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CHAPTER 1

Introduction

In survival analysis interest often lies in the relationship between the survival func-
tion and a certain number of covariates. It usually happens that for some individuals
we cannot observe the event of interest, due to the presence of right censoring and/or
left truncation. A typical example is given by a retrospective medical study, in which
one is interested in the time interval between birth and death due to a certain disease.
Patients who die of the disease at early age will rarely have entered the study before
death and are therefore left truncated. On the other hand, for patients who are alive at
the end of the study, only a lower bound of the true survival time is known and these
patients are hence right censored. Two data sets are being considered in this context.

The first one can be found in Casariego-Vales et al (2001) and Rabunal et al (2004).
It concerns a retrospective cohort study on patients diagnosed with gastric adenocar-
cinoma between January 1975 and December 1993 in Xeral Hospital in Lugo and Uni-
versity Hospital of A Coruna (northwest of Spain). 2334 patients were introduced into
the study. For each individual we observed the time (in days) from the first symptoms
to diagnostic, the time from first symptoms to death or loss of follow up, the death
indicator (dead or alive) and some risk factors like the age at diagnosis, the extension
of the tumor (TNM classification), the presence of metastasis (yes or no) and the type
of surgery. Censoring occurred when patients died from a reason not related to their
disease, were lost to follow up or were still alive at last visit. Patients were followed
until at least 1st of August 1996. On the other hand, those that were not diagnosed
before death, thus they do not appear in the registers of the hospital, were considered

as being truncated. The data are shown in Figure 1.1.
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Figure 1.2 : Larynx cancer data.



The second data set was introduced in Kardaun (1983) and Klein and Moeschberger
(1997). 90 males diagnosed with cancer of the larynx during the period 1970-1978 at
a Dutch hospital were considered. Times recorded are the intervals (in years) between
first treatment and either death or the end of the study (January 1, 1983). Also recorded
are the patient’s age at the time of diagnosis, the year of diagnosis, and the stage of
the patient’s cancer (TNM classification). 40 patients were still alive at the end of the
study, thus censored. The data are presented in Figure 1.2.

In the case of censored and/or truncated responses, lots of models exist in the
literature that describe the relationship between the survival function and the cova-
riates (proportional hazards model or Cox model, log-logistic model, accelerated failure
time model, additive risks model, etc.). In these models, the regression coefficients are
usually supposed to be constant over time. In practice, the structure of the data might
however be more complex, and it might therefore be better to consider coefficients that
can vary over time. In the previous examples, certain covariates (e.g. age at diagnosis,
type of surgery, extension of tumor, etc.) can have a relatively high impact on early age
survival, but a lower influence at higher age. This motivated a number of authors to
extend the Cox model to allow for time-dependent coefficients or consider other type
of time-dependent coefficients models like the additive hazards model. In practice it is
of great use to have at hand a method to check the validity of the above mentioned
models. The case where the coefficients are time-independent was largely studied in
the literature. But when the coefficients are time-dependent little work is available.
Details on the above models and procedures are given in the rest of this chapter which
is organized as follows. Existing conditional models in survival analysis are presented
in Section 1.1. The product limit estimator of the survival function for censored and
truncated data is introduced in Section 1.2. The likelihood function for binary data
is given in Section 1.3. Its application to obtain the maximum likelihood estimator in
generalized linear models with time-dependent coefficients is explained in Section 1.4,
while least squares estimator in generalized linear models with time-constant coeffi-
cients is presented in Section 1.5. Finally goodness-of-fit tests in survival analysis are
detailed in Section 1.6.

The objective of this theses is twofold. First, in Chapter 2, we consider a very general
model, which includes as special cases the above mentioned models (Cox model, addi-

tive model, log-logistic model, linear transformation models, etc.) with time-dependent
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coefficients and study the parameter estimation by means of a least squares approach.
The response is allowed to be subject to right censoring and/or left truncation. The
second objective is to propose an omnibus goodness-of-fit test that will test if the ge-
neral time-dependent model considered above fits the data, see Chapter 3. A bootstrap
version, to approximate the critical values of the test is also proposed.

The methodology developed in Chapter 2 and Chapter 3 will be applied to the two

data sets described above and the results are presented in Chapter 4.

1.1 Conditional models in survival analysis

Let X = (X1, Xo,...,X,) be a vector of covariates. The dependency between the
survival time Y and X, can be modeled in many different ways. In the literature lots of
models are available that describe this dependency and many of these models rely on
the hazard rate and on the cumulative hazard function. The hazard rate A\(y|z) is the
instantaneous risk that an individual of age y with given covariate values x experiences

the event of interest in the next instant :
Ply<Y <y+AylY >y, X =1

Alyle) = Algl/lilo Ay
If Y is continuous, then A(y|z) = f(y|z)/S(y|lz) = %@(ym]. The cumulative hazard

function is defined as follows :
Yy
Aylz) = [ Atula)du = nfS(sjo)
0

An important and well known model is the proportional hazards model of Cox (1972),
which stipulates that the covariates act multiplicatively on the hazard function. It takes

the form

Ayle) = Xo(y) exp(Bz), (1.1.1)

where A(y|z) denotes the hazard rate of the response, given the covariate vector X = z,
Xo(y) is the unknown baseline hazard rate and 8 = (1, f2, ... ,[3,) is the unknown
parameter vector. This model can also be expressed in terms of the cumulative hazard

function

Alylz) = Ao(y) exp(B'z) (1.1.2)
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A model related to the proportional hazards model is the accelerated failure time
model introduced by Cox and Oakes (1984) :

/

Aylz) = Xo(ye ?®) exp(—B'z), (1.1.3)
that can be equivalently written as :
m(Y)=8X +e, (1.1.4)

with € independent errors with common distribution G. This model has the advantage
of providing a direct characterization of the effects of covariates on the failure time.
An alternative approach to model the conditional hazard rate is to consider the

additive risks model

Ayle) = Xo(y) + Bz, (1.1.5)

that assumes that the covariates act in an additive way on the hazard rate, contrary
to the multiplicative way of the Cox model. It is clear that some conditions on B’z are
needed in order for A(y|z) to be a hazard rate, see for example Lin and Ying (1994).
This model is a special case of the multiplicative intensity model suggested by Aalen
(1980).

The proportional odds model assumes the following relationship between the hazard

rate of Y and the vector of covariates X

logit(1 — exp(—A(y|z))) = a(y) + Bz, (1.1.6)

where «(y) is an increasing function and logit(u) = In (%). It was first applied to
survival analysis by Pettitt (1982) and Bennett (1983).

The model can be rewritten in an equivalent form

Flylz) '\ _ /
In (W) =a(y)+ Bz (1.1.7)

Another interesting model is the general polynomial regression model
T(F(-|x)) = Bo + B + ...+ Bpa? (1.1.8)

where the functional T' is given by the equation T(N) = [’ N=!(s).J(s)ds, for any

0
distribution function, N,

N~(s) = inf{u : N(u) > s}.
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and J(s) is a score function satisfying fol J(s)ds = 1. Different choices of J(s) give
different quantities of interest. For example, the choice J(s) = ljp<s<1y leads to the
conditional mean and J(s) = (¢ — p) *l{p<s<q}, for some 0 < p < ¢ < 1, leads to a
trimmed mean.

McCullagh and Nelder (1989) introduced a unifying framework for all these models :
the generalized linear models (GLM), that provide a way to model conditional survival
functions. The main idea is that the mean response is linked to a linear predictor via a
so called link-function ¢ which may take various forms. Here the mean response is the

survival function S(y|z) =1 — F(y|z). It is easy to see that :
Sylz) = P(Y > yle) = P(W = 1|z) = E(W|z),

with W = 1gysyy, W ~ Bi(l,p) and p = S(y|z). Since the survival time takes only
values between 0 and 1, we need a link that will map the interval (0, 1) on to the whole

real line :

o(S(ylz)) = aly) + Bz (1.1.9)

Common link functions for binary responses include the logit ¢1(7) = In{x/(1 — )},
complementary log-log ¢o(m) = In{—In(1 —7)}, probit ¢3(7) = ®~!(7r) where ® is
the Normal density function and ¢4(7) = —In(7). These link functions induce the
above mentioned models. For example, for the complementary log-log link we get the
proportional hazards model, the logit link induces the proportional odds model and
the probit link, the probit model (Kalbfleisch and Prentice (2002)). Note that in the
classical linear models the link-function is the identity link, since the response, usually,
can take any value on the real line.

An alternative approach is to consider these models as special cases of linear trans-

formation models, that are of the following form

o(y) = Px +¢, (1.1.10)

with Y the survival time, ¢ an unknown monotone increasing function, € a random
variable with known distribution function, F., independent of the covariates, X, and

B is a vector of constant coefficients or, equivalently,

< (S(yle)) = ¢(y) — Be, (1.1.11)
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where ¢ is a known increasing function and ¢! (u) = 1— F.(u). We get the proportional
hazards model and the proportional odds models by taking in (1.1.10) € to follow the
extreme-value distribution and the standard logistic distribution, respectively or, by
taking in (1.1.11) ¢(u) = In(—In(u)) and ¢(u) = In(:*-), respectively. For more details
on transformation models see, for example, Doksum (1987), Cheng et al. (1995, 1997),
Fine et al. (1998), Fine and Gray (1999) or Chen et al. (2002).

For the estimation of the above mentioned models we have mainly two different
methodologies : maximum likelihood and least squares.

In the case of censored responses, estimation in Cox models has been considered by
many authors. For an overview on maximum likelihood estimators, their large sample
properties, as well as their small sample performances and related research we refer to
Akritas and LaValley (1997). Maximum likelihood estimation in additive risks models
with censored responses has been considered by Breslow and Day (1980, p 55, 58),
Pocock et al. (1982), Buckley (1984), Cox and Oakes (1984), Pierce and Preston (1984),
Thomas (1986), while the estimator of 8 in (1.1.6) for the proportional odds model has
been proposed by Bennett (1983), Pettitt (1984), Dabrowska and Doksum(1988) and
Cheng et al. (1995) without estimating the baseline function «(y) directly. Shen (1998)
proposed a procedure for estimating both a(y) and 8. For the accelerated failure time
model a natural approach is the least squares method. See Kalbfleisch and Prentice
(2002) for a review on existing estimators and Jin et al. (2006) for recent developments.

Akritas (1996) introduced a least squares estimator for the coefficients in the general
polynomial model (1.1.8) in the case where the responses may be censored or truncated,
but not both. Grigoletto and Akritas (1999) presented a similar least squares estima-
tor for the Cox model, the additive risks model and the proportional odds model in
the same case of censored or truncated responses. Cao and Gonzélez-Manteiga (2008)
extended the estimators in Akritas (1996) and in Grigoletto and Akritas (1999) to
the case where the responses may be censored and truncated. See more details on the
estimation procedure in Section 2.2.

In all these models the influence of the covariates is assumed to be constant over time
except for variations in the baseline hazard function. This is an unrealistic assumption
in many applications (for instance the prognostic value of a covariate measured at
the beginning of a study may decline over the follow-up period), so it is important to

develop methods that take into account this fluctuation. In the case of censoring, many
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authors extended the Cox model to allow for time-dependent coefficients

A(y|z) = Ao(y) exp(B (y)z). (1.1.12)

To estimate the coefficient functions B(z), Murphy and Sen (1991) proposed a histo-
gram sieve estimation procedure by assuming that the coefficient functions are piece-
wise constant. Gamerman (1991) described the dynamic linear model approach by as-
suming that \g(y) and B(y) are piecewise constant functions, constant between distinct
failure times, and using the full likelihood for estimation updating terms sequentially
in time. The assumption that the baseline hazard function and coefficient functions
are piecewise constant may not be appropriate in real applications. To overcome this
drawback, Zucker and Karr (1990) and Hastie and Tibshirani (1993) used smoothing
spline partial likelihood method, leaving Ao(y) unspecified but modeling the coeffi-
cient functions B(y) smoothly. Nan and Lin (2003), Lambert and Eilers (2004) and
Kauermann (2005) improved this method by using instead a penalized spline fitting
smoothing technique. Another approach is based on local techniques, see e.g. Fan et al.
(1997) or Cai and Sun (2003). The basic idea is a simple extension of the local fitting
technique used in the scatterplot smoothing coupled with the partial likelihood. Mar-
tinussen et al. (2002) proposed an iterative estimation procedure for the cumulative
coefficient function B(y) = foy B(s)ds, by using a modified likelihood approach and the
Newton-Raphson iterative algorithm.

Also, other time-dependent survival models have been considered, like the additive

hazards model

Ayle) = Bo(y) + B (y)z, (1.1.13)

see for example Aalen (1980), Cox and Oakes (1984), Huffer and McKeague (1991),
Andersen et al. (1992), McKeague and Sasieni (1998) or Lin and Ying (1994) who pro-
posed least squares estimators for the cumulative regression function B(y) = [ B(y)dt.

Jung (1996) considered an extension of the general linear model (1.1.9) that allows

for time-varying coefficients,

o(S(yle)) = Bo(y) + Br(y)ar + - . + Bp(y)zy (1.1.14)

where x = (21,22, ... ,2,) denotes a vector of discrete covariates and ¢ is a monotone

differentiable transformation in [0, 1]. Particular choices of ¢ give well known models
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in survival analysis, but extended to time-dependent coefficients. The choice ¢(u) =

In(*%-) gives the logistic model

1
1+ exp(—B'(y)r)’

¢(u) = —In(u) gives the additive hazards model

S(yle) =

—In(S(ylz)) = H(ylz) = Bo(y) + Bi(y)x + ...+ Bp(y)a”

and ¢(u) = In(—In(u)) leads to the proportional hazards model

~lnS(ylz) = H(yle) = exp(—B (y)z).

Unfortunately, Jung’s estimation procedure for 8(y) is only valid in the case where
the observations are censored, the covariates are discrete and the censoring is inde-
pendent of the covariates (see Section 1.4 for more details).

Subramanian (2001) improved Jung’s model by relaxing the hypothesis of indepen-
dence between the censoring time and the covariates and Subramanian (2004) extended

the model, to allow for a one-dimensional continuous covariate :

P(SWIX =) = Boly) + Bi(y)r + ... + Bply)a?, (1.1.15)

where X is continuous and p is known. For more details on these models see Section
1.4.

In Chapter 2, we extend these models, (1.1.14) and (1.1.15), by allowing the res-
ponse to be subject to right censoring and/or left truncation, by allowing to have a
combination of discrete covariates and a one dimensional continuous covariate and by
using a least squares procedure instead of the maximum likelihood method used in the

above models.

1.2 Product limit estimators (PLE)

Let Y denote the survival time, T" the truncation time, C' the censoring time and
X a (one-dimensional) covariates , typically a risk factor, that affects the survival time
Y. When data are left-truncated and right-censored we observe (1, 7,0, X) only if
Z > T, where Z = min{Y,C} and 0 = lyy<ey. Let (15, 75,04, X;), i = 1,... ,n be
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an ii.d. sample from (7, 7,0, X). A very common assumption that is made in this
setup is that Y, 7" and C are independent given X. Let F(y|r) be the conditional
distribution of Y when X = x. Let us define the following curves : M(x) = P(X < x),
Fylz) = P(Y < yl), Glylz) = P(C < ylz) , Llylz) = P(T" < ylz), H(ylz) =
P(Z < ylz), Hi(ylz) = P(Z < y,0 = 1|z), L(y) = P(T"' < y), H(y) = P(Z < y),
Hi(y) = P(Z <y, 6 =1), Clylx) = P(T' <y < Z|z,T < Z), and a(x) = P(T <
Z|x), which is the probability of absence of truncation conditionally on X = x. For
any distribution function W(y) = P(n < t), we denote the left and right support
endpoints by ay = inf{t|W(y) > 0} and by = sup{t|W(y) < 1}, respectively. We
define W*(y) = P(n < t|T < Z). Finally, let m denote the density of X and m* the
density of X conditionally on 7' < Z.

In the single continuous covariate context a general product-limit estimator (GPLE)

has been introduced by Iglesias-Pérez and Gonzalez-Manteiga (1999) :

n

Sulyle) =1 - Eulyle) = ][ (1 _ 1{@%&;35;“”) | (1.21)

2

where {B,;(z)}, denotes a sequence of suitable type of weights (Gasser-Miiller,
Nadaraya-Watson, ... ) and Cy(u|z) = 7| 1i7j<u<z,} Bnj(2).

Note that the GPLE reduces to the estimator defined in La Valley and Akritas
(2005) when there is no right censoring (§ = 1,7 = Y) and to the estimator given
in Beran (1981) and Gonzélez-Manteiga and Cadarso-Suérez (1994) when there is no
left truncation (7" = 0), (provided that the nonparametric weights are the same in
each considered estimator). On the other hand, the GPLE reduces to the PLE esti-
mator defined in Tsai et al (1987) in absence of covariables (By;(z) = =,Vi). Also,
when no right censoring is present we obtain the estimator proposed by Lynden-Bell
(1971) and when no truncation is present we get the well known estimator proposed
by Kaplan-Meier (1958). Iglesias-Pérez and Gonzélez-Manteiga (1999) also provided
an i.i.d. representation for F}, — F that will be useful in the next chapters.

Because of the nature of truncated data, a random design has been considered. Also
because of the curse of dimensionality only one real covariable has been used. In this

context, it is common to assume that the sequence of weights are of Nadaraya-Watson

type :
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K(=%)
Sk (52)

where K denotes a kernel function and h = h,, > 0 is the bandwidth parameter.

B,i(x) =

i=1,2,....n (1.2.2)

The following three results can be found in Iglesias-Pérez and Gonzalez-Manteiga

(1999), as Theorem 2(c), Corollary 3 and Lemma 5, respectively.

Theorem 1.2.1 Suppose that Conditions (H1), (H2’), (H3)-(H9) of Theorem 2 in

1
Iglesias-Pérez and Gonzdlez-Manteiga (1999) hold together with h — 0, nh — oo, ar_,

nh
0 and nh®/Inn = O(1), then, if a < ag(|s), for all x € I, we have :

Fo(ylz) — Fylz) = (1 = F(ylz)) ZBM (%, T, 65y, ) + Ru(ylz),

forxz e I,y € la,b], where

1 o= 1 u %
€210, p,0) = ~C st / ey HI ) (1.2.3)
Inn\**
sup |R,(y|z)| = O, (—h) (1.2.4)
[a,b] x T n

and a, b and I are defined in condition (H2’).

An important application of this theorem is the asymptotic normality of the genera-
lized PLE for left-truncated and right-censored (LTRC) data given by (1.2.1), described

in the following corollary :

Corollary 1.2.2 Under the hypotheses of Theorem 1.2.1 for x € I and for y € |a, b,
it follows that :
(a) If nh® — 0 and (Inn)®/nh — 0 then
(nh)[E, (yl2) = Fyla)] % N (0, 5 (yla)
where s*(ylz) = (1 — F(y|2))*([ K*(2)dz)( [y (dH] (ulz)/C*(ulz))) /m* ()
(b) If h = Cn='> for some C > 0, then
(nh)2[Fo(ylw) = F(yl2)] 5 N(b(yl), s*(y]2))

where b(y|z) = C°2(1— F(y|2))([ 22K (2)dz) (3" (z)m* (z) + 26 (x)m* (x)) /2m* () and
Blu) = E&(Z,T,6,y,2)| X =u,T < Z).
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Also, the uniform strong consistency of the kernel estimator of the distribution (or
subdistribution) function when a Nadaraya-Watson sequence of weights is used and

when we have right-censoring and left-truncation is being given :

Lemma 1.2.3 (Uniform strong consistency) Let n a continuous and positive r.v., and
let S(ylz) = P(n > y|X = x) denote the conditional survival function at X = «x,
where X is a continuous r.v., with density m. The kernel estimator of S(y|x) with

Nadaraya- Watson weights is given by S, (y|x) = m; (x) A, (y, ) where

~ 1 i r — T;
=1

1< T — T,
~ . _ K j
(@) = ; ( h )
Under the assumptions (h1)-(h5) in Lemma 5 of Iglesias-Pérez and Gonzdlez-Manteiga
(1999) we have that :

sup |3, (t|z) — S(t|z)] = O(Inn/nh)Y? + O(h?) a.s.

[0,00)x T

Moreover, if nh®/Inn = O(1) then :

sup |8, (t|z) — S(t|z)| = O(Inn/nh)"?  a.s.
[0,00)x T
Obviously, the previous lemma holds, when substituting survival functions by dis-
tribution functions, and it can also be proved for subdistribution functions of the type
P(n <wy,6 =1|X = z), where ¢ is an indicator function. For more details see Iglesias-
Pérez and Gonzéalez-Manteiga (1999).

A 7conditional obvious” bootstrap method for approximating the distribution of
(nh)Y2[F,(y|x) — F(y|z)] of LTRC data with covariables has also been proposed and
studied by Iglesias-Pérez and Gonzdlez-Manteiga (2003).

Let us first define Gy, (y|x), the GPLE of G(y|x). Since Y, T and C are conditionally
independent given X = x and taking into account that C' plays a similar role as Y but
with an indicator variable 1 — §; instead of d; in the LTRC model, G,,(y|z) is obtained
by substituting in formula (1.2.1) §; =1 by 6; =0 :

~ - 1y pp— an T
Gulyle) =1-]] (1— {Z%"”(Z?}‘x) ( )). (1.2.5)
=1 n 7
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Also define L, (y|z), the estimator of L(y|z) in an analogous way as F),(y|xz) :

~ n 1 >y, 0= an(llf)
L (ole) = (1 o el (126
=1

with B,;(x) the same sequence of nonparametric weights as for Fn(y|x)

Note that the GPLE given by (1.2.6) equals the PLE of the distribution function of
T studied by Woodroofe (1985) in the absence of a covariable (B,,; = +,Vi). Consistency
of the PLE was proved in Woodroofe’s paper.

On the other hand, the consistency of G’n(y|z) is a consequence of the consistency
of F,(y|x) and the relationship Ho(y|z) = H(y|z) — H,(y|x).

The conditional obvious bootstrap procedure for LTRC data proposed by Iglesias-

Pérez and Gonzalez-Manteiga (2003) is as follows :

1. Choose a pilot bandwidth, g, (usually larger than h) to estimate F'(z|X;), G(2|X;)
and L(z|X;) by F,(2|X;), Gy(2|X;) and Ly(2|X;), respectively (i = 1,...,n).
F,(2|X;), G4(2|X;) and Ly(2|X;) are the estimators in (1.2.1), (1.2.5) and (1.2.6),
respectively, but with bandwidth sequence ¢ instead of h.

2. For every i = 1,... ,n independently obtain Y;* from F,(-|X;), CF from Gy(-|X;)
and T from L,(-|X;). Compute ZF = min{Y;", C¥}, 07 = Liy<cry and simulate
new values Y;*, CF and T it T > Z7.

3. Use this resample {(77}, Z;, 07, X1),..., (T}, Z}, 0%, X,,)} to estimate the boots-

n»-n’

trap analogue of the GPLE of F(y|z) in (1.2.1), using the bandwidth A :

A a 1{Z.*< ,5*:1}Bni($)
Fn(y\x)zl—H<1—Z =Y .

n
P jo1 Lrr<zr<zry Brj()

4. Approximate the distribution of (nk)2[F,(y|z) — F(y|z)] by the bootstrap dis-
tribution of (nh)V2[F*(y|x) — F,(y|z)].

Theorem 1.2.4 (Uniform weak consistency). Under the assumptions of Theorem 4.2
in Iglesias-Pérez and Gonzdlez-Manteiga (2003), for x € I and y € [a,b], we have that
sup [P [(nh)2(Fr(yl) = F(yla)) < t] = P [(n) (B (yle) = Fy(yla)) < ¢]|

teR

converges to zero in probability, where P* denotes the conditional probability with res-

pect to the original sample (T}, Z;, 6;, X;), i =1,... ,n.
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1.3 Likelihood function for binary data without cen-
soring

In this section we will present the maximum likelihood method for binary data,
when no censoring is present. This methodology will be extended later to the case
where censoring is present.

We have Y7, Ys, ... Y, survival times for n patients in a clinical trial. Suppose for
the moment, that we have no censoring and no truncation, meaning that for all patients
that are in the study, the time of the event of interest has been observed during the
period of the study. We are interested in investigating the relationship between the
response probability S(y|z) and the covariate vector X = (Xo, X1,...,X,), Xo = 1.
We have already seen that we can model this relationship via a generalized linear model
with time-dependent coefficients :

!

d(S(ylx)) = Bo(y) + Bi(y)ar + - + Bp(y)x, = B (v)x, (1.3.1)

with

S(yle) = P(Y 2 y|X =z) = ¢~ '(B (y)z) = 7(B (y)z),
¢ a known monotonic and differentiable link function defined on [0,1] and B(y) =
(Bo(y), Bi(y), .-, Bu(y)) a (p+ 1) dimensional unknown vector of regression parame-
ters, that depends on y and 7 = ¢~ 1.
We can now apply the likelihood function for binary data in order to estimate the
parameters B(y). For Y1, Y, ... ,Y,, we have that V; = 1gy,,y ~ Bi(1,7(8 (y)z;)) with
the following probability function

P(Y; 2 y)lyizyy + (1= P(Yi 2 9))Lpvicyy = P(Y; Z y) 020 (1= P(Y; 2 y)) e,

which gives the likelihood function :

!

Ln(B(y)lz, 7(B (y)z))

[[P: = ylX =z))' 020 (1= P(Y; > y|X =g;)) 0w
=1

/

(8 (y)w:) = (1 — (B (y)z,)) o

I

=1

3

In LBz, 7(8 (1)2)) = 3 [Lpzntn w(8 (9)z:) + 1cpln(l = 7(8 (n)z)]

<.
Il
—_
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The parameters 3(y) are the solution to the following equation :

Oln L, (B(y)|z, 7(8'(y)x))
oB(y)

AL, (B(y)lz, (B (W)r) < Olnm (B (y)x:) Oln(z (B (y):))
96, () ‘;{I{“Zy} 05,y T a5y) }

=0.

¢ dlnm (B (y)z;) O (B (y)x;) oln(7 (B (y)z,)) On(B (y):)
=2 ]{”y}a(ﬁ()x» Boly) N on (B lyw)  0B(y) ]

< 1 or(B(y)m) 1L on(B (=)
‘Z_[{”Z“ww'(y)xi) Boly) R E G 0B (y) }

o | on(8 (y)) (8 (4)z)
=3 [fozn — 7B W] T S ) o3

- : _I{Yizy} - 71-(:3 (y)x,)] W(ﬂ’(y)xi)ﬁ(ﬂ'(y)xi)

Thus

oI L(B(y)le, 7(6 (9)z) < e mlB W)
98(y) =3 [tocn — =6 W] e

with 7, (8 (y)x;) = % and m(u) = 1 — m(u).

So, we get the equation

3 - ' (B (y)2:)
Unﬂy = 1 f —7Tﬂ Y)x; n — mZIO 1.3.2
Bw) = 3 [0z = =8 )| Cr e (132)
The maximum-likelihood (ML) estimates of the parameters B(y) are then obtained by
iterative weighted least squares (LS) (Newton-Raphson method), defined below.

The Fisher information for B(y) is

ML) B )| 7B )z
E( 95, ()05 (v) )‘Z —

= {(X'WX},, (1.3.3)

LirLis

i=1

where W' is a diagonal matrix of weights given by

W = diag{r(B'(y);)/miT:},
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with 7; = 7(8 (y)x;) = S(ylz;).

Following the Newton-Raphson procedure, parameter estimates may be obtained
in the following way. Given initial estimates Bo(y), we may compute the vectors @’
and 7° = BOI (y)x. Using these values, define the adjusted dependent variable, Z, with
components

2z =1+ (wi = 77) - [ (B (y):)) ™
where v; is the observed values of V; = 1{y,5.

Maximum likelihood estimates satisfy the following equation :
X'WXB(y)=X'WZ (1.3.4)

which can be solved interatively using standard LS methods. The revised estimate is
1

B (y) = (X'WX)"'X'WZ,

where all quantities appearing on the right are computed using the initial estimate.

Continue this procedure until convergence of the algorithm.

To a first order of approximation, ML estimates are unbiased with asymptotic
variance equal to the inverse Fisher information matrix (1.3.3). Specifically, for large
n?

E(B(y) - B(y)) = O(n™")
cov(B(y)) = (X'WX)" {1+ 0(n)}. (1.3.5)

McCullagh and Nelder (1989) showed that failure to converge is rarely a problem,
unless one or more components of B (y) are infinite, which usually implies that some
of the fitted probabilities are either zero or one. Also, infinite parameter estimates
can occur if the data are sparse and v; = 0 or v; = 1 for certain components of the
response vector. Some criteria are proposed to detect abnormal convergence due to the
problems mentioned before (for details see Chapter 4 of McCullagh and Nelder (1989)).
Abnormal convergence means that the loglikelihood is either very flat or, more likely,
has an asymptote.

Some results concerning the existence and uniqueness of parameter estimates have
been given by Wedderburn (1976) and by Haberman (1977). These results show that if
the link function is log concave, as it is for the four functions discussed in the previous
sections, and if 0 < v; < 1 for each ¢, then the log likelihood has a unique maximum
at B(y), which is finite.
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1.4 Maximum likelihood estimation in GLM with

time-dependent coefficients under censoring

Now consider that the survival time Y can be censored, thus Y;, 2 =1,2,... ,n are
not all observed. Let C;,i = 1,... ,n, bei.i.d. censoring times with common distribution
function (DF) G. Let Z; = min{Y;,C;} and 6; = l{y,<c,y. Jung (1996) took X =
(X1, Xs,...,X,) to be a vector of discrete covariates and considered the following

model

d(S(ylz)) =B (y)z = Boly) + Bi(y)z1 + ... + Bp(y). (1.4.1)

He supposed that Y and C are conditionally independent given X and that C' is
independent of X. This implies that :

E{lizzylz} = P(Y = ylz)(1 - G(y))

Using this and a similar reasoning as for the non-censored case, Jung proposed the

following estimating equation for survival data with random censoring :

Un(B( —n*“ii{lgw}—wwhmw}wwfdﬂ@ﬁa z =0, (142)

(y)z)7 (B (2)z:) "
where G(y) is the Kaplan-Meier estimator of G(y). Like U, (B(y)) in (1.3.2), U,(B(y))

is a monotonic differentiable function of B(y) and equation (1.4.2) can be solved by the

Newton-Raphson method.

Theorem 1.4.1 Under the regularity assumptions in Appendiz 1 and Appendiz 2 in
Jung (1996) the estimator B(y) as the solution of (1.4.2) is consistent and n*/*(B(y) —
B(y)) is asymptotically normal with zero mean and variance-covariance matriz V. =
A7'TA™ where T = E[€,€)], with

’

A= BIXX' 56 0)X)/r(6 (1) X)7(8 ()XY,
S (B (y) X)) | Y ANE(s) — Wi(s)dA%(s)
=T w1 | |

y(s)

Ok
where h(B(y)) is the a.s. limit of h,(B(y)) as n — oo,

o 11 Lz 7 (B () X:)
B = (1= 6o Y

and Ni(s) = Lz <ssi=0y = (1 = 0i)1iz,<5), Wils) = Liz,2sy, A%(s) = —In(1 — G(s)).
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A major assumption for the estimator proposed by Jung (1996) was that the cen-
soring variables C;, i« = 1,... ,n are independent of the covariates. However, in some
clinical trials, the censoring mechanism can depend on the covariates.

Subramanian (2001) proposes another estimator for the case where the censoring
C can depend on the covariate and when the covariate takes values in a finite set.
The idea is that when there are discrete covariates and there is no censoring, the basic
score function for logistic regression (1.3.2) analyzed by Jung (1996), can be expressed
in terms of the conditional empirical survival function of Y given X. Then, when the
failure times are censored, we can replace the conditional empirical survival function
with a conditional Kaplan-Meier (KM) estimator, and this yields a new estimating
function of B(z).

For uncensored data, rewrite the sample (Y;,X;), i = 1,... ,n, as Ypm, m =
1,...,ng for k = 1,..., K, where Y} ,, corresponds to Y; with covariate X; having
the value xj. Let S™ (y|z;) = n—lk >k Ly, >y denote the empirical survival func-
tion based on Y} ,,, m =1, ..., ng. With this notation, equation (1.3.2) can be rewritten

in an alternative form

U B() = n 32 {0 e) — 78 (a0} - - @ﬁ)g();i()y)mi)” (143)

When data are censored, rewrite the sample (Z;,0;,X;), i = 1,... ,n as (Zkm, Okm),
m=1,... ,ng for k =1,..., K, where (Z , 6xm) corresponds to (Z;,d;) with cova-

riate X; having the value 2;. Let S(y|ay) be the local KM estimator based on the pairs
ng

B
. 1 k,m
(Zgms Okm), m = 1,...,ny, ie. S(ylay) = g <1 — m) . Now replace
Zk,;Sy
the local empirical survival function by the local KM estimator in (1.4.3) to get

Un(B(y)) =72 {S*(y‘|xi) — (B (y)zi)} 5 &f)%ﬂ;gy)z)z (1.4.4)

i=1

Notice that for the discrete case, the estimator proposed by Subramanian (2001) is the
same as the one proposed by Jung (1996) in the case where the censoring can depend
on the covariate.

The following result describes the asymptotic properties of ,B (y).
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Theorem 1.4.2 Under the assumptions of Theorem 1 in Subramanian (2001), the
estimator B(y) as the solution of (1.4.4) is consistent and n*/2(B(y) — B(y)) is asymp-
totically normal with zero mean and variance-covariance matriv A~'T’A™!, where I’ =
Blgi&y] with

A= BIXX w3 (B ()X)/{m(B () X)7(B (v)X)}],

T
where

1
Z5X ) =1—FulX) |gZAylX) + ——nu1 _
£(Z,6,X,y) (y|X) |9(Z Ny )+H(y|X> (Z2<y6=1}| »

9(ylz) = [)[H(s|z)]*dH:(s|z), F(s|z) = 1 — F(s|lr) and H(s|z) = 1 — H(s|x).

Subramanian (2004) proposed an extension of the estimator in Subramanian (2001)
to the case where the censoring depends on a one-dimensional continuous covariate,
X. He used the kernel conditional Kaplan-Meier estimator, A(y|z), of the conditional
cumulative hazard function, A(y|x), proposed by Dabrowska (1989) to estimate S(y|z)
nonparametrically, and plugged it into equation (1.4.4).

Specifically, S(ylz) = []
the following

syl — dA(s|z)) and the resulting estimating equation is

Un(By)) = Z {5 (y = |ai) — (B (ym)} (B gﬁ)(:cﬁ)g()ﬂx()y)x)

. (1.4.5)

Theorem 1.4.3 Suppose that the assumptions of Theorem 1 in Subramanian (2004)
hold, then the estimator B(y) as solution of (1.4.5) is consistent and asymptotically

normal :
n'?(B(y) — B(y) = N(0,A"'TA™).
with
A= EXX (8 (y)X)/{x(B (y)X)7(B (y)X)}]
and

g <%<ﬂ'<y>x> (s wny [ dH1<s|X>>

(B (y)X) \ 7B W)X) ) Jo H?(s|X)

In Chapter 2, our proposed estimator will be compared with the estimators of Jung
(1996) and Subramanian (2001, 2004).
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1.5 Least squares estimation in GLM with time-
constant coefficients under censoring and/ or

truncation

An alternative approach to the maximum likelihood estimator is the least squares
one. Akritas (1996) defined a least squares estimator ,3 for the parameters B8 of the
general polynomial model defined in (1.1.8) :

1
T(F) = /0 F(sl2)J(s)ds = fo + Bt + ... + Bya?,

in the case where we have censoring or truncation and Cao and Gonzalez-Manteiga

(2008) extended this estimator to the case where we can have both censoring and

truncation.
The idea is very simple. Let ri; = T'(F,(-|X;)) be an estimator of m; = T(F(-|X;))
for i = 1,2,...,n, where F,(-|X;) is an estimator for the conditional distribution

function corresponding to the case under study : the conditional estimator of Beran
(1981) for the censoring case, the conditional estimator of La Valley and Akritas (2005)
for the truncation case or the one of Iglesias-Perez and Gonzédlez-Manteiga (1999)
which is valid for both censoring and truncation. To avoid definition problems with
T(F,(]X;)) = fol F=1(s|X;)J(s)ds we modify the estimator F,(-|X;), if necessary, for-

cing it to attain the value 1 in the largest point with positive probability mass. Then

define the least squares estimator as

A

B = argmﬂimzn(ﬁ), (1.5.1)

where

n

b(B) = - > (i — (B + AuXi + .+ B,XD))%, (15.2)

i=1

or equivalently
B = (Xtx) ' xtm,
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1 X, ... XV
1 Xy ... Xt

where m = (my,ma, ... ,m,)" and X = is the design matrix.

1 X, ... X?
Akritas (1996) proved (see the following theorem) the asymptotic normality of the

estimator B in the case of censoring or truncation.

Theorem 1.5.1 Assume the covariate X has finite moments of order 2p, and that
nIXX — O, n XY, X — Dy, almost surely, as n — oo with C' a nonsingular
matriz. Further, assume that Conditions C1, C2 and C3 in Theorem 2.1 of Akritas
(1996) hold. Then, conditionally on X1 = x1,..., X, = x,,

n'2(B — B) L N(0, %),

where N is the (p+1)-variate normal distribution, X5 = C~'D;C~ ', ¥ ; = diag(o,. .. ,02)
with o7 = var( [~ &W;, X, y)J(F(y|X;))dy|X;) and W, X,y) a suitable function
which, conditionally on X, has mean zero and finite second moment (see Akritas (1996)
for details).

using the same arguments we can also obtain the asymptotic normality of ,3 in the case
of censoring and truncation

Grigoletto and Akritas (1999) defined and studied a similar estimator for the pro-
portional hazards model (1.1.1), the additive risks model (1.1.5) and the proportional
odds model (1.1.6) in the case where censoring or truncation were present. Cao and
Gonzélez-Manteiga (2008) extended this estimator to the case where we can have both
censoring and truncation. The basic idea for their estimator is that any of the men-
tioned semiparametric models imply that some transformation €2; of A(y|X;) follows a

linear model in terms of the covariate, i.e.
Q=0+ Xi+...+6,X, i=1,...,n

Then we can estimate 8 by

~

B = argming, (B) = arg mﬁin% ; (Q —Bo+ B Xit .+ ﬁpr)>2 (1.5.3)
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where QZ is some estimation of §2; that will change from one model to other. An explicit

expression for the estimator in (1.5.3) can be easily derived :

B = (x'x)" A,

with Q = (Ql, Qg, ce ,Qn)t.

For the proportional hazards model
0, = / I Ao (5] X:)dV (5) (1.5.4)
0

with W(s) a weight function, W(s) >0, s € [0,00), [;~ dW (s) =1 and An(y|x) is the
conditional cumulative hazard function estimator based on the conditional estimator
(1.2.1), ie.

- Y df[*n s|x
A, (y|z) = / ﬁ (1.5.5)
—o Cp(s|z)
For the additive risks model
0, — / In A, (5] X)dV (), (1.5.6)
0
~ W
ith W= —+——+—.
s I sdW (s)

For the proportional odds model

Q; = /000 logit <1 — exp (—AH(S|X1)>> dW(s). (1.5.7)

When censoring or truncation is present, Grigoletto and Akritas (1999) showed the

asymptotic normality of the estimator in (1.5.3).

Theorem 1.5.2 Suppose Condition 1 in Grigoletto and Akritas (1999) is satisfied,
the covariate X has finite second-order moments, and let n=' X' Ly X 225 Dy and
nIX'X X M asn — oo. In addition, assume that the matriz M is not singular.

Then, conditionally on X1 = x1,...,X,, = x,, the estimator ,B satisfies

nl/Z(IB —B) 4, N(O,EW(,B)),

where N is the (p + 1)-variate normal distribution, Sy (8) = M'DyM~", Sy =
diag(o?, ... o2) with o} = var(f,” ¥(D;, Xi, y)W (dy)|X;) and (D, X,y) a suitable

function that will change from one model to another and which, conditionally on X,
has mean zero (see Grigoletto and Akritas (1999) for details).



1.6 Goodness-of-fit tests in survival analysis 23

As for the polynomial model, we can extend the theorem to the case where censoring
and truncation are present, by replacing the conditional estimator of F(y|z) by the
estimator in Iglesias-Pérez and Gonzalez-Manteiga (1999) valid for both censoring and
truncation.

In Chapter 2, we will extend the estimator of Cao and Gonzalez-Manteiga (2008)
to the case where the coefficients are time-dependent. The asymptotic properties of the

proposed estimator are also studied.

1.6 Goodness-of-fit tests in survival analysis

In practice it is of great use to have at hand a method to check the validity of the
models mentioned in Section 1.2.

When considering models with time-constant coefficients, lots of methods exist in
order to test if the model is suitable for the data. For the Cox model, (1.1.1), several
graphical techniques have been proposed by, e.g. Kay (1977), Cox (1979), Kalbfleisch
and Prentice (1980), Andersen (1982), Arjas (1988), all based on the plot of the cumu-
lative hazard function. Schoenfeld (1980), Moreau et al (1985), Moreau et al (1986),
Andersen et al (1992), Grambsch and Therneau (1994), Parzen and Lipsitz (1999)
proposed instead an omnibus goodness-of-fit test for (1.1.1) based on the notion of
partitioning the subjects into mutually exclusive regions based on their covariate va-
lues. A goodness-of-fit statistic is then calculated as a quadratic form in the observed
minus predicted number of failures in these regions. Gill and Schumacher (1987) pro-
posed instead a test based on the comparison of different generalized rank estimators of
the relative risk. For the accelerated failure time model Yang (1998) extended the idea
in Gill and Schumacher (1987), while Chen (2001) presented a Kolmogorov-Smirnov
type test. The additive risks model has been studied, e.g. by Yuen and Burke (1997)
with a Kolmogorov-Smirnov and a Cramer-von Mises type statistics and Kim and Lee
(1998) who presented two tests : one is based on the martingale residuals and the other
on the difference between weighted estimators of the excess risk. All the above tests
were studied only in the case of censored responses.

Cao and Gonzalez-Manteiga (2008) presented a general goodness-of-fit test for the

general polynomial regression model (1.1.8), proportional hazard model (1.1.1), addi-
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tive risks model (1.1.5) and proportional odds model (1.1.6) in the case where censoring
and /or truncation are present.

For the general polynomial regression model, the problem under study is to test

Hy :38 € RP™! such that equation (1.1.8) holds
versus the alternative (1.6.1)

H, : equation (1.1.8) does not hold for any 3 € RFF!,

An intuitive way of measuring the discrepancy between the hypothesized model and
the data is to consider the stochastic process (1.5.2) at 8 = B

F 1 <& . . R 2
6n(B) = 3 (s = (o + B+ BX0))
This is a kind of Lo-distance between the transformed data and the response predicted
by the fitted model. Hence, it is reasonable to reject Hy when @2(,3) is large.
In the proportional hazards model, additive risks model and proportional odds
model, the hypothesis testing is completely similar to (1.6.1) but replacing equation
(1.1.8) by (1.1.1), (1.1.5) or (1.1.6), respectively. The definition of the statistic is also

parallel for these models :

n

> (Q - (Bo+ﬁ1Xi+...+ﬁpX§’))2.

i=1

n

These test statistics have to be multiplied by a normalizing sequence in order to have

a limit distribution. This leads to the following test statistics :
T = nvVhi),(B) for model (1.1.8)
T? = nvVh),(B) for models (1.1.1), (1.1.5) and (1.1.6). (1.6.2)

Theorem 1.6.1 Assume that conditions C1-C1/ in Theorem 1 of Cao and Gonzdilez-
Manteiga (2008) hold. Then, under Hy,

T — by 5 N (0, V),

with bo, = h™Y2K®(0) [0?(z)dz and V = 2KW(0) [ o*(x)dz. Here K@ (u) = K *
K(u) and KW (u) = K * K x K * K(u), where x denotes convolution and

o*(x) = Var(n(Z,T,6,2)|X = x),
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with
0(Z,T.5,2) = / (1= F(yl2))E(Z, T, 6. 2,) I (F(yle))dy

and £(Z,T,6,x,y) defined in (1.2.3).

Theorem 1.6.2 Assume conditions C1', C3-C10, C11',C12",C13" and C14" in Theo-
rem 3 of Cao and Gonzdilez-Manteiga (2008). Then , under Hy,

T® — by, 5 N(0,V),

with by, = h2K®(0) [ o*(x)dxr and V = 2KW(0) [ o*(z)dz and

o?(x) = Var(m(Z,T,6,z)|X = z) for model (1.1.1)
o*(z) =< o3(zx) = Var(n(Z,T,6,2)|X = 2) for model (1.1.5)
o3(x) =Var(nz(Z,T,0,z)| X = x) for model (1.1.6)

771(Z> Ta 57 I) = fg(Z> Ta 5azay)%7 772(27 T> 5) ZE') = fg(Za T> 5,x,y)dW(y),
ns(Z,T,6,x) = [£(Z,T, 8,2, y) W) ynd £(Z,T,6,3,y) is defined in (1.2.3).

F(ylz)

When the coefficients are time-dependent, little work is available, see e.g. Mur-
phy (1993) and Marzec and Marzec (1997) who proposed a goodness-of-fit test of
the Kolmogorov-Smirnov and Cramér-von Mises types for the Cox model with time-
dependent coefficients. For the additive hazard model, a graphical method was propo-
sed by Klein and Moeschberger (1997), while McKeague and Utikal (1991) proposed a
goodness-of-fit test. All these tests are valid only for censored responses.

In Chapter 3 we extend the methodology of Cao and Gonzalez-Manteiga (2008)
to the case where the coefficients are time-dependent. We study this problem in the

framework of the generalized linear models (1.1.15).






CHAPTER 2

Least Squares Estimator

We will focus in this chapter on a least squares estimator of the time-dependent
coefficients in the generalized conditional linear model (1.1.15), when the response
variable may be subject to left-truncation and/or right-censoring.

Some notations as well as the model are given in Section 2.1. The least squares
estimator is introduced in Section 2.2. In Section 2.3 we give the assumptions needed
for the asymptotic properties presented in Section 2.4. In Section 2.5 we propose a
bootstrap based method for the selection of the smoothing parameter needed in the
nonparametric estimation (1.2.1) of S(z|X), while in Section 2.6 we study the finite
sample properties of the estimator, as well as a comparison with the maximum like-
lihood estimator proposed in Subramanian (2001, 2004). Finally Section 2.7 contains
the proofs. In the Appendix of this chapter some technical details used in the proofs

are given.

This chapter is mainly based on Teodorescu et al (2008).

2.1 Introduction and notations

As already mentioned in Chapter 1, in many practical situations the parameters
in the Cox model, proportional odds model, etc are better considered to be time-
dependent in order to better capture the possible changes in the influence of the cova-

riates on the survival function.
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In the context of censored and truncated data the statistical model can be described
as follows. Let Y denote the survival time, T the truncation time and C' the censoring
time. When data are left-truncated and right-censored we observe (7', 7,6) only if
Z > T, where Z = min{Y,C} and 0 = lyy<ey. Let (15, 7;,0,, X;), i = 1,...,n be
an i.i.d. sample from (T, 7,0, X), where X is a (one-dimensional) covariate. A very
common assumption that is made in this setup is that Y, T" and C' are independent
given X. We are interested in the relationship between the survival function of Y,
S(z|X) = P(Y > z|X) and X. We suppose that this relationship is of polynomial
type, via a known monotone transformation ¢ : [0,1] — IR of the survival function,

1.e. :

P(S(21X)) = Bo(2) + B1(2) X + ...+ Bp(2) X?P, (2.1.1)

for some known p. No assumption is made on the form of the survival function S(z|X),
except for the usual smoothness assumptions. Particular choices of ¢ give well known
models in survival analysis, but extended to time-dependent coefficients. The choice
¢(u) = In(7%) gives the logistic model, ¢(u) = —In(u) gives the additive risk model
and ¢(u) = In(—In(u)) leads to the proportional hazards model.

We also reintroduce the following notations : M(z) = P(X < x), F(y|z) = P(Y <
ylz), Glylz) = P(C < ylx) , Llylz) = P(T < ylx), H(y|x) = P(Z < ylx), Hi(y|z) =
P(Z <y,6 = 1), L(y) = P(T' < y), H(y) = P(Z < y), Hi(y) = P(Z < y,0 = 1),
Cylr) =P(T <y < Z|z,T < Z), and a(x) = P(T < Z|z), which is the probability
of absence of truncation conditionally on X = z. For any distribution function W (t) =
P(n < t), we denote the left and right support endpoints by ay = inf{t|W(t) > 0}
and by, = sup{t|W(t) < 1}, respectively. We define W*(t) = P(n < ¢|T < Z). Finally,
let m denote the density of X and m* the density of X conditionally on T' < Z.

2.2 Least squares estimator

A

The estimator B(z) that we propose for the parameter 8(z) = (Go(2),. .., 3,(2))"
in model (2.1.1) is based on a least squares estimation procedure. More precisely, for
a fixed value of z, we estimate (#(z) by fitting a p-th degree polynomial through the
points ((1, X, ..., XP), ¢(S,(2|X;))) (i = 1,...,n), for some estimator S,(z|X;). We

estimate the survival function S(z|X;) in a completely nonparametric way, by means
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of the estimator (1.2.1) of the conditional distribution, proposed by Iglesias-Pérez and
Gonzalez-Manteiga (1999) :

& P - 1 1<z,0;= Bm(l‘)
Su(zlz) =1~ Eu(ela) =[] (1— {ZSC (Zl-}la:) )

i=1
where
)
()
are Nadaraya-Watson weights, K is a known probability density function (kernel),
h = h, — 0 a bandwidth sequence, and C,,(ulz) = > 7 11,<u<z;) Bnj(2).

~

Next, using the estimated responses ¢(S,(z|X;)) (i = 1,...,n), we apply the clas-

sical weighted least squares method to compute the estimators of 3;(z) (j =0,... ,p):
/@0(2)
gy = | " = ewx) xwae) (22.1)
Bp(z)
where
1 X XP $(Sn(21X1))
1 X X% . S, (2] X
X — 2 N T O(Sn(2]X2))
1 X, ... XP A(Sn(2] X))

and W = diag(w(X1),...,w(X,)), where w(-) is a trimmed function defined in terms
of a proper weight function @, as described in (H11).

The above procedure can be repeated for all possible z. In practice only the un-
censored data need to be considered, since the estimator of the survival function, and
hence the estimator of 3(z), only changes at these points. For 0 < z < Zy it is clear
that B(z) = B(0), where Zy, 1 =1,...,n, denote the ordered statistics of the observed
z.

Note that the above procedure can be adapted in a straightforward way to the
case where the covariate is discrete (or categorical). In fact, it suffices to estimate

the survival function without using any smoothing in that case. We will not consider
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this case any further, as the results for continuous covariates can be reduced in an
obvious way to discrete covariates. Also, combinations of several discrete covariates and
a (one-dimensional) continuous covariate can be considered. Two examples are given
in Chapter 4, where we analyze the larynx cancer data and the gastric cancer data
described in the Introduction, that contain one continuous and three binary covariates

and one continuous and five binary covariates, respectively.

2.3 Assumptions

The following assumptions are needed in order to obtain the asymptotic properties
of the proposed estimator 3(z). Conditions (H1)-(H6) come from the i.i.d. representa-
tion of F,(y|z) — F(y|x) in Iglesias-Pérez and Gonzalez-Manteiga (1999) (See Theorem
1.2.1), that is needed in our proof.

(H1) X,Y,T,C are absolutely continuous random variables (r.v.).
(H2) (a) Let I = [z, 2] be an interval contained in the support of m*, such that

0<~vy=inf{m"(z):z € ls} <sup{m*(x):x €} =T < o0

for some I5 = [x1 — d, 29 + d] with § > 0 and 0 < 0I" < 1.
(b) For all x € I the r.v. Y, T,C are independent conditionally on X = z.
(€) ar(le) < aple) and bp(jy) < bp(p for all z € Is.
(d) There exist a,b € R, a < b satisfying

inf{a""(2)(1 — H(b|z))L(a|z) : x € Is} >0 > 0.

(H3) The first and second derivatives with respect to x of the functions m(z) and

a(r) exist and are continuous in Is.

(H4) All first and second derivatives with respect to x and y of the functions L(y|z),
H(y|z) and Hy(y|z) exist and are continuous and bounded in (y, x) € [0, 00) X ;.

(H5) The corresponding (improper) densities of the distribution (subdistribution)
functions L(y), H(y) and H,(y) are bounded away from 0 in [a, b].

(H6) The kernel function K is a symmetric density vanishing outside (—1,1) and the

total variation of K is less than some \ < 4o00.
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(H7) The function ¢ is twice continuously differentiable and its first and second deri-

vatives are bounded by N; and Ns, respectively.
(H8) There exists some N3 < oo such that P(|X| < N;) = 1.

(H9) The matrix A = (a;); —o, with a;; = E(X"7w(X)), is nonsingular.

In®n

nh3
(H11) The weights w(z) are given by w(x) = Lyeyw(x), with I as defined in condition

H10) h — 0 — 0 and nh* — 0. as n — oo.
(H10) : :

(H2) and where w(z) satisfies w(x) > 0 for all 2, sup, w(x) < B for some B < o0

and [, w(x) [;° dg%u(ﬁl;v) dx < oo.

Remark 2.2.1 Condition (H2) is in Dabrowska (1989) and comes from the fact that
we need to stay away from the boundaries of the domain of the covariate while esti-

mating the survival function S(z|z), to avoid boundary effects.

2.4 Asymptotic properties of the least squares es-

timator

Let ¢(2) = (¢(S(2]X1)), ..., d(S(2| X)) Model (2.1.1) implies that ¢(z2) = XB(2),
which leads to
B(z) = (XtWX)_lXthb(z), (2.4.1)

and hence

B(z) - B(z) = (X'WX) ' X'W($(2) — 6(2)).
The latter expression is the starting point for the asymptotic normality of the estimator
B(z), which is established in the next theorem.

Theorem 2.4.1 Suppose that conditions (H1) through (H11) hold. Then, for any a <
z < b,
n!2(B(z) — B(2)) > N(0.A'S(:)A7),

where ¥(z) = (0;5(2))}

i,7=07

with

oij(2) = / S (2)S2 (2 |0) 6 (S(2)))? /O Z %m*(w)dw, (2.42)

1

and A = (a;;)? with a;; = E(X™w(X)).

i,j=0
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Corollary 2.4.2 Suppose that conditions (H1) through (H11) hold. Then

S B() B = Oyn ™)
Remark 2.4.1 In a similar way we can obtain the asymptotic properties of the esti-
mator of the coefficients (3;(z) when we have only discrete covariates or a combination
of several discrete covariates and a one-dimensional continuous covariate. Note that in
the case where we have only discrete covariates, no smoothing is required, since the
estimator of the survival function S (z]z) is the Kaplan-Meier estimator extended to

the case where we also have truncation (Tsai et al (1987)).

Remark 2.4.2 As an immediate consequence of this result we can obtain the asymp-
totic normality of the estimator S(z|z) = ¢ (B(2) + fi(2)x + ... + [,(2)aP) of the
conditional survival function under model (2.1.1). Note that this estimator is in general
non-monotone. A convenient and satisfactory solution is to keep the estimator constant

until it starts decreasing again.

Remark 2.4.3 The choice of the weight matrix W can be done in such a way to

accommodate heteroscedasticity in the model.

Remark 2.4.4 The ﬁj(z) are step functions, but can be smoothed in z using, e.g., the

kernel method.

Remark 2.4.5 Note that the above methodology is not only applicable to polynomial

models. Consider for example a general nonlinear model of the form :

¢(S(z|z)) = v(B(2), x) or equivalently S(z|lr) = pu(B(2),x),

where 1 = ¢! ov and where the function v : RP*! x R — R is known. Then, 3(z) can

be estimated by
B(2) = argmin Y w(X;) [#(S,(21X0)) ~ v(B(=), X.)

When v(8(2),x) = Bo(z) + 1 (2)x+. ..+ B,(2)2?, this estimator coincides with (2.2.1).

Theorem 2.4.1 can be extended in a similar way to this more general estimator.
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2.5 Bandwidth selection

The estimator 3(z) defined in Section 2.2, is based on the kernel estimator (1.2.1) of
the conditional survival function S(z|X). Therefore, a bandwidth parameter h needs
to be selected. We propose a bootstrap procedure which selects for a fixed z, the
bandwidth for which the estimated mean squared error (MSE) of 3(z) is minimal. It
suffices to consider the uncensored observations, since the estimator B (z) only changes

at these points. The procedure is as follows :
1. For fixed z consider values for h € {hy,... ,h,}, a fine grid of bandwidths in the
interval (0, u(supp(X))), where p is the Lebesgue measure.
2. Foreach h; (j=1,...,7r):

a) Choose a pilot bandwidth, g;, (usually larger than h;) to estimate S(z|X;),
G(z|X;) and L(z|X;) by S’Qj(z|XZ-), ng(z|XZ-) and flgj(z|XZ-), respectively
(t=1,...,n), where ggj(z|XZ-) is the estimator in (1.2.1),

G o) =TT (1 -2 et =TT (1)

1=1

and the subscript g; indicates the bandwidth we are working with.

b) Replace S(z|X;) by S’Qj(z\Xi) in (2.1.1) and estimate (y(z), ..., 3,(z) by the
least squares estimator in (2.2.1) to obtain ﬁo,gj(z), . ,Bp,gj(z). Plug these
estimators into (2.1.1) and re-estimate S(z|X;) by

Sy (21X0) = &7 (Bog, (2) + Prgy (2)Xi + -+ By, (2)XT).

c) For every i = 1,...,n, draw random observations Y;*, C; and 7} from
Sy, (¢ X)), G g; (X ) and L, ; (-] Xs), respectively. Compute Z; = min{Y;*, C}'},
07 = lyr<cry and simulate new values V;*, CF and T it T > Z7.

d) Use this resample {(77, Z7, 07, X1),..., (T}, Z%, 0%, X,,)} to estimate a boots-
trap version of the conditional survival function, S;ij(z|X,-) (1t=1,...,n)
using the bandwidth /;. This bootstrap version is used to obtain the boots-
trap coefficients B{ihj(z), o ,ﬁ;hj(z) using the least squares estimator.

e) Repeat the steps ¢)-d) B times and compute the bootstrap estimator of the

mean squared error (MSE) :

MSEh Z{ Z ﬁkh b Bk,gj(z))Z} (2.5.1)
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3. Choose the value h; which leads to the smallest MSE] ().

4. Repeat steps 1-3 for all the values of z considered.

Remark 2.5.1 A similar bootstrap procedure can be used to estimate the variance of
B (2), or to approximate the distribution of B (z). For small samples sizes, this might

lead to better approximations than the normal limit established in Theorem 2.4.1.

Remark 2.5.2 The asymptotic validity of a slight variation of the above bootstrap pro-
cedure has been established in Theorem 1.2.4 by Iglesias-Pérez and Gonzalez-Manteiga
(2003). In fact, they resampled from S,(z|X;), Gy(2|X;) and Ly(z|X;) for each X;
(i =1,...,n) in order to obtain Y;*, C7 and T} respectively. Bootstrapping from S

instead of S allows us to actually mimic the model.

Remark 2.5.3 In practice one may want to choose a « global » optimal bandwidth for

all z. For this, we can use the following mean integrated squared error (MISE) instead
of the MSE in (2.5.1)

b
MISE;, :/ MSE; (2)dz, (2.5.2)

where a and b are defined in condition (H2) (d). Thus, we choose the h among
{h1,...,h.} that minimizes the MISE; ,j=1,....r.

Remark 2.5.4 The optimal bandwidth selected with this procedure is the optimal
among the grid of bandwidths considered in the interval (0, u(supp(X))), thus the pro-

cedure is influenced by the choice of the grid.

2.6 Numerical results

In this section, we will first conduct some simulations in order to compare the
proposed least squares estimator (LS) in (2.2.1) with the maximum likelihood estimator
(ML) in (1.4.2) proposed by Jung (1996) and the ones in (1.4.3) and (1.4.5) proposed
by Subramanian (2001, 2004). We will deal with the cases of discrete covariates and of
a one-dimensional continuous covariate, both under censoring. Next, we will study the

performance of the new method in the case of a one-dimensional continuous covariate
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when truncation is also present. Finally, some simulations will illustrate the effect of
the bootstrap bandwidth selector, proposed in Section 2.5.

Along the simulations, the following model is considered :
o(S(z|x)) = Po(2) + Gi(2)z. (2.6.1)

In the discrete case, model 1 considers that X is uniformly distributed in {0.1, 0.3,
0.5,0.7,0.9}, Y|x—, ~ Logistic(0, ﬁ) (i.e. F(ylx) =1/(1 + exp(4xy)), E(Y]z) =0
and Var(Y|z) = 72/{3(42)%}), exp(C)|x=» ~ U|0,dx], where d > 0 will be chosen
according to the desired censoring probability, and ¢(u) = In(%;) (logistic model),
which gives us the true model ¢(S(z|z)) = —4zz. A similar model has also been
considered by Subramanian (2001). The sample size is taken n = 200, the number of
Monte Carlo simulations is M = 10000 and d is taken to be 0.008, 0.022, 0.05 and 0.1
in order to give 10%, 20%, 30% and 40% of censoring, respectively. For estimating the
survival function we use the Kaplan-Meier estimator, since there is no truncation and
no smoothing is required. For z = 0.1 the results are given in Table 2.1. We notice
that the results are very similar for the two methods in the case of censoring and in
the presence of discrete covariates. Other simulations not reported here lead to similar
conclusions : the difference between the two procedures is only very minor, regarding
both bias and variance.

Model 2 deals with the continuous case, X ~ U[0,1], Y|x—, ~ Exp(4x), C|x—y ~
Exp(dz) with d > 0 that gives different censoring probabilities, and ¢(u) = In(u)
(additive hazards model), which gives the true model ¢(S(z|x)) = —4zx. Note that
o(S(z]X =0)) = Bo(z) and ¢(S(z|X = 1)) = Bo(2) + (1(2). The sample size is taken
n = 100, M = 10000 Monte Carlo simulations are conducted and d is taken to be
1 and 8/3 in order to give 20% and 40% of censoring, respectively. Since we have a
one-dimensional continuous covariate, a bandwidth, h, is needed in order to estimate
S(z|x). We worked with h € {0.2,0.25,0.3,0.35,0.4}. The Nadaraya-Watson weights
are calculated based on the Epanechnikov kernel K (u) = 1{_j<,<13 - 3(1 — v?)/4 and
the weight function @w(z) = 1{0.025<z<0.975} has been chosen in order to avoid boundary

problems.
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Censoring Bo(z) =0 fi(z) =—04
percentage Method Bias MSE Bias MSE
10 LS -0.0035 0.0917 -0.0071  0.2742
ML 0.0025 0.0910 0.0056  0.2810
20 LS -0.0044  0.1002 -0.0056  0.3017
ML 0.0013  0.0993 0.0081 0.3065
30 LS -0.0028 0.1246 -0.0053  0.3475
ML 0.0026 0.1217 0.0126  0.3492
40 LS 0.0056  0.1696 -0.0083  0.4207
ML 0.0040  0.1630 0.0113  0.4239

Table 2.1 : Comparison between the ML and LS methods for model 1, at point

z=0.1.
Cens Bo(z) =0 Bi(z) = —1.2 o(S(z|zg)) = —1.2
perc Popt Meth Bias MSE Bias MSE Bias MSE
20 0.25 LS -0.0644 0.0181 0.1213 0.1217 0.0569  0.0644

0.4 ML -0.1333  0.0444 0.3085 0.1507 0.1752  0.0977

40 0.35 LS -0.0863 0.0219 0.3282  0.1529 0.1041  0.0799
0.3 ML -0.0978  0.0449 0.2349 0.1636 0.1371  0.0839

Table 2.2 : Comparison between the ML and LS methods for model 2, at point
z2=03 (za =1).

Table 2.2 shows the results for z = 0.3. The table shows the bias and MSE of the

estimators of (y(z) and (1(z), and also of the estimators of the regression function
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Bo(z) + B1(2)x, evaluated at the endpoints of the support of X, namely at 0 and 1.
The values are computed with the LS and the ML methods and they correspond to
the minimum in A of the total MSE, i.e. TMSE(h) = MSE,(fo(2)) + MSE,(51(2)).
The optimal bandwidth, that minimizes the TMSE(h), is also displayed. The results
in Table 2.2 show that the LS method behaves better than the ML procedure. In the
simulation studies, we also noticed that the ML algorithm had some serious convergence
problems. In the case of 20% censoring we noticed 393 divergences on a total of 10000,
while for the 40% censoring case 1323 on a total of 10000.

Table 2.3 gives the results for model 2 computed only with the LS method and with
the bandwidth estimated by means of the bootstrap procedure described in Section 2.5.
The bandwidth is selected from the grid {0.2,0.25,0.3,0.35,0.4}. B = 100 bootstrap
replications are generated each time in order to compute the bootstrap version of the
MSE and M = 1000 Monte Carlo simulations are conducted. We notice that the results

are very comparable to those of Table 2.2.

Cens Bo(z) =0 Bi(z) = —1.2 o(S(z|lzg)) = —1.2
perc Bias MSE Bias MSE Bias MSE
20 -0.0974  0.0234 0.2799 0.1595 0.1826  0.0758
40 -0.1225 0.0281 0.4068 0.2343 0.2843  0.1176

Table 2.3 : MSE of the LS estimator for model 2 using the bootstrap bandwidth

selector, at point z = 0.3 (22 = 1).

Model 2.3 is a variation of model 2, where a truncation variable has been added :
T|x=r ~ Exp(rz), where > 0 controls the probability of truncation and is taken to
be 45 and 22 in order to give 10% and 20% of truncation, respectively. The results are
given in Tables 2.4 and 2.5. No comparison with other methods is possible here. The
tables show similar results to those obtained for model 2, when we had only censoring,
thus the MSE increases with the percentage of censoring and truncation. For Table 2.4
we conducted M = 10000 Monte Carlo simulations, while for Table 2.5, M = 1000 and
B =100 for the bootstrap replications.
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Cens Trunc Bo(z) =0 Bi(z) = —1.2 o(S(z]xz)) = —1.2
perc perc Dopt Bias MSE Bias MSE Bias MSE
20 10 0.25 -0.0851 0.0378 0.1335 0.1674 0.0484  0.0736
20 0.2 -0.0581 0.0381 0.0727 0.1844 0.0146  0.0864
40 10 0.2 -0.0514  0.0358 0.0636 0.1999 0.0123  0.0968
20 0.2 -0.0537 0.0424 0.0610 0.2129 0.0073  0.1003

Table 2.4 : MSE of the LS estimator for model 3, at point z = 0.3

(1’2 = 1)
Cens Trunc Bo(z) =0 fi(z) = —1.2 d(S(z|xe)) = —1.2
perc perc Bias MSE Bias  MSE Bias MSE
20 10 -0.1391  0.0488 0.2708 0.2028 0.1317  0.0755
20 -0.1524  0.0583 0.2923 0.2283 0.1399  0.0851
40 10 -0.1506  0.0494 0.3072 0.2178 0.1566  0.0859
20 -0.1692  0.0662 0.3126  0.2370 0.1434  0.0853

Table 2.5 : MSE of the LS estimator for model 3 using the bootstrap bandwidth

selector, at point z = 0.3 (22 = 1).

2.7 Proofs

2.7.1 Proof of Theorem 2.4.1

From (2.2.1) and (2.4.1) we may write

~

B(z) —B(2) = (XWX) ' X'W((z) — ¢(z)) = A 'b(2) (2.7.1)
where A = n ' X'WX = (a;;)?,_o, with a;; =n~' 7 X Pw(X;) and

A

b(z) = n ' X'W((z) — 6(2)).
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The strong law of large numbers implies that A — A a.s., provided that E(X™w (X))
is finite for all 4,j = 0,... ,p. Using condition (H9) this implies that A1 - A On
the other hand, b(z) = (by(2), by (2), . .. , by(2))", with

= 3 XX (6(2) - zxz S(S0(=1X,)) — 6(S(:IX,))).

~

A Taylor expansion of ¢ around S(z|X;) gives b;(z) = EZ(-I)(Z) + bgz)(z), where

and

() = 5 D Xw(X) 052 (21X,) — S

with some 19,(2) in between S(z|X;) and S, (z|X;).
First, we will prove that b\ (z) = 0,(n"'/2). Note that

A 1 i
B < 5 s [Fle) = (o) §j\X|w 8 0;()]
yela
xzel

Applying the uniform consistency of Fn(z|x), given by Lemma 1.2.3, together with
conditions (H7) and (H8) gives that b (z) = 0p (n™/2) uniformly in 2.

Let us now concentrate on lA)Z(-l)(z). Using the i.i.d. representation for S,,(z|X) given
in Theorem 1.2.1, we have :

Su(21X;) = S(21X5) = Y Bu(X;)S(21X))6(21, Th, 61, X, 2) + Ra(21X;), (2.7:2)

=1

where £(Z,T,0,z,y) and R,(y|z) are defined in (1.2.3) and (1.2.4), respectively.
Observe that E[&(Z,T,0,z,y)|X = x] = 0. We plug (2.7.2) into 1351)(2) to obtain :

1 )
b(l = EZX Z‘X ZBnl Z‘X) (Zl,,_rl,él,Xj,Z)

ZX’ (21X;)) B (2] X5)

= 0" (2) + B (2).
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Define B(X;) = m*(X;)~" (nh) " K (X5X). Then,

3(11)(2) _ 3(111)(2) i 3(112)(2) i 3(113)(2)

with
B ZXZ S(z|X;)) ZBM S(2|X;)6(Z, 0, o1, X, 2), (2.7.3)
I#j
=1
b(112 ZXZ |X )) (XJ)S(Z|X])£(Z377}76]7XJ7Z)7
b(113 ZXZ (2|1 X)) Z(Bnl(Xj)_Bnl(X ))S(2|X;)&(Z, T, 01, X, 2).
=1

We shall first prove that bi (z), 135112)(,2) and I;Ell?’)(z) are o,(n="/?).
For BER)(z) we have from (1.2.4) and using condition (H10) that

- ; Inn\>%* B
|bz(R)(Z)| S N3N10p ((m) ) - Op(n 1/2)’
uniformly in z.

For 132(113)(2), note that

Bu(X;) = Bu(X;) = an(Xj)m* (X;B*ZXﬁg* (Xj),

where 7m*(z) = (nh)~' 30 K(* %) This implies that

6(113) (Z)

L , ) —
=~ Z:;ij(xj)gb ) . ®

" ZXZ SN

Since
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(see e.g. Silverman (1978)), it follows that

zel

B )] < L {suploe (o) = ()

n

X Inn w
x{ sup (i) ~ Pl + 0, ( (2 >)} )
zel y€(a,b] = "
Inn -
=0, (E) = op(n~"?).

As done for the term 65111) (z) in the proof of Corollary 2.4.2 we can show that under
condition (H11) 6" (2) is O,(n~/2) uniformly in z.

So far we have proved that

bi(z) = b (2) + 0, (n™V/?),

uniformly in z € [a, b].
We will now prove the asymptotic normality of b (111) ( ) for a fixed a < z < b.
Define

hi(V 3, V1) = Xjw(X;)¢ (S (21X;))S (2] X5) Bu(X))E(Zi, T, 61, X, 2),

where Vj = (Zj,T‘j,éj,Xj). Let ili(Vj,Vl) = %(hz(V],Vl) + hz(Vl,V])) Then,

Thus, lA)Z(-m)(z) is a symmetric U-statistic. Note however that its kernel h; depends on
n. We use the Héjek projection (see Serfling (1980), page 190) to decompose it into the
following sum :

b0"V(z) = DV + D + D + DY,

7

where

DY = z SN R, v,

7=1 k=1
k>j

2 n—1 2
= LS )
j=1

3
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with
WV, Vi) = bV, V) = BV, VIV, = Eh(V;, V)|Vl + E[hi(V;, Vi),
WP (V) = BV, VIV, = Bll(V;, V),
h@ (Vi) = Eh(V;, Vi)IVi] = E[hi(V;, V)],
and DZ(A‘)

depend on n, standard results for U-statistics cannot be applied, and so we need to

Note that DZ-(Z) % because of the symmetry of hi. Since D( ) DZ@), D
compute directly the mean and the variance of each of the above terms. We will first
prove that D = o,(n~Y/2). It is easy to prove that E(D{") = 0, while tedious but
straightforward algebra and the fact that E[h (Vl, Vo)lVy| = [h§1)(V1, Vy)Vy =0
show that

Var Dil 7’L2 ZZZZE Vjavk h(l)(VhV?“)]

jlklllrl
k>j k>r

{ 2D BV, Vo)2), ifj=land k=7

0, elsewhere.

From Appendix A.2.1 we have that
BV, V)Y < E[ﬁiz(V1>V2)]>

and that E[h; (Vl,Vg)] < E[h?(V1,V3)] = O(h™'n™?) from Appendix A.2.2. These
imply that E[hY(V1,V3)?] = O(h~'n"2) and, consequently, Var(D\") = O(h~'n"2),
which gives

DY = 0,(h™*n7") = 0,(n™7?).
Now, from see Appendix A.2.3, DY = (n — 1)E[h;(V1,V3)] = O(h?) = 0,(n"Y/2).
It remains only to deal with DZ@) and Dg?’), which are two sums of i.i.d. terms

and will give the asymptotic normality of BE””(z). For DZ@) it is easy to show that
E[DZ@)] = 0 and that for any 0 <14, j <p,

= v, V)iV, Ve -

n n

Cov(D{®, D) =

2

E[hi(V1, V) E[h;(V1, V)],
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On the other hand,

E[hi(V3,Vo)hi(V1, V)] = AS’) + Az('jz') + Az('?) +AY

g

where AL = 1BV, Vo)hy(V1, Vo)), A = 1E[R(Vo, Vy)hy(V1,V,)], AY =
1E[hi(V3, V)
h;(V4,V1)] and Ag-l) = 1B[hi(V,V3)h;(V2, V)] Tt can be easily seen that
1 L / * dH{ (u|z) _
A(%):_/z+]2 2 2/ 1 % 2 -2
D = g [ TS el (Sl | G @ + 001 ),

1

from Appendix A.2.4.
A =AY = O(h*'n=2) and ALY = O(h'n~2), since E[h;(V1,V2)|[V1] = O(h*n™).

ij
See more details in Appendix A.2.5 and Appendix A.2.6.

As a consequence

COV(DZ-(Z), D](-Z)) = %[mj(z) +O(h?)],

with o;;(2) defined in (2.4.2). It now follows from the central limit theorem for trian-

gular arrays that for any d € RPH!,
n'2d'%(z) = 2n'2d (D, ..., DP) + 0,(n~?) L N(0,d'S(2)d).
Direct application of the Cramér-Wold device implies that
n'2b(z) % N(0,%(2)).
From this and the fact that B(z) — B(z) = A~'b(z) (see (2.7.1)), we then get
n'2(B(2) ~ B() S N (0,A7E()(A))

which concludes the proof.

2.7.2 Proof of Corollary 2.4.2

From the proof of Theorem 2.4.1 it follows that we only have to prove that 85.”” (2)

(defined in (2.7.3)) it is O,(n~"/?) uniformly in z. For this, partition the interval [a, b]
into U, ~ n/2 subintervals a = Z, < Z; < ... < Z; =, of length O(n~%/?). Then,
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(111)

sup|b ( )] < max  sup |5§111)(2)—5§111)( Z)| + max |b.111)(ZT',)| =R+ Ry

1<7"<UnZ SZSZ; 0<r<U,
We will first prove that Ry = 0,(n~'/2) and then that R, = O,(n~1/?). Consider for
€, =cn~ 2 (¢ >0),
S(111)
P( max |b; 7 (Z.)| > €,)

0<r<Up,
= (o |1 S S Xhw(X)6 (S S(ZX) Bu(X)E(Z0 T 60, X, Z0)| )
Jj=1 l#]
U, ~
< 3 (|2 30 3 w06 SIS B2 T 1., Z) > )
r=0 J=1 1#j

=1

| /\

ZV&T( ZZXZ (S(Z1X))S(Z,|X;) Bu(X;)6( 21, T, 61, X, Z,) > en)

J= 11#)

= O(n'? - n-n7'h?) = o(1).

where we used Chebysev’s inequality and the variance that appears in the expression
above is proved to be O(n~'h?) by Taylor developments and expectations computa-

tions, similar to those of Appendix A.2.4, A.2.5 and A.2.6. Next, consider R; :

Ry = max sup [p"V(2) = 0 (Z)

19"<U"Z’ | <2<Z)
ZZXZ ) Bu(X;)

s L

< max
1§TSU7LZ

<z<Z

{¢'<s<z|x->> (+13,) Mt — ¢’<S<Z’|Xj>>s<z;|xj>“2ﬁz#;”]

C(Zi|X;
ZZXZ X;)Bu(X;)

J 11#)

+ max
1S7‘§UnZ

<Z<Z

[¢’<S<z|Xj>>s<z|Xj> / St )

G (S(Z|X,)S(Z1X)) / %dﬂ*( \X»H

i ~ iz,<26=1
A} = max —ZZ|XJ| - w(X;) - Bu(X;) - , Sup /W

=1 1#j5 7, 1<z<Z,
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sup /|¢'(S(Z\Xj))5(lej) — ¢ (S(Z,1X,))S(Z,|X;)|
Z,. 15257,

JRN ; - 1 g ot :
+1£E§l}l§nﬁ ; ; |Xj| 'w(Xj) : B"Z(Xj)C(TD(j)W (S(Zr|Xj))S(ZT|Xj)|

~sup [ Lzi<zo=1y — Yz<z 5-1]
Z, <257,

= Ay + Ajo.

Using the fact that  sup  [¢'(S(2]X;))S(2]X;)—¢'(S(Z,|X;))S(Z,1X;)| = O(U, )

Z!_ <2<7!

r—1

(see Appendix A.2.7) and condition (H11) it is easy to prove that A;; = O(U, ') =
O,(n™1%), and in a similar way it can be shown that A, = O(U;!) = O,(n~"/?).

Similar techniques as for Ry combined with

Z Sl<lp<Z/|1{Zl§Zv5l=1} ~ Yzzzo=nl = Yz <z<z 51y
z<Z,

r—1—=

give us that A1y = O,(n~Y2). Hence, 0"V (2) = O,(n"/2) uniformly in z.

Appendix A.2.1

We will prove that E[h\"(V1,V,)?] < E[h2(V1,V3)?].
The expectation £ [hgl)(Vl, V3)?] can be decomposed as follows :
E[(a(V1,V3) —b(V3))?] = E[a(V1,V2)?] + Eb(V3)?] — 2E[a(V1,V2)b(V3)] (2.7.4)

with
a(V1,Vy) = hi(V1,Vy) — E[hi(V1,V5)|V4]
and
b(Vy) = E[hi(V1,Vy)|Va] 4+ E[hi(V1, V).
Since

Ela(V1,V3)b(V,)]
=FE [E[ﬁi(Vl,Vg) — E[hi(V1,V2)[Vi]Va] - (E[hi(V1,V3)|[Va] — E[hi(V1,V3)))
—E [{E[ﬁ,(vl,vz)w — B[hi(V1,V2)]}

= E[b(v2)2]7
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we get that
E[(a(V1,V3) —b(Vy))?] = E[a(V1,V2)?] — E[b(V3)?] < Ela(V,V3)?].  (2.7.5)
On the other hand
Ela(V,, V)] = E {(ﬁi(vl,vg - E[z}i(vl,vz)\vl]ﬂ
= B[RV, V)] = 2B[hi(V, Vo) Ella(Vi, Vo) Vil + B | BV, V)|V
= E[R2(V1, V)] — 2E[h(V 1, V) E[h(V1,V3) Vi) + E[hi(V1, V) - hi(V1, V)]
— B[RV, V)] —QE[ Vl,vz)ﬁi(vl,vg)wl,wﬂ + E(VLVa) - he(V1, V)]
= E[h3(V1,V3)] = 2E[i(V 1, Vo)hi(V1,V3)] + E[hi(V1, V) - hi(V 1, V3)]
= E[h2(V1, V)] — E[hi(V 1, Vo)hi(V1,V3)]
Which implies that E[a(V1,V5)?] < E[h2(V1,V5)], thus from (2.7.4) and (2.7.5)

we obtain

BV (V1,Va))] < BR2(V1, V)],

Appendix A.2.2

We will prove that E[h?(V1,V3)? = O(h™'n™?).
E[h}(V1,V5)]
=L [Xfl (X1)%0 (S(2]X1))*S (2] X1)* Baa(X1)E% (2, Ty, 62, X1, 2)

=LK [Xfl (X1)%¢ (S(2]X1))2S (2| X1)? B[ B2y (X1)E*(Z2, T, 02, X1, 2)| X = X1, Ty < Z4]

(2.7.6)
First, we have that

E [352(x)£2(227T27527$7 Z>|X = xaTI S Zl]

K2 Tr— X2
=F n2h2 ( g )52(227T27527x7 Z>|X = xaTI S Zl

m*(x)2

1 1 o [T —V 9 y

- m*(x)2 " n2h2 K h K [5 (Z2aT2a52a1',i)|X2 =v,T1 < le-m (u)du.

w(zv)
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By means of change of variable (v = x — hu) and by Taylor expansion of p - m*

around 2 we obtain

E [37212(1')52(Z27T2>629I7 Z)|X = Ile S Zl] (277)

1 1 2 *
= YR PR /K (w)p(z, z — uh)m*(x — uh)hdu
1

= [ K2 [ (@) — (6 ) () + (e, ) (2)uh + ofB)| du

1 1
_ ) 2 —2). 2.7.
ey ) ([ ) ol (278
In the following we will show that
* dH 7 (u|r)
= T — 2- .
wen) = [ G 27

which does not depend on n, nor on h.

Thus, (2.7.8) and (2.7.9) give us
E[hZ(V1,V5)] = O(h™'n™?).
Now we will prove (2.7.9)

IU’(ZVT) =F [52(Z27T27527x7 Z>|X2 = xi|

Lizy<ssamy \
(&) wamnnsz
[{T2<u<Z2} « ’
+E ————dH [ (u|r) | | Xo=2,T, < Z,
C?(u|z)
Y M / Htzustn) gy 1)) 1%, = 2, T < 2
CZln) ) \Jy “Coulw) e

We will see that B — 2C' = 0, which gives

Iiz,<25=1)
A= p|Hzze=lh o< g, = [ 2D
o) = A= Y

C2(Zs|7)
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Now we shall prove that B — 2C' = 0. First,

00 e ) ZiNz 1
-/ /Ti T (ufe) T )

ZiNz
/ 21 dH; (v|2)dP(Z < Z,T < T|X = ,T < Z)
r,  C*(vlz)

- / czéwx) / 02<2|x>

| [ apz <z <nix — ot < amilod;
0

2 [~ 1 E | . )
- 5/0 02<u|x>/o 2oy IR (0]2) (L= H (ule))dH (ule)

where
/ / dP(Z < Z;, T < T|X =2, T < Z)
0
=P(Z>uVu,T<uhv|X=zT<Z)
_P(Z>uvo, T <uhv|X =z)
P(T < 7)
(1= H(uVov|z))L(uAv|z)
B P(T < Z)
Then,

/ / / I{T<u<Z}dH*(u|x)

(Z| )I{ZZQ}dP(Z <Z,T<T,o=1X=u2T<Z)

z u 1
~ Jy C2(ulx) o dP(Z < 2, T < T;,6; = 1|X =2, T < Z)dH;}
/002(u\x)/u/0 C(Z|x) (Z < | T YdH7 (u|z)

=— P(Z> 2, T<T,6=1X=2T< Z)dH;
/002(u\x>/u iz P 22T < o = X = o T < Z)dH (ul)

1 [* 1 z 1
=—— P(Z>Z;,T <T;,6 =1|X =z)dH}
a/o cz(up:)/u C’(Z,-|x)d (222, T <T;,0; = 1|X = z)dHj (u|z)

1 [# 1 z 1 N
ZE/O ol . Gy A Ll ()
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1 [ 1 | « — H(ulz *(ule
-~ / e / oy L R)AH; () (1 = H(ula)dH; (ul2)

a u|x

C(vfr)dH(v]r) = —(1 = H(v|z))L(v|z)dH(v]x)

(1= H(v[z))L(v|z)(1 = G(v]x))dF (v]x)

1
_1
~ H(v|x))%P(T < v < Cla)dF (v]z)

= (1 = H(v|x))dH; (v]x)

Appendix A.2.3
We will prove that E[h;(V, V)] = O(h?n~1).
First notice that
ElR(V1,Vy)] = E {%[hiwl,vg + hi(V2,V1)]} — EL(VLV),  (27.10)
since Ehy(V1, V)] = E[hi(Va, V)]
E[hi(V1,V3)]
= B [ X{w(X1)¢'(S(z1X1))S (21 X1) Bral( X1 )6 (Za, T 82, X0, 2)|
= B { E[X{w(X0) (S(2IX1)S(:1X0) B (X0)E (2, T, b, X, 2) V1) }

E{X{M(Xl) ( (Z|X1)) (Z|X1)E[BHQ(X1)§(Z2,TQ,(SQ,Xl,Z)|V1]} (2711)

with
E[BnQ(Xl)S(ZQ, TQ, 62, X1> Z)|V1] = O(hzn_l), (2712)

which will give E[h;(V1,V5)] = O(h2n™Y).
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Lets now prove (2.7.12)

E[Bpa(2)E(Zs, Ty, 62, , 2)|V 1]

ol
=F |z g(ZQ,TQ,ég,LU Z)|X—LIZ‘ T1 <Z1
m*(x)
- i/K YY) BlE(Zo, T, 60,1, 2)| X = 0, Ty < Zo]m*(v)dv. (2.7.13)
_m*(x) nh n 2,12,02,%, 2 2 =V,12 X 42 v)dav. .

By means of change of variables (v = x —uh) and by Taylor expansion of ¥ -m* around
x, (2.7.13) can be written as

! %/K w)(z, x — uh)m*(x — uh)du
1

)n/ m*(z) — (Y (2, 2)m* (x) + (2, 2)m* (z))uh

1

+5 (W (z0)m’ (x) + (2 2)m” (2) + 20" (2, 2)m” (2))u*h? + o(h?)]du

(w”(z,x) 20 (2, 7) m((;f))) %2 ( / K(u)uzdu)J%-m*l(x)o(hzn_l) (2.7.14)

3*

1
2

since (z, x) = 0.

Now, by using the assumptions from Corollary (1.2.2), ¢ has bounded first and
second derivatives (it can be written as a function of other function with bounded
first, respectively second derivatives) then from (2.7.11), (2.7.13) and (2.7.14)

E[B”2($)£<Z27 T27 527 z, Z)‘Xl = x,Vl] = O(h2n_1>

Appendix A.2.4

We will prove that

(1)_L D2 () S2 (212D (S(2]2))2 ZdHik(uu)m*x " 2,,-2
Al = (@)5*el)e (S(:4e))* | T (@)de + Otn ).

2
4n T
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Af.;.) = —E[E[hi(V5,V2)h;(V1, V)|V, V3]

1
4
iE(G%;XﬁﬁﬂXﬁﬂXnﬂngﬂdXo&w@M@WKﬂAXm

Xa— X X — X
X K [K< ’ . 2) K( : . 2) El&(Zs, T3, 02, X3, 2)(Z2, T3, 02, X1, 2)| X 2932]})

By Taylor expansion of £(Z, Ty, 02, X1, z) and &(Zy, Ty, 02, X3, z) around 9
Al

m*<X3) m* (Xl)

L X w z z| X4 "(S(z 3 "(S(z 1 L
—REFE(Q& (X5} (X0)S(21X5)S (21X0)6 (S (21 X)) (S (1)) oy
xE [K <X3 ; X2) K (Xl ; Xz) E[€(Zy, Ty, 02, X2, 2)* 4+ O(h)| Xy = x4] )

~5 ], Gty
(5 [[asateslead (Gl (252 ) dr)

x(%/ﬁﬂmﬁMmWQVWMK(%;@)MO¢@+Mh14)

1
L , I (u])
= 3 [ S el (k) [ T

where by means of change of variables (21 = x5 4+ uh) and Taylor development of

m*(z9)dx + O(h™'n"?)

gj(z,x) around w,.

%[ﬁwmwmﬁwwwumK(“;“)wl

_ %/Igj(z,xl)K <:”2 - xl) day

_ % / 4;(z, 2 + hu) K (u)hdu
:/M@w9+m@uﬁﬂ+%WﬁgwngWMu

= g;(z,m3) + O(h?) (2.7.15)

with

gi(z,21) 1= x{w(x1)5(2|x1)¢,(S(z|x1)). (2.7.16)
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Appendix A.2.5
Will prove that 4A%) = O(h'n~?).

AAD = E[hy(V2, V)i (V1,V5)]

= E[E[h(Va, VO hy (Ve V) Vi, V)

— Bh(Va, Vo) E[h, (V1 Vo) V1]

= E[hz‘(V%Vl) X{w(X1)¢' (5(2]X1))S (Z|X1)E[Bn3(X1)€(Z3,T3,53>X1,Z)|V1]]
By (2.7.12)
8L = | Ve, V) X061 X0))S(1 )

« {% <1/)”(z, X))+ 20 (2, Xl):?;g;l)) ) %2;@ 4 m*(le) o(hQn_l)H

:%EE{XJXZ (X1> <X2) ( <|X1>> ( (Z‘X2))S(Z‘X1)S(Z|X2),u2

(v 00+ 20 ) e ) B CE) e, 1,30, 10,0

Denote

(e X0) = X (X)) (SCAXD)SEID) (o (04) + 200600 7 ()

and
Pj(Za X1, X2) = gj(’zv X2)E[f(21, Ty, 01, Xo, Z)‘Xla Xz]

with g¢;(z, z) defined in (2.7.16).
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Then, by Taylor expansion of p(z, X, X3) around (X7, X;)

o 1h X, — X, 1
Y =——=F|\z, X K|——— | pi(z, X1, Xo)———
4A2 212 |: (Z, l)lu2 ( h p](z, 1 2>m*(X2)

Taylor expansion of p(z, X, X5) around (X7, X7)

1h Xo— X 1 /
= iﬁE{A(z,Xl)ugK < 2 h 1) m*(X2> [pj(Z,Xl,Xl) + (Xg - Xl)pj(Z,Xl,Xl)

1" 1 "
+5(Xa = X1)%p; (2, X1, X0) + 5(X2— X1)%p; (2, X1, X1)

N —

- 50 = X0t 16|

-2t [ [ (252) [ - s )

" 1 "

(29 — 21)? p; (2,21, 21) + 6(3:2 —)? p; (z,m1,21)

3

_|_

N —

1 "
_ ﬂ(X2 X1)4p] (z,Xl,fxl)] x m*(x1)m* (zy)dridxs

By a change of variable (z5 — z1 = uh) we get

h 1 1 1 "
22) SN o // z,w1) K {hupj(z x1,T1) + i(hu)2p] (z,x1,m1) + B(hu)gp] (1, 71)
—ﬂazxmﬁwxxﬂwwmmmw
h? 1
== l;2 Az, xl){pj(z T1, 21 /K Jhudu + 2p] (2,1, 7 /K (hw)?du

1 "
+ E/K( )(hu)? p] (z, @1, 21)du — — /K Y(hu)tp; (2 Xl,fu)du} m*(x1)dxy

h/4 ]. " nr

1z )\(z,:cl) —p. (2, $1,SC1)M2— — [ WK (u)p; (2,21, &)du|m* (21)day
T n? 2 2"

Thus

@ _ -
A® — O(h'n7?).
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Appendix A.2.6

We will prove that Ag) = O(h'n™2).

_ [X;ﬂw?(XQ)as’<S<z|X2>>2s<z|X2>2

X E[Bng(l'g).énl (l’g)g(Zg, Tg, (53, T, Z)g(Zl, Tl, (51, T, Z)‘Xg = 1’2]:|
— B X506 (SN S e Xa)

X E[Bng(l'2>£(23, Tg, 53, Ta, Z>|X2 = IQ]E[Bn1($2)£(Zl, Tl, 51, T, Z>|X2 = 1’2]:|
= O(h*n ) E[XS7w?(X,)¢ (S(2X2))%8(2|X5)?], by (2.7.14).

Since E[X57w?(X2)¢ (S(2]X2))2S (2] X2)?] < 00, we get Al = O(h*n~2).

Appendix A.2.7

We will show that

sup [0 (S(21X;))S(21X;) — ¢ (S(Z,1X)S(Z,1X;)| = O(U, ).

n
! !
Z, <257,

sup [ (S(21X;))S(21X;) — ¢ (S(Z,1X;))S(Z,| X;)|

! !
7l <z<Z

< sup [ (S(2]X5))S (2] X;5) — ¢ (S(21X;))S(Z, ] X;)]

! !
Z,._ 15252,

+osup [¢(S(2]X;)S(Z,1X;) — ¢ (S(Z,1X;))S(Z,1X;)]

! !
7l <z<7

< sup |6/(S(21X))] - [S(21X;) — S(Z,1X;))

/ /
Z7-71SZSZ’I‘

+ sup [@(S(21X;)) — ¢/ (S(Z,1X;))] - 1S(Z,1X;)]

! !
7| <z<7
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with
osup [S(2]X5) - 5(2,1X;)|
Z, <27,
= sup 1S(Z,1X;) + (2 = Z,)S (&1 X;) — S(Z:] X;)]
Z <257,
= sup (2= 2Z,)(2 - 7.8 (&1X;)| = 0(U, )
Z_,<2<27,
and

sup 6'S(21X;) — ¢ S(Z,]X;)]

!
Z, <257,

— sup [97S(&1X,) (SGIX,) - S(Z|X))) |

! !
7, _<2<2]

= sup  [S(2]X;) = S(Z,1X;)| = O(U ).

’
ZT.,1SZSZT






CHAPTER 3

(Goodness-of-fit Tests

In Chapter 2 we introduced a least squares estimator for the time-dependent pa-
rameters #(z) of model (2.1.1) in the case were the response may be subject to left-
truncation and/or right-censoring. In practice one would like to check first the validity
of the considered model for the data. We introduce in this chapter a goodness-of-fit
test for model (2.1.1) when the response variable is subject to left-truncation and/or
right-censoring. The test is based on the comparison of the parametric modeling of
regression data with a nonparametric estimator of the response, ¢(S(z|X)).

Section 3.1 introduces the test statistic and its asymptotic distribution, as well as
the assumption under which the latter is valid. The convergence to the asymptotic
distribution may be slow, so a bootstrap method is proposed in Section 3.2 in order to
estimate the critical values. In Section 3.3 we present some numerical results about the
finite sample properties of the test statistic. Finally, Section 3.4 contains the proof of
the main result, Section 3.5 contains the lemmas needed in Section 3.4 as well as their
proofs, while the Appendix gathers some technical details needed in the proofs of the

previous sections.

This chapter is mainly based on Teodorescu and Van Keilegom (2008).

3.1 The test statistic

Same notations and assumptions as in Section 2.2 are being used.
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If the following model holds
P(S(2]X)) = Bo(2) + Bi(2)X + ... + By(2) X7, (3.1.1)

where ¢ is a known monotone transformation, ¢ : [0,1] — R, X is a one dimensional
continuous covariate and p is known, then the coefficients B(z) can be estimated via
the weighted least squares procedure presented in Chapter 2. Note that model (3.1.1) is
exactly the same model as the one in (2.1.1), but we write it again for easier reference.

More precisely,

B(2) = (Bo(z), Bu(z), . . Bp(2) = (X'WX) ' XW(2), (3.1.2)
Now we want to check the appropriateness of the semi-parametric model (3.1.1).

For a given ¢ and p we would like to test

Hy : for all z there exists a vector 3(z) € RPT! such that (3.1.1) holds,
versus H, : there exists a z such that (3.1.1) does not hold for any 8(z) € RPTL.

A natural way to proceed is to measure the distance between qAS(z) and the hypo-
thesized model (3.1.1) and to use this distance as test statistic. Here we study a kind

of L, - distance between these two :

n

B,(B() = = 3 (6(5C1X) — (Bol2) + A(DX, +-.. + B(2)XD))

n
r=1

Hence, it is reasonable to reject Hy when @,,(3(2)) is large. We measure this distance

for all values of z lying in an interval [a,b], where a and b are defined in condition
(H2)(d) in Section 2.2 and define :

b A
T, = / D, (B(2))dz (3.1.3)

We should also multiply this quantity by a normalizing sequence in order to have
a limiting distribution. This leads to the following test statistic : nh/?T,,. In order to
obtain the limiting distribution of this statistic under the null hypothesis, the same

conditions (H1)-(H11) as for Theorem 2.4.1 in Section 2.2 are to be assumed, plus
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(H12) g(z1, 22, ) defined in (3.1.5) has bounded second derivative with respect to .
Theorem 3.1.1 Suppose that conditions (H1) through (H12) hold. Then, under Hy,

nhM2T, — o, % N(0,V),

b
where by, = h™/2K®(0) / / 9(z, 2, 2)dedz, KO (z) = [T K(x — t)K(t)dt,
a 1

b b
V= Q/K* K(v)de/ / /92(21,22,x)dxd21d22, (3.1.4)
a Ja JI

and
21N\22 *

oer2,) = & (S(a )0 (Sl S(al)s(ale) [ G 31s
Remark 3.1.1 In a similar way we can obtain the limiting distribution of the test sta-
tistic nh!/?T,, when we have only discrete covariates or a combination of a few discrete
covariates and a one-dimensional continuous covariate. Note that in the case where
we have only discrete covariates, no smoothing is required, since the estimator of the
survival function S(z|z) is the Kaplan-Meier estimator extended to the case when we
also have truncation (Tsai et al (1981)).

Remark 3.1.2 We could also consider T} = fol U,,(B(2))dz as an alternative to T}, in

the test statistic, where

B,B) = £ 3 (561X — 67 (o) + A, + ..+ )x7))

n

r=1
The same arguments as in the proof of Theorem 3.1.1 should work in order to obtain
the limiting distribution of nh'/2T.

3.2 Bootstrap version

The quadratic form structure of the dominant terms in the test statistic suggests
that the convergence of the distribution of the test statistic nh'/?T, to a normal dis-
tribution will be slow, so that it seems more appropriate not to use the asymptotic
critical values in practice. We therefore compute the critical values based on a boots-

trap method. The procedure is as follows :
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1. Choose a bandwidth A in the interval (0, u(supp(X))) and a pilot bandwidth g¢

(larger than h), where u is the Lebesgue measure.
2. Forall ze{Z,... , Z,}and x € {X;,... , X,,} :
a) Estimate S(z|x), G(z|z) and L(z|z) by S,(z|x), G4(z|z) and L,(z|z), respec-

tively, where

n

A R Lz,<z26,—0y Bni() . B Lz, 52y Bri()
Gy(zlr) =1 211 (1 Co(ZiD) and L,(z|z) = 11 1 —Cn(Ti\x)

and the subscript ¢ indicates the bandwidth we are working with.
b) Replace S(z|z) by Sy(z|z) in (3.1.1) and estimate By(2),...,[G,(2) by the
least squares estimator in (3.1.2) to obtain fo.4(2), ... , By4(2). Plug-in these

estimators into (3.1.1) and re-estimate S(z|z) by
gg(z\x) = ‘Z)_l(ﬂAO,g('Z) + Bl,g(fz)x tot Bp,g(z)xp)-

3. Forb=1,... ,B:

a) For every i = 1,...,n, draw random observations Y;*, C; and T} from
Sy(-1X3), Gy(-1X;) and Ly(-|X;), respectively. Compute Z; = min{Y;*, C:},

07 = lyr<cry and simulate new values V;*, Cf and T7 it T > Z7.

b) Use this resample {(17, Z7, 67, X1),..., (T}, Z}, 0%, X,,) } to estimate a boots-
trap version of the conditional survival function, Si(z|X;) (i = 1,...,n)
using the bandwidth h. This bootstrap version is used to obtain the boots-
trap vector of coefficients Bz(b) = (/@S’(}?)(z), e A;(,IZ)(Z)) by means of the

~ ~x(b
least squares estimator, and to obtain the bootstrap version @} <ﬂh( )(z)>
of d,, (,B(z))

c) Compute the bootstrap version of the test statistic nh'/?T),, which is given

by :
b n—1
nh'/?T%, = nh'/? / o <,8h(b)(z)) dz ~ nh'/? Z @, (ﬁh(b)(zi*)) (Zi—27)
a i=1

4. Order the obtained test statistics and take nh!/ 2T;:’[(1_a) p) Which approximates
the (1 — a)-quantile of the distribution of nh'/?T,, under Hy.

)
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5. If nh'2T,, > nh'/T* (1_ayp) then reject Hy, otherwise do not reject Hy.

Remark 3.2.1 A way to choose the smoothing parameter A under Hj is to apply the

bootstrap procedure for the choice of h described in Section 2.5.

Remark 3.2.2 The choice of the pilot bandwidth g used in the bootstrap procedure

is not of crucial importance (see Cao and Gonzalez-Manteiga (2008) for details).

3.3 Numerical results

In this section, we study the finite sample properties of the proposed test. We will
first deal with the case of a one-dimensional continuous covariate, under censoring.
Next, we will study the performance of the test when truncation is also present.

Along the simulations, the following two models are considered :

B(S(21)) = fo(2) + A=)z + Bu(2) sin () (33.1)
#(S(z]z)) = Po(2) + Bi(2)x + Ba2(2) exp (2;) . (3.3.2)

For model (3.3.1), X ~ U[4,10], Y|x—, ~ Exp (42 + as sin (%)), C|x=s ~ Exp(d,2),
where d; > 0 determines the censoring probability, T'|x—, ~ Exp(rix), where r; > 0
controls the probability of truncation and ¢(u) = —log(u) (additive hazards model),
which gives the true model ¢(S(z|z)) = 422 + ayzsin (Z£). So, Bo(z) = 0, fi(z) =
4z and (5(z) = ajz. The sample size is taken n = 100, M = 1000 Monte Carlo
simulations are conducted, B = 500 bootstrap resamples are being generated, d; is
taken in order to give 20% and 40% of censoring, respectively, r; is taken in order
to give 10% and 20% of truncation, respectively. Since we have a one-dimensional
continuous covariate, a bandwidth, h, is needed in order to estimate S(z|x). We worked
with h € {1.2,1.5,1.8,2.1,2.4} and the pilot bandwidth in the bootstrap procedure
was taken to be g = 2h. This is a reasonable choice since g has to be asymptotically
larger than h? (see Cao and Gonzdlez-Manteiga (2008) for more details and Hardle
and Mammen (1993) for some insight about possible choices of g in the regression
case). The Nadaraya-Watson weights are calculated based on the Epanechnikov kernel

K(u) = lio1<u<ny - 3(1 — w?)/4 and the weight function w(z) = l{ass<s<oes} has
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been chosen in order to avoid boundary problems. The level of the test was taken to be
a = 0.05, Hy is model (3.3.1) for a; = 0, while as alternatives to Hy we have considered
model (3.3.1) for a; € {4, 8,12, 16,20}, see Figure 3.1, for a graphical representation of
Hy and H; for a fixed z. As a; becomes larger, the departure from Hj also increases.
Table 3.1 displays the results for model (3.3.1) under censoring. We see that, as
expected, the results for 20% censoring are better than those for 40% censoring and
that as a; increases (we go further away from Hy), the power of the test also increases,
to get to 0.945 when a; = 20 under 20% censoring. We also notice that the choice of h
has an influence on the results. Under H; there are some cases where the power of the
test varies with 0.2 (see a; = 20, 40% censoring), while generally we have a variation
of 0.1 or less. Under Hy we have smaller fluctuations (maximum of 0.05) and we see

that usually the power is either underestimated or overestimated.

Cens H, H,
perc h a; =0 ar=4 a;=8 a1 =12 a1 =16 a; =20

20 1.2 0.031 0.077  0.200  0.445 0.752 0.931
1.5 0.029 0.114 0.261  0.531 0.788 0.945
1.8 0.039 0.113  0.305  0.534 0.820 0.945
2.1 0.075 0.122  0.315  0.525 0.801 0.943
24 0.080 0.140  0.275  0.422 0.650 0.870

40 1.2 0.024 0.051  0.107  0.225 0.420 0.660
1.5 0.021 0.050 0.151  0.294 0.519 0.762
1.8 0.038 0.065 0.180  0.325 0.535 0.757
2.1 0.051 0.082  0.157  0.296 0.506 0.701
24 0.068 0.106 0.134  0.231 0.376 0.562

Table 3.1 : Power of the test for model (3.3.1) under censoring, with B=500 and
M=1000.
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Table 3.2 contains the results for model (3.3.1) under both censoring and truncation.
The results are similar to those of Table 3.1. We notice that the results for 20% censoring
are better than those for 40% of censoring and also that for 10% of truncation displays

better results than 20% truncation.

— al=0
—-— al=4
S - | --- a1=8
..... al=12
-~ al=16 -
-—-- a1=20 7T
@ p—
o
<
3
N
N
o
2
| | | | | | |
4 5 6 7 8 9 10
X

Figure 3.1 : Model (3.3.1) for different values of a;, at time point z = 0.01423.
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Cens Trunc h H, H,
perc perc a; =0 ar=4 a1=8 a1=12 a1 =16 a; =20
20 10 1.2 0.051 0.067 0.191 0.385 0.662 0.893

1.5 0.056 0.104 0.238  0.432 0.733 0.939
1.8 0.057 0.107  0.227  0.445 0.768 0.960
2.1 0.064 0.116  0.244  0.441 0.804 0.923
24 0.068 0.139  0.269  0.395 0.693 0.857

20 1.2 0.061 0.076  0.167  0.373 0.651 0.872
1.5 0.026 0.092 0.199  0.421 0.702 0.931
1.8 0.037 0.071  0.233  0.433 0.794 0.901
2.1 0.036 0.111  0.269  0.415 0.692 0.912
24 0.038 0.091  0.270  0.372 0.833 0.842

40 10 1.2 0.035 0.059 0.081  0.213 0.398 0.676
1.5 0.047 0.063 0.141  0.286 0.461 0.691
1.8 0.023 0.054 0.157  0.316 0.536 0.734
2.1 0.024 0.073  0.156  0.278 0.497 0.706
24 0.025 0.095 0.143  0.234 0.366 0.535

20 1.2 0.041 0.060  0.090  0.204 0.412 0.645
1.5 0.046 0.059 0.135  0.273 0.458 0.692
1.8 0.031 0.053 0.141  0.312 0.556 0.725
2.1 0.028 0.071  0.122  0.226 0.492 0.699
24 0.032 0.092  0.127  0.330 0.359 0.522

Table 3.2 : Power of the test for model (3.3.1) under censoring and truncation, with
B=500 and M=1000.
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For model (3.3.2), X ~ U[4,10], Y|x— ~ Exp (2 + azexp (%)), C|x=o ~ Exp(daz),
where dy > 0 determines the censoring probability, T'|x—, ~ Exp(ryz), where ro > 0
controls the probability of truncation and ¢(u) = —log(u) (additive hazards model),
which gives the true model ¢(S(z|z)) = 2z + azzexp (%). The sample size is taken
n = 100, M = 1000 Monte Carlo simulations are conducted, B = 500 bootstrap re-
samples are being generated, dy is taken in order to give 20% and 40% of censoring,
respectively, ry is taken in order to give 10% and 20% of truncation, respectively. We
worked with h € {1.2,1.5,1.8,2.1,2.4}, g = 2h, the Nadaraya-Watson weights are
computed as before, based on the Epanechnikov kernel and the weight function w(x)
is the same as for model (3.3.1). The level of the test was taken to be av = 0.05, Hy is
model (3.3.2) for as = 0, while the alternative, Hy, is model (3.3.2) for values of as in
{0.01,0.1, 1,10, 100}, see Figure 3.2 for a graphical representation of Hy and H; for a

fixed z. As as increases, we go further away from H.

Cens h H, H,
perc ay =0 a; =0.01 ay=01 ay;=1 ay=10 ay =100
20 1.2 0.025 0.088 0.412 0.594  0.630 0.624
1.5 0.024 0.089 0.538 0.770 0.811 0.821
1.8 0.036 0.140 0.683 0.914  0.934 0.927
2.1 0.065 0.172 0.821 0.961 0.970 0.966
2.4 0.077 0.240 0.852 0.970 0.978 0.978
40 1.2 0.020 0.050 0.390 0.588 0.645 0.602
1.5 0.025 0.073 0.490 0.748 0.780 0.771
1.8 0.037 0.092 0.607 0.861 0.935 0.896
2.1 0.054 0.146 0.739 0.919 0.957 0.951
2.4 0.068 0.169 0.817 0.953 0.896 0.946

Table 3.3 : Power of the test for model (3.3.2) under censoring, with B=500 and
M=1000.
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Table 3.3 shows the results for model (3.3.2) under censoring. We remark more or

less the same features as for model (3.3.1) under censoring.

2.0

15

1.0

0.5

0.0

— az2=0
—— a2=0.01 '/' /'
--- a2=0.1 ; ;
..... a2=1 '/ /'
-~ a2=10 , /
-—-- a2=100 /

Figure 3.2 : Model (3.3.2) for different values of aq, at time point z = 0.000114.
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Cens Trunc h Hy H,
perc perc ay =0 as =001 a; =01 ay=1 ay =10 a9 =100

20 10 1.2 0.056 0.104 0.417 0.621 0.662 0.644
1.5 0.062 0.126 0.495 0.723  0.749 0.780

1.8 0.043 0.157 0.580 0.829  0.862 0.829

2.1 0.074 0.153 0.653 0.859  0.890 0.893

2.4 0.080 0.175 0.733 0.908  0.931 0.928

20 1.2 0.054 0.091 0.456 0.595  0.637 0.691

1.5 0.069 0.088 0.528 0.702  0.736 0.759

1.8 0.078 0.145 0.615 0.789  0.845 0.860

2.1 0.080 0.143 0.695 0.835  0.885 0.885

2.4 0.076 0.169 0.721 0.886  0.900 0.915

40 10 1.2 0.043 0.074 0.378 0.598  0.603 0.601
1.5 0.041 0.097 0.442 0.669  0.702 0.719

1.8 0.055 0.118 0.525 0.732  0.780 0.814

2.1 0.069 0.129 0.568 0.821 0.844 0.854

2.4 0.068 0.155 0.637 0.896  0.888 0.906

20 1.2 0.061 0.088 0.405 0.578  0.607 0.622

1.5 0.059 0.123 0.470 0.682  0.709 0.712

1.8 0.075 0.140 0.550 0.765  0.777 0.800

2.1 0.062 0.144 0.573 0.792  0.829 0.848

2.4 0.098 0.153 0.627 0.794  0.870 0.871

Table 3.4 : Power of the test for model (3.3.2) under censoring and truncation, with
B=500 and M=1000.
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Table 3.4 displays the results for model (3.3.2) under both censoring and trunca-
tion. They look similar to those of Table 3.2, for model (3.3.1) under censoring and
truncation : the power of the test decreases with the augmentation of the censoring
and the truncation percentage. We also notice that there is little difference between the
power of the test for H; with as = 10 and a; = 100. That is because the multiplication
factor for ay is exponential, and that as as becomes larger, the models (curves) become
similar, in the sense that while comparing them with a line, the difference is almost
the same.

Remark 3.3.1 The numerical studies give satisfactory results, that can be slightly im-
proved by increasing the number of bootstrap resamples. The results for model (3.3.1)
under censoring, with B = 1000 bootstrap replications, instead of B = 500 as done

above and M = 500 Monte Carlo simulations are given in Table 3.5.

Cens h H, H,
perc a; =0 ap=4 a1=8 a1=12 a1 =16 a; =20

20 1.2 0.024 0.068 0.212  0.464 0.702 0.910
1.5 0.046 0.096 0.272  0.562 0.828 0.932
1.8 0.039 0.134  0.283  0.567 0.837 0.961
2.1 0.066 0.132  0.311  0.550 0.825 0.950
24 0.070 0.122  0.252  0.484 0.630 0.864

40 1.2 0.022 0.058  0.098  0.212 0.428 0.650
1.5 0.035 0.098 0.136  0.322 0.496 0.715
1.8 0.028 0.074 0.168  0.328 0.508 0.786
2.1 0.048 0.078 0.170  0.291 0.501 0.705
24 0.066 0.129 0.140  0.252 0.397 0.560

Table 3.5 : Power of the test for model (3.3.1) under censoring, with B=1000 and
M=500.
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3.4 Proof of Theorem 3.1.1
Using (3.1.3), we can write
T,=T1+Ry1+ Ry o, (3.4.1)
with

nl—/ Z S(2|X,)) ¢(S(z|Xr))]2dz
Ra= [ 1 Z — (Bolz) + o By(2)X7)] (3.42)

Rus= [ %Z[¢<S<z|XT>>—¢<S<z|XT>>} (65 GIX)) = (Bo(2) + ...+ By (2)X7)] dz
) (3.4.3)

where R,,; and R, are o,(n"'h~%/2) by Lemma 3.5.6 below. The leading term T},; of
equation (3.5.15) can be easily handled using a Taylor expansion of ¢ around S(z|X,) :

ra= [ 4 Z[ SCIXDSCAX) = SCIX) + 56" (A (DEEIX) - SE1X)2) ds

= 1n2 +'}%n3 +'}%nA

(3.4.4)
with A,(z) in between S(z|X,) and S(z|X,),
b 1 n , N
Toa= [ 5 0 (SCIXSCAR) — SC1X)
R 3 = / Z ! ’( (S(z]X,) — S(2]X,)) dz = o,(n~'h™/?) (3.4.5)

Roa = / L 5 (S5 (A S EIX) = SEIX) s = o),
_ (3.4.6)

where the order of R, 3 and R, 4 follows from the fact that sup sup |S(z|z)—S(z|z)| =

zel a<z<b

O, ((Inn)"/?(nh)~'/?) (see Lemma 1.2.3 in Section 1.1).
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By the i.i.d. representation for S(z|X,) given in Theorem 1.2.1,

b n n 2
Tho = / %Zd)’(S(z\XT)V [S(AXT)ZB,“-(X»&(ZZ-,E,@,XT,z)+R;<z|Xr>] dz
a r=1 =1

— 1n3 + Rn,S + Rn,67

(3.4.7)

where . -

{z<25=1} (T<u<Z} ;o 7+
Z.T. 6 = =7 — " dH 3.4.8
5( ,4,0,7, Z) C(Z|l’) /0 02(U|l') 1(U|,'L') ( )
and
, logn 8/4

sup |R,,(z|z)| = O, : (3.4.9)

z€[a,b] nh

xzel

b n n 2
Tos = / %Zd(S(ler))?S(ler)? ZBni<Xr>£(Zi,Ti,6i,Xr,z>] dz
a r=1 i=1

b1 <N, , o
Fns :/a E;¢(5(Z|Xr))2Rn(Z|Xr)2dz=0p(n thl?)

n

b n
Ruo= [ 2306 (SGIX)VSCIX)R, (1X,) 2 Bail X )& T 80 Xe, 2)0

a r=1

dz

< [ 230 GG sl B (1)

_o, ((Tn,3)1/2 . (%)3/4) | (3.4.10)

By Lemma 3.5.5 below, we get that R, ¢ = 0,(n"th™1/2).

The term T, 3 can be decomposed in the following way :

> Bui(X)E(Zi, T, 65, X, 2)
=1

b n _n
T3 :/a %Zl Zl Bi( X, )€(2) + As,l)(z)] 2dz

:/ %Z ZBni(Xr)€i<Z> dz+/ %Z[Agl)(z)}zdz (3.4.11)

n n

b
1
+ [ =303 BulX)a(2)AD (2)dz = Ty + Ry + Rus,

n
a r=1 i=1
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ZBW (8 (SGIX))S(GAXE(Z, Ty, 05, X, 2)-

— 6/ (SCEIXS X )E(Z5, T, 05, X5, 2) ).

The terms R, ; and R, g are o,(n"'h™1/?) by Lemma 3.5.4 below.
By defining b,;; = n~' Y _"_, Bpi(X,)Byj(X,), T4 can be decomposed into two new

terms :

2
Z Bi(X,)ei(z ] dz =T,5+ R (3.4.13)
=1

e

with T, 5 = f; 237, bnijei(2)e;(2)dz and

b n
Ry = / > bui€l (2)dz. (3.4.14)
@ =1

In Lemma 3.5.3 it is shown that

Ry 9 = - (/ / 2,2, ) dxdz) 2(0) 4 op(n'h71/2). (3.4.15)

To analyze T, 5, define l~)mj ="' Bi(X,)B,;(X,) with B, (X,) = (nh)~!
K (=) m*(X,)~". Then,

K(&7) 1 m*(Xy) = (X,)

nh mr(X,) m (X,)
where m*(x) is the Parzen-Rosenblatt estimator of m(x) :
= K 3.4.16
w2k (). (3.4.10



72 Goodness-of-fit Tests

which implies that

where Em‘j = %Z?:l Bm(XT)BnJ(XT)
This leads to Tn75 = Tmﬁ + leo + Rn711 -+ Rn,12, with

b ~
Tn,(,‘:/ Qmejei(z)ej(z)dz (3.4.17)

b n m* — W
Ry 10 = / %Z Zéni(XT’)an(Xr) <X7:1>*(X,,) (X) €i(2)ej(z)dz (3.4.18)
Ry = /a %Z Z; B,i(X,) B, (Xr)m*(ng*(_Xqil)*(Xr) €i(2)ej(z)dz (3.4.19)
R = / %Z Z; Boi(X,)Boy (X)) [m*(X;B*(_X;;(XT” e(2)e; (). (3.4.20)

From Lemma 3.5.2 we have that R, 19, R, 11 and R, 12 are op(n_lh_l/Q), while from

Lemma 3.5.1 we get that
Vn2hT, s %5 N(0,V).

The result now follows, since we have shown that

12
Tn - Tn,ﬁ + Z Rn,ka
k=1
where all R,, ;. (k=1,...,12) are 0,(n"*h™1/2), except R,9, whose asymptotic expres-

sion is given in (3.4.15).
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3.5 Lemmas and proofs

3.5.1 Lemma 3.5.1

Lemma 3.5.1
Vi?hT,s % N(0, V),

with T, 6 and V' defined in (3.4.17) and (3.1.4), respectively.

Proof : Write

Var(T,,¢) = Var (22% / )dz)

1<)

_4ZZCOV(W / ’ ()€ (2)dz, B / bek(z)el(z)dz).

1<j k<l

Using that i < j. k < land E(ei(i)(zﬂX,-) = 0, we obtain (where X = (X1,...,X,))
Cov (ij / €i(2)€;(2)dz, bup / ek(z)el(z)dz)
—F (Cov (% / b €i(2)€;(2)dz, b / be dz|X) +

+COV<E (ij / be,-( )e;(z )dz|X) (nkl / (z)el(z)dz|X)>

_ E(gnijz}nklc@v ([ @i [ a@aeuex) )

B (82, Var (f) e(2)e,(2)d21 X, X; ) ) = E(Bimgz(xl,xz)), ifi=k<j=1

0, otherwise

where

b b
gg(Xl, XQ) = / / g(Zl, 29, Xl)g(Zl, 29, XQ)ledZQ, (351)
with g(z1, 22, ) defined in (3.1.5). Hence,

n(n —1)

Var(TmG) =4. 5

E(gimgg(XhXQ)) (352)
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o[ (KSR K () K (S K (Y
= ) [( A=k ( o (Xo)? i (X,)?
I (K (X:;;Xl)()é)(X:;;XQ) 92(X17X2)>
K (0) K (thXz) K (X4;X1) K (X4;X2)
Hn—-2)E ( m*(X,)? . m*(Xy)? gQ(Xl,XZ))
K (0 K (¥3X2)?
20 ( e (P () gQ(Xl’X2)>
K (0)° K (X5%2)"
+2F ( (X (Xl,X2)> ]
From Appendix A.3.1
() K (S K (Se) e ()
E ( m*(X3)? m*(Xy)? 92X, X2)>
= /K*K /// 21, 29, ) 2dxdzidzy + O(h?)
K (7)) K (5572) o2
K(0)K (F572) K (F457) K (5772) _
E < m*(X1)? m*(Xy)? <X17X2)> = 0t)
p(KOPK R x| = om
m*(X1)2m* X2)2 ’
K(0)2K (¥i5X2)” B

So, by using (H10), we get

(3.5.3)

(3.5.4)

(3.5.5)

(3.5.6)

(3.5.7)

—-1)
Var(T,,¢) = (7(1 AL [ (n— 3 h3/K*K 2dv/ / / (21, 22, )drdz1dz
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+0(h4)] + O(mh?) + O(h)

_2n— 1>(Z;l2)<”_3> (K*K*K*K(O) /ab /ab/lgz(zl,ZQ,x)dxdzld22>

+O(n2) + 0L 2) + O(n*h™3) + O(n*h™*)

2
= —K+«Kx*xK=x*K(0 /// (21, 29, x)dxdz1d29 + 0(N 2h_1)

n2h
In order to prove the asymptotic convergence, we will use the central limit theorem

for double sums given by de Jong (1981). Using the notations of that theorem, let
W(n) = Tnﬁ, with Vz = (XZ, Zi,ﬂ, 6@) and

b
Waij(Vi, V) = 2bnij/ €i(2)e(2)dz. (3.5.8)
Note that E(W,;;(V;,V;)|V,;) =0 and that

ol = E(WSZ])—ZLE{bfLZJVar[/b ()ej(z)dz|X,-,Xj]}

b b
= %(/K* K(v)zdv/ / /gQ(zl,zQ,z)da:dzlsz) +o(n~*h™h)
a a I

1 2 27 —3;-1 -1
ommzax;aij:O(n hn™>h™)=0(n"") —0

Hence, the first condition in de Jong (1981) is satisfied.

In order to check the second condition, we will use the same terminology as in de

Jong (1981), page 266 :

E(W(n)*) = E ((T,)") = Gr + 6G11 + 12G11 + 24G 1y + 6Gy (3.5.9)
with
Gr =Y EW}) (3.5.10)
i<j
Gu= Y (EWZWi)+EWiW) + EWEWE)) (3.5.11)

1<j<k
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Grir = Z (E(VVZ?WkaJ) + E(WiAW;;W,1) + E(ijVV,JV[/Zk)) (3.5.12)

i<j<k

Grv = Z (EWiy;WuWi;Wik) + E(Wi Wy Wi,iWiy) + E(Wy Wy Wi, Wy)) (3.5.13)

i<j<k<l

Gy= > (EW2W2)+ EWLW3) + EW;W3)) . (3.5.14)
i<j<k<l
From Appendix A.3.2 we have that G; = O(n=°h=3), G;; = O(n°h™2), Gr; =
O(n=°h72), Grv = O(n™*h™Y), Gy = Cyn=*h™ + o(n=*h=?), for some Cy > 0 and
that o*(n) = 2Gy + o(c*(n)). Hence,

E((T,6)")  6Gy +o(n*h™?) B
oin)  2Gy +o(o(n)?)

So we get the desired result.

3.5.2 Lemma 3.5.2

Lemma 3.5.2 R, 10, Rn11 and R, 12 defined in (3.4.18), (3.4.19) and (5.4.20), res-
pectively, are o,(n"*h=1/?).

Proof :

Fon= [ 2503 Butx)Bu(x) " g

m* b
s Z 21 <XT)Bm(Xr)an(Xr)/a €i(2)ej(2)dz
=2> b o) / (2)dz

1<j

with b} = -ty ™

nij

m* )(XT)BM(X,,)BW-(XT). For any € > 0 we have that
P(|Rn710| > Kn~ lh 1/2) == Al : Bl +A2 : Bg, with

Ay = P(Rp10 > Kn~'h™Y?|inf in*(2) > ), By = P(infm*(x) > )

Ay = P(|Rp 10| > Kn_lh_1/2| inf m*(x) <e), By = P(inf m*(x) <€)

xT
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Note that By < 1 and Ay < 1. Moreover, E(R, 1o|infm*(z) > €) = 0 and
Var(R,, 10| inf m*(z) > €) = o(n~?h™"), provided that sup |[m*(z) — m*(z)| = o,(1).
see details in Appendix A.3.3. This proves that A; = o(1).

Next we will prove that By = o(1).
It is clear that

m’ () < m(z) +sup [ (z) —m’(2)],

thus

inf m*(z) > inf m*(z) — sup |/m*(z) — m*(z)],

which implies that

T

B, <P <sup |m*(z) —m™(z)| > inf m*(z) — e) — 0, ife<infm”(z).

So we get R, 10 = 0,(n"th=1/2).

In a similar way R, 1, and R, ;5 are proved to be o,(n~'h=%/2).

3.5.3 Lemma 3.5.3

Lemma 3.5.3

1 b
Rng = — < / / 9(z, z,x)da:dz) K®(0) + 0,(n~"h™1/?)
nh\ J, J;
where R, 9 and g(z, z,x) are defined in (3.4.14) and (3.1.5), respectively.

Proof : This term can be dealt with in the same way as the term A9, in the proof of
Theorem 2.1 in Gonzalez-Manteiga and Cao (1993). Indeed,

b n
ng:/ meie?(z)dz
a =1
[ e Y (K e
AT E < m* (X, )2 - n €

= R} + R%), (3.5.15)

where the terms RS,Z) and R% are given by
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b m*(X,)2 —m*(X,)? — X, — X;\? b
2) r r r i 2 o (3)
RTL,Q _/av n3h2 m*( T)2m*(XT,)2 ZK( h ) €; (Z)dZ —/a Rn’g(Z)dZ

The mean and the variance of RS,E)) can be studied by using Taylor expansions (see

more details in Appendix A.3.4) :
R,(llg <// zzmdmdz) (/K2 dt)—l—O( h),
Var(R)) = O(n~*h~?
which implies that

Ry = % (/ab/Ig(z,z,x)dxdz) (/ Kz(t)dt) +O0(n~th+n"2h73%) (3.5.16)

Standard arguments, condition (H10) and Theorem B in Silverman (1918) imply
that

1+ D)D
/|R z)|dz < A ; ) Ry, (3.5.17)

—1N\ 1/2
D = sup|m*(z) — m*(z)| = O, ((lnnhh ) +h2> .

1 -1

We now use (3.5.15), (3.5.17) and (3.5.16) to conclude.

where

3.5.4 Lemma 3.5.4
Lemma 3.5.4 R, and R, g defined in (3.4.11) are o,(n"*h='/?).

Proof : The term R, ; can be handled in a similar way as T}, 5 in the proof of Theorem
3.1.1 in order to get rid of the random denominator in B,;(X,). Thus, we get the

following :

b 1 n 9
Rn,lzfa gg(Aﬁ”(z)) dz:/a (1+o0,(1 ZZAT’U dz  (3.5.18)

7"11]1
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with AU (2) = Bpi(X,) B (X,)10i(2)n,5(2) and

rij

i(2) = & (S(21X,)) S (21 X )E(Zis T, 61, X, 2) =9 (S (21 X)) S (| X0)E(Zi, T, 63, X 2).

It is clear that Am] =0 when 7 =i or r = j. On the other hand, using (3.4.8), we

have

BE(Z.T,6,y, )| X = o) = [ “Hilulr) /

dH
0 C'u\y 1‘)

C(u
and
“dH{ (uly)

Clala)? (3.5.19)

B(E(Z.T,6,y, 22| X = ) = /0

see Appendix A.2.2.
It is straightforward, but long and tedious to compute the order of E (A(l ). Stan-

rij

dard arguments such as changes of variables and Taylor expansions lead to

0, ifr=torr=y
E(AG)2)) = B(AW(2) = O(n2h), itij#r
E(AL(2)) =0(n~%h), ifi=j#r

uniformly in z (see details in Appendix A.3.5 ). These results imply that

(ZZA”] ) O(h* +n~'h)

r=114,7=1
which together with n=* " S" =1 M]) > 0 and by Markov inequality, leads to
b 1 n no O ,
> Y ANz)dz = Oy(h* +n7'h).
a =1 g j=1

Now (3.5.18) implies that

b 1 n 9 -
Rp1 = / - ; (AN (2))" dz = O,(h* + n~'h). (3.5.20)
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R, s may be bounded by means of the Cauchy-Schwarz inequality :

/ Z Z Bi(X,)ei(2)(2) AW (2)dz

7"121

§2/ab [%g(gBm(Xr)ei(z)(z))Z}l/Z / Ei (AD(: T/de

= Op(n_lh_1/2)>

|Rn 8‘ -

where n™! Y7 (z;;l Bm<Xr>ei<z><z>)2 = O,(n~"h7).

3.5.5 Lemma 3.5.5

Lemma 3.5.5 R, ¢ defined in (3.4.10) is 0,(n"*h=%/2).

1/2 lnn 3/4
ma=0,(0(51) )

From Lemma 3.5.1, 3.5.2, 3.5.3, condition (H10) and the fact that 7), s = R, 9+ Ty 5

we get

Proof : Note that

(/ %Z (ZBM(XT)EZ(Z)) dz

_ ih ( / ’ /I g9(z, z,x)dxdz) K<2>(0)) % N(0,V).

This limit distribution together with Lemma 3.5.4 gives that
b
Vn?hT, 5 — h™ 2 K®(0) / / 9(z, 2, x)dzdz 5 N(0,V). (3.5.21)
a JI

As a consequence, T, 3 = Oy(n~'h™"), thus R,s = O,(n "*h=>4(Inn)**) =
op(n"'h=1/2).



3.5 Lemmas and proofs 81

3.5.6 Lemma 3.5.6

Lemma 3.5.6 R, and R, defined in (5.4.2) and (3.4.3), respectively, are o,(n"th=1/2).

Proof : Write

Ryt = / U5 [P 1% ~ (o) + -+ By(2)XD)]

n br R 2
< %; / sup max|¢(S(z|X,)) — ,B(z)X,,@ dz

L <=

— %Z/ sup m3X|(1,XT, L XP)B(2) _IB(Z))|:| dz = Op(n_l) _ Op(n—lh—1/2)’

L <=

and by Cauchy-Schwarz inequality

Rys = /b % Z [6(5(:1%,)) = B(S(AX))] [S(S(1X)) = (Bol=) + -+ Byl(2)XD)] dz
/ Z (SGIXD)| (1L X- . XD) (B() = B()) d=

/bl

n

) 1/2
4(8(:1x)) <S<z\XT>>]]

S|

r=1

n 1/2
1 . 2
i P _
[n > (X, x7) (B2) = B(2) )| ] dz
= 0y(n™") = 0p(n~'h71?),
where sup |8(z) — B(2)| = O,(n"/?) by Corollary 2.4.2 in Section 2.4, and where

z€[a,b]

e D [¢(‘§(Z|Xr)) — ¢(S(2|X;)) o O,(n~'h=Y/2) uniformly in 2.

Appendix A.3.1

We will prove that the terms (3.5.4), (3.5.5), (3.5.6) and (3.5.7) are O(h?), O(h?),
O(h) and O(h), respectively and that (3.5.3) is

h3/(K>x< K(v))dv /ab /ab/lg(zl,zz,x)2da?dz1sz + O(hY).
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The term (3.5.3) is equal to
LI st () () e () e ()
X ga(x1, )M (x1)m™ (xo)m™ (x3)m™ (x4)dr 1 dredrsdr,
[ s
«f () (25
(

1
/ / // \I/(Zl, 22,3, $4)2dl’4dl'3d21d2’2,
m*(x3) m*(z4)

‘I’(Zl,zz,yb?h) = /K (m _hyl) K (m _hy2) 9(21,22,93)771*(95)0[93-
I

A change of variable (x = uh + x3) and a Taylor expansion of g - m* around x5 give

(21, 20, 3, 74) = /K (x _hx?’) K (x _hm) g(z1, 20, x)m* (x)dx
I

- h/K (‘7”4 L u) [g(zl, 29, 3)m* (23) + o(h)}du

= hg(z1, 22, T3)m*(23) /K(U)K (‘”4

— hg(Zl, Z9, l’g)m*(Ig)K * K (x4 ; 373) + O(hz)

8

4) '9(21,22,$1)m*(931)d931

8

4) 9(z1, 20, xo)m™ (x2)dxs - drgdrydzidzy

where

. u) du + o(h)

Thus,

2
\I/(zl,zg,xg,x4)2 = h2g(21,z2,x3)2m*(x3)2 (K x K (1'4 ; x;;)) +

X

O hg(1, 20, m)m () K+ K (l“ . ) o

= h2g(21, 20, w3) " (23)? (K « K (‘“ - IP’))Q eIl (3.5.22)
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which implies that (3.5.3) is

b b * - ?
/ / //m (z?’)hzg(a,zz,a?g)z <K>x< K <$4 :):3)) dxsdrsdzidzy + O(hg)
a a IJI m*(274) h

Again, a change of variable (z4 = hv + x3) gives

bopb
/ / / ! h / h?g(21, 29, w4 — hv)* (K * K (v))*m* (24 — hv)dvda,dz dzy + O(h?)
a Ja JI m*(x4)

and a Taylor expansion of g7 - m* around w4 gives us the final expression of (3.5.3)

B / (K + K (v))2dv / b / ’ /1 0(21, 29, 2)2dwdzdz + O(KY)

The term (3.5.4) can be written as follows

I m*&g):fog g Il>2K < R )

. / / 9(21, 22, 71)9(21, 22, T2 )dz1dzom™ (x3)m™ (z9)m™ (21 ) dxsdrodry

/ / /m* :L' 21,22,1’3,1’3) dl’gleng
3

which by (3.5.22) is

/ / /m* [h (21, 22, 23)*m* (23)? (K « K ($3 ; $3))2 + O(h3)] degdzldz2

= O(h?), since all the quantities involved in the integrals are bounded.
(3.5.5) can be ertten in a similar way as (3.5.4

)
///m* (@1)? m*( $4) K<O)K (xlhxz)K x4;I1)K<x4;x2)

X go (1, xo)m™ (x1)m™ (xe)m™ (x4)dx 1drodry

o (552 (552 ()

b b
></ / g(21, 22, 71)9(21, 22, T2 )dz1dzodx 1 dxodry

[ o (52 o
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X /m*(xg)K (xl ; $2) K (M ; xg) 9(z1, 29, 2)dwo drydridzdzy
I

J/

—
V(z1,22,71,%4)

[ [ [t (52 ) o (52)

x g% (21, 2o, w1)m* (11)d24da dz1dzy + O(R?)

A change of variable (x4 = x1 + hv) and Taylor expansion of g? around x4 give us

b b
= / / // 1 th(())K(/U)K * K(U)gz(zl’ 29,T4 — hU)dled/Ulede —+ O(h2)
a a I

m* ()
b b 1
:/ / //thK (0)K (v)K*K (v)g*(21, 22, 24)dxsdvdzydzo+O(R*)+O(h?)
4
B h2/K K*K / / / * Zl7z27x4)dx4d21d22 —'—O(h2>
m ,T4

bounded bounded

- o)
(3.5.6) can be treated in the following way
2
1 1
//K ( 2) m*(ry)? m*(xz)zgz(xl’xZ)m*(zl)m*(%)dﬂbdﬂfl

2 b b

1 1
= K(0)"K 2) // 21, 20, 1) 9 (21, 22, T2)dz1dzodxodx
/1/1 () ( 7 m (1) m*(z2) J, ag(l 2, 11)9(21, 22, T2)dz1dzodxdn,

A change of variable (xy = x1 — hv)

1
//hK 0)’K (v // (21, 22, Ta+hv)g(21, 29, T2 )dz1dzedvdy

m* m2 + hv) m*(x9)

h
/hK (0)? / / g(21, 29, To /K 29 zl,zz,x2+ U)dvdzlelelfg
I *(z2 + hv)
h
A Taylor expansion of g/m* around x gives : 9(21, 22,22 + h) = 9(21, 22, 72) +
m*(xe + ho) m*(xs)

O(h)
/K 2dU/IhK / / g(21, 20, 2)*dz1dzodzy + O(h)
= O(h)

Same computations as for (3.5.6) give that (3.5.7) is O(h).
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Appendix A.3.2

We will prove that (3.5.10), (3.5.11), (3.5.12) and (3.5.13) are O(n=%h=3), O(n=°h~?),
O(n~°h™2) and O(n~*h™"'), respectively and that (3.5.14) is equal to Cyn~th™2 +
o(n~*h=2), for some Cy > 0.

First notice that since Z and T are independent, given X, we have that
Czlx) = P(T' < z < Zlz) = P(T < z|x)P(Z > z|z)
= L(z|x)(1 — H(z|z)) > 0, (3.5.23)
uniformly in x € I, 2 <71

Also, by condition (H2)

Iiz<y5=1 Iir<u<z .
&2, T,6,x,y) = = g‘x} / éZ u| }dH (u]z)

f{z<y5 1} I{T<u<Z} /
Hi(u Hi(

Then, for G; we get that

i<j 1<j
b
< ZE <2T 134--/ 64(2)64(z)dz)
1 Unij i\7)€;
i<j @

From (3.4.12) we have that
Ei(Z) = ¢/<S<Z|XZ))S<Z|XZ)£(ZZ, ﬂ, 5@'7 XZ‘, Z).

Since &(Z, T, 9, z,y) is bounded uniformly in z, then ¢;(2) is also bounded uniformly in
b

z, thus / €;(2)€;(z)dz is also bounded by a constant Si, which gives

(2

¢ 1 1 e
Gy §512E<—4bf”]) =n-nh- ik O<n4h4) = O0(n )

i<j

where

) ) _ 0, X; — X;| > 2h
bnij = Z an(Xr)an(Xr) = !
r O(n‘lh_l), |X2 — X]| S 2h
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only for X, in the neighborhood of X; and X; and j only such that X; in neighborhood
of XZ
For G;; we have that

(%an’j /ab Ei(z)fj(Z)dz)z <%~mk /ab Ei(Z)ek(Z)dZ) 2]
(it [ @) (Fi [ d@dee:)

b
since / ¢;(2)€(z)dz is bounded and if 7, j, k are "close” we get

2

E(W;W3) = E

<FE

= 0@,

G < Z O(n~*h™") = O(n™°h"?)
i<j<k
Grr and Gy can be treated in a similar way as Gy and we get Gyrr = O(n=°h™?)
and Gy = O(n_4h_1).

Now,
Gv =Y (EWWa)+EWLiW;)+ EW;W5))
i<j<k<l
= Y (EW2)EWR) + EW)E(W}) + E(W;)E(W},))
i<j<k<l
= Cyn*h™2 + O(n~*h™?), for some Cy > O.
with

ot = B(W2) = B ((%b [ a@ee) ) _
b | b (et ) + 8 (2 [ b Q(Z)ej(z)czzf _
+E [E (%ij / ’ ei(z)ej(z)dz|X,-,Xj)r _

b
%ij/ E(e(2)|X;) Ee;(2)dz| X;)

J 7

N g

=0 =0
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1 b

— ﬁE <bmjbnlea7’ </ ei(z)ej(z)dz\Xi,Xj))
_ B3

— (n 2)(71, 3)h’ Cl +O(n_6h_3),

n2n*h*

see Var(T,¢) for details.

This gives
Gy =n"*h2C% + o(n *h™?)

Appendix A.3.3

We will prove that
E(leo‘ ll'lf’ﬁ’L*<£L’> > 6) =0
and
Var(R, 10| inf m*(z) > €) = O(n~?h71).
First,
E( nlO‘ 1nf7h*( ) > 6)

( > b / (2)dz

1<J

—QZE[ el (/ i(2)€j(2)d2] X1, .., Xy, inf " (z) > e)‘igfm*(x) >e]

1<J

mfm( )>e)

—QZE{W/ B(ei(2)|X;) E(e -(z)|Xj2dz}i1;fm*(x)>e} =0

i<j -0 M

=0

Just as for T}, ¢ in the proof of Lemma 3.5.1 we can show that

1 5
= Var(Ry o] inf " (x) > ¢) =4 %E (0412021, X) | inf 10" (2) > e
with go(X1, X2) defined in (3.5.11). And consequently

Var(Ry, 0| inf m*(z) > ¢€)

:%‘nn—l (ZBnl ) X,)Bn1(X,)Bna(X,)

m* (X)) —m*(X,) m*(X,) —m*(X,)

X B o, ) nf(0) >
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as for Var(T,¢) in (3.5.2).

() K (B) K (B0 K (B0)

_2(n—1) h h .
= PO e e (X, )i (X,)

X " *_ S)QQ(Xl, XQ)‘ inf rh*(x) > 6)

K (S0 K (S55) K (S50 K (50)

~ (nh)? [<”_2)("_3>E< (X (Xa) e (X (Xa)

)gg(Xl,Xg)‘ 1r21f1’h*(x) > 6)“—

L (ij*(—Xil)*(Xs) m*(ij*(—Xi”;* (X3)g2(X1, Xo)| inf i () > e) -
KO K (25%) K (2572) K (2575)
+4(n — 2)E< m*(X1)m*(X1) ’ m*(Xy)m*(Xy)
Xm*(X;z)*(_XT)*(XI) m*(XSB*ZXg*(X4)92(Xl’ o) infri’ (z) > €)+

' X;*(—Xﬁ*(Xl)m*(Xij*(—Xi”;*(XZ)gz(Xl,XQ)\ inf 1iv*(z) > e)+

+E <K(O)2K (B22)" i (X)) — i (X)) m (X)) — " (X))

*(X1)2m*(}}(1)2 m*(Xl) m*(Xl) 92(X17X2)} irmlfm*(:lf) > 6) ]

The computations for the above terms are similar to the ones for (3.5.3), (3.5.4),
(3.5.5), (3.5.6) and (3.5.7), respectively. Thus we get that

Var(R, 10| inf m*(z) > €) = O(n~?h™1).
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Appendix A.3.4

We will prove that

E(R()) = % < / b /I oz, z,x)dmdz) ( / K2(t)dt) +Omh)

Var(RS,E))) =0O(n*h?).

and

-y e . (* ;Xi)zfabe?u)d X )J
with :
Ei—h / b < / K2(t)dt> m*(X,)B(X,, 2)dz + O(h?) (3.5.24)
Thus,

B(RY) = ZZE i (0 [ meeene. s [ i o)
n31h22/m ~hm( /m ddy/K t)dt
T zz [ g dsone)

E(R\)) (// yzdyd)(/K2 dt) /70@0( “h).  (3.5.25)

Lets now show (3.5.24)

E
/ K(th_ x) "(S(2]7))2S (2] z)? Z%m*(x)dmz,

0
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by using (3.5.19).
/ *dHy
Denote ((xz,2) = ¢ (S(z|r))%S(z|z)? %
X, + ht) and Taylor expansion of m*g around X, we get

A e

. By a change of variables (z =

“”“)2 m*(2)B(x, 2)dvdz =

_ h/b/K (X, + ht)B(X, + ht, 2)dtdz —
h/ /K )B(y, 2) + (m* (X,)B(X,, z) + m*(X,) 5 (X,, z) th+
+§(m (Ex,)B(E 2) +m (9B (Ex,. 2) +2m” (Ex,)8 (Ex,, 2))*h7]dtdz

B = / ’ ( / K2(t)dt) (X)) 3(X,, 2)dz + h / b / K2(1)20(h)dtd>

7

O(\;;Ii)

with £y, between y and y + ht.

Now, for the variance of R,, 9 we have

Var(RY) = Var (ngmzz <Xr;Xi)2/ab€?(z)dZ>

1 =1

n n XT—XZ b ,
= 6h4Cov<r 1;771* ( : ) /GEi(z)dz,
n n 1 (Xl_Xj)Z/b )
Z - e (2)dz
=1 j= 1m( h a
] e 1 X, - Xi\* [
:n6h4 Z ZCOU< * K( h ) /Ef(Z)dZ,
r=1 =1 i=1 j=1 T a
1 X - X\ [
m*(Xl)2K< - 3) /e?(z)dz)

n n n n 1 X. — X, 2 Xl—X')2
= E K r ¢ K J
n6h4 1;@ . ( 2 m(X,)? ( h ) ( h
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1 K — X; b2 e
h 6
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1 1
]I:n6h4-n-n-n-n-Al-Agznzh
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1 X, — X, b
RY =F (m*(X )2[( < - ) / e?(z)dz)

( <;>K<thx>2/22<z>dz>
o | d'XH

//K dtd:
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by using (3.5.24). Thus

=g a0 (f oo )
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= )" (] [ snvan)
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2
where n(u) = F {(fab e?(z)dz) | X; = u} and X, = .
A change of variable (u = x — vh) and a Taylor expansion of 1 - m* around z will
Es=h / K(v — oh)dv
_h / K(v (2)m* (2) + n)m” (z))oh + o(h)] dv

= h-n(x /K
—h( /K Yidv+h - /K()d

Finally we get
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(z) / K (0)*dv + o(h?) / K (v)'dv

1 1
= K(v)*! ? / K(v)?!
I ]I+n4h4E [m*(X < / ) dv + o(h?) dv)}
1 1
+ o/, m*(:c)4h n(z)m (x)/ (v)*dvm* (z)dx
1 1 9 4
K
+n4h4 @) (x)dx - o(h )/ dv
1 n(z) 4 —47 -2 1 4
=1+ v /Im*(x)2dx/K(v) dv+o(n™"h™=) i m*(x)3dx K(v)*dv
Thus
Var(RW) = 1T+ ! / UGN / K (v)*dv +o(n d:)s / K(v)*dv—IT
™9 nt*h? J; m*(x)? m
bounded bounded
Var(R\}) = O(n™h73). (3.5.26)

From (3.5.25), (3.5.26) and Chebysev we get that

1
Ryy =

E(RY) + OP( Var<RS,;>) _

- % < / ’ /I g(y,z)dydz) < / K2(t)dt) +O0(nth+n"2h71?)

Appendix A.3.5

Ifi=j#r Al(z) = BL(X,)n(2)
=Bzi<XT>( (S(1X,))S (1 X)E(Z0 T 61, X 2)

—¢’<s<z|Xi>>S<z|Xi>f<Zi,Ti,ai,xi,z))

=1)+2)+6)

where

B,,(X
Bri(X
—2B?

D0 (S(21X0))2S (21 X,)%6(Z:, T, 65, X, 2)°
)¢ (S(Z|Xi))2S(Z|Xi)2§(Zia T, 04, X5, 2)2
X

i(X0)0 (S(21 X)) (S(2]X0)) S (21X,) S (21 Xi)E(Zi, T, 63, X, 2)E(Zis T, 65, X 2)
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In the following we will prove that E[(1)] = E[(2)] = —2E](3)].

First we will take care of (1) :

El(1)] = E[Bixxad)’<s<z\XT>>2S<z|XT>25<Zi,Ti,ai,xr,z)ﬂ

= |0 (SX0) S CIX B B CGIE T X 1, X, )|

— n21h2E :m*(l)(T>2¢I(S(Z|Xr))2S(Z|XT’)2K (Xr — Xi)z:E{f(Zi’Th%XmZ)QIXi,XrH
| e S X e X8 [ (X ) ) )d;ﬂ o
n21h2E {m*(er) ¢ (S(2]X,))*S (2| X, ) (=, X,) (/ K(U)zdu) h} L O(n2h)

" n2h /fﬁ (S(z]) “ulz, :c)d:c/K(u)2du+o(n—2h)

Where, by a change of variable (x = y —uh) and by Taylor expansion of m* around

y we had

2l
-

) ] [ () s

(w2 ) — b (y) + - (b (€)

</K du) y)h + O(h?), since [ K2(u)udu = 0 if K symmetric.
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& iy [ Kt o)

ngh/¢ 21z, x)d:c/K()du+O( h)
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1
m*(y + hu)

Where by a change of variable (z = y+ hu) and by Taylor expansion of

around y we had

e (28 ) (2 o

:/ [%@) +o(h)] K (u)*hdu = m*—@)h/K (u)*du+ o(h?)

E[(3)] = —2E [Bixmcb’(S<z|Xr>>¢’(S(le»)S(le»S(lei)-
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=—2E[Bixxr)as’<S<z|Xr>>¢’<S<z|X,->>S<z|X> (:1%:) ( §(%0, T, 85, X, 2) +O<h>)]
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B sensemnt xor (X2 1)

_ /qﬁl (S(2])S (2|2 (2, 2) K (y;$)2m*(x)dx
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-n [ K [ Sl (5) + o) du
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by a change of variable (z = y — uh) and Taylor expansion of ¢ - S - g - m* around .
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Thus, we get that for i = j # r

E (A<1.>.(z)) — O(n™2h),

rij

since dominant terms cancel out.

Now, if i #£ j #r

AW

rij

) ¢,(S(Z|XT))S(Z|XT)£(ZZH T;, 6, Xy, 2) — ¢/(S(Z|Xi))S<Z|Xi)£(Zi7Ti; i, Xi, Z))

(2) = BM(XT)BHJ(XT)

-<¢/(S(Z|Xr))5(z|Xr)5(Zja7}75j7Xr7Z)—sﬁ'(S(Z\Xy))S(Z\Xy)i(Zya7}=5j7Xj=Z))
=A1+ A+ A3+ Ay

E(A) = E [¢’<s<zwxr>>2s<z|XT>2 E(Bni<xr>f<zi, T, 6. X, z)\xr)

- -

=0(n—1h2)

E(BM(XT)g(Zj,Tj, 6, X, z)\Xr) } = O(n~2n%), from (2.7.12).
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-
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CHAPTER 4

Real Data Analysis

In the previous chapters we conducted simulations studies to quantify the perfor-
mance of our proposed methods and we have seen that they have given very good
results. Now we will apply these methods to two real data sets, one concerning pa-
tients suffering from larynx cancer and the other one on patients suffering from gastric
adenocarcinoma. We give a short description of the data sets, followed by a detailed

analysis.

4.1 Larynx Cancer Data

Larynx cancer is fairly often encountered. Kardaun (1983) reports data on 90 males
diagnosed with cancer of the larynx during the period 1970-1978 at a Dutch hospital.
Times recorded are the intervals (in years) between first treatment and either death, or
the end of the study (January 1, 1983). Also recorded are the patient’s age at the time of
diagnosis, the year of diagnosis, and the stage of the patient’s cancer. The four stages of
disease in the study were based on the TNM (primary tumor (T), nodal involvement
(N) and distant metastasis (M) grading) classification used by the American Joint
Committee for Cancer Staging (1972). The four groups are Stage 1 : TINOMO with 33
patients; Stage 2 : T2NOMO with 17 patients; Stage 3 : TANOMO and TxN1MO, with
27 patients, where x = 1,2, or 3; and Stage 4 : all other TNM combinations with 13

patients. The stages are ordered from least serious to most serious. This data set has
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also been studied by Klein and Moeschberger (1997) and we will refer later to their
work.

For each individual i (i = 1,...,90) let Z; be the time-to-death or on-study, ¢; be
the death indicator (O=alive, 1=dead), X;,; be the indicator of being at stage j + 1
(j = 1,2,3) and X,; be the age at diagnosis minus its mean (64.11 years). Age is
centered at its mean for easier interpretation of the results. 7 = 4.4 is the largest
observed value of Z;, for which at least one patient is still at risk in each of the four
disease stages. No truncation is present, thus 7; = 0 with probability one and 40
patients were still alive at the end of the study, thus they were considered as censored.
For these data the independence between Y and C given X = (X7, X5, X3, Xy) seems
a reasonable assumption. The following table, as well as the box-plots in Figure 4.1,

summarize the data :

Characteristics Number Age
TNM classification obs Min Max Mean Median
Stage 1 33 43 86 64.18 64
Stage 2 17 47 86 64.82 64
Stage 3 27 49 82 63.81 65
Stage 4 13 41 84 67.07 69

Table 4.1 : Summary statistics for larynx cancer data.

In Klein and Moeschberger (1997) an additive hazards regression model has been
fitted to the data, in order to explain how the covariables X influence the survival
time of the patients. The assumptions for the additive hazards model have also been
verified via two diagnostic plots suggested by Aalen (1993) (see Chapter 11.7 in Klein
and Moeschberger (1997) for more details). Both plots showed no indication of incor-
rect modeling. They also adjusted a Cox proportional hazards model with constant
coefficients, without checking if the assumptions for this model are satisfied.

Here we would like to apply the goodness-of-fit procedure presented in Chapter 3
to see if the additive hazards model is accepted for this data, as well as the Cox model

with time-dependent coefficients.
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Figure 4.1 : Box-plots of the age at diagnosis in each Stage, for larynx cancer data.

For the accepted model(s) we will estimate the parameters via the least squares
procedure in Section 2.2. More precisely, in the sequel, the following model will be

considered

Pe(S(2[X)) = Bo(2) + 01(2) X1 + B2(2) Xa + F5(2) X + Ba(2) Xs, (4.1.1)

where ¢p(u), k = 1,2, is either ¢;(u) = —log(u) or ¢o(u) = log(—log(u)), that will
give the additive hazards model or the Cox model with time-dependent coefficients.
For each ¢ (u), k = 1,2 we will test

Hy : for all z there exists a vector B(z) € R® such that (4.1.1) holds,
versus H, : there exists a z such that (4.1.1) does not hold for any B(z) € R®.

We will first consider the hypothesis testing for ¢ (u), thus the additive hazards model.
In order to approximate the critical values of the test we will apply the bootstrap
procedure in Section 3.2. Since X, is a continuous variable, a smoothing parameter is
needed in order to estimate the survival function S(z|X) and the distribution function

G(z|X) involved in the procedure.
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Under Hy, a way to choose the smoothing parameter is to apply the bootstrap
procedure described in Section 2.5. Thus, we will choose the optimal bandwidth among
a grid {hq, ha, ..., hy} in (0,45), the expected range of Xy, as the one that minimizes
the MISEZJ_, j=1,...,m, of the estimated coefficients, defined in (2.5.2). We will take
the following grid of points {20, 25, 30, 35, 40, 45}. The pilot bandwidth in the bootstrap
procedure was g; = h;, 7 = 1,...,6, and we used B = 10000 bootstrap replications.
The coefficients are estimated for time-points z € [0, 7] and the weight function w(x)
is chosen in such a way to avoid boundary problems : w(x) = 1;_1566<s<19.44}, Where
—18.66 and 19.44 are the 2.5% and 97.5% percentiles of X, respectively. The selected
optimal bandwidth was h = 25.

Now, we can apply the bootstrap procedure of Section 3.2 with A = 25 in order
to test Hy versus H,. The other needed parameters were taken as follows g = 1.5h,
a = 0.05 and we used B = 10000 bootstrap replications. The estimated p-value was
found to be 0.1918. Hence, we do not reject Hy, i.e. we conclude that the additive
regression model is appropriate for these data, which agrees with the graphical tests
carried out by Klein and Moeschberger (1997).

Now, we can estimate the coefficients of this model, by the estimator in (2.2.1)
and compare them to those obtained in Klein and Moeschberger (1997). Note that the
procedure used by Klein and Moeschberger (1997), called « classical method » from now
on, is also based on least squares, but they didn’t need a smoothing parameter in their
estimation, since the cumulative hazard function A(z|X) = ¢1(S(2|X)) was estimated
via counting process techniques (see Chapter 10 in their book for more details).

The 95% pointwise confidence intervals for Gi(z) (0 < k < 4) have also been

constructed. For the classical method they were found as :

B(2) £ 1.961/ Var[Be(2)] (0 <k <4).

with the variance computed using the formulas presented in Chapter 10 of Klein and
Moeschberger (1997), while for the new method they were estimated using the percen-
tile method, via the bootstrap procedure presented in Section 3.2.

As it can be seen in Figure 4.2 the estimator of the cumulative baseline hazard rate
(the cumulative hazard rate of a Stage 1 patient aged 64.11 years), (y(z), is almost
the same with both methods, as well as its confidence intervals. Similar things happen
for the estimators of 3i(2), f2(z) and f5(2), in Figure 4.3, 4.4 and 4.5, respectively.
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The slope of the estimator ﬁl(z) in Figure 4.3 indicates that there is little excess risk
due to being a Stage 2 patient, whereas Bg(z) and Bg(z) in Figure 4.4 and Figure 4.5,
respectively, show that Stage 3 and Stage 4 patients have an elevated risk in the first
two years following diagnosis, where the slopes of the two cumulative hazards are non
zero. As for the coefficient corresponding to the continuous covariate, (34(z), we notice
in Figure 4.6 that the two curves are slightly different from each other but both are

very close to zero, which suggests that there is no excess risk due to age at diagnosis.

a N J
T T
o o

1 _ |
o o
a o

Estimated Baseline Cumulative Hazard Rate for Stage 1 Patients

Years Years
new method classical method

Figure 4.2 : Estimate of the cumulative hazard rate of a Stage 1 patient

aged 64.11 years (Gy(z)) and 95% pointwise confidence intervals.

We also plotted the model-based estimators of the survival functions associated to the
four stages of the disease : S(z|X) = ¢, (Bo(2)+51(2) X1+82(2) Xo+B5(2) X3+ 0a(2) X))
Figure 4.7 illustrates the four survival rates for patients of mean age 64.11. We notice
that there is almost no difference between the survival rates of Stage 1 and Stage 2,
which explains why there is no excess risk due to being a Stage 2 patient as compared
to Stage 1 patient. And that Stage 4 patients have a worse survival rate than Stage
3 patients, who on their turn have a worse survival rate than Stage 1 and Stage 2

patients.
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Figure 4.3 : Estimate of the cumulative excess risk of Stage 2 cancer

as compared to Stage 1 cancer (1(z)) and 95% pointwise confidence intervals.
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Figure 4.4 : Estimate of the cumulative excess risk of Stage 3 cancer

as compared to Stage 1 cancer ((2(z)) and 95% pointwise confidence intervals.
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Figure 4.5 : Estimate of the cumulative excess risk of Stage 4 cancer

as compared to Stage 1 cancer (f3(z)) and 95% pointwise confidence intervals.
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Figure 4.6 : Estimate of the cumulative effect of age (54(z)) and

95% pointwise confidence intervals.
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Figure 4.7 : Estimates of the survival function based on the additive hazards model

for larynx cancer patients of mean age 64.11.

We also plotted the survival rates for Stage 1 patients aged 50, 64.11 and 80 years
(not shown here) and we noticed absolutely no difference between their survival rates,
which confirms our conclusion, that age had no effect on the cumulative hazard rate,
thus no effect on the survival rate. Same conclusions are observed for the other stages
of the disease.

Now, we consider the hypothesis testing for ¢s(u), thus for the Cox model with
time-dependent coefficients. Same procedures as above are being applied. The optimal
bandwidth under Hy is h = 30, and the associated p-value is found to be 0.0415, thus
we reject the null hypothesis.

4.2 Gastric Cancer Data

A retrospective cohort study has been conducted on patients diagnosed with gastric
adenocarcinoma in Xeral Hospital in Lugo and Hospital Universitario de A Coruna
(northwest of Spain), between January 1975 and December 1993. The main interest
was to analyze the survival of these patients and the factors that can modify their
prognosis. This data set has been previously studied by Casariego-Vales et al (2001),
Rabunal et al (2004).
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Here we only consider the 1957 patients for which we have the date of first symptoms
related to the disease and as the factors that influence the prognoses of the patients,
only those that turned out to be significant in previous studies. For each individual ¢
(t=1,...,1957) we observed the time (in days) from the first symptoms to diagnosis
T;, the time (in days) from first symptoms to death or loss to follow up Z;, the death
indicator §; (0O=alive, 1=dead), the age (in years) at diagnosis (X;), the extension of
the tumor which was established by using the fourth TNM classification published
by Hermanek and Soben (1987) and recoded as follows : 1=initial (Stage la, Stage
Ib, Stage IT), 2=advanced (Stage I1la, Stage IIIb, Stage IV), 3=unknown (the stages
are ordered from least serious to most serious), the presence of metastasis (1=no,
2=yes) and the types of surgery (1=curative, 2=palliative, 3=no or minimal surgery).
It was considered that some type of surgery had been performed if the intervention
was different from a mere inspection or biopsy and was capable of altering the course
of the disease in some way. An operation was defined as having curative intent when
no appreciable residual disease existed after its performance. In contrast, a palliative
resection implied the presence of residual disease. Censoring occurred when patients
died from a reason not related to their disease, were lost to follow up or were still alive at
last visit. Patients were followed until at least August 1st 1996. On the other hand, those
that were not diagnosed before death (Z; < T;) were considered as being truncated.
The date of diagnosis was considered to be the day on which gastric adenocarcinoma
was histologically diagnosed and the date of first symptoms, the day when symptoms
related to the disease appeared for the first time.

In the following, TNM will denote the extension of tumor (1, 2, 3), RES the type of
surgery (1, 2, 3) and META the presence of metastasis (1, 2), with coding as described
above. For these patients, only the following combinations between these factors were
observed : (TNM=1, RES=1, META=1), (TNM=1, RES=2, META=1), (TNM=1,
RES=3, META=1), (TNM=2, RES=1, META=1), (TNM=2, RES=1, META=2),
(TNM=2, RES=2, META=1), (TNM=2, RES=2, META=2), (TNM=2, RES=3,
META=1), (TNM=2, RES=3, META=2), (TNM=3, RES=1, META=1) and (TNM=3,
RES=3, META=1), denoted in the sequel by Group 111, Group 121, Group 131, Group
211, Group 212, Group 221, Group 222, Group 231, Group 232, Group 311 and Group
331, respectively. b = 2487 days (6.81 years) is the largest Z;, for which at least one
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patient is still at risk in each of the 11 groups and a = 21 days is the smallest T; for
which there is at least one observed T in each group.
The following table contains some descriptive statistics of the data. We also provide

in Figure 4.8 box plots of the ages at diagnosis in the 11 different observed groups.

Group Number Cens age
obs perc min max mean median
Group 111 408 45.09 22 92 65.52 67
Group 121 25 16 46 83 65.44 68
Group 131 45 2.22 34 85.23 67.67 71
Group 211 362 44.47 23 99 64.89 66
Group 212 38 21.05 39 81 65.87 69
Group 221 122 18.85 43 96 67.20 69
Group 222 227 16.29 24 89 66.62 68
Group 231 46 10.86 44 84 69.13 70
Group 232 249 28.91 27 90 65.16 66
Group 311 120 42.5 24 86 63.37 66
Group 331 315 18.41 29 98 72.16 74

Table 4.2 : Summary statistics for gastric cancer data.

The main purpose is to find a regression model that explains how the survival time
of these patients is influenced by the factors described above. We will consider two
types of models : one that has the factors acting in additive way on the cumulative
hazard (additive hazards model) and the other one in a multiplicative way (Cox model
with time-dependent coefficients). For the rest of this section, the following model is

to be considered :

or(S(2|1X)) = Bo(2) + Bi(2) X1 + B2(2) Xa + 83(2) X3 + Ba(2) Xy + B5(2) X5 + Bs(2) X,

(4.2.1)
where ¢p(u), k = 1,2 is either ¢;(u) = —log(u) or ¢o(u) = log(—log(u)), giving
the additive hazards model or the proportional hazards model with time-dependent

coefficients, respectively.
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Figure 4.8 : Box-plots of the age at diagnosis in each Group, for gastric cancer data.

X7 and X, are the indicators of having TNM classification 2 and 3, respectively, X3 and
X, are the indicators for the type of surgery 2 and 3, respectively, X5 is the indicator for
the presence of metastasis (0=no, 1=yes) and Xj is the age at diagnosis (X) minus its
mean (67.71 years). The age is centered at its mean for easier interpretation of the pa-
rameters. The independence between Y and (C,T) given X = (X, X, X3, X4, X5, X¢)
seems a reasonable assumption.

One of the main differences with the previous studies is the target population. Here,
we are interested in all the people in the area of Lugo and La Coruna that suffered from
gastric adenocarcinoma (diagnosed or not), while previously, they were only interested
in those that were diagnosed in the same area. This difference comes from the fact
that here the time of interest is the time from first symptoms to death, while before
the interest variable was the time from diagnosis to death. Another difference is the

fact that here we consider time-dependent coefficients, instead of constant coefficients,
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that will allow us to detect fluctuations in the influence of the factors on the survival
function.

We would like to test if the additive hazards model and/or the Cox model with
time-dependent coefficients fit to the data. First, we will test (4.2.1) for ¢;(u), the

additive hazards model :
Hy : for all z there exist a vector B(z) € R7 such that (4.2.1) holds,
versus H, : there exist a z such that (4.2.1) does not hold for any 3(z) € R".

As for the larynx cancer data in Section 4.1 we will first need to choose the optimal
smoothing parameter h under Hj, since we have one continuous covariate, the age at
diagnosis. We will do so by the bootstrap procedure in Section 2.5. The parameters
needed in this procedure were taken as follows : B = 500 bootstrap replications, g =
h and h was to be chosen among {25,30,35,40,45,50, 55,60}, where (0,77) is the
expected range for Xg. The coefficients were estimated for time-points z € [a, b] (a = 21
days, b = 2487 days) and W(zr) = 1{_43.785<2<29.365}, Where —43.785 and 29.365 are the
0.025 and 0.975 quantile of X§g, respectively, in order to avoid boundary problems.

The optimal bandwidth, the one that minimizes the M 1S Ey,j=1....8, defined
in (2.5.2) was found to be h = 40. By using this bandwidth, we now conduct the
goodness-of-fit test and we obtain its critical values by the bootstrap procedure in
Section 3.2. 500 bootstrap replications were drawn, o« = 0.05, g = 1.5h and the p-value
was found to be 0.984. Thus the additive hazards model fits well to the data.

The estimators of fi(z), k = 0,...,6, in model (4.2.1) as well as their 95% confi-
dence intervals obtained by the percentile method via the bootstrap procedure in Sec-
tion 2.5, are given in Figure 4.9 and Figure 4.10.

Figure 4.9 (a) shows the estimated cumulative hazard rate of a Group 111 patient
aged 67.71 years. Figure 4.9 (b) and (c) show that there is little excess risk due to
being a Group 211 and Group 311 patient as compared with Group 111 patients. On
the contrary, Figure 4.9 (d) and Figure 4.10 (e) show that Group 121 and Group
131 patients as compared to Group 111 (RES=1) patients have an elevated excess
risk during the first 3 years following the first symptoms, where the slopes of the
two cumulative hazards are non-zero. This means that whenever curative surgery was

practiced, the extension of the tumor did not matter, but for patients having the same
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extension of tumor, palliative surgery and minimal or no surgery showed excess risk as
compared to patients that have undergone curative surgery.

ﬁ5(z) represents the estimated excess risk of patients having (TNM=1 RES=1,
META=2) as compared to Group 111 patients. Patients with this combination have
not been observed (no metastasis present when being in an initial stage of tumor),
but ﬁ5(z) is used in order to compare other observed groups with the reference group,
Group 111, as for example Group 212. For this we should look at (;(z) + fs(z), see
Figure 4.10 (h). We see that there is excess risk due to being in Group 212, as compared
to Group 111 during the first year and a half after the first symptoms.

As for the excess risk due to age there seems to be one during the first two years
and a half, where the slope of (4(z) in Figure 4.10 (g) is non zero.

The plot of the model-based estimators of the survival functions for the different
groups under study in Figure 4.11 indicates that the baseline group Group 111 has
the best survival rate, along with those groups that have undergone curative surgery
(RES=1). The other groups have more or less the same survival rate, with the groups
that have undergone palliative surgery and had no presence of metastasis showing a
slightly better survival rate during the first 3 years following the symptoms.

We also notice that Group 311 (patients with unclassified type of tumor that showed
no presence of metastasis and had undergone curative surgery) shows a worse survival
rate during the first two and a half years following first symptoms as compared to Group
211. The tendency reverses after this period. This may be because those patients for
which the type of the tumor could not be classified, have undergone not the best suited
treatment for their disease, but that those patients weren’t really in the advanced stage
of the disease, but more likely in the initial stage or in between, which explains the
resulting survival rates. Same patterns as described above are observed for the survival
rates computed at other ages (50 and 80).

When comparing the survival rates of patients belonging to the same group, see for
example Figure 4.12 for Group 131, but of different ages (50, 67.71 and 80), we notice
that as the age at diagnosis increases, the survival rate becomes worse. This is valid

for all the observed groups.
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Figure 4.9 : Estimates of the coefficients of model (4.2.1) with ¢;(u) and 95%
pointwise confidence intervals : (a) Go(2); (b) £i1(2); (¢) Ba(2); (d) B3(2).
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Figure 4.11 : Estimates of the survival functions based on the additive hazards

model for gastric cancer patients of mean age 67.71.
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Figure 4.12 : Estimates of the survival functions based on the additive hazards

model for gastric cancer patients in Group 131 of age 50,67.71 and 80.
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Now we consider the hypothesis testing for ¢o(u), thus for the Cox model with time-
dependent coefficients. Same procedures as for ¢;(u) are being applied. The optimal
bandwidth under Hy is h = 25 and the associated p-value was found to be 0.991.
Hence, we do not reject Hy, i.e. we conclude that the Cox model with time-dependent
coefficients also fits these data. So we can explain the influence of the covariates on the
cumulative hazard function both in an additive and in a multiplicative way. We will
see that the two models, in this case, complete each other.

The estimators of fi(z), k = 0,...,6, as well as their 95 % confidence intervals
computed via the percentile method are given in Figure 4.13 and Figure 4.14. As we
can see in Figure 4.14 (g) the age at diagnosis seems to have an influence on the survival
rate during the first two years and a half (same conclusions as when fitting the additive
hazards model).

When fitting a Cox model with time-dependent coefficients, an easier interpretation
of the results arises when computing the exp(fx(z)), & = 1,...,5, see Figure 4.15
and Figure 4.16, since it represents different ratios of cumulative hazard functions of
different groups. For example, exp(;(z)) in Figure 4.15 (a) represents the ratio between
the cumulative hazard rate of Group 211 and the cumulative hazard rate of Group 111
and it indicates that for the first 8 months after the first symptoms the cumulative
hazard rate of Group 211 is smaller than that of Group 111, after which it becomes
larger, until getting to be 1.5 larger after the first 2 years from the first symptoms.
From exp(fs(z)) in Figure 4.16 (h) we see that when comparing patients belonging to
the same group, but of different ages, then the risk for patients having age a + 1 as
compared to those having age a is higher, but decreasing during the first 2 years and
a half, to become constant bigger than 1, after this period.

We also plotted in Figure 4.17 the model-based estimators of the survival functions
of the 11 groups. We notice more or less the same things as when the additive hazards
model was fitted, only that here, the difference between Group 311 and Group 211
is almost inexistent during the first two years and then Group 311 seems to have a
better survival rate. For the other groups we clearly see that Group 121 has a better
survival rate than the remaining ones, followed by Group 131. But globally we make
the same remark as when the additive hazards model was fitted, meaning that almost
all patients in the groups with worst survival rate were dead by the 3rd year after the

first symptoms have appeared, since their survival rate reaches almost zero.
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From the additive hazards model we could see that we had excess risk of patients
of different groups as compared to patients of Group 111 varying with time. The co-
efficients of this model quantified the difference between these cumulative survival
functions.

Cox model with time-dependent coefficients allows as to quantify, instead, the ratio
between the cumulative hazard functions of different groups. For example for Group
121 patients, we could see that there was excess risk for the first 3 years (non-zero slope
in Figure 4.9 (b)). On the other hand, with Cox model, from Figure 4.16 (d), we can
say that during the first 8 months after the first symptoms, the cumulative hazard rate
of Group 121 was 5 times larger than that of Group 111, after which it decreased to
being now only 4 times larger and after a period of 3 years it only remains 3.5 larger.

In conclusion we see that allowing the coefficients to vary with time revealed signifi-
cant changes of the influence of the different factors on the survival time of the patients.
Compared to previous studies on this data, when only Cox model with constant co-
efficients was fitted, we managed not only to show that the considered factors have
an influence on the survival of the patients, but we were also able to show that their
influence is not constant as before stated. We could clearly see from the graphic re-
presentations that the influence changes during the first 3 years following the first

symptoms, and that only after this period the influence becomes constant.

Remark 4.2.1 : We can notice that for the Cox model the estimator of the coefficients
has big jumps in the first days, in comparison to the coefficients of the additive hazards
model. This is due to the log(—log(u)) transformation of the survival function S(z|X),
which is sensitive to small variations when S is close to 1. This is not the case when
we only take —log(S(z|X)) as for the additive hazards model.

Remark 4.2.2 : In the bootstrap method, the estimator of the survival function was
not necessarily strictly decreasing, thus we kept it constant until it started decreasing
again. The plots of the survival function presented in this chapter were monotized via
the procedure proposed by Dette et al. (2006).

Remark 4.2.3 : It will be interesting to apply the procedure in Cao and Gonzilez-
Manteiga (2008) in order to test if Cox model or additive hazards model with constant

coefficients would have fitted the two data sets presented in this chapter.



4 -3 -2 -1

-5

0.0 05 1.0 15 20

-1.0

116 Real Data Analysis

(@) (b)

Figure 4.13 : Estimates of the coefficients of model (4.2.1) with ¢o(u) and 95%
pointwise confidence intervals : (a) Go(2); (b) £i1(2); (¢) Ba(2); (d) B3(2).
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pointwise confidence intervals : (e) £4(2); (f) O5(2); (g) Bs(2).
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Figure 4.17 : Estimates of the survival functions based on the Cox model with

time-dependent coefficients for gastric cancer patients of mean age 67.71.
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Figure 4.18 : Estimates of the survival functions based on the Cox model with
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CHAPTER 5

Conclusions and Further research

In this thesis we have studied a general class of flexible regression models : GLM
with time-dependent coefficients, when the variable of interest can be right-censored

and/or left-truncated. In Chapter 2, we proposed a least-squares estimator for model
o(S(z|1X) =B(2)X. (5.0.1)

We studied its asymptotic properties as well as its finite sample properties. For the
choice of the optimal bandwidth involved in the estimation procedure, a bootstrap ba-
sed method has been proposed. This selection method gives good results, but it should
be interesting to develop (practically and theoretically) other bandwidth selection tech-
niques like plug-in principle or cross-validation. In Chapter 3, an omnibus goodness-
of-fit test has been proposed to check the validity of model (5.0.1). The asymptotic
distribution of the test statistic has been studied and a bootstrap method to approxi-
mate the critical values of the test has been proposed and tested via simulations. The
bootstrap approximation gives promising results, but needs further investigations in-
cluding the proof of consistency and application to other data generating scenarios.
In Chapter 4, the above developed methodologies were applied to the two data sets
described in Section 1.1.

In this work we have focused our attention to model (5.0.1), where all the co-
efficients are considered time-varying. In practice, it might be the case that some
coefficients are time-independent, so one might consider a model with mixed coeffi-
cients : some constants and some time-varying. Let’s write 8(z) in model (5.0.1) as
B(z) = (B1(2),82(2)) = (B1,B2(2)), with 81 a r-vector of time-independent regression
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coefficients, B2(z) a s-vector of time-dependent regression coefficients and where X in
model (5.0.1) is a (r + s)-dimensional vector of covariates. Now let 3,(z) be the time-
varying estimate of 81(z), defined by (2.2.1) in Chapter 2. If B; is time-independent, a

natural way to define a time-independent estimator is to consider :

A b A
b= / By(2)dz, (5.0.2)

where a, b are defined in condition (H2), in Section 2.3. It can be easily checked that this
quantity converges to B; = ﬁ fab B1(z)dz. Moreover, following the proof of Theorem

2.4.1, we can write :

. b, b
b= [ (B2 -pi2) de = ot [ b

b—a J,

where A and b(z) are given in Theorem 2.4.1 and (2.7.1), respectively. Then, as a direct
consequence of Corollary 2.4.2, we have that |3, — 81| = O,(n~"/2). Following the same
arguments as in the proof of Theorem 2.4.1 one can also show the n'/?-consistency of
B,, by showing that n'/2 (,Bl — ,31) converges in distribution to a normal distribution.

However, a question that still needs investigation is whether 3 (z) is time-dependent
or not. For this we will not only need the point-wise convergence of ,@ (z), the estimator
of B(z), for each fixed time z, as shown in Chapter 2, but also the convergence of the
process 3 (2), z € [a, b]. To establish the convergence of that process, one can adapt, for
example, the techniques in Tian et al. (2005). Once the convergence of the process is
established, the first idea would be to individually check the graphical representation
of Bl(z) and of its confidence bands to see whether a horizontal line is enclosed by the
confidence bands in each plot. The second idea is to use a more objective and efficient

way by considering the following process :

I(t) = nt/2 / t (B.(2) ~ B,) e (5.0.3)

where t € [a, b], B,(z) and B, is defined in (2.2.1) and (5.0.2), respectively. Then the
limiting distribution of this process should be studied and used in the same way as in
Tian et al. (2005) to check the hypothesis of interest.

Another point that may be considered is to consider model (5.0.1) with an unk-

nown ¢(u), also known as GLM with missing link. To the best of our knowledge, little
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references exist in the literature for such a setup. When data are censored and the
coefficients are constant, Wang et al. (2007) and Muggeo and Ferrara (2008) proposed
some methods do deal with this case. It should be interesting to try to investigate the
ideas in these papers to the case where the coefficients are time-dependent or when we
have a mixture of coefficients (some constants, some time dependent) and also to the
case of truncated data.

Another interesting problem related to the estimation of model (5.0.1) would be to
consider a different estimation procedure of 8(z). For uncensored data, equation (1.3.2)

is equivalent to solving

e @ o
[ s =602} i pmy Fen =0 G0
/ _ On(B(2)z)

where m = ¢, my(8 (2)x) = 26 (7). and F(2,y) = £ Y0 Lixusor,.. Xip<apvisy)-
When Y is subject to censoring, a natural extension of equation (5.0.4) is to replace
F(z,y) by an estimator of the bivariate distribution of (X,Y). Different estimators
of such a distribution exist in the literature. For example Stute (1993, 1996) proposes
an estimator which is valid for any number p of discrete and continuous covariates
(his estimator does not require smoothing), but assumes that P(Y < C|X,Y) =
P(Y < CY) which is a strong assumption. Another estimator is the one proposed by
Akritas (1994) which is valid for a one-dimensional continuous covariate and requires
smoothing. When data are subject to left or right truncation an estimator of the
bivariate distribution is given by Giirler (1996, 1997), while Giirler and Gijbels (1997)
proposed an estimator in the case where both left-truncation and right-censoring are
present. It would be then interesting to compare from both theoretical and practical

point of view the above method with the one proposed in Chapter 2.
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