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Abstract

The new generation of wireless systems aim to bring a breakthrough
of innovations in connectivity and smart communications. The ever
growing need for higher data transfer and digitization of cities re-
quire new technologies to use available resources in the most efficient
way. This creates an important question: How can new technologies
be leveraged to design and implement sustainable telecommunication
systems?

Cellular networks, in which a fixed location base station serves a
wide range of wireless devices, are the backbone of new generation of
wireless systems. The base stations of such networks have to operate
within several strict regulations and restrictions, due to environmen-
tal concerns related to global warming. The improvements of these
networks to utilize their available resources like energy and hardware
in an efficient way, play a key role in transformation toward a green
communication network.

This PhD research focuses on energy efficiency improvement and
resource allocation challenges within a Multiple-Input Multiple-Output
(MIMO) wireless network. In this regard, the localization phase of a
wireless network, that aims to achieve location information of user
devices, will be the main focus of this work. In the first part, the
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Cramer Rao Lower Bound (CRLB) for the angle of arrival estima-
tion in a Multi-User Massive MIMO with linear antenna array when
the received signals are accompanied by multipath signals is studied.
It is demonstrated that irrespective of the distribution of multi-path
signals the CRLB converges toward a deterministic value. Then, by
using the obtained formulation for CRLB, a modified comprehensive
version of energy efficiency in such networks in the localization phase
is proposed and optimized with respect to the utilized antenna set at
the base station. The optimal number of antennas to maximize the
energy efficiency of the localization is presented, as well as the optimal
approach to select the required number of antennas.

In the next part, we extend the CRLB analysis to planar antenna
arrays in multi-user massive MIMO systems and explore antenna se-
lection strategies for such arrays. After acquiring the CRLB formu-
lation for a planar antenna array in a multi-user scenario, it is shown
that CRLB’s formulation is a combined function of AoA, that needs
the (unknown) AoA’s value for optimization. To overcome this prob-
lem, the expected CRLB is chosen as the criterion of antenna selection.
A greedy algorithm with an optimal starting point is proposed that
aims to minimize the expected CRLB.

Finally, in the last part of this thesis, we propose a real-time CRLB
based antenna selection strategy whose objective function is to mini-
mize the CRLB of a user in planar antenna arrays. First, we improve
the antenna selection strategy that aims to minimize expected CRLB,
from a greedy approach to an optimal analytical method. Then, we
use this method to develop a two-step antenna selection strategy that
aims to directly minimize the AoA CRLB of a user and further reduce
the impact of unknown AoA on the selection process. In the second
step of proposed antenna selection, a greedy algorithm is used with an
optimal starting point whose performance is shown to be very close
to the global search method.
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CHAPTER1
Introduction

This chapter reviews the key concepts, theoretical framework, and un-
derlying motivations that have driven the development of this thesis.
It aims to provide an overview of the fundamental ideas and research
gaps that form the foundation of this study. By exploring these ele-
ments, this chapter paves the way for understanding the broader con-
text and significance of the research questions addressed throughout
the thesis.

1.1 Background
Wireless communications networks have become an integral part of
today’s world. Many wide spread applications like daily communi-
cations and smart transportation rely on wireless communications.
These networks consist of autonomous devices equipped with sensors
that provide various services to numerous users. However, meeting
ever-growing demands requires wide expansion of infrastructure and
energy consumption. The management of existing resources like hard-
ware and energy remains a challenge. Existing approaches often fall
short to provide a balanced service while meeting environmental con-
cerns about energy consumption.
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The new generation of wireless systems have the potential of pro-
viding reliable services with minimal energy consumption by optimally
using the available resources. The multi-service wireless networks are
capable of using same infrastructure for different applications. For ex-
ample, a wireless Base Station (BS) can use some of its resources like
antennas and available energy budget for data transfer between users,
while utilizing the remaining resources for providing location-based
services to the users. The optimal use of these available resources are
challenging. Different services have different requirements that de-
mands certain resources to be dedicated for them. Limited available
hardware is required to support varying number of users at different
times, while maintaining a certain quality of service. Also, in densely
populated areas, e.g. cities, there are firm regulations about radi-
ated power by wireless providers, limiting the available options for
designers.

The evolution of wireless systems toward next-generation networks
such as 5G and beyond has brought about transformative changes
in communication technologies. With the advancement of hardware
quality alongside theoretical analysis, many revolutionary ideas are
proposed for the next generations of wireless systems. The utilization
of multiple antennas in the BSs to exploit spatial diversity of envi-
ronment has shown great potential for reliable communications. The
use of available information in a network like the location of users
is proven to greatly benefit both quality of service to the users and
optimal usage of energy budget. As another example, the use of intel-
ligent surfaces in urban areas is another powerful tool to reform and
adapt the environment toward more reliable communications. The
individual specifications of each of these technologies, alongside their
collaboration to solve the challenges of the next generation of wireless
systems is the topic of many recent studies.
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1.2 Motivation
The ever-growing demand for higher data rates in wireless systems,
alongside the limited frequency resources and transmit power, has
driven wireless system designers to explore new ideas to fulfill these
requirements. In previous generations of wireless systems, the de-
ployment of multi-antenna techniques demonstrated substantial im-
provements in data throughput, spectral efficiency, and link reliabil-
ity. More recently, numerous studies have revealed the great potential
of utilizing a large number of antennas at base stations (commonly
referred to as massive MIMO) to enable simultaneous transmission
to multiple users and to enhance overall network capacity and effi-
ciency [1, 2].

However, one of the key challenges that remains is the efficient use
of antennas in these systems. The utilization of numerous antennas is
not only computationally demanding but also energy intensive, since
each antenna requires associated RF chains, power amplifiers, and sig-
nal processing hardware [3]. This challenge is particularly pressing in
commercial 5G base stations, where energy consumption has already
become a major operational cost for mobile network operators [4].
The issue is expected to intensify in 6G systems, where sustainability
and carbon footprint reduction are explicit design goals [5]. Further-
more, the number of active users in a cell can vary significantly over
time, especially in IoT and sensor networks, where traffic patterns are
sparse and intermittent. In such scenarios, it is neither optimal nor
necessary to activate all available antennas at all times. Optimized
antenna selection methods are therefore essential to reduce hardware
complexity, operational costs, and energy usage while maintaining
high performance in real-world deployments.

The relevance of optimized antenna selection extends beyond the-
oretical studies. Numerous research studies have demonstrated its
applicability in large-scale wireless networks, where carefully designed
selection strategies can significantly improve both spectral and energy
efficiency [6–8]. In practice, antenna selection is typically based on



4 Chapter 1. Introduction

criteria such as maximizing the received signal-to-noise ratio (SNR),
minimizing interference, or achieving an optimal trade-off between en-
ergy consumption and spectral efficiency. Depending on the system
requirements, strategies may prioritize antennas with the strongest
channel gains, or employ location- and context-aware approaches that
exploit user distribution to enhance coverage and efficiency. Such
works highlight the importance of efficient antenna usage not only as
a means of reducing system complexity, but also as a practical enabler
for sustainable operation in next-generation wireless systems.

In addition, localization—the process of determining the position
of devices within a network—has become a cornerstone functionality
in modern wireless systems. Beyond being a fundamental enabler for
applications such as autonomous driving, intelligent transportation
systems, smart city infrastructure, and emergency response services,
localization is also highly relevant for the optimization of communi-
cation itself [9,10]. In massive MIMO systems, user location informa-
tion can be exploited to design location-aware antenna selection and
beamforming strategies, thereby reducing interference, improving link
quality, and significantly cutting down unnecessary energy usage. De-
spite this practical importance, relatively few studies have tackled the
problem of energy efficiency in the localization phase of wireless net-
works, even though it is directly linked to both service quality and
network sustainability.

By focusing on improving the energy efficiency of the localization
process within the context of MIMO systems with large number of
antennas, this research addresses a critical aspect of modern wire-
less networks, to facilitate the deployment of energy-efficient, high-
performance wireless networks that are capable of supporting the ex-
ponential growth of connected devices and diverse applications.

1.3 Research Questions
In order to approach the aforementioned challenges, we outline the
primary research questions that are addressed in this thesis. These
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questions are designed to navigate the investigation into improving
energy efficiency and performance in the localization phase of massive
MIMO systems. Each question aligns with the major contributions
discussed in each chapter of this thesis.

1. How does multiple signal paths in Massive MIMO sys-
tems contribute to the accuracy of localization?

• What is the standard way to measure this accuracy?
• How do these multiple signal paths benefit the location

accuracy?

2. What is the best way to balance performance and en-
ergy consumption in localization phase within Massive
MIMO systems?

• How can we measure the benefits versus the costs of loca-
tion tracking?
• How many antennas should we use to get the best balance?

3. How can one select the best subset of antennas to max-
imize localization accuracy in Massive MIMO systems?

• If fewer than available antennas have to be used, what is
the most effective way to select a subset of antennas when
not all of them are needed?
• How can we make the process of antennas selection, faster

and simpler in Massive MIMO systems?

4. In planar antenna arrays where the accuracy depends
on unknown parameters, how should we select the an-
tennas?

• How can we use available information to remove the de-
pendency of accuracy on unknown parameters?
• Is there a way to reduce the effects of unavailable informa-

tion of the antenna selection procedure?
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1.4 Objectives and Major Contributions
In chapter 2, we will study the basic terminologies of localization and
introduce the concepts that will be used in the future chapters. This
chapter aims to introduce and define the key terms and principles that
are essential for understanding the broader context of this research.

In chapter 3, the CRLB for AoA estimation in a linear antenna
array when the received signal at the BS is accompanied by multipath
signals according to the DMC model, is analyzed. It will be proved
that regardless of the distribution of multipath signals, CRLB for
AoA almost surely converges toward a deterministic expression in the
MU massive MIMO setting. Afterward, a refined version of a perfor-
mance metric, named Localization Efficiency (LE), is presented, using
a comprehensive energy consumption model. Then, an antenna selec-
tion method is presented that minimizes the CRLB for AoA when
the number of utilized antennas is smaller than the total available
antennas.

In chapter 4, the CRLB analysis for AoA estimation in DMC
model is extended to planar antenna arrays in Multi-User Massive
MIMO systems. Then, the problem of antenna selection for local-
ization phase is studied in these arrays. To overcome the lack of
knowledge of AoA that is a non-separable part of CRLB formulation
in planar antenna arrays, the expected CRLB is proposed as the cost
function of the antenna selection. Finally, a greedy antenna selection
algorithm with optimal starting point is proposed to minimize the
expected CRLB of Azimuth.

chapter 5 focuses on addressing the issue of limited knowledge of
AoA in the antenna selection procedure in planar antenna arrays for a
single user. In the first part of this chapter, the presented antenna se-
lection method, when the objective is to minimize the expected CRLB
of AoA, is improved to an optimal strategy. Then, in the second part
a two-step antenna selection strategy is devised whose objective is to
minimize the CRLB of AoA (not its expectation). This method will
make use of the antenna selection method that minimizes expected
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CRLB, but will go further on reducing the effects of an unknown AoA
on the antenna selection process.

1.5 Notation
Throughout this thesis, a certain mathematical notation is used for
clarity. The boldface lower case is used for vectors, x, and upper
case for matrices, X. X∗, XT , XH and Xm,k denote conjugate,
transpose, conjugate transpose and (m, k)th entry of X, respectively.
Ex{.} denotes expectation w.r.t x, Card(.) is cardinality of a set,
j =
√
−1, | . | stands for absolute value of a given scalar variable, tr

is trace operator, � is Hadamard product operator, ⊗ is Kronecker
product operator, a.s.−−→ means Almost Sure convergence and diag(x)
is a diagonal matrix whose diagonal entries are the elements of x.
Also, IK is K ×K identity matrix. When y = [y1 y2 . . . yp]T and
x = [x1 x2 . . . xq]T , we define (∂y∂x)p,q = ∂yp

∂xq
.
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CHAPTER2
Background and Motivations

This chapter defines and explains the fundamental concepts that form
the foundation of this thesis. This chapter serves as a theoretical
framework, introducing key terms, principles, and theories that will
be referenced throughout the subsequent chapters. By establishing
a clear understanding of these basic concepts, this chapter aims to
provide readers with the necessary background knowledge to follow
the arguments and analyses presented later in the thesis.

2.1 Localization in Wireless Systems
The history of localization in wireless communications is a story of
technological innovation driven by the need for precision and efficiency
in location-based services. The localization is generally defined as ac-
quiring the information about the physical location of User Terminals
(UTs) in a wireless network [11]. Early developments in this field
can be traced back to the mid-20th century with the advent of radar
technology, which enabled rudimentary forms of object detection and
tracking. However, it wasn’t until the late 20th and early 21st cen-
turies that localization in wireless communications truly flourished.
GNSS localization methods, initially developed for military purposes,
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became accessible to civilians in the 1980s, revolutionizing navigation
and paving the way for location-based services. Initially designed
to provide connectivity and coverage, the cell towers started to take
part in localization as mobile devices became ubiquitous. Early tech-
niques for localization in cellular networks relied on signal strength
and timing measurements between mobile devices and nearby cell
towers, known as cell ID or cell sector identification. These meth-
ods allowed for estimates of a device’s location. Advancements such
as enhanced cell tower density, and improved signal processing algo-
rithms significantly enhanced localization accuracy. Nowadays, with
the widespread adoption of smartphones and the rollout of 4G and
5G networks, localization in cellular mobile networks has become an
integral part of numerous applications, including location-based ser-
vices, emergency response systems, and targeted advertising. In the
following the three main areas of localization are introduced.

2.1.1 GNSS

Global Navigation Satellite Systems (GNSS) represent a constellation
of satellites orbiting Earth, providing precise positioning, and timing
information to users worldwide. The primary functioning of GNSS
involves a network of satellites continuously transmitting signals con-
taining time and positioning data. These signals are received by GNSS
receivers, such as those found in smartphones, vehicles, and special-
ized navigation devices. By calculating the time it takes for signals
to reach the receiver from multiple satellites, along with the satel-
lites’ known positions, the receiver can determine its own position on
Earth with remarkable accuracy. GNSS systems like GPS (Global Po-
sitioning System), GLONASS (Global Navigation Satellite System),
Galileo (European Union), and BeiDou (China) offer global coverage
and work in a similar fashion, with slight variations in technology and
constellation configuration. The applications of GNSS span various
sectors, including transportation, agriculture, surveying, emergency
response, and telecommunications. In transportation, GNSS enables
precise vehicle navigation, leading to safer and more efficient travel.
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In agriculture, it facilitates precision farming techniques by providing
accurate location data for planting, fertilizing, and harvesting. GNSS
also plays a crucial role in surveying and mapping, allowing for the
precise measurement of land boundaries and geographical features.
Furthermore, it aids emergency response efforts by enabling search
and rescue teams to quickly locate individuals in distress. Overall,
GNSS has become an indispensable tool in modern society, empower-
ing countless applications that rely on accurate positioning and timing
information.

2.1.2 Radar Localization

Radar localization is a technology used to determine the position and
velocity of objects by emitting radio waves and analyzing the reflected
signals. This method relies on the principle of measuring the time de-
lay between the transmission and reception of radio waves to calculate
the distance to an object. By deploying radar systems equipped with
special antennas, radar localization can accurately track the location
and movement of targets in various environments, including air, land,
and sea. Radar localization finds extensive application in aviation
for aircraft navigation, collision avoidance, and air traffic control. In
maritime settings, radar systems aid navigation, monitor vessel traf-
fic, and detect obstacles such as icebergs or other ships. Addition-
ally, radar is used in automotive applications for adaptive cruise con-
trol, collision avoidance systems, and autonomous vehicle navigation.
Radar localization is achieved through sophisticated signal processing
algorithms that analyze the received signals’ phase, frequency, and
amplitude to extract information about the target’s position, speed,
and direction of movement. This technology continues to evolve with
advancements in radar hardware and software, offering enhanced ac-
curacy, reliability, and versatility across a wide range of applications.
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2.1.3 Cellular Localization

In order to satisfy the requirements of today’s world, the next genera-
tion of wireless systems requires access to a new level of information.
The information, such as location, device type, and environment in
which the service is provided, enables wireless systems to deliver cus-
tomized services. Cellular localization, involves determining the geo-
graphic location of a mobile device or user within the coverage area
of cellular base stations. This process relies on various techniques, in-
cluding received signal strength (RSS) measurements, time of arrival
(TOA), time difference of arrival (TDOA), and angle of arrival (AOA).
Cell towers continuously exchange signals with mobile devices, and by
analyzing the strength and timing of these signals, cellular networks
can estimate the device’s location relative to nearby towers. More and
more precise localization is achieved through the evolution of wireless
systems and their utilized methods.

The applications of cellular localization are diverse and influential.
Location-based services leverage cellular localization to offer features
such as mapping, navigation, and location-based advertising. Emer-
gency services utilize cellular localization to quickly respond to dis-
tress calls and locate individuals in need of assistance. Additionally,
cellular localization enables network optimization, allowing mobile op-
erators to efficiently manage network resources and improve coverage
in densely populated areas. Overall, cellular localization has become
an essential component of modern mobile networks, enhancing user
experiences and enabling a wide range of valuable services.

On the one hand, many applications, like navigation systems,
auto-driving cars and emergency services, directly use and require
continuous and accurate location of UTs [12]. On the other hand,
indirect usage of UTs’ location information paves the way for bet-
ter resource allocation, like frequency and power, alongside improved
quality of service in the wireless networks [13]. For example, with
the help of location information, higher data rates with higher energy
efficiencies can be transferred to more UTs by beamforming at the
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BS [9,14].

2.2 Localization Parameters
In every area of localization certain parameters and information are
used to achieve the location data. For instance, the AoA, ToA and
RSS are examples the information that is used by either some or all of
localization methods. Various combinations of these information can
be used together based on the requirements of a localization method.

In the past years, many research works are conducted to study
the localization methods of UTs in a wireless system. Estimation of
UTs location is done with respect to a BS that provides the wireless
network for UTs in a certain area, like wireless cellular networks. The
most used information to obtain location information in such networks
include AoA, ToA and RSS. Each of these information contribute to
a specific location information of a UT.

2.2.1 Received Signal Strength

RSS refers to the power level of a wireless signal as it is received by
a receiver antenna. It quantifies the intensity of the signal at the re-
ceiver’s location. RSS-based localization methods use measurements
of signal strength obtained from multiple receivers to estimate the dis-
tances between the transmitting UT and the receivers. By combining
these distance estimates, the location of the transmitting device can
be inferred.

2.2.2 Time of Arrival

ToA represents the precise moment at which a wireless signal arrives
at a receiver relative to a reference time. It measures the propagation
delay between the transmission of a signal and its reception. ToA-
based localization techniques use the differences in arrival times of
signals at multiple receivers to estimate the distances between the
transmitting UT and the receivers, allowing for the determination of
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Figure 2.1: AoA of a planar propagating signal at
a linear antenna array.

the device’s location.

2.2.3 Angle of Arrival

AoA refers to the direction from which a wireless signal arrives at a
receiving antenna array (Fig. 2.1). It is a measure of the angle between
the direction of propagation of the signal and a reference axis. AoA is
often used in wireless localization to estimate the spatial location of
UTs based on the angles at which their signals are received by multiple
antennas or sensor nodes.

AoA offers several advantages over ToA and RSS in the context
of wireless cellular networks. One significant advantage of AoA is its
ability to provide spatial information by using a single antenna array,
not requiring multiple distributed antenna over an area. This informa-
tion then can be used for beamforming without any need for further
processing, facilitating the optimization of available resources (like
energy) and enhancing the performance (like higher data rates and
less interference). This advantages is further pronounced in the wire-
less systems that implement large number of antennas in one single
compact array, like Massive MIMO systems, or Intelligent Reconfig-
urable Surfaces. Moreover, AoA-based localization is less susceptible
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to environmental factors that can affect signal propagation, such as
interference and signal attenuation, making it more robust and reli-
able for many applications. These advantages made AoA the topic of
many research works in the past decade, especially when the use of
MIMO systems with more and more antennas became practical.

In general, the AoA estimation methods are divided into two
groups of model based and data driven methods, based on their un-
derlying design scheme.

Model-based methods rely on mathematical or physical models
to describe the relationship between input data and the desired out-
put. These models are often based on known principles or assump-
tions about the wireless systems in which AoA s being estimated. A
model-based approach involves using mathematical equations that de-
scribe how electromagnetic waves propagate through a medium and
interact with sensors or receivers to determine the AoA. These meth-
ods typically require knowledge of the system’s parameters and may
involve solving complex equations. Numerous Model-based methods
have been proposed and modified for the AoA estimation. The most
well know examples are MUltiple SIgnal Classification (MUSIC) [15]
and estimation of signal parameters via rotational invariant techniques
(ESPRIT) algorithms [16]. These two algorithms were the basis for
development and modification of many AoA estimation methods since
their introduction.

Data-driven methods, on the other hand, learn patterns and rela-
tionships directly from data without relying on explicit mathematical
models or assumptions. These methods leverage machine learning
algorithms to analyze large datasets and extract meaningful infor-
mation. In the context of estimating angle of arrival, a data-driven
approach might involve training a machine learning model, such as a
neural network, using data collected in a wireless system in different
situations. The model learns to map input features of the received sig-
nals to their corresponding AoA through iterative optimization based
on the training data. Data-driven methods are often more flexible
and can adapt to complex patterns in the data, but they may require
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substantial amounts of training data and computational resources.
An example of Data-driven methods are the well studied fingerprint-
ing approaches, that try to map the desired environment in variable
resolutions.

2.3 Cramer-Rao Lower Bound
The CRLB is a statistical tool that plays a crucial role in assessing the
accuracy and precision of parameter estimation. The CRLB indicates
the minimum possible error variance of an unbiased estimator for a
given parameter of interest. In other words, it provides a fundamental
limit on how well one can estimate an unknown parameter based on
noisy observations [17].

The CRLB is particularly important in wireless communication
systems due to the inherent limitations and uncertainties in the wire-
less channels. The wireless channel introduces various types of dis-
tortions, such as multipath fading, interference, and noise, that can
affect the accuracy of signal processing algorithms. The CRLB can
help to quantify the impact of channel impairments on the estimation
accuracy. Also, because the CRLB is a characteristic of a wireless sys-
tem and a function of its settings, it is independent from the methods
that are used for estimation. This makes the CRLB a valuable perfor-
mance metric that can help wireless communication system designers
to develop more robust and reliable systems.

The CRLB in a wireless system is affected by several factors. Spe-
cific settings of a wireless network is reflected by the CRLB that makes
it useful as a tool to explore the pros and cons of various designs. Some
of these effects are directly observed in the CRLB formulation, such
as noise variance, received signal power. On the other hand, some
parameters indirectly affect CRLB formulation, like the number and
configuration of antennas at the BS, and the number and correlation
of desired parameters for estimation.

Using multiple antennas at the BS makes it possible to use spatial
diversity for estimating desired parameters. The more antennas that
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are used for receiving a signal, the more information is available for
the estimation process. Also, the geometric arrangement of antennas
at the BS greatly influences the CRLB of a wireless system. If the
receiver antennas are well-spaced and optimally positioned, the local-
ization accuracy improves. Conversely, densely clustered or poorly
distributed antennas lead to a larger CRLB.

Moreover, when multiple parameters are estimated simultaneously
(as opposed to individually), several effects come into play that is re-
flected by the CRLB. The CRLB is defined as the inverse of Fisher
Information Matrix (FIM), which in turn is a measure of whole avail-
able information [18]. When several parameters like RSS, TOA and
AoA are being estimated, they are often interdependent and are corre-
lated. In such cases, the FIM becomes a block matrix, with each block
corresponding to a parameter. The off-diagonal elements represent
the cross-covariance between parameters. These cross-covariances are
captured by the CRLB and they reveal how uncertainties in one pa-
rameter affect the estimation of another. Understanding of these ef-
fects is crucial for designing robust localization algorithms and achiev-
ing optimal performance in wireless networks.

2.4 Massive MIMO
Massive MIMO represents a revolutionary paradigm in wireless com-
munication, achieved by deploying an large number of antennas. These
systems offer several key features: spatial efficiency, 3D beamforming,
and energy efficiency. The concept of Massive MIMO relies on exploit-
ing the spatial dimension of a wireless channel to increase the capacity
and reliability [19]. Massive MIMO enables simultaneous communi-
cation with multiple users, significantly boosting spectral efficiency.
Its dynamic beamforming capabilities allow precise coverage in three
dimensions, providing more degrees of freedom. Moreover, focusing
radiation toward intended users minimizes interference, leading to
energy-efficient communication. The applications of Massive MIMO
are diverse: it is a cornerstone of 5G networks, promises higher data
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rates, improved capacity, and seamless connectivity. Additionally, it
supports massive connectivity for Internet of Things (IoT) devices,
enabling smart cities, industrial automation, and more.

Massive MIMO holds immense promise for precise localization of
UTs. These systems offer high resolution spatial information that
can be used for accurate localization, especially AoA estimation [20,
21]. Also, the multitude of antennas, mitigates fading effects caused
by reflections and multipath propagation, as well as making it very
difficult for jamming and spoofing attacks. In addition, the use of
massive antenna arrays would enable more efficient use of the time
and frequency resources by enabling the simultaneous localization of
multiple UTs [22].

2.5 Energy Efficiency
Energy efficiency is a critical factor in the design of wireless commu-
nication systems, as it directly impacts the performance, cost, and
sustainability of these systems. It is a critical aspect of modern com-
munication systems, given the increasing demand for high-speed data
transmission and the proliferation of wireless devices. The study of
energy efficiency is particularly important because excessive radiation
from wireless devices has raised concerns about potential health risks.
Lower radiation levels can reduce interference with other electronic
devices, improving the overall performance and reliability of wireless
networks. Also, the energy management in battery-powered devices,
where energy resources are limited, not only extends the battery life
of devices but also reduces the overall environmental impact, con-
tributing to sustainability goals. Efficient energy use not only extends
the battery life of devices but also reduces the overall environmental
impact, contributing to sustainability goals. Therefore, energy effi-
ciency contributes not only to the sustainability and cost-effectiveness
of wireless communication systems, but also to the reduction of ra-
diation levels, enhancing the safety and reliability of these systems.
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Hence, improving the energy efficiency of wireless communication sys-
tems has become a key research focus in recent years. Several studies
have proposed various techniques and strategies to enhance energy
efficiency in wireless communication systems, such as power control,
resource allocation, transmission scheduling, and network densifica-
tion.

Moreover, the importance of energy efficiency in wireless communi-
cation systems is further highlighted by the emergence of new wireless
technologies and applications, such as 5G and the IoT, which require
high-speed, reliable, and ubiquitous wireless connectivity with low
latency and high mobility. These requirements pose significant chal-
lenges to the design and operation of wireless communication systems,
particularly in terms of energy consumption and sustainability.

As an essential part of any future wireless systems, localization
part plays a key role in designing an energy efficient wireless network.
localization processes can consume significant energy, especially when
high precision is required. Therefore, studying the energy and per-
formance trade-off in the localization part of wireless systems is of
paramount importance.

2.6 Antenna Selection
Antenna selection is one of the critical aspects of MIMO wireless com-
munication systems, significantly boosting their efficiency while pre-
serving a certain level of service quality. The fundamental principle of
antenna selection is to pick a subset of antennas from a larger array,
optimizing the system’s performance based on specific criteria such as
signal strength, channel conditions, or energy efficiency.

This technique offers a practical solution to various challenges in-
herent in MIMO systems. One of the main uses of antenna selection
in wireless communications is to improve the energy efficiency of the
system. Measurements have shown that around 60% of total power
consumption of a cellular network is in the BS. Also, 75% of this power
is used for signal processing (10%) and power amplifiers including the
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feeders (65%). Both of these power consumptions scale with the num-
ber of utilized antennas in the BS. The power consumption of signal
processing part depends on the type of processing algorithms that
are used and is usually a polynomial relation. On the other hand, the
power consumption of amplifiers scale linearly with number of utilized
antennas. Utilizing antenna selection can significantly reduce both of
the aforementioned power consumption parameters. In fact, antenna
selection is one of means toward making the power consumption, pro-
portional to the network load.

Furthermore, antenna selection facilitates the assignment of dif-
ferent antennas to different services, thereby enabling multi-service
wireless communications. Another compelling reason for antenna se-
lection is that utilizing all available antennas in non-peak traffic hours
might lead to an accuracy level exceeding the system’s requirements,
thereby generating unnecessary computational complexity. This is
particularly relevant in Massive MIMO systems, where the large num-
ber of antennas can result in high computational complexity and en-
ergy consumption.

In essence, antenna selection allows for a more efficient use of re-
sources, leading to improved network longevity, reduced energy costs,
and lower radiation levels. Therefore, antenna selection is not just a
technical strategy; it’s a vital aspect of sustainable and efficient wire-
less communication. It’s an area of ongoing research with significant
implications for the future of wireless technology.
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CHAPTER3
Energy Efficiency in AoA
Estimation

In the next generation of wireless systems, massive MIMO offers high
angular resolution for localization. By virtue of large number of an-
tennas, AoA of User Terminals (UTs) can be estimated accurately.
Measurements of Dense Multipath Channel (DMC) indicate multi-
path signals contribute up to 95% of total link power. This fact urges
the necessity of studying the contribution of multipath signals ac-
companying dominant path in AoA estimation. In this section, we
obtain a deterministic form for CRLB in multi-user scenario when
contribution of multipath signals is considered. We do this when the
multipath signals are independent and identically distributed (i.i.d)
with arbitrary distribution. Afterward, a redefinition of localization
efficiency function for multi-user scenario is presented and optimized
with respect to (w.r.t) the number of antennas. When only a subset
of available antennas is used, we prove that CRLB can be minimized
w.r.t which set is used. An antenna selection strategy that minimizes
CRLB is proposed. As a benchmark, we apply the proposed antenna
selection to MUltiple SIgnal Classification (MUSIC) algorithm and
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study its efficiency.

3.1 Introduction
Massive MIMO systems are considered as one of the key candidates for
the upcoming generation of wireless networks [2]. These systems uti-
lize a large array of antennas, which opens up numerous possibilities
for enhancing wireless system performance, such as increased capac-
ity, spatial diversity, and reduced latency [2]. Notably, these systems
provide high precision for various localization techniques, particularly
AoA and the orientation of User Terminals (UTs) [20, 21]. Massive
MIMO systems enable precise estimation of the AoA of individual
multipath signals within a system [23] and offer higher multipath res-
olution in the angle domain [24]. Additionally, the deployment of
extensive antenna arrays allows for more efficient utilization of time
and frequency resources by facilitating the simultaneous localization
of multiple UTs [22].

Various types of localization with different goals are introduced
and studied in the literature. Anchor-based schemes, where UTs’ loca-
tions are estimated relative to an anchor, are among the most popular
methods [25]. In these approaches, techniques such as RSS, DTOA,
and AoA estimation are employed to determine UTs’ locations. The
performance of these methods is typically compared with the CRLB,
which provides a lower limit on the estimation error for any unbiased
estimator [18].

3.1.1 CRLB of AoA estimation

Several studies have investigated the CRLB in the context of massive
MIMO systems. For a planar antenna array, [26] approximated the
CRLB for a fading-free channel. In [11], the authors derived the CRLB
as a function of instantaneous parameters for AoA, angle of departure,
delay, and orientation estimation of UTs under different scenarios,
considering both Line of Sight (LoS) and Non-LoS dominant paths.
In [27], the CRLB for AoA and channel gain was obtained in a massive
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MIMO system with a planar array for a single UT. The authors in [10]
approximated the CRLB for a single UT case of a planar array in the
Millimeter Wave (mmWave) scenario, taking into account multipath
effects.

All the works in [11]- [10] assumed an identical channel coefficient
from each UT to all the antennas at the BS. This implies that all an-
tennas are fully correlated, resulting in zero spatial diversity for the
antenna array. The main hypothesis behind this common assumption
is that all UTs experience channels where one or a few dominant paths
carry most of the received signal’s power to the BS. Previous studies
on localization in massive MIMO systems provide valuable insights
into the information that can be extracted from the dominant com-
ponents of the channel (if present), with the apparent consequence
that if those components are shadowed, the CRLB of systems may in-
crease indefinitely. It is important to note that this assumption might
contradict the original goal of developing massive MIMO technologies
as an efficient solution to provide seamless and reliable links between
UTs and BS, even in the absence of LoS or clear dominant paths.
This consideration is supported by many studies of massive MIMO
systems, such as [13], which assume that UTs have independent chan-
nel coefficients for different antennas.

Moreover, the same infrastructure can be utilized for both localiza-
tion and data transmission. To avoid zero spatial diversity, which re-
sults from fully correlated channels, antennas are arranged to achieve
independence. For example, in mmWave scenarios, a separation of
a few centimeters can achieve this. This indicates a clear discrep-
ancy between studies on data transmission and localization in mas-
sive MIMO systems. The question that arises here is how the CRLB
changes when different antennas have different channel coefficients.
In other words, can we leverage the presence of multipath signals in
massive antenna arrays to extract AoA information and demonstrate
the contribution of these multipath signals to the CRLB?

The DMC channel model is adopted in this work to represent
propagation environments where, in addition to the dominant signal
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path, the received signal is significantly influenced by a large number
of diffuse multipath contributions. Unlike classical multipath models
that explicitly add a finite set of propagation paths with determinis-
tic angles and delays, the DMC model treats the effect of scattering
in a stochastic manner. In this framework, the aggregate contribu-
tion of many unresolved local scatterers in the vicinity of the UT is
modeled as a diffuse component, superimposed on the dominant path.
This approach captures a key characteristic of rich scattering environ-
ments that are particularly relevant for the study of (massive) MIMO
systems [28].

The underlying hypothesis of the DMC model is that each an-
tenna element receives not only the direct or dominant path, but also
an additional stochastic contribution originating from a cloud of local
scatterers around the UT [29,30]. As a result, the channel coefficients
at different antennas become partially correlated through the com-
mon scattering environment, while still exhibiting randomness due to
the diffuse nature of the multipath. Measurement campaigns support
this assumption, showing that the diffuse multipath power in DMC
scenarios can account for as little as 10% and up to 95% of the to-
tal link power [31, 32]. The DMC model has been observed mainly
in measurements at frequencies relevant to cellular communications,
typically between ∼ 400 MHz and 5.3 GHz, where rich scattering
from buildings, various surfaces on like windows and vehicles is com-
mon [30].

By adopting this model, we explicitly hypothesize that the pres-
ence of dense multipath is a dominant mechanism shaping the statisti-
cal behavior of the channel. Consequently, evaluating the performance
of localization methods and the behavior of the CRLB under the DMC
assumption provides a realistic and robust characterization of system
performance in rich scattering environments.

In this context, [33] was the first to address the issue of i.i.d.
channel coefficients for AoA estimation. However, due to mathemati-
cal complexities of CRLB analysis, [33] only provides the probability
of AoA detection for a single UT. The first objective of this work is
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then to bridge this gap by presenting a deterministic expression of
the CRLB for multiple UTs, assuming i.i.d. channel coefficients be-
tween antennas. To achieve a deterministic CRLB, various methods
have been proposed to remove the effects of instantaneous nuisance
parameters (e.g., fading channel coefficients) in CRLB. In [34], Miller
and Chang introduced a performance metric obtained by taking the
expectation from the CRLB w.r.t. the nuisance parameter, while
in [35] the authors defined a Modified CRLB (MCRLB) by taking
an expectation from Fisher Information Matrix (FIM). The drawback
of these approaches is that the proposed metrics rely on the specific
channel probability distribution. This issue is escalated in MU MIMO
systems. This work proposes a deterministic and closed-form solution
for the CRLB in MU massive MIMO systems, considering the con-
tribution of multipath signals with arbitrary distribution.

To achieve this, we utilize Random Matrix Theory (RMT) to
demonstrate that the CRLB of a MU massive MIMO system al-
most surely converges toward a deterministic function of the chan-
nel variance, regardless of the channel coefficient distributions. We
also show that CRLB for AoA estimation always converges toward
a finite value, meaning that with the help of multipath signals, AoA
information can always be extracted, even when the dominant path
is in poor condition. This result is of particular importance to give
a theoretical foundation to those techniques, such as those proposed
in [12,14,20,36,37], which aim to exploit multipath signals to extract
or refine AoA estimation.

3.1.2 Energy Efficiency

Massive MIMO technology can efficiently and reliably locate multi-
ple user terminals (UTs) using limited time and frequency resources.
However, the increased energy consumption of these systems can com-
promise these benefits. Recently, many research works have focused
on the energy efficiency of massive MIMO systems [13, 38]. In [13],
the authors indicated that a complete model for these systems should
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include the energy use of different parts, like hardware and signal pro-
cessing units. Some parts, such as those for computation and hard-
ware, use more energy as the number of antennas increases. Accord-
ingly, several research works have examined how performance metrics
change when considering a detailed energy consumption model [19,39].
Efficiency in localization has been studied only in few works, mainly
at the network level. In [40] authors introduced the product of error
and power consumption as a measure of efficiency in wireless sensor
networks. Similarly, [41] used the inverse of this product to provide a
tangible interpretation of this criterion in similar settings, obtaining
CRLB through simulations. Yet, more attention is needed on the
concept of efficiency in localization, as it reveals important trade-offs.

To address this issue, in the second part of our work, we redefine
a Localization Efficiency (LE) function for in-depth studies in multi-
user (MU) scenarios. We start by formulating the LE function that
incorporates critical performance metrics, using the derived CRLB for
a typical system, the number of UTs, and total energy consumption.
Unlike previous studies, we utilize a comprehensive energy consump-
tion model. Interestingly, the study of CRLB shows that by using a
subset of available antennas, both the behavior and formulation of the
CRLB change, based on which set of antennas is utilized. Next, we
study the antenna selection and find the set that minimizes CRLB
when only a subset of available antennas is used. Moreover, we show
that the optimal number of antennas differs for different antenna selec-
tion methods. Finally, to analyze LE and antenna selection in simpler
system models, the MUSIC algorithm is studied. The contributions
of this section are summarized as follows:

• CRLB for AoA estimation of a MU massive MIMO system is
derived in a deterministic form under DMC channel model with
arbitrary distribution, using RMT methods.

• Efficiency function for localization is redefined as a function of
system parameters to evaluate localization methods, and it is
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used to study the trade-off between performance and energy
consumption.

• Antenna selection for localization is introduced, and a selection
strategy that minimizes CRLB is presented. LE is reformulated
in this case, and the optimal number of antennas is obtained for
this selection method.

• As a case study to show how LE of a method can be studied, LE
of MUSIC algorithm based on its exact required computations is
derived and studied. Also, different antenna selection methods
are studied for this algorithm.

The remainder of this chapter is organized as follows. In Sec-
tion 3.2 we introduce our system model. CRLB is calculated for
different channel models of BS antennas in Section 3.3. LE is for-
mulated in Section 3.4. All of these are then used to study the idea
of antenna selection in Section 3.5. LE of the MUSIC algorithm is
dealt with in detail in Section 3.6. In Section 3.7, numerical results
are used to validate the theoretical analysis and make comparisons of
LE under various scenarios. Finally, the major conclusions are drawn
in Section 3.8.

3.2 System Model
We consider the uplink of a single-cell mmwave communication MU
massive MIMO system with a BS at the center of the cell, equipped
with M antennas, equally separated by a distance d (Fig. 3.1). The
choice of the linear array is due to wide studies of these arrays in
the literature [11, 14], its various advantages in AoA estimation [42],
and mathematical clarity. There are K single antenna UTs whose
AoAs are distributed uniformly over the upper half of the cell, i.e.
AoAk ∼ U [0, π]. In this system, BS estimates AoA of UTs and channel
coefficients using the pilot signals transmitted by UTs with wavelength
λ. The first antenna at the top of the antenna array is the reference
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Figure 3.1: DMC channel model with multipath
signals in the vicinity of the dominant path.

point w.r.t. which the AoA is measured. In the MU scenario, UTs
transmit their pilot signals at the same time and frequency.

Here the DMC channel model of mmwave communication is con-
sidered, originally introduced in [29]. This model also is part of the
COST 2100 channel model [30] (Fig.4, when DMC affects each an-
tenna, separately). In this model, there are local scattering objects in
the users’ vicinity, as illustrated in Fig.3.1. There is a dominant path
that defines the Angle of Arrival (AoA), shown with the solid line in
Fig. 3.1, accompanied by many multi-path signals that are originated
by scatters at the vicinity of the user, depicted by dotted lines. Such
a channel can be modeled as a random variable with a mean equal
to the channel coefficient of the dominant path and a variance that
accounts for the sum of all the multi-path signals.

When the signal arrives at the antenna array as a plane, depending
on the AoA, the received signal at the mth antenna will travel a
path little longer (or shorter depending on θ) with respect to the
signal’s path for the reference point. This extra distance is shown
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in Fig.3.1 with a dashed line and if we consider the first antenna as
the reference point, it is equal to (m− 1)d cos(θ). The steering vector
models the phase difference that is caused due to this difference in path
length. The important point is that as the multi-path signals are in
the vicinity of each antenna’s dominant path, they will also travel the
same path, with a little difference depending on the scatters effect. So,
the phase of the multi-path signals at the mth antenna can be modeled
as a random variable, with the mean equal to 2π (m−1)d cos(θ)

λ . The
random variations around the mean models the induced phase due to
the randomness of the aggregated multi-path signals. This is why the
random part that accounts for the multi-path is also multiplied by the
steering vector. The total observed channel coefficient for the kth UT
at the mth antenna at the BS can be written as

gm,k =
√
l(rk)(hdke

−j 2πrk
λ e−j

2π
λ
d(m−1) cos(θk)

+ ȟrm,ke
−jαm,ke−j

2π
λ
d(m−1) cos(θk))

=
√
l(rk)e−j

2π
λ
d(m−1) cos(θk)(h̄k + ĥrm,k)

=
√
l(rk)e−j

2π
λ
d(m−1) cos(θk)hm,k, (3.1)

where l(rk) is the large scale fading of the kth UT, hdk is the amplitude
of the dominant path, rk is the length of the dominant path, ȟrm,k and
αm,k are the amplitude and phase of aggregated multipath signals at
the mth antenna. Also, h̄k = hdke

−j 2πrk
λ and ĥrm,k = ȟrm,ke

−jαm,k .
Finally, hm,k is a random variable with a mean equal to h̄k and vari-
ance equal to σ2

h that accounts for the power of the multipath signals
from the kth user at the mth antenna. Therefore, the received signal
at the BS side can be written as

y = Gs+ n, (3.2)

in which G is M × K channel matrix between M BS antennas and
K UTs, s ∈ CK×1 is the vector of transmitted pilots and n ∼
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CN (0, σ2
nIM ) is additive noise. Matrix G is composed as

G = (ARx �H)Q
1
2 , (3.3)

where
ARx = [aRx(θ1) aRx(θ2) . . . aRx(θK)] (3.4)

contains M × 1 steering vectors of BS antenna array response for K
UTs in which

aRx(θk) = 1√
M

[1 e−jβ cos(θk) . . . e−j(M−1)β cos(θk)]T , (3.5)

θk is kth UT’s AoA for k ∈ {1, 2, . . . ,K} and β = 2πd
λ . H is an

M ×K matrix whose (m, k)th element, hm,k, is fast fading coefficient
between kth UT and mth BS antennas

hm,k = hrm,k + jhim,k, (3.6)

and

E{hrm,k} = Re{hdk}, E{him,k} = Im{hdk},
E{|hrm,k|2} − (E{hrm,k})2 = E{|him,k|2} − (E{him,k})2 = σ2

h, (3.7)

for m ∈ {1, 2, . . . ,M} and k ∈ {1, 2, . . . ,K}. Q is a K ×K diagonal
matrix whose kth diagonal element is l(rk). Also, for simplicity, we
define received signal to noise ratio at the BS side as

ρk ,
|sk|2l(rk)

σ2
n

. (3.8)

Remark 1. Our model assumes that there are K UTs, and each of
them has one AoA. The same model can still be used if one wants
to consider multiple AoAs for each UT, e.g., due to reflections. For
example, a system with K UTs where each UT has a single AoA, can
also be interpreted as a system with K

2 UTs where all UTs have two
AoAs (or any other combination). The point of our system model is
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to consider that there are K independent AoAs to be estimated, no
matter whose those AoAs are.

Remark 2. It is worth mentioning that an “angle of arrival” is not
necessarily the geometric angle of a UT to the BS. For example, when
there is no LOS, an angle of arrival is the angle of a reflection. How an
angle of arrival is connected to the geometric angle of a UT requires
the knowledge of geometry of the environment. This is outside the
scope of this work, but interested readers are recommended to see [37,
43].

3.3 CRLB
In this section, we derive a deterministic formula for the CRLB of
AoA estimation for MU massive MIMO settings where multipath sig-
nals’ contribution is considered. We assume that the channel coef-
ficients are random but known and so not needed to be estimated.
Vector of desired parameters will be

ηθ = [θ1 θ2 . . . θK ]T . (3.9)

Defining η̂θ as the unbiased estimation of ηθ, the Mean Square Error
(MSE) of the estimator is lower bounded as [18]

Ey|ηθ{(ηθ − η̂θ)(ηθ − η̂θ)
T } ≥ CRLBθ = J−1

θ,θ , (3.10)

where J is FIM and is defined as [18]

Jθ,θ = Ey|ηθ [−
∂2 ln f(y|ηθ)
∂ηθ∂η

T
θ

] = Eh|ηθ{En|ηθ [−
∂2 ln f(y|ηθ)
∂ηθ∂η

T
θ

]}, (3.11)

where f(y|η) is the likelihood function of the received signal. From
[18] (page 525 and proof on page 563)

En|ηθ [−
∂2 ln f(y|ηθ)
∂ηθ∂η

T
θ

] = 2
σ2
n

Re[( ∂w
∂ηθ

)H ∂w
∂ηθ

], (3.12)
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where

w , Gs = 1√
M



∑K
i=1 h1,isil(ri)∑K

i=1 h2,isil(ri)e−jβ cos(θi)

...∑K
i=1 hM,isil(ri)e−j(M−1)β cos(θi)

 . (3.13)

By taking derivative w.r.t θ, we have

( ∂w
∂ηθ

)m,k = Xm,k = jβ(m− 1) sin(θk)hm,kskl(rk)e−j(m−1)β cos(θk)
√
M

.

(3.14)

for m ∈ {1, 2, . . . ,M} and k ∈ {1, 2, . . . ,K}. So, using Eq. 3.10,
CRLBθ will be

CRLBθ = J−1
θ,θ = σ2

n

2 (Eh|ηθ{Re(X
HX)})−1. (3.15)

Using the following lemmas from the random matrix theory, we prove
that for any distribution of H, CRLBθ almost surely converges to-
ward a deterministic closed-form expression that is a function of sys-
tem parameters, such as the number of antennas and variance of chan-
nel coefficients.

Lemma 1. Let Σ ∈ CN×N , be a matrix with uniformly bounded spec-
tral norm. Let x ∈ CN , be a random vector with i.i.d. entries of zero
mean, variance 1

N and eighth order moment of order O( 1
N4 ), indepen-

dent of Σ. Then
xHΣx− 1

N
tr(Σ) a.s.−−→ 0, (3.16)

as N →∞.

Proof. See [44].

Lemma 2. For Σ ∈ CN×N , be a matrix with uniformly bounded
spectral norm, x and y two vectors of i.i.d. variables such that x ∈ CN
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and y ∈ CN have zero mean, variance 1
N and fourth order moment of

order O( 1
N2 ), we have

xHΣy a.s.−−→ 0. (3.17)

Proof. See [44].

Lemma 3. For large M , when cos(θ1) 6= cos(θ2), for Σ =
diag( 1

M2 ,
4
M2 , . . . , 1), we have

Re{aRx(θ1)HΣaRx(θ2)} a.s.−−→ 0. (3.18)

Proof. See Appendix A.

Using these lemmas and independence of the channel distribution
from the number of antennas at the BS, the following theorem gives
the deterministic expression for CRLBθ.

Theorem 1. In a massive MIMO system with large number of an-
tennas, CRLBθ converges toward a deterministic form as

CRLBθ
a.s.−−→ 3

β2(M − 1)(2M − 1)S, (3.19)

in which S is an K ×K diagonal matrix with

Sk,k = ((|hdk |
2 + 2σ2

h)ρk sin2(θk))−1, k ∈ {1, . . . ,K}. (3.20)

Proof. See Appendix B.

It is seen from Eq. 3.19 that in a massive MIMO system, regard-
less of channel distribution, instantaneous CRLB tends toward a de-
terministic value. Although other definitions like Miller-Chang ver-
sion [34] or MCRLB [35] obtain a deterministic form for CRLB,
they use expectation that requires the knowledge of channel coeffi-
cients’ distribution. By contrast, our obtained expression requires
only the knowledge of channel coefficients’ variance and is applicable
even when the distribution of channel coefficients is unknown.
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CRLB in a MU massive MIMO system is inversely related to the
second-order of the number of antennas that is in accordance with
previous analysis of these systems in [10, 27]. When the number of
antennas is large enough, the effects of the multipath signals that
accompany the dominant path signal are in terms of general chan-
nel statistics instead of their individual realization, allowing designers
to understand the amount of information they can recover from the
channel. Also, the σ2

h term in Eq. 3.19 prevents CRLB from growing
indefinitely when the dominant path-signal is in poor condition. This
is because as the number of antennas grows, it is almost surely im-
probable that all antennas be in poor condition simultaneously. So,
even if few antennas have a low fading coefficient, not all of the infor-
mation in the system is lost, and AoA can still be extracted. The same
phenomenon also happens for channel capacity in these systems [13].

Several works have recently attempted to use multipath signals
with different channel coefficients to improve their estimation accu-
racy, such as [12, 20, 37]. One of the main uses of multipath signals
is in Fingerprinting localization method [45]. In this method, the
area in which localization will be done is divided into separate sub-
sections. Each subsection is distinguished from others based on the
channel that BS sees from that subsection. Here, if the path-loss sig-
nals are considered, subsections can be sharply distinguished from one
another. Moreover, by considering the multipath signals in [36] au-
thors extracted location information (including AoA) with weak dom-
inant path signal, using neural networks. In [14] authors presented
a method to extract AoA in i.i.d. Rician channels. These works are
examples of how the multipath signals can be used to extract or refine
the AoA information. Our results are in accordance with these works
and provide the theoretical background that CRLB in such scenarios
is finite, and estimating AoA is possible.

In the rest of the section, we focus on the system’s energy efficiency
in the AoA estimation part and how the utilization of antennas can
affect the efficiency. This is important when one wants to use a subset
of total available antennas for AoA estimation.
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3.4 Localization Efficiency
In this section, we formulate LE function, which will aggregate the
benefits and costs of a localization method. To make a general cri-
terion for different kinds of localization, we use parameters that are
included in most of the localization methods. On the one hand, these
parameters are the number of simultaneously localized UTs and the
method’s localization accuracy as benefit parameters. On the other
hand, the system’s total energy consumption in the localization phase
is a cost parameter.

3.4.1 Accuracy Function

Accuracy is one of the major evaluation parameters in localization
[46, 47]. Different works have studied the accuracy function of local-
ization methods and optimized it w.r.t. various parameters. Gen-
erally, accuracy is defined as the trace of the inverse of equivalent
FIM [46,48], or as the inverse of square root, the trace of the CRLB
matrix [47]. Although it is possible to use other definitions of CRLB
like those in [34] and [35], in the LE function, as we have achieved a
deterministic expression for CRLB, we use the inverse of the square
root of its trace for the accuracy function

Accuracy = 1√
tr(CRLBθ)

. (3.21)

3.4.2 Energy Consumption

Nowadays, one of the critical parameters of a wireless system is energy
consumption [13]. Due to growing concerns about energy, designers
have to carefully consider their systems’ energy consumption and in-
clude it in system characterization. Analyzing the energy consump-
tion of a system indicates at what cost a performance is obtained.
For example, wireless systems’ energy efficiency has been widely used
to describe performance trade-off between rate and energy consump-
tion [13,19].
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In order to conduct a comprehensive investigation, it is of paramount
importance to consider the energy consumption of all parts of a wire-
less system. In addition to transmitted power, in a massive MIMO
system, the energy consumption of system hardware should also be
considered to obtain a comprehensive model [13]. For instance, the
energy consumption of antennas’ RF-chains and processing units that
scale with the number of antennas is not negligible in massive MIMO
systems. In the following, we investigate different parts of the total
energy consumption function according to our system model.

Transmitted Energy

In the uplink of a wireless system, UTs transmit pilots to become
localized by the BS. Usually, this energy is vital as UTs have a lim-
ited energy budget. Pilot signals are predefined with a certain energy.
This energy is linearly related to the number of UTs. Therefore, trans-
mitted energy of all K UTs (in Joules) will be

Etr = ζW
tr(ssH)

ω
= Wζ

ω

K∑
i=1
|si|2 (J), (3.22)

in which ζ and W are duration and bandwidth of transmitted pilots,
respectively, and ω ∈ (0, 1] is UT’s RF amplifier efficiency (and it is
constant during pilot transmission time) [38].

Processing Energy

We assume that the BS carries out all of the required processing. As
far as LE is concerned, these processes include the detection of pilots
and running localization algorithm. This energy is proportional to the
number of operations, which in turn is a function of system parameters
such as M and K. To evaluate this part’s energy consumption, one
needs to calculate the number of required operations of an algorithm
and the computational efficiency of BS processing hardware. Gener-
ally, Maximum-likelihood (ML) method that obtains CRLB has the
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calculation complexity of KM [49]. This is the worst case, and there
may be ways to reduce the number of required calculations. Sub-
optimum algorithms have M3 order of complexity, at most, but they
do not necessarily obtain CRLB. We study one of these algorithms
in section 3.6. Hardware computational efficiency, LBS(FLOP/J), is
usually expressed as the number of Floating Point Operations (FLOP)
per Second per Watt that hardware consumes [13]. So, assuming the
same time as pilot transmission is used for processing, the processing
energy consumption, Ep, for ML will be formulated as

Ep = KM

LBS
Wζ (J). (3.23)

Hardware Energy Consumption

Generally, the hardware of a wireless system can be divided into two
parts:

• Infrastructure part of a system that includes backhaul systems
and network part, static circuit energy consumption and so on,
which use constant energy and are necessary for system mainte-
nance. Energy consumption of this part is independent from the
number of antennas at the BS but may depend on the number
of UTs [38].

• RF-chains of BS and UTs’ antennas that are proportional to the
number of BS antennas and number of UTs.

Therefore, hardware energy consumption, Eh will be

Eh = ζ(MPBS +KPUT + Pfix) (J), (3.24)

where PBS and PUT are the power consumption of the hardware of
each antenna (like RF-chains) in BS and UTs, respectively, and Pfix
accounts for all powers that are not related to M (however, it can be
depend on K).
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Therefore, total energy consumption will be

Et = Etr + Ep + Eh. (3.25)

Finally we can formulate LE as

LE = K(Accuracy)
EnergyConsumption

= K

(Et)(
√
tr(CRLBθ))

. (3.26)

Replacing all equations by their formula, LE will be obtained as

LE = 1√
3ζ
√
tr(S)

×

K
√
β2(M − 1)(2M − 1)

( W
LBS

KM +MPBS +KW
∑K
i=1 ‖si‖2 +KPUT + Pfix)

. (3.27)

Eq. 3.27 indicates that how many degrees of accuracy is achieved for
every joule that is consumed. So, for example, LE = 1 means that for
one joule of energy consumption the lowest obtained error is one ra-
dian. In this equation, LE is a function of several system parameters,
such as M , K, and θ. Although designers usually cannot control some
parameters such as UT’s AoA or their number, they do have access
to the number of BS antennas. As LE reflects a trade-off between
accuracy and energy consumption, this creates an opportunity that
can be used to design a system that operates at the optimal point
of this trade-off. For example, a common scenario that happens in
reality is that number of UTs varies drastically at different times, and
it is not necessarily efficient to use all of the antennas for any number
of UTs. In this case, to maximize LE, BS should use a portion of
the total available antennas. It should also be noted that as studying
power consumption (instead of energy consumption) is also very im-
portant for certain applications in wireless systems, like beamforming
and precoding [50], one can modify the LE function in Eq. 3.27 to a
function that reflects efficiency in watts (instead of Jouls) by simply
removing the parameter that accounts for the time that is allocated
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to the localization. To do this, one needs to remove ζ from Eq. 3.27.
In order to optimize Eq. 3.27 w.r.t. the number of antennas, first,

the method that will select the utilized antennas should be devised.
This is because how the antennas are selected changes the formula-
tion of LE and consequently changes the optimal number of anten-
nas. Next, with the help of the new formulation of LE when optimal
antenna selection is employed, we optimize the number of utilized
antennas.

3.5 Antenna selection
In this section, we analyze the effect of antenna selection in a massive
MIMO system for localization. When the number of utilized antennas
is smaller than total available antennas, e.g., due to LE optimization
or fewer available RF-chains, there is an opportunity that if a specific
set of antennas are deployed, LE can be improved even more. Energy
consumption of the system in Eq. 3.25 is a function of the number of
antennas and is independent from which antennas are being used. On
the other hand, in addition to the number of antennas, CRLBθ is a
function of the set of antennas that are being used. To show this, we
recall Eq. B.24 that states CRLBθ is inversely proportional to tr(Σ).
Assuming optimal number of antennas (or available RF-chains) is F ,
to minimizeCRLBθ, tr(Σ) has to be maximized by choosing a subset
of utilized antennas S. It should be noted that in this case, the 1

M
and 1

M2 coefficients in Eq. B.1 and Eq. B.3, are changed to 1
F and 1

F 2 ,
respectively. So, we have

max
S⊂{1,...,M}

∑
x∈S

(x− 1)2

F 2 (3.28)

s.t. Card(S) = F.

Optimal solution for this problem consists of the last F antennas

S∗ = {(M − F ), . . . ,M − 1}, (3.29)
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that results in the maximum value for the trace as
M−1∑

x=M−F

x2

F 2 = 6M(M − F − 1) + (F + 1)(2F + 1)
6F . (3.30)

and minimum CRLBθ for S∗ as

CRLB∗θ
a.s.−−→ 3

β2(6M(M − F − 1) + (F + 1)(2F + 1))S. (3.31)

The interpretation of Eq. 3.29 is that if for any reason fewer antennas
than available antennas should be used, the optimal choice is to start
selecting antennas from the furthest antenna w.r.t. the reference point
(whose location is fixed at the top of the antenna array) and move
toward it. We recall this set of antennas as the furthest set. With
this approach, CRLBθ will be dramatically reduced relative to the
case when we choose antennas from the beginning of the array. For
comparison, we write CRLBθ when F first antennas (first set) are
used

CRLBθ
a.s.−−→ 3

β2(F − 1)(2F − 1)S. (3.32)

It can be seen from Eq. 3.31 and Eq. 3.32 that while CRLBθ

for the first set is only a function of F , it is a function of both F
and M for the furthest set and, increasing total number of available
antennas is always beneficial when the furthest antenna selection is
applied. In other words, the first set antenna selection approach does
not fully appreciate the presence of a large antenna array. Further-
more, CRLBθ for the first set is a decreasing function of F , however,
CRLB∗θ of the furthest set will be an increasing function of F . The
reason for this phenomenon lies within the M−

1
2 normalization factor

in Eq. 3.5 (which becomes F−
1
2 in the antenna selection scenario) that

finally results in the normalization of tr(Σ). When we start adding
antennas from the end of the array, we start from an antenna with
the largest contribution to the trace, 1, and minimum normalization
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cost, 1. Then, a smaller value is added, but as the summation is nor-
malized by the cardinality of the set, it will decrease because for any
1 ≤ i ≤ F ,

1 > 1 + (1− i/F 2)2

2 . (3.33)

Therefore, the denominator ofCRLBθ decreases, and in turn,CRLBθ

increases. This process is reversed for the first set of antennas. In this
case, we start from an antenna with the lowest contribution to the
trace and add higher values as we use more antennas. So, the nor-
malized summation is increasing because for any 1 ≤ i ≤ F ,

1
F 2 <

1 + (1 + i)2

2F 2 . (3.34)

Moreover, the physical explanation of this antenna selection strategy
can further clarify the behavior of its CRLBθ. The further an an-
tenna is from the reference point, the more its received signal differs
from the signal received in the reference point. This is because it trav-
els through a longer path and has more time to differ from the refer-
ence point’s signal. On the other hand, due to the F−

1
2 normalization

factor, the total collected power of the system is normalized with the
number of utilized antennas. From CRLBθ point of view, the system
prefers to collect all of the power from the antennas, which provides
the maximum possible difference from the reference point. Therefore,
when antennas are selected from the end of the array, the system col-
lects its normalized received power from antennas that provide the
maximum possible difference with the signal received by the reference
point. Furthermore, adding more antennas with this strategy means
using more antennas that are relatively closer to the reference point
than the last antenna. So, some of the power is collected from the
antennas with relatively less difference (due to their shorter path)
compared to the last antenna. This explains why the system’s per-
formance, in terms of CRLBθ, degrades when more antennas are
selected if the received power is normalized.

If we omit the normalization factor, CRLB∗θ will be a decreasing
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function of F , just with a different slope of CRLBθ. In other words,
this antenna selection strategy reduces the slope of the CRLB de-
crease but also reduces its initial value significantly. The decrement
in the initial point is large enough that for any F < M , from Eq. 3.31
and Eq. 3.32, it is evident that CRLB∗θ < CRLBθ, proving that
selecting antennas from the furthest set is always beneficial.

So, depending on the method that we select operating antennas,
both CRLB’s formula and behavior w.r.t. the number of utilized
and all available antennas is changed. In this regard, using a set of
antennas that are furthest from the reference point minimizes CRLB.

If F furthest antennas in the array are selected for localization,
LE’s formula will change to

LES = 1√
3ζ
√
tr(S)

× K
√
β2(6M(M − F − 1) + (F + 1)(2F + 1))

( W
LBS

KF + FPBS +KW
∑K
i=1 ‖si‖2 +KPUT + Pfix)

.

(3.35)

Now that the formula of LE is obtained according to the optimal
antenna selection strategy, the following theorem gives the optimal
number of antennas when this selection strategy is used.

Theorem 2. When operating antennas are selected from the furthest
set, optimal number of them is

F ∗ = K + 1. (3.36)

Proof. Eq. 3.25 and Eq. 3.31 show that both Et and CRLB are in-
creasing functions of F . So, maximum value of LE in Eq. 3.35 happens
for the minimum possible value of F that is K + 1.

Remark 3. It should be noted that the furthest antenna selection
strategy is optimal as long as the steering vector can be modeled as
Eq.3.5. In this equation, it is assumed that the array size is much
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smaller than the distance of UTs from it, so the difference in power
of arrival is negligible. When the array becomes too large w.r.t the
distance of the UTs from it, the difference in power may be so large
that it affects antennas’ contribution in different distances from the
reference point. Also, for large size arrays, the incident wave cannot
be modeled as a plane. So, the proposed antenna selection is optimal
as long as the distance from the reference point to the last antenna at
the BS is much smaller than the distance of UTs from the BS, and
Eq. 3.5 models the steering vector.

In order to show if (and how) the optimal antenna selection proce-
dure may change if the power normalization in Eq.3.5 is not applied,
we study the CRLBθ without power normalization. If the 1√

M
is

removed from Eq.3.5, following Eq.3.14, the formulation of CRLBθ

will change into

CRLBθ
a.s.−−→ 3

β2M(M − 1)(2M − 1)S, (3.37)

Considering the fact that the antenna selection optimization problem
is how to select the antennas that tr(Σ) is maximized, removing the

1√
F

from Eq.3.28 will not change the optimization process and the
antenna selection will not change. Moreover, to show if the power
normalization will affect the optimal number of antennas, we should
analyze the behavior of CRLBθ without power normalization. By
noting that antenna selection process will not change, without a nor-
malization of power we have

CRLB∗θP
a.s.−−→ 3

β2F (6M(M − F − 1) + (F + 1)(2F + 1))S. (3.38)

By taking derivative from the CRLB∗θP w.r.t. F we have

∂

∂F
CRLB∗θP = 3S

β2 .
−6F 2 + (12M − 6)F + 6M − 1

(F (6M(M − F − 1) + (F + 1)(2F + 1)))2 .

(3.39)
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As only the nominator of the second fraction will determine the sign
of the derivative, we check the zeros of the nominator for F . The
zeros of the −6F 2 + (12M − 6)F + 6M − 1 will be

x1,2 = 6(2M − 1)±
√

12(12M2 + 1)
12 = M − 1

2 ±
√

12(M2 + 1)√
12

.

(3.40)

As
√

12(M2+1)√
12 > M , it is seen that smaller zero of −6F 2 + (12M −

6)F + 6M − 1 will be negative value and the larger zero of it will be
bigger than M . By noting that −6F 2 + (12M − 6)F + 6M − 1 will
have the negative sign of the F 2 multiplier between its zeros, we can
deduct that for 0 < F < M the derivative of CRLBθ will always be
positive, meaning that CRLBθ will be an increasing function of F .
Hence, not normalizing power will not change the optimal number of
antennas in Theorem2.

When the effects of the multipath signals are ignored, i.e., σ2
h → 0,

it is seen that CRLBθ is still proportional with the inverse of tr(Σ),
which means our results for antenna selection are applicable for this
setting, too. Therefore, no matter what the channel model is, by using
the proposed antenna selection method, CRLBθ can be minimized,
and LE can be further improved. The following section presents a case
study of how the LE can be formulated for an estimation algorithm.

Remark 4. The proposed antenna selection strategy remains optimal
when the central element of the array is chosen as the reference point.
While the choice of the reference antenna can influence the numerical
value of the resulting CRLB, the selection criterion itself is not de-
pendent on the absolute values but rather on the functional behavior
of the CRLB. Consequently, changing the reference point only affects
the lower and upper bounds of the summation in (B.25). However,
the fundamental property of the selection process remains unchanged:
the antennas located furthest from the reference point always maxi-
mize the summation, and therefore, the optimality of the strategy is
preserved regardless of the chosen reference.
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3.6 MUSIC Algorithm
The proposed antenna selection in the previous section is a CRLB
based antenna selection that creates a higher upper bound for the LE
of any estimator. In other words, proposed antenna selection creates a
better situation for estimating the AoA. Depending on its procedure,
an estimator takes advantage of this better situation at a certain level.
To present a heuristic showcase of such a procedure and an example
of how the LE can be formulated for any estimator, we study the LE
of one of the most known algorithms for AoA estimation, MUSIC,
which is used in several applications [51]. After a brief description of
its procedure, we calculate the exact amount of calculations required
by this algorithm and formulate its LE. Then in section 3.7, we
apply the proposed antenna selection to the MUSIC and illustrate
the corresponding improvement in LE.

3.6.1 Procedure

Consider that we have a received signal as

yF = AFs+ nF , (3.41)

subscript F shows number of rows, as F antennas are deployed. Sam-
ple covariance matrix of this signal can be obtained as [51]

R̃y = 1
N

N∑
i=1
yFiy

H
Fi . (3.42)

In the Eigenvalue Decomposition (EVD) of R̃y, there will be K eigen-
vectors corresponding to K UTs and F−K eigenvectors corresponding
to the noise. Each noise eigenvector is orthogonal to the columns of
A. So, by forming En, composed of noise eigenvectors,

En = [vK+1 vK+2 . . . vF ], (3.43)
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we can form a spatial spectrum function as [51]

P (θi) = 1
g(θi)HEnEH

n g(θi)
, (3.44)

in which g is a subset of aRx,k for the antenna subset that is being
used, e.g., if the furthest set of antennas is used it will be

g(θi) = 1√
F

[e−j(M−F )β cos(θi) . . . e−j(M−1)β cos(θi)]T ,

θi ∈ [0, π
Q
, . . . ,

π − 1
Q

], (3.45)

where Q is search cardinality. Peaks of P (θ) happens when g(θ)
corresponds to one of the actual steering vectors. These peaks are
estimated as AoAs. Therefore, steps of MUSIC are

i) Observe N snapshots and construct R̃y in Eq. 3.42.

ii) Calculate the EVD of R̃y and extract En in Eq. 3.43.

iii) Construct P (θ) and extract its maximum points.

3.6.2 Energy Consumption of MUSIC

To accurately determine the required energy consumption of the MU-
SIC algorithm, we first analyze the number of its required operations.
With the help of [52], we evaluate the number of required arithmetic
operations to run MUSIC.

In the first step, the algorithm multiplies an F × 1 vector by its
conjugate transpose N times, sum them, and then divides all of its
elements by N . Every product of the vectors requires F 2 operations,
every matrix sum requires F 2 operations, and the final divide needs
F 2 operations [52]. So, the first step needs (2N + 1)F 2 operations.

Generally, EVD of an F × F matrix by QR decomposition-based
algorithm needs at least F 3 operations [52]. So, the second step de-
mands F 3 operations.
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In the last step, ignoring the search part, we need to calculate
Eq. 3.44, Q times. Product of EnEH

n needs F 2(2(F −K)− 1) opera-
tions and then, multiplying the resulted F × F matrix by two F × 1
vectors from both sides, needs (2F −1)(F + 1) operations. Therefore,
third step requires Q[2F 2(F −K) + F 2 + F − 1] operations.

So, the total number of arithmetic operations of MUSIC is

NA = (2Q+ 1)F 3 + (2N +Q(1− 2K) + 1)F 2 +QF −Q. (3.46)

Consequently, processing energy consumption of MUSIC will be

Ep = NA

LBS
Wζ. (3.47)

Considering same transmitted power for all UTs, p, Etr is

Etr = NWζtr(ssH)
ω

= NKWζp

ω
. (3.48)

Hardware energy consumption will be same as Eq. 3.24. There-
fore, total energy consumption of localization process using MUSIC
algorithm is

Et = Et + Etr + Eh = Wζ(2Q+ 1
LBS

)︸ ︷︷ ︸
C3

F 3

+Wζ(2N + 1 +Q(1− 2K)
LBS

)︸ ︷︷ ︸
C2

F 2 +Wζ(PBS + Q

LBS
)︸ ︷︷ ︸

C1

F

+Wζ(NKp− Q

LBS
+KPUT + Pfix)︸ ︷︷ ︸

C0

=
3∑
i=0

CiF
i. (3.49)
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Table 3.1: Simulation parameters

Parameter Value
Bandwidth: W 50KHz

Pilot transmission time: ζ 0.5(ms)
Noise variance: σ2

n 10−20(W/Hz)
RF amplifier efficiency: ω 0.9
Received pilot power: p 10−19(W/Hz)

Operational efficiency: LBS 30(GFLOP/Joule)
BS’s RF-chain Power consumption: PBS 1W
UT’s RF-chain Power consumption: PUT 0.3W

Fixed power consumption in BS: Pfix 0.5W
Antenna separation ratio to wavelength: d

λ 0.5

MSE of the MUSIC algorithm is defined as

MSE = 1
NMC

NMC∑
i=1

K∑
k=1

(θk − θ̂k)2, (3.50)

where NMC is number of Monte-Carlo simulations of MUSIC algo-
rithm.

Finally, we formulate the LE as

LEMUSIC = K

(Et)(
√
MSE)

. (3.51)

In the next section, the MUSIC algorithm’s LE is optimized w.r.t.
F , and its behavior when these F antennas are selected from the first
and furthest set is illustrated.

3.7 Numerical Results
In this section, we verify our analytical results that are obtained in
previous sections. We study the behavior of LE function for different
scenarios, using Monte-Carlo simulations when analytical traceability
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Figure 3.2: Deterministic and Monte-Carlo simula-
tions of CRLBθ.

is not possible. In the Monte-Carlo simulations, the random sampling
is done over the fast fading channel coefficient between UTs and BS
antennas (Eq.3.6). Parameters that we use are listed in Table 3.1,
unless otherwise stated.

Fig. 3.2a shows tr(CRLBθ) in which dashed lines are generated
by Monte-Carlo simulations (indicated by MC) while solid lines are
computed using deterministic expression in Eq. 3.32 for K = 5, 20, 40.
For K = 5 simulation is done under κ−µ fading model [53]. We used
κ = 3 that indicates the ratio between the total power of the dom-
inant path to the total power of multipath signals, µ = 2 and it is
assumed that the dominant component appears in the in-phase [53].
For K = 20 we used Nakagami-m fading model with shape parame-
ter µ = 2 and spread parameter Ω = 4. Also, K = 40 is simulated
in the Rician fading model with a mean equal to 1 and variance of
each real and imaginary part σ2

h = 0.5. As CRLBθ grows indefinitely
when θ → 0, π, an area of π

10 from each side is excluded, and UTs’
AoAs are placed in equispaced intervals in the remaining area, i.e.
AoAk = π

10 + π− 2π
10

K for k = {1, . . . ,K}. Interestingly, deterministic
approximation (indicated by D) converges very fast, even when the
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Figure 3.3: ML estimation for a single UT with
M = 21.

number of antennas is not so large. We observe that convergence hap-
pens for all of the simulated models, confirming that the deterministic
formula is valid for any channel distribution. Also, Eq. 3.32 has the
same behavior as Monte-Carlo simulations. It should be noted that
as the trace of CRLBθ is plotted, the distance between analytical
expression and Monte-Carlo simulations will increase for the higher
number of UTs since it is the sum of K almost sure convergence. This
is why there is a seeming increment between analytical and Monte-
Carlo curves in this figure. Furthermore, deterministic CRLBθ in
Eq.3.31, is plotted (indicated by S) when M = 100, 155, 205 for cor-
responding K = 5, 20, 40 curves. We see a significant decrease in
CRLBθ when the furthest set of antennas is used relative to the case
when the first group of them is used, more than two orders of mag-
nitude in some cases. As the number of utilized antennas grows,
CRLBθ for the furthest set grows and becomes closer to the first set
curve until all available antennas are used, when they become the
same. The larger the M , the lower the CRLBθ will become for the
furthest set. Furthermore, Fig. 3.2b presents the tr(CRLBθ) under
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the same conditions as in Fig. 3.2a, but this time without applying the
power normalization defined in Eq. 3.5. In this case, the expression
in Eq. 3.37 is used for computing CRLBθ. The figure indicates that
without power normalization, all curves have a steeper descent, due to
the higher received SNR. An important observation is related to the
furthest antenna selection method: in this case, tr(CRLBθ) begins
with considerably lower initial values. However, as additional anten-
nas are selected closer to the reference antenna, the rate of decrease
becomes progressively smaller.

In Fig. 3.3, the ML estimator is applied to estimate the AoA of a
single UT using different antenna selection strategies. Three strate-
gies are considered: (i) the closest set, which selects antennas nearest
to the reference point; (ii) the furthest set, based on the proposed
antenna selection method; and (iii) the equi-spaced set, where anten-
nas are chosen at equal spacing along the array. In this example, the
array size is M = 21, the number of selected antennas is F = 5, and
the UT’s AoA is θ = π

6 .
As shown in Fig.3.3a, the proposed furthest set achieves signifi-

cantly lower estimation variance compared to the closest set, thereby
demonstrating its superior performance. The equi-spaced set also
performs better than the closest set, though it consistently exhibits a
higher variance than the furthest set. This behavior is further high-
lighted in Fig.3.3b, where the estimation variance of the ML estimator
is plotted against different SNR values. Across all SNR regimes, the
proposed furthest selection maintains the lowest variance, consistently
outperforming the other two strategies.

In Fig. 3.4 LE for different numbers of UTs is plotted. In this
figure, the left side axis is for LE scale, and solid lines are its corre-
sponding curves. The right side axis is for the tr(CRLBθ), and dashed
lines are its corresponding curves. For each scenario, the same colors
are used. In this figure, M = 80 and for the green curves (Eq. 3.27),
in each K, all of the available antennas are used, i.e., no antenna se-
lection. We see that due to high computational complexity, LE drops
sharply as K increases. In other two curves (blue for Eq. 3.35 and red
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Figure 3.4: Optimal LE for each corresponding K
in ML estimation.

for replacing M with F in Eq. 3.27), for each K, LE is maximized
w.r.t. F , with constraint F ≥ K. We see that LE is significantly
improved when the optimal number of antennas is used instead of all
available antennas. This confirms that using all of the antennas is
not always efficient. Moreover, when the optimal number of anten-
nas is selected from the furthest set, LE increases even further, up
to 220% in some points, highlighting the advantage of the proposed
antenna selection. As K increases, energy consumption increases ex-
ponentially, and this causes LE of different scenarios to decrease and
become close to each other. However, they are not exactly same until
all of the available antennas are used. Furthermore, the tr(CRLBθ)
indicates the minimum achievable accuracy for each point. One can
put a minimum accuracy constraint when optimizing LE depending
on one’s requirements.

Fig. 3.5 shows corresponding optimal number of antennas for each
K that maximize LE in Fig. 3.4. It is seen that due to the exponential
growth of energy consumption, F ∗ decreases very fast for the first set
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Figure 3.5: Optimal number of antennas for ML.

and reaches saturation point (F ∗ = K + 1) as K increases. Accord-
ingly, this is the point after which LE starts to decrease in Fig. 3.4.
Also, as predicted by Eq. 3.36, the optimal number of antennas for
the furthest set is always the minimum possible number of antennas,
K + 1. This illustrates that furthest antenna selection obtains higher
LE using fewer antennas, which reduces costs of construction and
maintenance of the system.

In Fig.3.6a, our proposed antenna selection is compared with other
antenna selection methods for AoA estimation. In [54], it is stated
that four smaller subarrays can perform better than one big array in
Large Intelligent Surfaces. The same concept with a linear massive
MIMO system is tested here. The array is divided into four subarrays,
each containing one-fourth of the selected antennas. The distance is
the same between these four subarrays. Also, we did the same thing by
dividing the array into two subarrays. In [55], four specific solutions
are presented for the antenna selection in linear antenna arrays. The
pattern of fourth solution is selected ( [55], Fig.2 e) and it is named
“Sparsity Enforcing”. In [56] we showed that a set that contains the
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Figure 3.6: Comparison of different antenna selec-
tion methods and different M .

most separated antennas could have a relatively high performance in
a planar antenna array. Here we applied the same concept to the
linear array to see how it performs in the linear arrays (this method
is called “Most Separated”). The selection pattern of each method
is shown in Fig.3.6b. Also, the green curve is plotted to show the
benefit of massive antennas at the BS and how our proposed antenna
selection results in higher improvement when the number of available
antennas is higher. This is also evident from Eq.3.31. The green curve
is when M = 100 and the blue curve is when M = 400. It is seen
that the higher M results in higher performance improvement when
our proposed antenna selection is used, confirming that the selection
method is suitable for massive MIMO systems.

LE of MUSIC algorithm is plotted by Monte-Carlo simulation of
Fig. 3.7. The left hand side sub-figures of Fig. 3.7 are for K = 10 and
M = 22, and the right hand side sub-figures are for K = 20 and M =
55. In this figure, the same AoAs for UTs as Fig. 3.2a are considered,
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Figure 3.7: LE and tr(CRLBθ) of MUSIC algo-
rithm versus F .

only with another exclusion zone that is equal to π
7 , so AoAk = π

7 +
π− 2π

7
K for k = {1, . . . ,K}. By selecting antennas from the first set,

LE has an optimum point in F ∗ = 16 and F ∗ = 35 in these settings,
respectively. On the other hand, for furthest antenna selection, in
K = 10, LE is always decreasing, and so its optimum point is at
minimum number of antennas, but in K = 20 LE of the furthest set
has an optimum point in F = 30. Nevertheless, its optimum point
always happens before the first set’s optimum point, meaning that
the furthest antenna selection needs fewer antennas in this scenario,
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as well. In addition, the furthest antenna selection always has higher
LE than the first antenna selection proving that furthest antenna
selection is always beneficial, no matter what the channel model is.
Furthermore, it is seen that the obtained CRLBθ for the furthest
set is always lower than the first set, proving the superiority of the
furthest antenna selection, once more.

3.8 Conclusion
This section analyzed CRLB for AoA estimation when the received
signal at the BS is accompanied by multipath signals according to the
DMC model. With the help of RMT, we proved that regardless of
the distribution of multipath signals, CRLB for AoA almost surely
converges toward a closed-form expression in the MU massive MIMO
setting. This illustrates the contribution of multipath signals in the
AoA estimation, providing a theoretical basis for recent studies that
estimated location information with the help of multipath signals.

A refined version of the localization efficiency function is presented,
which is a ratio of benefits to costs in localization and reflects the
trade-off between performance and energy consumption. Contrary
to previous studies, we used a comprehensive energy consumption
model in this function and showed that there is an optimal number
of antennas that maximizes the efficiency in the localization phase.
We presented an antenna selection method that minimizes CRLB for
AoA when the number of utilized antennas is smaller than the total
available antennas. Also, the behavior of both CRLB and LE for
this selection scheme is studied. It is shown that the behaviors of
both of them change when utilized antennas are selected based on the
proposed scheme, which affects the optimal number of antennas that
maximizes LE.

Numerical results confirmed the CRLB’s convergence, even when
the number of antennas is not too large. They showed that the pro-
posed antenna selection strategy dramatically reduces CRLB. This
phenomenon has been validated by Monte-Carlo simulations, too.
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Furthermore, simulation results confirmed significant improvement of
LE when our antenna selection approach is utilized. In fact, with the
help of the proposed antenna selection method, ML estimation gains
a competitive advantage over a certain region in terms of efficiency.
In the end, LE of the MUSIC algorithm is studied and simulated, in-
dicating the applicability of our antenna selection strategy even when
the contribution of multipath signals is ignored.
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CHAPTER4
Passive Antenna Selection for
Azimuth AoA Estimation

Massive MIMO systems provide high angular resolution in the next
generation of wireless systems. This opportunity can be used to es-
timate the location of user terminals (UTs) accurately. In this sec-
tion, we analyze the Cramer-Rao lower bound (CRLB) of planar
antenna arrays in Massive MIMO systems for Azimuth Angle of Ar-
rival (AAoA) estimation. With the help of Random Matrix Theory,
we prove that for Massive antenna arrays with independent and iden-
tically distributed (i.i.d) multipath signals, CRLB for AAoA esti-
mation converges toward a deterministic value, regardless of channel
distribution. In this scenario, CRLB is a function of channel vari-
ance instead of instantaneous realization. Then, antenna selection
is studied, and it is shown that using different subsets significantly
affects the CRLB of a planar array.
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4.1 Introduction
In the previous chapter, we presented an analysis for CRLB of AoA
estimation in DMC channels for a linear antenna array. In this section,
we extend the analysis by presenting a deterministic form of CRLB
for AoA estimation for a planar antenna array under the DMC model
in 3D settings.

In chapter 3 we presented an antenna selection method to maxi-
mize the localization efficiency of a linear array. It has been shown
that depending on the antenna selection strategy, the behavior of
CRLB with respect to (w.r.t) number of antennas changes and the
optimal antenna selection method has been presented. In this section,
we show that in the case of a planar array, when 3D localization is
considered, the optimal antenna selection strategy changes. As the
proposed antenna selection is for the Multi-User scenario, it is based
on minimizing the expected CRLB over the possible range of UT’s
AoA. The initial optimal subset of antennas is presented, which serves
as the starting point of a greedy algorithm. This algorithm finds the
best greedy set of antennas when only a limited number of antennas
have to be utilized. The contribution of this section is summarized as
following:

• CRLB for AAoA estimation of a MU massive MIMO system
with planar antenna array is obtained in a deterministic form
when UTs experience a DMC channel.

• A greedy antenna selection with optimal starting point is pre-
sented that aims to minimize the expected CRLB of AAOA in
planar antenna array.

4.2 System Model
We consider the uplink of a single-cell Multi-User Massive MIMO
system with a BS at the center, equipped with M = M1M2 antennas.
M1 antennas are installed along the x axis and M2 antennas along
the y axis. On each axis, adjacent antennas are separated by distance
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d (Fig 3.1). There are K uniformly distributed single-antenna UTs
in the cell. The BS uses pilot signals transmitted by UTs to localize
them. The received signal at the BS is

y = (ARx �H)s+ n, (4.1)

where s is the vector of transmitted pilots and n ∼ CN (0, σ2
nIM ) is

additive white Gaussian noise. Also,

ARx = [aR(θ1, ϕ1) . . . aR(θK , ϕK)], (4.2)

contains K columns of M × 1 steering vectors of BS antenna array
response, where θk and ϕk are kth UT’s azimuth and elevation AoA
for k ∈ {1, . . . ,K}. The mth element of kth steering vector is [57]

aR(θk, ϕk)m = e−jβ sin(ϕk)((m1−1) cos(θk)+(m2−1) sin(θk))
√
M

, (4.3)

m = (m2 − 1)M1 +m1,

m1 = 1, . . . ,M1, m2 = 1, . . . ,M2,

where β = 2πd
λ and λ is the wavelength of pilots. H = [h1 . . . hK ]

is an M × K matrix whose (m, k)th element, hm,k, is the channel
coefficient between kth UT and mth BS antenna. The mean of hk is
equal to the channel coefficient of kth UT’s dominant path, h̄k. The
random part of each elements, ĥm,k, accounts for the random effects
of aggregated multipath signals at each antenna with limited fourth
and eighth moments. The variance of the random part is assumed to
be constant and equal to σ2

h for every antenna and user [58]

hm,k = hrm,k + jhim,k, (4.4)
E{hrm,k} = Re{h̄k}, E{him,k} = Im{h̄k},
var(hrm,k) = var(him,k) = σ2

h. (4.5)
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Figure 4.1: Configuration of the antenna array.

4.3 CRLB Analysis
The vector containing desired parameters for estimation is

η = [
ηθ︷ ︸︸ ︷

θ1 θ2 . . . θK |
ηϕ︷ ︸︸ ︷

ϕ1 . . . ϕK ]T . (4.6)

Defining η̂ as the unbiased estimator of η, its mean square error is
lower bounded as [11]

Ey|η{(η − η̂)(η − η̂)T } ≥ CRLB = J−1, (4.7)

where J is Fisher Information Matrix (FIM) and can be written in
block matrix form as [11]

J =
[
Jθ,θ Jθ,ϕ
Jϕ,θ Jϕ,ϕ

]
, (4.8)



4.3. CRLB Analysis 61

and
Ja,b = Re[( ∂w

∂ηa
)H( ∂w

∂ηb
)], (4.9)

in which w , (ARx �H)s and a, b ∈ {θ, ϕ}. Therefore, using block
matrix inversion properties, CRLB of ηθ is

CRLBθ = σ2
n

2 (Jθ,θ − Jθ,ϕJ−1
ϕ,ϕJϕ,θ)−1. (4.10)

The derivatives of w w.r.t ηθ and ηϕ can be written as

∂w

∂ηθ
= M(Σ2(A+ jB)Cθ −Σ1(A+ jB)Sθ)Sϕ, (4.11)

∂w

∂ηϕ
= M(Σ1(A+ jB)Cθ + Σ2(A+ jB)Sθ)Cϕ, (4.12)

where

Σ1 = β(IM2 ⊗ diag(0, 1
M
, . . . ,

M1 − 1
M

)),

Σ2 = β(diag(0, 1
M
, . . . ,

M2 − 1
M

)⊗ IM1),

A = Ā+ σhÂ,

B = B̄ + σhB̂,

Ām,k = Re{h̄kaR(θk)msk}, B̄m,k = Im{h̄kaR(θk)msk},

Âm,k = 1
σh
Re{−jĥm,ksk(aR(θk)m)},

B̂m,k = 1
σh
Im{−jĥm,ksk(aR(θk)m)},

Sa = diag(sin(a1), . . . , sin(aK)), a ∈ {θ, ϕ}
Ca = diag(cos(a1), . . . , cos(aK)). a ∈ {θ, ϕ} (4.13)

By defining ρk , |sk|2
σ2
n

and v(m1,m2) = (m1−1)(m2−1), the following
theorem presents a deterministic expression for CRLBθ of a planar
antenna array.



62 Chapter 4. Passive Antenna Selection for Azimuth Estimation

Theorem 3. In the Massive MIMO settings, CRLBθ almost surely
converges toward a deterministic diagonal matrix whose (k, k)th entry
is given by

CRLBθ(k, k) a.s.−−→
v(M1,2M1) cos2(θk)+v(M2,2M2)sin2(θk)+3v(M1,M2) cos(θk) sin(θk)

ρkβ2(2σ2
h

+|h̄k|2)v(M1,M2)( v(2M1,2M2)
3 − 3

4v(M1,M2)) sin2(ϕk)
.

(4.14)

Proof. Replacing (4.11) and (4.12) in (5.5), we have

Jθ,θ = M2STϕ [STθ (ATΣ2
1A+BTΣ2

1B)Sθ
+CT

θ (ATΣ2
2A+BTΣ2

2B)Cθ
− STθ (ATΣ1Σ2A+BTΣ1Σ2B)Cθ
−CT

θ (ATΣ2Σ1A+BTΣ2Σ1B)Sθ]Sϕ, (4.15)

Jϕ,ϕ = M2Cϕ[CT
θ (ATΣ2

1A+BTΣ2
1B)Cθ

+ STθ (ATΣ2
2A+BTΣ2

2B)Sθ
+CT

θ (ATΣ1Σ2A+BTΣ1Σ2B)Sθ
+ STθ (ATΣ2Σ1A+BTΣ2Σ1B)Cθ]Cϕ, (4.16)

Jθ,ϕ = JTϕ,θ = M2STϕ [−STθ (ATΣ2
1A+BTΣ2

1B)Cθ
+CT

θ (ATΣ2
2A+BTΣ2

2B)Sθ
− STθ (ATΣ1Σ2A+BTΣ1Σ2B)Sθ
+CT

θ (ATΣ2Σ1A+BTΣ2Σ1B)Cθ]Cϕ. (4.17)

From [58] (lemmas 1-3) we know that for M →∞

ATΣpΣqA+BTΣpΣqB
a.s.−−→ 1

M
tr(ΣpΣq)(2σ2

h + H̄) (4.18)
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for p, q ∈ {1, 2} and H̄ = diag(|h̄1|2, . . . , |h̄K |2). Also,

tr(Σ2
1) = β2(M1 − 1)(2M1 − 1)/M/6, (4.19)

tr(Σ2
2) = β2(M2 − 1)(2M2 − 1)/M/6,

tr(Σ1Σ2) = tr(Σ2Σ1) = β2(M1 − 1)(M2 − 1)/M/4.

Replacing (4.18) and (4.19) in (4.15)-(4.17), we have

Jθ,θ
a.s.−−→β2STϕ (v(M1, 2M1)

6 S2
θ + v(M2, 2M2)

6 C2
θ

− v(M1,M2)
2 CθSθ)Sϕ(2σ2

h + H̄),

Jϕ,ϕ
a.s.−−→β2CT

ϕ (v(M1, 2M1)
6 C2

θ + v(M2, 2M2)
6 S2

θ

+ v(M1,M2)
2 CθSθ)Cϕ(2σ2

h + H̄),

Jθ,ϕ
a.s.−−→β2STϕ (v(M2, 2M2)− v(M1, 2M1)

6 CθSθ

+ v(M1,M2)
4 (C2

θ − S2
θ ))Cϕ(2σ2

h + H̄). (4.20)

By replacing (5.7) in (5.6), using the fact that Jθ,θ, Jϕ,ϕ, Jθ,ϕ and
Jϕ,θ are diagonal matrices, after some algebraic simplifications, all
the elements of CRLBθ are obtained as (4.14).

It is seen that the CRLBθ does not depend on individual chan-
nel realizations (hm,k), but rather on the statistical properties of the
channel. In fact, what matters is the variance of these coefficients
when large number of antennas are utilized. Also, (4.14) shows that
in Massive MIMO systems, AAoA information is (almost surely) never
lost due to the contribution of the multipath signals. These results,
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along with those presented in [58] for linear arrays, provide a comple-
mentary theoretical basis for AAoA estimation (or refinement) using
several path-loss signals with the same order of power, like methods
reported in [20,36].

Now that we have a deterministic value for CRLBθ, we can use
it to study how different antennas contribute in θ estimation and
prioritize the antennas with high contribution when only a portion of
the total available antennas are utilized.

4.4 Antenna Selection
This section studies the antenna selection for planar antenna array
configurations. The expectation of CRLBθ is minimized w.r.t set of
utilized antennas, using a greedy algorithm whose optimal starting
point will be presented.

In the following, we assume that F ≤M number of antennas has
to be used. F can be either the number of available RF-chains or
the optimal point of the trade-off between CRLB and energy con-
sumption. We assume that array dimensions are much smaller than
UTs’ distances from it, so the difference of received power for different
antennas is negligible.

From (5.6) and Theorem 3 it is seen that CRLBθ for a planar
array is a function of the traces of squared Σ1, Σ2, and their prod-
uct. When F antennas are utilized, Σ1 and Σ2 will be changed to Σ̃1
and Σ̃2, both with the size of F × F . The diagonal elements of these
matrices will be corresponding values of selected antennas from Σ1
and Σ2. As the antenna selection has to be done before the estima-
tion of θ (and if F is the number of RF-chains, even before reception
of the transmitted pilots by the UTs), there is no apriori knowledge
about the θ, except its distribution. With this in mind, we minimize
Eθ{tr(CRLBθ)}. So, noting that when F antennas are utilized, the
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M−
1
2 normalization factor in (5.2) will be changed to F−

1
2 and uni-

form distribution of UTs, we obtain

Eθ{tr(CRLBθ)} = F
∑K
k=1(ρk(2σ2

h + |h̄k|2))−1

8β2 sin2(ϕk)

×
(

tr(Σ̃2
1 + Σ̃2

2)
tr(Σ̃2

1)tr(Σ̃2
2)− (tr(Σ̃1Σ̃2))2

)
︸ ︷︷ ︸

U(S)

, (4.21)

where S is the set of selected antennas according to which the elements
of Σ̃1 and Σ̃2 are determined. The only part affected by the selected
set of antennas is U(S) (the part inside parentheses), so we just need
to minimize it. Minimization of U(S) is a combinatorial optimization
problem that we use a greedy algorithm to solve it. F = 3 is the
minimum possible number of antennas for a planar antenna array (so
they form a plane). These first three antennas have to be selected
together. After selecting the first three antennas (starting point of
the antenna selection), we can proceed with a greedy algorithm that,
step by step, selects an antenna that reduces U(S) the most.

Lemma 4. The best choice for the first three antennas for AAoA
estimation is
S3 = {(1, 1), (M1, 1), (1,M2)}.

Proof. The first choice has to be (1, 1)th antenna that is the reference
point w.r.t which the θ is measured. Moreover, the other two antennas
must have different indices in both dimensions, otherwise they com-
pose a linear array. For notation convenience, we define M ′1 = M1− 1
and M ′2 = M2 − 1. Let S̄3 = {(1, 1), (M1 − a, 1 + b), (1 + c,M2 − d)},
for any set of non-negative integers {a, b, c, d} where

{a, c} ≤M ′1, {b, d} ≤M ′2,
a+ b+ c+ d ≥ 1,
(a+ c, b+ d) 6= (M ′1,M ′2), (4.22)
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be a set of three distinctive antennas other than S3. Evaluating the
corresponding U(S) for both S̄3 and S3 by using indices of each group
in (4.21), we have

U(S̄3) = (M ′1 − a)2 + b2 + c2 + (M ′2 − d)2

((M ′1 − a)(M ′2 − d)− bc)2 ,

U(S3) = M ′21 +M ′22
(M ′1M ′2)2 . (4.23)

Accordingly,

U(S̄3)((M ′1M ′2)2)((M ′1 − a)(M ′2 − d)− bc)2

= (M ′1M ′2)2(M ′1 − a)2 + (M ′1M ′2)2b2

+ (M ′1M ′2)2c2 + (M ′1M ′2)2(M ′2 − d)2

(e)
> (M ′1(M ′2 − d))2(M ′1 − a)2 + (M ′21 +M ′22 )b2c2

+ ((M ′1 − a)M ′2)2(M ′2 − d)2

≥ ((M ′2 − d)(M ′1 − a)− bc)2(M ′21 +M ′22 )
= U(S3)((M ′1M ′2)2)((M ′1 − a)(M ′2 − d)− bc)2, (4.24)

where (e) follows from the fact that b ≤ M ′2 and c ≤ M ′1 and if both
are equal either to zero or their maximum, due to (4.22), either a or
d has to be greater than zero. So,

U(S̄3) > U(S3). (4.25)

Based on (4.25), selecting any other set than S3 results in higher U(S).
Therefore, S3 is the best set of the first three antennas that minimize
U(S).

Now that the optimal start point for selection has been found, the
remaining F − 3 antennas will be selected using a greedy algorithm.
In each step, the antenna that decreases U(S) more than others is
added to the S until all of the required antennas are selected. The
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get F
S := S3
For f := 4 to F do

For x := 1 to M1 do
For y := 1 to M2 do

If (x, y) /∈ S do
S(f) := (x, y)
V (x, y) := U(S)

EndIf
EndFor

EndFor
S(f) := arg min

(x,y)
V

EndFor
return S

Table 4.1: Greedy algorithm for optimal antenna
selection

algorithm is summarized in Table 4.1. It should be noted that as this
selection is a static one, the mentioned algorithm is only needed to
run once for the antenna configuration of the system. So, although
it is low, the algorithm’s computational complexity is not of concern
because it is not used in real-time.

In Section4.5, it will be shown that although for a 2D linear array,
the optimal set is composed of furthest antennas from the reference
point [58], S∗ of a planar array mostly consists of most separated an-
tennas (whose x and y indices has maximum difference), accompanied
by a few numbers of furthest antennas. We compare S∗ with both of
these sets separately, in addition to another algorithm that selects
the closest antennas to the reference point. The latter’s importance is
that the behavior of its CRLB w.r.t number of antennas can present
some information about designing better antenna arrays when it is
not possible to build a larger one.
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Figure 4.2: Deterministic and MC simulations of
tr(CRLBθ).

4.5 Numerical Results
In this section we verify the analytical results obtained in previous
sections using Monte-Carlo (MC) simulations and illustrate the bene-
fits of antenna selection. In the Monte-Carlo simulations, the random
sampling is performed on the fast fading channel coefficient between
UTs and BS antennas (Eq.4.4). In the following, ρk = 3, d

λ = 0.5,
θk = {0, 2π

K , . . . ,
2π(K−1)

K }, h̄k = 1 and ϕk = π/3 for i ∈ {1, . . . ,K}.
Also, channel coefficients are Gaussian distributed random variables
with σ2

h = 0.5.
Fig. 4.2 shows the values of tr(CRLBθ) in which dashed lines

are generated by MC simulations of (5.6), while solid ones are com-
puted using the deterministic expression in (4.14), when M1 = M2 for
K = 5, 15, 30. It should be noted that as the trace of CRLBθ is plot-
ted, the gap between deterministic and MC curves is actually the sum
of K errors of each almost sure convergence in (4.14). This explains
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Figure 4.3: Eθ{tr(CRLBθ)} for various antenna
selection strategies.

the seeming increment of the gap between MC and deterministic corre-
sponding curves as K grows. It is seen that (4.14) completely mimics
the behavior of actual CRLBθ with high accuracy. In the rest of the
figures, we only use deterministic formula.

Fig. 4.3 represents Eθ{tr(CRLBθ)} for four different antenna se-
lection algorithms, when M1 = 7, M2 = 6 and K = 5. The reason
that Eθ{tr(CRLBθ)} has increasing behavior for some algorithms
stems from the fact that the received power is normalized w.r.t the
number of utilized antennas (5.2). So, for certain F , some algorithms
have lower Eθ{tr(CRLBθ)} compared to the case when all of the M
antennas are used (where all curves merge). The scenario where the
power is not normalized is also presented in Fig. 4.5. It is seen that
using the greedy algorithm, Eθ{tr(CRLBθ)} is significantly reduced.
Also, using antenna selection, there will be a global optimal point in
which Eθ{tr(CRLBθ)} is minimized. In other words, there is an op-
timal point for the trade-off between number of utilized antennas and
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Figure 4.4: Selected antennas of each selection
method for F = 12.

Eθ{tr(CRLBθ)} that happens before using all of the available an-
tennas. In this regard, the greedy algorithm obtains its minimum for
F = 6, which is the lowest among all algorithms. Moreover, other al-
gorithms experience several rapid deterioration and refinements, that
is due to disordered addition of antennas with low and high contri-
butions in Eθ{tr(CRLBθ)}, respectively. In order to clarify these
behaviors, Fig. 4.4 shows the antenna configurations associated with
different algorithms, when F = 12, for the same setting as that of
Fig. 4.3. Selected antennas of each method are specified using the
same color and marker as Fig. 4.3. The first set algorithm tries to com-
plete a square in each step. The 12th selected antenna of this method
is (4, 2), which has a mild effect in reducing CRLB in Fig. 4.3, while
the previous two antennas, (4, 1) and (1, 4), decreased the CRLB rel-
atively more. Therefore, sudden decreases happen when the added
antenna belongs to the most separated set. This shows that in a pla-
nar array, antennas inside the array shape do not contribute as high
as those on the sides in terms of the CRLB. The same phenomenon
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Figure 4.5: Ratio of obtained CRLBθ versus ratio
of utilized antennas.

(with different intensities) happens with the furthest and most sep-
arated sets at different points. Finally, the greedy algorithm selects
some of the most separated antennas alongside some of the furthest
ones (mostly from the former) to achieve the best possible outcome.
All in all, Fig. 4.3 and Fig. 4.4 show that antennas on the boundary
sides of the array have higher contributions than those in the middle,
i.e., the further away from the main diagonal an antenna is, the more
the contribution it has. Interestingly, we see that the optimal selec-
tion strategy creates a collection of four divided sub-arrays for AAoA
estimation. This effect that four smaller but separated sub-arrays
can have better performance in localization rather than one big array
has also been reported in [54] for systems that utilize large intelligent
surfaces. Our results show that similar effects happen for the Mas-
sive MIMO systems, and the best performance is obtained when the
sub-arrays vary in size.

Fig. 4.5 illustrates the percentage of achieved CRLBθ versus the
percentage of utilized antennas when the M−

1
2 normalization factor in
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(5.2) is removed. CRLBθ(f) is the CRLB when f antennas are used.
This figure indicates the efficiency of hardware usage when antenna
selection is utilized, corresponding to the selection method. It is seen
that by using the greedy antenna selection method, more than 80%
of the best possible performance is achieved, only by using half of the
antennas on the array (i.e., the CRLBθ by using half of the total
available antennas is only 1

0.8 = 1.25 times the CRLBθ when all of
antennas are used). This can significantly increase both the hardware
and energy efficiency of the system. Therefore, with or without the
normalization factor, antenna selection has its advantages, especially
with the optimal selection method.

Fig. 4.6 presents the Eθ{tr(CRLBθ)} for K = 5, when number
of selected antennas is constant, F = 16, and the array size increases
with M1 = M2 + 2. This figure shows how different methods appre-
ciate the size of the antenna array. Clearly, the first antenna set will
remain constant as it does not care about the total array size. The
greedy algorithm and most separated have a uni-mode behavior as
the size increases. For the furthest set, as long as the array is small
enough, it will contain more antennas on the array’s boundary sides
relative to those near the main diagonal. As the array size grows,
the ratio of antennas from the boundary to near diagonal ones will
decrease. Eventually, selected antennas will form a square (or a rect-
angle) shape, in which the ratio will remain the same. When this ratio
starts to decrease, the CRLBθ rises, and after the formation of the
square (or the rectangle), CRLBθ remains the same. So, only the
greedy and most separated methods always take full advantage of the
total array size.

4.6 Conclusion
In this chapter, we have investigated the behavior of CRLB for AAoA
estimation for planar antenna arrays in Multi-User Massive MIMO
system by using Random Matrix Theory. We showed that in the
asymptotic case, regardless of the distribution of channel coefficients,
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Figure 4.6: Eθ{tr(CRLBθ)} versus M for F = 16.

CRLB almost surely converges toward a deterministic expression that
depends on system parameters, namely the channel’s variance, instead
of its instantaneous realizations. This means that when dominant
path is in poor condition, AAoA information is not lost and theoret-
ically confirms the results of recent works that use multipath signals
to refine their estimation. Moreover, antenna selection for minimiz-
ing the CRLB is studied, and the best method to minimize the ex-
pected CRLB when a fraction of available antennas have to be used
is presented as a greedy algorithm. As a benchmark, other antenna
selection methods are also compared with the output of the greedy
algorithm. We showed that a greedy antenna selection significantly
increases system performance in terms of AAoA estimation.
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CHAPTER5
Real-Time CRLB based
Antenna Selection

Estimation of User Terminals’ (UTs’) AoA plays a significant role in
the next generation of wireless systems. Due to high demands, energy
efficiency concerns, and scarcity of available resources, it is pivotal
how these resources are used. Installed antennas and their corre-
sponding hardware at the Base Station (BS) are of these resources.
In this section, we address the problem of antenna selection to min-
imize Cramer-Rao Lower Bound (CRLB) of a planar antenna array
when fewer antennas than total available antennas have to be used for
a UT. First, the optimal antenna selection strategy to minimize the
expected CRLB is proposed. Then, using this strategy as a prelim-
inary step, we present a two-stage greedy antenna selection method
whose goal is to minimize the instantaneous CRLB. The optimal start
point of the greedy algorithm is presented alongside some methods to
reduce the algorithm’s computational complexity.
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5.1 Introduction
Localization of UTs is an indispensable part of wireless systems. On
the one hand, many applications, like auto-driving cars and health ser-
vices, directly require continuous tracking of UT’s locations. On the
other hand, using location information, higher data rates with higher
efficiencies can be transferred to the UTs [9]. The AoA information
plays a key role in these applications.

A general criterion to evaluate the capability of a system to lo-
calize UTs is CRLB. Numerous works have studied the CRLB in
different system models [11, 56]. Many parameters of a system af-
fect the CRLB. In particular, the arrangement of antennas on the
receiver side substantially influences the ability of AoA estimation. A
linear [58], concentric [59], or planar [57] antenna array each has cer-
tain pros and cons. Planar antenna array provides wide aperture and
uses assigned space for antenna array more efficiently (making them
a suitable choice for Massive MIMO systems) [60]. Also, studies for
planar antenna arrays can be easily generalized to the newly emerging
concept of Reconfigurable Intelligent Surfaces (RIS) [61,62].

Antenna selection is a solution for various challenges in multi-
antenna systems. Energy efficiency concerns may limit the number of
active antennas [19], hardware shortage or complexity [63], or multi-
casting services where different antennas provide different services to
different UTs [64]. It is shown that by using antenna selection, the
system’s energy efficiency can be improved up to 220% [58]. Also,
in [65] it is shown that by using 20% of total available antennas, more
than 60% of total localization accuracy can be obtained, resulting in
improved hardware usage efficiency. Another motivation for antenna
selection is that using all of the available antennas may surpass the
required accuracy of the system [66]. In RIS and massive MIMO sys-
tems, antenna selection is used to balance performance and hardware
complexity [67,68]. When fewer antennas than the total available an-
tennas have to be used in a wireless network, active antennas can be
selected to improve certain aspects of the system, e.g., the ability to
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estimate AoA with higher accuracy.
In this regard, [69] proposes a neural network selection method to

minimize the log-determinant of CRLB in a radar system with a linear
array. The log determinant of the CRLB is used as the cost function,
and the neural network is trained by feeding the actual AoA of training
samples. In [70] deep learning is used to minimize CRLB for cogni-
tive radars with linear, circular, and randomly distributed antenna
arrays. In [65] authors present a greedy algorithm for sensor selection
in distributed radars where the objective function to minimize is the
probability of error in a Maximum a Posteriori (MAP) localization
method. It is shown that a greedy algorithm can yield outstanding
performance with low complexity and low run time. Another use of
greedy algorithms to solve the combinatorial optimization problem of
antenna selection is studied in [66] where the goal is to minimize min-
imum square error in a distributed system, using a knapsack problem
formulation. In [71] authors introduced a real-time antenna selection
strategy that uses a cyclic algorithm to minimize posterior CRLB
(PCRLB) in a 2D scenario for a compact MIMO radar. The PCRLB
is the optimization criterion as the prefiltering of the radar will not
affect PCRLB. In [72] authors used a Dinkelbach type algorithm to
minimize CRLB of AoA when desired parameters for estimation were
AoA and azimuth of a UT. An unsupervised online learning method
is used to minimize total CRLB for azimuth and elevation of a UT
in [73], with three orders of magnitude lower complexity compared
to [72] to make it possible to run in real-time.

In works that aim to minimize CRLB, like [72,73], the actual AoAs
are used in the optimization process, and this brings the question of
how one can feed their proposed algorithm with AoAs when they
are unknown. The main point in minimizing CRLB for AoA in the
3D scenario is that as it is a combined function of both antenna set
and AoAs, without knowledge of AoAs, it will not be possible to
minimize CRLB. If AoAs are known, there will be no need to minimize
them. The primary contribution of this work is to address this issue
to minimize the CRLB.
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Greedy algorithms have been widely used for solving antenna se-
lection problems [65,66,68]. A key feature of the greedy algorithm is
its simplicity, making it possible to run it quickly. However, a major
difference between employing a greedy algorithm in a compact pla-
nar antenna array with the distributed case, like the ones considered
in [65,66], is that in the case of a compact array, the first three anten-
nas have to be chosen together. At each step of the greedy algorithm,
one antenna is selected. To do this, the CRLB is checked for every
possible antenna, and the one that results in the minimum CRLB
will be selected at the corresponding step. However, as the CRLB is
calculated for a planar array, the antenna set that is put in CRLB’s
formula must compose a plane, otherwise, it will result in infinity. So,
the minimum requirement to start the greedy algorithm is a set of
antennas that create a plane. As the minimum number of points that
create a plane is three, the start point of the greedy algorithm needs
to be a set of three antennas that are not in a line. After that, the
greedy algorithm can continue by selecting one antenna at each step
without facing the infinite CRLB problem.

In chapter 4, we studied the problem of antenna selection for a
planar array whose reference point is at its corner under DMC model.
A greedy-based antenna selection strategy whose cost function is the
expected CRLB was proposed with an optimal start point. With the
help of the expectation (over all possible values of AAoA), it is possible
to remove the effects of the instantaneous AAoA and minimize it.
In the first part of this work, in continuation of our previous work
[56], the CRLB for a planar array whose reference point is at its
center in the 3D setting is calculated where the effects of unknown
elevation are also considered in the calculation. Then, (instead of
using a greedy method), an optimal antenna selection strategy to
minimize the expected CRLB of a planar antenna array is proposed.
This antenna selection strategy only requires the possible range of
AAoA and its distribution to take the expectation from the CRLB.
The advantage of this selection procedure is that the antenna selection
priority can be determined prior to system implementation.
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In the next part, to address the problem of lack of knowledge about
AAoA, we present a two-stage antenna selection procedure that aims
to minimize the instantaneous CRLB of AAoA. In the first step, a
crude estimation of AAoA is made using selected antennas to minimize
expected CRLB. Then based on this estimation, a greedy algorithm
with an optimal start point is employed to minimize the instantaneous
CRLB. To reduce the computational complexity of the greedy algo-
rithm, especially for its initial start set, we present the optimal start
set for every value of AAoA. Furthermore, by using the characteristics
of the CRLB, we prove that in each step of the greedy algorithm, by
searching only half of the available antennas, the contribution of all
antennas can be evaluated. This proposition will further reduce the
computational complexity of utilizing the greedy algorithm.

The contributions of this chapter are summarized as the following:

• The optimal antenna selection strategy to minimize the expected
CRLB of AAoA estimation in planar antenna arrays in a 3D
scenario is presented.

• By using the antenna selection for minimizing the expected
CRLB, a two-stage antenna selection method is developed that
aims to minimize instantaneous CRLB of AAoA.

• The presented algorithm is designed to have low complexity to
be suited for real-time applications. To do this, the optimal start
point of the greedy algorithm is analytically presented alongside
a lemma to reduce the search pool.

5.2 System Model
We consider the uplink of a single-cell MIMO system with a BS at the
center, equipped with (M+1)2 antennas. M+1 antennas are installed
along x and y axes. For mathematical tractability and clarity, it is
assumed that M is an even number. On each axis, adjacent antennas
are separated by distance d (Fig.5.1). There is a UT in the cell, and
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Figure 5.1: Antenna configuration at the BS w.r.t
the UT.

the BS uses pilot signals transmitted by the UT to localize the UT1.
For clarity, we assume that there is only one dominant path. The
received signal at the BS is

y = aRhds+ n, (5.1)

where hd is the channel coefficient for the dominant path of the UT,
s is the transmitted pilot by the UT with E{s} = 0 and E{|s|2} = pr,
and n ∼ CN (0, σ2

nIM ) is additive white Gaussian noise. Also, aR is
the steering vector of BS antenna array response, where θ and ϕ are
the UT’s azimuth and elevation AoAs. The mth element of aR is [57]

aR(θ, ϕ)m = e−jβ sin(ϕ)((m1−1) cos(θ)+(m2−1) sin(θ)), (5.2)
m = (m2 − 1)(M + 1) +m1,

m1 = 1, . . . ,M + 1, m2 = 1, . . . ,M + 1,

where β = 2πd
λ and λ is the wavelength of pilots.

5.3 CRLB
In this part, we obtain the formulation of CRLBθ that is the CRLB
for the estimation of the θ, when F ≤ (M+1)2 antennas are activated

1Indeed, there can be more than one UT, but they have to use different fre-
quency or time slot and the following concepts can be applied to each of them.
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(and the rest of them are not used). As the CRLB of θ in a planar
antenna array is well studied in the literature (namely in [56,72]), we
just briefly explain how the same results can match our system model
with minor changes in the CRLB calculations2.

The vector of the desired variable is η = [θ ϕ]. Defining η̂ as the
unbiased estimator of η, its mean square error is lower bounded as

Ey|η{(η − η̂)(η − η̂)T } ≥ CRLB = J−1, (5.3)

where J is Fisher information matrix and can be written in block
matrix form as [11]

J =
[
Jθ,θ Jθ,ϕ
Jϕ,θ Jϕ,ϕ

]
, (5.4)

and
Ja,b = Re[( ∂w

∂ηa
)H( ∂w

∂ηb
)], (5.5)

in which w , aRhds and a, b ∈ {θ, ϕ}. Therefore, using block matrix
inversion properties, CRLBθ is

CRLBθ = σ2
n

2 (Jθ,θ − Jθ,ϕJ−1
ϕ,ϕJϕ,θ)−1. (5.6)

From [56], equations (18-19), we know that

Jθ,θ = β2|hd|2 sin2(ϕ)(tr(Σ̃2
1) sin2(θ) + tr(Σ̃2

2) cos2(θ)
− 2tr(Σ̃1Σ̃2) cos(θ) sin(θ)),

Jϕ,ϕ = β2|hd|2 cos2(ϕ)(tr(Σ̃2
1) cos2(θ) + tr(Σ̃2

2) sin2(θ)
+ 2tr(Σ̃1Σ̃2) cos(θ) sin(θ)),

Jθ,ϕ = β2|hd|2 sin(ϕ) cos(ϕ)(tr(Σ̃2
2 − Σ̃2

1) sin(θ) cos(θ)
+ tr(Σ̃1Σ̃2)(cos2(θ)− sin2(θ)). (5.7)

2For detailed calculation, please refer to [56], section III.
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where Σ̃1 and Σ̃2 are F×F selected matrices from (M+1)2×(M+1)2

Σ1 and Σ2 matrices and

Σ1 = IM ⊗ diag(−M/2, . . . ,M/2),
Σ2 = diag(−M/2, . . . ,M/2)⊗ IM . (5.8)

The main points of obtaining (5.7) from [56] are two. First, due to
absence of multi-path signals (caused by a different system model),
the almost sure convergence in [56] is replaced with equality in (5.7).
Second, because there is only one UT, most of matrices are converted
to scalars (including the CRLBθ). By defining ρ , pr

σ2
n

and replac-
ing (5.7) in (5.6) and after some algebraic operations, we obtain the
CRLBθ as

CRLBθ = tr(Σ̃2
1) cos2(θ) + tr(Σ̃2

2)sin2(θ) + 2tr(Σ̃1Σ̃2) cos(θ) sin(θ)
2ρβ2|hd|2(tr(Σ̃2

1)tr(Σ̃2
2)− tr(Σ̃1Σ̃2)2) sin2(ϕ)

.

(5.9)

By definition, CRLBθ indicates the lowest possible error variance
for any estimator for the considered system model. In this regard,
CRLBθ can be seen as an intrinsic characteristic of the system, as it
is a function of system settings. Any unbiased estimator is bound to
have a higher or equal variance as CRLBθ. This makes it a valuable
parameter for various optimizations, namely antenna selection. If
CRLBθ is optimized, the performance of any estimator utilized in
the system will be improved. Based on this, we choose CRLBθ as
the cost function of the antenna selection optimization problem, so
its outcome can be used for any estimation method.
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5.4 Antenna Selection
In this section, the antenna selection in the localization phase is stud-
ied, and two antenna selection methods are proposed. In the first se-
lection method, we use the expected value of CRLBθ as the cost func-
tion to minimize. Then, using this method, we develop another an-
tenna selection strategy whose cost function is instantaneous CRLBθ.
We focus on the selection process and assume that the number of re-
quired antennas, F , is given.

Antenna selection is one of the proposed solutions in the litera-
ture to address hardware shortage [74], or energy efficiency [19]. The
general goal of antenna selection is to select a subset of antennas that
results in the highest possible performance for the number of selected
antennas. In [56] we have proposed a greedy antenna selection strat-
egy that aims to minimize expected CRLBθ for a planar antenna
array, where the expectation is over all possible realizations of AAoA.

In [72] authors presented an antenna selection to minimize CRLBθ
for a planar antenna array whose reference point is at the center of
the array. The antenna set is selected based on the actual AoAs using
the Dinkelbach algorithm for minimization. The problem with this
approach is that AAoAs have to be known before minimization. This
means that the antenna selection cannot be used for the AAoA esti-
mation phase. Moreover, the complexity of the Dinkelbach algorithm
may increase the time consumption of the antenna selection proce-
dure. To overcome these problems, we propose a real-time antenna
selection approach.

Our method is composed of two phases. The first phase is when
the transmission of pilot signals by UT has not yet begun. In this
phase, the only available information at the BS is the possible range
and distribution of the AAoA. For example, if the space division mul-
tiplexing is not used and the BS has to cover all of the cell, this range
would be [0, 2π). In this step, we turn on Fp antennas to make a
crude estimation of the received AAoA to have a general idea about
where the UT is. The value of Fp can be defined by other criteria,
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like the total energy consumption of the BS. These Fp antennas are
selected to minimize the expected CRLBθ over the possible range of
the AAoA. In this step, we will use a certain percentage of the total
transmitted pilot snapshots to acquire a preliminary estimation of the
AAoA (we call this estimation θp).

Minimizing (5.9) is a Combinatorial optimization problem. After
acquiring the θp, we can use it to minimize the CRLBθ. By virtue of
the θp, we can select a subset of the antennas that specifically minimize
the CRLBθ instead of its expectation. We use a greedy algorithm
and present its optimal starting point. In the greedy approach, one
antenna that reduces the CRLBθ more than others is selected in each
step. The greedy algorithm is chosen for the optimization due to two
main reasons. First, it can be run in real-time and very fast, thanks
to its simplicity. The running time is significant because this part
of the selection process is done while BS receives the pilot signals.
Extra delay in the selection process will result in missing transmitted
snapshots by the UT. Second, the greedy algorithm has a high level of
performance. Later in the numerical result section, we show that the
greedy algorithm (with the optimal starting point) obtains almost the
same performance as the global search with much lower computational
complexity.

Therefore, the steps of the antenna selection algorithm can be
summarized as the following:

1. Preliminary stage: Fp ≥ 3 antennas are selected in a way to
minimize Eθ{CRLBθ}. BS turns on these antennas and awaits
the reception of the pilot signals from the UT. Then, it uses
these antennas alongside a percentage of the total snapshots to
make a Preliminary estimation of θ (that is called θp).

2. Main stage: Based on the θp, a set of antennas are selected to
minimize CRLBθ using a greedy algorithm. This set will use
the remaining snapshots of the pilot signals to estimate θ.

Remark 5. In addition to helping the antenna selection procedure, θp
can be used to reduce the computational complexity of the estimation
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of θ in the Main stage. For example, in methods like ML or MUSIC,
where a certain range has to be searched for the estimation, only the
vicinity of θp (with a certain margin) can be the prime candidate to be
searched. This reduces the search area and reduces estimation time.

In the following subsections, the antenna selection of each step is
explained.

5.4.1 Preliminary Stage

In this stage, the only available information is the total possible range
of θ. As CRLBθ is a function of both antennas set and θ, we have to
remove its dependency to θ (based on the available information) to
be able to use CRLBθ as a cost function for minimization. In order
to do so, by noting that θ ∼ U [0, 2π), the expectation of CRLBθ over
θ will be

Eθ{CRLBθ} = 1
2ρβ2|hd|2 sin2(ϕ)

×
(

tr(Σ̃2
p1) + tr(Σ̃2

p2)
(tr(Σ̃2

p1)tr(Σ̃2
p2)− tr(Σ̃p1Σ̃p2)2)

)
︸ ︷︷ ︸

U(S)

, (5.10)

where Σ̃p1 and Σ̃p2 contain the corresponding values of Fp selected
antennas from Σ1 and Σ2, respectively and S is the set of selected
antennas. The only part related to the antenna set in (5.10) is U(S),
so we have to minimize it. First, we explain the process in detail, and
then we present and prove it in a theorem.

The optimal antenna selection strategy to minimize U(S) is com-
posed of various steps that depend on the value of the Fp. If Fp ≤ 5,
in addition to the reference point, the four antennas at the corners of
the array (i.e. Sp1 = {(M2 ,

M
2 ), (−M

2 ,
M
2 ), (M2 ,−

M
2 ), (−M

2 ,−
M
2 )}) are

optimal choices and all of them have the same priority to be selected.
This means that if, for example, Fp = 4, either combination of three
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antennas from Sp1 (in addition to the reference point) will result in
the same value of U(S). So, for Fp = 4 any of the following sets are
optimal choices with the same values for U(S):

{(0, 0), (M2 ,
M

2 ), (−M2 ,
M

2 ), (M2 ,−M2 )},

{(0, 0), (−M2 ,−M2 ), (−M2 ,
M

2 ), (M2 ,−M2 )},

{(0, 0), (M2 ,
M

2 ), (−M2 ,−M2 ), (M2 ,−M2 )},

{(0, 0), (M2 ,
M

2 ), (−M2 ,
M

2 ), (−M2 ,−M2 )}.

For 5 < Fp ≤ 13, the next optimal choices are neighboring antennas
of the four antennas at Sp1 in the outer most rectangle of the array,
i.e. Sp2 = {(M2 −1, M2 ), (1− M

2 ,
M
2 ), (M2 ,

M
2 −1), (−M

2 ,
M
2 −1), (M2 , 1−

M
2 ), (−M

2 , 1 −
M
2 ), (M2 − 1,−M

2 ), (1 − M
2 ,−

M
2 )}. Again, all of the

antennas at Sp2 have the same priority to be selected, and if 5 < Fp <
13, any combination from Sp2 (in addition to all of the antennas in
Sp1 and the reference point) will result in the same value for U(S).
For 13 < Fp ≤ 21, the neighbors of the ones selected for 5 < Fp ≤
13 in the outermost rectangle of the array are optimal choices and
so on. Therefore, the process is to start with the four antennas at
Sp1 at the corners, select their neighbor antennas, and move toward
other corners. An example of this process for M = 6 is represented
graphically in Fig. 5.2. In this figure, four red antennas have the
highest priority to be selected. After selecting them, we move in
both available directions (shown by solid arrows) to select antennas
with blue markers. All antennas with blue markers have the same
priority. Then the same procedure is continued by moving in the
same directions (showed by dashed arrows) to obtain the next set
of antennas, marked by green markers. When all antennas from the
outermost rectangle are selected, the same process is repeated from
the second outermost rectangle. The following theorem summarizes
the optimal selection procedure.
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Figure 5.2: Selection Process for θp estimation
stage.

Theorem 4. The optimal antenna selection strategy to minimize
Eθ{CRLBθ} for θ ∼ U [0, 2π) is to start from the four antennas at
the corner of the array and then, from each corner, move toward
other two corners, selecting antennas from the outermost rectangle.
Antennas that have the same distance from their closest corner an-
tenna, have the same priority for selection. When all antennas at the
outermost rectangle are selected, the same procedure is repeated in the
second outermost rectangle and so on.

Proof. Please see Appendix C.

Theorem4 presents the optimal selection strategy when the goal is
to minimize Eθ{CRLBθ}. This is an extension of our previous work
in [56] where we used a greedy algorithm to minimize Eθ{CRLBθ}.
This strategy itself can be used as an independent selection method.
The most important advantage of this method is that the desired set
can be determined offline, and there is no need for online calculations,
which leads to fast and easy implementation. For the rest of the
section, this method of antenna selection is referred to as expected
method.
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Another important aspect of Theorem4 is the shape of the se-
lected antennas. When F ≤ 4(M − 1), the optimal choice creates
four subarrays of antennas. This is in accordance with the same re-
sults presented in [54] for large intelligent surfaces, which shows that
four smaller subarrays perform better than one big antenna array for
AAoA estimation. We saw the same results in [56] when the greedy
algorithm is utilized to select antennas, where the goal is to minimize
the Eθ{CRLBθ}. Furthermore, we will see in Section5.5 that for the
real-time antenna selection, where the goal is to minimize CRLBθ,
the greedy algorithm will again create smaller subarrays that are sep-
arated from one another.

5.4.2 Main Antenna selection

In this part, we select the total number of desired antennas based on
the θp, acquired in the previous step. We use a greedy algorithm in
this stage to minimize the CRLBθ. Because CRLBθ in (5.9) is for a
planar antenna array, the greedy algorithm requires a starting point
composed of three antennas selected simultaneously. This means that
the first three antennas (the minimum number to form a plane) must
be selected together and cannot be selected in a greedy approach. The
search for selecting these three antennas together to initiate the greedy
algorithm is usually very costly in terms of computational complexity.
This is because one has to go through all possible combinations of
choosing three antennas over (M + 1)2. However, with the help of
the following theorem, this complexity will be reduced to only two
possible choices for any M . In the following Theorem, we provide the
optimal starting set for the greedy algorithm and prove that this set
is the best possible choice. The coordinates of the optimal choices are
extracted from the pattern observed in the simulations.

Theorem 5. The optimal first three antennas that minimize CRLBθ
for different values of θ in the first quarter of the trigonometric circle
are as the following:
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If 0 ≤ θ ≤ π
4 − θ0,

S3 = {(0, 0), (−M2 ,
M

2 ), (x2,
M

2 )}, (5.11)

where

x2 =
{
bM(1−2α)

2 c if gx(bM(1−2α)
2 c) ≤ gx(dM(1−2α)

2 e)
dM(1−2α)

2 e if gx(bM(1−2α)
2 c) > gx(dM(1−2α)

2 e),

If π
4 − θ0 < θ < π

4 + θ1,

S3 = {(0, 0), (−M2 ,
M

2 − 1), (1− M

2 ,
M

2 )}, (5.12)

If π
4 + θ1 ≤ θ ≤ π

2 ,

S3 = {(0, 0), (−M2 ,
M

2 ), (−M2 , y2)}, (5.13)

where

y2 =
{
bM(2−α)

2α c if gy(bM(2−α)
2α c) ≤ gy(dM(2−α)

2α e)
dM(2−α)

2α e if gy(bM(2−α)
2α c) > gy(dM(2−α)

2α e),

α = tan(θ),

gx(x) =
(1− α)2 + ( 2

M x+ α)2

(M2 + x)2 , (5.14)

gy(x) =
(1− α)2 + (2α

M x− 1)2

(M2 − x)2 , (5.15)

θ0 = tan−1(x2) and θ1 = tan−1( M2(3M2−6M+2)x1
(M−2)(3M−2)(M2−2M+2)) where x2 and

x1 are the bigger and the smaller root of the following equation (solved
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for x), respectively

M2(3M2 − 6M + 2)x2 − 2M(3M3 − 10M2 + 12M − 4)x
+ (M − 2)(3M − 2)(M2 − 2M + 2) = 0. (5.16)

Proof. Please see Appendix D.

Using same procedure the following sets are the optimal start set
for other ranges of θ:

If π
2 < θ ≤ 3π

4 − θ0,

S3 = {(0, 0), (M2 ,
M

2 ), (M2 , y2)}, (5.17)

where

y2 =
{
b−M(2+α)

2α c if g2,y(b−M(2+α)
2α c) ≤ g2,y(d−M(2+α)

2α e)
d−M(2+α)

2α e if g2,y(b−M(2+α)
2α c) > g2,y(d−M(2+α)

2α e),

If 3π
4 − θ0 < θ < 3π

4 + θ1,

S3 = {(0, 0), (M2 ,
M

2 − 1), (M2 − 1, M2 )}, (5.18)

If 3π
4 + θ1 ≤ θ < π,

S3 = {(0, 0), (M2 ,
M

2 ), (x2,
M

2 )}, (5.19)

where

x2 =

b
−M(1+2α)

2 c if g2,x(b−M(1+2α)
2 c) ≤ g2,x(d−M(1+2α)

2 e)
d−M(1+2α)

2 e if g2,x(b−M(1+2α)
2 c) > g2,x(d−M(1+2α)

2 e),
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g2,x(x) =
(1 + α)2 + ( 2

M x+ α)2

(M2 − x)2 , (5.20)

g2,y(x) =
(1 + α)2 + (2α

M x+ 1)2

(M2 − x)2 . (5.21)

For π < θ ≤ 5π
4 − θ0, 5π

4 − θ0 < θ < 5π
4 + θ1, 5π

4 + θ1 ≤ θ < 3π
2 ,

3π
2 < θ ≤ 7π

4 − θ0, 7π
4 − θ0 < θ < 7π

4 + θ1 and 7π
4 + θ1 ≤ θ < 2π

the optimal choices are exactly same as the ones for 0 < θ ≤ π
4 − θ0,

π
4 − θ0 < θ < π

4 + θ1, π
4 + θ1 ≤ θ < π

2 , π
2 < θ ≤ 3π

4 − θ0, 3π
4 − θ0 < θ <

3π
4 + θ1 and 3π

4 + θ1 ≤ θ < π, respectively.
By virtue of Theorem 5, the choice of the first three antennas for

any M is reduced to only two sets. For example, suppose we have
an array of 81 antennas. In that case, the total number of possible
sets for the start point is

(80
2
)

= 3160 cases. Such a search pool can
prevent antenna selection in real-time, but this problem is solved with
the help of Theorem 5. Now that we have an optimal starting point
for the greedy algorithm, by using the characteristics of the CRLBθ
formulation, it is possible to reduce the search area of the greedy
algorithm to half.

Corollary 5.1. Every antenna selected in the Main Stage, either for
the start set or by the greedy algorithm, has the same contribution in
the CRLBθ as its reciprocal counterpart w.r.t the reference point and
can be replaced with it.

Proof. Consider that in the nth step of the greedy algorithm if (−x1,
−y1) is added instead of (x1, y1). By noting the formulation of U(s),
at the numerator all the elements of both Σ̃1 and Σ̃2 are squared
before addition. So, all x and y elements are squared and changing
the sign of those elements will not affect the nominator. In the de-
nominator, again the tr(Σ̃2

1)tr(Σ̃2
2) will not be affected due to the fact

that their elements are squared. For tr(Σ̃1Σ̃1), each x is multiplied
by its corresponding y, so if the sign of both of them are changed
simultaneously, the final result will not change.
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By virtue of the Corollary 5.1, the search area of the greedy al-
gorithm will be restricted only to half of the antenna array. This
is because when the contribution of the antennas in the first half is
calculated, the contribution of all of the antennas in the other half
will be the same as the first one. This significantly reduces the com-
putational complexity of the greedy algorithm, which is essential for
real-time utilization. The complete procedure of the real-time antenna
selection algorithm is presented in Table. 5.1.

Contrary to previous implementations of greedy algorithms for
antenna selection, the real-time antenna selection algorithm presented
in Table.1 uses the instantaneous CRLBθ of a planar antenna array as
its cost function. This feature is possible due to two main entries that
are fed into the algorithm. First is the preliminary estimation (θp)
acquired in the algorithm’s preliminary stage. Second, the optimal
start point for every θp composed of three antennas. Calling the total
number of antennas N , and noting that only the Main stage is going
to be run in real-time, the algorithm at the fth stage has to search
an antenna pool composed of N − (F − 3) antennas. So, the total
number of iterations to select F antennas is

F−3∑
f=1

(N − f) = (F − 3)N − (F − 3)(F − 2)
2 = (F − 3)(N − F

2 + 1).

(5.22)

The highest order of complexity in (5.22) is O(NF ). The pre-
sented algorithms in [72] and [73] have complexity order of O(N3) and
O(N6), respectively. By noting F < N , we have O(NF ) < O(N3) <
O(N6), meaning that our algorithm has much lower computational
complexity compared to these works. Also, methods in [72, 73] have
an optimization inside their algorithm, where we only have a simple
calculation of the CRLB function that further reduces the computa-
tional complexity.

In certain applications where the AAoA of a UT is being tracked
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like [20, 75], the preliminary stage of the antenna selection can be
ignored. Suppose the frequency of tracking estimation is fast enough
that the AAoA of the UT is not hugely changed. In that case, based
on the previous estimation of the UT’s AAoA, the system has a fair
idea of the current AAoA. So, the preliminary estimation stage can be
removed, and θp can be replaced with the estimation of the previous
AAoA. This will help such applications implement real-time antenna
selection with even lower computational complexity.

Remark 6. From (5.9), (5.10), (D.1) and the presented results in
[56], it is evident that changing the channel model to the DMC model
does not affect the antenna selection procedure. The real-time an-
tenna selection can also be used in the DMC channels. Also, in the
presence of inter-symbol interference (ISI) with independent channel
coefficients and AAoAs will not change the antenna selection part in
(5.9), (5.10) and (D.1). So, the presented antenna selection methods
can be implemented for any distribution of channel coefficients and/or
in the presence of independent ISI.

5.5 Numerical Results
In this section, we test the presented theorems by various simula-
tions. As a benchmark, the performance of real-time antenna selec-
tion is compared with the expected antenna selection method. In
the expected method, only the preliminary stage (presented in sec-
tion5.4.1), of the proposed antenna selection is used (also related to
our work previous work [56]). Also, we compare both selection meth-
ods with a strategy in which the preliminary stage is done, but the
start point of the greedy algorithm is randomly selected, and θp is
only used in the greedy algorithm’s cost function (i.e. Theorem5 is
not used)3. Unless otherwise stated, in the following figures, d

λ = 0.5,
3Unlike [65, 67, 71], we do not compare our results with total random selection

method (in which all of the antennas are selected randomly) as it performs so poorly
that it distorts the scale of plots. One can better appreciate small differences in
different selection methods in the current view.
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get Fp, F
Select Fp antennas based on Theorem4. Preliminary
Estimate θp. Stage
Using θp, select S3 based on Theorem5.
S := S3
For f := 4 to F do

For x := 0 to M/2 do
For y := 0 to M/2 do

If (x, y) /∈ S do
S(f) := (x, y) Main
V (x, y) := CRLBθ(S) Stage

EndIf
EndFor

EndFor
S(f) := arg min

(x,y)
V

EndFor
return S

Table 5.1: Real-time antenna selection algorithm.

|hd|2 = 1, ρ = 0dB and ϕ = π
3 .

Fig. 5.3 shows the CRLBθ for all possible AAoAs when only three
antennas are selected, using different methods for M = 6. The
red curve is CRLBθ when three antennas are selected to minimize
Eθ{CRLBθ}. The blue and green curves result from selecting anten-
nas to minimize instantaneous CRLBθ, using Theorem 5 and global
search, respectively. Moreover, the dotted lines show θ0 = 43.1352◦
and θ1 = 46.8648◦, where the optimal choices change according to
(5.12) and (5.16). It is seen that Theorem 5 is perfectly capable of
predicting the optimal set for the first three antennas.

Fig. 5.4a indicates the resulted CRLBθ versus θ for different an-
tenna selection strategies and scenarios. In this figure, M = 6 and
F = 13. The magenta curve results when antennas are selected to
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Predicted
Global Search
Expected

Figure 5.3: CRLBθ versus θ for F = 3 and different
selection methods.

minimize Eθ{CRLBθ}. The cyan curve is for the case when all of
the available antennas are used (F = (M + 1)2). The green curve
results from the real-time greedy method, when AAoA is perfectly
known, i.e., θp =AAoA. It is seen that the real-time antenna selection
method secures between 52% and 68% of total performance (depend-
ing on the value of θ), only by using a quarter of the total available
antennas. Moreover, the expected antenna selection method achieves
%45 of total performance. The star markers (∗) show the CRLBθ
that is obtained through global search, i.e., the global minimum for
F = 13. It is seen that the greedy algorithm obtains a very close per-
formance to global search with much less computational complexity,
indicating that the greedy algorithm with an optimal start point is a
reasonable choice for antenna selection. In the blue curve, constant
noise is added to the θp to show how the selection strategy performs
when θp 6= AAoA. The noise value is 2.5◦ with a random positive
or negative sign, i.e., θp =AAoA±2.5◦. It should be noted that the
CRLBθ is in the order of 3 × 10−4 (≈ 0.01◦), and the added error is
more than two orders of magnitude higher than CRLBθ. It is seen
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that even with this amount of error, the selection process is perform-
ing so close to the optimal case. Also, this curve shows that different
AAoAs have different tolerances against error in θp. It should be
noted that an error in θp affects both parts of the real-time selection
algorithm, the start set and the greedy part. This amount of error
tolerance can motivate one to create a look-up table for the real-time
antenna selection by selecting a set for every 2.5◦ (or any other value)
and using a proper set according to the value of θp to extremely sim-
plify the antenna selection procedure. The red curve with a random
start set is plotted to see the effects of the optimal start set. In this
curve, the optimal start set proposed by Theorem5 is not used. In-
stead, two random antennas are selected in addition to the reference
point. The greedy part is the same as the blue curve, and θp is used
in the greedy part of the red curve. It is seen that, in general, CRLBθ
deteriorates when the optimal start point is not used, sometimes even
worse than the expected method. This highlights the importance of
the optimal start point, presented in Theorem5.
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(b) F = 13 and M = 6.
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(c) F = 11 and M = 4.

Figure 5.4: CRLBθ versus θ for different selection
strategies and scenarios.

In Fig.5.4b the same curves are plotted Fig.5.4a, in addition to the
resulted CRLBθ when all of the antennas are selected randomly. As
seen, the total random selection distorts the scale of the plot so much
that it is impossible to appreciate the differences of other methods
from one another, indicating the significant advantage of using an
antenna selection method that take into account the CRLBθ of the
system.
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In Fig.5.4c, our proposed method is compared with another an-
tenna selection method proposed in [72]. In [72], a Dinklebach type
algorithm is used in CVX to minimize the CRLB. This selection
method is named AAT. AAT is compared in two scenarios in Fig. 5.4c,
first actual θ is fed into the algorithm, and second, 2◦ of error is added
when feeding the algorithm. Our proposed real-time method is also
simulated in the same scenarios. In all the cases, F = 11. It is seen
that with the same inputs, when actual θ is used, the real-time al-
gorithm is always better. Also, when there is an error, the real-time
algorithm performs better in most points. Our algorithm obtains this
performance with much less computational complexity (resulting in
lower run time) and the possibility of being implemented in real-world
scenarios.

0 5 10 15 20 25 30 35 40 45 50

-20

0

20

40

60

80

100

Figure 5.5: Performance improvement percentage
of different methods relative to real-time method with

random start point.

Fig. 5.5 shows the relative advantage of real-time and expected
antenna selection methods to the selection method in which only the
start point is selected randomly, i.e., θp is only used in the greedy part.



98 Chapter 5. Real-Time CRLB based Antenna Selection

For all curves, each point is calculated as
∑2π

θ=0([CRLBθ]R−[CRLBθ]A)
N
∑2π

θ=0[CRLBθ]R
,

where [CRLBθ]A means the CRLBθ resulted by using method A,
and A can be real-time (either with or without error) or expected
method, [CRLBθ]R means the CRLBθ resulted by using real-time
method with random start point and N is total number of angles
that have been summed. This figure aims to show that for every F ,
how using proposed methods, namely real-time with optimal start
point, increases the performance w.r.t the case in which the real-time
method is utilized but with the random start point. It is seen that
when F is relatively small, by using the presented optimal start set,
the performance increases significantly. As F grows, the difference in
performance decreases. This is because as more and more antennas
are selected, even if the start set is selected randomly, other antennas
that are selected in the greedy section by the random algorithm will
make up a considerable portion of the total selected antennas. So the
contribution of two optimally selected antennas for the start set will
decrease. Therefore, as more antennas are selected, the importance
of the optimal start set reduces because antennas with high contribu-
tions will be selected one way or another. Another point of Fig. 5.5 is
the behavior of the curve for the expected antenna selection method.
First, it has a positive relative performance. Then it becomes nega-
tive, meaning that for certain F expected method is better than the
real-time with a random start point. As F increases, the real-time ap-
proach, even with a random start point, is better than the expected
method.

In Fig. 5.6, antenna selection is applied to the Maximum-likelihood
estimator. In this figure, θ = π/6, ϕ = π/3, Fp = 4 and, M = 6.
Fig. 5.6a indicates the estimation variance for different numbers of
selected antennas. As predicted by Fig. 5.5, soon after small values
of F , real-time antenna selection performs better than the expected
method. Also, as F increases, real-time selection with optimal and
random start become closer. In Fig. 5.6b, the percentage of obtained
performance versus the percentage of utilized antennas are plotted to
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(b) Percentage of obtained perfor-
mance versus percentage of used

antennas.

Figure 5.6: Performance analysis of ML estimator
with different antenna selection methods.

show the effectiveness of each antenna selection method. The real-
time antenna selection obtains more than 80% of total performance
only by using half of the available antennas, showing the effectiveness
of antenna selection in improving both hardware and energy efficiency.

Fig. 5.7 is plotted to further examine how the main real-time an-
tenna selection method (the one that takes advantage of the optimal
start set) performs compared to the expected method. This figure
represents how error tolerant the real-time antenna selection is, com-
pared with the expected antenna selection method. In this figure, the
x-axis is the AAoA, and the y-axis is the number of selected antennas.
For each point in this 2D plane, the color indicates how much error the
real-time algorithm can bear in the preliminary stage and still have
lower CRLBθ than the antenna selection method that minimizes ex-
pected CRLBθ. A deep blue color means lower error tolerance, and
the more the color of a point becomes reddish, the higher the error
can be tolerated by the real-time algorithm. It is seen that starting
after π

3 up to around π
2 , between 5 ≤ F ≤ 20 for M = 4 and between

10 ≤ F ≤ 40 for M = 6, the real-time algorithm shows its highest
resistance. Moreover, increasing the number of antennas makes the
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Figure 5.7: Error tolerance of real-time antenna se-
lection strategy for: (a) M = 4 and (b) M = 6.

real-time algorithm more error tolerant. This means that the real-
time selection method performs very well when F is around half of
the M , i.e., for relatively moderate values of F . Also, it should be
noted that the reason for the low error tolerance in higher values of
F is that as most of the antennas are already selected by both selec-
tion strategies, the CRLBθ is reaching its final value (that is using
(M + 1)2 antennas) and then even selecting one antenna with lower
priority results in a very small but higher value for CRLBθ, so er-
ror tolerance is low. However, despite lower tolerance, the value of
resulted CRLBθ is very close for both strategies.

In Fig. 5.8, the inverse product of F and CRLBθ is plotted for
M = 6 and M = 4 to show how efficiently each selection strategy is
using its selected antennas. This can be seen as a basic study and
can be modified for any efficiency study, like the energy efficiency of
AoA estimation introduced in chapter 3. In this figure, in both real-
time and expected selection methods for each F , the average value
for all possible θs are plotted, i.e. 1

N

∑2π
θ=0CRLBθ where N is total
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Figure 5.8: The inverse of the product of CRLB
and F , versus F .

number of θs that are summed. It is seen that the real-time selection
method always obtains higher efficiency in terms of antenna usage. As
expected from Fig. 5.7, the region where real-time selection has the
highest efficiency difference w.r.t the expected antenna selection cor-
responds to the same region where real-time selection also has higher
error tolerance. Also, noting that the endpoints of the curves indicate
the efficiency of antenna usage without antenna selection, significantly
higher efficiencies can be obtained by making use of antenna selection.

Finally, in Fig. 5.9 an example of the selected antennas by the
presented algorithms for M = 6, F = 20 and θ = π

3 is plotted. In this
figure, square markers show the selected antennas by the real-time an-
tenna selection (without error). The blue squares indicate start points
for the greedy algorithm, and the greedy algorithm selected magenta
ones. Also, green circles demonstrate the selected antennas by the ex-
pected algorithm. We observe that the greedy algorithm creates two
separate subarrays to estimate AAoA. This result that several smaller
subarrays perform better than one big array is also reported for large
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Figure 5.9: Selected antennas by both real-time and
expected algorithms for F = 20 and θ = π

3 .

intelligent surfaces in [54] and Massive MIMO systems in [56]. Our
results for both expected and real-time antenna selection methods are
in accordance with these results.

5.6 Conclusion
This section studied antenna selection for AAoA estimation for a
square planar antenna array. We proposed two CRLB based antenna
selection methods for AAoA estimation. In the first method, moti-
vated by our previous studies, the goal is to minimize the expected
value of the CRLBθ. The optimal strategy for antenna selection in
this scenario is presented.

Next, a two-step real-time antenna selection method is developed
using the first introduced antenna selection method. This method
selects an initial set of antennas to minimize the expected CRLBθ.
Using this set, a fast and crude estimation of AAoA is done. Then
the estimated AAoA is used in a greedy algorithm whose objective
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function is to minimize instantaneous CRLBθ. The optimal start
point of the algorithm is presented to make the algorithm fast enough
(so it can be run in real-time). Moreover, a corollary that reduces the
search space to half the available antennas is presented to reduce the
algorithm’s computational complexity.

Numerical results show a considerable gain in performance when
either one of the methods is employed. Also, it is shown that a greedy
algorithm with an optimal starting point obtains quite close perfor-
mance to global search. Furthermore, both presented algorithms’ er-
ror tolerance and efficiency of antenna usage are compared with one
another and with the real-time method, whose start point is random.
It is seen that for a moderate number of active antennas, the real-
time antenna selection (with optimal start point) has its highest error
tolerance and efficiency w.r.t the antenna selection method that aims
to minimize expected CRLBθ.
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CHAPTER6
Conclusion

This thesis has focused on improving energy efficiency and perfor-
mance in the localization phase of massive MIMO systems, addressing
key challenges and proposing solutions in the context of AoA estima-
tion.

In Chapter 3, we analyzed the CRLB for AoA estimation in the
presence of multipath signals using the DMC model. Utilizing Ran-
dom Matrix Theory, we demonstrated that the CRLB for AoA con-
verges toward a deterministic expression independent from the mul-
tipath signals distribution in MU massive MIMO settings. This find-
ing underscores the significant role of multipath signals in enhancing
AoA estimation accuracy, providing a theoretical foundation for re-
cent studies that take advantage of multipath signals to extract lo-
cation information. Furthermore, we introduced a refined LE metric,
which balances performance and energy consumption in localization.
Through a comprehensive energy consumption model, we identified
an optimal number of antennas that maximizes LE for a linear an-
tenna array and proposed an antenna selection method that minimizes
CRLB for AoA.
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In Chapter 4, we extended our investigation to planar antenna ar-
rays in MU massive MIMO systems. By applying RMT, we showed
that the CRLB for AAoA estimation converges to a deterministic ex-
pression dependent on system parameters rather than instantaneous
channel realizations. This result indicates that AAoA information re-
mains robust even under poor dominant path conditions, validating
the effectiveness of using multipath signals for refined estimation. We
also studied the antenna selection problem in planar antenna arrays.
To address the problem of lack of knowledge of the AAoA to mini-
mize the CRLB, we used the ECRLB, where the expectation is over
all possible realizations of AAoAs. We concluded that a greedy algo-
rithm with ECRLB as its cost function and optimal starting set, sig-
nificantly enhances AAoA estimation performance compared to other
benchmarks.

Chapter 5 focused on antenna selection for AAoA estimation using
a square planar antenna array. We proposed a two step CRLB-based
antenna selection method that minimizes the instantaneous CRLB.
In the first stage, that aims at minimizing the ECRLB for AAoA, we
presented an optimal strategy for antenna selection. Building on this,
we developed a two-step real-time antenna selection method. This
method initially selects antennas to minimize the expected CRLB,
followed by a crude AAoA estimation used to further refine the selec-
tion through a greedy algorithm, whose cost function is instantaneous
CRLB. The optimal starting point for this algorithm is also presented
to ensure real-time feasibility. To the best of our knowledge, the pro-
posed solution is the first presented solution to address the problem
of instantaneous CRLB minimization.

In summary, this thesis has contributed to the field of massive
MIMO systems by improving the accuracy and energy efficiency of
the localization phase. Our work on CRLB convergence, refined LE
metrics, and antenna selection strategies provides a solid foundation
for future research and practical implementations in next-generation
wireless networks.
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6.1 Future Works
This thesis has provided the ground for further research in several
directions. By virtue of a deterministic CRLB for MU Massive MIMO
systems, a more realistic CRLB is now available for AoA estimation
methods that make use of multipath signals. This can result in better
tuning of algorithms and methods that incorporate multipath signals
to estimate AoA.

Furthermore, another possible direction is further investigations of
resource allocation and antenna selection strategies in the localization
phase. For instance, the study of optimal antenna selection strategies
in scenarios where designers want to simultaneously minimize the in-
stantaneous CRLBs for both azimuth and elevation AoAs. This topic
requires a minimization of combined CRLBs. How should one com-
bine these two CRLBs and what are the pros and cons of different
combinations can also be studied to provide comprehensive options
for designing any type of wireless networks.

In this work, we have focused on optimizing antenna selection
based on the CRLB as a measure of estimation accuracy. While the
CRLB provides a fundamental limit on the variance of unbiased esti-
mators, it does not explicitly account for resolution capabilities, which
are also critical in many sensing and estimation applications. Incor-
porating resolution-related metrics (e.g., ambiguity function proper-
ties or sidelobe suppression) could further refine the antenna selection
process, particularly in scenarios where distinguishing closely spaced
sources is essential. Future extensions of this work could explore
multi-objective optimization frameworks that jointly consider accu-
racy (CRLB) and resolution, thereby offering a more comprehensive
approach to antenna selection.



107

APPENDIXA
Proof of Lemma 3

By defining γ = β(cos(θ1) − cos(θ2)), from [76] we know that when
γ 6= 0

lim
M→∞

1
M3

M∑
m=1

m2 cos(mγ)︸ ︷︷ ︸
,V (M,γ)

= 0. (A.1)

Also, we know that −2β < γ < 2β, therefore by defining the set A as

A = {γ ∈ (−2β, 2β) : lim
M→∞

V (M,γ) = 0} (A.2)

we have
P (A) = P (cos(θ1) 6= cos(θ2)) (A.3)

By noting that θ ∼ U [0, π], we know that the probability of two users
having exact same AoA is zero, therefore, P (A) = 1. So, as M →∞,
V (M,γ) is zero with probability one, that is the definition of the
almost sure convergence.
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APPENDIXB
Proof of Theorem 1

Generally, X is a complex matrix, composed from two real and imag-
inary parts, so we can write it as

X = MΣ
1
2 (A+ jB)D, (B.1)

where

Σ = β2diag(0, 1
M2 ,

4
M2 , . . . ,

(M − 1)2

M2 ), (B.2)

D = diag(sin2(θ1)|s1|
√
l(r1), . . . , sin2(θK)|sK |

√
l(rK)), (B.3)

As Σ is a diagonal matrix, its singular values are its diagonal elements.
From Eq. B.3, the largest singular value of Σ is equal to 1. Therefore,
the spectral norm of Σ is bounded [52]. If we replace Eq. B.1 in
XHX, we have

XHX = M2D(A+ jB)HΣ(A+ jB)D
= M2D(ATΣA+BTΣB)D + jM2D(ATΣB −BTΣA)D.

(B.4)
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Therefore

Re(XHX) = M2D(ATΣA+BTΣB)D. (B.5)

We can decompose (ATΣA+BTΣB) as

ATΣA+BTΣB = (ĀTΣĀ+B̄TΣB̄)+σ2
h(ÂTΣÂ+B̂TΣB̂), (B.6)

in which

Ām,k = Re{h̄ke−j(mβ cos(θk)+ϕk)},
B̄m,k = Im{h̄ke−j(mβ cos(θk)+ϕk)}, (B.7)

Âm,k = 1√
σ2
h

Re{ĥm,ke−j(mβ cos(θk)+ϕk)},

B̂m,k = 1√
σ2
h

Im{ĥm,ke−j(mβ cos(θk)+ϕk)}, (B.8)

and ϕk is phase of kth transmitted pilot. So, Eq.B.5 can be written
as

Re(XHX) = M2D(ĀTΣĀ+ B̄TΣB̄)D
+M2σ2

hD(ÂTΣÂ+ B̂TΣB̂)D. (B.9)

Now, we investigate the behavior of both parts of the right hand
side of Eq. B.9 separately. First, we analyze ĀTΣĀ + B̄TΣB̄. The
(k1, k2)th element of this matrix will be

(ĀTΣĀ+ B̄TΣB̄)k1,k2 = Re{h̄k1aRx(θk1)T }ΣRe{h̄k2aRx(θk2)}
+ Im{h̄k1aRx(θk1)T }ΣIm{h̄k2aRx(θk2)}.

(B.10)

For any two random variables p and q, we have

Re{pq∗} = Re{p}Re{q}+ Im{p}Im{q}. (B.11)
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So

(ĀTΣĀ+ B̄TΣB̄)k1,k2

= Re{h̄∗k1 h̄k2e
j(ϕk1−ϕk2 )aRx(θk1)HΣaRx(θk2)}. (B.12)

Using Lemma 3, we obtain

ĀTΣĀ+ B̄TΣB̄ a.s.−−→ tr(Σ)
M

diag(|h̄1|2, . . . , |h̄K |2) (B.13)

Now, we analyze the second part of the right hand side of Eq. B.6.
Choosing an arbitrary element of Â, we have

Âm,k = 1√
Mσ2

h

Re{hm,ke−j(mβ cos(θk)+ϕk)}

= 1√
Mσ2

h

(hrm,k cos(mβ cos(θk) + ϕk)

+ him,k sin(mβ cos(θk) + ϕk)). (B.14)

So the variance of each element will be

E{Âm,kÂ
∗
m,k} = 1

Mσ2
h

E{|hrm,k|2} cos2((m− 1)
√
β cos(θk) + ϕk)

+ 1
Mσ2

h

E{|him,k|2} sin2((m− 1)
√
β cos(θk) + ϕk)

= 1
M
. (B.15)

Similarly, E{ ˆBm,k
ˆBm,k
∗} = 1

M . For the fourth order moment we have

E{|Âm,k|4} = E{Âm,kÂ
∗
m,kÂm,kÂ

∗
m,k}

= 1
M2σ4

h

E{(hrm,k cos((m− 1)β cos(θk) + ϕk)

+ him,k sin((m− 1)β cos(θk) + ϕk))4} (B.16)
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After some algebraic simplification and using the fact that hr and hi

are independent from each other, we obtain the following term for the
fourth order moment

E{|Âm,k|4} = 1
M2σ4

h

[E{|hrm,k|4} cos4((m− 1)β cos(θk) + ϕk)

+ E{|him,k|4} sin4((m− 1)β cos(θk) + ϕk)]

+ 6
M2 [cos2((m− 1)β cos(θk) + ϕk)

× sin2((m− 1)β cos(θk) + ϕk)]. (B.17)

Noting the fact that channel distribution is independent from the
number of antennas at the BS, from Eq. B.17 it is evident that for
a bounded E{|hrm,k|4} and E{|him,k|4}, fourth moment of all elements
of A are in the order of O( 1

M2 ). Same condition is held for all the
elements of B. Using same approach, it can be shown that the order
of eighth moment of all the elements of both A and B are in the order
of O( 1

M4 ).
Rewriting Â as

Â = [â1â2 . . . âK ]. (B.18)

From Lemma 1 and Lemma 2 we have

âH1 Σâ1 −
1
M
tr(Σ) a.s.−−→ 0,

âH2 Σâ2 −
1
M
tr(Σ) a.s.−−→ 0,

âH1 Σâ2
a.s.−−→ 0,

âH2 Σâ1
a.s.−−→ 0.

So, we can write[
âH1
âH2

]
Σ
[
â1 â2

]
− 1
M

[
tr(Σ) 0

0 tr(Σ)

]
a.s.−−→ 02. (B.19)
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After repeating this process for K columns of A, we will have

ÂHΣÂ− 1
M
tr(Σ)IK

a.s.−−→ 0. (B.20)

Similarly,
B̂HΣB̂ − 1

M
tr(Σ)IK

a.s.−−→ 0. (B.21)

Based on B.20 and B.21 and the fact that both A and B consist of
real elements, we can write

ÂTΣÂ+ B̂TΣB̂ − 2
M
tr(Σ)IK

a.s.−−→ 0. (B.22)

By replacing Eq. B.13 and Eq. B.22 in Eq. B.6, we obtain

ATΣA+BTΣB a.s.−−→ tr(Σ)
M

(2σ2
h + diag(|h̄1|2, . . . , |h̄K |2)). (B.23)

Consequently

(ATΣA+BTΣB)−1 a.s.−−→ M

2tr(Σ)(2σ2
h + diag(|h̄1|2, . . . , |h̄K |2))−1.

(B.24)
Defining S , σ2

nD
−2 and noticing that

tr(Σ) = β2

M2

M−1∑
m=0

m2 = β2M(M − 1)(2M − 1)
6M2 , (B.25)

we obtain

CRLBθ = σ2
n

2 (Eh|ηθ{Re(X
HX)})−1 a.s.−−→ 3

β2(M − 1)(2M − 1)S.

(B.26)
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APPENDIXC
Proof of Theorem 4

The process of proof is to show that for every step, the presented set
in Theorem4 obtains the lowest possible value for U(S). We show
this for the first two steps, i.e. for Fp ≤ 5 and 5 < Fp ≤ 13. The
rest of the proof is exactly the same as these steps and can be simply
repeated until any arbitrary Fp.

For Fp = 5, selecting Sp1 will result in U(Sp1) = 2
M2 . Now we

show that any other set than Sp1 , results in higher value for U(S).
Assume any S̄p1 = {(0, 0), (x1, y1), (x2, y2), (x3, y3), (x4, y4)} to be a
set of antennas which at least has one different antenna from Sp1 , we
have

U(S̄p1) =
∑5
i=1(x2

i + y2
i )

(
∑5
i=1 x

2
i )(
∑5
i=1 y

2
i )− (

∑5
i=1 xiyi)2 . (C.1)

Because at least one antenna in S̄p1 has at least one different coordi-
nate from the antennas in the Sp1 , so at least either

∑5
i=1 x

2
i < M2 or
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∑5
i=1 y

2
i < M2, so

(M2 −
5∑
i=1

y2
i )

5∑
i=1

x2
i + (M2 −

5∑
i=1

x2
i )

5∑
i=1

y2
i

= M2
5∑
i=1

(x2
i + y2

i )− 2(
5∑
i=1

x2
i )(

5∑
i=1

y2
i ) > 0 ≥ −2(

5∑
i=1

xiyi)2. (C.2)

Therefore

M2
5∑
i=1

x2
i + y2

i > 2((
5∑
i=1

x2
i )(

5∑
i=1

y2
i )− (

5∑
i=1

xiyi)2). (C.3)

By noting that (
∑5
i=1 x

2
i )(
∑5
i=1 y

2
i )− (

∑5
i=1 xiyi)2 > 0 due to Cauchy-

Schwarz inequality, we obtain∑5
i=1(x2

i + y2
i )

(
∑5
i=1 x

2
i )(
∑5
i=1 y

2
i )− (

∑5
i=1 xiyi)2 >

2
M2 . (C.4)

When, 3 < Fp < 5, all of greater signs (>) in (C.2)-(C.4) will be
replaced with the greater or equal sign (≥), with equality happening
for any two subsets of Sp1 .

For Fp = 13, the antennas set of Sp2 will result in U(Sp1

⋃
Sp2) =

2
2M2+4(M2 −1)2 . For this set,

∑5
i=1 x

2
i =

∑5
i=1 y

2
i = 2M2+4(M2 −1)2. We

call S̄p2 a set in which at least one of the coordinates of one antenna
is different from the Sp1

⋃
Sp2 . In this case, depending on the fact

that which coordinate is different, three scenarios will happen. First
scenario is that either

∑5
i=1 x

2
i or

∑5
i=1 y

2
i is reduced and the other

one remains constant. Second scenario is when both of them are
reduced and the third scenario is when one is increased and the other
one is reduced. It should be noted that no other choice for first 13
antenna other than antennas in Sp2 can simultaneously increase both∑5
i=1 x

2
i and

∑5
i=1 y

2
i . This is because expect the reference point, all

of antennas in Sp2 are the ones whose xis and yis are simultaneously
maximized.
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In the aforementioned scenarios, the values of
∑5
i=1 x

2
i and

∑5
i=1 y

2
i

for Sp2 will change to

∑
i∈S̄p2

x2
i = 2M2 + 4(M2 − 1)2 − a,

∑
i∈S̄p2

y2
i = 2M2 + 4(M2 − 1)2 − b, (C.5)

We have

(2M2 + 4(M2 − 1)2)(
∑
i∈S̄p2

x2
i + y2

i )− 2(
∑
i∈S̄p2

x2
i )(

∑
i∈S̄p2

y2
i )

= (2M2 + 4(M2 − 1)2)(
∑
i∈Sp2

x2
i + y2

i − a− b)

− 2(
∑
i∈Sp2

x2
i − a)(

∑
i∈Sp2

y2
i − b)

= (2M2 + 4(M2 − 1)2)(
∑
i∈Sp2

x2
i + y2

i )− 2(
∑
i∈Sp2

x2
i )(

∑
i∈Sp2

y2
i )

+ (2M2 + 4(M2 − 1)2)(a+ b)− 2ab

=

2M2 + 4(M2 − 1)2 −
∑
i∈Sp2

y2
i


︸ ︷︷ ︸

=0

∑
i∈Sp2

x2
i

+

2M2 + 4(M2 − 1)2 −
∑
i∈Sp2

x2
i


︸ ︷︷ ︸

=0

∑
i∈Sp2

y2
i

+ (2M2 + 4(M2 − 1)2)(a+ b)− 2ab. (C.6)
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Now, (C.6) is a linear equation w.r.t a and b. Its derivative w.r.t a is

2M2 + 4(M2 − 1)2 − 2b, (C.7)

and (C.7) is always positive because the maximum value of b is 4(M2

4 ).
So, the slope of (C.6) is always positive. The most negative value of a
happens when all of four antennas with x = M

2 −1 in Sp1 are replaced
with M

2 in S̄p1 . This replacement will result in a = 4((M2 −1)2−(M2 )2)
and b = 4((M2 )2−(M2 −2)2). Therefore, a+b > 0 in the most negative
value of a. So, a starts from a positive value with a positive slope,
meaning that (C.6) is positive for every possible value of a. Same
thing can be shown w.r.t b. Therefore,

(2M2 + 4(M2 − 1)2)(
∑
i∈S̄p2

x2
i + y2

i )− 2(
∑
i∈S̄p2

x2
i )(

∑
i∈S̄p2

y2
i )

= (2M2 + 4(M2 − 1)2 − b)a+ (2M2 + 4(M2 − 1)2 − a)b

> 0 ≥ −2

 ∑
i∈S̄p2

xiyi


2

. (C.8)

So, for any S̄p2 we have∑13
i=1 x

2
i + y2

i

(
∑13
i=1 x

2
i )(
∑5
i=1 y

2
i )− (

∑13
i=1 xiyi)2 >

2
(2M2 + 4(M2 − 1))2 . (C.9)

If 5 < Fp < 13, all of the greater signs (>) in (C.8) and (C.9) will
be replaced by greater or equal sign (≥), with equality happening for
any two subsets of Sp1

⋃
Sp2 .

For 14 ≤ F < 21 and other steps the proof is exactly same as
5 < Fp ≤ 13. When all of antennas in the outer most rectangle are
selected, then the proof of the next step that is the selection of the
four antennas at the corner of the second most outer rectangle, is same
as Fp ≤ 5. Then the process of rest antennas in the same rectangle
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is same as 5 < Fp ≤ 13, and so on. This process can be repeated for
any desired Fp.
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APPENDIXD
Proof of Theorem 5

As the main reference for the system, the antenna that is considered
as the reference point has to be in the selected set. Then, the CRLBθ
for any set of three selected antennas {(0, 0), (x1, y1),
(x2, y2)}, will have the following form

CRLBθ,3 = A×
(

(x1 + αy1)2 + (x2 + αy2)2

(x1y2 − x2y1)2

)
︸ ︷︷ ︸

Qθ(x1,y1,x2,y2)

, (D.1)

where A = cos2(θ)
2ρβ2|hd|2 sin2(ϕ) and it is independent from selected anten-

nas. So, Qθ(x1, y1, x2, y2) should be minimized with respect to (w.r.t)
x1, y1, x2 and y2

min
x1,y1,x2,y2

Qθ(x1, y1, x2, y2), (D.2a)

s.t. x1, y1, x2, y2 ∈ {−
M

2 , . . . , 0, . . . , M2 }, (D.2b)

(x1, y1) 6= (ax2, ay2) for a ∈ R, (D.2c)
(x1, y1) 6= (0, 0), (x2, y2) 6= (0, 0), (D.2d)
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where (D.2c) and (D.2d) ensure that an antenna is not selected twice,
and three selected antennas do not compose a line.

For 0 < θ ≤ π
4 −θ0, first we relax the integer constraint only on x2

and prove that any other choice than (x∗1, y∗1, x∗2, y∗2) = (−M
2 ,

M
2 ,

M(1−2α)
2 ,

M
2 ) results in higher Qθ(x1, y1, x2, y2). Then the problem boils down

to the choice between two upper and lower integers in the vicinity
of x2, that can be efficiently solved by directly checking which one
results in lower value for Qθ(x1, y1, x2, y2).

By replacing (x∗1, y∗1, x∗2, y∗2) = (−M
2 ,

M
2 ,

M(1−2α)
2 , M2 ) in Qθ, we

have

Qθ(x∗1, y∗1, x∗2, y∗2) = 2
M2 . (D.3)

Now we show that for any combination of (x1, y1, x2, y2),

(x1 + αy1)2 + (x2 + αy2)2

(x1y2 − x2y1)2 ≥ 2
M2 . (D.4)

By multiplying both sides of (D.4) by M2(x1y2 − x2y1)2, we have

M2((x1 + αy1)2 + (x2 + αy2)2)
= M2(x2

1 + α2y2
1 + 2αx1y1 + x2

2 + α2y2
2 + 2αx2y2)

= 2M
2

4 x2
1 +M2α2y2

1 + 2M2αx1y1 + 2M
2

4 x2
2 +M2α2y2

2 + 2M2αx2y2

+ 2M
2

4 (x2
1 + x2

2)

= M2α2y2
1 +M2α2y2

2 + 2M2αx1y1 + 2M2αx2y2 + 2x2
2y

2
1 + 2x2

1y
2
2

+ 2M
2

4 (x1 − x2)2

− 4x1x2y1y2 + 2((M
2

4 − y2
2)x2

1 + (M
2

4 − y2
1)x2

2) + 4x1x2(M
2

4 + y1y2).
(D.5)



120 Appendix D. Proof of Theorem 5

Now we show the fact that the following phrase is always non-negative

A(M,α) = M2α2y2
1 +M2α2y2

2 + 2αM2x1y1 + 2αM2x2y2

+ 2((M
2

4 − y2
2)x2

1 + (M
2

4 − y2
1)x2

2) + 2M
2

4 (x1 − x2)2

+ 4x1x2(M
2

4 + y1y2). (D.6)

By rewriting A(M,α) we have

A(M,α) = M2(y2
1 + y2

2)α2 + 2M2(x1y1 + x2y2)α
+ (M2(x2

1 + x2
2)− 2(x1y2 − x2y1)2). (D.7)

After some algebraic operations, the discriminant of A(M,α) will be
obtained as

∆A = 4M2(x1y2 − x2y1)2(2(y2
1 + y2

2)−M2) ≤ 0, (D.8)

where the last inequality results from the fact that |y1| ≤ M
2 and

|y2| ≤ M
2 . Because ∆A ≤ 0 (and M2(y2

1 + y2
2) > 0), for any value of α

any combination of x1, x2, y1 and y2, A(M,α) will be non-negative.
Therefore, we continue (D.5) as

M2((x1 + αy1)2 + (x2 + αy2)2)
= A(M,α) + 2x2

2y
2
1 + 2x2

1y
2
2 − 4x1x2y1y2

≥ 2x2
2y

2
1 + 2x2

1y
2
2 − 4x1x2y1y2 = 2(x1y2 − x2y1)2. (D.9)

So, (x∗1, y∗1, x∗2, y∗2) = (−M
2 ,

M
2 ,

M(1−2α)
2 , M2 ) is the optimal choice to

minimize Qθ(x1, y1, x2, y2). However, M(1−2α)
2 may not be an in-

teger value. In order to decide whether higher or lower integer is
the better choice, we simply check both of them in the function of
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Qθ(x1, y1, x2, y2). The Qθ(−M
2 ,

M
2 , x,

M
2 ) will be

Qθ(−
M

2 ,
M

2 , x,
M

2 ) =
(1− α)2 + ( 2

M x+ α)2

(M2 + x)2 .

As θ → π
4 , M(1−2α)

2 → −M
2 , but because one antenna cannot be

selected twice, the system will have to choose 1−M
2 for x2. The selec-

tion of (−M
2 ,

M
2 , 1−

M
2 ,

M
2 ) happens when θ ≥ tan−1(M−1

M ). Although
this choice is optimal for a certain range of θ, after a point it will not
be the best choice and (x1, y1, x2, y2) = (−M

2 ,
M
2 −1, 1−M

2 ,
M
2 ) results

in lower Qθ(x1, y1, x2, y2). To obtain the range of θ that the latter set
is the optimal choice, we have to solve the following inequality for α

Qθ(−
M

2 ,
M

2 − 1, 1− M

2 ,
M

2 ) < Qθ(−
M

2 ,
M

2 , 1− M

2 ,
M

2 ). (D.10)

By replacing the actual values of both sides, we have

(α− 1)2(M2

2 −M + 1) + 2α
(M − 1)2 < (α− 1)2 + (M(α− 1) + 2)2

M2 . (D.11)

After some algebraic operations, (D.11) simplifies to

B(M,α) = M2(3M2 − 6M + 2)α2 − 2M(3M3 − 10M2 + 12M − 4)α
+ (M − 2)(3M − 2)(M2 − 2M + 2) > 0. (D.12)

Calling αb1 the smaller root and αb2 the bigger root of B(M,α), for
M ≥ 1 + 1√

3
1 (which is the case because M ≥ 2), the inequality

of (D.12) is held when either α ≤ αb1 or αb2 ≤ α. To find out
which root indicates the value of θ0, after which (x1, y1, x2, y2) =
(−M

2 ,
M
2 − 1, 1− M

2 ,
M
2 ) is the optimal choice, we investigate the sign

of B(M,α) in a critical point in which x2 = M(1−2α)
2 is an integer and

therefore (x1, y1, x2, y2) = (−M
2 ,

M
2 ,

M(1−2α)
2 , M2 ) is still the optimal

1The roots of (3M2 − 6M + 2) are 1 ± 1√
3 and for M ≥ 1 + 1√

3 , the multiplier
of α2 will be always positive.
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choice. This point is α = M−1
M . By replacing α = M−1

M in B(M,α)
and simplifying it, we obtain

B(M,
M − 1
M

) = −M2 − 2M + 2. (D.13)

The roots of B(M, M−1
M ) are −

√
3 − 1 and

√
3 − 1. So, for M ≥ 2,

(D.13) will always be negative (sign ofM2). This means that α = M−1
M

is between the roots of B(M,α) (this is because for M ≥ 2 the sign
of B(M,α) is negative only between its root). We know that for α ≤
M−1
M , the optimal choice is (x1, y1, x2, y2) = (−M

2 ,
M
2 ,

M(1−2α)
2 , M2 )

and therefore, the minimum α that changes the optimal choice, must
be bigger than M−1

M . So, the minimum α after which the optimal
choice becomes (x1, y1, x2, y2) = (−M

2 ,
M
2 − 1, 1− M

2 ,
M
2 ) is the bigger

root of B(M,α) (solved for α). By noting that α = tan(θ), we obtain
θ0 = tan−1(αb2).

For θ1 ≤ θ < π
2 , we relax the integer constraint only on y2 to show

that (x1, y1, x2, y2) = (−M
2 ,

M
2 ,−

M
2 ,

M(2−α)
2α ) is the optimal choice. By

replacing (x∗1, y∗1, x∗2, y∗2) = (−M
2 ,

M
2 ,−

M
2 ,

M(2−α)
2α ) in (D.1) we have

f(x∗1, y∗1, x∗2, y∗2) = 2α
M2 . (D.14)

The process to show that any other choice than (x1, y1, x2, y2) =
(−M

2 ,
M
2 ,−

M
2 ,

M(2−α)
2α ) results in higher Qθ is same as the process

of (D.5). The only difference is that instead of showing A(M,α) ≥ 0,
we should show that the following equation is non-negative:

C(M,α) = (M2(y2
1 + y2

2)− 2(x1y2 − x2y1)2)α2

+ 2M2(x1y1 + x2y2)α+M2(x2
1 + x2

2). (D.15)

The discriminant of C(M,α) will be obtained as

∆C = 4M2(x1y2 − x2y1)2(2(x2
1 + x2

2)−M2) ≤ 0. (D.16)
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Same as (D.8), ∆C in (D.16) is always non-positive, that confirms
C(M,α) ≥ 0.

When θ is around π
4 , M(2−α)

2α is close to M
2 but as one antenna

cannot be selected twice, system has to select M
2 − 1 for y2. This

obligation causes the choice of (1 − M
2 ,

M
2 ,−

M
2 ,

M
2 − 1) to be the

optimal choice for a certain range (same as the case of θ0 < θ < π
4 ).

To obtain this range, we have to solve the following inequality

Qθ(−
M

2 ,
M

2 − 1, 1− M

2 ,
M

2 ) < Qθ(−
M

2 ,
M

2 ,−M2 ,
M

2 − 1). (D.17)

By replacing the actual values of both sides and simplifying the in-
equality we obtain

D(M,α) = (M − 2)(3M − 2)(M2 − 2M + 2)α2

− 2M(3M3 − 10M2 + 12M − 4)α
+M2(3M2 − 6M + 2) > 0. (D.18)

Calling αd1 the small root and αd2 the big root of D(M,α), for M >
2 the inequality of (D.18) is held when either α ≤ αd1 or αd2 ≤
α. To find out which root indicates the value of θ1, before which
(x1, y1, x2, y2) = (−M

2 ,
M
2 − 1, 1 − M

2 ,
M
2 ) is the optimal choice, we

investigate the sign ofD(M,α) in a critical point in which y2 = M(2−α)
2α

is an integer and therefore (x1, y1, x2, y2) = (−M
2 ,

M
2 ,−

M
2 ,

M(2−α)
2α )

is still the optimal choice. This point is α = M
M−1 . By replacing

α = M
M−1 in D(M,α) and simplifying it, we obtain

D(M,
M

M − 1) = (−M2 − 2M + 2)( M

M − 1)2. (D.19)

As ( M
M−1)2 is always positive and the roots of (−M2 − 2M + 2) are

−1 ±
√

3, for M > 1, D(M, M
M−1) < 0. This means that α = M

M−1
is between the roots of (D.18). We know that for α ≥ M

M−1 , the op-
timal choice is (x1, y1, x2, y2) = (−M

2 ,
M
2 ,−

M
2 ,

M(2−α)
2α ) and therefore,
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the maximum α before which the optimal choice is (x1, y1, x2, y2) =
(−M

2 ,
M
2 − 1, 1 − M

2 ,
M
2 ) has to be the smaller root of (D.18). By

noting that α = tan(θ), we obtain θ1 = tan−1(αd1).
By comparing the (D.12) and (D.18) we see that both have same

coefficient for α, and the α2 coefficient in (D.12) is the constant term
of (D.18) and vice versa. We know that the roots of ax2 + bx+ c are
x1,2 = −b±

√
b2−4ac

2a and the roots of cx2+bx+a are x3,4 = −b±
√
b2−4ac

2c =
a
cx1,2. Therefore

αd1 = αb1M
2(3M2 − 6M + 2)

(M − 2)(3M − 2)(M2 − 2M + 2) , (D.20)

θ1 = tan−1(αd1) = tan−1( M2(3M2 − 6M + 2)αb1

(M − 2)(3M − 2)(M2 − 2M + 2)).

(D.21)
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