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Multiple—skﬂl call centers propagate rapidly with the development of telecommunications. An abundance
of literature has already been published on call centers. Here, we want to focus on centers that would
typically occur in business-to-business environments; these are call centers that handle many types of calls but
where the arrival rate for each type is low. To find an optimal configuration, the integrality of the decision
variables is a much more important issue than for larger call centers. The present paper proposes an approach
that uses elements of combinatorial optimization to find optimal configurations. We develop an approximation
method for the evaluation of the service performance. Next, we search for the minimum-cost configuration
subject to service-level constraints using a branch-and-bound algorithm. What is at stake is to find the right
balance between gains resulting from the economies of scale of pooling and the higher cost or cross-trained
agents. The article shows that in most cases this method significantly decreases the staffing cost compared with

configurations with only cross-trained or dedicated operators.
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1. Introduction

The development of telecommunications has been
phenomenal in the last decade. The possibilities of
new telecommunication technologies to provide ser-
vices remotely have led to the development of
many new business opportunities. Demand for such
services has boomed in the last decade in the
business-to-consumer (B2C) sector as well as in the
business-to-business (B2B) sector.

An important way of providing these types of ser-
vices is through call centers where clients call to
obtain some kind of service (e.g., after sales, helpdesk,
financial, ...). The growing importance of call centers
for operations management in services has led to a
growing interest in this topic for researchers. Almost
all articles focus on the very large call centers, where
there can be several hundreds of agents connected
at any time. Given the economies of scale that arise
by pooling the stochastic demand for services, large
call centers are more frequently used in B2C environ-
ments, where such pooling is possible. In this article
we focus on small-size call centers that are more fre-
quently used in B2B environments. Typical situations
where one would find such a call center are

¢ helpdesks for very specialized services, where
agents might need special tools or software programs
to solve the client’s problems remotely (e.g., mobile
phone operator);
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¢ management of large accounts. To better serve
the particular needs of its clients, a company might
want to have operators specially trained to handle
the specific problems that might arise with its large
accounts (e.g., bank);

* a hotline for retailers. In some situations the
retailers provide part of a service (e.g., activation of
mobile phone subscription): when a customer has an
exceptional demand, the retailer must be able to call
on very specialized agents to quickly find a solution
(e.g., mobile phone operator).

These types of services are very specialized and
will not generate a large demand justifying many
agents. Often, companies try to group services that
require skills relatively close to each other and where
it is then possible to increase pooling through cross-
training. Given the specialized nature of the services,
cross-training can be expensive. Therefore it is nec-
essary to find the best trade-off between the cost of
cross-training and the economies of pooling. In the
context of small call centers, this requires combin-
ing the stochastic aspects of arrival and service pro-
cesses with the combinatorial aspects of the staffing
decisions.

The contribution of this article is twofold: it is to
our knowledge one of the first articles focusing on
small-size multiple-skill call centers, and we present
an original method to combine the stochastic and
combinatorial aspects in an optimization model.
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In the following section we present how the prob-
lem studied here relates to earlier published work.
We then formulate the problem in a more formal
way. This is followed by a section that presents a
branch-and-bound type algorithm to find an optimal
configuration. Then, some numerical experiments are
presented to illustrate the usefulness of our method,
and the results of a simulation experiment are given
to validate the main hypothesis of our model. We end
with a concluding section.

2. Relation with Earlier Work

To operate a multiple-skill call center in an efficient
way, the manager has to decide on a routing policy for
incoming calls and on a staffing level for each group
of operators. Gans et al. (2003) and Aksin et al. (2007)
present very well-structured and exhaustive introduc-
tions and literature reviews on models for the man-
agement of call centers.

Assigning an incoming call to a group of operators
that can handle the corresponding call type is referred
to as skill-based routing. Optimizing the routing pol-
icy is a difficult problem, and it is only recently that
researchers have started investigating this domain.
Garnett and Mandelbaum (2001) present an introduc-
tion to the different types of routing schemes and
their complexity. Ormeci (2004) shows the form of the
optimal routing policy when there are two skills. In
the general case with an arbitrary number of skills,
Bhulai (2005) derives a heuristic rule to route calls
based on the state of the system, and Borst and Seri
(2000) propose a heuristic rule to route calls based on
a credit scheme that depends on allocations made pre-
viously. Sisselman and Whitt (2007) extend the clas-
sical skill-based routing by introducing value-based
routing. The idea is to add some quality measurement
in the model: instead of simply maximizing the pro-
portion of calls that are answered, value-based rout-
ing tries to optimize an expected revenue that is an
indirect measure of qualitative elements such as first-
call resolution or the preference of the operators. The
authors show that it is possible to use value-based
routing by adapting the skill-based routing algorithm
presented in Wallace and Whitt (2005). There is a
large literature on the staffing of call centers, but
most of the articles are about the staffing of systems
with operators that all have the same skill. The gen-
eral trend in those articles is to show that different
variants of what has become known as the “square
root staffing rule” enables to reach the best trade-off
between service quality and staffing cost.

In multiple-skill environments, there are some arti-
cles about call centers with two skills. For example,
Stanford and Grassmann (2000) study a call center
with a group of monolingual agents handling the

majority of the calls and a group of bilingual agents
that are able to answer calls of the minority language
as well (see also Shumsky 2004 for another approach
to a similar setting).

For the staffing in an environment with an arbi-
trary number of skills, to our knowledge, all articles
focus on large call centers and, as a result, neglect
the integrality constraints on the staffing levels (at
any time one can only have an integer number of
agents in each group). Wallace and Whitt (2005) study
the case where all agents master the same number of
skills. They show that there is a staffing rule where all
operators have two skills that already enables to cap-
ture most of the efficiency gains that can be obtained
from cross-training. Using a fluid model approach,
Harrison and Zeevi (2005) develop a way to compute
the optimal staffing when most of the traffic random-
ness comes from the nonstationarity over time of the
arrival process. Whitt (2006b) and Green et al. (2007)
are other recent references of models that are deal-
ing with variability on a long-term scale. Chevalier
et al. (2005) show that in a similar (but somewhat sim-
pler) setting to the one studied here, a very simple
heuristic gives results close to optimality. This heuris-
tic essentially says that when only specialists and fully
polyvalent operators are available, then 20% of the
budget of the call center should be allocated to cross-
trained operators. This confirms a general finding of
articles in this area: that a little flexibility goes a long
way. The same type of conclusion can be drawn from
several articles that analyze call centers using heavy
traffic models (see, e.g., Gans and van Ryzin 1997 or
Harrison and Lépez 1999).

The methods developed in these articles are not
applicable in small-size call centers where the combi-
natorial side of the problem is predominant.

Because the optimal staffing depends on the rout-
ing policy, we analyze the two decisions together. For
the routing policies, we restrict ourselves to a type
of policy that is often used in practice because it is
both simple and intuitive. We call this type of routing
policy “hierarchical routing.” The principle is to route
arriving calls to the group with an available agent that
has the smallest level of cross-training (with the nec-
essary skill to handle the call). The idea is to try to
keep the more flexible servers free to be able to han-
dle more calls in the future (the heuristic proposed by
Borst and Seri 2000 is based on very much the same
idea).

Our objective is to find the optimal number of
servers in each group and the corresponding routing
rule to meet a service quality target at the minimum
operating cost. Our service quality indicator is the
proportion of lost calls if the system were a pure loss
system (that is, when all operators are busy, callers do
not have the opportunity to stay on hold). Although
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in practice almost all call centers provide the opportu-
nity for callers to wait on hold, a loss model will pro-
vide a good approximation of the relative performance
of different configurations in many situations. In par-
ticular, when callers are impatient and soon renege, or
when the call center wants to provide small waiting
times to their callers, it has been shown that the loss
probability is a very good indicator of the call cen-
ter performance (see, e.g., Tabordon 2002, Chevalier
et al. 2005). Whitt (2006a) also finds that in a queueing
model with abandonments, the rate of abandonment
has a much smaller influence on performance than
the arrival and/or processing rate.

Even for a small-size center (less than 10 agents)
with few different skills (three or four), the number of
possible configurations is very large (several hundred
millions with three skills and several hundred billions
with four skills). To find an optimal configuration it
is necessary to compute bounds on a set of configura-
tions. To estimate the performance of a configuration,
we use an overflow model where arriving calls are
overflowed from one agent group to another. We use
the so-called Hayward approximation to compute loss
probabilities. The first publication of this method is
by Fredericks (1980). In Tabordon (2002) this approx-
imation method was adapted to model call centers.
In this paper we go one step further and develop a
method to optimize the staffing of a call center. In
particular, we show that it is possible to combine the
hierarchical structure of the routing policy with the
characterization of the call overflows to derive useful
bounds that significantly speed up the search for an
optimal configuration. Because we use a combinato-
rial optimization approach based on partial enumer-
ation of the solution space, the size of the problems
we can handle is limited.

3. Problem Formulation

We call C the set of all different call types. We assume
that the arrival process for calls of each type is a
Poisson process with parameter A; (i € C). Each call
type corresponds with one skill for the agents: to
answer a call of type i an agent needs to have the
skill i. Since agents can have multiple skills, we call a
group of agents all the agents that have the same skill
set. Formally, group g has the skills S(g) € C, which
means that all agents of group g can answer any call
of type i: Vie 5(g).

We suppose that the processing time for calls han-
dled by all groups is exponential with rate w. The
hypothesis that service times are exponential is not so
important for the loss probability as it is well known
that the Erlang B formula, on which our approxima-
tion scheme is based, is valid for any service time
distribution. Simulation results suggest the insensitiv-
ity of the service time distribution holds even for the

non-Poisson overflow processes; details of the simu-
lation tests are not reported because they are beyond
the scope of this paper. Note that waiting times, on
the other hand, are strongly influenced by the service
time distribution. The other limitation of this hypoth-
esis is that the service time distribution is identical
for all groups and all call types. This is, in fact, not
such a bad approximation, as there is little benefit to
pool calls that would have very different processing
time distributions. van Dijk (2004) showed that effi-
ciency could actually decrease in such circumstances.
In practice, we observe that call center operators try
to pool call types that are relatively similar.

As already mentioned, we study a hierarchical rout-
ing, where arriving calls are routed to the group with
an available agent that has the smallest set of skills
(that includes the needed skill for the call). This pol-
icy tries to keep the more flexible servers free to be
able to handle more calls in the future.

In this context, we call the first level the set of
all agent groups that are dedicated to one type of
call. The second level contains all agent groups that
have two skills. In general, the mth level contains
the groups of agents that have m skills (all groups g
where |S(g)| =m). We call G(m) the set of all groups
of level m:

G(m)={g: |S(g)| =m}.

The principle of the hierarchical routing policies is
then to route arriving calls preferably to a group of
agents with the adequate skill belonging to the small-
est level where that skill is available. If no agent is
available in that group, then the call is “overflowed”
to a group of agents from the second-smallest level
that has the adequate skill. If all agents from that
group are busy, the call is overflowed again to further
levels until either a group is found where a suitable
agent is available, or the call is overflowed from the
last level. Figure 1 shows the structure of the hier-
archical routing in the case of a call center handling

Figure 1 Illustration of the Hierarchical Routing Concept (Group %

Has Skill Set S)

Y-calls Z-calls

X-calls
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calls

Level 1

Level 2

Level 3

Lost calls
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three different types of calls. For analytical tractabil-
ity we do not allow a “horizontal” routing between
two groups at the same level. Although a system with
such horizontal routing should be efficient, when the
routing probabilities are optimized, it seems, from our
simulation section (see §6), that the gain is not very
important.

The hourly cost of an agent is a function of the
number of skills she has. We normalize the hourly
cost of an agent with a unique skill to 1. An agent
with m skills has a cost of 1+ (m — 1)p. This corre-
sponds to a “premium” of p for each additional skill.
This cost structure has been observed in several call
centers we studied.

Our objective is to find the configuration that min-
imizes the total operating cost subject to a given
service-level constraint. We express the service-level
constraint in terms of the loss probability that the sys-
tem would incur if calls could not wait at all. We
choose this performance measure because it is much
easier to compute than the expected waiting time
or than a given percentile for the waiting times. As
already mentioned, earlier work has shown that there
is a very good correlation between these performance
measures (especially for small loss probabilities /small
waiting times). Another reason to study this system is
for loss systems, where waiting is not possible at all
(for example, paying services). Given the very high
combinatorial complexity of the problem, it is impor-
tant to have a performance measure that is not too
hard to compute, lest there is no hope to be able to
find optimal solutions.

The maximum loss probability for any incoming
call is B. This corresponds to the probability that an
entering call will find no group with an available
agent and will be overflowed from successive levels
until it is finally overflowed from the last level and
thus rejected. We impose this loss probability con-
straint for each type of call to ensure an identical
quality of service. We could just as easily impose a
distinct loss probability constraint for each call type,
but we must remember that the loss probability is
only a proxy for the service performance of the call
center. If it is clear that imposing the same loss proba-
bility would lead to a similar service quality for each
type of call, we have no good estimate as to how a
measure of service quality (e.g., average waiting time)
would vary between the different call types as a func-
tion of the distinct loss probabilities for each call type.

min Z Colly @
8
Yin,q) =B Vi 2
Z qimg = 1 VZ/ m (3)
geG(m):ieS(g)
ng,eN Vg, 4)

where

* c s the server cost for group g;

* 1, is the number of servers in group g;

* V¥.(n,q) is the proportion of type i calls that
are lost;

* (3 is the maximum proportion of lost calls;

® Jimg is the proportion of type i calls routed to
group g at level m; and

* n, q stand, respectively, for the vector of decision
variables 7, and the matrix of decision variables g;,,.

The loss probability ¥;(n, q) is computed using
the so-called Hayward approximation method, which
was first developed in Fredericks (1980) (see also
Whitt 1984 and Guerin and Lien 1990 for evalua-
tions of this method). It was further developed in the
framework of call centers in Tabordon (2002). Here,
we present only a brief summary of the computa-
tion method. For more details, the interested reader
is referred to the articles cited above or to Chevalier
and Tabordon (2003), where an exposition is made of
how to adapt the Hayward approximation method in
a call center setting. Franx et al. (2006) have recently
developed a method to estimate overflows for call
centers using a hyperexponential model for flows of
calls. It would probably not be very difficult to use
that method to compute an alternative approximation
to (n, q).

The hierarchical routing policy makes it possible to
view the system as if an arriving call was first sent
to the corresponding group with one skill, and then,
if all agents of that group were busy, the call would
be overflowed to a suitable group of agents with two
skills, and so forth, as long as all agents in the group
reached were busy (see Figure 1). To compute the
loss probability of a call, we model the system as
a queueing network with flows of calls representing
the arrival processes and the overflows between the
different agent groups. The flows of calls are mod-
eled using a two-parameter approximation, one being
the flow rate and the other being the peakedness,
which is a measure of the “burstiness” of the flow.
It is defined as the ratio of (i) the variance in the
number of servers needed to serve all calls (assum-
ing an M/M/oo queue), and (ii) the average num-
ber of servers needed to serve all calls. Note that a
Poisson process has a peakedness equal to one. Over-
flows tend to be quite bursty, and this has to be taken
into account to compute the loss probabilities with a
correct precision.

The Hayward approximation is based on the
Erlang B formula. If the arrival rate to a group of
agents is A, and the peakedness of the arrival process
to that group is z, then the overflow probability for a
call reaching that group is

B(Tl, /\, Z)=BE(§’ E)/

z



Chevalier and Van den Schrieck: Optimizing the Staffing and Routing of Small-Size Hierarchical Call Centers
310 Production and Operations Management 17(3), pp. 306-319, ©2008 Production and Operations Management Society

where

* 1 is the number of agents of the group,

* p=A/u and p is the service rate of that group,
and

® Bg() is the Erlang B formula.

The peakedness of the overflow of calls from that
group is then

out _ 1— EB , )\, p .
z Z( B A ) B, A, 2)
When n flows of calls are merged together, the
peakedness of the merged flow is

s i1 Aizi
===t
2ic A

where A; and z; are, respectively, the arrival rate and
peakedness of the merging flows. When a flow (with
rate A and peakedness z) is split according to proba-
bilities {p,}, then p;A and z are, respectively, the arrival
rates and peakedness of the resulting flows.

In our model we consider that after each level all
calls of the same type are first merged together and
then, if need be, split again among the different pools
handling this particular type of calls. When such a
split is done, the different fractions are the decision
variables g;,,, .

We make the simplifying assumption that when a
group handles different call types, the overflow prob-
ability and the peakedness of the resulting overflow
is identical for each call type. Simulation experiments
show that the loss probability and peakedness of the
overflow of a particular type of call will both be
higher if the incoming peakedness of the flow of calls
of that type is higher. To the best of our knowledge
there has not been any publication about a model for
this relation. Moreover, our simulation experiments
as well as those performed earlier in Tabordon (2002)
suggest that this assumption does not create a large
distortion in the approximated loss for the system.

4. Finding an Optimal Configuration

Because we want to find the optimal staffing for call
centers with small loads, it is likely that some of the
groups of agents (especially the more flexible ones)
will be of very small size. Therefore, it is important to
take the integrality constraints into account. In all but
the smallest instances the number of possible config-
urations is tremendously large. To be able to find an
optimal configuration, we developed a branch-and-
bound-type search algorithm. In the following sub-
sections we first show how it is possible to limit the
search space in the branching process and then how
the Hayward approximation scheme can be used to
derive bounds that are useful to restrict the search

even further. Finally, we present two different search
strategies in the branch-and-bound tree. The ideas
implemented in this algorithm are quite similar to the
ideas used in integer linear programming (see Wolsey
1998 for a good presentation of branch-and-bound
techniques in combinatorial optimization).

4.1. Branching

To enumerate the different configurations, we grad-
ually fix the sizes of the groups and the routing
probabilities starting from the first level and then pro-
ceeding level by level until we reach the last level.
The routing probabilities are enumerated with a step
size of 0.1.

At level m, each group has m skills, so there are (V)
possible groups at that level (N is the total number
of call types). This can be a very large number, and
having operators in each of these groups will com-
pletely ruin the pooling gains. Because of the concave
nature of the Erlang B formula, it is always optimal
to have the smallest number of groups possible at
any level (given that, for any given level, the cost
is identical for all groups). To determine the num-
ber of groups that might be needed at level m, we
note that we must have enough groups to keep N
degrees of freedom to determine an adequate service
level for each type of call at that level. With k different
groups at level m, we have km flows of calls enter-
ing the different groups (remember that at level m, all
groups can handle m different call types). This gives
km — N independent decision variables because, for
each call type, we know that the sum of the routing
probabilities at level m should be one (see (3)). Practi-
cally, this removes N degrees of freedom. In addition,
we have k variables for the sizes of the groups. In
total, we have km — N + k = k(m + 1) — N indepen-
dent decision variables. This number should be larger
than N to be able to decide independently on the ser-
vice level for each call type. Note that we neglect that
two configurations yielding the same service levels
for each call type could have overflows with a differ-
ent peakedness. In practice, with small configurations,
the difference in peakedness that could be observed
for configurations with equivalent loss probabilities
will only have a second-order effect on the perfor-
mance of the call center.

This implies that k > 2N /(m + 1). For any configu-
ration with more than M(m) = [2N/(m + 1)] groups,
it is possible to find a combination yielding the same
service levels with a smaller number of groups. In
our branching procedure we use this fact that when-
ever at level m, we have M(m) groups with a positive
number of agents; we immediately fix the number of
agents to zero for all other possible groups of that
level (and for all the corresponding routing variables).

It can easily be checked that M(m) < (V) for all
values of m except the last level, where only one
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group is present (fully cross-trained agents). Note
that M(N) =2, which is the number of groups that
would be needed to be able to assign independent ser-
vice levels for each call type. Such a configuration is
beyond the scope of our model. It seems, anyway, that
the diseconomies of scale linked to splitting a group
in two would almost never make such configuration
economically interesting.

Remember that, in our approximation method for
computing the loss probabilities, all different types
of calls handled by a group have the same overflow
probability. Since at the last level we can have only
one group of (fully cross-trained) operators, the search
space is significantly reduced. Indeed, the loss prob-
ability for a type of call is the product of its over-
flow probabilities across all levels. Consequently, at
the next-to-last level, we need only to consider con-
figurations with identical loss probabilities.

4.2, Bounding

Given the decision variables that were fixed, we com-
pute a lower bound on the cost of the possible config-
urations that would satisfy the service constraint. For
this, we solve a relaxation of the problem where we
suppose that

—all remaining flows (overflows of agent groups
and arrival processes) can be treated together without
having to incur the cost of fully cross-trained agents,
and

—the service constraint has only to be satisfied
globally for all call types and not individually for
each one.

Because we do not know how the different flows
of calls will be combined, we must be careful in
the way we treat the peakedness of the different
flows. Remember that in the Hayward approxima-
tion the loss probability is computed by dividing
the arrival rate and the number of servers in the
Erlang B formula by the peakedness. The concavity of
the Erlang B formula implies that for a given load a
lower peakedness will always result in a smaller loss
probability (or equivalently, for a given loss probabil-
ity, a lower peakedness will require a smaller num-
ber of agents). So, here, we start by “normalizing”
the flows of calls, i.e., by dividing their rate by their
peakedness. We can then merge the different flows as
if their peakedness was one. Using the Erlang B for-
mula, we compute the number of servers needed to
reach the desired loss probability. This is the global
loss probability for all call types determined by divid-
ing (i) the maximum rate of calls overflowed from the
system when the service constraint is reached for all
call classes (8" A;) by (ii) the sum of the flow rates
of all overflows at the current partial configuration.
The number of servers found is then divided between
the different flows in proportion to their normalized

rates. All parts are multiplied by the peakedness of
their corresponding flows. We finally obtain the lower
bound by summing them. When searching for the
minimal number of agents to satisfy the global loss
probability constraint, we use values for the number
of servers that (after multiplying back by the different
peakedness) give an integer number of agents.

This procedure determines a lower bound because
we compute the number of servers needed with the
full benefit of pooling (all types of calls are handled
by a single group), but the peakedness of each stream
of calls is kept separate. Indeed, when joining two
flows of calls, the peakedness is the weighted average
of their peakedness. In the Hayward approximation
the total flow is divided by this average peakedness.
Dividing each flow by its own peakedness (normal-
izing as we call it in our procedure) is equivalent to
joining the flows and computing the peakedness as
the weighted harmonic average of the flows. Since the
weighted harmonic average is always lower than
the weighted (arithmetic) average, and since a lower
peakedness is always favorable, this will result in a
smaller number of agents needed to reach a target
loss rate.

ExamrLE 1. To illustrate the bounding procedure,
we present a small numerical example. Consider two
flows, A (A, =3, z,=1.5) and B (A\; =5, z; =2), that
would be the overflows resulting from the groups that
were already fixed. The required global loss probabil-
ity (GLP) is 0.2.

The first step to find the bound is to normalize the
flows, i.e., to divide both flows by their peakedness.
We obtain for A A, =A,/z, =3/1.5=2and for B \; =
A,/z, =5/2=25. The total normalized flow, A,,,, is
thus equal to A, + Ay =4.5.

The next step is to determine the number of agents
that are required. First, we compute §, the number of
agents required to reach the required global loss prob-
ability with the normalized loads. After that, 5 is mod-
ified to get s, the equivalent number of operators that
takes into account the different peakednesses. This
is done by multiplying a proportion of 5 by z, and
the remaining part by z. This proportion corresponds
to the weight of A, in the total normalized flow.
Therefore, we have s = (A4/A,,,)8)z4 + ((Ag/A,0)5) 25 =
((Aa/Mo)za + (Ap/A)zp)S = (1.5 + $22)5 = 1.785.
Note that 1.78 corresponds to the weighted harmonic
average of the peakedness of the flows (1.78 = (A, +
Ag)/(Aa/Za+ Ap/2p))-

However, we wish to have s as an integer. This
implies that we cannot take whatever value of s.
We should choose it accordingly. From s =1.78s, we
immediately have § = 15 = 0.5625s. Consequently, to
have s integer, we should choose for 5 to be a multiple
of 0.5625.
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Table 1  Global Loss Probabilities as a Function of s
s 1 2 3 4 6 7 8 9 10
S 0.563 1.125 1.688 2.25 2.813 3.375 3.938 45 5.063 5.625

GLP 0.897 0.796 0.67 0.608 0.521

0.439 0.365 0.297 0.237 0.185

Table 1 gives the loss probabilities for integer val-
ues of s. We see that with one operator we would
have a global loss probability of 0.8965. By gradually
increasing s by multiples of 0.5625 we find that s =10
is the smallest value for which the global loss proba-
bility is smaller than 0.2. s =10 is therefore the value
of the bound.

4.3. An Improved Bound

Until now, we have not taken into account the cost of
the different groups of agents. We can improve our
lower bound by noting that for each flow there is a
lower bound on the cost of agents that will handle
the overflow. For example, if one of the merged flows
is an overflow from a group at the second level, then,
with the hierarchical routing policy, these calls can
be handled in groups belonging to level 3 or higher.
Because all agents at the nth level have n different
skills, they also all have the same cost. If we suppose
that all calls from the overflow of level 2 are handled
by agents with a level 3 cost, this is a lower bound (as
some calls might actually be overflowed again and be
handled by agents in even higher levels).

In the preceding bounding procedure, after having
multiplied the parts of operators by their peakedness,
we also multiply these parts by the cost of agents at
the next level. We then add up the costs of the differ-
ent flows.

To illustrate this, let us continue the example
of §4.2.

ExamPLE 2. We calculated that the bound must be
equal to 10 with A, =3, z, =15, Az =5, z; =2 and
with a required global loss probability of 0.2. We sup-
pose now that A is a second level overflow and B a
first level overflow and that the premium p is equal
to 0.1. We wish to compute c(s), the bound that takes
the cost of the different groups into account.

Remember that to have s = 10 as a bound we
needed s = 5.625 (see Table 1). c¢(s) is also
computed from 3, but instead of computing s = ((A,/
Xiot)3)Z4 + (A5/A101)3)z5, We have to weigh each term
with the_ cqrresponding cost. "l_"hel_refore, we have
c(s) = ((Aa/A0)3)2a(1 +2p) + ((Ap/Aior)3)25(1 + p) =
([£1.5]1.2 + [222]1.1)5. With § = 5.625 (this corre-
sponds to s = 10), we have c(s) = 11.5125. It is the new
bound.

Note that this is a simplified example. If there really
were only two flows of calls, one could assume that
they can only be merged at the third level and use the
cost of 1.2 for both flows. When there are more than

two flows, we obtain a lower bound by assuming that
each call type will be handled by the first possible
level. This is what is done in our small example.

4.4. Branch-and-Bound Tree Search

One of the questions that need to be solved when
implementing a branch-and-bound approach is to
choose a search strategy in the enumeration tree. The
most common search strategies are depth-first search
(dfs) and a best-bound search (bbs). The former pro-
poses to explore the tree by selecting the node that has
the most variables already fixed (to obtain as soon as
possible a feasible solution that constitutes an upper
bound). The latter suggests to select the node that
has the best lower bound. The dfs strategy tends to
minimize the number of active nodes at any time by
improving the upper bound. The bbs strategy, on the
other hand, tends to minimize the total number of
nodes to explore by improving the lower bound. To
try to combine the advantages of both approaches,
we implemented a mixed strategy where we use bbs
when fixing the number of operators for the groups of
the first level. When exploring a node where all deci-
sion variables of the first level are fixed, we switch to
dfs to find the best feasible solution corresponding to
the given first-level configuration.

5. Numerical Experiments

We have implemented our optimization algorithm in
Java and tested it on a variety of small three- and four-
skill examples. We implemented several programs
that gradually include the different ideas of §4.

In the following subsections, we analyze the com-
putational performance of our optimization proce-
dure for three- and four-skill call centers. We then
analyze the type of characteristics of the optimal con-
figurations found on a sample of 100 randomly gen-
erated three-skill examples.

5.1. Three-Skill Call Centers

For systems with three types of calls, there are five
parameters to be chosen. The three first are the arrival
rates for each call type (we normalize the time scale
by fixing u =1). For these three we considered five
combinations. They are presented in Table 2. The
fourth parameter is the value of the cost premium
p, and the fifth is the value of B8, the maximum loss
probability. We took three values for the premium,
namely, 0.1, 0.15, and 0.25 and three values for the loss
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Table 2  Description of the Five Combinations of Flows the algorithm, the number of examples for which the
Considered for the Three-Call Type Systems improvement in solution time lies in each percentage
Example Flow X Flow Y Flow Z range compared w.ith the exhaustive sea-rch method.
The results confirm that each successive improve-
1 10 2 1 ment in our resolution method improves the speed
g g ‘71 g to find the optimal solution. The average time reduc-
4 3 9 1 tions are 32%, 46%, and 50% for the L.Bou, N.Bou,
5 5 4 2 and BBS programs, respectively (compared with the

probability, 0.05, 0.1, and 0.2. This gave us 45 cases to
analyze. We tried to make a balanced and representa-
tive choice. That is why we tested some cases where
all three flows are the same, other cases where two
flows are similar while the third is quite different, or
cases where all flows are different.

We solved these examples using various programs.
The first one (R.Met) consists of an algorithm that
makes an exhaustive search using the branching rule
of §4.1 and only uses upper bounds to limit its search
of possible configurations. The starting bound is the
minimum between the cost of a configuration with
only dedicated agents and a configuration with only
fully cross-trained agents.

In the second one (L.Bou.), we include the bound-
ing procedure of §4.2 with a dfs search strategy.

In the next program (N.Bou.), we use the same
branching with the improved bound according to
the method described in §4.3 with the same search
strategy.

Finally, we tested all examples using a program
(BBS) that uses the same branching and bounding
strategy as (N.Bou) with our mixed-search strategy
presented in §4.4.

To check how effective the programs were, we mea-
sured the time it took to solve each instance using
each program. The results are summarized in Fig-
ure 2. This figure shows, for each improvement of

Figure 2 Time Improvements Brought by Each Algorithm Improvement

for the Three-Call Type Systems
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time to perform an exhaustive search).

We also evaluated the performance of the programs
using another measure: we counted the number of
configurations that had to be completely evaluated.
The results were very similar to the time measures.
That is why they are not presented here.

To evaluate our method, we also investigated the
cost savings of our proposed solution compared with
“naive” configurations such as using either only fully
cross-trained agents or only dedicated agents. To
check this, we compared the optimal configuration
obtained with the method proposed here to both
extreme configurations, i.e., a configuration that sat-
isfies the loss probability constraint with only dedi-
cated operators (DED) and with only polyvalent (i.e.,
fully cross-trained) operators (POL). Figure 3 shows
the number of examples for each range of percentage
cost improvement of the optimal solution compared
with the two naive policies. Over all 45 examples we
observed an average cost reduction of 14% compared
with the DED staffing and 11% compared with the
POL staffing.

5.2. Four-Skill Call Centers

We now investigate the performance of our procedure
for centers with four types of calls. As the benefit of
the improved bound over the basic bound appeared
almost constant in our instance with three types of
calls, we did not include the (L.Bou) program in our
comparison. Because the number of possible config-
urations increases tremendously, we had to restrict

Figure 3 Percentage Reduction of the Total Cost Compared with

Configurations with POL or with DED
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Table 3 Description of the Test Set for the Four-Call Type Systems Table 5 Comparison of the Staffing Costs of the
Optimal and the DED and POL Policies for the

Example  FlowA  FlowB  FlowGC  FlowD  Premium B Four-Call Type Systems

1 1 1 1 1 0.05 005 Example DED POL OPT

2 2 1 1 1 0.05 0.05

3 3 2 1 1 0.05 0.05 1 16.0 9.2 8.8

4 0.5 4 1 0.5 0.15 0.05 2 17.0 10.35 10.35

5 2 1 1 1 0.2 0.05 3 20.0 12.65 12.65
4 18.0 14.5 13.1
5 17.0 14.4 12.4

ourselves to smaller loads than the loads chosen in the
three-call type systems to keep the resolution times
manageable (especially of the exhaustive search pro-
gram). For the same reason, we only work with five
examples. The parameters of each of them are pre-
sented in Table 3.

As expected, the computation times were much
longer than for the systems with three types of calls.
The results are presented in Table 4: the first column
gives the time duration for the exhaustive search algo-
rithm, the other ones present the time duration for
each improvement in a normalized way.

Here, we see that our procedure really makes a
huge difference for the computation time. We now
have a reduction in computation time of at least 88%
in all instances and a reduction of more than 95% in
all but one instance. However, for the three first exam-
ples, it may look like the BBS program is not improv-
ing as much since the processing time is similar or
even longer with BBS than with N.Bou. The three
first examples consider a relatively low premium (see
Table 3). The consequence is that the optimal configu-
ration in two of the three cases is a configuration with
only fully cross-trained operators (see Table 5, where
we may observe no cost decrease for these two exam-
ples). Since the initial bound (the one used for start-
ing the algorithm) is the minimum between the two
extreme configurations (POL and DED), the algorithm
begins with a bound that is the best configuration.
The consequence is that, in this case, the mixed-search
strategy cannot find a better upper bound faster. This
is supported by the fact that we did not observe any
difference in the number of configurations evaluated
using both methods. When we look at example nr.5,
which is exactly the same as example nr.2 except for
the higher premium, we see that the mixed-search
strategy still provides a nonnegligible improvement.

Table4  Time Improvements Brought by Each Algorithm Improvement
for the Four-Call Type Systems
Example Time R.Met N.Bou BBS
1 6,921,172 100 2.97 3.06
2 8,734,740 100 3.16 3.15
3 29,316,375 100 3.71 3.78
4 21,111,376 100 12.39 11.48
5 33,257,332 100 7.08 4.91

Looking at Table 5, we see that, again, the optimal
configuration brings important gains relative to both
extreme configuration. These gains tend to be higher
if the premium is large, as the comparison between
examples nr.2 and nr.5 suggests.

5.3. Analysis of Optimal Configurations for
Three-Skill Call Centers

We used our optimization procedure to further inves-
tigate the structure of the optimal configurations. To
do that, we randomly generated 100 instances. In each
of these instances, the incoming flows were randomly
chosen in an interval between 0 and 10, the premium
for cross-training was between 0.05 and 0.3, and the
loss probability could go from 0.01 to 0.25. For each
case, the optimal configuration was found. When ana-
lyzing the results we could observe some interesting
facts, mainly concerning the second level. As shown
in Figure 4, the large majority of optimal configura-
tions had only one pool of two cross-trained opera-
tors. In our sample, only four optimal solutions out of
100 have a second pool in level 2. Moreover, that sec-
ond pool consists, in all four cases, of only one oper-
ator, suggesting that the flow passing through it is
minor. Actually, this is not surprising: it tends to show
that dividing flows in multiple parts goes against
optimality. This is coherent with the well-known phe-
nomenon of economies of scale.

A second important point to notice is that the
80%—-20% rule stated in Chevalier et al. (2005) does
not appear to work in our case. As Figure 5 shows,
the proportion of the budget allocated to the dedi-
cated operators is lower than one could expect. Still,
the general finding that “a little flexibility goes a long

Figure 4 Percentage of Cases with Zero, One, or Two Groups in the

Optimal Solution at Level 2

Number of level 2 agent groups
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Figure 5 Optimal Repartition of Operators Across the Different Levels

Percent budget for each level
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O Level 1
W Level 2
58% |M Level 3

21%

way” can be observed here again with an average
of only approximately 20% of the staffing cost used
for second-level and third-level operators. This could
be compared, for example, with the observations of
Wallace and Whitt (2005), where there is no cost for
additional skills and operators all have the same num-
ber of skills. In that setting the authors find that most
benefits from cross-training are obtained by having
agents with two skills. Here we see that, when there
is a cost for additional skills but it is possible to have
agents with different levels of skills, the number of
additional skills in the best solutions is again very
limited.

A closer analysis shows that there are huge differ-
ences between optimal configurations (see Figure 6)
across our sample of instances. The proportion of ded-
icated operators, operators who can deal only one
type of call, may go from 0% to 100%). It provides
actually a justification to the specific study of call
centers of small size: the integrality condition may
change the optimal solution significantly.

6. Simulation Study

For analytical tractability, many simplifying assump-
tions have to be made. We would now like to inves-
tigate their impact on the results we obtain. Thus, we
ran a simulation experiment. First, we compared the
loss probability computed using our model with the

Figure 6 The Optimal Proportion of the Total Cost That Is Spent for
Level 1 Agents
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loss probabilities observed in the simulations. Second,
we evaluated the relevance of our model for situa-
tions where waiting is allowed. Finally, we checked
whether allowing horizontal routing makes a large
difference.

6.1. Validation of the Results
We start this simulation study by examining whether
the loss probabilities estimated with our model match
the loss probabilities observed in a simulation exper-
iment. Because the objective of our model is to find
the best configuration, we focus our investigation on
how well the relative performance of different con-
figurations is estimated. The test consists in taking
a series of relatively similar configurations with the
same combination of incoming flows. We took exam-
ples with three call types and arrival rates of 8, 7,
and 3. We started with the optimal configuration with
a cost premium of 0.25 and maximum loss probabil-
ity of 0.1 found in §5.1. We performed an exhaus-
tive search and selected 29 other configurations that,
according to our model, give loss probabilities very
close to 0.1 for each call type. In Figure 7, we com-
pare the computed and simulated loss probabilities
for those 30 examples.

This figure confirms that there is a very good
agreement between the simulated and computed loss
probabilities.

6.2. Evaluation of the Queueing Approximation
For analytical tractability we cannot explicitly con-
sider queues. We argued in §3 that the results
obtained with a loss model can be a good proxy for
models with waiting. In other words, our idea is that
the best configurations in the blocking model are also
among the best configurations in a queueing model.
To verify that, we took the set of 30 configurations
we used in §6.1. We now compare the results we get

Figure 7 Correlation Between Computed Loss Probability and
Simulated Loss Probability
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when simulating the configurations with waiting and
the results we compute using our model. For each
configuration, we consider two cases.

First, we introduce queues of limited sizes. More
precisely, we allow a maximum of two calls to be put
on hold for each of the two first types of calls and
a maximum of one call for the third flow. This gives
queues of relatively comparable sizes proportional to
the arrival rates. All callers are considered to have
infinite patience. In the present case, it is possible to
compare the computed loss probability to two perfor-
mance measures. Because some calls are still lost we
can compare the computed loss probability with the
simulated loss probability like in §6.1. The second per-
formance measure is the average waiting time. Fig-
ure 8 summarizes the results when the size of the
queues is restricted.

From Figure 8 it appears that there is a remarkably
strong correlation between the performance in both
systems. Consequently, using the loss probability as
the performance when waiting is possible is not bad
at all.

Figure 8 Correlation Between Computed Loss Probability and
(a) Simulated Loss Probability and (b) Average Waiting
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Second, we consider queues of infinite size. Again,
callers never become impatient. The consequence is
that a call is never lost and the blocking probability is
thus equal to zero. That is why we only compare the
computed loss probability with the average waiting
time. Figure 9 summarizes the results when the size
of the queue is unlimited.

The correlation is not as strong in this case. Still,
there clearly is a correlation. Moreover, one must keep
in mind that the configurations we try to compare are
configurations that have quite similar performances.

In conclusion, it is clear that call centers where wait-
ing is possible are much more prevalent than loss sys-
tems, yet a loss model can give good performance
indications.

6.3. Horizontal Routing

For analytical tractability in our model, we do not
allow horizontal routing. When flows have the possi-
bility to be routed from one pool to another pool of
the same level, the computation of the incoming flows
at each pool becomes much more complicated. Deriv-
ing a bound for the branch-and-bound search would
also be much harder.

From the results of §5.3 we could assume that very
often there is only one group present at the second
level as a consequence of the strictly hierarchical rout-
ing. Perhaps, with the possibility of horizontal rout-
ing between groups at the second level, it would be
interesting to have more groups at that level.

The queueing simulation gives an indirect answer
to the question already. Indeed, when waiting is
allowed, a call will not be put on hold if there is a
pool that can handle it, so horizontal routing must
be allowed. We saw that this did not prevent a very
good agreement between the simulated and com-
puted performance.

The following simulation experiment is meant to
have more direct answer to this question. We study
three different cases of call centers with three call
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Figure 10 Cost vs. Average Loss Trade-Off for Policies With and Figure 12 Cost vs. Average Loss Trade-Off for Policies With and
Without Horizontal Routing (Example with Arrival Without Horizontal Routing (Example with Arrival
Rates = 5 for Each Type) Rates ={7,7,1}, Respectively)
222 21.3
- - A No horizontal routing
A No horizontal routing J O .
22.0 * & ) ) 21.2 4 @ Horizontal routing
4 Horizontal routing
211
21.8
D10 —Jrerereeeeeeneeens QOO HOA ‘ ......................
21.6 20.9
TS [V E— YT 8 20.8 *A
o o
21 2 RS “A 207
20.6
21.0
20.5
208 e 0‘ 204 *
20.6 I I I 20.3 T | 1
0.07 0.09 0.11 0.13 0.15 0.07 0.09 0.11 0.13 0.15

Loss probability

types, two cases with identical arrival rates for each
call type and one case with one call type having
a much smaller arrival rate than the two others.
These seem to be the cases where horizontal rout-
ing would be most beneficial. The justification would
be for the case of equal arrival rates that horizon-
tal transfers could make a symmetrical configuration
more attractive and, for the case with a much smaller
demand for one type, that a second-level server that
can handle calls of the infrequent type would have
spare capacity, which is easier to use with horizontal
transfers.

For each case, we simulated more or less all con-
figurations that had a global loss probability close to
0.1 with not too large an imbalance between the three
classes.

Figure 11 Cost vs. Average Loss Trade-Off for Policies With and
Without Horizontal Routing (Example with Arrival
Rates = 6 for Each Type)
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In Figures 10, 11, and 12 we observe that hori-
zontal routing reduces the loss probability, especially
when there are numerous operators in the second
level. Generally speaking, the gains do not appear to
be large: to get an important gain from horizontal
routing, we have to change the optimal configuration
significantly to get a large number of second-level
operators, and this results in a degradation of the
performance seldom compensated by the horizon-
tal routing. The fact that we have a discrete prob-
lem implies, nevertheless, that there are large jumps
between configurations and that there are points
where the difference can be significant. The details
can be found in Tables 6, 7, and 8.

7. Conclusion and Further Research

In this article, we presented a method to optimize
small multiskill call centers typical of B2B environ-
ments. We could show that in such environments,
unless both the cross-training cost and the loads
are very low, optimizing the configuration of the
call center yields significant gains over simpler all-
dedicated or all-cross-trained configurations. More-
over, we could observe that in settings with small
loads, the combinatorics of the problem significantly
influences the solution.

To obtain an efficient optimization algorithm, we
translated the main ideas of branch-and-bound tech-
niques for a stochastic model. This seems to be a
promising way to handle stochastic models where
there are some discrete decision variables.

Our optimization procedure led us to the findings
of §5.3. They tend to show an interesting property:
it is, in general, optimal not to divide overflows in
multiple parts. This property has, so far, only been
empirically observed, but it is quite logical: division
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Table 6 Comparison of Configurations With and Without Horizontal Routing When the Incoming Arrival Rates Are All Equal to
5 and the Cost Premium Is Equal to 0.2
Example Sx Sy Sz Sxy Sxz Syz Sxyz  Horiz. rout. LPx LPy LPz LPtot  Cost
1 4 4 4 2 2 2 2 1 0.0829 0.0744  0.0799 0.079 22
2 4 4 4 2 2 2 2 0 0.0942  0.092 0.1008 0.0957 22
3 5 5 5 1 1 1 2 1 0.0968 0.0917  0.0922 0.0936 214
4 5 5 5 1 1 1 2 0 0.1002 0.0926 0.1012 0.098 214
5 4 4 4 1 1 0 5 1 0.0967 0.0795  0.097 0.0911 214
6 4 4 4 1 1 0 5 0 0.1018  0.0988  0.0979 0.0995 214
7 5 5 6 1 0 0 3 0 0.1025 0.1061  0.0839 0.0975 214
8 6 4 6 1 1 0 2 1 0.0818 0.1278 0.08181  0.0971  21.2
9 6 4 6 1 1 0 2 0 0.0816  0.1465  0.0811 0.1031  21.2
10 5 6 5 1 1 0 2 1 0.1212  0.063 0.1208 01017 21.2
11 5 6 5 1 1 0 2 0 0.1256  0.0746  0.1199 0.1067 21.2
12 6 5 6 1 1 0 1 1 0.1038  0.1135  0.0997 0.1057  20.8
13 6 5 6 1 1 0 1 0 0.1045 0.1271  0.097 0.1095 20.8
Table 7 Comparison of Configurations With and Without Horizontal Routing When the Incoming Arrival Rates Are All Equal to
6 and the Cost Premium Is Equal to 0.1
Example Sx Sy Sz Sxy Sxz Syz Sxyz  Horiz. rout. LPx LPy LPz LPtot Cost
1 2 2 2 4 4 4 4 1 0.0773  0.0811  0.0812 0.0799 24
2 2 2 2 4 4 4 4 0 0.1084 0.1064  0.1004 0.1051 24
3 4 4 4 1 1 1 7 1 0.0875  0.0848  0.087 0.0864 23.7
4 4 4 4 1 1 1 7 0 0.096 0.0982  0.0983 0.0975 23.7
5 4 4 4 3 3 0 4 1 0.0939 0.0694 0.103 0.0888 234
6 4 4 4 3 3 0 4 0 0.0989 0.0878  0.0973 0.0947 234
7 4 4 4 2 2 2 4 1 0.0948  0.0924  0.0944 0.0939 234
8 4 4 4 2 2 2 4 0 0.1054  0.1045  0.1061 0.1053 23.4
9 4 4 6 3 0 0 5 0 0.1043  0.1119  0.0885 0.1016 23.3
10 3 3 3 3 3 3 3 1 0.1049  0.1029  0.1004 0.11027 225
11 3 3 3 3 3 3 3 0 01316 01379  0.1341 0.1345 22.5
12 4 4 4 2 2 2 3 1 0.1161  0.1193  0.1171 0.1175 22.2
13 4 4 4 2 2 2 3 0 01329 01335  0.1392 0.1352 22.2
14 5 5 5 1 1 1 3 1 0.1304  0.1322  0.1341 0.1322 21.9
15 5 5 5 1 1 1 3 0 0.1388  0.1412  0.148 0.1427 21.9
Table 8 Comparison of Configurations With and Without Horizontal Routing When the Arrival Rates Are Equal to {7,7,1},
Respectively, and the Cost Premium Is Equal to 0.2
Example Sx Sy Sz Sxy Syz Sxz  Sxyz  Horiz. rout. LPx LPy LPz LPtot Cost
1 7 7 2 0 1 1 2 1 0.1015  0.1071  0.0375 0.0998 21.2
2 7 7 2 0 1 1 2 0 0.108 0.1027  0.0602 01023 21.2
3 6 6 0 1 1 2 3 1 0.0978 0.0768 0.1267 0.0899 21
4 6 6 0 1 1 2 3 0 0.1104  0.0882 0.172 0.1042 21
5 6 6 0 1 3 0 3 1 0.1204  0.061 0.1246 0.093 21
6 6 6 0 1 3 0 3 0 0.1274  0.0839  0.0999 01053 21
7 5 5 0 2 3 3 1 1 0.0967  0.084 0.0976 0.0963 21
8 5 5 0 2 3 3 1 0 0.1306  0.1278  0.1485 0.1305 21
9 5 5 2 4 0 0 3 0 0.1068 0.1073  0.0665 01043 21
10 5 5 0 0 4 4 1 1 0.1136  0.0508 0.1125 0.1089 21
11 5 5 0 0 4 4 1 0 0.1087  0.1679  0.1065 01116 21
12 2 3 1 0 4 5 3 1 0.1377  0.1341  0.043 01297 21
13 2 3 1 0 4 5 3 0 0.1308 0.1312  0.0826 01278 21
14 3 3 1 0 4 4 3 1 0.1325 0.1339  0.0416 01271 208
15 3 3 1 0 4 4 3 0 0.1312  0.1349  0.0899 0.1302 208
16 4 4 1 0 3 3 3 1 0.1312  0.1323  0.0503 0.1263 204
17 4 4 1 0 3 3 3 0 0.1305 0.1294  0.0996 01279 204




Chevalier and Van den Schrieck: Optimizing the Staffing and Routing of Small-Size Hierarchical Call Centers
Production and Operations Management 17(3), pp. 306-319, ©2008 Production and Operations Management Society 319

of flow goes against the benefit of pooling. This prop-
erty should be further investigated as it could lead to
the development of faster heuristics to optimize the
configuration of larger call centers.

Other ideas for improving the optimization proce-
dure could be to study whether it would be possible
to develop a tighter bound, or develop a more sophis-
ticated search strategy. This would, in turn, make it
possible to use this approach for larger call centers.

Other questions that remain to be studied are how
to extend the routing policies, how to have a bet-
ter estimation of the performance measures that are
related to waiting times, and how could nonexponen-
tial service times be handled.
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