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Abstract. In this paper, we study p-order methods for unconstrained minimization of convex
functions that are p-times differentiable (p > 2) with v-Holder continuous pth derivatives. We propose
tensor schemes with and without acceleration. For the schemes without acceleration, we establish
iteration complexity bounds of O (6_1/(P+”_1)) for reducing the functional residual below a given

€ € (0,1). Assuming that v is known, we obtain an improved complexity bound of O (e_l/(p""’)) for
the corresponding accelerated scheme. For the case in which v is unknown, we present a universal
accelerated tensor scheme with iteration complexity of O (e_p/[(p+1)(p+”_1)]). A lower complexity

bound of O (6_2/[3(1""”)_2]) is also obtained for this problem class.
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1. Introduction.

1.1. Motivation. In [16], it was shown that a suitable cubic regularization of the
Newton method (CNM) takes at most O(e~1/2) iterations to reduce the functional
residual below a given precision € > 0 when the objective is a twice-differentiable
convex function with a Lipschitz continuous Hessian. A better complexity bound
of O(¢=1/3) was shown in [13] for an accelerated version of CNM. Auxiliary prob-
lems in these methods consist in the minimization of a third-order regularization of
the second-order Taylor approximation of the objective function around the current
iterate. A natural generalization is to consider auxiliary problems in which one min-
imizes a (p + 1)-order regularization of the pth-order Taylor approximation of the
objective function, resulting in tensor methods. Unconstrained optimization by ten-
sor methods is not a new subject (see, for example, [17, 5]). In the context of convex
optimization, accelerated tensor methods (as described above) were first considered
by Baes [2]. However, the author did not realize that under a proper choice of the
regularization coefficient the auxiliary problems become convex. This important ob-
servation was done in a recent paper [14], where tensor methods with and without
acceleration were proposed for unconstrained minimization of p-times differentiable
convex functions with Lipschitz continuous pth derivatives. An iteration complexity
bound of O(e~1/P) was proved for the method without acceleration, while an improved
bound of O(e~/(P*+1)) was proved for the accelerated tensor method.
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In the present paper, we study tensor methods (with and without acceleration)
that can handle convex functions with v-Hoélder continuous pth derivatives (p > 2)
and allow the inexact solution of auxiliary problems (in the sense of [4]). Specifically,
our contribution is threefold:

1. For the schemes without acceleration, we establish iteration complexity bounds
of O (e7¥/P+¥=1) for reducing the functional residual below a given € € (0,1).

2. Assuming that v is known, we obtain an improved complexity bound of
o (6*1/ (p“’)) for the corresponding accelerated scheme. For the case in which
v is unknown, we present a universal accelerated tensor scheme with iteration
complexity of O (e7#/[P+DFp+r=1]),

3. A lower complexity bound of O (672/ [3(”*”)*2]) is also obtained, from which
we conclude that our accelerated nonuniversal scheme is nearly optimal.

The methods and results presented here extend in a significant way the contri-
butions in [2, 8, 9, 14]. Indeed, [8, 9] deal only with second-order schemes (p = 2)
which require the exact solution of the auxiliary problems. On the other hand, the
p-order methods proposed in [2, 14] are restricted to the Lipschitz case (v = 1),
assuming that the Lipschitz constant is known and that the auxiliary problems are
solved exactly. We believe that the development of p-order methods with affordable
trial steps and automatic adjustment to the objective’s function class (universality)
constitutes a fundamental step towards implementable high-order methods for convex
optimization.

1.2. Contents. The paper is organized as follows. In section 2, we define our
problem. In section 3, we present tensor methods without acceleration and establish
their convergence properties. In section 4, we present complexity results for accel-
erated schemes. Finally, in section 5 we obtain lower complexity bounds for tensor
methods under the Holder condition. All necessary auxiliary results are included in
Appendix A.

1.3. Notations and generalities. In what follows, we denote by E a finite-
dimensional real vector space, and by E* its dual space, composed by linear functionals
on E. The value of function s € E* at point = € E is denoted by (s, z). Given a self-
adjoint positive definite operator B : E — E* (notation B > 0), we can endow these
spaces with conjugate Euclidean norms:

lz|| = (Bxz,z)? z€E, |s|. = (s,B~'s)'/2 scE*

For a smooth function f : dom f — R with convex and open domain dom f C E,
denote by V f(x) its gradient and by V2 f(z) its Hessian evaluated at point = € dom f.
Note that Vf(z) € E* and V2f(z)h € E* for x € dom f and h € E.

For any integer p > 1, denote by

DP f(z)[h,. .., hy]

the directional derivative of function f at x along directions h; € E; ¢ =1,...,p. In
particular, for any € dom f and hy, ho € E we have

Df(x)[h] = (Vf(z),h1) and D?f(z)[h1,ho] = (V> f(x)h1,ha).

For hy = --- = hp, = h € E, we use notation DP f(z)[h]?. Then the pth-order Taylor
approximation of function f at € dom f can be written as follows:

(1.1) f@+h) =@ p(z+h)+o[|A]]"), «+hedomf,

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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where
(1.2 Baply) = J@) + Y D@y —al', y e

Note that DP f(z)[.] is a symmetric p-linear form. Its norm is defined by

|DP f(z)]| = , max {ID?f(x)[h1,- -, hpll Rl <1,i=1,...,p}.

Lyeoeshy
In fact, it can be shown that (see, e.g., [3])

1D f ()l = max {|D? f(z)[R]"| : [|Al] < 1}

Similarly, since DPf(x)[.,...,.] — DPf(y)[.,...,.] is also a symmetric p-linear form
for fixed x,y € dom f, we can define

1DPf (@) = DP f(y)ll = max {| D" f (2)[A]” — DPf(y)[h]"] - [[A]] < 1}

2. Problem statement. In this paper, we consider methods for solving the
following minimization problem:

(2.1) min f(z),

where f : E — R is a convex p-times differentiable function (p > 2). We assume that
there exists at least one optimal solution z* € E for problem (2.1). Let us characterize
the level of smoothness of the objective f by the system of Holder constants

{D”f(x) — DPf(y)|
=yl

(2.2) Hyp(v) = sup

z,y€E

|::E75y}, 0<v<1

Then, from (2.2) and from the integral form of the mean-value theorem, it follows
that

(2.3) @) = By ()] < Hf;(”)ny e,
H 710(1/) p+v—1
(2.4) IV5) = Va0 < G250 Iy — ol

for all z,y € E. Given z € E, if Hy ,(v) < +o00 and H > H;,(v), by (2.3) we have

H
(2.5) fly) <@, ,(y) + Elly —z|P*t, yeE.

This property motivates the use of the following class of models of f around z € E:

o H
(2.6) Q) L (y) = By ply) + il =l oo

In particular, as long as H > Hy ,(v), by (2.5) we have

(2.7) Fy) <) 4(y), yeE,

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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3. Tensor schemes without acceleration. If we assume that H; ,(v) < +oo0
for some v € [0,1], there are two possible situations: either v is known, or v is
unknown. We cover both cases in a single framework by introducing parameter

(3.1)

v if v is known,
o= .
1 if v is unknown.

Let € € (0,1) be the target precision. At the beginning of the ¢th iteration, one has
an estimate z; for the solution of (2.1) and a scaling coefficient M;. A trial point ;"
is computed as an approximate solution to the auxiliary problem

(3.2) min ol @),

with o given by (3.1). Similarly to [4], the trial point z;” must satisfy the following
conditions:

(3.3) Q)

O @) < flae) and [[VOL L (@) < Ollaf — P,

x¢,p, My

where 6 > 0 is a user-defined parameter. When (3.2) is not convex, then z; is not

necessarily an approximation of its global solution. If the descent condition

(3.4) fa) — fat) > ST
8(p + 1) MFT

holds, then z; is accepted and we define 2;,1 = z;7. Otherwise, constant M; is
increased until the corresponding trial point x; is accepted. We will see that this
process is well defined in the sense that there exists M, > 0 such that M; < M, for
all ¢. This general scheme can be summarized in the following way.

Algorithm 1. Tensor Method

Step 0. Choose zp € E and 6 > 0. Set o by (3.1) and ¢ := 0.

Step 1. Find 0 < M; < M, such that (3.4) holds for an approximate solution
x to (3.2) satisfying conditions (3.3).

Step 2. Set ;11 = ;.

Step 3. Set t :=t+ 1 and go back to Step 1.

Remark 3.1. Regarding the approximate solution of the auxiliary problems, it is
easy to see that x; satisfying (3.3) can be computed by any monotone optimization
scheme that drives the gradient of the objective to zero. In [10], we investigated
the possible use of gradient methods with Bregman distance for the case p = 3 and
a = v. Specifically, under assumptions H1 and H2 below, we showed that if {yk}fzo

is a sequence generated by these methods applied to minycg Q;’:)g’ a, (y) with

IVf@ll. > e and [V ille > Ollys — o> for k=0,...,T,

hen
' O (=BG if My < [6/(3+v)]Hy3(v) and v # 0,
T<{ 0 (e—@ if My = [6/(3 + v)|Hys(v) and v # 0,
O (log(e™)) if My > [6/(3+ v)]Hy3(v).

For more details, see Theorems 3.7 and 3.8 in [10].

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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To analyze the convergence of Algorithm 1, we introduce the following assump-
tions:

H1 Hj,(v) < +oo for some v € [0, 1].

H2 The level sets of f are bounded, that is, max,c £ (5 |z —2*|| < Do € (1, 400)

for L(xg) ={z € E : f(x) < f(xo)}, with z¢ being the starting point.

The next theorem establishes global convergence rate for Algorithm 1.

THEOREM 3.2. Suppose that H1 and H2 are true, and let {xt}tho be a sequence
generated by Algorithm 1. Denote by m the first iteration number such that

flam) — f(*) < 2[8(p+ 17T~ M, DET

and assume that m < T. Then

1
(3.5) m < ———  Inmax {1, log,

- +
In (;252;)

and, for all k, m < k <T, we have

fwo) = f2¥) }
[8(p + 1)YJp+e~tM, Dy

o _ [24p(p + D)JPHe—tM, DA

(36> f(xk) - f(.’l? ) < (k — m)era,l :
Proof. By Step 1 in Algorithm 1, we have

(3.7) My <M, k=0,...,T—1.

Thus, in view of (3.4), (3.7), and H2, for k =0,...,7 — 1 we have

> 1 M1 PFa=T o _pta
flog) = f(zrg1) > SEES] M] IV f(xper)]f
1 [ 1 =T pta
. > - = ; to
. > vy o) IVl
1 [ 1 T e
- 8(p+ 1)' M, Dp+06:| (va(xk+1)||*||$k+1 —x H)P#»afl
' M, D¥
r 1
1 1 pta—1 . o
o “ 8T _MVDgW] (flanen) = F@) 7

where the last inequality is due to the convexity of f. Now, denoting

_ flzr) — f(z7)
[8(p + 1)l|pte—107, DEF

we see from (3.9) that this sequence satisfies condition (1.1) of Lemma 1.1 in [8] with
U= pigil. Note that m is the first iteration for which 4,, < 2. Using Lemma 1.1 in
[8], this inequality allow us to obtain the upper bound (3.5) for m and also simplifies
our final bound for the functional residual. Indeed, if m > 0, then dg > 2 and, in view

of inequality (1.2) of Lemma 1.1 in [8], we have

1 m—1 m—1
n2<1Ind, | < <p+o‘> In 5y = (W> In 2 < In &

P+« p+a—1

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 06/27/23 to 130.104.59.42 . Redistribution subject to CCBY license

TENSOR METHODS FOR MINIMIZING CONVEX FUNCTIONS 2755

m—1
In §
= () <hsoems

Thus, m < %, and so (3.5) holds. Consequently, from inequality (1.3) of
M p+a—1
Lemma 1.1 in [8] we get the following rate of convergence:

s B
< | ———m
£ {(u— 1)(k—m)} ’
that is,
_1 qpta-l
flay) — f(@7) (p+a—1)(1+2rFe-T)
[8(p + 1)|p+e-1M,DET — k—m :
Therefore,

[B(1+2777)(p+ o — 1)(p + P+~ M, DY
(k _ m)p+a—1

[24p(p + 1)YJP+o~1 M, D

= (k — m)p+a—1 '

flak) = f(a") <

If we assume that v and Hy ,(v) are known, by Lemma A.2, we can set

3H
My = M, = max {f;(y),?ﬁ(p — 1)!} .
Here, by (3.1) the corresponding version of Algorithm 1 takes at most O(e~!/(PTv=1))
iterations to generate x such that f(z) — f(a*) < e for a given € € (0,1). However,
in most practical problems, Hy ,(v) is not known. To deal with this situation, we can
consider the following adaptive version of Algorithm 1:

Algorithm 2. Adaptive Tensor Method

Step 0. Choose 29 € E, Hy > 0, and 8 > 0. Set « by (3.1) and ¢ := 0.
Step 1. Set i := 0.

Step 1.1 Compute an approximate solution :13; to minyeg Qioj)p 2iH, (y), such
that '
Q) o ) < fla) and [V (@) < Ol — P
Step 1.2. If
1

pta
IV f (@)l

Ty) — x:rz = ; 1
f( ) f( ¢)>8(p+1)!(21Ht)p+a—1

holds, set i; := i and go to Step 2. Otherwise, set ¢ := 14+ 1 and go to Step 1.1.
Step 2. Set ;1 = x:it and H;,q = 2% 1 H;.
Step 3. Set t :=t¢+ 1 and go to Step 1.

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Let us define the following function of € > 0:

max{ng’Zp(V)ﬁﬁ(p—l)!} if a =v,
(3.10) N,(e) = 3H; ,(v) PEe=T AR(e) T .

max {9, (g) ( . ) } if a =1,
where
(3.11) R(e) = max {{lo —a™|| : f(z) < f(27) +¢} .

The next lemma provides upper bounds on H; and on the number of calls of the
oracle.!

LEMMA 3.3. Suppose that H1 and H2 are true. Given € > 0, assume that {xt}tT:O
is a sequence generated by Algorithm 2 such that

(3.12) f(zo) — fa¥) > ¢,

(3.13) flaf)—f@*)>e i=0,...,i andt =0,...,T.
Then

(3.14) H; <max{Hy,N,(¢)} fort=0,...,T.

Moreover, the number Ot of calls of the oracle after T iterations is bounded as follows:
(3.15) Or < 2T + log, max {Hy, N, (€)} — logy Hy.

Proof. Let us prove (3.14) by induction. Clearly it holds for ¢ = 0. Assume that
(3.14) is true for some ¢, 0 < ¢t < T — 1. If v is known, then by (3.1) we have a@ = v.
Thus, by H1 and Lemma A.2 the final value of 2% H; cannot exceed

Qmax{ng;(V),%(p— 1)!},

since otherwise we should stop the line search earlier. Therefore,
1., H
Hyq = §Q“Ht < max {Sf‘?p(y),iw@ — 1)!} = N,(¢) <max{Hpy, N,(e)};

that is, (3.14) holds for t =t 4 1.
On the other hand, if v is unknown, we have o = 1. In view of (3.11), (3.12), and
H2, it follows that

(3.16) R(e) < R(f(wo) — f(27)) = Lax [l — 27| < Do < +o0.

Thus, by (3.13) and Lemma A.5 in [9] we have |V f(x¢11)|« > R(oy- In this case, it
follows from Corollary A.5 with § = €/R(e) that

2% H, < 2max {9, (W) A (4R(€)> e } = 2N, (e).

2 €

1By calls of the oracle we mean the joint computation of f and its derivatives.

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Consequently, we also have
1 .
Hiq = 52“Ht < N,(e) <max{Hy, N,(¢)};

that is, (3.14) holds for ¢ + 1. This completes the induction argument.

Finally, note that at the kth iteration of Algorithm 2, the oracle is called i + 1
times. Since Hyy1 = 21~ 1 Hy, it follows that iy — 1 = logy Hy41 — logy Hy. Thus, by
(3.14) we get

T—1 T—1
Or = Z(zk +1)= Z 2+ logy Hi41 — logy Hy, = 2T + logy, Hp — logy Hy
k=0 k=0
< 2T + log, max { Hy, N, (e)} — logy Hy. O

From Lemma 3.3, we see that Algorithm 2 is a particular case of Algorithm 1 in
which
M; =2"H, =2H,;, and M, =2max{Hy, N,(e)}.

Thus, combining Theorem 3.2 and Lemma 3.3, we obtain the following result.

THEOREM 3.4. Suppose that H1 and H2 are true. Given e € (0,1), assume that
{xt}z;o 18 a sequence generated by Algorithm 2 such that

(3.17) f(@o) = f(z") = €,
(3.18) flaf) —f@*)>e i=0,...,ip andt =0,...,T.
Denote by m the first iteration number such that

f@m) = f@*) < [B(p+ P max {Ho, Ny ()} DF ™,
and assume that m < T. Then

1

+
In (5252;)

(3.19) m < f(zo) — f(z) }

In max {1, log, ta
[8(p + 1)l]Pte=12max {Ho, N, (¢)} D}

and

[24p(p + 1)N]PT*~12max { Hy, N, ()} Dg+°‘
(T — m)pta-l '

(3.20) fler) = f(2") <

Consequently,
(3.21) T <m+ s 24p(p + 1)]e 777,
where
3H +L1/71
(2 max {HO, f#p@), 30(p — 1)!} Dg+”> ’ if v is known,
K/gl’) = 3H (V) # ~ %
(2 max {HO, 0, <f;> (4Dg) P12 } Dg“) if v is unknown.

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Proof. As mentioned above, by Lemma 3.3 we have
2 H, = 2(2" 1 H,) = 2H; 1 < 2max {Hy, N, ()}, t=0,...,T —1.
Then (3.19) and (3.20) follow directly from Theorem 3.2 with
M, = 2max {Hy, N,(e)}.
Now, combining (3.18) and (3.20), we obtain

 [24p(p + )]+~ 2 max {Ho, N, (€)} Dpte
= (T — m)p+a-1 ’

and so

[2@Kp4-UH(2wa{fh,AL@Q}Dg%ﬂirij.

1
epta—1

(3.22) T <m+

If v is known, then a = v and, by (3.10), we have

(3.23) N,(e) = max{?)Hfép(V), 30(p — 1)!} .

Thus, combining (3.22) and (3.23), we get (3.21). On the other hand, if v is unknown,
then a = 1 and, by (3.10), (3.16), and € € (0, 1), we have

A@&)max{e,(gﬂi;00>P*5l (4%Fg>pﬁ7l}

H ﬁ 1—v .y
(3.24) glnax{e,(3fm00> (4[%)ww—1}epo1.

2

In this case, combining (3.22) and (3.24) we also get (3.21). d
Remark 3.5. Note that for any 6 in the interval

Ho  Hpp(v) }

. s k
. min -1 (- 1)!2p if v is known,
i<y . 3H (1) 77 UV
min { Hy, T (4Dg) o1 if v is unknown,

the corresponding right-hand side in (3.21) has the same value as for § = 0.

Note that Algorithm 2 with o = 1 is a universal scheme: it works for any Holder
parameter v € [0, 1] without using it explicitly. This algorithm can be viewed as a
generalization of the universal method (6.10) in [8]. Looking at the efficiency bound
(3.21), for v known and v unknown, we see that the universal scheme ensures the same
dependence on the accuracy ¢ as the nonuniversal scheme (o = v # 1). Remarkably,
this is not true for the accelerated schemes obtained from the standard estimating
sequences technique, as we will see in the next section.

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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4. Accelerated tensor schemes. Similarly to section 3, we shall consider a
general accelerated tensor method parametrized by the constant « given in (3.1).
Specifically, at the beginning of the ¢th iteration (¢ > 0) one has an estimate x; for
the solution of (2.1), an auxiliary vector v, and constants A;, My > 0. A new vector
y; is computed as a convex combination of x; and wv;:

(4.1) ye = (1 = y)xe + vevy,
where

Qg
4.2 - )
(4.2) Tt A, +a

with a; > 0 being computed from the equation

o 1 p—1)! o
(4.3) @ = 3D {( M, ) } (Ap +an)" 70

Then a trial point x:“ is computed as an approximate solution to the auxiliary problem

(4.4) min Q" (),
such that
(4.5) O @) < ) and VO L @)k < Ol — gl

where € > 0 is a user-defined parameter. If the descent condition

1
1 [(p—1)!]rte _pta

(4.6) (Vf(@ )y —=f) > {(thl)} BT

=4
is satisfied, then xf is accepted, and we define x4y1 = xj Otherwise, constant M; is
increased until the corresponding trial point z;  is accepted. As in Algorithm 1, we
assume that there exists M, > 0 such that M; < M, for all t. After obtaining x;41,
we set A;y1 = At + a; and compute

(4.7) Vg1 = arg rwnel]g Yi1(2),
where
(4.8) Yrg1(x) = Pi(x) + ar [f(weg1) + (VF(@041), 0 — 041)] -

To initialize, we choose xg and we set vg = xg, Ag = 0, and Yy (z) = |z — 2q||PTe.

This general scheme can be summarized in the following way.

L|
pta

Algorithm 3. Accelerated Tensor Method

Step 0. Choose 29 € E, Hy > 0. Set « by (3.1), vg = xg, 4g =0, and ¢ := 0.
Step 1. Find 0 < M; < M, such that (4.6) holds for an approximate solution
x} to (4.4) satisfying (4.5), with y; being defined by (4.1)—(4.3).

Step 2. Set ;1 = x; and A;,1 = A; + ay, with a; > 0 obtained from (4.3).
Step 3. Define ¢;11(.) by (4.8) and compute vy by (4.7).

Step 4. Set t :=t¢+ 1 and go back to Step 1.

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Remark 4.1. From the expression of 1;11(.) we can see that mingcg ¢+ () ad-
mits a closed form solution, namely,

B s -
Vg1 = @0 — ———ar, s = 3 @iV (i)
l|$t41][7Fo=1 i=0

Regarding the computation of a;, for ¢t = 0, (4.3) gives

2(35_1) {(p]\—/[tl)!} .

apg =

For t > 0, we have A; > 0. Thus, the computation of a; requires the solution of a
univariate nonlinear equation of the form
Pt — B(A+2)Pt* 1 =0, B,A>0.
Denoting g(x) = 2PT% — B(A + x)PT*~1 it is easy to see that
9(0) = =BAP**~1 <0 < g(e),

where ¢ = max {A4,2°7*"1B}. Since g(.) is continuous, we can use the bisection
method to compute an approximation to a* € (0, ¢] such that g(a*) = 0. As can be
seen in the proof of Theorem 4.3, our convergence results only require

1 (p—1)! _
0<al™ < { Ay + a)PTo L
t 26p-1) | M, (e +ar)

The next result establishes the relationship between the estimating functions ()
and the objective function f(-).

LEMMA 4.2. For allt > 0,
(4.9) P(x) < Auf(x) + mﬂx — zo|Pt™ Va € E.
Proof. We prove this result by induction in ¢. Since Ay = 0, for all x € E,
do(z) = Graylle —2olPT = Aof(2) + Graylle — zolP*;

that is, (4.9) is true for t = 0. Suppose that (4.9) is true for some ¢t > 0. Then (4.8)
and the convexity of f imply that, for all z € E,

Vepr(x) = (@) + a [f(@ee1) + (V@) 2 — 241)]
< () +anf(2)
< (A tay)f(z) + %
= Apaf(o) + —“mfpmﬁg+a~
Thus, (4.9) is also true for ¢ + 1, and the proof is completed. |

The theorem below establishes the global convergence rate for Algorithm 3.

THEOREM 4.3. Assume that H1 is true, and let the sequence {xt}tTZO be generated
by Algorithm 3. Then, fort=2,...,T,

277 IM, (p + a)P O wo — at||Pe

(4.10) Flae) = f(@7) < (p— DI(t — 1)pte
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Proof. Let us prove by induction that
(411) Auf (@) < 7 = minei(a).

Since Ag = 0, we have Agf(z¢) = 0 = mingep o(x). Thus, (4.11) is true for ¢t = 0.
Assume that it is true for some ¢ > 0. Note that for any = € E we have

S | — o "
@) = D ailf(wi) + (VI(@iga), @ — zia)] + Tao
1=0
= ) + gl —zo[PTe VE> 1.

Note that ¢(z) is a linear function. Moreover, by Lemma 4 in [13], the function
m ||z —20]|PT* is uniformly convex of degree p+a with parameter 2~ (P+*=2) Thus,
Yy (z) is also a uniformly convex function of degree p + o with parameter 2~ (P+a=2),
Therefore, Lemma A.2 in [9] and the induction assumption imply that

, 2~ (pta-1) N 9—(p+a—1) N
Yi(x) > Py + Wﬂx —vg||PTY > Apf () + W”m — | [PT
Thus,
i = glel]g {e(x) + a¢ [f(we1) + (Vf(@41), 0 — 2441)]}
. —(p+a—2) o
2 min{A:f(z:) + L orar llw — velP*

+ag[f(vir1) + (VI (@11), 7 — 2e41)]}-
Since f is convex and differentiable, we have
flx) = flr) + (V@) 20 — 2e).
Then, substituting this inequality above, we obtain
Yipn 2 min{Aea f(zen) + (VA (@e1), A — Arzera)
g—(pta—1)

+a(Vf(@e41), @ — @eg1) + o o — wefPP

at
At

Note that Y = (1 — ")/t)l't + YUt = ﬁl’t + V¢. Therefore, Atl't = At—‘,—lyt — Q4 V¢,

and

Yig 2 %E{At+1f($t+1) + (Vf(xey1), Atr1ye — arvs — Agigr)

—(pta—1)
T ar(Vf(@e41), 0 = T41) + %Hm — [P}

Moreover, A;1x44+1 = AiZiy1 + @iy, and so

Vi > glei]fEl{Atﬂf(xtH) + A 1 (Vf(Te41), Yt — Tey1)

—(p+a—1)
+ar(V (), @ —ve) + 2 lle — vel[PF}
% _pto
Appaf(ween) + glei]]g{AtJrl% {(p#fl)'} TV @) |
o—(pta—1)

+a(V (i), @ — o) + gl — w703,

Vv
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where the last inequality is due to (4.6). Thus, to prove that (4.11) is true for ¢ + 1,
it is enough to show that

| [=1t] 7T T
Ary1g [ th } V(@) + ae(V(@ig1), 2 — vy)

—(pta—1)
+ 2 ey lz —welPte} = 0

(4.12)

for all x € E. Using Lemma 2 in [13] with r = p+ v, s = a:Vf(241), and w =
2= (P+e=1) we see that a sufficient condition for (4.12) is

_ -1 _pta_ B pra—2 _Pto_ _pta
A3 [S2] TV @a)IlFTT 2 (B )2 TV ST

which is equivalent to

pta—1
pta pta 1\p+a—=1 [ (p—1)! pta—1
e = 2 (p+a—1) () | At

Note that 2(1:221);3-&-@—1 (%)p—m_l > 5@y Therefore, by (4.3) we have
1 (p—1)! _
pto p+a—1
“ T G { ag, | At

a—1 a—1
p+ a p+ 1 p+ (p_ 1)' S
<2 ——— — A .
p+a—1 8 M, 1

Thus, (4.11) is true for ¢ 4+ 1, completing the induction argument.
Let us now estimate the growth of the coefficients A;. Since M; < M, for all
t=0,...,T, by (4.3) we get a?*t® > ﬁ(At + a;)PTeL with

5 2(3p—1)MV
4.13 M= ———
( ) (p — 1)!
Consequently,
M% pta—1
(4.14) A1 — Ay = ap > (ﬁ) A

Now, denoting B, = M A, for all t > 0, it follows from (4.14) that

Biy1—Bi > BT .

Then, by Lemma A.4 in [9], we have

pta—1- Pta

_1 pta
pto
B, > (L) Bi" (t—1)Pte v > 2.
pra Bf’i“ +1
Note that A; > ﬁ Thus, B; > 1, and consequently

pta—11Pta
Bz [ ] e
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Therefore, for all ¢ > 2, we have

1 1 p+$—1 pta
pPt+a

Finally, by (4.11) and Lemma 4.2, for ¢t > 0, we have

(4.15) Ay >

1
M

Af(e) < ¥ < (@) + phglla” — P

Hence, A;(f(xy) — f(z*)) < ﬁ”x* — 20|*t¥, and (4.10) follows immediately from

(4.13) and (4.15). O

If we assume that v and Hy,(v) are known, then, by Lemma A.6, we can set
My =M, = (p+v—1)(Hsp(v) +0(p—1)).
Here, by (3.1) the corresponding version of Algorithm 3 takes at most O(e~/(P++))

iterations to generate x; such that f(z.) — f(«*) < e. For problems in which Hy ,(v)
is not known, let us consider the following adaptive version of Algorithm 3.

Algorithm 4. Adaptive Accelerated Tensor Method

Step 0. Choose zg € E, Hy > 0, and 6 > 0. Set « by (3.1) and define function
Yo(x) = ﬁ”x — xo||PT. Set vg = xg, Ao =0, and ¢ := 0.

Step 1. Set i :=0.

Step 1.1. Compute the coefficient a;; > 0 by solving equation

1 (p—1)! _
pta \pta—1
i = 2(3p—1) { 2 H, (At +ar;) .

Step 1.2. Set v, = Aﬁ’;t - and compute vector y;; = (1 — y¢;)ze + Y2,i0s-
’ (@)

Step 1.3 Compute an approximate solution :172’1 to mingcg ny p2i
that '

u,(2), such

Q) o @) < ) and [9Q o ()l < Ol — el P
Step 1.4. If condition
1[(p—1)! Fa=T +
p— |l pFa—1 ppag
@t -t > 3 |G| v,

set i := ¢ and go to Step 2. Otherwise, set ¢ := i + 1 and go back to Step 1.1.
Step 2. Set z141 = xzit, Yt = Ytjigy Ot = Gt4,, and . = 7y 4,. Define Ay =
At + at and Ht+1 = 2it71Ht.

Step 3. Define ¢;11(.) by (4.8) and compute vy by (4.7).

Step 4. Set t :=t¢+ 1 and go back to Step 1.

Note that Algorithm 4 is a particular case of Algorithm 3 in which

M, =2'H, Vt>0.
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Let us define the following function of € > 0:
(p+v—1)(Hyp(v)+0(p—1)) if a =,
~ 1—v
: = 4 o1
(4.16) Ny (e) max {49@ — 1), (4Hf’p(y>)p+571 (R(6)> P } P

€

The next lemma provides upper bounds on H; and on the number of calls of the
oracle in Algorithm 4.

LEMMA 4.4. Suppose that H1 and H2 are true. Given e > 0, assume that {xt}?:o
is a sequence generated by Algorithm 4 such that

(4.17) f(zo) = f(z7) > €

and

(4.18) flaf) —fz*)>e i=0,...,ip andt =0,...,T.
Then

(4.19) H, < max{Ho,N,,(e)} fort=0,...,T.

Moreover, the number O of calls of the oracle after T iterations is bounded as follows:
(4.20) Or < 2T + log, max {HO, Nl,(e)} —log, Hp.
Proof. Let us prove by induction that the scaling coefficients H; in Algorithm 4

satisfy (4.19). This is obvious for ¢ = 0. Assume that (4.19) is true for some t > 0. If
a = v, it follows from Lemma A.6 that the final value 2% H; cannot be bigger than

2[(p+v—1)(Hp(v) +0(p— 1],
since otherwise we should stop the line search earlier. Thus,
1. -
Hyp = 52 Hy < (p+v = )(Hpp(v) +0(p — 1)1) < max { N (), Ho }

that is, (4.20) holds for ¢ + 1. On the other hand, suppose that « = 1. In view of
Lemma A.5 in [9], at any trial point x;; we have

Thus, it follows from Lemma A.7 that

€

2i H, < 2max {49(]) -1 (4Hf’p(u))z’+5*1 <4R(€>> p}ruul} < 2max{Ny(e),H0} .

Consequently, we also have Hy;1 < max {Ny(e), HO}; i.e., (4.19) holds for ¢+ 1. This
completes the induction argument. Finally, as in the proof of Lemma 3.3, from (4.19)
we get (4.20). |

Now we can prove the following convergence result for Algorithm 4.
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THEOREM 4.5. Suppose that H1 and H2 are true. Given € € (0,1), assume that
{xt}tT:O is a sequence generated by Algorithm 4 such that (4.17) and (4.18) hold. Then
(4.21)
93P max {Ny(€)7 Ho} (p+ a)Pro=l|zg — z*||pte

(p— DIt —1r+e , 2<t<T

fla) = f(a7) <

Consequently,
(4.22)

1
2°P max {Ho, (p + v — 1)(Hy,p(¥) + 0(p = )N} (p + v)" " lwo — 2* H”*"} Pty (1) e

TS”{ -1

€

if v is known (i.e., a =v), and
(4.23)

P 1-v ﬁ
23P max { Ho, 46(p — 1)!, (4H , () PFV=T (4Dg) PFV=1 { (p + 1)P g — o ||PT1

T< 14 (E) GTDGT—D

(p—1!

if v is unknown (i.e., a =1).

Proof. By Lemma 4.4, we have
it [, = 2(2" " H,) = 2H;41 < 2maX{Ho,Nl,(e)} . t=0,....,T—1.
Then (4.21) follows directly from Theorem 4.3 with
M, = 2max {Ho,Ny(G)} .
Now, combining (4.21) and (4.18) for k = T', we obtain

2% max { Ho, N, (€) } (p + )P+ g — [P+
<
= (p— DIT — e ’

and so

_1
pto

2% max { Ho, N, (€) } (p + )P+ g — [P+
e(p—1)!

(4.24) T<1+

If v is known, then o = v and, by (4.16), we have
(4.25) Z\~/'l,(e) =@p+v—-1)(Hrp)+6(p-—-1".

Thus, combining (4.24) and (4.25), we get (4.22). On the other hand, if v is unknown,
then o = 1 and, by (4.16), (3.16), and € € (0,1), we have

()

1—v

(4.26) < max {46(p — 1)1, (4Hy,(v)) 77 (4Dg) 777 | 7T,

N, (¢) = max {40(p -1 (4Hf7p(1/))p+€—1

In this case, combining (4.24) and (4.26) we get (4.23). d
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When v = 1, bounds (4.22) and (4.23) have the same dependence on e. However,
when v # 1, the bound of O (e’p/(p“)(p*”*l)) obtained for the universal scheme
(i.e., Algorithm 4 with a = 1) is worse than the bound of O (¢~!/(**)) obtained for
the nonuniversal scheme (o = v). For high-order methods (p > 2), to the best of
our knowledge, there is no simple procedure by which one can identify the level of
smoothness v of the pth derivatives (in general). Therefore, despite this gap in the
complexity bounds, we believe that the automatic choice of the best function subclass
in the universal scheme is a very attractive feature. Moreover, in the nonuniversal
scheme, for any 6 > 0 with (p + v — 1)(Hy,,(v) + 6(p — 1)!) > Hy, the corresponding
right-hand side of (4.22) has an additional term

230(p — 1)l(p + )P zy — 2 [PH ] (1) 7
(p—1)! €

in comparison to its value when 6 = 0. In contrast, in the accelerated universal
scheme, for any € in the interval

1—v

Hy  Hp,(v)v# 1Dy
4(p— 1) (p—1) ’

0 < 0 < min

the corresponding right-hand side in (4.23) is the same as for # = 0. In this sense,
it appears that the accelerated universal scheme is more robust than the accelerated
nonuniversal scheme in terms of the inexact solution of the auxiliary problems.

5. Lower complexity bounds under Holder condition. In this section, we
investigate how much the convergence rates of our tensor methods can be improved
with respect to problems satisfying H1. Specifically, we derive lower complexity
bounds for p-order tensor methods applied to the problem (2.1), where the objec-
tive f is convex and Hy p(v) < 400 for some v € [0,1].

5.1. Hard functions and lower complexity bounds. For simplicity, let us
consider E = R™ and B = I,,. Given an approximation Z for the solution of (2.1),
p-order methods usually compute the next test point as 2 = Z + h, where the search
direction A is the solution of an auxiliary problem of the form

p
(5.1) min Guqm(h) =D a® D@+ 0",
i=1

with a € RP, v > 0, and m > 1. Denote by I'z ;(a,y,m) the set of all stationary
points of function ¢4 4.m(.), and define the linear subspace

(5.2) S¢(z) =Lin Tz s(a,v,m)|a € RP, v >0, m > 1).

With this notation, we can characterize the class of p-order tensor methods by the
following assumption.

Assumption 1. Given xg € R™, the method generates a sequence of test points
{Zr})>( such that

k

(5.3) T €+ > Sp(xi), k>0
=0
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Given v € [0,1], our parametric family of difficult functions for p-order tensor
methods is defined as

k—1 n
1 ) X )
5.4 fe(z) = 2 — gDty 4 @Ot W 2 < k< p.
(5.4) (@) ="+ ;| | ;I |
The next lemma establishes that for each fi(.) we have Hy, ,(v) < +oc.

LEMMA 5.1. Given an integer k € [2,n], the pth derivative of fi(.) is v-Holder
continuous with

24v
2

(5.5) Hy p(v) =27 T (p+v—i).

Proof. In view of (5.4), we have

(56) fk(l‘) = 77p+u(Akl‘) - <ela l‘>,
where
1 n
5.7 (u) = @) |ptv,
(57) () = S 3 )
1 -1 0 ... 0 0
0 1 -1 0 0
o Ui 0 . _ . . . . . kxk
(58) Ak—< 0 I,k )7 with U = : : : : : cR .
0 0 0 1 -1
0 0 0 1

It can be shown that (see page 13 in [14])
(5.9) THES
On the other hand, for any x, h € R™, we have

Iy (p+v —1)

Sy |2 (@) if ¢ is even,
D'y ) 1] = Py
TNp+v T = Hl?*l(p—i—u—i) ‘ ‘ ‘
—= | Xk | () [prv=1=Ly@) (D) if £ is odd.
p+v

Therefore, for all x,y, h € R™, it follows that
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Consequently, for all x,d,h € R™, we have

ID” fi(w + d)HP — DP fu(@)[B)P| = |DPmy 0 (As(e + d)IAGR — DPny () [Aghl?|

(5.10) < T2 (p+ v — 1) Ard|% || Axhl ).
Note that
(5.11) | Ard|| oo = max [(Apd)@| < max (|d<“\ T |d(i+1)|)
< (1) (i+1) 9%
< max \/20(d0)2 + (@) < 2]

and, by (5.9), that
(5.12) [Axh{l < AR < 2[A].
Thus, combining (5.10)—-(5.12), we get
D7 fi( + d) = DP fi(a)| < 272 T (p + v — )] m

The next lemma provides additional properties of fi(.).

LEMMA 5.2. Given an integer k € [2,n], let function fr(.) be defined by (5.4).
Then fi(.) has a unique global minimizer z},. Moreover,

~ 1k k+1)2
(p+v-1k and |zt < @
p+v V3

Proof. The existence and uniqueness of z} follows from the fact that f(.) is
uniformly convex. In view of (5.6), it follows from the first-order optimality condition
that

(5.13) fi=-

ALV (Ar}) = e,

Therefore, Agxy = y;, where y; satisfies

. ) e
(5.14) Vipo (i) = A£€1 =6k = |: Onﬁk :| ’

with &, € R* being the vector of all ones and 0,,_j being the origin in R"~*. Note
that

677 v 7 v— % -
515 Plote ) = O30, i=1,m

Consequently, (5.14) is equivalent to

D@ prv-2(@ = [ 1 fori=1..k,
0P 2000 ={ § st

Thus,

(5.16) Agxy, = Yp = €k,

and so

(5.17) () = (A7) D = (Ate) D = (k—i+ 1)y, i=1,...,n,
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where (7); = max {0, 7}. Finally, combining (5.6), (5.7), (5.16), and (5.17) we get

Fi = oo (Akf) = (er, ) = mpe(@n) — (@)

)

I < , k — 1)k
Z|(ék)(z)|p+u k= k= _(p+v-1k
=1 p+V p+U

e a

n 2

[ENEEDS [(xZ)(i)} k2 (k—1)2 422412
=1
E kD1 (k+1)3
- Zl = < . O
i=1 6 3

Our goal is to understand the behavior of the tensor methods specified by As-
sumption 1 when applied to the minimization of fi(.) with a suitable k. For that,
let us consider the following subspaces:

z:{zeRﬂx(i):o, i:k+1,...,n}, 1<k<n—1.

LEMMA 5.3. For any ¢ > 0 and x € R}, friq(z) = fu(z).
Proof. It follows directly from (5.4). 0

LEMMA 5.4. Let M be a p-order tensor method satisfying Assumption 1. If M is
applied to the minimization of fi(.) starting from xo = 0, then the sequence {1},
of test points generated by M satisfies -

k
T € 3 Sy, (x) CRE,, 0<k<t—1.
=0

Proof. See Lemma 2 in [14]. |

Now we can prove the lower complexity bound for p-order tensor methods applied
to the minimization of functions with v-Holder continuous pth derivatives.

THEOREM 5.5. Let M be a p-order tensor method satisfying Assumption 1. As-
sume that for any function f with Hyp(v) < 400 this method ensures the rate of
convergence:

; o = Hyp@)llwo — =[P
— < 2 >
(5.18) orgnlirglt flag) — fr < @) , t>1,

where {x1},~, is the sequence generated by method M and x* is a global minimizer
of f. Then, for all t > 1 such that 2t +1 < n, we have

(5.19) K(t) < Cy(t+ 1)
where
(5.20) o XTIty —i)
. p,v ptv :
3% (p+v-—1)

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 06/27/23 to 130.104.59.42 . Redistribution subject to CCBY license

2770 G. N. GRAPIGLIA AND YU. NESTEROV

Proof. Let us apply method M for minimizing function fo;41(.) starting from
point zop = 0. By Lemma 5.4, we have z; € R} for all 4, 0 < ¢ < t. Moreover, by
Lemma 5.3 we have

(521) f2t+1($) = ft(.’L') Vx € R?

Thus, from (5.18), (5.21), Lemma 5.1, and Lemma 5.2 we get

w(t) < Hran @z — @3 |7 2L (0 v = Dl |7
ming<p<t forr1(2k) — fo41 ming<p<t fi(2r) — [
ZEML (0 v = Desenl”™ 2L 04y ) 2+ DT
- fi = fom 355 (fF = for)
LRI oy i) )
N —(p+rv—-1t+(p+v—-1)2t+1)
p+v
2R v — i) (£ + 1) spen-3
- 35 (p+v—1)(t+1) = Gt )
where constant C), , is given by (5.20). 0

5.2. Discussion. Theorem 5.5 establishes that the lower bound for the rate of
convergence of tensor methods applied to functions with v-Hoélder continuous pth de-
rivatives is of O((%)Lw) In the Lipschitz case (i.e., v = 1), we have O((%)L;l),
which coincides with the bounds in [1, 14]. On the other hand, for first-order methods
(i.e., p=1) we have O((3) 1Jrzgy), which is the bound in [12].

The rate of O((%)W) corresponds to a worst-case complexity bound of
O (e=2/Br+)=2]) jterations necessary to ensure f(zx) — f(z*) < €. This means that
the nonuniversal accelerated schemes proposed in this paper (e.g., Algorithm 4 with
a = v) are nearly optimal tensor methods. In fact, for € € (0,1), note that

+v

1 P —2 2 p—1 2
1\ ptv 1\ e+n)Bl+r)-2] 1)\ 3+ —-2 1)\ 3p2-2p 1)\ 3+ —2
- N - < |z -
€ € € T\ € €

1 2

1\3 1\ 3(p+v)—2

€ €
1 2

In particular, if ¢ = 107%, we have (%) rv <6 (%) ste+v)=2  Thus, in practice, the
complexity bounds of our accelerated nonuniversal methods differ from the lower

bound just by a small constant factor.
Notice that the lower-bound described in Theorem 5.5 is only valid while the
iteration counter ¢ satisfies ¢ < 1(n — 1), where n is the dimension of the domain of

the objective. The same condition on ¢ appears in other lower bounds in the literature
for the case p =1 and v = 1 (see, e.g., Theorem 2.1.7 in [15]).

6. Conclusion. In this paper, we presented p-order methods for unconstrained
minimization of convex functions that are p-times differentiable with v-Hélder con-
tinuous pth derivatives. For the universal and the nonuniversal schemes without
acceleration, we established iteration complexity bounds of O (e~1/®+¥=1)) for re-
ducing the functional residual below a given € € (0,1). Assuming that v is known,
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we obtained an improved complexity bound of O (e7%/#+) for the corresponding
accelerated scheme. For the case in which v is unknown, we presented an accelerated
universal tensor scheme with an iteration complexity of O (e’p/[(”l)(p*”*l)]).

Finally, a lower complexity bound of O(e~2/Br+¥)=2l) was also obtained for the
referred problem class. This means that, in practice, our accelerated nonuniversal
schemes are nearly optimal. Remarkably, the complexity bound obtained for the ac-
celerated universal schemes is slightly worse than the bound obtained for the nonuni-
versal accelerated schemes. Up to now, it is not clear whether the estimating sequences
technique can be modified to provide an accelerated universal p-order method with a
complexity bound of O (e=1/(+1)).

It is worth mentioning that the study of high-order methods is still at its early
stages, with the majority of recent works in this area focusing on the derivation of
global complexity bounds (see, e.g., [2, 4, 6, 7, 11, 14]). These bounds predict that
high-order methods with p > 3 may require significantly fewer calls of the oracle
than second-order methods. As pointed out in [7, 14], the computation of high-order
derivatives may be affordable for structured objectives (such as separable functions).
Moreover, at least for p = 3 and a = v, the auxiliary problems can be solved us-
ing Bregman gradient methods that also take into account their particular structure
[10, 14]. Nevertheless, the practical impact of high-order methods is yet to be seen.

Appendix A. Auxiliary results. In all algorithms described in this paper, the
acceptance of new points is conditioned to the achievement of a sufficient decrease of
the objective function value. In the nonaccelerated schemes, the sufficient decrease
condition is specified by (3.4), while for accelerated schemes, it is specified by (4.6).
In this appendix, we present auxiliary results from which we conclude that these
conditions are satisfied when the regularization parameter is sufficiently large.

A.1. Results for schemes without acceleration. Our first lemma gives a
lower bound for the functional decrease in terms of a suitable power of the norm of
the displacement when v is known.

LEMMA A.1. Let Hyp(v) < +o0 for some v € [0,1], and assume that ™ satisfies

(A.1) ) (@t < f(z)
for some & € E and H > 0. If H > 3Hy,(v), then
(A2) @) flat) = — et — .
~ (p+1)!
Proof. In view of (2.7) and (A.1), we have
)
@) <70 u, o @h)
H H-H
= @y (o) + Dt — g — ) v e
p! !
v (H—Hyp(v)) e
= 0 n(a") = S |
H—-H
< (@) - EH12D v gy,
p!
which gives
H—-H
1@ - $at) 2 T2 e g,
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Since H > $Hy ,(v) > BXLHy ) (v) for all p > 2, it follows that

S k) LR S WS AP
z)— f(x —— |z -7 = T —T .
- ! (p+1)!
The next lemma provides a lower bound for the functional decrease in terms of a
suitable power of the norm of the gradient when v is known.

LEMMA A.2. Let Hyp(v) < 400 for some v € [0,1], and assume that ™ € E
satisfies (A.1) and

(A.3) IV (@)l < fllat -zt

for somez € E, H >0, and 0 > 0. If

(A.4) HZmax{?ﬂfép(V)’39(p_1)!},
then
(A5 F@) = fah) > —— e [V

8(p + 1) H v
Proof. By (2.4), (2.6), (A.3), and (A.4), we have

IV )] < [V f@) = Voo (@) + [VOz (@) — VOV (@),
+ VO ()]s
H H
< |: f,P(V)'+ (pjrl/) _|_9:| ||3:+—§3Hp+'/71
(p—1)! p!
< 2HH1,+ _ i,”P‘H/fl'

Thus,

p+v

pFr—1 n i+zl
) N s

1
A6 T oz|Pt > =
(A6) ot el > (g

On the other hand, by (A.1) and (A.4) it follows from Lemma A.1 that

_ H _iptv
(A7) £@) = ) 2 sl — .
Then, combining (A.6) and (A.7), we get (A.5). 0

The lemma below gives lower bounds for powers of the norm of the displacement
when v is unknown.

LEMMA A.3. Let Hy,(v) < 400 for some v € [0,1], and assume that x satisfies

(A.8) VO (@)l < 8llzt — z||P

for somex € E, H >0, and 6 > 0. If for some § > 0 we have

(A9) VSl =6 and H>max{9,(C’Hf,p(1/))’“’€‘1 (;‘)}
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with constant C > 1, then

H
(A10) ot =t > S
H
and, consequently,
(A.11) AH 2™ =z > [V ().

Proof. For v = 1, (A.10) is obvious. Thus, assume that v € [0,1) and denote
r = ||z — Z||. Then, by (2.4), (2.6), and (A.8), we have

5 < |V f@h)].
< IV f(@t) = VOap(a) s + [VOap(a™) — VO @),

+[val) @)

Hf7p(l/) rP v—1 H(p+ 1) rP
“(p-1)! ' +( p! +9)

(A.12) _ vt [fo(s)! N (p; L g) HTI—V:| _

Assume by contradiction that (A.10) is not true, i.e., Hr'™ < CHy ,(v). Since
H >0 and C > 1, it follows that

5 <t {Hf”’(”) i (p+ Ly 1> CHf,p(u)]

A

(p—1)! p!
UL 0) [ Cot D) |
= =1 [1—|— +C(p 1)!}

< ACH;y,(v)rP™ =t <4CH; ,(v) (CHZP(V)> -

ptr—1

— et ()

This implies that H < (CHy ,(v)) T (3) pvoT , contradicting the second inequality
in (A.9). Therefore, (A.10) holds.
Finally, let us prove (A.11). In view of inequality (A.10), we have

Tlfu

Hﬁp(V) H
p-1)! = Cp—1)

Thus, it follows from (A.12) that

H 1 0
HVﬂﬁnnSNHVI[#V+(p+ +>H~v}

Cp-1)! p! H
1 (p+1) 0
=r’H | — — | <4rPH. a
r [Cp!+ ) +H}_ r

Now, using Lemma A.3, we obtain a lower bound for the functional decrease in
terms of a computable power of the norm of the displacement when v is unknown.
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LEMMA A4. Let Hyp(v) < 400 for some v € [0,1], and assume that 2+ € E
satisfies

(A.13) o) (@t < f(z)
and
(A.14) Vel @) < )|zt — |

for somex € E, H >0, and 6 > 0. If for some § > 0 we have

o (AT
(A.15) [Vf(zt)|«>6 and H >max {9, (CHjp(v))pFv=T <5> } )
with constant C > %, then

H
(p+1)!

Proof. In view of (2.3), (2.6), and (A.13), we have

Fa) <0l @)

Hy,(v) .
=3y ,(a") + %nx* —z|P+

lo* — Z[|P*.

(A.16) f@) = f®) >

H H H
= &y + Dt — gt = H gt Hel) e s
! p! !

=) () = et = afpert + L2 o g
< 5@~ Djat —arr pr,”x+ e,
and so
(A0 g@) - ) 2 St —afpt - Ee s gy,

Assume by contradiction that (A.16) is not true, i.e.,

H
(p+1)!

Then, combining (A.17) and (A.18), we obtain

Tl — |

(A.18) f@) = fa™) <

H H
—'||x+—:i\|p+1 fp( )” TPt < |t — z||P*,
p: p!

(p+1)!

which implies that

1 —
(A.19) H (1 - p—|—1> < Hp,w)|at — 7).

By (A.14) and (A.15), the conclusions of Lemma A.3 hold. In particular, we have

AH|z" = z|[? > [V f ()l > o,
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and so

(A.20) ot — 77! < (4;) ”

Then it follows from (A.19) and (A.20) that

v—1 P 1-v
Hp 6\ 7 3 prv=T (4N pTv=T
ﬁ < Hf’p(l/) (4[{) — H < (2Hf,p(y)) (6) s

contradicting the second inequality in (A.15). Therefore, (A.16) is true. O

Finally, the next lemma gives a lower bound for the functional decrease in terms
of a computable power of the norm of the gradient when v is unknown.

COROLLARY A.5. Let Hy ,(v) < +oo for some v € [0,1], and assume that 2+ € E
satisfies (A.13) and (A.14) for some T € E, H > 0, and 0 > 0. Given § > 0, define

(21 et =mas o (L) (47,

If[Vf(zt)]l« > 6 and H > &,(0), then

1
Z) — f(xT -
f@) = f( )28(p+1)!H%

Proof. From inequality (A.11) in Lemma A.3 we have

p+1

IVfEH)I™

1
+ P> +
ot — 217 > T IV 7l

which implies that

pt+1

) e

Then it follows from inequality (A.16) in Lemma A.4 that

1
+ _ Fptl >
ot~ 17+ 2 (4

B H _ H 1 ptl
1@~ ) 2 oyl = 2 e IV
p+1
S| e D
8(p+1)!H?

A.2. Results for accelerated schemes. For the case in which v is known, the
lemma below establishes that (4.6) is achievable when the regularization parameter
is sufficiently large.

LEMMA A.6. Let Hy p,(v) < +o0o for some v € [0,1], and assume that ™% satisfies

(A.22) IV @) < oflat -z
for somexz € E, H >0, and 6 > 0. If
(A.23) H>(p+v—1)(Hy,v)+0(p—1)),
then
1 _ 1 | ]7-}—711/—1 p+v
(a2 (v g [P e
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Proof. Denote r = ||z — Z||. Then, by (2.4), (2.6), and (A.22), we have

H{p+v)

o T BE 8 = V@) = Vap () + VO @)l

IV£(™) +

< |VF@h) = Vos ()l + V) @),

z,p,H

Hf P(V) ) +v—1

< d +0)r? .
(@*U

Thus, we obtain

<Hf,p(V) + 9> 7"2(er1/71) > va(er) + H(p;"’/) 7,erV—QB(er _ j)”i
p!

(p—1)!
20p+v v— -
95O + 2D 29w, ot )
WA i
(p!)?
which implies that
(A.25)
) ot P! 2. PPH _(Hf,p(y)+9(p_1)!)2 o
(Vi@ 2=eh) 2 o s IV DI+ e {1 = .

For v = 0, (A.25) leads to the desired relation. Let us assume that v > 0. Denote
g=||Vf(t)| and A2 = 1 — (Hee@EIE=DN2 By (A 93) we have

1 -1)2-1 -2

(A26) AZ>1- 2:(p+V ) . _(pt+v )(p§1/)>0.
(p+v—-1) (p+v—-1) (p+v—1)

Consider the right-hand side of inequality (A.25) as a function of 7:

! Hp? A2pptv
h(r) = /[ [T ey
2(p+v)Hrrtv 2(p+v)p!

Since A% > 0, h is a convex function for r > 0. Thus, let us find the optimal r, as a
solution to the first-order optimality condition for function h:

@p+v—2p  HpA>I!
(p+v)Hr?T ! p! '

Solving this equation for r,, we obtain 72 ~! = %\/%- Consequently,

T

2H(p+v)

h(r.) =

7'174’11*1 p|

g2p! H2p2A2r£+v—1]

v—2 1 1

(p+v—DpAF= (¢p+u—2>H%1Fp—n1P“1 s

= gp v—1,
p+v)V/p+v—2)p+v) ptv H

Now, using (A.26), we obtain

ptv—2 1 1 +v
h(re) > (p+v—1p ( <p+u—2><p+v>>p+u—1 p+v—2)\ptr-1 [(p—l)!}mg#
T etV tr—2)(+ ) pH+v—1 p+v H

1
1 1
— (prv-—pptr-lp [(p* 1)!]P+V—1 qpitil.
m <

ptv
(p+wv)ptv—1
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Note that

1 1
ber o)y pper 0T (Y (0o)
(p+v)5T )y T P At

1

> .

-3
1 e

Thus, h(r*) > %[@] P*”*lgwrtfl, and so by (A.25) we get (A.24). d

Finally, for the case in which v is unknown, the next lemma establishes that (4.6)
is also achievable when the regularization parameter is sufficiently large.

LEMMA A.7. Let Hy,(v) < 400 for some v € [0,1], and assume that x satisfies
1 -
(A.27) 19955, @)l < 0zt =2

for somex € E, H >0, and 6 > 0. If for some § > 0 we have
(A.28)

VD)« >6 and H > max {C’G(]D -1 (C'Hﬁp(y))ﬁ <§) mret } ,

with C > 4, then

2 wieha =2 3 [ B I,

Proof. Denote r = ||z* — Z||. Then, by (2.4), (2.6), and (A.27), we have

H 1
B0 D) o1 gt — 3. = [V4@*) - V0 p(a™) + VO, (@)

IVf(z") +
<|IVFET) = Vs (@) + IVQs p. 1 (27

<

Therefore,

2(p+1)

= 1950 + HEE D ot p0 o), 0t - ) LD,

Vit + grp_lB(er —T)

*

which gives
(A.30)

(Vf(a"),z-a™) >

p! (H(p+1)>2_( H +0)2
~ 2(p+1)Hrr! p! C(p—1)!
Since H > CO(p — 1), it follows that

o |(“5) - () | -t (5 - () T

p!

rPt1
H(p+1)

V5 @HIE+;
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Because C > 4, we have

and so
p! (H(p+1))2_( H +9>2 b1 5 P (p+1)2_( 1 )T
2H(p+1) p! C(p—1)! 2(p+1) p 2(p—1)!
3Hp?
8+ 1!
Therefore,
! 3Hp?
) 7ty > p +3112 Db p+1
(A3) (VAT =) 2 g P IV + g

Denote g = |V.f(zT)||, and consider the right-hand side of (A.30) as a function of r:

! 3Hp?rpt!
hr) = S TS S T
2(p+ 1)Hrr—1 8(p+1)!

Let us find the optimal r, as a solution to the first-order optimality condition for

function h:
(p—1)g*p!  3Hp*(p+1)ri  3Hp*rP

20p+DHrE, — 8(p+1)! 8p!

Solving this equation for r,, we obtain

p_ gp=1D! [8(p—1)
* HA 3(p+1)

r

Consequently,

_ gp 6(p+1) 3gp  [8(p—1)

M) = D\ S =1 T8+ D\ ST
o _3p 6p+ 1) +8p—1) | [ap-1" [8p-1)]"
~8(p+1) | VB - D6+ 1)] H 6(p+1)

1[(p—1!7 w0
24{1q}9p-
Therefore, (A.29) holds. d

Acknowledgment. The authors are very grateful to the two anonymous referees,
whose comments helped to improve the first version of this paper.

REFERENCES

[1] Y. ARJEVANI, O. SHAMIR, AND R. SHIFF, Oracle complezity of second-order methods for smooth
convez optimization, Math. Program., 178 (2019), pp. 327-360.

[2] M. BAEs, Estimate sequence methods: Extensions and approzimations, Optimization Online,
2009.

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 06/27/23 to 130.104.59.42 . Redistribution subject to CCBY license

[7]

(8]

(9]

(17]

TENSOR METHODS FOR MINIMIZING CONVEX FUNCTIONS 2779

S. BaNacH, Uber homogene Polynome in (L2), Studia Math., 7 (1938), pp. 36-44.

E.G. BIRGIN, J.L. GARDENGHI, J.M. MARTINEZ, S.A. SANTOS, AND PH.L. TOINT, Worst-case
evaluation complexity for unconstrained nonlinear optimization using high-order reqular-
ized models, Math. Program., 163 (2017), pp. 359-368.

A. BOUARICHA, Tensor methods for large, sparse unconstrained optimization, STAM J. Optim.,
7 (1997), pp. 732-756, https://doi.org/10.1137/S1052623494267723.

C. Carris, N.I. GouLD, AND P.L. TOINT, Universal reqularized methods: Varying the power,
the smoothness and the accuracy, STAM J. Optim., 29 (2019), pp. 595-615, https://doi.
org/10.1137/16M1106316.

X. CHEN, PH.L. ToINT, AND H. WANG, Complezity of partially separable convexly constrained
optimization with non-Lipschitzian singularities, SIAM J. Optim., 29 (2019), pp. 874-903,
https://doi.org/10.1137/18M1166511.

G.N. GRAPIGLIA AND YU. NESTEROV, Regularized Newton methods for minimizing functions
with Hoélder continuous Hessians, STAM J. Optim., 27 (2017), pp. 478-506, https://doi.
org/10.1137/16M1087801.

G.N. GRAPIGLIA AND Y. NESTEROV, Accelerated reqularized Newton methods for minimizing
composite convex functions, STAM J. Optim., 29 (2019), pp. 77-99, https://doi.org/10.
1137/17M1142077.

G.N. GRAPIGLIA AND YU. NESTEROV, On inezact solution of auziliary problems in tensor
methods for convex optimization, Optim. Methods Softw., (2020), https://doi.org/10.1080/
10556788.2020.1731749.

J.M. MARTINEZ, On high-order model regularization for constrained optimization, SIAM J.
Optim., 27 (2017), pp. 2447-2458, https://doi.org/10.1137/17TM1115472.

A. NEMIROVSKII AND D. YUDIN, Problem Complezity and Method Efficiency in Optimization,
John Wiley & Sons, New York, 1983.

Yu. NESTEROV, Accelerating the cubic regularization of Newton’s method on convex problems,
Math. Program., 112 (2008), pp. 159-181.

Yu. NESTEROV, Implementable tensor methods in unconstrained convex optimization, Math.
Program., (2019), https://doi.org/10.1007/s10107-019-01449-1.

Yu. NESTEROV, Lectures on Convex Optimization, 2nd ed., Springer, Cham, 2018.

YUu. NESTEROV AND B.T. PoLYAK, Cubic regularization of Newton method and its global per-
formance, Math. Program., 108 (2006), pp. 177-205.

R.B. SCHNABEL AND T.-T. CHOW, Tensor methods for unconstrained optimization using second
deriwatives, STAM J. Optim., 1 (1991), pp. 293-315, https://doi.org/10.1137/0801020.

© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license


https://doi.org/10.1137/S1052623494267723
https://doi.org/10.1137/16M1106316
https://doi.org/10.1137/16M1106316
https://doi.org/10.1137/18M1166511
https://doi.org/10.1137/16M1087801
https://doi.org/10.1137/16M1087801
https://doi.org/10.1137/17M1142077
https://doi.org/10.1137/17M1142077
https://doi.org/10.1080/10556788.2020.1731749
https://doi.org/10.1080/10556788.2020.1731749
https://doi.org/10.1137/17M1115472
https://doi.org/10.1007/s10107-019-01449-1
https://doi.org/10.1137/0801020

	cover
	verso CORE_RP copie
	19m1259432
	Introduction
	Motivation
	Contents
	Notations and generalities

	Problem statement
	Tensor schemes without acceleration
	Accelerated tensor schemes
	Lower complexity bounds under Hölder condition
	Hard functions and lower complexity bounds
	Discussion

	Conclusion
	Appendix A. Auxiliary results
	Results for schemes without acceleration
	Results for accelerated schemes

	Acknowledgment
	References


