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1 Introduction

Let us consider a sample of n random vectors Xi = (Yi, Zi), 1 ≤ i ≤ n,
where Yi is a binary response variable (Yi ∈ {0, 1}) and Zi ∈ IRp is a
vector of p explanatory variables. The binary response model specifies only
the conditional model generating (Yi|Zi), leaving the model generating Zi
virtually unspecified. Because of the binary nature of Yi, such models are
also known as conditional Bernoulli models. The probit and logit models
are the most popular purely parametric versions of this model. They are
based on a parametrized family of distribution functions, namely normal
or logistic, called a link function, and valuated at a parametrized function
of the explanatory variables, called an index function.

In this paper we consider the problem of identification of such mod-
els under a semi-parametric specification: functional for the link function
and euclidean for the index function. In section 2 we review the sampling
theory of this issue for the purely parametric, the non-parametric and the
semi-parametric case, respectively. In the purely parametric and the semi-
parametric cases, we limit our review for the sake of exposition to the index
functions that are linear in a euclidean parameter. In section 3, we present
a Bayesian analysis of the semi-parametric specification; the main result is
that under a quite usual prior specification and a very general condition on
the trajectories of the explanatory variables, the model is identified in such
a Bayesian set-up whereas identification in sampling theory required fur-
ther specific restrictions. Section 4 gives some concluding remarks on this
seemingly disturbing result. We gather in appendices some mathematical
tools necessary for a precise statement of the results.

2 Conditional Bernoulli Models: A Review of Sam-
pling Theory

The data is a sample of n random variables, (Yi, Zi); 1 ≤ i ≤ n, where Zi
is a random variable defined on a probability space (Ω,M) with values in
(IRp,Bp) ( Bp denotes de Borel subsets of IRp) and Yi is a binary random
variable, i.e. a random variable defined on (Ω,M) with values in {0, 1}. As
usually done in conditional models, we assume that the sequence of Yi’s is
sifted by the sequence of Zi’s (see Florens et al. (1990, section 7.6); more
explicitely: for any n, conditionally on Zn1 = {Zi : 1 ≤ i ≤ n} the random
variables Yi, 1 ≤ i ≤ n, are mutually independent and the distribution of
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Yi only depends on Zi, i.e.

‖
1≤i≤n

Yi | Zn1 , θ

(1)
Yi ‖ Zn1 | Zi, θ

where θ is a parameter of the distribution to be made precise later on.
Remark: As far as suitable, we stick to the notational device of using
latin letters for observable random variables, greek letters for unobservable
random variables and script letters for σ-fields.

2.1 General Parametric Model

A general parametric model is characterized by the following assumptions:

P [Yi = 1 | Zi, θ] = E(Yi | Zi, θ) = Fϕ[g(γ, Zi)]

where Fϕ is a distribution function on IR, called a link function, known
up to a Euclidean parameter ϕ and g is a known function, called an index
function, parametrized by γ. Thus θ = (ϕ, γ) ∈ Φ × Γ is a Euclidean pa-
rameter, where Φ and Γ are suitable subsets of IRl and IRk respectively.

In this general parametric case, the model for fixed n is identified if the
following implication holds:

Fϕ1 [g(γ1, Zi)] = Fϕ2 [g(γ2, Zi)] ∀ 1 ≤ i < n (2)
⇒ (ϕ1, γ1) = (ϕ2, γ2)

When condition (2) is not satisfied, two parameters values θ1 = (ϕ1, γ1)
and θ2 = (ϕ2, γ2) are said observationally equivalent once

Fϕ1 [g(γ1, Zi)] = Fϕ2 [g(γ2, Zi)] ∀ 1 ≤ i < n

Clearly, condition (2) crucially depends on the form of the Fϕ and g func-
tions. Let us now look at parametric models with linear index functions.

2.2 Linear Parametric Models. Probit and Logit Models

Let us consider a linear index function:

g(γ, Zi) = α+ β′Zi

3



i.e. γ = (α, β) ∈ IRp+1 (k = p+ 1)

In the logit model,

Fϕ(x) = L

(
x− µ
σ

)
where

L(y) =
ey

1 + ey

and in the probit model,

Fϕ(x) = N

(
x− µ
σ

)
where N is the standard normal distribution function.

In both cases, ϕ = (µ, σ) ∈ Φ = IR × IR+
0 and since L and N are

invertible, the condition of identification becomes:

α1 − µ1

σ1
+
(

1
σ1
β1

)′
Zi =

α2 − µ2

σ2
+
(

1
σ2
β2

)′
Zi ∀ 1 ≤ i < n

implies (α1, β1, µ1, σ1) = (α2, β2, µ2, σ2)

Clearly, if

α1 − µ1

σ1
=
α2 − µ2

σ2
(3)

and
1
σ1
β1 =

1
σ2
β2, (4)

θ1 and θ2 are observationally equivalent and if there exist i1, i2, · · · , ip+1

such that {Z̃i1 , Z̃i2 , · · · , Z̃ip+1} are linearly independent vectors in IRp+1

(where Z̃ ′ij = (1, Z ′ij )), conditions (3) and (4) are necessary for observa-
tional equivalence. The identified parameters are therefore

α∗ =
α− µ
σ

β∗ =
1
σ
β

and the usual identification restrictions are

µ = 0 and σ = 1
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2.3 Non Parametric Model

In the non parametric model we set

P [Yi = 1 | Zi, θ] = E[Yi | Zi, θ] = ϕ[γ(Zi)]

where ϕ is an unknown distribution function on IR and γ is an unknown
(measurable) function defined on IRp with values in IR; in this case θ =
(ϕ, γ) is a purely functional parameter.
The identification problem in the purely non parametric case may be viewed
as follows. Let h : IR → IR be a strictly increasing continuous function.
Note that θ2 = (ϕ2, γ2) where

ϕ2 = ϕ1 ◦ h γ2 = h−1 ◦ γ1 (5)

produces the same model as θ1 = (ϕ1, γ1). Conversely,

ϕ2(γ2(Zi)) = ϕ1(γ1(Zi)) ∀ i ∈ IN (6)

implies

ϕ2(γ2(z)) = ϕ1(γ1(z)) ∀ z ∈ IRp (7)

as soon as γ1, γ2, ϕ1 and ϕ2 are continuous and {Zi : i ∈ IN} is a dense
subset of IRp and, once ϕ2 is strictly increasing, we obtain (5) with h−1 =
ϕ−1

2 ◦ ϕ1.

Remark: as we shall see later on, a usual prior specification on the space
of the distribution functions, the Dirichlet process, generates a.s. trajec-
tories within the space of discrete distributions. It should be mentionned
that if h : IR → IR is an increasing right-continuous function, its inverse
may be defined as h(u) = inf{t : h(t) > u}; moreover h is strictly in-
creasing if and only if h is continuous, in which case h[h(u)] = u. Thus
(5) to (7) are still valid with h−1 replaced by h once ϕ2 is strictly increasing.

It seems difficult in this context to relax the assumptions of continuity of γ
and of continuity and strict increase of ϕ. It seems also difficult to define
reasonable identification restrictions for such a general model. Without
entering into mathematical technicalities, the difficulty lies in construct-
ing a manageable section of the observational equivalence when defined on
spaces so big as the product space of increasing right-continuous functions
times the space of continuous functions say. A practical solution, provided
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by semiparametric models consists in requiring that one of the two factor
spaces be finite dimensional. However, the assumption that {Zi : i ∈ IN}
is a dense subset of IRp is a natural extension to the non parametric case
of the rank condition required in the linear parametric case. Indeed in a
non parametric set-up, identification makes sense only in the asymptotic
model.

2.4 Semi-Parametric Model

Here, the model is given by

P [Yi = 1 | Zi, θ] = E[Yi | Zi, θ] = ϕ[g(γ, Zi)]

where ϕ is an unknown distribution function on IR and g is a known (mea-
surable) function defined on Γ× IRp with values in IR. Therefore θ = (ϕ, γ)
is a parameter ”half functional- half Euclidean”. Here also the identifica-
tion problem relies heavily on the form of the function g and we will look
at the semi-parametric linear (in the Euclidean parameter) case, i.e., the
case where the index function is linear in γ.

2.5 Semi-Parametric Linear Model

The model becomes

E[Yi | Zi, θ] = ϕ(α+ β′Zi) (8)

Now γ = (α, β) ∈ Γ ⊂ IRp+1 and θ = (α, β, ϕ) ∈ Γ × Φ, where Φ is the
space of all distribution functions on IR.

The analysis of identification, in a sampling theory framework, runs as
follows. On one hand, if there exists µ ∈ IR and σ ∈ IR+

0 , such that

β2 =
1
σ
β1

α2 =
α1 − µ
σ

(9)

ϕ2(x) = ϕ1(µ+ σx) ∀ x ∈ IR

then clearly

ϕ2(α2 + β′2Zi) = ϕ1(α1 + β′1Zi) ∀ i ∈ IN (10)
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Thus θ1 = (α1, β1, ϕ1) and θ2 = (α2, β2, ϕ2) are observationally equivalent
in such a case.

On the other hand suppose that (10) holds and that {Zi : i ∈ IN} is
a dense subset of IRp. We shall show that provided one of the βi’s is non
zero, there exists (µ, σ) ∈ IR × IR+

0 such that (9) holds and therefore that
θ1 = θ2 once µ and σ are restricted to a particular value.

Define in IRp the following open neighborhoods of xej where ej is the
jth column of a unit matrix (of dimension p) and x ∈ IR:

Iε(j, x) = {z ∈ IRp : x− ε < zj < x+ ε, −ε < zk < ε, ∀k 6= j}

Since ϕ1 is increasing and right-continuous, we have

sup
{i:Zi∈Iε(j,x)}

ϕ1(α1 + β′1Zi) = ϕ1

α1 + β1jx+ ε
∑

1≤k≤p
|β1k|

−


where
ϕ(y−) = sup

z<y
ϕ(z)

Hence,

ϕ1(α1 + β1jx) = inf
ε>0

sup
{i:Zi∈Iε(j,x)}

ϕ1(α1 + β′1Zi) (11)

Therefore, given that∑
1≤k≤p

|β2k| > 0 and
∑

1≤k≤p
|β1k| > 0

we obtain:

ϕ2(α2 + β2jx) = ϕ1(α1 + β1jx) ∀x ∈ IR 1 ≤ j ≤ p (12)

Since there exists j0 such that β1j0 > 0 (resp. < 0), it is easily seen that
(12) entails that β2j0 > 0 (resp. < 0). Hence,

ϕ2(y) = ϕ1(α1 −
β1j0

β2j0

α2 +
β1j0

β2j0

y) (13)

Therefore defining

µ = α1 −
β1j0

β2j0

α2 and σ =
β1j0

β2j0

∈ (0,∞) (14)
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(13) may be written as:

ϕ2(y) = ϕ1(µ+ σy) ∀ y ∈ IR (15)

furthermore (14) implies:

α2 =
α1 − µ
σ

; (16)

starting from (12), we successively get

ϕ1(α1 + β1jx) = ϕ2(α2 + β2jx) by (12)
= ϕ1(µ+ σ(α2 + β2jx)) by (??)
= ϕ1(α1 + σβ2jx) ∀x ∈ IR by (??)

implying that

β2j =
1
σ
β1j 1 ≤ j ≤ p

as long as ϕ1 is not a point mass (at α1).
Identifying restrictions are typically obtained as follows. If we restrict ϕ to
be a distribution function with expectation zero and variance 1, i.e.∫ ∞

−∞
xdϕ(x) = 0,

∫ ∞
−∞

x2dϕ(x) = 1

this implies that µ = 0 and σ = 1, i.e.

ϕ2(y) = ϕ1(y) ∀ y ∈ IR
β2j = β1j 1 ≤ j ≤ p
α2 = α1

Putting all these remarks together entails that the semi-parametric lin-
ear model is identified in a sampling theory framework if the following three
conditions hold:

(i) {Zi : i ∈ IN} is a.s. a dense subset of IRp

(ii) ∃ j0 such that βj0 6= 0

(iii) ϕ is a distribution function on IR such that∫ ∞
−∞

xdϕ(x) = 0,
∫ ∞
−∞

x2dϕ(x) = 1
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Let us remark that (iii) may be replaced by two conditions on fractiles

ϕ(xp1) = p1 and ϕ(xp2) = p2

where p1 < p2 ∈ (0, 1). In this case, no assumptions about the existence of
the first two moments is needed.
Note that assumption (iii) prevents ϕ from being a point mass.

3 Bayesian Identification of the Semi-Parametric
Linear Model

In the semi-parametric linear model given by (1) and (8), the parameter is
θ = (ϕ, α, β). The Bayesian analysis involves specifying a prior distribution
on the parameter space (Θ,A). We will consider the following (proper)
prior specification:

(i) ϕ ‖ α ‖ β ‖ Z∞1

(ii) (α, β) ∼ m

(iii) ϕ ∼ Di(n0F0)

(17)

where m is an arbitrary (provided only that α ‖ β) prior probability mea-
sure on (IRp+1,Bp+1) and ϕ is a random distribution function on (IR,B)
distributed as a Dirichlet process of parameter F0, a non degenerate distri-
bution function on (IR,B), and n0 ∈ IR+

0 . Recall that the Dirichlet process
is the natural conjugate prior distribution of the empirical distribution func-
tion (see Ferguson (1973)).
As seen in the appendix, the identification of the conditional independent
Bayesian experiment, as specified in condition (1), rests on verifying:

A ⊂ Z∞1 ∨
∨
i∈IN

(A ∨ Zi)Yi

where

A = σ(ϕ, α, β) Z∞1 =
∨
i∈IN
Zi =

∨
i∈IN

σ(Zi), Yi = σ(Yi)

In the binary response model we have:

(A ∨ Zi)Yi = σ{E(Yi | Zi, θ)} ⊃ σ{ϕ(α+ β′Zi)}
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where φ, α ,β are random elements the distribution of which is taken con-
ditionally on Zi. Recall also that the null subsets of A∨Zi are included in
(A ∨ Zi)Yi.
The main result of this paper is given by the following theorem:

Theorem: The Bayesian semi-parametric linear model defined by (1), (8)
and (??) is identified in a Bayesian framework under the following condi-
tions.

(A1) {Zi(ω) : i ∈ IN} is a dense subset of IRp ∀ω ∈ Ω−N where N ∈ Z∞1
and P (N) = 0 (i.e. {Zi : i ∈ IN} is a.s. dense in IRp).

(A2) ∃ j0 such that P [βj0 6= 0] = 1

(A3) F0 is not a point mass, i.e. ∃x0 ∈ IR such that 0 < F0(x0) < 1

The proof of this theorem, based on three lemmas, rests on the following
idea. Consider first a particular value x ∈ IR. In a first lemma we show
that for any j = 1, · · · , p, the real-valued function of θ, ϕ(α + βjx), is
identified i.e. is a.s. (A∨Z∞1 )S-measurable, where S = X∞1 = Y∞1 ∨Z∞1 =∨
i∈IN(Yi ∨Zi) (see Appendix) because the trajectories in Z∞1 are dense in

IRp almost surely only. Next consider the function-valued functions of θ ,
i.e. the σ-field

Uj = σ({ϕ(α+ βjx) : x ∈ IR})
along with

U =
∨

1≤j≤p
Uj

Thus Lemma 3.1 guarantees that U ⊂ (A ∨ Z∞1 )S.
It will be convenient to reparametrize (ϕ, α, βj : 1 ≤ j ≤ p) into (ψj , α, γj , βj0)
where j0 is such that P (βj0 = 0) = 0 (A.2), and

γj =
βj
βj0

11{βj0 6=0} j 6= j0

ψj(x) = ϕ(α+ βjx) 1 ≤ j ≤ p

So that A = σ(ϕ, α, βj : 1 ≤ j ≤ p) = σ(ψj , α, γj , βj0 : 1 ≤ j ≤ p).
Then the proof that A ⊂ U will be decomposed into ψj , α, γj , βj0 ∈ [U ],
where [U ] denotes the set of real-valued U-measurable functions. The sec-
ond lemma proves that for any j 6= j0, γj is U-measurable. The third
lemma shows that α and βj0 are also U-measurable (more precisely they
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are U j0-measurable). The proof is completed by noting that for any x, ϕ(x)
is also U j0-measurable.
Remark: Since (A ∨ Z∞1 )S contains all the null sets of (A ∨ Z∞1 ), we only
have to prove A ⊂ U(⊂ (A ∨ Z∞1 )S).

Note that for a particular value x ∈ IR and a particular j(j = 1, · · · , p),
ϕ(α + βjx) is a function of the parameters, i.e. a random variable A-
measurable. The first lemma aserts that such a function is identified.

Lemma 3.1 Under (A1) and (A2), for any x ∈ IR and j = 1, · · · , p:

ψj(x) ∈ [(A ∨ Z∞1 )S]

Proof: First notice that a basic property of the Dirichlet process (??(iii))
ensures that ϕ is a.s. an increasing right-continuous function. Therefore,
under (A1) and (A2), we may repeat the same argument as in Section (2.5)
and rewrite (11) as an a.s. equality with respect to the joint probability on
A ∨ Z∞1 , in the form:

ϕ(α+ βjx) = inf
k∈IN0

sup
{i:Zi(ω)∈I 1

k
(j,x)}

ϕ(α+ β′Zi)

Clearly, each ϕ(α+β′Zi) is measurable with respect to (A ∨ Zi)Yi, thus the
right-hand side is a random variable measurable with respect to (A ∨ Z∞1 )S.

Lemma 3.2
γj ∈ [U ] ∀ j 6= j0

Proof: Let us first remark that because ϕ is distributed as a Dirichlet
process (??(iii)), we may restrict the attention to the trajectories almost
surely satisfying: lim

y→∞
ϕ(y) = 1 and lim

y→−∞
ϕ(y) = 0. Since P [βj0 = 0] = 0,

we have:

{βj0 > 0} = { lim
x→∞

ψj0(x) = 1}

{βj0 < 0} = { lim
x→∞

ψj0(x) = 0}
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Similarly, ∀ j 6= j0,

{βj = 0} = { lim
x→∞

ψj(x) = lim
x→−∞

ψj(x)}

{βj > 0} = { lim
x→∞

ψj(x) = 1, lim
x→−∞

ψj(x) = 0}

{βj < 0} = { lim
x→∞

ψj(x) = 0, lim
x→−∞

ψj(x) = 1}

¿From Lemma 3.1 each right-hand side event is clearly in the corresponding
¿Uj and therefore in U . So we will show that

γj11{βj0>0, βj>0} ∈ U

The proof is the same (mutatis mutandis) for the other cases, i.e., βj0 > 0
and βj < 0 or βj0 < 0 and βj > 0 or βj0 < 0 and βj < 0.

Let us consider the right median of ψj0 , i.e.

η = inf
{
x : ψj0(x) >

1
2

}
Thus η is a stopping time for the process ψj0 and therefore

η, ψj0(η−), ψj0(η) ∈ [Uj0 ].

Now by definition,

0 ≤ ψj0(η−) ≤ 1
2
≤ ψj0(η) ≤ 1

Note that ϕ(α+βj0x) cannot be degenerate at η. Indeed, as ϕ ∼ Di(n0F0), ϕ =
εα+βj0η

would imply F0 = εx0 (and x0 = α + βj0η)) in contradiction with
(A3).

Therefore we have almost surely ψj0(η−) > 0 or ψj0(η) < 1 (or both).
Now, assuming ψj0(η) < 1, let

κ1 =
1
2
ψj0(η)

κ2 =
1
2

+
1
2
ψj0(η)

η1 = inf{x : ψj0(x) > κ1}
η2 = inf{x : ψj0(x) > κ2}

Clearly

0 < κ1 < ψj0(η) < κ2 < 1
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and by definition

0 ≤ ψj0(η1−) ≤ κ1 < ψj0(η) < κ2 ≤ ψj0(η2) ≤ 1

therefore

−∞ < η1 ≤ η < η2 <∞

i.e. η2 − η1 > 0. Note also that κ1, κ2, η1 and η2 ∈ [Uj0 ].
Now, it is easy to see that

ψj(x) = ψj0(γjx)

and if we define

η1j = inf{x : ψj(x) > κ1}

η2j = inf{x : ψj(x) > κ2}

η1j , η2j ∈ [U j0 ∨ U j ] ⊂ [U ] and

η1j =
1
γj
η1 and η2j =

1
γj
η2

Therefore

η2j − η1j =
η2 − η1

γj
> 0

and on {βj0 > 0, βj > 0}:

γj =
η2 − η1

η2j − η1j
∈ [U ]

Note that similar arguments may be developed when ψj0(M−) > 0.

Lemma 3.3
α ∈ [U j0 ] and βj0 ∈ [U j0 ]

Proof: Note first that a Dirichlet process is preserved under functional
transformation, i.e. ϕ ∼ Di(n0F0) and g : IR → IR Borel function imply
ϕ ◦ g−1 ∼ Di(n0F0 ◦ g−1). This entails that

ψj | α, β ∼ Di(n0ξj) (18)
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where

ξj(x) = F0(α+ βjx)

Let us denote the set of atoms of F0 as follows:

D = {x ∈ IR : F0(x)− F0(x−) > 0}
= {dj : j ∈ J}

where J is at most countable. Let also:

f0j = F0(dj)− F0(dj−)

Let us now decompose F0 into its difuse (F0c) and its discrete (F0d) parts,
i.e.

F0 = l0F0c + (1− l0)F0d

where

1− l0 =
∑
j∈J

f0j

F0c(x) = F0(x | Dc)

F0d(x) = F0(x | D) =
1

1− l0
∑
j∈J

f0j11{dj≤x}

(for definiteness take F0c = 0 if l0 = 0 or F0d = 0 if l0 = 1). Let us now
decompose ϕ with respect to D as follows:

ϕ = λϕc + (1− λ)ϕd (19)

where

ϕ0j = ϕ(dj)− ϕ(dj−)

λ = 1−
∑
j∈J

ϕ0j

ϕc(x) = ϕ(x | Dc)

ϕd(x) = ϕ(x | D) =
1

1− λ
∑
j∈J

ϕ0j11{dj≤x}
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This decomposition has the following property (see, e.g., Rolin (1992) or
Florens, Rolin (1994)):

(i) λ ‖ ϕc ‖ ϕd

(ii) λ ∼ Be(n0l0, n0(1− l0))

(iii) ϕc ∼ Di(n0l0F0c)

(iv) ϕd ∼ Di(n0(1− l0)F0d)

Let us look at the transformed process ψj0 and define the set of atoms of
ξj0

D0 = {x : ξj0(x)− ξj0(x−) > 0}

clearly

D0 =

{
x− α
βj0

: x ∈ D
}

=

{
dj − α
βj0

: j ∈ J
}

= {δ0j : j ∈ J} (20)

In view of (??), it is known that the trajectories of (ψj0 | α, β) are a.s
discrete. Let us decompose its jumps into those of fixed locations, i.e. in
D0, and those randomly located in Dc

0. More specifically, for any x ∈ IR,
we have on {βj0 > 0}:

1
ln(r)

∑
y≤x

11{ψj0 (y)−ψj0 (y−)> 1
r} =

1
ln(r)

∑
{y∈D0|y≤x}

11{ψj0 (y)−ψj0 (y−)> 1
r}

(21)

+
1
lnr

∑
{y∈Dc0|y≤x}

11{ψj0 (y)−ψj0 (y−)> 1
r}

Now, as r→∞, conditionally on α, βj , it may be shown that the first term
of the right-hand side of (??) tends to zero in probability (this is trivial
if J is finite and this will always be the case in practical situations). The
second term may be written as

ln(λr)
lnr

1
ln(λr)

∑
y≤x

11{ψcj0 (y)−ψcj0 (y−)> 1
λr}

where ψcj0(y) = ϕc(α+ βj0y).
Note that

ln(λr)
lnr

→ 1 as r→∞
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and by a result of Florens, Mouchart and Rolin (1992) (Corollary A.3),
conditionally on (α, βj , λ),

1
ln(λr)

∑
y≤x

11{ψcj0 (y)−ψcj0 (y−)> 1
λr}

converges in probability to n0l0ξcj0(x), where ξcj0(x) = F0c(α+ βj0x).
By Egoroff’s theorem, there exists an almost surely unconditionally conver-
gent subsequence (see, e.g., Neveu(1964), Proposition II.4.3). Therefore, if
βj0 > 0 and if the continuous part is present, (i.e. F0c 6= 0), then

ξcj0(x) ∈ [U j0 ] ∀x ∈ IR

Now let us consider p1, p2 such that 0 < p1 < p2 < 1 and define:

mi = inf{x : F0c(x) > pi} i = 1, 2

Clearly

0 < F0c(m1) = p1 < F0c(m2) = p2 < 1

and −∞ < m1 < m2 < +∞

Let us define

νi = inf{x : ξcj0(x) > pi} =
mi − α
βj0

i = 1, 2

then
νi ∈ U j0 i = 1, 2

Hence
ν2 − ν1 =

m2 −m1

βj0
> 0

and

βj0 =
m2 −m1

ν2 − ν1
∈ [U j0 ]

α = m1 −
m2 −m1

ν2 − ν1
ν1 ∈ [U j0 ]

Finally, if F0c = 0, under assumption (A3) there are at least two fixed
points of discontinuity and in view of (??) and (??),

ψj0 =
∑
j∈J

ϕ0jεδ0j
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Choosing (in a measurable way) δ0j 6= δ0j′ two discontinuity points of ψj0
we obtain

βj0 =
dj′ − dj
δ0j′ − δ0j

∈ [U j0 ]

α = dj −
dj′ − dj
δ0j′ − δ0j

δ0j ∈ [U j0 ]

To complete the proof of the theorem, it suffices to note that

∀x ∈ IR : ϕ(x) = ψj0

(
x− α
βj0

)
∈ [U j0 ]

and that

βj = γjβj0 ∀ 1 ≤ j ≤ p, j 6= j0

Remark: It may be noticed that using the argument of convergence of
lemma 3, the proof of lemma 2 would have been greatly simplified. However,
we tried to delay as far as possible the use of the prior specification of ϕ,
i.e., the Dirichlet process. The only reference to this prior in Lemma 2
serves to obtain the following property: if ϕ = εX where X is a random
variable, i.e., ϕ is a random point mass, then if ϕ ∼ Di(n0F0) and if
n0 > 0, then X = x a.s., i.e. ϕ is a fixed point mass. Let us remind that if
n0→ 0 (this corresponds to an improper prior), then ϕ→ εX weakly where
X is a random variable with distribution F0 (see, e.g., Tiwari, Sethuraman
(1982)). In such a case if ϕ = εX , on {βj0 > 0, βj > 0}, ψj = εXj and

ψj0 = εXj0 where Xj =
X − α
βj

=
1
γj
Xj0 =

1
γj

X − α
βj0

. Therefore, even in

this degenerate case, γj ∈ [U ] ∀ j 6= j0, since γj =
Xj0

Xj
. But clearly α

and βj0 are not U-measurable since Uj0 = σ{X−αβj0
}.

4 Comments

The practical implication of section 2 and 3 is the following. In a sampling
theory framework, the model E(Y |Z) = ϕ(α + β′Z) raises an identifica-
tion problem typically solved either by constraining ϕ through moment
(zero-mean and unit-variance) or fractile conditions or by constraining the
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coefficients (typically α = 0 and β1 = 1). In a Bayesian framework, un-
der a rather natural prior specification, one should not restrict the prior
specification to be supported by a restricted set of the link functions ϕ or
a restricted set of the euclidean parameters (α, β). Adding such restric-
tions acts as restrictions on the sampling process, possibly “rejected” by
the data.

This is an interesting example of a discrepancy between sampling the-
ory and Bayesian identification. A deeper understanding of such a result
requires further elaboration. This is the object of the next coming com-
ments.

Note first that in a semi-parametric specification, identification needs
to be defined in the asymptotic model i.e. the sampling model generating
X∞1 = {Xi = (Yi, Zi) : i ∈ IN0}: there is indeed no hope that an infinity
of characteristics of ϕ could be identified from a finite sample. Next, the
very idea of a conditional model is that the specification of the marginal
process, generating Z∞1 = {Zi, i ∈ IN0}, should be as general as possible
leaving to the conditional model, generating (Y∞1 |Z∞1 ), the burden of the
most specific hypotheses.

In the model under consideration, the main hypothesis on the marginal
process is that the trajectories Z∞1 should conform a dense subset of IRp

with probability 1 (condition (i)). This seemingly natural requirement is
identical in the sampling theory framework and in the Bayesian framework;
it is satisfied, for instance, when Zi is(infinitely) generated by an i.i.d. pro-
cess with a full rank covariance matrix but is also satisfied in most “regular”
dynamic processes. For the conditional model, both in the sampling the-
ory and in the Bayesian framework, it is assumed that the sequence Y∞1 is
sifted, in the sense of Theorem 7.6.10 of Florens, Mouchart, Rolin (1990),
by Z∞1 , i.e., that in the sampling given Z∞1 , the Yi’s are mutually inde-
pendent and depends on Zi only; the Bernoulli character of Yi is a simple
consequence of its binary nature.

The main difference relies in the concept of identification. In sampling
theory framework, the traditional concept of identification, in a conditional
model, concerns the injectivity of the mapping θ → P θ,Z , the sampling
probability on (S,S) conditional to Z; whether this concept is pointwise
on the trajectory of Z or for almost all trajectories of Z, is not at stake
in this discussion. The Bayesian concept relates to the measurability of
every function of the parameter with respect to the σ-field generated by
the sampling expectations. Rather than entering into technicalities about
the relationship between these two approaches (for an introduction to this
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theme see e.g. E.B.S. Section 4.6.2., p.171), let us notice that the standard
identification condition in a sampling theory consists in fixing arbitrary val-
ues for two (well chosen) characteristics of the unknown ϕ (such as µ = 0
and σ = 1). Our main theorem means that in a Bayesian framework,
the fact of fixing an (arbitrary) prior expectation for ϕ, namely F0, also
provides identification; the difference is therefore that F0 is characterized
by a countable infinity of characteristics which are imposed “on the aver-
age” only whereas in a sampling theory framework two characteristics are
imposed with prior probability one.
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A Appendix

A.1 Introduction

In this appendix we briefly survey the main tools we use in this paper. They
allow for a precise treatment of the identification of a Bayesian conditional
model. In a first part we survey the probabilistic tools, namely the identifi-
cation among σ-fields by means of the projections among σ-fields. Next we
use these tools for the treatment of the identification problem, including in
particular a comparison with the sampling theory treatment. The general
presentation is sketchy: more details, proofs and motivation are given in
Florens et al (1990, sections 4.3 and 4.5 for A.2 and 4.6 for A.3) (For short
we refer to Florens et al (1990) as E.B.S.).

A.2 Projection and Identification among σ-Fields

Let us consider an abstract probability space (M,M, Q). Mi denotes a
sub-σ-field of M and Mi denotes its measurable completion, i.e. the σ-
field generated by Mi and the measurable Q−null sets. More precisely,
denoting the trivial σ-field (respectively the completed trivial σ-field) as
M0 = {ϕ,M} (respectively asM0 = {A ∈M : Q(A)2 = Q(A)}), we have:
Mi =Mi ∨M0.

Definition (E.B.S. def. 4.3.1): The projection of M1 on M2 is denoted
by M2M1 and defined as follows:

M2M1 = {M2m1 : m1 ∈ [M1]+}

where [M1]+ denotes the set of positive M1-measurable functions defined
on M andM2m1 is a short notation for the expectation of m1 conditional
to M2: M2m1 = E(m1 | M2).

Remark: This definition should be interpreted as the σ-field generated by
every version of the conditional expectation of every positiveM2−measurable
function. This operation eventually depends crucially on the Q−null sets.
We basically use the following results:

Theorem (E.B.S. theorem 4.3.3): For any M1,M2 and M3 sub-σ-fields
of M:

(i) M1 ‖ M2 | M2M1
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(ii) M3 ⊂M2 and M1 ‖ M2 | M3 ⇒M2M1 ⊂M3

where · ‖ · | · denotes conditional independence in (M,M, P ).
This theorem says thatM2M1 may also be constructed as the intersection
of all sub-σ-fields ofM2 containing theQ−null sets ofM2 and conditionally
on which M1 and M2 are independent, i.e.:

M2M1 = ∩
L∈F1.2

(L ∩M2)

where F1.2 = {L ⊂ M2 : M1 ‖ M2 | L}: This is Mac Kean(1963)’s def-
inition of projection with a slight modification: Mac Kean used Lebesgue
completion whereas we use the measurable completion.

Definition (E.B.S. def. 4.5.1) M1 is identified by M2 conditionally on
M3, and it is denoted

M1<M2 | M3

if and only if
(M1 ∨M3)(M2 ∨M3) =M1 ∨M3

In order to interpret this concept, consider a σ−field as a structure of
information. Supposing first M3 = M0 (we shall write M1<M2 for
M1<M2 | M0), we have: M1<M2 ⇔M1M2 =M1.
This may be interpreted as saying that the information contained in M2

is rich enough (with respect to M1) for re-constructing the information
contained in M1 only from the conditional expectation of the (positive)
M2−measurable function conditionally on M1. If M3 is not trivial, we
have

M1<M2 | M3 ⇔ (M1 ∨M3)<(M2 ∨M3)

in which caseM3 represents an information common to both the identified
and the identifying σ−fields.

A.3 Identification in Bayesian Experiments

We shall now use the tools presented in A.2 for the case of a Bayesian
experiment, i.e. a probability space

E = (M,M, Q) = (Θ× S,A ∨ S, Q)

where (Θ,A) is the parameter space, (S,S) is the sample space and Q is
constructed from

Q(A× U) =
∫
A
P θ(U)m(dθ) A ∈ A, U ∈ S
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where m is the prior probability on (Θ,A) and P θ(·) is the sampling tran-
sition defined on (Θ× S). The dual desintegration of Q is given by:

Q(A× U) =
∫
U
mx(A)P (dx)

where P is the predictive probability on (S,S): P (U) = Q(Θ×U) and mx(·)
is a posterior probability defined on (S × A). Note that, by construction,
P θ(·) is a regular conditional probability whereas the existence of a regular
version of mx(·) is subject to conditions to be explicited. In short we shall
write:

Q = m⊗ PA = P ⊗mS

Remark: This synthetic presentation of a Bayesian experiment rests on
the convention that a σ-field on a factor space is identified with the corre-
sponding σ-field on the product space. More precisely, A ∨ S, as a wedge
of σ-fields, should be written as [A× (S, φ)]∨ [(Θ, φ)×S] and this will not
be distinguished from A ⊗ S, the product σ-field, in as far as the context
avoids any ambigüity. More details on this kind of presentation may be
found in E.B.S., chapter1.

Definition (E.B.S. def. 4.6.1) A Bayesian experiment is identified if and
only if the σ-field of the parameter is identified by the σ-field of the obser-
vation, i.e.

AS = A

In other words, Bayesian identification is viewed as a problem of minimal
sufficiency of the parameter, indeed, Theorem A.2.3 precisely means that
AS is the minimal sufficient parameter on E .
It also means that every (measurable) function of the parameters may be
represented a.s. as a function of (countably many) sampling expectations.
Note also that, given AS ⊂ A is always true, proving identification boils
down to prove A ⊂ AS.

A.4 Identification in Conditional Bayesian Experiments

Let us now consider a regular conditional Bayesian experiment

EZ = (Θ× S,A ∨ S, QZ)

where Z is a sub-σ-field of S, corresponding to a partial observation of
(S,S); typically Z would represent either a statistic, defined on (S,S), or
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a sub-vector of the observations, often called exogenous variables. The
main regularity requirement is that the conditional probability QZ admits
a regular enough version that ensures the same decomposition as above,
namely:

QZ = mZ ⊗ PA∨Z = PZ ⊗mS

For reasons commented in E.B.S. ( section 4.4) it is natural to look for
parameters sufficient for the conditional experiment EZ , that are minimal
in the class of parameters of EZ that contain all the null sets of A∨Z and
the conditioning information Z. From theorems 4.3.10 and 4.3.13 in E.B.S.,
such a minimal sufficient parameter is given by the projection (A ∨ Z)S.
Hence the following definition.

Definition (E.B.S. def. 4.6.1) ) A conditional Bayesian experiment EZ is
identified if and only if the σ-field of the parameter is identified by the
σ-field of the observation conditionally on Z, i.e.

(A ∨ Z)S = A ∨ Z

Because in general we have (E.B.S proposition 4.3.2(i))

Z ⊂ (A ∨ Z)S ⊂ (A ∨ Z)

Bayesian identification in conditional experiments is equivalently verified
through the condition

A ⊂ (A ∨ Z)S
which heuristically means that every A-measurable function may be a.s.
obtained as a Borel function of (countably many) Z-conditional sampling
expectation of (real-valued, measurable) functions defined on the sample
space.

A.5 Identification in Conditional Independent Bayesian Ex-
periments

In a conditional independent Bayesian experiment, we consider an infinite
sequence of random vectors Xi = (Yi, Zi), i ∈ IN, defined on the sample
space (S,S). Thus if Xi is valued on IRm, we may take S = (IRm)IN.
The distinction between Yi and Zi is based on the property that the se-
quence (Yi) is “sifted” by the sequence (Zi), considered as “exogenous” or
“explanatory” variables, more precisely:
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(i) ‖
i∈IN

Yi | Z∞1 , θ

(22)
(ii) Yi ‖ Z∞1 | Zi, θ

as mentionned in the introduction of Section 2, where Z∞1 stands for
{Zi : i ∈ IN}. From the presentation above, a σ-algebraic approach is most
convenient for dealing with Bayesian identification, as this one is basically
a measurability condition. Let us accordingly denote the corresponding
σ-fields as follows: σ(Xi) = Xi = Yi ∨ Zi with Yi = σ(Yi) and Zi = σ(Zi);
we shall also use the notation Z = Z∞1 =

∨
i∈INZi. We shall also consider

that S = X∞1 = Y∞1 ∨ Z∞1 , i.e. there is no more sample information than
that coming from the sequence Xi = (Yi, Zi), i ∈ IN.

¿From section A.4, the conditional experiment EZ , with ¿Z = σ(Z∞1 ),
is identified if:

A ⊂ (A ∨ Z∞1 )S
Now by theorem 4.3.9 (ii) and corollary 7.6.7 (i) of E.B.S., we have

successively by (??)(i)

(A ∨ Z∞1 )S = Z∞1 ∨ (A ∨ Z∞1 )Y∞1 = Z∞1 ∨
∨
i∈IN

(A ∨ Z∞1 )Yi

But by theorem 4.3.6(iii) of E.B.S. and (??)(ii), we have

(A ∨ Z∞1 )Yi = (A ∨ Zi)Yi

Therefore, such a model is identified if

A ⊂ Z∞∞ ∨
∨
〉∈IN

(A ∨ Z〉)Y〉
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