0.
51

6
0.

51
6

0.
23

3
0.

23
3

0.
23

3
0.

11
1

0.
11

1
0.

11
1

0.
11

9
0.

11
9

0.
11

9
1.

6
0.

88
0

0.
88

0
0.

88
0

0.
50

1
0.

50
1

0.
50

1
0.

25
3

0.
25

3
0.

25
3

0.
13

2
0.

13
2

0.
13

2
0.

13
4

0.
13

4
0.

13
4

10
00
−

1.
4

0.
00

2
0.

00
2

0.
00

2
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
1

0.
00

2
0.

00
2

0.
00

2
−

0.
6

0.
00

3
0.

00
3

0.
00

3
0.

00
3

0.
00

3
0.

00
3

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

2
0.

00
2

0.
00

2
−

0.
4

0.
00

4
0.

00
4

0.
00

4
0.

00
5

0.
00

5
0.

00
5

0.
00

2
0.

00
2

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

2
0.

00
2

0.
00

2
−

0.
3

0.
00

4
0.

00
4

0.
00

4
0.

00
6

0.
00

6
0.

00
6

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
−

0.
2

0.
00

4
0.

00
4

0.
00

4
0.

00
6

0.
00

6
0.

00
6

0.
00

3
0.

00
3

0.
00

3
0.

00
4

0.
00

4
0.

00
4

0.
00

2
0.

00
2

0.
00

2
−

0.
1

0.
00

7
0.

00
7

0.
00

7
0.

00
8

0.
00

8
0.

00
8

0.
00

4
0.

00
4

0.
00

4
0.

00
4

0.
00

4
0.

00
4

0.
00

4
0.

00
4

0.
00

4
0.

0
0.

00
7

0.
00

7
0.

00
7

0.
00

8
0.

00
8

0.
00

8
0.

00
5

0.
00

5
0.

00
5

0.
00

4
0.

00
4

0.
00

4
0.

00
4

0.
00

4
0.

00
4

0.
1

0.
00

9
0.

00
9

0.
00

9
0.

01
2

0.
01

2
0.

01
2

0.
00

3
0.

00
3

0.
00

3
0.

00
3

0.
00

3
0.

00
3

0.
00

2
0.

00
2

0.
00

2
0.

2
0.

07
7

0.
07

7
0.

07
7

0.
01

9
0.

01
9

0.
01

9
0.

01
0

0.
01

0
0.

01
0

0.
00

3
0.

00
3

0.
00

3
0.

00
4

0.
00

4
0.

00
4

0.
3

0.
49

9
0.

49
9

0.
49

9
0.

04
7

0.
04

7
0.

04
7

0.
02

4
0.

02
4

0.
02

4
0.

00
8

0.
00

8
0.

00
8

0.
00

9
0.

00
9

0.
00

9
0.

4
0.

90
7

0.
90

7
0.

90
7

0.
19

5
0.

19
5

0.
19

5
0.

05
1

0.
05

1
0.

05
1

0.
02

8
0.

02
8

0.
02

8
0.

01
5

0.
01

5
0.

01
5

0.
6

0.
99

8
0.

99
8

0.
99

8
0.

62
6

0.
62

6
0.

62
6

0.
24

8
0.

24
8

0.
24

8
0.

15
2

0.
15

2
0.

15
2

0.
07

3
0.

07
3

0.
07

3
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
90

6
0.

90
6

0.
90

6
0.

57
5

0.
57

5
0.

57
5

0.
41

1
0.

41
1

0.
41

1
0.

22
0

0.
22

0
0.

22
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

97
4

0.
97

4
0.

97
4

0.
78

1
0.

78
1

0.
78

1
0.

62
6

0.
62

6
0.

62
6

0.
41

5
0.

41
5

0.
41

5
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
99

2
0.

99
2

0.
99

2
0.

88
4

0.
88

4
0.

88
4

0.
76

3
0.

76
3

0.
76

3
0.

58
0

0.
58

0
0.

58
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
99

8
0.

99
8

0.
93

5
0.

93
5

0.
93

5
0.

83
8

0.
83

8
0.

83
8

0.
69

1
0.

69
1

0.
69

1
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
99

5
0.

99
5

0.
99

5
0.

92
1

0.
92

1
0.

92
1

0.
83

0
0.

83
0

0.
83

0
0.

68
8

0.
68

8
0.

68
8

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

50



T
a
b
le

E
.3
0
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

3

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

7
0.

00
7

0.
00

7
0.

01
1

0.
01

1
0.

01
1

0.
00

3
0.

00
3

0.
00

3
0.

00
5

0.
00

5
0.

00
5

0.
00

5
0.

00
5

0.
00

5
−

0.
6

0.
03

3
0.

03
3

0.
03

3
0.

02
1

0.
02

1
0.

02
1

0.
01

0
0.

01
0

0.
01

0
0.

01
4

0.
01

4
0.

01
4

0.
01

1
0.

01
1

0.
01

1
−

0.
4

0.
04

5
0.

04
5

0.
04

5
0.

03
9

0.
03

9
0.

03
9

0.
01

6
0.

01
6

0.
01

6
0.

01
3

0.
01

3
0.

01
3

0.
01

3
0.

01
3

0.
01

3
−

0.
3

0.
05

8
0.

05
8

0.
05

8
0.

04
6

0.
04

6
0.

04
6

0.
02

1
0.

02
1

0.
02

1
0.

01
6

0.
01

6
0.

01
6

0.
01

7
0.

01
7

0.
01

7
−

0.
2

0.
07

3
0.

07
3

0.
07

3
0.

05
5

0.
05

5
0.

05
5

0.
02

9
0.

02
9

0.
02

9
0.

01
9

0.
01

9
0.

01
9

0.
01

9
0.

01
9

0.
01

9
−

0.
1

0.
08

2
0.

08
2

0.
08

2
0.

06
4

0.
06

4
0.

06
4

0.
03

1
0.

03
1

0.
03

1
0.

02
1

0.
02

1
0.

02
1

0.
01

9
0.

01
9

0.
01

9
0.

0
0.

08
8

0.
08

8
0.

08
8

0.
07

0
0.

07
0

0.
07

0
0.

03
1

0.
03

1
0.

03
1

0.
02

3
0.

02
3

0.
02

3
0.

02
0

0.
02

0
0.

02
0

0.
1

0.
09

5
0.

09
5

0.
09

5
0.

06
4

0.
06

4
0.

06
4

0.
03

0
0.

03
0

0.
03

0
0.

01
9

0.
01

9
0.

01
9

0.
02

2
0.

02
2

0.
02

2
0.

2
0.

11
0

0.
11

0
0.

11
0

0.
07

6
0.

07
6

0.
07

6
0.

03
5

0.
03

5
0.

03
5

0.
02

4
0.

02
4

0.
02

4
0.

02
5

0.
02

5
0.

02
5

0.
3

0.
17

4
0.

17
4

0.
17

4
0.

09
2

0.
09

2
0.

09
2

0.
04

2
0.

04
2

0.
04

2
0.

02
8

0.
02

8
0.

02
8

0.
02

9
0.

02
9

0.
02

9
0.

4
0.

28
3

0.
28

3
0.

28
3

0.
13

4
0.

13
4

0.
13

4
0.

05
7

0.
05

7
0.

05
7

0.
04

0
0.

04
0

0.
04

0
0.

03
9

0.
03

9
0.

03
9

0.
6

0.
54

6
0.

54
6

0.
54

6
0.

24
6

0.
24

6
0.

24
6

0.
10

9
0.

10
9

0.
10

9
0.

07
2

0.
07

2
0.

07
2

0.
06

2
0.

06
2

0.
06

2
0.

8
0.

76
3

0.
76

3
0.

76
3

0.
41

9
0.

41
9

0.
41

9
0.

19
5

0.
19

5
0.

19
5

0.
12

1
0.

12
1

0.
12

1
0.

11
2

0.
11

2
0.

11
2

1.
0

0.
87

2
0.

87
2

0.
87

2
0.

55
7

0.
55

7
0.

55
7

0.
29

3
0.

29
3

0.
29

3
0.

19
2

0.
19

2
0.

19
2

0.
17

1
0.

17
1

0.
17

1
1.

2
0.

93
3

0.
93

3
0.

93
3

0.
66

8
0.

66
8

0.
66

8
0.

40
4

0.
40

4
0.

40
4

0.
25

3
0.

25
3

0.
25

3
0.

24
6

0.
24

6
0.

24
6

1.
4

0.
96

0
0.

96
0

0.
96

0
0.

73
2

0.
73

2
0.

73
2

0.
48

0
0.

48
0

0.
48

0
0.

33
3

0.
33

3
0.

33
3

0.
33

0
0.

33
0

0.
33

0
1.

6
0.

94
3

0.
94

3
0.

94
3

0.
72

3
0.

72
3

0.
72

3
0.

49
5

0.
49

5
0.

49
5

0.
35

5
0.

35
5

0.
35

5
0.

36
0

0.
36

0
0.

36
0

10
00
−

1.
4

0.
01

7
0.

01
7

0.
01

7
0.

03
3

0.
03

3
0.

03
3

0.
01

5
0.

01
5

0.
01

5
0.

02
7

0.
02

7
0.

02
7

0.
02

1
0.

02
1

0.
02

1
−

0.
6

0.
02

6
0.

02
6

0.
02

6
0.

06
0

0.
06

0
0.

06
0

0.
02

9
0.

02
9

0.
02

9
0.

03
4

0.
03

4
0.

03
4

0.
02

9
0.

02
9

0.
02

9
−

0.
4

0.
03

3
0.

03
3

0.
03

3
0.

06
6

0.
06

6
0.

06
6

0.
03

7
0.

03
7

0.
03

7
0.

04
5

0.
04

5
0.

04
5

0.
03

6
0.

03
6

0.
03

6
−

0.
3

0.
04

0
0.

04
0

0.
04

0
0.

07
3

0.
07

3
0.

07
3

0.
05

4
0.

05
4

0.
05

4
0.

05
4

0.
05

4
0.

05
4

0.
04

1
0.

04
1

0.
04

1
−

0.
2

0.
04

5
0.

04
5

0.
04

5
0.

08
3

0.
08

3
0.

08
3

0.
06

4
0.

06
4

0.
06

4
0.

07
1

0.
07

1
0.

07
1

0.
05

1
0.

05
1

0.
05

1
−

0.
1

0.
06

0
0.

06
0

0.
06

0
0.

09
2

0.
09

2
0.

09
2

0.
07

2
0.

07
2

0.
07

2
0.

07
7

0.
07

7
0.

07
7

0.
05

9
0.

05
9

0.
05

9
0.

0
0.

07
0

0.
07

0
0.

07
0

0.
09

6
0.

09
6

0.
09

6
0.

07
5

0.
07

5
0.

07
5

0.
08

1
0.

08
1

0.
08

1
0.

06
2

0.
06

2
0.

06
2

0.
1

0.
10

3
0.

10
3

0.
10

3
0.

11
1

0.
11

1
0.

11
1

0.
08

2
0.

08
2

0.
08

2
0.

08
4

0.
08

4
0.

08
4

0.
07

2
0.

07
2

0.
07

2
0.

2
0.

30
2

0.
30

2
0.

30
2

0.
14

7
0.

14
7

0.
14

7
0.

09
9

0.
09

9
0.

09
9

0.
10

0
0.

10
0

0.
10

0
0.

07
7

0.
07

7
0.

07
7

0.
3

0.
75

4
0.

75
4

0.
75

4
0.

25
5

0.
25

5
0.

25
5

0.
14

5
0.

14
5

0.
14

5
0.

14
8

0.
14

8
0.

14
8

0.
10

3
0.

10
3

0.
10

3
0.

4
0.

96
4

0.
96

4
0.

96
4

0.
49

6
0.

49
6

0.
49

6
0.

26
2

0.
26

2
0.

26
2

0.
22

8
0.

22
8

0.
22

8
0.

15
4

0.
15

4
0.

15
4

0.
6

0.
99

9
0.

99
9

0.
99

9
0.

86
5

0.
86

5
0.

86
5

0.
59

8
0.

59
8

0.
59

8
0.

50
1

0.
50

1
0.

50
1

0.
33

9
0.

33
9

0.
33

9
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
96

9
0.

96
9

0.
96

9
0.

82
2

0.
82

2
0.

82
2

0.
72

1
0.

72
1

0.
72

1
0.

58
2

0.
58

2
0.

58
2

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

99
5

0.
99

5
0.

99
5

0.
92

7
0.

92
7

0.
92

7
0.

85
8

0.
85

8
0.

85
8

0.
74

8
0.

74
8

0.
74

8
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
99

8
0.

99
8

0.
99

8
0.

96
8

0.
96

8
0.

96
8

0.
92

4
0.

92
4

0.
92

4
0.

84
2

0.
84

2
0.

84
2

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
98

6
0.

98
6

0.
98

6
0.

96
4

0.
96

4
0.

96
4

0.
90

4
0.

90
4

0.
90

4
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

98
0

0.
98

0
0.

98
0

0.
96

1
0.

96
1

0.
96

1
0.

90
7

0.
90

7
0.

90
7

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

51



T
a
b
le

E
.3
1
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

4

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
0

0.
00

0
−

0.
4

0.
00

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
1

0.
00

0
−

0.
3

0.
01

4
0.

00
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
1

0.
00

0
−

0.
2

0.
01

9
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
1

0.
00

0
−

0.
1

0.
03

3
0.

00
7

0.
00

0
0.

00
1

0.
00

0
0.

00
0

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
1

0.
00

0
0.

0
0.

03
6

0.
00

7
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
0

0.
1

0.
02

9
0.

00
7

0.
00

0
0.

00
6

0.
00

1
0.

00
0

0.
00

2
0.

00
0

0.
00

0
0.

00
3

0.
00

0
0.

00
0

0.
00

4
0.

00
1

0.
00

0
0.

2
0.

05
9

0.
01

5
0.

00
0

0.
00

8
0.

00
1

0.
00

0
0.

00
3

0.
00

0
0.

00
0

0.
00

3
0.

00
0

0.
00

0
0.

00
4

0.
00

1
0.

00
0

0.
3

0.
14

9
0.

05
5

0.
00

5
0.

01
3

0.
00

4
0.

00
0

0.
00

3
0.

00
1

0.
00

0
0.

00
4

0.
00

0
0.

00
0

0.
00

4
0.

00
1

0.
00

0
0.

4
0.

35
6

0.
20

6
0.

03
9

0.
03

4
0.

00
9

0.
00

0
0.

00
5

0.
00

1
0.

00
0

0.
00

5
0.

00
1

0.
00

0
0.

00
6

0.
00

3
0.

00
0

0.
6

0.
77

8
0.

63
6

0.
33

1
0.

12
5

0.
05

2
0.

00
1

0.
03

4
0.

00
6

0.
00

0
0.

00
7

0.
00

2
0.

00
0

0.
01

1
0.

00
3

0.
00

0
0.

8
0.

95
8

0.
90

7
0.

71
8

0.
34

9
0.

18
4

0.
02

3
0.

09
2

0.
02

8
0.

00
3

0.
02

7
0.

00
5

0.
00

0
0.

03
1

0.
00

8
0.

00
1

1.
0

0.
99

4
0.

98
5

0.
91

3
0.

61
8

0.
40

1
0.

11
1

0.
26

6
0.

10
2

0.
00

8
0.

07
0

0.
02

3
0.

00
0

0.
09

6
0.

02
7

0.
00

3
1.

2
1.

00
0

0.
99

6
0.

97
8

0.
79

4
0.

62
6

0.
26

7
0.

44
4

0.
24

8
0.

03
3

0.
15

3
0.

05
5

0.
00

4
0.

17
7

0.
07

4
0.

00
6

1.
4

1.
00

0
1.

00
0

0.
99

4
0.

90
7

0.
76

8
0.

41
2

0.
59

9
0.

38
0

0.
09

9
0.

25
5

0.
10

0
0.

01
1

0.
29

8
0.

13
4

0.
01

4
1.

6
1.

00
0

0.
99

9
0.

99
5

0.
92

2
0.

79
8

0.
45

6
0.

65
8

0.
44

4
0.

12
6

0.
31

5
0.

14
1

0.
01

8
0.

36
3

0.
18

2
0.

02
4

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

06
9

0.
01

3
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
85

1
0.

63
4

0.
18

8
0.

01
0

0.
00

1
0.

00
0

0.
00

5
0.

00
1

0.
00

0
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
1.

00
0

0.
99

8
0.

96
1

0.
16

3
0.

02
5

0.
00

1
0.

01
2

0.
00

4
0.

00
0

0.
00

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

1.
00

0
1.

00
0

1.
00

0
0.

90
9

0.
72

4
0.

17
6

0.
29

1
0.

07
7

0.
00

4
0.

09
4

0.
01

9
0.

00
0

0.
02

5
0.

00
1

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
99

9
0.

99
8

0.
86

8
0.

79
7

0.
52

8
0.

06
1

0.
49

7
0.

19
2

0.
00

6
0.

21
7

0.
05

3
0.

00
1

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
97

8
0.

89
1

0.
41

1
0.

82
9

0.
59

2
0.

08
1

0.
53

0
0.

25
2

0.
00

7
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
98

4
0.

74
7

0.
96

0
0.

84
3

0.
32

5
0.

77
5

0.
50

8
0.

06
8

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
92

9
0.

98
9

0.
95

5
0.

60
4

0.
92

2
0.

71
9

0.
20

0
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

92
0

0.
99

1
0.

96
0

0.
62

5
0.

92
8

0.
77

5
0.

25
2

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

52



T
a
b
le

E
.3
2
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

5

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

2
0.

00
2

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
5

0.
00

5
0.

00
5

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

9
0.

00
9

0.
00

9
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

02
0

0.
02

0
0.

02
0

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
09

6
0.

09
6

0.
09

6
0.

00
9

0.
00

9
0.

00
9

0.
00

2
0.

00
2

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

31
5

0.
31

5
0.

31
5

0.
03

1
0.

03
1

0.
03

1
0.

00
6

0.
00

6
0.

00
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
51

6
0.

51
6

0.
51

6
0.

07
6

0.
07

6
0.

07
6

0.
01

7
0.

01
7

0.
01

7
0.

00
0

0.
00

0
0.

00
0

0.
00

2
0.

00
2

0.
00

2
1.

2
0.

68
4

0.
68

4
0.

68
4

0.
14

7
0.

14
7

0.
14

7
0.

03
2

0.
03

2
0.

03
2

0.
00

5
0.

00
5

0.
00

5
0.

00
3

0.
00

3
0.

00
3

1.
4

0.
79

7
0.

79
7

0.
79

7
0.

21
3

0.
21

3
0.

21
3

0.
05

0
0.

05
0

0.
05

0
0.

00
8

0.
00

8
0.

00
8

0.
00

9
0.

00
9

0.
00

9
1.

6
0.

74
7

0.
74

7
0.

74
7

0.
21

0
0.

21
0

0.
21

0
0.

05
3

0.
05

3
0.

05
3

0.
01

2
0.

01
2

0.
01

2
0.

01
5

0.
01

5
0.

01
5

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
3

0.
00

3
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
17

9
0.

17
9

0.
17

9
0.

00
2

0.
00

2
0.

00
2

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

73
0

0.
73

0
0.

73
0

0.
01

9
0.

01
9

0.
01

9
0.

00
2

0.
00

2
0.

00
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
99

3
0.

99
3

0.
99

3
0.

26
2

0.
26

2
0.

26
2

0.
02

7
0.

02
7

0.
02

7
0.

01
1

0.
01

1
0.

01
1

0.
00

3
0.

00
3

0.
00

3
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
67

8
0.

67
8

0.
67

8
0.

17
0

0.
17

0
0.

17
0

0.
07

3
0.

07
3

0.
07

3
0.

02
4

0.
02

4
0.

02
4

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

89
1

0.
89

1
0.

89
1

0.
41

0
0.

41
0

0.
41

0
0.

21
1

0.
21

1
0.

21
1

0.
08

8
0.

08
8

0.
08

8
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
96

8
0.

96
8

0.
96

8
0.

61
6

0.
61

6
0.

61
6

0.
40

0
0.

40
0

0.
40

0
0.

16
5

0.
16

5
0.

16
5

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

98
4

0.
98

4
0.

98
4

0.
76

7
0.

76
7

0.
76

7
0.

53
1

0.
53

1
0.

53
1

0.
29

3
0.

29
3

0.
29

3
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
98

2
0.

98
2

0.
98

2
0.

74
3

0.
74

3
0.

74
3

0.
52

9
0.

52
9

0.
52

9
0.

30
9

0.
30

9
0.

30
9

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

53



T
a
b
le

E
.3
3
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

6

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

5
0.

00
5

0.
00

5
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
1

0.
00

2
0.

00
2

0.
00

2
−

0.
3

0.
01

1
0.

01
1

0.
01

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

2
0.

00
2

0.
00

2
−

0.
2

0.
01

4
0.

01
4

0.
01

4
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

2
0.

00
2

0.
00

2
−

0.
1

0.
01

5
0.

01
5

0.
01

5
0.

00
3

0.
00

3
0.

00
3

0.
00

1
0.

00
1

0.
00

1
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

0
0.

01
7

0.
01

7
0.

01
7

0.
00

4
0.

00
4

0.
00

4
0.

00
1

0.
00

1
0.

00
1

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
1

0.
02

0
0.

02
0

0.
02

0
0.

00
9

0.
00

9
0.

00
9

0.
00

5
0.

00
5

0.
00

5
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

2
0.

02
4

0.
02

4
0.

02
4

0.
01

3
0.

01
3

0.
01

3
0.

00
5

0.
00

5
0.

00
5

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
00

1
0.

00
1

0.
3

0.
04

9
0.

04
9

0.
04

9
0.

01
8

0.
01

8
0.

01
8

0.
00

8
0.

00
8

0.
00

8
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

4
0.

10
4

0.
10

4
0.

10
4

0.
03

3
0.

03
3

0.
03

3
0.

01
1

0.
01

1
0.

01
1

0.
00

2
0.

00
2

0.
00

2
0.

00
5

0.
00

5
0.

00
5

0.
6

0.
31

1
0.

31
1

0.
31

1
0.

08
2

0.
08

2
0.

08
2

0.
02

1
0.

02
1

0.
02

1
0.

00
5

0.
00

5
0.

00
5

0.
00

7
0.

00
7

0.
00

7
0.

8
0.

56
9

0.
56

9
0.

56
9

0.
17

4
0.

17
4

0.
17

4
0.

04
8

0.
04

8
0.

04
8

0.
02

1
0.

02
1

0.
02

1
0.

01
8

0.
01

8
0.

01
8

1.
0

0.
74

8
0.

74
8

0.
74

8
0.

29
1

0.
29

1
0.

29
1

0.
09

4
0.

09
4

0.
09

4
0.

04
2

0.
04

2
0.

04
2

0.
04

0
0.

04
0

0.
04

0
1.

2
0.

85
4

0.
85

4
0.

85
4

0.
41

3
0.

41
3

0.
41

3
0.

17
0

0.
17

0
0.

17
0

0.
07

7
0.

07
7

0.
07

7
0.

07
4

0.
07

4
0.

07
4

1.
4

0.
91

3
0.

91
3

0.
91

3
0.

51
6

0.
51

6
0.

51
6

0.
23

3
0.

23
3

0.
23

3
0.

11
1

0.
11

1
0.

11
1

0.
11

9
0.

11
9

0.
11

9
1.

6
0.

88
0

0.
88

0
0.

88
0

0.
50

1
0.

50
1

0.
50

1
0.

25
3

0.
25

3
0.

25
3

0.
13

2
0.

13
2

0.
13

2
0.

13
4

0.
13

4
0.

13
4

10
00
−

1.
4

0.
00

2
0.

00
2

0.
00

2
0.

00
1

0.
00

1
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
1

0.
00

2
0.

00
2

0.
00

2
−

0.
6

0.
00

3
0.

00
3

0.
00

3
0.

00
3

0.
00

3
0.

00
3

0.
00

1
0.

00
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

2
0.

00
2

0.
00

2
−

0.
4

0.
00

4
0.

00
4

0.
00

4
0.

00
5

0.
00

5
0.

00
5

0.
00

2
0.

00
2

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

2
0.

00
2

0.
00

2
−

0.
3

0.
00

4
0.

00
4

0.
00

4
0.

00
6

0.
00

6
0.

00
6

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
0.

00
2

0.
00

2
−

0.
2

0.
00

4
0.

00
4

0.
00

4
0.

00
6

0.
00

6
0.

00
6

0.
00

3
0.

00
3

0.
00

3
0.

00
4

0.
00

4
0.

00
4

0.
00

2
0.

00
2

0.
00

2
−

0.
1

0.
00

7
0.

00
7

0.
00

7
0.

00
8

0.
00

8
0.

00
8

0.
00

4
0.

00
4

0.
00

4
0.

00
4

0.
00

4
0.

00
4

0.
00

4
0.

00
4

0.
00

4
0.

0
0.

00
7

0.
00

7
0.

00
7

0.
00

8
0.

00
8

0.
00

8
0.

00
5

0.
00

5
0.

00
5

0.
00

4
0.

00
4

0.
00

4
0.

00
4

0.
00

4
0.

00
4

0.
1

0.
00

9
0.

00
9

0.
00

9
0.

01
2

0.
01

2
0.

01
2

0.
00

3
0.

00
3

0.
00

3
0.

00
3

0.
00

3
0.

00
3

0.
00

2
0.

00
2

0.
00

2
0.

2
0.

07
7

0.
07

7
0.

07
7

0.
01

9
0.

01
9

0.
01

9
0.

01
0

0.
01

0
0.

01
0

0.
00

3
0.

00
3

0.
00

3
0.

00
4

0.
00

4
0.

00
4

0.
3

0.
49

9
0.

49
9

0.
49

9
0.

04
7

0.
04

7
0.

04
7

0.
02

4
0.

02
4

0.
02

4
0.

00
8

0.
00

8
0.

00
8

0.
00

9
0.

00
9

0.
00

9
0.

4
0.

90
7

0.
90

7
0.

90
7

0.
19

5
0.

19
5

0.
19

5
0.

05
1

0.
05

1
0.

05
1

0.
02

8
0.

02
8

0.
02

8
0.

01
5

0.
01

5
0.

01
5

0.
6

0.
99

8
0.

99
8

0.
99

8
0.

62
6

0.
62

6
0.

62
6

0.
24

8
0.

24
8

0.
24

8
0.

15
2

0.
15

2
0.

15
2

0.
07

3
0.

07
3

0.
07

3
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
90

6
0.

90
6

0.
90

6
0.

57
5

0.
57

5
0.

57
5

0.
41

1
0.

41
1

0.
41

1
0.

22
0

0.
22

0
0.

22
0

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

97
4

0.
97

4
0.

97
4

0.
78

1
0.

78
1

0.
78

1
0.

62
6

0.
62

6
0.

62
6

0.
41

5
0.

41
5

0.
41

5
1.

2
1.

00
0

1.
00

0
1.

00
0

0.
99

2
0.

99
2

0.
99

2
0.

88
4

0.
88

4
0.

88
4

0.
76

3
0.

76
3

0.
76

3
0.

58
0

0.
58

0
0.

58
0

1.
4

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
99

8
0.

99
8

0.
93

5
0.

93
5

0.
93

5
0.

83
8

0.
83

8
0.

83
8

0.
69

1
0.

69
1

0.
69

1
1.

6
1.

00
0

1.
00

0
1.

00
0

0.
99

5
0.

99
5

0.
99

5
0.

92
1

0.
92

1
0.

92
1

0.
83

0
0.

83
0

0.
83

0
0.

68
8

0.
68

8
0.

68
8

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

54



T
a
b
le

E
.3
4
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

7

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
0

0.
00

0
−

0.
4

0.
00

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
1

0.
00

0
−

0.
3

0.
01

4
0.

00
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
1

0.
00

0
−

0.
2

0.
01

9
0.

00
3

0.
00

0
0.

00
1

0.
00

0
0.

00
0

0.
00

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
1

0.
00

0
−

0.
1

0.
03

3
0.

00
7

0.
00

0
0.

00
1

0.
00

0
0.

00
0

0.
00

3
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
1

0.
00

0
0.

0
0.

03
6

0.
00

8
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
0

0.
1

0.
02

9
0.

00
7

0.
00

0
0.

00
6

0.
00

1
0.

00
0

0.
00

2
0.

00
0

0.
00

0
0.

00
3

0.
00

0
0.

00
0

0.
00

4
0.

00
1

0.
00

0
0.

2
0.

05
9

0.
01

6
0.

00
0

0.
00

8
0.

00
1

0.
00

0
0.

00
3

0.
00

0
0.

00
0

0.
00

3
0.

00
0

0.
00

0
0.

00
4

0.
00

1
0.

00
0

0.
3

0.
14

9
0.

05
6

0.
00

5
0.

01
3

0.
00

4
0.

00
0

0.
00

3
0.

00
1

0.
00

0
0.

00
4

0.
00

0
0.

00
0

0.
00

4
0.

00
1

0.
00

0
0.

4
0.

35
7

0.
20

6
0.

04
1

0.
03

5
0.

00
9

0.
00

0
0.

00
5

0.
00

1
0.

00
0

0.
00

5
0.

00
1

0.
00

0
0.

00
6

0.
00

3
0.

00
0

0.
6

0.
77

9
0.

63
6

0.
33

3
0.

12
6

0.
05

2
0.

00
1

0.
03

4
0.

00
6

0.
00

0
0.

00
7

0.
00

2
0.

00
0

0.
01

1
0.

00
3

0.
00

0
0.

8
0.

95
8

0.
90

9
0.

71
8

0.
35

0
0.

18
5

0.
02

4
0.

09
3

0.
02

8
0.

00
3

0.
02

7
0.

00
5

0.
00

0
0.

03
1

0.
00

8
0.

00
1

1.
0

0.
99

4
0.

98
5

0.
91

4
0.

62
1

0.
40

2
0.

11
2

0.
26

7
0.

10
2

0.
00

9
0.

07
0

0.
02

3
0.

00
0

0.
09

8
0.

02
7

0.
00

3
1.

2
1.

00
0

0.
99

6
0.

97
8

0.
79

4
0.

62
6

0.
27

0
0.

44
7

0.
24

9
0.

03
3

0.
15

4
0.

05
5

0.
00

4
0.

17
8

0.
07

4
0.

00
6

1.
4

1.
00

0
1.

00
0

0.
99

5
0.

90
8

0.
77

0
0.

41
6

0.
60

0
0.

38
3

0.
10

0
0.

25
7

0.
10

0
0.

01
1

0.
30

0
0.

13
5

0.
01

4
1.

6
1.

00
0

0.
99

9
0.

99
5

0.
92

2
0.

79
8

0.
45

6
0.

65
8

0.
44

6
0.

12
7

0.
31

8
0.

14
2

0.
01

8
0.

36
5

0.
18

3
0.

02
4

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

07
0

0.
01

3
0.

00
0

0.
00

1
0.

00
0

0.
00

0
0.

00
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
85

1
0.

63
6

0.
18

8
0.

01
0

0.
00

1
0.

00
0

0.
00

5
0.

00
1

0.
00

0
0.

00
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
1.

00
0

0.
99

8
0.

96
2

0.
16

5
0.

02
6

0.
00

1
0.

01
2

0.
00

4
0.

00
0

0.
00

7
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

1.
00

0
1.

00
0

1.
00

0
0.

90
9

0.
72

4
0.

17
8

0.
29

1
0.

07
7

0.
00

4
0.

09
4

0.
01

9
0.

00
0

0.
02

5
0.

00
1

0.
00

0
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
99

9
0.

99
8

0.
86

8
0.

80
0

0.
53

0
0.

06
3

0.
49

7
0.

19
3

0.
00

6
0.

21
8

0.
05

4
0.

00
1

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
97

8
0.

89
3

0.
41

4
0.

82
9

0.
59

2
0.

08
3

0.
53

6
0.

25
2

0.
00

7
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
98

4
0.

74
9

0.
96

0
0.

84
4

0.
32

9
0.

77
5

0.
50

9
0.

06
8

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
92

9
0.

98
9

0.
95

5
0.

60
6

0.
92

2
0.

71
9

0.
20

1
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

92
1

0.
99

1
0.

96
0

0.
62

6
0.

92
8

0.
77

5
0.

25
5

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

55



T
a
b
le

E
.3
5
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

8

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
21

9
0.

15
7

0.
06

6
0.

05
9

0.
03

1
0.

00
8

0.
05

6
0.

03
6

0.
00

9
0.

02
3

0.
01

3
0.

00
2

0.
09

0
0.

04
8

0.
01

4
−

0.
6

0.
50

6
0.

38
9

0.
20

5
0.

16
2

0.
09

4
0.

03
5

0.
14

7
0.

09
9

0.
02

6
0.

07
9

0.
03

2
0.

00
8

0.
20

1
0.

11
2

0.
02

7
−

0.
4

0.
64

3
0.

52
7

0.
31

0
0.

25
2

0.
15

0
0.

05
3

0.
23

3
0.

13
6

0.
04

6
0.

12
1

0.
05

5
0.

01
0

0.
29

3
0.

15
5

0.
04

8
−

0.
3

0.
72

4
0.

61
3

0.
38

5
0.

30
9

0.
19

3
0.

07
5

0.
27

7
0.

18
1

0.
05

9
0.

14
8

0.
07

6
0.

01
6

0.
34

9
0.

18
8

0.
05

7
−

0.
2

0.
80

7
0.

71
1

0.
47

1
0.

38
5

0.
25

7
0.

09
2

0.
33

1
0.

21
9

0.
07

5
0.

17
2

0.
09

0
0.

02
4

0.
37

6
0.

22
6

0.
06

9
−

0.
1

0.
86

1
0.

77
5

0.
55

1
0.

44
8

0.
30

4
0.

12
1

0.
36

8
0.

24
3

0.
08

5
0.

20
5

0.
10

9
0.

02
6

0.
40

7
0.

24
7

0.
07

8
0.

0
0.

87
9

0.
79

8
0.

59
0

0.
46

4
0.

32
1

0.
12

8
0.

38
3

0.
25

4
0.

09
3

0.
21

3
0.

11
3

0.
02

7
0.

41
3

0.
25

2
0.

07
9

0.
1

0.
88

9
0.

82
6

0.
60

5
0.

49
8

0.
34

0
0.

13
4

0.
42

4
0.

28
3

0.
10

3
0.

23
2

0.
13

2
0.

03
2

0.
42

7
0.

27
8

0.
07

7
0.

2
0.

94
2

0.
88

0
0.

72
4

0.
56

6
0.

39
8

0.
17

5
0.

46
4

0.
33

2
0.

12
2

0.
25

9
0.

14
1

0.
03

4
0.

45
9

0.
30

1
0.

09
3

0.
3

0.
98

2
0.

96
6

0.
87

6
0.

71
4

0.
55

0
0.

26
7

0.
54

9
0.

40
7

0.
17

3
0.

31
7

0.
18

4
0.

04
3

0.
52

3
0.

34
7

0.
11

3
0.

4
0.

99
6

0.
99

3
0.

97
6

0.
85

0
0.

73
8

0.
43

0
0.

68
6

0.
51

8
0.

25
9

0.
40

6
0.

25
3

0.
06

5
0.

63
3

0.
43

5
0.

16
3

0.
6

1.
00

0
1.

00
0

0.
99

8
0.

98
0

0.
95

4
0.

80
6

0.
90

2
0.

79
5

0.
52

1
0.

66
8

0.
50

8
0.

19
2

0.
81

8
0.

65
2

0.
32

4
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
99

9
0.

99
9

0.
97

9
0.

98
5

0.
96

3
0.

80
8

0.
90

3
0.

77
1

0.
45

2
0.

94
7

0.
86

6
0.

56
6

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
8

0.
99

8
0.

99
8

0.
95

2
0.

99
0

0.
94

2
0.

73
0

0.
99

0
0.

97
0

0.
83

1
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

9
1.

00
0

1.
00

0
0.

99
1

0.
99

9
0.

98
8

0.
89

9
1.

00
0

0.
99

1
0.

95
1

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

7
0.

95
4

1.
00

0
1.

00
0

0.
98

3
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
9

0.
96

7
1.

00
0

1.
00

0
0.

99
1

10
00
−

1.
4

0.
03

4
0.

01
6

0.
00

5
0.

01
5

0.
00

7
0.

00
2

0.
00

9
0.

00
5

0.
00

1
0.

01
6

0.
00

8
0.

00
1

0.
01

2
0.

00
5

0.
00

1
−

0.
6

0.
06

0
0.

03
5

0.
01

4
0.

02
9

0.
01

5
0.

00
5

0.
02

2
0.

01
1

0.
00

3
0.

02
9

0.
01

3
0.

00
2

0.
03

1
0.

00
8

0.
00

2
−

0.
4

0.
07

3
0.

03
9

0.
01

7
0.

04
4

0.
02

2
0.

00
5

0.
04

0
0.

01
7

0.
00

5
0.

04
3

0.
01

7
0.

00
2

0.
03

9
0.

01
5

0.
00

4
−

0.
3

0.
08

7
0.

04
8

0.
01

8
0.

05
4

0.
02

8
0.

00
9

0.
04

8
0.

02
2

0.
00

5
0.

05
2

0.
01

9
0.

00
2

0.
04

7
0.

01
7

0.
00

5
−

0.
2

0.
11

2
0.

06
2

0.
02

3
0.

07
0

0.
03

5
0.

01
0

0.
05

9
0.

03
0

0.
00

5
0.

06
1

0.
02

6
0.

00
2

0.
05

3
0.

02
2

0.
00

5
−

0.
1

0.
14

5
0.

09
0

0.
03

4
0.

08
6

0.
04

4
0.

01
5

0.
07

3
0.

03
1

0.
00

7
0.

07
5

0.
03

2
0.

00
5

0.
05

5
0.

02
5

0.
00

5
0.

0
0.

19
5

0.
12

2
0.

05
1

0.
09

6
0.

05
1

0.
01

6
0.

07
6

0.
03

1
0.

00
8

0.
08

0
0.

03
5

0.
00

5
0.

06
0

0.
02

6
0.

00
4

0.
1

0.
29

5
0.

19
3

0.
07

0
0.

09
5

0.
05

3
0.

01
5

0.
07

6
0.

03
8

0.
01

2
0.

06
3

0.
03

2
0.

00
3

0.
05

7
0.

02
8

0.
00

2
0.

2
0.

93
8

0.
85

4
0.

57
8

0.
16

5
0.

09
4

0.
03

1
0.

10
1

0.
05

0
0.

01
4

0.
08

6
0.

03
7

0.
00

5
0.

06
8

0.
03

3
0.

00
3

0.
3

1.
00

0
1.

00
0

1.
00

0
0.

58
4

0.
37

0
0.

11
3

0.
19

8
0.

10
3

0.
02

3
0.

15
0

0.
06

6
0.

01
3

0.
10

2
0.

04
5

0.
01

0
0.

4
1.

00
0

1.
00

0
1.

00
0

0.
99

4
0.

96
0

0.
65

8
0.

61
1

0.
34

9
0.

09
3

0.
38

0
0.

19
3

0.
03

9
0.

22
7

0.
09

3
0.

01
8

0.
6

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

99
7

0.
80

9
0.

98
2

0.
88

3
0.

39
4

0.
84

2
0.

56
2

0.
13

4
0.

8
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
97

2
1.

00
0

0.
99

2
0.

69
3

1.
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

0
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

56



T
a
b
le

E
.3
6
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

9

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

57



T
a
b
le

E
.3
7
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

10

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

58



T
a
b
le

E
.3
8
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

11

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

59



T
a
b
le

E
.3
9
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

12

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
2

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
−

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
1

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
3

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

4
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
6

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

8
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

2
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
1.

6
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

0.
00

0
0.

00
0

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

60



T
a
b
le

E
.4
0
:

R
ej

ec
ti

on
R

at
es

fo
r

C
on

ve
x
it

y
T

es
t,

O
ri

gi
n
al

S
ta

ti
st

ic
s,

10
S
p
li
ts

,
V

ov
k
-W

an
g

R
u
le

N
o.

13

C
as

e
I

C
as

e
II

n
δ

p
=

1,
q

=
1

p
=

2,
q

=
1

p
=

3,
q

=
1

p
=

4,
q

=
1

p
=

5,
q

=
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

.1
0

.0
5

.0
1

10
0
−

1.
4

0.
01

5
0.

01
1

0.
00

2
0.

00
3

0.
00

2
0.

00
1

0.
00

7
0.

00
1

0.
00

0
0.

00
8

0.
00

4
0.

00
0

0.
00

4
0.

00
1

0.
00

0
−

0.
6

0.
03

7
0.

02
7

0.
01

3
0.

00
8

0.
00

7
0.

00
3

0.
00

9
0.

00
5

0.
00

2
0.

00
8

0.
00

7
0.

00
2

0.
01

1
0.

00
5

0.
00

1
−

0.
4

0.
05

4
0.

03
9

0.
02

1
0.

01
0

0.
00

7
0.

00
6

0.
01

0
0.

00
5

0.
00

2
0.

01
4

0.
00

8
0.

00
2

0.
01

5
0.

00
5

0.
00

1
−

0.
3

0.
06

5
0.

04
8

0.
02

7
0.

01
4

0.
00

8
0.

00
6

0.
01

1
0.

00
6

0.
00

3
0.

01
6

0.
01

3
0.

00
2

0.
01

6
0.

00
6

0.
00

2
−

0.
2

0.
07

7
0.

05
9

0.
03

5
0.

01
6

0.
01

0
0.

00
6

0.
01

7
0.

00
6

0.
00

3
0.

01
8

0.
01

4
0.

00
2

0.
01

9
0.

00
6

0.
00

2
−

0.
1

0.
09

0
0.

06
8

0.
04

0
0.

02
0

0.
01

1
0.

00
7

0.
01

9
0.

00
6

0.
00

3
0.

02
0

0.
01

4
0.

00
3

0.
02

0
0.

00
9

0.
00

4
0.

0
0.

10
0

0.
07

6
0.

04
4

0.
02

1
0.

01
3

0.
00

7
0.

02
1

0.
00

8
0.

00
3

0.
02

0
0.

01
4

0.
00

3
0.

02
0

0.
00

9
0.

00
4

0.
1

0.
10

6
0.

08
8

0.
04

8
0.

03
1

0.
02

1
0.

01
0

0.
02

0
0.

01
4

0.
00

7
0.

02
2

0.
01

3
0.

00
4

0.
01

9
0.

00
6

0.
00

3
0.

2
0.

12
9

0.
11

0
0.

06
6

0.
03

7
0.

02
6

0.
01

2
0.

02
2

0.
01

4
0.

00
7

0.
02

3
0.

01
6

0.
00

4
0.

02
0

0.
00

7
0.

00
3

0.
3

0.
21

3
0.

17
4

0.
11

1
0.

05
3

0.
03

5
0.

01
5

0.
02

9
0.

01
7

0.
00

8
0.

02
5

0.
01

8
0.

00
5

0.
02

2
0.

01
2

0.
00

4
0.

4
0.

36
9

0.
32

4
0.

22
2

0.
08

4
0.

06
4

0.
02

7
0.

03
7

0.
03

0
0.

01
5

0.
02

8
0.

01
9

0.
00

6
0.

02
4

0.
01

4
0.

00
4

0.
6

0.
73

0
0.

68
5

0.
55

7
0.

17
2

0.
14

0
0.

07
9

0.
07

7
0.

05
3

0.
02

7
0.

04
1

0.
02

9
0.

01
1

0.
05

4
0.

03
7

0.
00

7
0.

8
0.

92
8

0.
91

0
0.

84
3

0.
34

0
0.

29
3

0.
17

0
0.

15
1

0.
11

4
0.

06
3

0.
07

4
0.

05
8

0.
02

4
0.

09
1

0.
07

0
0.

03
5

1.
0

0.
97

7
0.

97
0

0.
95

0
0.

51
1

0.
46

0
0.

32
7

0.
26

5
0.

21
5

0.
12

4
0.

13
3

0.
10

1
0.

05
2

0.
15

8
0.

12
4

0.
06

6
1.

2
0.

99
1

0.
98

8
0.

98
0

0.
68

7
0.

62
0

0.
46

6
0.

41
5

0.
33

7
0.

21
7

0.
19

8
0.

15
3

0.
08

4
0.

23
9

0.
19

0
0.

11
7

1.
4

0.
99

9
0.

99
8

0.
99

0
0.

79
4

0.
73

4
0.

59
8

0.
51

9
0.

45
0

0.
32

1
0.

28
2

0.
22

4
0.

11
8

0.
31

7
0.

25
5

0.
14

5
1.

6
1.

00
0

0.
99

8
0.

99
3

0.
80

6
0.

76
5

0.
64

2
0.

57
8

0.
50

9
0.

37
6

0.
34

2
0.

26
8

0.
15

1
0.

36
3

0.
30

2
0.

18
4

10
00
−

1.
4

0.
00

0
0.

00
0

0.
00

0
0.

00
1

0.
00

1
0.

00
0

0.
00

4
0.

00
2

0.
00

0
0.

00
3

0.
00

2
0.

00
1

0.
00

2
0.

00
0

0.
00

0
−

0.
6

0.
00

1
0.

00
0

0.
00

0
0.

00
5

0.
00

2
0.

00
0

0.
00

4
0.

00
3

0.
00

1
0.

00
6

0.
00

3
0.

00
1

0.
00

5
0.

00
2

0.
00

0
−

0.
4

0.
00

1
0.

00
0

0.
00

0
0.

00
6

0.
00

3
0.

00
0

0.
00

4
0.

00
4

0.
00

2
0.

00
8

0.
00

3
0.

00
1

0.
00

7
0.

00
3

0.
00

0
−

0.
3

0.
00

1
0.

00
0

0.
00

0
0.

00
7

0.
00

4
0.

00
0

0.
00

6
0.

00
4

0.
00

2
0.

00
9

0.
00

3
0.

00
2

0.
00

6
0.

00
5

0.
00

0
−

0.
2

0.
00

1
0.

00
1

0.
00

0
0.

00
7

0.
00

5
0.

00
2

0.
00

9
0.

00
4

0.
00

2
0.

00
9

0.
00

4
0.

00
2

0.
00

6
0.

00
6

0.
00

0
−

0.
1

0.
00

4
0.

00
1

0.
00

0
0.

01
0

0.
00

5
0.

00
3

0.
00

9
0.

00
4

0.
00

2
0.

01
0

0.
00

5
0.

00
2

0.
00

6
0.

00
6

0.
00

0
0.

0
0.

00
6

0.
00

2
0.

00
0

0.
01

1
0.

00
5

0.
00

3
0.

00
9

0.
00

4
0.

00
2

0.
01

1
0.

00
5

0.
00

2
0.

00
6

0.
00

6
0.

00
0

0.
1

0.
01

1
0.

00
7

0.
00

1
0.

01
1

0.
00

8
0.

00
2

0.
01

0
0.

00
9

0.
00

3
0.

01
3

0.
00

8
0.

00
2

0.
00

8
0.

00
4

0.
00

1
0.

2
0.

08
8

0.
07

1
0.

02
8

0.
01

2
0.

01
0

0.
00

4
0.

01
2

0.
01

0
0.

00
3

0.
01

5
0.

00
8

0.
00

2
0.

00
8

0.
00

4
0.

00
1

0.
3

0.
61

9
0.

53
9

0.
37

4
0.

02
6

0.
01

5
0.

00
8

0.
01

7
0.

01
3

0.
00

5
0.

01
7

0.
01

0
0.

00
3

0.
01

3
0.

00
4

0.
00

2
0.

4
0.

99
6

0.
98

2
0.

94
7

0.
12

3
0.

07
9

0.
02

8
0.

03
7

0.
02

7
0.

01
1

0.
02

6
0.

01
7

0.
00

4
0.

02
1

0.
01

4
0.

00
3

0.
6

1.
00

0
1.

00
0

1.
00

0
0.

62
4

0.
53

3
0.

34
1

0.
16

5
0.

11
4

0.
05

9
0.

09
4

0.
06

2
0.

02
4

0.
05

0
0.

03
7

0.
01

3
0.

8
1.

00
0

1.
00

0
1.

00
0

0.
96

0
0.

92
4

0.
81

0
0.

47
2

0.
37

9
0.

19
0

0.
27

5
0.

18
7

0.
08

8
0.

14
1

0.
09

8
0.

04
2

1.
0

1.
00

0
1.

00
0

1.
00

0
0.

99
9

0.
99

4
0.

97
8

0.
76

1
0.

66
3

0.
46

2
0.

51
0

0.
41

4
0.

24
8

0.
29

5
0.

21
9

0.
10

5
1.

2
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
99

9
0.

90
8

0.
85

7
0.

69
3

0.
70

5
0.

60
8

0.
42

8
0.

46
3

0.
36

9
0.

19
6

1.
4

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

0.
98

1
0.

95
3

0.
85

2
0.

84
4

0.
77

6
0.

59
6

0.
62

2
0.

51
7

0.
32

8
1.

6
1.

00
0

1.
00

0
1.

00
0

1.
00

0
1.

00
0

1.
00

0
0.

97
5

0.
95

1
0.

86
0

0.
87

9
0.

79
3

0.
63

7
0.

66
4

0.
56

5
0.

36
6

N
O

T
E

:
T

h
e

p
ro

d
u
ct

io
n

se
t

is
co

n
ve

x
fo

r
δ
≤

0,
an

d
n
on

-c
on

ve
x

fo
r
δ
>

0.

61



F Results Obtained using Single Split and Bootstrap

Tests

Tables F.1–F.3 on the following pages give estimated rejection rates for the Kneip et al.

(2016) test of convexity versus non-convexity using a single sample-split while relying on the

asymptotic normality of the test statistics and the two bootstrap tests of Simar and Wilson

(2020) with 100 sample-splits.

Tables F.4–F.6 show analogous results for tests of CRS versus non-CRS. However, due

to the computational burden when the Simar and Wilson (2020) bootstrap method is used,

in Tables F.5–F.6 only results for the case p = q = 1 are reported when n = 1, 000.

The results in Tables F.1–F.6 are discussed in Section 5.4.
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