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Abstract

A renewed interest toward Cosserat or micropolar continuum has driven
researchers to the development of specific models for upscaling discrete
media such as masonry, granular assemblies, fault gouges, porous media,
and biomaterials. Cosserat continuum is a special case of what is called
micromorphic, generalized or higher-order continua. Due to the presence of

I. Stefanou - J. Sulem (<)) - H. Rattez
Navier (CERMES), UMR 8205, Ecole des Ponts, IFSTTAR, CNRS, Champs-sur-Marne, France
e-mail: ioannis.stefanou @enpc.fr; jean.sulem @enpc.fr

© Springer Nature Switzerland AG 2019 687
G. Z. Voyiadjis (ed.), Handbook of Nonlocal Continuum Mechanics for Materials
and Structures, https://doi.org/10.1007/978-3-319-58729-5_10


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-58729-5_19&domain=pdf
mailto:ioannis.stefanou@enpc.fr
mailto:jean.sulem@enpc.fr
https://doi.org/10.1007/978-3-319-58729-5_10

688 . Stefanou et al.

internal lengths in its formulation, Cosserat continuum is quite attractive for
addressing problems involving strain localization. It enables modeling the shear
band thickness evolution, tracking the postlocalization regime, and correctly
dissipating the energy when using numerical schemes. In this chapter, we
summarize the fundamental governing equations of a Cosserat continuum
under multiphysical couplings. Several examples of the numerical advantages
of Cosserat continuum are also presented regarding softening behavior, strain
localization, finite element formulation, reduced integration, and hourglass
control. The classically used constitutive models in Cosserat elastoplasticity are
presented and some common approaches for upscaling and homogenization in
Cosserat continuum are discussed. Finally, a simple illustrative example of the
adiabatic shearing of a rock layer under constant shear stress is presented in
order to juxtapose a rate-independent Cosserat with a rate-dependent Cauchy
formulation as far as it concerns strain localization.

Keywords
Cosserat continuum - Plasticity - Bifurcation theory - Multiphysical
couplings - Strain localization - Shear locking - Upscaling - Faults

Introduction

Cosserat or micropolar continuum is a special case of what is called micromorphic,
generalized, or higher-order continua. The general theory of micromorphic continua
is general enough to describe various heterogeneous systems with microstructure. In
Fig. 1, we briefly outline the various higher-order continuum theories, according to
Germain (1973), and their special cases. Besides the classical continuum (also called
Cauchy or Boltzmann continuum) and the Cosserat continuum, special cases of
micromorphic continua are also the second gradient and the couple stress continuum
theories.

In the last three decades, a renewed interest toward the Cosserat continuum has
driven researchers to the development of specific continuous models for upscaling
discrete media such as masonry, granular assemblies, fault gouges, porous media,
and biomaterials (see, for instance, Besdo 1974; Anderson and Lakes 1994; Forest
et al. 1999, 2001; Forest and Sab 1998; Stefanou et al. 2010; Sulem et al. 2011;
Trovalusci et al. 2015; Masiani and Trovalusci 1996; Miihlhaus and Vardoulakis
1988; Bardet and Vardoulakis 2001; Pasternak and Miihlhaus 2006; Pasternak et al.
2006; de Buhan and Sudret 2000; among others). Cosserat continuum has seemed
motivated by the advantages enclosed in its enhanced kinematics and the nonsym-
metry of the stress tensor. When used for the formulation of continuum equivalent
models for discrete media, Cosserat continuum allows to efficiently take into
account high deformation gradients, relative particles’ rotation, and scale effects.
Moreover, Cosserat continuum enables the investigation of the phenomenon of wave
dispersion, which characterizes the dynamic response of discrete media when the
wavelength is comparable to the size of the microstructure (internal length).
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Fig. 1 Higher-order continuum theories according to Germain’s terminology (Mindlin 1964;
Eringen 1999)

Due to the presence of internal lengths in its formulation, Cosserat continuum
is quite attractive for addressing problems involving strain localization. After the
pioneering work of Miihlhaus and Vardoulakis (1988), who explained mathemati-
cally the shear band thickness and its evolution under shearing, Cosserat continuum
became the first and nowadays one of the common modeling approaches for
regularization of the ill-posed Cauchy continuum (Zervos et al. 2001; Papanastasiou
and Zervos 2004; Papanastasiou and Vardoulakis 1992; De Borst and Sluys 1991;
Godio et al. 2016a). Moreover, the correct simulation of the shear band thickness
evolution (e.g., the thickness of the principal slip zone in a fault gouge) and of the
postpeak behavior of a system, which Cosserat theory enables, guarantees correct
energy dissipation.

This chapter is structured as follows. In section “The Cosserat Continuum,”
we give the general equations of a Cosserat continuum. In particular, the linear
and angular momentum balance as well as the mass and energy balance equations
and the second law of thermodynamics are extended for the Cosserat continuum.
Under multiphysical couplings, involving chemistry and phase transformations, the
above equations have to be adapted for momentum, mass, and energy exchange
between the considered phases. Section “The Cosserat Continuum” is completed
with a small paragraph discussing the additional terms due to this exchange.
In section “Constitutive Laws for Cosserat Continua,” we present some consti-
tutive laws that are commonly used in Cosserat elasticity and elastoplasticity,
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including softening and multiphysical couplings. In section “Numerical Advantages
of Cosserat Continuum,” we show the numerical advantages of Cosserat continuum
theory for solving problems when softening behavior and strain localization are
encountered. The commonly used approaches for upscaling and homogenization
of heterogeneous structures in the frame of Cosserat continuum are discussed in
section “Upscaling and Homogenization.” Finally, in section “Rock Shear Layer of
Cosserat Continuum: Fault Mechanics,” a simple example of the adiabatic shearing
of a rock layer under constant shear stress is presented in order to highlight the
similarities of a rate-independent Cosserat and a rate-dependent Cauchy continuum
as far it concerns the conditions for which shear band localization takes place. It
is worth mentioning that Cosserat continuum is a promising framework in fault
mechanics as it enables to compute the thickness of the principal slip zone inside a
fault core, its dependence upon the microstructure of the fault gouge (Sulem et al.
2011; Rattez et al. 20164, b; Veveakis et al. 2013; Sulem and Stefanou 2016) and its
impact on the seismic energy budget.

The Cosserat Continuum

Cosserat continuum equations can be derived in two different, but equivalent, ways,
each one based on a different physical ansatz. The first one is based on the linear
and angular momentum balance and the fundamental assumption of the existence
of the so-called couple stresses at the material point (Fig. 2). The physical meaning

X3

Fig. 2 Stresses and couple-stresses (moments) of Cosserat continuum (Stefanou et al. 2008)
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of couple stresses, as well of their conjugate in energy kinematic measures, i.e.,
the gradient of the rotations (i.e., the curvatures), is a long-standing point of
discussions in the scientific community and it is application-wise. For instance, in
the Timoshenko theory of beams, which coincides with a one-dimensional Cosserat
continuum, the Cosserat moment is simply the resultant section moment.

The second, alternative approach for deriving the Cosserat continuum equations
is by postulating the form of the energy density function and by enriching directly
the kinematics of the material point. Both ways are equivalent, but here we prefer
to present the first one as only the momentum balance equations are needed. The
energy of a Cosserat continuum can be then derived directly from the variational
form of the Cosserat equilibrium equations.

Linear and Angular Momentum Balance

Let us consider a solid of volume V and its boundary dV. The linear momentum is
given as follows:

P—/,ovdV €))]

14

where v; is the velocity of a material point, i = 1,2,3 (in three dimensions), and p is
the density. The resultant force is written as:

F _/de+/z,dS @)

v

where f; is a body force per unit volume and ¢; is the traction vector, with #; = 7n;
and n; the normal unit vector at the boundary. Repeated indices denote summation
over the repeated index. Applying the Newton’s law DP’ = F;, we obtain:

DV,‘
i+ fi = Pﬁ 3

In the case of a multiphase material, the velocity of each constituent phase has
to be considered separately. Moreover, the momentum equations have to be written

separately for each phase and then combined to give again Eq. 3, but with pD"’ =

(1—n)p° Dt’ +n pf Dt , where, here, f stands for the fluid phase and s for the
solid one, n is the Eulerian porosity (pore volume per unit volume of porous material
in actual state), and b () a() + (.) ;vf. The above equation is valid as far as no
exchange or transformatlon takes place between the phases.
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The moment of momentum about a point is:

Hi = /eijkxjpvde—i— /I,»jwjdV (4)
%4 14

where e, is the Levi-Civita perturbation symbol, /;; the microinertia tensor, and
w; the Cosserat rotational velocity of the material point. In the special case of an
isotropic microinertia tensor, I;; = I,6;;, where §;; is the Kronecker delta.

The resultant moment about the same point is written as:

L, = / (eijkxjfk + l/Li) dVv + /eiijjtde + /m,-dS ®))
V S Vv

where p; is a body couple stress per unit volume and m; = my;n; is the couple
stress tractor, with m;; the couple stress tensor. Euler’s law % = L;, yields:
Da)j

£l ©

mij j + eijktg = Iij

From the above equation, we observe that the stress tensor 7;; is not symmetric

due to the presence of the couple stress gradient and the microinertia terms. 7;; can

be decomposed into a symmetric ¢ and an antisymmetric part s;; : Tj; = 05 + sjj. In
this case, the symmetric part plays the role of the Cauchy stress tensor.

Mass Balance

The derivation of the pore pressure diffusion-generation equation from the mass
balance follows the classical derivation procedure as in the classical Cauchy
continuum. In particular, it becomes:

ap/ T 10 1
= A -+ Wi 7
o o pror T M

where w; = n (vlf — vf)is the Darcy’s fluid (relative) velocity, % = v;;is the

*

volumetric strain rate, A = ?3_* is the undrained pore fluid pressurization coefficient,
with A* =nMA + (1 —n)A*, where A/ is the fluid thermal expansion coefficient and
A% is the solid thermal expansion coefficient, f* =nB/ 4 (1 —n)pB* is the storage
coefficient, where B/ is the fluid compressibility and * is the compressibility of the
solid phase.

Assuming Darcy’s law for the fluid flow, the above equation becomes:

—— =A — — typy ®)
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where ¢, = # is the hydraulic diffusivity with k the hydraulic permeability,
which is assumed here isotropic and constant and, 7 the fluid viscosity.

Energy Balance

Similar to the mass balance equation, the derivation of the energy balance equation
and in a second step of the heat equation follows the same steps as in the
case of the Cauchy continuum. However, the work of the external, generalized
forces and the kinetic energy have some additional terms due to the Cosserat
rotations and moments. More specifically, assuming a micropolar solid phase and a
nonmicropolar fluid, the kinetic energy rate is:

DK _ DK* |, DK/

Bt = bt T b

D 1 5,508 1 1 :
=& [[5 A =n)p'vivi + 5 (1 —n) Fwjw; ] dV
v

€))
+ f%n,ofv,-fvide
|4
The internal energy is written as follows:
DE _ DE' | DE/
Dt Dt Dt
(10)

=2 ([0 =n)p& +np/El AV
4

here &* and & are the internal energy of the solid and fluid phase, respectively, per
unit mass.
The work rate of external forces for a Cosserat continuum is given by:

DW

o= (tfvf +m;w; + tifv,f> ds + / (fisvf + piwi + fl-fv,f> dav (11

v Vv

Notice that due to the presence of two phases in the medium, the volumetric as
well as the external generalized forces and tractions are split over the two phases.
For a chemically inert system and in absence of any exchange between the solid and
the fluid phase, the equations remain the same with Egs. 3 and 6. According to the
first law of thermodynamics, we have:

DK DE DQ DW

== -_— 12
Dt+Dt Dt Dt (12)

where % = — [hin;dS = — [h;;dV is the rate of heat input (given to V through
v 14

its boundary dV) and 4; is the heat flux vector components. After some algebraic
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manipulations, the energy balance equation becomes:

; DSES ref
(1 —n)p‘% +npf% —i—,ofc‘f’{wi
— TijVij — MijKij + hi; y (13)
SR P

where y;; = v;; + e;jrwr and k;; = w; ;. Neglecting the Cosserat effects and
adapting the notation, the above equation coincides with Houlsby and Puzrin (2000)
and Coussy (2004).

Assuming an elastoplastic constitutive law (see section “Constitutive Laws for
Cosserat Continua”), the energy balance equation results to the heat equation for
Cosserat continua:

oT T N 1 P 1 . p (14)
— =cphn—— + — iy, + —myikh
ot * ox;0x;, pC " Vij pC YT

where T is the temperature, )'/5 the plastic deformation rate tensor, and /'cfj’- the plastic
curvature rate tensor and cy, the thermal diffusivity coefficient. For deriving the
above equation, small deformations and an isotropic Fourier’s law were considered.

Second Law of Thermodynamics

Following the same derivations, the second law of thermodynamics yields:

i

DS hi
—(S =S (o' w: L ofw + [ 22
/|:Dt (S—=87)(p'wi), +Sip w,+(T)

j| dv >0 (15)
v

where S denotes the specific entropy of the mixture per unit mass and S* the specific
entropy of the specie x. The above equation coincides with the one of (Houlsby and
Puzrin 2000) after proper substitutions and algebra. Under specific assumptions for
the constitutive behavior of the solid and the fluid phases, the above equation can be
further developed.

Phase Transitions Between the Species

Phase transitions from the solid to the fluid phase and vice versa, due to, for instance,
dissolution/precipitation mechanisms or dehydration, has as a result the addition
of supplementary terms in the above equations. In particular, if 7 r = —i s
expresses the rate of transition from the solid to the fluid phase, Egs. 3, 6, 8, 13, and
15 become:
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Dv;
tg 4 S+ (o —v) By = 0t (16)
. Da)j
Mij.j + €ijkTkj + AWy = Iijﬁ A7)
ap/ T 1 ag 1
R 18
9t 9t /3* 9t ,3* Wi i cchrs—>f ( )
(1— \Ds Dfo_i_pfgfwl

— T Vij — Mijkij + hi;

Dfof (19)
+(p'wi), =o' | fi ——)Wi
+ iy r3 [(vlf - vf) (v,f - vf) + awiw; +2(87 — 6“')] =0

1|52 =5 =5 (0w, + 80w+ (), v
|4 N

+ [y (ST = 8%)dV >0
Vv

(20)

where ¢, = ﬂ* ff =~ is the chemical pressurization coefficient and « = -=. The
chemical pressurlzatlon coefficient may be insignificant in most of the cases of
dissolution/precipitation reactions in rocks (Sulem and Stefanou 2016). However,
this is not the case for dehydration or decarbonation reactions (Sulem and Famin
2009; Brantut et al. 2011).

Constitutive Laws for Cosserat Continua

Deriving constitutive relations for Cosserat continuum is not a trivial task. This is
owed to the fact that Cosserat theory has intrinsic internal lengths and consequently
the constitutive law is not scale invariant. In the simplest case, i.e., under small
deformations, in a centrosymmetric, linear, elastic, isotropic Cosserat medium, the
stresses are related to the generalized elastic deformation measures according to the
following constitutive relations (Vardoulakis 2009):

oy = Kyildy +26 (v, — bilsy ) +2m G o
m;; = 4GR? (K(eilj) + n28,~j/clf}<) + 4GR2773/<[%]

where K is the bulk modulus, G is the shear modulus, 7,712,713 are positive
material constants, and R is an internal length parameter, which for granular
materials is often identified to the mean radius of the grains in the represen-
tative volume element (RVE). y; and ypj denote, respectively, the symmetric
and antisymmetric parts of yj =u; j + ejx0r, where u; are the components of
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Table 1 Coefficients used for the generalized J2 invariants for Cosserat continuum (Sulem and
Vardoulakis 1990)

2D model 3D model
Statc = (3L 0e= 010 k= (3.9 5 =155
consideration
Kinematical hi={3.1.1.0}gi={3,—1,4,0} hi=1{% 5.2 tlei=1{8 2.8 32}
consideration

the displacement vector and 6; the components of the Cosserat rotation vector
(infinitesimal rotations). The Cosserat shear modulus, which expresses the stiffness
related to the relative rotation of the particle (e.g. of a grain) with respect to the
macrorotation of the continuum (e.g., assemblage of grains) is defined as G, = n,;G.

In a small deformations framework, the classical J2 plasticity criteria can be
generalized for Cosserat continua. This approach is based on the generalization of
the stress and strain invariants in order to account for the Cosserat couple stresses,
curvatures, and rotations. Based on micromechanical considerations and averaging,
the deviatoric stress and strain invariants take the following form (Rattez et al.
2016b; Sulem and Vardoulakis 1990; Vardoulakis and Sulem 1995):

q=\/h1‘l,' ‘L' +h2‘lflj Jl+R7 <h3m m +h4m md)

ij i
(22)
= dyd 4 +R2 (g %_ d d
14 81 V,/)’U 82 V,/VJ, 83 KijKji
where rl‘]l , M j , yl ;. and IC are the deviatoric parts of the stress, couple-stress, strain,

and curvature tensors respectlvely h, and g, (p = 1,..,4) are coefficients that can
be determined by micromechanical considerations on the kinematics or the statics
of an assemblage of grains in contact (Sulem and Vardoulakis 1990; Miihlhaus and
Vardoulakis 1987) (see Table 1).

Notice that the internal length R appears directly in the above expressions. Once
the above invariants are derived, various plasticity criteria can be used. We refer, for
example, to the von Mises, the Drucker-Prager, or to the Cam-clay criterion, which
are commonly used in metal, soil, and rock mechanics and they are expressed in
terms of the g, p invariants. Volumetric and shear hardening parameters can be also
defined allowing not only to reproduce the stress-strain response of a geomaterial,
but also the shear band thickness evolution (Miihlhaus and Vardoulakis 1987), its
thickness, and the postbifurcation regime, which is crucial in many applications
as it is related to stress redistribution, collapse, and energy dissipation. In a small
strains framework, the generalized deformation rate measures are decomposed in
elastic and plastic parts as follows:

Vi = V5 +V

i (23)
Kij = k§} + Kf_’,l



19 Cosserat Approach to Localization in Geomaterials 697

Assuming a Drucker-Prager yield surface and plastic potential:

F=qg+up=0 (24)

0=q+Bp (25)

where p = 1y , i is the friction coefficient and B the dilatancy coefficient; the
elastoplastic incremental generalized stress-strain relationships become:

. ep . ep . ep T
tij = Cijy Ya+ Dy ka+ Eijy T u

) ) ) . (26)
Mij = Mij'l;d K + L?jl‘)kl Y + N;'I;l T u
where
C =C¢ _<1_>beF DCP __ﬁbeFM
ijkl = Yijx ', Yij %x ijkl = T 7H, %ij %
Ehy=—(Cou —52b80l) Ly =—37208h) @7

e <1> QFM ep _ <1>3 01 F
szkl Mz/kl __b b Nijkl__Hp bijbkl

Cij?k] and M i are the elastic constitutive tensors for the stress and the couple

stress, respectively, derived from Eq. 21, and

F _ dF . o _ OF . FM — OF
by = EEn i bij = ij'klm by = Emn ikl 28)
— OF
Hp - Fijcljkl dti + 3#1/ ]‘/Ile/k1 Ok + H;
Hj is the hardening modulus due to shear plastic deformations, defined by:
or _ H 29
8)/_1’ — T Ly ( )

Once the constitutive parameters of the material are calibrated, a bifurcation
analysis can provide important information regarding strain localization evolution
under shearing (Miihlhaus and Vardoulakis 1987). Various multiphysical phenom-
ena (Sulem et al. 2011; Veveakis et al. 2012, 2013) as well as grain cataclasis (Rattez
et al. 2016b) can also be considered. Predicting strain localization is of paramount
importance in geotechnical applications involving strongly non-associated materials
(common case) and in fault mechanics where the mutiphysical couplings, energy
dissipation, softening behavior, and grain size evolution play the central role for
earthquake triggering and coseismic slip (see next sections for more details).

It is worth emphasizing that the internal length(s) that are present in the Cosserat
continuum theory have somehow to be determined or identified. This can be done
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either by using bottom-up, upscaling, and homogenization techniques that consider
the microstructure in detail (see section “Upscaling and Homogenization) or
through classical geotechnical tests. However, in practice of classical geotechnical
testing, the calibration of these parameters is ignored.

Numerical Advantages of Cosserat Continuum
Mesh Dependency and Its Remedy

It is well known that when it comes to strain localization, the governing equations
based on a classical Boltzmann continuum become ill-posed and when numerical
approaches are used for integration of these equations, the result is mesh dependent
(e.g., De Borst et al. 1993). With the term mesh dependency, we mean that the
numerical results depend on the size and the type of the finite elements used.
More specifically, the global behavior depends on the choice of the mesh and
by refining it no convergence of the numerical results is observed. In Fig. 3 we

PE, Max. In-Flane Principal PE, Max. In-Fane Principal
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+ 3. 350003 + 1850003
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Fig. 3 Biaxial test of a softening material for different mesh sizes. The developed plastic
deformations, the shear band thickness, and the total applied force — displacement depends on
the mesh size
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Fig. 4 Above: Deformation pattern and isocontour of in-plane shear strain distribution for different
discretizations of the hollow cylinder. Below: Macroscopic behavior of the hollow cylinder (left)
and localization of the in-plane shear strain (right) for different discretizations with the COSSS8R
finite element (FE) (Godio et al. 2015)

present this mathematical and numerical artifact, which is owed to the absence of
internal lengths in the classical continuum. Moreover, the developed shear bands
(contracting or dilating) are always one to two finite elements thick.

Cosserat continuum is one of the available techniques for regularizing mesh
dependency during shear banding (De Borst and Sluys 1991; De Borst et al. 1993;
De Borst 1984). In Fig. 4, we present the simulations that were carried out using
COSSB8R finite element, a homemade User Element for Abaqus, which is currently
extended for use to any classical finite element code (Godio et al. 2016a). The
problem treated is a thin hollow cylinder made of a softening material under
shearing. Three different finite element discretizations were tested. In the same
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Fig. 5 Left: The classical spring-slider model used for understanding earthquake nucleation and
energy partition (Scholz 2002; Kanamori and Brodsky 2004). Right: Schematic representation of
the mechanical behavior of a rock interface (fault). From A to B, the slip is aseismic. Instability
takes place at B (coseismic slip). The role of the softening branch is apparent

figure, we present the resulting macroscopic behavior of the cylinder in terms of the
normalized reaction moment and the differential axial rotation. The onset of plastic
deformations rapidly culminates with a softening branch, which is accompanied by
strain localization.

Strain localization occurs exactly as in the shear layers studied by De Borst
(1991). The curves show important mesh-independency, i.e., the thickness (width)
of the localization zone does not depend on the number of elements falling inside
this zone and the total force-axial rotation curve is independent of the mesh size.
This is not only a fundamental feature of finite elements based on the Cosserat
continuum, but it demonstrates also the fast convergence of the chosen Finite
Element interpolation scheme (Godio et al. 2015).

Besides failure analysis in geotechnical engineering (Goodman 1989), the post-
peak behavior of the geomaterial plays a crucial role in earthquake nucleation. In the
idealistic, basic case of considering a fault zone as an interface with no multiphysical
couplings and assuming a rate-independent behavior for the rock material, i.e.,
F = F(8), where F is the interface friction and § the slip (Fig. 5 left), bifurcation
theory leads (see Mam and Quennehen 2016; Stefanou and Alevizos 2016) to the
classical relationship for earthquake nucleation: dF(8)/d8 < —k (Scholz 2002). This
condition is presented graphically in Fig. 5 (right). Instabilities are triggered (or
induced) not at the peak, but in the softening branch, i.e., at B-C. Before that,
there is slip but it is aseismic. This shows the importance of correctly capturing the
postpeak behavior of the rock material (numerically and analytically). Moreover,
correct simulation of the shear band thickness evolution (e.g., the thickness of the
principal slip zone in a fault) guarantees that the dissipation of energy through
the various multiphysical mechanisms that take place (e.g., temperature and pore
pressure increase, shear heating, thermal pressurization, thermally induced chemical
reactions, grain size evolution, etc.) is correctly calculated before and during the
seismic slip.
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Shear Locking, Reduced Integration and Physical Hourglass Control

In the above paragraph, we described the advantages of Cosserat continuum for
inelastic behavior and strain localization compared to the classical continuum. Yet,
Cosserat continuum numerical advantages do not stop there.

Shear locking is a common numerical problem when lower-order interpolation
functions are used in finite element analysis. Shear locking is the phenomenon of
extremely slow convergence of the numerical solution to the exact one, even when
extremely fine discretizations are used. Due to the chosen interpolation functions, a
large ratio of the energy input is erroneously transformed to shear strain energy
instead of flexural (Zienkiewicz et al. 1971) resulting to a stiffer response. A
numerical trick that it is commonly used in finite elements is reduced integration
of the stiffness matrix. This alleviates shear locking without losing accuracy (in
an incremental formulation, the right-hand side is completely/correctly integrated).
However, this numerical trick comes with a price. Reduced integration of common
Cauchy continuum finite elements (e.g., linear or quadratic polynomial interpola-
tions) leads to a deficiency of the stiffness matrix. In other words, the stiffness matrix
has some eigenvalues that are zero and consequently some deformation modes
are associated to zero strain energy (spurious modes). For linear and quadratic
Cauchy finite elements, these zero-energy modes have the geometrical shape of
an hourglass. In traditional finite element technology, a small artificial/numerical
stiffness is added to these deformation modes (represented by the correspond-
ing to the zero eigenvalues eigenvectors). This technique is called hourglass
control. However, when important stress gradients take place, hourglass control
can fail.

Cosserat continuum offers a natural way to avoid hourglass control. It can be
shown (Godio et al. 2015) that after reduced integration of the stiffness matrix, no
zero eigenvalues appear in the stiffness matrix. In Fig. 6, we consider the well-
discussed plane foundation problem (Zienkiewicz et al. 2013). Due to reduced
integration, an hourglass mode is activated in the rigid element on top as a result
of the applied force. This hourglass mode is able to propagate within a certain area

Fig. 6 Foundation of a rigid footing: (a) a highly rigid element resting upon a layer of flexible
elements with reduced integration; (b) propagating zero-energy mode in an assembly of Cauchy
(S8R) elements; (c¢) accurate results from a COSS8R subdivision (Godio et al. 2015)
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in the elements below. On the contrary, the COSS8R element does not have this
deficiency, as the rotational DOF perform an intrinsic action of hourglass control
and no artificial hourglass control is needed.

Upscaling and Homogenization

Homogenization or upscaling methods is a class of methods that aim at deriving an
equivalent continuum theory that describes the macroscopic behavior of heteroge-
neous systems, i.e., of systems with microstructure. (Asymptotic) homogenization
is a mathematically rigorous, well-established theory for performing this task
(Sanchez-Palencia 1986; Bakhvalov and Panasenko 1989; Pinho-da-Cruz et al.
2009; Charalambakis 2010). This method is based on the asymptotic expansion of
the various state fields (displacements, deformations, stresses) in terms of a small
quantity &, which represents the ratio of the characteristic size of the ‘elementary
volume’ over the overall size of the structure, and provides an equivalent to the
heterogeneous system homogeneous continuum for ¢ — 0. Besides the rigorous
mathematical formulation of this approach, its main advantage is the ability to
determine error estimators of the derived continuum for finite values of €. However,
when it comes to generalized continua, such as the Cosserat continuum, that
possess internal lengths, the asymptotic limit ¢ — 0 loses interest as it cancels out
these internal length (Pradel and Sab 1998). In other words, by this pass to the
limit, asymptotic homogenization erases any internal length that are related to the
material’s microstructure, which higher-order continuum theories, such as Cosserat,
are in principle able to capture.

To overcome this problem, several alternative schemes have been proposed in
the literature for upscaling heterogeneous systems (see Anderson and Lakes 1994;
Forest and Sab 1998; Stefanou et al. 2008, 2010; Trovalusci et al. 2015; Bardet
and Vardoulakis 2001; Pradel and Sab 1998; Sab and Pradel 2009; Rezakhani
and Cusatis 2016; Godio et al. 2016b; Bacigalupo and Gambarotta 2011, 2012;
Baraldi et al. 2016, among others). The majority of these schemes is based upon the
homogeneous equivalent continuum concept (see Charalambakis 2010), in the sense
that the derived Cosserat continuum shares (a) the same energy (internal energy,
dissipation) and (b) the same kinematics with the heterogeneous, discrete medium.
The classical asymptotic homogenization expansion ansatz that leads to a Cauchy
continuum as the ratio of the size of the unit cell over the overall structure tends
to zero is not followed in these approaches. Therefore, these heuristic approaches
remain applicable even when the size of the microstructure is not infinitesimal as
compared to the overall size of the system, or, in other words, when scale separation
is no more applicable.

A typical example for applying and testing these upscaling methods is masonry-
like structures. Masonry can be seen as a geomaterial whose building blocks are
often quasi-periodically arranged in space. Moreover, the building blocks are at the
human scale, which makes them an ideal toy model, contrary to granular media
whose microstructure is small, shows geometric complexity and has to be statis-
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Fig. 7 Modal frequencies of a masonry panel versus the number of building blocks: comparison
between the results extracted by discrete element method and by the use of the Cosserat
homogenized plate model for masonry (Godio et al. 2016a; Stefanou et al. 2008)

tically described (Stefanou and Sulem 2014, 2016). When the upscaling scheme
is correctly formulated, it is possible to capture the wave dispersion behavior of a
heterogeneous system even when the wave length is comparable to the block size.
Notice that in this case, the classical homogeneous Cauchy continuum approach
fails as it is not a dispersive medium. In Fig. 7, we present the modal frequencies of a
masonry panel which was up-scaled with Cosserat continuum (Stefanou et al. 2008;
Godio et al. 2015) in function of the number of its building blocks. Even when the
number of the building blocks is small, the Cosserat homogenized continuum model
succeeds in representing the dynamics of the discrete heterogeneous structure. In
Fig. 8, we present the out-of-plane-displacement contours of the first three flexural
modal shapes of a homogenized masonry panel and a comparison with the flexural
modal shapes provided by discrete elements (Godio et al. 2014).

In the case of granular media, the approach described in Bardet and Vardoulakis
(2001, 2003) or in Rezakhani and Cusatis (2016) can be followed for upscaling
and determining the effective parameters of an equivalent Cosserat continuum.
It is worth pointing out that these upscaling techniques may provide valuable
information on strain localization and energy dissipation in the absence of detailed
experimental data as it is the case of the complex behavior of fault gouges. However,
Cosserat continuum is effective only under shearing. In the case of pronounced
extension or compaction, the Cosserat additional terms have no effect and at least a
first-order micromorphic continuum has to be used (Fig. 1).
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Fig. 8 Out-of-plane-displacement contours of the first three flexural modal shapes. Left Discrete
elements solution. Right Homogenized Cosserat finite element solution (Godio et al. 2014)

Rock Shear Layer of Cosserat Continuum: Fault Mechanics

In this section, we give a simple example of Cosserat theory used for modeling the
adiabatic shearing of a rock layer under constant shear stress. Two different model-
ing frameworks of at least, at first approximation, different physical assumptions are
juxtaposed and compared as far as it concerns the conditions for which shear band
localization takes place.

The first framework is the Cauchy continuum with rate-dependent constitutive
law (viscoplasticity). Rate-dependent constitutive models and, in general, viscoplas-
tic constitutive laws in the frame of Cauchy continuum are frequently used as, under
some conditions, they can lead to finite thickness shear band formation. The relation
between viscosity and shear band thickness (and consequently material length scale)
has been discussed in several publications (e.g., Wang et al. 1996). The second
modeling framework is Cosserat elastoplasticity.

Thermal softening is taken into account as a destabilizing mechanism that may
lead to shear band localization. The complexity of the chosen constitutive laws and
of the multiphysical couplings considered is kept to a minimum degree in order
to reveal the salient futures of each framework and highlight their similarities or
their differences regarding strain localization. For a more detailed modeling in the
frame of Cosserat continuum involving thermo-poro-chemo-mechanical couplings
and more elaborate constitutive laws for the rock material, the reader is referred to
Sulem et al. (2011), Godio et al. (2016a), and Veveakis et al. (2012, 2013). The
reader is referred to (Rice et al. 2014) for the Cauchy rate-dependent framework
under thermo-poro-chemo-mechanical couplings.

The thickness of the rock layer is D and constant normal and shear stresses are
applied at its boundaries as depicted in Fig. 9. Initially, the layer is considered to be
in a state of homogeneous shear deformation.

In both models, it is assumed that all the plastic work is converted to heat and that
Fourier’s law is applicable. Under these assumptions, the heat equation is written in
indicial notation as follows (see Eq. 14):
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E = C[ha_x% + p—C‘L'ij)/,-l; + /fmiﬂ(;; 30)
where the infinite layer hypothesis was considered and consequently the derivatives
in the x; and x3 directions vanish (invariance). Small deformations are considered
and the slip event is sufficiently rapid in order to justify adiabatic conditions at the
boundaries of the layer. In the case of the Cauchy continuum, the third term in the
right-hand side vanishes and the stress tensor is symmetric.

Cauchy Continuum with Rate-Dependent Constitutive Law

Let’s assume a simple rate-dependent constitutive law for the shear stress at a point
inside the shear layer:

on=t+Hy,+&§(T -1 (€1))

where H is a mechanical hardening parameter (positive), £ a thermal softening
parameter (negative), T a reference temperature, and 7 the shear stress at steady
state and reference temperature.

For a Cauchy continuum, the linear momentum balance is:

0ij.j = 0 (32)
Inertia terms and body forces are neglected in this example. The angular

momentum balance imposes the symmetry of the stress tensor, oj; =0j. For a
Cauchy continuum, y;; = u; ;, where u; is the displacement in the ith direction.
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At steady state T =T* = T,, 01 = 0'1*2 = 79,02 = 0'2*2 = 00, Y12 = )/1*2 =0,
and T* = 0. This state will be stable as long as any perturbation does not grow in
time. By perturbing the temperature and displacements fields at steady state, T =
T* + T,u = ul + ;) and by neglecting higher order terms, Eqs. 30, ,31, and 32
become:

Gu=Hyp,+&T; ¥2=q ¥2_j

X7 dxp 33
E = ﬂ + LU* 5P ( )
o — CthZ T C 12712

The perturbations T, i;, should fulfill the boundary conditions of the rock layer.

Equation 33 together with the boundary conditions % —td =0,012 (z = :t%) =
0 and 6y (z = i%) = 0 form a linear system of partial differential equations,

which admits solutions of the type it; = U;e® sin ZT”z s T = Te* cos ZT”z, where s is

the so-called growth coefficient and A = %, N=1,2,3, ... Byreplacing into Eq.
Er_ dn’en The system is unstable when s>0 or, equivalently,

HpC Az
when the wavelength of the perturbation is bigger than a critical wavelength )Lg‘rl :

d _ HewpC
A> AN =2m —Er,

33 we obtain: s = —

Cosserat Elastoplasticity

An elastic perfectly plastic constitutive behavior with thermal softening is assumed
in this example. More advanced Cosserat constitutive models such as the Miihlhaus-
Vardoulakis Cosserat plasticity model (Vardoulakis and Sulem 1995) might be used
(see section “Constitutive Laws for Cosserat Continua”), but the advantage of this
simple model is that analytical derivations are simple to perform, which permits a
convenient comparison with the above rate-dependent model. By analogy with the
Cauchy rate-dependent model presented in the previous paragraph, the yield surface
is defined as:

F=t1)—-10—-§T-T) <0 (34)

where 7 ;) denotes the symmetric part of the stress tensor. In this way, the same shear
stress limit and thermal softening with the Cauchy model is retrieved if one neglects
the rate-dependent term in Eq. 31. Nevertheless, because of the chosen yield surface
(Eq. 34), the plastic curvatures are zero and therefore they do not contribute to the
heat equation (Eq. 30). A centrosymmetric, linear elastic isotropic Cosserat medium
is considered (see Eq. 21).

At steady state, we have a Cauchy continuum under homogeneous shear. In
particular, T* =0,T =T* = T,, T2 = t("iz) = 70, T = r[’{z] = 0,m3 =
m}, = 0, and 02, = 0}, = 0y. This state will be stable as long as any perturbation
does not grow in time. The temperature, the displacement, and the rotation fields
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at steady state are perturbed (T =T*+T,u = uf + 1,03 =05 + 53) as in

the Cauchy case. The perturbations 7,7, and 65 have to fulfill the boundary
conditions of the rock layer as in the Cauchy continuum case and additionally
msn (z = j:%) = 0. A linear system is then formed which admits solutions
of the form: i; = U;e*sin ZT”z, é3 = Oze’cos ZT”z,f = Te cos ZT”z. The
. 16Gr* R*pCe
A2(4Gm2R2pC+ (872 R2+12)¢ )
set G. =G for simplicity. The system is unstable when s > O or, equivalently

when the wavelength of the perturbation is bigger than a critical wavelength A5

A > A8 = 24/ RA(GeCH2%r) A 27t,/Ri§—fOC. For typical values of the shear

where we

critical growth coefficient is then: s =

—§79
modulus, the applied shear stress at the boundary, the thermal softening parameter,
and specific heat, it holds GpC > £1.

Discussion: Rate-Dependent Models Versus Cosserat Continuum

Even though both frameworks are based on different constitutive assumptions and
micromechanisms, the resemblance of the expressions for the critical wavelength
impels an analogy between the hardening parameter of the viscoplastic model H and
the Cosserat internal length, which here is chosen equal to the mean grain radius:
Hcy, ~ R2G. We observe that in the rate-dependent framework, a characteristic
length appears from the combination of strain rate hardening and thermal diffusivity,
whereas in the Cosserat framework, it is directly related to the material grain size.
The hardening parameter H can be measured experimentally for a given rock and
it generally decreases during shearing together with the size of the grains and the
shear modulus, which also decrease due to important shearing and comminution. It
is worth mentioning that the term R>G represents the rolling stiffness of the grains,
which, in comparison with the classical Cauchy continuum, rigidifies the system
in the same way that the viscous term in the rate-dependent friction law does. If
we take the example of a highly granulated fault gouge with a grain size of 10 um
and assuming a shear modulus G = 300 MPa, then for ¢y, = Imm?/s, the hardening
parameter H is equal to H =0.03 MPas, which is in agreement with experimental
measurements (Blanpied et al. 1995; Chester and Higgs 1992). Consistently, we
observe the similar role of the diffusion length and of the Cosserat internal length in
the control of the thickness of the localization zone.

Conclusion

In this chapter, we summarized the fundamental, balance equations of a Cosserat
continuum under multiphysical couplings that involve a fluid and a solid phase. In
the beginning, the fluid was considered not to react with the solid phase in order
to present the basic thermo-hydro-mechanical framework. The additional terms due
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to fluid momentum, mass, and energy exchange were presented next in the case of
chemically reactive fluids (thermo-hydro-chemo-mechanical couplings) resulting to
phase transitions. Under appropriate, application-wise constitutive laws, the above
equations can be used for modeling various physical systems by taking into account
the size of the microstructure in a continuum mechanics framework.

Cosserat continuum has several advantages. First of all, it remedies the mesh
dependency of the classical Cauchy continuum and leads to correct energy dissipa-
tion in inelasticity and softening. Notice that the latter is of particular importance
in rock mechanics as it controls stress redistribution and failure, in fault mechanics
as it determines the seismic energy budget, and in soil mechanics especially when
nonassociative plastic flow behavior is involved. Several examples are presented
in section “Numerical Advantages of Cosserat Continuum.” Moreover, Cosserat
continuum assures in a physical manner hourglass control in reduced integration
finite element formulations.

Finally, a simple example of the adiabatic shearing of a rock layer under
constant shear stress is presented in order to highlight the similarities of a rate-
independent Cosserat and a rate-dependent Cauchy continuum as far it concerns
strain localization conditions. Cosserat continuum is a promising framework for
studying many problems where microstructure is of paramount importance. Faults
is one of them (Sulem et al. 2011; Rattez et al. 2016a, b; Veveakis et al. 2013; Sulem
and Stefanou 2016; Brantut et al. 2017).
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