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Abstract

Fluidised granular beds are used in a variety of industrial applications, such as heat exchangers, chemical reactors and energy
storage systems. Fluidisation increases the interaction surface between the grains and the fluid, thus improving heat transfer. In
this paper, an unresolved/semi-resolved FEM-DEM model is introduced to simulate immersed granular flows, incorporating heat
transfer and vaporisation. As the fluid is modelled using a volume-averaged approach, constitutive laws are introduced to represent
the momentum and heat transfer between the grains and the fluid. Based on the Colburn-Reynolds analogy, a Nusselt correlation
is proposed to quantify the heat transfer of an assembly of grains within a fluid. The proposed law is validated by experimental
measurements of heated granular beds taken from the literature. Heat transfer in a bubbling fluidised bed is studied as a numerical
benchmark. The spontaneous digging of a droplet of water in a hot granular bed is investigated. When a droplet of water is
placed on the surface of a hot granular bed, depending on the granular temperature, it can dig spontaneously into the bed. The
main trends of the experiment, namely digging, local fluidisation and the formation of a chimney, are reproduced by the simplified
two-dimensional numerical model. Heat transfer during the excavation process is investigated to highlight efficient transfer due to
the local fluidisation. It is demonstrated that both injection fluidisation and local vaporisation fluidisation are correctly captured, as
is heat transfer between the different phases.

© 2011 Published by Elsevier Ltd.
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1. Introduction1

Fluidised bed reactor is a dynamic multiphase process: a fluid is injected through a granular material. The proce-2

dure is mainly used to extract chemical products from the granular material or to purify the fluid phase. Fluidisation is3

also a promising process to extract energy from a granular bed [1]. The granular material, when fluidised, provides a4

large surface area for interaction. Circulating fluidised bed boilers implement this process on an industrial scale. Heat5

is generated by combustion and efficiently transported by injecting a fluid in the granular bed. Two kinds of particles6

are present in the bed, the bed particles, usually sand or ash, and the fuel particles, coal or biomass. Depending on7

the injecting flow, various regimes can be observed: percolation, bubbling, fast fluidisation, turbulent fluidisation and8

pneumatic regime. The most common regimes used in the industry are bubbling fluidised bed and fast fluidised bed9

[2]. In these cases, the fluidisation is obtained by injecting a fluid at a velocity higher than the minimum fluidisation10

velocity. The bubbling regime is characterised by the presence of bubbles which carry particles in their wake. The11

suspension becomes heterogenous. The solid packing fraction decreases quickly close to the bubbles but remains12
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large in the rest of the bed. The fast fluidised regime, obtained for higher fluid velocity, is characterised by particle re-13

circulation within the granular medium which tends to uniformise the solid packing fraction across the suspension. As14

the efficiency of the process is highly dependent on the fluidisation regime, studying heat transfer inside the granular15

material is essential to optimise the process.16

A recent observation has suggested a local fluidisation generated by one single droplet [3]. When a drop of water17

is released on a hot granular bed, depending on the temperature of the granular bed, the drop can either crash on18

the interface, spontaneously dig into the granular bed, or levitate over it. At a temperature close to the vaporisation19

temperature, the droplet collapses onto the granular bed. Heat is transferred to the grains over a short period of time20

and only at the top of the granular bed. At higher temperatures, the thrust of the vapour expelled from the droplet is21

sufficient to sustain the the droplet isolated above the grains. This phenomenon is called the Leidenfrost effect [4] [5].22

Another effect of the vapour is to locally fluidise an area of the bed below the droplet. The droplet and its surrounding23

film of vapour enter the fluidised region and begin to dig progressively. In this regime, heat transfer is maximal as24

heat is released within the granular bed and the temperature gradient is maintained by the recirculation of the grains.25

At very high temperatures, the thrust is sufficient to prevent the droplet from entering the fluidised zone. Heat transfer26

is reduced as it only occurs at the top of the bed.27

Over the last decades, many methods have been developed to understand granular suspension flows [6], [7]. We use28

a discrete element method (DEM) for the grains coupled with a classical computational fluid dynamics (CFD) method29

for the fluid phase using volume-averaged equations [8]. Compared to a two-fluid approach, where both the grains30

and the fluid are represented as continuous phases [9], CFD-DEM allows to explicitly represent interactions between31

grains [10], [11]. The spatial resolution of the fluid phase can be adjusted as a compromise between computational32

cost and accuracy. Fully resolved methods have a fluid resolution smaller than the grains and capture the boundary33

layer around them. Semi-resolved and unresolved methods have a fluid resolution of the same order or larger than the34

grains. Constitutive laws are required to couple the exchange between the two phases [12], [13]. In recent years, these35

methods have been used to investigate heat transfer in fluidised granular flows [14], [15]. While drag correlation for36

immersed granular flows are well-established, the ones for heat transfer is not yet unified [16], [17], [18], [19].37

We propose a multi-scale model to study the heat transfer of a granular bed fluidised by injection from below38

and droplet deposition from above. The mesh size varies from a semi-resolved approach around the droplet to an39

unresolved approach away from the droplet. We present and validate a correlation model for heat transfer across40

percolating and bubbling regimes [20], [21]. The numerical model is then extended to study the heat transfer between41

a drop and a granular bed, taking into account vaporisation. We investigate the spontaneous digging of the drop in42

a two-dimensional granular bed, highlighting the conditions under which this digging occurs. Finally, we study the43

efficiency of heat transfer in different regimes to discuss the potential applications of this phenomenon.44

2. Multi-scale model45

In the following first sub-section, the volume-averaged Navier-Stokes equations (VANS) are introduced to model46

the fluid phase [8]. This choice ensures a reasonable computational cost while capturing the global flow behaviour. In47

the second section, the solid phase is described by the discrete element method (DEM). It is assumed that each grain48

is tracked individually as a rigid body with a given mass, velocity, and temperature. As the fluid resolution scale is49

larger than the boundary layer formed around the grains, constitutive laws have to be introduced to model momentum50

and heat transfer between the fluid and the particles. The third section is dedicated to the particle-fluid interaction51

constitutive laws. The multi-scale representation of the flow is illustrated in Figure 1.52

The numerical implementation is conducted using the open-source solver MigFlow1 [12]. The fluid phase is53

solved using the classical finite element method, while the solid phase is handled with the discrete element method.54

The fluid’s spatial discretization is achieved through a stabilized P1 − P1 mixed formulation. Particle collisions are55

addressed using the non-smooth contact dynamics approach [22]. To maintain stability between the two solvers, a56

semi-implicit time integration scheme is used [12]. Details on the weak form of the equations and the non-smooth57

contact dynamics can be found in Appendix A and Appendix B.58

1https://www.migflow.be
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Figure 1: Immersed granular flow representation. The fluid phase is described by the volume-averaged Navier-Stokes equations captured at the
mesh scale. The discrete element method models the particles, represented by the red discs.

2.1. Fluid phase59

The conservation equations are averaged within a control volume as a function of the fluid volume fraction 𝜖 . By60

the averaging process, the fluid phase describes the flow at a larger scale than the grain scale. The flow is assumed to61

be incompressible and natural convection is captured by the Boussinesq approximation. All other material properties62

are assumed to be independent of temperature. It leads to the following volume-averaged Navier-Stokes (VANS)63

equations,64

𝜕𝜖

𝜕𝑡
+ ∇ · (𝜖𝒖) = 0, (1)

𝜖 𝜌
d𝒖
d𝑡

= ∇ · 𝝈 + 𝒇 𝑝 + (1 + 𝛽 (𝑇 − 𝑇𝑅)) 𝜖 𝜌𝒈, (2)

𝜖 𝜌𝑐
d𝑇
d𝑡

= −∇ · 𝒒 + 𝑞𝑝 , (3)

where 𝜌 is the fluid density, 𝑐 the specific heat at constant volume, 𝛽 the thermal expansion coefficient and 𝑇𝑅 the

reference temperature. The
d·
d𝑡

operator denotes the material derivative. The stress tensor 𝝈 is modelled as

𝝈 = −𝑝𝑰 + 𝜖𝜂

(
∇𝒖 + ∇

𝑇𝒖
)

where 𝑝 is the pressure, 𝑰 is the identity tensor and 𝜂 is the dynamic viscosity. A modified Fourier’s law is used to
model the heat flux density 𝒒 as

𝒒 = −𝜖 𝑘∇𝑇
where 𝑘 is the thermal conductivity. The momentum transfer and the heat transfer exerted by the particles on the fluid65

are denoted by 𝒇 𝑝 and 𝑞𝑝 respectively. The force density incorporates both the averaged stress tensor contribution66

and the boundary layer contribution. The latter only accounts for the drag force, neglecting other forces such as the67

Basset force or virtual mass effects. The force density contribution exerted by the particles on the fluid is given by68

𝒇 𝑝 =

{
−∇ · 𝝈 + 𝒇 𝑑 , 𝒙 ∈ P

0, elsewhere (4)
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where 𝒇 𝑑 represents the drag force density and P the domain occupied by particles. Similarly, the heat transfer69

density is given by70

𝑞𝑝 =

{
∇ · 𝒒 + 𝑞𝑐, 𝒙 ∈ P

0, elsewhere (5)

where 𝑞𝑐 is the forced convection due to the boundary layer around the grain. In pratice, at the grain scale, both the71

viscous stress and heat flux are negligible compared to the net force and to the forced convection. The parameterization72

of the drag force and the forced convection are detailed in section 2.3.73

2.2. Solid phase74

As each particle is modelled as a rigid body, the motion of a particle is governed by Newton’s second law and its75

temperature by the energy conservation equation.76

𝜌
d𝒗
d𝑡

= 𝒇 𝑐 − 𝒇 𝑝 + 𝜌𝒈 (6)

𝜌𝑐
d𝑇
d𝑡

= 𝑞𝑐 − 𝑞𝑝 (7)

where 𝜌 is the particle density, 𝒗 is the particle velocity, 𝒈 is the gravity vector and 𝒇 𝑐 is the contact force density.77

The particle temperature is denoted by 𝑇 , 𝑐 is the particle specific heat and 𝑞𝑐 is the heat transfer density due to the78

collisions.79

2.3. Constitutive laws80

As the boundary layer is not captured by the fluid resolution scale, constitutive laws are introduced to model its81

interaction with the particles. Momentum and heat transfer are modelled by correlations of their respective dimen-82

sionless numbers. The drag force is scaled by the dynamic pressure and the cross-sectional area of the sphere 𝐴,83

leading to the definition of the drag coefficient C𝑑 . The forced convection is scaled by the conductive heat transfer84

and the surface area of the sphere 𝑆, which gives the Nusselt number Nu. These dimensionless numbers are defined85

as86

𝑓𝑑
1
2 𝜌∥𝒗 − 𝒖∥2

𝑉

𝐴
= C𝑑 ,

𝑞𝑐 𝑑

𝑘 (𝑇𝑝 − 𝑇)
𝑉

𝑆
= Nu. (8)

where𝑉 is the volume of the sphere. Correlations have to be valid depending on the flow regime which is characterised87

by the fluid volume fraction 𝜖 and the Reynolds number Re. Heat transfer also depends on the relative thickness of88

the momentum and thermal boundary layers, which is described by the Prandtl number Pr. These two dimensionless89

numbers are defined as90

Re =
𝜌𝑑∥𝒗 − 𝒖∥

𝜂
, Pr =

𝑐𝜂

𝑘
.

As transport mecanisms are gathered by the same eddies for heat and momentum transfer, these two transfer can91

be correlated by the Reynolds-Colburn analogy [23],92

Nu ∝ C 𝑓 RePr𝛼 . (9)

where C 𝑓 is the skin friction coefficient, which accounts solely for viscous stress, while the drag coefficient encom-93

passes both viscous stress and pressure contributions. This analogy doesn’t hold strictly across all flow regimes, as94

the thermal boundary layer also depends on the momentum boundary layer. However, it offers a useful starting point95

for adjusting heat transfer correlations based on momentum transfer correlations. By relating the drag coefficient to96

the skin friction coefficient, Duan & Duan [24] proposed a correlation for the Nusselt number of a single sphere,97

Nu ≈ 𝑓 (Re)C𝑑Re
12

Pr𝛼, 𝑓 (Re) = Re + 𝛿

0.11Re1.4 + Re + 𝛿
. (10)
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Discrepancies in the analogy are modeled by the function 𝑓 (Re), with the Prandtl exponent set to 𝛼 = 0.4. The 𝛿98

value within 𝑓 (Re) is adjusted from the one proposed by Duan & Duan, reducing it from 𝛿 = 5000 to 𝛿 = 500 for99

better alignment with experimental data at intermediate Reynolds numbers. To extend this correlation to an assembly100

of spheres, the influence of neighboring particles must be considered. The methodology used to extend the drag force101

to an assembly is also applied to forced convection. The drag force on a sphere within an assembly is obtained by102

multiplying the drag force for a single sphere by the voidage function 𝑔(𝜖,Re) and using the superficial Reynolds103

number instead of the Reynolds number. In this work, the voidage function proposed by Di Felice [25] [26] is used,104

𝑔(𝜖,Re) = 𝜖
−1.8 + exp

[
− (1.5 − log Re)2

2

]
, (11)

and the drag coefficient correlation is the one proposed by Dallavalle[27]. It results in the following drag coefficient105

and Nusselt correlations for a sphere in an assembly106

C𝑑 ≈ 𝑔(𝜖,Re)
(
0.63 + 4.8

√
𝜖Re

)2

, (12)

Nu ≈ 𝑔(𝜖,Re) 𝑓 (𝜖Re)
(
0.18

√
𝜖Re + 1.39

)2
Pr0.4. (13)

The proposed Nusselt correlation is compared with a collection of experimental data from the literature [20] in107

Figure 2. The experiment measures heat transfer through a heated packed bed of spheres. In this dense regime the108

correlation is found to be in good agreement with the experimental data. As the purpose of the model is to be able to109

capture local fluidisation, a bubbling fluidised granular bed boiler is studied.110

100 101 102 103
100

101

102

103

Nu = 𝑔(𝜖,Re) 𝑓 (𝜖Re)
(
0.18

√
𝜖Re + 1.39

)2
Pr0.4

𝜖Re

Nu
De Acetis and Thodos [28]
Komarnicky et al. [29]
Malling and Thodos [30]
San Gupta and Thodos [31]
Wilke and Hougen [32]
Satterfield and Resnick [33]

Figure 2: Nusselt number correlation of a sphere in a dense assembly. The black curve refers to the proposed correlation in equation (13) with a
fluid volume fraction of 𝜖 = 0.45. The markers refers to experimental data collected by Wakao [20].

3. Bubbling fluidised granular bed boiler111

In this section, the model is validated in the context of a fluidised bed based on the experiment proposed by112

Patil [21]. The bubbling regime is obtained by the injection of air at a sufficiently high velocity at the bottom of the113

container. The heat transfer between the particles and the fluid is driven by the bubble dynamics and the exchange at114

its boundary. Once a bubble arises through the particles bed, it drags particles along its path which reduces the local115

5
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solid fraction. This motion allows the air to invade the bed and cool the particles. To validate the heat transfer model116

in this transient regime, an equivalent two-dimensional model is proposed and validated against the experimental data.117

Two-dimensional simulations are performed based on on a pseudo-2D bubbling fluidised bed. Figure 3 illustrates118

the geometry of the problem. The granular bed consists of hot spherical glass beads immersed in air initially at rest.119

Side walls at constant temperature 𝑇𝑤 cool down the bed. At the bottom, a porous plate enables fluidisation by the120

injection of air at a prescribed flow velocity 𝒖̂ = (0,−𝑣̂, 0). The injected air forms bubbles that rise through the bed,121

ejecting particles along the way. A nozzle blocks the flow in the centre of the bottom plate. To avoid cristallisation, the122

diameter of the beads is uniformly distributed between 0.8𝑑 and 𝑑. Table 1 describes the physical and the geometry123

parameters used for the simulations.124

Figure 3: On the left, schematic of the pseudo-2d bubbling fluidized bed setup. On the right, two-dimensional numerical representation of the
problem. Air at a lower temperature than the grains is injected through the bottom porous plate to fluidise the granular bed.
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Fluid properties
Density 𝜌 kg m−3 1.204
Viscosity 𝜂 kg m−1 s−1 2 10−5

Heat capacity 𝑐 J kg−1 K−1 1010
Heat conductivity 𝑘 J s−1 m−1 K−1 0.025
Thermal expansion 𝛽 K−1 0.003

Grain properties
Density 𝜌 kg m−3 2500
Heat capacity 𝑐 J kg−1 K−1 840
Heat conductivity 𝑘 J s−1 m−1 K−1 1.4
Young’s modulus 𝐸 kg m s−1 6 1010

Poisson’s ratio 𝜈 \ 0.22
Dry friction 𝜇 \ 0.3

Geometry properties
Height ℎ cm 25
Width 𝑤 cm 8
Thickness 𝑝 cm 1.5
Nozzle 𝑙 cm 1.2
Grain diameter 𝑑 mm 1

Boundary parameters
Inflow velocity 𝑣̂ m s−1 1.2, 1.54, 1.71
Inflow temperature 𝑇 K 290
Wall temperature 𝑇𝑤 K 290

Table 1: Parameters used for the fluidization of a heated packed bed.

3.1. Numerical considerations125

Due to the multi-scale nature of the model, the boundary layer is not fully resolved close to the wall. The heat126

transfer associated with these conditions is assumed to follow a Newton’s law 𝑞𝑤 =
ℎ𝑤
ℎ

(
𝑇𝑤 − 𝑇

)
and its convection127

coefficient is set to be equivalent to the one used in the reference experiment by Patil [21], ℎ𝑤 = 350 [W m−2 K−1].128

The simulation is performed on a two-dimensional domain instead of a three-dimensional Hele-Shaw cell. Since the129

viscous effects damping the fluid flow and the forced convection in the vicinity of the front and rear walls are not130

captured, a volumetric drag force and a volumetric heat transfer model these longitudinal effects,131

𝒇 𝑙 = −𝛾𝒖, 𝑞𝑙 = 𝜆(𝑇𝑤 − 𝑇). (14)

These two coefficients must be calibrated to reproduce experimental data. As suggested in [34], the drag coefficient132

is estimated by considering a Hagen-Poiseuille flow. The drag coefficient is assumed to be 𝛾 = 12𝜇/𝑝2. Its value133

in these experiments is set to 𝛾 ≈ 1.067 [kg m−3s−1]. The heat transfer coefficient is estimated by comparing the134

averaged particle temperature with the experimental data for an inflow velocity of 𝑣̂ = 1.54 [m/s] and the mass bed135

of 𝑚 = 75 [g]. The estimated heat transfer coefficient is found to be 𝜆 ≈ 4 104 [W m−3 K−1]. All these parameters136

have been calibrated with a static friction coefficient between two particles as 𝜇𝑠 = 0.3 and a coefficient of 𝜇𝑠 = 0.5137

between a particle and the wall. As long as the friction coefficient is non-zero, its impact on the dynamics of the bed is138

expected to be limited. Describing the beads as discs rather than spheres tends to underestimate their mobility, a disc139

has only 3 degrees of freedom whereas a sphere has 6 of them. In order to reproduce the same packing fraction and a140

similar mobility as in the three-dimensional case, the grains are assumed to be porous to reach the jamming packing141

fraction of a sphere packing. The jamming packing fraction of a disc packing is 𝜙max = 0.9069 while the jamming142

packing fraction of a sphere packing is 𝜙max = 0.7405. The boundary conditions at the walls, inflow and outflow are143

summarised in the following table, either a Dirichlet or a Neumann condition is applied.144

Inflow Outflow Lateral Wall Longitudinal Wall

𝒖 = 𝒖̂ 𝒇 = 𝒏 · (𝝈 − 𝜖 𝜌𝒖𝒖) 𝒖 = 0 𝒇 = 𝒇 𝑙

𝑇 = 𝑇 𝑞 = 𝒏 · (−𝒒 − 𝜌𝑐𝒖𝑇) 𝑞 = 𝑞𝑤 𝑞 = 𝑞𝑙

3.2. Dynamics145

Figure 4 shows the numerical results of the bed fluidisation by the air injection. As the bubbles rise through the146

granular bed, they drag particles with them. Due to the symmetry of the problem, a central aisle is naturally generated147

along which the particles are not dragged because of to the closed nozzle. The cooled particles accumulate at the148
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bottom of the bed and are transported away by the convective cells created by the bubbles. Figure 6 illustrates this149

behaviour. Two symetrical vortices can be seen in the wake of the bubbles. In these vortices, the particle velocity is150

upward in the centre of the domain and downward at the wall. As pointed out by Yang [35], the preferred path of the151

bubbles is along the centre of their region, resulting in a higher solid fraction at the edge of the domain.152

t = 1 s t = 5 s t = 10 s

50

60

70

80

90

T [◦C]

Figure 4: Snapshots of the particle dynamics at different time for 𝑣̄ = 1.71 [m/s] with a bed mass of 𝑚 = 75 [g]. Particle temperature is represented
by the color map.

Numerical results Experimental results

Figure 5: Time-averaged particle velocity over a time of 5 seconds starting at a time of 5 [s].
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Numerical results Experimental results

0

0.2

0.4

0.6
ϕ

Figure 6: Time-averaged solid packing fraction over a time of 5 seconds starting at a time of 5 [s].

3.3. Heat transfer153

As the air flows through the bed, the particles are cooled down. The heat transfer between the particles and the fluid154

is controlled by the bubble dynamics and the exchange with the boundary. Increasing the inflow velocity increases the155

heat transfer between the particles and the fluid. Firstly, bubbles are more easily formed which favours particle motion.156

This movement reduces the local solid fraction allowing air to invade and cool the particles. Secondly, a higher157

inflow velocity increases the heat transfer coefficient. Figure 7 shows good agreement between the experimental and158

numerical results of the averaged particle temperature. The fluxes through the front and rear walls are calibrated on159

the set of measurements with a mass of 𝑚 = 75 [g] and an inflow velocity of 𝑣̂ = 1.54 [m/s] and validated on others160

inflow velocities. The numerical model proposed on the basis of equation (13) is able to reproduce qualitatively and161

quantitatively the heat transfer between the particles and the fluid. Based on this representation of a bubbling fluidised162

bed, local fluidisation is expected to be well represented.163
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0 500
0.50

0.75

𝑡

√︂
𝑔

𝐷

⟨𝑇𝑝⟩ − 𝑇

𝑇𝑝 − 𝑇
𝑣̂ = 1.20 [m/s]
𝑣̂ = 1.54 [m/s]
𝑣̂ = 1.71 [m/s]

Figure 7: Mean particle temperature evolution. Experimental values, indicated by markers, have been extracted from [21]. Simulation results are
shown by a continuous line for each set of data corresponding to different inflow velocity, respectively, 1.20, 1.54 and 1.71 [m/s].

4. Spontaneous Water Droplet Digging164

When a droplet falls into a hot granular bed, the droplet is able to penetrate the granular medium spontaneously.165

The spontaneous digging was firstly documented by Lin [3] in a quasi-2D experiment. Different regimes have been166

observed depending on the droplet’s ability to fluidise the granular medium. In the first regime, vaporisation is not167

sufficient to create a layer of vapour at the interface between the droplet and the granular medium. The droplet crashes168

into the granular medium, and a small cavity may form but does not deepen. In the second regime, a layer of vapour is169

created between the droplet and the granular medium. The droplet fluidises the surrounding particles. The grains are170

ejected into the resulting vertical chimney, and the droplet goes downwards before the granular medium reorganises.171

The droplet then takes the place of the ejected grains and continues to dig. In that regime, the local fluidisation172

tends to favorise heat transfer with grains. The main result is that the droplet stops at different depth according to173

the temperature of the granular material. A maximum depth is found for a temperature between the starting digging174

temperature and the temperature for which the droplet remains at the surface. In the third regime, at high temperature,175

the droplet stops digging and is close to the surface. In the following, the droplet dynamics is studied in the second176

regime, named the digging regime, and to understand the stop of the droplet at high temperatures.177

The numerical simulations aim to reproduce the non linear behaviour of the digging depth as a function of the178

temperature and to measure the ability of the droplet to cool down the granular material. The numerical experiment is179

based on the same material properties as the physical experiment, these properties are summaried in Table 2. Figure180

8 illustrates the experimental setup and the numerical domain. The ability of a two-dimensional granular medium to181

fluidise is reduced by the blockage in the third direction. This lack of mobility prohibit quantitative comparison with182

the physical experiment. However, the major phenomena are still present and are investigated in this study.183

The first section describes the model used to track the digging droplet in vaporisation. As the numerical model lives184

in a two-dimensional domain, the numerical considerations employed to mimic the experiment are then presented. In185

the following section, the droplet is followed for different granular bed temperatures to highlight the different regimes.186

The heat exchange governing the digging is then investigated in this regime at a initial temperature of 400◦ C, as seen187

in Figure 9. Finally, similarities and differences between the experiment and the numerical results are provided.188
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l

Figure 8: On the left, schematic of the experiment. On the right, its numerical representation. The mesh close to the droplet is refined and the mesh
further away is larger than the particle size.
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Figure 9: Snapshots of the droplet penetrating the granular bed at 400◦ C. The vapour field is indicated by shades of grey. The temperature of the
grains is shown in red. The grains are ejected into the chimney as the droplet falls. The fluidisation of the grains allows the droplet to continue
falling.
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Fluid properties
Density, 𝜌 kg m−3 1.204
Viscosity, 𝜂 kg m−1 s−1 2 10−5

Heat capacity, 𝑐 J kg−1 K−1 1040
Heat conductivity, 𝑘 J s−1 m−1 K−1 0.026
Thermal expansion, 𝛽 K−1 3 10−3

Vapour diffusivity, 𝐷𝑣 m2 s−1 2 10−5

Vapour density, 𝜌𝑣 kg m−3 1.204

Grain properties
Density, 𝜌 kg m−3 3200
Heat capacity, 𝑐 J kg−1 K−1 290
Heat conductivity, 𝑘 J s−1 m−1 K−1 234
Young’s modulus, 𝐸 kg m s−1 1011

Poisson’s ratio, 𝜈 \ 0.35
Dry friction, 𝜇 \ 0.3

Geometry properties
Width, 𝑤 mm 10
Height, ℎ mm 30
Bed height, ℎ𝑝 mm 22.5
Droplet Height, 𝑙 mm 1.5
Droplet diameter, D mm 2.5
Grain diameter, 𝑑 𝜇m 55

Numerical parameters
Time step, Δ𝑡 s 5 10−4

Cohesive Bond, 𝐹0
𝑐 kg m s−2 7.5 10−4

Vapour threshold, 𝜓0 \ 0.9

Table 2: Properties associated to the spontaneous digging experiment.

4.1. Droplet representation189

As the droplet falls through the granular bed, it begins to absorb grains. The particles and the surrounding fluid190

contribute to the dynamics of the droplet and to its vaporisation. The droplet is modelled as a mixture of liquid phase191

and particles. The shape of a droplet is determined by the balance between buoyancy and surface tension, as well as192

the balance between inertial and viscous forces. These two balances are modelled respectively by the Eötvös number193

Eo and the Reynolds number Re𝐷 . An approximation of the shape of the droplet can be obtained using the Grace194

diagram [36]. In the experiment, these numbers are given by195

Eo =
Δ𝜌𝑔𝐷2

𝜎
≈ 1, Re𝐷 =

𝜌𝐷𝑈

𝜂
≈ 10.

The droplet is then assumed to retain its shape and only its mass and radius are modified. The volume of the droplet 𝑉196

is given by the volume occupied by the liquid phase 𝑉 𝑓 and the absorbed particles 𝑉𝑝 . The heat flux at the interface is197

entirely used to vaporise the water. The mass ratio ¤𝑚 is then given by the latent heat of vaporisation L and the net heat198

flux. This heat flux is the sum of the transfer between the droplet and the surrounding air, 𝑄 𝑓 and the transfer from199

the particles immersed in the droplet 𝑄𝑝 . The droplet dynamics is derived from the Volume-Averaged Navier-Stokes200

equations, equation 2, integrated over the droplet volume. The stress tensor is computed using the solution in the fluid201

phase since the inside of the droplet is not solved. The droplet is then fully described by the following equations,202

𝑉 = 𝑉 𝑓 +𝑉𝑝 (15)
L ¤𝑚 = 𝑄 𝑓 +𝑄𝑝 (16)

𝑚
d𝒖
d𝑡

= 𝑭 𝑓 + 𝑭𝑝 + 𝑚𝒈, (17)

where 𝑭 𝑓 is the force applied by the fluid on the particles and 𝑭𝑝 is the force applied by the particles on the fluid. It203

is worth noting that the resulting surface tension over the boundary is null as the droplet remains circular. Figure 10204

illustrates the heat, mass and momentum transfer over the droplet.205
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Qf

F f

ṁ

g

v

F p

Qp

Figure 10: Droplet representation. The motion of the droplet is balanced by its weight 𝑚𝒈, the force exerted by the particles 𝑭𝒑 and the force
exerted by the surrounding fluid 𝑭 𝒇 . Due to the temperature gradient, the droplet is subject to a heat flux 𝑄 𝑓 from the surrounding fluid and a heat
flux 𝑄𝑝 from the particles. The net heat transfer is used to vaporise the droplet.

4.2. Numerical considerations206

To represent the initial conditions of the experiment, the granular bed is represented as an assembly of discs.207

A space-filling algorithm is used to minimise voids between particles [37]. As solid packing fraction controls the208

fluidisation of a granular bed, particles are assumed to be porous to maintain a volume fraction similar to the physical209

experiment measured at 𝜙 ≈ 0.4.210

In order to limit the granular medium’s ability to reorganise itself, cohesion is added between the grains. The211

vapour field 𝜓 acts as an indicator of the fluidisation of the granular medium. A contact is considered cohesive if it212

persists for several time steps and it is not located in a fluidised region [38]:213

𝐹𝑐 =

{
𝐹0
𝑐 if 𝜓 < 𝜓0,

0 otherwise (18)

where 𝜓 is the vapour concentration at the contact point and 𝜓0 the vapour threshold. This is equivalent to assuming214

negligeable the capillary force in the pendular regime and a constant force in the funicular regime.215

The vapour field is described by the advection-diffusion equation;216

𝜖 𝜌𝑣
d𝜓
d𝑡

= ∇ · (𝜖𝐷𝑣∇𝜓) (19)

where 𝜌𝑣 is the vapour density and 𝐷𝑣 is the vapour diffusion coefficient. The cohesive force is modelled by a contact217

force between the grains integrated into the non-smooth contact dynamics.218

Since the walls are used to heat the granular medium, they are assumed to maintain a constant temperature 𝑇𝑝 ,219

which corresponds to the initial temperature of the grains. The high temperature of the granular bed rapidly heats220

the droplet to its vaporization temperature 𝑇𝑑 = 100◦ C . This transient heating process is considered instantaneous,221

14

This preprint research paper has not been peer reviewed. Electronic copy available at: https://ssrn.com/abstract=4958610

Pr
ep

rin
t n

ot
 p

ee
r r

ev
ie

w
ed



M. Henry, N. Coppin, S.Dorbolo, J.Lambrechts, V.Legat / International Journal of Heat and Mass Transfer 00 (2024) 1–26 15

after which the droplet is assumed to be at its vaporization temperature. The produced vapor generates a flow from222

the droplet to the surrounding fluid in the radial direction, denoted 𝒓. At the top of the domain, an outflow boundary223

condition is applied. The boundary conditions applied to the fluid conservation equations and the vapour field can be224

summarised as,225

Outflow Wall Droplet

𝒇 = 𝒏 · (𝝈 − 𝜖 𝜌𝒖𝒖) 𝒖 = 0 𝒖 = 𝒖𝒅 + ¤𝑚
𝜌𝑣𝑆

𝒓

𝑞 = 𝒏 · (−𝒒 − 𝜌𝑐𝒖𝑇) 𝑇 = 𝑇𝑝 𝑇 = 𝑇𝑑

𝜓 = 𝒏 · (𝜖𝐷𝑣∇𝜓 − 𝜌𝑣𝒖𝜓) 𝜓 = 0 𝜓 = 1

The numerical scheme is summarised in Figure 11. At each time step, the local fluid volume fraction over the226

domain is computed. To couple the fluid conservation equations with particles, a semi-implicit scheme is used [39].227

Energy equation is solved to compute the temperature field based on the equation (3) using the Nusselt correlation228

(13). Mass rate is computed based on the heat flux at the droplet interface using equation (16). It provides the229

boundary condition to close the fluid model at the droplet interface. Momentum conservation is solved using equation230

(2) with the momentum transfer between the fluid and the particles (12). The force from the fluid and the particles231

are exerted on the droplet to compute its motion, based on equation (17). The droplet volume is updated based on232

the mass rate and the particles entering the droplet (15). Once the droplet has been updated, the mesh is deformed to233

track the droplet motion. The arbitrary Lagrangian-Eulerian method is used to take into account the mesh deformation234

into the conservation equations. Remeshing is performed to ensure the quality of the mesh once elements becomes235

distorted.236

15

This preprint research paper has not been peer reviewed. Electronic copy available at: https://ssrn.com/abstract=4958610

Pr
ep

rin
t n

ot
 p

ee
r r

ev
ie

w
ed



M. Henry, N. Coppin, S.Dorbolo, J.Lambrechts, V.Legat / International Journal of Heat and Mass Transfer 00 (2024) 1–26 16

ϵ,v, Tp

DEM Coupling

Tn+1 ← Energy (vans).

Energy

un+1, pn+1 ← Momentum (vans).

Momentum

un+1
p ← dem/nscd.

Tn+1
p ← dem.

Particles

un+1
d ← Momentum

V n+1
d ← Suspension, ṁ.

Droplet

n

ṁ

qp fp

F pQp

Qf F f

n+1

Mesh update

Figure 11: Numerical procedure.

4.3. One droplet, three regimes237

As briefly detailed above, when the droplet falls into the granular medium, three regimes are obtained depending238

on the initial temperature of the granular bed. These three regimes are characterised by the ability of the droplet to239

fluidise the granular medium: (i) at low temperatures, the droplet cannot fluidise on a long time, (ii) at intermediate240

temperatures, the droplet digs, and (iii) at high temperatures, the droplet remains at the top layers of the granular bed.241

Figure 12 illustrates the final depth reached by the droplet for different temperatures ranging between 300 and242

600◦C. Three regimes are found. In the first regime, for temperatures below 350◦C, the droplet crashes into the243

granular medium without being able to fluidise its surrounding environment. The depth of the droplet is then limited244

to the depth of the initial cavity, and the droplet does not hollow out. Consequently, the droplet vapourizes at the245

surface of the granular bed without ejections. On the other hand, at the highest temperatures, one expects a large246

and violent ejection of grains since the production of vapour increases with the temperature of the bed. However, we247
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observe that below the droplet, the grains are ejected but because the vapour gap is large, the grains reorganise below248

the droplet before the droplet can take their place. The intermediate regime is observed for temperatures between 350249

and 500 ◦ C. In this regime, vapour ejection is sufficient to locally fluidise the granular medium without stopping the250

droplet from falling. Indeed, the grains below the droplet do not have time to reorganise before the droplet takes their251

place.252

Regarding the change of temperature produced by the passage of the droplet, in Figure 12, the colour of the253

grains is related to their temperature (see colour bar). The area cooled down by the droplet can therefore be observed.254

Remarkably, even if the droplet does not dig deep, the temperature is modified on a range equivalent to at least one255

droplet diameter, see 𝑇 = 500◦C for example.256

The droplet depth evolution, namely the depth ℎ reached by the droplet normalised by its diameter as a function257

of dimensionless time, is shown in Figure 13 and this, for four initial temperatures of the bed. Dimensionless time258

is defined as the free fall time for the droplet to travel its radius. We observe the same behaviour during the first259

second. The droplet manages to penetrate the first layers of grains with the same apparent speed. Then, according to260

the temperature, the droplet speed decreases before stopping at the maximum depth that depends on the considered261

temperature. Note the peculiar behaviours at 500 and 600◦C for which the droplet bounces back upwards. This is due262

to the reorganisation of the grains below the droplet. The vapour gap is large enough to allow the vapour to escape263

without entraining grains. The grains move and reorganise provoking the local collapse of the chimney. The droplet264

then goes up. On the other hand, when the droplet digs, it can reach depths 10 times its initial radius. The maximum265

depth is reached at a temperature of 400 ◦ C.266

Figure 14 illustrates the evolution of the dimensionless falling velocity with respect to dimensionless time for the267

same four temperatures of Figure 13. As observed on the trajectories, the starting speeds are of the same order of268

magnitude whatever the temperature of the granular bed. The speed of fall decreases as a function of time as the269

impact of vaporisation becomes more and more important as the droplet loses mass. The third regime is characterised270

by temperatures above 500 ◦ C. In this case, the droplet is considerably slowed down by the ejection of steam, even271

though the grains are highly fluidised. The droplet starts to bounce onto the granular bed and rises back to the surface.272

The dependence of the speed with the temperature is not monotonous. If we measure the speed at 𝑡 = 2 s, the273

speed increases with the temperature until 𝑇 = 400◦C before decreasing. The speed for the first and third regime274

is roughly zero as the droplet cannot dig. The maximal speed and depth is found for the intermediate temperature,275

namely when 𝑇 = 400◦C.276

Comparing the simulations to the experiments, we can see that the major features are fully reproduced by the sim-277

ulations: (i) The three regimes are found, two non-digging and one digging regime, (ii) The depth is found to increase278

with time before stopping at a given depth that depends on the temperature, (iii) the digging speed is maximum at279

an intermediate temperature, and (iv) the reached depths depend on the temperature and a maximum of the digging280

depth is found when T=400◦ C. This is what is observed in the quasi-2D experiments. The bounce back of the droplet281

is however not observed in the experiments. Another difference with the experiments is that the droplet takes some282

time to cross the interface before showing the constant digging speed regimes. This difference with the simulations283

is attributed to the large thermal gradients that are found along the first layers of grains in the experiments. This is284

due to radiation and heat exchange with the atmosphere that decrease the temperature of the first layers compared to285

the bulk. This explains the difference with the numerical simulations for which the temperature of the grains is more286

homogeneous. As a consequence, the droplet experiences some difficulties to cross the interface in the experiments.287

In the experiments, as soon as the droplet is at a depth larger than its diameter, the droplet digs with a constant288

speed. That is less marked in the numerical simulations. Indeed, the difference is probably due to the fact that the289

simulations are pure 2D and to the fact that experiments are quasi-2D. The ejection of the grains is not eased by the290

2D constraints since the grains organise along very compact configurations. Finally, we cannot reject the influence of291

the border in the experimental set-up: the front side is made of sapphire and the rear side of copper. This friction is292

consequently not capture in the model.293
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Figure 12: Final depth reached by the droplet at differents initial temperature of the granular bed.
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Figure 13: Droplet depth evolution
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Figure 14: Droplet velocity evolution

As suggested by Figure 12, fluidisation of the granular medium promotes heat transfer between the droplet and294

the granular medium. This increase can be seen in the average temperature of granular bed over time, which can be295

observed in Figure 15. The temperature was normalized in order to be compared with the four considered starting296

temperature. At 400◦C, the temperature decreases is the most efficient because the droplet goes the deepest interacting297

with more grains. Generally speaking, in the intermediate temperatures, the droplet motion is characterised by a298

prolonged period of fluidisation, increasing the cooling of the grains. In addition, the ejection of grains into the299

chimney allows the droplet to cool grains that are initially deeper and still hot. The third regime does not follow300

this behaviour. Indeed, the reorganisation of the granular medium before the droplet falls leads to weaker interaction301
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between the droplet and the granular medium because the temperature differences are smaller. The heat transfer is302

localised at the first layers of the granular material, the heat being conveyed to the droplet thanks to the contact network303

between the grains. In all regimes, a screening effect is observed as the droplet becomes saturated with grains. Heat304

is then transferred less effectively between the droplet and the granular medium. This effect is particularly visible in305

Figure 16 indicating an estimate of the instant lifetime of the droplet over time.306

The instant lifetime is calculated as 𝑚(𝑡)/ ¤𝑚(𝑡) and reported in Fig. 16. This quantity allows to track the effective307

heat transfer as a function of time. In the initial stages of the fall, the grains passing through the droplet are rapidly308

ejected into the chimney and do not produce any screening effect. The lifetime is then of the order of ten seconds.309

Subsequently, the droplet becomes saturated with grains, the medium containing the droplet is then described as a wet310

medium and the heat is transferred less effectively. The lifetime increases sharply, reaching up to several minutes. The311

heat transfer is observed to be maximum at 𝑇 = 400◦ C which is coherent with the previous observations. As soon as312

the droplet sits and does not move, the heat transfer decreases and a plateau is observed. The heat transfer can then313

only proceed along the contact network and along the exchange with the gas. This contrasts with the moving droplet314

whose environment is at a larger temperature.315
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Figure 15: Mean particle temperature evolution.
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ṁ
[s]

Figure 16: Droplet instantaneous lifetime.

4.4. Spontaneous digging at 400◦ C316

Since transfer is maximal at a temperature of 400 ◦ C, the droplet was carefully monitored at this temperature.317

Figure 9 shows the droplet penetration into the granular bed at different snapshots for a granular bed temperature of318

400◦ C at 8 different times (see Legend). The chimney starts building already after the first seconds. The cone of319

cooling is clearly visible at 𝑡 = 3 s and even some bubbles of vapour can be seen.320

As the droplet interacts with the granular medium, a thick layer of vapour is produced. The droplet is strongly321

slowed down by the force of the steam and this ejection allows the grains to be fluidised around the droplet. Finally,322

the grains are ejected in the wake of the droplet, and the droplet is able to take the place of the ejected grains and323

continues to dig. The different forces acting on the droplet can be isolated and measured as a function of time. The324

weight 𝑚𝑔, the fluid-particule force 𝐹 𝑓 , the particle-fluid force 𝐹𝑝 , and the resulting force 𝐹𝑛𝑒𝑡 are presented as a325

function of time in Figure 17. In parallel, one can also follow the evolution of the heat exchange 𝑄𝑝 , 𝑄 𝑓 and 𝑄𝑛𝑒𝑡 in326

Figure 18. The forces have been scaled by the initial weight of the droplet and the heat fluxes by the initial conductive327

flux at the droplet interface.328

When the droplet fully penetrates the granular medium, the average forces applied by the vapour and the grains329

balance the weight of the droplet. The droplet then reaches its terminal velocity. Particles ejected in the wake of the330

fall form a chimney which is maintained by the fluidisation of the grains. As the droplet falls, the particles ejected331
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into the chimney fall back down and pass through the droplet, cooling the granular medium. This leads to a reduction332

in heat flow in close proximity to the droplet as seen in Figure 18. Fluidisation of the granular medium is then reduce.333

Once fluidisation stops, the droplet absorbs the grains through its front. The droplet is then slowed down by the334

captured grains, and the thrust force of the vapour is insufficient to keep the droplet levitating. Digging stops and the335

droplet comes to rest.336
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Figure 17: Force contribution evolution to the droplet motion.
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Figure 18: Heat transfer evolution over the droplet.

As the droplet falls, it only cools the grains in its wake. The deeper the droplet, the longer the chimney and the337

grains within it are cooled. The temperature under the droplet changes only slightly during the fall. Figure 19 shows338

the vertical average particle temperature profile. Grains in the chimney are cooled by the droplet without reaching339

the vaporisation temperature. As the droplet gathers grains in itself, they reach vaporisation temperature. Then, they340

are ejected into the chimney where their temperature increases. The resulting temperatures reach half their initial341

temperature. This effect can be seen in Figure 20 which shows the horizontal average particle temperature profile at a342

specific height.343
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Figure 19: Vertical particle temperature profile at different snapshots.
The alternating greys cells indicates the cell decomposition on which
the averaging process is performed.

Figure 20: Horizontal particle temperature profile in a given cell high-
lighted in green.

5. Conclusion344

This paper presents a multiphysics model that describes the flow of grains in a fluid including heat transfer. To345

accurately represent this flow, a volume averaged stabilised finite element method has been coupled with a non-346

smooth discrete element method. Particular emphasis is placed on modelling the heat exchange between the grains347

and the fluid. The averaged fluid description requires the introduction of constitutive laws to represent the transfer348

of momentum and heat between the grains and the fluid. A correlation equation, equation 13, for grain assemblies349

has been introduced to quantify heat transfer, based on the Reynolds analogy [24] and the Di Felice pore function350

[25]. The proposed law was validated against experimental measurements of heated granular beds taken from the351

literature [20]. The implementation of the model was then validated on the study of a bubbling fluidised granular bed352

by reproducing Patil’s experiment [21].353

The two-dimensional model was then applied to the study of the spontaneous digging of a droplet of water in a hot354

granular bed. Depending on the temperature, the vaporisation of the droplet causes the granular bed to fluidise locally355

and dig into the granular bed. The absorption of grains within the droplet is achieved by representing the droplet as a356

mixture of water and grains.357

Depending on the temperature of the granular bed, three regimes were observed as expected from the experiment.358

The first regime is characterised by no digging, the vaporisation of the water is not sufficient to fluidise the granular359

bed and the water droplet remains on the surface. The second regime, obtained at intermediate temperatures, is360

characterised by deeper digging. The water vaporisation is sufficient to fluidise the granular bed while allowing the361

droplet to fall. The droplet takes the place of the grains and penetrates into the granular bed. At high temperatures,362

the third regime is reached where the droplet returns to the surface. Vaporisation slows the droplet’s fall, allowing the363

granular bed to reorganise around the droplet, preventing it from sinking. The model greatly simplifies the experiment364

as the local fluidisation of a granular bed is controlled by the cohesion of the grains. This parameter has a significant365

effect as it limits the mobility of the grains, which can favour digging by preventing the grains from reorganising366

around the droplet. However, the numerical model reproduces the main trends of the experiment, namely digging,367

local fluidisation and chimney formation.368

The vaporisation of the droplet is the main source of heat transfer in the system and enables a local fluidisation369

in the wake of the fall. When the grains are absorbed by the droplet, a screening effect is observed which reduces370

the heat transfer. However, the heat contributed by the retained grains does not account for the majority of the heat371

exchanged with the fluid. The fluid remains hot through the granular bed. Evaporation reduces the surface area of the372
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droplet, thereby reducing vaporisation. When the vaporisation is no longer sufficient to eject the grains towards the373

chimney, the droplet stops falling. It then fills up with grains at the front and stops. The droplet becomes saturated374

and can no longer transfer heat to the outside. Its lifetime then increases considerably.375

Future work will include investigating the effect of cohesion and the effect of grain size on digging time. Grain size376

controls the fluidisation of the granular bed as smaller grain systems can be more easily disrupted by fluid injection.377

This future work will provide a better understanding of the phenomenon of spontaneous digging and enable us to378

control it more effectively. The effct of droplet shape on digging will also be investigated as the droplet tends to379

deform to minimise its surface energy. This deformation can affect the digging during the crossing of the granular380

interface. Extending the model to three dimensions is a natural step in studying the phenomenon of digging, which381

reduces the geometric constraints of the assembly.382
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Appendix A. Weak form385

The spatial discretisation of the volume averaged Navier-Stokes equations is performed on an unstructured grid386

using the finite element method. The test solution spaces for the velocity, pressure and temperature are respectively387

denoted by 𝑏𝑜𝑙𝑑𝑠𝑦𝑚𝑏𝑜𝑙Uℎ, Pℎ and T ℎ.388

𝒖 ≈ 𝒖ℎ =

𝑛∑︁
𝑖

𝑼𝑖𝜙𝑖 , 𝒖ℎ ∈ U
ℎ (A.1)

𝑝 ≈ 𝑝ℎ =

𝑛∑︁
𝑖

𝑷𝑖𝜙𝑖 , 𝑝ℎ ∈ Pℎ (A.2)

𝑇 ≈ 𝑇ℎ =

𝑛∑︁
𝑖

𝑻𝑖𝜙𝑖 , 𝑇ℎ ∈ T ℎ (A.3)

where 𝑛 refers to the number of nodes as linear equal-order interplation functions are used for all the fields. This389

choice is motivated to keep the numerical efficiency of the multiscale model. However, the Brezzi-Babuska condition390

is not satisfied and the discretisation leads to a singular discrete matrix. In order to restore the rank deficiency, a391

pressure stabilisation/Petrov-Galerkin (PSPG) term is added to the continuity equation.392

The continuous Galerkin method can also leads to difficulty when applied to a convective dominated problem as393

the convection term is not symmetric positive definite. Therefore, the best approximation property is not satisfied394

and the solution may be oscillatory. In order to limit this effect, the test functions are enriched with a streamline395

upwind Petrov-Galerkin (SUPG) term. This term is added to the momentum equation and the energy conservation. It396

is equivalent to adding a numerical diffusivity in the flow direction.397

These stabilisations have a major drawback, once they become dominant, the accuracy of the solution is not398

guaranteed. Therefore, the stabilisation parameters have to be carefully chosen. In the case of the PSPG, the loss of399

incompressibility should be limited. To restrict this effect, the least square incompressibility constraint is used. It is400

convenient to describe these stabilisations as residue-based stabilisation methods where401

𝑅𝑝 =
𝜕𝜖

𝜕𝑡
+ ∇ · (𝜖𝒖) (A.4)

𝑹𝒖 = 𝜖 𝜌
d𝒖
d𝑡

− ∇ · 𝝈 − 𝒇 𝑝 + (1 + 𝛽 (𝑇 − 𝑇𝑅)) 𝜖 𝜌𝒈 (A.5)

𝑅𝑇 = 𝜖 𝜌𝑐
d𝑇
d𝑡

+ ∇ · 𝒒 − 𝑞𝑝 (A.6)

22

This preprint research paper has not been peer reviewed. Electronic copy available at: https://ssrn.com/abstract=4958610

Pr
ep

rin
t n

ot
 p

ee
r r

ev
ie

w
ed



M. Henry, N. Coppin, S.Dorbolo, J.Lambrechts, V.Legat / International Journal of Heat and Mass Transfer 00 (2024) 1–26 23

are the residue of the conservation equations.402

The stabilised finite element formulation of the volume averaged Navier-Stokes equations is to find (𝒖ℎ, 𝑝ℎ, 𝑇ℎ) ∈403

(Uℎ × Pℎ × T ℎ) such that ∀(𝒖̂ℎ, 𝑝ℎ, 𝑇ℎ) ∈ (Ûℎ × P̂ℎ × T̂ ℎ)404

〈
𝜕𝜖

𝜕𝑡
, 𝑝ℎ

〉
−
〈
𝜖𝒖ℎ,∇𝑝ℎ

〉
+ ≪ 𝜖𝒖ℎ, 𝑝ℎ𝒏 ≫

= −
∑︁
𝑒

𝜉𝑝
〈
𝑹𝒖 ,∇𝑝ℎ

〉
𝑒︸                  ︷︷                  ︸

PSPG

(A.7)

〈
𝜖 𝜌

d𝒖ℎ

d𝑡
+ ∇𝑝ℎ − (1 + 𝛽 (𝑇 − 𝑇𝑅)) 𝜖 𝜌𝒈 − 𝒇 𝑝 , 𝒖̂

ℎ

〉
+
〈
𝜖𝜂

(
∇𝒖ℎ + 𝒖ℎ

∇

)
,∇𝒖̂ℎ

〉
− ≪ 𝜖𝜂

(
∇𝒖ℎ + 𝒖ℎ

∇

)
, 𝒖̂ℎ · 𝒏 ≫

= −
∑︁
𝑒

𝜉𝑢
〈
𝑹𝒖 , 𝒖

ℎ · ∇𝒖̂ℎ
〉
𝑒︸                        ︷︷                        ︸

SUPG

−
∑︁
𝑒

𝜉𝑐
〈
𝑅𝑝 ,∇ · 𝒖̂ℎ

〉
𝑒︸                    ︷︷                    ︸

LSIC

(A.8)

〈
𝜖 𝜌𝑐

d𝑇ℎ

d𝑡
− 𝑞𝑝 , 𝑇

ℎ

〉
+
〈
𝜖 𝑘∇𝑇ℎ,∇𝒖̂ℎ

〉
− ≪ 𝜖 𝑘∇𝑇, 𝒖̂ℎ · 𝒏 ≫

= −
∑︁
𝑒

𝜉𝑇
〈
𝑅𝑇 , 𝒖

ℎ · ∇𝑇ℎ
〉
𝑒︸                        ︷︷                        ︸

SUPG

(A.9)

where ⟨·, ·⟩ and ≪ ·, · ≫ represents the inner products on the domain Ω and its boundary 𝜕Ω for which the outer405

normal is denoted by 𝒏. The restriction 𝑒 indicates that the inner product is only performed on the interior of the406

element 𝑒. The stabilisation parameters are given by407

𝜉𝑐 = ℎ ∥𝒖ℎ∥ min
(
ℎ𝜌∥𝒖ℎ∥

6𝜂
,

1
2

)
(A.10)

𝜉𝑢 = 𝜉𝑝 =

[(
2
Δ𝑡

)2

+
(
∥𝒖ℎ∥
ℎ

)2

+
(

4𝜂
𝜌ℎ2

)2
]−1/2

(A.11)

𝜉𝑇 =

[(
2
Δ𝑡

)2

+
(
∥𝒖ℎ∥
ℎ

)2

+
(

4𝑘
𝜌𝑐ℎ2

)2
]−1/2

(A.12)

(A.13)

where ℎ is the element characteristic length. To estimate the rate of fluid volume fraction, the divergence of the mean408

solid velocity is used as both therm are related by the continuity equation,409

𝜕𝜖

𝜕𝑡
= ∇ · [𝜙𝒗] (A.14)

where 𝜙 is the volume fraction of the solid phase and 𝒗 the solid velocity. By using the same semi-implicit scheme410

employed in the momentum conservation to discretise the solid velocity, the model is able to compute the rate of411

porosity at low fluid volume fraction.412
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Appendix B. Non-Smooth contact dynamics413

Non-smooth contact dynamics is used to model the particle-particle and particle-wall interactions. The dynamics414

is written in the contact basis where the relative velocity between the two objects is denoted v and the contact basis415

generated by the normal vector n to the tangential surface at the point of contact. Each collision is resolved by finding416

the impulse p required to prevent any overlapping at the end of the shock, known as the Signorini condition [40].417

As for the tangential reaction, it is modelled by Coulomb’s friction law. Each contact must satisfy the following418

conditions,419

v+ − v− = W p Cinematic condition
(v+ · n) (p · n) = 0, Signorini condition
∥p − (p · n)n∥ ≤ 𝜇 |p · n| , Coulomb’s friction law

(B.1)

where v− and v+ are the relative velocities before and after the collision and 𝜇 is the coefficient of friction. The420

velocity response to an impulse at the contact point is described by the Delassus operator W. This problem is solved421

for each contact occuring in the system during a time step Δ𝑡. To speed up the convergence of the global problem, the422

contact network is solved iteratively using a Gauss-Seidel procedure [41]. The resulting contact force density applied423

to particle 𝑖 by the contact network, denoted 𝒇 𝑐, is obtained as424

𝒇 𝑐 =
1
𝑉

∑︁
𝑗∈P

p𝑖 𝑗Δ𝑡 (B.2)

where 𝑉 is the particle volume, P is the set of particles and p𝑖 𝑗 is the contact impulse between the 𝑖, 𝑗 particles.425

Heat exchange between particles is assumed to be only due to contact conduction, as convection is carried out426

by the fluid phase and radiation is neglected. Contact conduction depends on the properties of the materials and the427

force keeping them in contact. At first approximation, the contact heat transfers through the contact is dependent on428

the exchange surface. However, the contacts dynamics assumed this surface to be zero. An effective contact surface429

is estimated by the normal reaction of the contact, denoted 𝑟𝑛, assuming elastic particles and smooth surfaces. The430

contact reaction is related to the contact impulse by the following relation, 𝑟𝑛Δ𝑡 = p · 𝒏. The net contact conduction431

density 𝑞𝑐 submitted to the grain 𝑖 and the contact conductance between two grains 𝑖, 𝑗 , denoted 𝐻𝑖 𝑗 are obtained as432

[42], [43], [44]433

𝑞𝑐 =
1
𝑉

∑︁
𝑗∈P

𝐻𝑖 𝑗 (𝑇𝑖 − 𝑇𝑗 ), 𝐻𝑖 𝑗 = 4𝑘𝑠

(
𝑟𝑛 𝑑∗

2𝜋𝐿𝐸∗

)1/4

(B.3)

where 𝑘𝑠 is the harmonic mean of the solid heat conductivity, 𝑟𝑛 is the normal contact reaction between the two grains434

𝑖, 𝑗 , 𝐿 is the cylinder length, the effective Young’s modulus 𝐸∗, the effective contact diameter 𝑑∗ chosen as435

1
𝑘𝑠

= 2
(

1
𝑘𝑖

+ 1
𝑘 𝑗

)
,

1
𝐸∗ =

1 − 𝜈2
𝑖

𝐸𝑖

+
1 − 𝜈2

𝑗

𝐸 𝑗

,
1
𝑑∗

=
1
𝑑𝑖

+ 1
𝑑 𝑗

(B.4)

where 𝜈𝑖 is the Poisson’s ratio associated with grain 𝑖. A boundary contact is assumed to behave like a particle with436

an infinite radius and an infinite Young’s modulus.437
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