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Chapter 1

Introduction

1.1 Financial and mortality challenges

In today’s uncertain financial landscape, the world of life insurance and pension is facing enormous
challenges, where the delicate balance between protecting against the uncertainties of life and managing
the unpredictable events of the financial market becomes of essential importance. The current financial
market, characterized by its persistent fluctuations, presents a tremendous set of risks for the insurance
sector: the low level of interest rates that drops sometimes to even negative rates, the volatile stock
market, and exceptionally high rates of inflation.

Another significant challenge is longer lifespans, which on the one hand are a sign of progress but
on the other hand are a big financial issue that might encounter the life insurance and pension fund
industries and even governments. Even though experts have less focused on longevity risk as much
because it’s a long-term concern, they’re now showing greater interest in it. This risk can suddenly
change due to unexpected and extreme events, like the recent COVID-19 pandemic.

In this evolving landscape, an interesting connection emerges between mortality and finance,
deviating from the traditional separation in life insurance pricing. The pandemic, typically seen as
a mortality risk, has demonstrated its influence on the financial market. This dynamic requires an
exploration of the potential impact of this interdependence on the pricing of life insurance contracts.
It is widely known that the current environment of low interest rates and market turbulence presents
a significant challenge and threatens the viability of maintaining appealing long-term guarantees
from life insurance. Moreover, the persistently higher trend in life expectancy makes it harder
to offset mortality losses with financial gains, forcing novel strategies from insurers to deal with
this complex relationship. Therefore, the twin pillars of life insurance—financial performance and
mortality risk—have become complicated to manage. Added to this complexity are the solvency
constraints that insurers must comply with. These constraints are not solely tied to profitability but
also cover capital requirements, taking into account long-term guarantees. Additionally, a prevailing
trend in modern finance highlights the fact that every guarantee has a cost in accordance with Solvency
II. As a result, providing policyholders with long-term guarantees has grown into a serious burden
for insurers, leading them to shift towards new risk-sharing-oriented offerings marked by a reduction
in guarantees. For instance, there is a switch from traditional life insurance products with significant
guarantees, even on future premiums, known as classical products, to universal life contracts where
guarantees are only given on existing reserves. This product has become the new classic on the
Belgian market. Another switch is to unit-linked products, where the guarantee component has nearly
disappeared. Another notable transition is from life-long products with mortality to pure financial
products. Currently, a considerable proportion of contracts proposed by life insurers lack a mortality
component, concentrating instead on financial performance. A last example in occupational pension
plans is the switch from defined benefit (DB) pension plans—entailing guarantees for affiliates—to
defined contribution (DC) plans, which is observable even in certain national social security systems.



2 Chapter 1. Introduction

On the other side, amidst all the daily uncertainties, the trend of removing traditional guarantees
needs a profound re-evaluation. While the trend has shifted towards the removal of guarantees, as
evinced by empirical and experimental studies (Arkes et al. [2]; Gatzert et al. [20]; Knoller [25]; Ru𝛽
& Schelling [29]), it remains clear that customers still want protection from risks and safety stays a
legitimate expectation. The pursuit of downside protection emerges as a basis for consumer preference,
a sentiment stressed by several elements proving the anxiety of consumers to fully embrace risk. For
example, the remarkable popularity of pure savings banking accounts, which are seen as the illusion
of a guarantee, as well as the remaining success of traditional products in life insurance and pension.
Another example within group life insurance is the minimum compulsory guaranteed return for
second pillar schemes in Belgium or in Switzerland. The very existence of such regulations reinforces
the persisting demand for safeguards against excessive risk. This feeling is not just an individual
preference; it is even supported by regulatory corridors. For instance, the European Commission is
emphasizing the importance of providing some sort of guarantee by suggesting options for capital
protection for customers in their recent regulation called the Pan European Pension Product ([18]).

These elements pose a threat not only to creating long-term guarantees from life insurers, but
they also expose the plan member in pension insurance to investment risk, and they increase the
requirement for some form of protection from the client, making the very act of offering, negotiating,
and demanding a complex endeavor.

1.2 Diversification and hybridization
The challenges faced by life insurance and pension schemes, arising from the volatile financial mar-
ket and unpredictable longevity risks, find a potential solution in the pioneering work of Markowitz
[28] and his theory of diversification. Markowitz’s innovative insight was that by diversifying in-
vestments—spreading investments across different types of assets—one could potentially reduce the
overall risk in a portfolio while maintaining, or even enhancing, the potential for returns. This con-
cept becomes particularly relevant when examining the inherent risks in the insurance industry, as it
emerges as a potential solution to counter the downward trends in financial markets. Firstly, when
it comes to the highly fluctuating financial market, the application of diversification aligns perfectly
with Markowitz’s theory. By investing in a mix of assets that react differently to market shifts, for
instance, stocks and bonds, the potential negative impact of a downturn in one area can be offset by
the positive performance of another. In principle, it is mitigating the vulnerability posed by sudden
changes in interest rates, stock market fluctuations, and inflation spikes. Secondly, in addressing the
longevity risk—the challenge posed by increasing lifespans—diversification once again shines as a
strategic approach. By incorporating a variety of insurance products and investment vehicles that
deal with different stages of life and various potential scenarios, life insurance and pension providers
can more effectively manage the impact of unexpectedly extended lifespans and work toward more
stable, resilient, and adaptable strategies in the face of the dynamic challenges presented by today’s
ever-changing financial landscape and the shifting demographics of human longevity. This diversifi-
cation strategy helps distribute the risk associated with longer lives, ensuring that the potential stress
on resources is less concentrated and more manageable.

A widely embraced strategy in actuarial science, both from an academic point of view and from
a practical point of view, lies in the innovative approach known as hybridization. This approach
seeks to mitigate the risks and offer good compromises justified by diversification principles. It is
possible to generate diversification in two different ways: either by investing in many items, which
is a normal diversification concept, or by creating a form of hybridization within the product itself,
which can be an additional idea of diversification. Under the latter approach, a popular product has
been developed in finance called structured products, which strives to ensure a minimum guarantee
alongside participation in the returns of financial risky assets. These products were launched on the
US market in 1987. Since then, many examples of structured products have been investigated; for
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instance, Chen & Kensinger [14] studied Market-Index Certificates of Deposit, which are characterized
by paying a guaranteed minimum interest and a variable interest that is linked to the performance of
the S&P 500, while Chen & Sears [15] analyzed the S&P 500 Index Note, which is similar to the
latter product with a participation in the performance of the S&P 500 index by a predetermined ratio.
A more recent study conducted by Bernard & Boyle [5] in which they investigated capped structured
products. They offer a payoff at maturity that is equal to a guaranteed amount as a global floor with a
bonus that is an accumulation of periodic returns with a local cap at some maximum level. Through
their research, they talked about the dilemma of investors choosing between simple and sophisticated
products. They discovered that despite the fact that pre-packaged solutions make structured products
very expensive for regular investors, these instruments keep attracting them.

1.2.1 Hybridization in life insurance

In life insurance, the pursuit of maintaining certain forms of guarantees shines through hybrid products,
which hold promise as a practical response to today’s financial landscape. Notably in Germany,
dynamic hybrid products, primarily expressed as deferred annuity contracts, have since emerged after
static hybrid products. As stated by Kochanski & Karnarski [26], static hybrid products have their
allocation of premiums determined at the beginning and stay unchanged, while the subsequent dynamic
hybrid approach employs a dynamic rebalancing strategy that involves shifting between two to three
investments on a periodic basis, driven by a constant proportion portfolio insurance-type strategy (see,
Bohnert & Gatzert [11] and Hambardzumyan & Korn [22]). These dynamic products have acquired
popularity among several life insurance firms since their introduction in 2007, rapidly increasing
in importance. They seamlessly integrate the advantages of traditional participating life insurance
and unit-linked products through periodic fund reallocations, including an insurer’s policy reserve, a
guarantee fund, and/or an equity fund. These products, tailored to the German market, aim to fulfill
contemporary consumer needs by combining the stability inherent in traditional life insurance via
conventional policy reserves with the growth potential characteristic of unit-linked policies, facilitated
by investments in guarantee and/or equity funds. The landscape of dynamic hybrid insurance products
has been carefully examined in the literature. They were initially introduced and explored in the
scientific literature by Kochanski & Karnarski [26]. Their work encompassed the formulation of
solvency capital requirements for both static and dynamic hybrids, utilizing a rules-based shifting
mechanism. Their approach focused primarily on calculating the solvency capital needs for dynamic
hybrid products within the framework of Solvency II, revealing its superiority over the conventional
formula for innovative life insurance contracts. Although their model framework featured a 3-fund
dynamic hybrid product and a monthly reallocation process, the examination primarily concentrated
on solvency capital requirements and did not extend to the analysis of potential interaction effects with
other products. Bohnert & Gatzert [11] has conducted extensive research on the latter, spotlighting the
insurer’s risk situation and policyholders’ net present value and analyzing its impact on fair valuation
and risk evaluation; however, Bohnert [10] offers a comprehensive overview of the German dynamic
hybrid product market, showing the diverse contract options and the implications of varying shifting
mechanisms through an exploration of industry risk-return profiles.

In addition, there are products developed in Germany that represent a form of hybridization them-
selves and bridge the gap between guaranteed stability and potential returns, such as the structured
products in finance that are outlined above, catering to the evolving needs and preferences of pol-
icyholders. "Select Products" refer to a type of life insurance product that has gained prominence
in various markets as well. These products are designed with innovative features that aim to strike
a balance between reduced risk for the insurance company and attractiveness for policyholders, as
explained by Alexandrova et al. [1]. Furthermore, most Select Products provide a money-back guar-
antee, assuring policyholders that they will receive at least the initial premium paid or the sum of
premiums paid upon maturity.
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Substantially, these hybrid products offer policyholders both security and the potential for higher
returns compared to traditional options on the one hand, and they allow insurers to provide attractive
guarantees instead of switching to products that are based only on investment risk without guarantee
on the other. In this regard, recent years have seen the development of new products in life insurance
in Belgium known as "products of Branch 44", a mixed investment that combines elements of Branch
21 (a participating life insurance contract with a guaranteed rate) and Branch 23 (a pure unit-linked
product) within the same insurance contract, Van Maldegem [32]. Branch 44 allows you to achieve
the balance best suited to your profile between the security offered by Branch 21 and the potentially
higher performance that characterizes Branch 23. It typically offers a guaranteed minimum return on a
portion of the invested premiums, while the remaining portion is invested in a selection of investment
funds. As a result, policyholders get some level of security along with the potential for higher returns
based on the performance of the underlying investments. In fact, Branch 21 insurance is often referred
to as a participating life insurance product. It is a type of life insurance policy where the insurance
company guarantees a minimum interest rate on the invested premiums for a specific period. This
means that policyholders are assured that their initial investment, along with the guaranteed interest,
will be paid out at the end of the contract term. Branch 21 policies are considered low-risk because of
the guaranteed return, making them an attractive option for those seeking capital protection and stable,
predictable growth. However, the potential for higher returns is limited compared to other investment
options. Branch 23 insurance, on the other hand, is often referred to as a unit-linked insurance product.
Unlike Branch 21, there is no guaranteed return in Branch 23 policies. Instead, the premiums paid
by policyholders are invested in a range of investment funds, such as stocks, bonds, or mutual funds,
based on the policyholder’s risk tolerance and investment preferences. The value of the policy is
linked to the performance of these underlying investments. This means that while Branch 23 policies
offer the potential for higher returns than Branch 21, they also come with a higher level of risk, as the
value can fluctuate based on market conditions.

Clearly, policyholders often exhibit a greater preference for insurance products falling under
Branch 21 due to the inherent sense of security they provide. Branch 21 offerings come with
guaranteed interest rates and capital protection, resonating with individuals seeking stability and
assured returns for their investments. This appeal is particularly strong among risk-averse customers
who prioritize safeguarding their financial resources and value the certainty offered by these policies.
On the contrary, insurers tend to lean towards Branch 23 products within their portfolio. Branch 23
aligns with the interests of insurance companies seeking to balance risk and return. These investment-
linked policies offer the potential for higher yields as they are linked to market performance and
investment opportunities. Insurers, drawn by the prospect of greater returns, are motivated to include
Branch 23 options to optimize their profitability and meet policyholders seeking potentially enhanced
growth opportunities. Therefore, the combination of these divergent perspectives results in the hybrid
product, Branch 44. The synthesis of guaranteed security and investment-linked potential within
Branch 44 summarizes both policyholders’ desire for stability and insurers’ drive for growth. In
fact, the diverse nature of Branch 44 emphasizes the complex interplay between policyholders’ risk
tolerance and insurers’ financial objectives, shaping an innovative solution that guides the range of
investor preferences.

1.2.2 Hybridization in occupational pension schemes

The same kind of hybridization can also be observed in the occupational pension market. Pension
plans can generally be categorized into two main types: DB and DC plans. In a DB plan, employers
commit to providing employees with a predetermined retirement benefit based on factors like salary
history and length of service. This means that the employer bears the investment risk and is obligated
to ensure that the promised benefits are met, even if the plan’s investments underperform. This
creates a financial burden on the employer, as they may need to allocate additional funds to meet these
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obligations in the current situation of volatile investment returns and increased life expectancies of
retirees, as mentioned before. On the other hand, in a DC plan, employers and sometimes workers
contribute to individual retirement accounts. The eventual retirement benefit is determined by the
contributions made and the investment performance of those contributions. Here, the investment
risk is shifted to the employees, as the value of their retirement fund directly depends on market
fluctuations. Employers’ obligations are typically limited to making the agreed-upon contributions,
making DC plans more cost-predictable for employers compared to DB plans. However, both DB and
DC plans have their limitations and risks. DB plans can strain employers’ finances if investments don’t
perform as expected or if retirees live longer than anticipated. DC plans expose employees to market
risks, potentially leading to inadequate retirement funds in the event of an investment collapse.

Fundamentally, pension insurance entails a collaborative arrangement involving two key stake-
holders: the employer, who organizes the pension plan, and the worker, who is the plan’s beneficiary.
Each party is guided by distinct interests that shape their roles within the pension landscape. For the
employer, the primary interest revolves around attracting and retaining a skilled workforce. Offering
a robust and appealing pension plan is a strategic tool to achieve this goal. By providing employees
with a reliable and comprehensive retirement benefit, the employer enhances their job satisfaction,
loyalty, and long-term commitment. From a financial perspective, the employer also seeks to manage
the costs associated with the pension plan, striving to strike a balance between providing valuable ben-
efits to employees and maintaining the organization’s financial stability. However, from the worker’s
standpoint, the central interest is securing a financially sound and stable retirement. Employees look
to the pension plan as a means to ensure their post-work life is comfortable and free from financial
uncertainty. In addition to financial security, the pension plan contributes to workers’ peace of mind,
enabling them to focus on their work and career growth without the constant worry of future financial
challenges.

According to Blommestein et al. [9], hybrid plans—those between standard DB and individual
DC—seem to be more effective and long-lasting ways of sharing risk than either of the other two.
One of the hybrid products is the well-known "cash balance" (CB) plan. A CB plan is a retirement
savings agreement that bridges the gap between traditional DB and DC plans. In this hybrid model,
each participant’s account receives annual contributions from the employer, typically expressed as
a percentage of their salary, similar to a DC plan. Yet, what sets the CB plan apart is its feature
of guaranteeing a specific annual contribution, similar to the guarantees offered by a DB plan. The
innovation of CB plans emerges from their ability to mix the stability and predictable growth attributes
of DB plans with the individual account transparency and flexibility seen in DC plans. This hybrid
structure appeals to a diverse range of participants, meeting risk-averse individuals seeking security
alongside those desiring the growth potential inherent in investment-linked products. Through this
creative mixing of features, CB plans reflect the harmonization of risk mitigation and market exposure
in the dynamic landscape of pension insurance.

1.3 Fair valuation for the provider
From the perspective of the provider, a fair valuation of life or pension insurance liabilities is an
important regulation outlined in Solvency II, where market-consistent valuations are required. This
technique involves pricing the contract consistently in an arbitrage-free market. Providers must account
for both the financial guarantees extended to policyholders and the uncertainties associated with
mortality and longevity risks. In this pursuit, sophisticated modeling techniques are often employed to
simulate various scenarios and assess potential outcomes. This dynamic approach allows insurers to
make informed decisions that protect the interests of both policyholders and stakeholders. Moreover,
a fair valuation reinforces the insurer’s accountability to policyholders by ensuring that pricing and
reserves are adequately aligned to fulfill promises made in long-term contracts. The process of fair
valuation necessitates ongoing review and adjustment, ensuring that the insurer maintains fairness
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even in the face of evolving market dynamics.
Within the framework of classical market assumptions such as completeness and the absence of

arbitrage opportunities, the pricing of guarantees becomes analogous to pricing options. Under these
assumptions, there exists only one unique equivalent martingale measure known as the risk-neutral
measure. It is used for pricing by computing the expectation of discounted future payoffs under this
measure. A lot of papers in the literature have been dedicated to computing the fair valuation of life
insurance and pension products in a Black and Scholes [8] framework (Grosen & Jørgensen [21] and
Bacinello [3]) as well as in interest rates stochastic frameworks (Briys & De Varenne [12], Bernard et
al. [6], and Barbarin & Devolder [4]). For instance, Hansen & Miltersen [23] priced contracts with
minimum rate of return guarantees using the principle of fair valuation under a constant interest rate
environment and extended the model to include a stochastic model for interest rates as they also studied
the effects of mortality risk. Bacinello [3] priced consistently the classical life insurance policy of an
endowment type given a mortality table and a technical interest rate in order to obtain a fair relation
between the parameters of the model; however, the pricing has been made under the assumption of
independence between mortality and financial elements. Afterwards, the longevity risk has been taken
into account in the literature after proposing models of stochastic longevity (Biffis [7] and Cairns et al.
[13]), and accordingly, several papers have stochastically modeled the uncertainty related to longevity
(Devolder & Azizieh [16]) and more recently studied its correlation with finance (Gao et al. [19], Jalen
& Mamon [24], and Liu et al. [27]).

1.4 Optimal strategies for the client
Exploring the realm of hybridization in life insurance and pension schemes naturally gives rise to
a crucial idea: the development of an optimal investment strategy. An important framework that
offers valuable insights into optimal portfolio selection and is closely aligned with this pursuit is
Markowitz’s pioneering theory [28]. Markowitz’s theory of optimal portfolio selection revolves
around a fundamental principle: achieving an equilibrium between risk and return to optimize an
investor’s utility. The theory assumes that, by wisely allocating assets across various investment
options, an investor can achieve a portfolio that maximizes their satisfaction or utility, considering
both financial gains and risk tolerance. Markowitz’s theory delves into the dynamics of diversification,
asserting that a well-constructed portfolio should include a mix of assets with varying degrees of risk
and return. The objective is to identify an optimal combination that capitalizes on potential gains while
mitigating the adverse impacts of market fluctuations. Central to Markowitz’s theory is the concept of
the efficient frontier, a graphical representation of portfolios that offer the highest returns for a given
level of risk or the lowest risk for a given level of return. Portfolios lying on the efficient frontier are
considered optimal, as they provide the best risk-reward trade-off. Linking this optimality concept to
life insurance and pension schemes, the pursuit of an optimal investment strategy assumes profound
relevance. By tailoring investment allocations to the specific needs, risk preferences, and objectives
of policyholders, insurance providers can enhance the overall utility or satisfaction derived by their
clients. As well, because employers and workers have opposing interests in pension insurance, a mixed
pension contract that meets the needs of both parties in terms of utility offers important insights for
striking a balance between retirement benefits and cost control.

In this respect, many theories have been developed to describe the preferences of rational indi-
viduals in situations of uncertainty based on their risk aversion. For instance, the von Neumann and
Morgenstern [33] framework of expected utility may be used to represent the preferences of customers
with a specific utility function known as the Constant Relative Risk Aversion (CRRA) utility function.
This function quantifies an individual’s aversion to risk by incorporating a risk aversion coefficient that
characterizes their tendency to tolerate risk in pursuit of potential rewards. The CRRA utility function
elegantly captures the balance between risk tolerance and the desire for higher returns, providing a
mathematical foundation to assess the optimal investment strategy for policyholders. Another theory
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that helps explain guarantees in life insurance and pension schemes is the Cumulative Prospect Theory
(CPT), a behavioral model advanced by Tversky and Kahneman [31] in 1992. This framework delves
into human decision-making under conditions of uncertainty and risk. CPT departs from traditional
utility theory by acknowledging that individuals do not always make choices based solely on rational
calculations of expected values and probabilities. Instead, CPT takes into account the psychological
effects of gains and losses, acknowledging that people often deviate from strict rationality due to cog-
nitive biases. Basically, these preference functions have been taken into account to compare various
insurance products. For example, Døskeland & Nordahl [17] maximize customer welfare using typical
life and pension contracts with a guaranteed rate of return and show that, for contracts exposed just to
financial risk, CPT can explain demand for guarantees, whereas expected utility theory cannot.

1.5 Purpose and contribution of the thesis
The main purpose of this thesis is to answer the global question of how to design and evaluate
financially and actuarially life insurance products as well as occupational pension schemes in an
uncertain financial and demographic landscape. As stated above, amidst this struggle between the
desire for guarantees and the appeal of higher returns, a need for compromise has arisen. Mixed or
hybrid insurance products have then emerged as a popular option that represents a dynamic approach
to closing the gap between guarantee-oriented and return-focused insurance offerings, enhancing the
industry’s capacity to meet evolving customer needs and regulatory expectations. Our research is a
sort of generalization and adaptation of structured products to the world of life insurance and pension
schemes. We intend to merge not assets, as commonly understood in finance, but liabilities, which
relate to our domain of life insurance and pension schemes. This combination aims to provide clients
with a distinctive mix of liabilities, not merely a superposition between them but jointly integrated
into a single product. This integration rests on two fundamental concepts: firstly, an interplay between
these two components through a dynamic strategy; and secondly, a transfer from Branch 23 to Branch
21, enhancing the guarantee within the latter.

This hybrid insurance contract is designed in Chapter 2 of this thesis, combining features of
participating and unit-linked elements to achieve a compromise between a large guarantee from the
participating part and no guarantee yet good returns from the unit-linked part. As already mentioned,
the two components of the contract are linked by permitting contracts with or without periodic
rebalancing on one side and introducing a continuous fee on the unit-linked component on the other
side. This fee acts as an internal subsidy, strengthening the investment guarantee in the participating
segment. This technique implies cross-subsidizing between the two parts of the contract1. The
primary contribution lies in demonstrating the appeal of this hybrid product compared to standalone
unit-linked or participating contracts, particularly for risk-averse investors seeking greater guarantees.

Examining various guarantee forms within the participating contract, this chapter offers insights
from insurer and customer perspectives and serves as the basis for the subsequent two chapters. In
Chapter 2, we use a common standard model called the Black and Scholes model without considering
the risk related to mortality. We focus on a pure financial contract and derive forms of fairness relations
between the parameters of the two components of the mixed contract. This depends on the type of
guarantee the customer selects and the constant allocation level between the participating and the
unit-linked contracts considered in this chapter. Furthermore, this chapter examines utility theory and
cumulative prospect theory as behavioral functions from the perspective of the consumer to determine
the optimal constant investment strategy that optimizes his preferences. The outcomes demonstrate
that the mixed product is appealing and that the risk/return characteristics of the unit-linked and
participation funds have a significant impact on the optimal level of fees.

Instead of using constant allocation between the two components as in Chapter 2, we look in

1There could be some legal issues generated by that subsidization, but the purpose of this chapter is just actuarial.
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Chapter 3 at fluctuating proportions over time based on age profile. Basically, the lifestyle investment
strategy offers a flexible approach to pension and life insurance investments in the real world of finance
by customizing long-term strategies and matching investment portfolios to policyholders’ ages and risk
tolerance. In this respect, Chapter 3 delves into fair guaranteed rate pricing and optimal investment
strategies, particularly under predefined deterministic investment styles. Its core objective is to check
if the preferences of the customer, specifically the balance between Branch 21 and Branch 23, align
with the lifestyle investment strategy concept when introducing a deterministic investment strategy,
chosen at the inception of the contract, that guides the premium allocation to the participating life
insurance contract over time. Similar to Chapter 2, the focus remains on financial aspects, utilizing
the classical Black and Scholes model for fair valuation and employing the Expected Utility approach
to put the contract in an optimal utility framework. We assume in this chapter that the type of guarantee
is annual. The analysis incorporates various investment style families, including linear, step-wise, and
piece-wise linear strategies. The findings emphasize constant allocation as an optimal strategy for
single premium payments and constant risk attitudes, in line with Merton’s stock allocation fraction
[30]. Incorporating periodic premium payments highlights the dynamic nature of investment decisions,
allowing policyholders to adjust their allocations in response to changing financial circumstances or
risk tolerances. This adaptive approach provides a more tailored and responsive investment strategy,
enhancing the overall suitability to lifestyle strategy. Alternatively, Recognizing potential variations
in lifetime risk preferences, this study further incorporates age-dependent risk attitudes, capturing
evolving risk preferences over time. This accommodates policyholders’ changing attitudes and aligns
with lifestyle investment strategies.

Traditional life insurance pricing methods often neglect correlations between financial and mortal-
ity elements, an approach challenged by contemporary factors like the COVID-19 pandemic. Chap-
ter 4 aims to price and assess different contracts within this stochastic environment while considering
the interplay between financial and demographic risk factors. Building upon Chapter 2, this chapter
shifts from pure financial to real life insurance contracts by integrating mortality components using
stochastic models for both mortality and interest rates and introducing correlations between mortality
and financial market trends to have a whole view of risks. More specifically, we expand the Chapter 2
by, first, taking into account the mortality component and comparing different products, such as pure
endowment for the entire contract or blends of pure endowment and pure investment. Second, we use
the Hull and White model to simulate the fluctuation and evolution of interest rates by incorporating
stochastic interest rates. Finally, the exploration delves into studying correlations among all risk fac-
tors, encompassing both financial and actuarial risks. This multi-dimensional approach examines the
interdependence of financial and mortality risks within a continuous-time model encompassing interest
rates, stock returns, and mortality, presenting a more realistic picture of the insurance landscape.

In this chapter, we employ the change of measure technique to yield simplified formulas for
insurance contract pricing under correlation assumptions. The explicit fair valuation of maturity
guarantee contracts is achieved, allowing for analysis of the correlation’s influence on fair guaranteed
rates. The introduction of correlations introduces diverse impacts on pricing and fair guarantee levels.
Moreover, the correlation parameters’ effects on fair guaranteed rates are connected with volatility
levels.

Moving to the pension insurance landscape, the divergent interests and risks of employers and
workers necessitate balanced solutions, including the risk of insufficient benefits for the worker
compared to a target and the risk of insufficient funds for the employer to meet his liability. Namely,
while the employer wants to lower the supplemental cost of his commitment to the worker, the latter
seeks a higher level of benefit upon retirement. In this regard, the central objective of Chapter 5 is
to try to conciliate the distinct interests of employers and workers through the selection of pension
plans. In particular, traditional defined contribution plans managed with participating life insurance
(DC-PL) plans prioritize robust retirement benefits, while cash balance plans managed with unit-
linked insurance (CB-UL) plans are favored by employers for their potential surplus generation during
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favorable market conditions. Within this context, the main contribution of this chapter lies in focusing
on the intermediate hybrid solutions—the DC-PL and CB-UL pension plans—and striving to identify
an optimal mix that reconciles both parties’ objectives.

The innovation of this study is its multi-objective perspective, viewing the pension plan as a nego-
tiated contract between employers and workers. This perspective integrates the cumulative prospect
theory (CPT) model to capture the dynamics of decision-making under uncertainty. The analysis incor-
porates these risk dimensions through both additive utility and Nash equilibrium methods, providing
insights into the optimal alignment of pension plans that simultaneously address cost management
and retirement benefit optimization.

The study’s methodology integrates stochastic interest rates through the Hull and White model,
offering a robust framework for computing benefits, pricing participating contracts to ensure fair
guaranteed rates, and determining the crediting interest rate. The initial analysis examines a single
premium scenario, splitting the premium allocation between DC-PL and CB-UL investments. Sensi-
tivity analyses emphasize the inclination of employers towards CB-UL plans and workers’ preference
for DC-PL plans. Notably, the study highlights that when both employer and worker considerations
are accorded equal importance, the CB-UL plan emerges as the preferred choice due to its inherent
advantages.

Furthermore, the scope extends to accommodate a periodic premium scenario and a stochastic
crediting rate based on par yields. The chapter makes a significant contribution by addressing the
complex interplay between employer and worker preferences within pension planning. In summary,
this chapter offers an innovative approach to balancing risk-sharing and optimizing utility-based
decision-making within the context of pension plan selection.

1.6 Published material
In this thesis, we have replicated the text of the previously submitted or published paper to facilitate
an independent reading of the different chapters. Chapter 2 has been published in Scandinavian
Actuarial Journal (2022), Chapter 3 has been submitted in Decisions in Economics and Finance
Journal (2023), Chapter 4 has been published in European Actuarial Journal (2023), and Chapter 5
has been published in Risks (2023).
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Chapter 2

Mixed participating and unit-linked life
insurance contracts: design, pricing and
optimal strategy1

2.1 Introduction

In many countries, the industry of life insurance has traditionally focused on products with guarantees.
The typical example is given by participating life insurance contracts (or life insurance with profit),
where the insurer offers ex ante a return guarantee and afterwards provides the customer a participation
in case the actual return exceeds this return guarantee. These participation schemes may have different
forms such as reversionary bonus or terminal bonus (Bacinello [3]; Bohnert & Gatzert [11]; Hieber
et al. [27]). The premiums are usually invested in the general fund of the insurer with no possible
financial decision from the customer. In parallel to this activity, new forms of life insurance products
have emerged for decades in many markets under the form of unit-linked contracts or equity-linked
contracts. In these products, the financial risk is transferred to the investor allowing a more risky
investment strategy. The investor can then realize his choices between several funds. In some countries,
additional guarantees can be included in the product (Boyle & Schwartz [13]; Brennan & Schwartz
[14]; Hansen & Miltersen [23]; Bauer et al. [6]; Bacinello et al. [4]; Mackay et al. [30]; Hieber [26]).

The recent evolution of the financial market, characterized by persistent low (or even negative)
interest rates and volatile equity markets, threatens the existence of attractive guarantees from the life
insurer and makes, therefore, the offer of participating contracts very challenging. Then, the unit-
linked products could appear as the only future for life insurance. Removing completely the guarantees
has been indeed an important trend for insurers in many markets these last decades. Nevertheless,
it is confirmed by many empirical and experimental studies that the customers are risk-averse and
specifically interested in a downside protection by guarantees (Arkes et al. [2]; Gatzert et al. [21];
Knoller [28]; Ru𝛽 & Schelling [34]). The demand and interest for guarantees from the customers
have not disappeared. The importance to provide some form of guarantees has been also emphasized
by the European Commission in the context of the recent draft regulation on a new Pan European
Pension Product (European Insurance and Occupational Pensions Authority [20]), where the providers
should propose possibilities of capital protection for the customers. One solution to keep some form
of guarantees in this challenging financial environment is hybrid or mixed products including partial
or lighter guarantees. This is a promising area of development, in order to find intermediate solutions
between pure participating products and pure equity-linked policies. As observed by Hambardzumyan
& Korn [22], finding a good compromise between the search for potential returns and the possibility
to generate guarantees is a major issue for the life insurance industry.

1Published in: Scandinavian Actuarial Journal 5, 421–446. Hanna V., Hieber P., Devolder P. (2022).
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The ability of the product to generate guarantees can also play an important role when legal
guarantees are imposed by the regulator or incentivized by the state (for instance in Belgium, the
minimum guaranteed rate to offer in occupational pensions, Devolder & De Valeriola [18], or in
Germany the reduced taxation for products with a so-called money-back guarantee, Alexandrova et al.
[1]).

Mixed or hybrid products have already been considered in the literature (Bohnert [9]; Bohnert
et al. [10]; Bohnert & Gatzert [12]) and developed in practice (for instance "Select Products" in
Germany, Alexandrova et al. [1]). "Select Products" constitute a static hybrid insurance product where
the investor can choose between the investment in a unit-linked index participation and a traditional
participating life insurance contract. The detailed product design varies from insurer to insurer but the
contracts typically also include a money-back guarantee (i.e. a 0% maturity guarantee) and possibly
caps or floors on the unit-linked fund return, similar to equity-indexed annuities in the US (see, e.g.
Bernard & Boyle [7]). Apart from static hybrid products, so-called "3-fund dynamic hybrid products"
have been introduced to the German insurance market (Kochanski & Karnarski [29]; Mahayni &
Schneider [31]; Hambardzumyan & Korn [22]). The dynamic version includes a period rebalancing
between the investment possibilities, typically a participating life insurance contract, a guarantee fund
and a (unit-linked) equity fund. The dynamic rebalancing is used to finance and replicate additional
guarantees, i.e. a money-back guarantee. The design allows to also adapt the product to the individual
policyholder’s needs (see also the related case of so-called flexibility riders in Chen et al. [16]).

In Belgium, new products have emerged these last years, called "products of Branch 44", mixing
a part in Branch 21 (participating life insurance contract with guaranteed rate) and a part in Branch
23 (pure unit-linked product) (Van Maldegem [36]).

In this chapter, we introduce hybrid products based on a combination of a participating product and
a pure unit-linked product. The latter is a product without any maturity guarantee, thereafter called
"unit-linked product". Instead of considering just the superposition of these two parts, we create
an automatic link between them, by a double mechanism. First, we allow contracts with or without
periodical rebalancing between the two accounts. We also permit transfer from the unit-linked part to
the guaranteed part by introducing a continuous fee on the unit-linked part. This technique is similar
to the concept of guarantee fees in variable annuities (see, e.g. Bauer et al. [6]) and to well-known
structured funds in finance offering only a part of the return of the market in exchange for a money-back
guarantee. Our guarantee fee is chosen by the customer and works as a subsidy from the unit-linked
part to increase the investment guarantee in the participating part. In the environment of low interest
rates, this kind of internal subsidy inside the contract can boost the guaranteed part. In particular, we
show that this technique permits the insurer to offer guarantees higher than the risk-free rate. This
could be precious for two reasons. First, from a marketing point of view in a situation of negative
returns, the insurer could propose some products with positive guaranteed rates (even if technically
possible, life insurance contracts with a negative interest rate guarantee seem unrealistic). Second,
we assume that the continuous fee in the unit-linked part is a fixed percentage that is due in both bad
and good market scenarios. This fee is used to increase the downside protection of the investment
boosting the guaranteed return in the participating contract. This leads to return distributions with
a higher asymmetry, i.e. a lower return in good market scenarios but a higher downside protection.
Such asymmetric return distributions are popular for many customers (Ru𝛽 & Schelling [34]). For
the participating part, we look at various forms of guarantees (annual or maturity guarantees, and
intermediate guarantees on a predefined number of years).

We analyse in the chapter successively the point of view of the insurer and of the customer. Using
a classical Black and Scholes market without mortality risk, we compute the fair value of various
hybrid contracts. Generalizing the fairness relation between the parameters of a participating contract
as developed by Bacinello [3], we obtain different forms of equivalent relations depending on the
parameters of the two parts and on the kind of guarantee chosen by the customer. The numerical
results show the ability of the product to offer a range of guaranteed levels, including guarantees higher
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than the risk-free rate. In a second part, we look at the value of these contracts for the customer, using
successively a utility approach and the cumulative prospect theory. These two preference functions
were also considered by Døskeland & Nordahl [19] and Chen et al. [15] comparing several insurance
products and a pure unit-linked product according to their expected utility. The analysis of the paper
by Chen et al. [15] shows that by incorporating realistic aspects like mortality, long time horizons
and high risk-aversion, the demand for products with guarantee increases. Our results suggest that a
hybrid product leads to a higher expected utility than the two special cases of a pure unit-linked and a
participating product interpreted in Døskeland & Nordahl [19] and Chen et al. [15] for both expected
utility and prospect theory. In particular, we obtain, for various risk aversion, optimal proportions
between participating and unit-linked parts and optimal level of guarantee fees.

We organize the remainder of this chapter as follows. In Section 2.2, we present the main financial
assumptions used throughout the chapter. Section 2.3 describes the mechanism of the hybrid product
considered. In Section 2.4, we compute fair values and obtain various fairness relations between
the parameters of the contract, depending on the kind of bonus. In Section 2.5, we look at optimal
contracts for the customer in terms of mixing degree and level of fees. Section 2.6 concludes.

2.2 Basic financial and mortality assumptions
The insurance company has to take into account the mortality risk as well as the financial risk in
order to fulfill their contractual obligations towards the customers. In this chapter, we focus on the
financial risk and we ignore mortality risk assuming that these two risks are independent and that the
mortality risk will not have an effect on the fairness relation of the contract (as illustrated, for example,
in Bacinello [3]).

To follow the evolution of the wealth and the price dynamics, we assume a continuous-time model
with Black-Scholes economy (Black & Scholes [8]) with the following assets :

1. A money market account which is a risk-free asset denoted by 𝐵 earning a constant interest rate
𝑟 ∈ R with dynamics:

d𝐵𝑡 = 𝑟 𝐵𝑡 d𝑡, 𝐵0 = 1.

2. Two risky funds 𝐺 and 𝐻, where 𝐺 is a general fund of the company (in general with a
low volatility), not directly traded on the market and used as a reference for the participating
contracts. However, 𝐻 is an investment fund (with high volatility) traded on the market and
used to compute the value of the unit-linked contract. These two funds are described as follows:

2.a. The fund 𝐺 is following a geometric Brownian motion with dynamics:

d𝐺 𝑡 = 𝜇𝐺 𝐺 𝑡 d𝑡 + 𝜎𝐺 𝐺 𝑡 d𝑊𝐺
𝑡 , 𝐺0 = 1, 𝑡 ∈ [0, 𝑇], (2.2.1)

where𝑊𝐺 is a standard Brownian motion under the real probability measure P and𝜎𝐺 > 0.
In the following, we will discretize time in 𝑛 ∈ N periods of equal length Δ𝑠 = 𝑇

𝑛
. Figure

(2.1) illustrates 𝑛 periods with maturity 𝑇 where each period is made up of Δ𝑠 = 𝑇
𝑛

years.
These periods are counted as 𝑡 = 1, 2, . . . , 𝑛.
The period return of 𝐺 is defined as follows:

𝑔𝑡·△𝑠 =
𝐺 𝑡·△𝑠

𝐺 (𝑡−1)·△𝑠
− 1, 𝑡 = 1, 2, . . . , 𝑛. (2.2.2)

It is well known that the solution of the stochastic differential equation (2.2.1), under the
real probability measure P, is 𝐺 𝑡·△𝑠 = 𝐺0 exp

(
(𝜇𝐺 − 𝜎2

𝐺

2 ) · 𝑡 · △𝑠 + 𝜎𝐺 ·𝑊𝐺
𝑡·△𝑠

)
. Hence,

1+𝑔𝑡·△𝑠 = exp
(
(𝜇𝐺 − 𝜎2

𝐺

2 ) · △𝑠 + 𝜎𝐺 (𝑊𝐺
𝑡·△𝑠 −𝑊𝐺

(𝑡−1)·△𝑠)
)

are independent and log-normally
distributed for all 𝑡.
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Figure 2.1: Representation of a 𝑇
𝑛
-years product

2.b. The fund 𝐻 is following a geometric Brownian motion with dynamics:

d𝐻𝑡 = 𝜇𝐻 𝐻𝑡 d𝑡 + 𝜎𝐻 𝐻𝑡 d𝑊𝐻
𝑡 , 𝐻0 = 1, 𝑡 ∈ [0, 𝑇], (2.2.3)

where 𝜎𝐻 is a positive constant and 𝑊𝐻 is a standard Brownian motion under the real
probability measure P, that is correlated with 𝑊𝐺 . We define 𝜌 ∈] − 1, 1[ as the pa-
rameter of correlation between the log-returns of the two funds 𝐻 and 𝐺, such that
EQ [d𝑊𝐺

𝑡 d𝑊𝐻
𝑡 ] = 𝜌 · d𝑡. This allows us to write the following differential equation using

Cholesky decomposition:

d𝐻𝑡 = 𝜇𝐻 𝐻𝑡 d𝑡 + 𝜎𝐻 𝜌 𝐻𝑡 d𝑊𝐺
𝑡 + 𝜎𝐻

√︃
1 − 𝜌2 𝐻𝑡 d𝑊𝑡 (2.2.4)

with

d𝑊𝐻
𝑡 = 𝜌 · d𝑊𝐺

𝑡 +
√︃

1 − 𝜌2 · d𝑊𝑡 ,

where𝑊 is a standard Brownian motion independent of𝑊𝐺 .
Similarly to the return of the fund 𝐺, the period return of the risky fund is defined as
follows:

ℎ𝑡·△𝑠 =
𝐻𝑡·△𝑠

𝐻(𝑡−1)·△𝑠
− 1, 𝑡 = 1, 2, . . . , 𝑛. (2.2.5)

Noting that the solution of the stochastic differential equation (2.2.4), under the real proba-
bility measure P, is 𝐻𝑡·△𝑠 = 𝐻0 exp

(
(𝜇𝐻 − 𝜎2

𝐻

2 ) · 𝑡 · △𝑠 + 𝜎𝐻 𝜌𝑊
𝐺
𝑡·△𝑠 + 𝜎𝐻

√︁
1 − 𝜌2𝑊𝑡·△𝑠

)
and then 1 + ℎ𝑡·△𝑠 = exp

(
(𝜇𝐻 − 𝜎2

𝐻

2 ) · △𝑠 + 𝜎𝐻 · 𝜌 · (𝑊𝐺
𝑡·△𝑠 −𝑊𝐺

(𝑡−1)·△𝑠)

+𝜎𝐻 ·
√︁

1 − 𝜌2 · (𝑊𝑡·△𝑠 −𝑊(𝑡−1)·△𝑠)
)

are also independent and log-normally distributed for
all 𝑡.

Since we assume that the interest rate 𝑟 is deterministic and constant, the uncertainty is limited to
the stochastic evolution of the two funds and is reflected by the standard Brownian motions 𝑊𝐺 and
𝑊 under the real probability measure P. These standard Brownian motions are defined on a filtered
probability space (Ω,F, P) in the time interval [0, 𝑇].

We further assume that the investment is riskier in the second fund than in the first fund, that is:
𝜇𝐻 > 𝜇𝐺 > 𝑟 , 𝜇𝐺 and 𝜇𝐻 ∈ R and 𝜎𝐻 > 𝜎𝐺 .

We consider the financial market to be complete and arbitrage-free. Let Q be the risk-neutral
measure used for pricing in this market as per Harrison & Kreps [24]. Using Girsanov’s theorem, we
can write the change of measure between the real-world measure P and the risk-neutral measure Q as

𝑑Q
𝑑P |E𝑡= 𝑍𝑡 = 𝑒− 1

2 ∥𝜃∥
2𝑡−𝜃𝑊 𝑡 , where 𝜃 =

( 𝜇𝐺−𝑟
𝜎𝐺

𝜇𝐻−𝑟
𝜎𝐻

√
1−𝜌2

− 𝜌(𝜇𝐺−𝑟)
𝜎𝐺

√
1−𝜌2

)
and𝑊 𝑡 =

(
𝑊𝐺
𝑡

𝑊𝑡

)
is a two-dimensional

P-Brownian motion.

Then,
(
𝑊𝐺
𝑡

𝑊𝑡

)
= 𝑊𝑡 = 𝑊 𝑡 + 𝜃 · 𝑡 is a two-dimensional Q-Brownian motion.
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2.3 Structure of the policy
We consider a life insurance contract with a single premium 𝑃 paid at the inception of the contract.
The contract pays a lump sum at maturity 𝑇 > 0. A life insurance company decides on investing
the customers’ contributions such that a part is invested dynamically in a participating life insurance
contract (for example the "Branch 21" insurance in Belgium) while the remaining is invested in a pure
unit-linked contract (known as "Branch 23" in Belgium). In the following, we point out the difference
between these two contracts:

A participating life insurance contract is a rather safe investment since it guarantees a minimum
investment return known in advance, in addition to a possible bonus participating in the investment
profits of the insurer’s asset portfolio. More precisely, if the real rate of return exceeds the guaranteed
rate, the difference between a part of the real return and the guaranteed rate is granted to the insured.
In each period, the insured receives a surplus return of

𝛿𝑡·△𝑠 = max(𝛽 · real rate of return 𝑡·△𝑠 − guaranteed rate of return, 0),

where 𝛽 ∈ [0, 1] is the participation level assumed to be constant over time, the guaranteed minimum
rate of return, thereafter called 𝑖, is a technical interest rate that the insurance company determines
at contract initiation while the real rate of return is a market rate acquired from the insurer’s asset
portfolio. We look at different guarantee periods ranging between one year (annual guarantee), several
years (maturity guarantee) or simply by an arbitrary guarantee period △𝑠 (see Figure 2.1). We note that
the rate of return 𝑖 is the total guarantee given on a period of 𝑇

𝑛
and can be computed as 𝑖 = (1+ 𝑖) 𝑇

𝑛 −1,
for an annual technical interest rate 𝑖.

The participating life insurance policy invests into the fund 𝐺 defined in Section 2.2 and its value
is computed by investing the premium with the guaranteed interest rate and adding the bonus rate in
good years. So, the total return on the participating fund is the guaranteed interest rate 𝑖 in addition to
a surplus return 𝛿𝑡·△𝑠 = (𝛽 · 𝑔𝑡·△𝑠 − 𝑖)+.

A pure unit-linked contract is more attractive for investors who are likely to take more risks to
pursue higher returns since the return depends on the investment funds to which this policy is linked
to. Referring to Bacinello & Persson [5], this type of insurance offers advantages to the customers in
terms of higher returns and the flexibility to choose or change the financial asset to which the policy
is linked as well as it allows the insurance company to offer competitive products in the market. In
contrast to classical life insurance products, the returns of a pure unit-linked contract are more volatile
which makes the benefit at maturity uncertain and not guaranteed. There is no investment guarantee
provided by the insurer.

We assume that the investment in the unit-linked part is subject to a continuous guarantee fee 𝜀
used to increase the guarantee of the participating part of the mixed product. The dynamics of this
investment 𝐹𝑡 := 𝑒−𝜀𝑡𝐻𝑡 is given by:

d𝐹𝑡 = (𝜇𝐻 − 𝜀) 𝐹𝑡 d𝑡 + 𝜎𝐻 𝜌 𝐹𝑡 d𝑊𝐺
𝑡 + 𝜎𝐻

√︃
1 − 𝜌2 𝐹𝑡 d𝑊𝑡 , 𝐹0 = 1, 𝑡 ∈ [0, 𝑇], (2.3.1)

where the period return of the unit-linked fund is

𝑓𝑡·△𝑠 =
𝐹𝑡·△𝑠

𝐹(𝑡−1)·△𝑠
− 1, 𝑡 = 1, 2, . . . , 𝑛. (2.3.2)

Under the real probability measure P, 1 + 𝑓𝑡·△𝑠 = exp
(
(𝜇𝐻 − 𝜀 − 𝜎2

𝐻

2 ) · △𝑠 +𝜎𝐻 · 𝜌 · (𝑊𝐺
𝑡·△𝑠 −𝑊𝐺

(𝑡−1)·△𝑠)

+𝜎𝐻 ·
√︁

1 − 𝜌2 · (𝑊𝑡·△𝑠 −𝑊(𝑡−1)·△𝑠)
)

are independent and log-normally distributed for all 𝑡.
The guarantee fee 𝜀 is a continuous-time dividend extracted from process 𝐻 and credited to the

guaranteed part.
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Basically, the benefit granted to the customer is a function of the guaranteed interest rate, the
surplus return and the rate of return from the investment in a risky fund.

More specifically, the contract is a combination of the participating life insurance and the unit-
linked contract where

• a constant proportion 𝜋 ∈ ]0, 1] of the financial portfolio is invested dynamically in a partici-
pating life insurance contract with period return 𝑖 + 𝛿𝑡·Δ𝑠. The real return is modeled by a fund
𝐺.

• a constant proportion 1 − 𝜋 is invested in a risky fund 𝐹 without guarantee.

With this investment, we analyse two different cases :

• Rebalancing case : After each time period, the investment share is rebalanced such that, again,
a constant proportion 𝜋 ∈ ]0, 1] is invested in the participating contract. More precisely, the
eventual rebalancing can occur only at the moment when the guarantee is consolidated. Here is
the benefit at maturity for a mixed product:

𝑉𝑇 = 𝑉0 ·
𝑛∏
𝑡=1

[
𝜋 ·

(
1 + 𝑖 +

(
𝛽 · 𝑔𝑡·𝑇

𝑛
− 𝑖

)+)
+ (1 − 𝜋) ·

(
1 + 𝑓𝑡·𝑇

𝑛

) ]
. (2.3.3)

• Non-rebalancing case : The proportion 𝜋 is set once at the beginning of the contract. No further
action is taken, so the benefit at maturity is written as follows:

𝑉𝑇 = 𝑉0 ·
[
𝜋 ·

𝑛∏
𝑡=1

(
1 + 𝑖 +

(
𝛽 · 𝑔𝑡·𝑇

𝑛
− 𝑖

)+)
+ (1 − 𝜋) ·

𝑛∏
𝑡=1

(
1 + 𝑓𝑡·𝑇

𝑛

) ]
. (2.3.4)

We note that the initial reserve 𝑉0 is the premium invested at the inception of the contract 𝑃.

2.4 Valuation of the contract
Apart from the single premium, no payments occur until the maturity of the contract. Let us point
out also that the guarantee can be given by the insurer on an annual basis (𝑛 = 𝑇), periodical basis
or at maturity (𝑛 = 1). In order to price and evaluate the different forms of contract and define their
parameters, we designate two main concepts:

a. The retrospective reserve : it corresponds to the initial premium capitalized each period,
following the specifications of the contract.
We will denote this reserve by 𝑉𝑡·𝑇

𝑛
(𝑡 = 0, 1, . . . , 𝑛) with initial condition : 𝑉0 = 𝑃. We give the

example of an annual guarantee contract (𝑛 = 𝑇):

- For a pure participating life insurance contract (𝜋 = 1) with annual guarantee, this reserve
is given by:

𝑉𝑡·𝑇
𝑛

= 𝑉𝑡 = 𝑉0 ·
𝑡−1∏
𝑘=0

(
1 + 𝑖 + (𝛽 · 𝑔𝑘+1 − 𝑖)+

)
= 𝑉𝑡−1 ·

(
1 + 𝑖 + (𝛽 · 𝑔𝑡 − 𝑖)+

)
.

- For a pure unit-linked contract (𝜋 = 0) with annual guarantee, this reserve is given by:

𝑉𝑡·𝑇
𝑛

= 𝑉𝑡 = 𝑉0 ·
𝑡−1∏
𝑘=0

(1 + 𝑓𝑘+1) .
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The last two formulas can be easily generalized for a mixed contract (𝜋 ∈ ]0, 1[):

For a rebalanced portfolio:

𝑉𝑡·𝑇
𝑛

= 𝑉0 ·
𝑡−1∏
𝑘=0

[
𝜋 ·

(
(1 + 𝑖) 𝑇

𝑛 +
(
𝛽 · 𝑔(𝑘+1)·𝑇

𝑛
− ((1 + 𝑖) 𝑇

𝑛 − 1)
)+)

+ (1 − 𝜋) ·
(
1 + 𝑓(𝑘+1)·𝑇

𝑛

) ]
.

For a non-rebalanced portfolio:

𝑉𝑡·𝑇
𝑛

= 𝑉0 ·
[
𝜋 ·

𝑡−1∏
𝑘=0

(
(1 + 𝑖) 𝑇

𝑛 +
(
𝛽 · 𝑔(𝑘+1)·𝑇

𝑛
− ((1 + 𝑖) 𝑇

𝑛 − 1)
)+)

+ (1 − 𝜋) ·
𝑡−1∏
𝑘=0

(
1 + 𝑓(𝑘+1)·𝑇

𝑛

) ]
.

We note that the final retrospective reserve 𝑉𝑇 corresponds to the benefit paid at maturity to
the customer. Particularly, we obtain the reserve of a pure participating contract and a pure
unit-linked contract by, respectively, extracting 𝜋 = 1 and 𝜋 = 0 from the above mixed contract.

b. The prospective reserve (or fair valuation): it corresponds to the discounted risk-neutral expec-
tation of the final retrospective reserve.
We denote the fair value at time 𝑡 · 𝑇

𝑛
by 𝐹𝑉𝑡·𝑇

𝑛
(𝑡 = 0, 1, . . . , 𝑛), i.e.

𝐹𝑉𝑡·𝑇
𝑛

= 𝑒−𝑟 (𝑇−𝑡·
𝑇
𝑛
) · EQ [𝑉𝑇 | F𝑡·𝑇

𝑛
] .

We say that the contract is fairly priced if and only if the initial fair value is equal to the initial
retrospective reserve:

𝐹𝑉0 = 𝑉0 = 𝑃.

In the next sections, we develop this condition of fairness for different kinds of mixed contracts.

2.4.1 Maturity guarantee

As known, the timing of the allocation of the guarantee and the profit sharing can be annually,
periodically or can be applied only at maturity. In the latter case where 𝑛 = 1, the investment is
developing throughout the years until maturity without assessing the performance of the funds which
means that this is a product with a maturity guarantee (that is sometimes called terminal bonus). In
practical terms, this implies that there is no need for periodic portfolio rebalancing. The guarantee
and any surplus return are consolidated and applied only at the conclusion of the contract, when it
matures. Therefore, adjustments to the portfolio composition throughout the investment years are not
relevant, as the final outcome is determined solely at the contract’s maturity. For this reason, we will
price hereinafter the case of a non-rebalanced portfolio where the guarantee and the profit sharing are
computed at maturity, while the rebalancing case will be hidden in such a sort of product.
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Maturity guarantee without rebalancing

In this type of contract, the guarantee does not have to interfere during the years of investment and so
there is somehow a compensation between good and bad years. We can conclude that this is a kind of
static investment that leads to the following benefit at maturity:

𝑉𝑇 = 𝑉0

[
𝜋 ·

(
(1 + 𝑖)𝑇 +

(
𝛽 · (𝐺𝑇

𝐺0
− 1) − ((1 + 𝑖)𝑇 − 1)

)+)
+ (1 − 𝜋) ·

(
𝐹𝑇
𝐹0

)]
(see Equation (2.3.4) with 𝑛 = 1 and 𝑖 = (1 + 𝑖) 𝑇

𝑛 − 1).
The value of this contract is assumed by computing the time 0 price of 𝑉𝑇 under the risk-neutral

expectation : 𝐹𝑉0(𝑉𝑇 ) = EQ [𝑒−𝑟𝑇 · 𝑉𝑇 ]. This end gives, after replacing the retrospective reserve by
its expression:

EQ [𝑒−𝑟𝑇 · 𝑉𝑇 ] = 𝜋 · 𝑉0 ·
[
𝑒−𝑟𝑇 · (1 + 𝑖)𝑇 + 𝛽 · 𝑒−𝑟𝑇 · EQ

[ (
𝐺𝑇

𝐺0
−

(
1 + (1+𝑖)𝑇−1

𝛽

))+ ] ]
+ (1 − 𝜋) · 𝑉0 · 𝑒−𝑟𝑇 · EQ

[
𝐹𝑇
𝐹0

]
.

The term 𝑐
{𝑇}
0 = 𝑒−𝑟𝑇 ·EQ

[ (
𝐺𝑇

𝐺0
−

(
1 + (1+𝑖)𝑇−1

𝛽

))+ ]
is the time 0 value of a European call option with

a maturity 𝑇 , an initial price of 1 of the underlying fund 𝐺 and a strike price 1 + (1+𝑖)𝑇−1
𝛽

. The value
of this call option is given by Black-Scholes under the following formula:

𝑐
{𝑇}
0 = Φ(𝑑1) −

(
1 + (1+𝑖)𝑇−1

𝛽

)
· 𝑒−𝑟𝑇 · Φ(𝑑2),

where 𝑑1 =
(
𝑟 +

𝜎2
𝐺
2

)
𝑇 − ln

(
1+ (1+𝑖)𝑇 −1

𝛽

)
𝜎𝐺

√
𝑇

, 𝑑2 = 𝑑1 − 𝜎𝐺
√
𝑇

and Φ is the cumulative distribution function of a standard normal variable.
In addition, 𝐹𝑇

𝐹0
expresses 1+ return of the fund 𝐹 from the inception of the contract till maturity.

Based on Equation (2.3.2), by taking 𝑛 = 1, the Q-expectation of 𝐹𝑇
𝐹0

gives 𝑒(𝑟−𝜀)𝑇 .
After these indications, the contract is fairly priced by equalizing the expected present value of

benefits to the single premium paid by the insured (𝐹𝑉0(𝑉𝑇 ) = 𝑃):

𝜋 · 𝑉0 ·
[
𝑒−𝑟𝑇 · (1 + 𝑖)𝑇 + 𝛽 · 𝑐{𝑇}0

]
+ (1 − 𝜋) · 𝑉0 · 𝑒−𝑟𝑇 · 𝑒(𝑟−𝜀)𝑇 = 𝑉0.

Eventually, the premium equivalence is as follows :

𝜋 · [ ((1 + 𝑖)𝑒−𝑟)𝑇 + 𝛽 · 𝑐{𝑇}0 ] + (1 − 𝜋) · 𝑒−𝜀𝑇 = 1. (2.4.1)

This relation gives us a fair condition between all the parameters in order to generate a fair contract.
It creates a link between the two components of the mixed product. In particular, we can interpret
the relation as a feedback between the guaranteed rate 𝑖 and the guarantee fee 𝜀, depending on the
allocation level 𝜋 between these two parts.

2.4.2 𝑇
𝑛
-years guarantee

We introduce a new product in which the bonus is incorporated not at maturity but each period, as
represented in Figure 2.1. It is considered as a periodical guarantee contract since the guarantee and
the profit sharing are investigated and computed each period Δ𝑠 (or each 𝑇

𝑛
years). Similarly, in this

type of contract, we differentiate between periodically rebalancing or not rebalancing our portfolio.
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𝑻
𝒏 -years guarantee with rebalancing

Normally, the portfolio is rebalanced just after providing the guarantee and computing the profit
sharing. Therefore, we rebalance the portfolio each period in order to maintain the original level of
risk. To construct the benefit, we reinvest the capitalized amount each period with the same proportion,
𝜋 in a participating contract and 1 − 𝜋 in a pure unit-linked contract :

𝑉𝑇 = 𝑉0 ·
𝑛∏
𝑡=1

[
𝜋 ·

(
(1 + 𝑖) 𝑇

𝑛 +
(
𝛽 ·

(
𝐺

𝑡 𝑇𝑛

𝐺 (𝑡−1) 𝑇𝑛
− 1

)
− ((1 + 𝑖) 𝑇

𝑛 − 1)
)+)

+ (1 − 𝜋) ·
(

𝐹
𝑡 𝑇𝑛

𝐹(𝑡−1) 𝑇𝑛

) ]
.

(2.4.2)

The time 0 price of 𝑉𝑇 is computed by applying the martingale approach which is exploited by the
followingQ-expectation : EQ [𝑒−𝑟𝑇 ·𝑉𝑇 ]. By replacing𝑉𝑇 by its expression in Equation (2.4.2), taking
into consideration the stochastic independence of the periodical rates 𝑔𝑡·△𝑠 for all 𝑡, as well as for 𝑓𝑡·△𝑠.
After algebraic manipulations, we get

𝑉0 ·
𝑛∏
𝑡=1

[
𝜋 ·

(
(𝑒−𝑟 · (1 + 𝑖)) 𝑇

𝑛 + 𝛽 · 𝑒−𝑟 𝑇𝑛 · EQ
[(

𝐺
𝑡 𝑇𝑛

𝐺 (𝑡−1) 𝑇𝑛
−

(
1 + (1+𝑖) 𝑇𝑛 −1

𝛽

))+] )
+ (1 − 𝜋) · 𝑒−𝑟 𝑇𝑛 · EQ

[
𝐹
𝑡 𝑇𝑛

𝐹(𝑡−1) 𝑇𝑛

] ]
.

The term

𝑐
{ 𝑇
𝑛
}

0 = 𝑒−𝑟
𝑇
𝑛 · EQ

[(
𝐺 𝑡 𝑇

𝑛

𝐺 (𝑡−1) 𝑇
𝑛

−
(
1 + (1 + 𝑖) 𝑇

𝑛 − 1
𝛽

))+]
is obviously the time 0 value of a European call option with maturity 𝑇

𝑛
with the following formula:

𝑐
{ 𝑇
𝑛
}

0 = Φ(𝑑1) −
(
1 + (1 + 𝑖) 𝑇

𝑛 − 1
𝛽

)
· 𝑒−𝑟 𝑇𝑛 · Φ(𝑑2),

where

𝑑1 =
(𝑟 + 𝜎2

𝐺

2 ) 𝑇
𝑛
− ln (1 + (1+𝑖) 𝑇𝑛 −1

𝛽
)

𝜎𝐺

√︃
𝑇
𝑛

, 𝑑2 = 𝑑1 − 𝜎𝐺
√︂
𝑇

𝑛

and Φ is the cumulative distribution function of a standard normal variable.
Recalling Equation (2.3.2), the Q-expectation of

𝐹𝑡 𝑇
𝑛

𝐹(𝑡−1) 𝑇
𝑛

gives 𝑒 𝑇
𝑛
(𝑟−𝜀) .

To this end, we can deduce the explicit formula of the premium equivalence:

𝜋 · [((1 + 𝑖) · 𝑒−𝑟) 𝑇
𝑛 + 𝛽 · 𝑐{

𝑇
𝑛
}

0 ] + (1 − 𝜋) · 𝑒−𝜀 𝑇
𝑛 = 1. (2.4.3)

It is worth mentioning that we have computed the reserve at time 0 to obtain the fairness relation
between the parameters. As well, we can compute the reserve at any moment where the moment in
this case is expressed periodically. For instance, we can express the time 𝑡 · 𝑇

𝑛
price of 𝑉𝑇 by solving

𝐹𝑉𝑡·𝑇
𝑛

= 𝑒−𝑟 (𝑇−𝑡·
𝑇
𝑛
) · EQ [𝑉𝑇 | F𝑡·𝑇

𝑛
], 𝑡 ⩽ 𝑛.
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By replacing Equation (2.4.2) in the Q-expectation and conditioning on the information available at
time 𝑡 · 𝑇

𝑛
, we obtain the following:

𝐹𝑉𝑡·𝑇
𝑛

= 𝑉𝑡·𝑇
𝑛
·
𝑛−1∏
𝑠=𝑡

[
𝜋 ·

(
(𝑒−𝑟 · (1 + 𝑖)) 𝑇

𝑛 + 𝛽 · 𝑒−𝑟 𝑇𝑛 · EQ
[(
𝐺 (𝑠+1) 𝑇𝑛
𝐺

𝑠 𝑇𝑛

−
(
1 + (1+𝑖) 𝑇𝑛 −1

𝛽

))+] )
+ (1 − 𝜋) · 𝑒−𝑟 𝑇𝑛 · EQ

[
𝐹(𝑠+1) 𝑇𝑛
𝐹
𝑠 𝑇𝑛

] ]
.

Hence, the fair value will be 𝐹𝑉𝑡·𝑇
𝑛

= 𝑉𝑡·𝑇
𝑛
·
[
𝜋 · [((1 + 𝑖) · 𝑒−𝑟) 𝑇

𝑛 + 𝛽 · 𝑐{
𝑇
𝑛
}

0 ] + (1 − 𝜋) · 𝑒−𝜀 𝑇
𝑛

]𝑛−𝑡
.

Consequently, if the contract is fairly priced at origin following condition (2.4.3), it remains fair
in terms of the reserve at any time, by stating 𝐹𝑉𝑡·𝑇

𝑛
= 𝑉𝑡·𝑇

𝑛
.

𝑻
𝒏 -years guarantee without rebalancing

If the portfolio is not rebalanced each period, each contract is capitalized separately with the proportion
invested in each asset at the beginning of the contract. At maturity, the structure of the retrospective
reserve is in the following form:

𝑉𝑇 = 𝑉0 ·
[
𝜋 ·

𝑛∏
𝑡=1

(
(1 + 𝑖) 𝑇

𝑛 +
(
𝛽 ·

(
𝐺 𝑡 𝑇

𝑛

𝐺 (𝑡−1) 𝑇
𝑛

− 1

)
−

(
(1 + 𝑖)

𝑇
𝑛 − 1

))+)
+ (1 − 𝜋) ·

𝑛∏
𝑡=1

(
𝐹𝑡 𝑇

𝑛

𝐹(𝑡−1) 𝑇
𝑛

)]
.

To value this contract, we calculate the time 0 price of 𝑉𝑇 under the risk-neutral measure and then
deduce the premium equivalence in closed form. The fair value of the contract is written as follows:

𝐹𝑉0(𝑉𝑇 ) = 𝑒−𝑟𝑇 · EQ [𝑉𝑇 ]

= 𝑉0 ·
[
𝜋 ·

𝑛∏
𝑡=1

(
(𝑒−𝑟 · (1 + 𝑖)) 𝑇

𝑛 + 𝛽 · 𝑒−𝑟 𝑇𝑛 · EQ
[(

𝐺 𝑡 𝑇
𝑛

𝐺 (𝑡−1) 𝑇
𝑛

−
(
1 + (1 + 𝑖) 𝑇

𝑛 − 1
𝛽

))+])
+(1 − 𝜋) ·

𝑛∏
𝑡=1

𝑒−𝑟
𝑇
𝑛 · EQ

[
𝐹𝑡 𝑇

𝑛

𝐹(𝑡−1) 𝑇
𝑛

] ]
.

To write the premium equivalence, we simply connect the last expression to the premium paid at
inception after considering the Q-expectations to obtain the following fairness relation:

𝜋 · [((1 + 𝑖) · 𝑒−𝑟) 𝑇
𝑛 + 𝛽 · 𝑐{

𝑇
𝑛
}

0 ]𝑛 + (1 − 𝜋) · 𝑒−𝜀𝑇 = 1. (2.4.4)

Special case: annual guarantee (𝒏=𝑻)

We note that the annual guarantee (sometimes referred as reversionary bonus) is a special case from
the 𝑇

𝑛
-years guarantee contract and is obtained by considering 𝑛 = 𝑇 in Equations (2.4.3) and (2.4.4)

for rebalancing and non-rebalancing contracts, respectively.
The premium equivalence of an annual guarantee with rebalancing is then

𝜋 · ((1 + 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1) + (1 − 𝜋) · 𝑒−𝜀 = 1,

and without rebalancing is

𝜋 · ((1 + 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1)𝑇 + (1 − 𝜋) · 𝑒−𝜀𝑇 = 1.
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2.4.3 Numerical illustrations
In this section, we provide numerical solutions to the fairness relations obtained in each case. More
precisely, we present some examples to Equations (2.4.1), (2.4.3) and (2.4.4) with respect to the
technical interest rate 𝑖. The idea is to boost the minimum guaranteed rate by making a partial
investment, which means, by investing a part in the unit-linked contract. This is because by increasing
the guarantee fee 𝜀, we are reinforcing the guaranteed rate 𝑖. For this reason, we will find thereafter
solutions for the fairness relations with respect to 𝑖 according to different values of the investment
share 𝜋 for each type of guarantee.

We consider a life insurance contract with a maturity 𝑇 = 20 years. For the upcoming work, we
suppose that the risk-free rate is 𝑟 = 1.5% and the volatility of the guarantee fund is 𝜎𝐺 = 3%. We
note that the initial reserve 𝑉0 does not need to be specified in the calculation of the fair guaranteed
rate for the different forms of contracts.

Numerical insights: 𝑻
𝒏 -years guarantee

By considering the general form of a partial guarantee contract which is the 𝑇
𝑛
-years guarantee with

a number of periods 𝑛 = 4, we vary the share 𝜋 invested in the participating contract and find the
guaranteed rates 𝑖 that satisfy fairness relations (2.4.3) and (2.4.4) obtained in the theoretical part of
the rebalancing and non-rebalancing cases, respectively, supposing that the insurance company has
fixed all other parameters. Furthermore, we analyze the impact of the participation level 𝛽 and the
guarantee fee 𝜀 on these findings.

Briefly, we assess the change of 𝑖 with respect to different investment shares between the partic-
ipating life insurance contract and the pure unit-linked contract. For this valuation, we consider a
contract of 20 years divided in 4 periods with 5 successive years.

With Rebalancing Without Rebalancing

𝛽 = 70% 𝛽 = 70% 𝛽 = 50% 𝛽 = 70% 𝛽 = 70% 𝛽 = 50% 𝛽 = 70%
𝜋 𝜀 = 0% 𝜀 = 0.25% 𝜀 = 0.25% 𝜀 = 0.5% 𝜀 = 0.25% 𝜀 = 0.25% 𝜀 = 0.5%

0.10 1.18 3.68 3.69 5.67 3.37 3.38 4.70
0.20 1.18 2.47 2.50 3.44 2.38 2.42 3.16
0.30 1.18 2.01 2.08 2.63 1.97 2.05 2.50
0.40 1.18 1.75 1.87 2.19 1.73 1.85 2.12
0.50 1.18 1.58 1.73 1.90 1.57 1.72 1.86
0.60 1.18 1.46 1.64 1.69 1.45 1.64 1.66
0.70 1.18 1.36 1.57 1.53 1.36 1.57 1.51
0.80 1.18 1.29 1.52 1.39 1.29 1.52 1.38
0.90 1.18 1.23 1.48 1.28 1.23 1.48 1.27
1.00 1.18 1.18 1.45 1.18 1.18 1.45 1.18

Table 2.1: Fair guaranteed rates 𝑖 (expressed in %) with respect to the share in the participating
contract 𝜋 for different participation levels 𝛽 and guarantee fees 𝜀.

It is obvious from Table 2.1 the capacity of the insurance company to increase the guarantee by
investing more in the unit-linked contract. In addition, we notice that a higher participation level
leads to a lower guarantee; however, the more the company imposed fees the more it is able to give
guarantees. This is confirmed in the first column of Table 2.1 where no fees are charged to the
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customer, which leads to a fixed guarantee regardless the asset allocation 𝜋.
Besides, we can observe that the difference in the values of the guaranteed rates between a contract

with rebalancing and without rebalancing can be almost negligible especially when a higher proportion
is invested in the participating life insurance contract.

We note that, by taking 𝑛 = 𝑇 and 𝑛 = 1, we come across the annual guarantee and the maturity
guarantee types, respectively. Hence, we will thereafter analyze the above points for these specific
types of contracts.

Numerical insights: annual guarantee

In the context of finding a solution to the fairness relation of an annual guarantee contract with respect
to 𝑖, we assess the impact of the participation level 𝛽 for given values of 𝜀, 𝑟 and 𝜎𝐺 as well as the
impact of the guarantee fee 𝜀 for given values of 𝛽, 𝑟 and 𝜎𝐺 on both rebalancing and non-rebalancing
cases (Table 2.2).

With Rebalancing Without Rebalancing

𝛽 = 70% 𝛽 = 70% 𝛽 = 50% 𝛽 = 70% 𝛽 = 70% 𝛽 = 50% 𝛽 = 70%
𝜋 𝜀 = 0% 𝜀 = 0.25% 𝜀 = 0.25% 𝜀 = 0.5% 𝜀 = 0.25% 𝜀 = 0.25% 𝜀 = 0.5%

0.10 0.11 3.67 3.78 6.06 3.19 3.34 4.65
0.20 0.11 2.09 2.41 3.38 1.93 2.29 2.93
0.30 0.11 1.42 1.90 2.32 1.34 1.84 2.10
0.40 0.11 1.02 1.62 1.70 0.98 1.59 1.57
0.50 0.11 0.76 1.43 1.27 0.73 1.42 1.18
0.60 0.11 0.56 1.31 0.94 0.55 1.30 0.89
0.70 0.11 0.41 1.21 0.67 0.40 1.20 0.64
0.80 0.11 0.29 1.14 0.46 0.29 1.13 0.44
0.90 0.11 0.19 1.08 0.27 0.19 1.08 0.26
1.00 0.11 0.11 1.03 0.11 0.11 1.03 0.11

Table 2.2: Fair guaranteed rates 𝑖 (expressed in %) with respect to the share in the participating
contract 𝜋 for different participation levels 𝛽 and guarantee fees 𝜀.

We point out that, in both cases, the fair guaranteed rate 𝑖 increases with the decrease of the share
in the participating contract 𝜋. This is trivial because the more the insurance company invests in the
unit-linked contract, the less is its commitment to the customer, and thus, it is capable to give a higher
guarantee. Moreover, we observe that, for a fixed guarantee fee 𝜀, a higher participation level produces
a low fair technical rate. For instance in the rebalancing case, taking 𝜋 = 50% and 𝜀 = 0.25%, we can
guarantee to 𝑖 = 1.43% for a participation level 𝛽 = 50% and to 𝑖 = 0.76% for a 𝛽 = 70%. However,
for a fixed 𝛽, it is obvious that taking a higher fee results in a higher guarantee. Take an example in the
rebalancing case, for 𝜋 = 50% and 𝛽 = 70%, we can give a guarantee of 𝑖 = 1.27% for 𝜀 = 0.50% and
𝑖 = 0.76% for 𝜀 = 0.25%. Whilst we have to note that in the case of 𝜋 = 1, the technical interest rate is
constant for different values of 𝜀 and that is because we are going back to the classical life insurance
product where the 𝜀 does not have any effect. Similarly, the technical interest rate is constant when
𝜀 is equal to 0 which confirms that 𝜀 is used to boost 𝑖. Furthermore, we notice that the guarantee
is slightly better in the rebalanced case, for all different values of 𝛽 and 𝜀, since by rebalancing the
portfolio we are avoiding somehow the exposure to undesirable risk. Overall, we can say that, in a
partial guarantee product, we can get much higher guaranteed rate.
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Figure 2.2: Sensitivity of the guarantee fee on the annual guarantee contract.

We present, in Figure 2.2, the effect of the guarantee fee on the guaranteed rate taking all other
parameters fixed.

It is noticeable that, in both cases, the fee does not have any effect when investing in a participating
life insurance contract and then the more we invest in the unit-linked contract, the more the guaranteed
rate is increasing. In addition, it is increasing with the increase of the guarantee fee 𝜀, and besides, it
goes up faster in a rebalanced portfolio than in a non-rebalanced portfolio.

Consequently, this figure confirms that the guarantee fee is financing the participating insurance
contract to boost the guaranteed rate.

We now examine the impact of the volatility coefficient 𝜎𝐺 on the technical interest rate 𝑖 in order
to satisfy the fairness relations of the rebalanced and non-rebalanced annual guarantee contract for
given values of 𝛽 = 70% and 𝜀 = 0.25% (Table 2.3).

With Rebalancing Without Rebalancing

𝜋 𝜎𝐺 = 3% 𝜎𝐺 = 1% 𝜎𝐺 = 3% 𝜎𝐺 = 1%

0.10 3.67 3.79 3.19 3.38
0.20 2.09 2.52 1.93 2.41
0.30 1.42 2.08 1.34 2.03
0.40 1.02 1.84 0.98 1.82
0.50 0.76 1.69 0.73 1.68
0.60 0.56 1.58 0.55 1.58
0.70 0.41 1.50 0.40 1.50
0.80 0.29 1.44 0.29 1.44
0.90 0.19 1.39 0.19 1.39
1.00 0.11 1.35 0.11 1.35

Table 2.3: Fair guaranteed rates 𝑖 (expressed in %) with respect to 𝜋 for different 𝜎𝐺 .

It is obvious that for a very low 𝐺-fund volatility, the fairness relation is satisfied with a higher
guaranteed rate comparing to the results for a 𝜎𝐺 = 3%. For instance, with a high participation level
of 𝛽 = 70% and a guarantee fee of 𝜀 = 0.25% and with an investment of 𝜋 = 70% of the premium in
participating life insurance product, a volatility coefficient of 𝜎𝐺 = 3% leads to a fair technical rate
around 𝑖 = 0.4% while a volatility coefficient of 𝜎𝐺 = 1% leads to a fair technical rate of 𝑖 = 1.50%
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in the with and without rebalancing cases.
In addition, we notice the effect of the volatility in the classical insurance product which means

when making a full investment in the participating life contract (𝜋 = 100%), the guaranteed rate is
increased when we decrease 𝜎𝐺 .

Numerical insights: maturity guarantee

Once again, we are going to give some solutions with respect to the guaranteed rate to hold the fair
relation of the maturity guarantee without rebalancing determined by Equation (2.4.1) in Section 2.4.1.
Table 2.4 analyzes the effect of the participation level and the guarantee fee on the positive guaranteed
rates.

Without Rebalancing

𝛽 = 70% 𝛽 = 70% 𝛽 = 50% 𝛽 = 70%
𝜋 𝜀 = 0% 𝜀 = 0.25% 𝜀 = 0.25% 𝜀 = 0.5%

0.10 1.43 3.38 3.38 4.70
0.20 1.43 2.42 2.42 3.16
0.30 1.43 2.05 2.06 2.53
0.40 1.43 1.85 1.87 2.19
0.50 1.43 1.72 1.75 1.96
0.60 1.43 1.63 1.67 1.80
0.70 1.43 1.57 1.61 1.68
0.80 1.43 1.51 1.57 1.58
0.90 1.43 1.47 1.53 1.50
1.00 1.43 1.43 1.50 1.43

Table 2.4: Fair guaranteed rates 𝑖 (expressed in %) with respect to the share in the participating
contract 𝜋 for different participation levels 𝛽 and guarantee fees 𝜀.

By fixing the guarantee fee 𝜀 and looking at the different technical rates with respect to the
participation level 𝛽, we notice that the more the investor is sharing the profits with the insurance
company the lower will be the guarantee. For instance, when 𝜀 is fixed at 0.25% and investing with a
proportion of 𝜋 = 0.7 of the premium, the fair guarantee is 𝑖 = 1.61% for 𝛽 = 50% against 𝑖 = 1.57%
for 𝛽 = 70%. Whilst by fixing the participation level 𝛽 and concentrating on the effect of the guarantee
fee 𝜀, the guarantee is absolutely increasing with the guarantee fee. We can check this result from
Table 2.4 by taking 𝛽 = 70% and 𝜋 = 0.7, an 𝜀 of 0.25% gives a fair guarantee of 1.57% while an 𝜀
of 0.5% results in a fair guarantee of 𝑖 = 1.68%. The results can be checked graphically.

The first chart in Figure 2.3 confirms the increase of the guaranteed rate with the increase of the
guarantee fee 𝜀 as well as with a greater investment in the unit-linked part. On the other side, the
impact of the participation level 𝛽 on the guaranteed rate is negative that is decreasing the more the
insurance company is sharing its profits with the customer.

Comparison between annual and maturity guarantee contracts

It is worth making a little comparison between the findings of the annual guarantee and the maturity
guarantee. Two points can be noticeable:

1. The participation level 𝛽 causes a small effect on the results of the technical interest rates in a
fair maturity guarantee contract compared to the annual guarantee contract.
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Figure 2.3: Sensitivity of the guarantee fee and the participation level on the maturity guarantee
contract.

2. When considering a pure participating insurance product, the guarantee is much higher in the
maturity guarantee contract than it is in the annual guarantee. Table 2.5 displays different values
of 𝑇 and 𝜎𝐺 and their impacts on the fair guaranteed rates derived from Equation (2.4.1) for
𝛽 = 70%, 𝜀 = 0.25% and 𝜋 = 1. Table 2.5 shows that the guarantee decreases with the decrease
of the maturity 𝑇 for a given value of 𝜎𝐺 . Hence, the high value of the technical interest rate in
the maturity guarantee is proved since the annual guarantee is a maturity guarantee with 𝑇 = 1.
In addition, the choice of a portfolio with low volatility coefficient on a long maturity leads to a
higher value of the guaranteed rate.

Maturity Volatility (%) Guarantee (%)

20 10 0.60
7 1.00
3 1.43

Volatility (%) Maturity Guarantee (%)

3 20 1.43
10 1.35
1 0.11

Table 2.5: Solutions of equations (2.4.1) with respect to the guaranteed rate 𝑖 for different maturities
𝑇 and volatilities 𝜎𝐺 .

Sensitivity analysis

After analyzing the annual and maturity contracts, we can go back to the 𝑇
𝑛
-years guarantee contract

to check the sensitivity of the volatility of the fund 𝐺, the maturity 𝑇 and the number of periods 𝑛 on
the values of the technical interest rate with respect to 𝜋 and fixing all other parameters.

Starting by the impact of the volatility, we consider a 𝑇
𝑛
-years guarantee contract with the same

assumptions as before in order to look at the variation of the technical rate.
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Figure 2.4: Sensitivity of the volatility 𝜎𝐺 on a 𝑇
𝑛
-years guarantee contract.

Figure 2.4 shows the variation of the guarantee for different values of the parameter 𝜎𝐺 and with
respect to the investment strategy 𝜋. We notice that the volatility can have a significant effect when
we invest more in a participating life insurance contract. Furthermore, the insurance company can
give a better guarantee by investing in a portfolio less volatile in both contracts, with and without
rebalancing.

Subsequently, we will examine the impact of the number of periods and maturity on the guaranteed
interest rate. It is detected by fixing all the parameters and changing the interest rate according to the
number of periods 𝑛 for two different maturities 𝑇 with respect to an investment in the participating
life insurance contract and in the pure unit-linked contract.
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Figure 2.5: Sensitivity of the number of periods 𝑛 and the maturity 𝑇 on a 𝑇
𝑛
-years guarantee contract.

In Figure 2.5, we consider a 𝑇
𝑛
-years guarantee contract with rebalancing. First, we fix the time

to maturity and all other parameters and then we look at the variation of the guaranteed interest rate
𝑖 with respect to 𝜋 and for different values of 𝑛. We notice that the guarantee is increasing when we
take a fewer number of periods 𝑛. It is worth mentioning that in the rebalancing portfolio, the number
of periods is fixed from 𝑛 > 1, since for 𝑛 = 1 we come across the maturity guarantee contract. On
the other side, to check the effect of the maturity 𝑇 on the guaranteed rate 𝑖 for different number of
periods, we observe that the guaranteed rate is increasing with the increase of 𝑇 .
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Short-term versus long-term contracts

Based on all the above different scenarios, we summarize with a comparison between a short- and
a long-term contract where we consider, in each one, two investment cases in order to observe the
variation in the guaranteed rate according to the different types of contracts that are supposed not to
be rebalanced. In this comparison, we choose the same parameters 𝛽, 𝜎𝐺 , 𝜀 and 𝑛 as 70%, 3%, 0.25%
and 4, respectively. Whilst regarding the interest rate, we are going to construct the first table with the
value assumed previously in the numerical illustrations 𝑟 = 1.5% (Table 2.6) and in the second table
we try to get closer to the current situation and take 𝑟 = 0.5% (Table 2.7).

Short term contract 𝑇 = 5, 𝑟 = 1.5%
Pure participating Mixed product

product (𝜋 = 1) (𝜋 = 0.5)

Annual Guarantee 0.11 0.73
5
4 -years Guarantee 0.34 0.94

Maturity Guarantee 1.18 1.58

Long term contract 𝑇 = 20, 𝑟 = 1.5%
Pure participating Mixed product

product (𝜋 = 1) (𝜋 = 0.5)

Annual Guarantee 0.11 0.73
20
4 -years Guarantee 1.18 1.57

Maturity Guarantee 1.43 1.72

Table 2.6: Fair guaranteed rates 𝑖 (expressed in %) for different maturities 𝑇 when 𝑟 = 1.5%.

From a general look on the two above tables, it is obvious that the guarantee can be boosted in
different ways :

• By considering a long-term contract because a higher time to maturity 𝑇 leads to a higher
guarantee, except for the annual guarantee contract where the maturity 𝑇 does not have any
effect.

• By combining a participating life insurance contract to a unit-linked contract.

• By turning into a maturity guarantee where the surplus does not occur until the end of the
contract.

As a conclusion from the above suggested products and the numerical illustrations, we are able
to mention some remarks and inferences. First of all, referring to the relations obtained, we can put
the light on the exclusion of the parameters 𝜎𝐻 and 𝜌 from the pricing part of each type of product.
Hence, the changes in these parameters did not have an impact on the numerical solutions, particularly
on the fair guaranteed interest rates. Second, we observe two dimensions that allow us to present a
higher guarantee. The first dimension includes the concept of a partial guarantee which consists of
investing a part of the premium in a pure unit-linked contract where a fee is charged to finance the
participating life insurance contract in order to get a higher guarantee. While the second dimension
consists of expanding the first dimension and turning it into a maturity guarantee product where a
higher guarantee can be presented.
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Short term contract 𝑇 = 5, 𝑟 = 0.5%
Pure participating Mixed product

product (𝜋 = 1) (𝜋 = 0.5)

Annual Guarantee −1.88 −0.75
5
4 -years Guarantee −1.54 −0.50

Maturity Guarantee −0.24 0.39

Long term contract 𝑇 = 20, 𝑟 = 0.5%
Pure participating Mixed product

product (𝜋 = 1) (𝜋 = 0.5)

Annual Guarantee −1.88 −0.78
20
4 -years Guarantee −0.24 0.38

Maturity Guarantee 0.26 0.66

Table 2.7: Fair guaranteed rates 𝑖 (expressed in %) for different maturities 𝑇 when 𝑟 = 0.5%.

2.5 Customer utility and optimal investment
After pricing the different types of contracts, we aim to maximize the customers’ utility based on
individuals’ preferences in order to put the above products in an optimal utility framework. Under this
framework, the affiliate is the one responsible for his own investment strategy, and so decides to invest
a part of his initial wealth in the participating fund and the remaining in the risky fund.

To measure the preferences in terms of risk and return, we maximize the expected utility of the
terminal wealth over the decision variable which is the investment strategy chosen by the affiliate.
More precisely, it is the proportion 𝜋 of the premium to invest in the participating life insurance
contract. Hence, for each of the above fair relations we introduce the following optimization problem:

max
𝜋∈[0,1]

E [𝑈 (𝑉𝑇 ) ], (2.5.1)

where𝑈 is the utility function of the affiliate assuming that𝑈′ > 0 and𝑈′′ < 0.
We mention that the previous maximization problem is solved subject to the following constraint:

EQ [𝑒−𝑟𝑇 · 𝑉𝑇 ] = 𝑉0 = 𝑃,

which means that the fair pricing relation is satisfied.

2.5.1 Power utility
We assume that the preferences of the customer are modeled by a constant relative risk aversion
(CRRA) utility function with a risk aversion coefficient 𝛾. The latter one is used to measure the level
of risk of the affiliate and his behavior towards the uncertainty of the amount of money received at
maturity. The utility function is described as a power utility function of the form

𝑈 (𝑧) =
𝑧1−𝛾

1 − 𝛾 , 𝛾 > 0, 𝛾 ≠ 1.

We note that the higher the customer’s unwillingness to take a risk, the greater the value of 𝛾. Based
on Davies [17], the best suggestion for 𝛾 may typically be between 3 and 5.
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In order to solve numerically problem (2.5.1) for each type of contract, we refer to the same
contract we introduced in Section 2.4.3 for which 𝑇 = 20 years, 𝑟 = 1.5%, 𝜎𝐺 = 3%, 𝛽 = 70% and
𝜀 = 0.25%. In addition, we suppose the following values for the asset parameters: 𝜇𝐺 = 3%, 𝜇𝐻 = 7%
and 𝜎𝐻 = 15%, whereas the correlation is 𝜌 = 0.1 and the initial value is 𝑉0 = 1000.

The numerical results are based on Monte Carlo simulations. We refer in our computation to the
certainty equivalent concept defined as 𝑈 (𝐶𝐸𝑄) = E [𝑈 (𝑉𝑇 ) ]. The investor is indifferent between
receiving a safe amount CEQ at time 𝑇 and the random payout 𝑉𝑇 from the insurance contract. The
certainty equivalent allows us to easily compare risky payoffs. Under this framework, we compare the
CEQ to the different types of contracts according to various parameters as indicated below.

Optimality with respect to the risk aversion

With Rebalancing 𝛾 = 3 𝛾 = 4

Optimal Guarantee CEQ Optimal Guarantee CEQ
𝜋 (%) 𝑖 (%) 𝜋 (%) 𝑖 (%)

Annual Guarantee 30 1.42 2160 48 0.80 1987
20
4 -years Guarantee 28 2.07 2134 47 1.62 1957

Without Rebalancing 𝛾 = 3 𝛾 = 4

Optimal Guarantee CEQ Optimal Guarantee CEQ
𝜋 (%) 𝑖 (%) 𝜋 (%) 𝑖 (%)

Annual Guarantee 27 1.49 2147 46 0.82 1968
20
4 -years Guarantee 25 2.14 2126 46 1.62 1944

Maturity Guarantee 26 2.17 2115 48 1.75 1938

Table 2.8: CEQ and optimal investment in the different types of contracts with respect to the risk
aversion 𝛾.

Table 2.8 displays the optimal asset allocation given a fair guaranteed rate and based on the highest
value of CEQ for the different types of contracts. The results show that the higher CEQ is obtained
the lower the guarantee.

We note that the optimal asset allocation 𝜋 obtained in Table 2.8, for instance, 𝜋 = 0.3, confirms
that the mixed product is more attractive than the pure participating (𝜋 = 1) and unit-linked (𝜋 = 0)
products. In addition, we notice that the risk aversion has a strong effect on the asset allocation. If
the customer is risk-averse, the larger share of the premium is invested in the participating fund and,
equivalently, he is less guaranteed. Comparing both cases, with and without rebalancing, better results
are obtained by rebalancing the portfolio yearly or periodically because we take the gains from high
average return investments and reinvest them in assets with low average returns.

However, if we look at the table vertically, we remark that switching from one product to the other
does not affect significantly the investment strategy of the investor but we can deduce that by increasing
the number of periods 𝑛 we get higher certainty equivalents. For instance, the table shows that the
annual guarantee (𝑛 = 𝑇) performs better than the maturity guarantee (𝑛 = 1) given a fair guaranteed
rate and an optimal asset allocation. The results obtained are confirmed by the fact that the guarantee
and the surplus return are computed inside the contract on a shorter basis for a higher value of 𝑛.

We want to also connect our results to the literature on participating and unit-linked insurance
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contracts and optimal asset allocation, as, for example, Døskeland & Nordahl [19] and Chen et al.
[15]. In Døskeland & Nordahl [19], the riskiness of the underlying risky funds can be controlled by
the investment strategy of the insurance company. More specifically, it is possible to invest or borrow
at a risk-free rate 𝑟; a constant share 𝜃𝐺 > 0 of funds is invested in some risky asset. In our previous
setting, this means that the fund 𝐺 is replaced by the fund 𝐺̃:

d𝐺̃ 𝑡

𝐺̃ 𝑡

= 𝜃𝐺 · d𝐺 𝑡

𝐺 𝑡

+ (1 − 𝜃𝐺) · 𝑟d𝑡

= (𝑟 + 𝜃𝐺 (𝜇𝐺 − 𝑟))d𝑡 + 𝜃𝐺 · 𝜎𝐺d𝑊𝐺
𝑡 , 𝐺̃0 = 1, 𝑡 ∈ [0, 𝑇] .

The parameter 𝜃𝐺 is a free parameter that may help to further increase the contract’s expected utility;
if 𝜃𝐺 = 1 we are back to our setting. The same can also be done for the unit-linked fund 𝐻 that is
replaced by 𝐻̃:

d𝐻̃𝑡 = (𝑟 + 𝜃𝐻 (𝜇𝐻 − 𝑟)) 𝐻̃𝑡 d𝑡 + 𝜃𝐻𝜎𝐻 𝜌 𝐻̃𝑡 d𝑊𝐺
𝑡 + 𝜃𝐻𝜎𝐻

√︃
1 − 𝜌2 𝐻̃𝑡 d𝑊𝑡 , 𝐻̃0 = 1, 𝑡 ∈ [0, 𝑇],

(2.5.2)
where 𝜃𝐻 > 0 is the share invested in the risky fund. Following Døskeland & Nordahl [19], we choose
𝜃∗
𝐺

such that the utility of a participating contract (i.e. the case 𝜋 = 1 in our setting) is maximized.
Secondly, we choose 𝜃∗

𝐻
such that the utility of a unit-linked contract with a guarantee fee of 𝜀 = 0

is maximized (i.e. the case 𝜋 = 0 in our setting). Given the two parameters 𝜃∗
𝐺

and 𝜃∗
𝐻

, we can now
compute the utility of a mixed product for any share 𝜋 ∈ [0, 1]. As limiting cases 𝜋 = 0 and 𝜋 = 1,
we obtain the same optimal contracts as considered in Døskeland & Nordahl [19]. As expected,
the optimal participating contract leads to a higher certainty equivalent than the optimal unit-linked
investment. However, we also see that a mixed product may lead to a higher certainty equivalent than
these two extremes. Figure 2.6 gives the certainty equivalent as a function of the share 𝜋 using the
same parameter set as in Table 2.8 with a risk aversion 𝛾 = 3. We note that the large values of certainty
equivalents observed in Figure 2.6 are due to the optimal choice of asset allocations 𝜃∗

𝐺
and 𝜃∗

𝐻
. The

optimal mixing share is 𝜋 = 0.62, confirming our previous results that mixed participating products
can be more attractive than participating and unit-linked products, respectively.

Optimality with respect to the volatility of the risky fund

On the other side, we present the sensitivity of the parameters of the risky fund on the certainty
equivalents. Table 2.9 shows that, for the same risk appetite, the optimal asset allocation is decreasing
with the choice of a fund that is less volatile, which means that the part invested in the risky fund is
higher when its volatility decreases. In addition, as shown above, the certainty equivalents increase
for a greater investment in the unit-linked contract.

Consequently, it is worth noting that the risk aversion and the risky asset parameters are the most
important parameters in measuring the preferences of the affiliate in terms of risk and return since
they identify the profile of the customers.

Optimality with respect to the parameter of correlation

In addition to the sensitivity of the risk aversion and the volatility of the risky asset we check the
impact of the correlation parameter 𝜌 on the optimal investment by fixing the risk aversion 𝛾 to 4
and considering an annual guarantee contract. The first plot in Figure 2.7 shows that the correlation
is not a significant measure of the preference of the customer; however, it affects the CEQ as shown
in the second plot of Figure 2.7. The CEQ is decreasing with the increase of 𝜌 and we mention that
in the case of perfectly negative correlation the portfolio is diversified which yields a maximum risk
reduction and as a result a higher certainty equivalent.
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Figure 2.6: CEQ as a function of the share 𝜋 - Maturity guarantee.

With Rebalancing, 𝛾 = 4

𝜎𝐻 = 15% 𝜎𝐻 = 20% 𝜎𝐻 = 25%

Optimal 𝜋 (%) CEQ Optimal 𝜋 (%) CEQ Optimal 𝜋 (%) CEQ

Annual Guarantee 48 1985 71 1784 82 1697
20
4 -years Guarantee 47 1958 71 1749 83 1662

Without Rebalancing, 𝛾 = 4

𝜎𝐻 = 15% 𝜎𝐻 = 20% 𝜎𝐻 = 25%

Optimal 𝜋 (%) CEQ Optimal 𝜋 (%) CEQ Optimal 𝜋 (%) CEQ

Annual Guarantee 46 1970 72 1755 84 1665
20
4 -years Guarantee 46 1943 72 1729 84 1640

Maturity Guarantee 48 1938 73 1730 85 1644

Table 2.9: CEQ and optimal investment in the different types of contracts with respect to the volatility
of the risky fund 𝜎𝐻 .

Optimality with respect to the guarantee fee

In this section, we look at the effect of the guarantee fee 𝜀 on the optimal asset allocation decision and
the corresponding CEQ for the customer. Opposite to the effect of the risk aversion parameter, Table
2.10 shows that the guarantee fee does hardly affect the optimal investment strategy of the affiliate.
In terms of the CEQ of the optimal contract, we analyse different parameter sets and find situations
where the introduction of the guarantee fee can increase the CEQ but also situations where the case
𝜀 = 0% leads to the highest CEQ (in Table 2.10, for example, the CEQ is decreasing in 𝜀). Overall,
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Figure 2.7: Sensitivity of the correlation parameter on the optimal investment in an annual guarantee
contract.

we find three possible effects of 𝜀 on the CEQ of the optimal contract.

With Rebalancing, 𝛾 = 4

𝜀 = 0% 𝜀 = 0.25% 𝜀 = 0.5%

Optimal 𝜋 (%) CEQ Optimal 𝜋 (%) CEQ Optimal 𝜋 (%) CEQ

Annual Guarantee 47 2006 48 1987 48 1969
20
4 -years Guarantee 46 1987 47 1957 47 1932

Without Rebalancing, 𝛾 = 4

𝜀 = 0% 𝜀 = 0.25% 𝜀 = 0.5%

Optimal 𝜋 (%) CEQ Optimal 𝜋 (%) CEQ Optimal 𝜋 (%) CEQ

Annual Guarantee 47 1991 46 1968 45 1951
20
4 -years Guarantee 46 1975 46 1944 45 1918

Maturity Guarantee 46 1981 48 1938 47 1904

Table 2.10: Optimal asset allocation parameter 𝜋 and optimal certainty equivalents (CEQ) for different
contracts with respect to the guarantee fee.

To demonstrate this, let us consider an annual guarantee contract with three different scenarios
defined by a set of different parameters for the less risky asset 𝐺 and the risky asset 𝐹 illustrated in
Table 2.11. All the other parameters are set as in the previous examples.

Scenario 1 Scenario 2 Scenario 3

𝜇𝐺 2 2 2
𝜎𝐺 6 6 6
𝜇𝐻 6 6 6
𝜎𝐻 14 20 15.5

Table 2.11: Different sets of parameter values (expressed in %) for the less risky and the risky assets.



2.5. Customer utility and optimal investment 37

In Figure 2.8, we display graphically the impact of the guarantee fee 𝜀 on the CEQ for the three
parameter choices from Table 2.11. For 𝜀 ∈ [0, 0.01], we observe a decreasing, an increasing (first
two figures, scenarios 1,2) or a hump-shaped effect (third figure, scenario 3) on the CEQ. The increase
of CEQ with 𝜀 can be explained by the fact that the constant fee 𝜀 due in both good and bad years is
used to reduce the risk in the part invested in the participating contract by increasing the investment
guarantee.
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Figure 2.8: Different effects of the guarantee fee on the CEQ for the annual guarantee contract.

In conclusion, we point out that the main parameters for the optimal investment framework are the
risk aversion that represents the individual risk and the risky asset parameters. Therefore, the product
answers different profiles of customers from small to large risk aversion and allows for different unit-
linked funds based on each profile. The mixed product turns out to be more attractive than a single
investment in a participating or a unit-linked contract. Further, we observe that the introduction of
a guarantee fee can sometimes (but not always) help to further improve the optimal product’s CEQ
for the customer. In the next section, we confirm these results using prospect theory as preference
functions. Prospect theory takes into account risk preferences of customers who are more sensitive to
losses but are (at the same time) risk-seeking with respect to gains. Such a behavior is observed in
many empirical or experimental studies (see, e.g. Tversky & Kahnemann [35]).

2.5.2 Cumulative prospect theory

In this part, we describe an alternative behavioral model proposed by Tversky & Kahnemann [35] called
the cumulative prospect theory (CPT) that describes the human behaviors under risk and uncertainty.
Generally, people tend to value gains and losses differently. Experimental studies confirm that they
tend to be risk-averse with respect to losses (e.g. in an insurance product) but risk-seeking with respect
to gains (e.g. in a lottery) (see also Tversky & Kahnemann [35]). In prospect theory, this is accounted
for by a reference point Γ that separates the portfolio values in a gain part (𝑉𝑇 − Γ is positive) and
a loss part (𝑉𝑇 − Γ is negative). The different view towards gains and losses is accounted for by an
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S-shaped preference function:

𝑈 (𝑧) =

{
(𝑧 − Γ)𝜙 𝑧 ≥ Γ,

−𝜆 · (Γ − 𝑧)𝜙 𝑧 < Γ,

where 𝜙 is the sensitivity parameter that measures gains or losses. 𝑧 refers to the final retrospective
reserve where some values fall above the reference point and the others fall below. 𝜆 represents the
sensitivity to losses over gains and takes into account that losses "hurt more". Prospect theory helps to
explain the high demand for guarantees in life and pension insurance – an observation that cannot be
explained by a power utility preference function. The second aspect of human behavior according to
prospect theory is a probability distortion: The likelihood of extreme events (e.g. a stock market crash)
is overweighted while the likelihood of "normal" events is underweighted. This effect is modeled by
a weighting function 𝑤: [0, 1] −→ [0, 1] that is strictly increasing with 𝑤(0) = 0 and 𝑤(1) = 1. It
holds that 𝑤(𝑝) > 𝑝 for small values of 𝑝 and 𝑤(𝑝) < 𝑝 for high values of 𝑝. We rely on Prelec
[32] to define the weighting function as 𝑤(𝑝) = 𝑒−(− log 𝑝)𝜑 where 𝜑 is a free parameter that controls
the curvature of the function. Given the weighting function 𝑤 and the function𝑈, the prospect utility
function is defined as2

𝐶𝑃𝑇 (𝑉𝑇 ) :=
∫ 0

−∞
𝑈 (𝑥) d(𝑤(𝐹 (𝑥))) +

∫ ∞

0
𝑈 (𝑥) d( − 𝑤(1 − 𝐹 (𝑥)))

with distribution function of terminal wealth 𝐹 (𝑥) = 𝑃(𝑉𝑇 ≤ 𝑥). This is a natural generalization (cf.
Hens & Rieger [25], Ru𝛽 & Schelling [33]) of the discrete case introduced by Tversky & Kahnemann
[35]. Without probability weighting (i.e. for 𝜑 = 1 and 𝑤(𝑥) = 𝑥), the prospect utility function reduces
to

𝐶𝑃𝑇 (𝑉𝑇 ) =
∫ ∞

−∞
𝑈 (𝑥) d𝐹 (𝑥) = 𝐸 [𝑈 (𝑉𝑇 )] .

To solve the problem numerically, we refer to the concept of certainty equivalent defined previously
to a better comparison. We fix the same parameter values as in the power utility part, however, there
are several studies that estimate the parameters of CPT and based on these studies and on the long time
horizon𝑇 = 20 chosen in this chapter, we assign the following values to our parameters: Γ = (1+𝑟)𝑇 ·𝑉0
as a reference point, 𝜆 = 2.25 as estimated by Tversky & Kahnemann [35] and 𝜑 = 0.78 inspired
by several studies that use Prelec [32] to estimate the probability weighting function. Under this
framework, we compare the CEQ of the different types of contracts with respect to the sensitivity
parameter 𝜙.

Table 2.12 shows that, consistently with the results of the power utility, the share in the participating
fund 𝜋 is almost the same for different types of contracts for a given sensitivity parameter 𝜙 while
the CEQ is increasing in the number of periods 𝑛. On the other hand, the increase of the sensitivity
parameter 𝜙, which indicates an increased sensitivity to gains than to losses, generates a higher CEQ
as well as a greater investment in the unit-linked contract.

2To estimate the utility by Monte-Carlo simulation with 𝑁 simulation runs, denote by 𝑉 (1)
𝑇

≤ 𝑉
(2)
𝑇

≤ . . . ≤ 𝑉
(𝑁 )
𝑇

the ordered realizations of terminal wealth. If there is no distortion, expected utility is simply obtained as E[𝑈 (𝑉𝑇 )] =

1
𝑁

𝑁∑︁
𝑗=1
𝑈 (𝑉 ( 𝑗 )

𝑇
). If extreme scenarios are perceived more likely, the expected utility is estimated as

E[𝐶𝑃𝑇 (𝑉𝑇 )] = 𝑤(𝑝) ·𝑈 (𝑉 (1)
𝑇

) +
𝑁−1∑︁
𝑗=1

[
𝑤(( 𝑗 + 1) · 𝑝) − 𝑤( 𝑗 · 𝑝)

]
·𝑈 (𝑉 ( 𝑗+1)

𝑇
) ,

where 𝑝 = 1
𝑁

is the true probability of each Monte-Carlo realization.
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With Rebalancing 𝜙 = 0.15 𝜙 = 0.18

Optimal Guarantee CEQ Optimal Guarantee CEQ
𝜋 (%) 𝑖 (%) 𝜋 (%) 𝑖 (%)

Annual Guarantee 85 0.24 1869 79 0.30 2259
20
4 -years Guarantee 85 1.26 1814 82 1.28 2191

Without Rebalancing 𝜙 = 0.15 𝜙 = 0.18

Optimal Guarantee CEQ Optimal Guarantee CEQ
𝜋 (%) 𝑖 (%) 𝜋 (%) 𝑖 (%)

Annual Guarantee 83 0.25 1896 80 0.29 2328
20
4 -years Guarantee 86 1.25 1833 80 1.29 2227

Maturity Guarantee 82 1.50 1797 76 1.53 2200

Table 2.12: CEQ and optimal investment in the different types of contracts with respect to the
sensitivity parameter 𝜙.

Sensitivity analysis with respect to the sensitivity parameter and the guarantee fee

In the following, we analyze the effect of the guarantee fee 𝜀 for different values of the sensitivity
parameter 𝜙 by considering an annual guarantee contract. We notice that the CEQ is decreasing with
the guarantee fee while the asset allocation 𝜋 is hardly affected (Table 2.13). This result depends on
the careful choice of CPT parameters.

𝜙 = 0.12 𝜙 = 0.15 𝜙 = 0.18

Optimal Guarantee CEQ Optimal Guarantee CEQ Optimal Guarantee CEQ
𝜀 𝜋 (%) 𝑖 (%) 𝜋 (%) 𝑖 (%) 𝜋 (%) 𝑖 (%)

0.1% 87 0.22 1556 84 0.25 1877 76 0.34 2267

0.25% 86 0.23 1554 85 0.24 1869 79 0.30 2259

0.8% 89 0.20 1543 87 0.22 1851 83 0.26 2238

Table 2.13: CEQ and optimal investment with respect to the sensitivity parameter and the guarantee
fee.

Under the power utility and CPT framework, we get higher CEQ by considering a mixed product
under the annual guarantee contract. However, with the parameters we choose in this chapter, the
investor has a preference to invest more in the participating contract under a CPT framework, while
he prefers to invest equally or more in the unit-linked contract under a power utility framework.

2.6 Conclusion
In this chapter, we have designed a new life insurance product that combines features of participating
and unit-linked life insurance contracts and is adapted to the needs in a low interest rate environment.
The product is not just a superposition of participating and unit-linked contracts but includes a
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continuous guarantee fee on the unit-linked part that permits a transfer from the unit-linked part to the
participating part.

Under this framework, we have considered different forms of contracts, varying the guarantee
period (annual guarantee, maturity guarantee or periodical guarantee) and the type of investment
(rebalancing or non-rebalancing). In each contract, a minimum return is guaranteed to the customer
along with a participation in the profits of the insurer. We have developed fair parameter combinations
under a given valuation measure, demonstrating that our product allows for fair guaranteed rates in the
participating part that may even exceed the risk-free rate. This design leads to attractive guaranteed
rates also in a low interest rate environment. The guaranteed rate is increasing with a greater investment
in the unit-linked part, a higher value of the guarantee fee as well as a lower participation in the profits
of the insurer. Furthermore, the model shows that the guaranteed rate can be boosted by considering
a long-term contract or by turning it into a maturity guarantee contract. Eventually, the interference
of the guarantee fee in the model improved the guarantee on the participating part.

Moreover, we have analyzed the set of fair products from the customer’s viewpoint working with
preference functions. We have discussed the optimal share in the different parts as well as the effect of
the guarantee fee on the attractiveness of the mixed product. We use two behavioral models, the utility
approach and the cumulative prospect theory. Our numerical results show that the mixed product is in
almost all cases more attractive than a simple participating or unit-linked contract. In some cases, the
introduction of the guarantee fee can further improve the attractiveness of the product. The numerical
results further show that the annual guarantee contract typically leads to the highest CEQ and that the
main parameters that affect the optimal investment strategy of the affiliate are the risk aversion and the
risky asset parameters. In addition, the product proves that the optimal level of fees strongly depends
on the risk/return profiles of the unit-linked and participating funds involved.
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Chapter 3

Deterministic lifestyle investment strategy in
mixed life insurance contracts1

3.1 Introduction

In the realm of real-world finance, the lifestyle investment strategy offers a dynamic approach to
pension and life insurance investments, tailoring long-term strategies based on individuals’ concepts
of lifestyle. This strategy aligns investment portfolios with policyholders’ ages and risk tolerance,
enabling them to benefit from equities’ growth potential when young while transitioning to more
stable assets as retirement or contract maturity approaches. Historically, equities have exhibited higher
returns and risk. As policyholders age, the strategy shifts allocation towards bonds and cash, which are
less volatile and more conservative assets. This empowers policyholders to adapt investment strategies
through life stages and changing risk appetites. Typically, these investment strategies are deterministic
in nature, with a predefined allocation stated at the inception of the contract. Policyholders agree upon
a specific investment allocation for the entire duration of the contract. For instance, an investment
plan might involve constant risky asset investments in the first half, followed by a linear decrease.

There is an important amount of research on the lifestyle subject that determines the optimal
allocation in different types of contracts. For instance, Zhaoxun [14] introduces a new pension
contract that has a transparent structure and clear rule for bonus distribution that smoothes the
investment return and shows that its outcome is consistent with traditional pension investment advice,
which is the lifestyle strategy. On the other hand, Blake et al. [4] argue that the optimal strategy is
age-dependent and stochastic lifestyling, as opposed to the more traditional deterministic lifestyling.
In this regard, Antolín et al. [1] point out that dynamic investment strategies can offer slightly higher
replacement rates for a given degree of risk than more deterministic strategies. Nevertheless, they
indicate that there is no standard approach to investing. In every scenario, none of the investment
strategies is the clear winner. Additionally, they show that the deterministic life cycle strategy that
maintains a steady exposure to risky assets throughout the majority of the accumulation phase while
fast-moving to bonds in the final ten years before retirement seems to generate appropriate returns.
Moreover, several studies highlight that lifestyle investment strategies are not always beneficial (see,
e.g., Arts & Vigna [2], Booth & Yacoubov [5] and Cairns et al. [6]).

In the second chapter, we examine a mixed contract incorporating a risky asset (the pure unit-
linked product—Branch 23) and a less risky asset (the participating life insurance with a guaranteed
rate—Branch 21), and we look at the constant proportion invested in Branch 21 that maximizes the
expected utility of the policyholder. So, this product has been designed and priced by considering
a constant allocation between the two parts of the contract and studying the viewpoints of both the
insurer and the policyholder. The purpose of this chapter lies in proposing a predefined deterministic

1Submitted to: Journal of Decisions in Economics and Finance. Hanna V., Devolder P. (2023).
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investment strategy that determines the fraction of the premium invested in the participating life
insurance contract at each time. Under this framework, we design, price, and optimize this innovative
contract with an annual guarantee, the most popular type on the market, as highlighted by Hieber
et al. [9]. Following the second chapter, we focus solely on the financial aspect and adopt the
classical Black & Scholes model to achieve a fair valuation approach that ensures that the mixed
contract is justly priced, satisfying both policyholders and investors, and adhering to principles of
financial arbitrage-free pricing. More precisely, the objective of this chapter is to evaluate whether the
balancing between Branch 21 and Branch 23 aligns with the lifestyle investment strategy, using the
Expected Utility Theory developed by von Neumann & Morgenstern [15] to explain people’s behavior
under uncertainty, as it is frequently applied in designing insurance contracts when customers make
ambiguous decisions. Hence, this study delves into pricing and the optimal investment strategy based
on a predetermined deterministic investment style. The final goal is to fairly price the guaranteed rate
within the lifestyle strategy and maximize the expected utility of the policyholder at the contract’s
maturity while ensuring the fair pricing relation of the contract is satisfied.

In this study, we explore various families of investment strategies under the lifestyle strategy
framework. These include linear, step-wise, and piece-wise linear strategies, and we find that an
optimal strategy is a constant allocation for a policyholder who pays a single premium and maintains
the same attitude over the duration of the contract, which typically corresponds to a classical utility
function. This outcome is consistent with Merton’s optimal stock allocation fraction (Merton [11]).
However, incorporating periodic premiums can interact with investment strategies on one side, and on
the other side, several studies have discovered that a person’s lifetime risk preferences might vary. They
proved that by incorporating age-dependent risk preferences can greatly enhance strategies for life-
cycle pension funds and pension insurance, optimizing investment behavior and aligning with evolving
risk attitudes over time (see, for instance, Tang et al. [13], Lichtenstern et al. [10] and Steffensen [12]).
Campbell & Viceira [7] were the first to raise concern about the uncertainty regarding the risk aversion
coefficient. They highlighted that putting investing advice on a scientific basis has been one of the
main goals of modern financial economics, and it has been accomplished for investors with short
time horizons and constant investment strategies but not for those with long time horizons and facing
time-varying expected returns on risky assets. Accordingly, we extend the analysis in two directions:
the first is to consider periodic premium payments, and the second is to consider policyholders’ risk
preferences in a more dynamic manner by introducing time-varying risk aversion, and we explore how
this coefficient changes over time to capture policyholders’ evolving risk preferences as they age. This
approach allows us to design optimal investment strategies that align with policyholders’ changing
risk attitudes and reflect lifestyle investment strategies.

The chapter is organized as follows. In Section 3.2, we present the financial assumptions and
the structure of the policy, in addition to the families of investment strategies to consider in this
study. On the other hand, we state the fairness relation for each investment strategy with some
numerical illustrations. In Section 3.3, we look at the optimal allocation for each investment strategy
by considering first a classical utility function and then extending to consider periodic premiums on
one side and a time-varying risk aversion on the other. Numerical results are illustrated as well.
Section 3.4 concludes.

3.2 Mixed contract and investment strategy

3.2.1 Structure and financial assumptions
Our analysis focuses purely on the financial aspects of these contracts, disregarding mortality risk and
concentrating solely on the uncertainties associated with the evolution of financial markets.
We recall the financial assumptions from Hanna et al. [8], where they assume a Black & Scholes model
with three assets in the market that take over the time horizon [0, 𝑇]. The risk-free asset 𝐵 earning a
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constant interest rate 𝑟 ∈ R, and two risky funds 𝐺 and 𝐻. The fund 𝐺 is linked to the participating
policy and has generally a low volatility, while the fund 𝐻 is linked to the unit-linked policy with a
high volatility.

The risk-free asset follows a deterministic dynamics:

d𝐵𝑡 = 𝑟 𝐵𝑡 d𝑡, 𝐵0 = 1.

The dynamics of fund 𝐺 follow a geometric Brownian motion:

d𝐺 𝑡 = 𝜇𝐺 𝐺 𝑡 d𝑡 + 𝜎𝐺 𝐺 𝑡 d𝑊𝐺
𝑡 , 𝐺0 = 1, 𝑡 ∈ [0, 𝑇], (3.2.1)

where 𝑊𝐺 is a standard Brownian motion under the real probability measure P and 𝜎𝐺 > 0. The
annual returns of 𝐺 denoted by 𝑔𝑡 are defined as follows:

1 + 𝑔𝑡 =
𝐺 𝑡

𝐺 𝑡−1
= exp

((
𝜇𝐺 −

𝜎2
𝐺

2

)
+ 𝜎𝐺

(
𝑊𝐺
𝑡 −𝑊𝐺

𝑡−1

))
, 𝑡 = 1, 2, . . . , 𝑇 .

and are independent and log-normally distributed for all 𝑡.

The dynamics of fund 𝐻 also follow a geometric Brownian motion:

d𝐻𝑡 = 𝜇𝐻 𝐻𝑡 d𝑡 + 𝜎𝐻 𝜌 𝐻𝑡 d𝑊𝐺
𝑡 + 𝜎𝐻

√︃
1 − 𝜌2 𝐻𝑡 d𝑊𝑡 , 𝐻0 = 1, 𝑡 ∈ [0, 𝑇], (3.2.2)

where 𝑊 is a standard Brownian motion under the real probability measure P, independent of 𝑊𝐺

and 𝜎𝐻 > 0. We define 𝜌 ∈] − 1, 1[ as the correlation parameter between the log-returns of the two
funds 𝐺 and 𝐻 such that d𝑊𝐻

𝑡 = 𝜌 · d𝑊𝐺
𝑡 +

√︁
1 − 𝜌2 · d𝑊𝑡 . The annual returns of 𝐻 denoted by ℎ𝑡 are

defined as follows:

1 + ℎ𝑡 =
𝐻𝑡

𝐻𝑡−1

= exp

((
𝜇𝐻 −

𝜎2
𝐻

2

)
+ 𝜎𝐻 · 𝜌 ·

(
𝑊𝐺
𝑡 −𝑊𝐺

𝑡−1

)
+ 𝜎𝐻 ·

√︃
1 − 𝜌2 ·

(
𝑊𝑡 −𝑊𝑡−1

))
, 𝑡 = 1, 2, . . . , 𝑇 .

and are also independent and log-normally distributed.

The financial market is assumed to be complete and arbitrage-free. So, the pricing is done using
the risk-neutral measure Q, obtained through Girsanov’s theorem.

In the framework of this chapter, we design the mixed life insurance contract initially proposed by
Hanna et al. [8]. These contracts combine features of participating and pure unit-linked life insurance
contracts, aiming to strike a balance between the security provided by the participating component and
the absence of guarantees in the pure unit-linked component. To ensure the fulfillment of guaranteed
rates within the participating contract, a constant fee is deducted from the pure unit-linked account
value to increase the guaranteed return in the participating fund.

We assume that the contract pays a lump sum at the policy’s maturity 𝑇 > 0. The allocation of the
single premium 𝑃, paid at the inception of the contract, between the two mentioned contracts follows
a predefined strategy, where 𝜋𝑡 is the proportion of the premium defined at time 𝑡 ∈ [0, 𝑇 − 1] and
invested in the participating life insurance contract, and the remaining fraction of the premium (1− 𝜋𝑡)
is allocated to the pure unit-linked contract. We note that the allocation of the premium includes
various predefined strategies, which could be constant over the contract’s maturity, deterministic
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allocations, as well as dynamic or stochastic strategies. In this chapter, the allocation is no longer
constant as in the second chapter, but we move to a deterministic strategy.

The investment strategy 𝜋𝑡 invested in the participating life insurance contract is directed towards
the insurer’s general fund 𝐺, also known as the participating fund. This fund typically carries a lower
level of risk compared to other investment options. One of the key features of this contract is the
guarantee of asset protection by providing an annual minimum guaranteed interest rate 𝑖. Moreover,
the participating fund entitles the policyholder to a surplus return in addition to the guaranteed benefit.
The annual surplus return is derived from the financial profits generated by the investments made by
the insurance company as follows:

𝛿𝑡 = max(𝛽 · 𝑔𝑡 − 𝑖, 0),

where 𝛽 ∈ [0, 1] is called the participation level and it is assumed to be constant over time. The
total return on the participating fund comprises two components: the guaranteed interest rate and the
surplus return.

The remaining strategy (1 - 𝜋𝑡) is allocated to the pure unit-linked contract. Unlike the partici-
pating life insurance contract, the pure unit-linked contract does not provide any guarantees regarding
investment returns or asset protection. Instead, the policyholder’s contributions are directed towards
the investment fund 𝐻, commonly referred to as the risky fund. The risky fund presents higher
investment risks compared to the participating fund. The returns generated by this fund are subject
to market fluctuations and can vary significantly over time. Policyholders who choose the pure unit-
linked contract bear the risk associated with the investment performance of the underlying assets. In
addition, we introduce a continuous guarantee fee 𝜀 that is deducted from the investment fund 𝐻 to
enhance the guarantee of the participating part in the mixed product. The investment in the unit-linked
part is represented by 𝐹𝑡 = 𝑒−𝜀𝑡𝐻𝑡 , and its dynamics are given by:

d𝐹𝑡 = (𝜇𝐻 − 𝜀) 𝐹𝑡 d𝑡 + 𝜎𝐻 𝜌 𝐹𝑡 d𝑊𝐺
𝑡 + 𝜎𝐻

√︃
1 − 𝜌2 𝐹𝑡 d𝑊𝑡 , 𝐹0 = 1, 𝑡 ∈ [0, 𝑇] . (3.2.3)

The guarantee fee 𝜀 is used to boost the guarantee inside the contract.

3.2.2 Investment strategy
In this chapter, we consider different families of investment strategies under the presented framework
known as lifestyle strategies, including linear forms, step-wise, and piece-wise linear strategies, in
order to check their impact on the guaranteed rate 𝑖 and to determine, based on a predefined allocation
form, the optimal investment strategy that maximizes the policyholder’s expected utility:

• Linear strategy: it establishes a linear relationship between the initial share at the inception
of the contract, 𝜋0, and the final share, 𝜋

𝑇−1, at the final allocation time, both invested in the
participating contract, and it is expected to be a linear form as the time approaches maturity,
such that

𝜋𝑡 =
𝜋
𝑇−1 − 𝜋0
𝑇 − 1

· 𝑡 + 𝜋0, 𝑡 is discrete, 𝑡 = 0, 1, . . . , 𝑇 − 1. (3.2.4)

• Step-wise linear strategy: The investment strategy varies according to a step function where the
analysis is examined on two and three paths as follows

Two-step function: 𝜋𝑡 =

{
𝜋0 for 𝑡 ∈ [0, 𝑇

𝑛
− 1], 𝑛 > 1,

𝜋 𝑇
𝑛

for 𝑡 ∈ [𝑇
𝑛
, 𝑇 − 1], (3.2.5)
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Figure 3.1: Shape of a linear investment strategy.

or

Three-step function: 𝜋𝑡 =


𝜋0 for 𝑡 ∈ [0, 𝑇

𝑛
− 1], 𝑛 > 1,

𝜋 𝑇
𝑛

for 𝑡 ∈ [𝑇
𝑛
, 𝑘 ·𝑇
𝑙
− 1], 1 ≤ 𝑘 < 𝑙,

𝜋 𝑘 ·𝑇
𝑙

for 𝑡 ∈ [ 𝑘 ·𝑇
𝑙
, 𝑇 − 1], 𝑘 ·𝑇

𝑙
+ 1 ≤ 𝑇 − 1,

(3.2.6)

where 𝑡 is a discrete natural number, and 𝑛, 𝑘 , and 𝑙 are natural numbers.

Figure 3.2: Shapes of two- and three-step investment strategies.

• Piece-wise linear strategy: This investment approach follows a segmented pattern, allowing for
different allocation strategies over specific periods of time. The analysis considers both two-
and three-path scenarios.
In the two-path strategy, the investment allocation begins with a fixed percentage and remains
constant for all time steps within the first segment. Subsequently, there is a transition to a linear
increase or decrease in allocation, which is maintained until contract maturity.
In the three-path strategy, three distinct segments are observed. The initial segment features a
constant allocation. This is followed by a period of linear increase or decrease in allocation.
Finally, the strategy reverts back to a constant allocation leading up to the contract’s maturity.
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This strategy is mathematically expressed as follows:

𝜋𝑡 =



𝜋0 for 𝑡 ∈ [0, 𝑇
𝑛
− 1], 𝑛 > 1,

𝜋 𝑡𝑇
𝑛

=
𝜋 𝑘 ·𝑇

𝑙
−1

− 𝜋0

𝑘 ·𝑇
𝑙
− 1 − 𝑇

𝑛

· 𝑡 +
( 𝑘 ·𝑇
𝑙
− 1) · 𝜋0 − 𝑇

𝑛
· 𝜋 𝑘 ·𝑇

𝑙
−1

𝑘 ·𝑇
𝑙
− 1 − 𝑇

𝑛

for 𝑡 ∈ [𝑇
𝑛
, 𝑘 ·𝑇
𝑙
− 1], 1 ≤ 𝑘 < 𝑙,

𝜋 𝑘 ·𝑇
𝑙

=
( 𝑘 ·𝑇
𝑙
− 𝑇

𝑛
) · 𝜋 𝑘 ·𝑇

𝑙
−1

− 𝜋0

𝑘 ·𝑇
𝑙
− 1 − 𝑇

𝑛

for 𝑡 ∈ [ 𝑘 · 𝑇
𝑙
, 𝑇 − 1],

𝑘 · 𝑇
𝑙

+ 1 ≤ 𝑇 − 1,
(3.2.7)

where 𝑡 is a discrete natural number, and 𝑛, 𝑘 , and 𝑙 are natural numbers. By taking 𝑙 = 𝑘 = 1,
we examine the two-path strategy.

Figure 3.3: Shapes of two- and three-path investment strategies.

Figures 3.1, 3.2, and 3.3 are just examples of such behaviors and do not present the definitive form.
Since the policyholder is meant to invest more in the less risky fund over time, if the lifestyle

investment is used in practice, we assume that the investment strategy 𝜋𝑡 is a non-decreasing function.
It is worth noting that, in our analysis, the investment strategy 𝜋𝑡 for the whole duration of the

contract is predetermined at 𝑡 = 0, and accordingly, the shares 𝜋0, . . . , 𝜋𝑇−1 are real positive numbers,
taking values in ]0, 1], chosen at the issuance of the contract.

3.2.3 Fair valuation of the mixed contract
In our investment framework, we adopt a strategy where the investment portfolio is rebalanced each
year to maintain the predefined allocation in the mixed contract. Apart from the initial single premium
paid at the contract’s inception, no further payments occur until the maturity of the contract. As
a result, the benefit at maturity for the mixed product, which is an annual guarantee contract with
rebalancing, is determined based on the performance of the participating contract and the unit-linked
fund, and it is expressed as:

𝑉𝑇 = 𝑃 ·
𝑇−1∏
𝑡=0

[
𝜋𝑡 ·

(
(1 + 𝑖) + (𝛽 · 𝑔𝑡+1 − 𝑖)+

)
+ (1 − 𝜋𝑡) · (1 + 𝑓𝑡+1)

]
. (3.2.8)

It is important to highlight that the parameters of the mixed contract are chosen fairly, ensuring that
the contract is fair. The fairness of the contract is achieved by equalizing the discounted risk-neutral
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expectation of the final benefit, which is the initial fair value of the contract denoted by 𝐹𝑉0, to the
initial premium 𝑃:

𝐹𝑉0 = EQ
[
𝑒−𝑟𝑇 · 𝑉𝑇

]
= 𝑃.

Solving this equation leads to the following fairness relation:

𝑇−1∏
𝑡=0

(
𝜋𝑡 · ((1 + 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1) + (1 − 𝜋𝑡) · 𝑒−𝜀

)
= 1, (3.2.9)

where 𝑐1 is the time 0 value of the one-year European call option given by the classical Black &
Scholes [3]:

𝑐1 = Φ(𝑑1) −
(
1 + 𝑖

𝛽

)
· 𝑒−𝑟 · Φ(𝑑2),

𝑑1 =
𝑟 + 𝜎2

𝐺

2 − ln (1 + 𝑖
𝛽
)

𝜎𝐺
,

𝑑2 = 𝑑1 − 𝜎𝐺 ,

where Φ is the cumulative distribution function of a standard normal variable.
For a comprehensive understanding of the process used to derive this fairness relation in Equation

(3.2.9), detailed steps and explanations can be found in the work of Hanna et al. [8], where the premium
equivalence of the annual guarantee contract under the same framework is treated. The only difference
is the investment strategy, which is not constant but time-dependent in this study.
Equation (3.2.9) establishes a meaningful connection between various parameters, revealing a feed-
back mechanism between the guaranteed rate 𝑖 and the guarantee fee 𝜀, depending on the investment
strategy 𝜋𝑡 between the two parts of the contract. This relationship provides a valuable tool for poli-
cyholders and investors to comprehend how modifying one aspect affects other components, leading
to a fair contract structure. In particular, Equation (3.2.9) helps the insurer assess the effect of the
lifestyle strategy on boosting the fair guaranteed rate for a given guarantee fee.

In the following, we numerically solve the fairness relation of Equation (3.2.9) with respect to the
guaranteed interest rate 𝑖. The aim is to explore how the minimum guaranteed rate can be enhanced
through the mixed product, as by increasing the guarantee fee 𝜀, we strengthen the guaranteed rate 𝑖,
and to compare these results to the constant investment strategy case presented in Hanna et al. [8]. To
achieve this, we will present various solutions and sensitivity analyses for the fairness relation based
on different investment strategies.

We consider a life insurance contract with a maturity 𝑇 of 20 years. We recall the parameter
values of the contract introduced in Hanna et al. [8] for which the interest rate 𝑟 is equal to 1.5%, and
the volatility of the general asset 𝐺 is 𝜎𝐺 = 3%. Moreover, for the participating contract, we fix a
participation level 𝛽 of 70%, and for the unit-linked contract, we impose a guarantee fee 𝜀 of 0.25%.

Linear strategy

Under this strategy, the fair condition, using Equations (3.2.9) and (3.2.4), is expressed by the following
equation:

𝑇−1∏
𝑡=0

((𝜋
𝑇−1 − 𝜋0
𝑇 − 1

· 𝑡 + 𝜋0

)
· ((1 + 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1) +

(
1 −

𝜋
𝑇−1 − 𝜋0
𝑇 − 1

· 𝑡 − 𝜋0

)
· 𝑒−𝜀

)
= 1. (3.2.10)
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In all the subsequent numerical illustrations, we impose that the initial and final shares (𝜋0 and
𝜋
𝑇−1) vary between 5%2 and 100%, equidistantly by 5%. The fair guaranteed rates are presented in

Figure 3.4, and some examples are displayed in Table 3.1.

Figure 3.4: Fair guaranteed rates i with respect to a linear investment strategy for different participation
levels 𝛽 and guarantee fees 𝜀.

𝛽 = 70% 𝛽 = 70% 𝛽 = 50% 𝛽 = 70%
𝜋0 𝜋

𝑇−1 𝜀 = 0% 𝜀 = 0.25% 𝜀 = 0.25% 𝜀 = 0.5%

0.05 0.05 0.11 6.32 6.33 11.13
0.15 0.65 0.11 1.02 1.62 1.70
0.20 0.70 0.11 0.88 1.52 1.47
0.30 0.55 0.11 0.95 1.56 1.58
0.50 0.05 0.11 1.55 2.00 2.53
0.50 0.50 0.11 0.76 1.43 1.27
0.65 0.65 0.11 0.48 1.25 0.80
0.75 0.40 0.11 0.61 1.33 1.01
0.85 0.50 0.11 0.45 1.23 0.74
1.00 1.00 0.11 0.11 0.10 0.11

Table 3.1: Fair guaranteed rates 𝑖 (expressed in %) with respect to a linear investment strategy for
different participation levels 𝛽 and guarantee fees 𝜀.

2We skip 0% in order to keep some form of guarantee inside the contract through the guaranteed interest rate of the
participating contract.
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Step-wise linear strategy

The step-wise strategy involves making gradual shifts in the investment portfolio at predefined time
points. This strategy allows for more precise adjustments to the asset allocation as the policyholder
ages or approaches contract maturity. We will provide the numerical results for both the two-step
function and the three-step function.

In this part, we present two examples. The first example is the two-step strategy by taking 𝑛 = 4
3

in Equation (3.2.5). In this setting, we assume that the policyholder would like to invest a constant
proportion in the participating contract for the first three quarters of the time, then invest the same
or another constant proportion for the last quarter of the time. In this regard, the fair condition is
expressed as follows:(
𝜋0 · ((1+𝑖) ·𝑒

−𝑟 + 𝛽 ·𝑐1) + (1−𝜋0) ·𝑒
−𝜀

) 3
4 ·

(
𝜋 3·𝑇

4
· ((1+𝑖) ·𝑒−𝑟 + 𝛽 ·𝑐1) + (1−𝜋 3·𝑇

4
) ·𝑒−𝜀

) 1
4 = 1. (3.2.11)

Again, we impose that the shares 𝜋0 and 𝜋 3·𝑇
4

vary between 5% and 100% equidistantly by 5% in
all the subsequent numerical figures. The results of the two-step function are illustrated in Figure 3.5,
and some examples are displayed in Table 3.2.

Figure 3.5: Fair guaranteed rates i with respect to a step-wise investment strategy (two-step function
with 𝑛 = 4

3 ) for different participation levels 𝛽 and guarantee fees 𝜀.

Another example is the three-step strategy by taking 𝑛 = 2, 𝑘 = 3, and 𝑙 = 4 in Equation (3.2.6).
In this setting, we assume that the policyholder invests a constant proportion 𝜋0 in the participating
contract for the first half of the time, then invests the same or another constant proportion 𝜋 𝑇

2
for the
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𝛽 = 70% 𝛽 = 70% 𝛽 = 50% 𝛽 = 70%
𝜋0 𝜋 3·𝑇

4
𝜀 = 0% 𝜀 = 0.25% 𝜀 = 0.25% 𝜀 = 0.5%

0.05 0.05 0.11 6.32 6.33 11.13
0.05 0.65 0.11 2.09 2.42 3.39
0.20 0.70 0.11 1.30 1.81 2.14
0.30 0.55 0.11 1.15 1.71 1.90
0.45 0.65 0.11 0.76 1.43 1.27
0.50 0.50 0.11 0.76 1.43 1.27
0.65 0.65 0.11 0.48 1.25 0.80
0.75 0.40 0.11 0.46 1.24 0.77
0.90 0.50 0.11 0.29 1.14 0.46
1.00 1.00 0.11 0.11 0.10 0.11

Table 3.2: Fair guaranteed rates 𝑖 (expressed in %) with respect to a step-wise investment strategy
(two-step function with 𝑛 = 4

3 ) for different participation levels 𝛽 and guarantee fees 𝜀.

remaining quarter of the time, and eventually invests the same or another constant proportion 𝜋 3·𝑇
4

in
the last quarter of the time. In this regard, the fair condition is expressed as follows:(
𝜋0 · ((1 + 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1) + (1 − 𝜋0) · 𝑒

−𝜀
) 1

2 ·
(
𝜋 𝑇

2
· ((1 + 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1) + (1 − 𝜋 𝑇

2
) · 𝑒−𝜀

) 1
4

·
(
𝜋 3·𝑇

4
· ((1 + 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1) + (1 − 𝜋 3·𝑇

4
) · 𝑒−𝜀

) 1
4 = 1.

(3.2.12)

Also, we impose that the shares 𝜋0, 𝜋 𝑇
2

and 𝜋 3·𝑇
4

vary between 5% and 100% equidistantly by 5%
in all the subsequent numerical figures. The results of the three-step function are displayed in Table 3.3.

𝛽 = 70% 𝛽 = 70% 𝛽 = 50% 𝛽 = 70%
𝜋0 𝜋 𝑇

2
𝜋 3·𝑇

4
𝜀 = 0% 𝜀 = 0.25% 𝜀 = 0.25% 𝜀 = 0.5%

0.05 0.05 0.05 0.11 6.32 6.33 11.13
0.05 0.45 0.65 0.11 1.42 1.90 2.33
0.20 0.50 0.70 0.11 1.02 1.62 1.70
0.35 0.55 0.65 0.11 0.82 1.47 1.36
0.50 0.50 0.50 0.11 0.76 1.43 1.27
0.65 0.65 0.65 0.11 0.48 1.25 0.80
0.75 0.80 0.85 0.11 0.30 1.14 0.48
0.75 0.80 1.00 0.11 0.26 1.12 0.41
0.75 0.90 1.00 0.11 0.24 1.11 0.36
1.00 1.00 1.00 0.11 0.11 0.10 0.11

Table 3.3: Fair guaranteed rates 𝑖 (expressed in %) with respect to a step-wise investment strategy
(three-step function with 𝑛 = 2, 𝑘 = 3 and 𝑙 = 4) for different participation levels 𝛽 and guarantee fees
𝜀.
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Piece-wise linear strategy

The piece-wise linear strategy combines elements of both the linear and step-wise strategies. This
strategy segments the investment horizon into multiple stages, with each stage characterized by
a distinct linear relationship between the initial and final investment shares. In this strategy, we
distinguish two different strategies and present an example for each. For the two-path strategy, we
assume an investment strategy that is a step function for the first three quarters, followed by a linear
increase in the last quarter. This is obtained by replacing 𝑛 by 4

3 and taking 𝑘 = 𝑙 = 1 in Equation
(3.2.7). In this respect, we obtain the following fairness relation:

(
𝜋0 · ((1+ 𝑖) · 𝑒

−𝑟 + 𝛽 · 𝑐1) + (1−𝜋0) · 𝑒
−𝜀

) 3·𝑇
4 ·

𝑇−1∏
𝑡= 3·𝑇

4

(
𝜋 𝑡3·𝑇

4
· ((1+ 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1) + (1−𝜋 𝑡3·𝑇

4
) · 𝑒−𝜀

)
= 1.

(3.2.13)
The results of the two-path strategy are illustrated in Figure 3.6, and some examples are displayed in
Table 3.4.

Figure 3.6: Fair guaranteed rates i with respect to a piece-wise investment strategy (two-path strategy
with 𝑛 = 4

3 ) for different participation levels 𝛽 and guarantee fees 𝜀.

For the three-path strategy, we assume an investment strategy that is a step function for the first
half, followed by a linear increase in the subsequent quarter, and then a step function for the last quarter
of the time. This is obtained by replacing 𝑛 by 2, 𝑘 by 3, and 𝑙 by 4 in Equation (3.2.7). In this respect,
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𝛽 = 70% 𝛽 = 70% 𝛽 = 50% 𝛽 = 70%
𝜋0 𝜋

𝑇−1 𝜀 = 0% 𝜀 = 0.25% 𝜀 = 0.25% 𝜀 = 0.5%

0.05 0.05 0.11 6.32 6.33 11.13
0.05 0.65 0.11 3.09 3.25 5.04
0.20 0.70 0.11 1.62 2.05 2.65
0.35 0.75 0.11 1.02 1.65 1.70
0.50 0.50 0.11 0.76 1.43 1.27
0.50 0.70 0.11 0.70 1.40 1.18
0.65 0.65 0.11 0.48 1.25 0.80
0.75 0.40 0.11 0.40 1.21 0.66
0.90 0.50 0.11 0.24 1.11 0.36
1.00 1.00 0.11 0.11 0.10 0.11

Table 3.4: Fair guaranteed rates 𝑖 (expressed in %) with respect to a piece-wise investment strategy
(two-path strategy with 𝑛 = 4

3 ) for different participation levels 𝛽 and guarantee fees 𝜀.

we obtain the following fairness relation:

(
𝜋0 · ((1 + 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1) + (1 − 𝜋0) · 𝑒

−𝜀
) 𝑇

2 ·
3·𝑇
4 −1∏
𝑡=𝑇

2

(
𝜋 𝑡𝑇

2
· ((1 + 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1) + (1 − 𝜋 𝑡𝑇

2
) · 𝑒−𝜀

)
·
(
𝜋 3·𝑇

4
· ((1 + 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1) + (1 − 𝜋 3·𝑇

4
) · 𝑒−𝜀

) 𝑇
4 = 1.

(3.2.14)

The results of the three-path strategy are illustrated in Figure 3.7, and some examples are displayed in
Table 3.5.

𝛽 = 70% 𝛽 = 70% 𝛽 = 50% 𝛽 = 70%
𝜋0 𝜋 3·𝑇

4 −1
𝜀 = 0% 𝜀 = 0.25% 𝜀 = 0.25% 𝜀 = 0.5%

0.05 0.05 0.11 6.32 6.33 11.13
0.05 0.55 0.11 1.59 2.02 2.59
0.20 0.70 0.11 0.97 1.58 1.61
0.40 0.60 0.11 0.79 1.45 1.31
0.40 0.65 0.11 0.74 1.42 1.23
0.50 0.50 0.11 0.76 1.43 1.27
0.65 0.65 0.11 0.48 1.25 0.80
0.75 0.40 0.11 0.57 1.31 0.95
0.90 0.50 0.11 0.38 1.19 0.62
1.00 1.00 0.11 0.11 0.10 0.11

Table 3.5: Fair guaranteed rates 𝑖 (expressed in %) with respect to a piece-wise investment strategy
(three-path strategy with 𝑛 = 2, 𝑘 = 3 and 𝑙 = 4) for different participation levels 𝛽 and guarantee fees
𝜀.
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Figure 3.7: Fair guaranteed rates i with respect to a piece-wise investment strategy (three-path strategy
with 𝑛 = 2, 𝑘 = 3 and 𝑙 = 4) for different participation levels 𝛽 and guarantee fees 𝜀.

All the results exhibited in Figures 3.4, 3.5, 3.6, and 3.7, and in Tables 3.1, 3.2, 3.3, 3.4, and 3.5, for
the different examples of investment strategies, draw attention to the fact that for a constant proportion
invested in the participating contract throughout the duration of the contract, the fair guaranteed rates
are in line with the results presented in the second chapter where the allocation level was assumed
constant; as well, we notice in this framework that these rates increase the more we invest in the
unit-linked part, either by investing initially a high percentage in the unit-linked part and increasing
this percentage until maturity or by investing a lower initial share and increasing it gradually until
maturity. In fact, the insurance company is less committed to the policyholder the more we invest in
the unit-linked part, which allows it to offer a higher guarantee. For instance, Table 3.1 shows that
if we initially invest 50% in the participating contract (𝜋0 = 50%) and decrease this proportion to
𝜋
𝑇−1 = 5%, the insurance company grants a higher guaranteed rate than if the investment share stays

constant. Additionally, we point out that, for a fixed guarantee fee 𝜀, the lower the participation in
the profits of the insurer (𝛽 ↘), the higher the guaranteed rates granted to the policyholder. This
is also true if the policyholder accepts a larger guarantee fee (𝜀 ↗) for a fixed 𝛽. Furthermore, we
highlight the scenario of the zero guarantee fee (𝜀 = 0%), in which the guaranteed rates stay constant
at any stage of the investment strategy. In this case, there is no transfer from the unit-linked to the
participating part of the mixed contract, which results in the same guaranteed rate, regardless of the
investment strategy. The insurer actually offers higher guaranteed rates in exchange for the guarantee
fee. This instance demonstrates how the guarantee fee contributed to the mixed contract. Eventually,
it is important to highlight the case of 𝜋𝑡 = 100%∀𝑡. In this case, the mixed contract is a traditional life
insurance policy, and therefore, the guarantee fee has no impact at all, which leads to a low guaranteed
rate that remains the same for all 𝜀.

Consequently, the figures confirm that the guaranteed rate is boosted by an increase in the guarantee
fee, a decrease in the participation level, and a higher allocation in the unit-linked contract over time.
We can state that, indeed, the mixed contract increases the guaranteed rates significantly and that the
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shape of the strategy has an important impact on the fair guaranteed rates as well.

3.3 Lifestyle strategy and classical utility function

3.3.1 Optimal allocation for classical utility function and single premium
By analyzing the fair condition of Equation (3.2.9), investors can make informed decisions on the
optimal allocation strategy and adjust the parameters to achieve the desired risk and return profiles for
the mixed product. Their preferences and attitude towards risk are vital considerations in designing this
optimal investment strategy. Hence, we model the preferences using a constant relative risk aversion
(CRRA) utility function, which exhibits risk aversion. The level of risk aversion is determined by the
risk aversion coefficient. Power utility functions are commonly employed to represent CRRA utility
functions. The power utility function captures the trade-off between risk and return and enables us to
quantify the policyholder’s utility based on their risk preferences:

𝑈 (𝑧) =
𝑧1−𝛾

1 − 𝛾 , 𝛾 > 0, 𝛾 ≠ 1, (3.3.1)

where𝑈 is the utility function of the affiliate satisfying𝑈′ > 0 and𝑈′′ < 0, and 𝛾 is the risk aversion
coefficient that is assumed to be constant over time, and its increase in value reflects the unwillingness
of the policyholder to take a risk. The goal is to find the optimal deterministic investment strategy that
maximizes the expected utility of the terminal benefit. Hence, the optimization problem is formulated
as follows

max
𝜋𝑡

EP [𝑈 (𝑉𝑇 ) ] , 𝑡 = 0, 1, . . . , 𝑇 − 1. (3.3.2)

This optimization problem is subject to the constraint that ensures the fairness of the pricing
relation of the mixed contract, which depends on 𝜋𝑡 , as displayed:

EQ
[
𝑒−𝑟𝑇 · 𝑉𝑇

]
= 𝑃.

Under this framework, we present numerical illustrations of three investment strategies within the
framework of the lifestyle investment strategy: the linear, the step-wise, and the piece-wise linear
strategies. These illustrations provide insights into the optimal investment strategies based on a
predetermined deterministic investment style that maximize the expected utility of the policyholder at
the maturity of the contract.

We refer to the same contract introduced before, and we assume that the premium is paid in a
single payment at inception (𝑃 = 1000). We suppose the following values for the asset parameters:
𝜇𝐺 = 3%, 𝜇𝐻 = 7%, and 𝜎𝐻 = 15%, and the correlation between the funds, 𝜌, is supposed to be 10%.
The results are based on Monte Carlo simulations.

In order to present different policyholder preferences, we assume three different values of the
risk aversion coefficient (𝛾 = 2, 4, and 6). To examine the linear strategy, we apply the form of the
investment strategy as indicated in Equation (3.2.4). Next, to explore the step-wise strategy, we
provide the numerical results for both the two-step function (Equation (3.2.5)) and the three-step
function (Equation (3.2.6)). For these functions, we refer to the same examples presented in the
previous section. Lastly, we examine the piece-wise linear strategy, in which we consider the two- and
three-path strategies and refer to the same examples presented in the previous section. The results,
illustrated in Figure 3.8, show the optimal investment strategy for each risk aversion coefficient. The
numerical results for the three strategies under the classical utility function and single premium are
given in Table 3.A.1 in Appendix 3.A. The results are presented in terms of certainty equivalent
concept defined as𝑈 (𝐶𝐸𝑄) = EP [𝑈 (𝑉𝑇 )].

In the different investment strategies, the optimal investment strategy varies with the risk aversion
coefficient, but it remains constant over time for each specific coefficient. Figure 3.8 shows that as the
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Figure 3.8: Optimal proportion in the participating contract using a classical utility function for
different risk aversion values.

risk aversion increases, the policyholder becomes more risk-averse and allocates a higher proportion
of the premium to the participating contract. They maintain the same allocation in the unit-linked
contract at each moment if their risk aversion remains unchanged. Particularly, we see from Figure
3.8 that the optimal investment strategy for an investor with a risk aversion of 𝛾 = 2 is 𝜋𝑡 = 0.5%, for
𝛾 = 4 is 𝜋𝑡 = 50%, and for 𝛾 = 6 is 𝜋𝑡 = 65%∀𝑡 ∈ [0, 𝑇 − 1]. Therefore, investors with the same
risk appetite at all points in the contract prefer a constant investment strategy that aligns with their
behavior throughout the contract.

In conclusion, the results obtained for the constant risk aversion case across different investment
strategies demonstrate that the lifestyle investment strategy does not hold in this setting. Regardless
of the strategy considered—linear, step-wise, or piece-wise linear—the optimal investment strategy
remains constant for policyholders using a classical utility function. Therefore, the findings suggest
that under the assumption of constant risk aversion, policyholders tend to choose an investment strategy
that remains consistent throughout the contract, regardless of their age or time to maturity. If we want
to justify and generate some form of lifestyle strategy, we can generalize this section in two directions,
either considering periodic premiums or time-varying risk aversion. The latter suggests to consider a
variable attitude towards risk with ageing.

3.3.2 Optimal allocation for classical utility function and periodic premiums

The presence of constant periodic premiums introduces an additional layer of complexity to the
optimization problem. It requires a thorough examination of how premium payments interact with
investment strategies and their impact on the policyholder’s overall utility. When considering the
impact of periodic premiums on the optimal allocation strategy, it is essential to account for the
additional cash flows associated with these payments. Unlike the single premium scenario discussed
in Section 3.3.1, periodic premiums introduce a time-varying cash inflow into the investment portfolio.
This dynamic element necessitates adjustments in the optimization framework.
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To incorporate periodic premiums, the benefit at maturity of Equation (3.2.8) becomes:

𝑉̃𝑇 = 𝑃̃ ·
𝑇−1∑︁
𝑘=0

(
𝑇−1∏
𝑡=𝑘

(
𝜋𝑡 ·

(
(1 + 𝑖) + (𝛽 · 𝑔𝑡+1 − 𝑖)+

)
+ (1 − 𝜋𝑡) · (1 + 𝑓𝑡+1)

))
, (3.3.3)

where 𝑃̃ is the periodic premium, and 𝜋𝑡 is the part of the total reserve invested at time 𝑡 in the
participating contract. To determine the fair guaranteed interest rate, we ensured fair pricing of the
contract by equating the fair value of Equation (3.3.3) with the fair value of the premiums in the
following manner:

EQ
[
𝑒−𝑟𝑇 · 𝑉̃𝑇

]
= EQ

[
𝑇−1∑︁
𝑘=0

𝑃̃ · 𝑒−𝑟𝑘
]
,

which gives the following fairness relation:

𝑃̃ ·
𝑇−1∑︁
𝑘=0

(
𝑒−𝑟𝑘 ·

𝑇−1∏
𝑡=𝑘

(
𝜋𝑡 · ((1 + 𝑖) · 𝑒−𝑟 + 𝛽 · 𝑐1) + (1 − 𝜋𝑡) · 𝑒−𝜀

))
= 𝑃̃ ·

𝑇−1∑︁
𝑘=0

𝑒−𝑟𝑘 . (3.3.4)

Formally, the modified optimization problem can be stated as:

max
𝜋𝑡

EP
[
𝑈 (𝑉̃𝑇 )

]
, 𝑡 = 0, 1, . . . , 𝑇 − 1, (3.3.5)

considering a fair guaranteed rate through the satisfaction of Equation (3.3.4). This formulation
acknowledges the dual influence of investment decisions and premium payments on the policyholder’s
utility.

In the following, we will explore various investment strategies tailored for scenarios involving
periodic premiums. Specifically, we will delve into numerical illustrations for strategies such as
linear, step-wise, and piece-wise linear approaches. These illustrations will shed light on the optimal
investment strategies that maximize the expected utility of the policyholder, considering periodic
premium payments. We fix the risk aversion parameter 𝛾 to 4, and we divided the single premium 𝑃

by the expected number of annuity payments over a 20-year period to determine the amount of each
periodic premium.

Incorporating periodic premiums, we observe in Figure 3.9 that the optimal proportion invested
in the participating contract varies over time for each of the three investment strategies considered:
linear, step-wise, and piece-wise. The numerical results for the three strategies under the classical
utility function and periodic premiums are given in Table 3.B.1 in Appendix 3.B.

For the linear strategy, the allocation to the participating contract starts at 5% and gradually
increases to 40% over the 20-year period, reflecting a steady progression towards a more conservative
investment approach.

The step-wise linear strategy employs two distinct phases: an initial 5% allocation to the partic-
ipating contract for the first 15 years, followed by a substantial increase to 40% for the remaining
period. Analogously, the three-step strategy follows a similar pattern, but with a transition at year
10 to an allocation of 45% in the participating contract, and this proportion stays the same for the
remaining period of time.

In addition, the piece-wise linear strategy offers a more interesting approach. The two-path
strategy maintains a 15% allocation for the first three quarters of time and increases linearly to
55%. Conversely, the three-path strategy undergoes gradual shifts in allocation, starting at 5% and
progressively increasing to 43% by the contract’s maturity.

Incorporating periodic premiums has revealed a notable shift in the application of the lifestyle
investment strategy. Each investment strategy offers policyholders unique risk-return profiles, enabling



3.3. Lifestyle strategy and classical utility function 61

Figure 3.9: Optimal proportion in the participating contract for periodic premium payments.

them to customize their investments to align with their specific preferences and goals throughout the
contract’s duration. This dynamic approach ensures that the investment strategy reflects the lifestyle
strategy concept, which is in contrast to the scenario with a single premium payment. In the next
section, we move on to consider time-varying risk aversion with a single premium payment to check
its impact on the optimal strategy for the different investment strategy shapes and, accordingly, check
if it aligns with the lifestyle investment strategy.

3.3.3 Optimal allocation for time-varying risk aversion utility function
Tang et al. [13] conducted research that challenges the assumption that investors’ risk aversion remains
constant over time, highlighting the unrealistic nature of such an assumption. Consequently, it becomes
crucial to incorporate time variation in the risk aversion coefficient to capture the dynamic nature of
investors’ risk preferences. Typically, investors tend to undergo a shift in their investment style,
transitioning from a certain level of risk-loving preference in their youth to risk aversion as they age.
In other words, changes in risk preferences over an investor’s lifetime are reflected by a risk aversion
that increases as age advances. Consequently, it is plausible to suggest that investors become more
risk-averse as they grow older.

Returning to the single premium case, the classical utility framework defined in Equation (3.3.1)
is the common way to define aggregate utility, which is the utility function based on the final wealth.
However, the final wealth of Equation (3.2.8) can be written equivalently as

𝑉𝑇 = 𝑃 ·
𝑇−1∏
𝑡=0

𝑅𝑡+1, (3.3.6)

where

𝑅𝑡+1 = 𝜋𝑡 ·
(
1 + 𝑖 + (𝛽 · 𝑔𝑡+1 − 𝑖)+

)
+ (1 − 𝜋𝑡) · (1 + 𝑓𝑡+1).
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Using Equation (3.3.6), the utility function can be seen as a function of successive return factors
and can be written as

𝑈 (𝑉𝑇 ) =
(𝑃 · 𝑅1 · . . . · 𝑅𝑇 )1−𝛾

1 − 𝛾

=
𝑃1−𝛾

1 − 𝛾 · 𝑅1−𝛾
1 · . . . · 𝑅1−𝛾

𝑇
.

Based on that, we could generalize this approach by introducing time-varying risk attitudes. This
allows us to write a new aggregate utility function:

𝑈̃ (𝑅1, . . . , 𝑅𝑇 ) =
𝑃1−𝛾0

1 − 𝛾0
· 𝑅1−𝛾1

1 · . . . · 𝑅1−𝛾
𝑇

𝑇
, 𝛾0, . . . , 𝛾𝑇 > 1, (3.3.7)

where 𝑈̃ is the new utility function satisfying the following conditions for 𝛾0, . . . , 𝛾𝑇 > 1 and
𝑖 = 1, . . . , 𝑇 :

𝜕𝑈̃

𝜕𝑅𝑖
=
𝑃1−𝛾0

1 − 𝛾0
· 𝑅1−𝛾1

1 · . . . · (1 − 𝛾𝑖) · 𝑅
−𝛾

𝑖

𝑖
· . . . · 𝑅1−𝛾

𝑇

𝑇
> 0, and

𝜕2𝑈̃

𝜕𝑅2
𝑖

=
𝑃1−𝛾0

1 − 𝛾0
· 𝑅1−𝛾1

1 · . . . · (1 − 𝛾𝑖) · (−𝛾𝑖) · 𝑅
−1−𝛾

𝑖

𝑖
· . . . · 𝑅1−𝛾

𝑇

𝑇
< 0.

(𝛾0, . . . , 𝛾𝑇 ) is a vector of successive time-varying risk aversions with 𝛾0 < . . . < 𝛾𝑇 . Investors’ risk
appetites change each year as they become more conservative with age, and based on this, we have
annual decisions reflected by the time-varying risk aversions in Equation (3.3.7).

As a result, the new optimization problem is defined as

max
𝜋𝑡

EP
[
𝑈̃ (𝑅1, . . . , 𝑅𝑇 )

]
, 𝑡 = 0, 1, . . . , 𝑇 − 1. (3.3.8)

In the following part, we will focus on the numerical results of the time-varying risk aversion
cases for each of the three investment strategies: the linear, the step-wise, and the piece-wise linear
strategies.

Linear strategy

In this subsection, we present numerical illustrations of the linear strategy in the time-varying risk
aversion case. We consider the policyholder’s behavior as risk aversion increases with age from 𝛾0 = 2
to 𝛾

𝑇
= 6, equidistantly by 0.2 as follows

𝛾𝑡 = 0.2 · 𝑡 + 2, 𝑡 = 0, 1, . . . , 𝑇 . (3.3.9)

The results, illustrated in Figure 3.10, show the optimal investment strategy for each age-dependent
risk aversion coefficient. The numerical results of the utility are displayed in Table 3.C.4 in Appendix
3.C.

Figure 3.10 highlights that by assuming a change in the preference of the policyholder at each point
in the contract, the lifestyle strategy performs better than the case of constant risk aversion. More
precisely, the policyholder becomes more risk-averse as he ages than when he is young. Therefore, the
increase in the risk aversion parameter results in a lower investment in the unit-linked contract over
time. A policyholder who starts with a risk aversion of 𝛾 = 2 at the inception of the contract invests
80% of the premium in the risky asset. This allocation decreases to 30% at contract maturity, which
satisfies the lifestyle strategy concept.
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Figure 3.10: Optimal proportion in the participating contract based on a linear strategy for increasing
values of risk aversion.

Step-wise linear strategy

Next, we explore the step-wise strategy in the time-varying risk aversion case. We will provide the
numerical results for both the yearly-varying risk aversion example and the step-varying risk aversion
example. For each example, we analyze the policyholder’s behavior and their optimal investment
strategy over time.

Yearly-varying risk aversion:

Recalling the two examples of two- and three-step strategies presented above, we assume that the
behavior of the policyholder changes each year as risk aversion increases with age from 𝛾0 = 2 to
𝛾
𝑇

= 6, equidistantly by 0.2, see Equation (3.3.9).
Figure 3.11 emphasizes that by increasing their risk aversion each year, the policyholder tends

to invest less in the risky part of the contract for each next step. For instance, we notice that the
investment in the unit-linked contract moves from 55% to 35% for the last quarter of the time in the
two-step strategy, whereas it moves from 65% between 𝑡 = 0 and 𝑡 = 𝑇

2 , to 45% for the next quarter of
the time, then to 35% for the last quarter of the time in the three-step strategy.
We note that the results of the utility are exhibited in Table 3.C.4 in Appendix 3.C.

Step-varying risk aversion:

This part highlights a special case of time-varying risk aversion, that is, instead of varying the risk
aversion on a yearly basis, increase it just when moving from one step to another. More precisely, risk
aversion increases with the investment strategy of this approach. Recalling the two examples of two-
and three-step strategies presented above, for the two-step function, the policyholder has a constant
risk aversion 𝛾0 = 2 between 𝑡 = 0 and 𝑡 = 3·𝑇

4 − 1, and another higher constant risk aversion 𝛾 3·𝑇
4

= 6



64 Chapter 3. Deterministic lifestyle investment strategy in mixed life insurance contracts

Figure 3.11: Optimal proportion in the participating contract based on two and three-step strategies
for increasing values of risk aversion.

for the remaining time, displayed as follows

𝛾𝑡 =

{
2 for 𝑡 ∈

[
0, 3·𝑇

4 − 1
]
,

6 for 𝑡 ∈
[ 3·𝑇

4 , 𝑇
]
.

(3.3.10)

Analogously, for the three-step function, the policyholder has a constant risk aversion 𝛾0 = 2 between
𝑡 = 0 and 𝑡 = 𝑇

2 −1, another higher but also constant risk aversion 𝛾 𝑇
2

= 4 between 𝑡 = 𝑇
2 and 𝑡 = 3·𝑇

4 −1,
and eventually a higher constant risk aversion 𝛾 3·𝑇

4
= 6 for the remaining time, represented as

𝛾𝑡 =


2 for 𝑡 ∈

[
0, 𝑇2 − 1

]
,

4 for 𝑡 ∈
[
𝑇
2 ,

3·𝑇
4 − 1

]
,

6 for 𝑡 ∈
[ 3·𝑇

4 , 𝑇
]
.

(3.3.11)

In Figure 3.12, we point out that the investment in the unit-linked contract is higher, in the first
three quarters of the time, in the step-varying risk aversion case for both the two- and three-step
strategies. This is intuitive, as in the yearly-varying risk aversion case, the policyholder becomes
more conservative from one year to another. However, his attitude toward risk stays the same for a
longer period in the step-varying risk aversion case. On the other side, the optimal constant investment
strategy for the last quarter is the same because the risk aversion levels are close in both cases at this
stage of time.
The results of the utilities for the two- and three-step functions are exhibited in Table 3.C.5 in the
Appendix 3.C.

Piece-wise linear strategy

Lastly, we consider the piece-wise linear strategy under the time-varying risk aversion case. We will
present the numerical results for both the yearly-varying risk aversion example and the piece-varying
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Figure 3.12: Optimal proportion in the participating contract based on two and three-step strategies
for step-varying vs yearly-varying risk aversion.

risk aversion example. For each example, we analyze the policyholder’s changing risk aversion and
its impact on the optimal investment allocation over time.

Two-path strategy:

Recalling the two-step strategy defined above, we present the yearly-varying risk aversion case,
which states that the risk aversion increases from 𝛾0 = 2 to 𝛾

𝑇
= 6 equidistantly by 0.2 (see Equation

(3.3.9)), and the piece-varying risk aversion case, which alters the risk aversion at 𝑡 = 3·𝑇
4 only to be

𝛾0 = 2 before and 𝛾 3·𝑇
4

= 6 after (see Equation (3.3.10)).
For the utility results, please refer to Tables 3.C.4 and 3.C.5 in Appendix 3.C for yearly-varying and
step-varying risk aversions, respectively.

Figure 3.13: Optimal proportion in the participating contract based on a piece-wise linear strategy
for different values of risk aversion - Two-path strategy.

Figure 3.13 points out that, by increasing the risk aversion, either on a yearly basis or just when
moving from one piece to the next, the lifestyle investment strategy concept is fulfilled. It is intuitive
to see that the policyholder who maintains a low level of risk aversion for the first three quarters
of the time invests in the risky fund for a longer period compared to the one who becomes more
risk averse from one year to the next. However, as the optimal investment strategy is a linear form
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in the last quarter of time, the strategy of a policyholder with a risk aversion of 6 (in the piece-
varying risk aversion case) would intersect with another policyholder with a risk aversion between 5
and 6 in this interval of time (in the yearly-varying risk aversion case) since the latter is less risk averse.

Three-path strategy:

The last segment covers the three-path strategy stated in Equation (3.2.7) for 𝑛 = 2, 𝑘 = 3, and
𝑙 = 4. We note that the risk aversion increases from 𝛾0 = 2 to 𝛾

𝑇
= 6 equidistantly by 0.2 for the

yearly-varying risk aversion case (see Equation (3.3.9)) and changes from 𝛾0 = 2, 𝛾 𝑇
2

= 4, and 𝛾 3·𝑇
4

= 6
for the piece-varying risk aversion case (see Equation (3.3.11)). The results are presented in Figure
3.14.
For the utility results, please refer to Tables 3.C.4 and 3.C.5 in Appendix 3.C for yearly-varying and
step-varying risk aversions, respectively.

Figure 3.14: Optimal proportion in the participating contract based on a piece-wise linear strategy
for different values of risk aversion - Three-path strategy.

It is interesting to point out that the lifestyle strategy concept holds for the time-varying risk
aversion case. In fact, we observe in Figure 3.14 that an investor with a risk aversion that changes
each year prefers to invest 60% of his initial wealth in the unit-linked contract for the first half of the
time, then decreases this allocation linearly to 40% at the third quarter 𝑡 = 3·𝑇

4 − 1 and continue with a
constant allocation of 35% for the last quarter of the time. On the other hand, an investor with a risk
aversion that changes only at 𝑡 = 𝑇

2 and 𝑡 = 3·𝑇
4 is satisfied by investing 95% of his initial wealth in the

unit-linked contract for the first half of the time, analogously decreasing this allocation linearly to 45%
at 𝑡 = 3·𝑇

4 − 1, and continuing with a constant allocation of 32% till maturity. In fact, the risk aversion
level in the piece-varying risk aversion case is below the risk aversion level in the yearly-varying risk
aversion until 𝑡 = 3·𝑇

4 , and that’s why the optimal strategy in the last quarter is to invest more in the
safe contract in the piece-varying risk aversion case.

In practice, considering time-varying risk aversion in designing investment strategies for mixed
participating and unit-linked life insurance contracts may better capture the dynamic nature of an
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individual’s risk preferences and lead to more tailored and suitable investment strategies that align
with the policyholder’s changing needs and risk appetite over the contract duration.

In the linear strategy, as illustrated in Figure 3.10, policyholders with increasing risk aversion tend
to adjust their investment strategy over time. Starting with a higher allocation to the risky asset when
they are younger and less risk-averse, they gradually reduce their exposure to risk as they approach
contract maturity. This behavior aligns with the lifestyle investment strategy concept, indicating
that policyholders are willing to take on more risk when they have a longer investment horizon and
gradually become more conservative as they age.

The step-wise and piece-wise linear strategies, as depicted in Figures 3.11, 3.13, and 3.14, further
emphasize the impact of time-varying risk aversion in shaping the optimal investment strategy. Poli-
cyholders are observed to allocate more to the unit-linked contract in the early stages of the contract
and gradually decrease this allocation over time. This dynamic risk management approach allows
policyholders to tailor their investment strategies to their evolving risk preferences as they progress
through different life stages.

In conclusion, the findings suggest that by taking time-varying risk aversion into account in mixed
life insurance contracts, the lifestyle investment strategy may be reflected as it takes into account the
policyholders’ evolving risk preferences over time. Insurers can accommodate clients with changing
risk attitudes by including time-varying risk aversion into the design of their investment strategies.

3.4 Conclusion
In this chapter, we have explored the optimal investment strategy within the framework of a mixed
insurance contract, focusing on a predetermined deterministic investment style. By combining partici-
pating and unit-linked features, mixed contracts offer policyholders a balance between a guarantee and
investment growth by deducting a continuous guarantee fee from the unit-linked part to increase, in
exchange, the guarantee on the participating part. This work analyzes different families of investment
strategies under the lifestyle strategy framework, including linear, step-wise, and piece-wise linear
strategies.

In this context, we have considered an annual guarantee contract with rebalancing, striving to
create a product that offers advantageous fair guaranteed rates in the participating part, and examining
the impact of various investment strategies on the attractiveness of the fair guaranteed rates. We have
found that the guaranteed rate increases as the investment in the unit-linked part increases over time,
the guarantee fee’s value rises, and the participation in the insurer’s profits decreases. The incorpora-
tion of the guarantee fee into the model significantly enhances the guarantee on the participating part,
making it more promising.

Moreover, we have maximized the policyholder’s expected utility at the contract’s maturity for
the different investment strategies proposed while ensuring the contract’s fair pricing relation is up-
held. The results have clearly indicated that the lifestyle investment strategy does not hold under
the classical utility function. Regardless of the chosen strategy—linear, step-wise, or piece-wise
linear—policyholders with the same risk aversion coefficient tend to adopt a constant investment
strategy throughout the contract’s duration. Notably, the lifestyle investment strategy has been high-
lighted by considering either periodic premium payments or time-varying risk aversion in designing
investment strategies for mixed life insurance contracts. As policyholders age and their needs change,
the optimal investment strategy can be tailored accordingly, and so the lifestyle strategy is captured.
These approaches lead to more personalized investment strategies that align with the policyholder’s
changing risk appetite over the contract duration. In summary, the way premiums are paid, whether in
a single sum or periodically, along with the risk aversion coefficient, whether it is constant or changes
over time, significantly influence the optimization of investment strategies for mixed participating and
unit-linked life insurance contracts. They shape the policyholder’s allocation decisions within various
investment strategies.



Appendices

3.A. Classical utility function and single premium
Table 3.A.1 shows the CEQs of different possibilities of investment strategies under the three defined
families: linear, step-wise, and piece-wise strategies, given a fair guaranteed rate. These results are
based on risk preferences that remain the same throughout the contract period (the case of classical
utility function).

Linear strategy Step-wise linear strategy
(two-step function with 𝑛 = 4

3 )

CEQ CEQ

𝜋0 𝜋
𝑇−1 𝑖 (%) 𝛾 = 2 𝛾 = 4 𝛾 = 6 𝑖 (%) 𝛾 = 2 𝛾 = 4 𝛾 = 6

0.05 0.05 6.32 2555 1679 1055 6.32 2555 1679 1055
0.10 0.55 1.30 2374 1907 1513 1.98 2429 1787 1219
0.35 0.70 0.70 2195 1961 1752 0.91 2272 1939 1641
0.50 0.50 0.76 2233 1983 1760 0.76 2233 1983 1760
0.50 0.70 0.56 2117 1954 1804 0.65 2171 1963 1773
0.65 0.65 0.48 2060 1936 1821 0.48 2060 1936 1821
0.85 0.35 0.56 2099 1922 1760 0.38 1923 1809 1704
0.90 1.00 0.15 1647 1634 1621 0.17 1682 1666 1650
1.00 1.00 0.11 1574 1564 1554 0.11 1574 1564 1554

Piece-wise linear strategy

CEQ

𝜋0 𝜋
𝑇−1 𝑖 (%) 𝛾 = 2 𝛾 = 4 𝛾 = 6

0.05 0.05 6.32 2555 1679 1055
0.10 0.55 2.58 2484 1790 1301
0.35 0.70 1.04 2327 1957 1651
0.50 0.50 0.76 2233 1983 1760
0.50 0.70 0.70 2203 1977 1778
0.65 0.65 0.48 2060 1936 1821
0.85 0.35 0.30 1862 1798 1736
0.90 1.00 0.18 1702 1685 1668
1.00 1.00 0.11 1574 1564 1554

Table 3.A.1: CEQ with respect to constant risk aversion 𝛾—single premium case.
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3.B. Classical utility function and periodic premiums
Table 3.B.1 shows the CEQs of different possibilities of investment strategies under the three defined
families: linear, step-wise, and piece-wise strategies, given a fair guaranteed rate. These results are
based on a risk aversion 𝛾 of 4 that remains the same throughout the contract period (the case of the
classical utility function).

Linear strategy Step-wise linear strategy
(two-step function with 𝑛 = 4

3 )

𝜋0 𝜋
𝑇−1 𝑖 (%) CEQ 𝑖 (%) CEQ

0.05 0.05 6.32 1760 6.32 1760
0.05 0.40 1.52 1801 2.13 1798
0.10 0.55 1.04 1790 1.49 1793
0.35 0.70 0.60 1730 0.77 1754
0.50 0.50 0.76 1745 0.76 1745
0.50 0.70 0.51 1704 0.59 1724
0.65 0.65 0.48 1688 0.48 1688
0.85 0.35 0.71 1704 0.49 1623
0.90 1.00 0.13 1493 0.15 1511
1.00 1.00 0.11 1467 0.11 1467

Piece-wise linear strategy
(two-path function with 𝑛 = 4

3 )

𝜋0 𝜋
𝑇−1 𝑖 (%) CEQ

0.05 0.05 6.32 1760
0.10 0.55 2.11 1791
0.15 0.55 1.79 1792
0.35 0.70 0.95 1770
0.50 0.50 0.76 1745
0.50 0.70 0.67 1736
0.65 0.65 0.48 1688
0.90 1.00 0.17 1526
1.00 1.00 0.11 1467

Table 3.B.1: CEQ with respect to constant risk aversion 𝛾—periodic premiums case.
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3.C. Time-varying risk aversion utility function
Table 3.C.4 displays the expected utilities of different possibilities of investment strategies under the
three defined families: linear, step-wise, and piece-wise strategies, given a fair guaranteed rate. These
results are based on the yearly increasing risk aversion parameters, as presented in Table 3.C.1 (the
case of a yearly-varying risk aversion utility function).

Years (t) 0 1 2 . . . 10 . . . 18 19 20
Risk aversion (𝛾𝑡) 2 2.2 2.4 . . . 4 . . . 5.6 5.8 6

Table 3.C.1: Values of risk aversion parameters in a yearly-varying risk aversion case.

Table 3.C.5 displays the expected utilities of different possibilities of investment strategies under
the two defined families: step-wise, and piece-wise strategies, given a fair guaranteed rate. These
results are based on risk aversion parameters that increase with each step, as presented in Table 3.C.2
for two-step or two-path strategies and Table 3.C.3 for three-step or three-path strategies (the case of
step- and piece-varying risk aversion utility function).

Years (t) [0, 3·𝑇
4 − 1] [ 3·𝑇

4 , 𝑇]
Risk aversion (𝛾𝑡) 2 6

Table 3.C.2: Values of risk aversion parameters in a two-step/path varying risk aversion case.

Years (t) [0, 𝑇2 − 1] [𝑇2 ,
3·𝑇
4 − 1] [ 3·𝑇

4 , 𝑇]
Risk aversion (𝛾𝑡) 2 4 6

Table 3.C.3: Values of risk aversion parameters in a three-step/path varying risk aversion case.
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Chapter 4

Valuation of mixed life insurance contracts
under stochastic correlated mortality and
interest rates1

4.1 Introduction

It is well known that the life insurance sector is facing a major challenge in combining a reasonable
balance between the desire for potential returns and the ability to generate long-term guarantees in this
difficult financial environment. Various insurance markets tend to remove all forms of guarantees and
move to new types of life insurance products with no investment guarantees, which effectively reduce
the insurer’s risk and transfer it to the policyholder. In general, the traditional form of insurance
products, so-called participating life insurance contracts, in which the insurer guarantees a return
with a possible bonus depending on the investment performance, have been replaced by so-called
unit-linked life insurance contracts that allow the client to opt for investment funds with no guaranteed
return, according to an investment strategy adapted to his risk profile. A main difference between the
two products is the investment strategy, as no financial decision can be made by the customer in the
traditional product because the participating contract fund is internal and controlled by the insurer,
whereas the unit-linked fund is based on the investor’s choice. Nonetheless, the customer’s interest in
downside protection is highly present, and removing guarantees entirely is not an appealing trend from
the client’s perspective, as many empirical and experimental studies have shown, see, e.g., Gatzert
et al. [17] and Ruß & Schelling [27]. Based on behavioral models, products with guarantees are a
preferred choice for investor (Døskeland & Nordahl [15]). Therefore, the development of attractive
life and pension insurance product designs has become necessary but, at the same time, very difficult
due to demographic changes and volatile equity and interest rate markets.

In this context, hybrid products can be a good solution for both the insurance industry and the
customer. For the insurer, it is less risky than the participating product, for which the insurance
company bears the entire risk, and for the customer, it is more attractive than the pure unit-linked
product that does not offer any investment guarantees (Reuß et al. [26]). In particular, dynamic hybrid
products are innovative life insurance products that provide guarantees through a periodic rebalancing
process between the policy reserves, a guarantee fund, and an equity fund. Bohnert et al. [7] shows
that in the case of dynamic hybrid contracts, a minimum guarantee level should be provided to ensure
that the willingness-to-pay is greater than the minimum premium that the insurer must charge to
sell the contract. Moreover, a study was conducted by Bohnert & Gatzert [8] to examine the fair
valuation and risk condition of an insurer that offers both dynamic hybrid and traditional participating
life insurance contracts. The results highlight the benefits and risks of offering dynamic hybrids by

1Published in: European Actuarial Journal. Hanna V., Devolder P. (2023).
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revealing significant interaction effects between the two contract types within the portfolio that are
highly dependent on the portfolio composition. So, hybrid life insurance products are designed to
fulfill customers’ demands for guaranteed stability as well as adequate upside potential, and they
have risen in popularity since their introduction to the German market by a number of life insurance
companies. For example, there is the introduction of "Select Products" in the German market as a
version of deferred equity-indexed annuity contracts that replaced the participating life insurance in
2013 (Alexandrova et al. [1]) or the development of participating products with alternative forms of
guarantees (Reuß et al. [25]). Let us remark that even if these mixed contracts have appeared in many
markets during a period of low interest rates, their design remains relevant in other circumstances as
a natural way to incorporate sound principles of diversification inside a life insurance product.

In this chapter, we consider mixed life insurance contracts as proposed by Hanna et al. [18]. These
products combine features of participating and pure unit-linked life insurance contracts to achieve a
compromise between a guarantee from the participating part and no guarantee from the pure unit-
linked part, where a constant fee is extracted from the pure unit-linked account value to finance the
guaranteed rates in the participating contract with a maturity or annual guarantee. We emphasize that
the pure unit-linked product considered in this chapter has no maturity guarantee and is referred to
hereafter as a "unit-linked product". In Hanna et al. [18], these products were studied without mor-
tality (pure financial products) and in a classical Black-Scholes environment with a constant risk-free
rate. The purpose of this chapter is to extend this model in various directions: including the mortality
component, and considering different products (pure endowment for the entire contract or combination
of a pure endowment and a pure investment), modeling the movement and evolution of interest rates
by allowing for stochastic interest rates using the Hull and White model, and finally studying the
correlation between all the risk factors, including correlations between financial and actuarial risks.

Indeed, following the improvement in health sciences, human life expectancy has increased sig-
nificantly, which puts both the life actuary and the elderly under considerable stress. Apart from the
financial risk that notably affects life insurance contracts, mortality risk is an important factor that has
been accounted for in the pricing and valuation of life and pension contracts for a long time now. For
instance, Bacinello [4] prices a classical life insurance policy given a deterministic life table and a
constant interest rate for a single premium and a sequence of periodical premium cases. Ultimately,
deterministic mortality does not really change the structure of the fairness relation of the contract. So,
mortality risk was typically modelled deterministically, but stochastic mortality models later showed
up and are widely accepted as significant improvements and uncertainty have been detected in mor-
tality trends. In addition, various papers admit that interest and mortality rates share a lot in common
under the modeling framework (see, e.g., Milevsky & Promislow [24], Biffis [6] and Cairns et al.
[10]). As a result, we can model the force of mortality for mortality risk in the same way that we
model the short term as the interest rate term structure. In this regard, Zeddouk & Devolder [28] prove
that considering a continuous-time mean-reverting model with a time-dependent target is suitable to
model mortality. Accordingly, a paper held by Devolder & Azizieh [13] valued a life insurance product
with a surplus return based on the insurer’s overall profit, in which financial and longevity risks are
modelled in a stochastic framework, assuming independence between these two components.

Generally, mortality and finance are separated in life insurance pricing, but this assumption of
independence is no longer acceptable in the long term, and it was further strengthened after the recent
COVID-19 pandemic that intuitively has an influence on the financial markets. A number of stud-
ies show that changes in demographic trends can affect the value of financial assets. For instance,
Dacorogna & Cadena [11] study the relationship between mortality and financial risks in different
countries. They show a weak effect on the financial markets by taking the full sample into account
and a higher effect by taking the 10 worst years of the changes in mortality. Moreover, they highlight
that extreme downturns in the mortality indices increase the size of this dependence. Analogously,
Jalen & Mamon [20] cover the dependency between interest and mortality rates over the long term
and note the impact of a catastrophic event on interest rates as well as population size in the short
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term. According to Maurer [23], most of the long-term time series variation in interest rates and
stock market returns can be attributed to demographic shifts. He provides enough conditions for the
interest rate to drop in the birth rate and rise in the death rate. In addition, Dhaene et al. [14] state
that an independence assumption between financial and actuarial risks in the pricing world may be
convenient but challenging to comprehend intuitively, and they show that it is often not maintained in
the risk-neutral world.

In this chapter, we move from a pure financial contract in Hanna et al. [18] to a real life insurance
contract with a mortality component. We consider stochastic models for mortality and interest rates,
and we introduce some form of correlation between mortality evolution and the financial markets to
obtain a whole view of the risks of an insurance contract. The aim of the chapter is to price and
evaluate different contracts in this stochastic environment, assuming a dependence between financial
and demographic risk factors. Some papers have already studied other products and have also tried to
introduce the idea of correlation. Our study follows the classical method used by these papers, which
is the change of measure technique (also known as the change of numéraire), as it leads to simple
formulas in the pricing of insurance contracts under the dependence assumption (see for example,
Jalen & Mamon [20], Dhaene et al. [14], Liu et al. [21], Gao et al. [16], Deelstra et al. [12], Zhao
& Mamon [29] and Arık et al. [2]). Accordingly, we obtain an explicit form of the fair valuation for
the maturity guarantee contract and analyze the impact of the correlation on the fair guaranteed rates.
Our results emphasize the advantage of these mixed contracts, in particular their ability to offer better
guaranteed rates. We also show that the introduction of correlations can have various impacts on the
price and the level of a fair guarantee. Furthermore, we point out that the impact of the correlation
parameters on the fair guaranteed rates is affected by the level of volatility in the model.

The remainder of this chapter is organized as follows: The financial market and the stochastic
longevity model are introduced in Section 4.2. More precisely, the well-known Hull and White model
is used to model the evolution of both mortality and interest rate processes. Furthermore, the corre-
lation parameters between the interest rate, stock returns, and mortality are defined. The structure of
the hybrid product is described in Section 4.3. In Section 4.4, we introduce the change of measure
technique to compute fair values and obtain an explicit form of the fairness relation of a maturity guar-
antee contract. Section 4.5 deals with other kinds of contracts and particularly the annual guarantee
contract. Section 4.6 illustrates a numerical example for the different products examined in Sections
4.4 and 4.5. Finally, we conclude in Section 4.7.

4.2 Financial and mortality assumptions
Life insurance policies, as long-term financial products, are particularly exposed to a variety of risks.
The main risks that these contracts face are those linked to uncertain evolution in financial markets,
such as market risk and interest rate risk, characterized recently by volatile stock and interest rate
markets, as well as those associated with uncertain evolution in longevity, called mortality risk, which
appears with the rapid ageing of the population. In order to model these risks, we allow ourselves to
introduce the various stochastic assumptions of the financial market model and the longevity model.
Furthermore, we attempt to represent the correlations between the assets defined in the market to
explicitly study the dependence between financial and mortality risks.

We work on a finite time interval [0, 𝑇], and we consider a global filtered probability space
(Ω,M, (M𝑡)𝑡) to reflect all the possible financial and mortality events. We introduce two sub-filtrations
of (M𝑡)𝑡∈[0,𝑇] : the financial filtration (F𝑡)𝑡 generated by the information on the financial market and
the actuarial filtration (A𝑡)𝑡 generated by the survival information. Therefore, M𝑡 := F𝑡 ∨ A𝑡 is the
sigma-algebra generated by F𝑡 andA𝑡 on the global space Ω. In this space, we introduce a probability
measure Q, which is our global valuation probability. Referring to Artzner et al. [3], this probability
when restricted to the financial filtrationF, corresponds to the financial risk-neutral measureQ 𝑓 . More
precisely, Q 𝑓 is obtained when applying to events that are just generated by the financial filtration.
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Therefore, the valuation in this chapter will be computed using this risk-neutral probability measure
Q.

4.2.1 The financial market

We assume a complete financial market (existence and uniqueness of Q 𝑓 ) on which the insurer trades
three basic processes: the term structure of interest rates and two risky assets, one of which is more
volatile than the other. In the following, we display the financial assumptions related to each process.

1. The term structure of interest rates evolves according to the one-factor Hull and White model
[19]. Then, the risk-free rate 𝑟𝑡 is a solution of the following stochastic equation:

d𝑟𝑡 = 𝜃 (𝜈𝑡 − 𝑟𝑡) d𝑡 + 𝜎𝑟 d𝑊𝑟
𝑡 , 𝑡 ∈ [0, 𝑇] and 𝑇 ∈ N, (4.2.1)

where 𝑊𝑟 is a standard Brownian motion under the risk-neutral measure Q 𝑓 . 𝜃 and 𝜎𝑟 are
positive constants, and 𝜈𝑡 is a deterministic function chosen to ensure the fit of the observed
yields and expressed as 𝜈𝑡 = 1

𝜃
· 𝜕 𝑓 (0,𝑡)

𝜕𝑡
+ 𝑓 (0, 𝑡) + 𝜎2

𝑟

2𝜃2 (1− 𝑒−2𝜃𝑡) with 𝑓 (0, 𝑡) = − 𝜕 ln 𝑃(0,𝑡)
𝜕𝑡

, the
instantaneous forward rate. 𝜈𝑡 is the mean reversion level toward which 𝑟𝑡 converges, and 𝜃 is
the speed of mean reversion.
In an arbitrage free environment, the price of a zero-coupon bond at time 𝑡 with maturity 𝑇 is
defined by the following expression:

𝑃(𝑡, 𝑇) = EQ
𝑓
[
𝑒−

∫ 𝑇

𝑡
𝑟 (𝑠)𝑑𝑠 | F𝑡

]
.

This price has an explicit form under Hull and White and is given by:

𝑃(𝑡, 𝑇) = exp

(
− 𝑟𝑡 · 𝐵𝑟 (𝑡, 𝑇, 𝜃) − 𝜃

∫ 𝑇

𝑡

𝜈𝑠 · 𝐵𝑟 (𝑠, 𝑇, 𝜃)𝑑𝑠 +
𝜎2
𝑟

2

∫ 𝑇

𝑡

𝐵2
𝑟 (𝑠, 𝑇, 𝜃)𝑑𝑠

)
, (4.2.2)

where 𝐵𝑟 (𝑡, 𝑇, 𝜃) = 1−𝑒−𝜃 (𝑇−𝑡 )

𝜃
, and using the expression of 𝜈𝑡 , the explicit form of the future

price 𝑃(𝑡, 𝑇) becomes:

𝑃(𝑡, 𝑇) =
𝑃(0, 𝑇)
𝑃(0, 𝑡) · exp

(
− 𝑟𝑡 · 𝐵𝑟 (𝑡, 𝑇, 𝜃) + 𝐵𝑟 (𝑡, 𝑇, 𝜃) · 𝑓 (0, 𝑡) −

𝜎2
𝑟

2
· 𝐵𝑟 (0, 𝑡, 2𝜃) · 𝐵2

𝑟 (𝑡, 𝑇, 𝜃)
)
.

The risk-neutral dynamic of 𝑃(𝑡, 𝑇) is given by:

d𝑃(𝑡, 𝑇) = 𝑃(𝑡, 𝑇) [𝑟𝑡 d𝑡 − 𝜎𝑟 𝐵𝑟 (𝑡, 𝑇, 𝜃) d𝑊𝑟
𝑡 ] .

2. Two risky funds, 𝐺 and 𝐻, where 𝐺 is a fund with low volatility and 𝐻 is a fund with high
volatility. Their dynamics are described as follows:

d𝐺 𝑡 = 𝑟𝑡 𝐺 𝑡 d𝑡 + 𝜎𝐺 𝐺 𝑡 d𝑊𝐺
𝑡 , 𝐺0 = 1, 𝑡 ∈ [0, 𝑇] (4.2.3)

d𝐻𝑡 = 𝑟𝑡 𝐻𝑡 d𝑡 + 𝜎𝐻 𝐻𝑡 d𝑊𝐻
𝑡 , 𝐻0 = 1, 𝑡 ∈ [0, 𝑇] . (4.2.4)

The two funds follow a geometric Brownian motion where𝑊𝐺 and𝑊𝐻 are standard Brownian
motions under the risk-neutral measure Q 𝑓 . We state that the fund 𝐺 is the insurer’s general
fund used as a reference for the participating contract, while the fund 𝐻 is an investment fund
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used to compute the value of the unit-linked contract. We assume then that 𝜎𝐻 > 𝜎𝐺 > 0.

Recalling Equations (4.2.1), (4.2.3) and (4.2.4), we note that𝑊𝑟 ,𝑊𝐺 and𝑊𝐻 are three correlated
Brownian motions. We define 𝜌

𝑟,𝐺
as the correlation parameter that links the asset 𝐺 with the

interest rate, 𝜌
𝑟,𝐻

as the correlation parameter that links the asset 𝐻 with the interest rate, and
𝜌
𝐺,𝐻

as the correlation parameter between the two assets, such that

EQ
𝑓 [d𝑊𝑟

𝑡 d𝑊𝐺
𝑡 ] = 𝜌

𝑟,𝐺
· d𝑡, EQ

𝑓 [d𝑊𝑟
𝑡 d𝑊𝐻

𝑡 ] = 𝜌
𝑟,𝐻

· d𝑡 and EQ
𝑓 [d𝑊𝐺

𝑡 d𝑊𝐻
𝑡 ] = 𝜌

𝐺,𝐻
· d𝑡.

The aforementioned stochastic differential equations (SDEs) are written as follows using the
Cholesky decomposition2 for correlated Brownian motions:

d𝐺 𝑡 = 𝑟𝑡 𝐺 𝑡 d𝑡 + 𝜎𝐺 𝜌𝑟,𝐺 𝐺 𝑡 d𝑊𝑟
𝑡 + 𝜎𝐺

√︃
1 − 𝜌2

𝑟,𝐺
𝐺 𝑡 d𝑊

𝐺

𝑡 , 𝐺0 = 1, 𝑡 ∈ [0, 𝑇] (4.2.5)

d𝐻𝑡 = 𝑟𝑡 𝐻𝑡 d𝑡 + 𝜎𝐻 𝜌𝑟,𝐻 𝐻𝑡 d𝑊
𝑟
𝑡 + 𝜎𝐻 𝜌𝐺,𝐻

√︃
1 − 𝜌2

𝑟,𝐻
𝐻𝑡 d𝑊

𝐺

𝑡

+ 𝜎𝐻

√︃
(1 − 𝜌2

𝑟,𝐻
) (1 − 𝜌2

𝐺,𝐻) 𝐻𝑡 d𝑊
𝐻

𝑡 , 𝐻0 = 1, 𝑡 ∈ [0, 𝑇],
(4.2.6)

with
𝑊𝐺
𝑡 = 𝜌𝑟,𝐺 ·𝑊𝑟

𝑡 +
√︃

1 − 𝜌2
𝑟,𝐺

·𝑊𝐺

𝑡 , (4.2.7)

𝑊𝐻
𝑡 = 𝜌𝑟,𝐻 ·𝑊𝑟

𝑡 + 𝜌𝐺,𝐻 ·
√︃

1 − 𝜌2
𝑟,𝐻

·𝑊𝐺

𝑡 +
√︃
(1 − 𝜌2

𝑟,𝐻
) (1 − 𝜌2

𝐺,𝐻) ·𝑊
𝐻

𝑡 (4.2.8)

and

𝜌𝐺,𝐻 =
𝜌
𝐺,𝐻

− 𝜌
𝑟,𝐺

· 𝜌
𝑟,𝐻√︃

(1 − 𝜌2
𝑟,𝐺

) (1 − 𝜌2
𝑟,𝐻

)
,

where𝑊𝑟 ,𝑊𝐺 and𝑊
𝐻

are three uncorrelated Brownian motions.
We further exhibit the annual returns of 𝐺 and 𝐻, respectively:

𝑔𝑡 =
𝐺 𝑡

𝐺 𝑡−1
− 1 and ℎ𝑡 =

𝐻𝑡

𝐻𝑡−1
− 1, 𝑡 = 1, 2, . . . , 𝑇, (4.2.9)

where the solutions of the SDEs (4.2.5) and (4.2.6), under the risk-neutral measure, are given
by:

𝐺 𝑡 = 𝐺0 exp

( ∫ 𝑡

0
𝑟𝑠𝑑𝑠 −

𝜎2
𝐺

2
· 𝑡 + 𝜎𝐺 𝜌𝑟,𝐺

∫ 𝑡

0
d𝑊𝑟

𝑠 + 𝜎𝐺

√︃
1 − 𝜌2

𝑟,𝐺

∫ 𝑡

0
d𝑊𝐺

𝑠

)

𝐻𝑡 = 𝐻0 exp

( ∫ 𝑡

0
𝑟𝑠𝑑𝑠 −

𝜎2
𝐻

2
· 𝑡 + 𝜎𝐻 𝜌𝑟,𝐻

∫ 𝑡

0
d𝑊𝑟

𝑠 + 𝜎𝐻 𝜌𝐺,𝐻

√︃
1 − 𝜌2

𝑟,𝐻

∫ 𝑡

0
d𝑊𝐺

𝑠

+ 𝜎𝐻

√︃
(1 − 𝜌2

𝑟,𝐻
) (1 − 𝜌2

𝐺,𝐻)
∫ 𝑡

0
d𝑊

𝐻

𝑠

)
.

2We assume that the correlation matrix is positive-definite. Moreover, other decomposition methods can be applied,
but we used Cholesky for computational purposes and because it is efficient when dealing with Gaussian random variables.
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4.2.2 The stochastic longevity model
In addition to the financial risk, we include in this chapter the mortality risk, which is still a significant
concern for life actuaries. According to Devolder & Azizieh [13], there are numerous criteria to
consider when selecting a stochastic mortality model. We will use the Hull and White model, which is
an appropriate mortality model. This is a continuous-time model using mean-reverting with a floating
target, as suggested by Zeddouk & Devolder [28]. The main benefit is that this model provides for a
complete and elegant equivalence between interest rate and mortality rate.

As a result, we introduce a new process 𝜇𝑥 known as the stochastic mortality intensity for an
individual aged 𝑥 at time 0 (from a cohort perspective). This process is assumed to be a solution of
an affine equation under the risk-neutral measure Q. So, the intensity of mortality 𝜇𝑥 (𝑡) follows a
stochastic process solution of the following equation:

d𝜇𝑥 (𝑡) = 𝑏 (𝜉𝑡 − 𝜇𝑥 (𝑡)) d𝑡 + 𝜎𝜇 d𝑊 𝜇
𝑡 , 𝑡 ∈ [0, 𝑇], (4.2.10)

where 𝑊 𝜇 is a standard Brownian motion under the risk-neutral measure Q. 𝑏 and 𝜎𝜇 are positive
constants, and 𝜉𝑡 is a deterministic function. 𝑥 is the initial age of the policyholder.

This stochastic intensity of mortality 𝜇𝑥 (𝑡) generates a stochastic probability of survival process,
denoted 𝑝𝑥 (𝑡), that is the solution of a stochastic differential equation of the form:

d𝑝𝑥 (𝑡, 𝑇) = 𝑝𝑥 (𝑡, 𝑇) [𝜇𝑥 (𝑡) d𝑡 − 𝜎𝜇 𝐵𝜇 (𝑡, 𝑇, 𝑏) d𝑊 𝜇
𝑡 ],

where 𝐵𝜇 (𝑡, 𝑇, 𝑏) = 1−𝑒−𝑏 (𝑇−𝑡 )
𝑏

.
As well, the survival probability at time 𝑡, under the risk-neutral measure Q, is written as

𝑝𝑥 (𝑡, 𝑇) = EQ [𝑒−
∫ 𝑇

𝑡
𝜇𝑥 (𝑠)𝑑𝑠 |A𝑡], (4.2.11)

with an explicit formula under Hull and White:

𝑝𝑥 (𝑡, 𝑇) = exp

(
− 𝜇𝑥 (𝑡) · 𝐵𝜇 (𝑡, 𝑇, 𝑏) − 𝑏

∫ 𝑇

𝑡

𝜉𝑠 · 𝐵𝜇 (𝑠, 𝑇, 𝑏)𝑑𝑠 +
𝜎2
𝜇

2

∫ 𝑇

𝑡

𝐵2
𝜇 (𝑠, 𝑇, 𝑏)𝑑𝑠

)
. (4.2.12)

As pointed out by Luciano & Vigna [22], the probability of negative values of 𝜇𝑥 turns out to be
negligible with the calibrated parameters.

In recent decades, following many natural disasters, particularly the recent COVID-19 pandemic,
it is illogical to ignore how their occurrence affects demographic tables as well as financial markets
and, accordingly, the correlation between changes in demographic trends and the value of financial
assets. This dependence is captured by the correlation parameters 𝜌𝑟,𝜇, 𝜌𝐺,𝜇 and 𝜌

𝐻,𝜇
such that

EQ [d𝑊𝑟
𝑡 d𝑊

𝜇
𝑡 ] = 𝜌𝑟,𝜇 · d𝑡, EQ [d𝑊𝐺

𝑡 d𝑊 𝜇
𝑡 ] = 𝜌

𝐺,𝜇
· d𝑡 and EQ [d𝑊𝐻

𝑡 d𝑊 𝜇
𝑡 ] = 𝜌

𝐻,𝜇
· d𝑡.

Using Cholesky decomposition3, one can write

𝑊
𝜇
𝑡 = 𝜌𝑟,𝜇 ·𝑊𝑟

𝑡 +
√︃

1 − 𝜌2
𝑟,𝜇 ·𝑊

𝜇

𝑡 , (4.2.13)

Recalling Equations (4.2.7) and (4.2.13), the correlation between 𝑊𝐺

𝑡 and 𝑊 𝜇

𝑡 is determined by
𝜌𝐺,𝜇 as follows

𝜌𝐺,𝜇 =
𝜌
𝐺,𝜇

− 𝜌
𝑟,𝐺

· 𝜌𝑟,𝜇√︃
(1 − 𝜌2

𝑟,𝐺
) (1 − 𝜌2

𝑟,𝜇)
.

3We assume that the correlation matrix is positive-definite.
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So, Equation (4.2.13) is expressed as

𝑊
𝜇
𝑡 = 𝜌𝑟,𝜇 ·𝑊𝑟

𝑡 + 𝜌𝐺,𝜇 ·
√︃

1 − 𝜌2
𝑟,𝜇 ·𝑊

𝐺

𝑡 +
√︃
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇) ·𝑊

𝜇

𝑡 , (4.2.14)

where𝑊𝑟
𝑡 ,𝑊

𝐺

𝑡 and𝑊
𝜇

𝑡 are uncorrelated Brownian motions.

Again, recalling Equations (4.2.8) and (4.2.14), the correlation between𝑊
𝐻

𝑡 and𝑊
𝜇

𝑡 is determined
by 𝜌𝐻,𝜇 as follows

𝜌𝐻,𝜇 =
𝜌
𝐻,𝜇

− 𝜌
𝑟,𝐻

· 𝜌𝑟,𝜇 − 𝜌𝐺,𝐻 · 𝜌𝐺,𝜇
√︃
(1 − 𝜌2

𝑟,𝐻
) (1 − 𝜌2

𝑟,𝜇)√︃
(1 − 𝜌2

𝑟,𝐻
) (1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝐻) (1 − 𝜌2

𝐺,𝜇)
.

Consequently, we write Equation (4.2.14) as follows

𝑊
𝜇
𝑡 = 𝜌𝑟,𝜇 ·𝑊𝑟

𝑡 + 𝜌𝐺,𝜇 ·
√︃

1 − 𝜌2
𝑟,𝜇 ·𝑊

𝐺

𝑡 + 𝜌𝐻,𝜇 ·
√︃
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇) ·𝑊

𝐻

𝑡

+
√︂
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇) (1 − 𝜌

2
𝐻,𝜇) ·𝑊

𝜇

𝑡 .

(4.2.15)

Eventually, we exhibit the dynamic of the intensity of the mortality 𝜇𝑥 (𝑡), under Q, with indepen-
dent Brownian motions:

d𝜇𝑥 (𝑡) = 𝑏 (𝜉𝑡 − 𝜇𝑥 (𝑡)) d𝑡 + 𝜎𝜇 𝜌𝑟,𝜇 d𝑊𝑟
𝑡 + 𝜎𝜇 𝜌𝐺,𝜇

√︃
1 − 𝜌2

𝑟,𝜇 d𝑊𝐺

𝑡

+ 𝜎𝜇 𝜌𝐻,𝜇 ·
√︃
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇) d𝑊

𝐻

𝑡 + 𝜎𝜇

√︂
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇) (1 − 𝜌

2
𝐻,𝜇) d𝑊

𝜇

𝑡 ,

where 𝑊𝑟
𝑡 is the noise associated with the interest rate, 𝑊𝐺

𝑡 is the specific risk associated with the

insurer’s general fund that is independent of the interest rate, 𝑊
𝐻

𝑡 is the risk of the investment fund

that is not correlated with the interest rate and with the general fund, and finally, 𝑊
𝜇

𝑡 is the specific
noise associated with mortality that is not correlated with the finance.

4.3 Design of the basic contract
We extend the model of Hanna et al. [18] to include stochastic interest rates and mortality risks. As
a result, we have chosen a pure endowment life insurance contract with a single premium 𝑃 paid
at inception as the basic contract in order to examine the effect of mortality on the entire contract;
However, we will look at other alternative forms of contracts in Section 4.5.

In a pure endowment type of policy, the insurer commits to pay the policyholder the sum assured
if he survives to the end of the policy term. The sum assured is paid in a single instalment as a lump
sum at the policy’s maturity 𝑇 > 0.

The insurance company invests the customers’ contributions in a mixed contract such that a part
𝜋 ∈ ]0, 1] of the premium is invested in a participating life insurance contract with participation in the
financial profits on the investments of the company, and the remaining part 1 − 𝜋 is invested in a pure
unit-linked contract. In the participating part, we look first at the guarantee at maturity, so the basic
contract that we study in Section 4.4 is a maturity guarantee contract. An annual guarantee contract
will be considered as a generalization in Section 4.5.

The structure of the mixed contract as well as the mentioned sub-contracts are discussed in detail



82
Chapter 4. Valuation of mixed life insurance contracts under stochastic correlated mortality and

interest rates

in Hanna et al. [18]. Shortly, the participating contract invests in the fund 𝐺 defined in Section 4.2.1,
and as is known, this type of contract guarantees the protection of the asset and provides the insured
with a surplus return on top of the guaranteed benefit. So, the total return on the participating fund is
the guaranteed interest rate in addition to a surplus return.

On the other side, the pure unit-linked contract invests in the investment fund 𝐻 without any
guarantee and is subject to a continuous guarantee fee 𝜀 ∈ R+ to form a new process 𝐹 such that
𝐹𝑡 := 𝑒−𝜀𝑡 · 𝐻𝑡 and given by:

d𝐹𝑡 = (𝑟𝑡 − 𝜀) 𝐹𝑡 d𝑡 + 𝜎𝐻 𝜌𝑟,𝐻 𝐹𝑡 d𝑊
𝑟
𝑡 + 𝜎𝐻 𝜌𝐺,𝐻

√︃
1 − 𝜌2

𝑟,𝐻
𝐹𝑡 d𝑊

𝐺

𝑡

+ 𝜎𝐻

√︃
(1 − 𝜌2

𝑟,𝐻
) (1 − 𝜌2

𝐺,𝐻) 𝐹𝑡 d𝑊
𝐻

𝑡 , 𝐹0 = 1, 𝜀 ≥ 0, 𝑡 ∈ [0, 𝑇] .

We focus in the following on the fair valuation of the mixed contract, where the guarantee is given
only at maturity and so the financial profit, under a stochastic interest rate and a stochastic mortality.

In order to price and evaluate the contract, the insurance company relies on two basis. The first-
order basis is the basis for the pricing and computation of the premium. More precisely, this is what
the insurer guarantees to the client: an interest rate 𝑖 and a life table 𝑇 𝑝𝑥 . However, for the provision,
the insurer uses a second-order basis to compute the real valuation and check if the contract is fair
across all the parameters. These two basis are discussed further below, where we link the first-order
and second-order basis to the retrospective and prospective reserves, respectively.

1. The retrospective reserve that corresponds to the initial reserve (which is the initial premium)
is capitalized to the maturity of the policy. The capitalization is based on the total returns of the
participating and risky funds.
As a result, the initial retrospective reserve is equal to the premium, so 𝑉0 = 𝑃, and the final
retrospective reserve is equal to the benefit at maturity and is written as follows:

𝑉𝑇 =
𝑃

𝑇 𝑝𝑥
·
[
𝜋 ·

(
(1 + 𝑖)𝑇 + 𝛽 ·

(
𝐺𝑇

𝐺0
−

(
1 + (1 + 𝑖)𝑇 − 1

𝛽

))+)
+ (1 − 𝜋) · 𝐹𝑇

𝐹0

]
, (4.3.1)

where 𝑖 is the annual guaranteed interest rate, 𝛽 ∈ [0, 1] is the participation level, assumed to
be constant over time, and 𝑇 𝑝𝑥 is the probability, knowing that one is alive at age 𝑥, of still being
alive after 𝑇 years. It is a tariff rate that arises from a deterministic life table (first-order basis).
This probability is used only for pricing, to somehow share the part of the people dying with
the others surviving until maturity4. We point out that no payments, apart from the premium,
occur until the maturity of the contract.
In summary, Equation (4.3.1) represents the final reserve, which is the initial premium invested
in the different financial instruments, taking into account the initial guaranteed probability of
survival.

2. The prospective reserve, which is the fair valuation price, is equal to the risk-neutral expectation
of the discounted final retrospective reserve, taking into account the real mortality. So, the fair
value at 𝑡 is written as:

𝐹𝑉𝑡 = EQ
[
𝑒−

∫ 𝑇

𝑡
𝑟𝑠d𝑠 · 𝑒−

∫ 𝑇

𝑡
𝜇𝑥 (𝑠)d𝑠 · 𝑉𝑇 |M𝑡

]
.

So, the contract is fairly priced if

𝐹𝑉0 = 𝑃 = 𝑉0.

4𝑇 𝑝𝑥 is a tariff basis that does not necessarily correspond to the real best estimate of mortality defined by 𝑝𝑥 (0, 𝑇) in
Equation (4.2.11) for 𝑡 = 0.
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4.4 Valuation of the basic contract
As previously mentioned, the dependence between the financial markets and demographic trends is
a very important aspect to examine nowadays. According to several papers (see, e.g., Devolder &
Azizieh [13] and Bernard et al. [5]), the intuitive way to price life insurance contracts in a stochastic
environment is to use the change of measure technique, as it is consistent with finance. The advantage
of this technique in our framework is that different changes of numéraire can be applied.

To price the basic contract, we split Equation (4.3.1) into three components as follows:

𝑉𝑇 =
𝑃

𝑇 𝑝𝑥
·
[
𝐶𝑖 (𝑇) + 𝐶𝐺 (𝑇) + 𝐶𝐹 (𝑇)

]
,

where,

𝐶𝑖 (𝑇) = 𝜋 · (1 + 𝑖)𝑇 is the guaranteed part,

𝐶𝐺 (𝑇) = 𝜋 · 𝛽 ·
(
𝐺𝑇

𝐺0
− 𝐾

)+
is the profit sharing part,

𝐶𝐹 (𝑇) = (1 − 𝜋) · 𝐹𝑇
𝐹0

is the unit-linked part;

with 𝐾 = 1 + (1 + 𝑖)𝑇 − 1
𝛽

.

The valuation of these three components is given by these propositions:

Proposition 4.1. The time 0 price of 𝐶𝑖 (𝑇) is derived as follows

𝐶𝑖 (0) = 𝜋 · (1 + 𝑖)𝑇 · 𝑃(0, 𝑇) · 𝑝𝑥 (0, 𝑇) · 𝜌(0, 𝑇),

where,

𝜌(0, 𝑇) = exp
(𝜎𝑟 𝜎𝜇 𝜌𝑟,𝜇

𝜃 · 𝑏 [𝑇 + 𝐵𝑟,𝜇 (0, 𝑇, 𝜃 + 𝑏) − 𝐵𝑟 (0, 𝑇, 𝜃) − 𝐵𝜇 (0, 𝑇, 𝑏)]
)

(4.4.1)

is the term of correlation that arises only from the dependence between the interest rate and the
mortality rate 𝜌𝑟,𝜇,

with 𝐵𝑟,𝜇 (𝑡, 𝑇, 𝜃 + 𝑏) =
1 − 𝑒−(𝜃+𝑏) (𝑇−𝑡)

𝜃 + 𝑏 .

Proposition 4.2. The time 0 price of 𝐶𝐺 (𝑇) is given by the following form

𝐶𝐺 (0) = 𝜋 · 𝛽 · 𝑝𝑥 (0, 𝑇) · 𝜌(0, 𝑇) · 𝑐𝑇0 ,

where,

𝑐𝑇0 = 𝑃(0, 𝑇) ·
[
𝑒𝑚̂𝐺+

𝑣̂𝐺
2 · Φ

( 𝑚̂𝐺 + 𝑣̂𝐺 − ln𝐾
√
𝑣̂𝐺

)
− 𝐾 · Φ

( 𝑚̂𝐺 − ln𝐾
√
𝑣̂𝐺

)]
.

The expectation 𝑚̂𝐺 and the variance 𝑣̂𝐺 are given by:

𝑚̂𝐺 = 𝐸

[
ln

(
𝐺𝑇

𝐺0

)]
= ln

(
1

𝑃(0, 𝑇)

)
−
𝜎2
𝐺

2
· 𝑇 −

𝜎𝐺 𝜎𝑟 𝜌𝑟,𝐺

𝜃
[𝑇 − 𝐵𝑟 (0, 𝑇, 𝜃)]

−
𝜎𝐺 𝜎𝜇 𝜌𝐺,𝜇

𝑏
[𝑇 − 𝐵𝜇 (0, 𝑇, 𝑏)]

−
𝜎𝑟 𝜎𝜇 𝜌𝑟,𝜇

𝜃 · 𝑏 [𝑇 + 𝐵𝑟,𝜇 (0, 𝑇, 𝜃 + 𝑏) − 𝐵𝑟 (0, 𝑇, 𝜃) − 𝐵𝜇 (0, 𝑇, 𝑏)]

− 𝜎2
𝑟

2𝜃2 [𝑇 + 𝐵𝑟 (0, 𝑇, 2𝜃) − 2 𝐵𝑟 (0, 𝑇, 𝜃)]

(4.4.2)
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𝑣̂𝐺 = 𝑉

[
ln

(
𝐺𝑇

𝐺0

)]
= 𝜎2

𝐺 · 𝑇 + 2 ·
𝜎𝐺 𝜎𝑟 𝜌𝑟,𝐺

𝜃
[𝑇 − 𝐵𝑟 (0, 𝑇, 𝜃)]

+ 𝜎2
𝑟

𝜃2 [𝑇 + 𝐵𝑟 (0, 𝑇, 2𝜃) − 2 𝐵𝑟 (0, 𝑇, 𝜃)] .
(4.4.3)

We note that 𝑐𝑇0 is implicitly affected by 𝜌𝑟,𝜇 and 𝜌
𝐺,𝜇

, the correlations between the interest and the
mortality rates and between the fund 𝐺 and the mortality rate, through the expectation term 𝑚̂𝐺 .

Proposition 4.3. The time 0 price of 𝐶𝐹 (𝑇) is obtained as

𝐶𝐹 (0) = (1 − 𝜋) · 𝑝𝑥 (0, 𝑇) · 𝜌
′ (0, 𝑇) · 𝑒−𝜀·𝑇 ,

where,

𝜌
′ (0, 𝑇) = exp

(
−
𝜎𝐻 𝜎𝜇 𝜌𝐻,𝜇

𝑏
[𝑇 − 𝐵𝜇 (0, 𝑇, 𝑏)]

)
(4.4.4)

is the term of correlation that arises from the dependence between the investment fund and the mor-
tality rate.

Therefore, the total valuation of the contract is given by

𝐹𝑉0 = 𝑃 · 𝑝𝑥 (0, 𝑇)
𝑇 𝑝𝑥

·
(
𝜋 · 𝜌(0, 𝑇) · ((1 + 𝑖)𝑇 · 𝑃(0, 𝑇) + 𝛽 · 𝑐𝑇0 ) + (1 − 𝜋) · 𝜌′ (0, 𝑇) · 𝑒−𝜀·𝑇

)
. (4.4.5)

In the following, we display the proofs for these three propositions explicitly:

Proof 4.1. We start by estimating the time 0 price of 𝐶𝑖 (𝑇), so we write:

𝐶𝑖 (0) = EQ
[
𝑒−

∫ 𝑇

0 𝑟𝑠𝑑𝑠 · 𝑒−
∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠 · 𝐶𝑖 (𝑇)
]
.

To solve this expectation, we choose the zero-coupon bond as the numéraire for the T-forward measure
defined from the risk-neutral measure using Girsanov’s theorem as follows:

dQ𝑇

dQ
=
𝑀0
𝑀𝑇

· 𝑃(𝑇,𝑇)
𝑃(0, 𝑇) =

𝑒−
∫ 𝑇

0 𝑟𝑠𝑑𝑠

EQ
[
𝑒−

∫ 𝑇

0 𝑟𝑠𝑑𝑠
]

= exp
(
−𝜎𝑟

∫ 𝑇

0
𝐵𝑟 (𝑠, 𝑇, 𝜃) d𝑊𝑟

𝑠 −
1
2
𝜎2
𝑟

∫ 𝑇

0
𝐵2
𝑟 (𝑠, 𝑇, 𝜃) d𝑠

)
,

where 𝑀𝑡 = 𝑒
∫ 𝑡

0 𝑟𝑠𝑑𝑠 is the risk-free asset known as the money market account.
Therefore, the fair value of 𝐶𝑖 (𝑇), under the T-forward measure, is

𝐶𝑖 (0) = 𝑃(0, 𝑇) · EQ𝑇
[
𝑒−

∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠 · 𝐶𝑖 (𝑇)
]

= 𝜋 · (1 + 𝑖)𝑇 · 𝑃(0, 𝑇) · EQ𝑇
[
𝑒−

∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠
]
.

We can prove that EQ𝑇
[
𝑒−

∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠
]

= 𝑝𝑥 (0, 𝑇) · 𝜌(0, 𝑇), see Appendix 4.A.

Consequently,
𝐶𝑖 (0) = 𝜋 · (1 + 𝑖)𝑇 · 𝑃(0, 𝑇) · 𝑝𝑥 (0, 𝑇) · 𝜌(0, 𝑇). (4.4.6)
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Proof 4.2. We move to the second term of the contract, 𝐶𝐺 (𝑇), and we also compute its value at 0
under the T-forward measure as

𝐶𝐺 (0) = EQ
[
𝑒−

∫ 𝑇

0 𝑟𝑠𝑑𝑠 · 𝑒−
∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠 · 𝐶𝐺 (𝑇)
]

= 𝑃(0, 𝑇) · EQ𝑇
[
𝑒−

∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠 · 𝐶𝐺 (𝑇)
]

= 𝜋 · 𝛽 · 𝑃(0, 𝑇) · EQ𝑇
[(
𝐺𝑇

𝐺0
− 𝐾

)+
· 𝑒−

∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠
]
.

Due to the dependence between the value of financial assets and the mortality rate, we define a new
measure from the T-forward measure called the forward-mortality measure, denoted by Q𝜇. Using
Girsanov’s theorem, the Radon-Nikodym derivative is, in this case

dQ𝜇

dQ𝑇
=

𝑒−
∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠

EQ
𝑇

[
𝑒−

∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠
] .

Under this new measure, the expectation in the valuation of 𝐶𝐺 (𝑇) becomes

EQ
𝑇

[(
𝐺𝑇

𝐺0
− 𝐾

)+
· 𝑒−

∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠
]

= EQ
𝑇
[
𝑒−

∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠
]
· EQ𝜇

[(
𝐺𝑇

𝐺0
− 𝐾

)+]
= 𝑝𝑥 (0, 𝑇) · 𝜌(0, 𝑇) · EQ

𝜇

[(
𝐺𝑇

𝐺0
− 𝐾

)+]
.

We show in Appendix 4.B that

EQ
𝜇

[(
𝐺𝑇

𝐺0
− 𝐾

)+]
= 𝑒𝑚̂𝐺+

𝑣̂𝐺
2 · Φ

(
𝑚̂𝐺 + 𝑣̂𝐺 − ln𝐾

√
𝑣̂𝐺

)
− 𝐾 · Φ

(
𝑚̂𝐺 − ln𝐾

√
𝑣̂𝐺

)
,

where Φ is the cumulative distribution function of a standard normal variable and 𝑚̂𝐺 and 𝑣̂𝐺 are
respectively the expectation and the variance of ln

(
𝐺𝑇

𝐺0

)
under the forward-mortality measure, defined

in Equations (4.4.2) and (4.4.3).
Accordingly, we obtain the fair value of 𝐶𝐺 (𝑇) at 0 as follows:

𝐶𝐺 (0) = 𝜋 · 𝛽 · 𝑝𝑥 (0, 𝑇) · 𝜌(0, 𝑇) · 𝑐𝑇0 , (4.4.7)

where 𝑐𝑇0 = 𝑃(0, 𝑇) ·
[
𝑒𝑚̂𝐺+

𝑣̂𝐺
2 · Φ

(
𝑚̂𝐺+𝑣̂𝐺−ln𝐾√

𝑣̂𝐺

)
− 𝐾 · Φ

(
𝑚̂𝐺−ln𝐾√

𝑣̂𝐺

)]
.

We observe that 𝜌
𝐺,𝜇

, the correlation between the fund 𝐺 and the mortality rate, and 𝜌𝑟,𝜇, the
correlation between the interest and mortality rates, directly influence the expectation term 𝑚̂𝐺 , in
turn implicitly impacting 𝑐𝑇0 .

Proof 4.3. Ultimately, we attempt to price the third term of the contract, 𝐶𝐹 (𝑇). For this as well, we
move first to the T-forward measure, then to the forward-mortality measure:

𝐶𝐹 (0) = EQ
[
𝑒−

∫ 𝑇

0 𝑟𝑠𝑑𝑠 · 𝑒−
∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠 · 𝐶𝐹 (𝑇)
]

= 𝑃(0, 𝑇) · EQ𝑇
[
𝑒−

∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠 · 𝐶𝐹 (𝑇)
]

= (1 − 𝜋) · 𝑃(0, 𝑇) · EQ𝑇
[
𝐹𝑇

𝐹0
· 𝑒−

∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠
]

= (1 − 𝜋) · 𝑃(0, 𝑇) · 𝑝𝑥 (0, 𝑇) · 𝜌(0, 𝑇) · EQ
𝜇

[
𝐹𝑇

𝐹0

]
.
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We prove that 𝑃(0, 𝑇) · 𝜌(0, 𝑇) · EQ𝜇
[
𝐹𝑇
𝐹0

]
= 𝜌′ (0, 𝑇) · 𝑒−𝜀·𝑇 , see Appendix 4.C.

As a result,
𝐶𝐹 (0) = (1 − 𝜋) · 𝑝𝑥 (0, 𝑇) · 𝜌

′ (0, 𝑇) · 𝑒−𝜀·𝑇 , (4.4.8)

where 𝜌′ (0, 𝑇) is the term of correlation that arises from the dependence between the investment fund
and the mortality rate, defined in Equation (4.4.4).

Corollary 4.1. The premium equivalence of the maturity guarantee contract follows from Equation
(4.4.5) under the condition that 𝐹𝑉0 = 𝑃:

𝑝𝑥 (0, 𝑇) ·
[
𝜋 · 𝜌(0, 𝑇) ·

(
𝑃(0, 𝑇) · (1 + 𝑖)𝑇 + 𝛽 · 𝑐𝑇0

)
+ (1 − 𝜋) · 𝜌′ (0, 𝑇) · 𝑒−𝜀·𝑇

]
= 𝑇 𝑝𝑥 , (4.4.9)

where 𝜌(0, 𝑇) and 𝜌′ (0, 𝑇) are the terms of correlation exhibited in Equations (4.4.1) and (4.4.4),
respectively.

This relation establishes a fair connection between all of the parameters, allowing us to create a
fair contract.

It is interesting to shed light, in Equation (4.4.9), on the terms of correlation and their impact on
the guaranteed interest rate and the value of the contract. The two terms of correlation, 𝜌(0, 𝑇) and
𝜌
′ (0, 𝑇), are shown explicitly in Equation (4.4.9). Nevertheless, the term 𝑐𝑇0 is impacted by the term

of correlation that reflects the dependence between the general fund 𝐺 and the mortality rate. For
instance, an increase in the correlation between interest and mortality rates is followed by an increase
in the term of the correlation 𝜌(0, 𝑇) that results in an increase in the price of the contract and a
decrease in the guaranteed interest rate. On the other hand, the increase in the correlation between
the risky fund 𝐻 and the mortality rate leads to a decrease in the term of the correlation 𝜌

′ (0, 𝑇)
that lowers the price of the contract and increases the guaranteed rate 𝑖. This impact of the terms
of correlations on the fair value of contracts could be explained by the fact that moving the interest
rate 𝑟 and the mortality rate 𝜇 in the same direction affects positively the fair value of the product,
whereas moving the fund 𝐻 and the mortality rate 𝜇 in the same direction has a negative effect. Let’s
consider a scenario where both 𝜌𝑟,𝜇 and 𝜌

𝐻,𝜇
are positive. In this situation: when the mortality rate

𝜇 decreases, it leads to an increase in longevity, subsequently raising the cost of the product. On the
other hand, if the interest rate 𝑟 decreases, the discount rate also decreases. This causes the price of
zero-coupon bonds to increase, which in turn raises the cost of the product. This happens because the
insurer needs to allocate more funds to ensure future payouts. Therefore, when both 𝑟 and 𝜇 move in
the same direction, they have a similar effect on the cost of the product. This implies that the positive
sign within the exponential term in 𝜌(0, 𝑇) is justified. Now, if the value of the risky fund 𝐻 decreases,
it directly impacts the value of the investment. This results in a decrease in the cost of the product. A
lower value in the risky fund means fewer funds are required to cover potential payoffs. As a result,
when both 𝜇 and 𝐻 move in the same direction, they have opposing effects on the cost of the product.
This implies that the negative sign within the exponential term in 𝜌′ (0, 𝑇) is justified.

4.5 Other forms of pension products
In Sections 4.3 and 4.4, we have seen a product with longevity conditions on the two parts, which
is a combination of two pure endowments, one for the participating product and the other for the
unit-linked product. In this section, we consider other kinds of products and derive explicitly the
premium equivalence of each product.
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1. Pure financial product:

This form of product is a direct generalization of Hanna et al. [18] in which no mortality is
introduced; however, a stochastic interest rate is considered. So, this case can be simply extracted
from Equation (4.4.9) by ignoring the presence of the mortality element in the life insurance
contract. This leads to the following fair relation:

𝜋 ·
(
𝑃(0, 𝑇) · (1 + 𝑖)𝑇 + 𝛽 · 𝐶 ′𝑇

0

)
+ (1 − 𝜋) · 𝑒−𝜀·𝑇 = 1, (4.5.1)

where 𝐶 ′𝑇
0 = Φ

(
− ln(𝐾) − ln(𝑃(0, 𝑇)) + 𝑣̂𝐺

2√
𝑣̂𝐺

)
− 𝐾 · 𝑃(0, 𝑇) · Φ

(
− ln(𝐾) − ln(𝑃(0, 𝑇)) − 𝑣̂𝐺

2√
𝑣̂𝐺

)
is the time 0 value of a 𝑇-year European call option under stochastic interest rate.

Relation (4.5.1) is similar to the result obtained in Hanna et al. [18]. The only difference lies in
the price of a zero coupon and the call option, which are now valued with a stochastic interest
rate instead of a constant interest rate.

2. Combination of pure endowment and pure investment product:

This kind of product entails paying the sum assured on the participating part of the contract if
the policyholder survives to the end of the policy term, in addition to the return of the investment
fund on the risky part (minus the guarantee fee) at the end of the year of death or at maturity if
he survives to that point. In this kind of contract, the terminal cash flow is written as follows:

𝑉𝑇 =
𝑃

𝑇 𝑝𝑥
·
[
𝜋 ·

(
(1 + 𝑖)𝑇 + 𝛽 ·

(
𝐺𝑇

𝐺0
−

(
1 + (1 + 𝑖)𝑇 − 1

𝛽

))+)]
+ (1 − 𝜋) · 𝑃 · 𝐹𝑇

𝐹0
. (4.5.2)

Compared to the cash flow of Equation (4.3.1), the risky part of Relation (4.5.2) is not affected
by survival probabilities.

Proposition 4.4. The total valuation of this contract is given by:

𝐹𝑉0 = 𝜋 · 𝑃 · 𝑝𝑥 (0, 𝑇)
𝑇 𝑝𝑥

· 𝜌(0, 𝑇) ·
(
𝑃(0, 𝑇) · (1 + 𝑖)𝑇 + 𝛽 · 𝑐𝑇0

)
+ (1 − 𝜋) · 𝑃 ·

(
𝑝𝑥 (0, 𝑇) · 𝜌

′ (0, 𝑇) · 𝑒−𝜀·𝑇

+
𝑇−1∑︁
𝑗=0

[
𝑝𝑥 (0, 𝑗) · 𝜌

′ (0, 𝑗) − 𝑝𝑥 (0, 𝑗 + 1) · 𝜌′ (0, 𝑗 + 1)
]
· 𝑒−𝜀( 𝑗+1)

)
.

(4.5.3)

Proof 4.4. The fair valuation of 𝑉𝑇 is expressed as follows:

𝐹𝑉0 = EQ
[
𝑉𝑇 · 𝑒−

∫ 𝑇

0 𝑟𝑠𝑑𝑠 · 𝑒−
∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠 |M0

]
+ EQ

[
(1 − 𝜋) · 𝑃 ·

𝑇−1∑︁
𝑗=0

𝐹𝑗+1

𝐹0
· 𝑒−

∫ 𝑗+1
0 𝑟𝑠𝑑𝑠

(
𝑒−

∫ 𝑗

0 𝜇𝑥 (𝑠)𝑑𝑠 − 𝑒−
∫ 𝑗+1
0 𝜇𝑥 (𝑠)𝑑𝑠

)
|M0

]
,

where the second expectation takes into account the payment of the investment fund in case of
death between the start of the contract and the maturity date. We divide this expectation into
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two halves and write down the fair value:

𝐹𝑉0 = EQ
[
𝑉𝑇 · 𝑒−

∫ 𝑇

0 𝑟𝑠𝑑𝑠 · 𝑒−
∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠 |M0

]
+ (1 − 𝜋) · 𝑃 ·

𝑇−1∑︁
𝑗=0
EQ

[
𝐹𝑗+1

𝐹0
· 𝑒−

∫ 𝑗+1
0 𝑟𝑠𝑑𝑠 · 𝑒−

∫ 𝑗

0 𝜇𝑥 (𝑠)𝑑𝑠 |M0

]
− (1 − 𝜋) · 𝑃 ·

𝑇−1∑︁
𝑗=0
EQ

[
𝐹𝑗+1

𝐹0
· 𝑒−

∫ 𝑗+1
0 𝑟𝑠𝑑𝑠 · 𝑒−

∫ 𝑗+1
0 𝜇𝑥 (𝑠)𝑑𝑠 |M0

]
.

The computations of the three expectations are detailed in Appendix 4.D, which allows us to
obtain the following result:

𝐹𝑉0 = 𝜋 · 𝑃 · 𝑝𝑥 (0, 𝑇)
𝑇 𝑝𝑥

· 𝜌(0, 𝑇) ·
(
𝑃(0, 𝑇) · (1 + 𝑖)𝑇 + 𝛽 · 𝑐𝑇0

)
+ (1 − 𝜋) · 𝑃 ·

(
𝑝𝑥 (0, 𝑇) · 𝜌

′ (0, 𝑇) · 𝑒−𝜀·𝑇

+
𝑇−1∑︁
𝑗=0

[
𝑝𝑥 (0, 𝑗) · 𝜌

′ (0, 𝑗) − 𝑝𝑥 (0, 𝑗 + 1) · 𝜌′ (0, 𝑗 + 1)
]
· 𝑒−𝜀( 𝑗+1)

)
.

Corollary 4.2. The premium equivalence of a maturity guarantee contract under this special
combination of products is given as follows:

𝜋 · 𝑝𝑥 (0, 𝑇)
𝑇 𝑝𝑥

· 𝜌(0, 𝑇) ·
(
𝑃(0, 𝑇) · (1 + 𝑖)𝑇 + 𝛽 · 𝑐𝑇0

)
+ (1 − 𝜋) ·

(
𝑝𝑥 (0, 𝑇) · 𝜌′ (0, 𝑇) · 𝑒−𝜀·𝑇

+
𝑇−1∑︁
𝑗=0

[
𝑝𝑥 (0, 𝑗) · 𝜌′ (0, 𝑗) − 𝑝𝑥 (0, 𝑗 + 1) · 𝜌′ (0, 𝑗 + 1)

]
· 𝑒−𝜀( 𝑗+1)

)
= 1.

(4.5.4)

Relation (4.5.4) gives a fair condition between all the parameters and differs from Equation
(4.4.9) in the fact that the insured has the right to a return on the risky part if he dies before
the maturity of the contract. We note that even if the final benefit is independent of mortality
(Relation (4.5.2)), we can observe here that the valuation of the unit-linked part depends on the
survival probabilities, and this is induced by the effect of the guarantee fee 𝜀 because by setting
𝜀 = 0, we obtain 1 as the value of the unit-linked fund.

3. Annual guarantee:

We recall our basic contract in which we combine two pure endowments; but in this form of
contract, we look at the guarantee and the financial profit each year and not only at maturity,
so we can distinguish between a rebalanced and a non-rebalanced portfolio. This means that
we either create an automatic link between the participating and unit-linked accounts or that
the proportion 𝜋 invested in the participating part stays constant throughout the duration of the
contract.
The terminal cash flow of a non-rebalanced contract (in which the proportion 𝜋 is invested in
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the participating part at the beginning of the contract and no further action is taken) is written
as follows:

𝑉𝑇 =
𝑃

𝑇 𝑝𝑥
·
[
𝜋 ·

𝑇∏
𝑡=1

(
1 + 𝑖 + (𝛽 · 𝑔𝑡 − 𝑖)+

)
+ (1 − 𝜋) ·

𝑇∏
𝑡=1

𝐹𝑡

𝐹𝑡−1

]
, (4.5.5)

however, the terminal cash flow of a rebalanced contract (in which the investment share is
rebalanced so that, once more, the constant proportion 𝜋 is invested in the participating contract
each year) is written as follows:

𝑉𝑇 =
𝑃

𝑇 𝑝𝑥
·
𝑇∏
𝑡=1

[
𝜋 ·

(
1 + 𝑖 + (𝛽 · 𝑔𝑡 − 𝑖)+

)
+ (1 − 𝜋) · 𝐹𝑡

𝐹𝑡−1

]
. (4.5.6)

Following the same logic as Section 4.4, we use the change of measure technique to compute
the real valuation of Equations (4.5.5) and (4.5.6) at the inception of the contract.

Proposition 4.5. The total valuations of annual guarantee contracts without and with rebal-
ancing are given, respectively, by Equations (4.5.7) and (4.5.8):

𝐹𝑉0 = 𝑃 · 𝑝𝑥 (0, 𝑇)
𝑇 𝑝𝑥

·
[
𝜋 ·𝑃(0, 𝑇) ·𝜌(0, 𝑇) ·EQ𝜇

[ 𝑇∏
𝑡=1

(
1+𝑖+(𝛽 ·𝑔𝑡−𝑖)+

)]
+ (1−𝜋) ·𝜌′ (0, 𝑇) ·𝑒−𝜀𝑇

]
(4.5.7)

𝐹𝑉0 = 𝑃 · 𝑝𝑥 (0, 𝑇)
𝑇 𝑝𝑥

·𝑃(0, 𝑇) ·𝜌(0, 𝑇) ·EQ𝜇

[
𝑇∏
𝑡=1

[
𝜋 ·

(
1+𝑖+(𝛽 ·𝑔𝑡−𝑖)+

)
+ (1−𝜋) · 𝐹𝑡

𝐹𝑡−1

] ]
. (4.5.8)

Proof 4.5. The fair valuation of Equations (4.5.5) and (4.5.6) is stated as follows:

𝐹𝑉0 = EQ
[
𝑉𝑇 · 𝑒−

∫ 𝑇

0 𝑟𝑠𝑑𝑠 · 𝑒−
∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠 |M0

]
= 𝑃(0, 𝑇) · 𝑝𝑥 (0, 𝑇) · 𝜌(0, 𝑇) · EQ

𝜇
[
𝑉𝑇

]
.

(4.5.9)

This is obtained by applying the change of measures defined in Section 4.4; from the risk-neutral
measure to a T-forward measure, then to a forward-mortality measure.

For the rebalanced contract, it is not possible to go further because of the dependence between
the annual returns of the funds 𝐺 and 𝐹. Thus, the fair value of the non-rebalanced contract
(4.5.5) follows from Equation (4.5.9):

𝐹𝑉0 = 𝑉0 · 𝑃(0, 𝑇) ·
𝑝𝑥 (0, 𝑇)
𝑇 𝑝𝑥

· 𝜌(0, 𝑇) ·
[
𝜋 · EQ𝜇

[ 𝑇∏
𝑡=1

(
1 + 𝑖 + (𝛽 · 𝑔𝑡 − 𝑖)+

)]
+ (1 − 𝜋) · EQ𝜇

[ 𝑇∏
𝑡=1

𝐹𝑡

𝐹𝑡−1︸    ︷︷    ︸
= 𝐹𝑇

𝐹0

] ]
.

Due to the dependence between the annual returns of the fund 𝐺, the term EQ𝜇

[ 𝑇∏
𝑡=1

(
1 + 𝑖 + (𝛽 ·

𝑔𝑡 − 𝑖)+
)]

could not be solved explicitly. However, the second term EQ𝜇

[
𝐹𝑇

𝐹0

]
gives, referring to
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the computations in Section 4.4,
𝜌
′ (0, 𝑇) · 𝑒−𝜀𝑇

𝜌(0, 𝑇) · 𝑃(0, 𝑇) .

Corollary 4.3. The fairness relations of annual guarantee contracts without and with rebalanc-
ing are given, respectively, in Equations (4.5.10) and (4.5.11):

𝑝𝑥 (0, 𝑇)
[
𝜋 · 𝑃(0, 𝑇) · 𝜌(0, 𝑇) · EQ𝜇

[ 𝑇∏
𝑡=1

(
1 + 𝑖 + (𝛽 · 𝑔𝑡 − 𝑖)+

)]
+ (1 − 𝜋) · 𝜌′ (0, 𝑇) · 𝑒−𝜀·𝑇

]
= 𝑇 𝑝𝑥

(4.5.10)

𝑝𝑥 (0, 𝑇) ·𝑃(0, 𝑇) · 𝜌(0, 𝑇) ·EQ
𝜇

[
𝑇∏
𝑡=1

[
𝜋 ·

(
1+𝑖+ (𝛽 ·𝑔𝑡−𝑖)+

)
+ (1−𝜋) · 𝐹𝑡

𝐹𝑡−1

] ]
= 𝑇 𝑝𝑥 . (4.5.11)

We state in the following some special cases deducted directly from Equation (4.4.9) of our basic
contract:

Remark 1. (Independence finance-mortality). We assume independence between the financial and
mortality elements. In many studies, this case is considered when pricing a life insurance contract for
ease of computation on the one hand and assuming that a correlation between the demographic trend
and the financial market is almost negligible in the absence of an actual pandemic on the other.

Practically, the independence leads to 𝜌(0, 𝑇) = 𝜌
′ (0, 𝑇) = 1, resulting in a fair relation of the

form

𝑝𝑥 (0, 𝑇) ·
[
𝜋 ·

(
𝑃(0, 𝑇) · (1 + 𝑖)𝑇 + 𝛽 · 𝐶 ′𝑇

0

)
+ (1 − 𝜋) · 𝑒−𝜀·𝑇

]
= 𝑇 𝑝𝑥 , (4.5.12)

where 𝐶 ′𝑇
0 = Φ

(− ln 𝑃(0,𝑇) + 𝑣̂𝐺
2 − ln𝐾√

𝑣̂𝐺

)
− 𝐾 · 𝑃(0, 𝑇) · Φ

(− ln 𝑃(0,𝑇) − 𝑣̂𝐺
2 − ln𝐾√

𝑣̂𝐺

)
.

Remark 2. (Pure endowment contract without participation). Another special case is presented as a
comparison of the type of pure endowment for a classic life insurance contract, between a classical
valuation and a stochastic framework.

The classical actuarial valuation of a pure endowment without profit sharing (𝜋 = 1, 𝛽 = 0) is:

𝑇𝐸𝑥 =
1

(1 + 𝑖)𝑇
· 𝑇 𝑝𝑥 .

However, under the framework of this chapter, the valuation of the classical product becomes:

𝐹𝑉 = 𝑃(0, 𝑇) · 𝑝𝑥 (0, 𝑇) · 𝜌(0, 𝑇),
in which case we need three factors instead of two to represent the correlation between financial and
longevity risks.

4.6 Numerical illustrations
In this section, we present some numerical applications for Equations (4.4.9), (4.5.4), (4.5.12) and
(4.5.1) to compute the fair guaranteed interest rate 𝑖, and we attempt to compare these results to Hanna
et al. [18] after accounting for stochastic interest rates and mortality rates. In this framework, we will
find solutions for fairness relations with respect to 𝑖 based on different values of the investment share
𝜋.

So, we consider a pure endowment contract, and we display in Table 4.1 the parameter values
chosen to be used in this section.
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Parameters Symbols Contract Parameters Symbols Market
Parameters Parameters

Maturity 𝑇 15 G-volatility 𝜎𝐺 3%

Initial age 𝑥 50 H-volatility 𝜎𝐻 15%

Survival probability 𝑇 𝑝𝑥 0.957453645

Parameters Symbols Interest Rates Parameters Symbols Mortality
Parameters Parameters

Interest Rate 𝜎𝑟 0.8% Mortality 𝜎𝜇 0.0519610%
volatility volatility

Speed of mean 𝜃 15% Speed of mean 𝑏 13.8550587%
reversion reversion

Initial interest 𝑟0 0.5% Initial mortality 𝜇𝑥 (0) 0.2600332%
rate force

Table 4.1: Model parameters’ values.

We point out that we chose low and high volatility levels for the two funds 𝐺 and 𝐻, respectively,
using values from the paper by Hanna et al. [18]. Moreover, based on the same paper, we use as an
example a participation level of 𝛽 = 70% and a guarantee fee of 𝜀 = 0.25% for the valuation of the
contract.

In order to simulate the price of a zero-coupon bond 𝑃(0, 𝑇) in Equation (4.2.2), the calibration of
the instantaneous forward rate 𝑓 (0, 𝑇) is given by the restricted exponential model defined by Cairns
[9]:

𝑓 (0, 𝑡) = 𝛽0 +
𝑛∑︁
𝑗=1

𝛽 𝑗 · 𝑒−𝑐 𝑗 𝑡 .

We fitted this model to the curve of Belgian zero-coupon rates on January 6, 2021, by using non-linear
regression through the non-linear least squares function; we use a virtual adjustment with 𝑛 = 3 and
the following values for the parameters 𝛽 𝑗 and 𝑐 𝑗 :

𝛽0 = −0.0039, 𝛽1 = 0.001, 𝛽2 = −0.0165, 𝛽3 = 0.012, 𝑐1 = 0.1385, 𝑐2 = 0.0385
and 𝑐3 = −0.02.

Regarding the simulation of the survival probability 𝑝𝑥 (0, 𝑇) in Equation (4.2.12), we refer to
Zeddouk & Devolder [28], which states that the target is given by the Gompertz law with the following
expression:

𝜉𝑡 =
𝐴

𝑏
𝑒𝐵𝑡 ,

where 𝐴 and 𝐵 are two strictly positive constants and refer, respectively, to the baseline mortality
at age 𝑥 and the senescent component. Zeddouk & Devolder [28] show that using a mean-reverting
model with an exponential target consistent with Gompertz law is appropriate for describing mortality

5The numbers of survivals at the corresponding ages are based on the Belgian official XR table, for 1 million of births.
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over time, as they confirm its adequacy.
We note that the optimal parameters for the mortality model chosen in Table 4.1 are derived from the
calibration performed by Zeddouk & Devolder [28], with an initial age of 𝑥 = 50 and considering gen-
eration 1970. We add to these parameters the values of 𝐴 and 𝐵, which are, respectively, 0.000307570
and 0.100627916.

We note that in the first three subsections, we analyze the results of Equation (4.4.9).

4.6.1 The effect of the correlation parameters
To study the correlation parameters clearly, we display graphically the effect of each parameter on the
fair guaranteed rates. We assume that the insurer invests equal parts in the participating and the unit-
linked contracts (𝜋 = 50%). In this setting, we study each parameter separately by putting the two other
correlation parameters at zero and varying the one in question in the range of values [−20%, 20%].
We note that, in the case where 𝜌𝑟,𝜇 is different from zero, we have an indirect correlation between
the funds 𝐺 and 𝐹 and the mortality through the interest rate by imposing 𝜌

𝐺,𝜇
= 𝜌𝑟,𝜇 · 𝜌𝑟,𝐺 and

𝜌
𝐻,𝜇

= 𝜌𝑟,𝜇 · 𝜌𝑟,𝐻 .
The first graph in Figure 4.1 shows a decreasing effect on the guaranteed rate since for 𝜌𝑟,𝜇 ∈

[−20%, 20%], the guaranteed interest rate 𝑖 takes values between [0.473%, 0.479%]. So, a negative
correlation between interest and mortality rates boosts the guaranteed rate.

In contrast to the effect of 𝜌𝑟,𝜇, the guaranteed interest rate 𝑖 remains relatively stable for the
different values of 𝜌

𝐺,𝜇
and increases with the increase of 𝜌

𝐻,𝜇
, as shown in the second and third

graphs in Figure 4.1. Clearly, 𝜌
𝐺,𝜇

has no significant impact on 𝑖 that takes values between 0.476%
and 0.477%, whereas 𝜌

𝐻,𝜇
has a greater impact since the values of 𝑖 emerge between 0.467% and

0.485%. As a result, stronger and positive correlations between the fund 𝐻 and the mortality rate
improve the guarantee on the participating part.
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Figure 4.1: Effect of the different correlation parameters.

The empirical evidence provided by Dacorogna & Cadena [11] to explain the change in the financial
market due to the mortality factor shows that the influence is quite weak in a normal situation and
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that the correlation between interest rates and mortality rates is higher in most countries than the
correlation between stocks and the mortality index. For this reason, it is worth noting that the values
of the correlation parameters, 𝜌𝑟,𝜇, 𝜌𝐺,𝜇, and 𝜌

𝐻,𝜇
, are chosen relatively small, with 𝜌𝑟,𝜇 > 𝜌

𝐺,𝜇
and

𝜌
𝐻,𝜇

. Therefore, we state in the following subsections that |𝜌𝑟,𝜇 | = 7% and |𝜌
𝐺,𝜇

| = |𝜌
𝐻,𝜇

| = 5%.

4.6.2 Sign sensitivity
Table 4.2 shows the sensitivity of the signs of the correlation parameters to the fair guaranteed rates
𝑖. We assume that the allocation level 𝜋 is equal to 50% and that 𝜌𝑟,𝜇, 𝜌𝐺,𝜇 and 𝜌

𝐻,𝜇
are equal, in

absolute value, to 7%, 5% and 5%, respectively, where each row in the table indicates the sign of these
parameters. For instance, the sign "+" under 𝜌𝑟,𝜇 means that 𝜌𝑟,𝜇 = +7%, while the sign "−" means
that 𝜌𝑟,𝜇 = −7%. Moreover, the relations 𝜌

𝐺,𝜇
= 𝜌𝑟,𝜇 · 𝜌𝑟,𝐺 and 𝜌

𝐻,𝜇
= 𝜌𝑟,𝜇 · 𝜌𝑟,𝐻 in Table 4.2 imply

that the correlation between the funds and the mortality rate arises only from their correlations with
the interest rate.

We observe an increase in the fair guaranteed rate by switching to a negative correlation between
the interest and mortality rates and a positive correlation between the funds and the mortality rate.
In fact, a negative correlation between the two risk factors 𝑟 and 𝜇 operates as a hedging mechanism
against the overall unpredictability of the contract, which reduces its price and increases the guaranteed
rate.

From this analysis, we present two central scenarios for the correlation parameters, and we find
the combination of signs for the three parameters that gives the lowest as well as the highest values for
the guaranteed rates 𝑖 that maintain the fair relation of the maturity guarantee determined by Equation
(4.4.9). The results are illustrated in Table 4.3.

|𝜌𝑟,𝜇 | = 7%, |𝜌
𝐺,𝜇

| = 5%, |𝜌
𝐻,𝜇

| = 5%,

𝜌
𝑟,𝐺

= −20%, 𝜌
𝑟,𝐻

= −15%, 𝜋 = 50%

𝜌𝑟,𝜇 𝜌
𝐺,𝜇

𝜌
𝐻,𝜇

𝑖(%)

+ 𝜌𝑟,𝜇 · 𝜌𝑟,𝐺 𝜌𝑟,𝜇 · 𝜌𝑟,𝐻 0.475

+ + + 0.478

+ − − 0.473

− 𝜌𝑟,𝜇 · 𝜌𝑟,𝐺 𝜌𝑟,𝜇 · 𝜌𝑟,𝐻 0.477

− + + 0.479

− − − 0.474

Table 4.2: Fair guaranteed rates 𝑖 (expressed in %) depending on the sign of the correlation parameters.

The first and third columns of Table 4.3 are two central scenarios since they indicate the signs of the
set of correlations (𝜌𝑟,𝜇, 𝜌𝐺,𝜇, 𝜌𝐻,𝜇) that give the lowest and highest fair guaranteed rates. However,
the middle column refers to the case of independence between mortality and financial elements, for
which we recall Equation (4.5.12). We notice that the highest values of guaranteed rates are obtained
by considering a negative correlation between interest and mortality rates together with positive values
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𝜌
𝑟,𝐺

= −20%

𝜌𝑟,𝜇 = 7% 𝜌𝑟,𝜇 = 0% 𝜌𝑟,𝜇 = −7%
𝜌
𝐺,𝜇

= −5% 𝜌
𝐺,𝜇

= 0% 𝜌
𝐺,𝜇

= 5%
𝜋 𝜌

𝐻,𝜇
= −5% 𝜌

𝐻,𝜇
= 0% 𝜌

𝐻,𝜇
= 5%

0.10 2.700 2.711 2.722
0.30 0.978 0.983 0.987
0.50 0.473 0.476 0.479
0.70 0.175 0.178 0.180
1.00 -0.144 -0.142 -0.141

Table 4.3: Fair guaranteed rates 𝑖 (expressed in %) for three extreme scenarios of the correlations.

between equities and mortality rates, which is in line with the graphs in Figure 4.1. However, the
impact of the correlation parameters is not significant with respect to the case where no correlation is
considered, especially with a higher investment in the participating part.

In addition, we observe in Table 4.3 that the guaranteed rates increase the more we invest in the
risky fund. So, the results show that a mixed product is preferred over a participating life insurance
product in terms of the guaranteed interest rate, regardless of the values of the correlation parameters.

4.6.3 Sensitivity analysis with respect to the volatility of mortality 𝜎𝜇
The weak effect of the correlation parameters is due to the choice of very small values for the volatilities.
Hence, we are interested in showing how the volatility 𝜎𝜇 affects a product with a dependency between
financial and mortality elements and another where no dependency is taken into account. A higher
choice of volatility has an influence on the terms of correlation that, in turn, make all the difference.

 

Volatility of the mortality rate 

0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 

Dependence case 

Independence case 

Figure 4.2: Sensitivity of the volatility 𝜎𝜇.

Figure 4.2 displays the fair guaranteed rates of a maturity guarantee product with and without
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dependence between financial and mortality elements for different values of the volatility 𝜎𝜇 by
investing equal parts in the participating and the unit-linked contracts (𝜋 = 50%). The values of
the correlation parameters used in the dependence case are as follows: 𝜌𝑟,𝜇 = −7%, 𝜌

𝐺,𝜇
= 5% and

𝜌
𝐻,𝜇

= 5%. The graph proves that by increasing the volatility, the impact on the fair guaranteed
rates becomes more and more important, and consequently, taking the dependency into account in
the model is more prudent. In Table 4.4, we compare the fair guaranteed rates for the three extreme
correlation scenarios with two different volatility levels, 𝜎𝜇 = 0.05% and 𝜎𝜇 = 0.5%.

𝜌
𝑟,𝐺

= −20%

𝜎𝜇 = 0.05% 𝜎𝜇 = 0.5%

𝜌𝑟,𝜇 = 7% 𝜌𝑟,𝜇 = 0% 𝜌𝑟,𝜇 = −7% 𝜌𝑟,𝜇 = 7% 𝜌𝑟,𝜇 = 0% 𝜌𝑟,𝜇 = −7%
𝜌
𝐺,𝜇

= −5% 𝜌
𝐺,𝜇

= 0% 𝜌
𝐺,𝜇

= 5% 𝜌
𝐺,𝜇

= −5% 𝜌
𝐺,𝜇

= 0% 𝜌
𝐺,𝜇

= 5%
𝜋 𝜌

𝐻,𝜇
= −5% 𝜌

𝐻,𝜇
= 0% 𝜌

𝐻,𝜇
= 5% 𝜌

𝐻,𝜇
= −5% 𝜌

𝐻,𝜇
= 0% 𝜌

𝐻,𝜇
= 5%

0.10 2.700 2.711 2.722 2.417 2.524 2.629
0.30 0.978 0.983 0.987 0.844 0.890 0.935
0.50 0.473 0.476 0.479 0.366 0.398 0.430
0.70 0.175 0.178 0.180 0.078 0.102 0.126
1.00 -0.144 -0.142 -0.141 -0.241 -0.226 -0.211

Table 4.4: Fair guaranteed rates 𝑖 (expressed in %) for three extreme scenarios of the correlations
with 𝜎𝜇 = 0.5%.

Table 4.4 shows that with a higher value of 𝜎𝜇, the impact on the fair guaranteed rates is more
significant between these three extreme scenarios; however, the fair guaranteed rates decrease with
increasing volatility, and that’s because with a higher risk, the cost of the guarantee increases, which
decreases the guaranteed rate. In addition, we notice that a positive value of 𝜌𝑟,𝜇 along with negative
values of 𝜌

𝐺,𝜇
and 𝜌

𝐻,𝜇
deliver guaranteed rates that even fall below the case where no correlation is

considered. As a result, the contribution of the correlations inside the model is prudent in terms of
their signs since they can be optimistic as well as pessimistic.

In the following, we would like to present the consequences of taking these two parameters with
the wrong sign or size when pricing the contract. More precisely, we will show the size of the loss in
percentage of the premium in the worst-case scenario.

The first step is to remove any correlation between financial and mortality factors and to look at the
fair guaranteed rate obtained by investing equal shares in both parts of the contract, which is 0.398%,
referring to Table 4.4 (for 𝜎𝜇 = 0.5%). The second step is to include the correlation parameters in
order to measure the size of the loss as a percentage of the premium, which is supposed to be 1000.
Hence, we evaluate the contract again with a guaranteed rate of 𝑖 = 0.398%, but we incorporate the
correlation parameters to look at the level of the provision.

Table 4.5 shows the results for including a correlation between interest and mortality rates and a
correlation between the risky fund 𝐻 and the mortality rate. We note that the integration of 𝜌𝑟,𝜇 and
𝜌
𝐻,𝜇

into the contract is significant because the insurer incurs a loss when the correlation between
finance and mortality is at its worst. In addition, the impact of 𝜌

𝐻,𝜇
is greater as the percentage of loss

on the level of the provision is higher (see first column, Table 4.5).
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𝜋 = 0.50, 𝑖 = 0.398%, 𝜌
𝐺,𝜇

= 𝜌𝑟,𝜇 · 𝜌𝑟,𝐺 , 𝜌
𝑟,𝐺

= −20%, 𝜌
𝑟,𝐻

= −15%

𝜌𝑟,𝜇 0% 5% 7% 10% 15% 20% 50%
𝜌
𝐻,𝜇

𝜌𝑟,𝜇 · 𝜌𝑟,𝐻 0% 0.042% 0.058% 0.084% 0.125% 0.167% 0.420%
−3% 0.070% 0.094% 0.104% 0.119% 0.143% 0.167% 0.314%
−5% 0.117% 0.141% 0.151% 0.166% 0.190% 0.214% 0.361%
−7% 0.164% 0.188% 0.198% 0.213% 0.237% 0.261% 0.408%
−10% 0.235% 0.259% 0.268% 0.283% 0.307% 0.332% 0.478%
−15% 0.352% 0.376% 0.386% 0.401% 0.425% 0.449% 0.596%
−20% 0.470% 0.494% 0.504% 0.519% 0.543% 0.567% 0.714%
−50% 1.184% 1.209% 1.218% 1.233% 1.257% 1.281% 1.428%

Table 4.5: Size of loss in terms of the premium.

4.6.4 Numerical comparison for other products
In this section, we look at the impact of each of the forms of product represented in Section 4.5 on the
fair guaranteed rates 𝑖 for the different values of the investment share 𝜋.

The third column of Table 4.6 displays the results of Equation (4.5.4), in which we consider a
combination between a pure endowment and a pure financial contract. However, in the last column,
we provide solutions for the guaranteed rates in order to maintain the fair relation determined in
Equation (4.5.1). This allows us to look at our model without mortality. We compare these cases to
the dependence case that is reflected by Equation (4.4.9). The results are displayed in Table 4.6 by
choosing 𝜌

𝑟,𝐺
= −20%, 𝜌𝑟,𝜇 = −7%, 𝜌

𝐺,𝜇
= 5%, 𝜌

𝐻,𝜇
= 5% and 𝜎𝜇 = 0.05%.

Basic Pure endowment and Pure financial
𝜋 contract pure investment product product

0.10 2.722 2.254 2.221
0.30 0.987 0.807 0.735
0.50 0.479 0.372 0.264
0.70 0.180 0.119 -0.032
1.00 -0.141 -0.141 -0.385

Table 4.6: Fair guaranteed rates 𝑖 (expressed in %) with respect to the share in the participating
contract 𝜋 for different forms of products.

We notice in Table 4.6 that the case of a pure financial product delivers the worst values of 𝑖,
which means that mortality has to be taken into account in life insurance pricing. In addition, we have
to consider a correlation between financial and mortality elements since the best results with respect
to the guaranteed rates are obtained in the dependence case. Eventually, the cost of the guarantee is
more expensive in the contract in which we consider a combination of a pure endowment and a pure
financial return (column 3) than in a pure endowment contract (column 2).

Ultimately, the results in Table 4.6 confirm that introducing a correlation between financial and
mortality elements inside the model can be important in the case where the signs of the correlation
parameters increase the guaranteed interest rate, as described in Section 4.6.2.
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4.6.5 Annual guarantee
We close the numerical part with results from the fairness relations of Equations (4.5.10) and (4.5.11)
with respect to the guaranteed interest rate for an annual guarantee contract with and without rebalanc-
ing. The results are based on Monte Carlo simulations with 1,000,000 iterations. In order to find the
guaranteed interest rate in each equation, we simulate the Monte Carlo estimates for the expectations
in Equations (4.5.10) and (4.5.11), respectively.

Tables 4.7 and 4.8 present the effect of the correlation parameters on the fair guaranteed rates,
which is coherent with the results obtained in Table 4.4 for a 𝜎𝜇 = 0.5%; a negative value of 𝜌𝑟,𝜇 and
positive values of 𝜌

𝐺,𝜇
and 𝜌

𝐻,𝜇
lead to the highest guaranteed rates. Moreover, we notice that the

guaranteed rates are higher in the maturity guarantee case (Table 4.4), and this makes sense because
in a maturity guarantee contract, the guarantee and the financial profit are computed only at maturity,
so the good years of investment returns finance the bad years.

Furthermore, we also highlight here the increase in the guaranteed interest rate the more we invest
in the unit-linked part, which makes the mixed product more attractive than the pure participating
product.

Eventually, we perform the same analysis held in Section 4.6.3, which is the size of the loss in
percentage of the premium in case the correlation parameters were not taken into account or considered
with the wrong sign or size. The results are displayed in Appendix 4.E (Tables 4.E.1 and 4.E.2), and
they are in the same direction as the base case.

𝜌
𝑟,𝐺

= −20%, 𝜌
𝑟,𝐻

= −15%, 𝜎𝜇 = 0.5%

𝜌𝑟,𝜇 = 7% 𝜌𝑟,𝜇 = 0% 𝜌𝑟,𝜇 = −7%
𝜌
𝐺,𝜇

= −5% 𝜌
𝐺,𝜇

= 0% 𝜌
𝐺,𝜇

= 5%
𝜋 𝜌

𝐻,𝜇
= −5% 𝜌

𝐻,𝜇
= 0% 𝜌

𝐻,𝜇
= 5%

0.10 2.167 2.301 2.431
0.30 -0.125 -0.040 0.042
0.50 -1.049 -0.981 -0.916
0.70 -1.679 -1.623 -1.569
1.00 -2.457 -2.418 -2.380

Table 4.7: Fair guaranteed rates 𝑖 (expressed in %) for three extreme scenarios of the
correlations−Annual guarantee without rebalancing.
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𝜌
𝑟,𝐺

= −20%, 𝜌
𝑟,𝐻

= −15%, 𝜌
𝐺,𝐻

= 10%,
𝜎𝜇 = 0.5%

𝜌𝑟,𝜇 = 7% 𝜌𝑟,𝜇 = 0% 𝜌𝑟,𝜇 = −7%
𝜌
𝐺,𝜇

= −5% 𝜌
𝐺,𝜇

= 0% 𝜌
𝐺,𝜇

= 5%
𝜋 𝜌

𝐻,𝜇
= −5% 𝜌

𝐻,𝜇
= 0% 𝜌

𝐻,𝜇
= 5%

0.10 1.714 1.911 2.102
0.30 -0.494 -0.384 -0.279
0.50 -1.321 -1.237 -1.157
0.70 -1.855 -1.790 -1.727
1.00 -2.457 -2.418 -2.380

Table 4.8: Fair guaranteed rates 𝑖 (expressed in %) for three extreme scenarios of the
correlations−Annual guarantee with rebalancing.

4.7 Conclusion
In this chapter, we have priced a mixed life insurance product in stochastic models of mortality, interest
rates, and stock returns, and we have presented a multi-dimensional approach to explicitly examine
the dependence between financial and mortality elements. The mixed product is a combination of a
participating contract with a minimum guaranteed rate and a unit-linked life insurance contract with no
guarantee, where a guarantee fee is extracted continuously to boost the guarantee on the participating
part. Different forms of products have been considered, on the one hand by varying the guarantee
period (maturity guarantee or annual guarantee contracts) and on the other hand by differing between
pure endowment contracts or mixing pure endowment and pure investment. Using the change of
numéraire technique, we obtain a closed form of the premium equivalence for the different forms of
products except for the annual guarantee contract due to the dependence between the annual returns.

It is clear from the numerical results that the mixed insurance contract is a more attractive
product for the insurer than a pure investment in the participating contract in this complete stochastic
environment. Indeed, the concept of a partial guarantee can be an alternative trend for the insurance
industry to provide higher investment guarantees.

In this stochastic framework, including the dependence assumption, we have focused on the
maturity guarantee contract, analyzed the effect of the correlation parameters, and developed fair
combinations, in terms of the parameter’s signs, that boost the fair guaranteed rates. The model shows
that a negative correlation between interest and mortality rates and positive correlations between the
funds and mortality increase the fair guaranteed rates. Hence, we present two central scenarios,
based on the signs of the correlation parameters, that give the lowest as well as the highest values
of fair guaranteed rates. We show that the impact of the correlation parameters is more pronounced
with a higher value of the volatility of mortality. Basically, higher volatility increases the terms of
correlations, allowing them to have a greater impact on the fairness relation. In addition, we have
studied the percentage of loss on the level of the provision for different values of the correlation
parameters, and we see that by considering the wrong sign of the correlation, the loss increases with
the size of this parameter.

In future work, we will consider other forms of mortality models as well as calibrate the correlation
parameters. We also plan to develop this kind of methodology for other forms of life insurance products
(for instance, annuities, endowment insurance, and whole life insurance).



Appendices

4.A. Proof of Proposition 4.1

After defining the T-forward measure, 𝑊̃𝑟
𝑡 = 𝑊𝑟

𝑡 +
∫ 𝑡

0 𝜎𝑟 𝐵𝑟 (𝑠, 𝑇, 𝜃)𝑑𝑠 is a Q𝑇 -Brownian motion.
We need then to write the dynamic of the intensity of mortality 𝜇𝑥 (𝑡) under the T-forward measure,
that is,

d𝜇𝑥 (𝑡) = 𝑏 (𝜉𝑡 − 𝜇𝑥 (𝑡)) d𝑡 + 𝜎𝜇 𝜌𝑟,𝜇 d𝑊̃𝑟
𝑡 + 𝜎𝜇 𝜌𝐺,𝜇

√︃
1 − 𝜌2

𝑟,𝜇 d𝑊̃𝐺
𝑡

+ 𝜎𝜇 𝜌𝐻,𝜇

√︃
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇) d𝑊̃𝐻

𝑡 + 𝜎𝜇

√︂
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇) (1 − 𝜌

2
𝐻,𝜇) d𝑊̃ 𝜇

𝑡 ;

𝜉𝑡 = 𝜉𝑡 − 𝜎𝜇 𝜎𝑟 𝜌𝑟,𝜇
𝐵𝑟 (𝑡, 𝑇, 𝜃)

𝑏
,

where 𝑊̃𝐺
𝑡 = 𝑊𝐺

𝑡 , 𝑊̃𝐻
𝑡 = 𝑊𝐻

𝑡 and 𝑊̃
𝜇
𝑡 = 𝑊

𝜇
𝑡 are Q𝑇 -Brownian motions.

As a result,

EQ
𝑇
[
𝑒−

∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠
]

= exp

(
−𝜇𝑥 (0) · 𝐵𝜇 (0, 𝑇, 𝑏) − 𝑏

∫ 𝑇

0
𝜉𝑠 · 𝐵𝜇 (𝑠, 𝑇, 𝑏)𝑑𝑠 +

𝜎2
𝜇

2

∫ 𝑇

0
𝐵2
𝜇 (𝑠, 𝑇, 𝑏)𝑑𝑠

)
= exp

(
− 𝜇𝑥 (0) · 𝐵𝜇 (0, 𝑇, 𝑏) − 𝑏

∫ 𝑇

0
𝜉𝑠 · 𝐵𝜇 (𝑠, 𝑇, 𝑏)𝑑𝑠

+ 𝜎𝑟 𝜎𝜇 𝜌𝑟,𝜇
∫ 𝑇

0
𝐵𝑟 (𝑠, 𝑇, 𝜃) · 𝐵𝜇 (𝑠, 𝑇, 𝑏)𝑑𝑠 +

𝜎2
𝜇

2

∫ 𝑇

0
𝐵2
𝜇 (𝑠, 𝑇, 𝑏)𝑑𝑠

)
= exp

(
−𝜇𝑥 (0) · 𝐵𝜇 (0, 𝑇, 𝑏) − 𝑏

∫ 𝑇

0
𝜉𝑠 · 𝐵𝜇 (𝑠, 𝑇, 𝑏)𝑑𝑠 +

𝜎2
𝜇

2

∫ 𝑇

0
𝐵2
𝜇 (𝑠, 𝑇, 𝑏)𝑑𝑠

)
· exp

(
𝜎𝑟 𝜎𝜇 𝜌𝑟,𝜇

∫ 𝑇

0
𝐵𝑟 (𝑠, 𝑇, 𝜃) · 𝐵𝜇 (𝑠, 𝑇, 𝑏)𝑑𝑠

)
= 𝑝𝑥 (0, 𝑇) · 𝜌(0, 𝑇),

where 𝜌(0, 𝑇) is the term of correlation that arises from the dependence only between the interest rate
and the mortality rate, defined in Equation (4.4.1).



100
Chapter 4. Valuation of mixed life insurance contracts under stochastic correlated mortality and

interest rates

4.B. Proof of Proposition 4.2
By computing the Radon-Nikodym derivative, we obtain

dQ𝜇

dQ𝑇
= exp

(
− 𝜎𝜇 𝜌𝑟,𝜇

∫ 𝑇

0
𝐵𝜇 (𝑠, 𝑇, 𝑏) d𝑊̃𝑟

𝑠 − 𝜎𝜇 𝜌𝐺,𝜇
√︃

1 − 𝜌2
𝑟,𝜇

∫ 𝑇

0
𝐵𝜇 (𝑠, 𝑇, 𝑏) d𝑊̃𝐺

𝑠

− 𝜎𝜇 𝜌𝐻,𝜇
√︃
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇)

∫ 𝑇

0
𝐵𝜇 (𝑠, 𝑇, 𝑏) d𝑊̃𝐻

𝑠

− 𝜎𝜇

√︂
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇) (1 − 𝜌

2
𝐻,𝜇)

∫ 𝑇

0
𝐵𝜇 (𝑠, 𝑇, 𝑏) d𝑊̃ 𝜇

𝑠

− 1
2
𝜎2
𝜇 𝜌

2
𝑟,𝜇

∫ 𝑇

0
𝐵2
𝜇 (𝑠, 𝑇, 𝑏) d𝑠 − 1

2
𝜎2
𝜇 𝜌

2
𝐺,𝜇 (1 − 𝜌2

𝑟,𝜇)
∫ 𝑇

0
𝐵2
𝜇 (𝑠, 𝑇, 𝑏) d𝑠

− 1
2
𝜎2
𝜇 𝜌

2
𝐻,𝜇 (1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇)

∫ 𝑇

0
𝐵2
𝜇 (𝑠, 𝑇, 𝑏) d𝑠

− 1
2
𝜎2
𝜇 (1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇) (1 − 𝜌

2
𝐻,𝜇)

∫ 𝑇

0
𝐵2
𝜇 (𝑠, 𝑇, 𝑏) d𝑠

)
.

Then,



𝑊̂𝑟
𝑡 = 𝑊̃𝑟

𝑡 + 𝜎𝜇 𝜌𝑟,𝜇
∫ 𝑡

0 𝐵𝜇 (𝑠, 𝑇, 𝑏)d𝑠
𝑊̂𝐺
𝑡 = 𝑊̃𝐺

𝑡 + 𝜎𝜇 𝜌𝐺,𝜇
√︃

1 − 𝜌2
𝑟,𝜇

∫ 𝑡

0 𝐵𝜇 (𝑠, 𝑇, 𝑏)d𝑠

𝑊̂𝐻
𝑡 = 𝑊̃𝐻

𝑡 + 𝜎𝜇 𝜌𝐻,𝜇
√︃
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇)

∫ 𝑡

0 𝐵𝜇 (𝑠, 𝑇, 𝑏)d𝑠

𝑊̂
𝜇
𝑡 = 𝑊̃

𝜇
𝑡 + 𝜎𝜇

√︃
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇) (1 − 𝜌

2
𝐻,𝜇)

∫ 𝑡

0 𝐵𝜇 (𝑠, 𝑇, 𝑏)d𝑠
are Q𝜇-Brownian motions.

The objective is to compute the expectation of
(
𝐺𝑇

𝐺0
− 𝐾

)+
under the new measure. So, we will

express this expression as follows(
𝐺𝑇

𝐺0
− 𝐾

)+
=
𝐺𝑇

𝐺0
· 1𝐺𝑇

𝐺0
>𝐾

− 𝐾 · 1𝐺𝑇
𝐺0
>𝐾
.

Hence,

EQ
𝜇

[(
𝐺𝑇

𝐺0
− 𝐾

)+]
= EQ

𝜇

[
𝐺𝑇

𝐺0
· 1𝐺𝑇

𝐺0
>𝐾

]
− 𝐾 · EQ𝜇

[
1𝐺𝑇

𝐺0
>𝐾

]
. (4.B.1)

Let’s express the dynamic of the fund 𝐺 under Q𝜇 in order to get the solution of its differential
equation. We move first from the risk-neutral measure to the T-forward measure, then to the forward-
mortality measure.
Under the forward measure:

d𝐺 𝑡 =(𝑟𝑡 − 𝜎𝐺 𝜎𝑟 𝜌𝑟,𝐺 𝐵𝑟 (𝑡, 𝑇, 𝜃))𝐺 𝑡 d𝑡 + 𝜎𝐺 𝜌𝑟,𝐺 𝐺 𝑡 d𝑊̃𝑟
𝑡 + 𝜎𝐺

√︃
1 − 𝜌2

𝑟,𝐺
𝐺 𝑡 d𝑊̃𝐺

𝑡 .

Under the forward-mortality measure:

d𝐺 𝑡 =
(
𝑟𝑡 − 𝜎𝐺 𝜎𝑟 𝜌𝑟,𝐺 𝐵𝑟 (𝑡, 𝑇, 𝜃) − 𝜎𝐺 𝜎𝜇 𝜌𝐺,𝜇 𝐵𝜇 (𝑡, 𝑇, 𝑏)

)
𝐺 𝑡 d𝑡

+ 𝜎𝐺 𝜌𝑟,𝐺 𝐺 𝑡 d𝑊̂𝑟
𝑡 + 𝜎𝐺

√︃
1 − 𝜌2

𝑟,𝐺
𝐺 𝑡 d𝑊̂𝐺

𝑡 .
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After integration, we obtain the SDE of the latter expression as follows:

𝐺 𝑡 = 𝐺0 · exp

( ∫ 𝑡

0
𝑟𝑠d𝑠 − 𝜎𝐺 𝜎𝑟 𝜌𝑟,𝐺

∫ 𝑡

0
𝐵𝑟 (𝑠, 𝑇, 𝜃)d𝑠 − 𝜎𝐺 𝜎𝜇 𝜌𝐺,𝜇

∫ 𝑡

0
𝐵𝜇 (𝑠, 𝑇, 𝑏)d𝑠

−
𝜎2
𝐺

2
· 𝑡 + 𝜎𝐺 𝜌𝑟,𝐺

∫ 𝑡

0
d𝑊̂𝑟

𝑠 + 𝜎𝐺

√︃
1 − 𝜌2

𝑟,𝐺

∫ 𝑡

0
d𝑊̂𝐺

𝑠

)
.

This can also be written as

𝐺𝑇

𝐺0
=

1
𝑃(0, 𝑇) · exp

(
− 𝜎𝐺 𝜎𝑟 𝜌𝑟,𝐺

∫ 𝑇

0
𝐵𝑟 (𝑠, 𝑇, 𝜃)d𝑠 − 𝜎𝐺 𝜎𝜇 𝜌𝐺,𝜇

∫ 𝑇

0
𝐵𝜇 (𝑠, 𝑇, 𝑏)d𝑠

− 𝜎2
𝑟

2

∫ 𝑇

0
𝐵2
𝑟 (𝑠, 𝑇, 𝜃)d𝑠 − 𝜎𝑟 𝜎𝜇 𝜌𝑟,𝜇

∫ 𝑇

0
𝐵𝑟 (𝑠, 𝑇, 𝜃) · 𝐵𝜇 (𝑠, 𝑇, 𝑏)d𝑠

−
𝜎2
𝐺

2
· 𝑇 +

∫ 𝑇

0
(𝜎𝐺 𝜌𝑟,𝐺 + 𝜎𝑟 𝐵𝑟 (𝑠, 𝑇, 𝜃))d𝑊̂𝑟

𝑠 + 𝜎𝐺

√︃
1 − 𝜌2

𝑟,𝐺

∫ 𝑇

0
d𝑊̂𝐺

𝑠

)
.

Under Q𝜇, 𝐺𝑇

𝐺0
is log-normally distributed which allows us to write Equation (4.B.1) as

EQ
𝜇

[(
𝐺𝑇

𝐺0
− 𝐾

)+]
=EQ

𝜇

[
𝐺𝑇

𝐺0

���𝐺𝑇
𝐺0

> 𝐾

]
· Q𝜇

[
𝐺𝑇

𝐺0
> 𝐾

]
− 𝐾 · Q𝜇

[
𝐺𝑇

𝐺0
> 𝐾

]
= 𝑒𝑚̂𝐺+

𝑣̂𝐺
2 · Φ

(
𝑚̂𝐺 + 𝑣̂𝐺 − ln𝐾

√
𝑣̂𝐺

)
− 𝐾 · Φ

(
𝑚̂𝐺 − ln𝐾

√
𝑣̂𝐺

)
,

where Φ is the cumulative distribution function of a standard normal variable and 𝑚̂𝐺 and 𝑣̂𝐺 are,
respectively, the expectation and the variance of ln

(
𝐺𝑇

𝐺0

)
under the forward-mortality measure, defined

in Equations (4.4.2) and (4.4.3).

4.C. Proof of Proposition 4.3

We start by writing the dynamic of the fund 𝐹 under the forward-mortality measure

d𝐹𝑡 = (𝑟𝑡 − 𝜀 − 𝜎𝐻 𝜎𝑟 𝜌𝑟,𝐻 𝐵𝑟 (𝑡, 𝑇, 𝜃) − 𝜎𝐻 𝜎𝜇 𝜌𝐻,𝜇 𝐵𝜇 (𝑡, 𝑇, 𝑏)) 𝐹𝑡 d𝑡

+ 𝜎𝐻 𝜌𝑟,𝐻 𝐹𝑡 d𝑊̂
𝑟
𝑡 + 𝜎𝐻 𝜌𝐺,𝐻

√︃
1 − 𝜌2

𝑟,𝐻
𝐹𝑡 d𝑊̂𝐺

𝑡 + 𝜎𝐻

√︃
(1 − 𝜌2

𝑟,𝐻
) (1 − 𝜌2

𝐺,𝐻) 𝐹𝑡 d𝑊̂𝐻
𝑡 .

After integration,

𝐹𝑡 = 𝐹0 · exp

( ∫ 𝑡

0
𝑟𝑠d𝑠 − 𝜀 · 𝑡 − 𝜎𝐻 𝜎𝑟 𝜌𝑟,𝐻

∫ 𝑡

0
𝐵𝑟 (𝑠, 𝑇, 𝜃)d𝑠 − 𝜎𝐻 𝜎𝜇 𝜌𝐻,𝜇

∫ 𝑡

0
𝐵𝜇 (𝑠, 𝑇, 𝑏)d𝑠

−
𝜎2
𝐻

2
· 𝑡 + 𝜎𝐻 𝜌𝑟,𝐻

∫ 𝑡

0
d𝑊̂𝑟

𝑠 + 𝜎𝐻 𝜌𝐺,𝐻

√︃
1 − 𝜌2

𝑟,𝐻

∫ 𝑡

0
d𝑊̂𝐺

𝑠

+ 𝜎𝐻

√︃
(1 − 𝜌2

𝑟,𝐻
) (1 − 𝜌2

𝐺,𝐻)
∫ 𝑡

0
d𝑊̂𝐻

𝑠

)
,
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hence, the expression of 𝐹𝑇
𝐹0

can be written as

𝐹𝑇

𝐹0
=

1
𝑃(0, 𝑇) · exp

(
− 𝜀 · 𝑇 − 𝜎𝐻 𝜎𝑟 𝜌𝑟,𝐻

∫ 𝑇

0
𝐵𝑟 (𝑠, 𝑇, 𝜃)d𝑠 − 𝜎𝐻 𝜎𝜇 𝜌𝐻,𝜇

∫ 𝑇

0
𝐵𝜇 (𝑠, 𝑇, 𝑏)d𝑠

− 𝜎2
𝑟

2

∫ 𝑇

0
𝐵2
𝑟 (𝑠, 𝑇, 𝜃)d𝑠 − 𝜎𝑟 𝜎𝜇 𝜌𝑟,𝜇

∫ 𝑇

0
𝐵𝑟 (𝑠, 𝑇, 𝜃) · 𝐵𝜇 (𝑠, 𝑇, 𝑏)d𝑠 −

𝜎2
𝐻

2
· 𝑇

+
∫ 𝑇

0
(𝜎𝐻 𝜌𝑟,𝐻 + 𝜎𝑟 𝐵𝑟 (𝑠, 𝑇, 𝜃))d𝑊̂𝑟

𝑠 + 𝜎𝐻 𝜌𝐺,𝐻

√︃
1 − 𝜌2

𝑟,𝐻

∫ 𝑇

0
d𝑊̂𝐺

𝑠

+ 𝜎𝐻

√︃
(1 − 𝜌2

𝑟,𝐻
) (1 − 𝜌2

𝐺,𝐻)
∫ 𝑇

0
d𝑊̂𝐻

𝑠

)
.

From this end, we can compute EQ𝜇
[
𝐹𝑇
𝐹0

]
= 𝑒𝑚̂𝐹+

𝑣̂𝐹
2 with

𝑚̂𝐹 = 𝐸

[
ln

(
𝐹𝑇

𝐹0

)]
= ln

(
1

𝑃(0, 𝑇)

)
− 𝜀 · 𝑇 −

𝜎2
𝐻

2
· 𝑇 −

𝜎𝐻 𝜎𝑟 𝜌𝑟,𝐻

𝜃
[𝑇 − 𝐵𝑟 (0, 𝑇, 𝜃)]

−
𝜎𝐻 𝜎𝜇 𝜌𝐻,𝜇

𝑏
[𝑇 − 𝐵𝜇 (0, 𝑇, 𝑏)]

−
𝜎𝑟 𝜎𝜇 𝜌𝑟,𝜇

𝜃 · 𝑏 [𝑇 + 𝐵𝑟,𝜇 (0, 𝑇, 𝜃 + 𝑏) − 𝐵𝑟 (0, 𝑇, 𝜃) − 𝐵𝜇 (0, 𝑇, 𝑏)]

− 𝜎2
𝑟

2𝜃2 [𝑇 + 𝐵𝑟 (0, 𝑇, 2𝜃) − 2 𝐵𝑟 (0, 𝑇, 𝜃)]

𝑣̂𝐹 = 𝑉

[
ln

(
𝐹𝑇

𝐹0

)]
= 𝜎2

𝐻 · 𝑇 + 2 ·
𝜎𝐻 𝜎𝑟 𝜌𝑟,𝐻

𝜃
[𝑇 − 𝐵𝑟 (0, 𝑇, 𝜃)]

+ 𝜎2
𝑟

𝜃2 [𝑇 + 𝐵𝑟 (0, 𝑇, 2𝜃) − 2 𝐵𝑟 (0, 𝑇, 𝜃)],

where 𝑚̂𝐹 and 𝑣̂𝐹 are, respectively, the expectation and the variance of ln
(
𝐹𝑇
𝐹0

)
under the forward-

mortality measure.

4.D. Proof of Proposition 4.4
Referring to Section 4.4, the first and the third expectations can be solved explicitly as follows:

EQ
[
𝑉𝑇 · 𝑒−

∫ 𝑇

0 𝑟𝑠𝑑𝑠 · 𝑒−
∫ 𝑇

0 𝜇𝑥 (𝑠)𝑑𝑠
]

= 𝜋 · 𝑃 · 𝑝𝑥 (0, 𝑇)
𝑇 𝑝𝑥

· 𝜌(0, 𝑇) ·
(
𝑃(0, 𝑇) · (1 + 𝑖)𝑇 + 𝛽 · 𝑐𝑇0

)
+ (1 − 𝜋) · 𝑃 · 𝑝𝑥 (0, 𝑇) · 𝜌

′ (0, 𝑇) · 𝑒−𝜀·𝑇 ,

and

EQ

[
𝐹𝑗+1

𝐹0
· 𝑒−

∫ 𝑗+1
0 𝑟𝑠𝑑𝑠 · 𝑒−

∫ 𝑗+1
0 𝜇𝑥 (𝑠)𝑑𝑠

]
= 𝑝𝑥 (0, 𝑗 + 1) · 𝜌′ (0, 𝑗 + 1) · 𝑒−𝜀·( 𝑗+1) .

Whereas the expectation in the middle can be written as

EQ

[
𝐹𝑗+1

𝐹0
· 𝑒−

∫ 𝑗+1
0 𝑟𝑠𝑑𝑠 · 𝑒−

∫ 𝑗

0 𝜇𝑥 (𝑠)𝑑𝑠
]

= EQ
[
𝐹𝑗

𝐹0
· 𝑒−

∫ 𝑗

0 𝑟𝑠𝑑𝑠 · 𝑒−
∫ 𝑗

0 𝜇𝑥 (𝑠)𝑑𝑠︸                            ︷︷                            ︸
I

·
𝐹𝑗+1

𝐹𝑗
· 𝑒−

∫ 𝑗+1
𝑗

𝑟𝑠𝑑𝑠︸               ︷︷               ︸
II

]
. (4.D.1)
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We then develop the two processes I and II:

I =
𝐹𝑗

𝐹0
· 𝑒−

∫ 𝑗

0 𝑟𝑠𝑑𝑠 · 𝑒−
∫ 𝑗

0 𝜇𝑥 (𝑠)𝑑𝑠

= exp

(
− 𝜀 · 𝑗 −

𝜎2
𝐻

2
· 𝑗 − 𝜇𝑥 (0) · 𝐵𝜇 (0, 𝑗 , 𝑏)

− 𝑏
∫ 𝑗

0
𝜉𝑠 · 𝐵𝜇 (𝑠, 𝑗 , 𝑏)d𝑠 +

∫ 𝑗

0
(𝜎𝐻𝜌𝑟,𝐻 − 𝜎𝜇𝜌𝑟,𝜇𝐵𝜇 (𝑠, 𝑗 , 𝑏))d𝑊𝑟

𝑠

+
∫ 𝑗

0
(𝜎𝐻𝜌𝐺,𝐻

√︃
1 − 𝜌2

𝑟,𝐻
− 𝜎𝜇𝜌𝐺,𝜇

√︃
1 − 𝜌2

𝑟,𝜇𝐵𝜇 (𝑠, 𝑗 , 𝑏))d𝑊
𝐺

𝑠

+
∫ 𝑗

0
(𝜎𝐻

√︃
(1 − 𝜌2

𝑟,𝐻
) (1 − 𝜌2

𝐺,𝐻) − 𝜎𝜇𝜌𝐻,𝜇
√︃
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇)𝐵𝜇 (𝑠, 𝑗 , 𝑏))d𝑊

𝐻

𝑠

− 𝜎𝜇

√︂
(1 − 𝜌2

𝑟,𝜇) (1 − 𝜌2
𝐺,𝜇) (1 − 𝜌

2
𝐻,𝜇)

∫ 𝑗

0
𝐵𝜇 (𝑠, 𝑗 , 𝑏)d𝑊

𝜇

𝑠

)
,

and

II =
𝐹𝑗+1

𝐹𝑗
· 𝑒−

∫ 𝑗+1
𝑗

𝑟𝑠𝑑𝑠 = exp

(
− 𝜀 −

𝜎2
𝐻

2
+ 𝜎𝐻𝜌𝑟,𝐻

∫ 𝑗+1

𝑗

d𝑊𝑟
𝑠 + 𝜎𝐻𝜌𝐺,𝐻

√︃
1 − 𝜌2

𝑟,𝐻

∫ 𝑗+1

𝑗

d𝑊𝐺

𝑠

+ 𝜎𝐻
√︃
(1 − 𝜌2

𝑟,𝐻
) (1 − 𝜌2

𝐺,𝐻)
∫ 𝑗+1

𝑗

d𝑊
𝐻

𝑠

)
.

The independence between these two processes allows us to split Equation (4.D.1) to

EQ

[
𝐹𝑗

𝐹0
· 𝑒−

∫ 𝑗

0 𝑟𝑠𝑑𝑠 · 𝑒−
∫ 𝑗

0 𝜇𝑥 (𝑠)𝑑𝑠
]
· EQ

[
𝐹𝑗+1

𝐹𝑗
· 𝑒−

∫ 𝑗+1
𝑗

𝑟𝑠𝑑𝑠

]
= 𝑝𝑥 (0, 𝑗) · 𝜌

′ (0, 𝑗) · 𝑒−𝜀( 𝑗+1) .
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4.E. Size of the loss in percentage of the premium - annual guaran-
tee contract
See Tables 4.E.1 and 4.E.2.

𝜋 = 0.50, 𝑖 = −0.981%, 𝜌
𝐺,𝜇

= 𝜌𝑟,𝜇 · 𝜌𝑟,𝐺 , 𝜌
𝑟,𝐺

= −20%, 𝜌
𝑟,𝐻

= −15%

𝜌𝑟,𝜇 0% 5% 7% 10% 15% 20% 50%
𝜌
𝐻,𝜇

𝜌𝑟,𝜇 · 𝜌𝑟,𝐻 0% 0.036% 0.051% 0.073% 0.109% 0.146% 0.365%
−3% 0.070% 0.089% 0.097% 0.108% 0.127% 0.146% 0.259%
−5% 0.117% 0.136% 0.143% 0.155% 0.174% 0.196% 0.306%
−7% 0.164% 0.183% 0.190% 0.202% 0.221% 0.239% 0.353%
−10% 0.235% 0.253% 0.261% 0.272% 0.291% 0.310% 0.424%
−15% 0.352% 0.371% 0.379% 0.390% 0.409% 0.428% 0.541%
−20% 0.470% 0.489% 0.497% 0.508% 0.527% 0.546% 0.659%
−50% 1.184% 1.203% 1.211% 1.222% 1.241% 1.260% 1.373%

Table 4.E.1: Size of loss in terms of the premium−Annual guarantee without rebalancing.

𝜋 = 0.50, 𝑖 = −1.237%, 𝜌
𝐺,𝜇

= 𝜌𝑟,𝜇 · 𝜌𝑟,𝐺 , 𝜌
𝑟,𝐺

= −20%, 𝜌
𝑟,𝐻

= −15%

𝜌𝑟,𝜇 0% 5% 7% 10% 15% 20% 50%
𝜌
𝐻,𝜇

𝜌𝑟,𝜇 · 𝜌𝑟,𝐻 0% 0.036% 0.050% 0.071% 0.107% 0.143% 0.357%
−3% 0.073% 0.091% 0.097% 0.108% 0.125% 0.143% 0.247%
−5% 0.122% 0.139% 0.146% 0.157% 0.174% 0.192% 0.296%
−7% 0.171% 0.188% 0.195% 0.206% 0.223% 0.240% 0.345%
−10% 0.244% 0.262% 0.268% 0.279% 0.296% 0.314% 0.419%
−15% 0.366% 0.384% 0.391% 0.401% 0.419% 0.436% 0.541%
−20% 0.489% 0.506% 0.513% 0.524% 0.541% 0.559% 0.664%
−50% 1.227% 1.245% 1.252% 1.262% 1.280% 1.297% 1.403%

Table 4.E.2: Size of loss in terms of the premium−Annual guarantee with rebalancing.
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Chapter 5

Optimal choice between defined contribution
and cash balance pension schemes: balancing
interests of employers and workers1

5.1 Introduction

Many traditional pension plans were defined in the past as DB plans (defined benefit); in this kind of
scheme, the employer bears the investment risk and is responsible for providing a specified level of
retirement benefits to workers. As life expectancies and inflation have increased and investment returns
have become less predictable, the costs and risks associated with defined benefit plans have become
more and more challenging for employers to manage (Munnell et al. [16], Turner & Hughes [24],
Perlman & Reddick [20]). Even if these plans offer the best guarantee to the workers, this solution
has become too risky for many employers. Therefore, not surprisingly, DC (defined contribution)
plans have emerged as a popular alternative to DB plans, with the goal of shifting investment risk
from the employer to the worker (Munnell & Sundén [17], Poterba et al. [21]). In a pure DC scheme,
the employer contributes a set percentage of the worker’s salary into the worker’s account without
any further liability, and the worker bears the investment risk as the benefit is directly tied to the
performance of the plan’s investments. However, the reliance on worker investment decisions and
potential market volatility can expose workers to substantial financial risks. In particular, if these
contributions are invested in risky assets or in unit-linked insurance products, the worker can suffer a
big loss at retirement. Consequently, the financial literacy of the worker can have profound implications
for their overall retirement well-being, directly impacting their capacity to save and invest effectively,
which reinforces their preference for DC plans. Other factors favoring the DC plans are that they
facilitate labor market mobility and are more transparent (Brown & Weisbenner [7], Broadbent et al.
[4], Munnell & Sundén [17]). Another solution could be the target-date funds that were suggested as a
safe investment option to provide as the default in their DC plans. This strategy can be an improvement
for people with relatively high risk aversion, as shown by Bodie & Treussard [2]. As a result of the
aforementioned challenges, we can observe that pure DB and pure DC pension schemes can be seen
as extreme solutions where the risks are concentrated on a single party (the employer or the worker).

Hybrid solutions have emerged in order to realize better risk sharing between employer and
worker. A first way is to introduce a minimum guarantee in a DC plan (see, e.g., Boulier et al. [3]). For
instance, the sponsor can manage the scheme through an insurance company that offers participating
life insurance contracts. A participating life insurance contract is a type of life insurance policy
that provides the policyholder with both insurance coverage and the opportunity to participate in the
profits of the insurance company. Under this type of contract, the insurer pools the premiums paid

1Published in: Risks 11(7), 135. Hanna V., Devolder P. (2023).

107



108
Chapter 5. Optimal choice between defined contribution and cash balance pension schemes:

balancing interests of employers and workers

by policyholders and invests them in a general fund to offer a guaranteed return with an additional
bonus in the form of profit sharing depending on the investment’s performance. This type of plan
will be called DC-PL (defined contribution managed with participating life insurance). Depending
on the level of the parameters, this kind of product can offer the worker a good compromise between
guarantee and return while giving safety to the employer through a constant contribution rate. On the
other hand, the employer will not take advantage of good financial returns, with all the eventual profit
sharing being paid to the workers. Another way to implement safety within a pure DC philosophy is
to switch from DC to CB (cash balance); this can be seen as a perfect example of a hybrid product
between DB and DC (Brown et al. [6]). Cash balance plans offer the investment risk management
of a pure defined contribution plan with the predictable retirement benefit of a defined benefit plan.
The main difference between a cash balance plan and a defined contribution plan is the way employer
contributions and returns are defined (Coronado & Copeland [9]).

In a cash balance plan, the employer bears the investment risk, and the worker is guaranteed a
well-defined rate of return on their account balance, which is not, in general, equal to the real financial
return on the assets. The employer attributes a set amount of money to an individual account for
each worker. The account earns a predetermined interest rate, and the worker is guaranteed a rate
of return on their account balance. In some sense, we could say that the contributions allocated to
the account and the return given are virtual. They can be (and are, in general) different from the
real contributions paid by the employer and the real investment returns of the assets (see, Hardy et
al. [12]). These contributions are allocated to individual accounts for each worker and capitalized at
predetermined times, according to the rules of the pension plan. The capitalization process involves
calculating the amount that has accumulated in each individual account based on the tariff rules. The
tariff rules determine a fixed interest rate or a yield defined by reference to a specified index. This
guaranteed interest rate is referred to as the crediting interest rate. This kind of product can offer the
worker great safety through pre-determined returns while giving the employer an expected cost close
to a DC formula but with the possibility of making profit from additional investment returns. Indeed,
in a DC scheme, all the returns are assigned to the workers; in a CB scheme, all the extra return
above the crediting interest rate goes back to the employer and can decrease future costs to the pension
plan. These returns could be generated, for instance, through a pension fund or through unit-linked
insurance products without guarantee. This type of plan will be called CB-UL (cash balance managed
with unit-linked insurance).

Cash balance plans have received significant attention in the financial literature as well as in
actuarial research. Kopp & Sher [15] examined the benefits offered by DB and CB plans and
suggested that CB plans were more advantageous for younger participants with shorter service, while
traditional DB plans provided better benefits for older members. Coronado & Copeland [9] focused on
the implications of transitioning and its practical aspects and concluded that the conversion from DB
to DC plans is driven by labor market conditions rather than reducing benefit generosity. Moreover,
Gold [10] approached CB design from the perspective of maximizing shareholder value, focusing on
equity yields and optimal asset allocation. He showed that shareholders benefit by defining liabilities
in terms of equities. The actuarial valuation of CB plans posed challenges, and different conclusions
were drawn by researchers. Applying valuation techniques designed for traditional DB plans to the CB
design was found to cause issues. For example, Murphy [18] shows that traditional actuarial methods
sometimes generate a loss on termination where the account value exceeds the actuarial valuation.
Broeders et al. [5] explore a model for valuing hybrid pension liabilities, where the return on these
liabilities is a combination of the pension fund’s asset return and the risk-free return. They distinguish
between two types of pension schemes and find that the valuation of hybrid pension liabilities is
influenced by contract nature, investment strategy, and asset return volatility. They conclude that the
impact of these factors on valuation differs between the two schemes, which should be taken into
account in labor compensation negotiations between employers and workers. Furthermore, Hardy et
al. [12] approach CB benefits as financial liabilities of the employer and apply financial economics
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and risk management models to analyze and value these liabilities in a market-consistent manner.
They argue that market-consistent valuation, based on objective market data rather than subjective
judgement, provides a better measure of cost and risk compared to traditional actuarial valuation
techniques. They conclude that the investment risk associated with CB plans is significant, especially
when crediting rates are based on long bond rates or fixed. Stable costs can be achieved by using
shorter rates for crediting, and the claim that CB plans cost less than notional contributions is shown to
be untrue based on market value and corporate bond rate valuations. Also, when employing financial
theory methods to calculate benefits, their analysis reveals dramatic variations in contributions and
discounted benefits compared to an equivalent DC plan. Under the same approach, Brown et al. [6]
examine the funding aspects of CB pension liabilities, emphasizing the use of techniques for valuing
and hedging floating-rate bonds to determine the present-value cost and effective duration of these
liabilities. They find that the present-value cost of funding a cash balance liability and its effective
duration vary significantly depending on the chosen crediting rate.

As mentioned before, DC pension plans managed with participating life insurance have been very
popular and more favorable to the worker as it provides a higher benefit in the long-term; however,
CB pension plans managed with unit-linked insurance are more beneficial to the employer because, in
years of good market performance, they end up with a surplus in their assets. The main contribution
of this chapter is to compare these two intermediate hybrid solutions, namely DC-PL and CB-UL, and
determine an optimal mix that balances the interests of both employers and workers. We recognize
that the employer and the worker have different objectives and risk profiles when it comes to retirement
benefits. The worker seeks higher benefits upon retirement, while the employer aims to minimize
the supplementary costs of fulfilling their obligations. In fact, several papers focus on valuing CB
plans and others on determining fair valuations for DC plans with participating contracts. However,
the novelty of this study lies in its multi-objective perspective, which considers the pension plan as
a contractual agreement between employers and workers, trying to model the equilibrium between
these two parties. In order to analyze and evaluate the preferences and behaviors of the individuals
involved in our study, we use a descriptive behavior model known as the cumulative prospect theory
(CPT), and we formulate the maximization problem based on additive utility and Nash equilibrium
approaches, seeking a fair agreement that maximizes the product of the two players’ utilities. Indeed,
by conducting a multi-criteria analysis, this study contributes to the existing literature on pension plan
design by providing insights for employers and workers, particularly in the current landscape where
numerous countries are considering the implementation of mandatory second-pillar pension systems.
The decision between different pension systems becomes crucial in this context, emphasizing the
importance of studies like ours.

Under this approach, this chapter incorporates stochastic interest rates using the Hull and White
model to compute the benefits, price the participating contract to generate a fair minimum guaranteed
rate, and determine the crediting interest rate. In the first part of the study, we focus on a single
premium scenario where a portion of the premium is invested in the DC-PL plan and the remaining
portion is invested in the CB-UL plan. In this part, the crediting interest rate is fixed throughout
the contract period. Sensitivity analyses are performed to examine the impact of different model
parameters on the optimal choices for both employers and workers. We show that the employer is, in
all cases, attracted to the CB-UL plan, and the worker is, in most cases, attracted to the DC-PL plan.
Interestingly, when considering equal importance between the employer and the worker, it becomes
evident that the CB-UL plan emerges as the more favorable choice. This preference is based on the
advantages and benefits associated with this plan. Additionally, two extensions are considered: a
periodic premium scenario and a stochastic crediting rate based on par yields.

The remainder of the chapter is structured as follows: Section 5.2 develops our model; we describe
the financial assumptions of both the DC-PL and CB-UL plans, and we highlight the utility model
used in our framework. Moreover, we describe our optimization problem by stating the risk factors
and maximizing the utilities of the two players in order to find the optimal mix depending on the
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weighting coefficient between them. In Section 5.3, we illustrate a numerical example stated as a basic
scenario and carry out sensitivity analyses of various parameters. The study is extended in Section
5.4 to account for a periodic premium scenario as well as a stochastic crediting interest rate.

5.2 Model and assumptions

5.2.1 Purpose
In a pension scheme, the interests of the worker and the employer are clearly different. Both parties
are exposed to different risks at the retirement date: the risk of insufficient benefits for the worker
compared to a target, and the risk of insufficient fund for the employer to meet his liability. In other
words, the worker aims for a higher level of benefit on retirement, while the employer aims to reduce
the supplemental cost of his obligation toward the worker. In this regard, DC-PL and CB-UL plans
seem to be suitable intermediate choices to answer the needs of the worker and the employer, so
mixing these two plans based on the players’ behaviors is a kind of compromise between these two
parties and allows us to model the financial risk sharing between the two parties and eventually find
the optimal choice depending on the difference of interests between them.

As a result, we have a market where two kinds of people, the employer and the worker, are interested
in two different pension plans. The aim is to maximize their utilities based on their preferences by
weighting the risk between the two parties, where a part is computed based on a DC-PL contract and
the remaining part based on a CB-UL contract. In order to measure the utility, we use a behavior model
called the cumulative prospect theory (CPT), a descriptive theory based on experimental evidence that
aids in understanding how people make decisions in uncertain situations. This framework is detailed
in Section 5.2.2.

5.2.2 Assumptions
In this chapter, we are interested in modeling the financial risks the employer and the worker are
exposed to in order to find an optimal choice between their varying interests, so we examine the
contracts from a pure financial point of view, ignoring mortality risk and assuming only the risks
associated with an uncertain evolution in financial markets.

Defined contribution

The first system taken into account in our model is the DC plan, whose benefit at maturity is the value
of the participant’s account balance at the time of retirement. The account balance is made up of
contributions made by the worker and employer, as well as credited returns on those contributions.
We assume here that the plan is managed with a participating life insurance contract (DC-PL) so
the participant receives a minimum guaranteed rate of return in addition to a bonus in years of good
investment performance.

In our study, we use two important concepts in finance as the foundation for our analysis. The
first concept is the valuation, as we aim to value the participating contract at zero to fix the control
parameters (the parameters chosen by the insurance company), for which we need to define the
processes under the risk-neutral measure Q that is used for the valuation in a complete arbitrage-free
market. The second concept is risk management, as we want to compute the utility at maturity, and
for this we look at the real situation under the real probability measure P. Therefore, we need to define
the different processes in both measures.
In our model, the insurer trades the term structure of interest rates on a complete financial market
assuming that it evolves according to the one-factor Hull and White model [14], which is a stochastic
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model that describes the evolution of interest rates over time. The model assumes that the short-
term interest rate 𝑟𝑡 follows, under the risk-neutral measure Q, a mean-reverting process that can be
described by the following stochastic differential equation:

d𝑟𝑡 = 𝜃 (𝜈𝑡 − 𝑟𝑡) d𝑡 + 𝜎𝑟 d𝑊𝑟
𝑡 , 𝑡 ∈ [0, 𝑇] and 𝑇 ∈ N, (5.2.1)

where 𝑇 is the time of retirement, 𝜈𝑡 is the time-varying long-term mean of the interest rate, 𝜃 is the
speed of mean reversion, and 𝜎𝑟 is the volatility parameter (𝜃 and 𝜎𝑟 are positive constants). 𝑊𝑟 is
a Brownian motion under the risk-neutral measure Q defined on a financial filtered probability space
(Ω,F, (F𝑡)𝑡 ,Q) for all 𝑡 in the time interval [0,𝑇].

We define under this measure the price of a zero-coupon bond, with no arbitrage, as follows:

𝑃(𝑡, 𝑇) = EQ
[
𝑒−

∫ 𝑇

𝑡
𝑟 (𝑠)𝑑𝑠 | F𝑡

]
,

where 𝑃(𝑡, 𝑇) is the price of the zero-coupon bond at time 𝑡 that matures at time 𝑇 . It is well known
that the explicit form under Hull and White is given by:

𝑃(𝑡, 𝑇) = exp

(
− 𝑟𝑡 · 𝐵𝑟 (𝑡, 𝑇, 𝜃) − 𝜃

∫ 𝑇

𝑡

𝜈𝑠 · 𝐵𝑟 (𝑠, 𝑇, 𝜃)𝑑𝑠 +
𝜎2
𝑟

2

∫ 𝑇

𝑡

𝐵2
𝑟 (𝑠, 𝑇, 𝜃)𝑑𝑠

)
, (5.2.2)

with 𝐵𝑟 (𝑡, 𝑇, 𝜃) = 1−𝑒−𝜃 (𝑇−𝑡 )

𝜃
. The price of the zero-coupon bond depends on the current short-term

interest rate 𝑟𝑡 , as well as the parameters of the model: the time-varying long-term mean of the interest
rate 𝜈𝑡 , the speed of mean reversion 𝜃, and the volatility parameter 𝜎𝑟 .

On the other hand, under the real probability measure P, the risk-free rate 𝑟𝑡 is a solution of the
modified stochastic differential equation:

d𝑟𝑡 = 𝜃 (𝜈𝑡 − 𝑟𝑡) d𝑡 + 𝜎𝑟 d𝑊𝑟

𝑡 , 𝑡 ∈ [0, 𝑇], (5.2.3)

where 𝑊𝑟 is the Brownian motion defined under P as d𝑊𝑟

𝑡 = d𝑊𝑟
𝑡 − 𝜁 · d𝑡; 𝜁 stands for the market

price of interest rate risk, and accordingly, 𝜈𝑡 = 𝜈𝑡 + 𝜎𝑟 ·𝜁
𝜃

.
In addition, we assume a fund called𝐺, defined as the insurer’s general fund. It generally has a low

level of volatility, is not traded directly on the market, and is used as a benchmark for the participating
contracts. The fund𝐺 is assumed to follow, under the real probability measure, a geometric Brownian
motion model, which is a popular model used to describe the dynamics of a fund price:

d𝐺 𝑡 = 𝜇𝐺 𝐺 𝑡 d𝑡 + 𝜎𝐺 𝐺 𝑡 d𝑊
𝐺

𝑡 , 𝐺0 = 1, 𝑡 ∈ [0, 𝑇] (5.2.4)

where 𝐺 𝑡 is the price of the fund at time 𝑡, 𝜇𝐺 is the drift or expected rate of return of the fund, 𝜎𝐺 is
the volatility of the fund assumed to be positive and constant, and𝑊𝐺 is a standard Brownian motion
under the real probability measure P that models the dynamics of the fund 𝐺.
It is trivial that the assets on the financial market are correlated, so we define 𝜌

𝑟,𝐺
as the correlation

parameter between the Brownian motions𝑊𝑟 and𝑊𝐺 such that EP [d𝑊𝑟

𝑡 d𝑊
𝐺

𝑡 ] = 𝜌
𝑟,𝐺

·d𝑡, which leads
to the following stochastic differential equation for the fund 𝐺 using the Cholesky decomposition for
correlated Brownian motions:

d𝐺 𝑡 = 𝜇𝐺 𝐺 𝑡 d𝑡 + 𝜎𝐺 𝜌𝑟,𝐺 𝐺 𝑡 d𝑊
𝑟

𝑡 + 𝜎𝐺

√︃
1 − 𝜌2

𝑟,𝐺
𝐺 𝑡 d𝑊

𝐺

𝑡 , 𝐺0 = 1, 𝑡 ∈ [0, 𝑇] (5.2.5)

with
𝑊
𝐺

𝑡 = 𝜌𝑟,𝐺 ·𝑊𝑟

𝑡 +
√︃

1 − 𝜌2
𝑟,𝐺

·𝑊
𝐺

𝑡 , (5.2.6)
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where 𝑊
𝐺

is a new P-Brownian motion generated by Cholesky decomposition. It is the specific risk
associated with the general fund and independent from𝑊

𝑟 .
Subsequently, we write down the annual return of 𝐺 as follows:

𝑔𝑡 =
𝐺 𝑡

𝐺 𝑡−1
− 1, 𝑡 = 1, 2, . . . , 𝑇, (5.2.7)

where 𝐺 𝑡 is the solution of Equation (5.2.5) under the real probability measure:

𝐺 𝑡 = 𝐺0 exp

((
𝜇𝐺 −

𝜎2
𝐺

2

)
· 𝑡 + 𝜎𝐺 𝜌𝑟,𝐺

∫ 𝑡

0
d𝑊𝑟

𝑠 + 𝜎𝐺

√︃
1 − 𝜌2

𝑟,𝐺

∫ 𝑡

0
d𝑊

𝐺

𝑠

)
.

After presenting the financial assumption of the DC-PL insurance, we start by considering a single
contribution 𝑃 paid at the inception of the contract and invested in the participating fund. The contract
guarantees an annual minimum guaranteed interest rate 𝑖𝑃𝐿 in addition to a surplus return 𝛿𝑡 as a
participation in the profits of the insurer if a part of the real rate of return, which is a market rate
obtained from the investment in the general fund 𝐺, exceeds the guaranteed interest rate 𝑖𝑃𝐿 . The
surplus return is computed annually inside the contract and translated into the following formula:

𝛿𝑡 = max(𝛽 · 𝑔𝑡 − 𝑖𝑃𝐿 , 0), 𝑡 ∈ [0, 𝑇]

where 𝛽 ∈ [0, 1] is called the participation level that is assumed to be constant for the whole period
of the contract. Consequently, the benefit at the time of retirement 𝑇 , denoted 𝑉𝑃𝐿

𝑇
, is equal to the

contribution capitalized each year in the guaranteed interest rate in addition to the possible bonus as
follows:

𝑉𝑃𝐿𝑇 = 𝑃 ·
𝑇∏
𝑡=1

(
1 + 𝑖𝑃𝐿 + 𝛿𝑡

)
. (5.2.8)

It is worth noting that we assume the couple of parameters (𝑖𝑃𝐿 , 𝛽) to be fair because the partici-
pating contract has to be priced fairly in order not to have a distortion of decision-making based on an
arbitrary choice for these parameters that can be too generous as well as too miserly.
In this regard, we use the risk-neutral probability measure Q for the valuation in a complete and
arbitrage-free market, and we write the dynamics of the fund 𝐺 under this measure, as follows:

d𝐺 𝑡 = 𝑟𝑡 𝐺 𝑡 d𝑡 + 𝜎𝐺 𝜌𝑟,𝐺 𝐺 𝑡 d𝑊𝑟
𝑡 + 𝜎𝐺

√︃
1 − 𝜌2

𝑟,𝐺
𝐺 𝑡 d𝑊𝐺

𝑡 , 𝐺0 = 1, 𝑡 ∈ [0, 𝑇] (5.2.9)

where𝑊𝐺 is a Q-Brownian motion, independent from𝑊𝑟
𝑡 , and defined by

d𝑊𝐺
𝑡 = d𝑊

𝐺

𝑡 +
𝜇𝐺 − 𝑟𝑡 − 𝜎𝐺 · 𝜌

𝑟,𝐺
· 𝜁

𝜎𝐺

√︃
1 − 𝜌2

𝑟,𝐺

d𝑡.

Consequently, the financial fair valuation price of the benefit, defined in Equation (5.2.8), is
obtained by computing the risk-neutral expectation of the terminal cash flow as follows:

𝐹𝑉𝑃𝐿0 = EQ
[
𝑒−

∫ 𝑇

0 𝑟𝑠d𝑠 · 𝑉𝑃𝐿𝑇
]
. (5.2.10)

In order to solve this expectation, we define the T-forward measure from the risk-neutral measure
Q, choosing as a numéraire the zero-coupon bond and using Girsanov’s theorem for the change of
measure:

dQ𝑇

dQ
= exp

(
−𝜎𝑟

∫ 𝑇

0
𝐵𝑟 (𝑠, 𝑇, 𝜃) d𝑊𝑟

𝑠 −
1
2
𝜎2
𝑟

∫ 𝑇

0
𝐵2
𝑟 (𝑠, 𝑇, 𝜃) d𝑠

)
.
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Then, 𝑊̃𝑟
𝑡 = 𝑊𝑟

𝑡 +
∫ 𝑡

0 𝜎𝑟 𝐵𝑟 (𝑠, 𝑇, 𝜃)𝑑𝑠 is a Q𝑇 -Brownian motion.
Under this new measure, we write the fair valuation price in Equation (5.2.10) as follows:

𝐹𝑉𝑃𝐿0 = 𝑃(0, 𝑇) · EQ𝑇
[
𝑉𝑃𝐿𝑇

]
= 𝑃(0, 𝑇) · EQ𝑇

[
𝑃 ·

𝑇∏
𝑡=1

(
1 + 𝑖𝑃𝐿 + 𝛿𝑡

)]
= 𝑃 · 𝑃(0, 𝑇) · EQ𝑇

[
𝑇∏
𝑡=1

(
1 + 𝑖𝑃𝐿 + max(𝛽 · 𝑔𝑡 − 𝑖𝑃𝐿 , 0)

)]
,

where 𝑔𝑘 is the annual return of the fund 𝐺.
Then, we equalize the fair value to the initial contribution 𝑃 in order to obtain the fairness relation.

We note that the result is not explicit due to the dependency between the successive annual returns
of the fund 𝐺; however, it will be simulated to find the fair couple (𝑖𝑃𝐿 , 𝛽) to use, thereafter, as a
reference for our model.

Cash balance

The second system accounted for in our model is the CB plan, whose benefit at maturity is expressed
based on the notional cash balance account that grows over time with interest credits and is paid out as a
lump sum at retirement. At the end of the plan’s term or when the worker retires, the benefit at maturity
is the accumulated balance in the worker’s cash balance account, which includes contributions made
by the employer and the guaranteed interest credits earned over the years. We note that the contribution
is paid once at the inception of the contract. Let 𝐹0 be the initial account value and 𝑖𝑐

𝑡−1 be the annual
crediting interest rate declared at 𝑡 − 1 for the year 𝑡 − 1 to 𝑡:

𝐹𝑇 = 𝐹0 ·
𝑇∏
𝑡=1

(1 + 𝑖𝑐𝑡−1), (5.2.11)

where 𝐹𝑇 is the benefit of the worker at the time of retirement 𝑇 and 𝐹0 = 𝑃 the contribution made
at the inception of the contract. The crediting rates can be fixed over the years or stochastic based on
Treasury bonds. Both cases will be treated in this chapter.

Apart from the worker’s guaranteed retirement benefit, we assume that the CB plan is managed
with a unit-linked life insurance contract with no maturity guarantee (CB-UL). Hence, the employer
receives the return of the investment funds based on the performance of the underlying investments.
The value of the unit-linked contract is determined by the fund 𝑆, an investment fund chosen by the
employer. The fund follows a geometric Brownian motion with the following dynamic:

d𝑆𝑡 = 𝜇𝑆 𝑆𝑡 d𝑡 + 𝜎𝑆 𝑆𝑡 d𝑊
𝑆

𝑡 , 𝑆0 = 1, 𝑡 ∈ [0, 𝑇] (5.2.12)

where 𝑆𝑡 is the price of the fund at time 𝑡, 𝜇𝑆 is the drift, 𝜎𝑆 is the volatility of the fund assumed to be
positive, constant and higher than𝜎𝐺 , and𝑊𝑆 is a standard Brownian motion under the real probability
measure P that models the dynamics of the fund 𝑆. We define 𝜌

𝑟,𝑆
the correlation parameter between

the risk factors 𝑊𝑟 and 𝑊𝑆 such that EP [d𝑊𝑟

𝑡 d𝑊
𝑆

𝑡 ] = 𝜌
𝑟,𝑆

· d𝑡. Analogously to the fund 𝐺, using
Cholesky decomposition, the differential equation for the fund 𝑆 is given by:

d𝑆𝑡 = 𝜇𝑆 𝑆𝑡 d𝑡 + 𝜎𝑆 𝜌𝑟,𝑆 𝑆𝑡 d𝑊
𝑟

𝑡 + 𝜎𝑆

√︃
1 − 𝜌2

𝑟,𝑆
𝑆𝑡 d𝑊

𝑆

𝑡 , 𝑆0 = 1, 𝑡 ∈ [0, 𝑇] (5.2.13)

with
𝑊
𝑆

𝑡 = 𝜌𝑟,𝑆 ·𝑊
𝑟

𝑡 +
√︃

1 − 𝜌2
𝑟,𝑆

·𝑊
𝑆

𝑡 , (5.2.14)
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where 𝑊
𝑆

is a new P-Brownian motion generated by Cholesky decomposition. It is the risk of the
investment fund independent of𝑊𝑟 .
Note that the annual return of 𝑆 is

𝑠𝑡 =
𝑆𝑡

𝑆𝑡−1
− 1, 𝑡 = 1, 2, . . . , 𝑇, (5.2.15)

where 𝑆𝑡 is the solution of Equation (5.2.13) under the real probability measure:

𝑆𝑡 = 𝑆0 exp

((
𝜇𝑆 −

𝜎2
𝑆

2

)
· 𝑡 + 𝜎𝑆 𝜌𝑟,𝑆

∫ 𝑡

0
d𝑊𝑟

𝑠 + 𝜎𝑆

√︃
1 − 𝜌2

𝑟,𝑆

∫ 𝑡

0
d𝑊

𝑆

𝑠

)
.

Likewise, we consider a single contribution 𝑃 paid at the inception of the contract and invested in
the unit-linked fund. The returns on this fund are, in general, more volatile than those of the general
fund, making the benefit at the time of retirement uncertain, not guaranteed, and expressed as follows:

𝑉𝑈𝐿𝑇 = 𝑃 ·
𝑇∏
𝑡=1

(1 + 𝑠𝑡) = 𝑃 · 𝑆𝑇
𝑆0
,

where 𝑉𝑈𝐿
𝑇

is the value of the unit-linked contract given to the employer at maturity 𝑇 .

CPT framework

To solve the optimization problem, we use a psychological theory of decision-making that provides
a descriptive account of how people make decisions in situations where the outcomes are uncertain.
According to CPT (Cumulative Prospect Theory), people evaluate potential outcomes, denoted by 𝑋 ,
based on two main factors: the probability of the outcome occurring and the value or utility of the
outcome. The model assumes that people display loss aversion as they tend to value potential losses
more than equivalent gains and suggests that gains and losses are relative to some reference point
where the utility function is S-shaped and concave to the right of the reference point (the gain part) and
convex to the left (the loss part). Based on that, psychologists Tversky & Kahnemann [25] developed
the following subjective utility function:

𝑈𝐽 (𝑧) =

{
(𝑧 − Γ)𝛾𝐽 𝑧 ≥ Γ𝐽 , 𝐽 = 𝐸 (Employer)

−𝜆
𝐽
· (Γ − 𝑧)𝛾𝐽 𝑧 < Γ𝐽 , or𝑊 (Worker)

where 𝛾
𝐽

is the risk aversion parameter that measures gains or losses. 𝑧 refers to the outcome where
some values fall above the reference point Γ𝐽 and the others fall below. 𝜆

𝐽
is the loss aversion parameter

that represents the sensitivity to losses over gains.
However, CPT assumes that people do not evaluate these factors in a straightforward, rational

manner. For example, people tend to overestimate the probability of rare events and underestimate
the probability of common events. This is modeled by a probability weighting function proposed by
Prelec [22]:

𝑤𝐽 (𝑝) = 𝑒−(− log 𝑝)𝜑𝐽 , 𝐽 = 𝐸 (Employer) or 𝑊 (Worker)
where 0 < 𝜑

𝐽
< 1 is a free parameter that controls the curvature of the function, 𝑤

𝐽
is strictly

increasing with 𝑤
𝐽
(0) = 0, and 𝑤

𝐽
(1) = 1.

With the utility and weighting functions, we can define the cumulative prospect expected utility as
follows:

𝐶𝑃𝑇𝐽 (𝑋) :=
∫ 0

−∞
𝑈𝐽 (𝑞) d(𝑤𝐽 (𝐹 (𝑞))) +

∫ ∞

0
𝑈𝐽 (𝑞) d( − 𝑤𝐽 (1 − 𝐹 (𝑞))),

with 𝐹 (𝑞) = P(𝑋 ≤ 𝑞) =
∫ 𝑞

−∞ d𝜇𝑋 is the distribution function and 𝜇𝑋 is the probability measure given
by the random variable 𝑋 .
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5.2.3 The optimization problem
The employer’s role in the pension plan is to make contributions on behalf of the workers, either
as a single payment at the beginning of the contract or through periodic payments. The employer’s
objective is to manage the cost of the pension plan effectively. The cost is primarily determined by
the contribution amount, which remains the same for both the DC-PL and CB-UL systems. However,
the employer may also be responsible for additional payments at the time of retirement to fulfill the
promised liabilities to the worker or to recover any surplus assets, particularly in the CB-UL plan.
Therefore, the perception of risk is about this final surplus or final loss.
On the other hand, the worker does not pay contributions. In the DC-PL plan, he receives the value of
the participating account, which includes a minimum guaranteed interest rate, whereas in the CB-UL
pension plan, the worker receives the guaranteed benefit as specified in the cash balance contract,
irrespective of the value of the unit-linked account, which could be higher due to favorable market
conditions. At the same time, this provides the worker with protection in case of a market downturn.
Essentially, the worker’s cash flow is determined by the quality of their final liability, and the choice
between the two systems influences the perceived risk associated with that cash flow.

As a result, we recall that the employer wants to lower the supplemental cost of his commitment
to the worker, who, in turn, wants a higher level of benefit upon retirement. The criteria used to carry
out this analysis are:

• The funding status of the employer, which is the difference between the assets according to
the type of management operated by the insurance company and the liabilities, which are the
obligations toward the worker. This amount can be positive (i.e., a surplus) or negative (i.e., a
deficit), depending on whether the assets in the plan exceed or fall short of the promised benefits;
it depends on the plan system along with the type of management as follows:

- DC-PL contract: 0 as there is no obligation on the employer in the DC plan that does not
offer any guarantee to the worker at retirement2. In fact, the risk is transferred from the
employer to the insurer, who has an obligation to the worker through the management of
the participating contract in a DC plan.

- CB-UL contract: 𝑃 ·
(
𝑆𝑇
𝑆0

−
𝑇∏
𝑡=1

(
1 + 𝑖𝑐𝑡−1

) )
as the employer receives on his asset’s portfolio

the value of the UL account and has to pay the guaranteed benefit, of the CB side, to the
worker.

• The difference between the benefit at maturity and the premium capitalized at a worker target
interest rate, called 𝑙, is set by the worker in a way that reflects his appreciation for what he
would like to receive at maturity:

- DC-PL contract: 𝑃 ·
(

𝑇∏
𝑡=1

(
1 + 𝑖𝑃𝐿 + 𝛿𝑡

)
− (1+ 𝑙)𝑇

)
as the worker receives the value of the

PL account at the time of retirement.

- CB-UL contract: 𝑃 ·
(

𝑇∏
𝑡=1

(
1 + 𝑖𝑐𝑡−1

)
− (1 + 𝑙)𝑇

)
as the worker receives the cash balance

guaranteed benefit.

We note that the worker can aim, in particular, for capital protection, for which the target 𝑙 is set
to zero.

2In some countries, there could be supplemental legal obligations (cf. the Law on Occupational Pensions (LPC) in
Belgium).
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Before measuring the utility of each party, we combine the two pension plans, where a fixed
proportion 𝑥 ∈ [0, 1] of the initial contribution is invested in the DC-PL plan and the remaining
proportion 1 − 𝑥 is invested in the CB-UL plan. The investment of the contribution is based on a
non-rebalancing case, which means that no additional action is performed after the first setting of the
proportion 𝑥 at the beginning of the contract. So, we see at the time of retirement:

For the funding status of the employer:

𝐺𝐸 (𝑇) = 𝑃 ·
[
𝑥 · 0 + (1 − 𝑥) ·

(
𝑆𝑇

𝑆0
−

𝑇∏
𝑡=1

(
1 + 𝑖𝑐𝑡−1

) )]
; (5.2.16)

For the benefit-target of the worker:

𝐺𝑊 (𝑇) = 𝑃 ·
[
𝑥 ·

𝑇∏
𝑡=1

(
1 + 𝑖𝑃𝐿 + 𝛿𝑡

)
+ (1 − 𝑥) ·

𝑇∏
𝑡=1

(
1 + 𝑖𝑐𝑡−1

) ]
− 𝑃 · (1 + 𝑙)𝑇 . (5.2.17)

After setting the mixed risk factor for each player, we measure the utility of the employer and
the worker toward those mixed products by computing the expected utility of Equations (5.2.16) and
(5.2.17), respectively, using the CPT framework. We note that the utility function of the employer
could be different from the utility function of the worker because the latter, as an individual person
seeking a better pension for his retirement, is, in general, supposed to be more risk averse than an
employer managing the pension plan, so their risk appetites could be different.
As stated in Section 5.2.1, the objective is to maximize the utility of both parties under the described
framework and indicated assumptions. Therefore, the next step is to weight the risk measures of the
worker and the employer, eventually maximizing their utilities in order to find the optimal mix between
DC-PL and CB-UL pension plans depending on the weighting coefficient between the two players.
In this regard, we approach the problem of bargaining between the two parties based on an additive
utility as well as the Nash equilibrium.

Hence, we first model the employer’s decision-making process using 𝐶𝑃𝑇𝐸 , the cumulative
prospect function with the risk aversion parameter 𝛾𝐸 , the loss aversion parameter 𝜆𝐸 , and the
free parameter 𝜑𝐸 that reflects the employer’s risk appetite. The worker’s decision-making process is
modeled using 𝐶𝑃𝑇𝑊 , another cumulative prospect function with the risk aversion parameter 𝛾𝑊 , loss
aversion parameter 𝜆𝑊 , and free parameter 𝜑𝑊 adapted to the worker’s risk profile.

To capture the multi-criteria nature of the decision problem, we introduce a weighted average of
the utilities of the employer and worker, where the weight coefficients 𝜚 ∈ [0, 1] and 1 − 𝜚 reflect
the importance or power of each player in the decision-making process. In particular, when 𝜚 = 0,
the worker’s utility is the only consideration in the decision-making process, and the decision is made
based on his preferences alone; however, when 𝜚 = 1, the employer’s utility is the only consideration
in the decision-making process, and the decision is made based on his preferences alone. For values
of 𝜚 between zero and one, the decision takes into account both the employer’s and worker’s utilities,
with the weight given to each depending on their respective power or importance.

Starting by the additive utility, the maximization problem is written as follows:

max
𝑥∈[0,1]

[
𝜚 · 𝐶𝑃𝑇𝐸 (𝐺𝐸 (𝑇) ) + (1 − 𝜚) · 𝐶𝑃𝑇𝑊 (𝐺𝑊 (𝑇) )

]
. (5.2.18)

It is also possible to solve the same problem using another goal, which is based not on an additive
but on a Nash equilibrium point of view, given by:

max
𝑥∈[0,1]

[ (
𝐶𝑃𝑇𝐸 (𝐺𝐸 (𝑇) )

) 𝜚
·
(
𝐶𝑃𝑇𝑊 (𝐺𝑊 (𝑇) )

)1−𝜚
]
. (5.2.19)
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In fact, the Nash bargaining problem was introduced by Nash [19] and is based on the idea that
in a bargaining situation, the two players will negotiate over different products. The solution seeks to
find a way that is fair to both players and that will lead to an agreement being reached by maximizing
the product of the two players’ utilities.

5.3 Numerical illustrations

To solve numerically our optimization problem described in Equations (5.2.18) and (5.2.19), we fix a
number of parameters to find the optimal mix between the two products, DC-PL and CB-UL, based
on the preferences of the employer and the worker and depending on the bargaining power between
them. In this regard, we present hereafter the chosen values for the different parameters introduced
in Section 5.2.2 to represent the basic scenario in this chapter. Afterwards, we carry out sensitivity
analyses for a wide range of parameters in order to study their impact on the optimal result obtained
in the basic scenario.

5.3.1 Basic scenario
We consider a pension contract that is funded by a single contribution 𝑃 paid at the inception of the
contract with 𝑇 = 15 years to retirement. We assume the following parameters to illustrate our model:

• For the interest rates parameters, we fit the restricted exponential model (used to calibrate the
instantaneous forward rate and developed by Cairns [8]) to the curve of Belgian zero-coupon
rates on November 28, 2022, using a virtual adjustment through non-linear regression. The
exponential model is given in the following form:

𝑓 (0, 𝑡) = 𝛽0 +
𝑛∑︁
𝑗=1

𝛽 𝑗 · 𝑒−𝑐 𝑗 𝑡 ,

where 𝑓 (0, 𝑡) is the instantaneous forward rate at 0 between 𝑡 and an infinitesimal time forward.
Assuming 𝑛 = 3, a constant that determines the number of parameters in the model. The
parameters 𝛽 𝑗 and 𝑐 𝑗 are estimated using non-linear least squares analysis, which generates the
following values: 𝛽0 = 0.0049, 𝛽1 = 0.005, 𝛽2 = −0.0035, 𝛽3 = 0.02, 𝑐1 = 0.1385,
𝑐2 = 0.0385, and 𝑐3 = −0.02.
By defining the instantaneous forward rate, we can easily compute the mean reversion level. On
the other hand, we assume that the interest rate volatility 𝜎𝑟 = 0.8%, the initial rate 𝑟0 = 0.5%
and the speed of mean reversion 𝜃 = 15%.
This model generates an initial curve of spot rates displayed in Table 5.1. These rates are
obtained from the following formula: 𝑃(0, 𝑡) =

1
(1 + 𝑅(0, 𝑡))𝑡 , where 𝑃(0, 𝑡) is defined from

Equation (5.2.2).

R(0,1) R(0,5) R(0,10) R(0,15) R(0,20) R(0,25)
0.6486% 1.1367% 1.5883% 1.9347% 2.2207% 2.4728%

Table 5.1: Spot rates for different durations observed at zero.
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• For the PL and UL insurance parameters, we recall the values from Hanna et al. [11], where
low and high volatility levels are chosen for the general fund 𝐺 and the investment fund 𝑆,
respectively, 𝜎𝐺 = 3% and 𝜎𝑆 = 15%, in addition to the following values for the drifts of the
two funds, 𝜇𝐺 = 3% and 𝜇𝑆 = 7%. Moreover, we choose as an example a participation level of
𝛽 = 70% in the profits of the insurer. Based on that and on the risk-free rate, we compute the
fair guaranteed interest rate by equalizing the result of Equation (5.2.10) to 𝑃, and we obtain
𝑖𝑃𝐿 = 0.7357%.

• For the correlations between the general and the investment funds with the interest rate, we fix
the following values, respectively: 𝜌

𝑟,𝐺
= −20% and 𝜌

𝑟,𝑆
= −15%.

• For the cash balance parameter, we start by assuming that the crediting interest rate is constant
for the whole period of the contract (𝑖𝑐

𝑡−1 = 𝑖𝑐 ∀ 𝑡) and is chosen to be in line with the risk-free
rate such that 𝑖𝑐 = 𝑅(0, 15) = 1.9347%.

• For the target rate parameter, we assume that the worker appreciates a capital protection so we
fix 𝑙 = 0% as the minimum desired level of return.

• For the CPT parameters, we choose a reference point of Γ𝐸 = Γ𝑊 = 0 because we aim to
measure the utility of the employer based on his funding status and the utility of the worker
based on the difference between the benefit and a target, so the utility is assessed relative to
zero. Moreover, we fix the loss aversion parameter 𝜆

𝐸
= 𝜆

𝑊
= 2.25, as estimated by Tversky &

Kahnemann [25]. Several empirical studies estimate, based on experimental data, the choice of
the risk aversion value for the utility function and the free parameter for the weighting function
as given by Prelec [22]. The range of values for the risk aversion 𝛾

𝐽
is between 0.19 and 0.88,

and for the free parameter 𝜑
𝐽
, it is between 0.533 and 0.94. In our study, we chose an equal

value of 0.5 for 𝜑
𝐸

and 𝜑
𝑊

as well as an equal value of 0.2 for 𝛾
𝐸

and 𝛾
𝑊

. The choice of a risk
aversion of 0.2 could be influenced by the size of the payoffs, as pointed out by Stott [23]. On
the other hand, the choice of the same value of risk aversion for the employer and the worker is
chosen as a basic scenario; a sensitivity analysis will be conducted later on different values of
𝛾
𝐸

and 𝛾
𝑊

. In fact, if the two players have the same utility function, it is nevertheless possible
for them to have distinct negotiating positions.

We note that the previous parameters’ values are fixed for the numerical part unless otherwise
noted. The results are based on 100,000 simulations in order to estimate the value of the participating
fund, the unit-linked fund, and the value of the CB account at maturity. Relying on these estimations,
we compute the funding status of the employer as well as the benefit-target of the worker in order
to eventually simulate the prospect’s expected utility depending on the weighting function for each
player. In this setting, we present the numerical solution for Equations (5.2.18) and (5.2.19) as a basic
scenario. So, Figure 5.1 shows graphically the optimal choice between the DC-PL and CB-UL plan
schemes for both players, the employer and the worker.

In Figure 5.1, we see that the worker (𝜚 = 0) is interested in a DC-PL plan, whereas the interest
of the employer (𝜚 = 1) is in a CB-UL plan. This strong result is rational because when the DC
plan is managed with participating life insurance it motivates the worker by giving him the chance to
participate in the profits of the insurer on top of the guaranteed return. On the other hand, from the
employer’s point of view, a CB-UL plan is more attractive because he benefits from good financial
returns and makes profits after paying the guaranteed benefit to the worker. Furthermore, when
equal importance is given to the employer and the worker, we notice that the CB-UL seems to be
the preferable choice, as we see more advantage for this plan. Additionally, expanding the range and
looking at 𝜚 between 0.4 and 0.6, we see the trend towards the CB-UL plan as an optimal choice for
both parties. Furthermore, we point out that the results obtained through Nash equilibrium converge
faster to the CB-UL plan than the additive utility model.
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Figure 5.1: Optimal proportion in the DC (defined contribution) pension plan for the different values
of the weight coefficient between employer and worker—basic scenario.

In the following, we perform sensitivity analyses for the different parameters and compare the
results to the basic scenario in order to assess their impact on the optimal results.

5.3.2 Sensitivity analysis of the crediting interest rate
To check the sensitivity of the crediting interest rate 𝑖𝑐 on the optimal choice of the plan and depending
on the bargaining power, we increase and decrease 𝑖𝑐 by 0.5%. The results are presented in Figure 5.2.

Figure 5.2: Impact of the crediting interest rate on the optimal results.

Figure 5.2 shows that by decreasing the crediting interest rate, there is still an advantage for the
DC-PL plan. This advantage seems to be more interesting by sharing the power between the worker
and the employer compared to the basic scenario. In other terms, if we have equal importance between
the employer and the worker (𝜚 = 0.5) in the additive utility model, the proportion 𝑥 represents 20%
instead of 0% in the DC-PL plan, and it needs a weight coefficient of 0.6 for the employer to reach
100% as an optimal choice in the CB-UL plan. However, by increasing the crediting interest rate by
the same percentage, it is clear that the CB-UL plan becomes much more interesting than the DC-PL
plan for both parties. Ultimately, we highlight that the impact of the crediting rate is similar for the
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two graphs in Figure 5.2, but the Nash equilibrium model tends to move the graph lines faster to a
CB-UL plan.

5.3.3 Sensitivity analysis of the worker target interest rate
In this part, we study the impact of the target rate on the optimal results, so we change the value of the
target rate by ± 1% and illustrate the results in Figure 5.3.

Figure 5.3: Impact of the target interest rate on the optimal results.

We point out from Figure 5.3 that with a higher target, the DC-PL plan meets less the needs of
the worker, which leads to a higher preference for the CB-UL plan; however, the worker is attracted
to a DC-PL plan with a smaller target. It is worth noting that for a weight coefficient between 0.2 and
0.6, the increasing effect of the target rate keeps the optimal choice between the two parties more in
the DC-PL compared to the basic scenario before it converges to a 100% preference for CB-UL, yet it
moves very quickly to the CB-UL plan with a decreasing effect.

5.3.4 Sensitivity analysis of the risk aversion
In this section, we focus on the impact of the risk aversion parameters 𝛾𝐸 and 𝛾𝑊 on the optimal choice
of pension plans. In this respect, we once increase the risk aversion of the employer, 𝛾𝐸 , from 0.2 to
0.3 to compare its effect to the basic scenario, and then, analogously, we increase the risk aversion of
the worker, 𝛾𝑊 , from 0.2 to 0.3 by setting again 𝛾𝐸 = 0.2, which makes the worker more risk-averse
than the employer.

Figure 5.4: Impact of the risk aversion parameter on the optimal results.

Figure 5.4 proves that the increase of 𝛾𝑊 leads to the worker’s unwillingness to take risks and
therefore increases their preference for the DC-PL plan. Moreover, we observe in the additive utility
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model that for an equal weight between the two parties, the optimal decision is to invest 40% in the
DC-PL plan. Similarly, the increase in the employer’s risk aversion speeds up the convergence to the
CB-UL plan. Interestingly, the impact is more pronounced in the additive utility than in the Nash
utility model.

5.3.5 Sensitivity analysis of the participation level

In this section, we study the impact of the participation level 𝛽 on the optimal investment decision
for a DC pension plan managed with a participating life insurance contract versus a CB pension plan
managed with a unit-linked insurance contract. We note that the participating contract must be fairly
priced, which means that the change in the parameter 𝛽 leads to a change in the minimum guaranteed
interest rate 𝑖𝑃𝐿 . To conduct this study, we first decrease 𝛽 from 70% to 60%, which gives a rate 𝑖𝑃𝐿
of 1.2285%, and then increase it to 80% and obtain a rate 𝑖𝑃𝐿 of 0.0240%.

Figure 5.5: Impact of the participation level parameter on the optimal results.

We observe that as the participation level 𝛽 increases (decreases), the minimum guaranteed interest
rate granted by the insurer decreases (increases). Consequently, when the contract is priced fairly, the
return on the participating fund remains relatively consistent. This leads to the worker’s continued
attraction towards the DC-PL plan, resulting in the same optimal outcome for 𝜚 values between 0
and 0.2 in the additive utility model, compared to the basic scenario (see Figure 5.5). However, as
the bargaining power increases, there is a corresponding increase in interest towards the DC-PL plan
when there is higher participation in the insurer’s profits, and vice versa. It is worth noting that the
impact remains largely unchanged whether we utilize additive or Nash utility models in our analysis.

5.3.6 Sensitivity analysis of the funds’ volatilities

To check the sensitivity of the volatilities of the funds 𝐺 and 𝑆 on the optimal utility results under
different bargaining power levels, we increase the𝐺-volatility from 3% to 5% and the 𝑆-volatility from
15% to 20%. The increase in the 𝐺-volatility leads to a decrease in the fair guaranteed interest rate
𝑖𝑃𝐿 , which is now −0.7861%, and consequently an increase in the surplus return, which intuitively
makes the DC-PL plan less attractive but also more preferable to the worker than the CB-UL plan, as
proved in Figure 5.6. On the other hand, the increase in the return of the risky asset and in the surplus
return in the participating contract keeps the optimal investment decision in the DC-PL plan longer
between 𝜚 = 0.2 and 𝜚 = 0.7 in the additive utility model before it converges to the CB-UL plan.
Conversely, in the Nash equilibrium model, the change in the volatilities has no impact on the optimal
results for 𝜚 ≥ 0.4.
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Figure 5.6: Impact of the funds volatilities parameters on the optimal results.

5.3.7 Sensitivity analysis of the time to maturity
To study the sensitivity of the maturity 𝑇 on the optimal investment decision, we compare a contract
with a maturity of 10 years and another with a maturity of 25 years to the basic scenario, whose
maturity is 15 years, as illustrated in Figure 5.7. We note that the change in the time to maturity
changes the crediting interest rate (which is chosen to be in line with the risk-free rate in this chapter)
and the minimum guaranteed interest rate. A contract with maturity𝑇 = 10 yields a rate 𝑖𝑐 of 1.5883%
(see Table 5.1) and a rate 𝑖𝑃𝐿 of = 0.1447%, whereas a contract with maturity 𝑇 = 25 yields a rate
𝑖𝑐 of 2.4728% (see Table 5.1) and a rate 𝑖𝑃𝐿 of 1.3600%. We note that the crediting interest rate are
chosen to be in line with the risk-free rate, as highlighted in Section 5.3.1.

Figure 5.7: Impact of the time to maturity on the optimal results.

We point out that when the maturity of the contract decreases, the minimum guaranteed interest
rate in the participating life insurance contract decreases. This should make the DC-PL plan less
attractive to the worker, as they can earn a higher return with the CB plan. Interestingly, with the
participation in the insurer’s profits, the DC-PL plan stays more attractive to the worker for all maturity
𝑇 , as eventually the return on the participating fund is higher than the return on the CB fund. At the
same time, with a lower time to maturity, the return on the risky fund 𝑆 decreases, which makes the
CB-UL plan less attractive to the employer. Therefore, we see in Figure 5.7 that the DC-PL plan is
more appreciated for a lower𝑇 , and vice versa. On the other hand, with a sharing of power between the
worker and the employer, both parties’ optimal decisions are more focused on the CB-UL plan. This
is because, from one side, the crediting interest rate is higher and more interesting for the worker, and
from the other side, the return from the unit-linked contract is higher and potentially more profitable
for the employer.
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5.4 Extensions
In this section, we study the impact of premium payment methods and variable crediting interest rates
on the optimal choice of the employer and the worker and emphasize the importance of the stochastic
crediting rate in the decision-making process.

5.4.1 Periodic premiums
In this section, we consider a pension contract that is funded by a periodic premium with a constant
contribution paid annually at the beginning of the year. In this context, the single premium is divided
by the expected number of annuity payments over a 15-year period to determine the amount of each
periodic premium. Similar to the single premium case, a constant proportion 𝑥 of the periodic premium
is invested in the DC-PL plan, while 1 − 𝑥 is allocated to the CB-UL plan. Therefore, the value of the
participating contract is determined by the investment performance and contributions made over time,
so the benefit at retirement for the worker in a DC-PL plan is the following:

𝑉̃𝑃𝐿𝑇 = 𝑃̃ ·
𝑇∑︁
𝑘=1

(
𝑇∏
𝑡=𝑘

(
1 + 𝑖𝑃𝐿 + 𝛿𝑡

))
, (5.4.1)

where 𝑉̃𝑃𝐿
𝑇

is the benefit at the time of retirement, 𝑃̃ is the periodic premium, and 𝑖𝑃𝐿 is the minimum
interest rate guaranteed by the insurer for the whole period of the contract. In order to find the fair
guaranteed interest rate, we priced the contract fairly by equalizing the fair value of Equation (5.4.1)
to the fair value of the premiums as follows:

EQ
[
𝑒−

∫ 𝑇

0 𝑟𝑠d𝑠 · 𝑉̃𝑃𝐿𝑇
]

= EQ
[
𝑇−1∑︁
𝑡=0

𝑃̃ · 𝑒−
∫ 𝑡

0 𝑟𝑠d𝑠

]
. (5.4.2)

After some manipulations, we obtain the following fairness relation:

𝑃(0, 𝑇) ·
𝑇∑︁
𝑘=1

(
EQ

𝑇

[
𝑇∏
𝑡=𝑘

(
1 + 𝑖𝑃𝐿 + 𝛿𝑡

)])
=

𝑇−1∑︁
𝑘=0

𝑃(0, 𝑘). (5.4.3)

On the other hand, the second system is the CB-UL plan, where, under the periodic premium
context, the worker is guaranteed a benefit at retirement based on the accumulated cash balance over
the years:

𝐹𝑇 = 𝑃̃ ·
𝑇∑︁
𝑘=1

(
𝑇∏
𝑡=𝑘

(
1 + 𝑖𝑐𝑡−1

))
, (5.4.4)

whereas the employer receives the accumulation of the returns of the investment fund 𝑆 and the
contributions over time:

𝑉̃𝑈𝐿𝑇 = 𝑃̃ ·
𝑇∑︁
𝑘=1

(
𝑇∏
𝑡=𝑘

𝑆𝑡

𝑆𝑡−1

)
. (5.4.5)

Eventually, the benefit of the worker, in both pension plan schemes, is compared to the accumulation
of the contribution by the target rate up to the retirement date as follows:

𝑃̃ ·
𝑇∑︁
𝑘=1

(1 + 𝑙)𝑘 = 𝑃̃ · 1 + 𝑙
𝑙

·
(
(1 + 𝑙)𝑇 − 1

)
.

To compare numerically the periodic to the single premium case, we hold the same parameter
values assumed in Section 5.3.1, and we solve Equations (5.2.18) and (5.2.19) in order to find the
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Figure 5.8: Optimal proportion in the DC pension plan for the different values of the weight coefficient
between employer and worker—comparing periodic with single premiums.

optimal mix between the DC-PL and CB-UL plans, where the terms𝐺𝐸 (𝑇) and𝐺𝑊 (𝑇) are computed
according to the risk factors described in this section above.

Comparing the results in Figure 5.8, we observe that the optimal mix favors the DC-PL plan
when paying periodic premiums. This preference can be attributed to the higher minimum guaranteed
interest rate offered in the participating contract for policies with periodic premiums. Specifically, the
results show that the minimum guaranteed rate is 1.2547% for periodic premiums, while it is lower at
0.7357% for single premium policies. This significant difference in the guaranteed rates encourages
workers to choose the DC-PL plan, as it provides the combined benefits of the minimum guaranteed
rate and participation in the insurer’s profits.

The results highlight the importance of considering the premium payment scenario when designing
pension plans. Insurers offer a higher minimum guaranteed rate for periodic premium payments to
compensate for the steady and predictable cash flow they receive. This allows them to better manage
their investments and liabilities, and consequently, workers are motivated to choose the DC-PL plan
to benefit from the attractive guaranteed rate and potential participation in insurer profits.

5.4.2 Stochastic crediting interest rate
Ultimately, we would like to consider the CB pension plan with a stochastic crediting interest rate,
which introduces an element of uncertainty in the liabilities. As per the basic scenario, the premium is
paid in a single payment at the beginning of the year, and the worker’s retirement benefit is determined
by the accumulated cash balance over time. Unlike traditional cash balance plans with fixed crediting
rates, the stochastic crediting rate introduces variability in the notional investment performance. The
crediting rate is subject to market fluctuations and can vary from year to year, influencing the growth
of the cash balance. We recall Equation (5.2.11), the formula for the accumulated cash balance at
retirement, assuming annual crediting interest rates:

𝐹𝑇 = 𝐹0 ·
𝑇∏
𝑡=1

(1 + 𝑖𝑐𝑡−1), (5.4.6)

where 𝑖𝑐
𝑡−1 represents the stochastic crediting rates in each year of contributions,which is a market-

dependent variable. According to Hill et al. [13], most CB plans offer a crediting rate based on par
yields on 𝑘-year Treasury bonds with an additional margin 𝑚, so we impose

𝑖𝑐𝑡−1 = 𝑐𝑘 (𝑡 − 1) + 𝑚, 𝑡 = 1, . . . , 𝑇, (5.4.7)
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with 𝑐𝑘 (𝑡 − 1) is the 𝑘-year par yield, with yearly coupons defined as follows:

𝑐𝑘 (𝑡 − 1) =
1 − 𝑃(𝑡 − 1, 𝑡 − 1 + 𝑘)
𝑘∑︁
𝑛=1

𝑃(𝑡 − 1, 𝑡 − 1 + 𝑛)
, 𝑡 = 1, . . . , 𝑇, (5.4.8)

where 𝑃(𝑡 − 1, 𝑡 − 1 + 𝑛) is the price of a zero-coupon bond defined in Equation (5.2.2) under Q. In
order to compute these prices, we simulate the short rates 𝑟𝑡−1 under the real-world measure P using
Monte Carlo simulation.

To compare numerically the stochastic to the constant crediting rate case, which is the basic
scenario, we hold the same parameter values and simulate the short-term interest rates under the
real probability measure, choosing a market price of risk 𝜁 = −23.04% as suggested in the paper
by Barbarin & Devolder [1], and we choose a maturity reference of one year (𝑘 = 1) and a margin
𝑚 = 1%, as it is one of the most popular interest rate used in CB plans (see, Hill et al. [13]).

Figure 5.9: Optimal proportion in the DC pension plan for the different values of the weight coefficient
between employer and worker—comparing stochastic with constant crediting rates.

We observe that the optimal utility solutions for the basic scenario are different when assuming
a stochastic crediting interest rate for the CB plan, as illustrated in Figure 5.9. This result suggests
that the choice between the CB and DC plans is influenced by the uncertainty in the credited interest
rate. In fact, by incorporating a stochastic crediting rate, the CB plan aims to provide a more realistic
representation of the potential gains or losses experienced by the underlying investments, leading
to a dynamic retirement benefit estimation for workers. In our scenario, this stochastic framework
generates a higher return on the CB plan, which leads to a higher preference for the CB-UL plan since
the worker becomes less interested in the DC-PL plan.

Eventually, we would like to check the effect of the market price of risk parameter 𝜁 on the optimal
allocation between DC-PL and CB-UL pension plans. For this, we choose values of −30%, −23.04%,
and −15%, and we derive the par yields. The results are illustrated in Figure 5.10.

The market price of risk seems to be a significant factor that determines the choice between the
two plans. In fact, the increase in absolute value of the market price of risk leads to smaller values
of the par yield and consequently decreases the return on the CB fund. Hence, we observe that the
worker is attracted to the DC-PL plan for a high value of |𝜁 | as the return on the participating fund is
higher.
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Figure 5.10: Impact of the market price of risk on the optimal results.

5.5 Discussion
The results of this study shed light on the preferences and decision-making dynamics between em-
ployers and workers in the context of pension plan design. Under this framework, we have presented
a basic scenario based on a single premium with a fixed crediting interest rate throughout the contract
period.

The findings demonstrate that the interests of the employer and the worker are indeed divergent,
with the employer generally leaning towards the CB-UL plan and the worker being more attracted
to the DC-PL plan. This aligns with the respective advantages of each plan, as the DC-PL plan
offers profit-sharing potential to the worker, while the CB-UL plan provides the employer with the
opportunity to benefit from favorable market performance. Particularly when equal importance is
assigned to both parties, the CB-UL plan emerges as the more favorable choice, emphasizing its
advantages in terms of utility maximization for both employers and workers. This is a strong result,
as it holds for all the sensitivity analyses conducted in this research.

In order to examine the impact of various model parameters on the optimal choices for both
employers and workers, we carried out sensitivity analyses. Some results indicate that the worker’s
preference may shift towards the CB-UL plan if the minimum guaranteed rate becomes less attractive,
highlighting the influence of guarantee levels on decision-making. Furthermore, it is observed that
when the worker desires a level of return at the retirement date higher than the single premium initially
paid, there is an inclination towards a higher appreciation of the CB-UL plan, potentially driven by
the worker’s desire for more certainty to fulfill his aspiration. The convergent results obtained through
the Nash equilibrium approach further support the dominance of the CB-UL plan in terms of utility
maximization.

These findings provide valuable insights for decision-makers in selecting and designing pension
plans that effectively balance the interests of both employers and workers while managing associated
risks.

5.6 Conclusion
In this chapter, we looked at two intermediate hybrid pension solutions, DC-PL and CB-UL, with the
aim of finding an optimal mix between the interests of both employers and workers, considering the
differing interests and risk profiles of employers and workers. The analysis employs a multi-criteria
approach, utilizing CPT as a behavior model and maximizing utilities through both the additive
utility and Nash equilibrium approaches. The study examines various scenarios, including sensitivity
analyses, periodic premiums, and stochastic crediting interest rates, to assess their impact on the
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optimal mix between the two pension plans based on the weighting coefficient. We have seen that the
optimal choice between the two pension systems depends on market parameters as well as the risk
attitudes of both parties.

This chapter contributes to the understanding of pension plan design by offering insights into the
optimal mix of DC-PL and CB-UL plans, considering the preferences and objectives of both employers
and workers. The results provide valuable guidance for decision-making in the design and selection
of pension plans, highlighting the distinct preferences and considerations of employers and workers
in achieving a balance between retirement benefits and cost management.

The issues addressed in this chapter could be very important in the context of occupational pension
plans, particularly in systems where there exist mandatory second-pillar pensions. In future research,
it could be useful to have a better design for the project of mandatory pension systems. In addition,
it would be valuable to expand the scope of our analysis by incorporating additional risk factors,
such as mortality risk. Furthermore, considering the impact of inflation on retirement benefits and
extending the analysis to include the linkage of periodic premiums with salary would provide a more
comprehensive understanding of the impact on optimal choices. By considering these additional
factors, the generalizability of the obtained results in this broader setting can be explored.
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Chapter 6

General conclusion and perspectives

Amidst this uncertain landscape, the life insurance industry confronts a significant challenge: recon-
ciling the policyholder’s need for certain guarantees on one side and the insurer’s endeavor to sustain
enduring guarantees on the other. Likewise, pension schemes witness a divergence of interests be-
tween employers aiming to reduce supplementary costs associated with commitments toward workers,
who in turn seek a minimum target retirement benefit. In response, this thesis has embarked on a
comprehensive exploration of hybrid products in life insurance and pension schemes. They meet the
needs of insurers and policyholders by reducing the gap between insurance policies that place a focus
on guarantees and those that are return-oriented. Furthermore, these hybrid solutions provide a means
to harmonize retirement benefits and cost management within pension plans, satisfying the distinctive
preferences of employers and workers.

6.1 Summary of the main results
Chapter 2 focused on the design of a new life insurance product that combines elements from
participating and unit-linked life insurance contracts. After careful analysis, it became evident that
this hybrid offering provides an attractive alternative in an uncertain environment. To make the product
more appealing, we have allowed for some kind of subsidy between the two components of the mixed
contract by continuously deducting a fee from the unit-linked account value, and in exchange for this
fee, a higher guaranteed rate is offered on the participating part. In this context, we have explored
various contract structures with differing guarantee periods and investment types. Our product offered
fair guaranteed rates in the participating contracts, sometimes exceeding risk-free rates, which could
be particularly valuable in low interest rate environments. The model showed that a greater investment
in the unit-linked contract, a higher guarantee fee, and reduced profit participation resulted in an
increased guaranteed rate. So, the incorporation of a guarantee fee enhances guarantees within the
model. Moreover, the model suggested that long-term or maturity guarantee contracts can boost these
rates.

The study also included a customer-focused analysis employing preference functions. The study
looked at the optimal investment share between the two components of the hybrid product using the
utility approach and cumulative prospect theory, highlighting the superiority of the mixed product
over conventional contracts. The numerical findings proved that the inclusion of a guarantee fee could
enhance its attractiveness in certain scenarios, depending on the risk and return profiles of the involved
unit-linked and participating funds. Intuitively, factors like risk aversion and risky asset parameters
significantly influenced the optimal investment allocation.

As the contract approaches maturity, the policyholders are subject to certain risks that may
ultimately affect their benefits, which has led to the creation of a lifestyle investment strategy in
this respect. Chapter 3 delved into testing the viability of this strategy within our designed mixed
insurance contract. More precisely, the chapter adopted deterministic lifestyle strategies, predefined
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at the inception of the contract as generally proposed in practice, to examine their impact on the fair
guaranteed rates offered by the insurer on one side and to find the optimal strategy from the customer’s
perspective by maximizing his expected utility on the other. The results in terms of guaranteed rates
are in line with Chapter 2, while in this chapter we have also seen the impact of the shape of the
investment on the fair guaranteed rates. On the other hand, regardless of the shape of the investment,
the analysis revealed that the lifestyle investment strategy does not hold under the classical utility
function. However, the incorporation of either periodic premiums or age-varying risk aversion led to
the lifestyle investment strategy, allowing for personalized investment approaches that align with the
evolving risk appetite of policyholders over the contract duration.

Incorporating more risk factors, Chapter 4 examined the pricing dynamics of mixed life insurance
products with a constant allocation between the two parts of the contract as in Chapter 2, but based on
longevity, and proposed a multi-dimensional approach to explicitly studying the dependence between
financial and mortality risks in a joint stochastic continuous time model of interest rates, stock returns,
and mortality. The results confirmed that the idea of a partial guarantee, which is realized through the
hybrid product, could represent an alternative trend for the insurance sector to offer better investment
guarantees. Furthermore, we examined the impact of the correlation parameter combinations and
generated fair combinations that increase the fair guaranteed rates according to the parameter’s signs.
According to the model, fair guaranteed rates rise when there is a positive correlation between funds
and mortality and a negative correlation between interest and mortality rates.

Finally, the study was expanded to include pension plans in Chapter 5, which carefully examined
the interactions between employer and worker interests, highlighting the conflict between retirement
benefits and cost management since the worker seeks higher retirement benefits while the employer
aims to minimize the cost of fulfilling his obligations. To address these diverse needs, we look at
the two most commonly used pension schemes nowadays in practice: the defined contribution plan
managed with participating life insurance (DC-PL) and the cash balance plan managed with unit-
linked insurance (CB-UL). The multi-criteria analysis is conducted using the cumulative prospect
theory model to measure the utility of the parties involved toward a mixed product combining these
two pension plans. By assigning weights to risk measures and maximizing utilities, the study employs
both additive utility and Nash equilibrium approaches. The findings revealed that the CB-UL plan
aligns with employers’ interests, offering potential financial gains, while the DC-PL plan attracts
workers due to its profit-sharing aspect. Significantly, when equal importance is given to both parties,
the CB-UL plan emerges as the prevailing choice. The results in this chapter offer a decision-making
framework that successfully balances the interests of both employers and workers while managing
associated risks.

6.2 Further research and perspectives
Several research subjects have been addressed throughout this dissertation, although many avenues
have not been fully investigated. Here, we suggest several possible lines of research for future work to
improve understanding as well as application of the ideas presented:

• In lifestyle strategies, our study has predominantly focused on deterministic investment strategies
that align asset allocation with the age of policyholders, mirroring prevalent practices on the
market. However, a powerful avenue emerges from a theoretical standpoint, which is the
exploration of dynamic strategies such as stochastic optimal control methods. For instance,
we can use the dynamic programming tool, a robust process for solving complex optimization
problems, and compare these adaptable strategies with the more fixed approaches we discussed
earlier in Chapter 3. As we navigate the terrain of stochastic optimal control, the potential
result extends beyond just improved investment strategies. It could reshape how we plan for
retirement by considering the true dynamics of financial markets and policyholders’ evolving
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needs, especially when considering age-varying risk aversion.

• Instead of focusing only on financial models, another avenue of research expands upon consid-
ering mortality risk within both the lifestyle investment and optimal pension schemes chapters,
offering distinct advantages and notable effects when incorporated into optimal investment de-
cisions from the policyholder’s as well as the pension parties viewpoints. Indeed, insurers and
pension providers can tailor their offerings to better reflect the actual risks faced by policyholders,
leading to fairer pricing and more sustainable products.

In Chapter 3, accounting for mortality risk introduces a pivotal advantage because the model
can design investment strategies that align more closely with the individual’s risk tolerance and
financial goals. This integration not only enhances the accuracy of investment decisions but
also safeguards against the uncertainties of life expectancy, promoting a more resilient financial
plan.

Similarly, in Chapter 5, considering mortality risk facilitates the creation of pension plans that
are tailored to the unique mortality profiles of policyholders. This customization optimizes the
distribution of pension benefits over the course of retirement, reflecting a deep awareness of
each individual’s expected lifetime. Moreover, by incorporating mortality risk, policyholders
can align their investment choices with their life expectancy, maximizing potential gains while
mitigating risks associated with uncertain lifespans, which leads to choices that are more
conducive to their long-term well-being.

Furthermore, exploring the correlation between mortality risk and finance, as undertaken in
Chapter 4, adds an additional layer of complexity and insight. Analyzing how fluctuations in
financial markets might interact with changes in mortality rates can yield profound implications
for investment strategies and pension design alike. Understanding these dynamics can lead to
the development of strategies that are not only financially prudent but also responsive to shifts
in mortality expectations.

• As conventional actuarial models, we have developed theory using Brownian environments,
which are essentially characterized by Brownian motion processes without jumps. This ap-
proach has clearly produced valuable insights, but more study is still needed in this new terri-
tory. The proposition is to extend our existing interest rate and mortality models into a more
inclusive framework capable of accommodating sudden and unexpected occurrences through
the incorporation of jump processes or Levy processes. This ambitious journey is driven by
the curiosity to uncover whether the conclusions derived from the traditional models still hold
when confronted with the complexities of jump-induced dynamics.

The incorporation of jump processes or Levy processes introduces an element of realism that
has the potential to elevate our understanding of interest rate fluctuations and mortality dynam-
ics. Additionally, this extended framework, incorporating jump processes or Levy processes,
provides a more thorough evaluation of actuarial models, especially in periods of crisis. This
enhancement considers elements that address sudden and significant market disruptions. The
introduction of a Poisson process or a broader Levy process opens the door to capturing sudden
shifts that have a marked impact on financial and life events. The resulting models summa-
rize the possibility of rare but pivotal events, inherently enhancing the predictive power and
applicability of the framework.

Moreover, within this avenue of exploration lies the captivating prospect of delving into time-
dependent volatility. As financial and demographic landscapes evolve over time, volatility
becomes a dynamic force that shapes outcomes. Integrating time-dependent volatility into the
extended models offers a sophisticated viewpoint through which we can observe the changing
nature of risk and opportunity.
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• Finally, in our framework of Chapter 5, we used a constant target interest rate that is mainly
zero in our example, as the worker on one side and the European regulation on the other side
appreciate capital protection. Nevertheless, it could be interesting to shed light on a crucial
yet often overlooked factor that directly impacts retirement benefits. So, a final promising
area is linking this target to a stochastic inflation model. A guiding principle for workers in
the decision-making framework is the careful evaluation of how different inflation rates can
safeguard the value of accumulated benefits. For policyholders, retirees, and financial planners
alike, it aims to offer actionable insights by examining the relationship between inflation and
retirement benefits.




	Introduction
	Financial and mortality challenges
	Diversification and hybridization
	Hybridization in life insurance
	Hybridization in occupational pension schemes

	Fair valuation for the provider
	Optimal strategies for the client
	Purpose and contribution of the thesis
	Published material

	Mixed participating and unit-linked life insurance contracts: design, pricing and optimal strategy
	Introduction
	Basic financial and mortality assumptions
	Structure of the policy
	Valuation of the contract
	Maturity guarantee
	=2T  =1=+1n=0-years guarantee
	Numerical illustrations

	Customer utility and optimal investment
	Power utility
	Cumulative prospect theory

	Conclusion

	Bibliography
	Deterministic lifestyle investment strategy in mixed life insurance contracts
	Introduction
	Mixed contract and investment strategy
	Structure and financial assumptions
	Investment strategy
	Fair valuation of the mixed contract

	Lifestyle strategy and classical utility function
	Optimal allocation for classical utility function and single premium
	Optimal allocation for classical utility function and periodic premiums
	Optimal allocation for time-varying risk aversion utility function

	Conclusion
	Appendices

	Bibliography
	Valuation of mixed life insurance contracts under stochastic correlated mortality and interest rates
	Introduction
	Financial and mortality assumptions
	The financial market
	The stochastic longevity model

	Design of the basic contract
	Valuation of the basic contract
	Other forms of pension products
	Numerical illustrations
	The effect of the correlation parameters
	Sign sensitivity
	Sensitivity analysis with respect to the volatility of mortality _
	Numerical comparison for other products
	Annual guarantee

	Conclusion
	Appendices

	Bibliography
	Optimal choice between defined contribution and cash balance pension schemes: balancing interests of employers and workers
	Introduction
	Model and assumptions
	Purpose
	Assumptions
	The optimization problem

	Numerical illustrations
	Basic scenario
	Sensitivity analysis of the crediting interest rate
	Sensitivity analysis of the worker target interest rate
	Sensitivity analysis of the risk aversion
	Sensitivity analysis of the participation level
	Sensitivity analysis of the funds' volatilities
	Sensitivity analysis of the time to maturity

	Extensions
	Periodic premiums
	Stochastic crediting interest rate

	Discussion
	Conclusion

	Bibliography
	General conclusion and perspectives
	Summary of the main results
	Further research and perspectives


