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Abstract. We investigate two different ways of recovering a Grothendieck
category as a filtered bicolimit of small categories and the compatibility of
both with the tensor product of Grothendieck categories. Firstly, we show
that any locally presentable linear category (and in particular any Grothen-
dieck category) can be recovered as the filtered bicolimit of its subcategories of
𝛼-presentable objects, with 𝛼 varying in the family of small regular cardinals.
We then prove that the tensor product of locally presentable linear categories
(and in particular the tensor product of Grothendieck categories) can be recov-
ered as a filtered bicolimit of the Kelly tensor product of 𝛼-cocomplete linear
categories of the corresponding subcategories of 𝛼-presentable objects. Sec-
ondly, we show that one can recover any Grothendieck category as a filtered
bicolimit of its linear site presentations. We then prove that the tensor product
of Grothendieck categories, in contrast with the first case, cannot be recovered
in general as a filtered bicolimit of the tensor product of the corresponding
linear sites. Finally, we show how the first presentation can be helpful when
computing tensor products of cocontinuous linear functors between Grothen-
dieck categories.
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1. Introduction

Grothendieck categories conform one of the most studied subfamilies within
abelian categories, with the categories of modules and, more generally, the cat-
egories of quasi-coherent sheaves [34, Tag 077P] as the main and most well-known
examples. They are essential objects in, among other fields, noncommutative alge-
braic geometry, where they play the role of (categorical models of) noncommutative
schemes (see, for example [3], [35] or [33] among many others). For convenience of
the reader, we recall their definition:

Definition 1.1. A Grothendieck category is a cocomplete abelian category with a
generator and exact filtered colimits.

The combination of the Gabriel-Popescu theorem [30] with the theory of enriched
sheaves of Borceux and Quinteiro [9] shows that Grothendieck categories are pre-
cisely the Ab-enriched topoi, that is, Grothendieck categories are the categories of
Ab-enriched sheaves on small Ab-enriched sites [25], where Ab denotes the category
of abelian groups.

On the other hand, it is well-known that Grothendieck categories are in particular
locally presentable Ab-enriched categories [22, Cor 5.2]+[21, Prop 7.5]. Therefore,
thanks to the Gabriel-Ulmer duality [15, Kor 7.11], or more accurately, to its en-
riched version [21, §9], we know that any Grothendieck category can be written as
the Ind𝛼-completion of its full subcategory of 𝛼-presentable objects (which is an
𝛼-cocomplete Ab-enriched category) for a big enough regular cardinal 𝛼.

Both presentations, as categories of sheaves on an Ab-enriched site or as Ind𝛼-
completions, provide a powerful tool when working with Grothendieck categories.
This is the case, for example, when defining the tensor product of Grothendieck
categories, which is our main object of interest in this paper.

The tensor product of Grothendieck categories �G [27] can be understood, in
the framework of noncommutative algebraic geometry, as the correct notion of
product between noncommutative schemes. Indeed, given two quasi-compact quasi-
separated schemes 𝑋,𝑌 we have that

(1) Qcoh(𝑋) �G Qcoh(𝑌 ) ' Qcoh(𝑋 × 𝑌 )

where Qcoh(−) denotes the category of quasi-coherent sheaves of a scheme and × is
the (fibred) product of schemes (over Sp(Z)). This equivalence was first proven for
projective schemes in [27, Thm 4.12], and then, more generally, shown for quasi-
compact quasi-separated schemes in [10, Thm A].

The tensor product �G is defined in [27] in terms of the presentations of Grothen-
dieck categories as categories of Ab-enriched sheaves. More concretely, a ten-
sor product of Ab-enriched sites �S is defined, and given two Grothendieck cat-
egories A,B with sheaf representations A = Sh(𝔞, T𝔞), B = Sh(𝔟, T𝔟) for linear sites
(𝔞, T𝔞), (𝔟, T𝔟), the tensor product A �G B is given by

(2) A �G B = Sh((𝔞, T𝔞) �S (𝔟, T𝔟)).

This is well-defined up to equivalence of categories, namely, the tensor product
A �G B does not depend on the choice of Ab-enriched sites providing the sheaf
presentations of A and B.

On the other hand, we also have a tensor product of locally presentable categories
[6] at our disposal, which is easily translated to the Ab-enriched setup, that is, to
a tensor product of locally presentable Ab-enriched categories. It is shown in [27,
Thm 5.4] that the tensor product of Grothendieck categories �G is an instance of
the tensor product of locally presentable Ab-enriched categories, which we denote
by �LP.
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The tensor product LP is defined in [6] by means of the presentations of locally
presentable categories as Ind𝛼-completions of 𝛼-cocomplete small categories for suit-
able regular cardinal 𝛼, and this construction works both for the non-enriched and
the enriched setups. More concretely, in the Ab-enriched case, we have that given
A,B two 𝛼-locally presentable Ab-enriched categories, the tensor product A �LP B
is given by

(3) A �LP B = Ind𝛼 (A𝛼 ⊗𝛼 B𝛼)
where A𝛼,B𝛼 denote the corresponding Ab-enriched subcategories of 𝛼-presentable
objects and A𝛼 ⊗𝛼 B𝛼 is the Kelly tensor product of 𝛼-cocomplete Ab-enriched
categories [6], [20], [21].

The starting point of this paper is the fact that Ab-enriched site presentations
and Ab-enriched categories of 𝛼-presentable objects provide us with two different
ways to recover any Grothendieck category as a filtered bicolimit of small cate-
gories, which we will describe in detail using the theory of 2-filtered bicolimits of
categories from [13, 14]. Our main goal is the understanding of the behaviour of
these filtered bicolimits with respect to the tensor product of presentations. More
concretely, given two locally presentable Ab-enriched categories A,B, we show that
the filtered bicolimit over the regular cardinals 𝛼 of the Kelly tensor products of
𝛼-cocomplete Ab-enriched categories of the 𝛼-presentable objects coincides with the
tensor product A �LP B. On the other hand, we show that the filtered bicolimit of
the tensor product of Ab-enriched site presentations does not allow us to recover
the tensor product of the corresponding Grothendieck categories in general.

The tensor product of locally presentable Ab-enriched categories induces a sym-
metric monoidal closed structure on the 2-category of locally presentable Ab-enriched
categories (see, for example, [11, Cor 2.2.5]), while the Kelly tensor product in-
duces a symmetric monoidal closed structure on the 2-category of 𝛼-cocomplete
Ab-enriched categories (see [20, §6.5]). In the last part of the paper, as an appli-
cation of the good behaviour of the filtered bicolimit presentations with respect
to the Kelly tensor product of 𝛼-cocomplete Ab-enriched categories, we show that
the functoriality, associativity and symmetry of the tensor product of locally pre-
sentable Ab-enriched categories can also be deduced from the same properties of the
Kelly tensor product. In particular, this allows us to make use of the functoriality
of the Kelly tensor product in order to compute tensor products of cocontinuous
Ab-enriched functors between locally presentable Ab-enriched categories and in par-
ticular, between Grothendieck categories.

Grothendieck categories are our main object of interest in this paper due to
their relevance in noncommutative algebraic geometry. For this reason, we focus
exclusively on linear enrichments (over Ab or, more generally, over categories of
modules over a commutative ring), although the results we obtain most likely hold
for other enrichments of Grothendieck topoi and locally presentable categories. In
order to get a well-behaved theory of enriched Grothendieck topoi [9] one needs to
require that the category over which one enriches is regular in the sense of Barr [5,
Chap I, §1, (1.3)], locally finitely presentable and symmetric monoidal closed, and
moreover, that the full subcategory of finitely presentable objects is closed under
the tensor product. We will not analyse here whether these assumptions on the
enrichment are enough for our results to carry over.

Structure of the paper. We devote the first sections to the background and
preliminary results required for our purposes:
In §2: We fix the notation and conventions that will be used along the paper.
In §3: We revise the main aspects of the theory of locally presentable linear cate-

gories and their presentations as Ind𝛼-completions. In particular, we review
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the relation between the Kelly tensor product of 𝛼-cocomplete linear cat-
egories and the tensor product of locally presentable linear categories and
we study the behaviour of this relation when one raises the cardinality 𝛼.

In §4: We revise the basic background on the theory of linear sites and their tensor
product and how they present, respectively, Grothendieck categories and
their tensor product.

In §5: We revise briefly the general theory of 2-filtered bicolimits from [13, 14]. In
particular, we show that the instance of 2-filtered bicolimits in which we
will be interested, namely, the filtered bicolimits (i.e. 2-filtered bicolimits
where the indexing category is just a filtered 1-category), is well behaved
with respect to the linear enrichement (see Proposition 5.5).

Once the necessary preliminaries are settled, we present our main results:
In §6: We provide two different ways of representing a Grothendieck category as

a filtered bicolimit of small linear categories. The first one, generalizable
to any locally presentable linear category, states the following:

Proposition 1.2 (Corollary 6.5). Let C be a locally presentable linear cat-
egory. Then C is the linear filtered bicolimit of its family of subcategories
of 𝛼-presentable objects (C𝛼)𝛼, where 𝛼 varies in the totally ordered class
of small regular cardinals.

The second one makes use of the topos theoretical nature of Grothendieck
categories. Given a Grothendieck category C, we consider the category JC
of all site presentations of C, that is, all the LC morphisms (𝔞, T) → C from
a linear site (𝔞, T) to C (see Definition 4.12), and we show it is filtered (see
Proposition 6.7). We then consider the functor 𝐺C : JC → Cat assigning
to each LC morphism its domain. We prove the following:

Theorem 1.3 (Theorem 6.8). Given a Grothendieck category C, we have
that C is the linear filtered bicolimit of 𝐺C.

In §7: We analyse the behaviour of the Kelly tensor product of 𝛼-cocomplete linear
categories and the tensor product of linear sites with respect to the corre-
sponding filtered bicolimit presentations provided in §6. Given C,D two lo-
cally 𝜅-presentable linear categories, in virtue of Proposition 1.2 above, one
can show that the tensor product C �LP D of locally presentable categories
can be recovered as the filtered bicolimit of the family ((C �LP D)𝛼)𝛼≥𝜅 =

(C𝛼 ⊗𝛼 D𝛼)𝛼≥𝜅 of subcategories of 𝛼-presentable objects, with the transi-
tion functors given by the natural embeddings (C �LP D)𝛼 ⊆ (C �LP D)𝛽.
However, at first sight, it is not clear whether these transition functors are
precisely those induced, through the universal property of the Kelly tensor
product, by the natural embeddings C𝛼 ⊆ C𝛽 and D𝛼 ⊆ D𝛽. We show
that this is indeed the case:

Theorem 1.4 (Theorem 7.3). Let C,D be two locally 𝜅-presentable linear
categories. The tensor product C �LP D can be expressed as the 𝑘-linear
filtered bicolimit of the tensor products (C𝛼 ⊗𝛼 D𝛼)𝛼 of categories of 𝛼-
presentable objects, where 𝛼 takes values in the totally ordered set of small
regular cardinals bigger or equal than 𝜅, and the transition maps

C𝛼 ⊗𝛼 D𝛼 → C𝛽 ⊗𝛽 D𝛽

are those induced, through the universal property of the Kelly tensor prod-
uct, by the canonical embeddings A𝛼 ⊆ A𝛽 and B𝛼 ⊆ B𝛽 for all 𝛼 ≤ 𝛽.

While the Kelly tensor product of 𝛼-cocomplete linear categories is well-
behaved in this sense, this is not the case for the tensor product of linear
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sites. More concretely, given two Grothendieck categories A,B, we show in
Remark 7.4 that the filtered bicolimit of the tensor product of linear sites of
the site presentations of A with the site presentations of B does not allow,
in general, to recover A �G B.

In §8: We describe the functoriality of the tensor product of locally presentable
linear categories via the functoriality of the Kelly tensor product of 𝛼-
cocomplete linear categories (see Proposition 8.8). This description pro-
vides an advantage when computing tensor products of cocontinuous linear
functors in the cases where one has control of the subcategories of pre-
sentable objects. We illustrate this advantage by means of a geometrical
example (see Example 8.9). To conclude, we describe the associativity and
symmetry of the tensor product of locally presentable linear categories mak-
ing use of the same properties of the Kelly tensor product of 𝛼-cocomplete
linear categories (see Proposition 8.10 and Proposition 8.11).

Acknowledgements. This article presents and extends part of the work carried out
by the author in her PhD thesis under the supervision of Wendy Lowen and Boris
Shoikhet. I am very grateful to both of them for the interesting discussions and
their helpful comments. I would also like to thank an anonymous referee for the
useful remarks that lead not only to the generalization of some results appearing in a
previous version of the text but also to significant improvements on the presentation
of the paper.

2. Conventions and notation

Throughout the paper we assume the axioms of the Tarski-Grothendieck (TG)
set theory, that is, the axioms of the Zermelo-Fraenkel set theory with the axiom
of choice (ZFC) together with the universe axiom. We fix a universe U.

Recall that a category is said to be U-small if it has a U-small set of objects
and, between any two objects, a U-small sets of morphisms. A category is said to
be essentially U-small if it is equivalent to a U-small category.

We denote by U-Reg the totally ordered class of regular U-small cardinals, which
we will envision as a category. This category is not U-small [32, Cor 6.13].

We fix a U-small commutative ring 𝑘 for the rest of the article and we denote
by U-Mod(𝑘) the category of U-small 𝑘-modules. We will write “𝑘-linear” to mean
“enriched in U-Mod(𝑘)”.

The forgetful functor U-Mod(𝑘) → U-Set is faithful, conservative (i.e. it reflects
isomorphisms) and it preserves and reflects both U-small limits and U-small filtered
colimits (see [7, Exa 2.9.10.b & 2.9.10.d, Prop 2.13.5] for the case 𝑘 = Z, the general
case follows analogously). Moreover, 𝑘 is a strong generator of U-Mod(𝑘) and,
additionally, it is finitely presentable and dualizable with respect to ⊗𝑘 , the tensor
product of modules over 𝑘 [23, Exa 4.7]. All these properties together ensure a very
good behaviour of the theory of 𝑘-linear categories. For example, we have that:

• to give a 𝑘-natural transformation between 𝑘-linear functors amounts to
give an ordinary natural transformation [20, §1.3];

• a 𝑘-linear functor has a 𝑘-linear adjoint if and only if its underlying non-
enriched functor has an ordinary adjoint [20, §1.11];

• a 𝑘-linear category is a locally presentable 𝑘-linear category if and only if
its underlying category is locally presentable [21, Prop 7.5];

• a 𝑘-linear category is U-(co)complete in the [U-Mod(𝑘)]-enriched sense
(i.e. it admits all U-small [U-Mod(𝑘)]-indexed/weighted (co)limits) if and
only if its underlying ordinary category is U-(co)complete (i.e. it admits



FILTERED BICOLIMIT PRESENTATIONS AND TENSOR PRODUCTS 6

all U-small ordinary/conical (co)limits) (see [20, Prop 3.73 + Prop 3.46]
and their duals);

• analogously, given 𝛼 ∈ U-Reg, a 𝑘-linear category is 𝛼-(co)complete in the
[U-Mod(𝑘)]-enriched sense if and only if its underlying ordinary category
is 𝛼-(co)complete (see [21, Prop 4.3 + §7.4] together with the restriction of
[20, Prop 3.46] to cotensors with 𝛼-presentable objects, and their duals);

• a 𝑘-linear functor is U-(co)continuous in the [U-Mod(𝑘)]-enriched sense
(i.e. it preserves U-small [U-Mod(𝑘)]-indexed/weighted (co)limits) if and
only if its underlying ordinary functor is U-(co)continuous (i.e. it preserves
U-small ordinary/conical (co)limits) (see [20, Prop 3.73] and its dual state-
ment together with [23, Prop 4.2]);

• analogously, given 𝛼 ∈ U-Reg, a 𝑘-linear functor is 𝛼-(co)continuous in the
[U-Mod(𝑘)]-enriched sense if and only if its underlying ordinary functor
is 𝛼-(co)continuous (see [21, §4.6 + §7.4] and its dual statement together
with [23, Prop 4.2]).

In particular, while working in the 𝑘-linear setup, we can safely restrict ourselves
to work exclusively with ordinary (co)limits and the corresponding ordinary notions
of (co)completeness and (co)continuity, and we will do so from this point on.

We denote by U-Cat(𝑘) the 2-category of U-small 𝑘-linear categories with 𝑘-
linear functors and 𝑘-linear natural transformations. This is actually not only a
2-category, but actually a [U-Cat(𝑘)]-enriched category [20, §2.3]. In particular,
given 𝔞, 𝔟 ∈ U-Cat(𝑘), we denote by U-Cat(𝑘) (𝔞, 𝔟) the U-small 𝑘-linear category
of 𝑘-linear functors between 𝔞 and 𝔟 with morphisms the 𝑘-linear natural transfor-
mations.

We denote by ⊗ the tensor product of 𝑘-linear categories, that is, given 𝔞, 𝔟 ∈ U-
Cat(𝑘), 𝔞⊗𝔟 is the U-small 𝑘-linear category with objects the pairs (𝐴, 𝐵) ∈ Obj(𝔞)×
Obj(𝔟) and Hom-𝑘-modules 𝔞 ⊗ 𝔟((𝐴, 𝐵), (𝐴′, 𝐵′)) given by the tensor product of
k-modules 𝔞(𝐴, 𝐴′) ⊗𝑘 𝔟(𝐵, 𝐵′). The tensor product ⊗ endows the [U-Cat(𝑘)]-
enriched category U-Cat(𝑘) with a symmetric monoidal closed structure and the
inner hom corresponds with the external hom [20, §2.3]. More concretely, given
𝔞, 𝔟, 𝔠 ∈ U-Cat(𝑘), we have the universal property

(4) U-Cat(𝑘) (𝔞 ⊗𝑘 𝔟, 𝔠) � U-Cat(𝑘) (𝔞,U-Cat(𝑘) (𝔟, 𝔠))

in U-Cat(𝑘).
Given 𝔞 ∈ U-Cat(𝑘), we consider the 𝑘-linear category of U-small (right) 𝔞-

modules U-Cat(𝑘) (𝔞op,U-Mod(𝑘)) and we denote it by U-Mod(𝔞). We denote by
𝑌𝔞 : 𝔞 ↩→ U-Mod(𝔞) the 𝑘-linear Yoneda embedding, which sends 𝐴 ∈ 𝔞 to the 𝑘-
linear functor 𝔞(−, 𝐴) : 𝔞op → U-Mod(𝑘). Given 𝑓 : 𝔞 → 𝔟 a morphism in U-Cat(𝑘),
we denote the restriction of scalars along 𝑓 by

(5) 𝑓 ∗ : U-Mod(𝔟) → U-Mod(𝔞) : 𝐹 ↦→ 𝐹 ◦ 𝑓 op,

which is a 𝑘-linear functor. Its (𝑘-linear) left adjoint, the extension of scalars along
𝑓 , will be denoted by

(6) 𝑓! : U-Mod(𝔞) → U-Mod(𝔟)

and its (𝑘-linear) right adjoint, the coextension of scalars along 𝑓 , by

(7) 𝑓∗ : U-Mod(𝔞) → U-Mod(𝔟)

(see, for example, [36, Exp I, Prop 5.8.3]). In particular, 𝑓! � Lan𝑌𝔞𝑌𝔟 𝑓 where
Lan𝑌𝔞𝑌𝔟 𝑓 denotes the left Kan extension [20, §4] of the functor 𝑌𝔟 𝑓 : 𝔞 → U-Mod(𝔟)
along the 𝑘-linear Yoneda embedding 𝑌𝔞 : 𝔞 → U-Mod(𝔞) (see [12, Prop A.6]).



FILTERED BICOLIMIT PRESENTATIONS AND TENSOR PRODUCTS 7

Let 𝛼 be a U-small regular cardinal. We denote by U-Cat𝛼 (𝑘) the [U-Cat(𝑘)]-
enriched category of 𝛼-cocomplete (i.e. closed under 𝛼-small colimits) U-small 𝑘-
linear categories with 𝛼-cocontinuous (i.e. 𝛼-small colimit preserving) 𝑘-linear func-
tors and 𝑘-linear natural transformations. In particular, given 𝔞, 𝔟 ∈ U-Cat𝛼 (𝑘),
we denote by Rex𝛼 (𝔞, 𝔟) the U-small 𝑘-linear category of 𝛼-cocontinuous 𝑘-linear
functors between 𝔞 and 𝔟.

Given 𝔞 ∈ U-Cat𝛼 (𝑘), we consider the full 𝑘-linear subcategory U-Lex𝛼 (𝔞) ⊆ U-
Mod(𝔞) of 𝛼-continuous 𝔞-modules, that is the 𝑘-linear functors 𝔞op → U-Mod(𝑘)
preserving 𝛼-small limits.

Given a small 𝑘-linear category 𝔞, the 𝑘-linear categories U-Lex𝛼 (𝔞) and U-
Mod(𝔞) are no longer U-small, as neither is the (ordinary) category U-Reg, as
pointed out above. However, one can always consider a larger universe V containing
U, such that U-Reg, U-Lex𝛼 (𝔞) and U-Mod(𝔞) are V-small for all U-small 𝑘-linear
categories 𝔞. From this point on and for the rest of the paper, we will omit the
universes U and V from our notation and terminology, and will say something is
small when it is U-small and something is large when it is V-small. In particular,
we will replace the notation V-Cat by CAT to refer to the 2-category of V-small
categories and the notation V-Cat(𝑘) by CAT(𝑘) to refer to the 2-category of V-
small linear categories.

To conclude, let us fix some notations we will use when working with 1- and
2-categories.

Given a 𝑘-linear 1-category C, we will denote the (𝑘-module of) morphisms
between two objects 𝐴, 𝐵 ∈ C by C(𝐴, 𝐵). Along the text, equivalences of categories
will be denoted by the symbol ' and isomorphisms (in any category) will be denoted
by the symbol �.

Let us in addition fix the notation we will use when working with 2-morphisms
in the various bicategories (and 2-categories) appearing in this paper. In any bi-
category, we denote by • the vertical composition of 2-morphisms and by ◦ the
horizontal composition of 2-morphisms, following the convention in [28]. In partic-
ular, given a diagram

(8) 𝐴 𝐵 𝐶

𝑓

𝑓

⇓ 1 𝑓

𝑔

ℎ

⇓ 𝛼

in a bicategory C, we denote by 𝛼 ◦ 𝑓 to the horizontal composite 𝛼 ◦ 1 𝑓 .
The reader can find a notation index at the end of the paper, where each symbol

is accompanied by a short description of its meaning and the page where it is
introduced.

3. Generalities on locally presentable linear categories

In this section we provide an overview on the theory of locally presentable 𝑘-
linear categories and their tensor product, focused on the aspects that will be needed
along the text. Due to the nice behaviour of the 𝑘-linear enrichment (see §2), the
𝑘-linear theory of locally presentable categories essentially amounts to a direct 𝑘-
linear translation of the non-enriched theory of locally presentable categories. We
refer the reader to [15] and [1] for the non-enriched setup, and to [21] for the enriched
framework.

3.1. Basic definitions and results.
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Definition 3.1. Let C be a 𝑘-linear category and 𝛼 a small regular cardinal. We
say that 𝐶 ∈ C is 𝛼-presentable if the functor

C(𝐶,−) : C → Mod(𝑘)
preserves 𝛼-filtered colimits.

Notation 3.2. Given a 𝑘-linear category C, we denote by C𝛼 its full subcategory
of 𝛼-presentable objects. We denote by 𝜄𝛼 : C𝛼 ↩−→ C the natural embedding.
When necessary to avoid confusion, we will use a superscript to make explicit
which category we are working with, e.g. 𝜄C𝛼 : C𝛼 ↩−→ C.

Proposition 3.3 ([1, Prop 1.16]). Let C be a cocomplete 𝑘-linear category and 𝛼 a
small regular cardinal. Then C𝛼 is closed under 𝛼-small colimits in C. In particular,
C𝛼 is an 𝛼-cocomplete 𝑘-linear category and the 𝑘-linear embedding 𝜄𝛼 : C𝛼 ↩−→ C
is 𝛼-cocontinuous.

Remark 3.4. Let C be 𝑘-linear category and 𝛼, 𝛽 small regular cardinals. Assume
that 𝛼 < 𝛽. Then, because 𝛽-filtered colimits are in particular 𝛼-filtered, every
𝛼-presentable object in C is also 𝛽-presentable and thus C𝛼 ⊆ C𝛽. Observe that,
as a direct consequence of Proposition 3.3, we have that C𝛼 is closed under 𝛼-small
colimits in C𝛽.

Notation 3.5. In the hypothesis of Remark 3.4, we denote by 𝜄𝛼,𝛽 : C𝛼 ↩−→ C𝛽

the 𝛼-cocontinuous natural embedding. When necessary to avoid confusion, we
will use a superscript to make explicit which category we are working with, e.g.
𝜄C
𝛼,𝛽

: C𝛼 ↩−→ C𝛽.

Definition 3.6. Let 𝛼 be a small regular cardinal. A locally 𝛼-presentable 𝑘-linear
category is a cocomplete 𝑘-linear category C with a small set of 𝛼-presentable
objects 𝔠 such that every object in C is an 𝛼-filtered colimit of elements in 𝔠.

We say that a category C is a locally presentable 𝑘-linear category if there exists
a small regular cardinal 𝛼 such that C is a locally 𝛼-presentable 𝑘-linear category.

Remark 3.7 ([1, Remark under Thm 1.20]). If a 𝑘-linear category C is locally 𝛽-
presentable, then it is locally 𝛾-presentable for all regular cardinals 𝛾 ≥ 𝛽, because
𝛽-presentable objects are in particular 𝛾-presentable for all 𝛾 ≥ 𝛽 (see Remark 3.4).
Moreover, every object in a locally presentable 𝑘-linear category C is 𝛼-presentable
for some regular cardinal 𝛼, and thus we have that

C '
⋃

𝛼∈Reg
C𝛼 .

This is a direct consequence of the first part of this remark together with the fact
that, for any regular cardinal 𝛼, 𝛼-small colimits of 𝛼-presentable objects are 𝛼-
presentable (see Proposition 3.3).

Notation 3.8.
• We denote by LP𝛼 (𝑘) the 2-category of locally 𝛼-presentable 𝑘-linear cat-

egories with 1-morphisms the cocontinuous 𝑘-linear functors preserving
𝛼-filtered colimits and 2-morphisms the 𝑘-linear natural transformations.
Note that LP𝛼 (𝑘) actually constitutes a Cat(𝑘)-enriched category.

• We denote by LP(𝑘) the 2-category of locally presentable 𝑘-linear categories
with 1-morphisms the cocontinuous 𝑘-linear functors (i.e. the functors pre-
serving all small colimits) and 2-morphisms the 𝑘-linear natural transforma-
tions. As in the case of LP𝛼 (𝑘), we have that the categories of morphisms
in LP(𝑘) are also 𝑘-linear (although no longer small in general). In par-
ticular, given A,B two locally presentable 𝑘-linear categories, we denote
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by Cocont𝑘 (A,B) the 𝑘-linear category of cocontinuous 𝑘-linear functors
between A and B and 𝑘-natural transformations between them.

Remark 3.9 ([1, Rem 1.19]). Given a locally 𝛼-presentable 𝑘-linear category C,
its subcategory of 𝛼-presentable objects C𝛼 is essentially small and hence we can
consider it as an element in Cat𝛼 (𝑘).

Gabriel-Ulmer duality (see [15, Kor 7.11] for the non-enriched setup and [21, §9]
for the enriched one) is a key result in the theory of locally presentable categories
and we will use it repeatedly along the text.

Theorem 3.10 (Gabriel-Ulmer duality). Let 𝛼 be a small regular cardinal. There
is a biequivalence of Cat(𝑘)-enriched categories

(Cat𝛼 (𝑘))coop → LP𝛼 (𝑘),
where (−)coop denotes the conjugate-opposite 2-category.

Let’s recall the explicit description of the duality at the level of objects.
• The biequivalence is given by the pseudofunctor

Ind𝛼 : (Cat𝛼 (𝑘))coop → LP𝛼 (𝑘)
sending an 𝛼-cocomplete small category 𝔞 to its Ind𝛼-completion Ind𝛼 (𝔞)
(see [2, §3]), which is locally 𝛼-presentable [1, Thm 1.46]. In particular,
we have that Ind𝛼 (𝔞) ' Lex𝛼 (𝔞) (see [2, Thm 2.4]) and the 𝑘-linear Yoneda
embedding 𝑌𝔞 : 𝔞 ↩→ Mod(𝔞) factors as

𝔞 Lex𝛼 (𝔞) Mod(𝔞)𝑌 ′
𝛼 𝑗𝛼

where 𝑗𝛼 : Lex𝛼 (𝔞) ↩→ Mod(𝔞) is the natural embedding. Moreover, the
fully faithful functor 𝑌 ′

𝛼 : 𝔞 ↩→ Lex𝛼 (𝔞) exhibits Lex𝛼 (𝔞) as the 𝛼-free co-
completion of 𝔞 [1, Prop 1.45], that is, 𝑌 ′

𝛼 preserves 𝛼-small colimits and
for every cocomplete linear category B, we have that precomposition with
𝑌 ′
𝛼 induces an equivalence

(9) Cocont𝑘 (Lex𝛼 (𝔞),B) '−→ Rex𝛼 (𝔞,B)
whose left adjoint is given by taking the left Kan extension along 𝑌 ′

𝛼 [21,
Thm 9.9].

• The quasi-inverse pseudofunctor is given by

(−)𝛼 : LP𝛼 (𝑘) → (Cat𝛼 (𝑘))coop

which sends a locally 𝛼-presentable category C to its subcategory of 𝛼-
presentable objects C𝛼, which is an 𝛼-cocomplete (essentially) small cate-
gory by Proposition 3.3 and Remark 3.9.

Remark 3.11. Observe that, given a locally 𝛼-presentable category C, we have an
equivalence of categories

𝐸𝛼 : C '→ Lex𝛼 (C𝛼).
This equivalence is given on objects as follows:

𝐸𝛼 (𝐶) B C(𝜄𝛼 (−), 𝐶)
where 𝜄𝛼 : C𝛼 ↩→ C is the natural embedding (see, e.g., the proof of [1, Thm 1.46]).
If necessary to avoid confusion, we will write 𝐸A

𝛼 to make explicit the category we
are working with.

Proposition 3.12 ([1, Thm 1.46 & Prop 1.35]). Let 𝔞 ∈ Cat𝛼 (𝑘). Then, the
natural 𝑘-linear embedding 𝑗𝛼 : Lex𝛼 (𝔞) ↩→ Mod(𝔞) preserves 𝛼-filtered colimits
and admits a (𝑘-linear) right adjoint 𝑅𝛼 : Mod(𝔞) → Lex𝛼 (𝔞). Moreover, we have
that 𝑅𝛼𝑌𝔞 � 𝑌 ′

𝛼.



FILTERED BICOLIMIT PRESENTATIONS AND TENSOR PRODUCTS 10

The following result will be useful for our purposes.

Proposition 3.13. Let C be a locally 𝜅-presentable 𝑘-linear category and consider
small regular cardinals 𝛽 > 𝛼 ≥ 𝜅. Let 𝜄𝛼,𝛽 : C𝛼 ↩→ C𝛽 be the natural embedding
functor. Then, the 𝑘-linear functor (𝜄𝛼,𝛽)∗ : Mod(C𝛽) → Mod(C𝛼) restricts to a
𝑘-linear functor

(𝜄𝛼,𝛽)𝑠 : Lex𝛽 (C𝛽) → Lex𝛼 (C𝛼).
Moreover, (𝜄𝛼,𝛽)𝑠 has a 𝑘-linear left adjoint (𝜄𝛼,𝛽)𝑠 : Lex𝛼 (C𝛼) → Lex𝛽 (C𝛽) such
that the diagram

(10)

C𝛼 C𝛽

Mod(C𝛼) Mod(C𝛽)

Lex𝛼 (C𝛼) C Lex𝛽 (C𝛽)

𝑌C𝛼

𝜄𝛼,𝛽

𝑌C𝛽

𝑅𝛼

( 𝜄𝛼,𝛽)!

𝑅𝛽
( 𝜄𝛼,𝛽)𝑠

'
𝐸𝛼

'
𝐸𝛽

is commutative up to isomorphism. In particular, the adjunction (𝜄𝛼,𝛽)𝑠 a (𝜄𝛼,𝛽)𝑠
is an equivalence of 𝑘-linear categories and (𝜄𝛼,𝛽)𝑠 � Lan𝑌 ′

𝛼
𝑌 ′
𝛽
𝜄𝛼,𝛽.

Proof. We first show that (𝜄𝛼,𝛽)∗ when restricted to the subcategory Lex𝛽 (C𝛽) takes
values in Lex𝛼 (C𝛼). Indeed, if 𝑋 ∈ Lex𝛽 (C𝛽) one easily sees that

(𝜄𝛼,𝛽)∗ (𝑋) = 𝑋 ((𝜄𝛼,𝛽)op (−))

preserves 𝛼-small limits because both (𝜄𝛼,𝛽)op and 𝑋 do. Therefore, (𝜄𝛼,𝛽)∗ does
indeed restrict to a functor

(𝜄𝛼,𝛽)𝑠 : Lex𝛽 (C𝛽) → Lex𝛼 (C𝛼).

More concretely, we have that the diagram

Mod(C𝛼) Mod(C𝛽)

Lex𝛼 (C𝛼) Lex𝛽 (C𝛽)

C

( 𝜄𝛼,𝛽)∗

𝑗𝛼 𝑗𝛽

( 𝜄𝛼,𝛽)𝑠

𝐸𝛼

'
𝐸𝛽

'

is commutative, where the commutativity of the bottom triangle can be readily
checked using the fact that 𝜄𝛽 𝜄𝛼,𝛽 = 𝜄𝛼. In particular, we have that (𝜄𝛼,𝛽)𝑠 is an
equivalence.

Define now the functor (𝜄𝛼,𝛽)𝑠 B 𝑅𝛽 (𝜄𝛼,𝛽)! 𝑗𝛼. We show that this is the left
adjoint to (𝜄𝛼,𝛽)𝑠. Indeed, we have that:

(11)

Lex𝛽 (C𝛽) (𝑅𝛽 (𝜄𝛼,𝛽)! 𝑗𝛼 (𝑀), 𝑋) � Mod(C𝛽) ((𝜄𝛼,𝛽)! 𝑗𝛼 (𝑀), 𝑗𝛽 (𝑋))
� Mod(C𝛼) ( 𝑗𝛼 (𝑀), (𝜄𝛼,𝛽)∗ 𝑗𝛽 (𝑋))
� Mod(C𝛼) ( 𝑗𝛼 (𝑀), 𝑗𝛼 (𝜄𝛼,𝛽)𝑠 (𝑋))
� Lex𝛼 (C𝛼) (𝑀, (𝜄𝛼,𝛽)𝑠 (𝑋)).



FILTERED BICOLIMIT PRESENTATIONS AND TENSOR PRODUCTS 11

Therefore, because (𝜄𝛼,𝛽)𝑠 was an equivalence, so is (𝜄𝛼,𝛽)𝑠, and it is in particular
the quasi-inverse.

We now proceed to check the commutativity of the diagram (10). The commu-
tativity up to isomorphism of the top square is a direct consequence of the fact that
(𝜄𝛼,𝛽)! � Lan𝑌𝔞𝑌𝔟𝜄𝛼,𝛽 (see §2). It can also be directly checked using the (𝑘-linear)
Yoneda lemma. Indeed, given 𝐶 ∈ C𝛼, we have that

Mod(C𝛽) ((𝜄𝛼,𝛽)!𝑌C𝛼 (𝐶), 𝑀) � Mod(C𝛼) (𝑌C𝛼 (𝐶), (𝜄𝛼,𝛽)∗ (𝑀))
� (𝜄𝛼,𝛽)∗ (𝑀) (𝐶)
= 𝑀 (𝜄𝛼,𝛽 (𝐶))
� Mod(C𝛽) (𝑌C𝛽 (𝜄𝛼,𝛽 (𝐶)), 𝑀)

naturally in 𝑀 ∈ Mod(C𝛽) and thus (𝜄𝛼,𝛽)!𝑌C𝛼 (𝐶) � 𝑌C𝛽 𝜄𝛼,𝛽 (𝐶) as desired. We now
show the commutativity up to isomorphism of the triangle in the bottom. Using
the fact that (𝜄𝛼,𝛽)𝑠𝐸𝛽 = 𝐸𝛼, we obtain that

𝐸𝛽 � (𝜄𝛼,𝛽)𝑠 (𝜄𝛼,𝛽)𝑠𝐸𝛽 = (𝜄𝛼,𝛽)𝑠𝐸𝛼

as we wanted to prove. It remains to show the commutativity up to isomorphism
of the bottom square. Because (𝜄𝛼,𝛽)𝑠 is an equivalence, it preserves small colimits,
as so do (𝜄𝛼,𝛽)!, 𝑅𝛼 and 𝑅𝛽 because they are left adjoints. Therefore, as Mod(C𝛼)
is generated via small colimits by the elements {𝑌C𝛼 (𝐶)}𝐶∈C𝛼 , we have that the
bottom square in the diagram (10) is commutative up to isomorphism if and only
if

𝑅𝛽 (𝜄𝛼,𝛽)!𝑌C𝛼 � (𝜄𝛼,𝛽)𝑠𝑅𝛼𝑌C𝛼 .

Now observe that:
(𝜄𝛼,𝛽)𝑠𝑅𝛼𝑌C𝛼 (𝐶) = 𝑅𝛽 (𝜄𝛼,𝛽)! 𝑗𝛼𝑅𝛼𝑌C𝛼 (𝐶)

� 𝑅𝛽 (𝜄𝛼,𝛽)!𝑌C𝛼 (𝐶),

where the second isomorphism comes from the fact that 𝑌C𝛼 = 𝑗𝛼𝑌
′
C𝛼 and 𝑅𝛼 𝑗𝛼 �

1Lex𝛼 (C𝛼) . Therefore, we have an isomorphism

𝜆 : 𝑌 ′
𝛼𝜄𝛼,𝛽 � 𝑅𝛽𝑌C𝛽 𝜄𝛼,𝛽 ⇒ (𝜄𝛼,𝛽)𝑠𝑅𝛼𝑌C𝛼 � (𝜄𝛼,𝛽)𝑠𝑌 ′

𝛽 .

It remains to check that ((𝜄𝛼,𝛽)𝑠 , 𝜆) � Lan𝑌 ′
𝛼
𝑌 ′
𝛽
𝜄𝛼,𝛽, which exists because Lex𝛽 (C𝛽)

is cocomplete [20, Prop 4.33]. Denote by

𝛿 : 𝑌 ′
𝛽 𝜄𝛼,𝛽 ⇒ (Lan𝑌 ′

𝛼
𝑌 ′
𝛽 𝜄𝛼,𝛽)𝑌 ′

𝛼

the structure isomorphism of the left Kan extension. Now, by the universal property
of the left Kan extension [20, Thm 4.43], there exists a unique natural transforma-
tion 𝛾 : Lan𝑌 ′

𝛼
𝜄𝛼,𝛽𝑌

′
𝛽
⇒ (𝜄𝛼,𝛽)𝑠 such that 𝜆 = (𝛾 ◦ 𝑌 ′

𝛼) • 𝛿. In particular, 𝛾 ◦ 𝑌 ′
𝛼 is

an isomorphism. Now, because (𝜄𝛼,𝛽)𝑠 is cocontinuous, by the universal property
of the 𝛼-free cocompletion (9) we can conclude that 𝛾 is an isomorphism. This
concludes the proof. �

Remark 3.14. Proposition 3.13 can be compared to the topos-theoretic result [36,
Exp.III, Prop 1.2] (see [31, Prop 2.3] for the 𝑘-linear counterpart). In fact, our
choice of the notation (−)𝑠 and (−)𝑠 is borrowed from [36].

3.2. The tensor product: 𝛼-cocomplete linear categories and locally pre-
sentable linear categories. In this section we revise the monoidal structures in
the 2-categories Cat𝛼 (𝑘), LP𝛼 (𝑘) and LP(𝑘) and the relations among them.

The 2-category Cat𝛼 (𝑘) of 𝛼-cocomplete 𝑘-linear categories can be endowed with
a closed monoidal structure [20, §6.5] as follows:
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Definition 3.15. Given 𝔞, 𝔟 ∈ Cat𝛼 (𝑘), there exists an 𝔞 ⊗𝛼 𝔟 ∈ Cat𝛼 (𝑘) and a
𝑘-linear functor 𝑢𝛼

𝔞,𝔟
: 𝔞 ⊗ 𝔟 → 𝔞 ⊗𝛼 𝔟 which is 𝛼-cocontinuous in each variable, such

that, for every 𝔠 ∈ Cat𝛼 (𝑘), composition with 𝑢𝛼
𝔞,𝔟

induces an equivalence

(12) Rex𝛼 (𝔞 ⊗𝛼 𝔟, 𝔠) ' Rex𝛼,𝛼 (𝔞 ⊗ 𝔟, 𝔠) ' Rex𝛼 (𝔞,Rex𝛼 (𝔟, 𝔠))

in Cat𝛼 (𝑘), where Rex𝛼,𝛼 (𝔞 ⊗ 𝔟, 𝔠) denotes the full subcategory of Cat(𝑘) (𝔞 ⊗ 𝔟, 𝔠)
consisting of the functors that are 𝛼-cocontinuous in each variable. We say that
𝔞 ⊗𝛼 𝔟 is the 𝛼-Kelly tensor product of 𝔞 and 𝔟 [20],[21].

Proposition 3.16 ([20, §6.5]). The 2-category Cat𝛼 (𝑘) together with the 𝛼-Kelly
tensor product ⊗𝛼 is a closed monoidal bicategory. The monoidal unit is given by
the full subcategory (Mod(𝑘))𝛼 ⊆ Mod(𝑘) of 𝛼-presentable 𝑘-modules and the inner
hom between 𝔞 and 𝔟 is given by Rex𝛼 (𝔞, 𝔟).

The 𝛼-Kelly tensor product can be explicitly constructed as follows:

Proposition 3.17 ([20, §6.5]). Consider 𝔞, 𝔟 ∈ Cat𝛼 (𝑘). The category 𝔞 ⊗𝛼 𝔟

can be recovered as the closure under 𝛼-small colimits of the image of the 𝑘-linear
composite

(13) 𝔞 ⊗ 𝔟 Mod(𝔞 ⊗ 𝔟) Lex𝛼,𝛼 (𝔞, 𝔟)
𝑌𝔞⊗𝔟 𝑅𝛼,𝛼

where Lex𝛼,𝛼 (𝔞, 𝔟) denotes the full subcategory of Mod(𝔞 ⊗ 𝔟) consisting of the bi-
modules 𝐹 : 𝔞op ⊗ 𝔟op → Mod(𝑘) that are 𝛼-continuous in each variable, and the
𝑘-linear functor 𝑅𝛼,𝛼 : Mod(𝔞 ⊗ 𝔟) → Lex𝛼,𝛼 (𝔞, 𝔟) is the left adjoint to the natu-
ral embedding 𝑗𝛼,𝛼 : Lex𝛼,𝛼 (𝔞, 𝔟) ↩→ Mod(𝔞 ⊗ 𝔟). Moreover, the universal functor
𝑢𝛼
𝔞,𝔟

: 𝔞 ⊗ 𝔟 → 𝔞 ⊗𝛼 𝔟 is given by the corestriction of the functor (13) and the
equivalence

(−) ◦ 𝑢𝛼
𝔞,𝔟 : Rex𝛼 (𝔞 ⊗𝛼 𝔟, 𝔠) '−→ Rex𝛼,𝛼 (𝔞 ⊗ 𝔟, 𝔠)

is the right adjoint of the functor

Lan𝑢𝛼
𝔞,𝔟
(−) : Rex𝛼,𝛼 (𝔞 ⊗ 𝔟, 𝔠) '−→ Rex𝛼 (𝔞 ⊗𝛼 𝔟, 𝔠)

given by taking the left Kan extension along 𝑢𝛼
𝔞,𝔟

.

Remark 3.18. The adjunction
[
Lan𝑢𝛼

𝔞,𝔟
(−)

]
a
[
(−) ◦ 𝑢𝛼

𝔞,𝔟

]
is also an adjoint equiva-

lence when the 𝛼-cocomplete 𝑘-linear category of the codomain is not small (see [20,
Thm 6.23]). More concretely, given 𝔞, 𝔟 ∈ Cat𝛼 (𝑘) and C a (non-necessarily small)
𝛼-cocomplete 𝑘-linear category, we have that precomposing with 𝑢𝛼

𝔞,𝔟
provides an

equivalence

(−) ◦ 𝑢𝛼
𝔞,𝔟 : Rex𝛼 (𝔞 ⊗𝛼 𝔟, C) '−→ Rex𝛼,𝛼 (𝔞 ⊗ 𝔟, C)

whose left adjoint is given by

Lan𝑢𝛼
𝔞,𝔟
(−) : Rex𝛼,𝛼 (𝔞 ⊗ 𝔟, C) '−→ Rex𝛼 (𝔞 ⊗𝛼 𝔟, C).

Notation 3.19. Let A and B be two locally 𝛼-presentable 𝑘-linear categories and
consider A𝛼,B𝛼 ∈ Cat𝛼 (𝑘) their corresponding subcategories of 𝛼-presentable ob-
jects. We denote by

𝑘𝛼 : A𝛼 ⊗𝛼 B𝛼 ↩→ Lex𝛼,𝛼 (A𝛼,B𝛼)

the natural embedding provided by Proposition 3.17 above. If necessary to avoid
confusion, we will use a superindex to indicate which categories we are working
with and write 𝑘

A,B
𝛼 .
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Proposition 3.20 ([20, Prop 6.21]). Let A,B ∈ LP𝛼 (𝑘). Then, the 𝑘-linear func-
tor

Lex𝛼,𝛼 (A𝛼,B𝛼) → Mod(A𝛼 ⊗𝛼 B𝛼) : 𝑋 ↦→ Lex𝛼,𝛼 (A𝛼,B𝛼) (𝑘𝛼 (−), 𝑋)

factors via an equivalence

Lex𝛼,𝛼 (A𝛼,B𝛼) Mod(A𝛼 ⊗𝛼 B𝛼)

Lex𝛼 (A𝛼 ⊗𝛼 B𝛼)

'
𝐸𝛼,𝛼 𝑗𝛼

Remark 3.21. By definition, the diagram

A𝛼 ⊗ B𝛼 A𝛼 ⊗𝛼 B𝛼

Lex𝛼,𝛼 (A𝛼,B𝛼) Lex𝛼 (A𝛼 ⊗𝛼 B𝛼)

𝑅𝛼,𝛼𝑌A𝛼⊗B𝛼

𝑢A𝛼,B𝛼

𝑘𝛼 𝑌 ′
A𝛼⊗𝛼B𝛼

𝐸𝛼,𝛼

is commutative.

The closed monoidal structure on Cat𝛼 (𝑘) can be transported via the Gabriel-
Ulmer duality (Theorem 3.10) to a closed monoidal structure in LP𝛼 (𝑘) (see [6,
§5.1]). More concretely, we have the following statement:

Proposition 3.22. The 2-category LP𝛼 (𝑘) is a closed monoidal bicategory with
the 𝑘-linear bifunctor �LP𝛼

: LP𝛼 (𝑘) ⊗ LP𝛼 (𝑘) → LP𝛼 (𝑘) given by

A �LP𝛼
B B Lex𝛼 (A𝛼 ⊗𝛼 B𝛼).

The monoidal unit is given by Mod(𝑘) and the inner hom between A and B is given
by Ind𝛼 (Rex𝛼 (A𝛼,B𝛼)).

Remark 3.23. Given A,B locally 𝛼-presentable categories, we have that

(A �LP𝛼
B)𝛼 ' A𝛼 ⊗𝛼 B𝛼 .

The following remark will be useful further on.

Remark 3.24. Let 𝛼, 𝛽 be two regular cardinals and A,B two 𝛾-presentable 𝑘-linear
categories where 𝛾 = min(𝛼, 𝛽). Then the tensor-inner hom adjunction of 𝑘-linear
categories from (4) restricts to an isomorphism

(14) Φ𝛼,𝛽 : Lex𝛼,𝛽 (A𝛼,B𝛽) → Lex𝛼 ((A𝛼)op, Lex𝛽 (B𝛽)).

More concretely, a functor 𝐹 ∈ Lex𝛼,𝛽 (A𝛼,B𝛽) is sent to the functor Φ𝛼,𝛽 (𝐹) ∈
Lex𝛼 ((A𝛼)op, Lex𝛽 (B𝛽)) defined by Φ𝛼,𝛽 (𝐹) (𝐴) (𝐵) B 𝐹 (𝐴, 𝐵) for all 𝐴 ∈ A𝛼, 𝐵 ∈
B𝛽 and a natural transformation 𝜎 : 𝐹 ⇒ 𝐺 in Lex𝛼,𝛽 (A𝛼,B𝛽) is sent to the natural
transformation Φ𝛼,𝛽 (𝜎) : Φ𝛼,𝛽 (𝐹) ⇒ Φ𝛼,𝛽 (𝐺) defined by

[ [
Φ𝛼,𝛼 (𝜎)

]
𝐴

]
𝐵
B 𝜎(𝐴,𝐵)

for all 𝐴 ∈ A𝛼, 𝐵 ∈ B𝛽. We will denote by

(15) Ψ𝛼,𝛽 : Lex𝛼 ((A𝛼)op, Lex𝛽 (B𝛽)) → Lex𝛼,𝛽 (A𝛼,B𝛽)

the inverse of this isomorphism. More concretely, any 𝐹 ∈ Lex𝛼 ((A𝛼)op, Lex𝛽 (B𝛽))
is sent to the functor Ψ𝛼,𝛽 (𝐹) ∈ Lex𝛼,𝛽 (A𝛼,B𝛽) given by Ψ𝛼,𝛽 (𝐹) (𝐴, 𝐵) = 𝐹 (𝐴) (𝐵)
and a natural transformation 𝜂 : 𝐹 ⇒ 𝐺 is sent to the natural transformation
Ψ𝛼,𝛽 (𝜂) : Ψ𝛼,𝛽 (𝐹) ⇒ Ψ𝛼,𝛽 (𝐺) defined by

[
Ψ𝛼,𝛽 (𝜂)

]
(𝐴,𝐵) = [𝜂𝐴]𝐵.

In [6, §5.1] it is shown that the tensor product �LP𝛼
admits a nice description

independent of the cardinal 𝛼.
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Proposition 3.25. Let 𝛼 ∈ Reg. Given A,B ∈ LP𝛼 (𝑘), there is an equivalence of
𝑘-linear categories

𝐻𝛼 : Cont𝑘 (Aop,B) → Lex𝛼,𝛼 (A𝛼,B𝛼)

where Cont𝑘 (Aop,B) denotes the 𝑘-linear category of continuous 𝑘-linear functors
between Aop and B and 𝑘-natural transformations between them. More concretely,
𝐻𝛼 is given by the composite of 𝑘-linear equivalences

Cont𝑘 (Aop,B)
− ◦ ( 𝜄A𝛼 )op

' Lex𝛼 ((A𝛼)op,B)
𝐸B
𝛼 ◦ −
' Lex𝛼 ((A𝛼)op, Lex𝛼 (B𝛼))

Ψ𝛼,𝛼

� Lex𝛼,𝛼 (A𝛼,B𝛼)

where 𝜄A𝛼 is the natural embedding defined in Notation 3.2, 𝐸B
𝛼 is the equivalence

from Remark 3.11 and Ψ𝛼,𝛼 is the isomorphism defined in (15). If necessary to
avoid confusion, we will use a superindex to indicate which categories we are working
with and write 𝐻

A,B
𝛼 .

By virtue of Remark 3.7, Proposition 3.20 and Proposition 3.25, one can extend
the tensor product in LP𝛼 (𝑘) to a tensor product in LP(𝑘) [6, §5.1].

Proposition 3.26. The bifunctor �LP : LP(𝑘) ⊗ LP(𝑘) → LP(𝑘) given by

A �LP B B Cont𝑘 (Aop,B)

induces a closed monoidal structure in LP(𝑘), with monoidal unit given by Mod(𝑘)
and inner hom given by Cocont𝑘 (B, C). More concretely, given A,B ∈ LP(𝑘), there
exists a 𝑘-linear functor 𝑠A,B : A ⊗ B → A �LP B which is cocontinuous in each
variable and such that precomposition with 𝑠A,B provides an equivalence
(16)
Cocont𝑘 (A �LP B, C) ' Cocont𝑘 ,Cocont𝑘 (A ⊗ B, C) � Cocont𝑘 (A,Cocont𝑘 (B, C))

for all C ∈ LP(𝑘), where Cocont𝑘 ,Cocont𝑘 (− ⊗ −,−) denotes the 𝑘-linear functors
that are cocontinuous in each variable, whose left adjoint is given by the equivalence

Lan𝑠A,B : Cocont𝑘 ,Cocont𝑘 (A ⊗ B, C) → Cocont𝑘 (A �LP B, C).

Moreover, if both A and B are 𝛼-presentable one has that

(A �LP B)𝛼 ' A𝛼 ⊗𝛼 B𝛼 .

Remark 3.27. The universal properties of ⊗𝛼 and �LP are compatible in a nice way
(see the proof of [6, Prop 5.3]). In other words, if A and B are locally 𝛼-presentable
𝑘-linear categories, there is an isomorphism

A𝛼 ⊗ B𝛼 A ⊗ B

A �LP B

A𝛼 ⊗𝛼 B𝛼 Lex𝛼,𝛼 (A𝛼,B𝛼),

𝑢A𝛼,B𝛼

𝑖A𝛼 ⊗𝑖B𝛼
𝑠A,B

Γ𝛼w

𝑘𝛼

𝐻−1
𝛼

where 𝐻−1
𝛼 is a quasi-inverse of the equivalence 𝐻𝛼 from Proposition 3.25.
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3.2.1. Raising the cardinality. Let A, B be two locally presentable 𝑘-linear cat-
egories and choose the smallest regular cardinal 𝜅 such that both are locally 𝜅-
presentable. Consider regular cardinals 𝜅 ≤ 𝛼 ≤ 𝛽 and denote by 𝜄A

𝛼,𝛽
: A𝛼 ↩→ A𝛽,

𝜄B
𝛼,𝛽

: B𝛼 ↩→ B𝛽 the natural embeddings, which in particular are 𝛼-cocontinuous.
Observe that we have a canonical 𝛼-cocontinuous 𝑘-linear functor

(17) 𝑓𝛼,𝛽 : A𝛼 ⊗𝛼 B𝛼 → A𝛽 ⊗𝛽 B𝛽

that makes the diagram

(18)
A𝛼 ⊗ B𝛼 A𝛽 ⊗ B𝛽

A𝛼 ⊗𝛼 B𝛼 A𝛽 ⊗𝛽 B𝛽 .

𝜄A
𝛼,𝛽

⊗ 𝜄B
𝛼,𝛽

𝑢A𝛼,B𝛼 𝑢A𝛽 ,B𝛽

𝑓𝛼,𝛽

commutative up to isomorphism. Indeed, 𝑓𝛼,𝛽 is defined as the image via the
universal property (12) in Rex𝛼 (A𝛼 ⊗𝛼 B𝛼,A𝛽 ⊗𝛽 B𝛽) of the composite

A𝛼 ⊗ B𝛼
𝜄A
𝛼,𝛽

⊗ 𝜄B
𝛼,𝛽−−−−−−−−→ A𝛽 ⊗ B𝛽

𝑢A𝛽 ,B𝛽

−−−−−−→ A𝛽 ⊗𝛽 B𝛽 ,

which is 𝛼-cocontinuous in each variable. More concretely, we have that

(19) 𝑓𝛼,𝛽 = Lan(𝑢A𝛼,B𝛼 )
(
𝑢A𝛽 ,B𝛽 (𝜄A𝛼,𝛽 ⊗ 𝜄B𝛼,𝛽)

)
(see Proposition 3.17).

The following is a 2-variables version of Proposition 3.13.

Proposition 3.28. Let A,B be locally 𝜅-presentable 𝑘-linear categories and con-
sider small regular cardinals 𝛽 ≥ 𝛼 ≥ 𝜅. Let 𝜄⊗

𝛼,𝛽
B 𝜄A

𝛼,𝛽
⊗ 𝜄B

𝛼,𝛽
: A𝛼⊗B𝛼 → A𝛽⊗B𝛽

be the natural functor. Then, the 𝑘-linear functor (𝜄⊗
𝛼,𝛽

)∗ : Mod(A𝛽 ⊗ B𝛽) →
Mod(A𝛼 ⊗ B𝛼) sends objects in Lex𝛽,𝛽 (A𝛽 ,B𝛽) to objects in Lex𝛼,𝛼 (A𝛼,B𝛼) and
hence restricts to a 𝑘-linear functor

(𝜄⊗
𝛼,𝛽

)𝑠 : Lex𝛽,𝛽 (A𝛽 ,B𝛽) → Lex𝛼,𝛼 (A𝛼,B𝛼).

Moreover, (𝜄⊗
𝛼,𝛽

)𝑠 has a left adjoint (𝜄⊗
𝛼,𝛽

)𝑠 : Lex𝛼,𝛼 (A𝛼,B𝛼) → Lex𝛽,𝛽 (A𝛽 ,B𝛽)
such that the diagram

(20)

A𝛼 ⊗ B𝛼 A𝛽 ⊗ B𝛽

Mod(A𝛼 ⊗ B𝛼) Mod(A𝛽 ⊗ B𝛽)

Lex𝛼,𝛼 (A𝛼,B𝛼) Lex𝛽,𝛽 (A𝛽 ,B𝛽)

A �LP B

𝜄⊗
𝛼,𝛽

𝑅𝛼,𝛼

( 𝜄⊗
𝛼,𝛽

)!

𝑅𝛽,𝛽

( 𝜄⊗
𝛼,𝛽

)𝑠

𝐻𝛼 𝐻𝛽

is commutative up to isomorphism. Furthermore, the adjunction (𝜄⊗
𝛼,𝛽

)𝑠 a (𝜄⊗
𝛼,𝛽

)𝑠 is

a 𝑘-linear equivalence of categories and (𝜄⊗
𝛼,𝛽

)𝑠 � Lan(𝑅𝛼,𝛼𝑌A𝛼⊗B𝛼 )
(
𝑅𝛽,𝛽𝑌A𝛽⊗B𝛽 𝜄⊗

𝛼,𝛽

)
.
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Proof. We first prove that (𝜄⊗
𝛼,𝛽

)𝑠 when restricted to the subcategory Lex𝛽,𝛽 (A𝛽 ,B𝛽)
takes values in Lex𝛼,𝛼 (A𝛼,B𝛼). Indeed, given 𝑋 ∈ Lex𝛽,𝛽 (A𝛽 ,B𝛽), we have that

(𝜄⊗
𝛼,𝛽

)∗ (𝑋) (−,−) = 𝑋 ((𝜄⊗
𝛼,𝛽

)op (−,−)) = 𝑋

(
(𝜄A

𝛼,𝛽
)op (−), (𝜄B𝛼,𝛽)

op (−)
)

belongs to Lex𝛼,𝛼 (A𝛼,B𝛼) because (𝜄A
𝛼,𝛽

)op and (𝜄B
𝛼,𝛽

)op preserve 𝛼-small limits and
𝑋 preserves 𝛽-small (and in particular 𝛼-small) limits in each variable. We thus
have a functor (𝜄⊗

𝛼,𝛽
)𝑠 : Lex𝛽,𝛽 (A𝛽 ,B𝛽) → Lex𝛼,𝛼 (A𝛼,B𝛼) such that the diagram

Mod(A𝛼 ⊗ B𝛼) Mod(A𝛽 ⊗ B𝛽)

Lex𝛼,𝛼 (A𝛼,B𝛼) Lex𝛽,𝛽 (A𝛽 ,B𝛽)

( 𝜄⊗
𝛼,𝛽

)∗

𝑗𝛼,𝛼 𝑗𝛽,𝛽

( 𝜄⊗
𝛼,𝛽

)𝑠

is commutative. Observe now that, for any 𝑋 ∈ Cont𝑘 (Aop,B), one has that

(𝜄B𝛼,𝛽)𝑠𝐸
B
𝛽 𝑋 (𝜄A

𝛽
)op (𝜄A

𝛼,𝛽
)op = 𝐸B

𝛼 𝑋 (𝜄A𝛼 )op,

because (𝜄B
𝛼,𝛽

)𝑠𝐸B
𝛽
= 𝐸B

𝛼 (see the proof of Proposition 3.13) and 𝜄A𝛼 = 𝜄A
𝛽
𝜄A
𝛼,𝛽

. Now
applying Ψ𝛼,𝛼 to both sides of the equality, one can conclude that

(21) 𝐻𝛼 = (𝜄⊗
𝛼,𝛽

)𝑠𝐻𝛽 ,

showing the commutativity of the diagram

Lex𝛼,𝛼 (A𝛼,B𝛼) Lex𝛽,𝛽 (A𝛽 ,B𝛽).

A �LP B

( 𝜄⊗
𝛼,𝛽

)𝑠

𝐻𝛽𝐻𝛼

In particular, because both 𝐻𝛼 and 𝐻𝛽 are both equivalences, we have that 𝜄⊗
𝛼,𝛽

is
also an equivalence.

Define now the functor (𝜄⊗
𝛼,𝛽

)𝑠 B 𝑅𝛽,𝛽 (𝜄⊗𝛼,𝛽)! 𝑗𝛼,𝛼. We are going to show that
(𝜄⊗

𝛼,𝛽
)𝑠 is a left adjoint of (𝜄⊗

𝛼,𝛽
)𝑠. Indeed, given 𝑀 ∈ Lex𝛼,𝛼 (A𝛼,B𝛼) and 𝑁 ∈

Lex𝛽,𝛽 (A𝛽 ,B𝛽) we have that

Lex𝛽,𝛽 (A𝛽 ,B𝛽)
(
(𝜄⊗

𝛼,𝛽
)𝑠 (𝑀), 𝑁

)
� Mod(A𝛽 ⊗ B𝛽)

(
(𝜄⊗

𝛼,𝛽
)! 𝑗𝛼,𝛼 (𝑀), 𝑗𝛽,𝛽 (𝑁)

)
� Mod(A𝛼 ⊗ B𝛼)

(
𝑗𝛼,𝛼 (𝑀), (𝜄⊗

𝛼,𝛽
)∗ 𝑗𝛽,𝛽 (𝑁)

)
� Mod(A𝛼 ⊗ B𝛼)

(
𝑗𝛼,𝛼 (𝑀), 𝑗𝛼,𝛼 (𝜄⊗𝛼,𝛽)𝑠 (𝑁)

)
� Lex𝛼,𝛼 (A𝛼,B𝛼)

(
𝑀, (𝜄⊗

𝛼,𝛽
)𝑠 (𝑁)

)
,

naturally in 𝑀 and 𝑁. Therefore (𝜄⊗
𝛼,𝛽

)𝑠 a (𝜄⊗
𝛼,𝛽

)𝑠, and as (𝜄⊗
𝛼,𝛽

)𝑠 is an equivalence,
this adjunction is an adjoint equivalence.

We now prove that the diagram (20) is commutative up to isomorphism. The
commutativity up to isomorphism of the top square follows from the Yoneda lemma
by the same argument as the one used in the proof of Proposition 3.13. Moreover,
using the fact that 𝐻𝛼 = (𝜄⊗

𝛼,𝛽
)𝑠𝐻𝛽, we can conclude that

(𝜄⊗
𝛼,𝛽

)𝑠𝐻𝛼 = (𝜄⊗
𝛼,𝛽

)𝑠 (𝜄⊗
𝛼,𝛽

)𝑠𝐻𝛽 � 𝐻𝛽

where we are using the counit of the equivalence adjunction (𝜄⊗
𝛼,𝛽

)𝑠 a (𝜄⊗
𝛼,𝛽

)𝑠. This
shows the commutativity up to isomorphism of the lower triangle. We now prove
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that the bottom square of the diagram commutes up to isomorphism. Observe that,
for all 𝑋 ∈ Mod(A𝛼 ⊗ B𝛼) and 𝑀 ∈ Lex𝛽,𝛽 (A𝛽 ,B𝛽) we have that

Lex𝛽,𝛽 (A𝛽 ,B𝛽)
(
(𝜄⊗

𝛼,𝛽
)𝑠𝑅𝛼,𝛼 (𝑋), 𝑀

)
� Lex𝛼,𝛼 (A𝛼,B𝛼)

(
𝑅𝛼,𝛼 (𝑋), (𝜄⊗𝛼,𝛽)𝑠 (𝑀)

)
� Mod(A𝛼 ⊗ B𝛼)

(
𝑋, 𝑗𝛼,𝛼 (𝜄⊗𝛼,𝛽)𝑠 (𝑀)

)
� Mod(A𝛼 ⊗ B𝛼)

(
𝑋, (𝜄⊗

𝛼,𝛽
)∗ 𝑗𝛽,𝛽 (𝑀)

)
� Mod(A𝛽 ⊗ B𝛽)

(
(𝜄⊗

𝛼,𝛽
)! (𝑋), 𝑗𝛽,𝛽 (𝑀)

)
� Lex𝛽,𝛽 (A𝛽 ,B𝛽)

(
𝑅𝛽,𝛽 (𝜄⊗𝛼,𝛽)! (𝑋), 𝑀

)
,

naturally in 𝑋 and 𝑀 and thus by Yoneda lemma we have that 𝑅𝛽,𝛽 (𝜄⊗𝛼,𝛽)! �
(𝜄⊗

𝛼,𝛽
)𝑠𝑅𝛼,𝛼 as desired. Therefore, we have an isomorphism

𝜆 : 𝑅𝛽,𝛽𝑌A𝛽⊗B𝛽 (𝜄⊗𝛼,𝛽) ⇒ (𝜄⊗
𝛼,𝛽

)𝑠𝑅𝛼,𝛼𝑌A𝛼⊗B𝛼 .

It only remains to show that ((𝜄⊗
𝛼,𝛽

)𝑠 , 𝜆) � Lan(𝑅𝛼,𝛼𝑌A𝛼⊗B𝛼 ) (𝑅𝛽,𝛽𝑌A𝛽⊗B𝛽 (𝜄⊗
𝛼,𝛽

)),
which exists because Lex𝛽,𝛽 (A𝛽 ,B𝛽) is cocomplete [20, Prop 4.33]. Denote by

𝛿 : 𝑅𝛽,𝛽𝑌A𝛽⊗B𝛽 (𝜄⊗𝛼,𝛽) ⇒
(
Lan(𝑅𝛼,𝛼𝑌A𝛼⊗B𝛼 ) (𝑅𝛽,𝛽𝑌A𝛽⊗B𝛽 (𝜄⊗𝛼,𝛽))

)
𝑅𝛼,𝛼𝑌A𝛼⊗B𝛼

the structure isomorphism of the left Kan extension. Now, by the universal property
of the left Kan extension [20, Thm 4.43], there exists a unique natural transforma-
tion

𝛾 : Lan(𝑅𝛼,𝛼𝑌A𝛼⊗B𝛼 ) (𝑅𝛽,𝛽𝑌A𝛽⊗B𝛽 (𝜄⊗𝛼,𝛽)) ⇒ (𝜄⊗
𝛼,𝛽

)𝑠

such that 𝜆 = (𝛾◦𝑅𝛼,𝛼𝑌A𝛼⊗B𝛼 )•𝛿. In particular, 𝛾◦(𝑅𝛼,𝛼𝑌A𝛼⊗B𝛼 ) = 𝛾◦(𝑘𝛼𝑢A𝛼⊗B𝛼 )
is an isomorphism. As

(
Lan(𝑅𝛼,𝛼𝑌A𝛼⊗B𝛼 ) (𝑅𝛽,𝛽𝑌A𝛽⊗B𝛽 (𝜄⊗

𝛼,𝛽
))
)
𝑘𝛼 and (𝜄⊗

𝛼,𝛽
)𝑠𝑘𝛼 are 𝛼-

cocontinuous, we can apply Remark 3.18 and conclude that 𝛾◦𝑘𝛼 is an isomorphism.
Using now the fact that 𝑘𝛼 � 𝐸−1

𝛼,𝛼𝐸𝛼,𝛼𝑘𝛼 = 𝐸−1
𝛼,𝛼𝑌

′
A𝛼⊗𝛼B𝛼 (see Remark 3.21) and

the fact that
(
Lan(𝑅𝛼,𝛼𝑌A𝛼⊗B𝛼 ) (𝑅𝛽,𝛽𝑌A𝛽⊗B𝛽 (𝜄⊗

𝛼,𝛽
))
)

and (𝜄⊗
𝛼,𝛽

)𝑠 are cocontinuous, we
can apply (9) to conclude that 𝛾◦𝐸−1

𝛼,𝛼, and thus 𝛾, is an isomorphism. This finishes
the proof. �

4. Generalities on linear sites

In this section we revise the basic notions and results concerning 𝑘-linear sites,
as they will be an essential tool in the rest of the paper. For a more complete
account we point the reader to [26, §2] and [31, §2].

4.1. Basic definitions and results. 𝑘-Linear sites and Grothendieck 𝑘-linear cat-
egories can be seen as the 𝑘-linear counterpart of the classical Grothendieck sites
and Grothendieck topoi from [36]. We point the reader to [9] for more general
enhancements of sites and topoi.

Let 𝔞 be a small 𝑘-linear category.

Definition 4.1. Given an object 𝐴 ∈ 𝔞, a 𝑘-linear sieve on 𝐴 is a subobject
𝑅 of the representable module 𝔞(−, 𝐴) in the category Mod(𝔞). Given a family
𝑆 = ( 𝑓𝑖 : 𝐴𝑖 → 𝐴)𝑖∈𝐼 of morphisms in 𝔞, the 𝑘-linear sieve generated by 𝑆 is the
smallest 𝑘-linear sieve 𝑅 on 𝐴 such that 𝑓𝑖 ∈ 𝑅(𝐴𝑖) for all 𝑖 ∈ 𝐼.

Definition 4.2. A 𝑘-linear cover system R on 𝔞 consists of providing for each
𝐴 ∈ 𝔞 a family of 𝑘-linear sieves R(𝐴) on 𝐴. The 𝑘-linear sieves in a 𝑘-linear cover
system R are called covering sieves or covers (for R). We will say that a family
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( 𝑓𝑖 : 𝐴𝑖 → 𝐴)𝑖∈𝐼 is a cover, or a covering family, if the 𝑘-linear sieve it generates is
a cover.

Definition 4.3. Given 𝑅 a 𝑘-linear sieve on 𝐴 ∈ 𝔞 and 𝑔 : 𝐴′ → 𝐴 a morphism in
𝔞, the pullback of 𝑅 along 𝑔, denoted 𝑔−1𝑅, is the 𝑘-linear sieve on 𝐴′ obtained as
the pullback

𝑔−1𝑅 𝔞(−, 𝐴′)

𝑅 𝔞(−, 𝐴)

𝑔◦−

in Mod(𝔞). In particular, we have that 𝑔−1𝑅(𝐴′′) = { 𝑓 : 𝐴′′ → 𝐴′ | 𝑔 ◦ 𝑓 ∈ 𝑅(𝐴′′)}
for all 𝐴′′ ∈ 𝔞.

Definition 4.4. A 𝑘-linear cover system T on 𝔞 is localizing if it satisfies the
following:

(Id) Identity axiom: Given any object 𝐴 ∈ 𝔞, the 𝑘-linear sieve generated by
1𝐴 is a cover for T, i.e. 𝔞(−, 𝐴) ∈ T(𝐴) for all 𝐴 ∈ 𝔞;

(Pb) Pullback axiom: Given a covering sieve 𝑅 ⊆ T(𝐴) and 𝑔 : 𝐴′ → 𝐴 a
morphism in 𝔞, the pullback sieve 𝑔−1𝑅 is also a covering sieve for T.

If moreover T also satisfies the following:
(Glue) Glueing axiom: Let 𝑅 be a 𝑘-linear sieve on 𝐴. If there exists a 𝑘-linear

sieve 𝑆 on 𝐴 in T(𝐴) such that for all morphism 𝑔 : 𝐴′ → 𝐴 in 𝑆 the
pullback sieve 𝑔−1𝑅 ∈ T(𝐴′), then 𝑅 ∈ T(𝐴);

we say T is a 𝑘-linear Grothendieck topology.

Definition 4.5. A 𝑘-linear site is a pair (𝔞, T) where 𝔞 is a 𝑘-linear category and
T is a 𝑘-linear Grothendieck topology on 𝔞.

Given a 𝑘-linear site (𝔞, T) one can define linearised versions of presheaves and
sheaves, in analogy with the classical notions.

Definition 4.6.
• A 𝑘-linear presheaf 𝐹 on (𝔞, T) is an 𝔞-module, that is 𝐹 ∈ Mod(𝔞).
• A 𝑘-linear sheaf 𝐹 on (𝔞, T) is a 𝑘-linear presheaf such that the restriction

functor

𝐹 (𝐴) � Mod(𝔞) (𝔞(−, 𝐴), 𝐹) → Mod(𝔞) (𝑅, 𝐹)
is an isomorphism for all 𝐴 ∈ 𝔞 and all 𝑅 ∈ T(𝐴). We denote by Sh(𝔞, T) ⊆
Mod(𝔞) the full subcategory of 𝑘-linear sheaves.

Definition 4.7. Consider a small 𝑘-linear category 𝔞. A 𝑘-linear Grothendieck
topology T on 𝔞 is called subcanonical if for every 𝐴 ∈ 𝔞, the representable presheaf
𝔞(−, 𝐴) ∈ Mod(𝔞) is a sheaf, that is, it belongs to Sh(𝔞, T). The largest Grothendieck
subcanonical topology is called the canonical topology.

Remark 4.8. We will frequently consider Grothendieck 𝑘-linear categories C them-
selves as (large) 𝑘-linear sites, endowed with their canonical topology TC,can. In
this particular case, the covering families are the jointly epimorphic families (see
[36, Exp I, §10.3 + Exp II, Def 2.5 + Exp II, Prop 4.3(2)]) and Sh(C, TC,can) ' C
(see [29, Lem 1.3.14]).

The following is a consequence of Gabriel-Popescu theorem [30] in combination
with enriched topos theory [9].

Theorem 4.9. The categories of 𝑘-linear sheaves over 𝑘-linear sites are precisely
the Grothendieck 𝑘-linear categories.
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Definition 4.10. Let (𝔞, T𝔞) and (𝔟, T𝔟) be 𝑘-linear sites. We say that a 𝑘-linear
functor 𝑓 : 𝔞 → 𝔟 is a continuous morphism (for T𝔞 and T𝔟) if the restriction
of scalars functor 𝑓 ∗ : Mod(𝔟) → Mod(𝔞) sends objects in Sh(𝔟, T𝔟) to objects in
Sh(𝔞, T𝔞).

We denote by 𝑓𝑠 : Sh(𝔟, T𝔟) → Sh(𝔞, T𝔞) the corresponding restriction functor,
and by 𝑓 𝑠 : Sh(𝔞, T𝔞) → Sh(𝔟, T𝔟) its left adjoint.

Definition 4.11. Let 𝔞 be a small 𝑘-linear category, (𝔟, T𝔟) a 𝑘-linear site and
𝑓 : 𝔞 → 𝔟 a 𝑘-linear functor. The 𝑘-linear cover system induced by 𝑓 and denoted
by 𝑓 −1T𝔟 is the 𝑘-linear cover system on 𝔞 consisting of all the sieves 𝑅 on 𝔞 such that
the covering sieve on 𝔟 generated by the family 𝑓 𝑅 B ( 𝑓 (𝑎) | 𝑎 is a morphism in 𝑅)
belongs to T𝔟.

The class of LC morphisms between sites, where LC stands for “Lemme de com-
parison” [25, §4], will be used in the following sections:

Definition 4.12 ([27, Def 3.4]). Consider a 𝑘-linear functor 𝑓 : 𝔞 → 𝔠, where 𝔞 is
small and 𝔠 may be large.

(1) Suppose 𝔠 is endowed with a 𝑘-linear cover system T𝔠. We say that 𝑓 : 𝔞 →
(𝔠, T𝔠) satisfies
(G) if for every 𝐶 ∈ 𝔠 there is a covering family ( 𝑓 (𝐴𝑖) → 𝐶)𝑖∈𝐼 for T𝔠.

(2) Suppose 𝔞 is endowed with a 𝑘-linear cover system T𝔞. We say that 𝑓 :
(𝔞, T𝔞) → 𝔠 satisfies
(F) if for every morphism 𝑐 : 𝑓 (𝐴) → 𝑓 (𝐴′) in 𝔠 there exists a covering

family (𝑎𝑖 : 𝐴𝑖 → 𝐴)𝑖∈𝐼 for T𝔞 and morphisms 𝑓𝑖 : 𝐴𝑖 → 𝐴′ for each
𝑖 ∈ 𝐼 such that 𝑐 𝑓 (𝑎𝑖) = 𝑓 ( 𝑓𝑖) for all 𝑖 ∈ 𝐼;

(FF) if for every morphism 𝑎 : 𝐴 → 𝐴′ in 𝔞 with 𝑓 (𝑎) = 0 there exists a
covering family (𝑎𝑖 : 𝐴𝑖 → 𝐴)𝑖∈𝐼 for T𝔞 with 𝑎𝑎𝑖 = 0 for all 𝑖 ∈ 𝐼.

(3) Suppose 𝔞 and 𝔠 are endowed with 𝑘-linear cover systems T𝔞 and T𝔠 respec-
tively. We say that 𝑓 : (𝔞, T𝔞) → (𝔠, T𝔠) satisfies

(LC) if 𝑓 satisfies (G) with respect to T𝔠, (F) and (FF) with respect to T𝔞,
and we further have T𝔞 = 𝑓 −1T𝔠.

We denote the class of LC morphisms between 𝑘-linear sites by LC.

Remark 4.13. Observe that the identity morphism of a 𝑘-linear site (𝔞, T) belongs
to LC. In addition, LC is closed under composition [25, Prop 4.4].

The importance of LC morphisms between linear sites relies in the fact that they
are continuous morphisms inducing equivalences between the corresponding sheaf
categories [25, Cor 4.5] together with the following key result:

Theorem 4.14 ([31, Thm 5]). Let (𝔞, T𝔞) and (𝔟, T𝔟) be 𝑘-linear sites and consider
a colimit preserving 𝑘-linear functor 𝐹 : Sh(𝔞, T𝔞) → Sh(𝔟, T𝔟). There exist a
subcanonical site (𝔠, T𝔠) and a diagram

𝔠

𝔞 𝔟,

𝑓 𝑤

where 𝑓 is a continuous morphism between 𝑘-linear sites and 𝑤 is an LC morphism,
such that

Sh(𝔞, T𝔞) Sh(𝔟, T𝔟)

Sh(𝔠, T𝔠)

𝐹

𝑓 𝑠 𝑤𝑠

is a commutative diagram up to isomorphism.
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4.2. The tensor product: linear sites and Grothendieck categories. In
[27] a tensor product �S of Grothendieck categories was introduced based on the
definition of a tensor product of 𝑘-linear sites.

Definition 4.15. Given two 𝑘-linear sites (𝔞, T𝔞), (𝔟, T𝔟), the tensor product of 𝑘-
linear sites (𝔞, T𝔞) �S (𝔟, T𝔟) is given by the 𝑘-linear site (𝔞 ⊗ 𝔟, T𝔞 �S T𝔟), where
T𝔞 �S T𝔟 is the smallest Grothendieck topology on 𝔞 ⊗ 𝔟 such that, for each object
(𝐴, 𝐵) ∈ 𝔞 ⊗ 𝔟, T𝔞 �S T𝔟 (𝐴, 𝐵) contains the images of all the canonical morphisms

𝑅 ⊗𝑘 𝑆 → 𝔞(−, 𝐴) ⊗𝑘 𝔟(−, 𝐵) = 𝔞 ⊗ 𝔟(−, (𝐴, 𝐵))
where 𝑅 ∈ T𝔞 (𝐴) and 𝑆 ∈ T𝔟 (𝐵).

The tensor product of Grothendieck 𝑘-linear categories is defined in [27] as fol-
lows.

Definition 4.16. Given two Grothendieck 𝑘-linear categories A = Sh(𝔞, T𝔞) and
B = Sh(𝔟, T𝔟), the tensor product of Grothendieck 𝑘-linear categories A �G B is
given by

A �G B = Sh(𝔞 ⊗ 𝔟, T𝔞 �S T𝔟)

Remark 4.17. The tensor product is well-defined, namely, it is independent of the
𝑘-linear site presentations of A and B chosen [27, Prop 4.1]. The proof of this relies
on the following result regarding LC morphisms.

Proposition 4.18 ([27, Prop 3.14]). Let 𝑓 : (𝔞, T𝔞) → (𝔟, T𝔟) and 𝑔 : (𝔠, T𝔠) →
(𝔡, T𝔡) be 𝑘-linear functors between 𝑘-linear sites. If 𝑓 and 𝑔 are LC morphisms,
so is the functor

𝑓 ⊗ 𝑔 : (𝔞 ⊗ 𝔠, T𝔞 �S T𝔠) → (𝔟 ⊗ 𝔡, T𝔟 �S T𝔡).

The following result provides a useful description of the tensor product of Grothen-
dieck 𝑘-linear categories.

Proposition 4.19 ([27, Cor 2.16 + Cor 2.18]). Consider Grothendieck 𝑘-linear
categories A = Sh(𝔞, T𝔞) and B = Sh(𝔟, T𝔟). Then, the tensor product A �G B =

Sh(𝔞⊗𝔟, T𝔞�ST𝔟) ⊆ Mod(𝔞⊗𝔟) is given by the full subcategory of bimodules 𝐹 : 𝔞op⊗
𝔟op → Mod(𝑘) for which 𝐹 (𝐴,−) ∈ Sh(𝔟, T𝔟) for all 𝐴 ∈ 𝔞 and 𝐹 (−, 𝐵) ∈ Sh(𝔞, T𝔞)
for all 𝐵 ∈ 𝔟.

Recall that Grothendieck categories are in particular locally presentable cate-
gories [22, Cor 5.2]+[21, Prop 7.5]. The following result was proven in [27, Thm
5.4].

Theorem 4.20. Given two Grothendieck categories A,B, we have that

A �G B ' A �LP B.

5. Generalities on the 2-filtered bicolimit of categories

Given a (pseudo)functor 𝐹 : A → Cat where A is a category and Cat denotes
the 2-category of small categories, we can consider Grothendieck’s construction of
the weak 2-colimit or bicolimit lim−−→A (𝐹) from [37, Exposé VI]1. In particular, the
bicolimits of the pseudofunctors for which the indexing category A is filtered, are
called filtered bicolimits. In this section, we will revise the construction of the filtered
bicolimit of a pseudofunctor 𝐹 : A → Cat as presented in [13, 14]. Actually, [13, 14]
provides a construction of the more general 2-filtered bicolimits, i.e. the bicolimits

1Do not confuse this construction with the well-known Grothendieck’s construction [36, Exposé
VI], which given a pseudofunctor 𝐹 : Aop → Cat computes its oplax colimit [16, Thm 1.1], which
has a different universal property than the bicolimit.
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of pseudofunctors 𝐹 : A → Cat where A is a 2-filtered 2-category. Because we only
need to compute (1-)filtered bicolimits, we will just revise how this more general
construction applies to this particular case. In addition, we show that in such case,
if the pseudofunctor 𝐹 factors through the 2-category of 𝑘-linear categories Cat(𝑘),
the filtered bicolimit is also 𝑘-linear.

We recall some important definitions from the theory of 2-categories. We point
the reader to [19] for an extensive account on 2-categories and bicategories.

Definition 5.1. Let 𝐹, 𝐺 : A → B be two pseudofunctors between 2-categories
A,B.

(1) A pseudonatural transformation Φ : 𝐹 ⇒ 𝐺 is given by a family of 1-
morphisms

(Φ𝐴 : 𝐹 (𝐴) → 𝐺 (𝐴))𝐴∈Obj(A)
and a family of invertible 2-morphisms

(Φ 𝑓 : Φ′
𝐴𝐹 ( 𝑓 ) ⇒ 𝐺 ( 𝑓 )Φ𝐴) ( 𝑓 :𝐴→𝐴′) ∈A

such that for all 𝐴 ∈ A one has that

Φ1𝐴
• (Φ𝐴 ◦ 𝐹0

𝐴) = 𝐺0
𝐴 ◦Φ𝐴,

where 𝐹0
𝐴
: 1𝐹 (𝐴) ⇒ 𝐹 (1𝐴) (resp. 𝐺0

𝐴
: 1𝐺 (𝐴) ⇒ 𝐺 (1𝐴)) is the invertible 2-

cell in B providing the lax unity constraint of the pseudofunctor 𝐹 (resp. 𝐺)
at the object 𝐴, and for every pair of composable 1-morphisms 𝑓 : 𝐴 → 𝐴′,
𝑔 : 𝐴′ → 𝐴′′ in A one has that

Φ𝑔 𝑓 •
(
Φ𝐴′′ ◦ 𝐹2

𝑔, 𝑓

)
=

(
𝐺2

𝑔, 𝑓 ◦Φ𝐴

)
•
(
𝐺 (𝑔) ◦Φ 𝑓

)
•
(
Φ𝑔 ◦ 𝐹 ( 𝑓 )

)
,

where 𝐹2
𝑓 ,𝑔

: 𝐹 (𝑔)𝐹 ( 𝑓 ) ⇒ 𝐹 (𝑔 𝑓 ) (resp. 𝐺2
𝑔, 𝑓

: 𝐺 (𝑔)𝐺 ( 𝑓 ) ⇒ 𝐺 (𝑔 𝑓 )) is
the invertible 2-cell in B providing the lax functoriality constraint of the
pseudofunctor 𝐹 (resp. 𝐺) at the pair of composable morphisms 𝑓 , 𝑔.

(2) Given two pseudonatural transformations Φ,Ψ : 𝐹 ⇒ 𝐺, a morphism of
pseudonatural transformations 𝑟 between Φ and Ψ is a modification, that
is a family of 2-morphisms

(𝑟𝐴 : Φ𝐴 ⇒ Ψ𝐴)𝐴∈A
such that

(𝐺 ( 𝑓 ) ◦ 𝑟𝐴) •Φ 𝑓 = Ψ 𝑓 • (𝑟𝐴′ ◦ 𝐹 ( 𝑓 ))
for all 𝑓 : 𝐴 → 𝐴′ in A.

We denote by Psnat(𝐹, 𝐺) the category of pseudonatural transformations between
𝐹 and 𝐺, with morphisms given by the modifications (see [13] or [24]).

The notion of 2-filtered 2-category is introduced in [13, §2] (see the corrected
version of the definition in [14, Def 2.1b]) as a suitable generalisation in the 2-
categorical realm of the classical notion of filtered category. In particular, as it
is already mentioned in the introduction of [13], any (1-)category considered as a
trivial 2-category is 2-filtered if and only if it is filtered as an ordinary category
(and this remains true when using the corrected definition in [14]). Throughout
this paper we will always use an indexing category which is of this latter type,
hence we can safely avoid going through the technicalities of the construction of
2-filtered bicolimit for a general indexing 2-category.

Definition 5.2 ([13, Thm. 1.19]). Given a pseudofunctor 𝐹 : I → Cat, where I
is a 2-filtered 2-category2, the 2-filtered bicolimit of 𝐹 is a category L(𝐹) together

2The bicolimit and its construction actually work when the indexing category is a pre 2-
filtered 2-category, which is a weaker notion than that of 2-filtered 2-category, as pointed out in
the introduction of [13].
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with a pseudonatural transformation Λ : 𝐹 ⇒ L(𝐹) from 𝐹 to the constant 2-
functor I → Cat taking the value L(𝐹) such that, for every category C, it induces
via composition an equivalence of categories

(22) Cat(L(𝐹), C) ' Psnat(𝐹, C)
between the category of functors L(𝐹) → C and the category of pseudonatural
transformations between the pseudofunctor 𝐹 and the constant 2-functor taking
the value C.

Remark 5.3. Note that such a category is uniquely determined up to a unique
equivalence.

Remark 5.4. Observe that the original definition (see [13, Thm. 1.19]) only con-
siders 2-filtered bicolimits of 𝐹 with 𝐹 a strict 2-functor. For our purposes we need
to consider the more general situation in which 𝐹 is a pseudofunctor.

The main result of [13] provides, given a 2-functor 𝐹 : I → Cat, a construction
of the bicolimit L(𝐹) in an intrinsic way in terms of the 2-functor 𝐹, which in
particular makes of the equivalence (22) an isomorphism of categories. One can
observe that, when the indexing category is just an ordinary filtered (1-)category
the construction is greatly simplified. For this choice of indexing category, one can
easily extend the construction from [13] to the case in which 𝐹 is a pseudofunctor
by means of a slight generalization of the results explained in loc.cit.3

We flesh out below the construction of the bicolimit for our particular situation,
i.e. when

• 𝐹 : I → Cat is not necessarily a strict 2-functor but a pseudofunctor,
• the indexing category I is a filtered (1-)category.

Description of the objects:
Objects of L(𝐹) are pairs (𝑥, 𝐴) where 𝐴 ∈ I and 𝑥 ∈ 𝐹 (𝐴).

Description of the morphisms:
First we describe the class of premorphisms:

• Consider two objects (𝑥, 𝐴) and (𝑦, 𝐵). A premorphism (𝑥, 𝐴) → (𝑦, 𝐵)
consists of a triple (𝑢, 𝑓 , 𝑣), where 𝑢 : 𝐴 → 𝐶, 𝑣 : 𝐵 → 𝐶 and 𝑓 : 𝐹 (𝑢) (𝑥) →
𝐹 (𝑣) (𝑦) in 𝐹 (𝐶). In order to make the object 𝐶 explicit in the notation,
we will write (𝑢, 𝑓 , 𝑣)𝐶 : (𝑥, 𝐴) → (𝑦, 𝐵).

• Two pre-morphisms (𝑢1, 𝑓 , 𝑣1)𝐶1
, (𝑢2, 𝑔, 𝑣2)𝐶2

: (𝑥, 𝐴) → (𝑦, 𝐵) are said to
be homotopic if there exists an object 𝐶 ∈ I and morphisms 𝑤𝑖 : 𝐶𝑖 → 𝐶,
for 𝑖 = 1, 2 such that 𝑤1 ◦ 𝑢1 = 𝑤2 ◦ 𝑢2, 𝑤1 ◦ 𝑣1 = 𝑤2 ◦ 𝑣2 and the following
diagram commutes

𝐹 (𝑤1) ◦ 𝐹 (𝑢1) (𝑥) 𝐹 (𝑤1 ◦ 𝑢1) (𝑥) = 𝐹 (𝑤2 ◦ 𝑢2) (𝑥) 𝐹 (𝑤2) ◦ 𝐹 (𝑢2) (𝑥)

𝐹 (𝑤1) ◦ 𝐹 (𝑣1) (𝑦) 𝐹 (𝑤1 ◦ 𝑣1) (𝑦) = 𝐹 (𝑤2 ◦ 𝑣2) (𝑦) 𝐹 (𝑤2) ◦ 𝐹 (𝑣2) (𝑦).

�

𝐹 (𝑤1) ( 𝑓1)

�

𝐹 (𝑤2) ( 𝑓2)

� �

This relation is an equivalence relation and we denote the equivalence class
of a premorphism (𝑢, 𝑓 , 𝑣)𝐶 : (𝑥, 𝐴) → (𝑦, 𝐵) by [(𝑢, 𝑓 , 𝑣)𝐶 ].

By means of the homotopy relation, we define the morphisms:
• Morphisms in L(𝐹) between two objects are given by premorphisms be-

tween those two objects modulo homotopy.
• The identity morphism of an object (𝑥, 𝐴) in L(𝐹) is given by [(1𝐴, 1𝐹 (𝑥) , 1𝐴)𝐴].

3The general construction for 𝐹 a pseudofunctor should be possible in full generality, without
restrictions of the indexing category, just by readjusting the notion of homotopy in [13, 1.5(iii)],
as we have done in our particular case.
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• Given two morphisms
[(𝑢1, 𝑓1, 𝑣1)𝐶1

] :(𝑥, 𝐴) → (𝑦, 𝐵),
[(𝑢2, 𝑓2, 𝑣2)𝐶2

] :(𝑦, 𝐵) → (𝑧, 𝐶),
the composite [(𝑢2, 𝑓2, 𝑣2)𝐶2

] ◦ [(𝑢1, 𝑓1, 𝑣1)𝐶1
] in L(𝐹) is given by the mor-

phism [(𝑠1 ◦ 𝑢1, 𝑓 , 𝑠2 ◦ 𝑣2)𝐷] for 𝑠𝑖 : 𝐶𝑖 → 𝐷 for 𝑖 = 1, 2 such that 𝑠1 ◦ 𝑣1 =

𝑠2 ◦ 𝑢2 and where the morphism 𝑓 : 𝐹 (𝑠1 ◦ 𝑢1) (𝑥) → 𝐹 (𝑠2 ◦ 𝑣2) (𝑧) is defined
as the following composite:

𝐹 (𝑠1𝑢1) (𝑥) � 𝐹 (𝑠1) (𝐹 (𝑢1) (𝑥))
𝐹 (𝑠1) ( 𝑓1)−−−−−−−−→ 𝐹 (𝑠1) (𝐹 (𝑣1) (𝑦)) � 𝐹 (𝑠1𝑣1) (𝑦) =

𝐹 (𝑠2𝑢2) (𝑦) � 𝐹 (𝑠2) (𝐹 (𝑢2) (𝑦))
𝐹 (𝑠2) ( 𝑓2)−−−−−−−−→ 𝐹 (𝑠2) (𝐹 (𝑣2) (𝑧)) � 𝐹 (𝑠2𝑣2) (𝑧).

One can check that this is well-defined following the same reasoning as in
[13, Prop 1.11] but replacing the homotopies with the new notion of ho-
motopy we have introduced above to address the pseudofunctor case. We
do not write down the details, but the argument carries over almost verba-
tim once one takes into account that the isomorphisms 𝐹2

𝑔, 𝑓
: 𝐹 (𝑔)𝐹 ( 𝑓 ) ⇒

𝐹 (𝑔 ◦ 𝑓 ) are natural in both 𝑓 and 𝑔 for 𝑓 and 𝑔 composable morphisms in
I.

The category L(𝐹) fulfills the universal property (22) above together with the
pseudonatural transformation Λ : 𝐹 ⇒ L(𝐹) given by:

• for each 𝐴 ∈ I, the functor Λ𝐴 : 𝐹 (𝐴) → L(𝐹) sends an object 𝑥 ∈ 𝐹 (𝐴) to
(𝑥, 𝐴) ∈ L(𝐹) and a morphism 𝑓 : 𝑥 → 𝑦 in 𝐹 (𝐴) to [(1𝐴, 𝐹 (1𝐴) ( 𝑓 ), 1𝐴)𝐴];

• for each 𝑤 : 𝐴 → 𝐵 in I, the invertible 2-morphism Λ𝑤 : Λ𝐵 ◦ 𝐹 (𝑤) ⇒ Λ𝐴

is given, for each 𝑥 ∈ 𝐹 (𝐴), by the isomorphism

[(1𝐵,
[
𝐹2
1𝐵 ,𝑤

]
𝑥
, 𝑤)𝐵] : (𝐹 (𝑤) (𝑥), 𝐵) → (𝑥, 𝐴)

where
[
𝐹2
1𝐵 ,𝑤

]
𝑥

is just the evaluation at 𝑥 of the natural isomorphism

𝐹2
1𝐵 ,𝑤

: 𝐹 (1𝐵)𝐹 (𝑤) ⇒ 𝐹 (𝑤) given by the lax functoriality constraint of
the pseudofunctor 𝐹.

In particular, given a category C and a pseudonatural transformation Ω∈Psnat(𝐹,C),
the unique functor 𝐻 ∈ Cat(L(𝐹), C) such that 𝐻 ◦ Λ = Ω provided by the isomor-
phism (22) is given by

• on objects: 𝐻 ((𝑥, 𝐴)) = Ω𝐴(𝑥) ∈ C for all (𝑥, 𝐴) ∈ L(𝐹);
• on morphisms: given a morphism [(𝑢, 𝑓 , 𝑣)]𝐶 : (𝑥, 𝐴) → (𝑦, 𝐵), we have

that 𝐻 ( [(𝑢, 𝑓 , 𝑣)]𝐶 ) = [Ω𝑣 ]𝑦 Ω𝐶 ( 𝑓 ) [(Ω𝑢)−1]𝑥 .
We are interested in 𝑘-linear categories and their filtered bicolimits. More ex-

plicitely, we are interested in filtered bicolimits of pseudofunctors 𝐹 : I → Cat that
take values in the 2-category Cat(𝑘) of small 𝑘-linear categories with 𝑘-linear func-
tors and 𝑘-linear natural transformations, that is, in pseudofunctors 𝐹 : I → Cat
that factor through the forgetful 2-functor Cat(𝑘) → Cat. In what follows, we show
that the filtered bicolimit L(𝐹) under these hypothesis will be again a 𝑘-linear
category:

Proposition 5.5. Let I be a filtered category. Take 𝐹 : I → Cat a pseudofunctor
that factors through the forgetful 2-functor Cat(𝑘) → Cat. Then, L(𝐹) is a 𝑘-linear
category. Moreover, the universal pseudonatural tranformation Λ : 𝐹 ⇒ L(𝐹) is
𝑘-linear, meaning that Λ𝐴 is a 𝑘-linear functor for all 𝐴 ∈ I and Λ𝑤 is a 𝑘-linear
natural isomorphism for all 𝑤 morphism in I.

Proof. Consider (𝑥, 𝐴), (𝑦, 𝐵) ∈ L(𝐹). The class L(𝐹) ((𝑥, 𝐴), (𝑦, 𝐵)) has a natural
structure of 𝑘-module induced from the 𝑘-linear structure of the values of 𝐹. Indeed,
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given two morphisms

[(𝑢1, 𝑓1, 𝑣1)𝐶1
], [(𝑢2, 𝑓2, 𝑣2)𝐶2

] : (𝑥, 𝐴) → (𝑦, 𝐵)
and an element 𝜆 ∈ 𝑘, we define

[(𝑢1, 𝑓1, 𝑣1)𝐶1
] + 𝜆[(𝑢2, 𝑓2, 𝑣2)𝐶2

] = [(𝑤1 ◦ 𝑢1, 𝐹 (𝑤1) ( 𝑓1) + 𝜆𝐹 (𝑤2) ( 𝑓2), 𝑤2 ◦ 𝑣2)𝐶 ]
where 𝑤1 : 𝐶1 → 𝐶, 𝑤2 : 𝐶2 → 𝐶 and 𝑤1 ◦ 𝑢1 = 𝑤2 ◦ 𝑢2 and 𝑤1 ◦ 𝑣1 = 𝑤2 ◦ 𝑣2.
Observe that such 𝑤1, 𝑤2 exist because I is a filtered category. An easy check
shows that this is well-defined and does not depend on the choice of 𝑤1 and 𝑤2.
The fact that it provides a 𝑘-module structure is directly deduced from the fact
that, by hypothesis, for each object 𝐶 ∈ I, 𝐹 (𝐶) is a 𝑘-linear category and for each
morphism 𝐷 → 𝐸 in I, the functor 𝐹 (𝐷 → 𝐸) : 𝐹 (𝐷) → 𝐹 (𝐸) is 𝑘-linear.

In addition, one can easily show that the composition is 𝑘-linear. To show this,
consider morphisms

[(𝑢1, 𝑓1, 𝑣1)𝐶1
], [(𝑢2, 𝑓2, 𝑣2)𝐶2

] : (𝑥, 𝐴) → (𝑦, 𝐵),
[(𝑠1, 𝑔1, 𝑡1)𝐷1

], [(𝑠2, 𝑔2, 𝑡2)𝐷2
] : (𝑦, 𝐵) → (𝑧, 𝐶)

and elements 𝜆, 𝜆′ ∈ 𝑘. Without loss of generality we can assume that
𝐷 = 𝐶1 = 𝐶2 = 𝐷1 = 𝐷2,

𝑢 = 𝑢1 = 𝑢2 : 𝐴 → 𝐷,

𝑣 = 𝑣1 = 𝑣2 = 𝑠1 = 𝑠2 : 𝐵 → 𝐷

and
𝑡 = 𝑡1 = 𝑡2 : 𝐶 → 𝐷.

We have that
[(𝑣, 𝑔1, 𝑡)𝐷]◦ ([(𝑢, 𝑓1, 𝑣)𝐷] + 𝜆[(𝑢, 𝑓2, 𝑣)𝐷])

= [(𝑣, 𝑔1, 𝑡)𝐷] ◦ [(𝑢, 𝑓1 + 𝜆 𝑓2, 𝑣)𝐷]
= [(𝑢, 𝑔1 ◦ ( 𝑓1 + 𝜆 𝑓2), 𝑡)𝐷]
= [(𝑢, 𝑔1 ◦ 𝑓1 + 𝜆𝑔1 ◦ 𝑓2, 𝑡)𝐷]
= [(𝑣, 𝑔1, 𝑡)𝐷] ◦ [(𝑢, 𝑓1, 𝑣)𝐷] + 𝜆[(𝑣, 𝑔1, 𝑡)𝐷] ◦ [(𝑢, 𝑓2, 𝑣)𝐷] .

Similarly, one proves that

( [(𝑣, 𝑔1, 𝑡)𝐷] + 𝜆′[(𝑣, 𝑔2, 𝑡]𝐷) ◦ [(𝑢, 𝑓1, 𝑣)𝐷] = [(𝑣, 𝑔1, 𝑡)𝐷] .
Hence, the composition is 𝑘-linear as desired.

The 𝑘-linearity of Λ follows now by direct inspection. Indeed, the 𝑘-linearity of
the functor Λ𝐴 for all 𝐴 ∈ I is immediate from its definition. Moreover, for any 𝑤 :
𝐴 → 𝐵 in I, we have that Λ𝑤 : Λ𝐵 ◦ 𝐹 (𝑤) ⇒ Λ𝐴 is a natural isomorphism between
𝑘-linear functors and therefore it is in particular a 𝑘-linear natural isomorphism
(see §2). �

Observe that one could define a 𝑘-linear version of the 2-filtered bicolimit by
suitably linearizing Definition 5.2 above.

Definition 5.6. Given a pseudofunctor 𝐺 : I → Cat(𝑘), where I is a 2-filtered
2-category, the 𝑘-linear 2-filtered bicolimit of 𝐺 is a 𝑘-linear category L𝑘 (𝐺) to-
gether with a 𝑘-linear pseudonatural transformation Λ : 𝐺 ⇒ L𝑘 (𝐺) from 𝐺 to the
constant 2-functor I → Cat(𝑘) taking the value L𝑘 (𝐺) such that, for every 𝑘-linear
category C, it induces via composition an equivalence of categories

(23) Cat(𝑘) (L𝑘 (𝐺), C) ' Psnat𝑘 (𝐺, C)
between the category of 𝑘-linear functors L𝑘 (𝐺) → C and the category of 𝑘-linear
pseudonatural transformations between the pseudofunctor 𝐺 and the constant 2-
functor taking the value C.
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We now show that not only L(𝐹) is a 𝑘-linear category when 𝐹 : I → Cat
factors through the forgetful 2-functor Cat(𝑘) → Cat, it actually coincides with the
𝑘-linear filtered bicolimit L𝑘 (𝐹):

Proposition 5.7. Let I be a filtered category. Take 𝐹 : I → Cat a pseudofunctor
that factors through the forgetful 2-functor Cat(𝑘) → Cat. Then, Λ : 𝐹 ⇒ L(𝐹)
satisfies the universal property (23) of the 𝑘-linear filtered bicolimit of 𝐹.

Proof. By Proposition 5.5 we know that L(𝐹) is a 𝑘-linear category and Λ : 𝐹 ⇒
L(𝐹) is a 𝑘-linear pseudonatural transformation. Therefore, when we restrict the
isomorphism [−◦Λ] : Cat(L(𝐹), C) → Psnat(𝐹, C) from (22) to the full subcategory
Cat(𝑘) (L(𝐹), C) ⊆ Cat(L(𝐹), C), to obtain a functor

Cat(𝑘) (L(𝐹), C) → Psnat𝑘 (𝐹, C).

Moreover, given a 𝑘-linear pseudonatural transformation Ω : 𝐹 ⇒ C, the unique
functor 𝐻 : L(𝐹) → C such that 𝐻 ◦ Λ = Ω can be immediately checked to be
𝑘-linear using our assumption on 𝐹 and the fact that Ω is 𝑘-linear. Consequently,
we can conclude that [− ◦Λ] : Cat(L(𝐹), C) → Psnat(𝐹, C) from (22) does restrict
to an equivalence (actually an isomorphism)

Cat(𝑘) (L(𝐹), C) ' Psnat𝑘 (𝐹, C),

showing that L𝑘 (𝐹) ' L(𝐹). �

Remark 5.8. Proposition 5.7 shows that the forgetful 2-functor 𝑈 : Cat(𝑘) → Cat
preserves and reflects filtered bicolimits, which can be seen as a bicategorical parallel
of the fact that the forgetful functor Mod(𝑘) → Set preserves and reflects filtered
colimits [7, Prop 2.13.5]. For this reason, from this point on, we will use the notation
L(𝐹) to refer to both the 𝑘-linear filtered bicolimit and to its non-enriched version.

6. Locally presentable linear categories and Grothendieck
categories as filtered bicolimits of small categories

In this section we show, based on §5, that every locally presentable 𝑘-linear
category can be written as a filtered bicolimit of small categories, and hence in
particular this holds for any Grothendieck 𝑘-linear category. Furthermore, we show
that Grothendieck 𝑘-linear categories can be written as filtered bicolimits of certain
filtered categories of 𝑘-linear sites.

Remark 6.1. From this point on we will need to work with large filtered bicolimits,
i.e. with filtered bicolimits of pseudofunctors 𝐹 : I → CAT, where I is a possibly
large filtered 1-category. In other words, we will use the theory of filtered bicolimits
inside the universe V we fixed in §2 with respect to which our large categories were
small. Observe that even if such a pseudofunctor 𝐹 : I → CAT takes values in the
category of small categories Cat, the resulting filtered bicolimit may still be large
because I is itself large.

Theorem 6.2. Let C be a category which is a union of full small subcategories
indexed by a (possibly large) directed poset. Then, C is the filtered bicolimit of that
family of subcategories. More precisely, if C is a category such that C ' ⋃

𝑖∈𝐼 C𝑖,
where C𝑖 ⊆ C are full small subcategories, 𝐼 is a (possibly large) directed poset and
C𝑖 ⊆ C𝑗 if 𝑖 ≤ 𝑗 , then C is a filtered bicolimit of the family (C𝑖)𝑖∈𝐼 .

Proof. Denote by I the filtered category given by the directed poset 𝐼, and denote
by 𝜄𝑖, 𝑗 : C𝑖 ↩→ C𝑗 the natural embeddings for 𝑖 ≤ 𝑗 . We define the 2-functor

(24) 𝐹C : I → Cat ⊂ CAT
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to be given by 𝐹C (𝑖) = C𝑖 for every 𝑖 ∈ I and 𝐹C (𝑖 ≤ 𝑗) = 𝜄𝑖, 𝑗 : C𝑖 ↩→ C𝑗 for every
morphism 𝑖 ≤ 𝑗 in I.

We build a functor
𝜙 : L(𝐹C) → C

defined as follows:
• 𝜙(𝑥, 𝑖) = 𝑥 ∈ C𝑖 ⊆ C for every (𝑥, 𝑖) ∈ L(𝐹C);
• 𝜙

(
[(𝑖 ≤ 𝑘, 𝑓 : 𝜄𝑖,𝑘 (𝑥) → 𝜄 𝑗 ,𝑘 (𝑦), 𝑗 ≤ 𝑘)]

)
= 𝑓 ∈ C𝑘 (𝜄𝑖,𝑘 (𝑥), 𝜄 𝑗 ,𝑘 (𝑦)) = C(𝑥, 𝑦)

for every morphism [(𝑖 ≤ 𝑘, 𝑓 : 𝜄𝑖,𝑘 (𝑥) → 𝜄 𝑗 ,𝑘 (𝑦), 𝑗 ≤ 𝑘)] : (𝑥, 𝑖) → (𝑦, 𝑗) in
L(𝐹C).

One can readily check that this is well-defined and it defines a functor. As C '⋃
𝑖∈I C𝑖, one trivially has that this functor is essentially surjective, and because C𝑖

are full subcategories of C for all 𝑖 ∈ I, one easily deduces that the functor is fully
faithful. �

Remark 6.3. Assume C is 𝑘-linear, and hence C𝑖 is 𝑘-linear for all 𝑖 ∈ I and so are
the fully faithful functors 𝜄𝑖, 𝑗 : C𝑖 ⊆ C𝑗 for 𝑖 ≤ 𝑗 in I. Then we have that both
I and 𝐹C are in the hypothesis of Proposition 5.5 above, hence L(𝐹C) is 𝑘-linear.
Observe that the functor 𝜙 defined in the proof above is as well 𝑘-linear, and thus
C and L(𝐹C) are equivalent as 𝑘-linear categories.

Remark 6.4. Theorem 6.2 is just a bicategorical parallel to the easy (1-categorical)
statement that says that every object in a category that can be written as a union
of a filtered system of subobjects is in particular the filtered colimit of these system
of subobjects.

Corollary 6.5. Let C be a locally presentable 𝑘-linear category. Then C is the
𝑘-linear filtered bicolimit of its family of subcategories of locally presentable objects
(C𝛼)𝛼, where 𝛼 varies in Reg.

Proof. As C ' ⋃
𝛼∈Reg C𝛼 (see Remark 3.7), the result follows from Theorem 6.2

and Remark 6.3, together with the fact that Reg is directed (because it is a totally
ordered class). �

Remark 6.6. Because Grothendieck 𝑘-linear categories are in particular locally pre-
sentable 𝑘-linear categories, we can apply Corollary 6.5 to any Grothendieck 𝑘-linear
category. More concretely, every Grothendieck 𝑘-linear category C can be recovered
as the 𝑘-linear filtered bicolimit of its family of subcategories of locally presentable
objects (C𝛼)𝛼, where 𝛼 varies in Reg.

We now introduce another presentation of a Grothendieck 𝑘-linear category as
a filtered bicolimit, where the indexing filtered category will be a certain category
of 𝑘-linear sites.

Let C be a Grothendieck 𝑘-linear category. Consider the category JC defined as
follows:

• Objects of JC are given by

{𝑢𝔞 : (𝔞, T𝔞) → C | (𝔞, T𝔞) small 𝑘-linear site, 𝑢𝔞 ∈ LC}
where C is endowed with the canonical topology (see Remark 4.8). For
readibility, we will frequently omit the topology from our notation and
write 𝑢𝔞 : 𝔞 → C.

• Morphisms between two objects 𝑢𝔞 : 𝔞 → C and 𝑢𝔟 : 𝔟 → C are given by the
𝑘-linear functors 𝑓 : 𝔞 → 𝔟 which belong to LC and such that 𝑢𝔟 ◦ 𝑓 = 𝑢𝔞.
We write 𝑓 : 𝑢𝔞 → 𝑢𝔟.

One can readily check this is a well-defined category as a direct consequence of
Remark 4.13.
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Proposition 6.7. Given a Grothendieck category C, the category JC constructed
above is filtered.

Proof. Observe that the category JC is not empty. Given two objects 𝑢𝔞 : 𝔞 → C
and 𝑢𝔟 : 𝔟 → C, we want to find a third object 𝑢𝔠 : 𝔠 → C and morphisms
𝑓 : 𝑢𝔞 → 𝑢𝔠 and 𝑔 : 𝑢𝔟 → 𝑢𝔠. Let 𝔠 be the full subcategory of C with objects
{𝑢𝔞 (𝐴)}𝐴∈𝔞 ∪ {𝑢𝔟 (𝐵)}𝐵∈𝔟 and endow it with the topology induced by the canonical
topology in C. We hence have that the embedding 𝑢𝔠 : 𝔠 → C is an LC morphism.
Now consider the corestrictions 𝑢𝔞 : 𝔞 → 𝔠 and 𝑢𝔟 : 𝔟 → 𝔠. We trivially have that
these define morphisms 𝑢𝔞 → 𝑢𝔠 and 𝑢𝔟 → 𝑢𝔠.

Consider now two morphisms 𝑓 , 𝑔 : 𝑢𝔞 → 𝑢𝔟. We want to find an object 𝑢𝔠 : 𝔠 →
C and a morphism ℎ : 𝑢𝔟 → 𝑢𝔠 equalizing 𝑓 and 𝑔. Take 𝔠 to be the full subcategory
of C with objects 𝑢𝔟 (𝔟) and endow it with the (restriction of the) canonical topology.
Take 𝑢𝔠 : 𝔠 → C to be the embedding (which is LC) and ℎ : 𝔟 → 𝔠 the corestriction
of 𝑢𝔟 : 𝔟 → C to 𝔠. Then, by definition, one has that ℎ𝑢𝔠 = 𝑢𝔟. Furthermore, we
have that ℎ 𝑓 = ℎ𝑔 as a direct consequence of the fact that 𝑢𝔟 𝑓 = 𝑢𝔞 = 𝑢𝔟𝑔.

We can thus conclude that JC is a filtered category. �

We now consider the functor 𝐺C : JC → Cat(𝑘) ⊂ CAT(𝑘) given by forgetting
the “slice structure”, i.e. defined by sending each object 𝑢𝔞 : 𝔞 → C to the small
𝑘-linear category 𝔞 and each morphism 𝑓 : 𝑢𝔞 → 𝑢𝔟 to itself seen as a 𝑘-linear
morphism 𝑓 : 𝔞 → 𝔟.

We proceed to describe L(𝐺C) using the construction from §5 above. Observe
that in this case the description of the homotopies between premorphisms is that of
[13, Def 1.5(iii)] because 𝐺C is a strict functor, and it is therefore slightly simpler
than in the pseudofunctor case:

• Objects are {(𝑥, 𝑢𝔞 : 𝔞 → C) | (𝑢𝔞 : 𝔞 → C) ∈ JC , 𝑥 ∈ 𝔞}
• Morphisms (𝑥, 𝑢𝔞 : 𝔞 → C) → (𝑦, 𝑢𝔟 : 𝔟 → C) are given by homotopy classes

of triples (𝑢, 𝑓 , 𝑣) where 𝑢 : 𝑢𝔞 → 𝑢𝔠, 𝑣 : 𝑢𝔟 → 𝑢𝔠 are morphisms in JC and
𝑓 : 𝑢(𝑥) → 𝑣(𝑦) is a morphism in 𝔠. As before, we use the notation (𝑢, 𝑓 , 𝑣)𝑢𝔠
to make explicit the codomain of 𝑢 and 𝑣. Two morphisms (𝑢1, 𝑓 , 𝑣1)𝑢𝔠1
and (𝑢2, 𝑔, 𝑣2)𝑢𝔠2 are homotopic if there exist morphisms 𝑤1 : 𝑢𝔠1 → 𝑢𝔠 and
𝑤2 : 𝑢𝔠2 → 𝑢𝔠 such that 𝑤1𝑢1 = 𝑤2𝑢2, 𝑤1𝑣1 = 𝑤2𝑣2 and 𝑤1 ( 𝑓 ) = 𝑤2 (𝑔). As
in §5, we denote the homotopy class of (𝑢1, 𝑓 , 𝑣1)𝑢𝔠1 by [(𝑢1, 𝑓 , 𝑣1)𝑢𝔠1 ].

Theorem 6.8. Given a Grothendieck category C, we have that C is the 𝑘-linear
filtered bicolimit of 𝐺C.

Proof. Observe that 𝐺C factors through Cat(𝑘) and hence, by Proposition 5.7,
we have that L(𝐺C) is the 𝑘-linear filtered bicolimit, so in particular a 𝑘-linear
category. To conclude, it suffices to construct a 𝑘-linear equivalence 𝜓C : L(𝐺C) →
C. With the notation introduced in §5 for the objects and morphisms of L(𝐺C),
we consider the following assignations:

• To every object (𝑥, 𝑢𝔞 : 𝔞 → C) ∈ JC we assign the object

𝜓C (𝑥, 𝑢𝔞 : 𝔞 → C) B 𝑢𝔞 (𝑥) ∈ C.
• To every morphism [(𝑢, 𝑓 , 𝑣)𝑢𝔠 ] : (𝑥, 𝑢𝔞 : 𝔞 → C) → (𝑦, 𝑢𝔟 : 𝔟 → C) we

assign the morphism

𝜓C ( [(𝑢, 𝑓 , 𝑣)𝑢𝔠 ]) B (𝑢𝔠 ( 𝑓 ) : 𝑢𝔞 (𝑥) = 𝑢𝔠𝑢(𝑥) → 𝑢𝔠𝑣(𝑦) = 𝑢𝔟 (𝑦)) .
We have the following:

(1) The assignation on morphisms is well-defined. Consider two homotopic
morphisms (𝑢1, 𝑓1, 𝑣1)𝑢𝔠1 , (𝑢2, 𝑓2, 𝑣2)𝑢𝔠2 : (𝑥, 𝔞 → C) → (𝑦, 𝔟 → C), that
is, there exist morphisms 𝑤1 : 𝑢𝔠1 → 𝑢𝔠 and 𝑤2 : 𝑢𝔠2 → 𝑢𝔠 such that
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𝑤1𝑢1 = 𝑤2𝑢2, 𝑤1𝑣1 = 𝑤2𝑣2 and 𝑤1 ( 𝑓1) = 𝑤2 ( 𝑓2). We want to show that
𝑢𝔠1 ( 𝑓1) = 𝑢𝔠2 ( 𝑓2). Observe that 𝑢𝔠1 ( 𝑓1) = 𝑢𝔠𝑤1 ( 𝑓1) = 𝑢𝔠𝑤2 ( 𝑓2) = 𝑢𝔠2 ( 𝑓2), as
desired.

(2) The assignations define a functor 𝜓C : L(𝐺C) → C. First observe that
it preserves identities. Indeed, the identity morphism [(1𝔞, 1𝑥 , 1𝔞)𝑢𝔞 ] of the
object (𝑥, 𝑢𝔞 : 𝔞 → C) gets sent to 𝑢𝔞 (1𝑥) = 1𝑢𝔞 (𝑥) . We now check that it pre-
serves compositions. Consider two composable morphisms [(𝑢1, 𝑓1, 𝑣1)𝑢𝔠1 ] :
(𝔞, 𝑢𝔞) → (𝔟, 𝑢𝔟) and [(𝑢2, 𝑓2, 𝑣2)𝑢𝔠2 ] : (𝔟, 𝑢𝔟) → (𝔠, 𝑢𝔠) in L(𝐺C). Because
JC is filtered, we can assume that 𝑢𝔡 = 𝑢𝔠1 = 𝑢𝔠2 , i.e. that the morphisms
𝑢1, 𝑣1, 𝑢2, 𝑣2 in JC have the same codomain 𝑢𝔡 : 𝔡 → C, and that 𝑣1 = 𝑢2.
Their composite in L(𝐺C) is given by [(𝑢1, 𝑓2 ◦ 𝑓1, 𝑣2)𝑢𝔡 ] and gets sent to
𝑢𝔡 ( 𝑓2 𝑓1). On the other hand, we have that [(𝑢1, 𝑓1, 𝑣1)𝑢𝔡 ] and [(𝑢2, 𝑓2, 𝑣2)𝑢𝔡 ]
get sent to 𝑢𝔡 ( 𝑓1) and 𝑢𝔡 ( 𝑓2) respectively, whose composite is 𝑢𝔡 ( 𝑓2)𝑢𝔡 ( 𝑓1).
As 𝑢𝔡 : 𝔡 → C is a functor, we have that 𝑢𝔡 ( 𝑓2 ◦ 𝑓1) = 𝑢𝔡 ( 𝑓2)𝑢𝔡 ( 𝑓1) as
desired.

(3) The functor 𝜓C is 𝑘-linear. Let [(𝑢1, 𝑓1, 𝑣1)𝑢𝔠1 ], [(𝑢2, 𝑓2, 𝑣2)𝑢𝔠2 ] : (𝔞, 𝑢𝔞) →
(𝔟, 𝑢𝔟) be two morphisms in L(𝐺C). Because JC is filtered, we may assume
that 𝑢𝔠 = 𝑢𝔠1 = 𝑢𝔠2 and that 𝑢 = 𝑢1 = 𝑢2, 𝑣 = 𝑣1 = 𝑣2. Then, given 𝜆 ∈ 𝑘, we
have that

𝜓C ( [(𝑢, 𝑓1, 𝑣)𝑢𝔡 ] + 𝜆[(𝑢, 𝑓2, 𝑣)𝑢𝔡 ]) = 𝜓C ( [𝑢, 𝑓1 + 𝜆 𝑓2, 𝑣]𝑢𝔡 ) = 𝑢𝔡 ( 𝑓1 + 𝜆 𝑓2).

On the other hand, we have that

𝜓C ( [(𝑢, 𝑓1, 𝑣)𝑢𝔡 ]) + 𝜆𝜓C ( [(𝑢, 𝑓2, 𝑣)𝑢𝔡 ]) = 𝑢𝔡 ( 𝑓1) + 𝜆𝑢𝔡 ( 𝑓2).

As 𝑢𝔡 is a 𝑘-linear functor, we have that 𝑢𝔡 ( 𝑓1 + 𝜆 𝑓2) = 𝑢𝔡 ( 𝑓1) + 𝜆𝑢𝔡 ( 𝑓2) as
desired.

(4) The functor 𝜓C is essentially surjective. Let 𝑦 be an object in C. Consider
the small full subcategory 𝔞 of C with objects {𝑦} ∪ {𝑔}𝑔∈𝐺, where 𝐺 is a
small set of generators of C. We endow 𝔞 with the topology induced by the
canonical topology in C. Then the embedding 𝜄 : 𝔞 → C is trivially an LC
morphism and hence we have that 𝜓C (𝑦, 𝜄 : 𝔞 → C) = 𝜄(𝑦) = 𝑦, as desired.

(5) The functor 𝜓C is faithful. Let [(𝑢1, 𝑓1, 𝑣1)𝑢𝔠1 ], [(𝑢2, 𝑓2, 𝑣2)𝑢𝔠2 ] : (𝑥, 𝑢𝔞) →
(𝑦, 𝑢𝔟) be two morphisms, such that 𝑢𝔠1 ( 𝑓1) = 𝑢𝔠2 ( 𝑓2). Consider the full
subcategory 𝔡 of C with objects {𝑢𝔠1 (𝔠1)} ∪ {𝑢𝔠2 (𝔠2)} endowed with the
topology induced by the canonical topology in C and the associated em-
bedding 𝜄 : 𝔡 → C. Then we have that 𝑢𝔠1 and 𝑢𝔠2 factor through 𝜄:

𝔠1

𝔡 C.

𝔠2

𝑢𝔠1

𝑢𝔠1

𝜄

𝑢𝔠2

𝑢𝔠2

Observe that, because 𝑢𝔠1 ( 𝑓1) = 𝑢𝔠2 ( 𝑓2) and 𝜄 is fully faithful and injective
on objects, we have that 𝑢𝔠1𝑢1 = 𝑢𝔠2𝑢2, 𝑢𝔠1𝑣1 = 𝑢𝔠2𝑣2 and 𝑢𝔠1 ( 𝑓1) = 𝑢𝔠2 ( 𝑓2).
This implies that (𝑢1, 𝑓1, 𝑣1)𝑢𝔠1 and (𝑢2, 𝑓2, 𝑣2)𝑢𝔠2 are homotopic, and hence
[(𝑢1, 𝑓1, 𝑣1)𝑢𝔠1 ] = [(𝑢2, 𝑓2, 𝑣2)𝑢𝔠2 ].

(6) The functor 𝜓C is full. Consider (𝑥, 𝑢𝔞 : 𝔞 → C), (𝑦, 𝑢𝔟 : 𝔟 → C) ∈ JC
and a morphism 𝑓 : 𝑢𝔞 (𝑥) → 𝑢𝔟 (𝑦) in C. As previously, consider the full
subcategory 𝔠 of C with objects {𝑢𝔞 (𝔞)}∪{𝑢𝔟 (𝔟)} endowed with the topology
induced by the canonical topology in C and the embedding 𝜄 : 𝔠 → C, which
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is an LC morphism. Then, we have that 𝑢𝔞 and 𝑢𝔟 factor through 𝜄 as above:

𝔞

𝔠 C.

𝔟

𝑢𝔞

𝑢𝔞

𝜄

𝑢𝔟

𝑢𝔟

We can hence consider 𝑓 : 𝑢𝔞 (𝑥) → 𝑢𝔟 (𝑦) the image of 𝑓 via the isomor-
phism C(𝜄𝑢𝔞 (𝑥), 𝜄𝑢𝔟 (𝑦)) � 𝔠(𝑢𝔞 (𝑥), 𝑢𝔟 (𝑦)) induced by 𝜄. Take the morphism
[(𝑢𝔞, 𝑓 , 𝑢𝔟) 𝜄=𝑢𝔠 ] : (𝑥, 𝑢𝔞 : 𝔞 → C) → (𝑦, 𝑢𝔟 : 𝔟 → C). By construction we
have that 𝜓C sends this morphism to 𝜄( 𝑓 ) = 𝑓 , proving fulness.

We hence have proven that 𝜓C : L(𝐺C) → C is a 𝑘-linear equivalence of categories
as desired. �

Remark 6.9. Observe that, in order to recover any locally presentable category C
as a filtered bicolimit using the construction from Corollary 6.5, we can always
use the same filtered category, namely the category Reg associated to the totally
ordered class of small regular cardinals. Notice that this is not the case for this last
presentation of Grothendieck categories provided by Theorem 6.8, as the filtered
category JC depends on the Grothendieck category C we want to recover.

7. The tensor product of locally presentable linear categories as a
filtered bicolimit

In this section we analyse the tensor product of locally presentable 𝑘-linear cate-
gories in terms of the realization of locally presentable categories as filtered bicolim-
its provided in §6. In particular, this applies to the tensor product of Grothendieck
𝑘-linear categories.

Let A,B be locally presentable 𝑘-linear categories and let 𝜅 ∈ Reg the smallest
regular cardinal such that both A and B are locally 𝜅-presentable. First observe
that, as a direct consequence of Theorem 6.2, we have that A �LP B is the 𝑘-linear
filtered bicolimit of the family ((A �LP B)𝛼)𝛼∈Reg and that from 𝛼 ≥ 𝜅 we have
that (A �LPB)𝛼 ' A𝛼 ⊗𝛼B𝛼. However, it is not directly obvious whether the fully
faithful functors A𝛼 ⊗𝛼 B𝛼 ↩→ A𝛽 ⊗𝛽 B𝛽 with 𝛽 ≥ 𝛼 ≥ 𝜅 provided by the inclusion
(A �LP B)𝛼 ⊆ (A �LP B)𝛽 coincide with the canonical functors 𝑓𝛼,𝛽 from (17), and
hence whether the filtered bicolimit is compatible with the 𝛼-cocomplete tensor
products for 𝛼 varying in Reg. This is precisely the content of the next theorem.

Theorem 7.1. Let A, B be two locally presentable 𝑘-linear categories and choose
the smallest regular cardinal 𝜅 such that both A and B are locally 𝜅-presentable.
Then, for all 𝛼, 𝛽 ∈ Reg such that 𝛽 ≥ 𝛼 ≥ 𝜅 the canonical functor

𝑓𝛼,𝛽 : A𝛼 ⊗𝛼 B𝛼 → A𝛽 ⊗𝛽 B𝛽

defined in (17) is fully faithful. In particular, the functor 𝑓𝛼,𝛽 coincides up to
isomorphism, modulo the equivalences (A �LP B)𝛼 ' A𝛼 ⊗𝛼 B𝛼 and (A �LP B)𝛽 '
A𝛽 ⊗𝛽 B𝛽, with the canonical inclusion 𝜄

A�LPB
𝛼,𝛽

: (A �LP B)𝛼 ⊆ (A �LP B)𝛽.
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Proof. Let 𝜄⊗
𝛼,𝛽
B 𝜄A

𝛼,𝛽
⊗ 𝜄B

𝛼,𝛽
as in Proposition 3.28. First consider the diagram

A𝛼 ⊗ B𝛼 A𝛽 ⊗ B𝛽

A𝛼 ⊗𝛼 B𝛼 A𝛽 ⊗𝛽 B𝛽

Lex𝛼,𝛼 (A𝛼,B𝛼) Lex𝛽,𝛽 (A𝛽 ,B𝛽).

𝑅𝛼,𝛼𝑌𝛼,𝛼

𝜄⊗
𝛼,𝛽

𝑢A𝛼,B𝛼

𝑅𝛽,𝛽𝑌𝛽,𝛽

𝑢A𝛽 ,B𝛽

𝑓𝛼,𝛽

𝑘𝛼 𝑘𝛽

( 𝜄⊗
𝛼,𝛽

)𝑠

By Proposition 3.28, there exists an isomorphism

(25) Δ𝛼,𝛽 : 𝑅𝛽,𝛽𝑌𝛽,𝛽 𝜄
⊗
𝛼,𝛽

⇒ (𝜄⊗
𝛼,𝛽

)𝑠𝑅𝛼,𝛼𝑌𝛼,𝛼

witnessing the fact that (𝜄⊗
𝛼,𝛽

)𝑠 � Lan(𝑅𝛼,𝛼𝑌𝛼,𝛼) (𝑅𝛽,𝛽𝑌𝛽,𝛽 𝜄𝛼⊗𝛽), and providing the
commutativity up to isomorphism of the outer square. Moreover, by (19) there
exists an isomorphism

(26) Π𝛼,𝛽 : 𝑢A𝛽 ,B𝛽 𝜄⊗𝛼,𝛽 ⇒ 𝑓𝛼,𝛽𝑢A𝛼 ,B𝛼

witnessing the fact that 𝑓𝛼,𝛽 = Lan𝑢A𝛼,B𝛼 𝑢A𝛽 ,B𝛽 𝜄𝛼⊗𝛽 and providing the commuta-
tivity up to isomorphism of the upper square. In addition, we have by Remark 3.21
that the left and right triangles are strictly commutative. Therefore, we obtain an
isomorphism

(27) Θ𝛼,𝛽 B
[
Δ𝛼,𝛽

]
•
[
𝑘𝛽 ◦ (Π𝛼,𝛽)−1

]
: 𝑘𝛽 𝑓𝛼,𝛽𝑢A𝛼 ,B𝛼 ⇒ (𝜄⊗

𝛼,𝛽
)𝑠𝑘𝛼𝑢A𝛼 ,B𝛼 .

As 𝑘𝛽 , 𝑓𝛼,𝛽 , 𝑘𝛼, (𝜄⊗𝛼,𝛽)
𝑠 all preserve 𝛼-small colimits, by applying Remark 3.18, we

conclude that the lower square of the diagram also commutes up to an isomorphism

(28) Ξ𝛼,𝛽 : 𝑘𝛽 𝑓𝛼,𝛽 ⇒ (𝜄⊗
𝛼,𝛽

)𝑠𝑘𝛼,

such that Ξ𝛼,𝛽 ◦𝑢A𝛼 ,B𝛼 = Θ𝛼,𝛽. Thus, because 𝑘𝛼, 𝑘𝛽 and (𝜄⊗
𝛼,𝛽

)𝑠 are fully faithful,
we can conclude that 𝑓𝛼,𝛽 is also fully faithful as desired.

Now, for each 𝛼 ≥ 𝜅 we consider the equivalence 𝐻𝛼 : A�LPB → Lex𝛼,𝛼 (A𝛼,B𝛼)
from Proposition 3.25. Recall from Proposition 3.28 that there is an isomorphism

(29) 𝜖𝛼,𝛽 : (𝜄𝛼⊗𝛽)𝑠𝐻𝛼 = (𝜄⊗
𝛼,𝛽

)𝑠 (𝜄⊗
𝛼,𝛽

)𝑠𝐻𝛽 ⇒ 𝐻𝛽 ,

where 𝜖𝛼,𝛽 : (𝜄⊗
𝛼,𝛽

)𝑠 (𝜄𝛼⊗𝛽)𝑠 ⇒ 1Lex𝛽,𝛽 (A𝛽 ,B𝛽) is the unit of the adjunction (𝜄𝛼⊗𝛽)𝑠 a
(𝜄⊗

𝛼,𝛽
)𝑠. Observe now that, because the 𝛼-presentable (resp. 𝛽-presentable) objects

of Lex𝛼,𝛼 (A𝛼,B𝛼) (resp. of Lex𝛽,𝛽 (A𝛽 ,B𝛽)) are given by the essential image of
𝑘𝛼 (resp. of 𝑘𝛽), we have that there exists an equivalence 𝐻 ′

𝛼 : (A �LP B)𝛼 →
A𝛼 ⊗𝛼 B𝛼 (resp. 𝐻 ′

𝛽
: (A �LP B)𝛽 → A𝛽 ⊗𝛽 B𝛽) such that 𝑘𝛼𝐻

′
𝛼 = 𝐻𝛼 (𝜄A�LPB𝛼 )
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(resp. 𝐻 ′
𝛽
𝑘𝛽 = 𝐻𝛽 (𝜄A�LPB𝛽

)). Consider now the diagram

A𝛼 ⊗𝛼 B𝛼 A𝛽 ⊗𝛽 B𝛽

Lex𝛼,𝛼 (A𝛼,B𝛼) Lex𝛽,𝛽 (A𝛽 ,B𝛽)

(A �LP B)𝛼 A �LP B (A �LP B)𝛽 .

𝑓𝛼,𝛽

𝑘𝛼 𝑘𝛽Ξ𝛼,𝛽w

( 𝜄⊗
𝛼,𝛽

)𝑠

	 u𝜖𝛼,𝛽 	

𝐻 ′
𝛼

𝜄
A�LPB
𝛼

𝜄
A�LPB
𝛼,𝛽

𝐻𝛼 𝐻𝛽

	

𝐻 ′
𝛽

𝜄
A�LPB
𝛽

Consequently, the composite
[
𝜖𝛼,𝛽 ◦ 𝜄A�LPB𝛼

]
•
[
Ξ𝛼,𝛽 ◦ 𝐻 ′

𝛼

]
provides an isomorphism

𝑘𝛽 𝑓𝛼,𝛽𝐻
′
𝛼 � 𝑘𝛽𝐻

′
𝛽 𝜄

A�LPB
𝛼,𝛽

,

and as 𝑘𝛽 is injective on objects and fully faithful, we can conclude that there is an
isomorphism

𝑓𝛼,𝛽𝐻
′
𝛼 � 𝐻 ′

𝛽 𝜄
A�LPB
𝛼,𝛽

,

and in particular we have that

𝑓𝛼,𝛽 � 𝐻 ′
𝛽 𝜄

A�LPB
𝛼,𝛽

(𝐻 ′
𝛼)−1,

as desired. �

Let A,B be two locally presentable 𝑘-linear categories and let 𝜅 be the smallest
regular cardinal such that A and B are locally 𝜅-presentable. Let Reg≥𝜅 be the
category provided by the totally ordered class of regular cardinals that are bigger
or equal than 𝜅. We can now define

(30) 𝐹A,B : Reg≥𝜅 → Cat(𝑘) ⊂ CAT(𝑘)
the pseudofunctor given by

• 𝐹A,B (𝛼) = 𝐹A (𝛼) ⊗𝛼 𝐹B (𝛼) = A𝛼 ⊗𝛼 B𝛼 for every 𝛼 ∈ Reg≥𝜅 ;
• 𝐹A,B (𝛼 ≤ 𝛽) = 𝑓𝛼,𝛽 for every morphism 𝛼 ≤ 𝛽 in Reg≥𝜅 ;

with the notation from §6 above.

Remark 7.2. The fact that 𝐹A,B is a pseudofunctor follows easily from the fact that
𝑓𝛼,𝛽 = Lan𝑢A𝛼,B𝛼 (𝑢A𝛽 ,B𝛽 (𝜄A

𝛼,𝛽
⊗ 𝜄B

𝛼,𝛽
)) using the universal property of the left Kan

extension.

Theorem 7.3. Let A,B be two locally presentable 𝑘-linear categories and let 𝜅 be
the smallest regular cardinal such that A and 𝛽 are locally 𝜅-presentable. Then,
A �LP B is the 𝑘-linear filtered bicolimit of 𝐹A,B : Reg≥𝜅 → Cat(𝑘).

Proof. First, consider an equivalence adjoint 𝐻−1
𝛼 a 𝐻𝛼 for every 𝛼 ∈ Reg≥𝜅 with

unit 𝜂𝛼 : 1 ⇒ 𝐻𝛼𝐻
−1
𝛼 and counit 𝜇𝛼 : 𝐻−1

𝛼 𝐻𝛼 ⇒ 1. We build a 𝑘-linear pseudonat-
ural transformation

(31) ΩA,B : 𝐹A,B ⇒ A �LP B
as follows. Given 𝛼 ∈ Reg≥𝜅 , we take Ω

A,B
𝛼 : 𝐹A,B (𝛼) → A �LP B to be given by

the 𝑘-linear functor:

(32) ΩA,B
𝛼 B 𝐻−1

𝛼 𝑘𝛼 : A𝛼 ⊗𝛼 B𝛼 → A �LP B.
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Given 𝛼 ≤ 𝛽 in Reg≥𝜅 , we take Ω
A,B
𝛼,𝛽

: ΩA,B
𝛽

𝐹A,B (𝛼 ≤ 𝛽) ⇒ Ω
A,B
𝛼 to be given by

the 𝑘-linear natural isomorphism

(33) Ω
A,B
𝛼≤𝛽 B

[
Σ𝛼,𝛽 ◦ 𝑘𝛼

]
•
[
𝐻−1

𝛽 ◦ Ξ𝛼,𝛽

]
: 𝐻−1

𝛽 𝑘𝛽 𝑓𝛼,𝛽 ⇒ 𝐻−1
𝛼 𝑘𝛼,

where Σ𝛼,𝛽 is obtained as the composite
(34)
Σ𝛼,𝛽 B

[
𝜇𝛼 ◦ 𝐻−1

𝛼

]
•
[
𝐻−1

𝛽 ◦ 𝜖𝛼,𝛽 ◦ 𝐻−1
𝛼

]
•
[
(𝐻−1

𝛽 (𝜄⊗
𝛼,𝛽

)𝑠) ◦ 𝜂𝛼
]
: 𝐻−1

𝛽 (𝜄⊗
𝛼,𝛽

)𝑠 ⇒ 𝐻−1
𝛼

and Ξ𝛼,𝛽 , 𝜖𝛼,𝛽 are as in the proof Theorem 7.1 above. One now needs to check
that ΩA,B so defined satisfies the coherence constraints from Definition 5.1. We do
not spell out the argument in full detail, but the proof boils down to the fact that,
by definition, Ξ𝛼,𝛽 ◦ 𝑢A𝛼 ,B𝛼 =

[
Δ𝛼,𝛽

]
•
[
𝑘𝛽 ◦ Π−1

𝛼,𝛽

]
where Δ𝛼,𝛽 and Π𝛼,𝛽 are both

witnesses of left Kan extensions, together with the fact that Σ𝛼,𝛽 =
[
𝜇𝛼 ◦ 𝐻−1

𝛼

]
•[

𝐻−1
𝛽

◦ 𝜖𝛼,𝛽 ◦ 𝐻−1
𝛼

]
•
[
(𝐻−1

𝛽
(𝜄⊗

𝛼,𝛽
)𝑠) ◦ 𝜂𝛼

]
where 𝜇𝛼, 𝜖𝛼,𝛽 , 𝜂𝛼 are respectively a counit

and two units of equivalence adjunctions.
Now, by the universal property of the 𝑘-filtered bicolimit (23), there is a unique

𝑘-linear functor 𝜔 : L(𝐹A,B) → A �LPB such that ΩA,B = 𝜔 ◦Λ, which is given by
• Given (𝑥, 𝛼) ∈ L(𝐹A,B), we have

𝜔(𝑥, 𝛼) = ΩA,B
𝛼 (𝑥) = 𝐻−1

𝛼 𝑘𝛼 (𝑥) ∈ A �LP B;

• Given [(𝛼 ≤ 𝛾, 𝑓 , 𝛽 ≤ 𝛾)] : (𝑥, 𝛼) → (𝑦, 𝛽), we have

𝜔( [(𝛼 ≤ 𝛾, 𝑓 , 𝛽 ≤ 𝛾)]) =
[
Ω

A,B
𝛽≤𝛾

]
𝑦
ΩA,B

𝛾 ( 𝑓 )
[
(ΩA,B

𝛼≤𝛾)−1
]
𝑥

(see §5). To conclude, it is enough to show that 𝜔 is an equivalence:
(1) 𝜔 is essentially surjective. Given 𝑥 ∈ A�LPB, we know there exits a regular

cardinal 𝛼 ≥ 𝜅 such that 𝑥 ∈ (A �LP B)𝛼. Therefore,

𝑥 � 𝐻−1
𝛼 𝑘𝛼𝐻

′
𝛼 (𝑥) = 𝜔((𝐻 ′

𝛼 (𝑥), 𝛼))
as desired;

(2) 𝜔 is faithful. Let [(𝛼 ≤ 𝛾, 𝑓 , 𝛽 ≤ 𝛾)], [(𝛼 ≤ 𝛿, 𝑔, 𝛽 ≤ 𝛿)] : (𝑥, 𝛼) → (𝑦, 𝛽) be
two morphisms in L(𝐹A,B) such that

𝜔( [(𝛼 ≤ 𝛾, 𝑓 , 𝛽 ≤ 𝛾)]) = 𝜔( [(𝛼 ≤ 𝛿, 𝑔, 𝛽 ≤ 𝛿)]).
Without loss of generality, we may assume that 𝛿 = 𝛾. We thus have that[
Ω

A,B
𝛽≤𝛾

]
𝑦
ΩA,B

𝛾 ( 𝑓 )
[
(ΩA,B

𝛼≤𝛾)−1
]
𝑥
=

[
Ω

A,B
𝛽≤𝛾

]
𝑦
ΩA,B

𝛾 (𝑔)
[
(ΩA,B

𝛼≤𝛾)−1
]
𝑥
.

Because
[
Ω

A,B
𝛽≤𝛾

]
𝑦

and
[
(ΩA,B

𝛼≤𝛾)−1
]
𝑥

are isomorphisms, we can conclude that

ΩA,B
𝛾 ( 𝑓 ) = ΩA,B

𝛾 (𝑔).

Now, because Ω
A,B
𝛾 = 𝐻−1

𝛾 𝑘𝛾 is fully faithful, we can conclude that 𝑓 = 𝑔

which shows that

[(𝛼 ≤ 𝛾, 𝑓 , 𝛽 ≤ 𝛾)] = [(𝛼 ≤ 𝛾, 𝑔, 𝛽 ≤ 𝛾)]
as desired.

(3) 𝜔 is full. Let 𝑠 : 𝜔(𝑥, 𝛼) = Ω
A,B
𝛼 (𝑥) → Ω

A,B
𝛽

(𝑦) = 𝜔(𝑦, 𝛽) be a morphism in
A �LP B. Consider the composite

Ω
A,B
𝛾 𝑓𝛼,𝛾 (𝑥) Ω

A,B
𝛼 (𝑥) Ω

A,B
𝛽

(𝑦) Ω
A,B
𝛾 𝑓𝛽,𝛾 (𝑦).

[
Ω

A,B
𝛼≤𝛾

]
𝑥 𝑠

[
(ΩA,B

𝛽≤𝛾 )
−1

]
𝑦
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Then, because Ω
A,B
𝛾 is fully faithful, there exists a (unique) 𝑓 : 𝑓𝛼,𝛾 (𝑥) →

𝑓𝛽,𝛾 (𝑦) such that Ω
A,B
𝛾 ( 𝑓 ) =

[
(ΩA,B

𝛽≤𝛾 )
−1
]
𝑦
𝑠

[
Ω

A,B
𝛼≤𝛾

]
𝑥
, from which we can

readily conclude that 𝑠 = 𝜔( [(𝛼 ≤ 𝛾, 𝑓 , 𝛽 ≤ 𝛾)]), as desired.
�

Remark 7.4. One may wonder if an analogous approach would allow to obtain a
realization of the tensor product of Grothendieck categories as a filtered bicolimit
by using, instead of the 𝛼-Kelly tensor product, the tensor product �S of linear
sites and LC morphisms from §4 and, instead of the realization of Grothendieck
categories as filtered bicolimits of 𝛼-presentable objects from Corollary 6.5, the
realization of Grothendieck categories as filtered bicolimits of linear sites from The-
orem 6.8. We will explain why this is not the case. Roughly, the argument goes as
follows:

Let A,B be Grothendieck 𝑘-linear categories. We use the notation introduced in
§6 for the rest of the remark. Consider the filtered categories JA (resp. JB) with
objects the LC morphisms 𝑢𝔠 : (𝔠, T𝔠) → (A, TA,can), (resp. the LC morphisms
𝑣𝔡 : (𝔡, T𝔡) → (B, TB,can)). Denote by JA,B the category with objects given by
tensor products 𝑢𝔠 ⊗ 𝑣𝔡 : (𝔠 ⊗ 𝔡, T𝔠 �S T𝔡) → (A ⊗ B, TA,can �S TB,can) of objects
in JA with objects of JB , and with morphisms 𝑓 ⊗ 𝑔 : 𝑢𝔠1 ⊗ 𝑣𝔡1 → 𝑟𝔠2 ⊗ 𝑠𝔡2 the
LC morphisms given by the tensor product 𝑓 ⊗ 𝑔 of LC morphisms in JA with
morphisms in JB . In particular, we have that JA,B is filtered and we can define
a functor 𝐺A,B : JA,B → CAT(𝑘) consisting on forgetting the slice structure,
parallelly to the definition of 𝐺C in §6. Moreover, as LC is closed under composition
(see Remark 4.13) and tensor products (see Proposition 4.18), composition with the
LC morphism

𝑠A,B : (A ⊗ B, TA,can �S TB,can) → (A �G B, TA�GB,can)
permits us to define a pseudonatural transformation 𝑇 : 𝐺A,B ⇒ A �G B with
components LC morphisms. More concretely,

• Given 𝑢𝔞 ⊗ 𝑣𝔟 : 𝔞 ⊗ 𝔟 → A ⊗ B, we define

𝑇𝑢⊗𝑣 B 𝑠A,B (𝑢𝔞 ⊗ 𝑣𝔟) : 𝔞 ⊗ 𝔟 → A �G B;

• Given a morphism ( 𝑓 ⊗ 𝑔) : 𝑢𝔞 ⊗ 𝑣𝔟 → 𝑟𝔞′ ⊗ 𝑠𝔟′ in JA,B , we define

𝑇 𝑓 ⊗𝑔 : 𝑠A,B (𝑟𝔞′ ⊗ 𝑠𝔟′) ( 𝑓 ⊗ 𝑔) ⇒ 𝑠A,B (𝑢𝔞 ⊗ 𝑣𝔟)
to be equal to the identity 𝑠A,B (𝑟𝔞′ ⊗ 𝑠𝔟′) ( 𝑓 ⊗ 𝑔) = 𝑠A,B (𝑢𝔞 ⊗ 𝑣𝔟).

As in Theorem 7.3, we can consider the unique 𝑘-linear functor

𝜏 : L(𝐺A,B) → A �G B
such that 𝜏 ◦ Λ = 𝑇 , provided by the universal property of the 𝑘-linear filtered
bicolimit (23). However, in this case, contrary to the case above, 𝜏 is not an
equivalence. More concretely, 𝜏 fails to be essentially surjective in general. Indeed,
it is straightforward to check that 𝜏 factors as 𝜏 = 𝑠A,B◦𝜏′ for some 𝜏′ : L(𝐺A,B) →
A ⊗ B, and the functor 𝑠A,B : A ⊗ B → A �G B is not essentially surjective in
general, thus 𝜏 also fails to be essentially surjective. Let us provide an example4 to
illustrate the failure to be essentially surjective of 𝑠A,B . Assume that our base ring
𝑘 is a field and consider

𝐴 B

(
𝑘 0
𝑘 𝑘

)
4The example we describe belongs to the family of examples provided in the

following entry of MathOverflow: https://mathoverflow.net/questions/354306/
tensor-indecomposable-modules

https://mathoverflow.net/questions/354306/tensor-indecomposable-modules
https://mathoverflow.net/questions/354306/tensor-indecomposable-modules
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the lower triangular matrix 𝑘-algebra. In particular, we know (see, for example, [4,
Ex II.1.3(c)]) that 𝐴 is the path algebra of the 𝐴2 quiver

1 2,
𝛼

where

• 𝑒1 =

(
1 0
0 0

)
corresponds to the trivial path from 1 to 1;

• 𝑒2 =

(
0 0
1 0

)
corresponds to the path 𝛼;

• 𝑒3 =

(
0 0
0 1

)
corresponds to the trivial path from 2 to 2.

Consider the Grothendieck 𝑘-linear categories A B Mod(𝐴op) of left 𝐴-modules and
B B Mod(𝐴) of right 𝐴-modules and their tensor product Mod(𝐴op) �G Mod(𝐴) '
Mod(𝐴op⊗𝑘𝐴). Recall that Mod(𝐴op) is equivalent to the category of representations
of the quiver 𝐴2, while Mod(𝐴) is equivalent to the category of representations of
the quiver 𝐴

op
2 � 𝐴2 [4, Thm III.1.6]. Moreover, the 𝑘-algebra 𝐴 ⊗𝑘 𝐴op is the path

algebra of the quiver 𝐴2 × 𝐴2

(1, 1) (1, 2)

(2, 1) (2, 2)

(𝛼,1)

(1,𝛼)

(𝛼,2)
(2,𝛼)

with relation 𝜎 B (𝛼, 2) (1, 𝛼)−(2, 𝛼) (𝛼, 1) [18, Prop 3]. Therefore, Mod(𝐴op⊗𝑘 𝐴) is
equivalent to the category of representations of the quiver with relations (𝐴2×𝐴2, 𝜎)
[4, Thm III.1.6]. Let us now consider the universal functor

𝑠Mod(𝐴op) ,Mod(𝐴) : Mod(𝐴op) ⊗ Mod(𝐴) → Mod(𝐴op ⊗𝑘 𝐴),
which in particular sends a pair (𝑀, 𝑁) of a left 𝐴-module 𝑀 and a right 𝐴-module
𝑁 to the right 𝐴op ⊗𝑘 𝐴-module 𝑀 ⊗𝑘 𝑁. We claim that 𝐴 itself, when considered
as a right 𝐴op ⊗𝑘 𝐴-module in the standard way, is not in the essential image of this
functor. The representation associated to 𝐴 is given by

𝑒1𝐴𝑒1 𝑒1𝐴𝑒3 𝑘 0

𝑒3𝐴𝑒1 𝑒3𝐴𝑒3 𝑘 𝑘.

𝑒2 · (−)

(−) ·𝑒2

𝑒2 · (−) � 1𝑘

0

0

(−) ·𝑒2 0

On the other hand, given 𝑀 ∈ Mod(𝐴op) with associated representation

𝑒1𝑀 𝑒3𝑀 � 𝑘𝑚1 𝑘𝑚2
𝑒2 · (−) 𝑓

and 𝑁 ∈ Mod(𝐴) with associated representation

𝑁𝑒1 𝑁𝑒3 � 𝑘𝑛1 𝑘𝑛2 ,
(−) ·𝑒2 𝑔

the associated presentation of 𝑀 ⊗𝑘 𝑁 is of the form

𝑘𝑚1 ⊗𝑘 𝑘𝑛1 𝑘𝑚1 ⊗𝑘 𝑘𝑛2

𝑘𝑚2 ⊗𝑘 𝑘𝑛1 𝑘𝑚2 ⊗𝑘 𝑘𝑛2 .

𝑓 ⊗1

1⊗𝑔

𝑓 ⊗1
1⊗𝑔

Therefore, for 𝐴 to be of the form 𝑀⊗𝑘𝑁, we would need that 𝑚1 = 𝑛1 = 𝑚2 = 𝑛2 = 1
but at the same time that either 𝑚1 = 0 or 𝑛2 = 0, which cannot happen. We can
thus conclude that 𝐴 does not belong to the essential image of 𝑠Mod(𝐴op) ,Mod(𝐴) , as
desired.
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8. The functoriality, associativity and symmetry of the tensor
product of locally presentable linear categories in terms of

filtered bicolimits

The tensor product of locally presentable linear categories endows the 2-category
of locally presentable linear categories with a symmetric monoidal closed structure
[11, Cor 2.2.5]. In this section we describe the functoriality with respect to cocon-
tinuous 𝑘-linear functors, the associativity and the symmetry of the tensor product
of locally presentable linear categories (and thus in particular that of Grothendieck
categories) in terms of the functoriality, associativity and symmetry of the 𝛼-Kelly
tensor products, making use of Theorem 7.3 above. In particular, this provides an
advantage when computing the tensor product of cocontinuous functors when we
have control of the subcategories of presentable objects, as illustrated by Exam-
ple 8.9 below.

Definition 8.1. Consider locally presentable 𝑘-linear categories A,B, C and D
and cocontinuous 𝑘-linear functors 𝐹 : A → C and 𝐹 ′ : B → D. We define

𝐹 �LP 𝐹 ′ : A �LP B → C �LP D
to be the cocontinuous 𝑘-linear functor obtained from applying the universal prop-
erty of �LC from (16) to the (cococontinuous in each variable) 𝑘-linear functor

A ⊗ B C ⊗ D C �LP D .
𝐹 ⊗𝐹 ′ 𝑠C,D

More concretely, we have that 𝐹 �LC 𝐹 ′ = Lan(𝑠A,B )
(
𝑠C,D (𝐹 ⊗ 𝐹 ′)

)
.

In what follows, we are going to provide a description of the tensor product �LP
of cocontinuous linear functors making use of the filtered bicolimit presentation of
�LP from Theorem 7.3. In particular, we will use the functoriality of the 𝛼-Kelly
tensor product:

Definition 8.2. Consider 𝛼-cocomplete 𝑘-linear categories 𝔞, 𝔟, 𝔠 and 𝔡 and 𝛼-
cocontinuous 𝑘-linear functors 𝑓 : 𝔞 → 𝔠 and 𝑓 ′ : 𝔟 → 𝔡. We define

𝑓 ⊗𝛼 𝑓 ′ : 𝔞 ⊗𝛼 𝔟 → 𝔠 ⊗𝛼 𝔡

to be the 𝛼-cocontinuous 𝑘-linear functor obtained from applying the universal
property of ⊗𝛼 from (12) to the (𝛼-cococontinuous in each variable) functor

𝔞 ⊗ 𝔟 𝔠 ⊗ 𝔡 𝔠 ⊗𝛼 𝔡.
𝑓 ⊗ 𝑓 ′ 𝑢𝛼

𝔠,𝔡

More concretely,
𝑓 ⊗𝛼 𝑓 ′ = Lan(𝑢𝛼

𝔞,𝔟
)
(
𝑢𝛼
𝔠,𝔡 ( 𝑓 ⊗ 𝑓 ′)

)
.

Consider A, B two locally presentable 𝑘-linear categories and a regular cardinal
𝛼. Recall that a 𝑘-linear functor 𝐹 : A → B is said to have rank 𝛼 if it preserves
𝛼-filtered colimits [8, §5.5]. It is trivial to see that if a 𝑘-linear functor 𝐹 has rank
𝛼, then it has rank 𝛽 for every 𝛽 ≥ 𝛼. We say a 𝑘-linear functor has rank if there
exists a regular cardinal 𝛼 such that it has rank 𝛼. We have the following useful
proposition.

Proposition 8.3 ([8, Prop. 5.5.6]). Let 𝐺 : A → B a 𝑘-linear functor between
locally presentable 𝑘-linear categories. If 𝐺 has a left adjoint, then 𝐺 has rank.

The following is easy to show, but we provide a proof for the convenience of the
reader.

Proposition 8.4. Let 𝐹 : A → B a cocontinuous 𝑘-linear functor between locally
presentable 𝑘-linear categories. Then, there exists a regular cardinal 𝛼 such that
𝐹 (A𝛽) ⊆ B𝛽 for every 𝛽 ≥ 𝛼.
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Proof. By the dual of the Special Adjoint Functor Theorem [7, Thm. 3.3.4], we
have that 𝐹 has a right adjoint 𝐺. In particular, by Proposition 8.3, 𝐺 has rank.
Fix the smallest 𝛼 such that 𝐺 has rank 𝛼. Then, given an element 𝐶 ∈ A𝛽, where
𝛽 ≥ 𝛼, we have that

B(𝐹 (𝐶), colim𝑖𝐷𝑖) = A(𝐶,𝐺 (colim𝑖𝐷𝑖))
= A(𝐶, colim𝑖𝐺 (𝐷𝑖))
= colim𝑖A(𝐶,𝐺 (𝐷𝑖))
= colim𝑖 (𝐹 (𝐶), 𝐷𝑖)

where colim𝑖𝐷𝑖 is any 𝛽-filtered colimit in B. Hence 𝐹 (𝐶) ∈ B𝛽 as desired. �

Remark 8.5. Given 𝐹 : A → B as in the proposition, note that the restriction-
corestriction 𝐹𝛽 : A𝛽 → B𝛽 of 𝐹 is 𝛽-cocontinuous for all 𝛽 ≥ 𝛼.

We first show that the functoriality of the tensor product �LP and that of the
tensor products ⊗𝛼 are nicely compatible in the following sense:

Proposition 8.6. Consider locally presentable 𝑘-linear categories A,B, C and D
and cocontinuous 𝑘-linear functors 𝐹 : A → C and 𝐹 ′ : B → D. Let 𝜅 be the
smallest regular cardinal for which both 𝐹 and 𝐹 ′ preserve 𝛼-presentable objects for
every 𝛼 ≥ 𝜅 and let 𝜅 be the smallest regular cardinal such that A,B, C and D are
locally 𝜅-presentable and 𝜅 ≥ 𝜅. For every 𝛾 ≥ 𝛽 ≥ 𝜅, the diagram

(35)
A𝛽 ⊗𝛽 B𝛽 C𝛽 ⊗𝛽 B𝛽

A𝛾 ⊗𝛾 B𝛾 C𝛾 ⊗𝛾 D𝛾

𝐹𝛽⊗𝛽𝐹
′
𝛽

𝑓𝛽,𝛾 𝑓𝛽,𝛾

𝐹𝛾⊗𝛾𝐹
′
𝛾

is commutative up to isomorphism, while for every 𝛼 ≥ 𝜅, the diagram

(36)
A𝛼 ⊗𝛼 B𝛼 C𝛼 ⊗𝛼 D𝛼

A �LP B C �LP D

𝐹𝛼⊗𝛼𝐹
′
𝛼

𝐹�LP𝐹
′

is commutative up to isomorphism.

Proof. Consider the diagram

A𝛽 ⊗ B𝛽 C𝛽 ⊗ D𝛽

A𝛽 ⊗𝛽 B𝛽 C𝛽 ⊗𝛽 D𝛽

A𝛾 ⊗𝛾 B𝛾 C𝛾 ⊗𝛾 D𝛾

A𝛾 ⊗ B𝛾 C𝛾 ⊗ D𝛾 ,

𝑢A𝛽 ,B𝛽

𝐹𝛽⊗𝐹𝛽

𝜄A
𝛽,𝛾

⊗ 𝜄B
𝛽,𝛾

Π
A,B
𝛽,𝛾
t

w𝑀𝛽
𝑢C𝛽 ,D𝛽

𝜄C
𝛽,𝛾

⊗ 𝜄D
𝛽,𝛾

vΠ
C,D
𝛽,𝛾

𝐹𝛽⊗𝛽𝐹
′
𝛽

𝑓
A,B

𝛽,𝛾
𝑓
C,D

𝛽,𝛾

𝐹𝛾⊗𝛾𝐹
′
𝛾

𝑢A𝛾 ,B𝛾

𝐹𝛾⊗𝐹 ′
𝛾

𝑀𝛾t 𝑢C𝛾 ,D𝛾

where:
• The natural isomorphisms 𝑀𝛽 and 𝑀𝛾 witness the fact that

𝐹𝛽 ⊗𝛽 𝐹 ′
𝛽 = Lan(𝑢A𝛽 ,B𝛽 )

(
𝑢C𝛽 ,B𝛽 (𝐹𝛽 ⊗ 𝐹 ′

𝛽)
)

and
𝐹𝛾 ⊗𝛾 𝐹 ′

𝛾 = Lan(𝑢A𝛾 ,B𝛾 )
(
𝑢C𝛾 ,B𝛾 (𝐹𝛾 ⊗ 𝐹 ′

𝛾)
)
,
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providing the commutativity up to isomorphism of the upper and lower
squares;

• The natural isomorphisms Π
A,B
𝛽,𝛾

and Π
C,D
𝛽,𝛾

witness the fact that

𝑓
A,B
𝛽,𝛾

= Lan(𝑢A𝛽 ,B𝛽 )
(
𝑢C𝛾 ,B𝛾 (𝜄A

𝛽,𝛾
⊗ 𝜄B𝛽,𝛾)

)
and

𝑓
C,D
𝛽,𝛾

= Lan(𝑢C𝛽 ,D𝛽 )
(
𝑢C𝛾 ,B𝛾 (𝜄C

𝛽,𝛾
⊗ 𝜄D𝛽,𝛾)

)
,

providing the commutativity up to isomorphism of the left and right squares;
• The outer square is strictly commutative by definition.

Therefore, the composite

(37)
[
𝑓
C,D
𝛽,𝛾

◦𝑀𝛽

]
•
[
Π

C,D
𝛽,𝛾

◦(𝐹𝛽 ⊗ 𝐹 ′
𝛽)
]
•
[
𝑀−1

𝛾 ◦(𝜄A
𝛽,𝛾

⊗ 𝜄B𝛽,𝛾)
]
•
[
(𝐹𝛾 ⊗𝛽 𝐹 ′

𝛾)◦(ΠA,B
𝛽,𝛾

)−1
]

provides an isomorphism (𝐹𝛾 ⊗𝛽 𝐹 ′
𝛾) 𝑓 A,B

𝛽,𝛾
𝑢A𝛼 ,B𝛼 ⇒ 𝑓

C,D
𝛽,𝛾

(𝐹𝛽 ⊗𝛽 𝐹 ′
𝛽
)𝑢A𝛼 ,B𝛼 . Now,

because (𝐹𝛾 ⊗𝛽 𝐹 ′
𝛾), 𝑓 A,B

𝛽,𝛾
, 𝑓

C,D
𝛽,𝛾

and (𝐹𝛽 ⊗𝛽 𝐹 ′
𝛽
) are all 𝛽-cocontinuous, we can

conclude, by applying Remark 3.18, that there exists a unique isomorphism

(38) 𝑁𝛽,𝛾 : (𝐹𝛾 ⊗𝛽 𝐹 ′
𝛾) 𝑓 A,B

𝛽,𝛾
⇒ 𝑓

C,D
𝛽,𝛾

(𝐹𝛽 ⊗𝛽 𝐹 ′
𝛽)

such that 𝑁𝛽,𝛾 ◦𝑢A𝛽 ,B𝛽 equals the composite from (37). In particular, 𝑁𝛽,𝛾 provides
the desired commutativity up to isomorphism of (35).

Let us now proceed to prove the commutativity up to isomorphism of (36). First,
consider the following diagram

A𝛼 ⊗ B𝛼 A𝛼 ⊗𝛼 B𝛼

A𝜅 ⊗ B𝜅 A𝜅 ⊗𝜅 B𝜅

A ⊗ B A � B Lex𝜅,𝜅 (A𝜅 ,B𝜅 )

Lex𝛼,𝛼 (A𝛼,B𝛼),

𝜄A𝜅,𝛼⊗ 𝜄B𝜅,𝛼

𝑢A𝛼,B𝛼

𝑓
A,B

𝜅,𝛼

𝑢A𝜅 ,B𝜅

𝑘𝛼𝑘𝜅

vΩ
A,B
𝜅≤𝛼

𝜄A𝜅 ⊗ 𝜄B𝜅

𝜄A𝛼 ⊗ 𝜄B𝛼

𝑠A,B 𝐻−1
𝜅

𝐻−1
𝛼

tΓ𝜅

uΠ
A,B
𝜅,𝛼

	

where
• Π

A,B
𝜅,𝛼 is the isomorphism witnessing the fact that

𝑓 A,B
𝜅,𝛼 = Lan(𝑢A𝜅 ,B𝜅 )

(
𝑢C𝛼 ,B𝛼 (𝜄A𝜅,𝛼 ⊗ 𝜄B𝜅,𝛼)

)
;

• Ω
A,B
𝜅≤𝛼 is the isomorphism provided by the evaluation at 𝛼 ≤ 𝛽 of the pseudo-

natural transformation ΩA,B from the proof of Theorem 7.3;
• Γ𝜅 is the isomorphism from Remark 3.27.

Therefore, there is an isomorphism

(39) 𝑠A,B (𝜄A𝛼 ⊗ 𝜄B𝛼 ) (𝜄A𝜅,𝛼 ⊗ 𝜄B𝜅,𝛼) ⇒ 𝐻−1
𝛼 𝑘𝛼𝑢A𝛼 ,B𝛼 (𝜄A𝜅,𝛼 ⊗ 𝜄B𝜅,𝛼).

Because 𝐻−1
𝛼 𝑘𝛼𝑢A𝛼 ,B𝛼 is 𝛼-cocontinuous in each variable, as so is 𝑠A,B (𝜄A𝛼 ⊗ 𝜄B𝛼 ),

and because A,B are both locally 𝜅-presentable, we can conclude that there exists
a unique isomorphism

𝑊A,B
𝛼 : 𝑠A,B (𝜄A𝛼 ⊗ 𝜄B𝛼 ) ⇒ 𝐻−1

𝛼 𝑘𝛼𝑢A𝛼 ,B𝛼
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such that 𝑊
A,B
𝛼 ◦ (𝜄A𝜅,𝛼 ⊗ 𝜄B𝜅,𝛼) recovers (39). In a completely analogous way, we

build an isomorphism

𝑊 C,D
𝛼 : 𝑠A,B (𝜄C𝛼 ⊗ 𝜄D𝛼 ) ⇒ 𝑘𝛼𝑢C𝛼 ,D𝛼

for the case of C,D, satisfying the same parallel properties.
Let’s now consider the diagram

A𝛼 ⊗ B𝛼 C𝛼 ⊗ D𝛼

A𝛼 ⊗𝛼 B𝛼 C𝛼 ⊗𝛼 D𝛼

A �LP B C �LP D

A ⊗ B C ⊗ D .

𝑢A𝛼,B𝛼

𝐹𝛼⊗𝐹 ′
𝛼

𝜄A𝛼 ⊗ 𝜄B𝛼

u𝑀𝛼

t𝑊
A,B
𝛼

𝑢C𝛼,D𝛼

𝜄C𝛼⊗ 𝜄D𝛼𝑊
C,D
𝛼 v

𝐹𝛼⊗𝛼𝐹
′
𝛼

𝐹�LP𝐹
′

𝑠A,B

𝐹 ⊗𝐹 ′

v𝑅 𝑠C,D

where
• 𝑊

A,B
𝛼 , 𝑊 C,D

𝛼 are the isomorphisms we just introduced witnessing the com-
mutativity up to isomorphism of the left and right squares;

• 𝑀𝛼, as above, is the isomorphism witnessing the fact that

𝐹𝛼 ⊗𝛼 𝐹 ′
𝛼 = Lan(𝑢A𝛼,B𝛼 )

(
𝑢C𝛼 ,B𝛼 (𝐹𝛼 ⊗ 𝐹 ′

𝛼)
)
,

providing the commutativity up to isomorphism of the upper square;
• 𝑅 is the isomorphism witnessing that

𝐹 �LP 𝐹 ′ = Lan(𝑠A,B )
(
𝑠C,D (𝐹 ⊗ 𝐹 ′)

)
,

providing the commutativity up to isomorphism of the lower square;
• The outer square is strictly commutative.

Therefore, the composite

(40)
[(
𝐻C,D

𝛼

)−1
𝑘 C,D
𝛼 ◦𝑀𝛼

]
•
[
𝑊 C,D

𝛼 ◦
(
𝐹𝛼 ⊗ 𝐹 ′

𝛼

)]
•
[
𝑅−1◦

(
𝜄A𝛼 ⊗ 𝜄B𝛼

)]
•
[
(𝐹 �LP𝐹 ′)◦

(
𝑊A,B

𝛼

)−1]
is an isomorphism

(𝐹 �LP 𝐹 ′) (𝐻A,B
𝛼 )−1𝑘A,B

𝛼 𝑢A𝛼 ,B𝛼 ⇒ (𝐻C,D
𝛼 )−1𝑘 C,D

𝛼 (𝐹𝛼 ⊗𝛼 𝐹 ′
𝛼)𝑢A𝛼 ,B𝛼 .

Now, because (𝐹 �LP 𝐹 ′) (𝐻A,B
𝛼 )−1𝑘A,B

𝛼 and (𝐻C,D
𝛼 )−1𝑘 C,D

𝛼 (𝐹𝛼 ⊗𝛼 𝐹 ′
𝛼) are 𝛼-co-

complete, we know by Remark 3.18 that there exists a unique isomorphism

(41) 𝑍𝛼 : (𝐹 �LP 𝐹 ′) (𝐻A,B
𝛼 )−1𝑘A,B

𝛼 ⇒ (𝐻C,D
𝛼 )−1𝑘 C,D

𝛼 (𝐹𝛼 ⊗𝛼 𝐹 ′
𝛼)

such that 𝑍𝛼 ◦ 𝑢A𝛼 ,B𝛼 coincides with the isomorphism (40). In particular, 𝑍𝛼

provides the desired commutativity up to isomorphism of (36), which concludes
the proof. �

Remark 8.7. The reader may wonder why we have introduced the isomorphisms
𝑊

A,B
𝛼 (resp. 𝑊

C,D
𝛼 ) to witness the commutativity of the left (resp. right) square,

when one could just have used the isomorphism Γ𝛼 from Remark 3.27 which was
already given to us. The reason behind this choice is to guarantee a good behaviour
when we raise the cardinality. In particular, this choice will allow us to show in
Proposition 8.8 below that the family (𝑍𝛼)𝛼∈Reg≥𝜅 amounts to a modification.

Let 𝐹 : A → C and 𝐹 ′ : B → D be as in Proposition 8.6. We define a 𝑘-linear
pseudonatural transformation

Φ′ : 𝐹A,B ⇒ 𝐹C,D ,
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where 𝐹A,B , 𝐹C,D are defined as in (30), as follows. For each 𝛼 ∈ Reg≥𝜅 , we set

Φ′
𝛼 B 𝐹𝛼 ⊗𝛼 𝐹 ′

𝛼 : A𝛼 ⊗𝛼 B𝛼 → C𝛼 ⊗𝛼 D𝛼 .

For each morphism 𝛼 ≤ 𝛽 in Reg≥𝜅 , we set

Φ′
𝛼≤𝛽 B 𝑁𝛼,𝛽 : Φ′

𝛽𝐹A,B (𝛼 ≤ 𝛽) ⇒ 𝐹C,D (𝛼 ≤ 𝛽)Φ′
𝛼

where 𝑁𝛼,𝛽 is the isomorphism from (38). We do not provide the details here,
but the fact that these data amount to a pseudonatural transformation is a direct
consequence of the fact that 𝑁𝛼,𝛽 is defined in terms of left Kan extensions (see the
proof of Proposition 8.6).

Let’s now denote by

(42) Φ : 𝐹A,B ⇒ C �LP D
the 𝑘-linear pseudonatural transformation given by postcomposing Φ′ with the
pseudonatural transformation ΩC,D : 𝐹C,D → C � D as defined in the proof of
Theorem 7.3. More concretely,

Φ(𝛼) B (𝐻C,D
𝛼 )−1𝑘 C,D

𝛼 (𝐹𝛼 ⊗𝛼 𝐹 ′
𝛼)

for every 𝛼 ∈ Reg≥𝜅 and

Φ(𝛼 ≤ 𝛽) B
[
ΩC,D (𝛼 ≤ 𝛽) ◦ (𝐹𝛼 ⊗𝛼 𝐹 ′

𝛼)
]
•
[
(𝐻C,D

𝛼 )−1𝑘 C,D
𝛼 ◦ 𝑁𝛼,𝛽

]
for every 𝛼 ≤ 𝛽 in Reg≥𝜅 .

This construction provides a way to recover the tensor product 𝐹 �LP 𝐹 ′ up to
isomorphism. Indeed, we have the following:

Proposition 8.8. Let A,B, C and D be locally presentable 𝑘-linear categories and
𝐹 : A → C and 𝐹 ′ : B → D cocontinuous 𝑘-linear functors. Let 𝜅 be the smallest
regular cardinal such that A,B, C and D are locally 𝜅-presentable and 𝐹, 𝐹 ′ preserve
𝜅-presentable objects. The functor associated to the pseudonatural transformation
Φ : 𝐹A,B ⇒ C�LPD above via the universal property of L(𝐹A,B) (23) is isomorphic
to 𝐹 �LP 𝐹 ′.

Proof. By virtue of (22), in order to conclude it is enough to show that the pseudo-
natural transformation Φ : 𝐹A,B ⇒ C �LP D is isomorphic to the pseudonatural
transformation

(43) (𝐹 �LP 𝐹 ′)ΩA,B : 𝐹A,B
ΩA,B
−−−−−→ A �LP B

𝐹�LP𝐹
′

=======⇒ C �LP D

where ΩA,B is the 𝑘-linear pseudonatural transformation introduced in the proof
of theorem 7.3 giving rise to the equivalence L(𝐹A,B) ' A�LPB from Theorem 7.3
and where we are considering the categories A �LP B and C �LP D as constant
2-functors from Reg≥𝜅 to CAT(𝑘) and 𝐹 �LP 𝐹 ′ as the corresponding constant 𝑘-
linear pseudonatural transformation. We proceed to build a modification 𝑍 : (𝐹�LP
𝐹 ′)ΩA,B V Φ as follows. For 𝛼 ∈ Reg≥𝜅 , we set

𝑍𝛼 : (𝐹 �LP 𝐹 ′)ΩA,B ⇒ Φ(𝛼)
to be given precisely by the natural isomorphism

A𝛼 ⊗𝛼 B𝛼 C𝛼 ⊗𝛼 D𝛼

Lex𝛼,𝛼 (A𝛼,B𝛼) Lex𝛼,𝛼 (C𝛼,D𝛼)

A �LP B C �LP D

𝐹𝛼⊗𝛼𝐹
′
𝛼

(𝐻A,B
𝛼 )−1

𝑘
A,B
𝛼

𝐹�LP𝐹
′

𝑘
C,D
𝛼

(𝐻C,D
𝛼 )−1

𝑍𝛼t



FILTERED BICOLIMIT PRESENTATIONS AND TENSOR PRODUCTS 40

from Proposition 8.6 above. To show that 𝑍 is a modification, we need to prove
that for every 𝛼 ≤ 𝛽 in Reg≥𝜅 we have that

𝑍𝛼 •
[
(𝐹 �LP 𝐹 ′) ◦ΩA,B

𝛼≤𝛽

]
= Φ𝛼≤𝛽 •

[
𝑍𝛽 ◦ 𝐹A,B (𝛼 ≤ 𝛽)

]
,

that is, we need to show the following equality of pasting diagrams:

A𝛼 ⊗𝛼 B𝛼 C𝛼 ⊗𝛼 D𝛼

A𝛽 ⊗𝛽 B𝛽 C𝛽 ⊗𝛽 D𝛽

Lex𝛽,𝛽 (A𝛽 ,B𝛽) Lex𝛽,𝛽 (C𝛽 ,D𝛽) Lex𝛼,𝛼 (C𝛼,D𝛼)

A �LP B C �LP D

(𝐻A,B
𝛽

)−1

𝑘
A,B
𝛽

𝐹�LP𝐹
′

(𝐻C,D
𝛽

)−1

𝑓
A,B
𝛼,𝛽

𝐹𝛼⊗𝛼𝐹
′
𝛼

𝐹𝛽⊗𝛽𝐹
′
𝛽

𝑓
C,D
𝛼,𝛽

𝑘
C,D
𝛽

𝑘
C,D
𝛼

(𝐻C,D
𝛼 )−1

𝑁𝛼,𝛽t

𝑍𝛽t

Ω
C,D
𝛼,𝛽
t =

A𝛼 ⊗𝛼 B𝛼 C𝛼 ⊗𝛼 D𝛼

A𝛽 ⊗𝛽 B𝛽

Lex𝛽,𝛽 (A𝛽 ,B𝛽) Lex𝛼,𝛼 (A𝛼,B𝛼) Lex𝛼,𝛼 (C𝛼,D𝛼)

A �LP B C �LP D .

(𝐻A,B
𝛽

)−1

𝑘
A,B
𝛽

𝐹�LP𝐹
′

𝑓
A,B
𝛼,𝛽

𝐹𝛼⊗𝛼𝐹
′
𝛼

𝑘
C,D
𝛼

(𝐻C,D
𝛼 )−1

𝑘
A,B
𝛼

(𝐻A,B
𝛼 )−1

Ω
A,B
𝛼,𝛽
t

𝑍𝛼t

We do not reproduce the proof of this equality in full detail here, but we sketch the
argument. First, one observes that proving this equality is equivalent to proving
the equality of the pasting diagrams when precomposed with

𝑢A𝛼 ,B𝛼 𝜄⊗𝜅,𝛼 : A𝜅 ⊗ B𝜅 → A𝛼 ⊗𝛼 B𝛼

because all the morphisms involved are 𝛼-cocontinuous, and 𝛼 ≥ 𝜅. Then, using the
explicit definitions of 𝑍𝛼 and 𝑁𝛼,𝛽 from Proposition 8.6 above, together with the
fact that ΩA,B and ΩC,D are pseudonatural transformations, allows us to conclude.

Therefore, we have find a modification 𝑍 : (𝐹 �LP 𝐹 ′)ΩA,B V Φ such that 𝑍𝛼 is
invertible for every 𝛼 ∈ Reg≥𝜅 . Therefore, 𝑍 is an invertible modification and thus
defines an isomorphism between (𝐹 �LP 𝐹 ′)ΩA,B and Φ (see [19, Lem 4.4.9]), which
concludes the proof. �

The description of the tensor product of cocontinuous 𝑘-linear functors in terms
of the Kelly tensor product of presentable objects provides a useful tool in order
to perform computations when one has control of the presentable objects. Let us
illustrate this with the following geometrical example.

Example 8.9. Let 𝑓1 : (𝑋1,O𝑋1
) → (𝑌1,O𝑌1

) be a morphism of 𝑘-schemes where 𝑋1

and 𝑌1 are quasi-compact and quasi-separated. In particular, we know that:
• Qcoh(𝑋1) and Qcoh(𝑌1) are Grothendieck 𝑘-linear categories [34, Tag 077P];
• Qcoh(𝑋1) and Qcoh(𝑌1) are locally finitely presentable 𝑘-linear categories

[17, Chap I, Cor 6.9.12];
• the pullback functor 𝑓 ∗1 : Qcoh(𝑌1) → Qcoh(𝑋1), which is cocontinuous,

preserves finitely presentable objects [17, Chap 0, §5.2.5].
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Let 𝑓2 : (𝑋2,O𝑋2
) → (𝑌2,O𝑌2

) be another morphism between quasi-compact quasi-
separated 𝑘-schemes and consider the external tensor product � of quasi-coherent
sheaves [17, Chap I, Def 3.3.1], which is given by

� : Qcoh(𝑋1) ⊗ Qcoh(𝑋2) → Qcoh(𝑋1 ×𝑘 𝑋2)
(𝐹, 𝐺) ↦→ 𝐹 � 𝐺 B 𝑝∗𝑋1

(𝐹) ⊗O𝑋1×𝑘𝑋2
𝑝∗𝑋2

(𝐺),

where 𝑝𝑋𝑖
: 𝑋1 ×𝑘 𝑋2 → 𝑋𝑖 denote the corresponding projections for 𝑖 = 1, 2. From

[10, Thm 6.1] we have that the external tensor product � exhibits the Grothendieck
category Qcoh(𝑋1 ×𝑘 𝑋2) as the tensor product of Grothendieck 𝑘-linear categories
Qcoh(𝑋1) �G Qcoh(𝑋2). In particular, by virtue of Remark 3.27, we have that the
restriction-corestriction of the exterior tensor product

� : Qcoh(𝑋1)ℵ0 ⊗ Qcoh(𝑋2)ℵ0 → Qcoh(𝑋1 ×𝑘 𝑋2)ℵ0

also exhibits the finitely cocomplete linear category Qcoh(𝑋1 ×𝑘 𝑋2)ℵ0 as the ℵ0-
Kelly tensor product Qcoh(𝑋1)ℵ0 ⊗ℵ0

Qcoh(𝑋2)ℵ0 .
As a consequence of Proposition 8.6, we have the following diagram that com-

mutes up to isomorphism:

Qcoh(𝑌1)ℵ0 ⊗ Qcoh(𝑌2)ℵ0 Qcoh(𝑋1)ℵ0 ⊗ Qcoh(𝑋2)ℵ0

Qcoh(𝑌1 ×𝑘 𝑌2)ℵ0 Qcoh(𝑋1 ×𝑘 𝑋2)ℵ0

Qcoh(𝑌1 ×𝑘 𝑌2) Qcoh(𝑋1 ×𝑘 𝑋2)

�

( 𝑓 ∗
1 )ℵ0 ⊗( 𝑓

∗
2 )ℵ0

�

�

�( 𝑓 ∗
1 )ℵ0 ⊗ℵ0 ( 𝑓

∗
2 )ℵ0

𝑓 ∗
1 �G 𝑓 ∗

2

and thus, for any 𝐹 ∈ Qcoh(𝑌1)ℵ0 and 𝐺 ∈ Qcoh(𝑌2)ℵ0 , we have that

( 𝑓 ∗1 �G 𝑓 ∗2 ) (𝐹 � 𝐺) � 𝑓 ∗1 (𝐹) � 𝑓 ∗2 (𝐺).
Moreover, notice that this fully determines the cocontinuous functor 𝑓 ∗1 �G 𝑓 ∗2 up to
isomorphism. Indeed, every sheaf in Qcoh(𝑌1 ×𝑘 𝑌2) is written as a filtered colimit
of sheaves in Qcoh(𝑌1×𝑘 𝑌2)ℵ0 and furthermore, every sheaf in Qcoh(𝑌1×𝑘 𝑌2)ℵ0 is a
finite colimit of sheaves of the form 𝐹�𝐺 where 𝐹 ∈ Qcoh(𝑌1)ℵ0 and 𝐺 ∈ Qcoh(𝑌2)ℵ0 .

This example is particularly interesting in the case in which 𝑌1 and 𝑌2 are locally
noetherian, as in that case, for 𝑖 = 1, 2 we have that Qcoh(𝑌𝑖)ℵ0 is precisely Coh(𝑌𝑖),
the full subcategory of coherent sheaves [34, Tag 01XZ].

Now, we show how one can recover the associativity and the symmetry of the
tensor product of locally presentable linear categories from the same properties of
the 𝛼-Kelly tensor products.

Consider locally presentable 𝑘-linear categories A,B and C. Define

𝐹(A,B) ,C : Reg → Cat

by 𝐹(A,B) ,C (𝛼) = (A𝛼 ⊗𝛼 B𝛼) ⊗𝛼 C𝛼 with the natural transition functors

𝐹(A,B) ,C (𝛼 ≤ 𝛽) : (A𝛼 ⊗𝛼 B𝛼) ⊗𝛼 C𝛼 → (A𝛽 ⊗𝛽 B𝛽) ⊗𝛽 C𝛽

induced by the universal property of ⊗𝛼. Analogously, we put

𝐹A, (B,C) : Reg → Cat

with 𝐹A, (B,C) (𝛼) = A𝛼 ⊗𝛼 (B𝛼 ⊗𝛼 C𝛼) with the natural transition functors

𝐹A, (B,C) (𝛼 ≤ 𝛽) : A𝛼 ⊗𝛼 (B𝛼 ⊗𝛼 C𝛼) → A𝛽 ⊗𝛽 (B𝛽 ⊗𝛽 C𝛽).
In a similar fashion to Theorem 7.3, one can show that

L(𝐹(A,B) ,C) ' (A �LP B) �LP C,
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and analogously
L(𝐹A, (B,C) ) ' A �LP (B �LP C).

We know that, for any regular cardinal 𝛼, the category Cat𝛼 (𝑘) of 𝛼-cocomplete
small categories endowed with ⊗𝛼 is a closed monoidal symmetric bicategory. In
particular, for all 𝔞, 𝔟, 𝔠 ∈ Cat𝛼 (𝑘), we have an equivalence

(𝔞 ⊗𝛼 𝔟) ⊗𝛼 𝔠 ' 𝔞 ⊗𝛼 (𝔟 ⊗𝛼 𝔠)
natural in all three components. Moreover, these equivalences are inherited from
the associativity of the monoidal structure ⊗ in Cat(𝑘) [20, Eq (6.25)], namely, they
make the diagram

(44)
(𝔞 ⊗ 𝔟) ⊗ 𝔠 𝔞 ⊗ (𝔟 ⊗ 𝔠)

(𝔞 ⊗𝛼 𝔟) ⊗𝛼 𝔠 𝔞 ⊗𝛼 (𝔟 ⊗𝛼 𝔠)

�

(𝑢𝔞,𝔟⊗𝛼1𝔠) (𝑢𝔞⊗𝔟 ,𝔠) (1𝔞⊗𝛼𝑢𝔟,𝔠) (𝑢𝔞,𝔟⊗𝔠)

'

commutative for all 𝔞, 𝔟, 𝔠 ∈ Cat𝛼 (𝑘).
Consequently, there is a canonical equivalence 𝐹(A,B) ,C (𝛼) ' 𝐹A, (B,C) (𝛼) for

each 𝛼, and (44) guarantees that it behaves naturally on 𝛼 ∈ Reg. In other words,
we have built a pseudonatural equivalence

(45) 𝐹(A,B) ,C ' 𝐹A, (B,C) ,

i.e. a pseudonatural transformation that is point-wise an equivalence.

Proposition 8.10. Let A,B and C be locally presentable 𝑘-linear categories, then,
there exists an equivalence

(A �LP B) �LP C ' A �LP (B �LP C).

Proof. Applying [19, Prop 6.2.3 + Prop 6.2.4] to (45), we obtain a pseudonatural
equivalence

Psnat(𝐹(A,B) ,C ,−) ' Psnat(𝐹A, (B,C) ,−)
and thus, by the universal property of the filtered bicolimit, a pseudonatural equiv-
alence

Cat((A �LP B) �LP C,−) ' Cat(A �LP (B �LP C),−).
We conclude by applying the bicategorical Yoneda lemma [19, Lem 8.3.12]. �

The argument to deduce the symmetry of the tensor product of locally pre-
sentable linear categories from the Kelly tensor products is analogous. Consider
two locally presentable 𝑘-linear categories A and B. As the monoidal bicategory
(Cat𝛼 (𝑘), ⊗𝛼) is symmetric, we have

𝔞 ⊗𝛼 𝔟 ' 𝔟 ⊗𝛼 𝔞

for all 𝔞, 𝔟 ∈ Cat𝛼 (𝑘), naturally in both components. Moreover, these equivalences
are inherited from the symmetry of the monoidal structure ⊗ in Cat(𝑘) [20, Eq
(6.26)], namely, they make the diagram

𝔞 ⊗ 𝔟 𝔟 ⊗ 𝔞

𝔞 ⊗𝛼 𝔟 𝔟 ⊗𝛼 𝔞

'

𝑢𝔞,𝔟 𝑢𝔟,𝔞

'

commutative for all 𝔞, 𝔟 ∈ Cat𝛼 (𝑘).
Thus, reasoning as above, we have a canonical pseudonatural equivalence

(46) 𝐹A,B ' 𝐹B,A ,

where 𝐹A,B and 𝐹B,A are defined as in (30).
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Proposition 8.11. Let A,B be locally presentable 𝑘-linear categories. Then, there
exists an equivalence

A �LP B ' B �LP A.

Proof. It follows by applying the same argument of the proof of Proposition 8.10
to the pseudonatural equivalence (46). �
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Notation index

Symbol Description Page

Ab category of abelian groups 2
�G tensor product of Grothendieck linear categories 2
Qcoh(𝑋) category of quasi-coherent sheaves over a scheme 𝑋 2
�S tensor product of linear Grothendieck sites 2
Sh(𝔞,T𝔞) category of linear sheaves over the linear site Sh(𝔞, T𝔞) 2
LP tensor product of locally presentable linear categories 3
Ind𝛼 free completion under 𝛼-filtered colimits 3
⊗𝛼 Kelly tensor product of 𝛼-cocomplete linear categories 3
C𝛼 the full subcategory of 𝛼-presentable objects in a category C 4
Cat 2-category of small categories 4
Reg totally ordered class of small regular cardinals 5
Mod(𝑘) category of small right 𝑘-modules 5
Set category of small sets 5
⊗𝑘 tensor product of 𝑘-modules 5
Cat(𝑘) 2-category of small 𝑘-linear categories 6
⊗ tensor product of linear categories 6
𝔞op opposite category of the category 𝔞 6
Mod(𝔞) category of right 𝔞-modules, i.e. Cat(𝑘) (𝔞op,Mod(𝑘)) 6
𝑌𝔞 𝑘-linear Yoneda embedding 𝑌𝔞 : 𝔞 ↩→ Mod(𝔞) for the small

𝑘-linear category 𝔞

6

𝑓 ∗ restriction of scalars 6
𝑓! extension of scalars 6
𝑓∗ coextension of scalars 6
Lan 𝑓 𝑔 the 𝑘-linear left Kan extension of the 𝑘-linear functor 𝑔 along

the 𝑘-linear functor 𝑓

6

Cat𝛼 (𝑘) 2-category of 𝛼-cocomplete small 𝑘-linear categories 7
Rex𝛼 (−,−) 𝑘-linear category of 𝛼-cocontinuous 𝑘-linear functors between

𝑘-linear categories
7

Lex𝛼 (𝔞) 𝑘-linear category of 𝛼-continuous 𝔞-modules 7
CAT the (very large) 2-category of large categories 7
CAT(𝑘) the (very large) 2-category of large 𝑘-linear categories 7
C(−,−) right 𝑘-module of morphisms between objects of the 𝑘-linear

category C
7

' equivalence of categories 7
� isomorphism 7
• vertical composition of 2-morphisms in a bicategory 7
◦ horizontal composition of 2-morphisms in a bicategory 7
𝜄𝛼, 𝜄

C
𝛼 the natural embedding 𝜄C𝛼 : C𝛼 ↩→ C 8

𝜄𝛼,𝛽 , 𝜄
C
𝛼,𝛽

natural embedding 𝜄C
𝛼,𝛽

: C𝛼 ↩→ C𝛽 when 𝛼 ≤ 𝛽 8
LP𝛼 (𝑘) 2-category of locally 𝛼-presentable 𝑘-linear categories 8
LP(𝑘) 2-category of locally presentable 𝑘-linear categories 8
Cocont𝑘 (−,−) 𝑘-linear category of cocontinuous 𝑘-linear functors between

cocomplete 𝑘-linear categories
9

𝑌 ′
𝛼 corestriction 𝑌 ′

𝛼 : 𝔞 ↩→ Lex𝛼 (𝔞) of the 𝑘-linear Yoneda em-
bedding for a small 𝛼-cocomplete 𝑘-linear category 𝔞

9

𝑗𝛼 natural embedding 𝑗𝛼 : Lex𝛼 (𝔞) ↩→ Mod(𝔞) for a small 𝛼-
cocomplete 𝑘-linear category 𝔞

9

𝐸𝛼, 𝐸
C
𝛼 canonical equivalence of categories 𝐸 C

𝛼 : C → Lex𝛼 (C𝛼) for a
𝑘-linear locally 𝛼-presentable category C

9
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Symbol Description Page

𝑅𝛼 𝑘-linear right adjoint of 𝑗𝛼 9
(𝜄𝛼,𝛽)𝑠 , (𝜄C𝛼,𝛽)𝑠 restriction-corestriction (𝜄C

𝛼,𝛽
)𝑠 : Lex𝛽 (C𝛽) → Lex𝛼 (C𝛼) of

the 𝑘-linear functor (𝜄C
𝛼,𝛽

)∗ : Mod(C𝛽) → Mod(C𝛼) for 𝛼 ≤ 𝛽

10

(𝜄𝛼,𝛽)𝑠 , (𝜄C𝛼,𝛽)
𝑠 𝑘-linear left adjoint of (𝜄C

𝛼,𝛽
)𝑠 10

𝑢𝛼
𝔞,𝔟

universal 𝑘-linear functor 𝔞 ⊗ 𝔟 → 𝔞 ⊗𝛼 𝔟 for 𝔞, 𝔟 𝛼-
cocontinuous small 𝑘-linear categories

12

Rex𝛼,𝛽 (− ⊗ −,−) 𝑘-linear category of 𝑘-linear functors that are 𝛼-cocontinuous
in the first variable and 𝛽-cocontinuous in the second variable

12

Lex𝛼,𝛽 (𝔞, 𝔟) 𝑘-linear subcategory of Mod(𝔞 ⊗ 𝔟) consisting of the right
𝔞 ⊗ 𝔟-modules that are 𝛼-continuous in the first variable and
𝛽-continuous on the second variable

12

𝑅𝛼,𝛼 𝑘-linear right adjont of 𝑗𝛼,𝛼 12
𝑗𝛼,𝛼 natural embedding 𝑗𝛼,𝛼 : Lex𝛼,𝛼 (𝔞, 𝔟) ↩→ Mod(𝔞 ⊗ 𝔟) 12
𝑘𝛼, 𝑘

A,B
𝛼 the natural embedding A𝛼 ⊗𝛼 B𝛼 ↩→ Lex𝛼,𝛼 (A𝛼,B𝛼) 12

𝐸𝛼,𝛼 equivalence 𝐸𝛼,𝛼 : Lex𝛼,𝛼 (A𝛼,B𝛼) → Lex𝛼 (A𝛼 ⊗𝛼 B𝛼) for
A,B locally 𝛼-presentable 𝑘-linear categories

13

�LP𝛼
tensor product of locally 𝛼-presentable linear categories 13

Φ𝛼,𝛽 𝑘-linear functor Lex𝛼,𝛽 (A𝛼,B𝛽) → Lex𝛼 ((A𝛼)op, Lex𝛽 (B𝛽))
obtained as restriction-corestriction of the tensor-hom ad-
junction

13

Ψ𝛼,𝛽 𝑘-linear inverse functor of Φ𝛼,𝛽 13
𝐻𝛼, 𝐻

A,B
𝛼 the equivalence 𝐻

A,B
𝛼 : Cont𝑘 (Aop,B) → Lex𝛼,𝛼 (A𝛼,B𝛼) 14

Cont𝑘 (−,−) 𝑘-linear category of continuous 𝑘-linear functors between
complete 𝑘-linear categories

14

𝑠A,B universal 𝑘-linear functor A ⊗B → A �LP B for A,B locally
presentable 𝑘-linear categories

14

Γ𝛼 the isomorphism Γ𝛼 : 𝑠A,B (𝜄A𝛼 ⊗ 𝜄B𝛼 ) ⇒ 𝐻−1
𝛼 𝑘𝛼𝑢A𝛼 ,B𝛼 14

𝑓𝛼,𝛽 , 𝑓
A,B
𝛼,𝛽

the 𝛼-cocontinuous functor A𝛼 ⊗𝛼 B𝛼 ↩→ A𝛽 ⊗𝛽 B𝛽 induced
via the universal property of ⊗𝛼 by 𝑢A𝛽 ,B𝛽 (𝜄C

𝛼,𝛽
⊗ 𝜄B

𝛼,𝛽
), for

A,B locally presentable 𝑘-linear categories and 𝛼 ≤ 𝛽

15

𝑔−1𝑅 pullback of a sieve 𝑅 along a morphism 𝑔 18
TC,can canonical topology on a 𝑘-linear Grothendieck category C 18
𝑓 −1T𝔟 the cover system induced on a small category 𝔞 through a

functor 𝑓 : 𝔞 → 𝔟 by a cover system T𝔟 on a small category 𝔟

19

LC the class of LC morphisms between 𝑘-linear sites 19
𝐹0
𝐴

the lax unity constraint 𝐹0
𝐴
: 1𝐹 (𝐴) ⇒ 𝐹 (1𝐴) of a pseudofunc-

tor 𝐹 : A → B between bicategories on the object 𝐴 ∈ A
21

𝐹2
𝑓 ,𝑔

the lax functoriality constraint 𝐹2
𝑓 ,𝑔

: 𝐹 (𝑔)𝐹 ( 𝑓 ) ⇒ 𝐹 (𝑔 𝑓 ) of
a pseudofunctor 𝐹 : A → B between bicategories on the pair
of composable arrows 𝑓 , 𝑔 in A

21

Psnat(−,−) category of pseudonatural transformations between pseudo-
functors

21

L(𝐹) 2-filtered bicolimit of the pseudofunctor 𝐹 21
Λ : 𝐹 ⇒ L(𝐹) universal pseudonatural transformation of the 2-filtered bi-

colimit of a pseudofunctor 𝐹

23

L𝑘 (𝐺) 𝑘-linear filtered bicolimit of a pseudofunctor 𝐺 24
JC category of LC morphisms into the Grothendieck 𝑘-linear

category C
26

𝐺C functor 𝐺C : JC → Cat(𝑘) forgetting the “slice structure” 27



Notation index 47

Symbol Description Page

𝑌𝛼,𝛼 Yoneda embedding 𝑌𝛼,𝛼 : A𝛼 ⊗ B𝛼 ↩→ Mod(A𝛼 ⊗ B𝛼) for
A,B locally presentable 𝑘-linear categories

30

𝐹A,B pseudofunctor 𝐹A,B : Reg≥𝜅 → Cat sending 𝛼 to A𝛼 ⊗𝛼 B𝛼

with A,B locally 𝜅-presentable 𝑘-linear categories
31

� external tensor product of quasi-coherent sheaves 41
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